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THH OF THE MORAVA E-THEORY SPECTRUM E,

SANJANA AGARWAL

ABSTRACT. The Morava E-theories, E,, are complex-oriented 2-periodic ring
spectra, with homotopy groups Wr . [[u1, u2, ..., un—1]][u, u™']. Here W denotes
the ring of Witt vectors. E, is a Landweber exact spectrum and hence uniquely
determined by its homotopy groups as BP-algebra. Algebraic K-theory of E,
is a key ingredient towards analyzing the layers in the p-complete Waldhausen’s
algebraic K-theory chromatic tower. One hopes to use the machinery of trace
methods to get results towards algebraic K-theory once the computation for
THH(E,) is known.

In this paper we describe THH (F>) as part of consecutive chain of cofiber
sequences where each cofiber sits in the next cofiber sequence and the first term
of each cofiber sequence is describable completely in terms of suspensions and
localisations of E». For these results, we first calculate K (i)-homology of TH H(E-)
using a Bokstedt spectral sequence and then lift the generating classes of K (1)-
homology to fundamental classes in homotopy group of THH (E5). These lifts
allow us to construct terms of the cofiber sequence and explicitly understand how
they map to THH (E>).
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1. INTRODUCTION

The goal of this article is to study and describe the topological Hochschild homology
of the second Morava E-theory spectrum, T'H H(Es>), in terms of the suspensions
and localizations of Es-spectrum (Theorem 5.24). After p-completion, we are able
to give a full description of THH(E?y); in these terms as follows.

Theorem 1.1 (Theorem 5.26). We have the following diagram of (E»);-modules
for THH (Es);, where (Cy,); are the cofiber maps of (f;);,

(fl)l/,\::p—completed unit map

(Eg)z/)\ 20 > THH(EQ);;\
l(ch)g
_ (f2)p=01)p R
2p lLl(EQ)]/)\ (’;]2) P > THH(E2)$
l(cfz);\
(Vo (E Ly Ey[uy TV S22 =1L By lur 1))y =~ THH(Ey);.

Here TH H (E>) is the cofiber of the unit map f; and THH(E») is the cofiber of
the map of Esy-modules, fo. Both the cofibers are Li-local where L, denotes the
Bousfield localization with respect to the first Johnson-Wilson theory E(1). For an
Ey-module M, by M[u;'] we mean the spectrum

hocolim(M 2 M 5 M XL ...

where the ui-multiplication is defined by the Fs-module structure of M. See §5.3
for details on indexing, «.

The cofiber sequences in the diagram above, are possible to construct due to
the homotopy classes of THH (FE5) that we are able to lift from K(i)-homology
classes of T"H H(E») along the Hurewicz map. Here K (i) is the ith Morava K-theory.
Computing K (i),THH (F5) is crucial to our procedure and we show the following

Theorem 1.2 (Theorem 3.9, Theorem 3.28, Theorem 3.29, Lemma 3.30). T'HH (E2)
is La-local. And, we have following isomorphisms of K(0),E(2), K(1).E(2) and
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K(2).E(2)-algebras, respectively
K(0),THH(E) = (K(0). ) @zuy]jy (Azfpusj HH (Z{[mr]J0)) ©g (Agdu)
K(1).THH(Ey) = (K(1).E2) €5, ua)) (As, o)) HH " Fy [1]]) @5, (As, din)
K(2),THH(E) = K(2), B

where Z[[u1]]g = Zp[[u1]] ®z Q and du,dt; are as in (2.16),(2.11).

Here, for M an R-module, AgM is the (graded) exterior R-algebra on M. And,
Agdu := AgQ(du), Ag,dt; := Ap,Fp(dt1).

In this section, we give some context to the question we address in this paper and
comment on some unanswered questions and future directions. For terminologies
and notations used in this paper, please look at Subsection 1.3.

1.1. Motivation. The 2002 paper of Ausoni and Rognes [AR02] initiated a program
to understand algebraic K-theory of ring spectra and its relationship to chromatic
phenomenon. We begin with a brief outline of this program as it has served as one
of the big motivations behind many of the calculations in this area over the last 20
years.

In algebraic number theory, the arithmetic of the ring of integers in a number field
is largely captured by its Picard group, unit group, etc. These groups are closely
related to the algebraic K-theory groups associated to this ring Ko(R), K1(R),
respectively. Thus, algebraic K-theory encodes extremely rich information about
the arithmetic structures of rings within itself.

There is a symmetric monoidal functor from the category of rings to the category
of spectra

H(—): Ring — Sp
R— HR

where H R is the Eilenberg-MacLane spectrum associated to R. Since we can extend
the algebraic K-theory functor to ring spectra (see for example [EKMM97, Chapter
6]), a natural question to ask is: what structural information about ring spectra
is encoded by algebraic K-theory. Waldhausen in [Wal85] showed that algebraic
K-theory for ring spectra, particularly the sphere spectrum S, is related to high
dimensional differential topology. Thus, understanding K (S) is an important and
relevant question for many subjects.

Work of Dundas, Goodwillie, McCarthy [DGM13, Theorem 0.0.2] and Hesselholt,
Madsen [HM97, Theorem B.1] show that the square

K(S) —— K(Sp)

J |

K(TI‘QS) —_— K(ﬂ'oSp)

is homotopy cartesian after p-completion (S, is the p-complete sphere spectrum). So
upto p-completion, it is enough to understand K (S,). S, is the homotopy limit of



4 AGARWAL

the chromatic tower
o= LSy = - = LSy, — LoS, = HQ,

where L,, denotes the Bousfield localization with respect to the nth Johnson-Wilson
theory F(n) (see Subsection 1.3(4),(2)). The Hopkins-Ravenel chromatic convergence
theorem implies that the map

Sp — holim,, L,S,
is a weak equivalence. It also induces a tower on algebraic K-theory
o= K(LypSp) = -+ = K(LiSp) = K(LoSp) = K(Qp)

with a map
K(Sp) — holim,, K(L,S,).

Waldhausen [Wal84] conjectured that this map should be a weak equivalence. Wald-
hausen’s work also suggests that there should be an algebraic K-theoretic interpreta-
tion of the fibers of the maps in this sequence: the fibers should be closely related
to K(Lgn)Sp), where L, is Bousfield localization with respect to nth Morava
K-theory K(n) (see Subsection 1.3(4),(1)).

From the work of Devinatz-Hopkins [DH04], Lg,,)S, is closely related to Ey, the
nth Morava E-theory (see Subsection 1.3(3)) as

Lic(n)Sp =~ E}Cn
where

Gy =S, x C,
is the semidirect product of nth profinite Morava stabilizer group and the cyclic
group of order n. Based on this, Rognes conjectured that

K (Lg(n)Sp) — K(By)"®"

is a ‘nice’ map in sufficiently high dimensions: in particular up to smashing with a
finite p-local C'W-spectrum of chromatic type n + 1, this map is a weak equivalence.
Hence, in [AR02], the authors lay out a plan to analyze K(FE,). The theme is
to construct “localization sequences” (cofibration sequences analogous to Quillen’s
algebraic K-theory localization sequence [(Qui73]) in algebraic K-theory of connective
commutative S-algebras and then use the machinery of trace methods [Mad95] to
compute things using topological cyclic homology, T'C'.

The localization sequences conjectured in [AR02] towards this project were proven
to not hold in [ABG18]. Blumberg and Mandell in [BM20] prove the following
localization sequences in K-theory, T'C', and topological Hochschild homology T'H H
(1.3)

coo = K(WEFpn|[u1, - ,un—1]]) =K (BP,) = K(E,) > X---
coo > TC(WFpn[[u1, -+ ,un—1]]) = TC(BP,) = TC(BP,|E,) = X---
-+ > THHWFpn|lui, - ,un—1]]) > THH(BP,) - THH(BP,|E,) = X---

where W denotes the ring of p-typical Witt vectors, and BPF,, denotes the connective
cover of E,. This is exceptional in the sense that this provides us with tools for
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calculating algebraic K-theory of non-connective ring spectra using localization
sequences.

To implement the machineries of trace methods and localization sequences to-
wards understanding the relationship between algebraic K-theory and the chromatic
phenomenon, we therefore, first need to know T'H H of various spectra involved. The
topological Hochschild homologies (and algebraic K-theories) of various complex-
oriented Landweber theories are thus extremely useful, but not yet very well known
except in few cases [MS93], [AR02], [Aus10], [AR12Db], [AR12a], [Sto20]. In [AR20],
Ausoni and Richter make progress towards calculating THH (E(n)) but these are
under commutativity assumptions on E(n) spectra. Recent developments in the
field (for example [BSY22], [HW22], [BHLS23]) have given us big insights into this
program but explicit structure for algebraic K-theory, TC, and THH of BPF, and
E, remain completely unknown and interesting for n > 2.

1.2. Future questions and Remarks. The computations of this paper result in
some further questions:

e The methodology used for the computation in this paper does not currently
extend to higher Morava E-theories E,, n > 2. This is due to the fact that the
computations of Hochschild homologies of rings

Ellx1, ..., 25l

(k any field) remains, to our knowledge, unknown for n > 2. The methods of
[LLO1], where

HHE (K[z]])
is calculated, do not extend to these rings. Hochschild homology of these rings are
of interest to us.

e In moving from E(2) to Es, one adds a lot of nice structure. But in terms of
homotopy groups for us, it means working with power series rings instead of
polynomial rings. Taming the power series ring somehow is necessary to make the
result stronger. For this reason, continuous T'H H as defined in Efimov’s recent
work [Ffi25] seems to be an appropriate invariant to work with. In upcoming work
with Noah Wisdom, we explore some computations in this direction.

e The computations of this paper can be useful in the broader Rognes program due
to the relationship

THH(BP,)

|

THH(BP,)[u '] —=— THH(E,)

and the fact that THH (BP,) and TC(BP,) are crucial in the localization se-
quences (1.3) towards understanding K (E,,). If we can lift the classes of T'H H(E»)
to THH (BP,), we should be able to compute the cofiber TH H(BP»|E5) since we
understand TH H (WTF2[[u1]]) from [LLO1]. Note that in general understanding
THH(WFpn[lui,- - ,up—1]]) might require the first bullet point above.
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e Given the understanding of classes m.T'HH(E2) in this paper, one can ask if
its possible to understand and say something about the cyclotomic structure of
THH(E>). We have been unable to say anything in that direction yet.

e We are unable to show complete splitting of cofiber diagrams in Theorem 5.24 and
Theorem 5.26. In fact, we conjecture that these sequences do not split but we do
not have a proof so far.

1.3. Some terminology and notation.

(1) We denote the ith Morava K-theory spectrum as K(i). These are complex
oriented (but not Landweber exact) spectra with p-typical formal group laws
and coeflicient rings

K (i) = Fplvi,v; '], where |v;| = v’ 1,

(2) We denote the nth Johnson-Wilson theory spectrum as E(n). These are complex
oriented spectra with p-typical formal group laws and coeflicient rings

E(n)s = Zyylvr, - - U, U, ], where |v;| = v’ 1,

They are Landweber exact and hence determined by their coefficient rings as
BP,-algebras.

(3) We denote the nth Morava E-theory spectrum as E,,. These are complex oriented
spectra with p-typical formal group laws and coeflicient rings

B = WFpn[[ug, - - -, up_1]][u, u™ ], where |u| = 2, |u;| = 0.

They are Landweber exact and hence determined by their coefficient rings as
BP,-algebras. They are F.-ring spectra. More details on B P,-algebra structure
is discussed in Subsection 2.2.

(4) We denote by Ly, the Bousfield localization with respect to E(n) and by Lg (),
the Bousfield localization with respect to K(n). Note that E, is L,-local
spectrum.

(5) For k a commutative ring and A a k-algebra, N.Y(A) denotes the cyclic bar
construction of A over k. We also call this the Hochschild complex. The homotopy
groups of this simplicial abelian group or the homology groups of the associated
chain complex is denoted by HH¥(A), the Hochschild homology of A relative
to k. Topological Hochschild homology, denoted by T'H H, is the topological
analogue of Hochschild homology in the category of spectra (Sp,S,A). It is a
simplicial spectrum with homotopy groups denoted as T'H H,. For more details
see [Mad95],[KN18].

(6) Qp denotes the p-complete rationals. For a field k, k(t) denotes the field of
fractions of the polynomial ring k[t], k[[t]] represents the ring of formal power
series with coefficients in k and with associated field of fractions denoted as

k((2)).-
Outline. In Section 2, we give some preliminary tools and results we need for
the calculations in this paper. Section 3 is concerned with computations of the
K (i)-homologies of THH (E3). For this, we first compute HHE*(Z)*K(Z')*EQ and
then use the Bokstedt spectral sequence. Next we lift these homology classes along
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the Hurewicz map to m,THH (FE3) in Section 4. Finally, using the lifted classes in
m.THH(Ey), we construct various cofiber sequences to prove our main result in
Section 5.

Acknowledgements. This paper would not have been possible without the many
insightful conversations and the guidance provided by Michael Mandell. We are also
grateful to David Mehrle, Srikanth B. Iyengar, Birgit Richter, Hari Rau-Murthy,
Allen Yuan, Nat Stapleton and Noah Riggenbach for helpful discussions. We thank
Ayelet Lindenstrauss and the anonymous reviewer for numerous comments and
suggestions on the exposition. Finally, we would like to thank Kate Ponto for her
support and encouragement.

2. PRELIMINARIES

In this section, we review some preliminary mathematical results needed in the
rest of the paper. These results concern the unit map from a ring to its topolog-
ical Hoschschild homology (Subsection 2.1), particular homotopy and Hochschild
homology classes of relevant complex oriented spectra (Subsection 2.2), the Bokstedt
spectral sequence (Subsection 2.3), the Hochschild homology of power series rings
(Subsection 2.4), and some results of [AR20] on the Hochschild homology of K (7). E(n)
(Subsection 2.5). We include these to make the paper more self-contained; a reader
familiar with this material can skip this section and consult it as needed in the later
sections.

2.1. Unit map. There is a unit map (of E-ring spectra)

which we denote by f; for reasons that will be apparent in Section 5. This map in
induced from the map of ring spectrum

S — THH(E,)

(which represents the unit element in 7, T HH(E)) after taking smash product with
E5 and using the Ey-module structure on THH (FE2). Since Eoo-ring structures can
be rigidified to commutative ring structures [EKMMO97, 11.3], TH H(E3) is modeled
as the geometric realization of a simplicial spectrum and the unit map can also be
seen as the inclusion of the 1-skeleton.

Since Fs is a commutative ring spectrum, there is a map of commutative FEs-algebra
spectra in the other direction

THH(FE>) — Es
given by the multiplication maps Eé\"“ — F5. The composite map
Ey - THH(Ey) — Eo
is identity and thus we have a splitting of Fa-modules

(2.2) THH(E,) ~ Ey V THH(E)
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where TH H(FE3) denotes the cofiber of (2.1). The cofiber inherits the structure of a
non-unital commutative Fs-algebra.

2.2. Classes. Throughout this paper, we work with various key homological classes
that arise out of the Brown-Peterson spectrum BP, BP,BP-theory and maps of
ring spectra

BP — K(n),

(23) BP — E(m) — Ep,

(for any n, m). We use these maps without further comment to make K (n)., E(m)x,
and E,,, into BP,-modules and E,,, into an E(m).-module. More details on these
spectra, these maps, and the classes defined below can be found in [Rav86].

E(m) and E,, have canonical choices of formal group laws, i.e., canonical ring
maps from BP. Thus, there are canonical classes

(2.4) v; € T B

for E = E(m) or E,, which are the images of the classes v; in BP,. Also, from (2.3)
there are classes

(2.5) v € T (EAE) = BB,
(2.6) t; € m(ENE) = EE
which are the image classes of
BP.BP = Z,[v;, ;] — E.E.
These v;s are the left Hurewicz image, nr(v;). Note that |t;| = |vj| = op' =1, tj in

BP,BP is the image of v; € BP, under the right unit map nr and v; in BP,BP is
the image of v; € BP, under the left unit map 7. In the same vein, we have

(2.7) v; € K(n).E,
(2.8) tj € K(n).E
where (2.7) arises from the image 1z (v;) of K(n).
There is a Hurewicz map
T (EANE) = Kn)«(EANE) = Kn):E Qg ), K(n).E
where the isomorphism holds since K (n) satisfies the Kiinneth theorem. The image

of the class t; from (2.6) under this map can be found by looking at the corresponding
Hurewicz map for BP,

7«(BP N BP) — BP,(BP AN BP) =~ BP.BP ®pp, BP.BP.

Here, the isomorphism holds since BP,BP is flat over BP,. Standard formulae for
the Hopf algebroid diagonal and antipode [Rav86, A2.1.27] then in principle calculate
the image of ¢; for all j. In the case j = 1, we get the image class to be

11 ®1+1®t.
Thus,
(2.9) HhET(ENE) =t @1+10t € K(n)«E Qg (n), K(n)«E.
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The Hochschild complex of K (n),E over K(n), has
K(n)uE @y, K(n).E

as the simplicial degree 1 term. As an element here, {1 ® 1 is a degenerate class
(it is so(t1) where s is the zeroth degeneracy map of the Hochschild complex and
t1 € K(n)+E is a simplicial degree 0 element). Therefore, as classes in the Hochschild
complex of K(n).E over K(n),

(2.10) hLRlI+1Rt=11;.

1 ®t; is in the kernel of difference of face maps dy — d; going down from simplicial
level 1 to simplicial level 0 in the Hochschild complex. Therefore, it is an element of
the first Hochschild homology:

K(n)«

(2.11) dty € HHL G

denotes this homological class which is the image of ¢; € mg,_o(E A E) as in (2.9).
The u, u; classes of E,,, are related to v; classes of BP, and E(m), via the second
map in (2.3). At the level of homotopy groups, E(m) — E,, sends

i .
519 vi = u; - uP Y for i < m
(' ) pm—l
U > U )

From the relations given by Hazewinkel formula [Rav92, B.5, Pg 167-171] we have
the following equation relating w1, vy, t; and u

(2.13) up = u'7Po = u T Ppty.

The Hurewicz map takes the classes u,u; € E,,« to classes that we denote by the
same symbol

(2.14) u,uj € K(n)«Ep,.
Under the right Hurewicz map
K(n)«Em — K(n)«(Em A En) 2 K(n)«En Qg m), K(n)Enp,

we have

u; — 1 ® u;

(2.15) u—1®u.

As in the discussion above (2.11), these result in elements of first Hochschild homology,
denoted

K(n)
(1,0)

(2.16) du; € HH 0%

*K(n)«Em and du € HH K(n)En,.
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2.3. The Bokstedt spectral sequence. The Bokstedt spectral sequence is an
essential tool that computes the homology of T'H H(R) from the Hochschild homology
of the homology of a ring spectrum R for any homology theory that satisfies the
Kiinneth theorem [EKMM97, Theorem IX.2.9]. Examples of such homology theories
include ordinary homology theory with field coefficients and all Morava K-theories

For the homology theory K (i) and the ring spectrum Ep, the associated Bokstedt
spectral sequence has the form

(2.17) EZ, = (HHED (K (i),E))s = K(i),+sTHH(E>).

Here K (i), and K (i).Fy are graded rings, and so the Hochschild homology has
an internal degree (s in the display) in addition to a homological degree (r in the
display). To construct the spectral sequence, we use the cyclic bar construction of
THH and the fact that smash product commutes with geometric realization

K(i) N\THH(E,) = K(i) A B} 2 |K (i) A STV,
The spectral sequence arises from the simplicial filtration, using the Kiinneth iso-
morphism
(218)  m(K() A (B2 A+ AN Ep)) = (K (i)« E2) @), -+ Oka). (K (i)+E).

This turns the simplicial filtration of K (i).THH (FE>) into the Hochschild complex
of K(i).FEs relative to K ().

(2.17) is a multiplicative spectral sequence of commutative K(i),FEo-algebras
[ARO5, Proposition 4.3]. The differentials in E?-page go from

(2.19) E?,s - E72"—2,s+1
and satisfy Leibniz rule.

2.4. Hochschild homology of H-smooth rings. For our computations, we need
to know the relative Hochschild homologies of certain rings that are not étale or
smooth over the base ring but do satisfy the condition of H-smoothness of Larsen—
Lindenstrauss [LLO1]. Below we summarize some of the results from [LLLO1] and use
them to conclude H-smoothness of the ring pairs we are interested in.

Definition 2.20. [LLO1, Definition 1.1] Let k& be a commutative ring and A a
commutative k-algebra. Then the pair (k, A) is H-smooth (or A is H-smooth over
k) if HH,(A) is flat over k and the Hochschild-Kostant-Rosenberg map [HKR62]
MNARAPHHF(A) — HHF(A)
is an isomorphism for all n.
For an H-smooth pair (k, A), we have by definition, the calculation of HH(A) in

terms of HHY(A). The main results of [LL01] that we need allow for identification
of some useful H-smooth pairs. The following three results are the ones we need.

Proposition 2.21. [LLO1, Proposition 1.3] H-smoothness respects arbitrary base
change.
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Proposition 2.22. [LL0O1, Corollary 1.6] For k a commutative ring, let A be a
commutative k-algebra and B a commutative A-algebra. Then if A is H-smooth over
k and B is H-smooth over A, B is H-smooth over k.

Theorem 2.23. [LLO1, Theorem 1.7] If A is an excellent ring as in [Sta25], m is a

maximal ideal in A, and Ay, is the completion of A at m, then Ay is H-smooth over
A.

Remark 2.24. While the definition of an excellent ring is complicated, in practice
most rings are excellent. Some examples of excellent rings include fields, Noetherian
complete local rings, Z, Dedekind domains with fraction field of characteristic zero,
and finite type ring extensions of any of the above. In particular, Q, Qp, Zy[t], F)
and Fp[t] are excellent rings.

Observation 2.25.

(1) From Remark 2.24, Theorem 2.23 and the fact that smooth extensions are by
definition H-smooth, we conclude that the following pairs are H-smooth: (Q,Q,),
(@ Qylt]), (Zplt], Zy 1)), (Fy, By t]) and (F, [t], F, [[1]).

(2) Doing a base change on pair (Zy[t], Zy[[t]]) by tensoring with Q and using
Proposition 2.21 we get (Qp[t], Zy[[t]] ® Q) is H-smooth.

(3) Applying Proposition 2.22 on pairs (Q, Qp), (Qp, Qp[t]), (Qplt], Zp[[t]] ® Q) we
observe (Q,Z,[[t]] ® Q) is H-smooth. Similarly from H-smoothness of (Fp,F,[t])
and (Fp[t],Fp[[t]]), we conclude (F,,F,[[t]]) is H-smooth.

The final result below tells us the Hochschild homology of power series rings in
one variable.

Proposition 2.26. [LLO1, Proposition 2.5, Corollary 2.3] Let k be a field, then there
18 a non-canonical isomorphism

HHEK[[H]) = HHEE[E] @y HH R[] 2 HHERE @4 (R[] © AZ ) Vi)

where Vi, 1= HHf(t)k:((t)) is an infinite dimensional vector space over k((t)). In the
bracketed term, k[[t]] is in homological degree O and Vj, is in homological degree 1.

The latter isomorphism in Proposition 2.26 holds because from [LL0O1, Corollary
2.3]

HHKH) = B k(1)
for ¢ > 1 and thus

(2.27) Aty HHT R[] =2 A7y HHYR((1).

We will be applying this result mostly in the specific case of k = IF).

2.5. Hochschild homology calculations for E(n). Our later computations rely
on some of the calculations of Ausoni-Richter [AR20] on the Hochschild homology of
the Morava K-theory of Johnson-Wilson spectra, HH (z)*(K (1)« E(n)). While a lot
of [AR20] requires the hypothesis that the Johnson-Wilson theories are commutative,

these computations do not need this hypotheses and so hold unconditionally. We
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state the results here in the slightly reformulated form using discussions in the proof
of [AR20, lemma 5.1].

Theorem 2.28. [AR20, Proposition 2.3, Theorem 3.4, Page 380 line 3] We have
the following isomorphisms of K(0)+E(2), K(1).E(2) and K(2).E(2)-algebras, re-
spectively

1

HHEO"K(0),E(2)
HHEEY K (1),E(2)
HHEP K (2),E(2)
Here the classes dt1 in
HH" ) K(0).E(2) and HH; )", K(1).E(2)
are induced from the class t1 € myp—1(E(2) A E(2)) and the class

K(0)«
dty € HH(L(%;_%K(O)*E@)

is induced from ty € Top2_1(E(2) N E(2)). Also, fori > 2, K(i).E(2) is trivial.

K(0).E(2) ®q Ag(dty, dis),
K(1).E(2) ®F, Ar, (dt1),
(2)+E(2).

Il

IR
=

3. K(i) HOMOLOGY GROUPS OF THH(E»)

In this section, we calculate K (i).(THH (E2)) for all i (Theorem 3.9, Theorem 3.28,
Theorem 3.29 and Lemma 3.30). First, we calculate the Hochschild homologies
HHXO«(K(i),Fs) of K(i).Es relative to K (i), using the H-smoothness results
and Ausoni-Richter [AR20] calculations reviewed above. We then use the Bokstedt
spectral sequence (2.17) to compute K (7). THH (E>).

3.1. The case i = 0: K(0),THH(E>). Note that K(0).E; = 7.(E2)q and
(3.1) HHEE O (K (0),B,) = HHS (7, (B2)q).

To compute (3.1), we need the homotopy groups of rationalized spectrum Fo. These
are given by tensoring the homotopy groups of Fs with Q. We get

s (B2)g 2 (Zplupe 1) [u, v ][[w]]) ®2 Q
= (Llupz 1] @z Zlu, ™) @z Zp[[wa]]) @ Q
2 (Zp[[u1]] ©z Q) ®q Qlupz—1] ®g Qlu, u™].
Here j1,2_; denotes the group of (p? — 1) roots of unity. For brevity, we denote
Zl[w]lq = Zp[lm]] @2 Q

in the rest of the paper. Next, taking the Hochschild homology with respect to Q,
we get

(32) HHY(r.(Ey)q) = HH2(Zllwlg) 9o HHOQlu,e 1] ©g HHEQ[u, u™"]
We now identify each of these Hochshild homology terms.
Lemma 3.3. HH2(Qu, u™']) = Qfu,u™!] ®q Ag(du).
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Proof. This is due to étaleness of Q[u,u~!] over Q[u] which from [Lod98, E.1.1.8]
implies

(3.4) HH2(Qu,u ') = Qu,u™ ") ®qpy HHZQ[u],

and to smoothness of Q[u] over Q which from the theorem of Hochschild-Kostant-
Rosenberg [HKR62], [KN18, Example 2.5] implies

(3.5) HH2Qu] = Agy,(du) = Qlu] ®g Ag(du). O
Lemma 3.6. HH2(Quy_1]) = Qlupe_1].
Proof. This is from étaleness of Q[u,2_1] over Q and from [Lod98, E.1.1.8]. We have
HHZ(Quy21]) = Qluye_1] ©g HHZQ

= Qlpp21]- O
Lemma 3.7. HHZ(Z[[u1]lg) = Az, HHE(Z[[u]]g).
Proof. This is from Observation 2.25(3) and Definition 2.20. O

Using Lemma 3.6, Lemma 3.3 and Lemma 3.7, we rewrite (3.2) as follows.
Proposition 3.8.
HHEO" (K (0).B2) 2 K(0)4 B2 ®gfju))y Azfjur))o HHL(Z]u1]lg) ®g Ag(du).

Here, elements in K(0).FEo have homological degree 0, du has homological degree 1
and internal degree 2 (2.16) and elements in HH;Q(Z[[ul]]Q) have homological degree
1 and internal degree 0.

Proof.

HHEO"(K(0),E»)

2~ Agfun o HHE (Z[[w]]g) ®g Qluyz 1] ®g Qlu, u™'] ®g Ag(du)
= (Z[[urllg ® Qlitpe 1] ® Qlut, u™]) @y Azffur))o HHL (Z[[w1]]g) ® Ag(du)
= K(0). B @zjun])q Mzjfur)jg HHY (Z[[u1]]g) ®g Ag(du).

This then leads to the computation of K (0).THH (E>).
Theorem 3.9. We have the following isomorphism of K(0).FE2-algebras

K(0),THH(Ey) = K(0).E ®zfuy)jo Azfuyjo HHY (Z[[u1]]g) ®g Agdu.

Jo “Z[[u]lo

Proof. Proposition 3.8 gives us the E? page of the Bokstedt spectral sequence (2.17).
The multiplicative generators lie in homological degree (column) 1. From the
discussion in (2.19), we conclude there are no non-zero differentials for degree reasons
and the spectral sequence collapses on the E? page.
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Since the E*> page is free as a graded commutative K (0).FE2 algebra, there
are no possible additive or multiplicative extensions. We get an isomorphism of
K(0), Es-algebras

K(0).THH(E3) = K (0). E2 @g(ju,]jo Azjjur]jo HHY (Z[[wi]lo) ®0 Agdu. O

3.2. The case i = 1 and i = 2: K(1),THH(E>) and K(2),.THH(E>). The
calculations for ¢ = 1 and ¢ = 2 use similar techniques so we present them together.
Since

K (i) Ey = E9 K (7)
and from Landweber exactness of Ey

E2 K (i) 2 Ey ®@pp, BP.(K(i))

we have
K (i)+E2 = K(1)«(BP) ®@pp, (E2)s-

Using the fact that Es, is flat over F(2), and the fact that p = 0 in K (7)., the
second map in (2.3) induces isomorphisms

(3.10) K (i)« Er = K(i)+E(2) ®p(2), B2 = K(i):E(2) @p(2), /p E2+/P

for ¢ = 1,2. This gives

311 HHS(K().E) = HEE Y (K ().B(2) @ pe). /p B /D).
Observation 3.12. The map Fs./p — E(2)./p induced from the second map in
(2.3) is flat and at the m.-level, does three things on the usual presentations

(1) adding a (p® — 1)th root of unity, 21,
(2) adding u, the (p? — 1)th root of vs (2.12), and using the generators u,u1,
(3) completing at the ideal (uq).

Next, we need the compuation of the right hand side of (3.11) in terms of the
Hochschild homology of the Fp-algebras E(2),/p and Es,/p. The following lemma is
proved in several steps.

Lemma 3.13. Fori=1,2

K (i)«

HHE Y (K (). E(2)®p), /2 /p) = HEE D (K (1), B(2)® HH." (Ez./p).

HH.” (E(2)./p)

The main step we need is the following theorem. Theorem 3.19 below proves that
the hypotheses of Theorem 3.14 apply in our case.

Theorem 3.14. Let k - R — S — A and k — S — B be maps of commutative
rings. Regard A ®@g B as an R algebra via the map R=Z R®RgS - ARg B. If B is
flat over S and HHF(B) is flat over HHF(S), then

HHf(A®g B) = HH(A) @y (s) HHE(B).
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Proof. We use the notation of cyclic bar complex as mentioned in Subsection 1.3,(5).
Note that as simplicial abelian groups

(3.15) (Ngp)e(A s B) = (Ngj)e(A) @y )o(s) (N, )e(B).
This is a quick check, one sees that the natural map at each simplicial level
(ARsB)®Rr...®@r(A®sB) > (AQRr...®r A) ®(S®k...0%S) (B®y ... B)

is an isomorphism and that these maps respect simplicial structure.
Since B is flat over S, the right hand side in (3.15) represents the derived tensor
product in simplicial modules

L
(NE)a(4) ®fver 1, () (NE)o(B)
and hence also the derived tensor product in dg-modules
L
Using this formula and taking homotopy groups on both sides of (3.15), we see

(3.17) HHF(A®s B) = H (N, (A) ®IJLV§1 s) New(B)).

Using Lemma 3.18 below with M, N and C being Ng/ (A), Ng/ (B) and Ng (S)
respectively, we have a spectral sequence
HHES
Tor. "~ (HHEA HHEB) = H,(Ng’ (A) ®I}Véyk (s) New (B))-

Since HHE(B) is flat over HHF(S), all the higher Tor-terms vanish and the spectral
sequence collapses, giving us

HHIA®pyprg HHEB = H. (NG, (A) BNg (s) Ng, (B)). O
We need an algebraic analogue of the Eilenberg-Moore spectral sequence as in
[EKMMO97, IV.6] which is a consequence of Tor spectral sequence. We are using the

same proof techniques as in [EKMM97, IV.4.1] and [LMO0G, Section 6]. We expect
this spectral sequence is known to experts but we could not find it in literature.

Lemma 3.18. Let C be a simplicial or dg-ring, M a right C-module, and N a left
C-module. Then there exists an algebraic Filenberg-Moore spectral sequence

Torls¢(H.M, H.N) =5 Hyq(M ®¢ N).
Proof. Let Y be a cofibrant approximation of N so that M ®¢ Y represents the
derived tensor product M ®Hé N. Choose a free H,C resolution of H,Y
dn, di do
o=k, = .- F — Fy — H.,Y.

We can realize dy as H, of map of C-modules

nao

d Ychy

gens of Fp
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where Fj is graded, n, is the internal degree, and the direct sum is over a chosen set
of generators of Fy. Let
Y 1 =Y and Yy = Cy,,

the homotopy cofiber of the map dy. From surjectivity of dy on homology, we get
H,(Yo) 2 ) ker(do),

the suspension of the kernel module. Next we realize d;, similarly, as a map of

C-modules
Nay

D ooy

gens of F}

which induces surjectivity after taking homology since di o dy = 0. Let Y3 = Cy,.
Then

H,(Y1) C Y ker(dy).
Iterating this process gives a filtration
Y i —>Yy—>Y— -

Let Yo = hocolim Yj, then Y., ~ 0. The filtration on X ®y Yoo ~ 0 gives a spectral
sequence converging to
H(X®Y. )2 M®:N

where the associated graded is X @ (@ >."* N), the E;-term is H, X ®p, n F; and
the Es-term is the required Tor term. ]

The next statement says that Theorem 3.14 can be applied on
K (i)« .
HH (K (1).E(2) ®50). /p o /p).

Theorem 3.19. HHE”(EQ*/p) is flat over HHE”(E(Q)*/])). Moreover, HH” (E24/p)
s isomorphic to

F — Fplu
(HH*P<E<2>*/p>®ﬁp[vl]m,v2—1]<Fp[up2_1nuﬂ[u, u 1])) Ok, ] (AFPHMHHHN[ ”Fpuum) .

Proof. Note
(320)  B(2)./p= Fplorllvs,v5"), and Bz /p = Fylpnye ) [un]]u, u)
From Observation 3.12 we have the following sequence of labelled maps
1y 1 17 2 17 3 _
Fp[vl][v% Uy 1] - Fp[ﬂ’ﬁ—l][vl][v% Uy 1] - FP[:U’pQ—l][ul][uv u 1] - FP[MPQ—I]Hul]][Uv U 1]'
Map 1 is unramified and flat, hence étale. From [Lod98, E.1.1.8], we have
F _
HH,” (Fylpe 1)[vr][vz, v3 1)
~ F — -
(3.21) =~ HH," (Fplv1][v2,v5 1)) B for][vs,051] Frlttpz—1][v1][v2, v 1
~ F _
= HH*p<Fp[U1HU27U2 1]) OF, Fp[ﬂp2—1]-
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We conclude
(3.22) HH (Fplvn][vs, v31]) = HH. (Fy 1] [v1][va, v5 1))

is flat.
From (2.12), map 2 sends

2 2_
v1 = wuP "t and vy — u? L

In other words, its attaching a (p? — 1)-root of a unit and replacing a variable with a
unit times that variable. Hence map 2 is étale and gives

HH. (Fylpye 1] fua][u, u™"])
~ F — _
(3.23) = HH. (Bl a]lvi]lva, v 7)) @y, orfion.og ) Folttpe ][]l w™]

~ F — _
= HH." (Fp[pye_y][v1][v2, 05 ']) ®Fp[up2, [v1][v2,v5 1] Fp[ptpe—1][or][u, u™]-

1
Since u is a p? — 1 root of the image of vy, this a free module extension of
(3.24) HH? (Fylyyea)[o] o2, v )

and hence flat.

Map 3 is the completion at ideal (u;) and hence flat. Taking Hochschild homology
relative to IF, on both sides of this map, we have
(3.25)

F F _ F F _
HH,” (Fp[u))©H H." (Fplpye 1 ]fu, u™"]) = HH. (Fp[[un )@ HH." (Fplpye 1 ][u, u™])
where the tensors are over F,,. Applying Proposition 2.26

(3:26)  HHFyl[w]] = (HHFplur)) @g, ) (Fpllw]] @ AZ Y, Vi)

where Vg, is a vector space over [y, ((u1)) and F,((u1)) is a localization of Fp[[u1]],
we conclude

(3:27) HHEPFP[UI] - (HHEPFP[UI]) R, [uy] (Fp[[u1] ® Ail[[ulﬂvﬂ*‘p)

is a map into an infinite vector space of a localization and thus flat.
From (3.22), (3.24) and (3.27), HH,” (E2./p) is flat over HHEP(E(Z)*/p). In fact,

HHYFy e[|, w™]

~ HH"Fylp,e)[u, ] @5, HHFy[[ua]

YL gger -1 A HH™MIE
= < Fplppe ] [ur][u, v ] ®p ] Ar, [ H H, pllu1]]

Applying (3.21) and (3.23) on the last term, we have the result. O

From Theorem 3.19 and Theorem 3.14, we see Lemma 3.13 holds.
Finally, we compute K (1) and K(2) homologies of TTH H(E3) in the results below.

Theorem 3.28. We have the following isomorphism of K(1).FE2-algebras
~ Fplu
K(1).THH(E) 2 K(1).Bs @5, fuy) Ap, () HH, " " Fy[[ua]] @, As, dts.
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Proof. From (3.11), Lemma 3.13 and Theorem 3.19, HHf(l)*(K(l)*Eg) is isomor-
phic to

K(1)4 _ Fplu
(HHS Y K(1).E@2)oy, Fpliag 1) )ty u™ D@ py s Ay ) HH " Fp ],
which from Theorem 2.28 is isomorphic to

_ Fplu
(KW EQ2)ONd) @, y,][0, 04 Fpltp 1 ][u][u, )@, fun) Ay () L[]
To use (3.10), we rewrite this as
— Fplu
(K(DE@)@Ad)Sg 0, =1 Fplitg ][] [ 0™ )& g A, gy LY B[]
and then use the equation to get
HHEW (K (1),Bs) = K(1)Ba ©p un)] Ap, ung HH "By [[ua]] 5, A, dt1.

Here, elements of K (1).FE> have homological degree 0, dt; is as in (2.11) and has

[v1]v2,v5 ']

va,v5 ']

[u1

homological degree 1 and internal degree 2p? —2 and the elements of H H 1F r [ul]IE‘p[[ul]]
have homological degree 1 and internal degree 0.

As in the proof of Theorem 3.9, the multiplicative generators live in homological
degree (column) 1 and so the Bokstedt spectral sequence collapses on E2-page due
to degree reasons. This is again a free graded commutative K (1),Fs algebra on the
first column, so there are no possible additive or multiplicative extensions and we
have an isomorphism of K (1).FEs-algebras as in the statement of the result. U

Theorem 3.29. The unit map (2.1) is a K(2)-equivalence, i.e., it induces an
isomorphism of K (2).FE2-algebras

K(2),B> = K(2),THH(E).
Proof. As above, we use (3.11), Lemma 3.13 and Theorem 3.19, to get HHEE®: (K(2)+E>)
isomorphic to
_ F
(K (2)+B(2) @, 41111y 0 Foltp2 -1]ua]lty u™"]) @y fur) A, ) HH " Fpl[un]]

Extending scalars in the middle tensor factor from Fpui] to F,[[u1]], we see that
this is isomorphic to

— Fplu
(K (2)E(2) @5 ) pz ) Folitp ][] [, w™]) @, fun)) A, HH; " ]
Using (3.10) and (3.20), we can rewrite this as
K (24 5, ) A, HLHY ™y ]

Using the formulas in [Rav92, B.5, Pg 167-171], we see that nr(v1) = 0 in K(2).Es,

and it follows that u; acts by 0 on K(2),E>. Since HH?p[ul]Fp[[ul]] is a [ug,uy ']
module (above (6)), we have

n Fplu
K (2)+E2 ®F,[[u)] AR, }}Hﬂl"[ IR, [ful] = 0

[u1

for n > 1, and so

Fplu ~ ~J
K (2B ©, fuy)) Ar, o) HH, " "V [[un]] & K (2).Ea @, ) Fpllur]] = K (2) Eo.
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We conclude
HHE® (K (2),B) = K(2),Es.

In the Bokstedt spectral sequence, only the zeroth column is non-zero, and therefore
the sequence collapses to give

K(2),THH(E,) = HHEP*(K(2), ) = K(2),Es.

Since this map is induced by the unit map Ey — T'HH(FE3), we conclude that the
unit map is a K(2)-equivalence. O
3.3. The case i > 2: K(i),THH(E3) =0. Since Ey is Ly-local, for i > 2
K(i)E2 = 0.

Therefore, for i > 2,

HHED K (i), By = 0.
And from the Bokstedt spectral sequence, we get the result:
Lemma 3.30. Fori > 2, K(i),THH(F2) =0. THH(E,) is La-local.

4. LIFTING K (i),THH (F2) CLASSES TO 7, T HH (FE3) CLASSES

The purpose of this section is to lift certain K (i)-homology classes of TH H(Es)
to homotopy classes along the Hurewicz map

mTHH(Ey) — K (i), THH(E>).

We lift the classes represented by elements of K (i).FEy in Subsection 4.1, the el-

ements of HHin[ul]Fp[[ul]] € K(1),THH(Es) in Proposition 4.5 and the class
dt; € K(1),THH(FE>) in Proposition 4.3.
To do the lifting, we need the commutative diagram below for i = 0,1, 2.

T () @ m(Ba) ——2—— 7.(Ea A E)
(41) \I/E2®\I/E2l \L\I}EQAE2
K (i) By @iy, K(i)uB2 —— K(i)s(E2 A E»)
The horizontal maps are the usual homology pairing maps, and the vertical maps are
the Hurewicz maps. Henceforth, we write just ¥ for the Hurewicz maps when the
source and target are clear. The isomorphism in the diagram above is from (2.18)
and these isomorphic terms are column 1 of E'-page of Bokstedt spectral sequence

(2.17). Note also, that m.(Fs A E3) is column 1 of El-page of filtration spectral
sequence

El, = m(E}*) = 1o THH(E,)
arising from the simplicial filtration of THH(E3). ¥ extends to a map
(4.2) m (B ") = K(0)(By"H)
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for each s, t and it commutes with the respective differentials of the spectral sequences
associated to each term, thus making it a map of E'-onwards pages of spectral
sequences. Due to naturality, this map converges to the Hurewicz map

mTHH(Ey) — K (i), THH(E>).

4.1. Lifting K (i)+FE>. K(i).E2 is the 0th homology term in K (i),THH (E3) for
1 =0,1,2. From Subsection 2.1, this is induced from the unit map which splits. The
homological classes K(i).FE2 correspond exactly to the homotopy classes of Ea in
T HH(E3).

4.2. Lifting the class dt; from K(1),THH(E>). From (2.6), (2.9), (2.10), (2.11),
we have
t1 € 7r2p_2(E2 AN EQ)

which maps along ¥ to

1®t € K(’l)*EQ ®K(z)* K('l)*EQ
and is denoted by

dt, € K(’L)Qp_lTHH(EQ)
We show

Proposition 4.3. There exists a class A1 € THng_l(Eg) such that under Hurewicz
homomorphism

A= dt € K(l)zp_lTHH(EQ).

Further,
\IJ()\l) € K(O)prlTHH(EQ)

is a K(0)«Ea-linear combination of classes du and du;y as in (2.16).

Proof. Using (4.1) and the discussion in (4.2), we have a commutative diagram

t1 € ﬂ'gp_g(EQ A EQ) > THHQp_l(EQ)
1®t € K(l)*EQ ®K(1)* K(].)*EQ > dty € K(].)pr]_THH(EQ)

where the horizontal dotted arrows depict how surviving classes of a spectral sequence
map from the first page of spectral sequence to the final one and then to a class of
the object the spectral sequence converges to. Since the square commutes, the image
of t; along the top horizontal arrow is the required lift. We denote this class as A\
following [MS93]. A1 also maps to the class

dt; € K(0)op_1THH(E,).
This class is related to the classes
du,du; € K(0).THH(FE>)
via (2.13). We get
duy = d(ul_pptl) = (1 —p)ptiuPdu + pulPdt,
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in K(0).THH(E>) giving us the claimed linear combination. O

4.3. Lifting the classes Hpr[ul]Fp[[ul]] from K(1),.THH(E3). Due to (2.27),
we work with

HH""VF,((uw)).

From [LLO1, Example 3.3], this is an infinite dimensional vector space over Fy((u1))
with dimension the cardinality of the continuum. Let {s}; be a basis set of Fp((u1))
over Fp(u1), then we can choose a basis set for

Fp((u1)) @, (ur) Fp((u1))

over F,((u1)) (where the latter acts on former the way it would act on each level of
the Hochschild complex, in our case on the left tensor factor) from the set {1 ® s};.
Without loss of generality, we choose {s}; so that each s € {s} satisfies

s € Fp[[u]

and hence has (non-unique) lifts to Z[[u;]] and Z,[[u1]]. We denote such a lift of s by
s'. Further, HHin(ul)Fp((ul)) is a quotient of Fp((u1)) @, (u,) Fp((u1)), so we have
a basis

(4.4) Bc{l®s}

of HH?”(ul)Fp((ul)) over Fp((u1)). Choose a lift s’ for each s such that (1® s) € B.
Then there are classes

1® s € 7TOE2 & 7T0E2
since
mo By @ moEy = Zp[pyz_1][[wa]] @ Zpppe_1][[wr]].

These classes map to
V(1®s') e K(1)oE2 @K1y, K(1)oE2

on Ej-page of (2.17) and further down to [1 ® s]| € HH(Il((Ol))*

We lift each element of 8.

K(1),E> on E?-page.

Proposition 4.5. For each (1 ® s) € B, there exists a class § € THHEs, such
that under Hurewicz homomorphism each § maps to the corresponding class

(1®s) € KAWTHH(E,).
Proof. From (4.1) and the discussion in (4.2), we have a commutative diagram
0(1®s") € mo(Fa A Es) » THH(E»)
y y

\If(l & 8/) € K(l)oEQ ®K(1)0 K(l)oEQ > € K(l)lTHH(EQ)
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where, as before, the horizontal dotted arrows depict how surviving classes of a
spectral sequence map from the first page of spectral sequence to the final one and
to a class of the object the spectral sequence converges to. Since the class

[1 ® S] S K(l)lTHH(EQ)

is non-zero, 1 ® s’ survives the filtration spectral sequence representing a non-zero
class in TH H;(E>). We denote this class as §. O

5. THH(E>) AND THH(E;))

In this section we prove our main statements Theorem 5.24, Theorem 5.26. This
essentially amounts to constructing a bunch of cofiber sequences using the lifted
classes from Subsection 4.1, Proposition 4.3 and Proposition 4.5. We do this in
Subsection 5.1, Subsection 5.2 and Subsection 5.3, respectively.

To construct the cofiber sequences, we need the following remarks.

Remark 5.1. For
A—-B—-C
a cofiber sequence of spectra with A, B both L,-local (Subsection 1.3,(4)), we have
(1) The cofiber, C, is Ly-local.
(2) If A — B is a K(n)-equivalence, then C' is L,_1-local.

Remark 5.2. In places in this section, we work in terms of Es[u; ']-modules: by
[EKMM97, §VIIL.4], we can invert the element w; in moFs to produce an FE ring
spectrum Es[u] '] with

me(Baluy ') = Ea.[uy '],
Likewise we can invert the action of u; on an Es-module M to produce an Es [ufl]—
module M[u;!] with

me(Mup ') = Mifuy '],

More generally, for any homology theory on Es-modules, (—)[ufl] has the effect of
inverting the action of u1, and so in particular, we have

K (i)(Belur']) = (K (i)« E2)[uy'] and K (i) (M[uy']) 2 (K(0).M)[ug ).

Homotopically, the underlying Es-module of M [ufl] is modeled as a homotopy
colimit by multiplication by w1:

(5.3) M{[uy '] =~ hocolim(M 5 M 255 M 25 ...
Note that if M is an Eo-module on which u; is already invertible, then as Ep-modules
M =~ M[uy'];

in such a case (when working in the homotopy category of Es-modules), we will
regard M as an Fs[u; ']-module by abuse of notation.
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5.1. The cofiber of unit map. We denote the unit map from (2.1) as f; and
consider the associated cofiber sequence

C __
(5.4) By 1% THH(E,) =1 THH(E).

Here we are writing T'H H (E») for the cofiber of f1, which we study in this subsection.
We have two immediate observations from Remark 5.1, Remark 5.2.

Observation 5.5. Fj is Lo-local and from Lemma 3.30, THH (E3) is Ly-local.
Using Remark 5.1, we conclude TH H (Es) is L;-local.

Observation 5.6. The following isomorphism

F ~ _ F

K (1) Bz @5, ua)) HH; "By (1)) 2 K (L) Baluy ] @,y () HH; " By((w1))
implies that 9B (4.4) is a basis of
_ F
K1) Balur '] @, (qury) HH " Ey((w)

as a K (1), Fa[uy ']-module.
Remark 5.7. Note that since

K(i),THH(E,) = HHE " K (i), B,
we can give K (i), THH (E,) a grading using the extra homological grading on the
right hand side. We refer to this grading on K (i).THH(E>) as the homological
grading and the degree of elements in this grading as their homological degree. In
the case i = 0 and ¢ = 1, Theorem 3.9 and Theorem 3.28 write the right hand side
as an exterior algebra in certain classes of homological degree 1 (that depend on
i). In terms of these classes, the homological grading is therefore a homogeneous

grading in the intrinsic multiplication. In the case ¢ = 2, Theorem 3.29 asserts that
the homological grading is concentrated in degree zero.

We can now reorganize the computation of K (i),THH(E>) in terms of the homo-
logical grading of the previous remark. The following theorems are just restatements
of Theorem 3.28 and Theorem 3.9. B is as in (4.4). The first result uses Observa-
tion 5.6 to write the homological classes as internal direct sum, no similar analogue
exists for the second result.

Theorem 5.8 (Theorem 3.28). In terms of the homological grading of Remark 5.7,

the homological degree n part of K(1),THH (E>) is the K(1).Ey-module described

as follows:

e K(1).Es in homological degree 0

e The internal direct sum of the K (1), By-modules K (1), Ez(dt;) and K (1), Bau;'](1®
s), for all (1 ® s) € B, in homological degree 1

e The internal direct sum of the K (1), Ez-modules K (1), Fafuy *](1®s1)(1®s3) - - (1®
sn) for any n distinct choice of basis elements in B and K(1).Ez[u]'](1®s1)(1®
s9) -+ (1 ® sp—1)dty for any n — 1 distinct choice of basis elements in B, in
homological degree n, n > 2.
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Theorem 5.9 (Theorem 3.9). In terms of the homological grading of Remark 5.7,

the homological degree n part of K(0).THH(E>) is the K(0)sFEs-module described

as follows:

e K(0).Ey in homological degree 0,

e The internal direct sum of K(0)«E2(du) and K(0)«E2 ®z[juy)), HH(l@Z[[ul]]Q in
homological degree 1,

e K(0).Ey module generated by products of n distinct degree 1 classes in homological
degree n.

This allows us to know the homological classes of TH H (Es).

Observation 5.10. From Observation 5.5, THH(FE2) has only K(0) and K(1)-
homology classes. f; maps on to homological degree 0 classes in K (i), T HH (FE5) for
1 =0, 1 from Theorem 5.8, Theorem 5.9. The remaining classes from Theorem 5.9 and
Theorem 5.8 correspond to respective K (0) and K (1)-homology classes of TH H(E»),
respectively.

5.2. Second cofiber sequence. Next we use the analysis of TH H (E2) above to
construct a second cofiber sequence of Es-modules

fo. Cf2 T
X, & THH(E,) -2 THH(E>)

where Cf, is the cofiber map and T'H H(FE3) denotes the cofiber. Then, we analyze
THH(E»).

From Proposition 4.3, we have

A\ : ST 5 THH(E,).

Smashing with Fs, using the Fs-module structure of TH H(FE3), and composing with
Cy,, we get Eo-module map

g1 : 5P By ~ By ASPPTY — By ATHH(Ey) — THH(Ey) — THH(E»).
Since THH (E») is Li-local, j; factors through the following map of Es-modules
J1: X% L By — THH(Ey).

By construction of j;, the induced map at K(1). level sends the generator of
K(1),(2?P~1Ey) to the class

(5.11) dt; € K(1).THH(E>)
and hence the same is true for the map ji. Let
(5.12) Xo =Y Ey, fo:=7 : ¥ L Ey » THH(E,).

Observation 5.13. Similar to Observation 5.10, from (5.12) we conclude that

THH(FE3) is Li-local and its K (1)-homology classes are the ones generated by all
homological degree 1 classes of TTH H(Es3) except (5.11). From Observation 5.6 and

Theorem 5.8, K(1),THH(Ey) is now a K (1),E[u; ']-module.
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5.3. Third cofiber sequence. There is a natural map
(5.14) THH(Ey) — THH(E2)[u;"].

From Remark 5.2, Observation 5.13

(5.15) K1) (THH(Ey)[u;']) = (K1), THH(Fs))[u; ] = K(1),THH(Fs).
From K (1)-equivalence and Li-locality of
THH (Fs)[u;'] and THH(E>)

we conclude, the cofiber of (5.14) is rational using Remark 5.1. Let Cy denote this
cofiber.

Consider A; and s from Proposition 4.3 and Proposition 4.5. Let B denote the
chosen lifts § of elements (1 ® s) € B from Proposition 4.5. We denote by

(5.16) o : S = THH(E,),

the elements of the form

II.s € 7T|Q‘THH(E2),
where § are all distinct elements of set o, o ranges over all non-empty finite subsets
of B and || denotes the cardinality of these subsets. Similarly, let
(5.17) Qo : Sl o THH(E,)
denote elements
II,8- M\ € 7T|a|+2p_1THH(E2)

for all o as above.

Composing (5.16), (5.17) with Cf,, Cf, and (5.14) we get maps from suspensions

of sphere spectrum to THH (Fs)[uy '] which is an Fs[u; ']-module. Smashing these

maps with Es[u; '] and using the Es[u]']-module structure of THH (Ey)[u;'], we

get Eauy']-module maps
(518 Ta - DBy uTY) ~ Eolur Y] ASIYl — THH(Ey)[up )
Taoy - DIPR[0 ~ Byur ! ASIME2P o THH(Ey)[ul).

If we repeat the above process without composing with (5.14) and using the Fso-
module structure of TH H (FE5), we have Fy-module maps

Go : DY Ey ~ By ASIM — By ATHH (Ey) — THH(E,)

(5.19) - _
Qo 2 D021 Ey) ~ By ASIOF2—1 By A\THH(E) — THH(Es).
Note Ga, Ga.r, are up localizations of ¢ and gz, , i.€., Gq = q~a[u1_1] and Gox, =
Qo [urt]. From Li-locality of THH(E2) and THH(Es)[uy'] these maps factor
through the following Fs-module and F» [u;l]-module maps, respectively:

G DML By — THH(E), oy, : 29210y — THH(E,)
T 2L BolulY) = THH(EY)[uiY], Gany : 29210 Bo[u ] — THH(Ey)[uy Y.



26 AGARWAL

We are ready to define the third cofiber sequence.
Construction 5.20. Let @ be the map of Fs-modules
V(@' @on ) : \/ (2L By \/ Sl2P 1Ly By) — THH(E,)

« «

and @ be the map of Ep[u]']-modules

Q: V@ Vaar) : V(E L Baofuy |\ S Ly Bofuy ') — THH (Eo)[uy '],

(03
Further, define
Xy = \/(ZL By \/ Sl L By).
«

Note that this makes
\/(2'@‘L1E2[u;1] \/ $leF 201 Bolull]) = Xalul.

«

Then our third cofiber sequence is given by

(5.21) X3 =4 THH(B).

We have the following comparision of @ and Q:

Theorem 5.22. We have a commutative diagram as follows

X3 ——— Xafuy ']

lo o

(5.23) THH(Ey) — THH(Ey)[u;'] — Co

|

Ca
where C'@ denotes the cofiber of Q. Moreover, the map Q is a K(1).-isomorphism
and both Cs and CQ are rational.

Proof. The commutativity of the diagram and rationality of Cy, follows from their
construction in this section. All the terms in the square part of the diagram are
Li-local and hence rationality of CQ follows from Remark 5.1 once we show Q) induces
a K (1)-isomorphism.

By construction, g, and gq x, are the lifts of K(1)-homology classes of THH (E>)
to mT'HH (E3). Using Observation 5.13 and (5.15), they can be extended to lifts of

K(1)-homology classes of THH (Fs)[u;'] to m,THH(Fs)[u;']. Thus after taking
K(1). on each side of Q we have a wedge of

S K (1), (L1 Ba[urY]) & K(1)u (L1 Eafur]) ASI®T = K (1), Ea[u7!] A Sl and
SRR (1), (L Bolup ') 2 K (1) (LyBafuy ') ASIH2P71 2 K (1), By fuy '] A sl
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on the source side and under K (1).Q they map to the wedge of
K(1)yEofuy o (1 ® s) and K (1), Fafuy T, (1 @ s)dty

which is the target, giving us the desired equivalence. O

5.4. Proofs of the main results. From (5.4), (5.12), 5.20 and Theorem 5.22 we
have the following result.

Theorem 5.24. There is a diagram of Fs-modules

By I THH(E)

(5.25) Xo L THH(E,)

such that
Cr —
By I5THH(E) 2 THH(E,)
2 7y Cr T
Xo —=THH(Ey) —> THH(E»)
are cofiber sequences, and the map induced by fs on
Xaluy '] = Cpy[ur ]

is a K(1)«-isomorphism with a rational cofiber. Further, Xo and X3 are explicitly
identifiable in terms of suspensions and localizations of Es, and Xo, X3, THH (E>)

and THH (E>) are all Ly-local.

Upon p-completion, the rational cofiber vanishes. We show for p-complete TH H
of E5 spectrum there is a complete description in terms of cofiber sequences made of
terms that are suspensions and localizations of Es (upto p-completion):

Theorem 5.26. We have the following diagram of (Ez),-modules for THH (Es);,,
where (Cy,);y are the cofiber maps of (fi);

(f1); :=p-completed unit map

() » THH(E,))

l(ch )g

S2-1L, (By)) Voo =y, THH(E>))

l(CfQ)z?

(VoS Ly Bo[uy TV S 2P L Bolur ')y~ THH(E))
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Proof. This is mostly just the p-completion of the diagram in Theorem 5.24. The
only different thing is the equivalence. We get this by taking the p-completion of
(5.23). Since Cy and CQ are rational, their p-completion is a point. We get a
commutative square

(Vo (B Ly By v SI0H20 1 Ly Bp)) ) —— (Vo (S Ly Boluy '] v 2071 Ly Bofup )

o gk

THH(E)) = THH(E3)[uy'])

giving us the required equivalence. O
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