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p: odd prime, ¢ = 2(p — 1), v = v,(n) for n = ap”’,a Z0 mod D.
Every spaces and groups are localized at p.

Equivalent maps (homomorphisms) and induced maps are frequently written
by the same symbol such as :

XLvadox Loy, X5 0vadsx -5y, et

Ttk = Tm+£(S™) : The k-stem homotopy group of m-sphere.

el - - 1} S
Serre decomposition : 727" Ly ng_% D 'n'g,’: _}_,ﬁ by 8% and S8V

The k-stem groups 7}, , = wrt! (7}, =0for k#0):

2r41+k
3 E 5 E C E 2p-1 E _2r+1 E= g
Motk —* Mok~ """~ W i, — Tayiq4n — T (Stable k-stem group).

Double EHP-sequence

H 2r—1 P 271 E 2741 H 2r—1 P
o MG Ty~ Mo 1 — Torilek — TQ5 5 p —> -+
(Whitehead product) (double suspension)  (Hopf invariant)

where mQ7" ™! = 1,(Q2"1) for the homotopy fibre Q37! of the double suspen-

sion map E : $"~! — 02521 and it is called as the group of invariants.

IJA-sequence

where §™ 5 ym+1 Jy gmt1 I8 gm0 vroore space cofibering, A is a homol-
ogy injection Y?7=2 — Q3™~! and 7Y™ = x;(Y™+1)

The composition H, = JH : n3rf1 . — 75/2%! is James-Hopf invariant.



The case r =1 A

Let p: 5% = S® be the 3-connective fibering of S%, then Q% is homotopy
equivalent to 2333, So, in double EHP-sequence of r = 1, H can be replaced
by p~t ;73 & 1 (S3), i £ 0. Let x: V2P+L J Phe a homology injection.

The IJA-sequence is replaced by the following sequence : (a; = X|S21")

A 2p—~1 @308 3 Hy 2p+1 A 2p—1
? Motk 7 Myp T My T Mg

R
2p % 2p+1 ) 2p+1 fo 2p+1
Tapr —— TYi, —— T34k — Tayp

CMN—map 7 Q282 G§2r=1 (r > 9)
(1a) ToE =~ f,:8%1 282+l _ gor—1
(1b) Eor o~ f,:028%+1 , g2r—1 _, 2g2r+l
Corollary 1. Exponents p” (wéfﬁ wx) =0for £#0. (r =1 by Selick)
Corollary 2. p(r@%"~!) = 0.

Corollary 3. Extension problem : If En(¢) # 0 for £ € wg,fﬂ 1% then the

: 2r—1 E _opry1 H 2r—1 s
eXtension my, ~y > Mo, {14 — TQ5n_54x is nOD-trivial.

CMN-map and EHP-sequence

Combining Q2 of (1a) with (1b) we have
Theorem 0.1 For r > 2, there exists a map 7 : Qng’"“ - Qg’"‘l such that
the following diagram is commutative.

2r+1 E 2r+3 H 2941 P 2r41 E 2r+3
Tordltk —* Topygpr —— ”Q2r+k T Mgpgk T Mootk

I |- 7 J= I

27r—1 E 271 H . n2r—1 P 2r—1 E 2r4+1
Tor—1dk 7 Topfipr > Q5 oy —> T 54 —— Tor+k
As corollaries we have
Lemma 0.1 Lety =7(z) € Q325 forz € Qe
(1) If an element ¢ € ﬂ'g:ig+k satisfies H(§) = z, then n = 7w(z) € W%:ii_}_k
satisfies H(n) =y and E(n) = p¢.
(2) If an element n € W§::§+k satisfies E(n) = P(z), then it holds P(y) = pn.

Adams map and T Let «:¥™ — ¥™ be Adams map.
Theorem 0.2 For r > 2 the following diagram is commutative.
2
- e
al FJ’

2rp— -2 A -
7'('1/; P2 _ 7]'1/1-2”) —2 ﬂ'Q?T 1



Theorem 0.3 There exists a homomorphism % : 7Q3, , — m314(53) such that
the following diagram commutes for k # 0 :

3 E 5 H 3 Az 4p—2 4p—2
T3+k * Tt PoQayy, Yotk Yo ik
| K |7 [«

3 p a3 X 241 , S 2p
0 —— w3, +——— mayp(S%) «——— TY3iy —— 7Yl

Alpha invariants: 4., a.,

Alpha series {an, € 75,_1}, @, =ja"i:SML Y Y0 5 GO,

Mod p ImJ-series {Gn € 75,_1}, @ni1 € {Gn, 01,0}, n0n = an
e(an) = 1/p = &, is of order p*»(M+1,

Aor = Xa(i) € TQ315, Aoy =1(1), 1 € mor]

2rp—1>
R _ 2rp+1
Anr = Ka(0d) € TQ Ty s forr 21, J(An,) =an e 7T2:£I(r+n)<1'
Un,r = Aa(@™ 1d0d) € ng:;%Hn)q% forr > 1, where § = {j : Y™ — ym+1,
(2a) T(Ap—ppr) = Ap—riip—1 for n>r>1
(2b) T(Oneryr) = Gneriir_1 for n>r>1

Put  AQ31h,—s =< An—pr > and AQ¥TL _, =< an ., >.

Alpha families: 4:,, = S (A @ AT Y,
The k-stem alpha family A* +& 18 required by A37t] +ng =0 for r > n and
the exactness the sequence

y A2r—1 JEE 2r+1 H 2r—1 P
0 A2r—2+nq A2'r-—-nq AQ?T—3+nq

2r—1 E . 42r41 H 271
A2r—-3+nq A2r—1+nq AQ2r—4+nq *

An example of alpha family was given by Gray.
The last H is surjective iff » < n — 2,(n) by the following Gray’s lemma.

Lemma 0.2 There exists an element X € w'g’;::;z;;,ﬁq_3 (v = vp(n)) satisfying

H(X) = Qyi1,n—v—1 and ]EV(X) = IP)(AO’").
Here ” = ” means ” = up to non-zero constant”.
Proposition 0.1 . Let v = v,(n). ‘ .
(1) Forv+1>r>1, A%’;ﬂm =Z/p” and E : Ag::%_l_nq — A%;‘i;q is injective.
1 - A2T+l o~ 42r+3 o
Forr>v+1,E: A2:inq = A2:1'2+nq (= Z/p*1).
(2) Forv+1>r>1, AT+ =Z/p.
Forn—v>r>v+1, Ag:ﬂ_mq ~ Z/p"tL.
Forn>r>v+1, Ag:_ﬁnq > Z/prrtl,
Forn —v >r > 1, the cokernel of E :;43,’:1::1,)+nq —>2A§£ﬂ+nq is of order p:
Forn>r>v+1, the kernel of E: A37™3 | — AT is of order p.




k=ng~—1

3 5 7 2n—5 2n—3 2n—1 2n+1
771+)k\—> 7f3+1)c\_> Ws+k\_’ T Manp—8 > Tanp—6 ™ Topp_4 > Mapy_o
0n-1,1 QGn-2,2 Gn-33 az,n—-3 G2,n—2 a1,n—1
3 5 T 2n—5 2n—3 2n—1 2n+1
Ay > Al 2 Afyy = = Adnpor = Agpos = Ajppez = Agpi ™y
An-11 An—22  An-33 Asn-s  Asna  Aip-1  Aon
™ ™ N In—5 2n—3 2n—1 2n+1
3 5 7 n— n— n— n
Aspp > A5 — Ay == Asppee = Aspi®y — Aspp—s = Asmp

Extra alpha family

For 0 < r < vp(n), the invariant Orn—r is not an H-image of any alpha

family and we investigate non-triviality of P(asn_,) € wgzgfg;_l "

Proposition 0.2 (The case n = p)

(1) The group w%ﬁ{i is cyclic of order p* generated by an element B (2p-1)
satisfying H(B1 (2p — 1)) = a1,p—1 and p(B1(2p — 1)) = P(Ag).

(2) Forr > p, Put 81(2r + 1) = E"P(3;(2p — 1)) is of order p.

(3) Let B : V22" — S2P+1 be an extension of B1(2p+1) = B|52P° 1, then pP £ 0
in the mapping cone S+ Ug CY?’ = g2p+1 Ug, €%’ Up e2P’+1 of B.

Proposition 0.3 Let n =0 (mod p) and n > p.
(n—p)+1
(n—p)—2+ng

H(ua1) =1(81(2(n ~p)p— 1)) and EP~2(ua;) = P(as n1) # 0.

Then there exists an element ua; € wg satisfying

By induction on ¢ > 1 we put

Bi(2r+1) = B (2r+1) opBi~1(2r -1 +pq) € Wg:—-'i-_i+t(pq—2) forr >p-—1.

Theorem 0.4 Let n =0 (mod p?).

. I m—p?
There ezists an element uay € 7r2(" p)+3

(n—p?)+ng
H(uaz) =LA (2(n —p* + Dp—1)) and EP"~*(uag) = P(asn_s) # 0.
Also, EP~%(uas) is of order p? and pEP~3(uay) = EP"~4(uas).

satisfying

Proposition 0.24 There e:zgz'sts a cell complex . )
S Ugp 2P 22, €2 U, 2P FT with oP” #£ 0.

Theorem 0.5 Let n =0 (mod p®), then pEt(uas) # 0 for 0 < ¢ < p? — 4.
The order of BP~5(uay) is p2. If p > 3 then the order of EP~*(ua;) is p°.

Proposition 0.5 Ifzk-f pg—2 and k # —2 (mod p*q), then Ag:ih_k is a

direct summand of m5, 11, for allr.



- E-family
2r+1

A graded subgroup Fy . = > Fy7fL o of the k-stem group = 4 is called
as an E-family if it satisfies the condition

T— r — E E
(3) E(F22r—11+k) = 227~-:11+k ﬂE(ﬂ-gr—i—i—k) (n-—=¢&—¢).
Alpha family A, is an E-family.
2r—1

For each E-family F}, ., we choose its belonging invariants FQ?"~ and
*--k 2r—1+k
FQ-1 + satisfying the exactness of the sequence

2r—1 P 2r—1 E 2r+1 H 2r~1
0= FQ5 T — TQor 14y — TQori1rk — FQa a4k — 0.
For given E-families F* 1k, consider the quotients
=2r+1 — 2r+1 2r+41 =rM2r—1 — 2r—1 2r—1
Tortith = Topiirk/ Fortiqe ond TQ5 71, = Q5 144/ FQor 14k »
then we have the following exact sequence instead of double EHP-sequence:

This makes simplify computations of the k-stem groups.

Stable type family.

For a stable generator ¢ € 77, we consider a stable type family éonverging

to &, and denote it by St . (€) = 3, Sarfl . (€).

Usually, non-trivial Sg:ill +x(€) is generated by an element £(2r + 1) such

that { = E*(£(2r + 1)) and E(£(2r + 1)) = £(2r + 3). The minimum of the
degree 2r + 1 of such £(2r + 1) is denoted by u(¢).

We exclude the alpha families Ay ng—1 from stable type family.

£ = (B is exceptional. S’g,’ff%+pq(ﬁ1) =< B1(2r +1) > Z/p for r > p,
] Z/p2 forr =p—1and Sg:'_"]]:_*_pq = Ag:i-i-{-pq forp—1>»r>1.

The followings are a list of generators ¢ of 77 /A7 for k < (p® +p)g — 3, in
which z and X indicate invariants given by

z=1((2tp-1)) € WQ%E;—I3+1¢ and J(X)=¢(2tp+1), X € WQ;:;—l2+k'

E=0; € ﬂ-é‘p+s—1)q—2’ u(Bs) =2p+3, fors>2, x=b,, X =B,.

E=oa108;s € wap_,_s)q_,d, uw(a1fBs) =5, for s> 2, © =abs, X = AB,.

E=p0] € Wqu_zr, u(fi)=2p—1, forr>1, z=0b", X = B".

E=a1ff € ﬂgp+1)q_2r_1, u(oaf7) =3, for p>r>1,z =ab", X = AB".

§=B1Bs € TG pioprs1)g_ar—z WBIB) =201, forp>r>1,5>2,

z =0b"bs, X = B"B;.
§=a18]8s € W‘(S;,p+sp+s)q_27,_3, u(onBiBs) =2p—1, forp>r>1, s>2,
z =ab"b;, X = AB"B,.

E=¢€ ﬂa2+i)q_2, u(e;) =2(p—4)p+3,p—-1>i>1, z=¢;, X = E;.

E=¢; € 7'-502+i)q—3’ u(e})) =2(p—i-Lp+1, p—1>i>1, s =¢), X = E},
where 8, = ¢,_; and €, = aje;_; forp—1>4 > 1.

Remark that €;(2r + 1) cannot express as a1 (2r + 1) o €;_1(2r + g) when
2r+1<2(p—1i)p+6=ule-1)—(g—1).



Removable familly

An Efamily R}, = Y Rortl. . is called as a removable family if A :
RyPt o~ RyP1. . is isomorphic for all s.

The word "removable” means that in the computation of the k-stem group
we may exclude removable families together with their belonging invariants.

Any stable type family cannot be removed since it induces non-trivial invari-
ants by IJA-sequence. Thus every removable family has finite number of terms.

Example 1. Single family
There are many number of removable family which consists of only one term
PR = Rg::i+k‘

Proposition 0.6 Let z € ngz;_l3 1 ond X € WQ%;; i2 +k be invariants corre-
sponding to € € i and let ax € Qv %, and AX € 7Q55>35 14 corresponding
to 1€ € TR o s

(1) HP(z)=(t+1)az and HP(X)=(-t)AX.

(2) Assumet#0,-1 (mod p), then R3;>1, \ =<P(z)># 0 and Ryl =
<P(X)># 0 are removable families of single term.

Example 2. Alpha-beta family

Proposition 0.7 Let ax be the invariant of Proposition 0.6 of the case t = —1
(mod p) and bx € WQEE:ZT§ZE5 4k O Gnvariant corresponding to B € € Wfq_z e

Then there exists an element wuazx € Wzé::f)):_lz + Satisfying

H(uaz) = bz and EP~2(uazx) = P(az).
If vaz and P(ax) are of order p, then a removable family R +tq—34k 1S given

by R0 s =< Aluaz) > and REETEHL | — < Bi(uaz) >.

Proposition 0.8 Let x and AX be the invariants of Proposition 0.6 of the

case t = 0 (mod p) and BX € WQ;E::]H;—I 4k N invariant corresponding to
2(t—p)+1

Bi€ € ’R'psq_2+k. Then there exists an element uAX € To(t—1)p—1-+k satisfying
H(uAdX)=BX and BP2(uAX)=P(4X).

IfuAX and P(uAX) are of order p, then a removable family R: +tg—2+k 18

given by RZ(PFHI-1 =< E'(uAX) > and R, . =< P(z) >.

2(t—1)p+2i—1+k tp—34k —
t= -1 (mod p) t=0 (mod p) t#0,—1 (mod p)
ABX bz
\o ,\o G
N N
BX ax BX ax ax
’\. — s = .’\’\.\ )\.’\
AX =z A,{ z
[
N

X



(/7&»
Teop mod AX . ® RE © A

=271 2r4-1 2
Table of T3 ¥) k= Tap i1k (A2:1i+k®R§:Ii+k)

2P +1 3 2p—1

b AB b (P = 0)
2q — 8 e = = 10
5 ab”“3b2
pq @ T @ ST vt ettt e e s e i e e e e =.::>ﬁf—2/82

ABs b
p2q+q_3 % 2.:.: ............ :.:>€I
B B

p2Q+q_2 2 o =90 = =0 > €]
; bp_zbz
pq_{_q....]_ @ T B T ettt et e ettt ettt e e e _.:}alﬁp 2[62

abP—i=2b, >
p q..}_zq q+2rb T R = e :$ﬂ1—1_1/8i+1

AB; b1
p2q+zq_3 .z+.:.= ..................... =‘$€”L
X Biya B;
pq+zq_2 PN R =.=>€’L
bp—z—lb +1 ,
P q_|_7lq_|._2z_.1 .:.:. ............................. =.:>alﬂf_z~l/6i+l
p q+pq_q_5 .:.:b.z; .................................. :.ﬁalﬁlﬂp—-l
a
p2q+pq_q._4 [ e e I T T T T T :.:}ﬂf-i_l
P’q+pg—q-3
2 Bp—1
p q+pq_q_2 @ == @ " +t et et = e —» ep_l = ﬂp
......... bp+1 (2p_1)
P’+pI—5 @k 3% 3%
Brtlel | e ey e

2 B2
PPa+pg—4 o BEXT  2 s s PO = Q1€p_q
\ S B By B w b P
pq+pq_3 .__f ._)*_}*_)o-—-o_ ............ :o-—:}go
9 abP~ 2b2
pq+pq__2 M=K R :.:,ﬁf—lﬂz
......... » bp+1
pq+pq+q 5 *__)‘_‘— ................................. =0 = !

o Bt hd Bie
P’q+pg+q—4



k-stem groups near ¢

Lemma 0.3 Lete| =¢' and E] = E'.
(1) 7(ei) =ejyy andT(B]) =El; for p—2>i>1.
(2) There exists ue' € Wgz g+pg—2 Satisfying
H(ue') = b**1  and EP~3(ue') = P(e').
Tims Rg:j_'zl,z gtpa—t =< E""1(ue') > for p>r > 1 construct a removable family
“wtp2q+pg—5 (e).
(3) There ezists uE' € Wgz +pg_1 Satisfying
H(uE') = BP*!  and EP3(uB') = P(E").
Thufs Rgzizlﬂ +pg—3 =/< E~Y(uE') > for p > r > 1 construct a removable
Jomily Ry, oo\ 4(B).
Theorem 0.6 For p?q+pg+q—5 >k > p’q +pg — 5, we have the following
decomposition of ke
Torkr = Al O R, OSE (O Ei
where R} +h consists of single family, alpha-beta family and ones in Lemma 0. 3,
¢ = go,ﬁf“zﬂg,ﬂle' and Ey . oceurs in the case k = p’q + pq — 3 with the

following structure :

1 o . o
E22:-+|-_p2q+pq—2 = Z/P“‘f_ou;il,p and = Z/p2 forp >r >‘1,

. FRr+1 273 . T o e
E : E2r+p2q+pq_2 — E2r+p2q+pq is bijective for r = p — 2 and .surjective for

r=p—1 and it has CokertE = Z/p forp—2>r > 1,

! ' ]

€, o€, _ e
P2Q+pq—4 I;%-Epig—)"'—-)o—z-’}O:o——).
-2 - E. w P
Pa+p-3 TS B,_m Y —o=sp
p2q+ __2 abp—262
\@\Mmﬁ_.z.: --------- :.:}ﬂf—lﬂ2

,,,,,,,,, e ——¢ S
, vw bPt!

— - e T T T T T T T — +
P q+pgt+q 5¢-Bp;1 . » = fre
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