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Abstract 

The (n + k)-dimensional homotopy group of n-sphere is denoted by ma44(S"). The 
determination of the group 7,44(S") is one of fundamental problems in algebraic topol- 
ogy, and the group is investigated by decomposing into the p-primary components 
pTM+k(5”) for each prime p. In the present work we consider the case that p is an odd 
prime, in particular the case p = 3. 

For a fixed integer k, the groups 7,4(S") are isomorphic to each other in the range 
n> k +1, and as the limit the k-stem stable homotopy gruop a2 = lima th 44(S") is 
obtained. The stable groups a§ are computed for quite large values of k. For example, 
its 3-primary component 37{ is determined for & over one hundred. 

On the other hand, unstable groups Tntk(S"), (n < k +1) are not so good es- 
tablished. The 3-primary components 37n44(S") were determined for k < 46 in 1967. 
Since then we have less information abount them. In the present paper we shall give 
tables of 37,.42(S") for k < 80. 

By virtue of Serre decomposition ,741(5?") & et (S?") © pmigs(S*), it is 
sufficient to compute »7%n44(S") only for odd n = 2m — 1, and our main tool is the 
double suspension homomorphism £? contained in the double EHP-sequence 

Eb QE) a (S91) Ey a S248) (QR) By. 
Here, Q}”~" is a homotopy fibre of the double suspension map S?TM-1 —, Q2,g2m+1, 

and its homotopy groups are verified by use of the following IJA-sequence: 
vey arega(S?1) Ey (QR?) megg(STM1) Sy ary 4(S2TMA) Fy, 

The computation of the k-stem groups 3%+k(S") is done by induction on &, from 
the results of the stable k-stem groups. Several old methods are renewed by the re- 
sults of many researchers including Oka, Dyer-Lashof, Nishida, Selic, Cohen-Moore- 
Neisendorfer, Gray and Harper. 
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1 Introduction 

Denote by 7;(S") the ith homotopy group of n-sphere S". The purpose of the 

present: paper is to determine the p-primary component p7;(S") of m;(S") for odd prime 

p, in prticuler p = 3 , from several results on the stable groups ag = lim m44(S”)- 

By Serre (28],[29], 7:(S") is finite except 7,(S") & Z and tam_1(S?”) & Z@ (finite), 

and also we have Serre decomposition 

prin (STM) & pm (S?") @ prigs(S*TM"). 
So, it is sufficient to determine the group p7;(S") only for odd n = 2m + 1. Usually, 

the determination is done for each sequence of the k-stem groups 

(1A) prtasn(S®) > parssa(S®) 2 preg (S?) Sp oe ree SS gm 
connected by the double suspensions £”, from the knowledge of the lower stems and 

the p-primary stable group prg- 

Our main tool to determine 7;(5?"*") is the following double EHP-sequence : 

(1.2) oe <2 Es (QB) Pe (S91) By ipa?) he ma Qrt) Ae, 
where Q2”~’ is a homotopy fiber of the double suspension map i? : S?"~? — 07.9241 

H and P are double version of Hopf invariant and Whitehead product respectively. We 

call here the elements of 7;(Q3"~') as the invariants for convenience. 

Homotopy groups of Q3”~| may be computed by the following IJA-sequence which 

is exact after loclized at p: 

(L8)m os 29 mga S24) Ae maga( SP) (QE) 
4 Tina(SP tt) Ay rigs (S21) 

where Ao E and Eo A are p times, and J o H = Hy: mi43(S?""") + miy3(S??TM*) is 
the James-Hopf invariant. 

Several lemmas for iterated suspensions in Toda[38] are reformed removing dimen- 

sional restrictions by use of Moore-type representations, exponential theorems Selic[26], 

Neisendorfer{19], and results of Gray{7], Harper{10] and Oka[21]. 

We shall give tables of p%.4x(S”) for odd n by a symbolic way. 

For example, the table of 10- and 11-stem groups for p = 3 are presented as follows. 
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n= 3 5 7 

k=10 e004 e=<fy> 
k= e—+0 = 0 =<aH> 

where @ and o indicate cyclic groups Z/3 and Z/9 respectively, = indicates isomorphic 
double suspension E?, —+ does a non-trivial E? which is not isomorphic. The last 
terme = < A; > means that 377419(S") is in stable range and isomorphic to the stable 
group 37 generated by the element /;. Similar foro = < >. TE gtaye(S") is a 
direct sum of many number of cyclic groups then the group in the table is represented 
by corresponding symbols e, 0 or > & Z/27 stacked together vertically. 

The computation is presented by using the following collection of exact sequences 
(1.2)m which is called computation diagram. 

m144(Q3) T44(Q3) T3+4(Q3) 
rasn(S?) 2S raay(8) 25S" Toe(S7) By... 

m(Q)—rasn(Q)—maunlQ8) 
rail) 2 ren) 2h anal) Bye. 

Computation diagrams are also symbolized. For example, the above cases k = 10,11 
are computed as follows. 

n= 3 5 7 
a2 ay 

XN XN 
k=10 o— 0 > 0 =<f,> 

XN 
Ag A é 

X\ X 
k=11 oo = o=<a> 

Here, roman symbols indicate appropriately defined invariants, the homomorphism P 
or H is erased if it is trivial and remains only the arrow if it is non-trivial. 

An unstable version of the stable a-series {a, € pS yr > Iq = 2(p — 1), 
is a typical example. This is, for each r, a collection of elements in (rq — 1)- and 
(rq—2)-stem groups and corresponding elements in pTM:(Q;”"*) such that they generates 
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direct summands, with an exception pmp2_3(S7?~!) = Z/p?, which are closed under 

EHP-sequences, as is shown in Gray(7]. The collections are chosen such that they are 

compatible with IJA-sequences. This means that in the computation of pm;(S?"*1) we 
can exclude these collections, by remainning few residue invariants. The collections are 

called unstable alpha families. 

Besides of the unstable alpha families there are some collections which can exclude 

before the computation. An element £ € pm;(S’"*") is called simple if E7€ = 0 and 
£ g ImE*. When m # —1,0 (mod p), this is independent of the IJA-sequence. 

So, we can remove € together with the invariants H(€) and 2 € 7(Q?”"") satisfying 
P(a) = €. We call these three elemnts as a simple removable collection. 

There are another kind of removable collection including a pair {€, A€ # 0} which 

is called as short range removable collection. 

The results of 3-primary k-stem groups 372m—142(5°"*") are given by symbolized 

tables as above, divided into two parts. One is old table for k < 55 and the other is new 

table for 56 < k < 80. The first table revives [38], [39] for k < 45 and an anouncement 

of K.Maruyama and M.Mimura in 1998 for 45 < k < 55. 

The first cruicial point lies in 56-stem groups which contain unstable version of the 

relation 38, = 0. This relation holds in $15. Also the 57-stem groups contain the 

relation A?¢ = 0 which holds in S*. 

n= 35 7 #9 I 18 15 

ere>e= =e>+e 

k= 56 { ero 
k=57 eoro+e 

The second crucial points concentrate about the 60-stem, 76-stem and further stem 

groups in deeply unstable range. These cases there are many invariants of not stable 

type, and we have few effective methods which controle them. Our table has some 

ambiguities in the 76- and 77-stem groups of deep range. 



2 Double Suspension and Lemmas 

2.1 EHP sequence 

Let Q} = 2(25"+", S*) be a homotopy fiber of the canonical inclusion (suspension 
map) i: S* ++ 2S"+1 which induces the suspension B : m(S") + mixa(STM*), Then 
we have the following exact sequence (single EHP sequence), 

(21) os Ey maga) 5 (QR) 2s wu(5") Fo mina (St4) 25 
The Whitehead product w, = [l,m] € man—1(S") of the identity class 4, € 7,(S”) 

is an image under P', and if n is even then H’ "(Wn) = 2tan1. This implies the following 
Serre’s decomposition [29] for odd prime Pp. 

(2.1.2) E+ Wame 1 1S") @ miy1(S4"-1) &, Tisa(S?TM), 

where &, indicates a mod p isomorphism, that is, its kernel and cokernel are finite and 
p-torsion free. So, F and wm. are mod p injective. 

Let 5?"+4 — 0(05"*+1) be the double loop space of S?"+1, We use the notation 

Qt = 21? emt gent) . 

Q;”"" is a homotopy fibre of the canonical inclusion (double suspension map) 
# : S?m-1 _, 0252m+1 which induces the double suspension homomorphism 

B=EoE: m{STM-1) —» T(t), 

Then we have the following exact sequence, called (double) EHP sequence. 

(2.1.3) +++ 2s meyg (S24) yw (QR) Fy my(9?TM-2) 2 miga(STMt) 

The homomorphisms H and P are double version of Hopf invariant H’ and Whitehead 
product P', and we refere 1;(Q}"~) as the group of invariants. 

The following naturalities of H and P hold. 

(2.1.4) H(a)o€ 

(2.1.5) Pla)o€ 

It Hao B%) for a € mixs(S?"4), € e x,(S*) 

P(aoé) for aen(Q?), €€ x,(S') 
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As is well known the homology ring of @S?"*" is a polynomial algebra 7,.(9.5?"*") 
= Zul, u € Hom. By the spectral sequence associated to a fibering 

95°41 5 B— 9s*tt 

of contractible total space B, we have 

(2.1.6) (02.9? 9?TM-1) =, 0 for i< 2pm —2and &, Z/p for i = 2mp — 2. 

The same is true for the homotopy groups, and we have the following mod p stasbility 

of homotopy groups of spheres due to Serre [29]. 

Theorem 2.1 (Serre [29]) The double suspension 

BPs ,( S91) —> miya(S?) 

is an isomorphism of p-primary components for i < 2pm —3 and epimorphism of them 

for i = 2mp — 3. 

Let 1$ = lim, 142(5S*) be the stable k-stem group, then the following group is said 

to be in stable range. 

(QL Fom—14e(S°TM 1) &, ap for k<2Up—1)m—2. 
P 

Let S%, = S"Ue'TMU---UeTMU--- be James’ reduced product space [12] of n- 

sphere, which is homotopy equivalent to the loop space 9(S"*") by the natural H-map 

i:$, + 2(S"+4), and we may identify them. 

Let Sp = S"UeTMU---UeTM be the kn-skeleton of Sx, and 

hry : (S21) = SB" > S2eTM = QS?) 

be James’s extension{12] of shrinking map $2" + S3"/S?2", = S?TM. In [34], we see 

that the homotopy fibre of hp is mod p equivalent to $2”, and that there exists a map 

Ty : 2(52,) + 2(57"TM~1) the homotopy fibre of which is mod p equivalent to S?”~1. 

Then by localized at p, we have the following two fiberings : 

(2.1.8) 2%, + 0(5?") 2, 0(97?TM42) ands?” -+ 0(52%)) 7 (S74), 

and combining these, the following mod p fibering : 

(2.1.9) ar(s?em-t) 4 ger? 2, 09(s2m 4) 2, stm). 
-5- 



Theorem 2.2 The mod p fibering ( 2.1.9) induces the following IJA-sequence which is 
mod p exact. 

Be mega) Ly (QRH) Ly mig) Sy ayy (SPMY Ay... 

Note that the map hy induces James-Hopf invariant A, satisfying 

(2.1.10) By = J 0H: miys(STM) —9 (QP) — mri43(SPTM4). 

The map T, was re-constructed by Gray [8] such that the map 

dp DG?" _, E.g2>m—1 

of (2.1.9) satisfies a homotopy 

Oo? ~ Of, QS" _, O8.g2mH1 _, Q.g2m—1 ; 

for a map f, : S?PTM-1 -» $m! of degree p. Moreover Harper showed [10] 

P 0d, ~ US" f,) : BSH _, Q.g2”m—1_, 93 gapmi1 

Then we have 

Lemma 2.1 The following two compositions are both p times maps: 

Aok’: pm (S?PTM-1) pTiy2(S?PmTM1) pms(S?Pm1) | 

BOA: pting(S?PTMt) 5 pm (S771) 4 M42 (S741) | 

Note that the following naturalities hold. 

i (2.1.11) I(ao BE) T(a) o£ for a € mix2(S"), € € 0;(5*) 
J(acé) = Ha)oB€ foraen(Q?), £ €2,(S*) 

A(ao Bt) = Afa)oH€ forae Tixa(S?"), € € a;(S!) 
Hy(aoB) = Hyla)o BE foraemu(STM), € € (5) 

The following exponent theorem was established by Cohen-Moore-Neisendorfer [3], 
Neisendorfer [19] for p = 3, and Selic [26] for m = 1. 
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Theorem 2.3 BTM(pr(S?TM**)) = 0 

‘This theorem is based on the fact that for a suitable H-structure on 0°S?*? the 
p-th power p? : 2?S?m+1 _, 9257+ of the product js is deformed to a map rm : 

07.52"+1 _, 52-1) that is, 

(2.1.12) BP Pom : (A281, S2m-1) 5 (N7.g241, g2m—1) 

It follows 

2m— Lemma 2.2 ,7;(Q3"~*) is elementary, i. ¢., p(pmi(Q2 1))=0. 

By Theorem 2.1, B? : pmj(S??"-1) + pmiy2(S??TM*") is bijective for i < 2p?’m — 3. 
P P 

From the exactness of IJA-sequence it follows 

Proposition 2.1 For i < 2p’m — 3, we have the following split exact sequence. 

0— T3243 @2/p— omi(Qz” =) —_ Tor( 13 29m42> Z/p) — 0. 
We refere the above case as meta-stable range. 

2.2 Homotopy groups of S? 

Consider the mod p fibering (2.1.8) of the case m=1: 

(2.2.1) 2, 9 82, * ser. 

Let foo : S2, 3 CP = S?UetU---UeTMU--- be an extension of the identity of 

S*. Since CP... is an Eilenberg-MacLane space of type (Z,2), a homotopy fibre S3, 
of fo is a 2-connective fibering over S?,. S2, = 05? for a 3-connective fibre 8 of 53. 
The restriction f, over S? of f.. is a 2-connective fibering : 

5? P% 9? 4 CP... 

Since 52? = 07°"? is 2-connected, the fibering (2.2.1) is lifted to the following mod p 

fibering : 

(2.2.2) 5h, Ly SH, Ay ge. 
oo 
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Since H*(52,) is a divided polynomial algebra and H*(CP.,.) is a polynomial alge- 
bra, the relations f3,(e”*) =k! e* hold in cohomology classes. 

In particular, the map of 2(p — 1)-skeleton Joa: SB. > CPyy = S%-1 gt 
becomes a p-equiavalence. fp-1 induces S*-bundle map 

fp : Sy — grt 
which is also a p-equivalence. Then we have a p-equivalence 

(2.2.3) g: st, on such that deg(fp-109)=1 (mod p). 
From the fibering (2.2.2) we have the following mod p fibering 

(2.2.4) get 2, 98 Fy ogi, 

Proposition 2.2 The mod p fibering (2.2.4) induces the following mod p exact se- 
quence. 

ve By (S94) So 55 1(S8) B meaa(S?H) AS m_1(S?-4) §, 
This exact sequence is equivalent to the JA sequence of Theorem 2.2 of the case 

m = 1. In fact, Q? is homotopy equivalent to 0353, but the relations with the compo- 
sition are a llitle better than (2.1.11). 

(2.2.5) Got) = Ga)okE forac a(S), € € 2,(S*) 

Fao kt) = Fila)okE for a€mn(S), €€ m(5°) 
A(aoB) = A(a)o€é Sor a € mi43(S7*"), € € 15(S) 

Let a : 27S??+! _» S?P-! be the inclusion of the homotopy fibre of the map 9 : 
SP, 058 . In [27] Selic showed that 9, is homotopic to the map 1 of (2.1.12). 
Then the Lemma 2.1 holds for the A of Proposition 2.2. 

(2.26) A(B%)=p-€ and E*(An) =p-n 
Let K' = S?_, U, e? be the mapping cone of the composition 

G = pp-1 0G: SP — SF, Sy. 

-8- 



Since CP, = CP,_1 Ue” is a mapping cone of S'-bundle map 5?°-! — CP,_1, the 

map fy-1: 53_, ~> CPp-1 is extended to a map 

J K' = S?_,U,e? —+ CP, = CP,_1 Ue? 
P g P P 

such that the top cells are carried by deg = 1 (mod p). Since a” = g'(x) for ¢ € 

H?(X;Z/p), it holds 

(221) ple?) = (ey =e” 

for the orientations e? and e?? of the bottom and top cells of X = CP,, respectively. 

By the naturality of g! for f, the above equation holds also for X = A’ = S21 Ug e?. 

Let. 

(2.2.8) Gis? 4 8? 

be the adjoint of 10.9 : S’?-! + S?_, + 08°, and let K = S*Uge??*" be the mapping 
cone of G. Then we have a map SK’ — K of degree 1 on the bottom cells e* and top 
cells ¢??+!_ By the naturality of g' it follows 

(2.2.9) pi(e’)=e in H'(K;Z/p), K =S Uae. 

The homotopy class {G} of G belongs to 72)(S*) = Tp(5) =, Z/p. Theorem 2.2 
shows that the order of a{G} is p for some integer a = 1 (mod p). Now, we change 

the map @ in (2.2.3) by its a times, then the homotopy classes {G} and {i og} are of 

order p preserving the properties (2.2.3) to (2.2.9). We denote the class by 

(2.2.10) (3) = {G} € m2p(S*) &p Z/p- 

Since the class {109} € map1(S2) & m2p-1(S2,) is order p, the map iog : S*P-! > SF 

can be extended to a map 

ov”, gt) (82, Sy 

Lemma 2.3 The degree of § on top cells is —1 modulo p. 

~g- 



Proof. Consider the following commutative diagram 

Tps(S-1) HE, Tap_1(S2_4) tty Top_1(S?P-1) 
mls I 

Tap s(S 1) tap s(S1) MS tp a(CP pt) 
of» of of 

Tap(¥7, S41) B+ arap($2, 82 _,) > mag(CP,, CPp1) 
x xp 

Let a be the degree of fra © Gs, then a = 1 (mod p) by (2.2.3). Let x be the 
degree of g,. The commutativity of the above diagram implies pxa=axpl. Thus 
2 =a/(p—1)! = —1 (mod p). ia] 

In the mod p exact: sequence of Proposition 2.2, we can replace miaa(S3) by isomor- 
phic 7;41(S*) for +143. Then the homomorpisms G and H, are replaced by G and 
H, respectively, given by the following maps : 

= hy SrP-1 Fy gh Ay iP | 

The shrinking map x : ¥?? + S$ = Y°/5P-1 induces an epimorphism 

Tap(S??) —s [Y”?, S”)=Z/p. 

Then m*(atzp) = [zr] = 7*(tzp) if and on If a = 1 (mod p). Lemma 2.3 shows 7 ~ 
Y? -y S?P, and we have the following homotopy commutative diagram : 

—7: 

GS-1 _f , yp = . gap 

(2.2.11) |; al -| 
Qp-1 __9 hip 2 Spt 35 g2 Py ge, 

Theorem 2.4 The following sequence is mod p exact forit+143: 

+ Bs mega SP) Ay ui(S2-1) 2, Tiya(S?) A mig (S7H) Ay... , 
where G is given by G(€) =a1(3)o B(E) for Ee pmi(S?P-1) 
and the Hopf invariant H, satisfies 

Hp{oa(3), Pip, EQ} =-B(6) for € € ni(S*-1) with p-e =0. 

-10—- 



Proof. The adjoint of g represents a(3), the first relation follows. For a coextension 

€€ miys(¥”?) of €, the adjoint of 9.(6) belongs to {a1(3), pt, B(€)}; and the adjoint of 
m.(€) is E?(€). Then the last relation follows from the commutativity of (2.2.11). 0 

The following lemma will be applied to investigate the homomorphism A in Theo- 

rem 2.4. 

Lemma 2.4 If E?(£) =0 for € pm:(S??-*) then € is an image of A. 

Proof. Since E(G(€)) = E(ai(3)) 0 E?(€) = 0, it follows from (2.1.2) that G(é) = 0. 

By the exactness of the sequence of Theorem 2.4 the lemma follows. Oo 

2.3 Representation of invariants 

In [38], we used the following representations of invariants in m(Q3”"*). 
We denote an invariant x € pmi(Q}"*) by the symbol 

(2.3.1) r= Q(é) 

if there exists an element £" € m42(S?”"~!) such that 2 = [(€') and the stable class 

& = ETM(E") is not divisible by p. 

Also, we denote an invariant y € ,7;(Q3~') by the symbol 

(2.3.2) y=9"(n) 

if the stable class 7 = E*(J(y)) is non-trivial. 

Both invaiants QTM(£) and Q”(7) are said to be of stable type. Remark that these 

invariants are not fixed only by the stable classes € or 7. QTM(£) depends on the choice 

of the elements é’. Q”(n) has the indeterminacy Ker(E® o J). 

On the other hand we use a reperesentation of invariants given by Moore(i7]. 

It follows from (2.1.6) that we can choose a map 

-l- 



(2.3.3) Gm 2 YPM? 5 Q3m-1 

such that following diagram is homotopy commutative up to non-zero mod p coefficients 
of # and # . 

S2em-3 z Y2m-2 _ G2vm-2 

(2.3.4) |e [om fe 
22,S2~m—-1 Qaet 03 S2pmtt 

By considering the corresponding diagram of homotopy groups we have 

Lemma 2.5 If E?: yxi(S?TM-3) + ymi42(STM-1) and Bt: 7¢—1{S?Pm—3) 5 P Pp P 
pmex3(STM+8) are epic, then gan: ymi(¥TM-2) —» »TM(Q3") is also epic. 

We refere an image gmm.(7) € :(Q3"“) of y € m(Y??"-?) to be Moore represented, or 
simply, M-represented by -. 

Denote the adjoint of g: Y?? > 05° by 

(2.3.5) G,: Y7#1 = gu, eH _, 3. 

This map G; will be used instead of g; : ¥2?-? + Q} of (2.3.3). 
An image of Gi(y) € mizi(S) of y € Ti1(Y7"1) is called to be purely M- 

represented by +. 

2.4 Primary computations 

For the sake of simplicity, we omit the symbol of the p-component as folllows. 

241) m(STM*) =, mS), mB) =, mS) and m(Q3"-1) = yms(Q2-) 
We apply the exactness of EHP-sequence (2.1.3). 
The computation of unstable groups is done by induction on & for each k-stem 

SOUPS Tam41+4(S?"*") by using the following diagram called computing diagram. 
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mae(S?) 2 maae(S®) 2s noge(S7) 2 mase(S®) 2 -- 
\p \P \P \P 

7346(Q1) m244(Q3) ma4e(Q3) me44(Q5) 
NG NE Na Na 

moan(S*) 2s mse(S°) 2s rae(S?) 2 rose(S*) Ss 
\P \P \p \p 
mra4e(Q3) m5.44(Q3) Tr+K(Q3) 

We shall compute k-stem unstable groups TM+42(S") for k < pg ~ 2, where q = 

2(p — 1). 

First we quote the results of the stable group. 

(2.4.2) wea =<a,>2Z/p for 1<r<p-l 

mg =0 otherwise for 0<k<pq-2. 

Here the element a is the stable class of ai(3) € m(9%), and for r > 1, a, is 

defined inductively by 

(2.4.3) a, = {a1,pt,a,1} mod a oO mE_4)q- 

The invariant of these range are all stable type and computed by Proposition 2.1. 

In the computation diagram, we remove trivial group m(Q3"~') = 0 and replace non- 
trivial group of invariants by its generator. 

For the case k = q — 1 = 2p — 3, the diagram becomes 

Q() 
Na 

rel) Ey neralS*) Ss myie(S) 
where E? are isomorphic since H(tm+q(S?"*!) = 0 and P(ttam+q(Q3""") = 0 for 
m>tl. 

Define ay(7) € g4n-1(S") by 

ay(n) = ETM3a,(3) for n>3. 

Then 74+2m(S?"*1) is generated by ay(2m + 1) for m > 1. 
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Next unstable groups appear for k = 2q — 2 and k = 2g— 1 and the diagram is 

Q*(a1) 
NH 

Tagti(S*) Ss ragia(S*) 2 Tagis(S?) 5 > 
Rp 

J(u) O() 
\ a \a 
agia(S*) Ey agalS®) 2s magiolS*) 2 

By Theorem 2.4, a2(3) = {c1(3), play, Bay (2p — 1)} € T2q42(S°) corresponds to 
on (a1). Also the stable class of a2(3) is aa. It follows that E? of the bottom line are 
isomorphic and that H(79;4(S°)) = 0. Then P #0 and 72q43(5°) = 0, which is also 
a consequence of mg,» = 0. 

If p > 3, we can continue this sort of discussions, before new stable generator 
By € prS,_y appears. 

Define a,(n) € tnirq1(S") for n > 3 and 1 <1 <p inductively by 

@-(3) = {a1(3), Ptap,ara(2p)} and a,(n) = E*-*e,(3). 
Then we have 

Theorem 2.5 The non-trivial unstable k-stem groups for k < pq—2 are the followings. 
PM 2mtrg( S241) =< of, (2m + 1) >& Z/p for 1<r<p-1 and 1< m, 

PMIpm—(S") =< PIQTM*()) >¥Z/p for 1<m<p, 
PM amtrg—1(S7TM) =< PQ” (a4 m1) >& Z/p l<r<p and 1<m<r-1. 

Next consider lower dimensional homotopy of Moore spece Y"#1 = S" Upe"*! which 
is a mapping cone of a map f,: 5" + S” of degree p : odd prime. Let 

(2.4.4) gn ey gn jy yet _*, gmt fy gutt 4, ynia zy 

be cofibering sequence. Since the map G : S?? -» 5? represents the generator a4(3) € 
Tap(5*) of order p, there exists an extension of G over Y2t! : 

(2.4.5) G:Y+ _, 53 such that G=Goi. 
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Consider the composition f,0G : Yr+! + $3 + $3. 5? is an H-space and Y”?** is 

aco-H-space. Then f, o G is homotopic to p times of G which is homotopic zero since 
p times of the identity of Y??*" is the same. So, we have a coextension A of G : 

A:Y?*? _5¥* such that moA=SG:Y? —4 StandroAoi=SG. 

We denote suspensions of A and their classes by 

(2.4.6) A(n):¥"TM*1—4Y" and a(n) € [¥"*4,Y"] 

for n > 4, g = 2(p — 1), and call thern Adams maps and Adams classes respectively. 

The r fold composition of a(n) = a'(n) is defined inductively by 

a’(n) =a" "(n+ qgjoa(n)e[Y"",Y"] for n>Aandr>1, 

and the r-th member «,(n) of a-series is defined by 

a,(n) =%0a7(n) om E Tarkg1(S") for n>Aandr>1, 

where i and denote, by the same symbol, the classes of i: S*t#-t 4 y"+*9 and 

a :¥" — S® respectively. Here, we must add the definition of a,(3), r > 1 by 

a,(3) = G.(a"1 on). 

Since the class a*~!(n-+q)om represents a coextension grtta-l _, y"+9 of a,_3(n+q-1), 

we have forn > 3 

(2.4.7) a(n) = {ar(n),Pinsg—ts O(n +g —1)} mod ay (Nn) 0 Tagega(S"47"). 

‘This is compatible with the definition (2.4.3) and we have 

(2.4.8) a, =E*a,(n) em, for n>3. 

Let [Y, Y], = lim,[¥"**, ¥"] be the stable self homotopy groups of Moore spectrum 

Y = {¥"+"} which is computed by the following two exact sequecnes : 

Foe, te a Spe. ae “Py nS “2+ me (Y) 2 m8, 7 ab, i ke par k-1 
mu-a(¥) Ls w$_4(¥) 29 [Y, Yn > m(¥) 4 me), 
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where 7 = [S,S}, and m(Y) = [S, YY]; for the sphere spectrum $ = {S"}. 
Since fp. and Ff, are p times we have the following split exact seqeunces : 

(2.4.9) 0 — + mf @ Z/p > m(¥) Tor(n$_,,%/p) + 0, 

O 9 mea(¥) 7 [¥,¥}, = m(¥) 3 0. 

Since the identity class ly € [Y, ¥]o is of order p, m(Y) and [Y,¥]}, are Z/p- 
modules. 

For 0<r<p,a3_) =< a, > and o, = 7a, then it follows from (2.4.10) 

me, (¥) =< dai > and 1S (Y) =< a> 

where 6 =ion€ [¥,¥].4. 

Proposition 2.3. [Y,¥]) =< ly >& Zip [Y,Y]1=<6 >= 2Z/p. 
For0<r<p, 

LY, Y}q =< 0" >2Z/p, [Y,V]q1 =< 6a", 0°6 >& Z/p@Z/p, 
[Y, ¥]rq-2 =< dad >= Z/p . 

The other groups [Y,Y], are trivial fork <pq—3. 

Since Y" is (n — 2)-connected we have 

(2.4.10) EB@:[¥Y"* YS TY,Y}, for n>k+3. 

We shall use the following convension. 

Ifa stable class ¢ € [Y, Y], is an image of ETM, then &(n) € [Y"**, Y"] indicates an 
element satisfying E°(E(n)) = €. 

Similarly, for £ € mf, &(n) € TMm4x(S*) satisfies ETM(€(n)) = €. 
This notation é(n) is not necessarily unique, but we can choose {&(n)} such that 

E(E(n)) = €(n + 1) whenever they exist. Sometimes, instead of &(n) we use simply €, 
€ in S* or € in Y". 
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3 Iterated Suspension and Lemmas 

3.1 Homology of iterated suspension fibre 

The 2k-fold iterated suspension 

R* : m(S?TM-1) — Tigan( Sm 14?#) 

is equivalent to the homomorphism induced by the canonical inclusion 

pk : gr — Qk g2m—142k 

We give a homotopy fibre of i as the path space 

ia 1 (9PE Sem NK 2m) . 

The fibering Q2"-! 4 S?m-1 —+ 0?kS?"-142 induces the following exact sequence 

including E* : 

BA am—142k HOD m1) POD amt EP pam—i4+ak HOY) 
(3.0L) oes m(Qy') — —> Tye toy 

where we write simply a? = 7;(S") - 

From the triple ((22*+2" S2TM—1+2k+2h, (2k g2m—142k c2m—1), we have a fibering 

(3.1.2) Qa ai, Oar >i, PRQRe 13k . 

‘Then the following sequence is exact 

(3.1.3) - oe mi(Qag') a4 mil Q3rian) —Ay Tipae(Q3p PP) 
2s (Qed) 

It is well known [4] that mod p homology ring H,(0"S"*") is a free commutative 

algebra over Z/p and the injection of 9"S"*" into the infinite loop space Q(s") = 

lim, 0°(S"**) induces an injective homomorphism of rings. Dyer-Lashof operation, 

modified in [20], 

Qs HANS") — Hirsh WS"), 1 = 2p ~ 1) 
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is defined such that it is compatible with the homology suspension and Q%| (x) = 2? for 
& of degree 27. 

Starting from H.(S?"*1) = A(u), we have H,(05°""1) = Z/plu] and 

H(M S41) = A(u, QTMu, Qu, ---) @ Z/p[AQTMu, AQrrgnu,-++] 
for each fundamental class u and homology Bockstein A, and then 

HDS) = Bf plu, Qa, AQ” AQ", P"QTMu, AQHTMDQM-AQTMy...] 

BAAQMU, QI AQTMu, AQMTMQTMu, QreTMDQPTMIAQMy- +). 

Furthemore, we have for k < pm, 

(QPS — Zi pla, Qu, QTM tu, Qty, AQP Agu, ---] 
@A(AQTMU, AQTM* Tu, «+, AQTMTM* Ay, Q”TM—TAQTMy, -..), 

The mod p homology of the homotopy fibre 

anot _ = (N78 g2m42k—-1 gen ) 

of the 2k-fold iterated suspension :* : $?TM~1 _, (2k g2m+2k-1 ig computed by the Wang 
exact sequence associated with the fibering 

12% g2mt2k— —1 iy Qin~ 1 3 g?m-i . 

Then ¢ induces a surjection of H, with the kernel (u). Thus H,(Q32*?*1) has the 
induced ring structure and the following results hold. 

(3.1.4) HAQz"") = Z/plu, Avy, v2, Aw,-+-] ® (Au, vy, Ava, ++) 

for WU Hoym—a, v1 € Hoy2m—2p-1; U2 © Hayima and we Hay m—apt—1. 

(8.1.5) He(Q327*) = Z/pluo, ta, --+ pa, Av, -+-] @ (Aug, Au, tt, +++ »Avp1,+++) 

for uz © Hapm—azign (OSES k- 1) and ve Hoy?m—2p-1 
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Let 

pi: Hy(X) — Ay-iq(X) 

be the dual Steenrod operation mod p. Then we have Nishida’s relation [20] between 

Q? and pis. In particular, 

(3.1.6) plQ@t! = sQt, plage! =(s+1)AQ'+Q"A (s>0) 

(17) ptQn? = -("°° Yor artes 
(3.1.8) pRAQh? = -("° Pag ragrtets ( a ‘Vara 

Applying (3.1.6) we have 

e(AQrrgnu) = (pmAgrr? + grr Ajgnu = Qr 7 AQTMu, 
e(Qru) = (m+i-1)QTMY Tn, 

pl(AQTM*u) = (m+ dQree? 4 Qmt Aju = (m+ iAQgrentu. 

By the naturality of g}, the same relations hold for the correponding elements 

uj = i.(QTM Yu) € Hamp-2rig Qe 5Z/p) (0 >i <k) 

and v= i,(Q?"QTMu) € Haytm-2(Q3” 5 Z/p)- 

Then we have the following theorem. 

Theorem 3.1 (1) For degree < 2p*m — 2p? — 4 and wy € Hapm—2, U © Hap?m—as 

HAQ?”, Z/p) = Z{pluo, Ap. Av, v] ® A(Aup, pidr, Av). 

(2) For degree < 2p’m — 2p— 3 and 14 € Hapm—atiq (0 SiS k-1), 

H(Q22-; Z/p) = Z[plato, 1, -++ tea] @ A(Atp, Ary, +> , Aun), 

where the following relations hold for O<i<k-1: 

plu =(m4+i-lu1, gpAu =(m+i)Au.- 
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3.2 Simple unstable elements 

In the exact couple associated to EHP-sequences, the first differential is 

d=HoP: Ta3(Q3"*1) m(Q3"). 

Suppose that the d,-image di(z) of an element x € m:43(Q?"*") is non-trivial and let 
€ = P(z) € mi43(S?"*1). Then we have 

(3.2.1) E'()=0 and €¢ImB. 

Such an element ¢ is called as a simple unstable element. 
In the case m # 0,1 (mod p), we say this element € removable in the sense that 

the collection {z,€ = P(z), H(é) # 0} can be removed in the computation of unstable 
groups, since the cancellation of this collection is independent both of EHP-sequence 
and IJA-sequence. 

The above differential d, is induced by the inclusion 

d: 8Q3"4! _, geet 

of the homotopy fibre of i: Q2"-! Q7". Consider the map 

Ym 2 Y 7M? _y Q3m—1 

of (2.3.3). We choose gm such that its induced Map 9m, of mod p homology carries the 
orientation of the top cell to the class ug of Theore 3.1. Consider Gm: Y?POM+Y-2 __, 
Q3""' similarly, and let 

Roma 1 Y2PCHH)-8 — y2pmtg-3 — Qe (a = Ap — 1) 

be the map adjoint to gm4.1. 

Since g,, is mod p equivalence up to degree < 4pm — 5, then there exists a map 

Io : Y?PM4E-3 __, y2pm—2 
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for m > 1 such that the following diagram is homotopy commutatrive. 

Y2pmta-3 fan 5 Y20m-2 

(3.2.2) [somes [om 
osqeett a Qn 

Let 

K(m,2) = YP" Uy, CY? 44-8 

be the mapping cone of the map hy,. Then gm can be extended to a map 9, : K (m, 2) 4 

2-1, and we obtain the following homotopy commutative diagram. 

yrrm-2 _# K(m,2) + y2emte? 
(3.2.3) |» [> [85m 

git is git ts aye 
where 7’ shrinks the subcomplex Y??"~? of K(m, 2). 

These maps gm, 9m+1 and J, are unique up to homotopy. The map 9,, is also mod 

p equivalence up to degree < 4pm — 5. When m > 1, the homotopy class 

Ton = [lem] © [V2PMES, Y20M—2] oe [YEE YOHS 

is uniquely determined. Then we have the following theorem. 

Theorem 3.2 For m>1 the map hp : Y2?TM+9-3 — Y2TM— represents 

Tm = ((m + 1)6a — m - ad)(2pm — 2) € [YI YPM —7T 

This follows from the homology structure of Qj"~ given in Theorem 3.1 (2). For 

the details see Proposotion 4.5 of [37]. Desuspensions of rm are denoted as follows: 

(3.2.4) ql!) = ((m+1)sa — m-a5)(Qpm-2-1), m=. 

In the case m = 1 we replace Q} by the 3-connective fibre 53 of S° since Q? ~ 0333, 
The space Q} is also replaced by the 3-connective fibre 9255 of 0295. Then QPS, 33) 
is homotopy equivalent to Q3 = 0(?S5, S*), and we have a fibering 

3-4 8 4 8. 
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The mod p cohomology structure of S® is verified from the fibering 

55 —+ 5° —+ K(Z,5) 

and 

W(K(Z, 5); Z/p) = Au, p'x, ou, pF olu,---) @ Z/pAp'u, Agtu, Aptp'u, --] 
for the fundamental class u € H® and the cohomology Bockstein A. 

By Adem relation we have 

e'(p'u) =29?u — and e'(Aplu) = Apu. 

Let ws € H??+2(95; Z/p) be the cohomology suspension of pu € H??+3, then by Serre 
spectral seqeuence we have 

H°(S%/p) = 2/plus, pws, prs, --]@ AAs, Aplus, Apres, ---) 
for * < p(2p + 2) with Ag!w, = 2p'Aws, and further, for w3 € H*(07S8, Z/p), 

(3.2.5) HY (0755; Zp) = Z/plws, p'ws] @ A(Aws,Aptws) for * <2p?. 
with Ap'w; = 2p'Aws. 

Similarly, 

H°(QS*;Z/p) = Z/plws]@ A(Aws) for * <2p?. 
Let Gy: ¥??+! 5 be a lift of G,: YP! _, $3, then G; is a mod p equiavalence 

for dimension < 4p + 1. Approximating d : a 3 through gy and G, , we have a 
map hy : Y2°t9 5 Y°+1 such that the following diagram homotopy commutes : 

y2te a, yr i 

(3.2.6) [= ja la 
Qh , —t+ 998 

where K = YU CY+9 is a mapping cone of jy and G2 is a mod Pp equivalence up 
to dimmension < 4p + 1. 

Then similar to Theorem 3.2 the following theorem holds for the class ih of hy. 
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Theorem 3.3 The map hy : ¥*?-? —+ Y?"" represents 

itt = (26a — a5)(2p +1) € [YP 7, YP}. 

As an application of Theorems 3.2 and 3.3 to the simple unstable elements, we have 

Proposition 3.1 (1) Let m > 1. If an element x € min3(Q3"*') is M-represented 
by Ey for an element y € m(Y¥2TM*)-), then di(x) = HP(x) € m(Q?"-") is M- 
represented by 

Pima (Y) = Mm 0 € (YP). 
(2) Let m = 1. If an element x € 1;(Q3) is M-represented by y € 1(Y*?"*), then 

P(x) € ;(S?) is purely M-represented by 

Au(y) = 0-7 € mY). 

For a stable element € € 7%, we denote by £(n) an element in 7,42(S") satisfying 

ETM(€(n)) = €. We define unstableness u(£) of a stble element £ € ag by 

(3.2.7) u(g) = Min{n)3g(n) : (En) = 8). 

Using the notations QTM(€) and Q” (€) of section 3.2, we have the following lemmas. 

Lemma 3.1 If u(£) < 2p(m+1) —5 for € € mg then 

(QTM*"(6)) = PH(QTM*1(€)) = (m+ 1)QTM(a). 

When m=1 the above holds for € of u(é) < 4p - 3. 

Lemma 3.2 If u(€) < 2p(m +1) —5 and pl =0 for € € xf then 

&(Q"" (©) = PH(Q”TMTM"'©) = m-Q" (ak). 
When m = 1 the above holds for € of u(€) < 4p — 3. 

Lemma 3.3 If u(é) < 2p(m+ 1) —5, p€ =0 and af =0 for € € rd then 

a (Q""(6) = PHGTM() = O(n) for 1 € (m+ A) {ors p,£} — mp, ou, g}- 

When m =1 the above holds for € of u(é) < 4p — 3. 
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3.3 Lemmas for p times and A 

Consider the cofibering of the mapping cone K' (m, 2) = Y2em2.y, CY 2pmta-3 

(3.3.1) yrem-2 2. (m2) 2s yoemta2 

Let Le : K(m,2) -+ K(m, 2) be the identity of K(m, 2). 

Theorem 3.4 The p times p-1x : K(m, 2) -+ K(m, 2) of the identity 1x is homotopic 
to the composition 

#0 a(2pm ~ 2) on! : K(m,2) —9 Y2Pm4a-2_, p2mp-2_ K(m, 2). 

This theorem is essentially proved by Gray[7]. Since [Y",¥"] = Z/p, p times of 
identity of Y” is homotopic to zero. This gives a homotopy 

p-Ikwiiofon' 

for some f : Y2rmti-2 _, y2pm-2 and a homotopy equivalence between the mapping 
cone of two maps. The mapping cone of p- Lx is the smash product ¥? A K(m, 2). The 
mapping cone of # 0 f ox’ contains the mapping cone of f as subcomplex. Cnsidering 
g" operations in Y? A K (m, 2) by Cartan formula, one obtains the g” in the mapping 
cone of f and the theorem is proved. 

Let 

hy, Y?emta-4 _y yPpm-3 ang "(m, 2) = Y?em-3 Uns, CY 2emta-4 

be desuspensions of h,, and K( (m, 2) and consider the suspension. 

E: m_1(K’(m,2)) —+ 1(K(m,2)). 

If x € ImE then p-x = (p- 1K),(z). So, as a corollary of Theorem 3.4 we have 

Proposition 3.2 Asuume that an element ¥ € m(K(m, 2) is a suspension image then 
there holds the equality 

P(y) = #(a(2pm — 2) om (y)). 
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Applying this to the commutative diagram 

Tig s(S?TM 4) ey megs (S49) + megs(S?TM*) 
\* wos 

(3.3.2) (Qn) (QP) Ao m3") 
[> [po [p 

nS") = (52-4) Cia miy2( S241) 

we have the following two lemmas which generalize Theorems 5.3, 5.4 of (38). 

Lemma 3.4 Assume that an element x of t:42(Q?"*") is M-represented by E*(y) with 
ht,,.(7) = 0 then there exists an element € € mi(S?"-) such that 

p-€=P(y) and Bt = P() 

for an element y € 1:(Q3""') M-represented by a(2pm — 2) 0 Bey. 

Proof. By the notations of (3.2.3), « = 029m41.(E?7). By the assumption there exists 

a coextension 7 € m:(K(m, 2)) of z such that (7) = B?7 and 7 is a suspension image. 

Proposition 3.2 implies 

(7) = #,(a(2pm — 2) 0 Ey). 

Put F = G,.(7) and y = 9m+(a(2pm — 2) o Ey) for the maps of (3.2.3). The commu- 

tativity of (3.2.3) implies 

(3.3.3) p(Z) =i.(y) and j.(%)=2- 

Then the lemma follows from the commutativity of (3.3.2). o 

Lemma 3.5 Assume that the Hopf invariant H(€) of an element € € mi45(S?TM*) is 

M-represented by E*(y) with hi,.(7) =0 , then there exists an element n € mix3(S?"*7) 
such thot 

p-§= En 

and H(n) is M-represented by a(2pm — 2) 0 E?(7). 
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Proof. Put % = H(£) € mi42(Q3"""), then (3.3.3) holds for y = Gms (2pm — 2) 0 E®y) 
and Z € 7(Q7"-1). Since 

5 — HO) = j.@) - HQ) =2-2=0, 
there exists z € m:(@2”"*) satisfying F = H(€) +4,(z). By Lemma 2.2 pz =0. Then 
i.(y) = p(@) = H(pé) and P(y) = PO (é.(y)) = PH(4)(pé) = 0. By the exactness 
of EHP-sequence, there exists n’ € mi43(S?"*1) such that H(n') = y. Then 

HOWE — By!) = t(y) ~ L(A!) = ily) — ily) =0 
and pf — Ex! = Eng for some no € Tir(S" 1). By putting 7 = 7! + E?q9 the lemma 
is established. 

a 

Next we consider the homomorphism 

As ptign(S7PTM) —+ yx,(S??TM-1), 

‘This homomorphism is induced by the map 6, in the following fibre sequence of (2.1.9). 
Og2emi1 B, Pgrem—1 _y gama _, (S241) mur 2(s?°m-1) 

By Lemma 2.1, the restriciton of the first dy on S??TM-3 is a map of degree p. Then by 
taking path spaces we have a map @, : Q??"*! 5 @2?"-! which induces a homomor- 
phism A: m-1(QP") + m-1(Q7"*) such that the following diagram commutes. 

(4) ' mS) Ey miag(S) By 5, (QpM) FH, g(gtem-s) 
(3.3.4) |» [a |s [ 

mS) Fy riya(Sm 4) Hyg, (ght) _P, (S28) 
Since the maps Jpm—1 : K(pm — 1,2) > QQ? and Gpmn— : Y?Pm-)-2 _, Q2pm-2 

are mod p equivalence up to degree 4p(pm ~ 1) — 5, there exists a map D! such that 
the diagram 

K(pm — 1,2) 24 y?r(em—1)-2 
(3.3.5) [Pena [mm 

2pm—3 6, 2pm—3 ar —+ QF 



is homotopy commutative. 

Since the restricition of D’ on the subcomplex Y?"TM-)-? is a mapping of degree 

p, it is null homotopic. So we can take D' such as 

D! =Don': K(pm 1,2) —» Ym _, pnp)? | 

Proposition 3.3 The above map D : Y2tm-)-2+a _y ym)? represents 

a(2p(pm — 1) — 2) 

up to non-zero coefficient. 

This lemma is Lemma 9.2 of [38]. One may prove this by use of Theorem 3.1(1). 

Lemma 8.6 If Hopf invariant H(£) € mixs(Q3?"") of € € mixa(S??TM*1) is M-repre- 
sented by B?y for an element y € m-1(Y¥7?0"-) 4) satisfying 

hym—1+(7) = 0. 

Then H(A(€)) is M-represented by 

a(2p(pm — 1) —2)o7 

up to non-zero coefficient. 

The following case is a special cse of the abovve lemma but it frequently ocuurs. 

Lemma 3.7 For & € miys(S??"*1), y € 1S and 5 € a3, there hold the following 

relations up to non-zero coefficients. 

(1) H©)=QTM(9) implies H(A@) =F""(or) = HP@TM©) - 
(2) HE)=Qm() and AE) = PO@"(7)) implies 

H(€.05(-+4)) =Q°TM(9) ond A(Eod(i)) = PO”"(18))- 

Proof. (1) follows from Lemma 3.6 by considering the injection image of 52°" C Y?TM?*). 
(2) follows from the naturalities with respect to H, A and P. a 
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3.4 Short range unstable elements 

We consider the second differential 

dz : Kerdy —+ Cokerd, . 

More precisely we consider an element £ € 7(S?"+1) satisfying the following condition. 

(3.4.1) E() 40, Eé)=0 and €¢ImB?. 

This is equivalent to 

(3.4.2) H(Q) #0 and E*(E)= P(x) 40 for some re mine(Q3n') . 

Such a set of elements {€, E7¢} is called as two stage unstable elements or secondary 
unstable elements, 

The following diagram is commutative. 

mS) Ey y(gemtsy ¢P_ m42(Q3"") 
(3.4.3) |e [ae |r 

m3(Q2"7) > 3) PO mia(Qe’) 
Next, concerning the results (3.1.5) we have the following homotopy commutative 

diagram : 

yt #5 (m9) ett yrmetys 
(3.4.4) [>= [im [Poms 

Qn é Qn a O8Qam+s 

where im+1 is coextension of Ae), 2 Y?em+4p-6 _, y2pm+2p—4 

Proposition 3.4 Assume that an invariant x € mix (Q2”**) is M-represented by E*y 
for y & m_4(¥" 4) and 1, (7) =0, then 

ifm 211, By} = A(z). 
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The complex K(m, 2) = Y??TM? Ue H7-5 e2em++2p~4 contains a mapping cone 

ylpms2p-5 _ g2pm—3 | j ¢dpm+2p-5 
Corie = 5 Ve 

of (m+ 1)ar(2pm — 3) as subcomplex. Moreover the restriction of fimys on S27 447-6 
is homotopic to a map 

A: Srmer-6 _y copes 

which is a coextension of (m + 2)ax(2pm + 2p — 6). Then as a corollary of Proposition 

3.4 we have 

Lemma 3.8 Assume m # —1,—2 (mod p) and that an invariant x € mi42(Q3"**) is 
M-represented by E®(i.y) for y © m-4(S?°TM4?-*) and a4(2m + 4p ~ 9) oy = 0, then 

there exists an element € € 1;(S?TM*1) such that 

H(€) € I{ax(2pm — 1), aa(2pm + 2p — 4), E°y} and E(€) = P(z) 

up to non-zero coefficient. 

Similarly, concerning K(m, 2)/ (renal we have 

Lemma 3.9 Assume m # 0,—1 (mod p) and that an invariant x € min2(Q3"**) is 
M-represented by E%y for y © m-3(¥?"*4#?"*) and 1. oy =0, then there exists an 
element & € m41(S?TM*1) such that 

H,(€) = JH(€) € {ou (2pm + 1), on(2pm + 2p — 2), Enq} 

up to non-zero coefficient. 

Let J; be a generator of 75, ¥ Z/p. (3; is given by a long bracket 

Br = {a1,01,-+> an} 

consists of p number of a and it is detected by the secondary operation of Adem 

relation 

pp! =0. 
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In unstable case 6;(n) € Tm+pq-2(5") of B°8;(n) = fy is defined for n > 2p-1, 
which is stable for n > 2p +1 and (,(2p — 1) is of order p. 

We quote from [38] the following two lemmas (‘Theorems 10.3, 10.8) on a little 
longer series of unstable elements. 

Lemma 3.10 Let 1 > 1 and m = pl. Then there exists an element u(2m + 1) of 
Tapm+pq2(S?"+1) such that 

H(v(2m+1)) =1(Qm(6i1)) and ED y(2m +1) = P((an(2mp + pq ~1)) 

up to non-zero coefficient, where v(2m + 2p — 1) = BPP 2y(9m + 1). 

Let Be [y"tee-1, S"] and B € Mntpq-1(¥"*") be an extension and a coextension of 
By respectively for large n. Let 

STMUert Prt UY eTMt”9 and Cy = STM Ue"! U entra 

be mapping cones of 8 and B respectively. Then (; is also characterized by the following 
property. 

(3.4.5) e #0 on Cz and C5. 

We have the other generator @, of Moptt)q-2 = Z/p, which is detected by the 
secondary operation associated to Adem relation 

oP ght = gPPtt +o? wp! 

Lemma 3.11 Assume that m = pn for an integer n A p— 2 (mod p) and n > 1. 
Then there exists an element v4(2m +1) € Topm-+(apt1)q-2(S?""1) such that 

H(u(2m+1))=Q"(hr) and vy, (2m + 2p +3) = P(QTM*?*1(3,)) 

up to non-zero coefficient, where v(2m + 2p +3) = EP y(2m + 1). 
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3.5 Lemmas for a, times 

For m > 1 consider a sphere-bundle over sphere 

semi 4; Bm(@) Py g2mtip-1 

having the characteristic class 1(2m + 1). We consider the boundary homomorphism 

0 in the homotopy exact sequence associated with the sphere-bundle 

v2 Fy gt (Bm(@)) Er mia 1) As (S77) 9 mB (2) 9-5 
then we have 

Proposition 3.5 0,(E*y)=aiQ2m+1)oBy for 7€m-1(S?"). 

Oka[21] constructed maps 

(3.5.1) f : 3*(Bp(a)) — Brnsi(a) for m>1 

which induces isomorphisms of H,( ) for i < 4m + 2p. Let QB,,(a) be a homotopy 

fibre of the adjoint of f, then we have a fibering 

(3.5.2) QBm (a) —+ B(ax) 24 27 Brn s(ce) 

and the following EHP-sequence for B,,(@) : 

(3.5.3) --- 2s mias(Bnas(a)) 29 1i(QBn(a)) 2+ mi(Bm(a)) 
2 

y riga(Bmei(a)) > + 

Furethermore we have the following commutative and exact diagram. 

(3.5.4) 

:42(Bra(a)) > miya(S22P2) > ea (S94) 4 tia(Bn(a)) 
|» |» |e |» 

miya(Brnsi(@)) 22> mega(S2¥2°+1) 25 eyg(S48) > mi¢3(Bmis(@)) 

i ls I i 
mina (QBm(a)) > me (Qe?) 5 (Q7"1) 4 1e(QBa(a)) 

lp |p lp |p 
Tist(Bm(a)) 2+ migs(S?7e-1) 4 (S21) 4 (Bn (a)) 
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Consider the following composition : 

F080 F 2 Hi43( PHM) 5 a (QR) _, mi (Q3"*) + mig (S7POD HY , 

‘The following theorem is due to Oka(21]. 

Theorem 3.5 Up to non-zero coefficients the relation 

J8q1(E*y) = Ai(2p(m + 1) +1) 0 BBy, 

holds for any € m;(S?TM+P-1), 

The boundary homomorphism 8, + m41(Q2"*-1) m(Q3""") is induced by a 
map da : AQ; +7? _, Q3"*!. Approximate the map by Morre spaces, then we have 
a commutative diagram 

Y(m+p)—3 FO), yrap(msa)—2 
(3.5.5) [Proms [ones 

nqente-t da Quntt 

for m > 1, where Buy satisfies 

(3.5.6) TBayi = Bi(2p(m + 1) ~ 2). 

Applyng this to (3.5.4) we have the following lemmas. 

Lemma 3.12 Assume that Hopf invariant H (€) of an element € € Tig4(S?+2P+1) 
is M-represented by Ey for y € a{Y?TM+7)-3)_ If m > 1 then the Hopf invariant 
H(8,(€)) is M-represented by Bay oy. 

If the invariants are stabel type the lemma is applied as follows. 

(3.5.7) HE) =QTM'(9) implies H(A.(8)) = 9" (Bi7). 

Lemma 3.13 Let ¢ € mixi(Q3"*?"}) is M-represented by Ey and y € 1(Q2"*) is 
represented by Buyy. Ifm > 1 then P(y) = 8.P (x). 
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4 Unstable Alpha families 

4.1 Alpha type invariants 

First, recall the relation of Yamamoto(45] in the algebra [Y, Y]. = 0,[¥, ¥]x over 

Z/p of stable self homotopy of Moore space. 

(ALL) 2ada = 075 + a” 

From this relation and 5d = 0 we have 

(4.1.2) abat = tat "Sa + (1— tha5 = 5 -adattt! + (1 - s)da* 

atbatd = datda® = t-att lad 

Next, we recall e-invariant of Adams{1] 

e: wa —+Q/Z. 

In particular, 

Theorem 4.1 Let r = ap” for an integer a #0 (mod p). 

(1) e(a,)=—-1/p (mod 1). 

(2) e(mS,1) C ZA /r)/Z. 
(3) e{p,ar-1, 01} = b/p’t? for some b #0 (mod p). 

From (1) and (2) of of the above theorem, it follows that if r #0 (mod p) then 

a, = navi = i*m,(a") 

is not divisible by p, and 6075 # 0 by (2.4.10). 

By (4.1.2) a5 = r-a?-5ad. Then a?'5a6 # 0 for r # 0 (mod p) and thus 

(4.1.3) o5a5 #0 forall s>0. 

Consequently Yamamoto[45] obtained 

Proposition 4.1 The subalgebra of [Y, ¥]. generated by a and 5 has an additive base 

{ly, 5, 0%, a*5, ok Nc, ak M05; k = 1,2,---} - 
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The results (4.1.3) implies the following 

Proposition 4.2 There exists an element & € Wea uniquely modulo p - Way such 
that iG, =(o" i), &t=a,(xaTM), ide = a’"bad = Sada #0 and 
&, © {P, Or1, 0} = {041 ,-1,p}- 

Proof. We know that a,_101 = 0 since a, and hence 40,1 = G10, are J-images. 
Then 7(a”~Sai) = a,_101 = 0. By the exactness of the sequence (2.4.9), there exists 
@, satisfying i@, = a’-“bai = (a ti)ay. Then id,m = at'6ad = Sada"! #0. 
Since a”~1i is a coextension of a,_1, i, = (a”~ti)ay belongs to i{p,a,1, ay}. Since 
Keri, = pis, 4, @, belongs to {p,a,_1,01}. Dually we have the others. Oo 

(2) and (3) of Theorem 4.1 show that the order of &, is a multiple of p’+!. 

Next, consider unstable version. a(n) € [Y"*#, ¥"], q = 2(p—1) is defined in (2.4.7) 
for n > 4 and d(n) € [¥Y"-1, Y"] for n > 3. They are connected by Za(n) = a(n + 1), 
E®a(n) = a, H5(n) = 6(n +1) and E°6(n) = 6. 

Unstable versions of products are also defined naturally. For example, da(n) = 
5(n +4) 0 a(n), ad(n) = a(n — 1) 04(n) and so on. 

Lemma 4.1 The relation (4.1.1) holds for dimension n > 6, that is, 

2ad0(n) = (276 + 6a7)(n). 

Thus the relations in (4.1.2) hold for unstable case of dimension n > 6. 

The proof is seen in Proposition 4.2 of [38]. 

For r > 0, we define an invariant 

A, (2m = 1) € tapmtrq-a(Q3"-) 

to be M-represented by 

(4.1.4) aFi(2pm — 2) + SPemtra-S _y Yhemra-2 _, y2pm—2 (9, p21) 
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In the case r = 0, Ag(2m — 1) = I(topm—1) # O for the identity class tapm—1 € 

Fapm—1(S7P"—1). We denote this element by 

(4.1.5) w = I(tapm—1) = Ao(2m — 1) € tpm—a(Q2""*) - 
In the case r > 0, J(A,(2m — 1)) = E°(ra*i)(2pm + 1), that is, 

(4.1.6) J(A,(2m — 1)) = a,(2pm +1) £00 in Temrrg( SP). 

Proposition 4.3 The invariants A,(2m — 1) are non-trivial for r > 0. 

We define also another invariant 

a,(2m —1) € tapm4rq-4(Q3"*) for r>0 

to be M-represented by 

(4.1.7) af May (2pm — 2): SPEEA 5 S2PMHODa~3_, 2pm—2 (Ory CPt) 

4.2 Simple unstable alpha families 

By Proposition 3.1, dy-image of A,_1(2m + 1) is M-represented by 

tm © (a" Hi) = ((m + 1)6a — mad)(a?i) = (m+ 1)da" — mada on Y?PTMTM?, 

Since da’i = (ra’ a+ (1 —r)a’d)i = ra’ ai and adaTM'i = (r — 1)a* bai, 

tm © (0°? fo) = (m+r)or bai = (m+r)aTM a, on Y?Pm-?, 

Thus we have 

Proposition 4.4 d,(A,-1(2m + 1)) = HP(A,_s(2m + 1)) = (m+1)a,(2m — 1). 

We denote P-image of the invariant A,_,,—1(2m + 1) by 

(4.2.1) af(2m +1) = P(Ap—m—1(2m +1) € tamtrg a(S") for L<m<r. 

In meta-stable range, a,(2m — 1) # 0 since J(a,(2m — 1)) = i@,(2pm — 1) is not 

divisible by p. Then a{(2m-+ 1) is a simple unstable element when m-+r #0 (mod p). 

In order to estimate the non-triviality of a,(2m — 1), we prepare the following 
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Lemma 4.2 Assume that elements € € 1;(S?"-!) and 7 € 13(S") satisfy 

pE=0, py=0 and E(€on)=0, 

then {Dlom+1, EE, E'n} and {E€, En, pij42} are E?-images. 

Proof. Let C, = S‘U ei! be a mapping cone of n and € : S?C, > S?TM+1 be an 
extension of E?€ : S##? , g2m+1_ 

Let p? ~ ? or, : 07S?" 5 925?" be the deformation of (2.1.12). 
For the adjoint 02€ of € we have 

1? OME ~ Pot 0 MRE: C, — O27 _, Qgamt | 

Let 9 = 1m 0 OG : C, + 5S?” then the adjoint of #0 g is Eg. 
The map 2? o O2E is the adjoint of 

Sc, £, g2mtt é SPQ gImH SH g202 comer ©, game 

where ¢ is the evaluation and f, = ¢0 Sp? oi? : S241 _, gimtt ig a map of degree p. 
Eg ~ f,o€ and fyo€: SC, + S+1 _, 52+! represents —0"{Plamya, BE, E*y} 
for m* + 1343(9°TM") > (YF, 2TM4) This E{9} © —{ptoms1, BE, E’n}o. ‘The 
indeterminacy of the bracket is p - T343(S?TM*") + B¥n:41(84). Since P(7543(S?TM*1)) 
E?(1344(STM)) by Lemma 2.2, the above bracket is an EF? image. 

The second bracket {?€, E?n, Pt;42} is represented by the composition & 0 jit : 
S#*5 5 S2C,, > S?TM+1, where pi is a coextension of Ptj42. The H({E%E, Bn, pij49}) 
is a p-times and zero by Theorem 2.3. Qa 

Proposition 4.5 The invariants @,(2m — 1) are non-trivial for r >0 . 

Proof. J(a,(2m—1)) = E¥((ma?iay)(2pm — 2)) = a,_104(2pm +1). 
If @,_104(2pm + 1) #0 then a,(2m —1) £0. 
So, we may assume that a,_10; (2pm + 1) = 0. Since the homomorphism J in 

(2.1.9) is induced by a map j : Q2"-? + 9352°TM+1 and 3° 9m is homotopic to i? o x : 
Y?Pm-2 _ G2pm-2_, O3.G20m+1 we see that J(a,(2m — 1)) = 0. 
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Then under the homomorphism J of (2.1.9), @,(2m — 1) is the image of an element 

& in {p, a1, 01}(2pm+1). By Lemma 4.2, @ is an E*-image of &,(2pm — 1) satisfying 

BTM(&,(2pm — 1)) = &. 

If a,(2m—1) = I(@) = 0 then B?@ = EH? A(E) = pé for some €. But this contradicts 

to non-divisibility of &,. Thus a,(2m — 1) #0. a 

The results of Theorem 2.5 is extended as follows. 

Theorem 4.2 Assume that r #0 (mod p). 

(1) For m > 1, a,(2m +1) generates direct summand of Tam4rq(S°TM*) isomorphic 

to Z/p. E*a,(2m +1) = a,(2m +3) and H,(a,(3)) = @1(2p+}) ifr > 1 

(2) For 1 <m <r, at(2m-+ 1) generates a direct summand of Tam+rq—1(S2*1) 
isomorphic to Z/p. H(az(2m + 1)) =r -a,—-m(2m — 1). 

Proof. (1) follows from that a, of r £ 0 is no divisible by p. (2) follows from Proposi- 

tions 4.4 and 4.5. 0 

The computing diagram for the above result. is presented as follows. 

n= 3 5 7 vee Qr —5 2r-3 2r—1 stable 
Op Gy Op —3 as a2 ay 
Ne Xn Ke Na Nk \a 

k=rq-2 at(3) a%(5) at(7) +++ a@i(2r—5) — at(2r—3) af (2r—1) 
Ne i NP NP \P 

Aya Apa Ara Ay Ay Ao 
Na 

k=rq—-1 a,(3) = a,(5) = @,(7) = --- = a,(2r—5) = a,(2r—3) = a,(2r—-1) Ba, 

4.3 Unstable alpha families 

Here we consider (rq — 1)-stem and (rq — 2)-stem groups of the case r = 0 mod p. 

Proposition 4.5 of this case is 

(4.3.1) HP(A,-m—1(2m +1)) = H(ai(2m + 1)) = 0. 

It follows from Lemmas 3.5, 3.6 
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Lemma 4.3 Let r=0 (mod p) and m > 1. 

(1) There exists an element a") (2m — 1) € tam—34rq(52"-) such that 

Ba" (2m—1)=at(2m+1) and p- a*(2m — 1) = at(2m — 1). 

(2) If H(£) = A,m—1(2m +1) for an element € of Tam+24rq(57"*) then there exists 
an element €' Of Tomtrq(S?TM*!) such that 

H(E)=Ap-m(2m—1) and Be =e. 

Let r = ap’) for a #0 (mod p). Then a, is divisible by p"). Denote by af) an 
element satisfying pra?) = a, for 1 <s<u(r). 

Gray[6] gave unstable elements a (2m + 2s +1) which converge to a”. 

We consider an element os')(2m — 1) Of Tm—s4rq(S?"), if it exists, to be satisfy 

(43.2) E*az)(2m — 1) =af(2m+2s—1) and pat (2m — 1) =a%(2m—1). 

Now, we quote the following results of Gray(7]. 

Lemma 4.4 Let r = ap” for a # 0 (mod Pp), v = u(r), then there exists an element 
a2 (Qr — wv — 1) € Tapr—av—3(S**-*-1) such that 

EP Og) (Ar — Wy — 1) = w = PI tape—1) © Mapra(S?-4). 

Moreover, H(at (ar — 2v — 1)) = Q”-*"""(az,1) for a generator a2, of ImnJN78,,. 

For convenience of discussion we propose 

Assertion A In Lemma 4.4 we can take &,41 instead of 2,1 up to non-zero coefficient. 

For r < p(p— 1) we see that »w5_, has a single generator, hence Assertion A holds. 
For the case r = p(p—1), pms,_, has another generator a16?. Since Ql (a BR-t) 
= HP(Q**”), we can replace a7, 41 in Lemma 4.4 by @,41. The next not alpha type 
generator of pr5,_, is 162745. Thus Assertion A holds for r < p? +1, and so on. 

We do not know any counter example for Assertion A. 
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The following theorem show the relations betwen Grays element in [7] and our 

invariants in EHP-sequence. Recall (4.2.1) : af(2m +1) = P(A,—(m41)(2m + 1). 

Theorem 4.3 Let r = ap” for a #0 (mod p) and vy = v(r) > 0. There are elements 

afm + 1) € Tam—t4rg(S°TM*) for s<v and s<m<r-s 
and al\(2M41) € Tamrg G2") for s<Sv and s<m 
satisfying the following properties up to non-zero coeffieients. 

(0) af (2m+ 1) =ai(2m+1) and oh (2m +1) = 0,(2m 41). 
Q) peal Qm+t) =o PQm+1) and Eas (2m +1) = af (am +3) 

for l<s<v and s<m<r-s. 

(2) p-of?(2m+1) =a P(2m+1) and Balam +1) = al"(2m +3) 
for 1<8<v and s<m. 

(3) Hof (Qm+1))=A,-m(2m—1) for l<m<v+l, 
P(A,-m—1(2m-+1)) = Ba Qm+41) for v+l<sme<r. 

(4) The orders of af(2m+1) and a$?(2m+1) are both p**. 
(5) Jf Assertion A holds for r, in particular ifr < pP, then 

Hof (2m +1))=a,-m(2m—1) for s=Min(v,m+1)andl<m<r-v. 

Proof. If the element € € tam424rq(S""**) of Lemma 4.3(2) exists, then we get succes- 

sively é,é',--- ,€"-») and the last element £0" € a249(5*) satisfies H?TM-?e"—-) = 

pm € and H(éTM-) = A,_4(1) = H(a,(3)). Thus €¢"- is of order p, and the order 
of € is pTM*1. It follows from Theorem 4.1 that m < v. This shows that if m > v such 

an element € does not exist, and 

(4.3.3) (2m + 1) = P(A,ma(2m+1)) #0 for m>v. 

Next the above results implies that for larger values of m, of (2m + 1) is of order 
p°*! if it exists. Lemma 4.4 and Lemma 4.3 show the existence of af(2m + 1) for 
r—v>m> v. If (4.3.3) holds for m = v then there exists a3”)(2v + 1) of order 
p’** which contradicts to Theorem 2.3. Thus P(A,—,-1(2v + 1)) = 0. This means the 

existence of a!”(2v +3) with H(a!”(2v + 3)) = A,va(2v + 1). Then the existence 
of al”) (2m, +1)) for 1 <m<v +1 follows. 
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Consequently (1) to (4) are established. (5) follows from Lemma 4.4. o 

We define by A?"*! a subgroup of p7;(S?+1) generated by a!) or E%a%. Thus 

(4.3.4) Ami, = <al(2m+1)> for s=Min(v,m) 
Qm+1 Admtrq—t < af) (2m + 1) > for s=Min(v,r—m,m) and m<r—v 

Apt! = 0 otherwise. 

Also we define by AQ?"~' a subgroup of m:(Q3”") generated by A,—m(2m — 1) or 
@r—-m(2m.— 1) € ImP. Thus 

(4.3.5) AQ? <Aym(2m—1)> for l<m<r 

AQ? = <Qm(2m-1)> for l<m<r-v 

AQ?""! = 0. othersise. 

i 

We call subsystem of computing diagram consists of AP") and AQ?” the system 
of unstable alpha families. 

Proposition 4.6 The homomorphisms EB, H and P in EHP-sequence are closed on 
unstable alpha families up to a k-stem groups for k < pPtg—2, 

The computing diagram of unstable alpha family of the case u(r) = 1 is as follows. 

n= 3 5 7 oes Qr —5 2r ~3 2r—1 stable 
Qy_4 Oy_2, Qy_3, ay ay (ax) 

Nae Nw Rae Na Ng 
k=rq—2 af(3) Gat'(5) 4a2"(7) 4--- > a’ (2r—5) -+ at'(2r—3) 4a%(2r -1) 

Np Np Np Np 
Art Apa Apeg Ag Ay Ag 
\a Na 

k=rq-1 a,(3) 404(5) = a) (7) = ++» = al(2r—5) = al (2r—3) =a (2r—1) 3 al 

In this case the invariant a; = a,(2r — 3) is out of the unstable alpha family. 
If v(r) = 2, then a; and ay are out of the family. 
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4.4 Removability and Residue 

We have seen that the unstable alpha families are close with respect to the EHP- 

sequence. However, the EHP-sequence on these systems is not necessarily exact. 

Proposition 4.7 The exactness of EHP-sequence on unstble alpha families breaks on. 

the following two points: 

(1) The invariants a,(2m +1) for r —v(r) <m <r are not H-images of unstoble 

alpha families. We must exclude them. 

(2) The unstable elements of(2r — 2s — 1) for s = 0 (mod p) and s < Ur) isa 

kernel of A and generates not alpha type invariant. 

We shall excluding unstable alpha families and make a computing diagram mod A. 

In that case above two sort of elements must: be added as residue elements. 

On the other hand, compatibility of the unstable alpha families with respect to 

JA-sequence, especially the homomorphism A : m:42(S7""+1) 4 1;(5??"~7) have to 
be checked. 

Consider the case r # 0 (mod p) of Theorem 4.2. Since E? : AD. 
Agia © Z/p is isomorphic and Ao E? = p-, we have AA ta) = 0. Then 
IJA-sequence produces two invariants A,(2m — 1) and a,(2m — 1). 

For the generator a?(2pm — 1) and a{(2pm + 1) of the (rq — 2)-stem groups satisfy 

H(o2(2pm — 1)) = at_,,(2pm — 3) and H(a?(2pm + 1)) = a;_,,—1(2pm — 1). By the 

definition of af we have at_,, = @0a%_,,-;. Then it follows from Lemma 3.7 that 

A(at (2pm + 1)) = at(2pm — 1) mod Ker = ImE’. This shows that Delta cancells 

the generators of the (kg — 2)-stem groups. 

For the case r = 0 (mod p), the results are similar but rather easier by using higher 

order generators. 

There is an exceptional case that B? : AjTM 1,0. + Apm ity (€ = 0,—1) is 
injective but CokerE? & Z/p. In this case correspondent A are both epic, and produce 

one invariant for each. 
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5 Old Table of 3-primary Groups 

5.1 3-primary Groups, stable to unstable 

The results of 3-primary k-th homotopy groups for k < 45 was given in Toda(37],[38] 
and announced for k < 55 by Maruyama and Mimura in 1998. 

We begin to quote from Oka{22] the following list of 3-primary stable homotopy 
groups 37% with generators for k < 62 excluding the alpha type generators a,, a,, Ge. 
For the notations of generators, we use those given in {23}. 

BLL Lin of 3m, =< generator >, relations up to sign 
(1) 3M =< fi >, Br = {a1, 04, a4}. 

(2) 3m =< anf; >. 

(3) amy =< Bi >. 
(4) 3 =< anf? >. 

(5) 335 =< fy >. 
(6) 3% =< arf >. 

(7) ai =< BE >, Bi = {04,3, Aa}. 
(8) 3135 =< fife >. 
(9) 3m, =< d >, é = {a1, 01, 83}. 

(10) 3M} =< 41 >, €1 = {a1,3, Bf, ar}. 
(11) 313 =< M1 fxPp >. 
(12) ati =< Bt >, aye = Bh. 

(13) 3% =<@ >, €2 = {m,3, e)} = 2{3, an, er}. 

(14) a =< 9 >, p= {or,a1,e1}, pp = ayer. 
(15) 35 =< Bis >. 
(16) 3%, =< Pye >. 

(17) 3M =< 04/372 >. 
(18) aM =< Bi >. 
(19) 3M, =< 3 >, AE = {a4 01, 9}. 
(20) amd, =< 0163 >. 
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From now on we restrict ouself to the computation of 3-primary unstable groups 

mod A, and use the notation 

mt = am(S”)/AP, QP = sm(Q3)/AQP and ap = sme/Ap 

for the sake of simplicity. 

The computation of the 3-primary components of the k-stem groups 27,, for odd 

n will be done usually by induction on k and n for the following sequence of double 

suspensisons 2? 

3 2m—1 amtn BE? Ss’ os (5.1.2) T34e > mia ce Tam—1+k *, Tom bith “Me 
where we assume that the stable group 7 and the unstable groups 73TMt1 43 for 7 <k 
are already fixed. 

Each double suspension Z? is verified by using EHP-sequence (2.1.1) of p = 3 which 

is rewritten as the following exact sequence : 

2m—1 P 
Im—2+k ure 

H Bt H (5.1.3) ob Omak ay Tam lek —? Tamtitk —> @ 
The computations of the k-stem groups are done by use of the following 

Computing Diagram mod A 

3 Bs Poy B B -1 Bm m1 _BP T+ > Maye > Tepe PO Sy ie 2k —? TMmtk > 
Np KP “NP 

1 3 5 2-1 XR Qin Qe _— — Qom 24k 
Na N\A \a \a 

3 Boo, By at By w.. Ay, Fy en @ T34h > Mak Tk “ Tag 1th Tamtitk 
NP Np Kp 

1 3 a 2m—1 Qse Bar Bre i _— Qam— a 
Na Na Naf a 

3 Bos Bt 2m-1 44 The —> Terk —?> Tepe —P o> Sb Momak # aa, 2_— 
Here the group Q3"."1,;, has to be fiexed in advance by the IJ A-sequence of Theorem 

2.2. For k < 107, Q3TM"1,, contains extra elements 

2m—1 6m—3 (5.1.4) w= IP(t) € Qtgm—ss 1 € O18m—a> a2 € Qitm8 
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of section 4.5. Let Oris be the quotient over the subgroup spanned by (5.1. 4). 
Then the invariants mod A is obtained by the following exact sequence. 

m+1 6m—1 I. 7m-1 Sm+1 (5.15) -- 5 amt tek Ay gma 14k —> Orie os Tamtk + Ty tek 

In the case m = 1, H : 73, > Qj, is bijective for k #0. Then the group 734, will 
be computed directly by the following sequence 

A, cs3 Ay ces (5.1.6) vo Peal ge Se aha, So oh, A dy, Ae mh Se, 

derived from Theorem 2.4. Remark that the sequence (5.1.6) is exact except the case 
k=11. 

In the computating diagram, many numbers of generators in Q? are given as 
stable type invariants 

QE Qimtin or QTM"(QHEQRMA for Leng 

given in (2.4.1) or (2.4.2). We represent such generators by corresponding roman 
charactors. The following (5.1.7) is the list of stable type invariants correponding to 
the stable generators in (5.1.1). 

(5.1.7) Invariants QTM(é) and QTM(é) for €ens, k<55. 

&k jo; 3|7 10| 13 | 20] 23 | 26] 29 | 30] 36 | 37] 38 
—§ | | an | ae | Br | ony | Bt | anf; | Be obs Bf babs ela 1QTM(€) || i | a | ae Bab b | ab | & ele [XG] AAA Aa 

k 39 | 40 [42/45] 45 | 46 | 47 | 49 _ | 50 | 52] 55 | 
|_ € oPifa | By | 2 | p | ores | BRB Bre’ | ax; Pr | By | B32 | onBe QTM(€) || abi, | b* | er |ph| x | bbe | be’ | ab’b, | & b | abs 

(€) || AAB, | B*| F | x | AB; | BB, | BE’ | AB?B, | B® | B?| AB? 



The first differentials 

dy = Ho P: min3(Q3"!) — ms9(9°") — (Q3") 

of these stable type invariants are verified by use of Lemmas 3.1, 3.2 and 3.3. The 

results depend on the values of m (mod 3) as is seen below. 

Proposition 5.1 The image d;(xz) = HP(x) € Q2TM)}, up to sign, of cach invariant 

2 Ee Qe iias is given as follows. 

k por ef ee eer a [39 | 43 Ls -fete Be [BY hy | By By | BBs | |B) Bs } m0 ab 0 | ab? | 0 jab) B jab) 0 ola 0 | 
ila (AB ab’ | AB® aby | ABy | abby V ABB, | 6" | B'| 0 | AE; freztot /ABL 0 aero] | AB,| 0 | ABBa| 0 |B" | ey | AB, 

[ | 46 | 47 [47] 48 | 5 
| Wb, | B'B, | be! | BE" } 
al’ | 0 | 0 [aby | 0 
abby | ABB, | BP) BS | ab} | AB? | 

0 | 4B*B,| 0 | B | 0 | AB 
d,(x) =0 for the remainning invariants : 

(5.1.8) z 

(5.1.9) © 

ab, ab?, abs, b*, €1, abby, b*, €2, ab3, b°, abj, 

AB, AB’, AB, B®, ABB», Bt, AB? Bz, B>, AB3. 

Proof. If ay€ is not divisible by 3, then for 2 = QTMTM*"(€), di(x) = (m+ L)QTM(aré) 40 

by Lemma 3.1. This is applied to invariants x = b, 0, ba, bbe, e', b’b2, be’, 3, where we 

note that aye = ff. 

Similarly, it follows from Lemma 3.2 that for X = B, B?, By, BB», E’, BE', B2 we 

have d;(X) = +AX if m = 1,2 (mod 3). But in the case m = 0 (mod 3), d,(X) is not 

necessarily zero and may be a form QTM(n) for some 7. d(B) = 0 since }, = 0. Then 

by the naturality, d,(X) = 0 for X = B?, BB, BE". Also for the case m = 0 (mod 3), 

d,(E') = 0 since a}, = 0 and d,(B}) = 0 since 7%, = 0. The relation di(By) = b° 

follows from Lemma 3.3 and the relation in (7) of (5.1.1). 
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From the relations in (13) of (5.1.1) and Lemma 3.3, it follows d,(E,) = QTM(n) for 

7 = (m+ I){ou,3,€1} — m{3, on, €1} = ((m+ 1) — Im)eq = (1 — mer. 
Thus the results for F, are obtained. 

For m = 0 (mod 3), we have similarly d,(E2) = QTM(n) for 7 = {o1,3,€}. Asuume 
that n £0, then 9 = 4762 by (15) of (5.1.1). By (13) of (5.5.1) 

an = {a1,01,3}¢2 = —an€2 = a2{3, an, €1} = age = 3a’e, = 0 
which contradicts to a7 = 013?82 4 0. Thus dy(H,) = Qn(4) =0. 

d; = 0 for the elements z in (5.1.8) and (5.1.9) is proved without difficulties. 

Next consider the short range unstable elements {H (€) = 2 £0, BPE = Ply) £ OF. 
Assume that stable elements y and & satisfy 

(5.1.10) 5 € {ay,04,7} 

From Lemmas 3.8 and 3.9 we have the following propositions. 

Proposition 5.2 Let m = 0 (mod 3). For the elements in (5.1.10) let x = QTM*(y) 
and y = Q”TM(5) then there exists an element € € a(S?) such that 

H(Q)=y and B% = P(e). 
Proposition 5.3 Let m= 1 (mod 3). For the elements in (5.1.10) let X = or) 
and Y = Q"(5). Assume that the relation d;(X) = HP(X) = 0 is obtained as 
in Lemma 3.9, for example by a computation. in stable range. Then there exists an 
element € € 1;(S?"*1) such that 

H(€)=Y umd BE = P(X). 

The elements 7, 6 in (5.1.10) and the related invariants are listed as follows. 

a | afr | ar8F | ore | BF | ex [ osPrpo B [le 
Al B |B |ABle |e) Aa [he Ba 
a| ab | ab | ab, | ® |e, | abby oT | ph 
o| | O | bm |e lph| &@ | te 8 

AB | AB? | AB, | BF ABB, | Bt 
B | BBB, |e BB, [BE |_| 

(5.1.11) 

e
l
 

Da
 fe

cs
 | 

a 
| o

jo
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5.2 Computation diagram mod A of lower stems 

In order to compute groups 7%,, succesively, we use computing diagrams mod A, 

omitting the symbols E*, H and P, replacing Qy.,, by its generators. We also replace 

a”, ,, by a collection of symbols which indicate direct suramands such as 

(5.2.1) eX Z/3, oF Z/9 and p= B/27. 

The symbol = at E? means bijective such as 

(5.2.2) o=6, o=0 and p=p. 

The synbol —> at E? means not bijective and non-trivial such as 

(5.2.3) e@-0, ob, o-+e, P-+0o 0-0 and p—+>, 

where the first two are injective, the next two are surjective and the last two are p 

times. 

First observe the 10-stem groups 3%110(S”) : 

aTM3(S*) -, 3m15(5°) #, aTM7(S"). 
This is represented as 

e—0o—+e. 

The equality A o BE? = p- of Lemma 2.1 implies that 

Qi, =< b>2Z/3 and Qi=0. 

This is the only case we know that (5.1.5) cannot be applied. 

Then computing diagram mod A up to 27-stem is presented as follows. 
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Theorem 5.1 The k-stem groups mod A Tat Jor k < 27 and odd n are computed as 
follows. 

n= 305 7 9 WB O15 

a 

K k=10 e=e=<f,> 
k= 
k=12 

b 

k=18 “eae =e Hc a> 
k=u4 
k= 15 

ab 

k=16 Se 
ABS 

kar ‘es 
NB 

k=18 
k=19 

ab 
k=20 Nea ese sean ps 

AB b 

kaa Nae se, A(v(5)) = P(B) 
B a 

k=22 O} w=I(P(i)) £0 
P (@ 

k= 23 Nes ese nese eHcaps 
2 an ae 

kat So =o Se A(P(b)) = P(AB) 
Bb 

k= 

al? B 
k= 26 = Nea ee eH eae m> 

AB? ‘>? 
k=27 |e 

\ pe 

n= 395 7 9 1 2B 4s 



All invariants of Q?"-! for m > 2 are in metastable range, and generators are 

obtained by Theorem 2.2 or Proposition 2.1 as is shown in the above diagram. 

The generators of Q! © 73, are verified by (5.1.6) from the the results of A. 

Since E? : 12,, + 17,, are isomorpisms of ¢ for k = 13, 20, 23, then from AoE = p- 

it follows A= 0: 7!,, 3 18,,. So, the generators of 13, & Qj, and way = Qh, are 

obtained by Theorem 2.4 as is shown in the diagram. 

F? =0:78,, > 73,, for k = 21,24. It follows from Theorem 4.3 that A: 7}, 

a8,, are surjective hence isomorphic. Thus we have no more generators of Taye 

By the exactness of EHP-sequence, the only possibility of the case k = 16 is 

HP(b) = ab. By composing (4, it follows from the naturality that HP(b?) = ab? 

for the case k = 26. The cases k = 17 and k = 27 are similar. 

Por the stable generators 0/3), 6, 01/3} and (2, by the exactness of EHP-sequence, 

we see the only possibilities for the cases & = 13, 20,23,26. The cases & = 21 and 

k = 24 are also uniquely determined from mJ = 0. 

In the above computation we need only the exactness of EHP-sequence and the in- 

formations on invariants. However, the computaions in the sequel have some ambiguity 

and we need several lemmas of section 3 in order to determine the exact sequences. 

So, we shall divide our computing diagram into three parts, simple unstable el- 

ements, short range unstable elements and remaining part containing long unstable 

series which may converge to a stable class. 

For example, the computation diagram in Proposition 5.1 is divided into the fol- 

lowing three parts (1), (2) and (3). 

(1) Removable simple unstable elemenis. 

(nk) = (8,16) (8,17) (8,26) (3,27) 
ab AB al? AB? 

° e ° 
P B 

Here the symbol \. is omitted. Each collection consists of {x, P(x) € 1",,, HP(x) # 0} 
for a pair {x,d;(x)} listed in Proposition 5.1, m = 1 (mod 3). 
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(2) Removable short range unstable elements. 

n= 3.05 7 9 WW 13 15 

AB 6 
k=21 ere=e 

B a 

B ab 
k=24 e=eLe 

AB b 

(3) Remaining paris. 

n= 3 5 7 9 ll 13° «15 

a 

k=10 Neva eHch> 
6 

k=138 Ye 20-0 =<ash,> 
ab 

k= 20 “eae sea ec pts 
tid 

k=B Ne see eae ese H=cayis 
B 

k=2%6 nee, 

In (2), the symbols \ are also deleted for the sake of simplicity. 
The symbols e < e at k-stem groups between n = 2m—1 and n = 2m+1 indicate 

that the homomorphism 

Ae eh, where m=0 (mod p), 

cancells two cyclic groups of order P correponding to two e. 

For the case k = 21, A #0 follows from Lemma 3.7. By the naturality, we have 
A #0 for the case k = 24 composing a from the right. 

From this diagram we have the following results on the Hopf invariants of origins 
of stable classes: 

(5.2.4) (6x(5)) = Tax(9)) and H,(B2(9)) = J(H(G2(9))) = 6,(28). 
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5.3 3-primary k-stem Groups for 28 < k < 35 

We consider the computing diagram mod A for 28 < k < 35. In this case, the 

invariants are stable type except w = IP(i) € Q3405- 

Theorem 5.2 The mod A k-stem groups 7,, for 28 << k < 35, n: odd, are obtained 

as the direct sum of the following three parts. 

(1) Removable simple unstable elements. 

(n,k) = (9,28) (9,29) (3,32) (3,33) 
ab AB aby AB, 

° e e e 
by By 

(2) Removable short range unstable elements. 

n= 3 5 7 8 LW 12 15 WW 

AB? 
k=31 erepe 

B? ab 
B 2 

k= 34 ou ee, 
AB? i? 

(3) Remaining part. 

n= 3 5 7 9 d13 «15 17 

w 

XN 
k=29 eo eH eH eee = 0 =< aifh> 

al? 

k= 30 NV a ene nea eae ae Hc f> 
oe AB 5b 

7% 
k=338{ ¢=0e-e=-e=85040 

NOON 
Bo @ «a 

Let v be a generator of 713,33 ~ Z/9 then up to non-zero coefficient, 

H(v) =), 3v =04f3(13) and Av = ayfi(11) + P(B). 
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Proof. The first. two of (1) follows from Proposition 5.1. Let € = a (3) 0 ay f2(6), 
then H€ = ab; E?£ = 0 and P(bz) = € follows from a1(5) 0 a4(8) = 0. By Theorem 
2.4, H(—€) = ABy for € € {04,3, 01/2} in S*. In S®, € € aah = —ay{ay,3, fo} = 
—a1f{ = 0. Thus P(B,)=€ mod a4f?. 

(2) is proved by composing (; from the right to (2) of k = 21,24. 
(3). The results of & = 29 and & = 30 are unique solutions. For the case k = 33 we 

should make the following general statement. o 
| 

Lemma 5.1 Let1> 1. Then the foting hold up to non-zero coefficients. 
(1) There exists elements v(61 +1) < mitt 19 Satisfying, 

A(u(6l +1)) = Q*(B,)=b, and v(61+3) = P(QTM ?(a4)) = P(a) 

where v(61 + 3) = E?u(6l +1). Thus u(61-+ 3) is of order 3 and E*u(61 + 3)=0. 
Furthermore we have 

Awl +1) = PQ") = P(B) — mod HPath3, 
(2) If 1 #2 (mod 3) then the order of v(61-+ 1) is3. 

(3) Ifl=2 (mod 3) and B® : Tisis7 ~> Tasso 49 surjective, then the order of u(6I+1) 
is 9 and 

A(u(6l + 1)) = P(B) + B*v', 

where v! is an element of me149(S"*) satisfying tu! = 3u(6l + 1). 

Proof. Since 8, = {a1,0,03}, (1) follows from Proposition 5.2 the existence of € = 
u(6l + 1) with H(€) = b and B%(€) = P(a). By Lemma 3.7,(1) and Lemma 3.2 
HA(v(6l +1)) = Q"" (ay) = AB = HP(B), and the last statemnt follows. 

In the case (2), a2 = a2(61 +1) = H(a%,3(61 + 3)). Then P(a2) = 0 and E? : 
Tatvio ~ Tabs rs i injective. Thus 3u(61 + i)=0. 

In the case(3), a2 is out of alpha invariants and P(a2) # 0. a@ is M-represented 
by ai an ay is M-represented by ai. Then by Lemma 3.4 P(a2) = 3v(61 + 1). Thus 
u(61 + 1) is of order 9. Let A(u(61+ 1)) = P(B) + Ev’. By Lemma 2.1, 3u(61+ 1) = 
E*Av(6l +1) = B?P(B) + Ety' = BYy', a 
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5.4 3-primary k-stem Groups for 36 < k < 45 

In the result of the 33-stem groups, we see a long series of unstable elements 

(541) arf9(3) ® arp ¥(5) axB¥(7) F an89(9) % n83(11) # asics) 0 
where 013(3) = a1(3) 03(13) for a generator 4}(13) of 7}3 with stable limit 7. Then 

we have not stable type invariants 

ab? = I(a,83(6m—1)) and AB? with J(AB*) = 04}(6m + 1) 

for m = 1 and m = 2. 

In the computing diagram mod A-for 36 < k < 45, invariants of not stable type are 

w € Qi,42 and the above ab’, ABS. 

Theorem 5.3 The mod A k-stem groups 12,, for 36 <k < 45, n: odd, are obtained 

as the direct sum of the following three parts. 

(1) Removable simple unstable elements 

(nk) = (3,36) (3,37) (9,38) (9,39) (15,40) (15,41) (3,42) (3,43) 

ab ABS ab? AB? ab AB abby, ABB, 
e e e e ° e e e 

B Bt eR Be} B bby «BB 

(n,k)= (3,43) (3,44) (9,44) (9,45) 
vw Bt aby AB, 

° ° 

e BE bg By 

(2) Removable short range unstable elements 

n= 3 5 7 9 ll 12 615) (17) (19 228 

B? ab 
k=36 = e * <R° b 

ab? ab, 
k=40 “ABy in 
k=41 AB = cl 

B By 
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k= 43 “BF = Sap 
k=45 AB te 

B a 

(3) Remaining part 

n= 3 5 7 9 ll 13 15 17 19 21 23 

aby 
k =36 Ne = es es eH ese a0 = 0 -<fh,> 

AB, by 
k=37 Nee = ese eH eH en ences 

“B, B 
k= 38 Nese ses e ecg 

bbe 
k=39 Nes ses en en ene ae nei Hc aus 

BB, 

k=40 Nes es ee en en en ene en nes 
al? 

k= 42 Nes en ene ea ee encase 
wu BF 
\ eos o=050=0=0-0-0-<ys 

Proof. (1) From the relations d;(b?) = ab? and d,(B?) = AB? in (1) of Theorem 5.2, we 
have d,(6*) = ab* and d(B) = AB® by composing (3, from the right. The remaining 
relations on dy follow from Proposition 5.1. 

(2) The short range unstable elements in k = 36, 43,45 are established by Propo- 
sitions 5.2,5.3. The removability of the collections in k = 43,45 follows from Lemma 
3.7,(1) and one in k = 36 from Lemma 3.7,(2). 

In k = 40, d(ABz) = dy(Ay)of) = @20f39 is represented by 02 = —{a1, 04,3} 82 = 
a1 {a1,3, 62} = «163 in S*. Thus d,(ABz) = ab, The other 3 simple unstable elements 
in k = 40, 41 are established by Proposition 5.1 and naturality. The removability follows 
from Lemma 2.4. 
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(3) d,(Bz) = ABz follows from Proposition 5.1. Then the results of (3) are uniquely 

determined by the exactness of EHP-sequence. The removability in k=37 follows from 

Lemma 2.4. a 

It follows from (3) of the theorem 

(5.4.2) u(e)=7, u{es)=15, ule) = 11, u(y) = 9, 

(5.4.3) u(G1B2) = 5, ular fife) = 3, u(t) = 3 and u(3y) = u(are) = 

Here we refer to applications of 8, of Oka. 

In Theorem 5.1 apply 3, to the short range unstable elements in the 21-stem groups, 

then we obtain those in the 24-stem groups : 

P(a) = E(u), H(v)=b => P(AB) = E*(0q(v)), H(@_(v)) = BP 
We see similar situations from the k-stem groups to the (& + 3)-stem groups for 

k = 31 and k = 33. However, for elements of x7,, we cannot apply Lemmas 3.12, 3.13 

since the case m = 0 is excluded. In the case m = 0, the map /i1y in (3.5.5) does not 

exist, but Theorem 3.5 still holds. So we prepare the following 

Lemma 5.2 Assume that Hopf invariant H(€) of an element € € miz4(S?P**) is M- 

represented by y for y € Tis. (yr ~?), Then up to non-zero coefficient there holds 

JH(Ax(E)) = Hy(Oo(E)) = By 0 By , 
where B, : Y?"" — S?°*1 is an extension of B,(2p + 1). 

Proof. dq is induced by dq : 2S?+1 + S$? and Hy is induced by hy : 25° + 0S7°*1. 

‘Then H,dq is induced by hy o Qdg : 292+ _, 0.S%+1, whose restriction on S??—! is 

homotopic to zero. Thus hy o Nd, induces a map 
hi: ped = Q(02 9741, S?P-l) —> N2g?P+1 | 

Let A, : Y" -+ S*+! be adjoint to h! 0 gop 1: Y?"? + QP? + 0797", then 
Theorem 3.5 shows that /,|S?”~! = ,(2p + 1). Then the lemma follows. im} 

For example, apply the lemma to €'(7) € 11,57 with H(¢(7)) = bz and put f{(3) = 

a.(c!(7)) and 64(5) = H?(84(3)). Then we have 

(5.4.4) BES) = an(5) 0 €(8) = fi(5) 0 A3(15) + P(AB») 
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5.5 3-primary k-stem Groups for 46 < k <55 

For 46 < k < 55, the invariants in the computing diagram mod A are all stable type. 

Theorem 5.4 The mod A k-stem groups m,, for 46 <k < 55, n: odd, are obtained 
as the direct sum of the following three parts. 

(1) Removable simple unstable elements 

(n,k) = (3,49) (15,50) (15,51) (3,52) (3,53) (21,52) (21,53) 
AE, ab? AB’ abby ABB, ab = AB 

e e BE, “PR “°pr “Hy, Spee ?y SB 
(n,k)= (3,53) (3,54) (9,54) (9,55) (9, 55) 

& BS ably =~ ABB, 
e e ° e e be! BE' bb, BB, e 

(2) Removable short range unstable elements 

n= 3 5 7 9 11 13 15 17 #19 21 23 

3 k= 46 Bea ot 
7 AB’ 

B, k=47 B a Pe, 
‘ BBy aby > 

e k= 48 Beene Bene. 
E Be AB b 

k=49 eae 
2 By BS 

BB. k=50 3 ath, 
BE ABBabb, 

FE 
k=51 e= eve 

Be 
B. k=52 Pre gh, 

ABB bs 
k=53 Ae eee, 

BB, BB, 

AB? UP k= 55 e= ere 
B? ab 
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(3) Remaining part 

n= 3 5 7 9 UW 1 15 17 19 21 stable 

abby 
‘\ 2 k=46 eros e=Ve=-e=e= eH eo 0 =< fiify> 
ot 

\ ' k=47 eH ot eotot er eo= ere e=<fe> 

Py AB, bh 

‘wore k= 49f ezesese= tlt =< af}Pe > 
bef By 

b=50 Seen esos eae Hea eH eo Hc fie 
ph 

\ 2 k=52 eo=zVo=Ve=0e=e=- eo - e = oH 0 =< f> 

er 
\ 

k=53 e=e=e= 0 

B Nw 
k=55 XV ake =eore=0e=Ve=e=-e= 0 =<af> 

Proof. (1) The first relation d)(#,) = AE, cannot establish by Proposition 5.1 or 

Lemma 3.2 because u(E2) = 11 and Hy is not M-representable. Except this all the 

other simple unstable elements are established by Proposition 5.1. 

(2) Except the cases k = 49, 50,51, short range ubstable elements and their remov- 

ability are established by Propositions 5.2, 5.3 and Lemma 2.4. 

The case k = 50 is established from the case & = 24 of Theorem 5.1 by composing 

By from the right. 

Consider the case k = 51. Let 7 be the element in k = 48 such that H(n) = é 

and E?7 = P(B*). By Lemma 5.2 € = 4,(7) satisfy H(é) = BE’ and EE = a4(5) 0 

En. Then E°€ = a4(8) 0 E*n = ay(8) 0 E?P(B%) = 0, and E*€ = 0 by (2.1.2). If 

E’€ = 0 then € = +P(ph). But HP(ph) is purely M-represented by i,aiy(7) = 

i, B?(an(5)p(8)) € i.?75,45 = 0. Thus B°€ #0, EXE = 0 and H°€ = +P(B"). The 

removability follows from one in k = 41 of Theorem 5.3 (2). 

The case k = 49 is remained. 
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(3) Let € = a1(7) 0 p(10) € Tag. Since € = E(an(6) © (9), it follows from (2.1.2) 
and k=48 of (2) that € € £718, 4, = 0. Thus 63(5) € {a1(5), a1(8), p(11)} is defined. 
Then §3(5) gives an origin of the stable class 82 = {o1,01,}. The other origins of 
stable classes of (2) are obviously established. 

Long range unstable elements in k = 53 is a unique solution. 
Consequently only the case k = 49 is remained as follows in question where the 

sequence {01/3{2(2m + 1)} is removed. 

n= 3 5 7 9 I 1B 15 17 19 21 

AE, € e1 ABy bo 
NON ON NON 

k=49 oe ee =e eb w= eo = oe 
NOOR NOON \ 

BE, Ey Be By B 

The above groups and E? are unique solutions. The removability follows from 
Lemma 2.4 and Lemma 3.7. 

Q 
Note that the long range unstable elements in k = 49 is given by Lemma 3.11. 
Also we see there an example of Proposition 3.4 for z = B3 ¢€ 73449 such that 

A(B*) = i.(e1). Proposition 3.4 states that e, € {3,72), B®}. Since tm = Nm43 in 
stable range, €1 € {1m;%m41, B*} holds for m = 0 (mod 3). Thus we have 

Lemma 5.3 If m= 0 (mod 3), there ezists vu € mamtt, satisfying 

H(v)=e: and E(v) = P(B*). 

We denote the long range unstable elements in k = 49 and k = 53 as follows. 

(5.5.1) o1(13) € mi3,49 with H(w(13)) =, and P(B) = B*uy(13) = v;(19) ’ 

(5.5.2) v2(9) € 8,55 with H(v.(9)) =e: and P(ab?) = F8u2(9) = v2(15). 

By Theorem 2.2, these elements induce the following not stable type invariants. 

(5.5.3) tm = (5) = T(v:(17)) € Qbjs9 and U, = T1(5) € Qx60, J(Us) = v1(19), 

(5.5.4) w= w(3) = T(v2(11)) € Q3459 and Uz = U2(3) € Q3.60: J(U2) = u(13). 
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(3) Let € = an(7) 0 p(10) € iy, 4g- Since € = E(a1(6) 0 p(9)), it follows from (2.1.2) 

and k=48 of (2) that € € H°72,4, = 0. Thus 63(5) € {01(5), a1(8), p(11)} is defined. 

Then 3(5) gives an origin of the stable class 82 = {o1,01,p}. The other origins of 

stable classes of (2) are obviously established. 

Long range unstable elements in k = 53 is a unique solution. 

Jonsequently only the case k = 49 is remained as follows in question where the 

sequence {c/72(2m + 1)} is removed. 

n= 3 5 7 9 1 1 15 17 19 21 

AF, €, €1 AB, by 
NON ON NOON 

k=49 e@ ef e=e ewe eH e 
KOON KOON \ 

Fy, Ey BB, B 

The above groups and E? are unique solutions. The removavility follows from 

Lemma 2.4 and Lemma 3.7. 0 

Note that the long range unstable elements in k = 49 is given by Lemma 3.11. 

Also we see there an example of Proposition 3.4 for z = B® € 79,49 such that 

8(B>) = i,(e1). Proposition 3.4 states that e: € {ns, 7), B®}. Since Mm = m+3 in 
stable range, €1 € {tfmjM%m+1, 3°} holds for m = 0 (mod 3). Thus we have 

Lemma 5.3 [fm =0 (mod 3), there exists vu € m5mtjg satisfying 

H(v)=e, and E*(v) = P(B*). 

We denote the long range unstable elements in k = 49 and k = 53 as follows. 

(5.5.1) v1(13) € w}3,49 with H(u(13))=b, and P(B) = F*v,(13) = 11(19) , 

(5.5.2) u(9) € m,53 with H(v2(9))=e1 and P(ab*) = E%v2(9) = v2(15). 

By Theorem 2.2, these elements induce the following not stable type invariants. 

(5.5.3) uy = (5) = 1(v4(17)) € Q8,59 and Us = U1(5) € Qbye, J(U1) = v1 (19), 

(5.5.4) tu = u2(3) = T(va(11)) € Q3459 and Uz = Ua(3) € Q3469, J(U2) = v2(13)- 
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5.6 Table of 3-primary k-stem Groups for k < 55 

Summerizing the results, we have the following table of y7,,44(5") for odd n and k < 55. 

= 3 5 7 9 11 13 15 17 19 21 23 25 97 99 
e=< a> 

0 *+040=<6,> 

k=21 e e=e 

_ exe k=34{ © 40 > +P +> 4p 40 0 
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k= 35 =< 05 > 

k=36{ =< Pith > 
k= 37 

k=38{ 

ae nae 
E=00{ ° : =e=< fii > 

k=41 ee ° 

b= ar{ popeprpatese 
haas soe sesenencan> 

k=44 0 ° 

k=45{ @ 40 =0 mom OHO =H CH oaK<y> 

k= 46 { . ° =< Sih, > 

° 

k=4a7{ 

k= 48 

k=49{ 

k= 50 { 

k=51{ 

k=52{ 

k=53{ 

k=54{ 
=e=e=e=< ay > 

k= 55 { o=e=0=0=< aif} > e 

7 9 11 13 15 17 19 21 23 25 27 29 i w
e

 

n
a

e
 

n 
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6 New Tables of 3-primary Groups 

6.1 Stable elements and Stable type invariants 

For the results of the stable k-stem groups for 55 < k < 81, we quote from Oka[22], 
Nakamura[18], Tangora[33] and Ravenel[25]. 

6.1.1 ‘ Lis of 3§ =< generator >; relations up to sign 
(1) 3% =< A182 > 

(2) 375 =< 0482 > 
(3) 37 =< A>, A= {B2, 61,0}. 

(4) am =< BIB} >, — 26? = {a,3, A}. 
(5) 31% =< Bs >. 
(6) aT =< >, #={or,01,A}, 34 = 01/0263. 
(7) stig =< 83 >, 8} = Br = cap. 
(8) 37 =< Ya; Ha > fla = {ar1,04, 5}. 

We use notations of invariant similar to (5.1.7). 

(6.1.2) Invariants QTM(é) and OQ") for Een, 55<k <8. 

k Pats Hae 72 [74 [75 [75 | 78 ee a ange AB: | Bs | | axsB; | Bs rtasert 7 Po | bs mi x |b 7 aaer | BB BL x ABB? | BE 
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6.2 3-primary k-stem Groups for 56 < k < 61 

First remark that, all invariants in Q”,, for 55 < k < 61, odd n > 1, and Qi = 

37344(S°) of k < 59 are fixed by the previous results. 

Theorem 6.1 The mod A k-stem groups nTM,, (mn: odd) for 56 < k < 61 are obtained 

as the direct sum of the following three parts. 

(1) Removable simple elements (with stable type invariants) 

(n,k) = (15,56) (15,57) (3,58) (3,59) (9,61) 

aby AB, ab} AB ABy 
e e e e e 

bo B, “BR BRR, 

(2) Removable short range elements (with stable type invariants) 

n= 3 5 7 9 ll 13 1 17 19 QZ 23 25 27 

AB? By bby AB b 
k=57 epe=e erete 

B’ Bs abby B a 
k 58 B ge B ab? 
‘= eo ee e-em @ 

BE’? “ot "AB?" y? 
ABB. k=59 Bg a, 

BB, aby 
k=60 B By abby Bt & B? ab 
b= ez ee eomeze = ABTMB: 0, BF ° = *hB% 

BE ve 2 ey 
k=61 e= eve epate 

B® be! By BS 

(3) Remaining parts 

n= 35 7 9 I 1 156 17 19 21 23 25 27 

— 63 — 



n= 3.05 7 9 lo o13 15 «17 «19 21 23 25 27 

Bibs 
k=59 er er ey 

ee k=60 a amy 

UW, Uy w AB, hy 
k=61 NaGesesene 

aby BB, abby By B 

Proof. We start to establish the 58-stem groups. Since u(§}) = 5 the simple element 
of (n, k) = (3,58) in (1) is removable. Two blocks in k = 58 of (2) are fixed since no 
other invariant which may vanishes any element of these blocks. The stable group 7%, 
is trivial. Thus the 58-stem groups are the direct sum of the corresponding groups in 
(1) and (2). 

Similarly the groups of the 56-stem and 57-stem groups in (1) and (2) can be 
removed. In order to fix the 56- and 57-stem groups it remains to fix those in (3) from 
stable results 1 = a5, = 0. 

From the results of the 58-stem group, P(Ez) # 0 and P(E) 40. By Proposition 
5.1 HP(E,) = 0 at (n,k) = (7,57). It follows then that Ti 457 18 of order 9. But this 
groups is cyclic by Lemma 3.2 since ie, = i{p,o4,€1} = @oioe. Thus the 57-stem 
groups are fixed. 

By Lemma 2.4, the group 7, is generated by an element 

v(3) € {a1(8), pts, A3(6)}1 with H(v(3)) = B?. 
We denote u(n) = E"-3y(3). 

Since H(6;(5)) = a = I(ay(5)), we have H(832(5)) = abby. Then 

Te =< v(5); a >& Z/3 © 2/3. 
Apply Lemma 3.8 to the relation € {ox, 01, €1} of (5.1.1),(14), then we have an 

element ¢(7) € a, such that 

A(E(7)) = ph = T(y(17)) and P(er) = B*€(7) = €(9). 
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Also applying Lemma 3.4 to aie, = i.{3, 01, €1} = +i+€ we have 

3€(7) = +P(e2). 

Thus €(7) is of order 9 and generates the kernel of E* : xf; + mgz- The kernel of 
E® : 18, mi} is generated by an element: of order 3 which is mapped to 3€(7) under 

EY. 

Consequently the result in & = 56 of (3) follows from the following lemma. 

Lemma 6.1 (13) = 6}/2(13) up to sign. 

Proof. In the 52-stem groups, we see that 93(9) # 62(9) o G2(35) but 93(13) = 62(13) 0 

f2(39). Then, up to sign, 

u(10) € {04(10), p, 63(13)} D {ax(10), p, B2(13)} © B2(40) > i (10)52(40) = 742(10) - 

The difference v(10) — (3f2(10) belongs to a1(10) ogg. Since 7p = 0 it follows 

E(v(13) — 6382(13)) € an(14) o 27} = 0, and the lemma is proved by (2.1.2). o 

Note that up to sign 

(6.2.1) P(ea) = v(7) + BRpA(7)- 

Next. we consider the cases & = 59,60, 61 of (3). 

New invariants come from A : 73, > 13, and A: mJ, -> méy. Since E? 0 A = p-, 

the image of first A is < u(5) + 6}f2(5) > and the second A is surjective. The kernel 

of the first A is < u(7), 634, > an the second one is < fe'(7) >, since H(6?e(5)) = 

I(cf1€'(9)) = 1(63). Then we have not stable type invariants 

Bb € Ql, BB, UCQi and BE EQ) 

with 6%, = 1'63 (5), J(B? Br) = B3B2(7), JU) = v(7) and J(B7E") = fie (7). 

The first short range unstable elements in & = 60,61 of (2) is obtained from those 

in k = 50,51 of Theorem 5.5,(2) by composing (4; from the right respectively. The 

second short range unstable elements ink = 60, 61 of (2) is obtained by Lemma 3.8 and 

Lema 5.2 respectively. 
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Then (3) of & = 59, 60, 61 is established by EHP-sequence which complete the proof 
of Theorem. g 

In the above proof we find the following relations. 

Proposition 6.1 Up to sign the following relotions hold. 

(1) H((8)) = Bz, H(B}62(5)) = ab?b, H(E(7)) = ph, 
3€(7) = Plea) = v(7) + Bifr(7), (9) = P(e), P(b*) = v(13) = 4.634,(13). 

(2) There exists €'(7) € mJ, such that H(E'(7)) = AE, and 

H(Bre(5)) = 0°, 3€(7) = Bie (7) = P(E), &(9) = P(A). 
Apply Lemma 3.5 to H(€(7)) = ph, then Proposition 6.1 (1) shows that H(4}(5)) = 

afb, is M-presented by ai(10) 0 g(13) € {3:9, a(9), p(12)}. 
Similarly, H(£'(7)) = AE, shows that H (Bfe(5)) = BF is M-presented by a(10)oai€ 

where G€2 € 79(¥'*) is a coextension of @62(13) = 3p(13). 
‘These are represented by stable class as follows. 

Proposition 6.2 Up to sign the following relations hold. 

()) 187 P2 = {3,01,9} . 
(2) iQ} = {ai,3,o4e} ie. BEE {3, 01,3, aren} 



6.3 3-primary k-stem Groups for 62 < k < 70 

The invariants in Q?,, for 62 < k < 71 are stable type except four invariants 

related to simple elements at (n,k) = (3,62), (3,63). 

Theorem 6.2 The mod A k-stem groups m?,, (n: odd) for 62 < k < 70 are obtained 

as the direct sum of the following three parts. 

(1) Removable simple unstable elements 

(n,b)= (3,62) (21,62) (3,63) (21,63) (9,64) (27,64) (9,65) (9,65) 

alba? ABB, AB? ab, ab BF AB*E 
e e e 2 e “Hb, OB BB, °B? Phy *b be = BB, 

(n,k)= (27,65) (9,66) (15,66) (15,67) (15,67) (3,68) (15,68) (21,68) 

AB B® ably, = ABB, ~*~ abbh_ = BY hy 
cd ° ° ° 

B BE! “bh, BB, eé bb EY be 

(n,k) = (3,69) (21,69) (9,70) 

ABB? AB, ab 
e e e 

BB! °B, “WR 

(2) Removable short range elements 

n= 3°05 7 9 WW WB 15 17 19 2 23 25 2@W 

BB, abb, 
k= 62 = ° = “AB Bobby 

ABR bh BE ot 
k = 63 ° = 3 = ers ip ph =Btel 

BB, aby 
k=64 e= * te e 

Bz be 
kaos AB, eg) Bt 8 

° e+e e BBR aba By By 7 By 
k=66 o= “hs e, 

AB AB BP 
k=67 eoPoe=e 

k=68 » ob 
1 69 AB? By bby 

= epeae Be, abba 
a BS be! Boab 

= e e-e e>-e¢@ ‘J Be? ~ Sy Apt 
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(3) Remaining parts 

n= 395 7 9 41 13 15 17 19 21 23 25 27 

ab 
\ 2 k = 62 

vs < Py By > 

mo 
k=65{ *=e=e=0=0 + < af B3 > 

k = 68{ 

Bob 
k 69 { =e to+e 7 ‘s, NOK 

Qa a 

Proof. Since ff = aye we may regard that bf = ae’ and 6° = abe'. All collections 
of (1) are of type {x, P(x), HP(x) = tar}, P(x) € ,(S*+3), The collections in the 
cases (n,k) = (3,62), (3,63) are obtained from corresponding collections at (n,k) = 
(3,52), (3,53) of Theorem 5.4,(1), by composing #,. The other collections in (1) are 
also simple and removable by Proposition 5.2. 

Except short range collection in k = 66 of (2), the other short range collections in 
(2) are all established by Proposition 5.3. 

Consider the element £ € m}, of (5.4.2). Since H(¢) = BBy we have A(E0f(43)) = 
BB3. Since mii = 0 by Theorem 6.1, it follows from (5.4.2) 

B'(E 0 Ba(43)) = Bi B2(7) = Bi(7) 0 63B2(17) € fy(7) on =0. 
Thus E7(€ 0 (43) = +P(AB3). By Lemma 2.4 A(P(b3)) = EE 0B2(43), and (2) has 
been established. 

6163(5) and 08,63(3) are defined. So, k=62 and k=65 of (3) are completed. 



Next observe unstable groups 72,7 and 72,79, n : odd. From the stable results 

1§, = 1% = 0, we see that these unstable groups are consist of collections in (1) and (2). 

It follows that B?, ab3, ph are H-images and E>, E,, B, a2, a are mapped injectively 

under P. 

Also we see that 17,3 = 0 for n = 5,7 and 17,6 = 0 for n = 5,7,9. 

Since H P(b) = ab® = 0 we have P(b°) € Bat, 5 = 0, and 6° is an H-image. 

Also we see by Lemma 3.9 that 

P(AE2) = E*n for some 7 and H,(n) = {a1, 01, 01€2}(15) = Brer(15). 

In stable range, Bier € 1 =< G2 >, 016} # 0 and apie, = 36,p = 0. Thus 

H,(n) = 0 and P(AE2) € E*x},63 = 0. 

Then the first extension -+ 0 -+ @ in k = 69 of (3) is established by Lemma 3.7. 

Let € € 713,43 satisfy H(£) = ph. Since H P(e2) = aez = 3ph = 0, we have BE # 0. 
By Lemma 3.7 and g € {a}-01,€:}, we have P(e1) = EE. 

By Lemma 3.7 and Proposition 6.2, there exists ¢' € mi},¢, satisfying 3f = E¢' 

and H(¢') = abby. Thus the order of € is 9 and E*€ = 0. 

2 is given by {fo,€1,a1}. Since f2(11) o €1(37) € mHty¢4 = 0 there exists \(11) € 

{G2(11), €1(37),04(75)} with E~A(11) = A. Since BE" = 0, (9) with B?A(9) = A(11) 

exists. \(9) must satisfy H(A(9)) = +87. Then k = 68 of (3) is established, and we 

have P(b*) = 0. Thus & = 69 of (3) is established by Lemma 3.7. oO. 

6.4 3-primary k-stem Groups for 71 < k < 80 

In the next theorem all invariants are stable type. 

Theorem 6.3 The mod A k-stem groups 1,, (n: odd) for 71 < k < 75 are obtained 

as the direct sum of the following three parts. 

(1) Removable simple unstable elements 

(n,k) = (9,71) (15,73) (27,75) (27,75) 

AB? AE, ~~ ab? AB? 
e ° Pn ne no 
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(2) Removable short range unstable elements 

n= 3°95 7 9 11 13 15 17 19 2 23°25 «27 «29 «31 

ABB, bby 
k=71 ‘BBs aby 

Bt ef Be ab k=72 emote eo=0ere 
E B AB b ABB} bbe eo ey 

k=73 ere=e eve =e 
BB aby Ey BS 

B’B, abby k=74 e=ere 
ABB» bby 

AB} b3 BE’ uv 

(3) Remaining parts 

n= 3.5 7 9 11 13 15 17 19 21 23 25 27 29 31 stable 

abbz ab°b, ph 
k= 72 e=e=e=e=8=8 

AB? By bby 
fa 

k= 73{ gae= 

Bs be! 
k=T 

POR I 
k=75 @+0=0=0=0=0=0=0=0=0= o=o0=0=0=0=<p> 

Proof. From the results of k = 70, we see that the H. -images of the 71-stem groups are 
AB}, ABB» and bby. Then the stable result a, = 0 implies that the unstable 71-stem 
groups are direct sum of ones in (1) and (2). 

Consider the 72-stem groups. Since H(6?(?) = abb}, the series {673(2m+1), m > 
1} can be removed. P(ph) = 0 since TE = 0. Then only possible element which 
cancelis with ph is by. Thus the 72-stem groups are fixed. 

The 73-stem, 74-stem and 75-stem groups are fixed without difficulty. Oo 

Theorem 6.4 The mod A k-stem groups TM,, (n: odd) for 76 < k < 79 have a direct 
summands given by the direct sum of the following three parts. 
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(1) Removable simple unstable elements 

(n, k) = (15, 76) (33, 76) (15, 77) (15, 77) (33, 77) (15, 78) (21, 78) (3,79) (21, 79) (21,79) 

ab’, ab 6 AB?B, AB B® abby AB?B} ABB, 
° e 

Yn, > be BB, BBE’ bby °B?BR “BB, “el 

(2) Removable short range unstable elements 

n= 3°95 7 9 1 13 15 17 19 21 23 25 27 29 31 33 
BB, aby 

k=76 e= ere 
A AB, by 

Et 

k=T77 By, sues 
BB} ab Fy Ey BS By 

k=78 e= eve 

AB; 65 
k=79 

(3) Removable long range unstable elements 

n= 3.5 7 9 I 13 15 17 19 21 23 25 27 29 31 stable 

m 

k=78 e=0e=e=ene Heme =e 0-0-0 == eH eH 0 =< fi> 

k=79 e=e=ene 
By 

Proof. In k = 78, 63(5) = 63(5) 0 62(57) exists and H(6}(5)) = 0. Then the 78-stem 

groups are fixed, and P(1) = 0. Since 7, = 0, | has to be cancelled with B}. The 
others are easily obtained. im} 

Now, the following groups * and invariants remain to be fixed. 

n= 3 5 7 9 i 13 15 #17 19 21 23 25 27 
L abba 

B’B3 US wm 
k= * * * * * * * * * 

U3; U, Uy w ey 
ABB} b3 

k=77 * * * * * * * * * * * * 
ab 
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where not stable type invariants are given as follows : 

J(U3) = Plea), J(Us) = P(E), , (Ua) = v2(19), J(Us) = v1 (25), 
and Ug = I(u2(17)), uy = 1(v4(23)), w = 1(P()). 

First we have HP(w) = uy by Lemma 3.13. 

We consider two cases: Case (I) P(U3)=0 and Case (Il) P(U3) #0. 
In the first case, there exists an element € satisfying H€ = Us which must be 

cancelled by the invariant ab”. Then the groups * in the 77-stem groups are all iso- 
morphic to Z/3 and connected by isomorphisms E?. It follows that the invariants 
U3, U2, U1, w, ABB?, 2 are mapped injectively by P and there exists an element Ui 
with H(7') = B?B?. Applying Lemmas 3.7 and 3.9 to the relation B76} = {c, 3, d}, 
we have the existence of 7 satisfying py = B?(n') = P(ABB}) # 0 up to sign. 

In the second case, Lemma 3.9 shows that P(ABB?) = 0 and the existence of an 
element 7 with H(n) = ABB? whcih must be cancelled by ab?. 

By the exactness of EHP-sequence we have the following posibilities. 

Proposition 6.3 We have the following variations. 

n= 3 5 7 9 Ik 138 15 17 19 21 23 25 27 
Case (I) 

k=T{ 79 9}3¢= e =e = ee 0 

k=T77 e=e= =e@=e=e=eo=e=e=-e=e 
Case (II) 

k = 76{ © $=s}rg=e =e =e = 0H eo 

k=T7 e= =e>e=-e=e=-ce=e=e=e 

Here = means that the image of E® : 11,74 > T3476 48 the upper factor, and o is a 
group of 9 elements. 

Finally, we remark the above result implies that H (73,79) has two generators, stable 
and non-stable type. Also the groups Q3..79 has similar two generatiors. Thus we have. 

(6.4.1) Tigo %Z/3@Z/3 and E*(n3,.5) =0. 
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6.5 Table of 3-primary k-stem Groups for 56 < k < 80 

The followings are the table of 3-primary k-stem groups mod A . 

n= 3 5 7 9 1113 15 17 19 21 23 25 27 29 31 33 35 37 stable 
, e040 e k= 56 { preci aene 
k=s7{ o- e e e=e 

° 

k=58 © © e=e0 0 

k=50{ gaene e exe 

k=60{ $7$ 

k=61 e¢ 

k=02{,° 
k=63{ ° e.° sae ° e 

k= 64 

k=65{° 
k=66 e=e © e@ ° 

k=67 { : e ere 

k=68{ | 

k=o9{°* 

k=70 

k=71 . . 

e=e=e =< (32 > 
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k=78{ °=* 

k=79{ eee ° © e=e ~ e e 

n= 3.5 7 9 11 13 15 17 19 21 23 25 27 29 31 33 35 37 stable 

The results for k = 76 and k = 77 are not yet fixed and we show an example. The 
variations are seen in Proposition 6.3. 
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