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p: odd prime, g = 2(p — 1), v = vp(n) for n = ap”,a #0 mod D. 
Every spaces and groups are localized at p. 

Equivalent maps (homomorphisms) and induced maps are frequently written 
by the same symbol such as : 

XS y andax Soy, x oy and SX SY, ete, 

Tmtk = Tm+k(STM) : The k-stem homotopy group of m-sphere. 
eae _ _ 6 S Serre decomposition : 727 ip = jr-t 4h @ my" Tk by Oe and 5Ou 

The k-stem groups m3,, =), 7s7th., (at ap =O fork 40): 2r-+1+k 
3 E. 5 E EL api E. art41 EM ig T34k —? M54 —? "°° —> Tota —? Torti4n —? Te (stable k-stem group). 

Double EHP-sequence 
H 2r-1 P Qr~1 E Qr+1 be Qr-1 P "> Qo, 4, Tor-itk > Topdiek —?% TQo, 94, Poe 
(Whitehead product) (double suspension) (Hopf invariant) 

where rQir-t = mi (Q3"-1) for the homotopy fibre Qt of the double suspen- 
sion map E : S?°-1 — 0?9?r+1, and it is called as the group of invariants. 

IJ A-sequence 

where STM 4, ymtt 4, gm+1 FR om-+t is Moore space cofibering, A» is a homol- 
ogy injection Y?"?~? Q3""" and a¥j"41 = n,(YTM), 

The composition H, = JH: 5?tt., + 73/211, is James-Hopf invariant. 



The case r = 1 gg! 
Let p: $3 -+ $8 be the 3-connective fibering of S?, then Q? is homotopy 

equivalent to 035°. So, in double EHP-sequence of r = 1, H can be replaced 
by pu! : 13 & 2,(S3), i 40. Let 1: Y2P+! 4 She a homology injection. 

The IJA-sequence is replaced by the following sequence : (a, = d|S??) 
A 2p—-1 a0 3 Hy 2p+1 BS 2p-1 > Tot k + 134% 344 OT 

ee 
2p 4 2p+1 j 2p+1 fp 2p+1 TM34k > TY; — TWik > Tai, 

CMN-map m: OP S2rtl _, 92r-1 (n> 9) 
(1a) mo x fp: S?P-) 9 OP g?rtt _, gar-t 
(1b) Eom ~ fy: 9?S?+t 4 g2-1 _, 02g2r41 

Corollary 1. Exponents p"(n3?tt ap) =Ofork #0. (r =1 by Selick) 
Corollary 2. p(7Q2"-1) = 0. 
Corollary 3. Extension problem: If En(€) # 0 for é € Tor tty, then the 

: Qr-1 Bo arti Hi Qr-1; sos extension 7,144 —> Moraiek —? TQo, 94, is non-trivial. 

CMN-map and EHP-sequence 
Combining 9? of (1a) with (1b) we have 

Theorem 0.1 For r > 2, there exists a map 7 : ?Q2"*4 ~ Q3r-} such, that 
the following diagram is commutative. 

Qr+1 E 2743 H Qr+1 P Qr41 E Qr+3 Tortith > Tepa3eK TO nth opt I Te 

|r |. lr | | 
2r—1 E Ir+l Ho _p2r—-1 P QIr-i E Qr+1 Tor—1tk Monga To, 24k Mp 24 OF Mont 

As corollaries we have 

Lemma 0.1 Let y = 7 (x) € rQ3"23,, fora € rer. 
(1) If an element € € met hk satisfies H(€) = a, then n = r(x) € Totten 
satisfies H(n) = y and-E(n) = p€. 
(2) If an element n € 137~} +4 satisfies E(n) = P(x), then it holds P(y) = pn. 

Adams map and 7 Let a:¥TM+7 + YTM be Adams map. 
Theorem 0.2 For r > 2 the following diagram is commutative. 

_ Ss? ~ a myers 5 gyagenrs sy girs 
| | 

Qrp~ —2 x _ ny; rp-2 aY¥ pr? 2 aQ? 1 



Theorem 0.3 There exists a homomorphism # : TMQ3,, > 13+4(5°) such that 
the following diagram commutes fork £0: 

3 E 5 H 3 A2 4p—2 4p—2 34h —? T5344 > TQ 944 +— mY,7, us oni 

! [* | Ie 
3 p a3 x Qp+1 , § 2p 0 —— 73.4 <—— m344($%) -— wyyPtt -2— TY 34k 

Alpha invariants: 4,,., dn» 
Alpha series {an € 72,1}, Qn = jai: SP2-1 4 yng 4 yO _, 90, 
Mod p ImJ-series {@, € 73,1}, Gn+1 © {Gn,1,p}, Nn = Om, 

€(Qn) = 1/p => Gp is of order p’?(TM)+1, 

Aor = Aa(t) € mQ3ro-3, Aor =H(), 6 € 1yP} ' 2rp—1) 

Ann = a(t) € TOS (ramiq-s fOr 721, (Ann) = On € WPT ag 
Any = Ag(a”—lSai) € TQ3r4(rtn)q—4 for r > 1, where 6 =i: YTM 5 yTM+1, 

(2a) (Anne) = An-r+iyr-1 for n>r>1 
(2b) 7 (Qn—r,r) = An-r4ir-1 for n>r>1 

Put = AQ3ring-3 =< Anone > and AQ2T1 4 =< anne >. 

Alpha families: x,, = WinlAgrtng © Ast t ng) C Teap 
The k-stem alpha family A* 4% iS required by A3’tt nq = 9 for r > n and 

the exactness the sequence 
» Aar-l EY 2r+1 Hi, Qr-1 P 0 Ag, Dang Aan ng AQs,—34.n¢ 

2r-1 E. Qr-+i H, 2r—1 Ag, 34nq Ag itng AQon dng . 
An example of alpha family was given by Gray. 
The last H is surjective iff r <n —v,(n) by the following Gray’s lemma. 

Lemma 0.2 There exists an element X € Won aeing—3 (v = vp(n)) satisfying 

A(X) = Q4in-y-1 and E’(X) = P(Agn). 
Here” =” means” = up to non-zero constant”. 

Proposition 0.1 . Let v = v,(n). 
(1) Forv+1>r>1, Agta =Z/p” andE: AS dang ad Agr is injective. 

1 W- Aertl wy 42rts ow Forr >u+1, Bs Agr g © Aste ing (& Z/p’*). 

(2) Forv+l>r>1, Arty = Z/p". 
Forn-v>r>v-+li, Aart ling = Z/prt, 
Forn>r>u+1, Ari, &Z/prvt, 
Forn~v>r>1, the cokernel of E : Anr—34-ng 7 Agr ting is of order p: 
Forn>r>v +1, the kernel of EB: Ayr} ng > Agrtt. ., 1s of order p. 



k=nq-1 

3 5 7 2n—5 In—3 2n—-1 2n+1 THE > aaa > mee °F Tanp—3 Tnp—6 > Tanp—4 > Tonp—2 

Qn-1,1 An—2,2 En—3,3 03,n—-3 43,n—-2 Q1n-1 

3 5 7 2n-5 an-3 2n-1 2n+1 A314 > Adz, A Abag Oo Aonp_7 7? Aonp_s > Agnp-3 > Aonp—1 
An-1,1 An-2,2 An-3,3 Agn—3 A2n-2 Ain—-1 Aon 

\ \ \ Qn—5 2n—3 Qn~1 Qn+1 3 5 7 na ne nan n Ags, > Abin > Arp Agnp-6 ~* Aanp a > Agnp-2 7? Agnp 

Extra alpha family 
For 0 < r < »,(n), the invariant Orn—r is not an H-image of any alpha 

family and we investigate non-triviality of P(apn_—,) € Tg: 

Proposition 0.2 (The case n = p) 
(1) The group TPs is cyclic of order p® generated by an element By (2p — 1) 
satisfying Hi(8;(2p — 1)) = ay,p-1 and p(G1(2p — 1)) = P(Agy)- 
(2) Forr > p, Put B,(2r +1) = E"—?(6,(2p ~ 1) is of order p. 
(3) Let B : ¥2”" — $2P+1 be an extension of B1(2p+1) = B|S?”°-1, then oP £0 
in the mapping cone S?°*+) Ug CY”* = g2et1 Ug, e2?” Up €7?" +1 of B. 

Proposition 0.3 Let n =0 (mod p) and n > p. 
2(n—p)+1 
2(n—p)—2-+ng 

H(wa;) = 1(81(2(n — p)p—1)) and EP-?(uaz) = P(ain—1) £0. 

Then there exists an element ua, € 7 satisfying 

By induction on t > 1 we put 
Gi (2r +1) = B,(2r +1) 0 BF (2r ~1 + pq) € Trt 14t(pq—2) forr >p-—l. 

Theorem 0.4 Let n =0 (mod p’). 
2(n—p?)+3 
2(n—p?)+ng 

H(uag) = U(8?(2(n—p?+1)p—1)) and E?’-*(uag) = P(azn—2) £ 0. 
Also, EP-*(ua;) is of order p® and pE?~3(ua,) = EP’~*(uag). 

There exists an element uay € 7 satisfying 

Proposition 0.4 There exists a cell complex 3 5 
S?P+? Usp eR —2P+2 Ye? UP +1 with oP” £0. 

Theorem 0.5 Let n =0 (mod p*), then pE*(uag) £0 for0<t<p?—4. 
The order of EP’-®(uag) is p?. If p > 3 then the order of E?-*(ua,) is p®. 

Proposition 0.5 If k # pa —2 and k # —2 (mod p‘q), then Axtt 4h 18 @ 
direct summand of m773,, for all r. 



'E-family 
2r--1 A graded subgroup FY, = >, Fort. of the k-stem group 1* +4 18 called 

as an E-family if it satisfies the condition 

¥ soee Tr T E E (3) E(Fo tg) = orhltk NE (mp Te) (n -- € —> €'). 
Alpha family At, ,, is an E-family. 

2r—1 For each E-family Ft, we choose its belonging invariants FQ2"7 and eth 
Qr—-1+k 

FQ3"-} + Satisfying the exactness of the sequence 
ar—1 P 2r-1 E 2r41 H Qr—1 0 FOo +R TQ op—14k —> TQ optitk —? FQor-24+4 —? 0. 

For given E-families F’* +k: consider the quotients 
se2r+1 — ~erti 2r41 seryarci — 2r—1 2r—. Tortith = "Martite/ Poppin, and FQ, typ = Qo 14k/FQar 14k > 

then we have the following exact sequence instead of double EHP-sequence: 

This makes simplify computations of the k-stem groups. 

Stable type family. 
For a stable generator € 72, we consider a stable type family converging 

to €, and denote it by St,,(€) = >, 937th, ,(é). 
Usually, non-trivial sot +4(§) is generated by an element £(2r + 1) such 

that € = E(€(2r + 1)) and E(é(2r + 1)) = €(2r + 3). The minimum of the 
degree 2r + 1 of such €(2r + 1) is denoted by u(é). 

We exclude the alpha families Ax+nq-1 from stable type family. 
€ = 6, is exceptional. Sot pq (81) =< £,(2r +1) >& Z/p for r > p, 

= Z/p* for r =p—1and Sort pg = Ag itp forp-1>r>1. 
The followings are a list of generators ¢ of m?/A? for k < (p? + p)q —3, in 

which x and X indicate invariants given by 

t= I(E(2tp — 1) € TQ 3p 84k and J(X) = £(2tp + 1), XE TQ 345 24k" 
€=B,€ Te sp4-s—1q—21 u(@s) =2p+3, fors>2,2=b,, X =B,. 
€=ai8s € Tesp-s)q—3? u(ai6;) = 5, fors>2, 2£=ab,, X = AB,. 
E=PeE Tegan) u(@{) =2p—1, forr>1, c=b", X = Br". 
E=arBPe Tp) q—2r—1) u(a,6{) = 3, for p>r>1, «= ab", X = AB’. 
E= Bibs € Tp opts—l)q—2r—2? u(Gi Bs) = 2p—1, for p >r>1,s>2, 

e = 6"b,, X = BB,. 
gE = a GT Bs € TCptsp+s)q—2r—3) u(o BT Bs) = 2p ~~ 1, for Dp = r > 1, & 2 2, 

z= ab'b,, X = AB’B,. 
€ = 6 € Thai iyg a UE) = A(p—i)pt+3, p-1>i>1,2=e, X=E,. 
E=ae TE 2-48)q—39 u{e;) = 2(p—-i—-l)p+1, p-1l>i>1,¢=e, X= Et, 

where 6, = €p_1 and ¢; = a,€;_; forp—1>i>1. 
Remark that ¢;(2r + 1) cannot express as a1(2r + 1) o &_1(2r + q) when 

ar +1 < 2(p —i)p +6 = ule) — (¢— 1). 



Removable familly 
An E-family Ri,, = >>, Rorti,, is called as a removable family if A : 

Reta R3eP 14, is isomorphic for all s. 
The word ”removable” means that in the computation of the k-stem group 

we may exclude removable families together with their belonging invariants. 
Any stable type family cannot be removed since it induces non-trivial invari- 

ants by IJA-sequence. Thus every removable family has finite number of terms. 

Example 1. Single family 
There are many number of removable family which consists of only one term 

. _ peti > Ree = Rot ink 
Proposition 0.6 Let x € TQ 3to 3 4p and XE TQ 3p 2 44 5€ invariants corre- 
sponding to € € np and letax € rQ3i5°,,,, and AX € TQ ip 54h corresponding 
to a1€ € TR 
(1) HIP(z)=(t+1)ax and HIP(X) =(-t)AX. 
(2) Assume t #0,—1 (mod p), then Royo +4, =<P(2)>4 0 and Poip otk = 
<P(X)># 0 are removable families of single term. 

Example 2. Alpha-beta family 

Proposition 0.7 Let ax be the invariant of Proposition 0.6 of the case t = —1 
(mod p) and bz € TO at brs 4p oh invariant corresponding to Byé € 1-2 4k 

Then there exists an element uar € Ot 4, satisfying 
H(uar) = br and E?-*(uax) = P(az). 

Ifuaz and P(ax) are of order p, then a removable family R* +tq—3-+k 18 given 
by Roto, =< A(uaz) > and Rit-rt)o1 | =< Ei(uaz) >. 

Proposition 0.8 Let x and AX be the invariants of Proposition 0.6 of the 
case t = 0 (mod p) and BX € rea 4th on invariant corresponding to 

2At~p)+1 BiE € 2 44- Then there exists an element uAX € 7 3(t-1)p—1-4k satisfying 
H(uAX)=BX and EP-?(uAX) = P(AX). 

IfuAX and P(uAX) are of order p, then a removable family Rx +tq-24k 18 
given by R2t~Pt)—1 =< E'(uAX) > and Ro}, , =< P(z) >. 2(t—-1)p+2t-1+k tp—3-+k — 

t = —1 (mod p) t= 0 (mod p) t #0,—1 (mod p) 
ABX bx 

\ eee 
\ \ 
BX ax BX ax ax 

Ne aa, ‘\ 
AX & AX £ 

°\ 
x 



d At o UF Te+4 mod Al, ® Ri, 
seri 2r+1 2r+1 2r+1 Table of opting = Tartitk (Aartise ® Ropti+k) 

k\2r-+1 3 2p—1 
bP AB 5 (a1 8? = 0) 2 _. <* _ eo Peg 3- Os Ome ee ee eee eee eee = Po see ees Sat %a 

ab? 3b. 
pg Dr WD cc ce cee ee eee =e => GPG, 

ABs b pa+q—-3 2 =e Pr ae ae =e! 
, By B pqat+q-2 e=e=- =e | 

bP-2 be 
pq+tq—1 Ce =e = > 06? 2 Bo 

abP—*- 2b. 4-1 pqt+iq— q+ 2 Oo i cect ence renee =e=> fF i Bint 

, AB; bit . pqatiq—3 e eee = © => €; 
5 Bist B; prqtiq—2 © Oe =e> > ¢ 

pp-t1p, 1 p'qtiq+2i-1 oe Ce rs =e= a fp i Bit 

p g+pq—q—5 ee ~ ie fe =e = 0 31 Bp—1 

a 
p'q+pq—q—4 Oi cece ne cece en eeeae =e => gett 

P’q+pq—q-3 B 
pl p°q+pq—q—2 De rere = 8 => €p_-1 = By 

eee ewes yett (2p—1) 

Peat+pgaq—5 exe 5-34 x->x 
ra te ae eb e! + _ e—-> * yee oR ox = A 1€p— Dd pg ” B! Hon ow Be Pp 1€p—1 

pa+pq—3 ara ae (Seek 5 OzO= sec cee nees =o>> 9 
2 ab?-2b, -1 pratpq—2 Di rrr =e=> ff Bo 

veces uw yet 

p’q+pq+q- 5 eo ees Pe eee ec ee eet ee eee eaee =e= > fie’ 
yp Brr 

pqtpqtq—4 



k-stem groups near » 
Lemma 0.3 Let e| =e' and Ei = E'. 
(1) m(e})=eL,, ond FE) = El, for p—2>%i>1. 
(2) There exists ue’ € 132 qtpq—2 Satisfying 

H(ue’) = 6+" and ~~ EP-8(ue’) = P(e’). 
Thus Roya tpa—4 =< E”-!(ue’) > forp>r > 1 construct a removable family 

=+p2q-+pq—5 (e ). 
(3) There exists uE’ € Te atpq_1 Satisfying 

H(uE’) = BP** and EP-3(uE’) = P(E’). 
Thus Fant? otpq—3 =< E""\(uE') > for p > r > 1 construct a removable 
family Bo 2q+pq—4(E’)- 

Theorem 0.6 For p?q+pq+q—5>k> p?q+pq—5, we have the following 
decomposition of 7* 4k 

Tek = Aly, ® RL, OSE, () OE, 
where Ry. k. consists of single family, alpha-beta family and ones in Lemma 0. 3, 
£= p, BP" Bo, Bre! and E*,, ocaurs in the case k = p*q + pq — 3 with the 
following structure : 

Qrt1 ~ ~ Et patpa—2 — Z/p_for_r=1,p and & Z/v for p 2r >1, a — 
E: Eto qtpq-2 Ete atna is bijective for r = p — 2 and .surjective for 
r=p-—I and t has CokerE = Z/p forp—2>r>1, 

eg ef e p’a+pq—4 Pe 8 obo moe 
2 E-2 E,_s E; w «bP B'a+pq-3 POs +s S00 os0= 2B i =o=>> 

2 
a 

ee eee ce prt 
5 uw pert a Dp IPat a> * peti [em =e = Bie’ 
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