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INTRODUCTION

A. This paper is a continuation of an investigation, started by H. Hopf
[5][6], studying the influence of the fundamental group =i(X) on the homology
structure of the space X.

We shall consider an arcwise connected topological space* X and the following
groups derived from X:

m.(X)—the ntt homotopy group of X constructed relative to some point
Zo € X as base point. In particular, the 15t homotopy group mi(X) is the funda-
mental group of X, see [74].

H"(X, G)—the nt* homology group of X with coefficient group G. Both
@ and H"(X, G) are discrete abelian groups. If G = I is the additive group of
integers, we write H"(X) instead of H"(X, I).

Z"(X)—the spherical subgroup of H"(X); this is the image of the group
7.(X) under the natural homomorphism v,:7.(X) — H"(X).

H,.(X, @)—the nt* cohomology group of X with @ as coefficient group. Both
G and H,(X, G) are topological abelian groups.”

The homology and cohomology groups of X are defined (Ch. II) using singular
simplexes in X, with ordered vertices, as recently introduced by one of the
authors [1].

* Presented to the American Mathematical Society, April 23, 1943. Most of the results
were published without proof in a preliminary report [3]. The numbers in brackets refer
to the bibliography at the end of the paper.

(Added in proof) After this paper had been submitted for publication, a paper by H.
Hopf, Uber die Bettischen Gruppen, die zur einer beliebigen Gruppe gehéren, Comment. Math.
Helv. 17 (1944), pp. 39-79, came to the authors’ attention. Although the methods em-
ployed are quite different, the two papers overlap considerably.

1 A topological space is a set with a family of subsets called ‘‘open sets’ subject to the
following axioms: The union of any number of open sets is open, the intersection of two
open sets is open: the empty set and the whole space are open.

2 A topological group is one which carries a topology with respect to which the group
operations are continuous. No separation axioms are assumed.
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RELATIONS BETWEEN HOMOLOGY AND HOMOTOPY 481

B. We list the known results dealing with the relations between the homology
and homotopy groups.

1°) The group H'(X) is isomorphic with the factor group of m(X) by its com-
mutator subgroup.

2°) If 7,(X) = 0for 0 < n < r then H' (X) = =,(X); Hurewicz [7.).

3°) A space X is called aspherical if 7,(X) = 0 fors< > 1. In an arcwise con-
nected aspherical space the fundamental group 7:1(X) determines all the homology
and cohomology groups of X; Hurewicz [7s]. The algebraic mechanism of this
determination was unknown.

4°) The group m(X) determines the group H*(X)/z*(X). This was proved
by Hopf [5] only in the case when X is a connected polyhedron. The word
“‘determines” is used in the following sense. Given any group II = F/R repre-
sented as a factor group of a (non abelian) free group F by an invariant sub-
group R, consider the group

1 W) = RN[F, F/IF, R]

where N stands for set theoretic intersection and [A, B] is the subgroup gener-
ated by all elements of the form aba™'b™", for a ¢ A, b e B. It was shown by
Hopf that h%(I) depends only on II and not on the representation II = F/R,
and that

HY(X)/24(X) = W([m(X)].

5% If 7,(X) = O for 1 < n < r then the group m(X) determines the group
H'(X)/Z'(X). This was proved by Hopf [6] only in the case when X is a con-
nected polyhedron. The proof gives no algebraic procedure for the determina-
tion.

The theorems of this paper include and generalize all these results. More-
over, we succeed in getting a complete algebraic formulation of the group con-
structions needed for the various ‘“‘determinations.”

C. The task of handling a variety of group constructions, which, judging from
the complexity of formula (1), is likely to become quite involved, is simplified
by the following device developed in Chapter I. Given a (non abelian) group
II we construct an abstract complex K(II). The homology and cohomology
groups of this complex, denoted by H"(II, @) and H,(II, @), turn out to be
precisely the groups needed for the various descriptions. The cohomology
groups H,(I1, @) can be described directly (without the complex K(II)) as follows.

A function f of n variables from the group II with values in the topological
abelian group G will be called an n-cochain. The coboundary &f of f is the
(n + 1)-cochain defined by

(Bf)(xl’ °c ,:C,.,.H) =f(z2, ;xn+1)

2 n )
( ) + ;‘1 (—1)‘f(x11 ety TiTigr, o, xﬂ+l) + (—l)”+lf(xly eeoo xﬂ)'
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482 SAMUEL EILENBERG AND SAUNDERS MACLANE

The cochains form an additive group C,(II, G).* The cocycles (i.e., cochains
f with éf = 0) form a subgroup Z,.(II, G). Since 88f = 0 it follows that the co-
boundaries (i.e., cochains f of the form f = &g for g ¢ C,_;(II, G)) form a subgroup
B.(1I, G) of Z,(1, G). The cohomology groups of II are then defined as the
factor groups®

H,W, G) = Z,(II, G)/B.(1, G).
Forn = 0, 1, 2 the cohomology groups H,(II, @) furnish well known invariants
H(, G) =G
H,\(11, @) = Hom (II, G)
H,(11, ) =2 Extcent (G, II)

where Hom (II, G) stands for the group of all homomorphisms ¢:1I — G, and
Extcent (G, ITI) for the group of all central group extensions of the group G by
the group II.°

The homology groups H"(IT) with integral coefficients have the following values
forn = 0, 1, 2.

H() =~ 1
H'(Im) = 11/[11, 1]
H* (1) =~ CharExtcent (P, II),

where P denotes the group of real numbers reduced mod 1, while Char G is the
group of all characters of the group G, i.e., Char @ = Hom (G, P).

The development of the algebraic ideas of this paper was purposely limited
to the needs of the topological applications. Consequently, we have entirely
omitted the discussion of the algebraically important case when the group II
acts as a group of operators on the coefficient group G. We will return to this
subject in another paper.®

D. Proposition 3°) can now be formulated as follows:

TuroreMm I. If X is arcwise connected and aspherical then the homology and

3 Cu(w, @) is topologized as follows. Given an n-tuple (z,, --- , ) and given an open
set U in G, consider the set of n-cochains f such that f(z; , -+ , z.)eU as a basic open set in
C.(w, @). Arbitrary open sets in C»(r, G) can be obtained from the basic ones using finite
intersections and arbitrary unions. It is easy to verify that the homomorphism é is con-
tinuous with respect to this topology.

4 Since no separation axioms in topological groups are postulated, the factor group
Z4/B, is topological even if B, is not a closed sub-group of Z,.

5 For more details see §4 below. This is the second application of the group of group
extensions to problems in topology. In a previous paper [2] the authors have studied the
group of abelian extensions in connection with the problem of classifying and computing
the homology and cohomology groups for various coefficient groups. Both groups Hom
(11, @) and Extcent (G, II) carry a topology; see (2], p. 762 and p. 770.

6 See Bull. Amer. Math. Soc. 50 (1944), p. 53.
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RELATIONS BETWEEN HOMOLOGY AND HOMOTOPY 483

cohomology groups of X are determined by the fundamental group m(X). More
precisely,

H'(X, @) = H'(m(X), @),
Hﬂ(X) G) E H,,(?l'l(X), G)'

In order to formulate our generalization of Hopf’s propositions 4°) and 5°)
we need the following groups derived from the spherical subgroup ="(X):
2™"(X, G)—the subgroup of H"(X, G) consisting of all elements of the form
2gz; where g; <G, z; e Z"(X).

A.(X, G)—the subgroup of H,(X, G) consisting of those cohomology classes
that annihilate every element of Z"(X), when the Kronecker index is the mul-
tiplication.

TueoreM II. If X s arcwise connected and

m(X) = 0 for 1 < n < r

11

then
H'(X,G) = H'(m(X), @) forn <r
H,X,G) =2 H,(m(X),® forn<r
HX,@)/2(X, @) = H(m(X), G)
A(X, Q) = H.(m(X), G).

Both Theorems I and II are derived in Chapter II.

E. It was shown by Hopf [5] that the group =i (X) not only determines the
group H’/= but also has a bearing upon the products (i.e., the cup and cap
products) in X. In Chapter III we define products in the complex K(IT) and
show that the isomorphisms constructed in proving Theorems I and II preserve
the products.

F. In Chapter IV we consider the case when 7,(X) = 0 for n < ¢ and study
the influence of the group 7,(X) upon the homology structure of X. We ob-
tain a theorem similar to the preceding Theorem II. The group constructions
are also derived from a suitably defined abstract complex; however, we do not
have the algebraic interpretations as in the preceding case.

G. Theorem II implies that

H(X)/2(X) = H(m(X))
for every arcwise connected space X. On the other hand Hopf [5] has shown
that

HY(X)/24(X) = h*(m(X))

for every connected polyhedron, with the group A’ defined as above. Comparing
these two results we obtain an isomorphism

(3) R*(I1) =~ H*(II) =2 CharExtcent (P, II)
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484 SAMUEL EILENBERG AND SAUNDERS MACLANE

for all groups II that are fundamental groups of connected polyhedra; i.e., for
groups that can be described by means of a finite number of generators and
relations. The fact is that the isomorphism (3) can be established purely alge-
braically for all discrete groups II. The proof is not given in this paper.

CHAPTER 1

CONSTRUCTIONS ON GROUPS
1. The complex K (II)

For any discrete (multiplicative) group II we define an abstract complex
K(I) as follows. An n-dimensional cell ¢" (n = 0) in K(II) is to be an ordered
array

(1.1) " = [mo, -+, Ta]
of n + 1 elements of II, subject to the equivalence relation
(12) [%o , "'11:"] =[xz, -+, 2T4]

for all x e II. Consequently there is only one 0-cell, namely [z].
The boundary relation is

(13) a[xO,"',xn]=g(—l)i[x01"'71‘:i7"';xn]

where #; on the right means that the argument z; is to be omitted.
After collecting terms, (1.3) can be rewritten as a sum over all the (n — 1)-
cells ¢"* of K(II) with integral coefficients [¢"; ¢" '], in the form

do" = Zl [e"; P P
on—

which defines the incidence numbers [¢"; ¢"']. Because of possible repetitions
on the right side of (1.3) the incidence numbers may be integers others than 0,
1 or —1.

We verify at once that
39 = 0;

and consequently the cells ¢" with the incidence numbers [¢"; ¢" '] define a closure
finite abstract complex K(II); see [1, $1].
In this complex we may consider finite chains over a discrete abelian coeffi-
cient group G; they lead to discrete homology groups
H"(1, G) = H*(K(1I), @).

Similarly we may consider (infinite) cochains in K(IT) with coefficients in a
topological abelian group G; they lead to topologized cohomology groups’

H,(II, G) = H,(K(ID), G).

7 It is easy to see that the topology of C.(II, G) as defined in 3 is the usual topology of the
group of cochains in an abstract complex; see [1, §3].

This content downloaded from 128.151.113.25 on Tue, 07 Apr 2026 15:18:20 UTC
All use subject to https://about.jstor.org/terms



RELATIONS BETWEEN HOMOLOGY AND HOMOTOPY 485

In general the homology and cohomology groups of the complex K(II) will be
referred to as the homology and cohomology groups of the group II over a suit-
able abelian group G as coefficient group. Similarly we shall understand the
groups C"(Il, G), Z"(11, G), and B"(I, G) of the chains, cycles, and bounding
cycles of II to be the appropriate groups associated with the complex K(II).
The topological groups C,(II, G), Z,.(II, G), and B,(II, G) of the cochains, cocycles,
and coboundaries are interpreted in analogous fashion.

Since an n-dimensional cochain over a group G is a function which with each
n-cell ¢" associates an element of G, a cochain of C,(II, @) can be interpreted as
a function F of n + 1 variables on II, with values in G, subject to the conditions

(14) F(xxO;"'yxxﬂ)=F(x01"'yx")

for all z e II. The coboundary is then given by the formula
n+1

(15) (6I'V)(x0; Sty In+1) = g{) (_l)tF(xO y Ty j:i; Tty xﬂ+l)'

In the following sections two alternative definitions of the complex K(II) will
be given. For purposes of identification the method adopted in the present
section will be designated as the homogenous method.

In the complex K(II) we have the well known duality between homology and
cohomology, expressed as an isomorphism (see [8, p. 129])

(1.6) H™(1, G) =¢ Char H,(1I, Char G)

for any discrete abelian group G. This formula gives the homology groups of
IT once the cohomology groups of II with compact coeffictents are known.

2. Matric definition of K (II)

For the purpose of the applications of the complex K(II) it is convenient to
have an alternative definition based on certain matrices.
We shall consider (n + 1) X (n + 1) matrices

A =|ldil,4,j=0,1,---,n,
with elements d;; in II such that
2.1) didp = dae, 1,5,k=0,1,---,n.
This condition implies that
di =1, di;=d3i, da = doidoe.

With each such matrix A we will associate an n-cell of the complex K(II)
according to the correspondence

(2.2) A — [doo, dor, - -+, don).
Conversely, given an n-cell [z, - -+, x,] of K(II) we construct a matrix A =
|| 22 || . This matrix satisfies condition (2.1). We verify at once that this

procedure gives a 1-1-correspondence between the matrices A described above
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486 SAMUEL EILENBERG AND SAUNDERS MACLANE

and the n-cells of K(II). Consequently we may regard each n-cell of K(II) as a
matrix and vice-versa. In order to translate the boundary relation (1.3) into
the matric terminology we notice that if

[@o, -,z = A
then
(o, -+ &i, -+, xa] = AP,
where A'” is the matrix obtained from A by erasing the 7t row and the ¢t column.

Consequently the boundary relation becomes

(2.3) A = Y (—1)'A?
1=0
3. The non-homogenous description of K (II)

For the algebraic applications of the complex K (II) it is convenient to have a
third, ‘“non-homogenous”, description of K(II).

We shall consider n-tuples (x1, - - - , x,) of elements z; e II. With each n-tuple
associate an n-cell of K(II) as follows:

(xly ;xn) —’[l,xl,xlxz, RN % B xn],
conversely with each n-cell we can associate an n-tuple by the rule
3.1) [@o, Tl = (@021, T T2, -+ * , TomaZn).

This gives a 1-1 correspondence between the n-cells of K(ITI) and the n-tuples

(z1, -+, Zn), so that each n-cell of K(II) may be regarded as an n-tuple (z;, - - -,

z,) and vice versa. The 0-cell of K(IT) becomes then the (vacuous) 0-tuple ( ).
In order to translate the boundary relation (1.3) we notice that

M, z1, maZe, +++ , X1 -7 Tn) =.[21, T1Z2, -+ , 21 Tl

n
+zl(_1)‘[1’xl’xlx2’ cee Iy A, Tiy oot 3Ty o x”]’
i=

and that

[Rr,za@e, - @ ] = [1, Tos, -+, T2 - Tn] = (T2, -+, Tn),

1,21, 2122, --- , 1 A Ti, o, X1 Tl = (X1, 00y TTig1, <+, Za) fOre <m,
1,21, T2, < -, &1 Tna] = (@1, -+ 5 Tuor),

so that

n—1

(32) a(xly )xn) = (ny "'7331&) + '.Z_;(_l)i(xlx cot 3 TiTit, ""xﬂ)

+ (_1)”(x1 y " xn—l)-
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RELATIONS BETWEEN HOMOLOGY AND HOMOTOPY 487

This is the boundary relation in the non-homogenous definition of the com-
plex K(II).
Using this definition, an n-cochain of II over a coefficient group G is a function
f of n variables on II to G, while the coboundary &f is defined by
(6f)(x1) Tty xﬂ+1) = f(xzy Tty xn+1)
3.3) n .
+ Z_; (=1 f(@1, -y TiZirry - Top) + (1) fl2r, -+, 2a).

Each non-homogeneous cochain can be translated into a homogeneous one
and vice-versa, by means of the formulae

(3 4) F(x°7 Tty xﬂ) = f(xo—lxlaxrlihy ) x:l-lxn)
. f(xly"',xn)=F(lyxl,xlxz,"',131"'13,.).

We shall also exhibit directly the connection between the matric and the non-
homogeneous description of K(II). Given an (n + 1) X (n + 1) matrix

A = |[di]|
satisfying condition (2.1), we have by (2.2)
A — [do, dor, +- -, don)
and by (3.1)
[doo, dory *** 5 dow] = (doodor , dotdoz, -+, Ao, n-1dlon).

But

d()—.lzz—ldoi = di—l,OdOi = di—l.l'
and consequently the formula
(3.5) A > (dor,dia, -+, da_1,n)
gives the desired connection.

4. The casesn = 0, 1, 2

Using the non-homogenous description of the complex K (II) we shall now give
a group theoretic interpretation of the cohomology groups H.(II, G) for n =
0,1,2.

n = 0. Since K(IT) contains only one 0-cell, written as the O-tuple ( ), each
0-cochain is a constant in G so that Co(II, G) = G. The coboundary of a
0-cochain f is

@) = fO) + (=D ) =0,

so that 8f = 0. Hence Zy(II, G) = G. Since there are no cells of dimension —1
we have Bo(II, G) = 0 and therefore

(4.1) Hy11, @) = G.
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488 SAMUEL EILENBERG AND SAUNDERS MACLANE

From (1.6) we get for the 0t* homology group

H°(1l, G) = Char H,(1I, Char G) =2 Char Char G =~ @
and therefore
(4.2) H(II, @) =~ G.

n = 1. A l-cochain f ¢ Cy(Il, G) is a function of 1 variable on IT to G. The
coboundary of f is

(&) (x1, ) = f(w2) — flxszz) + f(x1)
so that fis a cocycle if and only if f satisfies the identity

flawws) = f(xl) + f(x2);

i.e., if and only if f is a homomorphic mapping of II into G. Consequently
Z\(I1, G) is the group Hom(II, G) of all the homomorphic mappings of II into G.
Since every 0-cochain is a cocycle, we have B,(Il, G) = 0 so that

(4.3) H\(11, G) = Hom (II, G).
In particular if G = P is the additive group of reals reduced mod 1 we get
(4.4) H,(11, P) = Char II.
From the duality formula (1.6) we get
(4.5) H'(l, G) = Char Hom (II, Char @)
or, in terms of the tensor product (see [2, p. 788])
(4.6) H'(1, G) = IIG.

For integral coefficients we find from (4.4) and (1.6) that
H'(11) =~ Char H,(TI, P) = Char Char II

and therefore

(4.7) H'() = 11/[11, 1]

where [II, II] is the commutator subgroup of II.
n = 2. A 2-cochain f e C2(II, @) is a function of 2 variables on II to G. The

coboundary of f is

of(xy, x2, x3) = f(@1, T2) — flTrxe, 23) + f(1, Toxs) — f(71, o),
so that f is a cocycle if and only if f satisfies the identity
4.8) f(xy, 2) + f(21, 22m3) = f(ma2s, 23) + f(21, 22).

This identity means that f is a central “factor set” of Il in G. The group of all
such factor sets may be written as Factcent (II, G). A 2-cochain f is a co-
boundary if it can be written as

(x1, 2) = h(x1) — h(ziz2) + h(z2)
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RELATIONS BETWEEN HOMOLOGY AND HOMOTOPY 489

for some function & on IT to G. Factor sets of this special form are known as
“transformation sets’’; the group of all such may be written as Trans (II, G).
The second cohomology group may thus be written as

4.9) H,(I, G) = Factcent (I, G)/Trans (11, G).

This group occurs in the theory of group extensions. We call the group E
a central group extension of G by II if the center of E contains G and if E/G = 1I.
Given any factor set f, we may define a corresponding group extension E; as the
set of all pairs (g, z), with g € G, z € II, and with the multiplication rule

(g1, 1) (g2, 22) = (g1 + g2 + f(T122), T122).

One observes that this multiplication is associative if and only if f satisfies the
condition (4.8) above. The group E; constructed from f is indeed an extension
of G by II, for the correspondence (g, ) — z is a nhomomorphism of E; onto II.
The kernel of this homomorphism is the set Gy of all pairs (g, 1). This set is
isomorphic to the group G under the correspondence G < (g — f(1, 1), 1).
Furthermore, G, lies in the center of E, .

Every central group extension E of G by II may be represented in the form
E,, for a suitable factor set f. The factor set f is not unique; two factor sets
f and h determine ‘“‘equivalent” groups extensions if and only if f — his a trans-
formation set. Therefore, the cosets of Factcent (II, G)/Trans (II, G) are in
one-to-one correspondence with the central group extensions of G by II; this
factor group consequently is known as the group Extcent (II, G) of such group
extensions. We may thus write (4.9) as

(4.10) H,(11, G) = Extcent (II, G)
5. Examples

In this section we shall compute the cohomology groups H,(II, @) for various
groups II. Except in one trivial case the computation will be carried out by
constructing a space X whose fundamental group mi(X) is isomorphic with II
and for which suitable higher homotopy groups vanish, and then applying to
this space the main theorem of this paper as stated in the introduction.

A) I 43 the null group. The complex K(II) has only one n-cell ¢" for each
n 2 0. Formula (1.3) shows that

d¢" = ¢"'  for n even,
3" =0 for n odd.

Consequently all the homology and cohomology groups of II are null groups.

B) II is a free (non abelian) group. Let X be a connected graph with II as
fundamental group. All the homotopy and all the cohomology groups of X are
null for the dimensions n > 1. Consequently, by Theorem I

H,(II,G) =0 forn > 1,
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490 SAMUEL EILENBERG AND SAUNDERS MACLANE

while from (4.3) we have H,(Il, @) = Hom (II, @), so that H,(Il, G) is the direct
sum of G with itself m times, where m is the number of free generators of II.

C) II is a free abelian group with r generators. Let X be the r-dimensional
torus; i.e., the cartesian product of r circumferences. We have

m(X) =~ 10, m(X) = 0forn > 1.
Since Z"(X) = 0 forn > 1 we have A,(X, @) = H,(X,G) forn > 1. Since
H.(X,G)=0 forn > r

Ha(X,6) = 6™ forn <,
where G’ stands for the direct product G X G X --- X G j times, we have
H,(II,G) =0 forn > r

H,(O,Q) = G(”) forn < r.

D) I is a cyclic group of order m. For each n > 0 there is a rotation X of the
(2n + 1)-sphere S***' such that 1°) X has the period m; 2°) \ preserves the orien-
tation of §***'; 3°) none of the rotations A\, A?, - -- , ™" has a fixed point. By
identifying the points z, A(z), - - - , A" "*(z) we therefore get an orientable mani-
fold X, often called a generalized lens space, whose universal covering space is
S§?"*1.  Consequently we have

mn(X) = 1, m(X) =0forl <7< 2n+ 1.
Hence the application of the Theorem II gives
H,. (I, G) = HiwW(X, @)
Hypn(MM, G) =2 Asn (X, G).

From the Poincaré duality relation we get Hao(X, G) = H'(X, @). Since H'(X)
is eyclic of order m we get H'(X, @) = G/mG. Consequently,

H,.(1I, G) = G/mG.
Since X is an orientable mainfold of dimension 2n + 1 we have
H"(X) =1, Hyn(X,G) = G.

The sphere $***' is an m-fold covering of X, so the spherical homology classes
are the ones that are divisible by m:

X)) = ml.

From this it follows that a cohomology class /***" will annihilate = *(X) if and
only if mf*"** = 0. Consequently As,1(X, G) = .G and

H2ﬂ+1(ny G) = mGy
where ,,G is the subgroup the elements g ¢ G such that mg = 0.
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Using the cartesian product of a suitable number of circumferences and
generalized lens spaces we could in a similar fashion compute the cohomology
group of any abelian group II with a finite number of generators.

CHAPTER II
TuE MAIN THEOREMS®
6. The singular complex S(X)

We briefly review the basic concepts of the singular homology theory as de-
veloped in [1].

Let s = < po, -+, pn > be a simplex, in some euclidean space, taken with
a definite order of vertices pp < p1 < :++ < p.. A continuous mapping
T:s—>X

will be called a singular n-simplex in the topological space X. If s; is another
simplex with ordered vertices of the same dimension as s, then there is a unique
linear mapping B:s; — s preserving the order of the vertices. The singular
simplexes

T:s— X TB:s; —» X

will be called equivalent (notation: T = TB). The equivalence classes obtained
this way are the cells of the abstract complex S(X). We shall use the same sym-
bol to denote an individual singular simplex and its equivalence class.

We denote by s the face of s opposite to the i*» vertex and by

TW:sW 5 X
the partial mapping T = T |s®. The boundary in S(X) is defined by
aT = Y (—1)'T¥.
i=0
The homology and cohomology groups of the complex S(X) will be called the
singular homology and cohomology groups of the space X, and will be written
as H*(X, @) and H,.(X, G).

Let zo € X be a fixed point of X chosen as base point. We denote by Si(X)
the subcomplex of S(X) obtained by considering only those singular simplexes
T:s — X which map all the vertices of s into z,. Since S;(X) is a closed sub-
complex of S(X) the identity mapping m(T) = T is a chain transformation
(see [1, §4])

miS(X) — S(X).

It was shown in [1, §31] that if the space X is arcwise connected then the chain
transformation 7, is a chain equivalence; i.e., that there is chain transformation

8 This chapter and the following ones lean rather heavily on the methods and the results
of [1].
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71: S(X) — Su(X)
such that the chain transformations
s Si(X) — Si(X) mi: S(X) — S(X)

are both chain homotopic to the identity chain transformation of the complex
S1(X) into itself and of S(X) into itself, respectively. In particular, the homol-
ogy and cohomology groups of the complexes S(X) and S;(X) are isomorphic.
We shall always choose the base point z, ¢ X used in the definition of Si(X) as
the base point for the definition of the fundamental group m(X) and of the higher
homotopy groups m,(X). It is clear that the complex Si(X) is more closely
connected with the fundamental group 71(X) than is the larger complex S(X).
In fact, every singular l-simplex in S;(X) uniquely determines an element of
m(X). Consequently in studying the influence of the group =i (X) upon the
homology structure of X we shall use the complex S;(X) almost exclusively.
We shall also have oceasion to consider the subcomplexes S..(X) of S(X) con-
sisting of those T:s — X which map all the faces of s of dimension less than m
into the point x,. The identity mapping furnishes the chain transformation

Nm: Sw(X) — S(X).

Clearly S(X) = So(X).

A cycle 2" in the complex S.(X) (m = n) will be called spherical if it is homol-
ogous in S,,(X) to a cycle in the subcomplex S,(X). In other words z" is spheri-
cal if 2" ~ 0 in Sn(X) mod S.(X). In each of the homology groups H"(Sn(X),
@) (or H*(X, @) for m = 0) we thus get a subgroup Z"(S.(X), G) (or =*(X, @)
for m = Q) of the spherical homology classes. It was proved in [1, §33] that the
subgroup Z"(X) of the integral homology group H"(X) is the image of the ho-
motopy group m,(X) under its natural mapping into H"(X).

In the cohomology group H,(S.(X), @) of S,.(X) the corresponding subgroup
A(Sn(X), @) consists of all the cohomology classes that annihilate the subgroup
2"(Sn(X)), under the Kronecker index as multiplication. In particular
A(X, G) is the annihilator of Z"(X).

If X is arcwise connected, the transformation 7,:S;(X) — S(X) is a chain
equivalence and under the isomorphisms of the homology and cohomology groups
induced by #; the subgroups ="(8:(X), @) correspond to ="(X, G) and similarly
A.(S:1(X), @) correspond to A.(X, G).

7. The chain transformation «

The basic tool used in this paper for the study of the influence of the funda-
mental group m(X) upon the structure of the space X is a chain transformation

k1 81(X) = K(m(X))

The definition of this transformation proceeds as follows.
Lets = < py --- p. > be an n-dimensional ordered simplex and let T':s —
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X be a singular simplex in S;(X). Since every vertex p; of s is mapped into the
base point zo ¢ X each edge p.p; of s maps into a closed path in X and therefore
determines uniquely an element d;; of m(X). If ¢ = j, we define d;; = 1. Itis
clear that d;; = d;;. For any three vertices p;, p;, P« the interior of the tri-
angle p.p;px is mapped into X and therefore

d,‘ ,d,'),,dk,' = 1
This implies that
d"idik=dik; irj;k=01 11"'7n)

so that the matrix

A = |[dif
satisfies the conditions (2.1) and thus is an n-cell of the complex K (m(X)). We
define

«(T) = A.
This gives a mapping of the cells of the complex S;(X) into those of K(m (X))
and leads to homomorphisms of the integral chains in S;(X) into those of K (7
(X)). These homomorphisms will also be denoted by the letter x.. In order tc

show that « is a legitimate chain transformation we must show that « and the
boundary operator 9 commute. Let

aT = 2(-1)'T?
where T is the face of T opposite the it vertex. Let A = «(T) and let A®?

be the matrix obtained from A by erasing the i** row and the 7*» column. As
remarked in §2, we have

dA = Z(—1)'a®.
It is immediately clear from the definition of « that k(T”) = A®”. Consequently,
T = 3A = Z(—1)'AY = Z(=1)%T? = «2(=1)'T” = «dT

which proves that dx = «d.
The chain transformation x induces homomorphisms (see [1, §4])

«H"(Si(X), G) - H*(m(X), G)
*:H,(m(X), @) > H,(8:(X), G).

These homomorphisms will be used to compare the groups of the space X with
those of the complex K(m(X)).

8. Properties of «

Before we proceed with the proof of our main theorem we shall list 4 few
properties of the chain transformation «.

Lemma 8.1. If 2" is a cycle (with any coefficients) in the subcomplex S.(X)
of Si(X) then the cycle k2" bounds in K(m(X)).

This content downloaded from 128.151.113.25 on Tue, 07 Apr 2026 15:18:20 UTC
All use subject to https://about.jstor.org/terms



494 SAMUEL EILENBERG AND SAUNDERS MACLANE

Proor. Llet Af denote the n-cell of K(m(X)) represented by the matrix with
di; = 1. Clearly A7 = 0if n is odd and dA; = A¢~'if n is even.

Now let T:s — X be a singular n-simplex in X belonging to S:(X). This
means that all the edges of S are mapped into the base point z, of X. Conse-
quently, by the definition of «, it follows that «(T) = Ag .

If now 2" is any cycle in Sy(X) then «(2") = kA¢ where k is some element of
the coefficient group. If n is odd then A" = AJ and x(z") = a(kags™). If
n is even then dx(z") = kdAy = kA¢™". Since z" is a cycle, we have dx(z") = 0,
hence k¥ = 0 and «(z") = 0. In either case x(2") bounds in K(m (X)), q.e.d.

LEmMaA 8.2. Under the homomorphism

«:H"(8:1(X), @) — H"(m(X), G)

the subgroup ="(S:(X), G) maps into zero.

Proor. Let z" be a cycle in S;(X) belonging to a homology class in Z"(S:(X),
G). By the definition of a spherical eycle in S;(X), the cycle z” is homologous
in S;(X) to a cycle 27 in Sy;(X). Hence «(z") is homologous to «(z3). But
«(23") bounds in K (r1(X)) in virtue of the preceding lemma. Hence «(z") bounds,
q.ed.

Lemma 8.3. Under the homomorphism

K*:Hﬂ(ﬂ'l(X), G) b Hn(Sl(X)r G)

the image of H,(m(X), @) 1s contained in the subgroup A.(S:1(X), G).
Proor. Let " e H,(m(X), @) and let 2" ¢ 2"(8;(X)). We have the Kron-
ecker intersection

KI(*f", z") = KI(f", x2"),

but kz" = 0 by Lemma 8.2. Hence «*f" annihilates the group ="(8:(X)) and
consequently «*f" € A.(Si1(X), @).

9. Proof of Theorem I

We shall now study the transformation « in the case when X is aspherical;i.e.,
when 7;(X) = 0 forz > 1.
TueoreMm la. If X s aspherical then the chain transformation

k:81(X) — K(m(X))

18 a chain equivalence.
This result contains Theorem I as a corollary. For, if X is arcwise con-
nected, the chain transformation

71:81(X) — S(X)

also is a chain equivalence; it follows that the complexes S(X), Si(X), and
K(m (X)) are all chain equivalent. Consequently the complexes S(X) and
K(71(X)) have isomorphic homology and cohomology groups, as asserted by
Theorem 1.
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Proor or THEOREM Ia. We shall define a chain transformation
B K(m(X)) — 8i(X)
subject to the following conditions:
9.1) for each cell A of K(m (X)), k(A) is a singular simplex of Si(X),
9.2) kk(A) = A,
(9.3) i ®(A) = T, then ®(A"”) = T,

Since K(m (X)) and S;(X) each have only one O-cell A’ and T°, we define
#(A%) = T°. Let A’ be a 1-cell of K(m(X)), so that
!

1
1 _
A —Hd—l 1

where d e m(X). Take a 1-simplex s* with ordered vertices and let T':s' — X
be a continuous function mapping s into a closed path about x, belonging tothe
element d of the fundamental group. Define x(A) = T. Next, let

1 d de
A = | e
(de)™* et 1

be a 2-cell of K(m(X)) and let s = < vww. > be a 2-simplex with ordered vertices.
The faces of A are

1 e

de
W _
el 1 A

- H (dle)_l 1

A(O) = ‘

@ _ |1 d“
R

We consider the l-simplexes
0 1 2
sO = <ow > sV = < > s”=<vovl>

and since & has already been defined for the 1-cells of K(m (X)) we have three
mappings

(A - X, =012,

which give closed paths about z, belonging to the elments e, de, and d of m(X)
respectively. Jointly these three mappings give a mapping T of the boundary
b(s) of into X, and this mapping is nullhomotopic. Consequently 7' can be
extended to a mapping T:s — X. We define x(A) = T.

From now on, we proceed by induction. Suppose that ¥(A) has been defined
for all cells A of dimension < k(k > 2). Let A be a k-cell of K(m(X)). Lets
be a k-simplex with ordered vertices. If s is the it face of s, we have mappings

R(A”):s” = X

and in view of (9.3) these mappings agree on the common parts of any two faces
of s. Consequently they combine and give a mapping T:b(s) — X of the
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boundary b(s) of s. Since b(s) is homeomorphic to a (k — 1)-sphere and
me_1(X) = 0 because k — 1 > 1, the mapping T can be extended to a mapping
T:s — X. We define k(A) = T. From the construction it is clear that (9.1)—
(9.3) are satisfied, so that the definition of k is complete.

It follows from (9.3) that & and d commute so that & is a chain transformation.
From (9.2) it follows that

kk = 1.
In order to show that « is a chain equivalence it is now sufficient to show that
(9.4) Rk >~ 1

which means that the chain transformation &« is chain homotopic with the
identity mapping of S;(X) into itself.

We shall now define for each singular simplex T':s — X of S;(X) a ‘‘singular
prism”’

Rr:s X I — X,

where s X I is the cartesian product of the simplex s with the closed interval
[0, 1], subject to the following conditions:

(9.5) R:(p, 0) = T(p),

(9.6) Ry(p, 1) = (T)(p),

9.7 Ry(p, t) = R:(3)(p, ?) for p e s,
(9.8) IfTy=T,, then Ry = Ry,.

Here Rr, = Rr, means that these two singular prisms are equivalent, as defined
in [1, §11].

If T has dimension 0 we define Ry by setting Rr:s X I = z,. If T has dimen-
sion 1 then s ¥ I is a rectangle with b(s X I) as boundary. We define a mapping

Rib(s XI)—> X
by setting
R(p, o) = T(p),
R(p, 1) = &T)(p),
R(p,t) =z, for p eb(s).
This mapping is continuous. According to (9.2) we have
kikT = kT

and therefore by the definition of « the paths T':s — X and xkT':s — X represent
the same element of the fundamental group =(X). Consequently the mapping
R is nullhomotopic and can be extended to a mapping

Rris X I — X.
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From now on we proceed by induction. Suppose that Rz has been defined for
singular simplexes 7' of dimension < k(k > 1). Let T:s — X be a singular
k-simplex of Si(X). We define a mapping

R:b(s X I)—> X

by setting
R(p, 0) = T(p),
R(p, 1) = (&T)(p),
R(p,t) = R:(3)(p, 1) for p es®.

This mapping is continuous. Since b(s X I) is homeomorphic with the k-sphere
and since 7(X) = 0 because k > 1, the mapping R can be extended to a mapping
Rr:s X I — X. Tt is easy to see that conditions (9.5)—(9.8) are still satisfied,
and therefore the definition of Ry is completed.

We shall now consider the standard subdivision of the prism s X I and the
basic chain d(s X I) of this subdivision, as defined in [1, §16]. Foreach T ¢ S;(X)
the continuous mapping Rr applied to the chain d(s X I) in the polyhedron
s X I yields a chain in S(X) which we shall denote by 9T (this is the chain
(s X I, d(s X I), Rr) in the “triple” notation of [1, §15]). Since the standard
subdivision of s X I introduces no new vertices in addition to those of s X 0
and s X 1 and since R, maps all those vertices into x, it follows that DT is a
chain in 8;(X). Furthermore it follows from (9.5)—(9.8) and from the properties
of d(s X I) [1, §16] that

DT = T — T — DaT.
This proves (9.4) and completes the proof of Theorem Ia.
10. Proof of Theorem II
We now proceed to examine the case when
(10.1) mX) =0 for 1 <n <.

If we examine the construction of & in the previous paragraph we notice that in
order to define #A for a k-dimensional cell of K(m (X)) we used the fact that
m1(X) = 0. Consequently the definition of % can be duplicated for all cells
A of dimension 7. We summarize the properties of ¥ which will be used:

(10.2) K0 = 9k,
(10.3) kk = 1.
(10.4) If Aisan (r + 1)-cell of K(mi(x)) then k(8A) is a spherical cycle in Sy(X).

Next we shall examine the definition of the operator & in the last part of the
preceding section. In defining the continuous mappings Rr we have used the
fact that m.(X) = 0 where k is the dimension of the singular simplex T. Con-
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sequently the definition of Rr and therefore also that of DT carries over without
change, provided that the singular simplex 7 has dimension <r. In particular,
we have

(10.5) DT = ixT — T — DT dim 7T < r.

If dim T = r, then DT is not defined, but the definition of DIT readily implies
that
(10.6) If T is a singular r-simplex of Si(X), then the chain

ik — T — DT
18 a spherical r-cycle in Si(X).

These facts will be used in the proof of the following theorem.
THEOREM Ila. If

m(X) =0 fori<n<r
then the chain transformation

k:81(X) — K(m(X))

induces the following isomorphisms

(10.7) «:H"(8:(X), G) & H*(m(X), @) forn <,

(10.8) ¥ H,(m(X), G) o H.(Si(X), @) forn <r,
(10.9) :H' (S1(X), G)/27(81(X), @) & H' (m(X), @),
(10.10) k*:H.(m(X), G) < A (Si(X), G).

If X is arcwise connected, these isomorphisms combined with the isomorphisms
induced by the chain equivalence 7,:8;(X) — S(X) produce the isomorphisms
required for Theorem II.

Proor oF THEOREM Ila. We shall denote by

[Si(X)]" and [K(m(X))[

the subcomplexes of S;(X) and K(mr(X)) which consist of all cells of dimension
=r. For these two complexes we have the chain transformations « and &, and
because of (10.3) and (10.5) they form an equivalence pair. Hence « induces
isomorphisms of the groups of the complex [S:(X)]” onto those of [K(mi(X))].
However for the dimensions n < r the complexes [S:(X)]" and S;(X) have identi-
cal homology and cohomology groups, and similarly for the complexes [K (1 (X))]"
and K(m(X)); this implies formulae (10.7) and (10.8).

We shall now turn to the discussion of the homology and cohomology groups
of dimension . Let 2" be an r-dimensional cycle in K(m;(X)), with coefficients
ina group G. From (10.2) it follows that dkz” = k92" = 0. Hence it follows that
&2’ is a cycle in S1(X). From equation (10.3) the conclusion follows that kkz" =
2. This implies that the homomorphism
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(10.11) x:H (8)(X), G) —» H'(m(X), Q)

is a homomorphism onto. In order to complete the proof of (10.9) we must show
that the kernel of the homomorphism (10.11) is the subgroup Z"(S:(X), @) of
H'(S,(X), ). We have already seen from Lemma 8.2 that the group Z'(S:(X),
@) is contained in the kernel. Now let 2" be a cycle in S;(X) with coefficients
in G such that xz" ~ 0. Let

Cr+l = Z g A;+1
3

be an (r 4+ 1)-chain in K(m(X)) such that
act = k2,
and consider the r-chain in S;(X):
iz = r(oc M) = kzgoAT = Zgr(0aTH).

According to (10.4), &k2" is a spherical cycle in S;(X). From (10.6) we deduce
that kkz” — 2’ is a spherical cycle. Consequently 2 is a spherical cycle in S;(X).
This concludes the proof of (10.9).

Before we proceed with the proof of (10.10) we should recall the definition
of «*. Given any cochain f in the complex K(m(X)) we can define a cochain
«*f in 8;X) by setting

(WN(T) = JT).
This maps the cohomology groups of K(m (X)) homomorphically into those of
8i1(X). In particular, we have
(10.12) «*:H,(K(m(X)), G) — H.(8:(X), G).

We shall show first that the kernel of this homomorphism is zero. To this end,
let f be an r-cocyle in K(m(X), @) such that

k*f = &h,
where h is an {(r — 1)-cochain in S;(X). Define
K(A™™) = k&A™
for every (r — 1)-cell A" of K(m(X)). Clearly b/ is an (r — 1)-cochain in
K(m(X)). We have
(6R')(A") = R'(dA") = h(kdA") = h(3kA") =
(8R)(RAT) = (x*f)(%A") = f(kkA") = f(A")
since by (10.3) kxA” = A". Consquently s’ = f, which proves that the kernel
of (10.12) is zero.

We have shown already (Lemma 8.3) that the homomorphism (10.12) maps
H.(K(m(X)), G) into the subgroup A.(Si(X), G). In order to complete the
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proof of (10.10) it is sufficient therefore to show that «* maps H,(K(m (X)), G)
onto A.(Si(X), G).

Let f ke a cocycle belonging to a cohomology class in A,(S;(X), G). Define a
cochain f’ of K(m(X)) by setting

/(A" = f(&xA")
for A" in K(m(X)). We have
@A™ = f'0a™") = f(xoa™) =0

since by (10.4) ®dA™*" is a spherical cycle in S;(X) and since f annihilates all the
spherical cycles by the definition of the subgroup A.. It follows that f” is a co-
cycle in K(m(X)). We can further define an (r — 1)-cochain h in S,(X) by
setting

AT = fDT).

According to (10.6) T — T"— DIT" is a spherical cycle in S;(X), and since f
belongs to a cohomology class in A, , f annihilates all the spherical cycles, conse-
quently
f&T" — T" — DoT") = 0.
We now compute the coboundary 6k of h as
(6R)(T") = h(3T") = f(DIT")
= f&xT") — f(T") = f'(T") — f(T")
= (&*)(T7) — f(T")
and therefore
oh = «¥f' — f
This shows that «*f’ and f are cohomologous, and therefore the cohomology

class of f is the image under «* of the cohomology class of f’. This concludes
the proof of Theorem IIla.

11. Discussion of naturality

In the case when X = P is a locally finite connected polyhedron P, given in a
definite simplicial decomposition, it is useful to have an explicit connection be-
tween the complex K (m(P)) and the homology groups of P defined from the
simplicial decomposition.

In [1, Ch. II] the complexes k(P) and K(P) were defined; k(P) was the ab-
stract complex obtained from P by assigning an orientation to any simplex of
P, while K(P) was the much larger abstract complex in which every simplex of
P is taken with a definite order of vertices and two different orderings of ver-
tices lead to two distinet cells in K(P). The two complexes are compared by
means of chain transformations

a:K(P) — k(P) a:k(P) — K(P),
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which form an equivalence pair. The chain transformation @ was defined in a
natural and, in a sense, in a unique fashion, while the definition of & involved
an element of choice and was unique only to within a chain homotopy.

Next we shall consider the singular complex S(P) and the natural chain
transformation

B:K(P) — S(P),

which was proved in [1, Chap IV] to be a chain equivalence. Further we have
the subcomplex Si(P) of S(P) and the chain transformations

n:S1(P) — S(P) Mm:S(P) — Su(P)

which form an equivalence pair. Again, as in the case of (e, &) the transforma-
tion m; is natural, while the definition of % involves some choices and is unique
only to within a chain homotopy. Finally, we have the natural chain trans-
formation

k:81(P) — K(m(P)).
All told we have the following natural chain transformations

k(P) o K(P) 5 8(P) 4 8i(P) = K(m(P)).

This diagram shows that the natural chain transformations on hand do not per-
mit the comparison of the complexes k(P) and K (m(X)) directly. However, if
we use @ and %;, we have

k(P) = K(P) 5 S(P) 3 8i(P) = K(m(P)),
so that we get a chain transformation
(11.1) kmBa:k(P) — K(mi(P)).

We shall show now how the transformation (11.1) can be obtained directly with-
out the use of the complexes K(P), S(P), and Si(P).

The direct definition of (11.1) will involve two choices:

1° We choose a definite order of the vertices of the polyhedron P.

2°  TFor each vertex v of P we choose a definite path zw leading from the base

point z, e P to w.

Given a simplex s in P with the vertices vy < v < -+ < v,, we denote by

d;; the element of m(P) determined by the closed path

(@) (00, (o)™

where v.; denotes the rectilinear path from v; to v;. It is apparent that the
matrix A = || d;; || is an n-cell in the complex K(m(P)). By setting 8(s) = A,
we can get the required chain transformation:

0:k(P) — K(m(P)).
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502 SAMUEL EILENBERG AND SAUNDERS MACLANE

An analysis of the definitions of &@ and #; shows readily that @ and # can be
chosen so as to have

0 = kmBa.

This implies that 6 is unique to within a chain homotopy, a fact which could
be proved directly.

The concept of naturality is used here in a vague sense, which, however, could
be made quite rigorous using the theory of functors [4].

CuaprER III PropucTs
12. Products in K(IT)
Let Fobe the 0-dimensional cochain in K (IT) with integral coefficients defined as
Folx) =1 for all z ell.

Since, as we have remarked in §4, every 0O-cochain is a cocycle, it follows that
Fy is a cocycle. Consequently, in the terminology of [1, §24], the complex
V(IT) is augmentable.

We shall follow now the pattern of [1, Ch. V] and define products in the
complex K(IT). Let two homogeneous cochains

FP € C}J(Hy Gl)) Fq € CQ(Hv G2)

be given with the coefficient groups G: and G; paired to a third group G. We
define

(12.1) (I, U F)@o, -+, Tpra) = Fp(o, -+, 2p)Fo(xp, - -+, Tpio).
We verify that this definition gives a homogeneous cochain
Fp U Fq € CP+¢1(H7 G)7

and that the cup product so defined satisfies axioms (U1) — (U5) of [1, §25].
This establishes K(IT) as a complex with products.

Let fp, fo, and f, U f, be the non homogeneous cochains corresponding to the
homogeneous cochains F,, F,, and F, U F,. According to (3.4) we have

fPUfQ(xlv"' ;xp-i—q) = FPUFq(lyx17x1x2: "',$1"'$p+q)

_ Fp(l,xl,"‘ ’zl.-.xp)Fq(xl...xp’ ...,xl...xp+q)
= FP(17 Ty, ", Xy zp)Fq(lyzp+1)zp+lxp+27 ccry Tpgr ot xp+q)
= fol@1, + , Tp)fe(@pi1, *** 5 Tptd)

Hence we have the formula
(122) fﬂ qu(xl’ Tty zp+q) = fp(zl y " zp)fq(1p+l y "7y xp+'1)

for the cup product in the non-homogeneous description.
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We follow with the matric description. Let a (p 4+ ¢)-cell of K(II) be given
asa (p+ ¢+ 1) X (p + ¢ + 1) matrix
A= |di;]l.

We shall denote by ,A the matrix obtained from A by erasing the last ¢ rows and
columns of A, and by A, the matrix obtained by erasing the first p rows and
columns of A. According to (3.5) we have

A — (do, d, dp+q—1.p+q)
PA - (dm ) dl‘Z y Tty dp—l.p)

Ay = (dp,pt1, dpsipr2, dp+q—l.p+q)-

Consequently (12.2) implies the following definition of the cup product in the
matric description

(12.3) fo U f(8) = fo(p0)fa(A).

The definition of a cup product carries with it [1, §26] a corresponding defini-
tion for the cap product

fo NPt e P, @)

of a cochain f, e Co(I, Gy) and a chain ¢ e C**%(11, G,), provided that G, and
G, are suitably paired to G. The cap product corresponding to our definition
of the cup product in K(IT) can be described as follows. Let ¢ = gA, where
g e G, , then

fa Nt = [fo(Ad)glrA.

13. Products in S(X) and S,(X)

We shall briefly review the definition of the cup product in the complexes
S(X) and Si(X), as introduced in [1]. Let

T:s— X where s = < po, ***, Dptqg >
be a singular simplex in X of dimension p + ¢q. We shall consider the faces
8= < DPo, -, Pp> 8¢ = < DPp, "y Prtq >
of s and the corresponding singular simplexes defined by the partial mappings
oI = T|,s T,=T]|s,.
For two cochains
freCo(X, G,  foeCo(X, Gr)

where G; and G, are paired to G, the cup product

frU fo e CoroX, G)
is defined by the formula
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(13-1) (fp U fq)(T) = fp(pT)fq(Tq)-
The corresponding cap product can be defined as follows. Let
JoeCoX, @), e C"T(X, Go),

where G, and G; are paired to G. Further let ¢®*? be of the form ¢g7T', where g € G,,
then

fa Nt = [fo(T)glT.

If the simplex T is the subcomplex S;(X), then both ,7 and T, are in S;(X).
Formula (13.1) can therefore be used to define the cup product in the complex
Si1(X).

The chain transformation

m:Si(X) — S(X)

was defined as the identity mapping 1T = T of the complex S;(X) into S(X).
Given a cochain f of S(X), the cochain n’ff of 8;(X) is defined by

(if(T) = f(nT) = (7).

This means that the cochain 7,7 is obtained from f by cutting down the domain
of definition of f to include just simplices of S,X). This implies that for the
cup products we have

mifoUf) = nifoUnife,

so that in the terminology of [1, §27], the chain transformation 7, preserves the
products. Since 7; is a chain equivalence (when X is arcwise connected), it
follows that the parings which the cup and the cap products induce on the
homology and cohomology classes of S;(X) will be isomorphic with the corre-
sponding pairings in S(X).

14. Reduced products

It was shown in [1, §35] that if G; and G, are paired to G, and if p > 0 and
g > 0, then for any two cohomology classes

fper(X; @), fquq(X; G-)

we have
fp U fq eAp+q()(, G)

where the subgroup A, of H,4, is defined as in §8 above. Consequently, by
a trivial restriction of the range, we may consider the product as a pairing of
the groups H, and H, to the group A,y,. This pairing will be called the re-
duced cup product.
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For the cap product it was shown in [1, §35) that if p > 0, ¢ > 0, and
fee H(X, Gy), P X, Gy),
then
f.N 2P =0,

where the subgroup =" of H**? is defined as in §8 above. Consequently the
pairing of the groups H,(X, G1) and H**%(X, G,) with values in H*(X, G) induces
a pairing of the groups H (X, G;) and H?*4(X, G,)/=""%(X, G.) with values in
H*(X, G). This pairing will be called the reduced cap product.
The reduced products are defined in the complex S;(X) in an identical fashion.
They lead to pairings isomorphic with the corresponding pairings in S(X).
15. Comparison of products in X and K (7 (X))

We shall show first that the chain transformation
KZS1(X) — K(1r1(X))

preserves the products. In fact, if x(T) = A, then it is clear from the definitions
involved that x(,T) = ,A and that «(T,) = A,. Consequently,

"*(fr U fq)(T) = (fp U fq)(KT) = fp V) fq(A) = fp(pA)fq(Aq)
= fp(KpT) fq(KTq) = K*fp(pT)K*fq(Tq)
= (&, U *o)(T),

hence we get
(15-1) "*(fp U fq) = K*fp U "*fq

for any two cochains f, € C,(m(X), G1) and f, € Co(m1(X), G2), provided that G,
and @G, are paired to some group G.

This implies that if, for the dimensions p, ¢, and p + ¢, the transformation «
establishes the isomorphisms

Hy(8:1(X), Gy) = Hy(m(X), Gv)
H,(8:(X), Go) = H,(m(X), Gv)
Hp 1 o(81(X), G) = Hypyo(m(X), @),

then for these groups the cup products also will be mapped isomorphically. A
similar statement applies to the cap product. Since the products in the com-
plexes S(X) and S;(X) are isomorphic, Theorem Ia implies the following:

AppENDUM TO THEOREM I. If X s aspherical, then the cup and the cap products
of the homology and cohomology classes in X are determined by the fundamental
group m(X). More precisely, the products in X are isomorphic with the corre-
sponding products in the complex K(mi(X)).
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In order to get a similar addendum to Theorem IT we notice that if x induces
the isomorphisms
H,(S:(X), G) = H,y(m(X), Gy) p>0
H,(S1(X), Gy) = Hy(m(X), Ga) g>0
Ap+o(Si(X), @) = Hypio(m(X), G),

then the reduced cup product of the groups on the left is isomorphic with the
cup product of the groups on the right. Similarly, if x induces the isomorphisms

Hy(81(X), Gr) =2 Hy(m(X), Gh) g>0
H"(8y(X), Go)/ 2" (S1(X), Go) = HP (mi(X), Go)
H*(8:1(X), G) = H (m(X), @) » >0,

then the reduced cap product of the groups on the left is isomorphic with the

cap product of the groups on the right. Since the products in the complexes

S1(X) and S(X) are isomorphic, Theorem Ila implies the following:
AppeExDUM TO THEOREM II. If

(X)) =0 for 1 <n<r,

then for p + q < r the cup products and the cap products in X are isomorphic with
the corresponding products in the complex K(m(X)). Ifp > 0,9 > 0,and p 4+ ¢
= 1, then the reduced cup and cap products in X are isomorphic with the corre-
sponding products in the complex K (m(X)).

CuAPTER IV. GENERALIZATION TO HIGHER DIMENSIONS

16. Preliminaries

In the preceding chapters we have studied the influence of the fundamental
group m(X) of a space upon the homology structure of X. A similar discussion
can he carried out, replacing the group m1(X) by a higher homotopy group =.(X).
The group constructions involved are rather complicated, and consequently
the final results have less interest. We shall treat the entire topic very sketchily;
we shall give all the necessary definitions and shall state the theorems, but we
shall omit the proofs, since they are strictly analogous to the ones in Chapter II.

Let X he a topological space with base point -, . We shall consider the total
singular complex S(X) and the subcomplex S,(X) (m > 1) consisting of all
those singular simplexes

T=s—>X s =< Po, " yDPn >,

which map all faces of s of dimension <m into the point zo. We shall consider
the m*® homotopy group m.(X) of X with z, as the base point. If s’ is any
m-dimensional subsimplex of s (with ordered vertices) the mapping T:s" — X
maps the boundary of s’ into 2o and therefore defines an element a of m»(X). If
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s = < Pag, ***, Da, >, then the definition ¢(ao, - - - , an) = a gives a function
¢ of m + 1 variables a; = 0, - - - , n with values in 7,.(X). This defines ¢ only
when ay, a;, - - -, an are distinct; we set
(16.1) o(ag, -+ ,a,) =0 ifa, + -, am are not distinct.
This function ¢ has the following important property:

mt1

2 (=1) (@, -+, b5, amy) =0
(162) = ’ ’ T

for any system of m + 2 numbers a; = 0, -+, n.

If ap, - -, @m41 are distinct, the vertices poy, « * * , Pa,4, determine an (m + 1)-

dimensional face s’ of the simplex s, and (16.2) asserts that the mapping 7 of
the boundary of s’ gives the zero element of the homotopy group. If a; = a;
for 7 < j, then in view of (16.1) formula (16.2) reduces to

(_1)i¢(a0) T d‘3 T am+1) + (_l)ld’(al)y $di; aam-!-l) = 0,
which means that the function ¢ is alternating in its variables.
17. The complexes K(II, m)

Let II be an abelian group written additively. Guided by the preceding di$-
cussion we shall define an (n, m)-cell of the group II to be a function of m + 1
variables

(@, -, am) eIl where a; = 0, - -+, n,
subject to the conditions (16.1) and (16.2).
Given an (n, m)-cell ¢ we shall define the (n — 1, m)=cell ¢ for ¢ = 0, - - -,
n, as follows
P Mo, +cc ,bm) = d(@, -+, am)

where

a; = b; ifb; <<

a; =14+ b; ifb; = 1.
The number m will be fixed throughout the discussion. The (n, m)-cells will

be considered as the n-dimensional cells of an abstract complex K(II, m) with
the boundary d¢ of an (n, m) cell defined as

3 = 35 (~1)' ",

the summation being understood in the free group of the (n — 1)-chains gener-
ated by the (n — 1, m)-cells. The fact that 3¢ = 0 is an easy consequence of
the following fact

[67]? = [¢U0] fori =< j,

which follows directly from the definition of .
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If m = 1, each (n, m)-cell is a function of two variables and therefore can be
written as a (n 4+ 1) X (n 4+ 1) matrix. It is then obvious that (16.2) reduces
to the previous condition (2.1), and that the complex K(II, 1) coincides with
the complex K(II), as defined in Chapter I. We remark that while the complex
K (1) was defined for all groups II, the definition of K(II, m) assumes that II is
abelian, because of the additive form of (16.2).

18. The chain transformations «,,

Let T be a singular n-simplex in S,(X). The function ¢ constructed in §16
is an (n, m)-cell of r.(X) and therefore is an n-dimensional cell of the complex
K(7.(X), m). We shall write

kml = ¢.
If T is the face of T opposite the i** vertex, then it is apparent that
kTP = ¢
Consequently k. commutes with the boundary operator, and we have a chain
transformation:
km s Sm(X) = K(mm(X), m).
The chain transformation k. is a generalization of the chain transformation
xk:81(X) — K(m(X));

in fact, if we regard the complexes K(m(X), 1) and K(m (X)) as identical, we
we have k = ;. In particular, the proofs of Theorems Ia and IIa carry over
without essential changes, and lead to the following theorems:

TaeOREM I7. If m,(X) = O for all n > m, then the chain transformation

km: Sm(X) = K(wm(X), m)

is a chain equivalence.
Tueorem 117, If

m(X) =0 form <n <r,
then the chain transformation
km:Sm(X) = K(rn(X), m) = K
induces the following isomorphisms:
kmH"(Sn(X), G) > H"(K, @) forn <r
km: Ho(K, @) e Ho(Siy(X), @) forn < r
km: H (Sn(X), @)/2(Sh(X), G) o H (K, G)
km: H (K, G) < A,(Sn(X), G).

The subgroups =™ and A, are defined in §6.
Let us now assume that X is arcwise connected, and that =,(X) = 0 for all
n < m. It was shown in [1, §31] that the identity chain transformation

Mt Sm(X) — S(X)
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is a chain equivalence. Consequently 7., induces isomorphisms of the homology
and cohomology groups of S,(X) and S(X). Under these isomorphisms the
groups Z'(S,(X), G) and Z'(X, G) correspond to one another. Similarly, the
groups A.(Sn(X), @) and A.(X, G) correspond. Theorems I; and II7 there-
fore lead to the following theorems:

Tueorem I™. If X is arcwise connected and

(X)) =0 forn < mand m < n,

then the homology and cohomology groups of X are determined by the homotopy group
mm(X). More precisely,

H'(X, @) = H"(K, G),
H.(X, G) = H.(K, G)

where K = K(rn(X), m).
TareoreM I1”. If X is arcwise connected and

m(X) =0 forn <mandm <n <r
then
H'(X,®) =~ H"(K,G) forn <1
H,X,G) = H,K,G) forn <1
HX,@)/Z(X,q) = H(K,G)
A(X, G) =2 H(K, G)

where K = K(7,(X), m).
The results of Chapter III are subject to a similar generalization.
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