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CHAPTIR I, Preliminaries 

Section 0, Introduction, 

“EXAMOLE (0.0), Let X be a topological space and let T be the 

category whose objects are open sets of X and with Hom (U, V) consisting 

of the inclusion map if Uc V, empty otherwise, Then a presheaf F on X 

with values in a category C is a contravariant functor F ; ru —> Gc. A 
sheaf F is a presheaf satisfying the following axiom: For U€&T, {u,} 

an open covering of U the sequence 

Tl Fu, U;) F(U)—» |[ F(U,) 
1 dy] 

mmeenannt >, 

is exact with the canonical maps, (‘Ve assume C has products. For the 

definition of exactness, see (Sem, Bourb, $195) ). Note that in T (in fact 

in the category of topological spaces) U, 1 U; a U; x U5. Therefore, 
U 

DESINITION (0.1), A Grothendieck topology T consists of a category 

Cat T and a set Cov T of families {U, Bi Ul e7 of maps in Cat T called 
coverings (where in each covering the range U of the maps g; is fixed) 

Satisfying 



(1) If f is an isomorphism then {J} € Cov T, 

(2) i {U,—+ U} €Cov T and tvs; ——> U,} E Cov T for each 

i then the family {V,; > u} obtained by composition is in 

Cov T. 

(3) 1 {U,——» U} ECov T and V——» U € Cat T is arbitrary 

then U, xX V exists and {U, XV ——> V} SCov T. 
U U 

We will abuse language and call T a topology. 

DEFINITION (9,2), Let T be a topology and C a category with 

products, A presheaf on T with values in C is a functor F : 7° mie C, 
A sheaf F is a presheaf satisfying 

(S) l£ iU, ——» U} € Cov T then the diagram 

by commen, i #(U) — TT F(U,) TT F(U, x u;) 
a 

is exact, 

We shall restrict our attention to presheaves and sheaves with values in 

(AD>)or (ets), (mostly (Ab)). Note that if F has values in (Ap) then F is 

a sheaf iff, it "is"! a sheaf of sets, 



EXAMPLE (0. 3), Let C be any category with fibe red products. 

Then there is a canonical topology T,, associated to C, namely set 

Cat Ty = ©, Cov Tg = set of families of maps {U, > U} in C which 

are universal effective epimorphisms, i.e,, families satisfying 

VZECbC 

Her 4.2) —» || Hom (U,, 2) = [[ Hom (U, x U;, Z) 

is exact, and similarly for a base extension {U, KV mens v}. (One has 
U 

to check the axioms), 

TAUTCLCGY (0.4). Every representable functor on C is a sheaf 

of sets onT,. I is useful to know that the coverings in a topology are 

universal effective epimorphisms, preferably in some large category, so 

that one can lay ones hands on some sheaves. Far instance, in example 

(0. 0) the coverings are universal effective epimorphisms in the category 

of all topological spaces, i.e., Hom ( ,Y) is a sheaf on T for Ya 
Top 

topological space, 

EXAMPLE (0.5), Let T = T(setsy Then the coverings {U,——> U} 

are families of maps which are surjective (i,e. such that U is covered by 

the union of the images of the U; ts), One verifies easily that every sheaf 

of sets on T is a representable functor, namely F'(U) ~ Hom (U,F(e) ) 

where e is a set of one element. More generally 



IEXAMOPLE (0.5), Let G be a group and T,, the canonical topology 

on the category of left G-sets (sets with G operating). Again coverings 

are families of G-maps which are surjective, and every sheaf of sets is a 

representable functor, in fact +(U) x Hom, (U, F(G) ) where F(G) is 

obtained by viewing G as a left G-set and has as operation of C&G the one 

induced by right multiplication on G by o”! 

Therefore the category of abelian sheaves on T,, is equivalent with 

the category of G-modules, and so the derived functors of a suitable left 
exact functor [": ab, sheaves ——> (Ab) will be the ordinary cohomology 

of groups with values in the corresponding G-module, The functor C is of 

course I~:r(e) where e is a set of one element with its unique structure 

of Geset, 

EXLMPLE (0. 6 bis), Let G be a profinite group and set 

Cat Tg, = Category of finite sets with continuous G-operation; Cov T,, = finite 

families of maps which are surjective. Cne may verify that the category 

of abelian sheaves on To is equivalent with the category of continuous 

G-modules (although this is not the canonical topology on Cat T,,, and 
only the "finite" sheaves are representable), Hence, taking derived 

functors of [* : F“>F(e) one obtains the Tate cohomology groups. 

EXAMOLE (0.7) Let X bea noetherian- scheme, and-define T,, by. 



Cat T,, = category of schemes Y/X étale, finite type. 
dau 

Cov Ty = finite surjective families of maps. 

These coverings are universal effective epimorphisms in the category of 

all preschemes, 

Sor instance, if X = spec k, ka field, then Cat T,, is dual to the 

category of finite separable (commutative) k-algebras and by Galois 

theory is equivalent to the category of finite sets with continuous G(k/k) 

operation, where G(k/k) is the Galois group of the separable algebraic 

closure Kk of k, As in (0. 6 bis) one gets Galois cohomology. This 

example will be examined in more detail later, 

Section l, Generalities on lim... Let I, C be categories and 

F 3 Ly C afunctor, For xX &C denote by cy: I——» C the constant 

functor carrying Cb Ito «< and F'2 I to id,,. We obtain a covariant functor 

Hory mtr Cyr) 2 C ———%> (Sets) which is denoted by lim, , If this functor 

is representable the object representing it is called lim F, Dually, 

Yom (cy, F) is denoted by lim F, 
Pat ae a 

Let us write F. for F (i), (i © Ob 1). 

PROPOSITICN (1.1). If C = (Sets) (resp. (Ab) ) then lim F is 

representable, 



. eroof: Take 

lim 7 = Bi /R (resp, ©@ F/R) 
i iél 

where R is the equivalence relation (resp, subgroup) generated by pairs 

(x,y) (resp, elements x-y) , say x © Fiy6 EF; , such that J gs i——» j 

in I with [F (Z)] () = y. 
cs 

Suppose C = (Sets) then R can be described as follows: Forx €F;, 

. t : y ers we have G:,y) & RR iff, 4 i= ips is oes i, =i and jys ores jn and 

x, EF; = it, x, =y) 32) GF; and a diagram 
hy 

jy wee Jn, 
(#) ty N77 wr in I 

* with 

le. wee 

x cag a ma x, = ¥ 
under the induced maps, A diagram (*) is called a connection of (i,1') 

in I, Iis connected iff. every pair(i,i) of elements has a connection, 
Obviously if I = [[ ot I, is a direct sum (i,e, disjoint union) of categories 

I then there is a canonical isomorphism 



dL im Fl, —> um F 
rose ann 

(this doesn't depend on C), In particular, if lis a discrete category 

(a category in which the arrows are reduced to identity maps) and if 

direct sums exist in C then 

The following axioms for I are useful: 

(1) Given a diagram 

j j 

such that the resulting square commutes, 

(L2) Given a diagram i ~~ 7 amap j— >. k such that the oneal Js 
two mans i-——>k obtained by conmosition are the same. 

(.3)Lis connected, 

Note that if C = (Sets) and(L1l) holds then the equivalence relation R reads 

xvy (say = er, yer, > iff, 



such that the induced images of x,y in Fy are equal, In other words, one 

may talk more or less as is usual with-inductive systems if (1) holds-in-I 

and C = (Sets). 

Now let C =(Ab) and denote by ‘i the category of functors F-:-i--—».(Ah). 

Fis an abelian category and 

PROPOSITION (1 2). “The functor 7—>(Ab) defined by F~>lim F 

is right exact, 

We omit the proof. 

Let F € Fand denote by st lim F the limit of the underlying sets of F. 
sine’ a 

Then by definition of lim for sets there is a mapsetlimF—-—> lim F, In 

general this map is not bijective, However 

PROPCSITION (1, 3), Suppose I # Mand that (L,1, 2, 3) hold in I. 

Then setiim F ——»> lim F is bijective. 
cemerememendige ee 

Proof: Suppose first (L1,.3)-hold,. and let 



where say x, ef, - Applying (L3) and (L1) we can find a diagram 

VV
 

r
a

 

in Let z) ex be the image of x,, under the induced map, and set 

z2=2%,y. Then 2x, = z (mod 2) where R is the subgroup defined in 

the proof of (1,1), This shows that the map 

L ea lim F 
omni 

is surjective, and hence set lim 7 —= lim fF is obviously surjective, 
menmnamenr con saanentialyy- 

Now suppose also (L2) holds. We shall define a group law on 

set lim F so that the maps Fi-~-> set lim F are homornorphisms, 
ec enetenanenenane- a meneame, . 

This will induce a map lim F ——» set lim f which, composed with the 
emvensit> meneame, 

one under consideration, gives the identity, proving the proposition, 

_ Let X, y € set lim F be represented by x,y. We may assume 

xy € P.,i€l Set x+y=x+y. The group axioms will be trivial if 

this is well defined, as will be the fact that F. ——»> set lim F isa 
- a C eeeeaaee said - 

— 2 
homomorphism. So suppose x,y are also represented by x, y es,‘ 



«10= 

Then there exist diagrams 

> ; > 

' ' 
in I with x = x inFjiy=y in Ft. Apply(Li)to the diagram 

i — 
TM;' 

to get 

NN 
Nye 

t . ; 
which commutes, We get two maps i ——» k, Apply (L2)40.ttad k——»._k 

t t 
such that the two maps i ——» .k-are equal, Then 

7 Ny! and wo! 
Nl” Ny 

- . 2 
both commute and so the uniquely determined images in Fy! of x, x 

' ——_ ' °zx- 
(resp. y, y )are equal, Hencex ty =x ty . 



«1]— 

COROLLARY (1,4). If (Li, 2) hold in I then lim is an exact functor : 
— 

j—+» (Ab). 

8 1 
It is clear thatsetlim F “——setlim FF if F qc» F (ie, 

1 
Fi “> F, for each i), Hence we are done if also (L3) holds by (1, 2) and 

(1.3), If (L3) does not hold write I = tt I, with Ip, connected and use the 

fact that © is an exact functor, 

SFPINITION (1,5), A subcategory J c lis a final subcategory 

{formerly : cofinal) iff, 

(i) J is a full subcategory, 

(ii) ForaNic€lI, | i— +» jinIwithj ed. 

One verifies easily the following: 

PROPCSITICN (1.6) Let Ic be a final subcategory. (Lx) for I 

——> (Lx) for J (x =1,2,3), If I satisfies (L1) and F : I1—» C is 

arbitrary then the canonical map lim F—=» Um F|J is bijective, 
. re cement - 

LANA 

In particular, if Ihas a final object oo (equivalently : {a , id} isa 

final subcategory of I and (L1) holds in I) then lim F ~ Foo 

Let again I be given, anda €I, Denote by a\I the category of maps 

a——» i of land if F ; 1—— C is a functor, denote by a\r ; a\I—= C 

the functor a\F (a —» i) = F(i). 



=l2Z= 

»ACPOSITION (L 7), Let I, a, F be as above. Then (LI) for 

tT==> (LI, 3) for d\land (L2) for I= (L2) for a\l, If 1 satisfies 

(Li, 2, 3) thesithe canonical map lim F=—» lim s\F is-bijective. 
rue ou 

We will verify the last assertion: Let X€C, We have to show that 

the obvious map Hom (fF, Cy} ——> Hom (a\F, a\ Cy) is bijective, This 

means we have to show that an element 3e Hom (@\F, a\ cy) (ie. a 

collection of maps F;-—» X for each a ——» 1 € a\I with the appropriate 

commuting relations) determines p unique element of Hom (F, ¢ y). So let 

5 be given and try to define \pei¢t-emap Eye. Applying (1.3), we 
find a diagram 

i 

Si as 
arm 

Hence 5 includes a map i x and we are forced to define F; x 

by composition F, ——> Fy ~mmt> X, The commuting relations will be 

obvious if this is well defined. Suppose also 

Apply (Ll) to the diagram i——»> ;j to find 



«]3- 

1" ok 
ye 

which commutes, ~‘e get two maps a ——> k, and applying (L2) we may 

assume they are equal, Then & includes a uniquely determined map 

Fy, > X and since x is a morphism of functors, Fj ——» X (resp. 

F;' ~———»> X) is obtained by composition with F; —> Fy (resp. F;! ——>F). 

Therefore the maps a # defined above are the same, namely they 

are obtained by F, ——» F),—» X. Done, 

PROPOSITICW (L.£). Let ¥, G, H : 1——»-(Sets}be-three functors 

and let F ——»> G, H——» G be morphisms, Suppose I satisfies (LI, 2, 3), 

Then 

lim (Fx E) —»lim F x UmH, 
me CG woe Lim G mop 

commen ges 

MORAL (1,9), Axioms (Ll, 2,3) make Las good-as an inductive 

system for limits, 

PROPCSITION (1.10). Let Ibe given, 3 the category of functors 

I— (Ab), For F €%, lim F is representable and the functor 
PVN 

ren+lim F igs left exact, 
mmeme 



-en- 

Section 2, Presheaves. Let C be a category and denote by @ = > 

the category of functors F : <° —»(Ab), We refer to such functors as 
(abelian) presheaves on C, (The reader may, inserting axioms where 

necessary, replace(Ab) by an arbitrary category if he feels so inclined, ) 

All of the usual constructions available in(Ab) may be made in ( (by doing 

them for each U €C) and all functorial properties are preserved, In 

particular, @ is an abelian category and satisfies axioms AB6, 4” (cf, 
Tohoku ?roposition 1, 5,1), A sequence F meta JP eed ree is exact 

: iff, F (U)—» F(U)—» F (U) is exact for each UCC, 

Let C’ be another category and f : C -—+. Ca functor, Define a 
' 

functor £ :& =? —»+@ by (F) =F ef, The functor fP is obviously 

exact, 

ot 

Recall that if M a N are categories and functors then @ is left 

adjoint to 0 iff, the functors Hom (Y¥, 0¢X), Hom (ays Xx):N x M—— > (Sets) 

are isomorphic, (If o(resp, @) is given then g (resp, ~) is unique up to 

isomorphism if it exists), 

THEOREM (2,1), (Kan) There is.a functor £, :@—> @' left 
adjoint to £°, {, is right exact, 

We sketch the proof for the convenience of the reader: 

1 For Y€ C, let ly = ih be the following category: 



~15~ 

(2, 2) Ob i. = {pairs (X, g) | XK C€obc , 9 € Hom_'! (Y, £(X) )} 

with 

Hom ( (%) i) Xs )) = 1§ €Hom (x, X,) | €z) 9, = 92} 

Notice 

t ~ 
(a) If Y-> Zinc we get a functor €; ly ——> I, in the obvious 

way, 

(b) If F is a presheaf on C, we get a functor Fy : 0 — » (Ab) by 
Fy ( (x, #)) = F(X). It depends "functorially" on F, 

Now set 

fi, F(Y) = lim Fy = lim F(x) e 
Ena, 

. 

f F is made into a presheaf on C (i.e, a functor) by (a), Because of (b), 

Foot, Y is a functor, right exact by Proposition (1,2), To show f is 

adjoint to £P we have to define for F € @, G € *” an isomorphism 

Hom (F, £° G) —» Hom (f, F, G) which commutes with maps in®@, © , 

Suppose 3 € Hom (F, P G). Then we have for each X €C a map 

F(x) ——> G(f(X) ). Hence for Y © c, (x, Z) € I, we get a map 



F(X) ——- G(€(x) \S0). acy), and therefore a map lim fy = f, ¥F(Y) —» G(y), 
whence f, F — 2 G, Conversely, if Y) € Hom (E,, F,G) si.e., tox 
Ye cy fo F(Y) —-s G(Y) then in particular if Y = £(X) we have. 
f, (EQ) ) —s- G(E(X) ). Now (X, ide (sry) Eleryy and so there is a map 

rw) —> f, F(£(X) ), Composing, we find F(X) —— G(£(X) ), whence 
Yr FP een Pc. These maps are obviously inverses of each other and so 
the theorem follows (of course, some details were omitted), 

¥re want also to recall the following: 

COROLLARY (2, 3), If f, is exact then f° carries injectives: into 

injective s. 

For, if G © G is injective, i.e, , Hom (x,G) is an exact functor 
for x € @' we want to know Hom (x, £ G) exact for x €@% This is the 
same as Hom (f, x,.G) exact for x EM, Since f, is exact and G is 

injective we are-done, 

EXAMPLE (2,4), Let X €C and denote by {x} the discrete 

category Obi x} = {x}, Fajx} = {id,}. Let i: {x} ——> C be the inclusion, 

A presheaf on {3¢} is just an abelian group, and for F © we» Pre F(X)... 

We claim i, is is exact, and to show it we need to show lim is exact for the 

categories i, Yec defined in (2, 2). But clearly for «, 2)» 
per, Hom ( (%, ), (XW) ) = @Qunless # =pand = {id,} if p= y. 

In other words i is the discrete category on the set Hom (¥,X). So if 
A is an abelian group then i, ACY) = B- A, This is certainly exact, 

* Hom(Y, X) 



COROLLARY (2.5) If F Ep c is injective then F(X) is an injective 

abelian group for each 7 &C, 

For, apply (2, 3). 

NOTATION (2,6), Let i:{X}—+> C be as above. We write 

Yx = i, Z,so0 ¥y € Po and we have canonically, for F € Bor 

Hom ( Woc0 F) vw Hom (Z%, F(X) F(X), tee, Yx represents the 

(covariant) functor @ —>(ab) given by F-~> F(X), Fy depends 

covariantly on X EC, Note that the presheaves Aoce > 4 ec, are a set 
of generators for Pe Hence (cf," Tohoku, Theorem L, 10, 1) 

COROLLARY (2,7), Hvery F € ()_, can be embedded in an 

injective, 

f 
IEXAMPLIE (2,8). Suppose C<e— c are given with g left adjoint 

to f and consider the category If, YEC', Recall 

opt, = {(X, f)|XeC, prexX)e—y} . 

By adjointness of g to f this is the same as {(x,Y)) | K €C, y: X <—e({Y¥) }. 

Therefore it is clear that I, has a final object, namely (g(¥), id), and so 
if F G Fo fp F(Y) wv F(g(Y) ) = 2” F(y). Hence ,~ g? and so f? carries 

_injectives into injectives. This situation arises for instance af one tries 

to relate C to C/Y (¥ €C fixed), and if X x Y exists inC, Wx. 



=15= 

Section 3. Czech cohomology. Let C be a category and 

{Uy —> Vb we} a family of maps in C. Suppose the products used 

below exist in C, Ve get a lot of maps denoted symbolically by the 

figure below 

{Uy , Usk (x, g)er* 

Sn {Uy x = x Uy} 3... 5 UB XY USF (0, 6, VEE 

If F is a presheaf on C we obtain a diagram 

F(6) 
all Fe.) ri) Ui, F(Uy x Us) 

7(6) 
aa TT, FU. x U px uy) eee 

in the canonical way, Define 

qd: “TT F(U, Kere X Ue )— wT, 
(pares F) Ce) ov Vv (o%a° -“* pat eco X Kove Xx Meal 

by 



a-\” cne® , 

and verify d_,, ©d_=0. Cne obtains a functor(}, ——> (cochain complexes) 

which is obviously exact (since AB” holds in (Ab) ). Taking cohomology, 
we get an exact sequence of cohomological functors Pe —=—> (Ab) denoted 

by H? ({u,——> v}, ), where 

H° ({Uy —> V}, F) = ker (Tru) = TT. Fv, x U,)) . 
— (2) v - 

These functors are called the Czech cohomology of the family {Uy ——» V}. 

THEOREM (3.1), The functors H® (q>0) defined above are effacable 

functors, 

COROLLARY (3.2). They are the derived functors of the left 

exact functor 779, 

roof of Theorem (3.1): Suppose F € Pe is injective and let 

ae e(P c be as in (2.6), ‘Ye want to show the cochain complex 

—_- d. — d 
[FU )——> TT FU, x Uy) —2> +e Ky e 

defined above is exact. This is the same as showing 



-20- | 

TT som (Fy, » ?)—» || Hom (Fox ysl 
Vv 

Hom (% Uy » +) — >» Hom (¢ BU yy x Ua" FF) ——s °°* exact 
V - 

cince F is injective it suffices to show 

& oP - eae @ eee eee B « Bex 7 8 

is an exact sequence of presheaves (where the maps are determined by 

the »revious line), i.e., to show that for each Y €C 

(*) € (v) <— ¢ (Y) <— ... 30. (0% 6) By 7 B 
is exact. Remembering that Fal) = @® Z one sees easily that 

“ Hom(Y,%) 
the sequence (*) is induced by the obvious maps in the diagram 

il Hom (y, Uy) LL Hom (¥, U, x U,) S— [eres 
a (0G) v P ~a7) 

- oo eeee geaty. vy E Homy (¥, Uy) _— (aoe Homg (Y, U, % U3) | 



«21 

Set o = Hom, (Y, U . 

; tortie v) jou" <—— Wx 30) Say 
sience we need to show that a diagram of the form 

is exact, But this sequence is homotopically trivial, the homotopy 

being given by 

: 5 wns P . & fixed "igs eee, i) “(leips “er, i.) a © o fixe ) 

for a see, i) =n in the (igs wae, i)-th component of gut Zz 

This completes the proof. 

DEFINITION (3,3), Let 

; t 
{U,y—> Vv}, {U)y— > v} ; 

“CI VGI 

be families of maps in C. A map {uy —> v} —~_ {u,,—» v} jee 
t 
Et) such that map I<» t and for <@1a map Uy A> U 



ae 

Vv 

commutes, 

Cne obtains.a diagram 

V<— {Uy} <—— {Uy x ut <= weeee 

I | « [ex 
~ ed t § en 

V ahemvesnennnnannin {U,} a {uy x Y b= eoweene 

‘ P 
where everything commutes, and hence a map of f of complexes 

TTF Wy) ——> TTF uy x U,) ——> 

{ f = F(f) fot sexe acees 
TT F (uy, )——> They xu) —— 

which induces a map on Czech cohomology, It is well known that :‘ 

PROPOSITION (3,4), Iff, g: {U,—»> V} —» {U, —> v} 
ae 

are any two maps thenf , g are homotopic, and hence the induced 

maps on cohomology are equal. 



We omit the proof, To get the last fact one has anyhow only 

to check it for H°, by Corollary (3, 2), and this is easy, 



CHAPTER I, Sheaves 

Section 1, Let T be a topology (I, Definition (0.}), let @ be the 

category of abelian presheaves on T and 4c Pthe set of sheaves. We 

make A into a full subcategory of &, i,e., we define a morphism of 

sheaves to be a morphism of presheaves, Denote by i i & 
the inclusion, 

THEOREM (11), There is a functor -}:(P —» & which is 

adjoint to i, 

Kec, pit = + (P) is called the associated sheaf to P, Since 
A isa subcategory of @ the adjointness property can be stated as follows: 
There is a functorial homomorphism P -—- ptt which has the universal 
mapping property for maps of P into sheaves, The proof is given in the 

following pages, It can be used without change also for presheaves and 

sheaves with values in (Sets. ) 

We begin by defining a functor +: G—»+G@: Let U € Cat T be fixed 

and denote by J,, the category of coverings {Uy —» U} of U in Cov T, 

with maps in the sense of I. (3. 3). A presheaf P € @ induces a functor 
0 

Py 2 Jy —> (Ab) by 

Py (Uy —> U}) =ker (TT P(Uy) —~ P(U,, x Up )) 
0 ; 

= H ({u,—> U}, >). 



Note that for V aa U we get also a functor Jy, i) Jy by 
{Uy —> U} mu> {Uy xv — v} (cf. 1 (0.2) (3) ), and a morphism 

of functors P|, =-+ >, ° 3(Z) since 

Uy x VEO Uy x Up Xx VRU, KV x UY XV 
u Pou U OV U 

—- u xu 

commutes and since kex is a functor, Therefore we get lim P,, —-> lim Py. 
Vv ‘ 

Set P*(U) = lim P,, (#& H° (7, U ; P) ) and give P* the structure of 
presheaf just defined. 

Remark (a): J), is not a good category for limits, but because of 

. (3.4) the homomorphism ?y, ({Uy——> U}) —> Py (ivy —> U}) 
is uniquely determined if there exist maps ivy > U} > {Uqg—> uh 
and so Py? y— (ab) can be factored through J), —>- Jy where By 
is the partially ordered set obtained by writing {vy —» U} > {Uy — U} 
iff, Ja map [v, —+ u} —» {U, — > Uh, Ty is an inductive system 

because (L3) (cf, I, Section 1) holds in J, In fact, if {Ug ——> U}, 
{Vy —» U} €Cov T then {Uy xVy —> U} € Cov T by axioms (3), (2) 

of I, (0.1), and we have canonical maps {Uy—»> U} -— {Uy x We U} 
—»> {vy — > U}. 



It follows, since [[ is exact and ker is left exact, that + : G1 6 

is left exact, 

Remark (b): For every Ue —» U} © Jy there is a canonical map 

P(U) —> Py (LUy —»> Ut) given by 2(U)—» T] 2(Uq). Since (L3) 

holds in J,, the limit of the constant functor iy ———»(Ab) with value P(U) 
is canonically isomorphic to ?(U), We get a functorial homomorphism 

p—s. >" and by definition of sheaf, if S © 4, then S —~» S* is bijective. 
Hence any map of FP into a sheaf must factor through pt, The refore 

Theorem(l, } will be proved if we show 

SURPRISE (1,2), P** is a sheaf. 

DEFINITION (1, 3). Let PE ®., P satisfies (+) iff, 

For all (Uy ——+> U} © Cov r, P(u) —» |] P(U,) is injective. 

(1,2) (and hence (1.1) ) follows from the following 

LEMMA (1,4), (i) P* satisfies (+). (ii) If P satisfies (+) then 
pt is a sheaf, 

Proof of (i): Let PE, {Uy ——» U} € Cov T be given, Let 
ge Ff ro : . ot Sp b2 € P*(u) and suppose oe 55 have the same image in P (U, )» 

all of. Sp a may be represented by elements 
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Sp 52 ker (MPV, ) TS Ply, x Vy) ) 

for some {vy ——» U} © Cov T (we are tacitly using remark (a) ). Now 

the image of R in P* (U,) is then represented by the image of 33 in 

ee — a ker ([[ (u xv) |] Pjw,x vv, xv )) . 

Since Ey = 82 there is a "finer" covering Wee a ——>- Ua} such that the 
images of Cy 5 2 in iP, P(Wyy Hk ) are equal, But then, letting a vary, the 
family {Wy o> U} S Cov T is a refinement of {V,|, ——> U} and 

$1.2 ¥ 2 in akype (Woy nds so Ey = f° 

Proof of (ii): Note first that 

(1. 5) If P satisfies (+) and i¢ {v, —» u} +» {u,—> Uf indy 

then the map ker (IT ?(Uy) Ti PU, XU )) 

—> ker (TP(Vy )—> Ww, x Vu) ) is injective, 

For, consider the diagram 



Holding « fixed, {V\, ¥ Uy Uy} € Cov T by axiom (3) of I, (0.1). 

Hence TT Pe )}—— NEA x U,, ) because of (+). By axiom (2) 
. [-'@ . 

SY) 
for T, {v, x Uy-—— US voy € Cov T. Combining, we find the map 

ker (TT (Ux) I P(U,, X Uys) )—> ker (IT Pw, x Uy) = ) 

induced by pp is injective, But this map is unique (cf. IL, (3, 4) ) and is 

therefore the same as the one induced by P,-° f, So the one under 

consideration (induced by f) is also injective. 

Now say > satisfies (+), let {Vg ——> U} € Cov T. and 

€ ker TSWV. Tete x Vg )). 

We have to show E is image of some element in P*(u), Choose for 
each o a family {Wy y—> Vy} €Cov T with f,eker ([],P(We y) > 
representing the &-th component Ey of e. Consider the diagram (in 

e
e

 
which all squares are cartesian) 



U & iVg } <€ {gu} 

We find Lo induces by base extension an element 

sis (ITE nv Bes TT i Fa VB y *%p won 4) 

and Se induces an clement 

sep t*(IT =Wy xbes (Me xx PH vac typ ays) 

By assumption. on Z. Exp and ae represent the sarne 
element of P *We x Ve ). Hence " - es a " in some covering 

U ae 
of Va x Ve 
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which is @ common refinement of {Wy y XV 2 —— Vy xVp } and 

iVy xv, H. —>- VX VB Sbe By e 5) this must be so in any common 

refinerient, and hence " ie TT » *xp J ). This shows Sup * 5 xp 

, . — 77 . =, —+ & ker Te yy) ] P Way X May ), whence ¢€ P*(u) 
00,4, By 

Having theorem (1,1) one can copy large parts of Godement's book. 

In particular, 

* THEOREM (1,6), (i) is an abelian category satisfying AB5, AB3 

and has generators, (ii) i: .--—> @ is left exact and #:@——>/< is exact, 

Proof of (i): Let F—» GE 4, and set K = "Presheaf.cokernel"'. 

Then if {U,—» U} ©Cov T we have 

0 . 0 0 

’ ) | 
K(U) ——> |] K (Uy) TTK (Uy x Ug) 

) | 
O0—>F(Uu) —s+ |[F(u,) TTF Wy x Ug) 

| ’ | 
0—-G(U) —— TIe(u,,) Te yx Ug) . 

W
ed

d 
iy
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Since ker is a left exact functor in (Ab) it follows that 

K(U) —~» ker (TT K(Ux) _, I] K(Uy x Us ) , 

i,e,, that Kis a sheaf, Obviously, therefore, Kis a kernel in xD 
(i.e, 0 ——> Hom (X,K) ——» Hom (X,F) ——> Hom (X,G) is exact, 

xeh), 

Let C = "presheaf coker (F ——» G)'"', Then for X ce Awe have 
(by the universal mapping property of P —> ptt ) 

Hom (F,X)«-——— Hom (G,X)«<——— Hom (C,X) <——— 0 

Je i fe 

Hom ort, X)<-—— Hom ct, Y<_—— Hom (ctx 

Here the top line is exact by definition of C, and since F,G are sheaves, 

Fw pit and GW ct, Therefore ct (with the induced map G —— cH) 
is a cokernel in J e 

Finally, let I = "presheaf coker (K ——» F)" = "presheaf coimage 

(F ——> G)", Then rt = "sheaf coimage (F ——-> G)'' with the obvious 
map. We need to show rit is the image = ker (G —> cit), Now certainly 
0——> I——> G— > C is exact in @ since Gis an abelian category. 

Therefore, since i e # ; P@—>»(is left exact because + is (ef. remark (a) ), 



0 srt —> ct —> ct is exact in G@, Mecalling the discussion of ker 
above and that G —>. ct we are done, 

x AB3 (existence of product): Let F,, i€1be sheaves. It is 

immediate that the presheaf product of the I; s is a sheaf, and hence 

a fortiori a product in the category of sheaves, 

AB5 (existence of sums, etc, ): Let F,, 1 €1 be sheaves, and 

f «<"presheaf sum" of the 7; s, By the universal mapping property of 

dt, it is clear that FY is a sum in the category of sheaves, 

Let C, B be sheaves, and A,-c of «1) an incrcasing filtering family of 
subsheaves. Suppose given morphisms 4; -—> B compatible with the 

inclusions of A, in A j (i<j). To complete the proof of AB5 we have to 

find a map A-——-* B inducing the maps A,——> B, where A = sup 44, Ce 

Set A (U) = VA; (U), whence AcCisa presheaf, Since Cc is a sheaf, the 

inclusion of A can be factored through A ——> At. C,. and since + is 
left exact, ate, C, Obviously at (with this injection) is canonically 
isomorphic to A, Since the maps A,-—>- B define a map A ——» B and 

since B is a sheaf, we find the desired map at ——> B, 

Generators: Cleary at is a set of generators for Alef. 3. (2.6) ). 

NCTATICN (1, 7), We write Dh =Zy Zy represents the 
(covariant) functor * w>P(U) on de 
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Proof of (ii): i: {1 —> (is left exact because the presheaf kernel 
of a map of sheaves is already a sheaf, df sGime A is left exact because 
ie is (as was noted above) and because i is left exact and fully faithful. 

To show + right exact, let 2 wep PP met 2 —» 0 €@be exact, and 
xe. Then 

Hom (P', X) <—— Hom (P, X) <—-. Hom(P', X)<— 0 
z 2 2 

Hom (>'#, x) <—— Hom (24, x) <—— Hom (Pt, x)e— 0 

commutes, and the top line is exact, hence the bottom is, and 

at ak _, pt ~---> 0 is exact, 

MISCELLANY (1, 8): 

(i) The category Anas enough injectives, 

(ii) An injective in jis injective as presheaf. 

(iii) For U € Cat T, the functor [, : 5—+- (ab) given by 

fy) = I(U) is left exact, 

(iv) Let O—» F —-»> G Ci be exact, and C & "presheaf cokernel 

(F ——» G)", Then C satisfies (+), 



Proof: 

(i) cf. Tohoku, Theorem 1, 10, 1. 

(ii) Because + is exact (cf. I, (2 3) ). 

(ii) [° U is the composition of the left cxact functor i and the exact 

section functor on &, 

(iv) We have a diagram, for 'U,—> u} ECovT: 

0 0 

| V 
0 ——-- F(U) ———— TT F(,) _~. 

| | 
O—> Gy) — > Tsu) => 

| 4 
0 ——> ker —— > Thou) > 

v 

0 

Hence C(U) = G(U)/F(U) <——»> ker (iT c(U,) _.. ). 

HOMEWORK (1.9). Discuss Hom (F, G). 



Section 2, Cohomology, Let £: {4 —~»(? be any left exact functor, 

where A. is as above and @ is an abelian category. Because of (1, 8)(i) one 
can define the right derived functors 2% of £ (cf, Tohoku, Section 2, 3). 

NCTATION (2,1), Let U€ Cat T, The derived functors of 

C vu? A—> (Ab) (cf. (1. 8) (iii) ) are denoted by rin, = HUT, Us ). 
rier 

So in particular, for F € 4, H (T, U3; F) = F(U). 

° 0 
NOTATION (2,2), Fixing F © 1, we get a functor [* (F) : Cat T —> (abd) 

by Uw>F(U) = [(F). Denote by [': 4—> (ab) the functor F~.> lim [“(F) 
. Fd . omen 

oe F (U). Because of I, Proposition (1,10), it is clear that 
an Or) 

a is a left exact functor, The right derived functors are denoted by 

RdE = H4 (T, ). 

Clearly, if Cat T has a final object X (initial in Cat T°), then 
H4 (7, F) wHV(T, X;F), Fed, 

NOTATION (2, 3). The right derived functors of i: 4<—» are 
denoted by R44 = 4/1 ), 

‘ 0 
So for F 6X the 4) are presheaves, and /- (F) = F viewed as 

@ presheaf, In fact, we have canonically 

(2, 4) [AT@)] (vu) ~ HI(T, U;F) 



To show this we remark that HYT, ; F) is a functor of U (i.e., 2 

presheaf) since F is, To show H? (T, ;¥) are the derived functors 

of i we have only to check 

(a) They agree if g = 0. 

(b) They vanish on injectives for q > 0. 

(c) They form an exact cohomological functor, 

All of these assertions are trivial, 

PROPOSITION (2.5): (AUF) )* =0 for FES, q> 0. 

Proof: It follows from Lemma (L 4) that for P€ &, Pt co» it, 
Hence we need only show (77) yt =0, Now # °iw id 'L- The 
functor + is exact (by (1.6) ) and so its derived functors vanish, We get 

a spectral sequence for the composed functor (cf, Tohoku, Theorem (2, 4, 1) ) 

from which one can read off the desired result, 

Section 3, The spectral sequence for Czech cohomology. Let 

iU,y —»> Ut Cov T, and? €£, Then F(U) is functorially isomorphic 
o.. . 

toH (,\U,—> U}, F) (cf. I Section 3), by definition of sheaf. In other 

words, the functor [ U defined above is isomorphic to the composition of 

the functors i, H ( iUy-——t U}, ). Since ig carries injectives into 
injectives ( (1. 8) (44i) ) we obtain (cf, Tohoku, Theorem 2.4.1). 
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SPECTRAL SECULENCI: (3. 1). 

a 

epea =HP ({U,y—=> U}, AMUF)) =e H (T, USF) (FEL) 

More generally, let U € Cat T be fixed, and Jc Jy be any 

subcategory satisfying (3), where Jy is as in Section lL Denote by 
0 

H (33 ): @—~> (ab) the functor 

0 HO (35>) = Hm > H°({uy—s Ub P) . 
{Uy—> Up es 

By reasoning similar to that of remark (a) of Section 1, one sees that 

H° (3; ) is a left exact functor and that its right derived functors 
HJ; ) are obtained as 

(3. 2) 1 (35>) = is lim Ter Ht (fu, ——» U} sP). 
o@ > 

(Cne uses Corollary (3, 2) and Proposition (3, 4) of Chapter I.) Moreover 

Cy is isomorphic to the composition of the functors i and H° (33 ) 

Hence we obtain for F € A, 

SPECTRAL SEQUENCE (3, 3), 

eRe eu (5; AUF)) amp (T, U;F). (Fed) 
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In the special case J = Jy is the category of all coverings of U, 

we write 

NOTATION (3, 4) 

H°(T, U;P) = HO(SysP) = PRU). 
Vv 

HUT, U; P) i"
 

x
 

Re
) 

aq
 

z
 

(Pe). 

v 

HUT, U; P) is called the Czech cohomology of P with respect to U. 

Note that although it is a functor on 7/' (which depends only on Cat T), 

the Czech cohomology depends also on Cov T. (3.3) now reads, for 

re JS. 

SPECRTAL SEQUENCE (3,5). 

EP 2 Pr UU) = He(TZU SF) UF eg). 

Vv Since H° (T,U; P) = P*(U), it follows from Proposition (2,5) that 
Ea = 0, q > OQ. Therefore one reads from (3.5) 

COROLLARY (3, 6). 

v1 1 
H (T, U;F) « H (T, U;F) 

v H? (T, U; F) > H4(T, U;F) (Fe). 
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Section 4, The Catepory (Top), Leray Spectral sequences. 

Recall 

' s 
LEMMA (,1)(Tohoku), Let f :(-——~C. be a left exact functor 

s : s 
with Q, C abelian categories.and suppose ( has enough injectives, 

If Mc Ob Q satisfies 

(a) ForalreQ, | o—» F—» Mexact in Qwith ME 7, 

(b) FOGEmMom Fem, 

t ah 
(c) fO—»+ M > M— > F—» 0 exactin(@_, M, ME 7 

1 vs 
then F € Wand f (0—- M —->. Ms, M_ ——>~-0) is exact, 

then all injectives are in7#/and R41 £(M) = 0, all ME 7%, q>0, (Hence 

resolutions from 77, may be used to calculate the functors RY, ) 

DIEFINITION (4,2), Let T be a topology and F a sheaf on T, F is 

flask iff, for every {U,——> U} €Cov T, H1 ({U, —=» U}, F) =0, 

q>0 (cf. L, Section 3), 

PROPOSITION (4,3), LetO——» F’ ta
j 

VY
 

ta
j 

y
 

[=
] 

VT
 

be an exact sequence of sheaves, Then 

t 
(i) If fF is flask, the sequence is exact as a sequence of presheaves. 

. : " 
(ii) Fr » I flask oe F flask, 



(iii) F © G flask=ze> F flask, 

(iv) Injectives are flask, 

Proof: (i): Say e flask, To show the sequence exact as a 
’ 

sequence of presheaves it suffices to show the presheaf coker (F -——» F) =C 

is a sheaf, as then C oct uF, We have to show for {U,—> u} €CovT 
that C (U) —> ker ([T c(u,)—* [Tc (Uy x Up )) = H°({Uy —>- U} 3C) 
is bijective, 

This is obvious from the diagram 

Os ({Uy—U} F') eH ([U,—e UF) > H (fu, —» U}, Cc) oH ({U,—> Uh) 
f t fe II 

O—>F (UY ————-» F(U) ————-» c(u) ————» 0 

* : a s since Hi ({Uy—> u}, F ) = 0 by assumption, 

(ii): Knowing (i), this is clear from the exact cohomology 

sequences for H® ({Uy —_ U}, ). 

(iii): The cohomology commutes with finite direct sums. 

(iv): Trivial, 



CCROLLARY (4.4). Flask resolutions can be used to calculate the 

derived functors HT, U; )and AY ) (cf. (2.1), (2.3) )s 

In fact, applying (4, 3) to (4,1) we find (iv) ==> (a), (iii) —=y (b) 

and (i), (ii) ==>. (c) if {(F) = F(U) or i(f), It is not true in general that 

flask resolutions can be used to calculate HUT, ) (cf. (2. 2)). 

DEFINITION (4.5). We define the category (Top) of topologies as 

follows: Ob (lop) = set of topologies, and, for T, T €Ob (top), 
’ Hom (T, T) = set of functors f: Cat T —3- Cat T’ satisfying: 

uf {Uy 2% u} © Cov T and V-——> U €Cat T then 

G) {(U) Mode uyjecey 7’, 

(ii) £(U, x V) —“» £(U,,) x £(V) for all a(with the canonical map 
“u &" £(u) 

A functor f © Hom (T, T') is called a morphism of topologies, 

EXAMPLE (4,6) Let T, T' be the topologies on topological spaces 
1 

xX, xX respectively, A continuous map tT : X --—=<> X induces, as is well 

t known, a morphism f ; T ——> tT’. If X cX is an open subset, then the 
t 

inclusion T tT is a morphism, adjoint in fact to the restriction 
t 

a, T above, 

a ; . . 

Let T, T ©Ob(fop), Denote by Ape he's Gra @,! the categories 

of sheaves and presheaves on T, T and by i, i, a 4! the functors of 
8 

Section], Let f£: T-—» T be a morphism, It is immediate from 



1 1 . 

the definition above that if Cd, thent PF € 4., (where £? is as 

defined in I, Section 2), “We pet a functor 

f°: ft—stp 7: = Pet wpeotPoi 

t 
which is clearly left exact. So we have for F € An and U € Cat T, 

f° F'(U) = F (£(U) ), One verifies readily that f° has as left adjoint 

1 f : ben —» sa! ; f = dt of oi e 
8 

Note however: It is not clear that f 5 is exact, even if f, is. 

The right derived functors R%£° of f * can be described as follows: 

+ and f? are exact, hence tt e £P is exact, and so its derived functors 

vanish, Therefore, since f° Aisle Poi we have, for F ¢ An and 

HUs') = RI: Fr, 

# Rq f(r) [e (“4% (F') )| (here p is not an intege 

; ’ Cr, writing R21 F = £P(4%r') ) and referring to (2, 4) we get 

CORCLLARY (4.7): R1£°(7') ~ [Qor']t where for U CCat T 
t t 8 

[a%s ] (uy =BT(T, f(U) sr). 



. | 

LEMMA (4,8), Let £€Hom(T,T')andF € 4,'. If F is flask, 
e s_t soisf rk, 

roof: Let {Uy — » u} SCov T. Applying (4.5) (ii) repeatedly, 

we findf (Uy x "'* X Uy, ) —>£(Uy)x 8s x £(U, ) 
y uy Xn “Oeuy eu) 

(where the map is canonical), Therefore 

(epee yt (oc, yu a (acl 0c) Et... u(t % Va) 

= (Uy ) x 99x £ ) *~ (05, ts € 0 £(U) £(U) hay 

This isomorphism commutes with the projection maps and so the lemma 
follows from (4, 5) (i) and the definition of flask, 

COROLLARY (4,9), Let T £5 1 £-. 1" be morphisms of 
- 

topologies, andF € dy! a flask sheaf, Then er’ is RIg* ~acyclic, 

This is immediate from the lemma and from (4, 7) applied to g. 

Since (fg) Ss ge £° we obtain ; 

SPECTRAL SEQUENCE (4.10). TB Tt -—2-+ T' morphisms of 
. ot topologies, F ¢ 4,': 

EPG = RP REF’) ) ah RTM (g)® (F'). 
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In the special case T is the discrete category {x} (there is only 
one topology), X € Cat T, and g is the inclusion map we have 

: ' t Pq? F< HP(T, X;F) (F Cd.) and RP (g)® F' = HP (1, £(X) 3 F) 
(F S Sep" )e Hence 

SPECTRAL SEQUENCE (4.0), T—£> T' a morphism of topologies, 
X Cat T, Y= £(X), andF' € 4, . 

eBed = HP (r, x;atf (F)) =o w(t ,ysF). 

Notes In case f is obtained from a map w: x ——2 X of topological 
spaces as in (4. 5) (so that Y = x’) this is the usual Leray spectral sequence. 
However, one needs much stronger conditions on f than those of (4. 5) to get 

a spectral sequence relating HUT, )and Ho (T', ) (cf. (2, 2) ) in 
general, For one thing, ae f “need not be isomorphic to the functor 

i=, 

DEFINITION (4,12): Let T be atopology, Y © Cat T, Define a 

topology T/Y by Cat T/Y = (Cat T)/Y and Cov T/Y = set of families of 

maps {Uy—> u} over Y such that {Uy~—> u} © Cov T, 

Let €: Cat T/Y ——> Cat T be the functor “ignore Y", cis a 

morphism of topologies and it is trivial that ¢€5is exact. Applying (4.11) _ 
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and taking into account the fact that (Y, id.) is final in Cat T/Y we find y) 

(elucidating the functors (2. 1) ) 

COROLLARY (4.13). Let T be a topology, Y € Cat T, and 

€: T/Y ~~» T the canonical morphism, Let F € bn and 

u~L ¥ 6cat T/Y. Then 

Ht (7, U;F) ~ Ht (z/Y, (U,~);<¢F) . 

In particular, 

Ht (r, Y3;F) wH?! (T/Y, y, id); &'F) 82 (T/Y 3 EF) 
t 

THEOREM (4,14), Let £: T—— T be a morphism and suppose 

(i) Cat T and Cat T' have final objects and finite fibered products, 

(ii) f preserves final objects and finite fibered products (i.e. f is 

left exact), 

Then f, is exact, 

Proof: ‘We first show fp is exact, It suffices to show that the 
° ar) categories t » V ©Cat T (cf. I. (2. 2) ) satisfy axioms (L1,2,3) dual 

to(Ll, 2, 3) of I. Section L 
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(LL) : If 

(Uz. #,) (U4 83) 
ar 

(Uy 9) 

is given in Terkes , a diagram 

va 

in Cat T such that 

Vv 

a Ne 

J «(U,) 

£(U,) 

commutes, take the induced map 

v— > £(U, u, U3) wf (U2) au) f (U,) 



-47~ 

9 ; 

(L2) : Given (U,, 9.) > (U,, 91): i,e., a diagram 

oc 

U2 >, 
P 

in Cat T such that the two triangles in the diagram 

Uy 

Be V ————> f(U,) 

\ l he 
denote by K ty U, the kernel of the pair (x, 8) of maps, i.e,, K is the 
object making the diagram below cartesian 

ss 
Ne 

(where the product Uz XU, is over the final object), 

By assumption (ii), £(i©) ——> £(U,) —_ = = £(U,) is again exact, so there 

exists a canonical map} such that the dingvam 



£(U,) commutes . 

Hence we get (KX, ) —> (U,, ) which is as required, 

(2.2) Givon (Uyefy)o(Ugef) take (Uy x Ups J, xf) - 

Now we claim that,. whenever f is such that the categories 

If (v ©Cat T") satisfy (iA, 2, 3)°, f, is exact: Let 0 —> Fo—F— FP" 
RAT, be exact i: Lo and denote by C the presheaf cokernel (F —- F'). 
Since f. is exact, the sequente +‘ « f [0 a, Pe Fae Pe CS 0] 

P is exact in bps and so we have to show (ch =0, Let V ©Cat T' and 

g ef, 0(V) = lim _c(u) , 
(u, A)EL, 

and choose g €c(u), (U,f) cK, representing = (we are tactily using the 
discussion of IL Section 1, notably (1.3)). Since C" , and hence ct » is 
the zero sheaf, we can find {U,, —» U} €CovT such that €~>0 in 
TI c(u x). Consider the diagram 

g a Vey 

£(U) = £(U, ) where J, is the 
composition. 



In the functor u, > Wy induced the map V<— Vy we have 
. of . (U, J)~~>(U, 9). Also, in We there is a map (U, f,) <—(U,, 

given by U <—— U,,. Hence since for 0 in C(U,,) it follows that 

aaeaad inf, C(Vx). But {Vy ——> V} is obtained by base extension 
3 — — 

from a covering, hence is in Cov T. Since & ~~»0 in \| f., C(v,) it 
= + follows §*~>0 in C'(V), whence c* =0, 

Section 5, Inductive limits for noetherian topologies, Let T be a 

topology and 6”, J the categories of presheaves and sheaves on T, If li 

a category we write Got = Home,; I,G>), A} = Hom cay (i, 4). For 
PS pl lim P is representable, In fact we need only take 

adres, 

[im >] (0) = lim [P (U)}. lim: :@ —»Pis exact if I satisfies (11, 2) 
(cf L. Section 1), 

Let F € A and let p. lim F denote the limit in the -category of 
presheaves, Clearly, (p. lim F)t = lim F represents the functor lim F, 
We claim if 1 satisfies (Li, 2) then lirn :: Rha —» J is exact. In fact, 
writing I = ity as direct sum of its connected components, and ; 
recalling that 4.B5 holds in 4d, one reduces to the case I satisfies: (11, 2,3 
Moreover, lim iis certainly left exact since we have im = fo Pp. lim « if 

«i! : £} mm 6) and all the functors on the right are left exact, So what 
has to be shown is that if P ¢ eg satisfies a = 0 (i,e., >it = 0 for all 
i €1, whence Py = 0) then pit = (im P)# « 0. But if 5 €P EU) is 
represented by : ep, (U) (cf. L Proposition (1, 3) !) then 5 ——> 0 in 
TI P. (U, ) for some {Uy —> U} € Cov T since Pi = 0 and therefore 



&——> 0 in 1 Buy). 

DEFINITION (5.1), Let T be a topology. T is noetherian iff, every 

{Uy ——> U} © Cov T has a finite subcover, i,e., a finite subfamily of 

{Uy—> U} is in Cov T, 
Note that this is quite rare, 

PROPOSITION (5, 2), Let T be a noetherian topology, and let qf be 

the following topology: Cat T! = Cat T, Cov T* = set of families 
{Uy ——> U} 6 Cov T which are finite, Denote by 4, AE the categories 
of sheaves on T, qf respectively, Then A= BS, 

Proof: Obviously Ae Bf, Let F © At, We have to show that if 
{U, ——»> U} €Cov T then F(U)—“> ker ([] F(Ux Fay U.)). = 

t Let {uy —-> u} be a finite subcover of {U,—> U}. Then 

F(U) —> ker (TT F(U,y )~—>_). Since this map factors through the 
t canonical map ker (]] F(U,)—> ) —» ker ([] F(U,, > SC) it 

follows F(U) > ker ([] F(U,)——> ), ine., F satisfies (+) (cf. (1. 3) ). 
—> 

Hence by (1. 5) ker (IT F(Uy) sy ) Gm ker ([] F (Us, ) 
and the result follows, 

PROPCSITION (5, 3). Suppose T noetherian and Ia category 

satisfying (11,2), Let © A), Then 

(i) p lim F is a sheaf, 

(ii) If each Py (i © 1) is flask in af then lim F is flask in rf, where 
7 is as in (5. 2). 
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Proof: By (5, 2) we may assume T = ri, Write = =p. lim fF 

and let [Uy —> U} €Cov T be a (finite) family. Now it is trivial that 

lim commutes with direct sums, Therefore 
aA. 

. ° r eee = .-‘@G)° & eee U (Xs occ) ~ ac, U " wm, fxg aye U U nc, 

im, (@ F Wy, 4°" x Uy?) 
lim (a) F(Uy xere x Ux,)) 

Since lim is exact by L (1.4) the proposition follows immediately, 
ae | 

CCROLLAY (5.4). Let T be a noetherian topology, and la 

category satisfying (L1,2), The functors HUT, Uz ) commute with lim. 

Note that given F ; 1——» dL we get functors re ee (A.b) by 
h(i) x HT (T, U; F;). Since by (5, 2) we may assume T = ot and since 
H2 (T, U; ) may be computed with flask resolutions (cf, (4.4) ) we are 

1s p? ees done by (5, 3) if we can find a resolution 0 —> F—», F 

of the functor F such that Ft is flask allg>0, i€L In fact there exist 

resolutions with rd injective, This can be seen without calculation as 

follows: e! and ve have all the axioms that O, Ado, 50 Al has enough 
injectives and we take for F? an injective resolution of F, If J is another 
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category and J , I we get functors 

Pp iad ee ot 
7 

P 

adjoint, which are constructed as with preschemes (cf. I, Section 2) (so 

g?(P) = P of). In particular if J = {i} is the discrete category, i © I and 

g: {i} ——> lis the inclusion and if P is a presheaf = element of eli} 
then 

GP) = ©: Pp 
Pos Hom, (i, j) 

Similarly, we get 

pe I 

a 

with f (7) =F of (F © £/), and with g, = #! f° iT, Therefore if 
Ss s€ Az Zit we have 

g.(S). = {presheaf © s)t = ® s. 
“9 Hom (i, j) Hom (i, j) 

I 

Since 4.B5 holds in 4 it follows that J, : §—+- A is exact and 
therefore that #5 carries injectives into injectives. Since ~ F = F; 
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in this case, we are done, 

A special case of (5,3), (5.4) is 

COROLLARY (5,5). If T is noetherian then 

(i) “presheaf ©, Fy " is a sheaf, 

(i) HV(T, U; ) commutes with ® , 
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CHAPTER TL The étale Grothendieck topology for schemes. 

Section 1, Definition, Let X be a prescheme and consider the 

following topologies: 

(f) Cat tS = Category of preschemes Y/X étale, separated 
and finitely presented, 

Cov Ti, = Finite families {U,, —z U} of maps which 
are surjective, i,e, such that U is covered 

by the union of the images of the Uys. 

(0) Cat TY = Preschemes Y/X étale, separated, finitely 
presented, 

CovT, = Arbitrary surjective families {U,— > U}. 

(1) Cat Ty = Preschemes Y/X étale, separated, 

Cov 7 = Arbitrary surjective families { Uy > U} . 

(2) Cat TS = Preschemes Y/X étale, 

N
 

Cov T,, = Arbitrary surjective families { ye u} . 

b4
 

We refer to these as cases (f), (0), (1), (2) respectively, and we are 

primarily interested in cases (f) and (1), The definition of étale used 



is that of SGA IX, so in particular étale implies locally of finite 

presentation, Notice that the maps in Cat Ty have in each case the 

properties required of the structure maps, and that Cat Ty is closed 

under fibred products (in the category of preschemes), 

We have inclusions Cat Ty ie Cat TS, » Cat Ty 2s Cat TS 
which are obviously morphisms of topologies in the sense of II (4. 5). 

Denoting by 47 the category “F abelian sheaves on Ty r (z =f, 0, l, 2), 
we get functors ki te x yh £40 aeKH» At where oe is an 
inclusion, 

THEOREM (1,1). 
® 

(i) If X is quasicompact then ois the identity, 

(ii) If X is quasiseparated then p is an equivalence of 
categories, 

(iii) 4° is an equivalence of categories, 

Proof: (i) follows from II (5, 2) and the following 

LEMMA (1,2), If X is quasicompact then TY is noetherian, 

Proof of (1. 2): Let {Yy ——> Y} €Cov TY. We have to show that 
already a finite number of images cover Y, Since Y/X is finitely 



presented, it is quasicompact, Hence Y is quasicompact. Also Y,, /Y¥ 

is étale, separated finitely presented. So we may assume Y=xX, Now 

one sees easily that an étale morphism is open, using the fact that this 
is true if X is noetherian (cf, SGA IV, remark following Theorem 6, 6). 

Hence the image of each Y, is open, Since X is quasicompact, we are 

done, 

To prove (ii), (iii) we need the following 

LEMMA (1.3), Leti:T' CT be topologies (i a morphism) and 
suppose 

(1) Cat T’ is a full subcategory of Cat T. 

(2) If {Uy ——> U} € Cov T, and Uy, UE Cat T’ for 
all o& then {Uy—> u} © Cov T'. 

(3) Given UECat T 7 {U,—> U} € Cov T with 

Uy Cat T, all x, 

Then i’: Avy —> Aug! is an equivalence of categories. 

Assuming the lemma, we are reduced to checking (1), (2), (3) for 

pe .Y with 3xX qua siseparated in case é. (1), (2) are trivial, For (3), 
recall that if Y/X is locally finitely presented then for every y ¢ Y there 
is an open V c Y containing y with V/X locally finitely presented and 

Separated. For, by definition =] V € Y and Uc X affine with V/U finitely 



presented (and certainly separated), Since U/X is obviously locally 

finitely presented and separated, so is V/X, Hence if Y € Cat TS we can 
find a Zariski open covering in Cat Ty, e 

tS 
Finally, if 1 is quasiseparated, 

and V, U are as above then U ¢ X is quasicompact, hence also finitely 

presented and so V/X is finitely presented and separated, Hence the 

Zariski open covering is in Cat Ty in this case. 

Proof of (1, 3): Since the functors i aa Ae coma de and 
i s :4e! ame ad ber are adjoint, there are canonical morphisms of functors 
g:i, i —> dy and : id 4! —>- i't,. We have to show these are 
isomorphisms, To show } is an isomorphism we need to show for 

zed 7's V Cat T that 7(V) > i, F(V) = ii, F(v). Now clearly 
F(v) > i, F(V) since (V, idy) is an initial object in the category Ly 

(cf. I, (2. 2) ). Applying the assumptions of the lemma, we find that the 

coverings from.T’ of V are initial (final in the dual category) in the 
category of coverings of V in T, and since F is a sheaf on rT we find 
i, F(v) aan fi, F(v) yt =i, F(V). So we are done. 

To show J is an isomorphism we want it G(v) —> G(U) for 

ucecet T, Ge A, 

Case (1): UCGCatT, Then (U, id,,) is initial in Ii, 80 

ii G(U) = Mm i G(v) = lim G(v)—>a(u). 
(v, pert mad 



Again (ii G(U) yit = i if G(U) —= G(U) because we only have to look at 
1 

coverings from T and we have isomorphism there, 

Case (2): U €Cat T arbitrary. Applying (3), we may choose 

{uy——> U} €Cov T with UyeCat T'. Choose also for each pair 
a, p of indices {ve —> Uy x Us } SCov T with v) op €Cat T. 
Then for any S € bp we have 

di, Ua x Ug) — MN s(v~ wp) . 

Hence in the diagram below the rows are exact, Since by case (1) the 

two right vertical arrows are isomorphisms (the arrows induced by 9), 

so is the left one. This completes the proof of the lemma, 

. sg TT: es ——b PP. 35 v O———3> i i G(U) ——> [] ii G(U, ) [it (Vy ) 

| | \: 
0 ——» G(U) > IT o(uy) —~ Taw” — ap) 

PROPOSITION (1, 4). The coverings in the cases (f), (0), (1), (2) 

are universal effective epimorphisms in the category of preschemes,. 

We omit the proof, Cne reduces easily to the case || U,——> U 

faithfully flat and quasicompact (cf. SGA VIII Corollary 5. 3). 



Let tT : X——> Y be a morphism of preschemes, w induces a 

morphism of topologies f(m) =f : Ty —— Ty (z =f, 0, 1, 2) by 

£(U) = U x ¥ for U €Cat TY. 
Y 

NOTATION (1.5), Assuming z known and fixed we write 

dy Bp z= category of abelian sheaves on Ty 
x 

&, = Gz = category of abelian presheaves on Te x Ty x 

om & wy, =f 

% 
w = f, 

EW (x 57) = HT (TE , Xs F) wut (TZ 3 F) (Fed). 

Since f preserves final objects and fibred products we have by 

(1, (4. 14) ) 

COROLLARY (1.6). 1 * ef s is an exact functor, 

Suppose > = spec K where K is a separably algebraically closed 

field. Then TS is equivalent with the canonical topology (cf. I. (0. 3) ) 

on the category of sets (resp. finite sets ifz =0, resp, finite sets, 
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finite covering families if z =f), In any case, Ap is equivalent with (Ab), 
the equivalence being given by G~>G(r), G € Bx 

DEFINITION (L 7). Let ¢: >——» X be a geometric point of X, 

i,e., ~ = spec Kk with K separably algebraically closed, and let F € A ° 
* 

The stalk of 7 at P is the abelian group F.,= € F(>). 

The functor FF. is exact by (1.6) and the above remarks. One 

sees easily, moreover, that iff: T,——> T,, is the morphism associated 

to € then 

* os € B(>) =f, F(>) =f, 7), hess Fo = ‘im, F(v) sg 

(v,g)er 

Since (X, id.) € i, we get a canonical homomorphism F(X) -——»> Fp. 

PROPOSITION (1,8). Suppose X quasicompact in case (f), and let 

Fe bases 5 € F(X). Then = 0 iff, the image of 5 in F., is zero for 
every geometric point P. 

Proof: == is trivial. So suppose 50 in every F'., and let 

x©&X. Choose €: P—— > X lying over x, Since if, satisfies (Li, 2, 3)° 

(cf. proof of Il, (4,14) ) we may argue as follows: There is some 

U/x c Cat T,, and a map f : > ——> U commuting with € so that 
So in F(U). Then the image of U on X contains x, Since this can 

be done for each x, we can find {Uy—— U} © Cov T,, (finite in case (f) ) 



with S90 in |] F(u gs Therefore 5 = 0. 

PROPCSITION (1,9). Let F be a presheaf on x, P——»> X as above 

@ geometric point. Then fo F(P) w fi, ERD) xXN gt » where the 
isomorphism is induced by "the canonical map F —— pt 

The proof is essentially obvious, For instance, to show the map 

surjective, let £ ef, rt (p) be represented by § € Ftv) for some 
~ 3 P— >» V commuting with €. Then there is a {Vx ——> v} ¢€ Cov r, 
and eT[z* (Vy, ) representing S: Since _[] ‘x V is surjective 
we can lift J to sorne map $.tP—»> Vy. Let Sox be the « oth 
component of 5" » and choose {We —> Vix t € Cov T and g 'eTl FW ) 
representing Eu . Lift A *to some Bet :P—> "2. and let 5 
be the é th component of e Obviously the image § of g ps * 

¥ (>) (obtained with respect to Ce > #6 ) ert) is 3 ai onto ¥. 
— 

Section 2, Relations with a closed subscheme. Throughout this 

section we assume we are in case (1), Letis: X——> Y be a closed 

subscheme and let * € A ° 

DEFINITION (2.1). F is zero outside X iff. F(U) = 0 whenever 

U xz=@D, 
Vv 

Clearly i, carries A, into the full subcategory & y of Ay consisting 
of sheaves zero outside X, 



THEOREM (2,2), The functor A,» £,, induced by i, is 

an equivalence of categories, 

Proofs Let €: Ty c Ty, be the full subtopology (i,e., all maps 
and coverings) whose objects are preschemes V/X where Vevxx 

for some V € Cat Ty. We claim T;. satisfies the conditions of . 
Lemma (1, 3) and hence that we may replace Ty, by Ty: Condition (iii) 
is the only nontrivial one, Let Z/K ET,, 2€Z, By definition of étale, 

we can find 2€VcZ, Uc affine with V —> Uand affines Vp/Up of 
finite type over spec Z and maps U—»> UUps Vow VX U We may 
assume U = U x X for some affine Uc Y and then we can choose U——> Up 

and Uy ——> Up closed, with Up of finite type over spec Z, Let Z EVo 
be the image of z, We are reduced to the noetherian case, and it follows 

easily from SGA I, Theorem 7, 6 and Proposition 4. 5. 

Replace T, by Ty and let f : Ty —), Ty be the morphism 
{(U) = U xX. We want to show £° induces an equivalence °: Ane — by. 
The adjoint functor fo : by comma Ay is obviously obtained from f. by 
restricting to x. y* 30 we have morphisms § : fp £° ——, id ben 
Y sia Ly —> is f,) Which we want to show are isomorphisme Actually, 
it will appear that f ley is the adjoint since fF is a sheaf for F € Ay. 

on et ° —_ 
Let VET, , VV XXwith V © Ty and consider the category 

ah Y 

= Us| vet, , srUxxe— Yh 



We claim that the (u, Z)s in 1% with 7 an isomorphism form an initial 
subcategory, In fact, if (U, f) is arbitrary then (U, J) <—— (V XU, c" p) 

(identifying V x U x X with V x (U x X)). Write 0=UxX, The graph — 

c g? :V—, 7 x Vis open and closed (SGA IX, Corollary 1. 6 and above), 
hence we may write V x U = [LLAwhere V —, C". In the map 

v x U—> VxU (which is a closed immersion), Ais mapped onto a closed 
subset. Set we UxV-A. Then W € Ty and we get a map 
(U, f) <— (vr, yp) with W an isomorphism. 

Next, we claim that for F € dy »VETy, F(V)—> £, r(V) 
is an isomorphism, where V =V xX and the map is given by 

. VY . . 

(V, idy) CR, This is trivial if V xX =% Since (L1,2,3)° hold 
Y . 

in 1% (cf. proof of II (4, 14))and by the above discussion, we may replace 
1% by the category of pairs (U, 9) in which 9 ia an isomorphism, and 

ad . t c 
then it suffices to show F(U) ——=- F(U ) for (U, J) «— (U, 9) (and 

?, g isomorphisms), View U = U x X as a closed subscheme of U. 
a C1 [ ~ Since § is an isomorphisrn, U covers U and therefore covers some open 

set containing it, Hence we may separate the two cases 

(1): U' cU is an open subset. 

t t 
(2): U ——» U surjective, ie., {U ——»> U} € Cov Ty - 

" —_ t Ty 
Case (1): SettU =U=-+U, soU lL U ——» U is surjective. Then 

U' xx = 2%, hence F(U ‘) = 0 and we are reduced to case (2). 
Y 
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Case (2): Consider 

Py C C ' 

Ue vu 4 uxu ss, 
Po U 

and let A c U x U be the image of the diagonal. Ais open and closed in 
. U c Y C i] u xU , 830 We canwrite U XU = Ail *.. Since f and gf are isomorphisms, 

U U ‘ 
U xX—»+UxxX, Therefore U xU xX—“>U xX, and since 

Y Y uU OY 
od certainly A xX-lp U xX we find Axx =@, Hence F(A) =0. But 

P, = Pp 0n f,. Therefore F(U ) F(U x U ) is the zero map and since l : —, U 

F is a sheaf, ¥(U) —>- F(U) as required, 
-__— ~~ f 

Now it is clear thatf,F isa sheaf, For, if {Vy —> V} €Cov Ty, 

Viv = Vy %X, V=v 4 ’ we may replace Ve by isomorphic elements of 
Cat Tees say Wy so that Vay ——> V is induced by a map v,—> V. Since 
{vu} cover V, they cover sore open neighborhood of V. Hence we may 
assume {Vip ——> V} is induced from a covering {[V, —> V} € Cov Ty. 
Since F is a sheaf we are done, 

The fact that $ : £, f° —> dg and iazi— £° £, are 
isomorphisms is now immediate. 

By transitivity of equivalence we have: 

COROLLARY (2, 3), The functor of Theorem (2, 2) is an equivalence 

of categories in case (2), and in case (0) if Y is quasiseparated, and in 
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case (f) if Y is quasicompact and quasiseparated. 

Let for the moment Ossprce @3be any left exact functor, Q, @ abelian 
categories, Construct a new category C as follows: Ob U = set of triples 

(B, A, 9) where BCG, A Sa, @ GHom (A, £(B) ). A map 
IN (B,A, 9) 5, wa! q'yiea pairs Ban's nd AAU, a! of maps 

such that 

A —f—» «B) 
Sq | Ey) 

| 
t t a —£_» £(B') 

commutes, Using the fact that f is left exact one verifies easily that 

C is again an abelian category. Cinherits most properties enjoyed 

by , &. 

There are various functors relating Q, Gj, , notably the six 

et pune: 
* 

Q—t—~ ¢€ 1 + © 
Ait _—_i* 

defined as follows: 
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is A @~(B,A, 9) j, : (B,0,0)<-—~B 

me 
i,t A ~->(0,A, 0) j 3 (BA, 9) ~~>B 

i‘: ker $<«(B, A, 9) jg? (By £(B), id) o~B 

We insert for reference a list of obvious properties: 

(i) A given functor ie left adjoint to the one below it, 

i] (ii) i, iy» i, j, are exact, j,, i° are left exact, 

Gi) ij, = 6,15, = 145 = ij, =j'i, = 0. 

(iv) iy, jg are fully faithful and for C GU, jC = 0 iff Cxi, A, 
some A © GZ, 

PROPOSITION (2.4). Let 

be abelian categories and functors, Suppose the functors satisfy the 

following conditions: 

(i) i” (respj") is left adjoint to i, (resp. j,). 

ee ae (ii) i,j are exact, 
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(ili) i,, j, are fully faithful, 

(iv) For CCU, j C=0<=> CH=i,A, someACQ, 

he 
Set f= i j,, and denote by U the category of triples (B, A, 2) as above. 

Then © is equivalent with ©. 

To be sure, the equivalence 'preserves' the given functors, Since 

jy, has a left adjoint, it is left exact and so f is left exact. 

Proof: Note first that for C € ©, C = 0 iff, iC = 0 and jC = 0, 
For, say j"c = 0, when CHi,A some AG CU, Since i, is fully faithful, 
the canonical map Tia —— > A deduced from (i) is an isomorphism. So 
if also on A= 0 then A = 0, hence C = 0, Since i”, ;" are exact 
we conclude that a map € : C ——> c' in 2 is an isomorphism iff. 
Fs Fs 
i (€), j (€) are isomorphisms, 

Let C © e be arbitrary. The adjointness properties (i) induce a 
commutative diagram 

i, C <—— C 

2 a”. 2 ii jy C ————— jj C 

R
<

 

and hence a map C —£_,,. (i, iC) xX 45'S) e 
CA) 

t 
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We claim €is an isomorphism, and we need to show i*(€), ite) are 
isomorphisms. Both functors i” i” are exact by assumption and 
therefore commute with fitered products, Since i,, is fully faithful, 

i* c —+ i'i,i"c is an isomorphiem for all C G U, hence the horizontal 
arrows of the diagram become isomorphisms upon applying i’, so the 
square certainly becomes cartesian. Applying i to the diagram we get 
zero on the left side by (iv), and jc ~, ii,3'C because j, is fully 
faithful, s0 again the square becomes cartesian and we are done. 

This argument applies of course also to the category U of triples, 

so we have (B, A, §) > (0, A, 0) x (B, £(B), id). 
(0, £(B), 0) 

Therefore define a functor F : C- >? by C~->(j"C, iC, 9) 
ae where §:1'C—+ i°j,j°C = £(j"C) is induced by the map C —> j,3'C, 

and define G:C —>-© by (B,A,9)~>i,A 3 j,B. It is immediate 
1,8 

that one obtains an equivalence of categories. * 

COROLLARY (2.5). Leti: X——» Y be a closed subscheme and 

set U2 Y-~X,j:U “—> Ythe map. The category Ay of sheaves on Y 

is equivalent with the category of triples (B, A, $9) where B © hay 
AG A, and $:A—»> i'5,B. 

For, if we set A= Aes G3 = By C= Ay in the above proposition 
then condition (i) is satisfied by definition, For (ii) see (1.6) and for (iv) 

see (2,2). Condition (iii) for i, follows also from (2.2), and for j, we 

need only show B —» "143, BG &: . This is clear (see for example 
1,(2.8) ). 
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t 
In this context the functor i° associates with a sheaf on Y the 

subsheaf of sections with support on X, and j, is the extension of a sheaf 

on U by zero. This interpretation greatly facilitates the calculation, of 

the usual exact cohomology sequences for closed subsets, for instance 

we have immediately 

EXACT SEQUENCE (2.6), For C ¢ dy 

* e % 
0— > j,j C— > C—» i,i C-—— > 0 

which, read in the category © is 

0 ——> (B, 0, 0) ——> (B, A, $) ——> {0,A,0) -——» 0. 

We also have a left exact sequence 

‘ * (2. 7) 0— > i,i C—>C—>j,j CC , cee, 

If C GU is an injective then the last arrow is in fact surjective (say we 

work in ©, assuming (2, @ {hence © ) have enough injectives). For, if 
et t e C is injective, so are i,i' C andj,j' C. Hence C vi,i' C XC with C 

e ee also injective and ied Cc igi” Cc’. Therefore ii cnc xc . But 
td zk e * et since j, is fully faithful, jC’ —» jj,j° C ~j* C'X j"C' is an 

Hott 
isomorphism and soj C =0. Since also 
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t t" rr a a ote 
CXC Migi C—> ig) gl CHigi C X55 C 

" 

it follows that C = 0 and we are done. 

Therefore we obtain an exact cohomology sequence 

t Ps eee ——> RULI) C-—> RI idC —> RYY,j )C—>-.. - 

We have R@ id = 0, RY) vi,RU , RYUj,F') Z(RY,) J» and so we find 

i, Ri! Cucoker (C_—> j,5C) 
(2.8.2) or 

rn! ;! (B, A, 0) coker # 

(2.8.4) Ric waRMyyic , al 

cd & or, since fi, % id, andi’ RY, ~ RIG, = RY 
OQ. 

(2.8.q) nos! (Ba, gg) vRI £(B) , )0g3ltt 

Note that RY, (q > 0) has always the form (0,x,0), i.e., in case of the 

closed subscheme Y - X= U J, Y¥, the sheaves RYB are zero 

Outside of X (q> 0). 



Let F : C —»Ube a left exact functor ({ another abelian category). 

Since for C CC injective the sequence (2.7) is exact and consists of 

injectives, we get an exact sequence 0 ——> Fi, i! (C) ——> F(C) 
—> Fj, i” (C) ——> 0. Therefore for arbitrary C C Owe get 

EXACT SEQUENCE (2.9). 

* C00 meme R17 (Fiyi!) Cc —> RUF C—>RI1(Fj,j )C —> -*- 

NOTATION (2.10). For X + Y a closed subscheme, U = X - Y, 
cC¢ Avys we write 

Hg (y,c) = H9¢x, i! cy = HO cy, 4a! cy 

RV(Ho (x, i) oy) HU(Y, ) 

Hy (Y,C) is the group of sections of C with support on X, and 
HY (Y,C) is the relative cohomology. Of course, there is a spectral 

sequence relating HL (Y, ) with Ry! . Taking into account the fact 
that J is cxaet-and carries injectives to injectives, (2.9) reads 

\y 

RELATIVE COHOMOLOGY SEQUENCE (2.11). 

roe ee HY (Y,C) —»> HT (¥,C) —> HI (U, ji Ccy)— eee. 
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This should be contrasted with the exact sequence arising from (2.6), viz. 

. * (2.12). cee > HI (Y, §,j° ©) —> H2(¥,C) —»> H1(x,1C) —>->> 

Since jy does not in general carry injectives into injectives we can not 

write HT(¥, jj) = 24H (y,55" . )). 

For the sake of completeness, we note that a left exact functor 

F:C —»/induces functors Fi? Q —r and Fy 1G mm» A; left exact, 

by F_ = Fi, , F, = Fjy, and a morphism Bi Ff, Ff by 
* 

jn B——> i,j j, B= 1,f(B). Since F is left exact, it commutes with 

products and therefore we have for C = (B, A, ¢) © © a cartesian diagram 

FIC), F(C) 

LooTM Fi,(A) Fj,,(B) = F(A) F,(B) 
VA F (9) \y WA FiB) 

Fi,i'j,(B) A¢€(B) ) 

F 
Hence F can be recovered if F a —f., Fu are known, Thus for instance, 
if we are in the case of a closed subscheme X ai. Y, U#= Y - X, the 
section functors Ly (cf. 1 (2.1) ) for VC Ty are determined by the 

functors ry x x oR dy and [ Vv x y on Ay and by the canonical morphism 

& 

yxy mal xx fie - 
Y Y 
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Section 3. Passage to the limit. Let J be a category. Recall the 

following definition: A pseudofunctor C : J ——» (Cat) is 

(a) a map Ob J —-> Ob Cat ; jvued, ° 

£ 
(b) a map FLI —» Fé Cat 3 i> jue, Ss Cc, - 

(c) Fori-&s ;j £, k an isomorphism of functors 
“~t 

Ce g 2£.8.——~> (fg), 

Wn 

such that c, ia 7 “Ga. f£ = id and ii KX, j Be c-fL> £ are three maps 
, , 

then 

o (f¥* c © £, oh gh) = “tg, ne, g * 

(notation as in Godement). 

Let D : J ——»> (Cat) be another pseudofunctor. A morphism 

F 3 C —>- Dis 

(a) for j€ J a functor F,2C;—~> D, ° 

(b) for i——> j an isomorphism of functore F, 2 f,0 , we F; of, 
such that for i-&j—~»kinJ 

F at . Fig = “ag Fe gs f,g 



The pseudofunctors and morphisms J —>(Cat) form a 

category, Let X ©(Cat), and define the constant pseudofunctor 

const., = c., 3 J —> (Cat) by (co), =o", fa, = id; . (c sr) f.g =id. 

It is clear that a functor 27 —» Y induccs canonically a morphism 

Cp —> Cy ° 
dia 

DESINITION (3,1): Let C : J—» (Cat) be a pseudofunctor. 

“Ye define a functor lim © : (Cat) — > (Scts) b came ail y 
naan 

[ lim C(x) = HOM sctnct (C,c,,) 

with the obvious maps. 

We assume J satisfies (Li, 2) of I Section 1 for simplicity 

(For a more general discussion the reader may consult SGA VI). 

The point is that lim C is representable, i,e., there exists a 

category lim © = ¢ , and a morphism of pseudofunctors C ay 
const such that by composition with L g 

Homo, (CG, 2) ——> Hom is tict (c, Cxr) =[ lim Cj (=<). 

cg, may be constructed as follows: Set Cb G= 1 | ; ChC;. 

For U,V €Cb C we havo to define Hom, (U,V). Say UECHC,, 
S 

VEecb C. and denote by i,j \J the category of diagrams 
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wiecrce B&B Map 

Ny my 

jo joo 

is a map k—> k' such that the resulting triangles commute, i,j \s 

satisfies (L1,2, 3) (cf. 1 (1 7) which is not stated with sufficient 

generality), Define a functor H(U,V) =H: i,j \ J ~—» (Sets) by 

g . 

PT mont Homlge(U)s e(¥)) 
J g! 

and for 

‘St ——>-£ let Hom(g, (w), g tv) BUND Hom(fg_(U), fgi(v)) 
j ' g 

be defined by the functor f. and the morphisms c 2c | te , cu . f,¢° f,¢ 

Specifically, for ¢ € Hom(g (U),¢.(V)), we have 

HUi\O = Pomme Ce wet(Y) °F, Oe gU) - 



This gives indeed a functor and 80 we sect 

Hom, (U,V) = lim H = lim, H(U, v) . 

The composition of maps in g is self explanatory, and one gets 

functors 1; : c; > C by the inclusion on Ob C; and the fact that 
p

ie
 

~ 

, 2 © i,i\s . 

Together with suitable isomorphisms L, these give the morphisms 

L:C—»const , . We omit a few pages of tedious verification. 
mp 

Similarly, we define a pseudofunctor T : J—» (Top) (cf. U (4. 5)) 

to be a pseudofunctor of J into the underlying categories of (Top) such 

that the morphisms are in (Top), i.e., T consists of a map 

Cb J——> Cb(Top) (j~—~~> T;) > 

@ map 

F2I—» Fs (Top) (f-~~~> £,) 

and isomorphisms t oof gs. -—> fg, with the samc axioms as above, 
f,g t t 

Amorphism F :T—»T' is a morphism of the underlying pseudofunctors 

Cat T, Cat T':J—»(Cat) such that for iG J, F, : Cat T, —> Cat T; 

is a morphism of topologies. For x € (Top), set 

[ lim, T J (x) = Hom ve erict (Ts cy) 2 

So that lim T is a functor (Top) —~— (Gets) . 
—> 
TAMA 



PRCPCSITICN (3,2): Let J be a category satisfying (L1, 2), 

T : J —» (Top) a nseudofunctor and suppose for all j ©J that the 

covering families of T. are finite families, Then lim T is representable, 

Proof: Set Cat T = lim [Cat T] where lim [Cat T] is aa 

above. Let {Uy —-> U} be a family of maps of Cat 5» say 

Uy ECatT,, » USCatT; . Put {Ug ——> U} in Cov T if it is a ioe ei 

finite family andi if there cxists j © J, maps in ~——mty J and i a, j 

andelements # Oj © Hom(g a (U_ ), g(U)) representing g , such that 

{ay(Ug,) HL» g(u)} € Cov T;. It is clear that with this definition 
axioms (1),(2) of I (0.1) are satisfied. ‘le have to verify (3), So let 

{U,, So >U} ECovT , V———>U CCat Z, . Reflecting a moment 
on the construction of Cat x one secs that we may replace the objects 

and maps by an isomorphic situation so that Uy , U, V © Cat T; for 

some fixed j, so that Ly » W are represented by maps f#,,, in 

Cat T,, and so that with these maps {Ug ——» U} € Cov T,. Then 

since T; is a topology U_, x V exists and {uU, x Vv 2, v} € 
Cat z is in Cov z ° it remains to show that " U, x Vv" is the 

product in Cat z, i,e., that for 7 — U © Cat Ze Hom,(*‘/, Ug xv) 

XY) Homy("? »Uy) x Hom,,(W »V). For this purpose we may assume 

furthermore (fixing W and replacing by an isomorphic situation) that 

“WT &Cat T; and V/ —+ U is represented in Cat T; - Thus the desired 

fact follows casily from the commutativity of lim, with products 

(cf, I Proposition (1, £)) and the following 



LEMMA (3,3): Let “ —» Ue— V €Cat T;. Then 

T " ~ ; Horny,” (7,V) << lim ~ Homs (u) (£077), £(V)) 

jee ng\s 

where the maps W ~—»U-«<— V in Cat T. are represented by the given 

ones in Cat T, and the functor j\J —> (Sects) is defined as before 

(although j\J # j, j\J). 

The proof is routine. 

Hence T is a topology, and it is clear that the functors 

L, : Cat T; —> Cat T are morphisms of topologies and that (Zr, L) 

represents lim T . 
no 

Let T : J—» (Top) be given and fix 0¢€J, F a presheaf on 

Ty. For 0 ~fs j in I we get a presheaf (g,) p F on T; », and using 

the functor Ly : Ty —_ T we get a presheaf F = (Lo) .F onT . We 
dua 

have, for UC CatT , E(U)= lim, F(%) where I)P is the 

(X,9) ex,0 
category of pairs (X,9), X €CatT,) , g €Hom,, (U,X) (cf, I (2. 2)). 

=> 

Say U was in Cat T;. Then for 

Ov g we € 0,i\I 
ie 
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we have 

(ley) F] ef (O) = a #(x) 

where the limit is over te, g ; ert et(U) (the category of pairs (x, t), ’ 
f X € Cat To» g; € Hom (g,(u), g,( x)). Suppose j--> k in J. Define 

a functor 

fg . . 

(3, 4) fF: tC) <a legt(U) by (X,;) aad (x, 9,,) 

where 

By, = ty, gh8) AU) © te, (YD 

and by the identity map on morphisms. One obtains in this way a 

functor 1): 0, i\ J——> (Cat) carrying 

oN 8 Bt 
j wan? 7 gt(u) 

i g! 

and it is easily seen that lim ly ~o1,° (where the lim, is in the 
sense of honest functors, not pseudofunctors). 

The case in which we are interested is the following: ix a 

topology To with finite covering families, and a category J satisfying 

(Lt, 2,3), Let VsJ0—» Cat T bea functor (i> V;). We 
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suppose that for i,j €J products of the form Vv; od U, Vv; x U exist 

for UGCat Ty, and hence obtain a pseudofunctor 3 Ts J—» (Top) 

by ime> T/V, (cf, I Definition 4,12), and for i——»j letting 
f,:T,;-—> T; be the functor U/V; Aa Ux Vj/V; - The f,'s are 

morphisms of topologics and the isomorphisms ee are given by 

formula (3, 3.9.1) of EGAI for fibred products. To avoid overloading 

notation we denote also by J the category obtained from J by adjoining 

an initial element 0, and we extend T by sending 0 «~~-> T) with 

To —t.7, defined by U~> U x V; » The topologics T; all 
have finite covering families and so lim T = 7 exists. 

Nitec thy 

Let as above Ly : To —T be the functor and for a 

presheaf on Ty) write F = (Lo) ,F. Fy = (,), F for 0—8+ i, 

Notice that 0, i\J is canonically isomorphic to i\J. 

THEOREM (3.5): Make the above assumptions and notations: 

(i) Let U © Cat T, say U is in Cat T,. Then for anpreshe&f 

fF on To ° 

=(U) ~ Lim Fi(ai(U)) ~ lim F(Ux V.). — SS > By —— > j 
i Bs ja\s i—jenns Vi 

(ii) lf F is asheafthen F is a sheaf, andif F is flash so 

(iii) § The functors (Lo), and (Lp) ~~ {Lo}, | Ag are exact 

( Ay = sheaves on T)) . 



(iv) I€ F is a sheaf and U © Cat T, then 

TZ, UE) xy lim HP(T,, UXVy, F;) 2% lim H(T,, U KV,5F). 
jes jes 

Proof: “Je have first to explain the categories over which 

the limits are taken, To begin with, note that for i—f+j the functors 
(f), has a very special form due to the fact that f, has as left adjoint 

the functor €: u/V; a> U/V; (by composition with U; — U; ). 

In fact, by I (2. 8) we have canonically (f, )o oveP . Thus if the 

functor Bp j wee E(U X J? is defined in the obvious way we 
obtain also a functor i —&-> j ee r i(e,(U)) and so an isomorphism 
of the limits of (i), This second functor is the same as the one indied 

by (3.4). The second isomorphism of (iv) is clear from II (4, 13) if 

the functors are defined using those of (i) by universality of HP(nb, 0\J = J 
and the first isornorphism of (iv) will be trivial if (i), (ii), (iii) are 

known, 

Revert to the notation of (3.4). The categories tet (u) satisfy 
(1A, 2, 3)° , indeed, they have initial objects (cf. I (2,8)), and it 
follows readily that 1° also satisfies (L1, 2, 3). This proves (iii) 
(cf. Proof of IL Theorem 4,14), The functors (I ecu)” —~» (Ab), 
(x, $;) wn F(X)), are clearly obtained by composition with the 
functor ly —» (Ab), ((X, J) -~> ECD). Soa te completa the proof 
of (i) one has only to check 



LEMME (3,6): Let C : B—#(Cat) be a functor, suppose B 

and the C, satisfy (Ll, 2, 3) and set G = lim C, Let F:¢ —> D be 

a functor and define F; : Cc; —+ D by composition, Then 

. . : NS e P) lim, lim FF, \-> lim, Fr. 

i >, 

To prove (ii), let F be a sheaf, and {Uy —> U} ECovT,. 
There are finitely many & , and so we may replace the objects and 

maps by an isomorphic situation so that the Ug, Uarce in Cat T9 and 

the maps are represented in T,) with {Ux —> U} € Cov To° Then 

we have for all V; ’ {U,, XV: —>v} © Cov T5 . Hence since F is 
J 

a sheaf 

#(U x V,) —T F(Uy x V5) ——S TT FUR x Us, x V5) 

F(U x V,)—> @ F(U,, x V3) —> @rt,, x Ug xv) 

is exact. Since lim commutes with @ and is exact for (L1, 2, 3) it 

follows from (i) that E isa sheaf. The flaskness is obtained in the 

same way. (Cne can also show F isa sheaf of sets if F is by 

using I (1.8) instead of TT = @). 

Now let % : z° —» (preschemes) be a functor (j ~> X;) ° 
Assume still J satisfies (Ll, 2,3). Denote by 5, = Ss the category 

j 
of preschemes over x; separated and of finite presentation, Given 



i—> j, SO that X<—— x; » one gcts a functor 5; —* Ss; by base 

extension, and hence a pseudofunctor S : J ——> Cat (jn> s;) . iif 

for all i—»>j in Jthe maps X,<- X y2re effine, one can show that 

dim x is representable in the category of preschemes, and affine over 

the x; 's . Let é = lim x and call ox the category of preschemes 

over = separated, of finite presentation, Base extension to ge yields 

a morphism 5 “—>const,, of pseudofunctors, hence a functor 
“— 
Pt 
_ lim, S =» Oey e 

THEOREM (3, 7 ): Let X : J° —» (preschemes) be a functor, 
J satisfying (Ll, 2,3). Suppose that for j © J, ai is quasicompact and 

quasiceparated, and that for 1 —> jin J the maps em x. are affine, 

Let X = dim x, Then with the above notation the fanctor lim, -* Ss 
ss 

is an equivalence of catcgories. 

The proof will be in EGA IV (if J is inductive, which is 

enough for the applications), 

Let T; be the case (f) topology on Xx; » Ty the case (£) 
<< 

topology on é - One obtains in the same way a pscudofunctor 

T:I—s(Top), (jr. T;) and a morphism of topologies 

lim, T —> Tx e 

THEOREM (3,8): Make the samc assumptiona as in (3, 7), 

Then lim, T— Tx is an equivalence of topologies, 



~ -an by an equivalence of topologies F37.~-—~TM, * 
morphism which is an egy. * --wuwpgories Cat T, —> Tat To 

and such that ~ «amily {U, —> U} of Cat T, is in Cov T, if and only 
l 

3¢ { (Uye ) —> F(U)} is in Cov T,. It is clear that an equivalence 

induces equivalences on the categories of presheaves and sheaves. 

Proof of Theorem(3, 8): Cat T, is a full subcategory of S, 

and Cat T,, is a full subtopology of Sy . Eence Cat lim T isa 
vn ~ 

full subcategory of lim 5, Gince obviously the morphism lim T — Tx 

is induced by the functor lim S —> S,, which is an equivalence, we 
Cael 

know anyhow that Cat ling T —>Cat T, is fully faithful. \e have 
nn 

to check 

(a) Given U €Cat Ty sd jes, U; © Cat T; and an isom, 
<= 

U xx wU. 

(b) IF (U—>v} eCov Ty, then Jj€5, {u,v} E Cov T 
x 

and isomorphisms U; x Ps wU, V. X XXV which 

commute with the induced maps, (Since the covering 

j 

families are finite we have replaced {U,, —»>V} by 

the single map | | Ug =U—V.) 

To show (a), one reduces readily to the case X, = spec A; , 

& = spec 4 » U=spec B affine, Then choose B,/A, finitely presented, 

some i, sothat B A WW 5B, and set B, = B. A, for i j. 

A theorem of Grothendieck guarantees that B 5/4 j is flat for some j. 
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We need B fA; étale, i,e,, we have to show 5, = 9! i 0 B (AS 

But since B, 5 is of finite 

type, so is 8; (as B, - module) . We have SB /y ~ Qs a 
. if { wy} are a set of generators for 

for some j (ene we know tp /a =0). 

~ lim, Ry 24, 
oH » so that foe Lt generate o it is clear that these clements 
must be zcro for some j, as desired, 

To show (b), let U-—> V‘be surjective in Cat Tx , and 

choose i, U, —> V, in Cat T, with (U, —> v)) xxéx x U j-—>V using (a), 
Since U; —>V; is étale, finitely presented, the Lnage v; of U; is 
epen in A - Cne sees easily that v. p>; is also finitely presented, 

od 

Let V = Vv x pis « Clearly V~V, hence so U; —>V; © Cov T; . 
7 md 

replacing V; by V; we are done, 

COROLIARY (3, 9}: Let Xp be a prescheme, X : 3° —» Cat Ty 
Gj x5) a functor, where the topology is any of the cases (f, 0,1, 2). 

Suppose the 7 x quasi compact and quasi separated and that the maps 

X tom x, are affine, Suppose finally J satisfies (1, 2,3). Let 

= lim x and for a sheaf F on Xp , let F; , EB be the sheaves 

induced on X, resp, X . Then 

iim, Hx, , F,) — HUxX , ZF) e 
J 

Clear from (1.1), (3.5), and (3.8). Note that if w 2X —>X is the 
% 

37 map, == Fo 
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section 4, Fensel rings. We include for convenience some 

basic facts on Hensel rings. Most of the results and proofs are taken 

from papcrs of Azumaya (A) and Nagata (N), 

Let A be a local ring, AM, its maximal ideal, Consider the 

category (A) of rings B local over A, B obtained by localizing an 

A-algebra of finite presentation with B/A étale and B/MVB 7 A/ MA, 

This category is an inductive system (cf, SGA I, Corollary 5,4), Set 

“~ e A = lim B . 

BGE(A) 

ow 
A is naturally a functor of A, Cleurly A is local, A/A is étale, and 

Aj & % Af A, A has the following property: 

~ ° “ . Lond 
(4. 1) If B/A is local, etale, localized from an A-algebra 

of finite presentation, and if B/M. BY AJA then 
Ax we. 

Or, equivalently, 

(4.1) if £ Alt] is monic, andif T CA/AUA is a 
simple root of the polynomial ‘f C A/Mi A[t] (the image 
of f ), then f has a simple root a inducing 4. 

To see that (4.1) =—\ (4 "), set B= (ALtI/t),, 
@ is the maximal ideal induced by the root a of f . We get 

where 

Cand 

BNA, Hence the image of t in B yields the desired root in A ° 



For the converse, use SGAI, Theorem 7, 6 to write B XW (AlEI/A), 
where f is monic and OX -is a maximal ideal over “11-(the theorem 

extends to the non=noetherian case, if finite presentation is sub- 

stituted for finite type), Cbviously B/w- B x Bl A means f 

has a simple root, Hence f has a simple root inducing it and one 

finds Alt]/e ~AxC for some C, so.B YA, It is now clear that 
A has property (4, I°), 

, ond 
THEOREM (4, 2); If A is noetherian, sois A, 

This elegant proof is due to Nagata (N): Clearly A/M."A 

~ B/W"K, hence A and A have the same completion A. Since 
A is a limit of noetherian local rings (which are separated for the 
Me «adic topology), A is separated, sowe have A cA c Ni One 
uses the following criterion for noetherian rings: every ascending chain 

an = aA; See of finitely generated ideals becomes constant, 

Since A is noetherian the chain +++ ¢ O[, Ag +++ of ideals of A 
becomes constant, hence the chain +++ ¢ Cr; An Ac *** becomes 
constant, So it suffices to show C7 N n A = CO for finit. ly ecncrated 
ideals OT ? and it is obvious that OA NAD OT. Let {a, p’ °°» at 

generate Ns and let b © CrANA, Choose B/A © E(A) so that 
ae°°°, a, BEB and set Oly = (a, » cee, a, )B. Since B 

is noetherian with completion A, it is well known that ANB= dig: 
But OT, ANB= QANB contains b, Hence b€ Xp, and so 
beg. 



THEOREM (4, 3): Let A be a local ring, “1. its maximal 

ideal, A=A/MW A, The following are equivalent: 

(i) le £ Alt] is a monic polynomial such that its image 

ft in A [t] has the form f= gh with g, h monic and 

(g,h) = 1 there exist unique monic polynomials g,h elt] 

representing Beh respectively such that f = gh, (g,h) = 1 

(ii) very finite A-algebra is a direct product of local rings. 

(iii) A (=A) has property (4, 1). 

(iv) Definition: A is a Hensel ring. 

Proof: (i)==> (ii): Let B/A, finite, be given, and 

decompose B = B/44 B (which is finite over the field A) into a 

direct product of local rings. We have to find a corresponding dec ompe- 

sition of B into a direct product, So if € is an idempotent of B, we 

have to find an idempotent of B lying over €. Let b ©B be any 

element lying over €. Clearly we may assume b generates B, Then 

B WA[t]/f for some monic polynomial f, hence by Nakayama B is 
a quotient of A[t]/f with £ monic representing £. But the decompo- 

sition of B into a direct product corresponds to the factorization of 

t into relatively prime factors. Since (i) holds, f factors correspond- 

ingly, so we are done, 

(ii) ——=>_ (iii): If B/A is given so as to test (4.1), write 

By Cy where C/A is finite. Applying (ii), C ~ B x D for some D, 

Hence B is finite (and étale), Since A/w A % B/W B, B =A by 

Nakayama, 



(iii) ==> (i): Suppose A satisfies (4,1). Write Zl J|A|] —A 

—»0 whcre |A| denotes the sect of elements of A, and let 4p c 2 |A]] 

be the inverse image of -, Set A‘ = 2 [Al] » sothat A'—>A 

is surjective and local. Since A w A, we get Al —> A, Now it is 

clear that (i) is greserved i in quotients, SO we are reduced to showing 

(i) for K', Let £ A" [t] be given, monic, with f= gh, (g, h) =1 in 

Atte] -. £ is represented in B'[t] for some BI/AN, BIC ii(A'), Applying 
SGAI, Thcorem 7, 6, we may write BY ~ Coy where C! = At[t]/a(t) . 

Choose finitely many elements Ap o"**s a of JA| so that, if 
n ; 

= (% Zaye oo, a nly, where fy is the prime ideal induced by > 

the coefficients of q(t) are in Ag» q(t) has the simple root 4 in Ay 

inducing & , and f(t) factors as in Alt] . Get By = Aoltl/alt gy 

( KK o induced by (t - a)) . Then Bo cA, . We may finally assume 
also that f is represented in Bolt], hence represented in Alt. 
Since Ay —> At we are reduced to proving (i) for Ay » where Ap is 
noetherian and regular, Then Ao is also noetherian by (4, 2) and 
regular (since it has a regular completion), So we assume A given 

satisfying (4.1), and A noectherian and regular, Let £ be monic in A 

Aft]. We may assume f irreducible and separable over the field K 

of fractions of A, and we have to show A[t]/£ is a local ring, Let 

L/K be a Galois.cxtension in which f splits, and B the normalization 

of A inL, Write Al[t]/t cB. It suffices to show Bis local, Let Af 

be a prime of B above Mf» and let Bo be the decomposition ring of 

with respect to the operation of G(L/K), PQ the maximal ideal of Bp 
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under Ap Then Bo is étale /.., with no residue field extension 
0 

(SGA V, Proposition 2, 2), Hence Bo f0 = A, hence Bo =A, But 

this means Mp is the only prime of B over Att, 

CCROLLARY (4,4): (i) tf 4 is a hensel ring and (7 is an 

ideal of A then A/Ol isa hensel ring. 

(ii) If A is a hensel ring and B/A is finite and local then 

B is a hensel ring, 
wd 

(iii) If A is any local ring then A is a henscl ring, 

For (i), Gi), (iii) apply (3), (ii), (iii) respectively of (4, 3), 

az is the henselization of A, Terminology (4. 5): 

ne map A —> A is universal with respect to maps into 

hencel rings, As a functor of As & has very good properties, better 
4m fact than the completion, For instance, supposing A noctherian, 

we have 

A regular iff, A regular 
pd 

A reduced iff, A reduced 
ow 

A normal iff A normal. 

Bhese Propertics. and others, ®re easily deduced from SGAI, 
. t 

“Ctlon 9, 



a) 

THEORMM (4.6): Let A be ahensel ring. The category of 

finite and finitely presentcd, étale A-algebras is cquivalent with 

the category of finite separable A-alpebras, (A= A/Ai» A). 

roof: The equivalence is of course given by B ~> B 

= B/my B, To show that every separable A-algebra L is isomorphie 

to a suitable B, we may assume L is a separable field extension, 
so Alte for some monic f. Letf © A[t] (monic) represent f, 
and set B = A[t]/f, so that B ~ LL, Since (£') =1 in L, we have 
(') = Lin B by Nakayama, Hence B/A is étale, finite, finitely 

presented , as desired, 

We have to show that the functor is bijective on Hom, Let 

B, C be given /A. “Je may assume Spec C connected, and it follows 

from SGA I, Corollary 5, 4 that Hom, (B,C) Cc Homg(B,C), Suppose 

given a map Bs of and consider the graph B @C—» C. Since B,C 
are separable over A, B Q Cw C x Ltor some L. in such a way 
that the graph is the projection (Spec © connected by (4. 3) (ii)) . 

Since B @® C is finite over A, it follows that B @ CW c x D for 

some c', es with T 3G DL Combining the projection with the 
map C—»>B @ C we get a map C—+c' » and the induced map 

C—>T isan isomorphism, We have to show oco—- c is an 

isomorphism, But C' is finite, finitely presented, and flat, hence 

free, Soa sect of elements of C’ whichis a basis mod Avy of c as 
an /.=module is a basis for C’ as an A-module, Therefore the images 

in C' of a basis for C is a basis for C’ » SO c-+c' ; 
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Let G be a profinite group and denote by To the topology 

of finite continuous Gescts (cf. 1(0.5) bis), Let % be a prescheme 

and f ; Ts; —>Ty a morphism, Since the category of Ts ~sheaves 

is equivalent with the category of continuous G-emodules, we may 

identify f°, 7 ¢ Ay » with a certain G-module, The underlying 

group of this G-module is easily seen to be jim (EQ) where G 

runs over the category of quotients of G with spect to open normal 
subgroups, Since the functor associating with a Gemodule its under« 

lying group is exact, it is clear that the underlying group of the 

module corresponding to RUS7 is 

R2 tim, F(€G)) = lim er, sr). 
G G 

So I(4,M) reads (where e €Cat T,, is the set of one element) 

HOCHSCHILD - SERRE SPECTRAL SECUENCE (4.7): 

np = uP (° a HiT, ’ £(G)s *)) =~ H” (Tyr fle); F). 

Here the G-cohomology is the Tate cohomology. *or instance, 

G might be 7 1) » or a quotient by a closed normal subgroup of 

7 1). In such cases one can often apply Corollary .3. 9 to interpret 

the limit. Thus if “ is quasicompact and quasiseparated, X< given 

over a field k, and if x = x Qk (kK the scparable algebraic closure 
of k), and w : ii —*X is the map, one gets a spectral sequence 
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(4, 8) HP(G(K/x), HOU, w*F)) => HY (KST) . 

Let again A be a hensel ring and set k = A/M4A, G = G(K/k). 
Theorem (4, 6) and Galois theory yield a morphism f£: T, —»>Ty 

where X =Spec A and the topology in case (f). 

HIEOREM (4.9): Let A be a hensel ring, X = Spec A, 

k= A/Mo A, FE Ly . With the above notation 

HP(G(k/W), OF) v HPCK,F) 

In particular, if k is separably algebraically closed, then 

HP(X;F)=0 forall FE 4,, p>o. 

Proof: By (4. 7), we have to show 

RISF = um HUT, , 1G iF)=0, q>o0, 

Set X = dim (Q. <& is affine with ring A = lim A(G), A(G) the 

affine ring oF £(Q). Each ring A(G) corresponds to a finite Galois 
extension k >k G) 2k and hence is connected, therefore local by 
(4. 3) (ii) and hensel by (4. 4)(ii). It is clear that therefore A is 

local and hensel, with residue field k. Let E be the sheaf induced 

Ps by F. By Corollary (3. g, RUPP ~ HU; ; 5). Hence we are 
reduced to the case k =k separably algebraically closed, 



Let U/3. be tale, finitely presented, and suppose U covers 

the closed point of 2f (so that U covers X), Let B be the local ring 

of U ata point above the closed point, Then by SGA I, Theorem 7. 6 

and (4, 3)(ii) , B is étale, finite, and fin. pres.. Since k=Kk, 

Bw A by (4.6), Therefore X is initial in the category of U © Cat Ty 

which cover KX. To show H°(x, F) = 0, consider the identity map 

id: ii—» %. Clearly R'udF=0, qg>0. Hence the stalk of 

Ai id, F is zero at every geometric point, Lect P—>X be a 

geometric point of 32 above the closed point and apply II Corollary (4, 7) 

and III roposition (1, 9). Since X is initial in the category of U 

covering X, we find (R4ia,, 7), ~ HYWx,F), therefore H%(x, ¥) = 0, 

q>0. 

LEMMA (4,10): Let X be a prescheme and €:P—sXa_ 

geometric point, Let I be the category of pairs (U,g#) ; U © Cat Ty» 

g:P—>U over € in the case (1) topology, The subcategory I* of 

I of pairs (U, %) with U affinc is initial in I, and _lim__ U 

is the spectrum of a hensel ring with separably (U,9 er 
algebraically closed residue field (the residue field is the separable 

algebraic closure of k(x) if x © X is the center of P). 

Noutine . 

CCROLLARY (4.1): Let 7 3: Y—>X be a finite morphism . 

Assume case (1). Then Roy 3F =O forall Fe Ay » g>0, 
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>roof: We have to show the stalks are zero, Let 

€ : P—>X be a geometric point. By I(4, 7) and Proposition (L 9), 

(240 4 F). ~ lim HUT, , U x Y;F) 
~ G, Bye1 

~ lim Hg (Ty » Ux Y:F) where I, I’ 
(U, gyer’ . 

are as in (4.10), Since is finite, it is affine, and therefore 

U x Y¥ is affine for all (U, #) CI’. Set Spec A = elim U ; Spec B = 
= dim U x Y. We have (240 aT) HUSpec B, 5) by Corollary(3. 9) 
for suitable ©. B/A is finite, and so B is a direct product of hensel 

rings by (4.10), (4. 3)(ii), (4. 4)(ii), and the hensel rings have separably 

algebraically closed residue ficlds. Since cohomology obviously 

commutes with direct sums of schemes, HA(Spec B, 5) =0,q>0 
by (4.9), so we are done, 

Section 5. Cohomological dimension. Let T be a topology, 

and §& a presheaf of abelian groups on T, F is called a torsion 

presheaf if and only if F(U) is a torsion group for all U € Cat T, 

PROPOSITION (5,1): Let £: T' —>T be a morphism of 
topologies and F a torsion sheaf on T, Suppose T is noetherian 

(cf. Il, Section 5), Then 2%5P is a torsion sheaf on T" for all q>o0. 
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~roof: Clearly, an inductive limit of torsion groups is 

a torsion group, Recalling (II Section 1) the construction of the 

functor + , we are reduced to showing (RIF is a torsion presheaf 

where GC°F is as in II Corollary (4, 7), i.e., we are reduced to 

showing 14(T, U ; F) is a torsion group for all q>0, U €Cat T, 

VWrite 

iy 

Fr = sup 

n€ i 
n 

where i, is the kernel of multiplication by n in F (so that Fis 

the subsheaf of * of sections whose order divides n). By It (5. 4) 

we are reduced to the case I = Fe » Since T is noethe rian, But 

the multiplication & ->¥F induces multiplication HUT, U; F) 

=, HUT, U; F), asis.scen by multiplying an injective resolution 

of + by n, Since for = Po the multiplication is the zero map, 

it follows that HUT, U; F) is annihilated by n, 

CORCLLARY (5.2): Let w : X—s Y be a morphism of 

preschemes, “and Y quasi compact and quasiseparated, and Ict 

¥ be a torsion sheaf on X, Then 241, 3° is a torsion sheaf on Y, 

all q>0, 

This is trivial in case (f) because then Ty, is noctherian, 

For the other cases, one has to verify (notation of Section 1) that 

a sheaf is torsion if and only if c°F(resp. BF, resp. 72°F) is 

torsion, under the assumption (by (L 1)) that these functors are 
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-equivalences of categorics. The "only if" is obvious, To show 

" if " we need, since x, asr— »2F (resp. ...) to show that 

if Gis a torsion sheaf then AG is a torsion sheaf, But the 

construction of XG (cf, If Section 4, I (2.1), If (L 1)) is by 

means of inductive limits and so it is clear. 

Let Xx be a prescheme, F a sheaf on X, and i: x—>X 

@ point of x, where x = Spec k(x) is given the structure of scheme, 

F is said to be zcro at x iff, iy is the zero sheaf, Cbviously, 
if € : P~=> X is a geometric point centercd at x then the stall 

(cf, (1. 7)) of F at P is isomorphic to the stalk of i*F at "Pp", 
One sees casily that F is zero at x iff, the stalk of F at Pis 

zero for any geometric point € :P—» x ccnteredat x . 

—" Suppose X defined over a field k, Tora point x of X, 

write dim x = tr. deg. 1) (so dim x is the reference to k), We 

say a sheaf F on Z is zero in dimension > r iff, 2S is zero at 

every point = of X with dimx> r, 

DEY INITION (5, 3): X has cohomological dimension < d 

(write ed X < d) iff, H&(x, F) = 0 ‘for all torsion sheaves 

all qo>d. 

= and 

THEOREM (5,4): LUct 2/k be a noetherian integral 

prescheme, k a separably algebraically closed field. Assume the 

field 22) of rational functions of X has transcendence degree n over 



k . If © is a torsion sheaf on X, zero in dimension > r, then 

HY 5°) =0 for q> 2r. In particular, cd X < 2n, 

Proof: We may assume case (f), The assertion is trivial 

for x = =1 because a sheaf which is zero at all points is the zero 

sheaf (apply Proposition/1, 8)to all U € Cat Ty.) . Moreover the 

theorcra is constant for r>n, We use induction on r, Assume 

the theorem truc for r =s~<- land Ilct F bea torsion sheaf on X, 

zero in dimension > s, Let {i,, ix > x} be the sct of points of 

X of dimension s, and let <I,, = x,, be the closure of x,, with 

its canonical reduced structure. ry satisfics the conditions of the 

theorem if s is substituted for n, and the induction assumption 
implies that the theorem is true for X,, with r<s, Consider 

the map F—> i, y i, iF. Since 2 is noetherian and © is zero in 
dimension > s it is casy to sce thata section § € F(U) is mapped 
to zero in i), 1,7 F for all but a finite number of VY, Hence 
one obtains a map 0 —> K -—> F ==> @ iy ay PF > C my 0 
(where % and C are the kernel and cokernel respectively), All these 

sheaves are torsion, and F, (t) iyaty F have the same stalks in 
dimension >s-1, Therefore K and C are zero in dimension >s - l, 

Applying the induction assumption and examining the rclations in the 

cohomology, one reduces to the casc F = () iy aly F, hence by 
II (5.5) to the case F = ivy wis F. This sheaf is zero outside of X . 
Replacing xy by X and s by -n we are reduced to the case F = i, Fo 



where i:x—-—»> is the general point of 4 and 9 is a torsion 

sheaf on x: = Spec R(X). Moreover we may assume the theorem 

true for r<n, 

LEMMA (5,5): 2 q; is zero in dimension >n<q. ee ¥ 

Assume the lemma, and cxamine the spectral sequence 

(cf, 1 (ZU) Bed = wPOr RTF) HF). We 
are interested in the terms be = HP(x ; 34, 3 Fo). Now cohomology 
over a field is equivalent with Galois cohomology, so we can apply 

the dimension theory for Galois cohomology to the ending Hx 5 Fo) 

of the spectral sequence, Since tr, deg.) R(x) =n, it follows that 

Ha, Fp) = 0 for q>n (cf, Sem, Bourb, # 189, p, 12, Remarque), 

On the other hand, we are assuming the theorem for r.<n, and so 

it follows from the lemma and Proposition, 5, 1 that EP 1 =0 for 
p>2(n-q). The theorem can now be obtained by examination of 

the spectral sequence, 

Proof of (5.5): Let y€X be given, dimy = m >n-q and 

let € : P—»>X be a geometric point centcred at y. We have to 

show the stalk (R“i,, Fy), is zero, Let A be the hensel ring 

obtained in Lemma (4, 10)and let A,, +++, A, be the affine rings of 

the irreducible components of Spec A, The rings A; are hensel 

rings by (4, 4) (i). Let R be the field of quotients of A; (A is 

reduced) . R; is immediately seen to be (separably) algebraic over 
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R(:2), and, applying Corollary 3.9 (or well known facts about 

Galois cohomology) one finds (rn 4i, Foo xX ® HUSpec R, ; F ) 

where Py is some (torsion) sheaf induced by Fo . Since R; is 
algebraic over (4), tr, deg, 3 =n. Let K be the common 

residue field of A, A; » so that K is the separable algebraic closure 

of k(y), We have tr. deg. X= m . Now an equicharacteristic 

hensel ring contains ficlds over which the residue field is purely 

inseparable (this is casy to sce), Hence R; contains a separably 

algebraically closed field K; with tr, deg.» j= om. So 

tr. deg, It Ry =n- m. The lemma now follows from the dimension 

theory for Galois cohomology. 

CCRCLLARY (5,6): Let X/k be a noctherian prescheme, 

k a field, and let Ky 2° et, x be the irreducible components of 

4 with their reduced structure, Then 

edz < cdk + 2 max { tr. deg., A(z) . 

Applying dimension theory for Galois cohomology and 

spectral sequence (4, 8) one reduces to the case k separably 

algebraically closed, Then the corollary follows by induction from 

(5. 4) and the map Fo—» @ #, where 3; is the sheaf induced on 
2 

zy (cf. also SGAI, Theorem 8, 3). 
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CHAPTER IV, Calculations for curves and surfaces 

Section 1, We assume throughout this chapter that we are in 

case (1) or case (f) and that X is quasi compact and quasi separated in 

case (f), 

Let X ——»Z be a morphism of preschemes, and Aa 

group scheme over Z, Because of Ill (1,4), the functor Hom, ( P A) H 

Cat Ty ——>(Ab) is a sheaf on X. ‘We will denote such a sheaf by A,,, or 

merely A if it will not cause confusion, Of course, Ay Hom,,-( 2A x X), 

It follows immediately from II (3, 7), if A is separated and finitely 

presented over Z, that under the assumptions of III, Corollary (3. 9) the 

sheaf Hom,( , A) commutes with the limit, i,e,, that, denoting by Fi 

. 7 Ay (notation of the sheaf induced by A, on x; (F; ~ Ay) we have EU 
Common 

III Corollary (3.9)). This is also true in the case A is discrete (below), 

Case A is discreter An abclian group A determines canonically 

@ group scheme over spec Z, namely —LL spec Z with the obvious 
group law, \/e denote this scheme also by A, and hence have defined 
Ay. This sheaf can also be obtained in other ways. In fact, A, is 

isomorphic to the associated sheaf of the constant presheaf whose group 

of sections on each U € Cat T, is A. Therefore we call Ay a constant 
sheaf, .Or, denoting by is {x} ——>Cat T,, the inclusion of the discrete 

x 
z topology {X} (ct ¥ (2.4)), Ay x iA = aa. In particular, the notation 

Zy does not conflict with II (1,7) (however Z f# spec Z), Finally, 



=102- 

suppose U € Cat T,, consists of finitely many (say r) connected compo- 

nents, Then A,(U) Z A’, 

If X is noetherian, integral, and normal, and if i: x —=—»X is 

the general point, then i,A, Ay. This follows easily from SGAI, 

Prop, 10.L But, it is false in general, For instance, for a nodal 

rational curve X, one gets 0 -—-»yA,—> i, A, —>A,—> 0 where Ay 

is the constant sheaf at the node © (extended by zero), 

Among nondiscrete group schemes, we will be particularly 

interested in the sheaf (G,/),, of units of I'(U, Oy) (U €Cat T,,). 

Jere Gp, = spec Z[t, 1/t]), and the sheaf of nth roots of unity bs 

Suppose n is prime to char k(x) for all points x € X, Then the nth 
n 

power map G, =» G_,, yields 

(1. 1) 0 —~——» ——>d —>G aay (n prime to the 
h ‘ayy x TMsz residue char, ) 

In fact, this sequence is always left exact, and under the assumptions, 

extraction of an nth root of a unit gives an ctale covering, Hence the 

cokernel is zero, as a sheaf, 

PROPOSITION (1, 2): W(X, G_)uPic X% 

Proof, Assume first % affine. Then we may assume we are in 

case (f), By II (3. 6), Hi! may be computed as Czech cohomology, 
Since for a covering {U,,——»>X} in case (£) || U,,—»>¥X is faithfully 
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flat and quasi compact, the result follows from descent theory (cf. Sem, 

Bourb, No, 190. 4.e) and the fact that the topology contains sufficiently 

fine Zariski open coverings, For the general case, let 1 be the 
Zariski topology on X, T° the Grothendieck topology (case (1)), and 
f: T~—~»T° the inclusion, Knowing the result for affines, one finds 
se = 0, and so we are done by the Leray spectral sequence II (4, 11), 

Suppose now X is integral, and let i: x 3X be the general 

point (x = spec R(X), R(X) the field of rational function of X), We have 

Hx, G,.) =0 by (1.2) (this is "Hilbert theorem 90"), More generally, 
l _ . > 1 pe _ H (a, G_) 0 for all u © Cat Th. Hence Ri, Gaz Ri, (G,). = 0, 

By II (4, 1) we find 

(1. 3) w (X, iy, G,,) =0 (i : x =» X the gen, pt., Xintegral), 

There is a natural inclusion (G,),,-~—~i,(G,,),. We write 

» t m m ¥ » 0 ( t “ ). 

Here D,, is the sheaf of Cartier divisors" on i, Combining (1. 3), 

(1,4) one gets 

(1.5) R(X) —+H(X, D,)J—+»Pic K—+0 —(X integral). 

It is clear from the "five lemma" that u(r, Dy) is the same as it 
would be if D,, were defined by (1, 4) in the Zariski topology (because 

a(x, i, G_) = 0 also in the Zariski topology). 



~104~ 

If X is moreover noetherian and regular, D,, is casily identified 

as 

(1. 6) Dd, © Oiy Zi, » (X noeth., reg.) 

where {iy 2Xy —» x} are the general points of the irreducible closed 

subsets of codim 1, Since in the Tate cohomology H'(G, z ) = 0 for any 
G one finds We.,, Z) = Ry Zs 0, Therefore by the Leray spectral p* 

sequence and II (5,5) (Ty is noetherian) 

1 
(1, 7) H (x, Dy) =0 (X noeth., reg, ) 

We get from (1, 4) and the fact that Ri,(G_) = 0, 
x 

age _ 2,_ tt " (1. 8) H7(x, G_)— Hx, G_) ( ) 

Presumably, if X is affine, H4(x, G_,) is closely related to the Brauer 
group of its ring (cf, Auslander 4Goldman (AG)). 

Section Z, Case of an algebraic curve, 

Let X be a noetherian integral scheme over a separably 

algebraically closed field ky and suppose the field R(X) of rational 

functions of X has transcendence degree lover kp. In particular, X 

could be an algebraic curve. Leti:x—~»X be the general point. We 

have HQx, G_,) = 0 for q =2 by dimension theory for Galois cohomology, 
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for q = 1 by.(L. 2) and for q = 2by Tsen's theorem (cf. (L)) if kp is 

algebraically closed, In general, (x, G,_,) is anyhow a p~group 
(p = char kp) as is seen from (1,1), This being true for any algebraic 

extension of R(X), one finds R1i,, G_, are p-groups for q > 0, and hence 

(2,1) HYX, i,, G_,) = 0 (ignoring p=torsion) 

. . . 

Ii X is a complete algebraic curve, so that Ho (x, G) 7% Kp (which 
is divisible by n if (n, p) = 1), one finds from (1, 1) 

fh a 
nus. “ye 4 (Pic X) q=1 (X.complete, 

(2.2) Cs fin) (Pic x)/n xvz/n q=2 (rn, p) =). 
0 q>2 

_ 

where (Pic x), is the group of points of order m on the Jacobian of x, 

These are the expected values (However, one cannot hope for "good" 

values of H4(x, Z) since for instance W(x, z,) = 0 if % is regular. ). 
Note that in (2, 2) the removal of a point of X has the effect of killing 

the Hr, 

If X is regular, so D,, torsion free, one deduces from (1,1) and (L 4) 

(2. 3) O-—> MH, —vi, G —r iy, EG, —Px/ apy? . @,p)=1) 

which is an acyclic resolution of hn (possible p~torsion does not matter), 
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So one may write 

(2.4) sles a) feere® les omit /{ee (REN (Cas p= 

where (f) denotes the division of f, 

Let again i: x-——»X be the general point of X, and F any 

sheaf on x, Clearly 2 i OS is zero at x(q > 0), hence is cohomology 

vanishes in dimension > 0 by III (5.4). Therefore the Leray spectral 

sequence H°(%, 2 VF) =e * ec, ¥) reduces to an exact sequence 

(2.5) °°° a HAs, | ig FT) —p He, P)— pH (x, RUF) set. 

In fact, by the dimension theory for Galois cohomology, HP(x, F) and 

Rai, Fe are zeroforg> 2 If = is torsion or corresponds to a 

divisible G( R(X) / 2(x)) - module, they are zero forg>ti. The 
relevant part of (2,5) is then 

1 (2.6) omstltx, ivr) —sa'x, r)— > HR! — nx, 1,7) —s0. 

Suppose X is regular. Then HOR! ay @ H'(x., F,) where p runs over 
‘ Pp 

closed points of X, x, is the general point of the henselization of 

Oy,» and F., is the induced sheaf of x,, This is essentially the 
Lag 

situation studied by Cgg (O) in the case F=A,, is points with values 

in an abelian variety A/x. tm brsi, i, A, ) is then the group of “locally 
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trivial principal hornogeneous spaces" of A, Ogg derives a kind of 

, On 2 2 Zpor a ; duality between H (X, ig) and H"(X, i,.A) (A the dual abelian variety), 

By similar methods one may obtain a perfect duality between 

Hx, i, F) and 52-Ux, i) when F is points with values in a finite 
group scheme over x of dimension (as R(X)-module) prime to p and 

F is its Cartier dual, The duality is given by a cup product into 
H7(x, p¢) 2 1/2, (prime to p), the sheaf of roots of unity, 

Section 3, Local calculations in dimension 2, 

Let kp be a separably algebraically closed field, We denote 

by ky{z, Yocers z} the henselization of the local ring at (0, -.., 0) of 

spec Kolx, Yo eee, 2 tis known that ky ix. Ys «oe, Z} consists of 

those power series €kolfx, Y, eo, 2]} which are algebraic over 

K[x, y, ..-)z]. “We will generally denote the closed point of spec Kol Yoeees z} 

by Q. 

In the case of one variable kp{t}, set k = k,({t}) = field of fractions 

of k,{t}. The only algebraic extension of k of degree prime to p=char Kp 
is kt '/], te, if G = G(k/k) is the Galois group of the separable 
algebraic closure , and if Gis the Galois group of the maximal extension 

prime to p, one has Gx inverse limit of Z/n ,(n,p)=1, (2) rime to p) ~ 
and the kernel of the map G ——»G is a p-group, (This isomorphism is not 

canonical,) One finds 

Mn 270 
(3. 1) H4(spec k, ha) = HIG, 7) ~ LZfn g=1 ((n, p) = 1). 

E q?l 
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mere spec k = (spec ko ith) - 

Consider the case of two variables kit, x}; and let 

R= (kylt, xt), = Kylt, x}hA). 

We wish to calculate the cohomology of spec R = spec ky tt, x} - locus 
oft=0, Now ROk=kp({t}). Set 

R=ROk = limzRe 
kk ania k 

k 

when k is the separable algebraic closure of k, and k’ runs over finite 
~ t subextensions of k, Choose such a k and let t be a local parameter 

of the normalization 6’ of ky{t} ink’, so that Ow k){t}. Then it is 
t easily seen that R =R® k (ky ft’, x}),» which is a ring similar to R, 

k 
Now R (hence R') is integrally closed. Moreover every prime of R is 

Sinally, 2 is noetherian and Pic R=0,. Hence 2 is a PID, maximal, 

R =O and R is integrally closed, Since R is a limit of such rings, Pic R 
Since R nas tramsc,. deg. 1 over k, every prime of R is maximal, 
Actually, R is also noetherian, hence a PID. To show this one has to 
show every prime ideal finitely generated. This is equivalent to showing 

every prime is induced from some R', i,e., to showing the primes of 
R split into finitely many primes in R, which amounts to showing R/-> 
finite over k for all primes «pot R Now “pis induced by some prime 

element f € k,{t, x}, t not dividing f, Write kit, x} as a limit of 

rings Stale, localized from an algebra of finite type over kp{t}[x]. We 

can find f in some such ring, say 4. Then A/(f) is of finite type over 
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kit}, Applying ZMT, A/(f) is localized from a finite kp{t} = algebra. 

Hence A/(f) is finite over ko {t} and hensel by III (4, 3)(ii) and (4, 4)(ii). 

Therefore A/(f) =7 Ko{t, x} /(f) and we are done, 

By (1. 2) and (2, 1) 

(3. 2) H4(spec R, Gin) =0, q>0 (ignore p), 

Now ina hensel ring over a separably algebraically closed field, the 

group of units is obviously divisible byn , (ny p)=L Hence for an 

R! as above, R'* AR" P ~y &/n, the generator being the residue of t. 
Since t/n is in R > R* is divisible by n, Therefore (1, 1) and (3. 2) 
yield 

(3. 3) HUspec R, f'n) =9 470 ((n, p) = 1). 
Applying the Hochschild-Serre spectral sequence Ill (4. 8)? 

(3. 4) H(spec R, G_,) =0,q>0 (ignore p) 

/ Mas 1 = 0 . { > H17(spec Ry fy) = <Z/n, q=1 ((n, p) = 1). 
Nay | 0,q>1 

(The object on the left is a picture of spec 2), 

Set Y = spec k){t, x} -C = (& the closed point) and j: spec R——S Y 

the map. ‘Ye have spec R = Y = X where X = spec ky ({t}) is the locus t=0. 
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Cne sees easily that Ry, Cn =0, q> 0 (ignore p), There is an exact 

sequence 0 —>t iy —i,¢,,— Zigp =e 0, and hence — 

HUY, G yeu! (x, z) by (24), forq> 1. Clearly ry, G_) = 0. 
‘Te have HIN, Z) XY 072 ¢y, </Z) because of the sequence 

‘ , “~ 

+2/Z , and so w(x, Z) wd @/Z (prime to p). 0 +Z, mms 1 

Therefore 

(3. 5) a 
oN wit, wad 0 gel ((n, p) =). 
( " j Zf/n q=3 ‘ Ne 

we 
ed 

This is the expected result if one thinks of Y as a 4 ball minus point. 

We will also need to know the cohomology of spec S where 

c= (x, ix, y} hey = ky{x, ytli/xy ]. This could be obtained from (3. 4) 
but for our purposes the following method is better. Set t= xy, So 

that S Dk = ko({t}), and setS= S@k = lim SE k' (k'/k finite 
k kt k . 

separable), Iere S 4 k’ is not localized from a regular ring, but one 

can show anyhow that Pic S ® k' is zero (cf. Note (4. 8)). 8 is seen to 
be a PID by a similar argument to that used for R above, and therefore 

H1(snec S, G4) = 0, 4> 0 (ignore p), However, HYUspec s, a =0,q>0 
(ignore p). However, H° (spec s, Gn = 3* is not divisible, In fact, ) 
computing a little, one finds Bs")? % (Z/n ©Z/n) / 4 (A 

“diagonal, (n, p) =1) with canonical generators xw>(L, 0) and 

y~>(0, 1). Hence (spec S, hy) =(Z/nOZ/n) / A. x andy could 

also be viewed as generators of this group when written in the form (2,4). 
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Applying II (4. 8), 

\ EMspec 5/4) = {Z/n0Z/n q=l ((m,p) =1). 
Hom(G, (Z/n @Z/n) /A)q=2 

Section 4, Digression on the Picard group of a curve over kp ft}. 

Write O’= ky tt} (ky algebraically closed), In this section, 

V denotes a scheme proper over spec ©, which is irreducible and non- 
singular, of dimension 2, “Je denote by li the general fibre of V, and 

we assume J is geometrically simple over k = ky (ith) (Uis an 

algebraic curve). Finally, we assume V/ spec® has a section, In 

this situation, if 2° denotes the closed fibre, then U is the open subscheme 

v- x of V, Let x, (i = 1, .ee, TM) be the irreducible reduced components 
of X, and say 22 =S 74, X, (cf. (4. 1)(e)). 

The scheme V/spec ©, being of finite type, can be obtained by 

a base extension from some Vo/ spec O4 where o/s is a geometric 

discrete valuation ring over ky and 74 CF is étale, and Vo may be 

obtained by localization from an algebraic surface defined over kp. 

The following properties, listed for the convenience of the reader, may 

be obtained with no difficulty from classical surface theory by applying 

such a descent, if they are not obvious anyhow, 

(4.1) (a) Resolution of singularities if the assumption that V is 

nonsingular is dropped. 



(b) 

(c) 

(d) 

(e) 

(f) 

(g) 
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V is projective over spec > 

Intersection theory for (Cartier) divisions on V, of the form 

(D +« ¥) (an integer) where D is any division and Y is a division 

with sunport on the closed fibre . ‘With this restriction, 

(D - Y) depends only on the division class of D, Hence the 

symbol may also be used if D denotes a division class. 

There exists a division class K, called canonical, appearing 

in the gcnus formula (e). 

Let Y = ye 8s5 be a division with support on X, and assume 

Y> 0, Cne associates in the obvious way a closed subscheme 

of V to Y, which we denote by the same letter, The following 

formula holds: 

I 2 defn 
1 —-X (YX) eon((Y ) + (&> Y)) +1 = p(Y) (X the Zuler Char. ) 

The definition of p(Y) is extended formally to nonpositive Y. 

Castelnuovots criterion for exceptional curves (of the first 

kind): p(Z) = 0, (£7) =-1 (© reduced, irreducible, with 
support on 27), and the factorization of regular birational maps 

into locally quadratic transforrnations, 

If Y has support on X and (v?) = 0 then Y = sx for some 
integer s (This follows from “odge's theorem on a surface, 

and the fact that V has a section), 
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PROPCSITION (4, 2): Consider the canonical map Pic V —+ Pic X, 

(i) This map is surjective. 

(ii) ker (Pic V —» Pic 17) = Kis uniquely divisible by n 

prime to char ik, =p. 

fe omit the proof, 

Denote by Pic's! the subgroup of Pic X consisting of divisor 
classes whose degree on each reduced, irreducible component a, of x 

igs zero, and by Pic’ V the inverse image of Pic’x under the map 
ic V —»Pic X, Picv is the group of divisor classes D on V such 
that (D ’ 2.) = 0 for all components X; of X, Now Pic"X is easily seen 
to be divisible byn prime to p. Since obviously © ker(Pic°V—» Pic? x) 
one finds by (4. 2). 

CCROLLARY (4.3): (i) Pic°V is divisible by n 
(ii) (Pic V), = (Pic°v), ~y (Pic), = (Pic X), ((, p) =1), 

where ( ), denotes the subgroup of clements of order n, 

_ Let A be the group of divisors (of the form 5 6,X, with support 
on X, and 4 its image in Pic V. By (4.1)(s), 4 &4/() where (%) is 
the subgroup gencrated by %, Clearly, U is the kerncl of the map 

Pic Vey Dic U, This map is surjective because V is nonsingular, 

Let A/spec k be the Jacobian of U, and for a field k /kk denote by A,! 
the points of A with values in Kk. A, Cc Pic is the subgroup of divisor 

re 0 classes of U of degree zero. Now by (4. 1)(g), WN Pic V =0. Hence 
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the map Pic V ——» Pic U induces an injiction Pic? V G—~»Pic U, 
Clearly its image is in A,, and we denote this image by AR . 

LEMMA (4, 4h: A? depends only on U/k. 

Proof; Given a curve geometrically simple, proper over k, one 

can imbed U as an open subscheme of some V/spec ©’ as above, using 

(4.1) (a). Applying (4.1) (a) and (f), one reduces to showing 
0 Pic? V —»2ic° v' when f : V' —-V is obtained by blowing up a point 

t ' P of V. We have to show that if D' is a divisor on V' with (D'* X,) = 0 
' - for all components X, of x’, then D is linearly equivalent to f° lp) for 

some D with (D - X;) =Qall i. This is easy. 

PROPCSITIONG, 5}: A,/Ap is a finite group, 

“roofs. Consider the diagram 

j— = 2. 
TM» ‘ 

AD mmomet> Pig VY ——> Pic U 
A t N 

0 ——» Pic V ——> A? 

where € is the cokernel of Ae -——>Pic U, We claim the rows and columns 
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are exact if zeros are added on the periphery, Here m is the number 

of irreducible components of XZ, and Pic V —»ZTM is the map 

D~~>((D x) coe (D> x) This map may be factoredas _ 

Pile V —+Pic XK —-Z'TM where the second arrow is the "degree", 

and is surjective. Clearly therefore the middle column is exact, 

The only remaining one which is not obvious is the top row, but 

H—~—>ZTM is injective because of (4.1) (g). 

From the top row, since {has rank (m= 1) over Z, € isa 

group of finite type and of rank 1, But Pic U/A,, ® Zis also of rank 1, 

Since we have 0 —>A,/Ay, memes Ee Pic U/A,, -—¥ 0, the proposition 
follows, 

Note that since ay is divisible lf char Kp = 0, one can characterize 
AY as the maximal divisible subgroup of A, in that case. 

Let k /k be a finite separable extension, and let @ be the 
normalization of Gin Kk, U' =U ek. Constructing a suitable v/ spec o 
with general fibre U, one defines Apt cA. By (4.1) (a), Vv" may be 
found with a map onto V (over o/ ©), Therefore the map A, C-— A, 
carries Ay into Ae, . Set 

{ | a® 7 i £ = A k . alg. clos, of k /k finite : J a (k the sep, alg. clos, of k, k / )s 
kDk Dk 

xb
o 

so that AS cA. Denote by (2), the subgroup of an abelian group Z of 
elements of finite order prime to p = char Ko 
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THEOREM(4, 6 ):; Suppose X reduced and with only ordinary 

nodes as singularities, Then 

(a) (42), = (Ap), (in other words, G(k/k) operates trivially on (AL er) 

(b) Ifa € (Ap), and & EG(K/k) then Ga-a € AL . 

Erooft Leta € (AP), and let k /k be a finite separable extension 
of k in which a becomes rational, Let o be the normalization of © in k 
andt a local parameter of o, Then e = oft J. Set v= V ao. V' is 
easily seen to be nonsingular except above the nodes of X. Above the 

nodes, v is anyhow complete intersection, hence Cohen Macauley, and 
therefore normal by Serre's criterion since there are no singular curves 

on Vv. Again since v is Cohen=- Macauley, one sees immediately that 
the closed fibre X' of Vis reduced. The map X' +X is 1—1, hence 
an isomorphism (because nodes are "minimal! singularities"'). 

Let V'' —-»V' be obtained by resolving the singularity of V', 
and choose V''| minimal with this property, Let X'' be the closed fibre 
of v" and 8), ese 8, the connected components of the exceptional 
locus for the map V " — Vv, say 6, = el Ueese U 63 where the 8; 
are the irreducible components. Denoting by x? the proper transform 
on Vv" of the closed fibre x of v', we have 
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v - a . some a; >0, We claim ay =1, alli, ¥, and that the curves 6; consist 
of a configuration as depicted below (with suitable ordering of @;) 

/ Vs 
‘ Xx ei \ 

i \ of ‘x? 
\ 

\, 

all intersections being transversal and e nonsingular and rational with 
v @, 2) = ~2. 

(4. 7) 

Note (4,8): This is of course purely a local statement, although the 

proof below utilizes the whole scheme v'. The configuration may be 
used to prove Pic 3 = 0 where S is the ring used for (3, 6). 

These assertions may be verified by routine calculation: 
~ 

1 on 

Note first that if X° = Z>0 (Z > 0) and if Z contains no exceptional 
rt i _ 

curve then p(X - Z)<p(X ). For, 

p(X = 2) a(”) + (22) = a(x zy = Kx") ~ (K z)) +1 

p(x") + 52%) - (K+ 2). 

‘ Tt) ° 
By (4.1) (g) and the fact that X has components with multiplicity 1, 

(2?) <0, and (K+ Z)> 0 because Z contains no exceptional curve. 
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. . 

Therefore, since v's was chosen to be minimal over V , 

tt /0 av p(x )> ofé >) a) 
i,v 

with equality iff, all ay are equall, Calculating with (4.1) (e), 

(9) ps 7°) = pe) + Pe viet) + So P93) 
s 

1 (ered) - Ea 
ys ist 

Here p>) > 0, } (x? . oy) > 2s since 6; lies above a node of x, and 
av 

ya of) > x72 

since 6, is connected. Moreover, p(x°) 2 p(X) ~ s since separation 
of a node reduces p by | (g is at most equal to the number of nodes). 

So combining, 

s s 

nae S TY 7 e p(t") > p(x')- st2st). mol- 2 ir, px’). 
i=l i=l 

But by the invariance: of Euler characteristic under specialization, 
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P x) = pu) if U is the general fibre of v. Since U' is also the general 
fibre of v', we have rz) = p(x). Therefore all the above inequalities 
are equalities, Since p(e') =0, (@; 2) must be less than -1 by (4.1) (£). 
We have (x''» 6)) = 0 (since X" is principal), hence (KX ~@)+ @)) > 2 
But by the intersection numbers appearing in (4, 9), the average value 

of (X' = 6). 6}) for i,” varying is 2, Hence (x''— @?. 6) = 2 for all 
i,v and so (0;") = -2, It is now easily checked that (4. 7) is the only 
configuration possible, 

Returning to the proof of (4,6) (a), we hada € (AQ), rational 
over k. This a corresponds to a unique division class D6 (Pic® Ve 
so (D'- x5) = 0 for all components x; of X', In particular 
(D" . 6) =0 for alli, YY. Because the oP are rational curves with 
CH 2) 2-2, it is known that this implies the transform D’ of D' onV' 
is locally principal (cf. (C)). D' of course has finite order. Hence 
D' induces an element d € (Pic X'), % (Pic X), . By (4.3), there exists 
abe (Pic” Vv); inducing d, One finds the transform of D on V' is D', 
so (a) is proved, 

; a 
To prove (b), let a & (Ap), and choose k /k as above, but a 

Galois extension, so that a is rational over Kk. Retain the above 
notations. ‘We may find a divisor D'' onV" inducing the class a in 

uw : 
Pic U =...1, Saya is of order n. Then there is a rational function 

f on Vv" such that 

nD (f) + er 
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some 5; (x the components of x’), Now G = C(k/k) operates on 
v/v by automorphisms, and since Vv was chosen minimal over Vv , 
G also operates on Vv" /V by automorphisms (such a minimal model 
is unique), The components of x" lifting from components of X are 
certainly left fixed by G, But, examining figure (4. 7), it is also 

clear that the ey s must be left fixed. Hence X'' is left componentwise 
fixed. Obviously Ga (6° © G) is induced by the transformed divisor 

uWwS 
D » and we have 

@mp"y? =n(p"°)= (7) +> 09x x (f+ >. 4X; a 

Hence 

woe n(D D") = (°)- (f) = °/8) 

Ty ‘ so D o_ Dp ¢ (Pic ° Vv") and G’a ~ a is therefore in AP by part (a). 

Section 5. Cohomology of a curve over kit}. 

Let V/spec q, U, X be as in the previous section. We 

assume further that X is reduced, and has only nodes as singularities, 

and that U has positive genus (the case that U has genus zero is 

easier). fe want to prove 

G) BYU, 4) eH, pw), = all a ((a, p) = 1) 
5.1 ; en (ii) Hv, fn) = 0 qg>2 (ignoring p~torsion). 
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The map for (i) is canonical, and is induced by the map ft Dy —> i, Ys, x 

where i: X —— >V, 

Now H(x, Ke) Pie X/n x (zZ/n)TM (m= no. of comp, of x), 
and HACK, p,) =O forq>2, By (4.2), Pic X/n ~w Pic V/n, Therefore, 

assuming (5,1) (i), the exact sequence (1,1) shows HYv, G_) is 

torsion free, q > 2, prime to p, Hence (5, 1) (ii) follows from (5,1) (i) 

once one knows H“(V, G_.) is torsion for g > 2, and that fact can be 

checked easily from the exact sequence 

O—y»G > j, GG ——> D(X) ——3 0 
my my 

(j : U—V the injection and D(X) the sheaf of divisors on V with 

support on X), So we concentrate on (5.1) (i), 

The isomorphism is obvious for gq =0. Forq =1, we have 

from (1, 1) 

0 —-» oo / oP Hy, Pa) —=> (Pic V),, 70. 

Since @ is a Hensel ring, o” is divisible by n. Hence 
WV, /t,) % (Pic V),. Similarly, Hi(x, Pn) % (Pie X), + So by 
(4. 3) (i) (and trivial functorality) the assertion is true for q = L 
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The case q =2is harder. “Je use the relative cohomology sequence 

Ill (2, 11) for the map i: X ——V, and (1, 1), to obtain an exact 

commutative diagram 

Hy (G,,)/2 — Hy (4M) 

(5, 2) 0—>Pic V/n —>H*(V, fn) > E> 

| | 
0 ~——» Pic U/n —>H*(u, In) ed § ———> 0 

where €, § are the cokernels, The top terms are easily calculated 

by using III (2, 8) and the spectral sequence H?(x, RI! w) ==>; (F). 
l 2 One finds Hy, (G_.) ~ 2ZTM and Hy (A, ) ¢ (Z/n)TM (meno, of comp, of X). 

Hence the top arrow of (5, 2) is an isomorphism, Therefore €— > § 

is an injection. 

Now if V' is an tale covering of V, and U', x' are the fibres 
e 

of V , it is clear that the diagram (5, 2) is mapped commutatively 

into the similar one for V, U, X. 

LEMMA(, 3 ): The image of H“(v, 4.) in H“(U, 4.) is | HW» hy Pn 
annihilated in some étale covering V of V. 

Assume the lemma and consider the Hochschild-Serre spectral 
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sequence III (4, 7) with G = 7 ,(V), From the ma ty 1 q (4, 7) 1) P May, «Wy ) 

one gets a morphism of spectral sequences with ending 

av, ye” (Vy ig f,) H'(%, #,). We have, in the notation 
- et 1 

of III (4. 7), HYUT,, £(G);F) ~HYv , F ) by Il (4,13), setting 
- ] Vv = {(G) and F the induced sheaf, Applying (5. 3) to the diagram 

(5. 2), one sees 

lim nv", )@ lim Pic V'/n — fn “ ny ° 
G 

But by roposition (4. 2), 

lim Pic V /n-—“s lim Pic X'/n, 
—>» —> 

Taking into account the isomorphisms in dimension 0, 1 one finds 

1 ' lim Hy 0 f'n) —> Him HI(x » fun) forg=0, 1, 2, 

(In fact, one gets 0 for q = 1, and 0 for gq = 2 if x contains no rational 
curves,) Therefore it follows from the spectral sequence that 

~ . 

Hiv, ha) —» HIYX, Ka) for q =0, 1, 2. 

It remains to show ENV, 14) =0 forgq> 2. (By Ill (5.5) this 

is anyhow true if q > 4,) For this purpose, examine 
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the Leray spectral sequence 

(5.4) HPV, RY, y) =H" (U, 44) (j: U—+v). 

One finds,using (1, 1),R4j, Pn, % D(X/n . (DEX) the divisors with 
support on X), If w : X ——»X is the normalization of X, it is easily 

seen that D(x)/n © wu ,(Z/n)g. Hence HP(v, Rigu,) gw HP(X, Z/n) 

by II (4,11), This is computable by Section 2 since Z/nis isomorphic 

(not canonically) toy, By ui (5.5), R444 Jp, is concentrated at the 
closed points of 3°, and RY, Be is concentrated at the nodes of X, and 

is computable there, 

To calculate the encing H’ (U, Pn) of (524), use the spectral 
sequence III (4,8). The nonzero terms of rped are (cf. 2, 3)) 

{ . 

Z/n H(G, z/n) _ 
(5.5) - BeD = EPP = | (ay) =H (G, (Ap),) (G = G(E/k)). 

bn H (G, /+n) 

Because of the special nature of G (cf. Section 3) one has a duality 

for the G-cohomology, due to Cgg (_ ) from which, together with the 

autoduality of the Jacobian A, one finds the Euler characteristic 

X(Us fry) = Tien ff (AU, y.,)) = 0 

(# (Z)=no, of elts. of Z), 
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X (uv, Ma) can also be calculated from the Epa terms of (5, 4), 

and the calculation shows that the unknown terms #4 (3 (v, Pod? and 

# (H4*(v, Pm) are equal, So we are reduced to showing n*(v, hs) =0, 

Since BAU, p, = 0, one sees from (5, 4) that the map 
Hah —»H°R? = H*(v, Ba) is surjective, so it would be convenient 
if H°R! were zero, To achieve this, let V~ be obtained from V/c’ by 
removing e section s j Passing through each component X; of . It is 

easy to see that HV, od HY" , hn) for q 2 3 (apply 3. 4) and 
Ill (4. 9) to the injection V’ ——»V). But in the Leray spectral sequence 

Z2—1 similar to (5.4) for V", the term H°R’ is zero, so we are done, 

Proof of Lemma (5, 3 ): To begin with note that the assumption 

that X be reduced with only nodes is preserved in an étale covering 

v'/V. Set 

Z =tm(H*(v, i) —>H"(u, hin) 

From (5.5) we have a sequence 

0 — HX, (Ap), ) > H(u, hn) —> Z/n—>0 

where the Z/n is canonically isomorphic to Pic U/n, This Pic U/n 

will be annihilated in a connected étale covering of degree n, hence 

in some v/ V if we know Pic V contains elements D of order n (as 



~126- 

usual by adjoining p/n for an f with (f) =nD), Such D are easily seen 
to exist by (4. 3) (ii) since X is reduced with only nodes and p(X)> 0. 

So for some v/v the image of 2 will be in the image of oe (G, (4), )s 
which is contained in H(c, (A’),) (a = Jacobian of U' and we are 
dropping the subscripts kon A, A’), 

Now since (A°), 7 (Ap), & (Pic V),, by (4.6) (a) the 
elements of (40°), can be annihilated in some v/v. Choose such a 
v' and let Qc (a')., be the image of (A), Wle may assume 
CoN (a'°), =0. Now 2 is a G-submodule of (A').. Therefore, by 
(4. 6) (b) applied to (A'), » G has trivial action on , and 
uli, Ah) & Hom (G, Q) *% (not canon. ). Applying (4.6) (b) again, 

WG, Q) cH *(c, (A’ ) in)? hence the image of H lig, (A), ) is exactly 
Hom(G,Q). “Je are going to show that the image of Z in HG, CG) is 
zero at this staze, 

Let ko{x, y} be the henselization of G7 "at some closed 
“VD : 

point © of V (say © is a node of X) and let S be the ring (k {x vt), 

(t = xy if x and y are chosen suitably). ‘/e have a diagram 

U &— spec S H(u, pf) —sH (spec S, Van 
| |. amanence —f 
V<— spec koi, } J BV, py) —+H" (spec k {x y} * Pod 

N 

nN 
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Therefore = is mapped to zero in 13° (spec Vay for each node Qof X. 
inquivalently, the image of % in a*(s, Kn) must be zero for @ any node 

t of < (the closed fibre of v). 

The reader will verify that there is a morphism of spectral 

sequences 

HP(G, Hoi", fe) =H" (Os po 

,; | 
HP(G, EUspec S, ED) ==> 1H" (spec 5, Vand 

(u ~uek S$ =5 @R). 
k kk 

Applying (3. 6) and the above discussion, one sees that in 

order to show the image of Z in lic, (A'),) is zero, it suffices to 
show that if a ¢ Accu (H, ya) and a # 0 then the image of a in 
HG, p,) is not zero for some node © of x’, 

Let D be a divisor on v representing a in (Pic U),, and say 
D is chosen so as to avoid the nodes of X%. Then there is a rational 

function f on V' so that (f) = nD + ie, X; for some s, © Z, x the 
components of x. He re Ye. is determined mod x’ and mod n, 
but since a G (A° Es,X, # 0 (mod x’, n). Hence for some pair of 
indices, say for l, 2, sy #52 (mod n) and we may assume xX nx, Fg. 
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Let TM be a point of intersection of he _ f represents a unit in 
the ring S obtained frorn ~, and in the notation of Section 3 (cf. (3. 6)) 

this unit is not zero in (Z./n © Z/n)/Asince s,# S> (mod n). Cbviously 

this implies that a does not have zero image in H(s, Pa) (cf. (2.5) if 

necessary), and we are done, 

Section 6, Case of an algebrnic surface, Let t : V-—>C 

be a map ofa complete nonsingular algebraic surface V onto a 

nonsingular curve C, everything defined over an algebraically closed 

field ky), “Je assume that V/C has a section, that the general fibre 

of t is geometrically irreducible and simple, and that all fibres are 

reduced, with at most nodes as singularities, ~e want to get 

information about the cohomology of V in terms of 1. 

Given an algebraic surface V/k,, it will in general be necessary 

to blow up a few points of V in order that such a map exist, so one 

should first examine the effect of a locally quadratic transformation 

f: v' —>V at a closed point © of V on the cohomology. This is 
easily donc, and one finds 

fc. gq =0 
24,.G_, =< Z- q= (ignore p) 

1 (6.1) L° a° 

R fe Mo = < (Z/ Jo =2 ((n, p) =) 

o -: q #0, 2 
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where Zac denotes the extension by zero of the sheaf Z on Q, and 

(=/n)o, is similar, Hence the only change in H“(v, G_.) is in the 

picard group, where it is the obvious one, 

Returning to the map 7, we have aon, q 1, =G__ since v/c 
Cc 

is proper, and R'v,@__ = Pic V/C is the relative picard functor (by 
definition, cf. Sem. Bourb. #232) viewod.as a sheaf onC, Since V/C 

has a section, 2°R! = Pic V/Pic C (cf. ibid), Passing to the limit to 
compute the stalks of R4r «G,.» and applying (2. 2), (5.1) (ii) one 

finds 

Gna gq =0 

(6. 2) Mv ,G. =4Eie V/C 8 ql (ignore p) . 
0 q>l 

Let i: c ——»C be the general point, A/c the Jacobian of the 

general fibre U of v. If I’ c Pic V/C denotes the subsheaf of divisor 

classes whose image on U is of degree zero, we get exact sequence 

0 —>F —» Pic V/C —+Z—>0 

(6. 3) 

0 >» € >» >i,A » 0 

where €.is concentrated at the points of C whose fibre for 7 is reducible, 

and A is viowed as a sheaf onc, So HU(c, €) = 0, q> 0, hence 
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HYG, | 7) VHC, i,A), q>0, Now H(C, Z) = 0 (cf. Section 1). 
Moreover, since V/C has a section, the map H %CG, Pic vV/c)—»H° (c, Z) 
obtained from the first sequence is surjective, Therefore 

H'(c, Pic V/C) ~~ HXC, i,,A), whence by (6. 2) 

(6. 4) HV, G._.) BC, i, A) (ignore p). 

Applying (1. », 

(6.5) 0 — Pic V/n—»H4(V, Pod, iA) 90. ({n, p) =). 

Note (6.6): ‘The image of Pic V in H“(V, fy) is analogous to the part p 
of the classical b, (second betti number) generated by the algebraic 

cycles, hence Fo =>2- is interpreted by (6. 5) in terms of "locally 

trivial principal homogeneous spaces" of A (cf, Section 2 and (O)). 

The sequence (6,5) may be viewed as a clarification of the results of 
Igusa (I), In case V/C is a pencil of elliptic curves it is also closely 

related to certain aspects of the beautiful paper of Kodaira (K). In 

order to show that H@(v > Vary has the expected value, it is at present 
necessary to use explicit calculations of a somewhat devious nature 

involving the group H'(C, i, A), These calculations may be found in 

(1) and (CO). 

To get information about Hiv, Jo) for q> 2, itis more 

convenient to analyze the Leray spectral sequence 
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(6. 7) HPV, Rn, 2) SSH (Vv, a) 

directly, “or simplicity we make a further assumption on t , namely 

that all the fibres are irreducible. Then the sheaf ¢ of (6, 3) is zero, 

and one sees immediately that Rin * Jr (i, A), ~ iy (A), . Moreover, 

there is an injection (Pic V/C)/n aR 5 x fae By (6. 3), 
(Pic V/C}/n oe 2/n, Examining the stalks of Ree x f4,, by means of 
(2, 2) and (5,1) (i), one finds the injection is an isomorphism, Hence 

in a8 
q 7 7 . 

Zn q=2 fibres of m irreducible) 

\_0 q>2 

Utilizing the duality for finite group schemes over c (cf. Section 2) 

and the autoduality of A, one finds the nonzero terms mee of (6, 7) are 

o—TM ~ 
. . Z/n (Pic Cc). Jn 

an (6.9) moet = ePed = | (AD HMC, i,(4),) (A, 
[4 Pic Cc), z/n 

Here the transgressions HR! —> HR? and HR? — Hz! are zero. 
This is seen by comparing (5. $) with the known values of the ending 

Ht(v, 4) (q =1, 2) of (6. 7). For the second, use (6.5) and the so 
called "Kummer sequence" 0 —>i, (A), —>i,A —> i,/—2 0 

which is exact if t has irreducible fibres. 
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ZRRATA 

the Y over the H is illegible 

delete underlining except under remark and proof 

adda xX _ on middle line WXV., 
Viv 

anda U as follows; U U 

Since i carries, not Since is carries 
respect 

G—-> CL 
igi” jj" not ig j* jx i” 
delete comma 

that ix is exact 

replace k over the arrow by an h 

a presheaf 

is flask 

B = B/ (add bar) 

Nakayama 

delete A at end of line 

A ~algebras 

A -algebra 

Hom x(B, C) 
BEC —> S 

BC ~CxL 
with reference to k, instead of the 

Xy- 

R} ix (G_) 
divisor, not division 

its cohomology 

0 qe=l, 2 

delete However , ...ccscecees 

delete (ignore p) 

add'the'' at the end of the line 

W x 
U 

Vv 



Page 113, line 7' X,) 
— 

Page 113, line 5' replace U by Val 

line 2' Pic U 

Page 119, line 10 divisor not division 

Page 120, line 6! Let V/spec “7 

Page 124, line 10 ending 

line 4' Ogg (0) 

Page 94, line 7 For Roia F, read Riid, F. 
line 11 For the subscript p, read P 

Page 118, line 2 For v, read yp 


