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INTRODUCTION

Algebraic topology could perhaps be characterized as the

study of those functors from the category of topological spaces to

that of groups which are invariants of homotopy type. From this

point of view, the category of topological spaces which are of the
homotopy type of a CW-complex is equivalent to the category of
simplicial sets (in the literature: complete semi-simplicial com-

plexes) which satisfy the extension condition.
The object of these notes is an investigation of the cate-

gory of simplicial sets. There are various technical advantages to
this category. These mainly arise from the fact that, for every
n 2 1 and Abelian group ii, there exists an explicit canonical sim-
plicial Abelian group K (or, n) which satisfies or"(K (yr, n)) z or

and rri(K (or, n)) - 0, i ;é n. These objects are fundamental to

the construction of Postnikov systems and to the study of cohomo-

logy operations.

We will first develop the definitions and elementary proper-

ties of simplicial objects and then begin the study of simplicial

fiber spaces and Postnikov systems. After demonstrating the

"equivalence of categories" described above, we will study fiber

spaces and fiber bundles in some detail, making use of the concept

of "twisted Cartesian product."

We will then study K (11, n)'s and introduce the k-invariants

of Postnikov systems. This will be done by studying simplicial

fibre bundles with fibro a K (or, n) rather than by use of obstruction

theory. We will conclude by developing the Serre spectral sequence

v



vi SRJPLICIAL OBJECTS IN ALGEBRAIC TOPOLOGy

by means of Brown's theorem comparing twisted Cartesian products

and twisted tensor products.

Most of the material here is scattered through the literature.
A bibliographical note at the end of each chapter will give refer-
ences.

CONTENTS

. . . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . .

I. SIMPLICIAL OB]ECTS AND HOMOTOPY
iI. Definitions and examples

§2. Simplicial objects in categories; homology . . . . .
§3. Ilomotopy of Kan complexes
§4. The group structures . .

§5. Homotopy of simplicial maps
§6. Function complexes . . .
Bibliographical notes on chapter I .

II. FIBRATIONS, POSTNIKOV SYSTEMS, AND MINIMAL
COMPLEXE&. .
§7. Kan fibrations
§8. Postnikov systems
§9. Minimal complexes
§10. Minimal fibrations .
§11. Fibre products and fibre bundles . . . . . . . . . . . . . .
§12. Weak homotopy type
§13. The Hurewicz theorems
Bibliographical notes on chapter II

III. GEOMETRIC REALIZATION . .
§l4. The realization
§1S. Adjoint functors
§16. Comparison of simplicial sets and topological

spaces .
Bibliographical notes on chapter Ill .

iv. TWISTED CARTESIAN PRODUCTS AND FIBRE
BUNDLES

. . . . . . . . . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . .
. . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . .
. . . . . . . . . . . . . . .

. . . . . . . . . .
. . . . . . . .

. . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . .

.

§l7. Simplicial groups. . . . . . . . . . . . . . . . . . . . . . . . . . . .

Page

1
1
3
5
9

12
16
24

25
25
31

35
40

43
46
S0
54

$5
$5
59

61
66

67
67

vii



viii SIMPLICIAL OBJECTS INALGEBRAIC TOPOLOG1'

Page

v.

VI.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
§18. Principal fibrations and twisted Cartesian

products o . . .
§l9. The group of a fibro bundle

§20. Fibro bundles and twisted Cartesian products . . .

§21. Universal bundles and classifying complexes . . .
Bibliographical notes on chapter IV

EILENBERG-MACLANE COMPLEXES AND
POSTNIKOV SYSTEMS
§22. Simplicial Abelian groups
§23. Eilenberg-MacLane complexes . . . . . . . . . . . . . .
§24. K(rr, n)'s and cohomology operations
§2S. The k-invariants of Postnikov systems
Bibliographical notes on chapter V

LOOP GROUPS, ACYCLIC MODELS, AND TWISTED
TENSOR PRODUCTS
§26. Loop groups
§27. The functors G, W, and 8
§28. Acyclic models
§29. The Ellenberg-Zilber theorem . . . . . . . . . . . . . . . . .
§30. Cup, Pontryagin, and cap products; twisting

cochains

§3l. Brown's theorem
§32. The Serre spectral sequence

Bibliographical notes on chapter VI

. . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . .

. . . . . . . . . . .
. . . . . . . . .

. . . . . . . . . . . . . . . .

BIBLIOGRAPHY. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

70
74
80
83
92

93
93
98
103

107

116

117
118
122

126

129

135

141
149

154

157

CHAPTER 1
SIMPLICIAL OBJECTS AND HOMOTOPY

§1. Definitions and examples

We introduce the concept of simplicial set and give several

examples here. A categorical definition will be given in the next

section.

DEFINITIONS l.1 A simplicial set K is a graded set indexed on

the non-negative integers together with maps d.: Ke -» K4_1 and

s.: Kg -» Kq+1» 0 < i <_ q, which satisfy the following identi.

ties:

(i) as
is.
his/
0 sI I
(918

4

I
S - s Iq I iq-1

if i < j,- 6/ _ 1 ii
= 8 s if i< j,I /+1 i -

(iii) = 8]_10i if ¢< j,
= identity =. a. S ,/+1 I
= s 8. if i > j+ 1r I r-1

The elements of K are called qsimplices. The 6 and 8. areq f I
called face and degeneracy operators. A simplex x is degenerate

if x - by for some simplex y end degeneracy operator s;
otherwise x is non-degenerate.

DEFINITION 1.2: A simpliciel map f: K -r L is a map of degree

zero of graded sets which commutes with the face and degeneracy

operators; that is, I consists of in; Kg -» LQ and

f a a,f ,q q+ 1
f

1
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CHAPTER 1
SIMPLICIAL OBJECTS AND HOMOTOPY

al. Definitions and examples

We introduce the concept of simplicial set and give several

examples here. A categorical definition will be given in the next

section.

A simplicial set K is a graded set indexed onDEFINITIONS 1.1:

the non-negative integers together with maps 6.: Kg -» Kq_1 and

s: Ke -» Kg II 0 <_ i <_ q, which satisfy the following identi-.

ties:

(i)
(ii)
(iii)

as 6/_16f if i<i,

if i< j,8lSi - 8}+I 8/

if i< j,nisI - 8)-10i

0 s a identity
f I
0181 - s131-1

0. s,/+1 f
if j+1>

1

The elements of Kg are called q-simplices. The ii and Si ate

called face and degeneracy operators. A simplex x is degenerate

if x = Sf y for some simplex y and degeneracy operator s;

otherwise x is non-degenerate.

DEFINITION 1.2: A simplicial map I: K -» L is a map of degree

zero of graded sets which commutes with the face and degeneracy

Kg -» Lq andoperators; that is, I consists of fq:

fqat atfe 1 )
in 8/ - 'Si/q-1

1
I
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l x ,x
k-1 k+l

DEFINITION 1.3' A simplicial set K is said to satisfy the exten-

sion condition if for every collection of n + 1 n-simplices xo, xl,

which satisfy the compatibility condi-n+ 1
/, i ;é k, .y ié k, there exists an (n+1)-

x. for i ;é k.

,...,x
- 6. x , i <son c`l.x.

1 I - 1 f
simplex x such that 01 x = I

EXAMPLE 1.4: We recall that a simplicial complex K is a set of

finite subsets, called simplices, of a given set I? subject to the

condition that every non-empty subset of an element of K is itself

an element of K. A simplicial set K arises from K in the follow-

ing manner. An n-simplex of K is a sequence (a0,... an) of ele»

merits of K such that the set la0,..., atl. is an nrsimplex of K for

some m 5. n. The face and degeneracy operators of K are defined

by
8.(a0,..., an) - (a0,..., a _ If8lt.l"'' atl)

and
s,.(a0,...,a ) = (80,...,a.,a,a ,...,a )n I i i+l n

If the elements of K are ordered and we require /2 to consist of

those sequences (aol") an) such that as §. al <_ < an and

{a0,..., and is an m-simplex of K for some m <_ n, then there will

be exactly one non-degenerate n-simplex of K for every n-simplex

of K .

EXAMPLE 1.5: Let An l(¢0,..., rn)| 0 < tI < 1, Br. II c
R n+ 1. If X is a topological space, a singular n-simplex of X is
a continuous function f: An ~» X . The graded set S(X), where
Sn(X) is the set of singular n-simplices of X , is called the total
singular complex of X . S(X) becomes a simplicial set if we de-
fine face and degeneracy operators by:

(0i1)(r0,..., !n_1) - f(¢0,..., £1_1,0, ¢,,...,¢n_)
and
(3IN((0V"~!(n+ ) - f(/0,..,¢/_1, tI + ¢i+1'(/+2"°"(n+1) .

The following elementary fact will later be used to show
that S(X ) determines the homotopy groups of X.

LEMMA 1.5' S (X) satisfies the extension condition.

Proof: Since the union of any n+ 1 faces of An+ 1 is a
retract of An + 1, any continuous function defined on such a union

can be emended to An+ 1'

CONVENTIONS 1.6: The word "complex" (unmodified) will always

mean simplicial set. A complex which satisfies the extension con-

dition will be called a Kan complex.

§2. Simplicial objects in categories; homology
Recall that a category G is a class of objects together

with a family of disjoint sets Hom(A, B), one for each pair of ob-

jects, a function llom(B, C) X Ilom(A, B) -» Hom(A, C), axe -> °8»

and an element IA f Hom(A, A), all subject to the conditions

a(By) - (aB)y whenever either is defined and a1A = a - lBa,

a c Ilom(A, B). The elements of IIom(A, 8) are morphisms with

domain A and range B. The opposite category G' of a category

G has an object A* for each object A of G and a morphism

a* e Hom(B*, 4*) for each morphism a f Ilom(A, B); a*B* is

defined and equal to can* whenever Ba is defined.

A covariant (resp., contravariant) ftmctor F: G -v 5) is a

correspondence which assigns to each object A e G an object

F(A) e 5) and to each morphism a e Ilom(A, B) a morphism

F (a) f Hom(F (A), F (B)) (resp., F (a) f Hom(F (B ), F (A )) subject

to the conditions F(lA) 1F(.4y A f (3, and F(0.8) -=

F(a)F(B) (resp., Nag) a F(B)F(a)) whenever as is defined in
G. If T: e to e* is defined by Tor) a Aa and am) e J,
then T is a contravariant functor; any contravariant functor

F: C -» 5) may be considered as the covariant functor TF ' Q -»

ID' or FT: G' -r SD. If F and G are covariant (resp., contra-

variant) functors G » SD, a natural transformation A: F -» G is

a function which assigns to each object A of C a morphism

A(A) r llom(F (A), G(A)) subject to the condition that if
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v

a c Hom(A,B), then G(a)}¢(A) : A(8)F(a) (resp., G(a)A(B)
A(A ) F (a)) .

Now we define a category A* as follows. The objects
An of A* are sequences of integers, An = (0, l,...,n), n > 0.
The morphisms of A* are the monotonic maps pz An -» Am, that
is, the maps p such that p(i) 5 p(j) if i < j. Define morphisms

S: An_1 -» An and of! An+1 ~» An' 0 <_ i § n. by

(1) 8I(I) - i if I < in 8I(i) = j+1 if J' Z i,
(2) _0i(i) z j if j <_ i; kg) = j-1 if j > i.

Let p e I-lom(An,Am), p not an identity. Suppose i1,.°" is, in
reverse order, are the elements of Am not in p(An) and j1"., ft,

in order, are the elements of An such that p(j) = p(j+ 1). Then:

-

(3) = 3. ...81 "/
a I

p I
I

0 il< <,,, <

u , where 0 < i <~ < i < m,ac - s 1 -

i¢<n, and n-t+s = m.

Further, the factorization of p in the form (3) is unique. Having
defined A*, we can formulate

DEFINItIONS 2.1: A simplicial object in a category G is a con-
travariant functor F : A* ~> 6. Such functors form the objects of

a category Gs, the morphisms of which are all natural transforms
sons of such functors. If F c Gs, the elements of F(An) are
called n-simplices, and the maps as = F(8,.) and So == F (o)
satisfy (i)-(iii) of Definitions 1.1. Any simplicial set K deter-

mines a contravariant functor F: A* -» G, where G is the cat-
egory of sets, by the rules F(An) = Kn and

F(p) == 8/ ".ii at at ,
r 1 . I

where p is a morphism of A* expressed in the form (3), Thus a

simplieial set may be uniquely identified with a simplicial object

in the category of sets. Analogously, we will speak of simplicial

groups, simplicial modules, and so forth, depending on the choice

of the category C .

0

REMARKS 2.2~ Let A = A** denote the opposite category of A*

T: A* -» A the contravariant functor defined above. The category

es could equally well be defined as that of covariant functors from

A to (Z.

Now suppose that F' (2 -» 50 is a covariant functor. By

composition, F induces a covariant functor F S: Gs -» 9S. In

particular, suppose that ('l is the category of sets, AD that ofAbel-

ian groups, and for A e G, F(A) is the free Abelian group gener-
ated by A. Then if K e eS, Fs(K) may be given a structure of
chain complex with differential d defined on F°(K)n = F8(Kn) by

nd = 2 (-1>'a,.
i==0

We denote this chain complex by C(K). If G is an Abelian group,

we define the homology and cosmology of K with coefficients in

G by

H#(K; G) - H(c(K) ® G) and H*(K; c) = u(Hom(c(K), G» .
In case K = S(X), these are, of course, the singular homology and
cohomology groups of the space X .

8 x x
n n

§3. Homotopy of Kan complexes.

Let K be a complex. Two n-simplices x andDEFINITION 3.1:

x' of K are homotopic, written x x , if iix = at , 0 <i < n,

y c Kn+1 such that ény - x,and. there exists a simplex

8n--l 3ix = 80_181:1 , 0 g i < n.3n1lY = x, and tty =

The simplex y is called a homotopy from x to x'.

PROPOSITION 3.2~ If K is a Kan complex, then is an equiva-

lence relation on the n-simplices of K, n > 0.

Proof: The relation is reflexive since

a - u 60+1 s xn

and ésnx - 8n_13fXA 0 < i < n. Suppose x x' and x~x

; C . .. , \
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We must prove x' x" Let y' satisfy

any'= X, 3n+1V/= X, and 0iy'= 8n_16iX§ i< n.

Let satisfyv"

0ny"= x, 0n+1y"= x', 6.y"= s11-10ix', i < n .

Then the n+2 (n+ 1)-simplices

190snsnx',...,6n _ 18nu8nX , y , y"

are seen to satisfy the compatibility condition. Therefore there

exists an (n+2)»simplex z such that 6i2 = ésnsnx , 0 < i < n,
6n2

and

in. It follows that- y , and 6II+ 12 =

0 < i < n,'9f6n+22 = 8n-_16ix ,

6n6n+2z an x, and 6n+16n+2z = x', hence x'~ x"

DEFINITION 3.3: Let L be a subcomplex of K.
x and x', n > 0, are homotopic relative to L, written
x ~x'rel L, if ax = six', 1 5 i < n, if 00 x -<90x' in L,
and if there exists a homotopy y from 001 to 60x' in L and a
simplex w e Kn+ 1 such that 00 w = y, 0nw = x, 00+ lW = x'
and 0.w = 8n-I six = sn_10.x', 1 < i < n. The simplex w
is called a relative homotopy from x to x'.

PROPOSITION 3.4: If L is a sub Kan complex of the Kan com-
plex K, then rel L is an equivalence relation on the n-simplices
of K, n > 1,

Two n-simplices

P

Proof: The relation »rel L is reflexive since if 60 x e L,

then 8n-130x is a homotopy in L from 601 to 60 and if

W - snx, then éiw - 3n_16iX, 0 <_ i < n, and

an+ 1 w'an w ==x n

J:,

Suppose x x' rel L and x x"rel L. We must prove that
x'~ x"rel L. Let y' and y" be homotopies in L from 80x to
00) and from 601 to 00 x', and suppose w' and w" are rela-

tive homotopies from x to x' and from x to x" which satisfy

It =00w'- .
we may choose z e Ln+1 such that

0.z = '9ISn-1%_16o"§ 0<i<n-1,

0n-1z a yI and anz = y",

0n+12 is a homotopy in L from 00x to 0 x
0

y and 00 w y". As in the proof of Proposition 3.2,

I nThen y -

Now it is easy to see that the n+ 2 (n+ 1)-simplices

z, 31 snsnx ,..., an _ Isn Sn x , w',w"

satisfy the compatibility condition so that there exists v e Kn+2

such that div = dsnsnx, 1 $ i < n, 80v =. z, dIIv == w',
and 8n+IV - w". Let W - 3n*2 v. Then 6iw == 8n_10ix ,

1 $i< n, dow- y, dnw = x, and ¢9n+1w = x".

NO'rAt1ONS 3.5' Let K be a complex, 95 c Ko. 95 generates a
subcomplex of K which has exactly one simplex sn _ 1 80gb in

each dimension n. We will abuse notation by letting ¢,
biguously either this subcomplex or any of its simplices. We call

(K, ¢) a Kan pair if K is a Kan complex. We call (K, L, ¢») a
Kan triple if ¢. c L0 and L is a sub Kan complex of the Kan com-
plex K. Simplicial maps of pairs and triples are defined in the ob-
vious manner.

DEFINITIONS 3.6: Let (K, gb) be a Kan pair. Let K", n > 0,

denote the set of all x e K11 _which satisfy dx = ¢>, 0 g i < n,
Then we define nn(K, ¢») = Kn/(~). 1r0(K, ¢») is called the set of
path components of K. K is connected if n0(K, qi) = qi (where

we are letting QS denote its equivalence class). K is n-connected

if Tl"(KD ¢) - ¢,, 0 < a < n. Let (K, L. ¢) be a Kan triple. Let
K(L)n > 1, denote the set of all x c Kti which satisfy
d0 x c Ln_1 and 0/x - <,b, 1 5 i g n. Then we define

'rn (K, L, ¢) x /2(L),/1- rel L) .

Note that 'n (K, ¢, <,b) - iiIi (K, gb), n > 1. Finally, we define

6: ,,(K,L,¢) -v r7n_. 1(L,q$), n Z 1: by <91x] I ld0xl, where

lx] denotes the homotopy class of x.

denote am-
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are compatible in L, say 60v = z and 61v = ¢, l$i$n.Tben-|- 2
(n + 1)-simplices s,,_1z, ¢, . . n ¢, V, 10, - are compatible in K, say
60¢ = S3..1Z, 6,1 = I, 6,1 = v, 6,,.1.18 = w. Then

6,,+2£ is a homotopy 6,,+w x, hence [al = i[6,,+1v].

THEOREM 3.72 Let (K,L,¢) be a Kan triple. Then the sequence

(K L 6» i i""n+1 , b) 17n(L,¢f>) -v run(K,¢v) ->1rn(K,L,</>) -»

of sets with distinguished element ¢ is exact, where the maps i and j

are induce by inclusion.

Proof: (i) £0 = ¢: Consider i[<90 x] = i6[x], x c X(L)n+1°
The n+ 2 (n+ 1)-simplices -, ¢, - I My are compatible,

hence we may choose z e K1:-I2 such that 0I.z = ¢, I < i < n-r1,

0n1.12 == X, Thu, 91302 »3a3i»1z = is, 0 _< i §.n+1. and
8n+1602 = 60 x, so that 60x-¢> in K. _.

(ii) Image 8 = Kernel iz Let i[y] = ¢', y e Ln' Then
'¢ in Kn, say 6/z ¢,, 0<i<n, 6n+1z y. The

€

. §4. The group structures.

DEFINITIONS 4.1: Let (K, ¢) be a Kan pair. Write x c a if x

represents a. Suppose a,B 4 .n(K, iS), n > 1. and let x e a,

y e B. The n+ 1 n-simplices ¢.,..., 9% x, ~, y are compatible,

say 6.z= ¢>» 0<i<n -1, an-l2*X' 8n+12= Y We
define as = [61, zl.

LEMMA 4.2: as is well defined.

Proof: Suppose z' also satisfies 6I.z'= ¢,, 0 < i < n._1,

y = z:

n+ 2 (n+ 1)-simplices z, ¢,,»¢ are compatible, hence there

exists W°Kn+2 with 60w == z, éiw = ¢>, 1 gig n+1.
66'9n+2"V = ¢, 1 < i < n+1, and aoan+2"' -= y, So that
0Wn+2 w] [y].

(iii) as ¢>: aj[x] ¢' since 60 x -
(iv) Image j = Kernel 6 Let <9[x] = z

x c t2(L),.. There exists z c Ln such that Bz -

0 i,§.n, 0nz =I= <90 x.

(where - means k =
petible, say 60 y = z. z =
Thus élny rel L. -

[al =

95, x c Kn .

[60 x] 95 ,

¢»
The n+ 1 n-simplices z, ¢,, ¢», -, x

n in the compatibility condition) are com-
6iy go, 1<i<n-1,6n+1y x.
Since éiany QS, 0 < i < n,x few

j[3ny] .

(v) ii
-4>

¢»

- ¢» Consider iilyl, y f Ln The n+1 n-sim~

¢°, y are compatible in L, say z c Ln+ 1 satis-
1<i<n, 3n+12 y. <9i802 qS,0<i<n,

oy, so is a

plices - ,...,
fies 612 -= = - _

hence 302 is e homotopy between iS and ¢ 3 z

relative homotopy between ¢ and y.

(vi) Image i - Kernel in Let jlxl -» ¢, x e Kn .

Choosew<K suchthatOw-¢,l<i<n,0 wn+l.. I - - n+1
and 00 w a z e Ln The 11+ t n-simplices z, ¢,

Q

an 1 z' = x, and an+ 1 z' .= y. By the extension condition, there

w e Knl2 such that kw = ¢,, 0 < i < n-2,exists

0n_Iw = 3n0n-_1z, 0n+Iw - z, and 6n+2w - z'

énw is then a homotopy from cln2 to ¢9nz'. Suppose y y',

say éiw = ¢>, 0 5 i < n, anw = y, 0n+Iw = y. Choose z'
such that 0n._1 z' - x, 00+ 1 z' - y', and 6.z' = ¢, 0 < i < n-1.
By the ext€llsioll condition, there exists u c Kn + 2 such that
6i1! 45, o g i < n-1,

6n_1 u = 3n-Ix, 3nu = z', and an02" = W

Then 0nan+1u = an , '9n+10n+1" == y, and an_lan+1" = x,
so the same choice of z may be taken for the two choices of repre-

sentatives for B. Similarly as is independent of the choice ofthe

representative for a.

PROPOSITION 4.3 ' With the above multiplication, nn (K, QS) is a

group, n > 1.

Proof: (i) Divisibility' Let x e a, y c B, a and B in

iin (K, QS). By the extension condition, there exists z c Kn + 1 such

x,
's ¢, .
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that viz z ¢, 0 < i < n-1, 0nz = y, and anl1z - x.

Then [an _ 1 la B. Right divisibility is proven similarly.

(ii) Associativity: Let x c a, y e B, z e y, where a,

8, and y are in 1rn(K, go). Using the extension condition, choose

such that as WJ. = ¢, 0 <_ i < n-1,Wa-1' Wat 1' Wn+2

= Xa an+1Wn-1 a: Y' aN-1W'n+1 - anWN-1'an-lwn-1

and an+I"Vnl2 a z.0n+1"'n+1 an Zn 0n-1"'n+2 - y,

Applying the extension condition again, choose u e Kn +2 such

that 49i 1/ - ¢', 0 < i < n-1. and 0111 = we, i = n1,n+1,

n+2. Then 6*n_16nu = x, 3nI.18nu = anWn|2' and

Bin 0 < i < n-1. Therefore:z ¢>»

(aB)y {6n_1wn+ 1]y== IonWn _ 111' == -

= lanan ul all?" WnI2] - a(By) .

PROPOSITION 4.4: frn(K,¢>) is Abelian if n 2 2.

Proof: Let w, x, y,z c Rn.
(i) Suppose Vn+ 1 e Kn.p 1 satisfies 3ivn+ 1

If?" Wn + 1]

¢»

0 < i < n2, 0N+1V/1+1

6n..1Vn+I z x,

Then URw] - [xl I

0iVn_1 - ¢, 0 <

Vn K

a

- ¢» an-2vn+l - W'
and 6 V - y.n n+1

Choose 1 e n+l

i< n-2, nvn_1 = x,
0 v = w,n+l n--1

6 v .Letv ¢,0<f<n-2,8nd1e¢n-1 n-1 I -
s w. The v satisfy the extensionn-2 I

with faces

and

and let t = -

Vn-2 - Saw, VIl+2 "
condition, say 611 == v, i ;é n. Let Vn =' 0nr!

airn - ¢, 0 < i < n-2, an-lvn - t, ifnvn = y,

and an+1 Vn - ¢. Therefore [did/>] == [y]$ but by the choice of

Vn-1' [t][w] - txt, hence [y][w] I txt.
(ii) Suppose Vtl 6 Kn11 satisfies 01 vn - ¢, 0 < i < n-2,

an-lvn ¢, 0n-2vn - w, anvn l y, and 00.\Ivn - z.

Then [w][y] == [z]2 Choose vn-.1 e :g with faces aivn-1 = ¢,

o < i < n-2, an-.2vn_I = w, and 0n-Ivn-1 = ¢ = 0n+1 Vn_1'

and let t = anvn_1° Let kg == 4% 0 < i < n-2, and let

Vn-2 z So-ZW' Vn+2= Sn z.
The we satisfy the extension condition, say air = kg, i ,é n+1.

Let Vm1 = of. 6ivnQ-1 = <z». 0 5 i < n-2, 0n_1VnI4|1 = t,
and an+lvn+1 = z. Therefore [t][z] = [y]; but byanvnI1 = Y»

the choice of Vn_I and (i), [t][w] = [¢>I. hence [w][y] = [2].

(iii) Suppose .Vn+2 e KM1 satisfies 6iVnl2 = 4%

0 < i < n-2, 0n-2vn+2 a w, 'gn-1"n+2 = X, anvn+2 = y, and
0n+1Vn+2 = z. Then Iv]"[x][z] = [y]' Choose Vn-.2 c Kn+l

with faces 61Vn-2 = ¢. ;4 n- 2,n+ 1, aniIvn-2 = w; let

Choose Vn_1 e Kul1 with faces 05Vn-.1 = <l> un-7n-ZVn-2
less i = n-2, n, or n+ 1, = x; let0n-2Vn-l =. 0 0n+1Vn-1
u = 0nvn_1 Let VI = ¢, 0 S i < n-2, Vn = sny, The Vi sat-

isfy the extension condition, say 01r = we, i 14 n+ 1. Let

Vn+1 = 0n+1r. By(ii), [al = [w] and [¢]Iu] = [x] 6/Vn+1 = ¢.

0 < i < n-2, 0n_1VM1 = u, 6nVn+1 = y, and ana1vn+1 = z.

Therefore [u][z] = Iyl. Combining, we find [w]-1[x][2] = [y].

(iv) Set z = to in(iii). Then [w]l1[x] = [y]. But applying
(i)to "nz of(iii)in this case, we find [y] = [x][w]-1. Therefore

for any [x] and awa, [w]"1[x] u [x][w]-1. and this implies the re-

sult.

DEFINITION 4.5: Let (K, L, 4>) be a Kan triple. Suppose

a,B t .n(K, L,4>), n > 2, and let x c a, y c B. We have

laoxlla0yl - [an_121, whet a12 - ¢, 0 s i s n-3,

0n-2z =. 60 n, and 0nz == é0 y. The n+1 n-simplices

2, 4*
00w - - y.

,...,¢, x, -, y arc compatible, say 0 w - ¢, 1 g i < n-2,I _
z, an_Iw - x, ¢9n+1w We define as - [itn w].
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LEMMA 4.6: as is well defined.

PROPOSITION 4.7 With the above multiplication, 1rn(K, L, 46) is

a group, n >_ 2.

PRopos1'rlon 4.8: 17n(K, L, is) is Abelian if n ? 3.
The proofs of the above statements are analogous to those

for the absolute groups and will be omitted.

Now maps of Kan pairs or triples induce homomorphisms of

homotopy groups in the obvious manner. Further, 6 is a homomor-

phism of groups by construction. Thus we find:

PROPOSItION 4.9: nn is a functor from the category of Kan pairs

(resp., triples) to that of groups, ii 2. 1 (resp., ii 2 2), and to the

category of sets, n = 0 (resp., n = 1). 8 is a natural transforma-

tion of functors, n > 1. In particular, the exact sequence of Theo-

rem 3.7 is factorial and is an exact sequence of groups up to

"1(K, ¢).
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It is a relative homotopy from I to gif h is a homotopy from I to

g, if n(K') C L', and if hIK' is a homotopy from fIg' to gIK' K'

is said to be a deformation retract of K if the identity map of K is

homotopic relative to K ' to a map from K onto K ', which extends

the inclusion map K ' -» K. Two complexes K and L are said tube

of the same homotopy type if there exist maps f: K ~> L and

g: L » K which satisfy In 2 1 and gl ...~ 1.

5.2: Let f,f* KLEMMA

(i) [of

(ii) If hz f

(iii) If Hz g

Proof If

-» L and g, g': L M. Then:->

~_.f , then g°h: g°I¢=¢g°f'
Meg', then h°!: g°Ie¢g'°L

hi(x) =§f(x), then hz I as I. (ii) and (iii) are

clear.

§5. Homotopy of simplicial maps.

DEFINITIONS 5.1: Let I and g be simplicial maps from a complex

K to a complex L. Then f is homotopic to g, written f ~_. g, if

there exist functions h.: K -» L , 0 g i 5 q, which satisfy:
Q q+l

f, a h = gq+1 q(i) 60h0 =

if i < j(ii) 6Ihi == hi-lai

'i+1*i+1 = "1+1"f
a h/6/_1 if i > j+1

(iii) in = Nm SI if i 5 j

Simi h/si-1 if i > j

h is called a homotopy from I to g, hz f mg, If K' and L' are

subcomplexes of K and L and f and g take K ' into L , then

We will prove that homotopy is an equivalence relation on

maps from a complex K to a Kan complex L in the next section.

The following proposition implies that homology is an in-

variant of homotopy type on the category of simplicial sets.

PROPOSItION 5.3: Suppose I and g are maps from K into L.

Then if f 2 e. f* = 8* H*(K) -» H*(L)

Proof: Let hz I ~_ g. Define s: C(K) ~» C(L) by

s(x) = § (_1)'n,.(x),
i-0

x c KQ'

Then it is easily verified that ds + sd ==

plies the result.

We now wish to express our definition of homotopy groups in

terms of homotopies of maps. We first define the standard simpli-

cial n-simplex A[n].

c(f)- c(g), which im-
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DEFINITIONS AND NOTATIONS 5.4: For each n >_ 0, a simpli-
cial set All] is given by the contravariant functor T" defined by

T"(Am) 2 Hom(Am.An) and rn(¢0()\) = As whenever As is de

fined in the category A*. The face and degeneracy operators are

of course T"(8/) and T"(o.}. Note that ii and o, 0 5 i < n,

induce simplicial maps

8i2 A1n-1] 4 A[n] and o.: A1n+1] -» A[n].

Identifying A e Hom(Am, An) with its image »\(Am), an in-simplex

of A[n] is a sequence (a0,..., am) of integers a,
0.<a0s-- §an<n,and

6.(a0,..., am) = (a0,..., a*.__1, 8i+1""' am) ,

81(80,..., am) = (a0,..., at, a.,...,am) .

We let An denote (0. l....,n) e A[n}n. We denote by A[n], A°[n],

and A1[n} the subcomplexes of A[n] generated by lai\n|o _. in,
60An, and tann | 1 5 if respectively.

Now suppose K is a complex, x c Kn Clearly there is a
unique simplicial map Y: A[n} K such that man) = x. If

x c Kn , then Y: (A[n], Alnl) -» (K,¢>) and if L is a subcomplex

of K and x c K(L)n, then

Y: (Alnl, A0[n], Al [n]) -v (K, L,¢) .

LEMMA 5.5: Let (K, ¢>) be a Kan pair, and suppose x, y f 12n .

Then x y if and only if Y ca: 7 rel Ann.

Proof: Suppose x y, say z c Kni1 satisfies Biz = ¢>,

We must define hz F 2 70 5. i < n, 0nz =» x, and 6n+1 z -= y.

rel Alnl, and it clearly suffices to define hi on An . We do this by

hi(An) - sx. 0 < i < n. and hn(An) 1 z. Conversely, suppose
hz Y 1: 7 and let Z; - n/(An>, 0 $.i $ n. Then 61 z1 == ¢ un-

less i = j or i = j+ l, and 6020 - x, 0/21 - 0/21_1 for

<

to

.
s

:
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1 5 i < n, anl1 Zn = y. We will prove that if z e Kflt1' :lz

for i 9é r, r+ 1, and 3rz e Kn0 6n.1 z e Rnl then 6/2

This will prove the result, since it will imply

x 6120 = 01z1~ 3221 =-»- anzn-1 = 3 y.

Thus suppose r < n, and let a e 0rz, b = 0

if i as r, r+ 1. By the extension condition, there exists W c K

such that 6iw=¢ ifOg.i<r aadifr+3 < i<_n+2,
3t1IV = 8r+1 b' 3r+2W = z, and 3r+3 W = srb. Then

a, an.Qatw = b.6i0l.w = ¢. i 14 r+1,r+2, and 6H16rw =

Iterating the process, we find a b.

= ¢
6 nz.

non

2, where 6.2 a 95l+1 I

n+2

LEMMA 5.6: Let (K, L, 4>) be a Kan triple, and suppose

x, y e 12(L),, .

Then x y rel L if and only if i of. ,T rel (A0[n}, A1[n]).

The proof is similar to that of Lemma 5.5 and will be omit-

ted. Lemmas 5.5 and 5.6 imply

PROPOSITION 5.7: Let (K, L, ¢) be a Kan triple. Then:

(i) Homotopy is an equivalence relation on maps

(A[n],Aln]) -o (K,¢),
and Hn ( K, up) may be identified with the set of equiva-

lence classes of such maps.

(ii) Homotopy is an equivalence relation on maps

ml,A0[n], Al lnl) -v (x, L, 4>),
and an (K, L, ¢) may be identified with the set of equiva-

lence classes of such maps.

Together with (iii) of Lemma S.2, Proposition 5.7 implies:

PROPOSITION 5.8: If f. go (K, L,¢) -v (K;L1¢>') and I =e
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rel (L', ¢>'), then f* g#= 17n(K, L, ¢>> ,n(/<; L; ¢>'), and simi-

larly for the absolute groups. In particular, the homotopy groups are

invariants of homotopy type on the categories of Kan pairs and of

Kan triples.

§6.

Q

r

PR0POS1TiON 6.3: Let I, g: (K,K ') -» (L,L'). Then I 2 g
fel L if and only if there exists F 1 Kxl ~> L such that F: g mf,
p(K'xI) c L , and FIK'xI: elk' fIK'.

DEFINITION 6.4: The function complex LK ofmaps from a complex

K to a complex L is defined as follows

(i) (LK)q =. Hom(KxA[q], L), the set of simplicial maps
Function complexes

In this section, we reformulate the definition of homotopy of

maps and show that maps K -> L are vertices of a complex LK, the

paths of which are homotopies between maps.

DEFINITION 6.1: The Cartesian product K x L of two complexes

K and L is defined as (KxL)q Kg xLq with face and degener-

acy operators given by

3i(x, y) 1 (3. ,31y) and s(x, y) = (sx, sy) .

NOTATIONS 6.2: Let I z All] and Y = A [1} (0) will denote
any simplex of Al [1], (1) any simplex of A0 [1].

;.

§
3

F: KxA[q] ~> L

§.r
Q
ii
.:Qig

1%

..c
!

(ii) d! .= /(1xii) and s! = f(1xoil, where l denotes

the identity map of K.

(L, L ')(K' x ') is similarly defined, with q-simplices the elements

of Hom ((KxA lql, K 'x A [q]), (L, L ')).
g between maps K -» L is just aNow a homotopy F: f _

path (1-simplex) of LK which starts at 61 F = f and ends at

BoF = g. It follows that homotopy is an equivalence relation on

maps K -v L whenever LK is a Kan complex, and similarly for

maps of pairs, etc. We will prove that LK is a Kan complex if L

is. To do this, we need a combinatorial description of q-simplices

of LK similar to that of 1-simplices given by the original definition

of homotopy of maps.

PROPOSITION 6.2° Let I and g be simplicial maps K ~> L. Then
f ~_ g if and only if there exists a simplicial map F: Kxl -» L
such that F(x, (0)) = g(x) and F(x,(1)) = f(x), where x is any
simplex of K.

Proof Suppose hz f < I g. For x e Kg define F(x, (0)) =

g(x), F(x,(1)) = !(x), and
F(X""q-1'°'8I+1"'i-1° so A1) 0i+1 hi(x) .

0 <_ i g q- 1. Then it is easily verified that F is a simplicial map.
Conversely, given F define

h(x) - F(sx, sq. Sin 8i-1 80A1) ,

x¢Kq, Ogigq, Thenhri =8~
We will call F a homotopy from g to f, F: g 2 I. Similar-

ly we may prove

¥l
?
.

.
.

.

DEFINITION 6.5: A (p, q)-shuffle is a permutation fr of

10,..,, p+ <1-ll which satisfies 1:(i) < n(j) if 0 < f < j g p-1 or

Let Fi - rr(f-1), 1 < i < p, and letifp_§i<j§p+q-1.

- q.
write 17

n is determined by p or v, and we1r(j+p~I), 1 S i S
- (p., v).

If y c Kp is non-degenerate and y denotes the aubcomplex

of K generated by y, then the non-degenerate (p+ q) -simplice8 of

yx A[q] are I(s s y, s s A )l(p, v) is a (P» q)-shufflel.
"q VI "p #1 q

This motivates the introduction of shuffles.
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Let i e Io,..., p+ q}, We classify (P, q)~shuffles relative to

i as follows. (p,v) is of type I if

(i) i < Fl' or

1, i-1 e lvI,...,vq}, or(ii)
(iii) i = p+q, i-1 = Va'
(u) if of typell if
(i) V11

or

p+ q, i- 1 *'p .

: of type III otherwise; that is (p, v) is of type M

I..a.

>.
.

.

H

..g~
IQ..
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Next, to each shuffle (p.,v) and each i we associate a

(?+1, q) -shuffle (pm) and a second index t as follows. If s is

the largest integer such that W < i for j < s, then a, = "i for

5..< s, ,is = i, and ii = P1-1+ 1 for j > s. t is defined as

thenumber of v. such that 1 > v.

19

.., 1 1 `

7é pE1=In1rIon 6.6 Let F: K><A[q]

(P) is a (P» q) -shuffle, define
If

$jé

of

g
if

4

g,
We

.1

.
fi
.

y,s ...s

(i) maxl;r1,v1} g i < prq, and either

(ii) i r {l11,..., pp. and i-l c {v1,...,vq{, or

(iii) i e Iv1....,vqI and i-1 c {p1,.",pP§.

To each shuffle (p, v) and each i we associate a new

shuffle (,'i,'v) and an index r as follows: If (p,v) is of type I,

(NEW is a (p, q-1) -shuffle. Let k be that integer such that

I = up in cases (i) and (ii) and let k = q in case (iii). Let

17 = v, for j<k and let r=r+1-1 forkgjgq-1.

defines (;i,T»), and r is that integer such that n, = "i for j <

and =Pi"1 for r<j§p.
If (p, v) is of type II, (pdf) is a (p-1, q)~shuffle. Let

k be that integer such that i == Pa in cases (i) and (ii) and let

k = p in case (iii). Let p, = 'H for j < k and let 5, »= 141

for k

that

b (y)pa)

r

L be a simplicial map.
I < or

of) i; i_1 f 191,...,,iP},

(iii) f = * h(n»V)' Kp ' L/=+<I
(pm) by

or (y) = F(s ...s AQ).(WJ) vi V1 pp al
(in, v) is a (p. Q-1) -shuffle and i e {0,..., ql, define

h i : K -> L(re) P P+ q- 1
by

, = F (So s 0.A.) .
q-1 1 PP P1 '

If q = 1 and we let hi he) where VI = i, then the

proof of Proposition 6.2 states that h is a homotopy and that given

a homotopy h we can construct a map F. A tedious verificationThis
proves the following generalization.

PROPOSITION 6.7: Let F: KxA[q} ~» L be a simplicial map.

Then

-1

<_ j < p-1. This defines (mi). and r is that integer such

17 - v for grand 17 == v-1 forr<j5q.I I f f
If (p, v) is of type Ill, (H, 17) is e (p, q)»shuffle. in case

(ii), let i ¢ Fr* i-1 - V8 and define F; n) for j vi r, p = i-1.
In case (iii), let i =~ vs. i-»1 14, and define ii »~ "1 for j K r,
F, = i.

Ye

...s y, ...sv

(i)

(ii)

(iii)

0/b( = hf:ll_ if (p, v) is (p, q)~shuffleno) (P~ v)
of type I and index r with respect to i;

3 h - h - 0 if (14, v) is a (p, q) -shuffle
I (my) (11.1 I- I

of type II and index r with respect to i ;

Bib( a. 6 h - if (pm) is a (p,q) -shuffle ofMV) 1' (I1.1
typo III with respect to i;



20 SIMPLICIAL OBJECTS IN ALGEHRAIC 'topoLoGy

(iv) s.h = h s. if (p. v) is a (p, q) -shuffleI (}4»9) (W) /- ¢
and t is the second index of (p, v) with respect to i.

Conversely, a set lb } of functions K L indexed onthe
(;a.v) P P+ Q

(p, q) -shuffles and satisfying (ii)-(iv) determines a unique simpli-

cial map F: KxA[q] ~> L by the first formula of Definition 6.6.

We will need one simple lemma to prove that LK is a Kan

complex if L is.

LEMMA 6.8: Let L be a Kan complex. Suppose given r+ 1

q-simplices "i ,..., Xi of L, where r < q and
. 9 r0< 'o <-< :g q+1 and suppose at Xi = aI lx. , s <t.
- s s r' 18

Then there exists x c L such that a. x =» x , 0 < s < r.4+ 1 /3 *Q - -
Proof: If r = q, the statement is true by the extension con-

dition, and therefore the statement is true for q = 0. Assume q > O

and the result holds for q' < q and assume r < q and the result

holds for r' > r. Let v c 10,..., q+ U, v { {in,..., i] and let u

be maximal such that i < v. Define j = i if i < v,u e e 8
ju+1 = v, and ja = is_ 1 if u+l < s $ r+1. We wish to find

Xv = Xi + 1 such that xo,..., Xi + 1 satisfy the hypothesis, for
u I

then an application of the induction hypothesis on r gives the de-

sired x. But the (q- 1)-simplices 0 -Ix. , s 5. u, and 6 x. ,v 'u v 'a
u + 1 <_ S <_ r, satisfy the hypothesis, hence induction on q gives

the desired

. a
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:
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(i)-(iv) of Proposition 6.7. It will follow that the corresponding

moP F has 3.F F., i 14 k. We order all (p,q)-shuffles (q fixed)

by letting an (r, q) -shuffle precede a (p, q)-shuffle if r < p and by

letting a (p, q)-shuffle (p, v) precede a (p, q) -shuffle (pi v') if
. = /1 for i < j and it < 44.' We proceed by induction on thePr I I J
(P, q) -shuffles. The first such shuffle is the unique (o, q)~shuffle.

If y e Ko, choose z e LQ such that 6/2 : htnr_1)y1 i as k.

This is possible by the extension condition. Define h(o Q) y = z.

Now suppose that h( » » is defined for up , v') < (r, u) .11 v )
Case 1: (y, v) is the first (p, q)-shuffle, so that Pi = i-1,

1 5 i S P, and kg = i+p-1, 1 _< i _< q. (p,v) is of type Ill with

respect to p, and (p, v) < (EJ), since ii = i-1 for i < p and

Pp = p. Thus if y e Kg, 3ph(;1,v)? has not yet been defined, but

all other faces have been except 6 Kb if k > 1. If y is non-p+ (no)
degenerate, we may apply the lemma to define how) (y). If y is

degenerate, we may use (iv) of Proposition 6.7 to define h( (y).
u.v)

Case 2. yr = i-1 and Vsl = i, r c ll,...PL s e II,..., q].

(go, v) < (L, L), where (it, 'v) is the associated (p, q)-shuffle rela~

five to i, hence 0.11 has not been defined and we may proceedI (14.V)
as in case 1.

Case 3: (p, v) is the last (p, q)-shuffle, so that Fi - i + q _ 1,

1 5 i _< p, and Vi = i-1, 1 < i < q. Suppose also that k < q.

Now 3 11 = h(= -)' where (E, 17) is associated with (it, v)k (unv) Ft"
relative to k, and n(" - has not been defined. Thus we may pro-pm)
ceed as in the previous cases.

Case 4: Cases 1, 2, 3 complete the proof except when k - q. In

this case, we simply reverse the ordering of the (p, q)-shuffles, p

fixed, and proceed exactly as above starting with case 3, continuing

TIIEOREM 6.9' If K is a complex and L is a Kan complex, then

LK is a Kan complex.

Proof: Let F0,..., Fk-1' F1<+v°"' FQ be compatible

(q- 1) -simplices of LK, and let Ih i l be the functions indexed(up)
on the (p, q-1) -shuffles determined by the F

fine functions

I' i,¢ k. Wewillde-

h( indexed on the (p, q) -shuffles and satisfying
aw
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with case 2 where now p, = i and V8 = i-1 for some i,r, and s,

and finishing with case I where now 09+ qh(p.v) will not have

been defined. Similarly we can prove

THEOREM 6.10: If L ' is a sub Kan complex of a Kan complex L,

then (L, L')"" K ') is a Kan complex.

As we noticed before, these results imply

COROLLARY 6.11: Homotopy is an equivalence relation on maps

into Karr complexes or Kan pairs.

We remark that LK is a functor, covariant in L and contra- Es

g: LxA[n} -» MK, we define

¢(§)(x,y, v) = g(YrV)(XrAr x c Kg' y 6 LQ' V 6 Alnl
q

It is easy to $68 that 1/1 and 4> are simplicial maps and are inverse

isomorphisms.

In particular, ',l¢l(MxxL.)° gives an isomorphism of sets

¢0= IIom(KxL, m) -> Hom(L, MK). Taking 1, = m, we find that

.p0(f), where I: KxL -» L is the projection, is an injection L ~> LK.

Explicitly,

l/I0(f)(Y)(x, u) X 6 K, l.l g A[n]

variant in K. The following two properties of this functor will be

needed later.

,.

,,,1
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.,
FEz.E"
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LEMMA 6.12: Let K, L, and M be complexes. Then we have a

natural transformation of functors pa LK x mL. -» MK defined by

y(f,g)(x, u) = g(f(x, u), or), x e K, u f A[n], I e LK, g c ML .

In particular, KK is a simplicial monod which operates on LK

from the left and on KL. from the right.

LEMMA 6.13 Let K, L, and M be complexes. Then there exists

mKXL -v (MK)La natural equivalence of functors 1/'1

Proof: Given or KxLxA[n] r M, we define

1//(f )(,v, v)(x, up = f(x, T(u)(}', v)),

L
.

g
ii

14
§i
be
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ae

3
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z
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where

x € Kg, y c LQ' u e Alqlp. v c Afnlq

and where

T is the contravariant functor on A* which defines Lx A[n].

Thus we are regarding u as an element of HOM(AP, A in the cat-

egory A* so that T(u): Lax A[n]q LpxA[n]p. Next, given



24 SIMPLICIAL O8IFCTS IN ALGEBRAIC TOPOLOGY
33:

.*

1

BIBLIOGRAPHICAL NOTES ON CHAPTER I

Simplicial sets were first defined by Eilenberg and Zilber

[15], who called them complete semi-simplicial complexes. The

categorical definition of simplicial objects is due to Kan [33], and

is also used by Caftan [6]. Kan [25] first recognized the possibil-

ity of defining the absolute homotopy groups of complexes satisfy-

ing the extension condition using only the simplicial structure. Our

definition follows Kan [30]. A slightly different formulation is given54

in Moore [52]. The proof that nn(K, <f>) is Abelian, n >_ 2, is due to

Moore [52]. The treatment of homotopy between maps and the proof

that LK is a Kan complex if L is, are both essentially as given

in Moore [52]. Alternative proofs of the latter fact may be found in

Caftan [6], Gugenheim [18], and MacLane [41]. Note that this theo-

rem is the simplicial analog of Milnor's result [50] that if X has the

homotopy type of a CW~complex and Y is compact, then X Y has

the homotopy type of a CW-complex. In the literature, LK is often

denoted by Hom(K, L), emphasizing the analogy with category theo-f

ry rather than that with topology. l
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CHAPTER II

FIBRATIONS, POSTNIKOI' SYSTEMS,

AND MINIMAL COMPLEXES

§7. Kan fibrations

Let p: E ~> B be a simplicial map.DEFINITION 7.1: p is said to

be a Kan libration if for every collection of n+1 n-simplices

x0,..., "k_1' *1<+1'~~*n+1 of E which satisfy the compatibility

condition Dix = 6/-1 al, i < j, i 14 k, j vi k, and for every

(n+ 1)-simplex y of B such that by = pix), i 14 k, there exists

an (n+ 1)»simplex x of E such that dx = xi, i ,4 k, and

p(x) = y. E is called the total complex, B the base complex, and

(E, p, B) is called a fibro space. If 45 denotes the complex gener-

ated by a vertex of B, F = p'1(<I>) is called the fibre over ¢.

If ¢ is the complex generated by a vertex of F, then the sequence

(F, ~P) -J-» (E, ¢n JL. (B, 45)
is called a fibre sequence.

REMARK 7.2: Let E be a complex, ¢ the complex generated by

a point. Then the unique simplicial map E ~> ¢ is a Kan libration

if and only if E is a Kan complex.

Let ps E -> B be a Kan libration. Then F isPROPOSITION 7.3:

a Kan complex.

Proof: Suppose x0,..., *x-1' *k+ 1,..., Xn+ 1 are compatible

25
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categorical definition of simplicial objects is due to Kan [33], and

is also used by Caftan [6]. Kan [25] first recognized the possibil-

ity of defining the absolute homotopy groups of complexes satisfy-

ing the extension condition using only the simplicial structure. Our

definition follows Kan [30]. A slightly different formulation isgiven

in Moore [52]. The proof that rrn(K, qs) is Abelian, n 2 2, is due to

Moore [52]. The treatment of homotopy between maps and the proof

that LK is a Kan complex if L is, are both essentially as given

in Moore [52]. Alternative proofs of the latter fact may be found in

Caftan [6], Gugenheim [18], and MacLane [41]. Note that this theo-

rem is the simplicial analog of Milnor's result [50] that if X has the

homotopy type of a CW-complex and Y is compact, then X Y has

the homotopy type of a CW-complex. In the literature, LK is often

denoted by Hom (K, L), emphasizing the analogy with category theo-E
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CHAPTER II

FIBRATIONS, POSTNIKOV SYSTEMS,

AND MINIMAL COMPLEXES

oF, go)

§7. Kan fibrations

DEFINITION 7.1: Let ps E -» B be a simplicial map. p is said to

be a Kan libration if for every collection of n+ 1 rrsimplices

x0,..., Xk--1' Xk01""' Xn+l of E which satisfy the compatibility

condition ¢95 xi = 3/-1 x, i < j, i vi k, j 14 R, and for every

(n+ 1)-simplex y of B such that ay = p(x.), i 14 k, there exists

an (n+ 1)-simplex x of E such that 31x = x, i ,Q k, and

p(x) = y. E is called the total complex, B the base complex, and

(E, p, B) is called a fibro space. If ¢> denotes the complex gener-

ated by a vertex of B, F = p-1(¢) is called the fibre over ¢

If oh is the complex generated by a vertex of F, then the sequence

f » (E, to) P
' (B,

is called a fibro sequence.

REMARK 7.2: Let E be a complex, ¢> the complex generated by

a point. Then the unique simplicial map E ~> ¢ is a Kan libration

if and only if E is a Kan complex.

PROPOSITION 7.3' Let p: E -> B be a Kan libration. Then F is

a Kan complex.

Proof: Suppose x0,. .., Xkf-1' "ml,..., Xn+ 1 are compatible

25
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¢. But then x f Fn+1'

n-simplices of F. Using our convention that ¢ denotes ambiguous-

ly any simplex of 96 C B, p(xi) - 4> , and, since p is a Kan fibra-

tion, there exists x e En +1 such that 6.x = x, i 14 k, and

p(x) = since by definition F = p-1(¢).

LEMMA 7.4: Let pt E -» B be a Kan libration and assume p is

onto. Suppose given r+ 1 q-simplices *i ,...,x. of E, where
0 or

r g q and 0 5 Io <- < ir <_ q+ 1 and suppose

as a.
8

s < t .Xi, = 1!-lXi8'

Assume further that y e 3q+1 satisfies ii y = p(x ), __ __
8 a

Then there exists x c E such that 6. x = x , 0 < s < r,q+ 1 'a I, - -
and piy) = x.

The proof of the lemma is identical with that of Lemma 6.8,

of which it is a generalization.

0<s<r.

PRopos1°rIon 7.5: Let px E ~> B be a Kan libration.

(i) If E is a Kan complex and p is onto, then B is a

Kan complex.

If B is a Kan complex, then E is a Kan complex.(ii)

Proof: (i) Suppose E is a Kan complex, and let

Yor9 Yk_1» Ye.*. 1r°» Yq.*1

be q-simplices of B such that

3iy) = 0._1y, i<j, i;ék, iaék.I i

Using the lemma, choose "0 f Ea such that p(xo) = yo, choose

al c E such that p(x ) y and 3 x == 6 x , and so forth,q I 1 o 1 o o
until x0..., Xx-1' "in 1 ,..., xi 1 have been chosen satisfying

P(xi) : Yy if Kr and 0/x1 ' 01-Ixi, i < if in kg i K k.

Then wechoose x c Eq+1 such that 01 x - xl, i »¢ k, and we

let y - p(x). Obviously 61y - y*, i f k.

n:.
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(ii)

be q-simplices of E such that 3I.x.

Suppose B is a Kan complex, and let

x0,.... Xk-1' 'k+1'"°' Xi*. 1

= 3 x , f <
1 /-1 f

5 =/ k. Choose y c 84+ I such that 8/y

we may choose x c Eau such that p(x) =

i ,é k.

f, i ,g k,

p(xi), as k. Then

y and Box = Xi,

Now let (F, go) i-» (E, ii (B, is) be a fibro sequence

ofKan pairs. Regarding p as a map (E, F, it) ~> (8, ¢, 45), p in

duces p#1 1rn(E, F, .al rn(B, go), Let y 6 5- no n>1. Since p

is a Kan libration, there exists x e En such that Bix = ./,,

1 < i < n, and p(x) = y. 30x e Fn_1' since p(60x) = 60y = ¢.

Define q: 1rn(B, ¢) »n(E, F, ¢,) and in: 17n($, ¢) + r70_1(F, I/')

by q[y] = [x] and an [y] = [60x]. It is easily verified that q

and an are well defined and are homomorphisms if n >_ 2. Further

Pg? = 1, QP# = 1, and the following diagram is commutative:

-l "n|l(E, F, ii 1rn(F, ¢)

lp# II
a

"n+1(8, ¢) L 1rn(F, ¢0

i ) frn(E, ,w L. 1rn(E, F, .al
II IP#

i » on(E,¢') P* 1In(B, ¢)

-r

.) _*

Thus we have proven

THEOREM 7.6: Let (F, ~/r) -» (E, go) -» (8, is) be a fibro sequence

of Kan pairs. Then Pa' 1rn(E, F, up) -» TTn(BI 15) is an isomorphism

and the following is an exact sequence'

"n+l(3t ¢>) 3# » "no, ~/v) -* ffnu5, ,in &-» "no, ,Q. -v -»

Nam we define maps and homotopies of maps of fibro spaces.

DEFINITION 7.7: Let (E, p, B) and (E', p ,B") l5¢ fibro spaces.

A map (I, i)' (E, p, B) -» (E, p', B') is a commutative diagram
Q. * I

E; II

|.!i =!
I

an: 21
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;
)
E'E'°I l"'

B s 8'f

of simplicial complexes. A homotopy (FL F): (I, f) 2 (g, g)

commutative diagram

is a

1?Ex! >E'

lpxl Ip'

8 xi .B'

of simplicial complexes, where F: I .">' g and 15: i Q é. (E, p, B)

is said to be the same homotopy type as (E , p', B ') if there exist

(f, I): (as, B) (E ,p , s') and (g, eh us; 9',B') -> (E, p, B)

such that (I, f)(g,g) E 1 and (g,g)(f, f) Q 1. A sub-fibre space

(E, p, 8) of (E , p', 8') is said to be a deformation retract of

(E ', p , B ') if the identity of (E ', p', B ') is homotopic relative to

(E, p, B) to a map of (I: ', p', B') onto (E, p, B) which extends the

inclusion map (E, p, B) -v (E , p', B').

Using lemma 7.4 and the machinery developed to prove

Theorem 6.9, we can prove the following generalization of that

theorem.

THEOREM 7.8: If p: E -v B is a Kan libration, then so is

pa: EK -» BK, where K is any complex. If F is the fibro over

¢ C B, then FK is the fibro over ¢K 3 ¢,

COROLLARY 7.9: Let (E, p, B) and (El, pa, Be) be fibre spaces

and suppose that Bl is a Kan complex. Then homotopy is an

equivalence relation on maps (E, p, B) (El, pa, Be).

Proof: Given (F, I), define iv (x, z) - Rx) and

["(y,z) - f(y), x c En, y f Bn, z ¢ In'

;
4

.

..,.
as

2%
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y.
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Then (15, F): co, I) .Q (Ln. Now suppose (I;,F): iiN _~ @. g)

(An). We must prove Q, g) =and (6, G): oF, n ~_ (5, n). 81'Bis
a Kan complex, hence there exists U e (818) such that 81 U _ G

and 62 U F. Let H

FIBRATIONS, posmzxov SYSTEMS, sec.

2
= = 30U. Then H: g Q h. Since

E. E E ~> B EPl • 1 . 1
is a Kan libration, there exists V c (232 such that 61 I/

PI
Pl Pl

=G,
U°(px1). Let ii =62 I' = 15, and E(v) = 60 V. Then

in g h and o H = Burl = H °(px 1) as desired.

To prove the next corollary, we must first rectify a small

omission.

DEFINITION 7.10: Two vertices x and y of a complex B are in

the same path component of B, written x y, if there exist

1-simplices z1,..., z such that x is a face of zl, y is a face of

zn, and Zi has a face in common with 2i+ I, 1 5. 1 < n. is

an equivalence relation on vertices of B, and we define

now) = B0/(~).

If B is a Kan complex, then obviously 70(8) = 1r0(B,¢), where

¢ is any vertex of B.

COROLLARY 7.11: Let p: E B be a Kan libration and let F
¢>

and F be the fibres over two vertices go and ./, of B. Then if50
iS and uP are in the same path component of B, "¢ and W/ are of

the same homotopy type.
F F F .

Proof: p ¢>: E 96 -» B ¢> IS a Kan libration. As shown
. . F

in Remarks 6.10, there is an injection B - B ¢, and if we let
F _ F

K =- (p <!>) 1(8) and q - p ¢>IK, then q: K -» B is a Kan fi.»

bration. An element x e Kn is a map F¢> x Aln] -> E for which

there exists a commutative diagram F x A[n] L E.¢>

All] I P
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In particular, an element of K0 is a map from F¢ into another fi-

bre. Now we may assume that there exists z e B1 such that

61 z = QS and 802= gl/. If x 6 Ko is the inclusion 'ZS E, then

there exists y e XI such that q(y) = z and 61 y = x. It follows

that 30y is a map 'ZS -v Q/ Similarly, let K' = (p"¢)-1(3),

q' = pFS0IK': K' -v 8. If x': '°¢ -> E is the inclusion there ex-

ists y' c K1 such that Q(y') = z, 60y' = x, and é1 y' is a

map Fvf -> "`¢ . Since q : K B is a Kan libration, there exists

w e K2 such that 00 w = y, 01 w = y'° (60yx 1), and q(w) = 80 z.

lt follows that q(62w) = ¢, 00 62 w = x, and 61 32 w == ¢91 y"060 y.

Since 621v(F¢ xl) C F G2 wz 61 y"0 tty ~- 1 in 'Zs Similarly,

we may prove that 00y o 61 y' ~_. 1 in 'off' and therefore 'ZS and

F# are of the same ltomotopy type.

COROLLARY 7.12: (Covering llomotopy Property). Let pt E -» B

Let F; K -» E andbe a Kan libration and let K be any complex.

f = p o F; K -» B. Suppose F: K x I B satisfies all# f.

Then there exists 15x K x I -» E such that p o 1? F and 01 F = -

A proof similar to that of Theorem 6.9 also gives

THEOREM 7.13: Let i: K -> L be an inclusion of complexes and

let E be a Kan complex. Then Et: EL -» EK is a Kan libration.

COROLLARY 7.14: (Homotopy Extension Theorem). Let K be a

subcomplex of the complex L and let E be a Kan complex. Let

F: L -» E and let I = ?IT: K -» E. Suppose F: Kxl 4 E sat-
isfies <91 F = I. Then there exists E; L X I -» E such that

FIKxI -= F and B1F- I.
Theoyems 7.8 and 7.13 are both special cases of a more gen-

eral result, which we now state. -...
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Aal
C

DEFINITION 7.15° A commutative diagram of complexes and maps

» B

kg
e

b » D

is said to be a fibro square if for any q+ 1 compatible q-simplices

X0,..., *k-1' "k+1»°.°' Xi 1 of A and for any y f 8q+ 1 and

2 e Cq+1 such that 8.y = e(xi) and 01 z = f(xi), i ;é k, and

é(y) = h(z), there exists x e As* 1 such that e(x) = y, f(x) =

:ind 0.x = x., i 9é k.

TIIEOREM 7.16: Let p' E -> B be a Kan libration and let iz K -» L

be an inclusion of complexes. Then
LpE L

Et

EK KP

u

»

BL

8i

BK

z,

f is a fibro square.
,

,

$5
}
.,S

.3.

:I
.:*

1

r.

.2

Iv.
.
,

44

.

.1

.1

.

.3

,
.

:
.

..

.....

.I
.

..

COROLLARY 7.17: (Covering homotopy extension theorem). Sup-

pose given (r', f) : (L, g, L') -» (E, p, B), where g is any map of

complexes and p is a Kan libration. Let K' C L' and

K = g-I(K') C L
(here K' may be empty). Further, let G: K x I -> E and

F: L'x I B be given satisfying <91 F I f. 01 G ?l/c, and

p o G - F <)QglKi"Then there exists 5: L X I -o E such that

FIKxl - G, 9°F - F<>(g)< 1), and all# f.

I
g.

.

M

i

§8. Postnikov systems

In this section we define the natural Postnikov systems
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associated with Kan complexes and fibre spaces. The definition of

the k- invariants will be given later, after the concept of twisted

Cartesian product has been developed.

DEFINITIONS 8.1: Let Alq]" denote the n- skeleton of Alql, that

is, the subcomplex generated by all simplices of dimension < n.

Define an equivalence relation 'I on q-simplices of a complex K

be xi Y if :E IA[q1" = y'lAlql" (where iu39 = x. y'(/lql = y).

Noting that x"-y implies ¢9,x20iy and 3/3iy. we can define a

complex X0I) by K(4) = Kg/("), where the face and degeneracy

operators are induced from those of K. Note that K(q) = Kg if

n >_ q, and define K( °°) = K. Let pg denote the natural map of

K01) onto K('"), m < n §. °°. We will usually write p for p"m .

PROPOSITION 8.2: Let K be a Kan complex. Then

(i) K(fl) is a Kan complex;

(ii) p" : /((") -» KOU) is a Kan libration.

Proof: (i) follows from Proposition 7.5 and the case n = to

be compatible q-simplicesof (ii). Let x0,.-., Xk_1' "k+ 1r°» xi 1
of K(N) and suppose y c K(q+)1 satisfies 61 y : p(xi), i as k. If

q < m, K(q ) = Ko so that if z c K(q) I represents y, 6.z = xi,

i f k. Then if we let x = z, 0/x = xi, i 74 k, and p(x) = y.

Thus assume q > m. Suppose first that n - of. Then there exists

i 7é k. Since any face of x of di-x c Kq+ 1 such that 6/x = x.,

mension §. m is also a face of some x., Xyz if z represents y

and therefore p(x) = y. Now if n < of, we know that K(f\) is a

Kan complex, and the same argument applies.

DEFINITION 8.3: Let (K, ¢) be a Kan pair. Define En (K, QS) to

be a fibre over <,{> of p: K -o K("-1). Thus En(K, QS) is the sub-

complex of K consisting of those simplices of K all of whose faces

*1
.is-
f5=;

5;

.1;.
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~f dimension less than n are at ¢> . $n(K, <;S) is called the Nan

Ellenberg subcomplex of K based at ¢.

T1-IEOREM 8.4: Let (K, 43) be a Kan pair. Then

(i) Pa? frq(K("), go) = ~{x<"'), go) for 1 < m;
(ii) 179(K(1"), ¢) = 0 to: q > m;
(iii) is "q(Em+1(K("), ¢), is) . nq(K("), ¢>
(iv) ~.,cem+,(1<(">, ¢), .in = o for
Proof: Em.+ 1(K0), ¢)q

for q > m;

Qom andforq> n.

¢> if q g m. This proves part

of (iv) and the homotopy exact sequence of the fibre space

(KW, p, K('"))
at x =By definition,

plies that ¢ is a representative for x. Therefore a = 0, and (ii) is

proven. Using the homotopy exact sequence, (ii) implies (iii). The

last part of (iv) now follows. .

The special cases n = oo and n = m+l are of particular

importance.

then gives (i). Suppose x c a e 1rq(K("'), ¢), q > m.

¢> for all I and, again by definition, this im-

.{

.13
.
.

.

.g

Zn

sz

1

If K is a Kan complex, let X" denoteDEFINITION 8.5:

(K(n+ 1), p, K(")). The sequence of fibre spaces X = (X°,..., X",...)

is called the natural Postnikov system of K. We let F("* Wx) de-

note the fibre En + l (K<"+ I), is) of the fibre space X" .

If (K, is) is a connected Kan pair such that forDEFINITION 8.6:

;é II, then K issome n > 0, 1rn(K,¢>) == 17 and .q(K,¢) - 0 if

said to be an Ellenberg-MacLane complex of type (n, n).

The fundamental property of the natural Postnikov system

is given by the following corollary of Theorem 8.4.

COROLLARY 8.7: Let (K, QS) be a Kan pair, X its natural Postni-

kov system. Then F("*(x) is an Ellenberg-MacLane complex of

type (1fn(K, gb), n), n > 1.
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Now we generalize the constructions above to fibro sequen- _

ces. For the remainder of this section, (F, ¢) i -> (E, up) 9-» (B, is)

will be a fibre sequence of connected Kan pairs. We will define the

natural Postnikov system of the fibre space (E, p, B).

DEFINITIONS 8.8° Define an equivalence relation L' on q~simplice§

of E by x 'J y if x'IA[ql" = y`IA[q]" and p(x)= p(y). Define a 0 -» 17 (E(n+ 1) ,/,) -v (E01) )
n+ 2 1 "n+ 2 'J'

complex 5(n) by E(q) = E4/(nl, where the face and degeneracy
. (to) n 4 77 (E(n+1): -» If (EW

operators are nnduced from those of E, and let E = E. Let Pm n+ 1 n+ 1 '

denote the natural map of 5(0) onto £(M)' m S n S "°' and write P This is essentially just the exact sequence
for pm. Note that if E0 = '/', then E(0) £. B, since x 9 y if

¢ 0 *O P*(tf0+2(E;§b)) -V tIn+218,¢) ~»

P(X) = ply).

F1BRAr1ONS, POSTNIKOV SYSTEMS, ETC.

COROLLARY 8.11: FMS) F(")(X), where X is the natural

Postnikov system of the fibro F, and therefore F<">(€) is an

Eilenberg-MacLane complex of type (1rn(F,|,b),n), n > 1,

REMARK 8.12: The important part of the homotopy exact sequence

of 8" is the following:

->

-n 0.

Un+1(F("+1)(e),¢)

PROPOSITION 8.8: Under the above hypotheses

(i) E(") is a Kan complex ;

(ii) p: E0I) -> B is a Kan libration;

(iii) P:,2 E(") -v E(ol) is a Kan libration.

I

*a
be

¥
i

E
'inIf
l¢

-P

4NnH1(F9¢) "M1(a,¢,)
P*(7fn.* I(E» QM) - 0.

§9. Minimal complexes

DEFINITION 9.1: A Kan complex K is said to be minimal if

6,x = 0159 i ,é k, implies 8kx = sky.

35

THEOREM 8.9: Under the above hypotheses

EW-, B is FW, the nth(i) the fibre over ¢> of p:

total space in the natural Postnikov system for the

fibro F ;

(ii) the fibre over '/1 of pa'..: Ii(0) -> £(M) is

Et 1 (F("), lb);
(iii) p,: nq(E("), as) of » nq(8, 95) for q > n+ 1;

(iv) p*' 1rq(E("), up) 4.-E » nq(E('"), 1/') for q _

q > n+ 1.

g

I"5
TJ

3;
F
52

I' LEMMA 9.2' A Kan complex K is minimal if and only if x y

implies x = y.

Proof: (i) Suppose K is minimal and x iv Yo X: Y 6 Kg

Then there exists 2 e K such that 3.2 = s 0.x, i < q,q+l I q-1 x
z=xand3 z=.Now3.sx=$ <9x,i<,and4 q+l Y I 4 q-1 i Q

6 s x = x. By assumption, this implies 0 z w 0 s x,Q Q q+1 q+l Q

< m and for that is, Y =

up

x.

DEFINITION 8.10* Let 6" denote (E(fl+ 1), p, E(n))_ The sequence

of fibro spaces 8 I (E:0,..., €",...) is called the natural Postnikovkg.

system of (E, p, B). Let F("* We) denote the fibre of €".

gr

(ii) Suppose x y implies x =l y. Let 0/x I <9,y,

If k, x,y e KPH . We must prove 6kx w sky, and it suffices

to prove 0kx Mk y, By the extension condition, if k < q there

exists z 6 Kq+2 Sdéh that 61 z =» 8 aX. i<q, i9¢k,
<1 i -

6q+1 z - x, and 49q+2 z ~= y. Then Mk 1 6kx ~6ky. Ifk- ml,
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there exists Z e K such that 6.z = s 8.x,Q42 I q-1 I

6z=x,and<9 z=y.Then6 zd xq q+ 1 q+ 2 q+ 1

LEMMA 9.3° Let K be a complex. Suppose x, y c

six = 6,y, all i. and x =

ma

i< q,

aslly'

Proof: If m=n, z= 6mx

sumem<n. z=0 x=08wm mn

K satisfyq
smog, y = snw. Then x = y.

Amy = w, and x =

= So-lam w, hence

y. As-

.1

o;
5
m,
is
m*

1:4.
E,,
5.2

i
so!,.

S
..

?.'3
a
3

x = 8m8n_lamw = snsmamw .

Thus Smam w = élnx = an y - w, and, finally, x = snw == y.

Now if K is a Kan complex, we define a minimal subcomplex

of K as follows. Choose a vertex in each component of K. These

vertices are the elements of Mo. Suppose My» has been defined,

0 g q' < q, Consider the homotopy classes of q~simplices all of

whose faces are in Mq_1, and choose one q-simplex in each such

class, choosing a degenerate representative whenever possible.

These q-simplices are the elements of Ma By Lemma 9.3, M is a

subcomplex of K. We will prove that M is a retract of K, and since"

any retract of a Kan complex is clearly a Kan complex, it will follow;

from Lemma 9.2 that M is a minimal complex.

q.

DEFINItION 9.4: A deformation retract K of a complex L is said

to be a strong deformation retract of L if some homotopy F: L X I -» L

defining K as a deformation retract satisfies F (x, y) =. x, x e KQ'

all

.1,..

it
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60 h0(x) = x and 01 Il0(x) Mo, and let Il0{x) = sox if x r Mo.

(ii) Assume h, has been defined c Kg' 0 < q' < q, and

let X 6 Kg If x is degenerate, say x = sy, define

hi(x) = 'ini._1(?) if s i-1 and hi(x) = si+1n,.(y) ifj > i_1,

checking that if x = skz is also true, the two resulting definitions

agree. If x c MQ, let hI(x) = sx. Otherwise, let h0(x) be a

(q+ 1)-simplex satisfying 00 ho(x) - and arh0(x) = n0{ai_ 1 x) if
i > 1. There exists such a simplex by the extension condition.

(iii) Assume h, has been defined on Kg' 0 _< i < j < q,

be non-degenerate, x { M . By the extension con-and let x e K q q
dition, we can choose fz.(x) satisfying 0.h.{x) = no._1(ai x) for

i <
I 1

y, 6ihi(x) 1 <9.h}_1(x), and 6ihi(x) z 1»(a._1x) for
(iv) It remains to define hq(x), where x c Kq is non-

degenerate and x ¢' Ma Choose y f K4+1 such that

6iy = hq_1(6.x), i < q,

> j+1.

and

Now if i < q,

6qy = 6 h l(x) .q q-

616 y=6h (6x)fM ,andq+1 q qhl 1 q_1

6 6 y 6 h (6 x) 4 M .
q a+1 Q q--1 Q q-1

Therefore there exists a unique z e Ma such that z

the extension condition, there exists w
0q+ 1 .Y

c K such thatq+ 2

By

THEOREM 9.5; M is a strong deformation retract of K.

Proof' We will define hi satisfying the conditions of Defini-

tion 5.1, with aoh0(x) =x x, and 6q+1 Nq(x) r MQ for x c XI and
with hi(x) : six for x c Mg.

(i) If X 6 Ko, let h0(x) be a 1-simplex satisfying

How - Sq+1aiY' 0_< iSq»
and

a w = s z .q+1 Q+1
Define hq(x) -= can w. lt follows that 6th (x) I 6 0 < i <q i -
and 64+ lhq(x) -= z c M as desired.

q

_.q,
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hence

If q

f(x)

(ii) Let y f My

LEMMA 9.6: Let I Q g: L -> M, where M is a minimal complex.

If f is an isomorphism, then so is g.

Proof: Let h' L ~> M be the given homotopy.

(i) Suppose g(x) = g(y), x, y E L We must prove that

x y. Now 0q+1hq(x) = g(x) = é(y) = 6:+1h9(y). If q = 0,

then by the minimality of M f(x) 60 Izo(x) = 60 h0(v) = /(v) ,

hence x = y. Assume the result for q' < q, q > 0. Then

¢9ix =» éiy. If i < q,

6,.hq(x) = hq_1(6ix) : h0__1(6iy) = éhqiy) .

By the minimality of M, 6qhq(x) = 8qhq(Y). Now

6l.hq_1(x) a.nq_,(vl, f q-1,

0q_lhq_1(x) = 0q_1 hq_1(Y) .

Iterating, we find f(x) = 00 h0(x) : 00 fzo(y) = f(y), and therefore

x y.

30 h0(x) f(x) to z, hence

é(X) : an h0(X) 312 = y.

Assume the result for q' < q, q > 0. Let Xi c

element satisfying g(x) = 0iy. Choose Za c Man such that

y and Hz == h (x ) , i < q. By induction on30+ 1 za .2 Q q-I i
we may choose "J 6 M such that viz/ - h (x ) if < j,j--1 f
6. z z , z h(x ) if i> j+1. Now let/+1 J }+1 j+1 I j 1-1
x 6

r.
s.
it;
in
.83
f?, n. e

,QQL

or
up

m .

,;,.i
it#»x

Et

.

..Si
5

Now 6ih0(x) = at zo, i é 1, hence

for all i and

Therefore six == Xi for all
al Iz0(x) : 61 zo, Similarly, we find 8.h.(x) = 6izi

and, in particular, 500 = 61+ lhq(x) .= aqI1 zq = y, as desired.

PROPOSITION 9.7: Let I: M -» M' be a homotopy equivalence,

are minimal complexes. Then I is an isomor-where M and M'

...prism.

5~
A

~.
"
..1,

r
se:

F~

Proof: Let g: M' -» M satisfy it 2 1 and of 2. 1. By

the lemma, it and of are isomorphisms, hence so are g and f (al~

,though g need not be al).

THEOREM 9.8: Any two minimal complexes which are deformation

retracts of a Kan complex K are isomorphic.

Proof: Let M and M' be two such complexes with ¢etrac~

it K-»Mand r" K-»M'tieRS and let i' M C K and i': M'CK.

Since if _~ 1 and i'r' ~_. 1 on K, (r'i)(ri) 2_ r"i' - 1 on M' and

=(ri ')(r'i) ._~ ii = 1 on M, hence the result follows from the proposi-

tion.

We must find x t La such that g(x) = y.

0, there exists z f M1 such that 01 z = y. Let x satisfy

60 z .

Lq_I be the unique

q-j,
q+ 1

.. <9 and 6 - j

LQ satisfy l(x) - 0020 If i > 0»

f(aIx) 3l6020 - 366I+12o :x an0(»I) Fu) ,

and {(60x) a061 Z0 a a06121 - 606021 nr. 60h0(x01 1 I(x0).

*$3
J

ka
E

me

c

.

....,

J

M

go
4:1
¢

I
1

CONVENTION 9.9: From now on, when we speak of a minimal sub-

'complex of a Kan complex K, we mean one which is a strong defor-

mation retract of K.

We now discuss briefly a more general concept than that of

minimal complex which applies to the relative case.

A sub Kan complex M of a Kan complex K isDEFINITIONS 9.10:

said to be admissible if for every x e Kg such that at x c M9_1

for all there exists y 6 MQ such that x y. If (K, L,¢) is a

Kan triple, an admissible subcomplex M of K is said to be rela-

tively admissible if ¢, C M and M al L is an admissible subcom-

plex of L.

L;
>
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TIIEOREM 9.11: Let (K, L, QS) be a Kan triple and let M be a rela-

tively admissible subcomplex of K. Then (M, M n L, go) is strong

deformation retract of (K, L, go).

The proof is essentially the same as that of Theorem 9.5.

REMARKS 9.12: A Kan triple (K, L, go) is said to be n-connected if

N(K, L,¢) = 0, 1 5 i 5 n. The nth relative Ellenberg subcomplex

En(K, L, go) of K is defined by x e En(K, L,¢>)q if and only if

:TIA[q]° = <i51A[</]0 and lmage(YIA[q]"-1) C L. If (K, L, QS) is

n-connected, then En + 1(K, L, Tb) is relatively admissible.

§10. Minimal fibrations

In this section, we outline the construction of minimal sub

fibrations of Kan fibrations.

B is said to be mini-DEFINITIONS 10.1: A Kan libration p E -»

mal if p(x) p(y) and six = 61 y, i 14 k, implies éRx = sky. If

p is minimal and B is a minimal complex, then (E, p, B) is said to

be a minimal fibre space.

LEMMA 10.2' Let p: E -» B be a Kan libration. p .

mal, each fibro of p is a minimal complex.

LEMMA l0.3: Let (E, p, B) be a fibre space. Then if E is 8 mini-

mal complex and p is onto, (E, p, B) is a minimal fibre space.

Proof: Clearly p is a minimal libration. We must prove that

B is a minimal complex. Suppose x, y c BQ and z: x y. Let

x = p(w). Since p is a Kan libration, there exists u € E¢1+1 such

that6iu==s 6w,i<q,6u==w,andp(u)-z. Nowq--I i Q
u: 6 u ~6 u, hence since E is minimal, 6 u = 6 u.q q+ 1 q q+ 1
p(6q+1u) = 6q+ 1 z a y and p(6qu) = p(w) = x. and therefore

x - y.

Then if IS min-
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Let E B be a map.DEFINITION l0.4: If x,y e Et, we say

that x is p-homotopic to y, written x 92 y, if x y and there

e)gisls z e EQ-+1 such that zz x y and p(z) = "q_p(x).

LEMMA 10.5: If px E -» B is a Kan libration, then (p) is an

equivalence relation on the q-simplices of E.

LEMMA 10.6: A Kan libration E

g (p) y implies x = y.

. Now if p: E -» B is a Kan libration, we can define a sub-

ComPlex E ' of E by a procedure precisely parallel to the construc-

tion of a minimal subcomplex of a Kan complex, the only difference

.being that the relation of p-homotopy rather than that of homotopy

is used.

B is minimal if and only if

p: E ' -> 8 is a Kan libration.LEMMA 10.7:

It follows immediately from Lemma 10.6 that pr E' B IS

é minimal libration.
-»

DEFINITION 10.8 A deformation retract (E ', p, B ') of a fibro space

(E, p, B) is said to be a strong deformation retract if some homotopy

, p, B ') as a deformation retract satisfiesU F) defining (E '

I(x, y) x, x € ,E'
q J' t I /q all q,

x, x f Be, y c in, all q.F(x, y) =

THEOREM 10.9: (E , p, B) is a strong deformation retract of

(E, Pr B).
More generally, we can prove

TlIEOREM 10. 10: Let p: E -> B be a Kan libration and let B' be

a strong deformation retract of B. Then there exists E ' C p"(8')

such that p'° E' -v 8' is a minimal libration, and (E , p , B ') is a
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strong deformation retract of (E, p, B).

COROLLARY 10.11: Let (E, p, B) be a fibre space of Kan com~

plexes. Then there exists a minimal fibro space (E ', p', 8') which

is a strong deformation retract of (E, p, B).

LEMMA 10.12: Suppose given a strong homotopy

(f, 1> _~ (g, 1): (E;p ,B) » (E, p, B),

where p is a minimal libration. Then if F is an isomorphism, so

is

PROPOSITION 10.13: Let (f, 1): (E , P , B) -> (E, P, B) be a
p and p' are minimal fibrostrong homotopy equivalence, where

sons. Then F is an isomorphism.

TlIEOREM 10.14: Any two minimal fibrations with base complex 8

which are strong deformation retracts of a given fibre space (E, p, 8lg

are strongly isomorphic (in the sense that the isomorphism on B is

the identity).

LEMMA 10.15: Let mi, I) = (E, g): (E1p1 8') (E, p. B), where
Then if ii, f) is an isomorphism,§(E, p, B) is a minimal fibre space.

so is (Le).
pRoposlrlon 10.16 Let (f, f): (E ,p', B') -» (E, p, 8) be a ho»

, B ") and (E, p, B) are minimalmotopy equivalence, where (E ', p'

fibro spaces. Then (F,N is an isomorphism.

3121
52
€ .
.s:=

Q?
>.

§»
J:
;

I

2
x a'.. ..,... .i

able space (E , p', B') of a fibre space (E, p, B) of Kan complexes

will mean one which is a strong deformation retract.

§11. Fibze products and fibre bundles

In this section we define fibre products and begin the study

.ofgfiblé bundles. In particular, we will prove that every minimal fi-

brataon is a fibro bundle

néxflwrrlon 11.1: Let p' E -> 8 and I' A -» 8 be maps. De

e Er = l(e,a)lp{e) == f(a)l C ExA and let p/= Er -> A and

Er -» E be given by pale, a) = a and ice, a) = e. The comma

tatwe diagram
f

g
Er E

f
In I»

A ' r B
Hi

it f
P is called the map in-is galled the fibro product of p and f.

diced from p by f.

The following lemma results immediately from the definition.

LEHMA 11.2° If p is a Kan libration, so is pf. If p is a minimal

fiiixation, so is 9/_

If p is a Kan libration, then (E', pf, A) is called the fibre

2 space induced from (E, p, B) by f. Fibre products satisfy the fol-

L lowing universal property.

.

.

i

TlIEOREM 10.17: Any two minimal fibro spaces which are deforma-

tion retzacts of a given fibre space of Kan complexes are isomorph

CONVENTIONS 10.1'3: By a minimal sub libration p: E' -» B of a

Kan libration p: E -v B we will understand one such that (E , p, B)

. Similarly, a minimal Eubis-a strong deformation retract of(E, p, B)

go
:

1?
C:;~

P?1?
v

PROPOSITION 11.3: Let

E Ilp'
B'

4
r

N
*L
HU

r
ia
*
.
f..

*
i.

I »b

be a commutative diagram. Then there exists a unique map
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ht E'-. E' such that g = to pa and p'= pion.

Proof The result is obvious: we must define

h(e') = (g(e'),p'(e')) .

F

3

of:
*H
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PRopos1rIon IL4: Let (g, f): (E', p , 8') ~» (B, p, 8) be a map

of fibre spaces. Suppose that p' is onto and that for b' E RQ'

§lp"'1(b ') is a onto-one correspondence onto p`1(f(b')). Then

an E* such that g= Fon and p'= pooh santhe map hz

isomorphism.

Proof* Define j: Ef -»

Choose any x f EQ such that p Then

pg(x) = r(b'l = p(e) .

By assumption, there exists a unique e' e E'1 such that g(e') =

and p'(e') = p'(x) = b'. Define j(e, b') = et Then i o h = 1

and fl

pRoposIrlon 11.5: Let p: E -v B be a Kan libration and let

f ; gr A -» 8. Then there exists a strong homotopy equivalence

between (EC p, A) and (EB, pg, A).

Proof: Let F: Ax! -v B be the given homotopy and let

(12*, p#, Ax D denote the fibro space induced by F. Identify Ef

with p**'(A><(0)) C E* and let x: E' C E*. Identify EE
with p*"cA x (U) C E* and let x . ET C E#. For notational sim-

plicity, let q:

and form q* K' -> L' using ET instead of E{ Now p'x 1 e Ll

and 61(p/x 1) = q(x), hence there exists y c K1 such that

q(y) pfxl and 61y - x. Then 60y is a map Er ET. Simi-

larly, there exists y' e XI such that é'(y') 1 P'X 1 and

i 2
1?\.
U g..*.

a s
n!

e

...
.
9

i,

,=

NO

.II
l.
..,
5

s"
.. 1

Q
'II
...,¢ .

,
.
.
. .>.3,

,

5
.f.
g
i. .
..
.s s

L

a0 y' = x' Gay' isamap ET -> E/. Again, since q is a Kan
vibration, there exists z f K such that q(z) z s ( I 1) 6 _

2 0 P x r oZ - Y
and 61 z

Thus

we

E' as follows. Suppose (e,b') e 553%
q

'(x) = b'.

O j ;.° 1.

Next we show that homotopic maps induce fibro spaces of COROLLARY 11.7: Let (F, it) ~» (E, ¢) -» (B, ¢) be 8 fibro S6°

the same homotopy type. ;q98"°° and suppose that B is contractible. Then there is a strong

homotopy equivalence (g, l): (E, p, B) _, (FX 8, 9*, B) where

. p(f, b) is minimal, (e, 1) is a strong isomorphism.

.j., ¢>» then by assumption 1 ~_. j: 8

. . * E'. » El yK » L denote the Kan fnbratxon (p ) . (E ) » (All .

X

. .#

.,
41),.,, ..,

uP!
,x
.up
a
"to

;e;j"¢

*

£

of . .
Mg

i!.
.;.." : ..
1%, .

Let w = as z. Then= y'°(60}'x 1).

Bow = x and 31 w = Boy' '60y .

q(w) = so01(p! x 1) = so q(x) and therefore the image of w is

'Contained in Ef and p/° w(e, k) = 9f(e), e e Et, k c IQ

Similarly,:W gives a strong homotopy 61 y'° 00 y 2 1 in Ef.

may obtain a strong homotopy 00 y o 61 y' _ I in EQ, and this

implies the result.

Let p: E -> B be a minimal libration and letCOROLLARY 1L6:

I m g: A -» 8. Then there exists a strong isomorphism between

{E1, of, A) and (ES, pf, A).

Proof: This follows from Lemma 11.2, Proposition 10.13,

land the result above.

= b. If p

Proof: If j' B -v -r 8.

Since F xB = Et and El = E, the result follows.

At this point, we are ready to define fibre bundles.

DEFINITION ll.8: A map p: E -> B is called a fibre bundle if

p_is onto and if for every map E: A[n] -v B, the induced map

pa: EE -) A[n] is strongly isomorphic to p*: F xAltl] -» Alnl,

where p*({, k) == k and where F is a given complex called the

fibro of the bundle. If F is a Kan complex, then p: E -» B is

called a Kan fibre bundle.
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LEMMA 11.9° A Kan fibro bundle is a Kan libration.

Proof' Let x0,.°" xk_1, "a+ 1,..., xi 1 be q+l compatible

q-simplices of E and suppose lib = xl., i 04 k, b t 8q+1 Let

a(b): F x A[q+ 1] -» Eh be a strong isomorphism, say

0(b)(Y? ajAr ,) = (Xi, QA 1)

There exists y f Fq+1 such that <9.y = Yi , i é k, and if

acw(y,/1,,+ 1) = (x, A 0 »
b and 3/x

We note first the following corollary of Lemma 10.3.

LEMMA 12.1° If K is a minimal complex, then each (K<"*, p, K("'))

is a minimal fibro space.

Since a connected minimal complex K has only one vertex

¢, we will denote frq(K, is) by nq(x).

= xi, i ;é k.then p(x) z

LEMMA ll.10' A[n] is contractible for all n.

Proof: Define h0(An) = so An, h1(An) =

1 < i < n.1»,(A,_) = x-1 s061 ai--1An'
j: Alu] -> (0) C A[n], it is easily verified that h: 1

soAn! and

Then if

¢.~
15
:I.
a

Q

5

LEMMA 12.2: Let K be a connected minimal complex. Consider

q >_ l. If b c K(qq-I), letthe fibro space (K, p, K(4-1)) ,
Hb = Ixipix) = bl,

that is, if x e He, then y e Hn if and only if Gay r; for all i.

Then the homotopy classes of elements of Hb are in one to one

correspondence with the elements of 1/q(K).

Q i- Proof: By Lemma 12.1 and Theorem 11.1, px K » K(Q'-1)

is a Kan fibre bundle . Let QS denote the vertex of KO!_l).

fine E and $: Alql KW-1) in the obvious way. Then

(EZ, p , A[q]) is strongly isomorphic to (E q(K)x Alql, p A lnl).

where Eq(K) is the q-th Ellenberg subcomplex of K. Therefore

the sets ofhomotopy classes of elements of

§12. Weak homotopy type

In this section we will use the earlier material of this chap-

ter to find sufficient conditions for Kan complexes and Kan fibre-

tions to be of the same homotopy type.

TlIEOREM 11.11: Every minimal vibration with a connected base
De~

complex is a Kan fibro bundle. -,

Proof: Let pr E -> 8 be the given minimal libration and let g F

F; A[n] -» B. By Lemmas 11.2 and 11.10, pi is minimal and A[n] 3.5

is contractible, hence by Corollary 11.7 (Etb, pa, A[n]) is strongly z

isomorphic to a product (Fix A[n], p*, Alnl). F is homotopic to a 1(X, A4)l x t H g C EB"
_ b

map ¢ Alnl .. B,where ¢» is a vertex of B, and thus by Corollary and of elements of l(y Aq)l H I C E ( ) .' Y f ¢ Q K xi[ql are on oneto-
11.6 (F xA[n], p*, A[n]) is strongly isomorphic to (F xA[n], pa Alnllé Qne correspondence. Notify th t H - - (

b ¢> ex 8 a QUO - EQ K0q, the latter set is
Now F is the fibre over QUO and since, by Corollary 7.11, any two fi» n (E (KD 5 rl (K). Since to f¢ q q Q e armer set is that of homotopy classes
bres are isomorphic, the result follows. of elements of He' the result is proven.

COROLLARY 11.12: Every Kan libration with a connected base

complex contains a Kan fibre bundle as a strong deformation retract.

g .

I

we

..1.,

.go

A map f: K -» L is called a weak (or singu-DEFINITION 12.3:

jar) homotopy equivalence if f*: no(K,qs) -> 7fq(L, :'(¢)) is an iso-

morphism for all q.

Let K and L be connected minimal complexes.THEOREM 12.4:

K -v L is an isomorphism.Then-a weak homotopy equivalence f:

47

*H
5,

.
!,l

L
:i
u
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Proof Let (K("+ U, Pn x(">> and (L("+ U, pi I.00) be

the n-th terms in the natural Postnikov systems for K and L. By

Lemma 12.1, both of these are minimal fibro spaces. Since

Kq kg" if <1 <_ H,
it suffices to prove that f("): KM) -» L01) is an isomorphism for

all n. in): 1<(°>_:Z... L(0) is clear, so assume that

f("*1)= K(n-1) -1 s L("-1), n > 0.
Consider the commutative diagram

X(n). ,co L(n)_--»

p
P'

f"'-1) L(n-l)K(U-1)

(i) Suppose {(n)(X) = f(")(y), X, y es K ) We must

y. f("-1)p(X) = !("""1)p(y), hence p(X) = p(y).prove that x =

This implies x = y if q 5 n-1. Suppose q = n. Then by Lem~

ma 12.2, the homotopy classes [x] and [y] can be taken to be ele-

ments of f1,,(K) '= '&1(K("))» hence by naturality f*[X] z f*[}']

Since I, is an isomorphism, this implies [xl = ly], that is, x y.

Then by minimality x = y. Assume the result for q' < q, q > n.

Then 6.x = 6; y for all i and since nq(K(")) = 0, x = y follows

from Lemma 12.2.

(ii) Let y f /_.(q). We must find x c Kg ) such that

y. q _ n- 1, the result is obvious. n./(")(x) = If < Suppose q =

ly] can be taken to be an element of nn(L) = 1rn(L(")). Since I*

is an isomorphism, there exists x e Kn such that f*[x] 1 [y].

Then f(")(x) y, hexncex /(">(x) == y. Now assume the result for

.351

ate

.\ .,,

. .. ..

...9.

T. .

is.. . . .

5 *4.
m,

g
,m
.

1.1
.F

3.
.,
.

.

,

.
ZZ*"
i*.5 :

LEMMA 12.5: Let p: E -» B be a minimal libration, where E, 8,

adkl the fibre F are connected Kan complexes. Then each of the
E(ol)léén fibrations p'= E(H) -> B and p': £01) _, is minimal.

Proof: Let u.v ( E represent x, y 6 E(q )_ Suppose

'(x) = n'(y).

y implies

= a

q' < q, q > n. Let f(")(x,) : Qm By the extension condition,

there exists x 6 K<q* such that ex - i < Q Then

6,/(-)(x> - 0115 i < q,

.Q
J

.
..

3 ..

? . ..
I

.
..
.3

.Q

.we

.I
<..,

".;.
.. .

".i
,.a=

a

..

(n) _ ... l» of(")()=a Nhence by mlmma ity q x by. ow since 11q(L ) _ 0, lt

f@X)-follows from Lemma 12.2 that x - y.
The following theorem is an immediate corollary.

Tginonrzm I2.5: Let K and L be connected Kan complexes. Then

glue following conditions are equivalent.

(i) K and L have the same homotopy type.

(ii) There exists a weak homotopy equivalence f: K -» L.

(iii) K and L have isomorphic minimal subcomplexes.

Now we outline the parallel development for Kan fibrations.

q

6Ix = 3/y, i ;é k, and p

.Q~ latter implies p(u) = p(v). q$n+1, 0.x= ~.

U 6/v and, by the minimality of p, 0ku = aku. If q n+1,

lah" = 6/3ky implies (ku = élkv on Alq_ll", hence

,v

If

DP:1=1n1T1on l2.7; A map ii, I): (E , p', 8') -v (E, p, B) of fibro

spaces of Kan complexes is called a weak homotopy equivalence if

it induces an isomorphism of the homotopy exact sequence of

(E , p', B ') onto that of (E, p, B).

THEOREM 12.8: Let (E', p , B') and (E, p, B) be minimal fibro
spaces of connected Kan complexes with connected fibres. Then a

.weak homotopy equivalence (f, f): (E , p , B') -> (E, p, 8) is an

isomorphism. .
x.,I

>
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6(w)

TiIEOREM 12.9: Let (E , p , B') and (E, p, B) be fibro spaces of

connected Kan complexes with connected fibres. Then the follow-

ing are equivalent

Let do, Ll = C(K)/C(L), so that Hn(C(K,L» = Hn(K, L).

6(7) s 0, where y' denotes the image of y in Cn(K, L), and we

define h: rrn(K, L, ¢) * Hn(K1 L) by 11(8) = lye. The maps II are
(i) (E '. p', B ') and (E, p, Be have the same homotopytypeiii09lled the Hurewicz homomorphisms.
(ii) There exists a weak homotopy equivalence

(f,f): (E»p8') * (ErprB) `§°f€w°"ps-
(iii) (E , p , B ') and (E, p, B) have isomorphic minimal

sub-fibre spaces.

LEMMA 13.3. The maps h are well~defined and are homomorphisms

§13. The IIurewicz theorems

In this section, we obtain some of the classical results com ¢~» 0 < i

paring homotopy groups with homology groups. Throughout this secs,. [6,, wl. 6(w)

son, homology means homology with integer coefficients. . . c

PROPOSITION 13.1: Let K be complex. Then Hom) _ F("0(K)l,

the free Abelian group generated by rr0(K).

Proof: The map Ko -» K0/(~) of sets induces an epimor-

phism c0(x) == z0(K) F(K0)» F(1r0(K)). Clearly if y e Ko, M

then x y if and only if there exists a 1-chain w such that Tl

= x- y. This implies the result.

From now on, we consider the reduced homology groups

an co) _ Hn (quo) of a pair (K, is), Here écx) = cu()/c(¢).
Clearly Hn (K) = Hn (K), n >
orator than H0(K).

.r?.
....

Asa.

re,

Proof: We give the proof for the absolute case, that for the

_,Ielgtive case being similar. Suppose x, y 6 Kn and ZN X

§Theh

EtkliX: y represent a,B 4 in(K,qS) and w e Kni1

W. n-1. 0n__1w=x, and 0 W=y9 so that
|.,a n+ I

= (~1)" + 1(x - anw+ y) and therefore

h(aB) = Ma) + 1x09) .

iv y.

6(2) = (-1)"(.x-y), hence h is well-defined. Suppose next

satisfies

<

g.;1.4

I

Q PROPOSITION 13.4: The Hurewicz homomorphisms define natural

Qt,znsformations of functors. If (K, L, ¢) is a Kan triple, then the

following is a commutative diagram ofexact sequences:

» Iln(L) -» 1?n(K) I -> Hn(K, L)
0, and H0(K) has one less free @en-5

§Prgo!: The result is clear from the definitions, recalling that

a: .Hn01(K' L) H_(L) a defined by aim : l0(y)l, y c Zn(K, L).

a 1 I
n+ 1(x, L,¢) -v -r 1rn(K,¢) » 1rn(K, 1.,¢,)

I"
17"(L, is)I" If' I

ra
-»H (K,L)n+1

-5

.|

DEFINITIONS I3.2: Let (K, L, ¢) be a Kan triple. Suppose x re-5

De- EOREM 13.5 (Poincaré): Let (K, ¢») be a connected Kan pair.and consider x as 8 cycle of énc K).presents a c 7rn(K, ¢),

n the map h 4 7rI(K, ¢>)/[rr1(K, ¢), vrI(K, ¢)1 -» H1(K) induced byfine hz rrn(K, ¢») -v én(x) by h(a) - lx}, where lx! denotes the homolorhe
II is an isomorphismgy class of x. Similar] y, suppose Y represents B (Nn (K, L, ¢>) .
**
1. s
5
.E
Fu

a
..1
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Proof: We may assume K = E1(K, ii). Then

Let j: 21(K) -»

induced from XI

é1tx) = 21(K) = 1"(x1 -¢).
1r1(K0/[171(K0, n1(K01 be the natural epimorphism

-» K1/(~). If x c c2(K), then

6(x) = 60:-611462x
and by definition of the group structure in 171(K0, j0(x)

j induces j" Hi(K) -» 1r1(K)/[fr1(K), 171(K)]. Clearly J

and h'0j' = 1, and this completes the proof.

= 0. Thus
IohI= 1

gigs ,
If

.45
'pa

:.rgo
i
1

.1
,%,

1

L ,t.
.$;

.
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The hypothesis thatfis an inclusion can be eliminated in the

following result, but some technical work, or use of geometric realize
dion, is required since the natural simplicial mapping cylinder of a

map of Kan complexes need not itself be a Kan complex.

.g
u
4
" Q
.so
*

53

.a
i

Q
TlIEOREM 13.6(lIurewicz): Let (K, ii) be an (n - 1)connected

pair, n Z 2. Then H1(K) z o, o < i < n-1, and

Proof: We may assume K = En(K, 48). Then K has only one sim-

plex in each dimension < n, hence Hi(K) =- 0, 0 < i <_ n--1, andéfl

cn(K) = zum) - F(Kn-qs). Kn -» K"/(~) induces a natural epic

morphism j: Zn (K) -> :in (K). As in the proof above, it suffices to

prove j0(x) - 0, x r Kn + 1 . If n = 2, this follows immediately

from step (iii) of the proof of Proposition 4.4 on page 11; if n > 2

a tedious but essentially similar computation gives the result.

COROLLARY 13.7: If K is a 1-connected Kan complex and
Hi(K) 0 for all r > 0,

then K is contractible.

Similarly, we can prove

THEOREM 13.8: Let (K, L, ii) be a Kan triple, where K and L are

I-connected Kan complexes. Then (K, L, QS) is (n-~ 1)-connected if

and only if H.(K, L) = 0, 0 5 i g n-1, and in that case

h: n(K,L,¢>) /!n(K,I_,)

fffunonnu 13.9 (Whitehead):mYh fr (K)' n " n

£*t. ,i
.T1
P;
a 1
~.f.

ii
h

03
, .

4$ .

r.

J

.

Letf: K _» L be an inclusion of 1~con-

ted Kan complexes and let n > 2 be an integer. Then the fol-- ¢

I¢wing are equivalent:

(i) f*: n,.(K,¢) -» »,.(L,f(¢)) is an isomorphism for

i < n and an epimorphism for i = n.

. H,.(K) H5.(L) is an isomorphism for i < n and(ii) f*

an epimorphism for i = n.
I *s

Q3
s.
U
pi
:Is
..§f

a

. ..

Proof Since we have assumed thatfis an inclusion, this

follows immediately from the theorem above.

i
I
1

n

is an isomorphism.
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BIBLIOGRAPHICAL NOTES ON CHAPTER II

The concept of simplicial fibro space is due to Kan [25],

[30]. Complete proofs of Theorems 7.8, 7.13 and 7.16 may be found

in Cartan [6], in Gugenheim [18], in Kan [33], and in MacLane [41].

The original definition of Postnikov systems is of course

that of Postnikov [54]. An alternative semi-simplicial treatment is

that of Heller [21]. We have followed Moore 152],[53]. The fibro

spaces (K, p, KW) are the simplicial analogs of "construction II" §14. The realization

of Caftan and Serre [4]. The Ellenberg subcomplexes of the total Throughout this chapter, A will denote the ton pologncal

singular complex of a space were defined by Ellenberg in [10].

Eilenberg-MacLane complexes were introduced and studied in the

series of papers [13].

The construction of the minimal subcomplex of the total sin- r

gular complex of a space is due to Eilenberg and Zilber [15]. Our

treatment is essentially that of Moore [52], [53]. The theorem that

every minimal libration is a Kan fibre bundle is due to Barratt,
; l;. 8 ...8. u , whereal f k ngen elm, an core . e equnv ence o wea omotopy type its n 'Q r l n-<1[1] ThGo n d M

. 0.5 i <
and homotopy type for Kan complexes is of course the analog of a 1

theorem due to Whitehead [62] on CW-complexes.

.

. r
..

i/

,§§1

mf" 3

3?,.,
wry

,
.

...
4, A
*.

,

, ,.
1

.

.

. :

g
E

CHAPTER III

GEOMETRIC REALIZATION

as

= i(!0,..., tn)| 0 $ f1 s 1, z ii as 11 C R"+1. We de-n B`imPl¢x An

3 An_1 -> An and o.: . Anl1 -> An by:fiiie maps

3.(t0,...,rn_1) = (tO)". ti_1' 0, ii,..., In_1)

o,.(¢0,...,tnH) = (r0,...,¢.+t.H,...,rn+1)

Apoxnt of An L called interior if n = 0 or if 0 < of <

t§§§ze that every Un f An can be uniquely expressed in the form

= Un_ q e An_ 'I is an interior point and

< i < n.'I _

Now let K be a complex. Give K the discrete topology

1 = U > (K xA ). Define an equiv-n n_0 n n

1 for all i.

an.¢l form the disjoint union I?

alerice relation = in I? by:

(a, in' "n-1) e
and

(81kn' Un+1) N 1kn' 0iUn11). Ku c Ku' UnQ-l e An+l

The..identification space T(K) - I?/(~) is called the geometric
rlization of K. The class of (kn, un) in T*(K) will be denoted by

lf¢,,.v,,l If fe K -» L is a simplicial map, then f induces the con»

55

(k,,. 8.un_1). Ku Kn' Un_1 c An-1'

*
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The concept of sirnplicial fibro space is due to Kan [25],

[30]. Complete proofs of Theorems 7.8, 7.13 and 7.16 may be found

in Cartan [6], in Gugenheim [18], in Kan [33], and in MacLane [41].

The original definition of Postnikov systems is of course

An alternative semi-simplicial treatment isthat of Postnikov [54].

that of Heller [21]. We have followed Moore [52l,[s3]. The fibro

the simplicial analogs of "construction II"spaces (K, p, K(")) LE

of Caftan and Serre [4]. The Ellenberg subcomplexes of the total

singular complex of a space were defined by Ellenberg in [10].

Ellenberg-MacLane complexes were introduced and studied in the

series of papers [13].

The construction of the minimal subcomplex of the total sin-

gular complex of a space is due to Ellenberg and Zilber [15]. Our

The theorem thattreatment is essentially that of Moore [52], [53].

every minimal libration is a Kan fibre bundle is due toBarratt,

The equivalence of weak homotopy typeGugenheim, and Moore [1].

and homotopy type for Kan complexes is of course the analog of a

theorem due toWhitehead [621 on CW-complexes.
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CHAPTER III

GEOMETRIC REALIZATION

v

. 1

.1 .I.
..;§\l.
. n .

1 s&?

iIii

€=

.;...
|x

é:. .

The realization§14.

. Throughout this chapter, An will denote the topological

ineI4Iivp1@>¢I An l(t0,..., tn)] 0 5 to g 1, 2 ii 11 C R"*1. We de-

f§¢maps 31: An- 1 -> An and Gil An+1 -> An by:

_ 8.(¢0,...,:n_1) = (r0,...,r._1,0,t.,...,¢n__1) .

ai(0""'!n+1) = (¥0""'tI+'i+1'-"'tn+1) .

0 of if 0 < r

in
...6 u ,

*I n-q n-.q n-q

Iljjoint of An is called interior if n = I < 1 for all i.

Nate that every Un f An can be uniquely expressed in the form

- 8 where u f A is an interior point andU .,

lI <~< iq 2 n.0 ._
Now let K be a complex. Give K the discrete topology

angel form the disjoint union If Un> 0(Kn xAn). Define an equiv-

alénce relation Hz in 1? by:

(kn'5i"n-1)' Ku e Ku' Vn-1 G An-1'(at in' Un-1)
and

l

f

(Si in' UnI1) is (in' UiUn0I)' Ku f Ku' UnI1 f An+l

The identification space 7'(K) - I?/(=') is called the geometric

Fe1 ization of K. The class of co", ..,,) in t(K) will be denoted by

llt If or
rl*.al';

T
»

K -r L is a..simplic&a1 map, then f induces the con-

55
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tinuous map T(f): T(K) -» T(L) defined by

T(f)\kn, unl = \f(kn), lln1

It is clear that T thus defined is a covariant functor from the cat-

.egory of simplicial sets tothat of topological spaces.

We will prove that T(K) is actually a CO-complex. We re» I

A cell complex X is a Hausdorff space which 5:call the definition.

e" subject to the requirementis the disjoint union of open cells

that for each cell e", if 5" denotes the closure of e" and An

An -» 5" suchthe boundary of An, then there exists a map I:

that Il(An An) is a homeomorphism onto e" and flyn) is con- ;

tained in the union of the cells of dimension less than n. A sub-

complex Y of X is a union of cells of X such that e" C Y im-

A cell complex is closure finite ifeach €" is con?plies E" C Y.

fained in a finite subcomplex and has the weak topology if a subset

A clot

T(K) is a CW~complex having oneTHEOREM 14.1:

non-degenerate n-simplex of K.

is said to he non-degenerate ifA point (kn, un) of K

kn f Kn is non-degenerate and Un c An is interior. The theorem.

will follow immediately from the following lemma.

Define A- f? -» 1? by

)¢(I¢n, un) = (kIl-P'Uf1"

kn__p non-degenerate,

Similarly, define p: 1? -r R' by

p(kn,un) =
:go

3is
.

.;i

Q
.go ..
Z ,::

, #s

,

,, :
1.

..
.*n
if.
s
.i
:
.i .

.
.

,g:*n
531

I ,

un-q i
q

The composition Abp carries each point into an equivalent
. non-

degenerate point. Uniqueness follows since x Qs g' im I
. p les
)u¢p(!) =

Let

is closed provided its intersection with each 5" is closed. fine

sure finite cell complex with the weak topology is called a CW-

complex.

n-cell foreaclygi?

m
2 r

?

eQ

g;

»=§

n.

yr!

7,1

un),O. k = s. ...S. kup al in lx

0 < 51 <<5 <°n.- p

(6. ...6. k ,U g, U = 8.11 'Q n n- n 'Q

0 < i1 < <interior,

...5 u ,
al n-q

A°p(x ').
Next we prove that, under mild hypotheses,

T(KxL) = :ruN X T(L) .
KxL -» K and or': KxL ->
T(KxL) -v r(Kl x NL) by =

L be the projections and de-

11 mlx T(rr ').

.:I'lIEOREM 14.3: q: T(Kx L) -» T(K)x T(Ll is one-to-one and on-

to. If T(K)x T(L) is a CW-complex, then 11 is a homeomorphism.

Proof: If z e T(KxL) has non-degenerate representative

Ucnxfn, ..n), then T(r7)(z) = \kn, ,,al has non-degenerate represen-

tNtive Mk", wn) and T(n')(z) - l£n» wnl h'as non-degenerate repre-

.sentative Men, n), where A is as defined in the proof of Lemma

14.2. We define an inverse function H: T(K)x T(L) -» T(KxL) as

follows. Let (x, y) c T(K) x T(L), where x and y have norvdegen-

erate representatives (kg, wa) and (Tb, vi). If Ual - (to,.,,, ta) and

vi - (to,..., Tb), define

n-p'

If is equivalent to a unique iLEMMA 14.21 Every point (kn, un) f

non-degenerate point.

Proof: By formula (3) on page 4, every kn e Kn can be

Sf ...s. k whereuniquely expressed in the form kn =
P II n-p'

kn-n 4 KIl-9 is non-degenerate and 0 < ii <~~< jp < n.

dices j which occur are precisely those such that kn f s)K 1 v
n-

The in

and
n

u"' : f v" :z 2 r'
i-0 j=0 I

Let 'o << rc _ 1 be the sequence obtained by arranging the dis-

tinct elements of tum! U {v"l in order of magnitude, and define
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Clearly

0t"'=r.-r. , <i<¢,1 I 1-1 - -
c

IfZ t. r 1,
I c

Clearly 0 < to' < 1 and"-1 = 0.

up ..

i ..

1
,
Q
,,

,
RI

hence We

be those integers i such that r. ¢' Iuml and let ii <

those integers j such that r.

joint, Us = 0.

is an interior point of Ac. Let i1<»<ic= (re,'.... ¢c") -a
<j beI c-b

¢' Iv"}. Then ii I and ii I are dis-J a 13
...0. w , and v = ...o w . Define

*l 1n-a C b e-b C

z "Sic-a

0.
In

)x (s
jc-b

...Sit
... S.

11
kb), ,c\ .

in
;

5;

5%

.

Et,2"

. v

T(rr)1§(x, y) = l)~(si__ ,, w,,)l = I1<,, ~,Is. kII

and T(n')T;(x, y) = y, so that 11 05 = 1. Taking z as above,

71 °1)(Z) = i(IA(I¢n, -/n)l. lA(Bnl, wn)l) = x en' wn)1

REMARK 14.4: The proof above parallels that for simplicial com-

plexes given in [14, p

CW-complex holds if K and L are both countable [47, p. 272] or if

either T(K) or T(L) is locally finite (i. e., every point is an inner
point of a finite subcomplex) [62, p. 2271.

I(kn

x

-H

. 681- The hypothesis that T(K) x T(L) is a .l~ ¢: Hom$(T (ALB)

Z

§15. Adjoint functors

In this section, we define adjoint functors and develop a

few of their properties.

DEFINITION 15.1: Let T: G -» £8 and S: £8 -» (f be covariant

frinctors. We say that S and T are adjoint, or that T is an ad-

joint of S and S a coadjoint of T, if there exists a natural equiva-

lehce of functors up: Iloma(A, .S(8)) ~» Hoang; (T (A), B) (where

_ k each side is considered as a functor G' x 3 ~» (3, E the category
qty, y) a s

of sets).

w We notice first the following

Lnmrn 1S.2: Let S: £B -» G and T: (T -» DB be covariant functors.
.JI

s on each product cell ofFinally, we observe that 5 is continuou
. K) 711.1 is a CW-complex, this impliesr(K) x re.) and, If To x

" . continuous, hence that 11 is a homeomorpl11sl1\ for I c Hom (A, S(B)) is one-to-one.that 12 is G
(ii) The correspondence between natural transformations

-» Hom@(A, S(B)) and 'l': la -» ST obtained

by letting '/, correspond to 'P if 'l'(A) = ¢(1.m)) and

Mg) - s(g) o \p(A)

for g c Homgg (T(A), B) is one-to-one.

L induces PROPOSITION 15.3: Let ¢: lIom@(A, $(B)) -» Hom3(T(A), B)

correspond to <D: TS -» 18. Let

1//1 llom$(T(A), 8) -» Homa(A, $(B))

. 'PS(i) ¢, <>¢, n 1 if and only if S ' STS S is the

identity natural transformation of S into $.

¢
,EH

(i) The correspondence between natural transformations

¢; Iloma(A, $(B)) ~» Houma (T(A), B) and (D: TS -» 13 obtained by

létimB 45 correspond to <I> if <I>(B) = </S(18(8)) and

¢(f) = ¢(8) o TW

COROLLARY 14.5: A simplicial homotopy F ' Kxl

a topological homotopy NF ) o 5: r(Klx TU) » NL).

COROLLARY 14.6z If K is a countable simplicial monod, group, Fe
or Abelian group, then T(K) is a topological rnonoid, group,or.AMl correspond to by, I -, ST(1 . Then
Ian group.

L .

1.

se

so) v
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re .
1 if and only if T

orTST ' T is(ii) ¢ o of =
the identity natural transformation of T into T.

Proof: We prove (i), the proof of (ii) being similar. Let

I < IIom@(A, S(B)). The following diagram is commutative°

»;;=.. . L

,n..
we
4\ .
3
'£
.,
,
.
3%
.

$¢
1
3

.}§
J
go:

,
.s. g

GEOMETRIC REALIZATION

Proof: Given f f Home (»4,$(B)). the commutativity of the
diagram (*) is seen to imply 0(8) o f - ¢'(<15(!) o 1(A)). In particu-
,lar, taking A - 5(8) and f :~ 1$(8)/ We must have

(i) 0(8) z ¢'(¢(] ) o tS(B)) = www) o rS(B)S(B) ).
*If °¢»(!)

I
A

I

WW
» SEA)

sro)

S(8) Hsu?) > srscsa

n 15(8) .

THEORBM 15.4: Let s, S': 3 -s G and T, T': G -v

variant functors. Let 95: Hama (A,8(B)) -»

natural equivalence with inverse ./, and let

¢': Ilom@(A,S'(8)) -r Hom£(T'(A), B)

be a natural equivalence with inverse ./,'. Suppose that

(resp. 0 S ~»

unique natural transformation 0: S -» S' (resp. Hz T'

that the following is a commutative diagram!

so) 1
» S(B)

.of£
v. ..i
i

Sfbls)

3
J

gr! 4

. s¢

. Vg

,r'é
,
P

F:
\}

,1;;

,i is
go.

> 1:
1)
a.

. £....Thus given Y. o must be defined by (i). It is easily verified that U
.,§680 defined is a natural transformation.. Similarly, for

e e Hom8(T(A), B),

the commutativity of the diagram (*) implies

It follows immediately that S<I>(B) °'I'S(8) = 15(8) implies

¢ °¢({) = f and, taking f = 15 B , that ¢» <>¢(n - I implies
( ) (11)

s<I>(B) oHsu?)

IB be co-

Hom$ (T(A), B) be a

T A T Ws

S ') is a natural transformation. Then there exists a

-> T) such

A *" AHom8(T( ), B) r HOIHQ( ,S(B))

lIom$(r(A), B) | IIorn@(A,o(B))

Hom (T"(Al B) w' > Ho A s'(B»8 r mg( r •

If r (resp. Cr) is a natural equivalence, then S0 is 0 (reap. r).

3;

`€
,;¢
:is*.n
Q

g °r(A) - ¢'(0(B) °¢»(g)) .

Taking B = r(A) and g = 1r(A)» we must have

r(A) = ¢'(0T(A) oz/f(1T(A))) =. ¢'(oT(A) o q'(.4)) .

Given 0, r must be defined by (ii) and naturality is easily verified.

The last statement follows from the uniqueness: if r has inverse
-l I / ..1 . . . ..r , then If 0 IS induced from f , oo and 0 0 are induced from

, -1 _1 r . . . .
or and 1 1, hence to and o a are both indentntnes.

Note that the previous theorem implies that any two adjoints

of a functor $ are naturally equivalent and any two coadjoints of a

.functor T are naturally equivalent.

§l6. Comparison of simplicial sets and topological spaces

Let S denote the category of simplicial sets and 7 that of

topological spaces. We claim that the realization functor T: 5 -> T

is adjoint to the total singular complex functor S: 3 -o 5. Thus de-

fine ¢»: llom§(K, $(X)) -v Home (T (K),X) and

x//: Home (T(K), X) -v Ilom§(K,S(X))

61
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(1) ¢(Nlkn, .xNll = f(kln)(un) ;

(2) ¢I(g)(kn)(un) = él*1I» un| .

It is easily verified that ¢. o .p - 1 and

spending natural transformations CD: TS
are given by

(s) <I>(x)lz<n, un] = kn(un) ;
(4) 'I'(K)(kn)(un) =

Note that 'I'(K): -»

<I>(X): tS(X) -»

we find

1,00 qS = 1. The corre-

-» lj' and 'Pz 18 -» ST

lk", un] .

K srlx) is an inclusion of complexes and

X is a surjection ofspaces. By Proposition 15.3,

,mm = s(F) o \l'(K), we find '/l(F}: 1/AN
sizing, we have the

S(X) -> S(X) is the identity map ;(S) (S<I* °'l'S)(X)1

(6) (IDT o T'¥)(K)° t(K) -> NK) is the identity map.

We claim further that ¢. and 1/1 preserve homotopies. If
{Qg: K -P S(X) and if F* Kxl -> S(X) defines the homotopy, then
by Corollary 14.5, T(F): T(f) -- Tm Since ¢(F) :. <Ds(x) oNF),
we find iS(F`):

Q: g T(K) -» X andqsln .to q5(g). Similarly, if f

F: T(K) x TU) -> X defines the homotopy, then S(F): S({) 2
Since

:>=.. al/ (e). Summa-

THEOREM 16.1: The natural equivalences ¢> and 1/' define S
and T as adjoint functors. ¢ and x/' induce onto-one COll€"

spondences between the homotopy classes of simplicial maps

K -> S(X) and of continuous maps T(K) -» X.
In particular,nn(S(X),S(X0)).rrn(X, to) -

Now we consider the maps of the homology and homotopy

groups induced by Nie natural transformations ¢ and 'It

n

f

;;5
£34*§

,

;.
p.1

' : .
sET
..r
g
.,

:is
5.

5"**1

g1n

so.

0
.ah
=i

.\
nt

?i.i
"'t
.:

1

. Si.

.
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PROPOSFPION 16.22 Let K be a complex, X a space. Then

(i) 'l'(K)*2 H#(K) -> H*(5T(K)) = H*(1l(X)) is an iso-
morphism;

(at) <l>(x),= Hcrscx» -» H.(x) is an isomorphism.

Proof: (i) Let D(K) C C(K) denote the chain subcomplex

generated by all the degenerate simplices of K. We will prove

ilgger that CN(K) - C(K)/D(K) is chain homotopic to c(K). If K(l'I) de

.notes the n-keleton of K, then the inclusions K(0) C KU) C
lnduce a filtration of CN (K). The resulting spectral sequence

um converges to H*(/<) and satisfies Et <1 = up+qlx(p>, x<p-1>).

.t§learlY Et. is 0, q ,4 0, and Eo is the free Abelian group gen-

elated by the non-degenerate p-simplices of K. Therefore

Et. o s Et» o = Hp(K).
Again, r(x(")) = 'f(K)(f*) and the inclusions

St(K(0)) C $T(K")) c
give rise to a spectral sequence IF' I which converges to

n.<r(K» and satisfies re; is Hp**q(T(K(*')), r(x<p-'>)). Now
the homology of a CO-complex can be computed from the cellular

structure, that is, from the subcomplex of the total singular com-

Plex generated by the attaching maps, and it follows that the map

E1 ~» E- 1 induced by WK) is an isomorphism. Therefore the

spectral sequences are mapped isomorphically, and

: » eto - H9(T(K)),ET. oHp(K)

as was to be proven.

(ii) H.(rscx))
ii), 'l'S(X)*: u,(sx)
(so Mis): $00 -r

. n..(sTs(x» and H»(X) . H.,(sx). By

-r n,..lsrs(x» is an isomorphism. Since

$(X) is the identity, the result follows.

63
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LEMMA 16.3: Let (K, 95) be a Kan pair. Then

\P(K), "1(K, ¢) -> "1(srtx), $r(¢» -» tf1(T(K); re)

is an isomorphism.

Proof We may assume that K is connected and minimal .

Then 171(K, ¢>) is a group with one generator for each non-degener~

ate 1-simplex and one relation for each non-degenerate 2-simplex.

T(K) is a CW-complex with one 0-cell and therefore t71(T(K), t(¢))

is a group with one generator for each 1-cell and one relation for

each 2-cell. The result follows.

DEFINITIONS 16.4: Let K be a Kan complex having just one ver-

tex ¢, and let 77 = z11(K, Tb). Define a complex it by ,zh = Knx or

with face and degeneracy operators defined on i(n by

(i) Q(x, a) = (0i.x,a1, i < n,

3n(x, a) = (8n x, [6§l1 x]-1 a), where as-1 denotes

00 iterated n-1 times, and

sl.(x, a) = (s. x. a).(ii)

It is easily verified that /2 is a Kan complex and that the projec-

tion p: K K is a Kan libration. The fibre F over go satisfies

1rn(F, .in = 0, n > 0, and r0(F, 3) = ii, where ¢ = (415, e), ethe

identity of rr- If x represents a e rr1(K, QS), then choosing (x, B)

such that 31(x, B) ¢; that is, such that [x]"1B = e,

3(a)

I

= l30(x, ,so m [(¢, an 6 r0(F, ¢?). Therefore
3: n1(K, ¢) * 170(F, ¢?)

is an isomorphism. By the homotopy exact sequence, /2 is

1-connected and satisfies 17n(K, is?) *Z rrn(K, ¢»), n > 1. K is

called the universal covering complex of K.

we find that

2 #a
$.Z5
. h!
v

I

. 4
, 5
{

.g .,i

... .

m
.

;
i
,
.J

Qin

a :
1

E

,I,

J

I

3

gag,

1;
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REMARKS 16.5: Recall that a map p' X -> Y of topological

spaces is called a Serre libration if p has the covering homotopy

property for polyhedra and that this is true if and only if p has

this property for each An. It is easily seen that p is a ;Serre fibra-

iion if and only if $(p) is a Kan libration. Further, if px K -> L

.Is a Kan libration, then it follows from Corollary 7.12 that T(p) is

8 quasi libration; ]. C. Moore (unpublished) has proven that if p is

minimal, then T(p) is a Serre libration.

.THEOREM l6.6: Let (K, ¢> be a Kan pair and let X be a topolog-

'ical space with base point xo. Then

(i) 'l'(K),: vrn(K, Tb) -> rrn(ST(K),ST(<;S)) is an isomorphism

for all n, hence 'P(K) is a homotopy equivalence.

,.,(Ts(x), TS(x0)) n(X) xo) is an isomor~(ii) <I>(x).

phis for all n, hence <I>(x) is a homotopy equiva-

lence if X is a CW-complex.

Proof: (i) We may assume that K is connected and minimal.

Let K be the universal covering complex of K, p: K -» K the pro-

jection, and F the fibre over is. Observe that p is minimal. By

Lemma 16.3, Proposition 16.2, and Theorem 13.9

WZ). .,,(/2, ,Ea <== f,n(sT(I?l, $r(¢)>
and trivially WF) ,n(F, is?) Q 1rn(ST (F), so(<£)). By naturality,

II' induces a map of the homotopy exact sequence of the Kan fibra-

tion p to that of the Kan libration ST(p). and the result follows.

(ii) This follows from (i) and the fact that

(so o is)(xl= s(x) -\ s(x)

is the identity.

Finally, we extend the definition of homotopy groups to the

category of simplicial sets.
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1

DEFINITION 16.7: Let (K, ¢) be a pair. Then we define

ffncx, ¢l = f»n(sr(K), so(¢)) ,

and similarly for the relative groups.

.=% .
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CHAPTER IV

TWISTED CARTBSIAN PRODUCTS
AND FIBRE BUNDLES

The construction of the geometrical realization and the deri-

vation of its properties presented here is due to Milnor [48].

The concept of adjoint functor and the results of section 15

are due to Kan [26]. In [28], Kan has developed a procedure for as-

sociating to a complex K a Kan complex E';°K in such a manner *i:luce this notion after obtain 113 certain special properties of sim-
that T(E;°K) has the same homotopy and homology groups as T(K). plicial grou s Thp . en we shall use the notion to study the classifi-
This gives an alternative, and self-contained, procedure for extend» Qi? million of fibre bundles.
ing the definition of homotopy groups to the category of simplicial

sets. Another possible definition, also due to Kan, will be present- ".§17.

ed in Chapter VI.

The CW-hypothesis in Theorem 14.3 and the countability

hypothesis in Corollary 14.6 can be eliminated by working in the

category of compactly generated spaces.

. 4.
. " .

.2Y.

Jr ;. . . .

.v .
:.

\
i¢¥" .
QUO,
. n ,

.
a .?
q 5
" I.

$5L1

;.,
.,$N
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Pi
r q

t:*

*la*

go. :.

I

:I z

E

The concept of twisted Cartesian product will dominate the

We will intro-Iqaterial to be presented in the next three chapters.

Simplicial groups.

Recall that a simplicial group, or group complex, G is a

.nontravariant functor from A* to the category of groups. Thus

Gn is a group and the face and degeneracy operators are

denote the identity of Gru and e theomomorphisms. We let en

,.\complex consisting of all of the en

Every group complex G is a Kan complex.THEOREM 17.1:

Proof: Suppose xo, . . . , Xk-1 , "m-1» . . ., xq+H f Ga satisfy

We must find x c G, such that6/xi - 31_I xi, i < j, i, j »4 k.

¢9,x = x,, ii k. We first find u c Gq+l such that 6,u -= x, if

Assume k > 0. We willi<k. If k-0,this condition is vacuous.
find u' such that 61 u' - xi, i 5. r. Let uo = s0x0; proceeding

inductively, suppose, ur-l has been defined, 0 < r <_ k_1. Let
-1)-1X" and Ur :|u'--l¥f_l A simple calculationy"I -= s,((6,u'

67
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DEFINITION 16.7: Let (K, ¢>) be a pair. Then we define

"nM, ¢) ,n(ST(KI, so(¢>)) ,

and similarly for the relative groups.
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BIBLIOGRAPHICAL NOTES ON CHAPTER III

The construction of the geometrical realization and the deri-

vation of its properties presented here is due to Milnor [48].

The concept of adjoint functor and the results of section 15

;

The concept of twisted Cartesian product will dominate the

are due to Kan [26]. In [28], Kan has developed a procedure for as- riaterial to be presented in the next three cha t .*. . I p ers. We will intro
sociating to a complex K a Kan complex E°°K in such a manner ., dllce this notion after 0bt . . t . . 1 . ,x ammo ce: am spectra properties of Sim
that T(E x) has the same homotopy and homology groups as r(Kl. fli,cial groups. Then WE shall use toe noton tostud to ,., y e classifi-
This gives an alternative, and self-contained, procedure for extend- kari0n of fibro bundles.

ing the definition of homotopy groups to the category of simplicial

sets. Another possible definition, also due to Kan, will be present» go ..If§17. Simplicial groups

ed in Chapter VI.

The CW-hypothesis in Theorem 14.3 and the countability

hypothesis in Corollary 14.6 can be eliminated by working in the

category of compactly generated spaces.
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4,
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CHAPTER IV
TWISTED CARTESIAN PRODUCTS

AND FIBRE BUNDLES

Recall that a simplicial group, or group complex, G IS a

contravariant functor from A* to the category of groups. Thus

ach Gnis a group and the face and degeneracy operators are

lnomomorplrisms. We let en denote the identity of Gl and e the

'complex consisting of all of the en.

TlIEOREM 17.11 Every group complex G is a Kan complex.

Proof: Suppose xo, . . . , XI:_I , Xn+1 , . . . , xq+1 f 6q satisfy

6,,xI = 3,__, xi, i < j, i,j»é k. We must find x c G4+1 such that

6,x - x,, i »é k. We first find u c Go;.H such that 6/u= x, if

i < k. If k = 0, this condition is vacuous. Assume k > 0. We will

find u' such that 6I u' = x,, i < r. Let u° = 80305 proceeding

ixxductively, suppose u"I has been defined, 0 < r < k-1. Let

y"1 - s,((6,u"')"x,) and u' = u"1y"I. A simple calculation
67

1,.
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r Iproves that by = et if i < r. It follows that ofu'= Xr if i 5

as desired, and we let u = u/<-1 Next we find v' e 6q+ 1 such

that dv' = Xi if i < k or if i > q-r+1. Let vO =

if k = 0. Proceeding inductively, suppose vt-I has been defined,

Let 2r-10 < r S q-k+1. = Sq_f+ 1((6q H2v'-1)IIx 1- q-r+ 2
and v' = Vt-1 2f-I_ Then 312r-I = eqif i < k or if i > q_r+2.

It follows that 62 v' ~.= Xi if i < k or if i > q-r+ 1, as desired.

Finally, letting x = v'7-"+1, we find 6,1 = xi, i in k.
If G is a group complex or a Kan monod complex, we denote.

nn1G, e) by 17n16).

PROPOSITION 17.21 Let G be a Kan monod complex and suppose

x,y t GQ, that is, 0Ix = e9-1 = 61 y for all i. Then [x][y] = lxyl.

Proof: Let z = s 1x s y. Then 0.z= e , i <Q- Q r q-1
6 z = x, 6 z = xy, and 0 z = y. The result follows fromq-l Q q+1
the definition of the group structure.

PROPOSITION 17.32 Let G be a Kan monod complex. Then nq(G)

is Abelian, q > 1. .

Proof: Letw=s x-s y, x,yfG. Then 0.w=e
Q q-1 h r q-in ,

i < Q-1» 0q_1 w = }'» éqw = XY, and '9q+I w = x. Therefore .

[y][x] = [xy]. Since [xy] = [x][y] by the previous proposition, the

result follows.

There is a useful alternative definition of the homotopy

groups of a group complex, which we now develop.
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PROPOSITION 17.3: Let G be a group complex and define

G -
q G l'\Ker6 l'I~l'lKer6q o q-1

Then

(i) Caq§1(GqQ1) Gqv q>0.
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GTE -> éqc Ker 6: 54 64_1, q >Image 69+I:(ii)

(iii) aq+1(G-q+l) is a normal subgroup of (in and of GQ

x = 6 E)..= e rProof: Let x 6 6 . Then asq+l I q+I Q 1. q
0 <_ i 5 q, and this proves (i) and (ii). Let z e GQ and define

hence w f 5q+1 '
-1 .

w = SqZX°SqZ . Qw = et for I g q,

6 w = z» 6 x * 2-1 . This proves (iii).q.l,1 q+1
Now G is a (not necessarily Abelian) chain complex with

respect to the last face operator. Define nq(6) = Hq(6). Then

we find

69

0.

and

pRoposrrlon 17.4 . (G) : K(G) for all q.. _ q q ..
Proof' G Z G , hence if x e G ,q q _ q

rent of ,q(G). If x,y 6 GQ and z: x

and a (s X-1 z) = x'ly, so that x and y represent the sameQ+I q
element of 1rq(G). Using Proposition 17.2, it follows that there is

a natural epimlrphism of groups ix 1rq(G) 'q(G). Suppose

i[x] . 0. Then there exnsts z c 6q.*lsucl1 that 0q+12 = x, hence

z: e x and [x] = 0 in n (G). This completes the proof.q q

x represents an ele-

y, then sqx-1~ z c Gan

A group complex G is minimal ifandPROPOSITION 17.5:

only if 6q+1 Gq+1 -» G-Q is zero for all q.

Proof: Suppose G is minimal and x e G- . Then
q.l. l

6/x

and therefore 6

6 : 5
q+l ¢1+1
Qx

k l

- iggy.

z

e == be ,q i q+I

-> GQ is zero for all _

i ,¢ k, Oberve that 66(xy-1)
let : -1 .

e == e . Conversely, supposeq+l q+1 q
and let x, y c G satisfyq+1
- e , if( k. If

q
xy If k 2 q and q_ k is even, let

- QV,

q+ 1,

2 - (s 6 xy"1)(8 0 yX-1) (S 0 x -1)( x-1)Q k q-1 k If k Y Y
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If k $. q and q-k is odd, let

z = (SQSR xy'1)(sq_1 0kyx'1)(Sk3kYK"1)(xy"1)

In all cases, quo = et, i < q+ 1, and 0q+I 2 = akcxy-1).

By assumption, 6q+1z == et, so that élkx =

proven.

56kv» as was to be

5,.:.1 :c

5 :*T1

.i -.

5
..

;.
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i < L if 14 l<,

- p(x/), i ,4 k. Then if

Xigf for some g, e Gq,.

71

The result above states that a group complex G is minimal

if and only if the corresponding chain complex 6 is minimal.

§18. Principal fibrations and twisted Cartesian products.

We will first define principal fibrations and then twisted

Cartesian products. lt will turn out that the former concept is a

special case of the latter.

DEFINITIONS 18. 1: A group complex G is said to operate from

the left on a complex E if there exists a simplicial map

go: GxE E such tlrat q5(eq,x) = x and

(Me, , <;S(g2 , x)) = ¢>(e182' x) .

We will denote q$(g, x) by ex. G is said to operate effectively if

G is said to operatego == x for all x f Ea implies g = et.

principally if go - x for any one x f Et implies g = et. Note

that G operates principally on itself from both the left and the

right. If G operates principally from the right on E, then we de-

fine a quotient complex B of E by identifying x and kg for all

The map pr E -> 8 is called a principalxeEq and gcGq.

libration with base B and structural group G.

LEMMA 18.2: Any principal libration is a Kan libration.

Proof: Let p: E -» B be a principal fibrationwith group

G. Suppose x0,..., Xk_1' xk+1,..., 'nu e EQ satisfy

v

j ..

. .X

In . .

..i..
"

as-lei

f

DEFINITIONS 18.31 Let F and 8 be complexes and G a group

. complex which operates on F from the left. A twisted Cartesian

product, or T C P, with fibre F, base B, and group G is a com-

plex, denoted by either F xr B or E(r}, which satisfies

E(r)n = Fn X Bn

and has face and degeneracy operators

in nu, b) (as, a,b), i > 0;
(ii) 0O0, b) (r(b)°¢90 f, a0 b), r(b) 4 G;

(iii) s(f,b) - (shsib), i > 0;

x; = aj-Ixi'
and b f 8q+1 satisfies Qb

p(y) = Br Y c Eq.bl' Ag? - i * k.

If i < j, i,j ;4 k, we have

6(x/g.) = 0.0 y - 3. by = 6. (x g) .1 I j 1-1 I 1-1 I I

Since Qx. = aj-lxf and G acts principally, go. =

and therefore there exists g c GqA1 such that Qg gr., 1é k.

Let x == M" . Then 61x = x, i in k, and p(x) = b, as de~

=?"sired.

B ~» G is called the twisting function. The requirementq q_1
that E(r) be a complex is equivalent to the following identities on

r:al;

. .

1:
$11

£9'E
it.

(T)

30 r(b) " u(a0bu-1 r(01 b)

0ir(b) - 1(0i+1 b), i > 0

s!r(b) - 7(8H1 b), i> 0
r(s0b) do' b c Bq'

If F - G, then E(f) is called aprincipal TC P, or PT C P.

The term T C P will also stand for the projection p: E(r) -» B.
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PROPOSITION l8.4: Let p E(f) ~» 8 be a T C P with group G

and suppose the fibro F is a Kan complex. Then:

(i)
(ii)
(iii)
Proof: (i) Suppose x0,.°°, xk_1, "k+1'°°° Xq+1 c E(r)q

satisfy ax, = 6i-Ixi, i < j, i,j vi k, and b e 8q+1 satisfies

Tb pup, 9é k. If Xf an (f, bf), we have (go = b., i ,c k.

If k = 0, then the ii are clearly compatible, and we may choose

f c FQ+1 such that of I, i 14 0. If k > 0, then it is easily

verified that [f(b)"1] to and the f, i > 0, i ii k, are com-

patible, and we may choose f 4 Fq+1 such that 60{ = h(z»)-11- fo

and f f., i > 0, i 14 k. In both cases x = (f, b) satisfies

x = x., i 94 k, and p(x) = b, asdesired.

(ii) If 45 is any vertex of B, then I -» U, kW defines an

isomorphism of F with the fibro over ¢ Therefore if p is mini-

mal, F is a minimal complex by Lemma 10.2. Conversely, sup-

pose F is minimal and let x == (f, b) and x' - (V, b') satisfy

Qx 1: ex; i fé k, and p(x} = p(x'). Then b =. b' and

ii/ = = ékf' It follows that

p is a Kan libration;

p is minimal if and only if F is a minimal complex;

if F a G, p is a principal libration.

a,r' if i ,4 k, hence Mk/

Mk 1 = ékx I1

as desired.

(iii) Since F = G, G operates on the right of E(r) via

(go, b)g2 (go go, b). Clearly B may be identified with the quo-

tient complex of E(r) obtained by identifying x and xg, and the

result follows.

Now we wish to obtain a converse to (iii) of the proposition.

We need a preliminary result.

k*
§i :

.v7'
$.*

8 ,
* .

n
%

i

-r . *I

a

1..

.
E
.

2 .

.*@ 3; ..
1; 5:2
,.5iti
M

*: !.
3. I

9.

"14

1

q 1.

g{.i1.
. ;i....,

;
. "

an

¢

.

.

.
Et.
*

M .V

"='
ii. .

...\

§': .
5 in.

to. s=:.!4

c- .1 "

RL

. .
f :

.,..3.
r?:~

:

.,,

.*...e;

. 'vii'
. "u;

.g,,,'

. :ME

Pl .
.e 1
. 1;

..;*£

gngffr
a

*la

a1

.. ii.ii .... ,.,*
.

""61 X

.
o

<

Let p: E ~> B be a simplicial map.DEFINITION 18.5: A pseudo-

cross section of p is a function 0° B -> E satisfying pa z lg,

nu = 06, if > 0, and sic = ask if >_ 0. If 600 - 060'

then a is called a cross section. Observe that any PT C P has

the canonical pseudo-cross section o defined by 0(b) = (et, b),

5 c RQ, and that and the twisting function r are related by

6oo(b) . 0(60 b) As).

LEMMA 18.6: Let p: E -» B be a Kan libration, where p is onto.

Let B' C B and suppose o': B' -» p`1(8 ') is a pseudo-cross

section (B ' may be empty). Then there exists at least one pseudo-

CIOSS section oz B -» E such that alB' == as'

Proof: If b e Bo, let o(b) be any element x e E0 such

..that p(x) = b, choosing o'(b) if b < 80 Now suppose o has

been defined on each Be, q n, and n > 0. Let b e Bn . If

b c Bnl define o(b) = 0'(b). Assume b I Be" If b is deferen.»

ate, say b = say, define o(b) = s§o(y). If b = sz is also true,

then it is easily verified that s.0(Y) = si0(z). Finally, suppose b
is non-degenerate. There exists x f En such that p(x) = b and

.1 .. 0(Q.b) for i > 0. Let o(b) = x. Clearly po(b) a x and

1'

'o(b) = i > 0, and this procedure does define a pseudo-0 cf; b),

.cross section.

Together with the preceding lemma and Lemma 18.2, the fol-

lowing proposition implies that every principal libration is a PT C P.

..s

.. ..

I.

so
.%.

pa
a. .

. 1,,

E »> B with group GPROPOSITION 18.7: A principal libration p'

and pseudo-cross section o may be identified with the PT C P

p' E(r) -» B with group G and twisting function determined by the

formula 000(b) | a(30b) r(b).

Proof' We note first that po(6,l b) . 6,. b :z p(600(b)~_`
.,r 1 I \.J Nsg,
/ v~ ~;~
/Q, ,.\
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o(60 b)r(b) for some r(b) e G. Now define aimplies 600 (b)

bijection of graded sets go: GxB -» E by ./,(g, b) = o(b)g and

Then it isgive GxB the structure of complex induced by '1"1.

easily verified that 1/r1(E) = G Xf B, as desired. Note that

1/vo = 0, where 0 on the left is the canonical pseudo~cross section

of E(r).

REMARKS 18.82 Clearly a principal libration (or fibre bundle) in

the category of topological spaces passes via the functor S to a

principal libration in the category of simplicial sets. This gives

one motivation for the study of PT C P's.

§19. The group of a fibro bundle.
In this section, we show how to associate a group to a

fibro bundle. The theory here is roughly analogous to that of co-

As an easy con-ordinate transformations in the topological case.

sequence of this theory, we shall find that every fibre bundle may

be regarded as a T C P.

We need some preliminary observations about the operations ,

In Lemma 6.12, we showed that KK is aof groups on complexes.

monod complex if K is a complex. The product is defined by

(frM, u) = f(g(x, up, u), where f,§ c (xxin, x c Kg, and u c A[nlq

If E is another complex and f c EK, then the same formula defines
If g c (K").., then Gan operation from the right of KK on EK.

determines é= K x Ala] -» K x A[n], where g, u) = (g(x, u), u) ;

§ is an isomorphism if and only if g is invertible. We let

A(K) C Ku denote the set of invertible elements. A(K) is a group

complex. Observe that KK and A(K) operate from the left on K

I ¢ (x"),,t If a group complex Gvia I x- {(x,An), x c Kn,
operates on K, we define a homomorphism v: G -» A(K) by

.. a*
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\

z ..u

To* :.;:r i§..§jrs effective.

gas.
3:

. *=f an

up.

ex=v(e)-x

';(g)(,,, U) = (fig)-x, where g e Gn, x c KG' u s A[n]9' and e

is that simplicial operator such that = SAn. Clearly

:W is a monomorphism if and only if G operates effectively. Replac-

. G by G/Ker v, we may assume that operations b roups arerug. y g

e."

1

re -

its) .to
= E,

iiliere B: Es -» E covers F: A[n] ~> B, b f Bn Since

¢1(b)(f, u) = (8(b)(f, u), ii) ,

Ag; b)} and {B(b)l determine each other. We regard IN(b)l to be

1" retained in EF, and then face and degeneracy operators and oper-
ations from the right by elements of A(F) are defined on elements
lB(b)}, although IT(b)l need not be closed under these opera-

lf IE(bI and la(b)l are atlases related by &(b) = a(b)§ (b),

Bun - ¢3(b)e(b).

qtyatlas. The definition is consistent since if sib - sub , i < j,

xiiiéh. using induction on the dimension of b,

Now let p: E -> B be a fibro bundle with fibro F (Defini-

511.8). For each b e Bn, choose a strong isomorphism

a(b): F xA[n] -» EF .

IM is called an atlas of P. If for each b e Bn we are given

c A(F)n, then E(b) a(b)§(b) defines another atlas lE(b)!.

tersely, if la(b)l and Iia(/>)1 are atlases of p, then letting

a(b)'1l5(b), we have &'(be a(b)§(b).

Given an atlas la(b)l, let 18(b) B o db): FxA[n] ~»

.Q.*.

The atlas to(b)I is said to be normalized if

B(sib) = s1B(b)

61 all i and b. Ifwe choose an a(b) for each non-degenerate b

hddefine IS(sib) .. 81 8(b) for all i and b, we obtain a normaliz-

*

* ..Ev,

*1

up ,.

W P
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siB(si¢b) siB(€ib) = siB(s,._1b)s.18(b') - - = s. B(b).I r

From now on, we assume all atlases to be normalized.

The difference between a,.6(b) and pab) is more signs

ficant, and we investigate this now. Recall the definition (page 14

of 8f: A[n-1] -> A[n]. If b c Bn then since

ac»)(1><8i)= F x A[n-1] -\» Et
. . . Q 3 b 3
as an IsomorphIsm onto Image(1x8), 1 X 8i° E * -o E , there

. . . lb
exists a strong rsomorphxsm 'If (b): F x A[n-1] -» E I such

that the following diagram commutes:

I

-E* J e... {,; , g
:

4i " s .
.%¥\; .y . 4 1. _g, ¢ (.
4 . .g . :R
,f5*:§".:4

(1 ¢
S,x . .

*0

> L.;of . I¢!*r.
, h03, i¥_ (.
"5 ,

$

e
. .z.. l,
o \

.,

. . .. .
hQ"

.éQQ"-&>
.

,

:.g\¢
.

W
3) ..¢,.,
.* " .if
. do .
f. ... s
a* l
a .,

%. ..Y
r .13
."f"\
i .
,

.; . ,

.. .a ,
*lt: ,.
.3r
. .sQQ;
7'1 lb ,
J ..,;.
a*-Lfd; .1,- .
An P ,19l
. Dr #QL.~m

pa},.. aw
1KH
" .¢ ..3
.. t

14.3

5€. 54:I_'.
x£~

a(b)F X A[n]

lx

E;

a.(b) I 373
F x A[n-1] I » E *

4 1 x8i

B

Tb

'V E

u
..

.
JI

SH
c
*.

1

aw

5. .
.< H.g
. *
\}
.

..1 |

} Y¥
. -I5,*L*:

t. v* .. .A , .2u, . u.f "A 2
Id
4.

.;
":.?.

.
,§1

2 g

w.

r f
I .

.
. .

By definition, gat o aI(b) = Q8(b). Define f.(b) f A(F)n_1 by3§::.

Since *;1in?) - [a(0 b)]l1 a,(b)= F x A[n-ll -v F x A[n-ll.
a/(b) = a(6i b) QQ), at ,8(b) = she, b) rI(b). lf.(bH is called v

the set of transformation elements associated with the atlas la(b)l1,

DEFINITIONS l9.1: Let p' E ~» B be a fibro bundle with fibro F

and let G be a subgroup complex of A(F). An atlas la(b)l of p

is called a G-atlas if all of its transformation elements are in G.

Two G-atlases ld(b)} and {5(b)1 are said to be G-equivalent if

for all b c B, &(b) -= a(b)§(b), where g(b) e G. p: E ~» B

together with a G-equivalence class of G-atlases is called a G-

bundle. Observe that p is necessarily an A(I")-bundle. Let

, i*Z 1
\
z.E
i

i=.!
.t¢ .
V 1
.

.i
ii; 44

.
r.

.

J

.

g,

1

J

,n

\
r

g
z.L
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G-bundles if for all b e B and any G-atlases {a(b)} and la'(b')}

in the given G-equivalence classes of atlases,

E. cm - H '(f(b)) ¢(b),
where ¢(b) f G. There results a concept of G-equivalence of

G-bundles. The concept of A(F)-equivalence is identical with

. that of isomorphism of fibro bundles with a given fibro.

An atlas la(b}l of a fibro bundle p: E ~> B is said to be

*

regular if ri(b) - for all i>0 and be B6n-1 n > 1 thisn' -- '
means that Q 18(b) - 8(éib), i > 0.

LEMMA 19.2: Let p: E -> B be a fibro bundle with fibre F and

let G be a subgroup complex of A(F), Then there is a regular
G-atlas in every G-equivalence class of G-atlases of

cl) a..&, 805)

Z

i

6|8(/»> . f(b) 1 a,;§c<;»).ca,gi)-
_ <;_1B(a,z») (a,g,)-1 a,'icz»)

- 6. lpcqb)(a 1g.)(qg.)" 6r.(b)1- 1- I J i J
- Q, 1 <;,8(b)[a _,f,(z>)]"'(<;_, gI)(3V8i)_1 61 1.(b).

J

Clearly G operates principally on the G-submodule of EF

p.

Proof: Let {a(b)l be a G-atlas of p. We will define a

G-equivalent regular G»atlas lawn. If b e Bo, let 5(b) -» a(bl.

Suppose 2i(b) has been defined for b 5 Bn_1 , n 1. Let

b c Bn . If b is degenerate, a(b) is already defined and has the

*desired property. Suppose b is non-degenerate and

¢i(6.b} a(6,b)g7i, > 0 .

If 0 < i < j, then an application of the induction hypothesis gives

<;f.(b)

genes

ated by l;8(b)! and therefore a,(g / ' r!(b)) '-1(8 i 17i(b)).

Choose e f GNl such that Q R e r rb) for i > o and let
aw - a(b)§'1. Then:

p: E~»B and p" E'
Amap (IJ): (E,p,8)

-> B ' be G-bundles with the same fibro F.

-» (E ,p', 8') is said to be a map of
r

pa

J.

.r

77
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(2) <%5(b)
qB(b)(q¢)-1 c 80%1»)f,(1»)[f,<b)1-1 it =* B(aiz>> .

(1)

(2)

This completes the proof.

If G' C G is a sub-group complex and there exists a

G '-atlas inthegiven G-equivalence class of G-atlases ofa G-bundle,

then we say that the group of the bundle can be reduced to G'.

Note that the resulting G 'bundle need not be uniquely determined.

LEMMA 19.3: Let p: E -» B be a G-bundle. Suppose G' C G is

a subgroup complex which is a deformation retract of G. Then the

group of p can be reduced to G '.

Proof: Let {a(b)} be a regular G-atlas in the given Gequi-

valence class of G-atlases of p. We will define a G-equivalent

regular G'-atlas IE(z>)l. Let ate) = a(b) if b e Bo and suppose

aw) has been defined for b f Bn_1' n > 1. Let b e Bn If b

is degenerate, a(b) is already defined and has the desired proper-

ties. Suppose b is nondegenerate and aWzr) = a(3.b)§., i 2 0.

Arguing as ill (1) of the previous lemma, we find that if 0 < i < j,

then

ai aipub) 4_1 a, ¢8(z»(a,_1 g,>ca,gI)- 1
Similarly we find, for 0 < j <_ n,
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- l -l \-I F >~ B, p,

¢5-160 13(1>)[q._, f0(b)] _1 g0r;'_l(60 b)] f0<q b)(60 of r

I

.

. .
, ..

(3)

lt follows that Gigi _18v 0 < i < j, and

?}_1(aob)' f00b) - (6_1g0)"q_1'0(b)»a0a/, o < i s n.

Choose g c Gn such that 6,g - up i > 0, and let a'(b) - a(b)§ .

Then a,B'(b) - p(a1w, "i > o, and
a0mb) = Et0 logo 1 'o(b)a0g.

3-"f-.;»fy"
:

.

.

.i,e
f ..

.

*T* ".s.. . . .
..l:I

k = Ian_1(u)'1 and if n is even, let

= h0_.1(U). Define a"(b) = a'(b)l'@.

hen q6"(b) = Blablqk if i > o and

.60k .006"(b) B`(a0 b)
ibBy the identities satisfied by h, it follows that

a,B"(z») = B(Qb)g I

"(b)
go' t Ga1-l'

Let u = go M0tbl aog and observe that by (3) and by

"60g. = 6i-1 30g, we have 3i_1 u e Ga_1' 0 < j < n.

Now let h G -» G be a homotopy such that h(G') C G' and

60ho(x) = x and 64+Ihq(x) e Gq if x e GQ' If n is odd, let
l10(u)l1 h1(u) b2(u1'1

h0(u)'1 h11u) b21u)l1

e Gn_1 for all i and, arguing as in the proof of the'Thus 'r

previous lemma, we may replace B "(b) by 5(b) such that

f.(b) = en_l for i > 0 and ?;(b) e G1;-1 .

From now on, we assume all atlases to be regular and we

r(b) denote the transformation elements r0(b) of an atlas

E B. We call f a twisting function of p.AMi of a G-bundle

This notation is justified by the following result.

Let px E -» B be a Gbundle with fibre F andTrIEOREM 19.4:

let la(b)l be a G-atlas of p. Then the transformation elements

(b) define a twisting function 1 and (E, p, B) is isomorphic to
B).

Proof: Define of' Fn x Hn -> En

6 is clearly an isomorphism of sets and:

00€0, b) €(r(b)60!, a0 b) ,

a, 6(/, b) .» £(a,1,qb) ,

$1 rtf, b) §(=:r, sb) ,

Thus if K1 is used to define a structure of complex on the set

by 6(f,bl zz B(b)(f,An).

i>0,
i>_0.
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F X B, we obtain g-Ion = F Xf' B. This proves the result.

Observe that the G-bundle p: E ~> B with atlas la(b)I de-
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§20. Fibre bundles and twisted Cartesian products

In this section we first define maps of T C P's with fixed

We then examine in detail the relationship betweenfibre and group.

TC P's and fibro bundles and prove that every TCP is a fibre

bundle.

DEFINITIONS 20.11 Let p: E(f) ~» B and p': -» B' be

TC P's with group G and fibre F . A simplicial map

0: E(f) -> §(f')
is said to be a map of TC P's if 6(f, b) =s (1//(b)f, "(b)), where

it: B -> G is a map of sefs. Observe that p'6 =¢ up, The re-

quirement that 6 be a simplicial map is equivalent to the following

identities on ¢

1'n (19601/1( b) 1/430 be f(b)

.¢,(z>l - ¢»(aYb) if i > 0
sl//(b) = ¢(sib) if i >_ 0.

0 is said to be a strong map if B = B' and or - 18' and in this

case we say that r and 1' are equivalent twisting functions. Ob-

serve that every strong map is necessarily a strong isomorphism.

1*!. 2 *
uo$.

'A =z p and AB(b) B'(b) ~/Ab), l,b(b) c G, where is(b)i andf
1!1'(b)I are any G-atlases of p and p' If f and r' are the twist-

...iNg functions defined by la(b)} and {a'(b)¥, then it is easily veri-
termines the isomorphism f.

tied that ¢, satisfies the identities (U) (with 77 e in), Thus f and

' are equivalent. Conversely, suppose 1 and f' are equivalent

¢: B -> G satisfies the identities (U). Then if x 6 En is

tten as x - 13(b)(f, A), b .= p(x), and we define

A(x) _ B '(b)l/1(b)(f, An) z B '(b)(r/1(b)f, An),
.ii.follows that A is a strong G-equivalence of G-bundles.

E(r') Before proving that every TC P is a fibro bundle, we need

the following definitions.

*.DEFINITIONS 20.3: Let G operate on the right of a complex E

Ed on the left of a complex F. Then F Xa E is defined to be the

,,quotient of F X E obtained by identifying (gl, x) and (I, kg) forall

§;"f, and g. If E = G Xf B, then F *G E may be identified with

LEMMA 20.22 Let p: E -» 8 and p': E'~> B be G-bundles with

fibro F. Then p and p' are strongly G-equivalent if and only if r
» ' twistin functions ofand r are equivalent, where r and 1 are anY S

p and p'.

Proof: Suppose p and p' are strongly G-equivalent. Then

there exists a simplicial isomorphism A* E -» E ' such that
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:"1ff Xf B and is called the TCP with fibro F associated to G Xr 8.

..!f.p: E -» 8 is a principal G-bundle, then for some f E is iso-

lnorphic to G Xr B, and therefore G operates on the right of E .

(The operation is actually independent of the choice of atlas.) In

this case, (F *G E, p*, B), where p*({, x) = p(x), is said to be the

G-bundle with fibre F associated to p. If {a(b)l is an atlas of p,

then la*(b)l is an atlas of p*, where

B*cb)(f.~) -= (I, /sc»x@¢,u)), u c A[n]q, b c Be, f f Fq .

Now observe that if F Xr B is a TCP and or: A

simplicial map, then E(r)" may be identified with

,or I

-» B IS a

Fx A, where
. 17 . r"

r 017, and 7/' E(r) -» E(r) IS a map of TCP's.

81
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ATlIEOREM 20.4: Let F Xf' 8 be a TCP and suppose Am nz -» B

Then E(r))* is strongly isomorphic to E(f)".

Proof: Suppose first that F = G, that is, E(r) is a PTC

Then by Proposition 11.5, there exists a strong homotopy equiva-

lence 6: E(f))* -> E(r)". Clearly we may write 6(g,a) = ('/'(a)g,

Thus 6 is a strong map of TCP's, hence a strong isomorphism, and
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pnoposIrIon 20.7: Every G-bundle is associated to a principal

§;;bundle which is uniquely determined up to strong G-equivalence

s! G-bundles.

The converse is obvious' If p: E -> B is a principal

Gbundle and G operates on F from the left, then there is a

G-bundle with fibro F associated to p.

the twisting functions /* and 1" are equivalent. The latter state=

rent implies the result for arbitrary F, and the theorem is proven.

A[n] -»

e. i.

4: fhiéi
d* §;..

. &
" 2.1

;.Q3
T. g .
.T : #Ni

,
i 5 §..

. . ='¥

* 'Q 3 ach Sim licial on GDr e p g p
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T . i l f
. Ying comp ex or

. 1 J, H n.
it.
1

Universal bundles and classifying complexes

We will construct a PTCP, or G-bundle,
w(c) - G x,(6)"w(G)

We) will play the role of a classi-

REMARKS 20.6: An atlas for F XI B may of course be defined by.

§(b)(f, An) = (f, b). The twisting function of this atlas is f. In

other words, a TCP with group G is essentially just a G-bundle

with a chosen atlas.

If p: E B is a G-bundle with given atlas Ia(b)} and

B is a simplicial map, then p": E"

, 1
.

,. i,?JX. ,
4.

A

w ~

COROLLARY 20.51 Every TCP is a fibro bundle.

Proof: Let F Xr B be a TCP. Choose a base point c1S e 8
- Q 6 . . .and let b c Bn' ~_.¢. B, hence E(r) is strongly xso~

<5 ¢ o A[ ] Th G,morphxc to E(r) . Since f = f ¢, the latter as F x n . Is

proves the result. EFINITION 21.1' A PTCP G XI B is said to be of type cw) if

o has one element Bo and if 00: e X B E(f) is an so-»Q q-l
orphism of sets for all q > 1. We let S: E(flq_1 -» ex B de-

ate the isomorphism of sets inverse to 60 , so that 008 is the

.;i¢¢»¢i¢y on E(f)q_1 . .

. . We will prove that, up to natural isomorphism, there exists

. " iiine and on one PTCP of t e (W) with to G. Before rovingTT A _, -» A ls a G-bundle Witli* 31 Y YP 8 UP P 8
atas 1an(a)11 where no"(8) :z B(n(a)). If p is prillcipal, then S0 EXistence, we obtain some of the properties of PTC P's of type

is p" and 11 is equivariant, that is, §(xg) - n(K)§ for X f E", iv).

é ' G. LEMMA 21.2: If G X1 B iS a PTCP of type (W), then:

" : to .T
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B is a G-bundle and Ann: A

A are strongly Gequivalent

COROLLARY 20.6' If p: E

then p: EA -v A and p": E" -»

G~bundles.

Finally, we note that since every TCP is associated to a

P TC P and every TC P is a fibro bundle, we have

Hn 0) 313(x) (to, bo) if x f 1s(f)0;

(ii) q+1s(xl Slqx) if x c E(r)q'

(iii) S - so on eqx Be;

(iv) 8H+1$(x) m S(six) if x e E(r)q, q 2. 0.

Proof' If x c E(r)4, q ? 0, theN x (r(b), 60 b) for some

¢ 8q+1' If i> 0,

q 0

s

P
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-5_

S(Qx) - slqf(b),qao1») : s(f(aM1b),a0q.+1 by = (eQ'ai+15), and

and

$(60 x) - S(f (dab)60 r(b), 00 60 b) w $(rI (b), 6061 b) = (et, al b)

On the other hand, a,s(x) : a(ea+1, IJ) : ceq, to if i > 0.

proves (i) and (ii), and the proof of (iv) is similar.

mediately from the definition.

(iii) follows am.

LEMMA 21.31 If G X1 B is a PTCP of type (W), then B, and theres

fore E(r), is a Kan complex.

Proof: Let b0,..., bk-1' bkl1"°' bq+1 t satisfyBq

bibI " <%_1".»

We must find b such that Bb = bf ,

i<i,
M k

Li vi k.

to two cases.

xit

6015

(i) k > 0: Here we let XI = (Abel, 60 be).
x.=& lx' i<j, i,j;¢k-1,and p(x.)=6b -6.bI I- 1 o i+l 1

Since p is a Kan libration, there exists x ( E(r)q such that x

i ,é k-1, and p(x) = bo Let (6n+I' b) = S(x). Then

p60S(x) = bo and, if i > 0, i 1é k, we havep(x)

Then

6I11 = p6.S(x) - PS(6I_IX) - p(e,,, b) a
be

if 0

Here we note that 0'.r(bi+I) =(ii) k = 0:

i < j, so that there exists g e Go such that
¢ _Ir(bH1)

Let (e9+1' b) - S(é» c), where c - pS(f(b1)(00g}l1,60 be

r(c) - 1(bl)(00g)-1 and 30 a - 60b1. Further'

61 c - ps(f(a0b1)a01(b1)(a0a0g)-1,a0aob)

.. pS(r(61 wla0 f(b2)l-1, ao61 be)
- ,,s(f(aob2),a0a0b2) 60b2 ,
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kI.

5.c :z pS(a._ f(b )(6 a gr ,a a b )I I I 1 i-1 0 1-1 o 1
- P$(r(Q t,1)[aof(1»1+1)1- ,a0qbp
= PS(f(50 be.l»1)"6060 bt+I) aObi+l'

Therefore 6. b pS(f(c)50g, 60c) pS(r(b1), a0 b1) s be ,
and Q.b 9s(a,_1g,a,_1¢) = p5(f(b,),6obI) a bi if i > 1.

lf+laék,

an c. We must prove 6kb = Mkc.

x -

LEMMA 21.4: If G X11B is a PTCP of type (W) and G is a mini-

is a minimal fibro space.mal complex, then (E(f), p, 8)

Proof' By Proposition 18.4, p is a minimal libration. We

"Trust prove that B is a minimal complex. Thus suppose b, c f Ba

and 6,b . Let

We break the proof in?

hence 6'.x = QV. Therefore 0r(b) = Q:f(c) if 0 < i in k--1 and

Aa0c) a0 r(c) if k ,A 1. *us if k > 0, thenwe blaMe) :

,gun = at) for i ,4 k_1, and, since G is minimal,

u follows that akb r. pslfWkl b), a0aR b) s

Now

(f(b),80b) and y - (r(c),60c).

$(Qx) = (6e-1»6i+1 b) - (6 )0. C) = $(3.y)q-1 :+I 1 '

3k-Ir(b) = 0k_1 r(c).

ao b

f(b) = Qr(C)

hence 60 r(b) == 60 r(c) and therefore r(30 b)

P5(r(30 b), 3000 b) . Ag c.

for i>0,

(QR( . If k In 0:

= r(30 c).

PROPOSITION 2L5: If G x8 is a PTCP of type (W), then 52(1)

is contractible.

Proof: Taking </> | (so, bo) ¢ base point, (i) and (ii) of

Lemma 21.2 imply that as(sl + é(s)a is the identity map of

*

1

Then
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Then as S(x) . x.

éuzcn), and therefore in(E(r)) = 0 for all n 2 0. Since E(f) is

a Kan complex, Corollary 13.7 implies that E(1) is contractible

provided that 1r1(E(r), go) = 0. Suppose x 6 F(r)1, that is,

30x - ¢. = 01 x.

61 S(x) = $060 x) = S(¢), and

62$U) = Sta1 x) = so.
Clearly S(¢°) == so is, and therefore [x][s0 <f>] = [so ¢]. Thus [xl

- 0, as was to be proven.

Before proving thenext, and fundamental, property of PTC P's

of type (W), we need a definition.

DEFINITION 21.61 If G and G'are group complexes which oper-

ate on E and on E'from the right and if it G -> G' is a simpli-

cial homomorphism, then a simplicial map 0 E -> E ' is said to be

y-equivariant if 6(xg) - 0(x)y(§) for all x e E g e Go' If

G = G' and y = 1G . 6 is s
aid
to be

et liV
as iv
'an
t-

TlIEOREM 21.71 Let G XT B and G'xB' be PTCP's and let
it G -» G' be a simplicial homomorphism. Then if G'XvB' is

of type (W), there exists a unique y-equivariant map 6: E(r) -» E(r')

such that 0(e x B) C e'x B', q > 0.
q q q q "

Proof: 0 is determined, if it exists, by its values on eqx 8q'

q 2 0, and since Bo' bo, 9(e0, be 1 (eo, bo) defines 0 on F(r)0.

Again, if 6 exists, then for b f be q > 1, there exists 1r(b) f B'
- q

such that 0(e b) - (e 1r(b)) w SO (e n(b)).
Q' Q' o Q'

60 0(eq, b) - ¢90(eq' 1r(b))

and, requiring 600 l 060, we find that 0 is necessarily given by

the inductive formula

(i) 9(eq' b) I S000(eq' b), b»¢Bq, q>l.

ao0 2It remains to prove that 0 so defined is a simplicial map.

060 is true by construction and if b 6 81 , then

616(e1, b) = (so, bo) = 061 (e1,b) .

= oa,, 0 5 i 2 j. Then we find
*
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W*

'+10 = <%+1 $660 "" 8¢i 060 = S660¢+1 " 0'%+1

am eqx BQ, q > 1. Next, S - so on eqx Be, q > 0, hence

$00 $060 so = 0so on eqx BQ Finally, assume $16 a Gs1,

0 5 i g j. Then

s. 0-s $03
/+1 j+l 0 $060.<.H -

05;»1

OROLLARY 21.8: Any two PTC P's of type (F/)with group G

naturally isomorphic.

l Proof: If E(r) and E(r') are PTCP's with group G, there

natural maps 6: E(r) - E(/) and 0'. E(r') E(r). By

uniqueness, 66' and l9'0 are the respective identities.

For any simplicial group G, we now construct a PTC P

G x7(6)W(G) which is of type (W). Let W0(G) have one element

Gn_I X Gn_2xx Go, n > 0. Write elei[1] and define W..(G)

*penis of Wn(G) in the form [gn_1,...,g0], g, f Q. Define face

"and degeneracy operators on W(G) by so[ ] = le01, by

and if n Z. 1 by
Q"

80[n-1" .., sol

6/[e,0] = I 1, i = 0 or 1,

(i) 60Ig,,,...,g0] - [g.,_1,.-gG] ;

(ii) am[ga)°1 80] - [¢;gn,..., 3lén-l+l'én-I-.1 603nh1v

gn_i_2y¢v.y 60] I

s In", én,-1rnr 60]3(iii)
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(iv) 8itllgn-1'°"'g0] =

[si£n'"" s0311-i' en-l' gn-I-1""' go] o

Define r(G) on Wn (G), n > 0, by

(v) 7(G)[gn_1"°°'g0] = gn.-1 .

We could verify directly that imp) is a complex and that

r(G) is a twisting function, but the following inductive description

of W(G) and W(G) will make these facts obvious, Define an iso-

morphisrn of sets A: Wn+1(G) Wn(G) by

(vi) )[g,,,~.»s0l = (én,l.én_1,...,g0]), n > 0.

Let o(G): W,,(G) -» W,,(6) be the canonical pseudo~cross section,

o(G)(w) = (en, w). Now knowing the face and degeneracy operators

on Wn (G), those on Wn (G) are of course determined by the require-

ment that W(G) = G xi(G)W(G). Knowing the face and degeneracy

operators on Wu (G), those on W"+1 (G) are determined by:

(vii) to = pA, nu = vlqx; So a r!o(G);
5»+1 al sN.

Finally, define S = oA"1. wnto) -> en+l X wn+1(6). that is

(viii) 8(3nr[§n_1"-801) = (en+,,[g.,,...,g0]).

Clearly 308 is the identity of Wn(G) and $00 is the identity on

eni1 * Wu +1 (G).
Given a simplicial homomorphism y: G -> G , define

(ix) W(y)[gn,...,g0] = Ly(én),..., V(80)].

With this definition, W becomes a functor from the category of sim-

plicial groups to that of simplicial sets. W(G) will be called the

classifying complex of G, W(G) the universal G~bundle. We now

proceed to justify this terminology.
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TWISTED CARTESIAN PRODUCTS AND FIBBR BUNDLES

G xt8 is induced from a simplicialEvery P T C PLEMMA 21.9:

map U: B ->

Proof: Let 6: E(r) -» IV(G) be the equivariant map obtain-

ed in Theorem 21.7 and let or: B -> MG) be defined by

0(eq, b) = (et, 1r(b)) .

r(Gl", so that G Xr BThen 600 == 000 implies r = AG) on -

5 . We remark that 17 is given explicit-is induced from or and 6 :.

ly by the formula:

(1) Mb) = [ar(b), r(00 b),..., r(61: />),..., f(33` 1 b)], where

65 = do 30, i factors of 60 .

The following remarks will lead to a simple proof of the

classification theorem.

REMARKS 21.10 By Propositions 18.4 and 18.7, a P TCP is just

a principal libration with a given pseudo-cross section. From this

B -o We) induces a principal librationpoint of view, a map n :

with given pseudo-cross o", namely the canonical pseudo-cross

section of G Xf(6)f1 B. 0" is compatible with o(G) in the sense

n. We define a morphism of principal fibrations.that 1? 0" = 0(G)

with group G to be an equivariant simplicial map. Then a strong

isomorphism of PTCP's with group G may be regarded as an auto-

1

¥

r
r

morphism of a single principal libration.

LEMMA 21.11 Let pt E -» B be a principal libration with group

= p`1(B').G, let B' C B, and define E' Then any morphism

0I E' » W(G) may be extended to a morphism 6: E -> W(G).

Proof' 0' defines a pseudo.cross section a': B ' -» E '.

By Lemma 18.6, 0' may be extended to a : B -> E, By Proposition

18.7, o defines a twisting function ii B -» G and the resulting

equivariant map 6: E = E(r) -» W(G) extends 6'.
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Tl-IEOREM 21.12 al 2 A: B -> WG) if and only if the PTCP's

wtc)" and w(G)* are strongly isomorphic.

Proof: If or or A, then w(G)" is strongly isomorphic to

w(o)* by Theorem 20.4. Conversely, suppose w(G)" and w(G)*

are strongly isomorphic. Regard lV(G)" and w(G) as copies of

the same principal libration E. Let G operate on E X I by

E x I -» B x I is a principal fibra-(x, u)g = (xg, u), so that p x 1:

son. Identify W(G)" with E x(0) and w(o)* with E xll). Then

E ' w(G)" u w(G)* is a sub principal libration of E x I, and

.in
L
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TWISTED CARTESIAN PRODUCTS AND FIBER BUNDLES

For example, if G = S(0(n)) and A = Z2 we obtain the Stiefel-

.Whitney classes, and if G = S(U(n)) and A = Z we obtain the

Chem classes.

.
.

-;.
f .=
Jo
..

...

-
Lb

. LV

.
=§= .. .

21~ .,1

'no '.*
5: w(o)" -> W(G) and X; wool* -» W(G) together define a morphism

0': E ' -> W(G). By the previous lemma, 0' can be extended to

E x I -» W(G). If 0 induces go on B x I, then ./, is a homotopy

from 1r to A.

Combining Lemma 20.2, Proposition 20.7, and Lemma 21.9

with the theorem above, we obtain the classification theorem:

TlIEOREM 21.131 Let F be a complex on which G operates effec-

tively from the left. Then the assignment to any map

B WG)n -r

of the TC P (or G-bundle) with fibro F associated with the PTCP

(or principal G-bundle) induced from 17 defines a onto-one corre-

spondence between the homotopy classes of maps B -» Wie) and

the strong isomorphism classes of TCP's (or strong G-equivalence

classes of G-bundles) with fibro F and base B.
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REMARKS 21.14: Given a G-bundle p' E -» B, the corresponding

B -> WIG) defines a homomorphismhomotopy class of maps 77 :

or*: H*(W(o), A) -o H*(B, A). If A is a ring, or* is a morphism of

rings, andthe image of n* is called thecharacteristic subring of p.
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BIBLIOGRAPHICAL NOTES ON CHAPTER IV

The material of section 17 is all due toMoore [52]. The

definition of TCP adopted here is a special case of that of Moore

[$2], and gives what is called a regular TCP in [1]. The compari-
son of principal titrations and PTC P's follows Carton [6]. Of

course, the simplicial concepts ofprincipal libration and principal

bundle are equivalent, but the connection with topology is more

easily seen using principal fibrations. Nearly all of the material

of sections 19 and 20 is due to Barratt, Gugenheim, andMoore [1].

The complexes We) were first constructed (without the

introduction of W(G)) by Eilenberg and MacLane [13]. The con-

G Xr(G)W(G) is due toMacLane [40]. The axio-struction of

matic definition of PTCP's of type (W) is due to Moore [5, $2].

The classification theorem as stated here is developed in

[1] , but our proof follows Cartan [6].
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CHAPTER v
EILENBERGMACLANF COMPLEXES

AND posnvzxov SYSTEMS

In this chapter, we first prove that the category of simpli-

cial Abelian groups is isomorphic tothat of chain complexes. We

then introduce the minimal Abelian group complexes K(rr, 1'). A

study of their properties leads to a proof that every Abelian group

complex is of the homotopy type of a product of K(n, n)'s. We also

obtain the well-known characterization of cohomology operations in

terms of the cohomology of Eilenberg-MacLane complexes. Finally,

we will obtain the k-invariants of Postnikov systems by means of a

study of fibre bundles with fibro a K(n,n).

§22. Simplicial Abelian groups

In this section, we investigate the category of simplicial

Abelian groups. We will prove that this category is equivalent to

that of (Abelian) chain complexes. An incidental result is the nor-

malizatron theorem for simplicial Abelian groups. Finally, we will

compare the homotopy and homology groups of a simplicial Abelian

group.

We first develop an alternative definition of the homotopy

groups of an Abelian group complex G. Let A(G) denote G Fe-

garded as a chain complex with differential 0 defined on Gn by

0 : io (-l)'3, Let N(G) denote the chain complex `G defined
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The material of section 17 is all due to Moore [52]. The

definition of TCP adopted here is a special case of that of Moore

[52], and gives what is called a regular TCP in [1]. The compari-

son of principal fibrations and PTC P's follows Cartan [6]. Of

course, the simplicial concepts of principal libration and principal

bundle are equivalent, but the connection with topology is more

easily seen using principal fibrations. Nearly all of the material

of sections 19 and 20 is due to Barratt, Gugenheim, and Moore [1].

The complexes am) were first constructed (without the

introduction of W(G)) by Ellenberg and MacLane [13]. The con-

struction of G x7(6)W(G) is due to MacLane [40]. The axio-

matic definition ofPTCP's of type (W) is due to Moore is, 521.

The classification theorem as stated here is developed in

[1], but our proof follows Cartan [6].
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CHAPTER V

EILENBERG-MACLANE COMPLEXES
AND POSTNIKOV' SYSTEMS

In this chapter, we first prove that the category of simpli-

cial Abelian groups is isomorphic to that of chain complexes. We

then introduce the minimal Abelian group complexes K(n,n). A

study of their properties leads to a proof that every Abelian group

complex is of the homotopy type of a product of K(rr, n)'s. We also

obtain the well-known characterization of cohomology operations in

terms of the cohomology of Ellenberg~MacLane complexes. Finally,

we will obtain the k-invariants of Postnikov systems by means of a

study of fibro bundles with fibre a K(17, n).

§22. Simplicial Abelian groups

In this section, we investigate the category of simplicial

Abelian groups. We will prove that this category is equivalent to

that of (Abelian) chain complexes. An incidental result is the nor-

Finally, we willrealization theorem for simplicial Abelian groups.

compare the homotopy and homology groups of a simplicial Abelian

group.

We first develop an alternative definition of the homotopy

groups of an Abelian group complex G. Let A(G) denote G re-

garded as a chain complex with differential 0 defined on Gn by

<9 - SEo (-l)/6,. Let N(G) denote the chain complex 5 defined
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DKer 01,_1. For

N(G) by

in section 17, so that N,,(G) = Gn O Ker 00 l'1 . . .

convenience, we redefine the differential 0

3(x) = (-1)" an , x c Nn(G). Then N(G) is a chain subcomplex of

A(G) and there results a natural homomorphism

iz ~..(G) = H,.(N(G)) -9 H,.(4(G))
THEOREM 22.1: Let G be an Abelian group complex. Then

on

i: nn(G) -» H ..(A(G)) is an isomorphism for all n.

0Proof: Filter A(G) by x¢F*'An(G) if x£G,, and 0I2 =

for 0 < i < min(n, p). Then F"A(G) = A(G) if P < 0 and

F*'A,,(G) = N,,(G) if p 2. n, so that DF"A(G) = N(G). Each

FP""A(G) is a chain subcomplex of 9F"A(G). We will prove that

each of the inclusions it: Fp+'A(G) C F"A(G) induces an iso-

morphism on homology. It will then follow that i is an isomer-

phism. We first define an epimorphism of chain complexes

fp: FPA(G) -v Fp+'A(o) by

f"(x)
x if x c F'°A,,(G)

x f F'°An(G)if

where n<p+1

where n_>p+1.x-sP anx

Clearly f"(x) < F'°+1A(G) and 1" o IP is the identity map of

F'°+'A(G). A simple calculation proves that 6{"(x) = f*'(0x) for

all x. We will complete the proof by obtaining a chain homotopy

t" between IP o[p and the identity map of F"A(G). Thus define

f"(x) :
0 if x ( F"A,,(G)

if x 6 F"A,,(G)
where n < p

where n 2 p.(-1)"s,, x

Then \"'(x) f F"-4,.+1(G) and it is easily verified that

0t"(x) + :P Hx) - x +. (i'° o !")(x), as desired.

and let
,
P

.,

. .

Proof: Let i = i° o, .. o 'n-1 : 1y,,<c) -1 A,.(G)
f= f"-' o . .. or" : 4,,(6) -» 1v,,(G). (of is the identity map

N(G) and therefore A(G) = N(G)® Ker I. It suffices

Ker I _

on

.

to prove

- D(G), and Ker I C Dl,(G) is clear from the definition of f.

We must prove f(x) = 0, and we haveLet x = 2;-5 Sfyi tD(G),
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={""l o. . . 0I1(x|)

=. . . =f""o. . °//(xi) where xi=
-l n-1 i=j=- =f" ($.,_1 Yn-,1 ) = 0, as claimed.

n-1
where al = Siyjl Ylzy S 6#1 ' I 1' 0 of:

n-I . .

2 Slug, Y:=Y/_I"5_.1a_.1y"1
I I I c

let G be an Abe-COROLLARY 22.3: (Normalization Theorem).

lian group complex and let or: A(G) -r A~(G) = A(G)/D(G) be the

Then or is a chain equivalence.projection.

Proof Identifying A N(G) with

i O f: A(G) -v

N(G), we find fr = f, But

A(G) is a chain equivalence by the proof of the theo-

rem. ,

N is a functor from the category fi' of simplicial Abelian

groups to the category G' of chain complexes. We now show that

there exists a functor F: (3 _» G

the identity functors of (T
such that l" oN and N o l" are

Thus let X be a chain com-and

plex. Define l"(X) as follows:

ii) pncx) = Xn G3 2 2
the Abelian

x c X[I with the addition defined by .
0/k ..0i1x + cl. .. "iIY - 0/I¢ .0i1(x+}'),

and where the sum is taken over all sequences UA such that

n>jk>....>jI > 0.

"J ...Cr X,whereo ...oX ik=n-r k I1 r la /1 r s
group whose elements are symbols U , , . U X

fa /1 '

4
5.

COROLLARY 22.2: Let G be an Abelian group complex. Then

A(G) l N(G)69 D(G), where D(G) as the chain subcomplex of A(G)

generated by the degenerate elements of G.
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(ii) <9.'ll..(x) -» l",,_,(X) is defined by
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(a) 0l,x =
(b) If k =

3(x) and 6,x=0 if i<n, eX,,
n r and x<X,, then

k_

when 3isik.. .Sol

rived from formula (3) on page 4.

.0h1X . .Snag

.0n13(x) if Snk. "Ship,

She. ..ShlaJ#j<!

8nk_I }

ii0i ...q x= Un .. -k 1 k
0

is expressed in the canonical form de-

J

-3,s ...s ,lk .II

(iii)

d by
defineis

(X)-> 1",,+1
(X): r..

S i

xeX(a) s,x=o,x,
(b) If k=n-r and xX,, then

n

Si0}k...OjIX Un I<+1

where 8/$1 ...sk I

..anxif 8Is1 ...sf :Sn ...sn ,
1 k I k+l I

is expressed in canonical form.

lt is esisily verified that l`(X) is a simplicial Abelian

group. Now we can state

l"oN= la) and Not"= le

homotopy, h: f "->'- 3, then there exists a chain homotopy

THEOREM 22.4: The functors N: G' -» C' and F: C -.(f satisfy

Further, if h: G -» G' is a simplicial

s: N(G) -o N(G'), S; N(f) ~_ N(g).

Conversely, if s: X ~» X' is a chain homotopy, s: I ~_g,then there

exists a simplicial homotopy h: l"(X) -» l"(X'), h: I-l(f) 2' l"(g),

Proof! That PoN m IQ and N 0 l"= IQ is an easy con-

sequence of Corollary 22.2 and the construction of I". Given the

homotopy Ii: G -v G', h: f fx g, define s = E0(-1)'h, on An(G).

Then s: A(f) Ix A(g). s(D(G)) c: D(G') and, identifying N(G)

and N(G') with An(G) and AN(G'), we obtain a chain homotopy
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II: l"(X) -> l"(X') as follows:

(i) If X f Xnt then

h..()() = °..f(x) - a,,s6(x) - s(x)
bn_I(X) = 0n-1 KX) - ons0(x)

My) : x) if i < n - 1.
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(ii) h, is defined inductively on the symbols o,*. . . oh by

b,(¢,*, . . aux) . °},,":--1(°;k_, . . . oaIx) if j*g i- 1

II/(01k _ . , 0hX) - 0}l¢+1h*(°h¢-1 . . . 0ilx) if
iI¢>i- 1

A simple calculatioN then proves that h is a homotopy from

to l"(g), as desired.

We have now proven that the homotopy theory of simplicial

Abelian groups is equivalent to the homology theory of chain com-

plexes.
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Theorem 22.1 has the following corollary comparing the

homology and homotopy groups of sirnplicial Abelian groups.

COROLLARY 22.5; Let G be an Abelian group complex.

there exists a natural epimorphism of groups j r?,,(c) - n(G) such

where h is the Hurewiczthat j oh is the identity map of nn(G),

In particular, h is a monomorphism.. homomorphism.

Then

Clearly j" oh =. i.

result follows.

as base point, é,,(G) is the free AbelianProof: Using 0

Thus there is agroup generated by the non-zero elements of G,,.

-» A(G), and this inducesnatural dimorphism 6(0)

f"= t},,(G) -» H,,(A(G)).
. . ._.| .If. . Rx|. zr,,(G)_»H,,(A(G)). Letting 1 = 1 ~1 , the

s: NU) 2' N(g) by passing to quotients. Conversely, let s: X -»X'

be a chain homotopy, s: I ca: g. is + so? == I-g.Then Define

We will later use the corollary above to prove that every

Abelian group complex has the homotopy type of a product of

Ei1enberg~MacLane complexes .
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COROLLARY 22.61 Let K be a complex. Regarding C(K) as an

Abelian group complex, we have 1r,,(C(K))=H,,(K) and

~,.(éa<» = H`..(K).
This corollary states that in some sense homology is a spe-

cial case of homotopy.

§23. Eilenberg-MacLane complexes

Recall that an Eilenberg-MacLane complex of type (n, n) is

a Kan complex K such that n,,(K,qS) = ii and u,(K,<;6) .= 0, i £ n.

Such a complex K will be called a K(n,n) if it is minimal. We

will prove the existence and essential uniqueness of K(n,n)'s .

LEMMA 23.12 Let n be a group. Define a group complex K by

Kn = n, n >_ 0, and by letting each 6, and s, on K,, be the

identity map of n. Then K is a K(1r,0) and any other K(n,0)

L is naturally isomorphic to K.

andProof: Clearly K is a K(n,0). Now K0 = L0 = n

the identity map K0 -v L0 induces a unique simplicial monomor-

phism I: K -» L. Suppose f: Kn -» Ln is an epimorphism, n >_ 0,

and let y €L,|I+I. If l(x,)= 3iy, then f(0ix1) = f(0i-1 x,) implies

Xf = Xr = x, say. Let z = 0,y, all i. Then also = c9,y for all i,

hence since W;l+1(L) = 0, 802 y. By minimality S 02 =y, and

thus z'(s 0x) = y.

Now observe that if G is an Abelian group complex, then

if we regard W,.(G) as the group Gn_I x . . . x Go, li'(G) becomes

an Abelian group complex. Define W"(G) .= W(W°-'(G)) for all

n > I, W°CG) - G. The next theorem follows inductively from

Lemma 21.4 and Proposition 21.5.
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and

and let

If Hz is Abelian, then the Abelian group complex W"(K(w,0)) is a

K(1r, n).

Before proving uniqueness, we need some preliminaries.

DEFINITIONS 23.31 Let (K, ¢) be a Kan pair, .where quo is the

only vertex of K. Define a complex P(K) by letting

A: Kn+1 -» Pn(K)

be an isomorphism of sets and by defining 65 _ A0,.H )1`1

Si = Xsi+1}¢--1. Define p: Pn(K) -»K,, by p = 60V

:. p-1(¢). lt is easily verified that p is a Kan libration and

vertex of K. Then px P(K) -»K is a PTCP of type (W) if L(K)
is a group complex .

that p: P(K) -» K may be regarded as e principal libration with

group L(K). Proposition 18.7 now implies that P(K) is a PTCP.

Miss By definition 608 is the identity of P(K) and $30 is clearly the

identity on en x v(K,,). Therefore p: P(K) -» L is of type (W).

REMARK 23.5: If K .is a group. complex, then so is L(K), and

therefore K is isomorphic to W(L(K)). This implies the existence

of a group complex structure on W(L(K)), However, unless K

therefore P(K) and L(K) are Kan complexes. Let

s 2 As., A-'= p,,(K) -> Pa+l(K).

Then 303 is the identity map of P(K), 01 S(x) = ¢\(soqS)

x c P0(K), and 6,+, S = 56i on Pn(K), n > 1. As in the proof of

Proposition 21.5, it follows that P(K) is contractible.

LEMMA 23.4: Let (K, is) be a Kan pair, where ¢ is the only

Proof: Define 0 = A502 Kn -» Pn(K). Then po is the iden-

tity map of K and we may identify Pn(K) with L,,(K) x o(K U). An

easy calculation proves that we may define an operation from the

right of L(K) on P(K) by (81, a(k))22 = (Y, 22, o(k)). It follows

if

THEOREM 23,2: Let n be a group. Then if(K(v,o) is a K(n, 1).
is
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Abelian, this product will not be that obtained by regarding

W.,CLCK» as L,._1(I<) x. . x L.,(K).
TlIEOREM 23.6: Let K and L be K(rr, n)'s. Then there exists

an isomorphism K -» L. Further, if 17 is Abelian, then any K(1r,n)

has a structure of Abelian group complex.

a: ,L3.

.0
QI
5

r

Ea >z.
r E;
.aw *g
i,%. :a

Fi #433

pi, a .
£*.;t.

2 g,
'E 42

.§ :3l§

Q i..

*<.*
Ur

Q3 5,Ra,
Qu 5. .

2;},. ii
:

complex (previously denoted Czar(AlQ]). so that

C*(A[q], al) = Hom, (C*(AlQ]), of).

Fix an integer n and let L(1r,n+1)¢, = C"(Alq], n), q >

a structure of Abelian group complex on L(1r, n+1) by

3,u(x) = u(3,.x), u e L(1r,n+1)q*1, x e C,,(A[q]),

0. Define

and
Proofs lt suffices to obtain an isomorphism K -» L, where

L = lT"'(K(n, 0)), We Proceed by induction on n and assume the re-

sult for n' < n, n > 0. Since K is a minimal complex, it is easy

to see that p: P(K) -» K is a minimal libration. Therefore L(K) is

a K(1r, n-1). By the induction hypothesis, L(K) is isomorphic to
W-N-l(K(U, 0)). But then L(K) is a group complex and, by the lemma

above and by Theorem 21.7, it follows that K is isomorphic to

W"(K(n,0)).

REMARKS 23.7: Observe that if ii is an Abelian group and we de-

fine a chain complex C(11,n) by CnI(n,n) = ii and C,*(17,n) = 0 for

q Jn, then l"C(n,n) is a K(n,n). This gives an alternative proof

of the existence of K(n, n)'s. Now, knowing that any K(rr, n) is an

Abelian group complex, it follows that any K(n, n) is equal to

l"C(r7,n). This is true since by Proposition 17.5 (recalling that

what is there denoted -G is the chain complex N(G)), we must have

NK(1r, n) = C(n, n), and since l-INK(n,n) = K(n,n) by Theorem 22.4.

As a corollary of these remarks, we have:

PROPOSITION 23.81 Let I; or -» or' be a homomorphism of Abelian

groups. Then there exists a unique simplicial homomorphism

¢>: K(n, n) -» K(n',n) such that ¢> = 1: K(rr,n),, -» K(¢r', n),,.

When n is an Abelian group, there is an alternative, and

more usual, description of K(rr, n). Let C*(A[q], 11) denote the

normalized cochain complex and C#(A[q]) the normalized chain

=a.

.a. 3
.E # "
g? 5'.f=

;;;,. : .
,., 1
T*
"

.

is.

*g

.
i: . up
,!. ".
1 . .Ja
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.. go,
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22 ..=»a
!¥:}E ."Ji§.
:=&2 1;
.§

g,.
* .

I ...554
, @»-...;;.
i

. §~r%";.g |>;g3¢,
."¢

. : EIRE:*..!..¢

:

,,*.;
glz ;¢..

. .
. ..
1 a'*

.. °$

, .,:

. In

8iV(Y) = v(0/Y). v r L(1r,n+1)q, y e C,,(A[q+1]),

where 6 C(A[q]) -> C(A[q+ 13) and o: C(A[q+1]) -» C(A[q]) are

induced from the simplicial maps 8,.: A[q] -» A[q+1] and

oi: A[q+ 1] -» A[ql defined in Definitions S.4. Let

I(1r, n)<1 z Z"(A[q], fr).

the subgroup of L(17, n + 1)q consisting of all cocycles. Observe

that I(17, n) is a subcomplex of L(rr, n+ 1).

The Abelian group complex I(n,n) definedTHEOREM 23.9:

above is in fact a K(n,n).

Proof: First observe that ?(v,n)q = 0 if q < n because

every element of A[q] in dimension greater than q is degenerate.

Next, R(rr,n)n r. n since Z"(A[n], n) = Home (C,,(A[n]). n) and

c,,(A[n}) is the free Abelian group generated by An. By Remarks

23.7, it suffices to prove that the chain complex NR(rr, n) is

C(1r, n). Clearly Nni\(1r,/7) = K-(n,N),, = or, and it remains to prove

NQR(rr,n) = 0, q > n. Thus let p c NqI(rr,n), q > n, so that

ad* - 0, 0 < i < q- 1. Suppose for a contradiction that MX) as 0,

where x - (as, "7an)il 0 < as < . . . < an g q is some basis ele-

ment for C,,(A[q]). Then x A Soy, since ]J.(80Y) =. 0, so as - 0

(otherwise x = 500&0 - 1, . . . , afl _ 1)). Similarly x A 81 y implies

81 = 1 and, inductively, a, = i, 0 < i < n. But p is a cocycle,

and this implies:
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u .3

n+1 .
3(pX0, 1, . . .,n+1) = go (-1)'#(0,(0, 1, . ,n+1))

= ,Io (-1)'u(8.i) + (-1)"+' p(x) = (-l)""1p(x) = 0.
where Y denotes x = (0, 1, . . . ,n) regarded as an element of

A[q-1],,. Thus p(x) = 0 and y = 0, as was to be proven.

From now on, the symbol K(rr, n) will denote the explicit

complex K-(11, n) described above. Now since H"(A[q], 11) = 0 ,

5(C "(A[q], or)) = Z"*"(A[q], n). Thus the coboundaries 5 define a

simplicial homomorphism 78: L(17, n + 1) -» K(rr, n+I). Further, Addi»

son defines an operation of K(rr, n) on L(17, n+1) and of course

K(n,n) = Ker 5. It follows that 5 is a principal libration with

group K(11, n). Define o: K(11, n+ 1)q -» L(17, n +1)¢ by

(i)
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Theorem 21.7 implies:

THEOREM 23.10: The PTCP 5: L(1r,n+1) -> K(n, n+1) with

group K(n,n) is naturally isomorphic to the universal PTCP

p: w°+'(Kc~, 0)) -9 W-"*1(K(1r, 0)) of K(n, n).

§24. K(1r,n)'s and cosmology operations

We develop here certain fundamental properties of K(1r, n)'s.

These properties will lead to a proof that every Abelian group com-

plex has the homotopy type of a product of K(n,n)'s and to the

characterization of cohomology operations. In the next section,

these properties will be used to define the k~invariants of Postni-

kov systems.

All chains and cochains mentioned in this section and the

e.?'@
2' .g
:1 i

.

All",
E?

0(}1)(&o»

Then 50(;1)(&o»

)8n)=#(0»a0»~I8n)*

n+l g
°1an+l)= go (-1) ;1(0»&o»

-;1(¢9(0, 80) » 8n+l)) + }1(80»

=#(60)°r8n+l)

J 8 i-1v'31+l»»an+l)
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Win.
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f'
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C I
is

ii
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L(u, n +1)n1 is ii regarded as the group of

next are normalized.

Recall that

lnornomorphisms of the free Abelian group generated by An into n.

Define an n-cochain

I c Ilomz(F(An), ii). u is called the fundamental cochain of

L(n, n+ 1).

u 1 C"'(L(u, N+l), 17) by UW = f(A,.).

Thus 50 is the identity of K(rr, n+I), and it is easily verified

that 0 is a pseudo-cross section of 3, the corresponding twisting

function r being explicitly defined by:

{,
*i

?;7...P' A
. .xx

r
ii

£z

,
vii
E

. C
1

Let x e L(n, n+ 1)q and consider the simplicialLEMMA 24.1

-* C"(A[q], of)

w
I

lx

(ii) r(/2Xa0, . . . , an) : p(0,&0+1, . . . ,a,,+1)-p(1,a0+1, . . . a,.,+1).

Observing that v e Image (0) if and only if v(a0, . . . ,a,,) == 0 when-

wer 80 = 0, we define S: L(n, n+l)q r o(K(1r, n+1))¢+/ by

(iii) $(I1)(80 , . . . , an) - y(a0 - 1, . . . ,an-1) if 80 > 0 and 0

if as l 0.

. 1 1:
,

*;.

5

Hg

L

I"13.e
WW:we.

E

5.¥*l-'
=£~.
J

map Y: A[q] -f L(rr, n+1). If x : C"(L(n, n+I),n) -» is

induced by Y, then »2*(~) = x.

Proof: Since C"(A[q], ii) = L(n, n+ l)q, the formula -x*(u)=x

makes sense. From the definition of L(n, n+ 1) as a complex and

the requirement that :T be a simplicial map, we derive

KY) = y'*(»<) ¢ C"(A[p],1r) for y c A[q],, where y': A[p] -o A[q]. In

particular, i£..Y.< A[q],,.is nomdegenerate, then we must have:

•

.i'l,

iI.f=l[I

Then 008 is the identity on L(n, n+l) and $60 is the identity

on o(K(n, n+1)). Thus 8' is a PTCP of type (W). Identifying

K(n,n) with -W"(K(1r,0)) and letting W"+1(K(1r, 0)) - W(7"(K(w.0)).

45. L

a;
..in

M
$1... .

£3 ..

.

.

.. .

.. . ,

,w.k"y

-x*(=ocy): v(7((y)) H: ¥cy)cA,,)-y'*cxxA,.)-x(i(A,,))= x(y) ,
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as was to be proven.

Let K be a complex and let Hom(K, L(1r, n+ 1)) denote

the set of simplicial maps K -> L(1r, n+ 1). The addition in L(zr,n+1)

induces a structure of Abelian group on this set.

LEMMA 24.22 Let K be a complex. Define

¢: Hom(K, L(1r, n+1)) -» C"(K, 17)

by ¢(f) = !*(v) Then ¢ is an isomorphism of groups with inverse

¢' defined by t//()')(x) =>x*0') for Y e C"(K,n), x e K a where

§*= c"(K, or) > C"(A[q], 11).

Proof We must first prove that ¢0(7) is in fact a simpli-

cial map. However, since a,=s'; and SI= 0? on L(n,n-l1), we

find :

<w(y>cx)=<°5f*(t)=6cy)=(w.)8cr)=(0,»)*cr)=¢(vx0,x),
and similarly for the degeneracy operators.

is and .p are obviously homomorphisms, and it remains to prove

that they are inverse to each other. If x c Kn is non-degenerate:

(¢ °</fX}')(x) = ~//(r)*(ux») : v('//0'Xx)) = u(7r*(Y)) =-x*(y)(An) = 7(x)
Finally, if x f Kq: then using the first lemma we find:

(w o¢)({ XX) =`¢*(<15(f)) ="*(/*(u))= f*(u)= f(x)
LEMMA 24.3: ¢ and go define an isomorphism between the co-

cycles Z"(K,n) and the maps Horn(K, K(n,n)).

Proof: If 7 e Z"(K,1r), we must prove that 4//(}')(x) f K(n,n)

for all x e Kqi that is, '/f0')(x) is a cocycle. But

8(¢(YXx)) = 8(7r*0')) -'xx(80')) = 0.
Conversely, suppose that '/'(>'Xx) is a cocycle for all x f Kq .

Then if x f Kn8I is non-degenerate, we find that :

my) -= 5>'(7¢(A,.+,)) =5C(s(r)XA,.+.)=5(~#(r)(>=)xA..+.)=0,

'l
I

.

\

é

. .¢ *L.
x L

(
.

N 5

:

¢:

. .or

'

.a

n

or
...:A3..,
., .to

. If

. ¥

| I *
5¢3 ..

I 1

go 23.

¢ I£é*..,
="as
2l E*

2". O n
;.. . al,

==§ .a

.pa
..=Fl% g

l£d .s
\ ..
g . *
-h. .

1;.,

G we G

.==? 1%

:,;,," @.

asif l.5, . I-a='£: f .
11* - ..

. *
r

qgo .. . -

s
53 ii *
.t. .* L
'.1. .. .".
.:=i 11.-*_.: .
j . 3*

==.. } :;. .He g.
..l* r.
. . : *.. .
¥. . .

.,¢

;'-M

. o I ,

* s...

r *w
r

#. .1

and 7' is a cocycle.

Hom(K,K(v,n)) -> Z"(K,1r) is defined by ¢(f) = f*(=»),

where u is regarded as an element of Z"(K(n,n),zr). Here

called the fundamental cocycle of K(n,n) and its cohomology class

is called the fundamental class. We note that the following diagram

commutes:

Hom(K,L(1r,n+ l)) ¢ r C"(K,1r)
iHorn(1,'5) la

¢Hom(K,K(n, n+ 1)) . z"+'(K,").

Further, we have the following theorem.

THEOREM 24.4: Let t,g f Hom(K,K(n,n)). Then f as g

Thus go induces an iso-only if ¢»({ ) is cohomologous to ¢>(g).

morphism of n(K,K(r1,n)), the group of homotopy classes of maps

K -> K(n7,n), onto H"(K, or).

Proof: If I ~_ g, then ¢(f) = f*(u) = e*(u) = 05(3) on the
cohomology level, hence the cocycles f*(u) and é*(v) are coho

rnologous. Conversely, suppose qs(f) = ¢"(g) + 6(a) ,

Let Io: K ->K X (0) and iI: K -»K x(1) be thea f C"-l(K, n).

simplicial maps identifying K with the cited subcomplexes of

K x I. lt suffices to find 7 e Z"(K X I, 17) such that

in(>') .:x rIC"(K x (0» = kw)
05(8), for then x//(Y): K xl -> K(fr, n) will beand if()/) - )'IK x (1) .=

a homotopy from I to g. Let p: K xl -> K be the projection onto

K and let 70 = p*(¢(1))<z"(K><1,"). Clearly if(}'0\= i;()'0) .= qscf).

his

if and

Further, regarding a as a cochain defined on ii(K), we may choose

"(K x 1, ii) which extends a and vanishes ona cochin 8 c C"

a. Let Y = 70 _ 5(/3)» Theni0(x). Thus i;(8)=o and it(/9) =

5(a) = q5(g), as desired.£3cy) = </>({) and aNy)»= ¢>(f) -
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Before studying cosmology operations, we prove:

THEOREM 24.5: Let G be a connected Abelian group complex,

and let "n = w,,(6)» Then G has the homotopy type of the infinite

Cartesian product ><»=1 K(1r0, n).

Proof: By Corollary 22.5, there exists an epimorphism

j H,,(G) -» nn(G) such that j oh: nn -» nn is the identity map,

n > 1. Let Y" e Z"(G, nn) satisfy }'"(x) = ilxl, x e Cn(G), where

bi denotes the homology class of the non-bounding cycle x. By

Lemma 24.3, 7" determines a map f": G -» K(1/|1,n). If g e Gn re-

garded as .4(o),,, then mg) =8sov") and

f"(é)(l\..) =. we) = ill = f o n[gl = tel.

Therefore f§': f1,,(G) Q

Clearly I is a weak homotopy equivalence, hence by Theorem 12.5

a homotopy equivalence.

nn(K(n/1, n)), Let {= >(';°__ if": G »x:°=lK(n,,,n).

Now we define and characterize cohomology operations.

DEFINITION 24.6: Let ii and n' be Abelian groups, n and n'

integers. Regard H"(K, n) and H"'(K,rr') as defining functors

from the category of simplicial sets to that of sets. Then a coho-

mology operation Qt type. (n, n', n, or') is a natural transformation

of functors C: H"( ;or) -» H"( ;7r' ).
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Let H"(zr,n,1r') denote the cosmology group Hnt1<(»,~);~').

Then we have:

trIEOREM 24.7: The cohomology operations of type (n, n', v,1r' )

are in natural one-to-one correspondence with the elements of

H"172/I,"')°

Proof: If C is a cosmology operation of type (n, n', ii, 17'),

define a(C) = C(u) c H"'(ff,rwf'), where u denotes the fundamental

class of H"(1r,n,n). Conversely, suppose c f If""(1r, n, fr' )

..}' e H"(K, 11), where K is some complex. By Theorem 24.4, Y de-

find

§2S. The k-invariants of Postnikov systems

Let (K, go) be a connected Kan pair. We wish to obtain in-

variants which characterize the homotopy type of K. Choosing a

mitlimal subcomplex if necessary, we may assume that K is mini-

;ma1 (by Theorem 9.5). Let X = (X(0), . . . , X("), . . . ) denote the

5.naturaI Postnikov system of K (Definition 8.5). Then by Lemma

12.1, each X(n) is a minimal fibre space. Letting orn denote

7y,,(K,¢), the fibre F(n+l) of X(") is isomorphic to K(7rr|+1 , n+l)

My Lemma 10.2 and Theorem 23.6). Obsetvethat Km) - ¢, so

,that K('*§ K(7rI, 1). Now by Theorem 11.11, each X(n) is a fibro

fines a homotopy class of maps 1]'(Y): K -» K(1r,n). Define a coho-

¢¢ urology operation 13(6) by B(cX)') = ~1»(v)*(¢). Then since l/f(v) is

the class of the identity map K(1/,n) -» K(7r, n), we find

(a o B)(c) z B(c)(v) z: *l'(u)*(c) = C .
Finally, if )' c H"'(K, n) for some complex K, then using the natu-

rality of cohomology operations and the fact that *//0')*(u) = Y

(B °aXC)0') = I3(C(u)X}') = 1/,(y)*(0(',)) =C(./,(y)*(,,))= CO').

we

'Ii
.Rf

,,n .,A.>
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bundle, n > 1. We will show that, under assumptions on al, the

group of the bundle X(n) can be reduced to K(1rnH, n+l), n > 1.

Then by Theorem 19.4, it will follow that X (n) can be given a

structure of PTCP. By Lemma 21.9, there will result a map

f"+*= K(n) -» W(K(1»n+,, n+ n) = K(77n1IJ n +2) which will induce the

PTCP X("). By Lemma 24.3, {""2 will determine a cocycle

kn+2 e Zn+2(K("),rr,,.,.,). A sequence k"!2, 1 < n, of cocycles so

chosen is called a set of k-invariants of K, and such a sequence

certainly determines the homotopy type of K.

Of course a similar argument holds for fibre spaces. Thus

let (F, .//) J.. (E,gb) p (B,¢>) be a fibro sequence of connected

Kan pairs. By Corollary 10.11, we may assume that (E, p, B) is a
Let S = 18"". . . . , €("), . . . l denote the nat-minimal fibre space.

Ural Postnikov system of (E, p, B) (Definition 8.10). Lemmas 10.3

and 12.6 imply that each 8(0) is a minimal fibre space. Letting

Nn denote nn(F,¢'), the fibre of 5(n) is isomorphic to K(n.,+I,n+l),

n >_ 0. Under assumptions on no, "1(E), and "i(B), we will show

that the group of each of the fibro bundles €(n) can be reduced to

K("n+l' n + 1). Then each £(n) will have a structure of PTCP,

there will be a map {"+2: Etn) -» W(K(t»,.,,,, n + 1)) = K(nn+I, n+2)

which will induce the PTCP €("), and there will result a cocycle

kn+i2 e Z"*2 (E(n),n,n*I) A sequence k"+2, 0 < n, of cocycles so

chosen is called a set of k-invariants of p, and such a sequence

determines the strong homotopy type of (E, p, B).

To validate the arguments above, we must study fibre bun-

dles with fibre K(1r,n). The group of any such bundle is contained

in A(K(n,n)), the group complex consisting of invertible elements

K(1r,n)X(""'). We determine theof the monod complex M(n, n) l

structure of M(n,n) and A(K(rr,n)) in the next two propositions.
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We will need the following lemma.

The group of simplicial maps Hom(K(1r, n), K(n', n))LEMMA 2S.1:

is isomorphic to the group of homomorphisms Homz(1r,n'), and

, n)) is a homomorphism.every element of Hom (K(17, n),K(1r'

Proof: We observe first that every element

f c Hom (K(11, n),K(n', n))

This is true since f induces a hom.or orphismis a homomorphism.

or and since if x,y e K(n,n)4, q>n,ii -» ii' on K(n7, n),, -_ 1rn(K(1r, n)) =

then, by induction on q, f(x +y) and {(x) + !(y) have the same

faces, hence are homotopic and therefore equal. Now f determines

a homomorphism ii -» 11' and the converse was proven in Proposition

23.8.

As a complex,PROPOSITION 2S.2 M(tr, n) is isomorphic to

End (or, n) x K(17, n), where End (n, 17) is the complex defined by

Hom (K(Ir, n), K(1r, n)) for all q, with each ii and s,End (fr, II)q =

the identity map.

Horn (K(n, n) x A[q], K(n, n)). DefineProof: M(n, n)q =

Then ¢> of Lemma 24.3 defines an iso~Lq = Z"(K(n, iv) x A[q], of)

Lo Anticipating the Eilenberg-Zilber theorem,morphism M(1r, n)q

to be proven later, we know that the chain complexes

C*(K(n, n) x A[q1)

Further, sinceand €*(K(7f,")) ® C*(A[q]) are chain homotopic.

and 0 is a degenerate simplex, q > 0, we find:K(rr, n)q 0, < n,

(i) Cn(K(n,n) X A[q1) 'é' Cn(K(","))®Co(A[<1])€DC0(K(n,n))®C,,(A{q]),

(ii) 8n(K(n,n)xA[q])QB,,(K(n,n))®C0(A[q])€9C,,(K(n,n))®80(A[q])
69 Co(K(1t,n))®B,,(A[q]) .

0. From the second term onNow suppose )' c Lqv so that 5(7) =
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the right of (ii), we find }'(x, y) = }'(x, z), where x c Cn\(K(7r, n)) and

y, z c A[q]0. Then we see that if 7 = Y, + 72, where

7 I = 7 I C..(K(fr, n)) ®00(A[<11)

and 72 = 7 |C 0(K(7r, n)) ®C..(A[q1). we may regard Y, as an ele~

rent of Z"(K(v, n), ii) and Y2 as an element of Z"(A[q],1r)=K(1r,n)

Translating back to M(1r, n). we obtain the result.

The result above determines the structure of M(1r, n) as an

Abelian group complex, but we must still determine the monod

structure and identify A(K(n, n)) C M(1/,n).

a

(i)

(ii)

PROPOSVPiON 25.3: The product in M(rr, n) is given by

(t',x)(g,y)=({g,f(y) +x), Le fEnd(1r 1r)€, x,y 6K(7r,n)q.

Let Art(n,n)q C End(1r,n)q denote the group of automorphisms

K(n, n) -» K(rr, n). Then (f,x) c A(K(11, n)) if and only if ifAut(1r,n),

and in that case:

({,x)" =(r ', -r '(x)), I e Au¢(~,~),, x c K(1r,n)q.

Finally, the embedding v: K(n,n) ~» A(K(n,n)) of K(n, n) as a

subgroup of operators on K(n, n) is given by!

(iii) v(x) = (1, x), x c K(1r,n)q, where 1 denotes the identity

map of K(n,n).

Proof: If (I, x) and (g, y) are as in (i) and Z e K(1r,n)r ,

w e A[q],. then using Lemma 25.1 we find:

(f,x)(8»y)[(2,w)] == (f, x)[(€(2) +3"(w),w)]= f 3(2) + fC\7(w)) +7¢(w),
where ;'i;y-; Afq] -» K(1r,n) and f(J7(w)) - Kv7§(w),

This implies (i) and (i) implies (ii). If W = €Aq, then:

v(x)(z,w) - z + E:(x) = z +'x(w) = (1,x)[(z, w)].

This proves (iii):

ln the next two theorems, we obtain conditions on a bundle
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with fibro K(rr,n) which guarantee that the group of the bundle can

be reduced to K(1r, n) and show by how much two K(1r,n)-bundles

so obtained can differ.

trIEOREM 25.4: Let p: E -o B be a fibre bundle with fibro K(rr,n)

and assume B is a connected Kan complex such that there exist

no non-trivial homomorphisms of 1(B, 45) into the group of auto-

morphisms of n. Then the group of the bundle can be reduced to

K(n, n).

Proof: Let Ia(b)I be an A(K(1r,n))~at1as of p with twist-

Then froming function f(b) = (f(b),x(b)). Let c 6 B2 .

30 1(0) :. f(3o c)-l r(6I c)

r(32 c) we derive f(62 c) = {(c) = {(30 c)"' f(6i c).and 61 r(c) =

-» Aut (or, ii), we find that b b'Considering f as a function 81

f(b') and that f induces a homomorphismimplies f(b) =

1r 1(8', ¢) -» Aut(1r, n)

Therefore {(b) = 1 for b f B, .for any base point ¢.

1 for b c Bo andBe) r.. B(b)(e(b), 0), where gcb) =

. . . f-'(aj"b) for b e sq, <1 > 0.sch) = f"c1>)f"(301>)

The relations 30 r(b)=d6,,b)"r(0, b) and a,t(b)=f(a,+,b). I > 0,

together with the condition f(b) =

imply that e(b) = g(3ib) for i > 0. Then:

(i) a. B(1,) =~9, B(b)<g(b).o)=B(a. blew. b),0)=/Tmb), i > 0,
and

(ii) 00Bch)= I9(3<» bXf(b),x(b))(é(b),0).= l3(<9ob)(8(60b),x(b))

»= 8(60b)(é(60l>),0)(l ,etof)"(X(b)))

=3(0obX1,é(0ob)"(x(b)))»

Thus la(b)I is }4(K(n, n))-equivalent to the K(1r,n)-atlas Y-a(b)I ,

and the result is proven.

1 for b e Bl are easily seen to

Define
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T1IEOREM 25.5: Let p: E -» B be a fibro bundle with fibro K(7r,n),

and suppose the group of bundle can be reduced to K(1r, n). Then if

B0 has just one element, the resulting K(zr,n)-bundle is unique up

to an automorphism of or (in a sense to be made precise in the

proof).

Proof: Let la(l>)¥ and l'a(l>)¥ be two K(1r,n)-atlases for p

with twisting functions r(b) = (I, x(b)) and ?(b) = (1, y(b)). la(b)¥

and F(b)I are necessarily A(K(n, n))-equivalent, say

Bch) = B(b)(3(b). 2(b))
Then:
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when <;S(!) is so defined (where f(K(n, n)) is the twisting function

for W(K(zr, n)) defined by formula (ii) on page sol)I

Therefore, if k, i e Z"""(B, or) arise from twisting functions 1,7

= g r, where g is an automorphism of K(n, n), thensuch that 7

E =gk, where g is regarded as an automorphism of or. Now we

extend the concept of a map of PTCP's with fixed fibre and base

to include gequivériant maps, or g-maps, g an automorphism of

Then two cocycles k and i in Z"+1(B, ii) determinethe group.

g-isomorphic PTCP's with fibro K(1/,n) if and only if 8»lk¥=lIL

where g*: H"+1(B,n) -» H"+1(B, 11) is induced by the automorphism

g of n.

Now we have proven the following theorems:
(1) 60 Bch) = I3(60 b)(1, x(b)) (é(b), 602(b))

7: Be., b) Kew.) b). 2(6o z>))1-' (1, x(b)) (As), <90 z(b))

= Eco., b)(l,y(b)) .

It follows that g(00 b)-1 g(b) = 1, g(b) = §(60 b). Since 80 has just

one element, we find inductively that g(b) is the same element g

for every b. In this sense, any two K(n,n)-atlases of p differ at

most by an automorphism of ii. In fact, replacing l5(b)¥ by the

K(n,n)-equivalent atlas l¢i(b)l where B(b)=E'(b)(1,-g"'(z(b))), we

have:

(ii) no) = l3(b)(é» 2(b))(1, -g-1 (2(b))) = l3(b) (é. 0) .
The resulting twisting functions may be inequivalent, but

(g" , 0) f(b) ce. 0) = ?(5)
or, considering r and T to take values in V-1(1,K(rr,n)) ,

g-I (f(b)) B ?(b) .
r: B -> K(17, n) be a twisting function and letREMARKS 25.62 Let

I: B »» W(K(n, n)) = K(17, n + 1) be the corresponding map. Then

¢(1)<z"+'(B,") is given explicitly by quo({ )(b) = r(bXA,,), b c Bn+l

This follows from a calculation showing that f(K(w,n))(*lf4!>)(f ) -r

t:
-v,;.

tw
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Let (K, ¢) be a connected minimal Kan pair andTHEOREM 25.7:

Suppose there exist no non-trivial homo-let nn denote 1rn(K , 15).

n > 1. Then each of the fibre bundles-0 Aut (in, vin),morphisms "1

of the natural Postnikov system of K is aX("), n > 1,

K(rrn*I , n+ 1)-bundle, unique up to g-isornorphism,

é 6 Aut ("n+lr7fn+l)
XM) is determined by ku12 = ¢(!"+2) Z"+2(K(n)

"/N+1)r where
+2 ef :K(") -K(nn+|,n+2) is defined b an twis f_ Y Y ling unct1on of

X(n)' Another cocycle knI2 also induce X(n) f_ 2 S 1 and only If

*1'"+ ¥ - €#U<"+2I for some g c Aut(17n_,1 1r )
' n+l *

THEOREM 25.8: -» (E.x//) -3-»(B,¢) be a fibre sequenceLet (IW)

of connected Kan pairs, where (E,p, B) is a minimal fibre space.

Let "n denote Irll(F,°/') and assume "1 is Abelian. Suppose

there exist no non-trivial homomorphisms z,(E,l//) -0 Aut(n,,, ~.,) r

n _ 0, of the naturaln > 1. Then each of the fibro bundles E("),

, n+ l)~bundle, unique up toPostnikov system of p is a X("n+1
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€(") is determined byg-isomorphism, g e Aut ("n+l , Un|l)
kn+2 = ¢(f"*2) c Zn+2(E(")'"n+l)/

where /"+2: E (n) -» K(fl0.l.I , n+2) is defined by any twisting func-

tion of €("). Another cocycle 7<" also induces e"') if and
only if IZ" 2} = g»!k"*"¥ for some g e Aut(1rn+,,n,,H).

REMARKS 25.9: There are various comments to be made on the

arguments above:

(1) The k-invariants could be defined and should be inter-

preted as obstructions to the cross-sectioning of the relevant bun-

dles.

(2) Had we developed the theory of the operation of NI(K,¢)

on t1,,(K,¢») (and of rr1(B,.¢) on 1r,,(F,l,b)), then the assumption

as to non-existence of homomorphisms could have been replaced by

the assumption of n~simplicity for all n. Further, the appropriate

generalization to the case where n-simplicity fails could be devel-
oped by use of the results on the structure of A(K(n,n))'s.

(3) If (K,<;'>) is a Kan pair and or is an Abelian group

such that Aut (17, ii) is an Abelian group, then the statement that

there exist no non-trivial homomorphisms "l(K9 ¢,) ~» Aut (ii, or) is

precisely the statement that H l(K, Aut (11, 1r)) = 0. This follows
from the universal coefficient theorem and the fact that

H1(K3 2) 5 1rI(K, q5)/[1rI(K, ¢>, ~.(K.¢>)] .
(4) There is an obvious inverse procedure for constructing

any (simple) homotopy type: Let there be given a sequence of

orn Abelian if n > 1. Definegroups (al, . . . ,or,,, . v . ),

KU) =. K(nl,1).
Choose k3 f z°(K('>, or2), and construct KU) as the PTCP induced
from ¢'(k3): K(n -» K(n2,3). Choose k' c z'(K(*), 173) and con-
struct K(3) from ¢(k'), etc. Similarly, suppose "1 is Abelian

K(1r, n)'s AND POSnwxov SYSTEMS
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and let B be a connected minimal complex.
EU )Choose k2 e z2<E(°>, al) and let be induced from

, -> K("l r2).,, ¢(k'). E(0)
. Choose k3 r z:I(E(l )r 7/2)I and construct E fer from r,b(k3), etc.

(5) The precise statement of the topological results implied

by.the arguments above should be clear. Starting with a connected

CW-complex X or a Serre libration p: E -» B of connected CW-
,s . .
lcomplexes, we derive (via the functor S, minunalization, and the
Fe
functor T) a sequence of principal fibrations (in the topological

erse) which are determined by k-invariants and which determine

3 he homotopy t pe of X or of (E, p, B). The additional assure song! y P

{;hat all homotopy groups in sight are countable must here be made

less one takes the precaution of working in the category of com~

tly generated spaces.

Define Et) = 8.
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The result that 1r,,(N(G)) = H..(.4(G)) and the resulting com~

parson of the homotopy and homology of Abelian group complexes

is due to Moore [52], but our proof is essentially that of Caftan [6].
The equivalence of the categories of simplicial Abelian groups and

of chain complexes is due to Dold [al and Kan [27]. Our construc-

tion of the functor F follows MacLane [41l. The relation

»,.(é(K» = il..cK)
is the simplicial analog of a result of Dold and Thom [9] on the in~

finite "symmetric power" of a space.

The material on K(n,n)'s is mainly due to Ellenberg and
MacLane [13]. The proof of uniqueness of K(n,n)'s is due to

Moore [5, 52]. Our presentation of the results of [13] comparing

maps into K(n, n)'s and cosmology groups follows Douady [7].

The relationship between K(7r, n)'s and cohomology operations

was first observed by Serre [58].

The approach to the k-invariants of Postnikov systems via

the study of simplicial fibre bundles with fibre K(7r,n) is new. An

obstruction theoretic approach in the semi-simplicial case is taken
by Heller [21] and Moore [53].
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CHAPTER VI
LOOP GROUPS, ACYCLIC MODELS,
AND TWISTED TENSOR PRODUCTS

The main object of this chapter is the construction of the

Serre spectral sequence by means of twisted tensor products. The

basic tool in this development, which iz: completed in section 32 ,

is Brown's theorem, which gives a natural equivalence between

Cn(F ><, B) and Cn(B) ®, Cn(F) on the category of twisted Car-
tesian products, where r is a twisting cochain determined by the

In order to define twisting cochins,twisting function r. the theory

of cup, Pontryagin, and cap products is developed in section 30.

Of course, the definition of those products depends 0 the Eilen-

berg-Zilber theorem, and this is proven in section 29. The proofs

of both Brown's theorem and the Eilenberg-Zilber theorem rely on

the method of acyclic models, which is described in section 28.

The models for Brown's theorem are defined in terms of functors

which assign to a (reduced) simplicial set K a simplicial group
G(K) and a PTCP G(K) ><, K such that T(E(r)) is contractible.
G(K) is called a loop group of K. G(K) and G(K) X, K are de-

fined in section 26. In section 27, it is shown that G and W are

adjoint functors, the suspension E(K) of a complex K is defined,

and miscellaneous results about the functors G, W, and E are ob-

tained.
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CHAPTER VI
LOOP GROUPS, ACYCLIC MODELS,
AND TWISTED TENSOR PRODUCTS

The main object of this chapter is the construction of the

Serre spectral sequence by means of twisted tensor products. The

basic tool in this development, which is completed in section 32,

is Brown's theorem, which gives a natural equivalence between

C,,,(F X, 8) and Cn(B) ®, Cn(F) on the category of twisted Car-

tesian products, where t is a twisting cochain determined by the

In order to define twisting cochins, the theorytwisting function r.

of cup, Pontryagin, and cap products is developed in section 30.

Of course, the definition of these products depends on the Eilen-

berg-Zilber theorem, and this is proven in section 29. The proofs

of both Brown's theorem and the EilenbergZilber theorem rely on

the method of acyclic models, which is described in section 28.

The models for Brown's theorem are defined in terms of functors

which assign to a (reduced) simplicial set K a simplicial group

G(K) and a PTCP G(K) Xr K such that T(E(r)) is contractible.

G(K) is called a loop group of K. G(K) and G(K) X, K are de-

fined in section 26. In section 27, it is shown that G and W are

adjoint functors, the suspension E(K) of a complex K is defined,

and miscellaneous results about the functors G, W, and E are ob

tained.
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2
i

§26. Loop groups

In this section, we will prove the existence of loop groups

of reduced complexes, that ns, of complexes having just one vertex.

We will also give a reinterpretation of the Ilurewicz homomorphism.

DEFINITION 26.11 A group complex G is said to be a loop group

of the complex K if there exists a PTCP E(r) = G x, K such that

T(E(r)) is a contractible space.

EXAMPLES 26.21 K(1r, n) is of course a loop group of K(n,n+1),

By Lemma 23.4, if K is a Kan complex, then L(K) is a loop group

of K provided that L(K) admits a structure of simplicial group.

If K is a reduced complex and Ko = to, we will let [cn

denote s 0k0 We now define a loop group of such a complex.

DEFINITION 26.3: Let K be a reduced complex. Define Gn(K)

to be the free group generated by the elements of Knt1 modulo the

relations sox = erl for x E Kn Gn(K) is of course a free group.

II x E Kn+l| let r(x) denote the class of x in Gn(K). Define

face and degeneracy operators on the generators of G(K) by:

(T)
1(30X) a07(X) = r(3Ix)

3p(x) = r(3/+Ix) if i > 0

s,r(x) == r($,. lx) if i 20,

The 6, and s, extend uniquely to homomorphisms G,,(K)»G,,1(K)

and Gn1(K) -» GnIl(K)' G(K) so defined is easily verified to be a

group complex, and r: K - G(K) is clearly a twisting function. We

let E(f) = G(K) x, K.

We must prove that T(E(r)) is contractible, and it suffices

to prove n,(T(E(r)))= 0 and '1?,.<Ec1)5 = 0,-n 2 0.

LEMMA 26.4: 'al(T(E(f))) - o.
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Proof: Recall that 1r,(T(E(r))) can be considered as a

group having one generator for each 1-cell not in a maximal tree

We regard non-degenerate simpli-and one relation for each 2-cell.

ces (g, x) as denoting the corresponding cells. The 1-cells

(8 o8I x), x E K1 non-degenerate and g € G0(K), form a maximal

tree. This holds since 60(s0g, x) = (f(X)é» to) and 31($03»X)-(2»k0)»

which implies that any two 0-cells can be connected in one and

We must show that everyonly one way by 1-cells of the cited form .

g non-degenerate, is homotopic to the product of 1-1-cell (g,x),

cells in the maximal tree and their inverses (reverses). The 2-cell

(s reI sox) shows that (g, x) is homotopic to (s0é0g, x)(g, k,). If

homotopicg = r(y)" 'e'. the 2-cell (sag, y) shows that (g, are) is

to (g', 6oy) (s06lg, 62y). If g=r(y)g', the 2~celI (s0g', y) shows

that (g, é0y) is homotopic to (g'. 61}') (8061§'» 62V)' 1_ CombiNing

(g, x) is homotopic to the product of (g', k 1) withthese relations,

1cells of the maximal tree or their reverses, where the group theo-

is strictly less than that of g. Inductively,relic length of g'

en = S 0e0, the result is proven.since

LEMMA 26.5: H,,(E(1)) = 0, n > 0.

Proof: Consider é ,,(E(7)), where (eo, ko) is taken as base

point. For e E o,,(K) and x aKn|i, define [g,x] et 6,,(Ecf)) by:

(i) la. x] - (f(X)€» auX) _ (g: k..).

(ii)

Observe that je, knH] = 0 and define B == Ile. x]lx A km1 L Suppose

for the moment that we know that B is a basis for the flee Abelian

group é.,(E(f)). and define S : 6n(E(r)) -n 6,.+,(E(f)) by
Ste, x] = .io(-1)' lm, (==0)'+'(0.))x} .

Using the easily verified relations
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(iii) 6,[8,x1 = [6,g,0ix] and Silg,x] = [$i€.8i+IX]»

a simple calculation proves that dS +Sd = I on é(1:o». It remains

to prove that B IS a basis for é,,(E(r)). We show first that the sub-

group Z(B) of é,,(E(r)) generated by B is all of én1(E(r)). Let

6,.(£w). Since(g, x) be an element of the natural basis for

(gm) = (é»k.,) + [_é,$0x1. co -= (éJf..) mod Z(8). Since

(iv)

(v)

occur 'e2I<..) = (g,30y) - [r(y)" 'gzyl and

(f(y)e'»<90v) = (é'»k..) + [EJ] I

and g can be written in one of the forms e=f(y)' 'g' or g=1(y)g,

it follows that (g,x) 5 (g',k,,) mod Z(B), where g' is an element

of Gn(K) with length strictly less than that of g. Inductively, we

find Z(B) = <§til(g(,)), We must still prove that the elements of B

Let q be an integer and define Bq to beare linearly independent.

the union of the following sets :

(vi) <
1[3,$0.V] 1 y A in; length (8) S. <11

tle.xl I length (f(x)é) = length (e) + l _ al
1[r(x)" 1g,x] 1 length (l»(X)-13) = length (g) + l < ii

(vii)

U Bql it suffices to prove that the elements of Bq are
qSince B =

linearly independent for each q. Bo l[e,,»soJ']l = l(e,,,y)l, so the

result is true for q = 0. Now we need only show that the elements

of 8q-Bq-1 are linearly independent mod Z(B€_1), q> 1. But

8q-84-I mod Z(B q-1) is the union of the following sets:

1cw)-(¢,1<,.) l length (é) - ql
l(r(x)g,60x) l length (r(x)g) = length (8) + 1 = ql

l(r(x)"g,k,,) l length (f(x)' 1g) = length (g) + l = <11 .

Clearly these elements are linearly independent, and this completes

the proof.
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Thus we have proven the following theorem.

Let K be a reduced complex. Then T(13(f)5 isTHEOREM 26.6:

contractible, hence G(K) is a loop group of K.

The homotopy groups 1r,,(K) :. ,,(ST(K)) of aCOROLLARY 26.7:

reduced complex K are calculable as n,,_ ,(G(K)), n > 1.

In principle, the corollary defines a procedure forREMARKS 26.8;

a purely group theoretic calculation of the homotopy groups of any

The construction of G can actually be carriedreduced complex.

out for an arbitrary connected complex. The details of this general-

ization may be found in Kan [30].

There is an interesting interpretation of the Hurewicz homo-

morphism in terms of the functor G. Let A(K)=G(K)/[G(K),G(K)] .

A(K) can be verified to be a Kan fi-Then the projection p: G(K) .

We will show thatbration, whose fibre we denote by F(K).

P*I Un- 1(6(K)) *

phism h: 1/..(K) -»

7r,,_ I(A(K)) is essentially the Ilurewicz hornomor-

H,,(K)

nn1(A(K)) is naturally isomorphic to H,,+I(K),THEOREM 26.9:

n _ 0, and the following diagram commutes

"nt1(K)

l
ii,,(G(K))

n
>

P* )

H,.+.(K)

I
Un(A(K)) .

where the vertical arrows are the natural isomorphisms.

Proof! By Theorem 22.1, if we regard A(K) as a chain com-

plex with differential a :. E(_1)'8I » then "n(,4(K)) ,, He(A(K)). ob-

serve that An(K)=Cn+ 1(K)/s0C n(K), Thus it suffices to prove that

Hn+r(C(K))=Hn» 1(€(X)/80€(K)) Now if A is any Abelian group

cornolex. then Hs 4 .Q,.rJ _ .,1 in A - \ 1 \~---
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is0(s0x) + s 06(s0x) = sox for x E An_I Therefore SoA is stable

under 6 and is null-homotopic. Since the commutativity of the

cited diagram follows from the definitions, this proves the result.

.

.
Define Hom5(K,W(A)) ->HomQ(G(K),A) by

(2) ¢>(0 com) = f(A) (for). x € K...

REMARKS 26.101 We have the following commutative diagram,

where the rows are exact and the vertical arrows are isomorpltisms:

-r

*f'~+1(»4(K) XI K)»~..+,(K)~H..+,(K)»~,.(AcK) )(f /<)~-..
1 1 1 l

1.,.(F(K)) *f'~+1(K)~H..+l(K)*ff,._»(F(K)) -D

The first exact sequence arises from p: G(K) -» A(K), the second

from the PTCP A(K) x, K. The outer vertical arrows result from

the libration G(K) x, K -» A(K) X, K with fibre F(K).

§27. The functors G, W, and E

Here we prove that G and W are adjoint functors. From

this will follow the essential uniqueness of loop groups. We then

define the suspension E(K) of a complex K and make some re-

marks about the functor E.

THEOREM 27.1: Let <3 denote the category of simplicial groups,

8 that of reduced complexes. Then the functor G: 8 -b Q is an ad-

joint of W; Q -» 3.

A, there exists

Proof. Define up: IlomQ(G(K),A) -» Home,(K,W(A)) as fol-

lows, Given a simplicial homomorphism Y! G(K) -»

a unique Yequivariant map 0: G(K) X, K -> A such that

0(eq X Kq) C eq x Wq(A), q > 0 (by Theorem 2l.7). Define

x//(Y): K -» W(A) by p6 = x//(}')p. As in (1) of Lemma 21.9, 1l/(Y)

given explicit.ly by :

is

(1) ~//0')(x) - [)'dx),Yf(<90x). . . .Yf(60"x)], x € K,,.

This means that if !(x) = [a,,_ 11 9801! then ¢>(0 (f(x)) = ah_ 1

¢(f) is extended to G(K) by the requirement that it be a simplicial

homomorphism. It is easily verified that ¢050 and .p orb are the

respective identities.
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There is a natural one-to-one correspondenceCOROLLARY 27.21

between twisting functions K -» A and simplicial homomorphisqns

G(K) -v A.

(3) ¢(fu)) cfcfo) = r(A)f(7) (x) = ?(»0. x € K.. .

Proof: Each twisting function r: K -» A is induced by a

unique simplicial map f(1): K -» IV(A) by the rule I .= r(A)of(r).

Notice that

COROLLARY 27.4: Let A be a loop complex for K. Then there

exists a simplicial homomorphism G(K) -> A which is a homotopy

equivalence.

by. G(K) x, K -> W(A) of Theorem 21.7 covers (¢ o¢')(i(F))-{(?): K ..W(A).

Therefore ¢.(f(7j) is a weak homotopy equivalence, hence e homo-

topy equivalence.

Any PTCP with base K is determined by aCOROLLARY 27.3:

unique simplicial homomorphism of G(K) into the group of the

PTCP.

Proof: There exists a twisting function rx K -» A such that

T(A ) ; K) is contractible. If f(r): K -» We) induces A X; K ,

then clearly f(r) is a weak homotopy equivalence. Consider

¢'({( r)): G(K) -» A. By definition of .p, the ¢(f( r))-equivariant map.



.;... 41
.. ..
.,
.:.

£22. .

;:QL

124 SIMPLICIAL OBJECTS IN ALGEBRAIC TOPOLOGY

REMARKS 27.5: Free groups play a role in the category g similar

to that played by Kan complexes in the category 5. To see this,

we note first that the natural concept of homotopy in g is that of

loop homotopy : Two simplicial homomorphisms f,g: G -» H are loop

homotopic if there exists a homotopy F : Is g such that

F(xy,v) = I"(x,v)F(y,v) for all x,y E G, and V ca In. lt can be

shown, by appropriately redefining HG in the category g and

proving that HG is a Kan complex if G is a free group, that loop

homotopy is an equivalence relation on homomorphisms defined on

free groups. Similarly, a weak homotopy equivalence of free groups

is a loop homotopy equivalence. Further, ii and .p of Theorem

27.1 induce one-to-one correspondences between the homotopy

classes of simplicial maps K ~> We) and the loop homotopy classes

of simplicial homomorphisms G(K) -» A. Let Co: GW -» lg and

W; 18 -> WG correspond to ¢ and .p (as in Lemma 15.2) so that

WO of: -W -> W and (DG oG'l': G-» G are the respective identity

natural transformations. In analogy with Theorem 16.6, we can

prove that \l'(K); K -» Wow) is a weak homotopy equivalence (and

is a homotopy equivalence if K is a Kan complex) and that

<l>(A): GW(A) -> A is a weak homotopy equivalence (and is a loop

homotopy equivalence if A is a free group complex), Finally,

G(F): G({) Q G(§) is a loop homotopy in g if F: Imp in 5, and

War); WU) c:W(g) in 8 if F : f c.-'g is a loop homotopy in g.

Proofs of these results may be found in Kan [31].

Now we define the suspension of a complex.
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eracy operators on E(K) by:

(i) s0(j,x) = (i+ix)
(ii) 8 i+1(1,X) = (L$iX)
(iii) 00(1,x) = be, x E K"

(iv) 31(1,x) = bo, x E Ko

(v) 3i+1(1,x) = (1,3ix), x € K", n > 0.

s,(j,x) for i > 1, 6,(j,x) for i > 0, j > 2 are deter-j 2 2 and

mined by the operations above and the requirement that E(K) be a

often denoted by s0Ex in thecomplex. We note that .(i +1,x) is

literature.

Recall that if (X,x0) is a topological pair, then the (re-

is the identification space obtainedduced) suspension E(X) of X

from X x I by collapsing (X X I) U (Ko x I) to a point.

TE(K) is canonically homeomorpltic to ET(K).LEMMA 27.7:

(i)

Proof: Define f: ET(K) -» TE(K) by the formula:

x E Kn and wheret(Ix,5l,1_t) = [(l,x),3(¢)1, where

ii 6 = (to, . . . , r,,), then 5(r) = (1-¢,rr(,, . . . , or,,).

f is the required homeomorphism.

Writing f(l,x) = x, we find that GE(K) is just the free sim-

K, subject only to the relations k,,=e,,.plicial group generated by

é(K), SO that ii,,(AE(K)) = 9,.(K). TheIt follows that AE(K) =

inclusion map K -v GE(K) induces 0: fr,,(K)->1r,,(GE(K))&'1rh+l(EK).

0 is called the suspension map of the homotopy groups. Using

Theorem 26.9, we obtain the commutative diagram:

0
DEFINITION 27.62 Let K be a complex with base point ko. De-

fine the suspension E(K) as follows. E0(K) = bo; E,,(K) consists

of all symbols (i,x), i > 1, x UK,,_,, modulo the identification

k,, = Soon Define face and degen-(i,I<..) = $"+'b0 = b,,+,, where

I
v,.(K) > 1r,.,(GE(K))

of' I»~
H,,(K) 2 > fr,,(AF(K))

5 )
l

Untl(E(K))

in
»H-..(E(K\\
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The pair (GE(K),K) gives rise to the exact sequence:

...->1r,,+l(GE(K),K) -»1i,I(K)a "n+1(£(K)) -) 21,..(GE(K),K) ->...

REMARKS 27.81 The construction GE could be modified by using

We denote the resulting freefree monoids instead of free groups.

monod complex by G+€u<). The interest in G+E(K) arises from the

fact that if K is a countable complex, then TG+E(K) is canoni-

cally homeomorphic to the reduced product (James [23]) of T(K).

However, a homological argument shows that the inclusion ofG*E(K)

inGE(K) induces an isomorphism on homotopy groups when K is
connected.

Let S denote the category of simplicial sets,REMARKS 27.9 :

One would like G: 5+ -> S and5+ that of reduced complexes.

E: 5 -v 5+ to be adjoint functors, since in the topological case we

Homj(E(X),Y), where 0(Y) denotes the loophave Homj(X,QY) &'

space of Y. This conclusion is false: It is easy to construct a

natural transformation q//1 I-lom5+ (E(K),K') -» 0om§(K,G(K')), but

If G is replaced by L of Definition 23.3 andIP has no inverse.

<5 is taken to be the category of Kan complexes, then IP is still

Thus the functor L is moredefined and now does have an inverse.

closely analogous to Q than is G. However, L(K) is only defin-

ed if K is a Kan complex, and L(K) may admit no structure of

group complex.
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chain maps and chain homotopies. The method applies when a cat-

egory has certain distinguished objects, called models, which are

acyclic with respect to a homology theory defined in terms of one

functor from the given category to the category of chain complexes

and which, in a suitable sense, represent another such functor.

Let S denote a fixed category. Let ill denote a set of ob-

G will denote the category of chainjets of 5, called themodels.

complexes, 93 that of Abelian groups. Let A: 5 -» 56 he a covariant

functor. We must define the concept of representability of A.

Assume (or arrange by use Of the free Abelian group functor) that

8 is an additive category and A is an additive functor. Deine .»f(K) =
$11,911 (Home (M,K) ®A(M)), K an object of3. For maps or K _> L
and ex M->K in3 and a e A(M), define .»i(a)(I2,a) = (a O 11,a).

DB is an :Nit in functor.Then Z; 5 -> Define a natural transforma-

tion of functors A: IN -» A by )\(K)(p,a) = A(/1X&). p:M->K, aeA(M).

DEFINITION 28.11 A: 8 -» 33 is said to be representable if there

exists a natural transformation of functors §: A _> AS such that

,\,§ A -> A is the identity natural transformation. of is then said

be a representation of A.
to

THEOREM 28.2: Let A and 8 be arllitin functors 5 -» G and

let n > 0 be an integer. Suppose given natural transformations

f.: As B, such that d,f f,_1d,, o < i< n (where A,,B,18 -» 18

are determined by A,(K), 8,(K), K an object of 5% If each A q:5-.58

is representable for q > n and each H¢,(8(M)) = 0 for q > n and

M c M, then there exists a natural transformation f: A -o B such that

vIA,-f,, 0< i< n.
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§2a. Acyclic models
w- al;ualr\n horn R ¢!»»¢-ral nrocedure for the construction of

r ..
.»=.. .. .Ii= ,a= s
.34 a ..
]..*

ing with the given f, , i S n.

Proof' We construct iq: Aq v Bq by induction on q, start-

Suppose f€_1 has been defined on

.1
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As_ 1' q> n+l. If a eAq(M), M e 311, then fq_,dq(a)eZq_18(M)

because by the induction hypothesis we have

dq_Ifq_1d={q-2d§-,dq=0.

Since HQ_ 1(8(M)) = 0, we may choose b e B ,(M) such that

dq(b) = fq_ I dq(a). Define a natural transformation go Aq -> 8 q by

<&(K)(p,8) = 8.,(;1) (5), Ur M -» K. Then we find :

d.,to(we) = dq8q(p)(b) = Bq- |(l')da(b)
= fq- ,A Q- l(f1)dq(8) =. Iq-1dqA .,(u) (8)

= Ba- 1(;1)fq_ ldq(8)

= fa- Ida/\(K)(;1.a).

Thus do= fq_ Idq)». Now let 6 Aq -» Aq be a representation of

Aq and define f<1 : $5 Aq BQ Then we have

dQ{Q= do?§= f.,_td.,»\£= fq-,dq,
as desired.

THEOREM 28.3: Let A and 8 be aJJ.itive functors 5 -» G and

let n > 0 be an integer. Let f and g be natural transformations

A -> B and suppose given natural transformations s 1: A, -> 8 i+1

such that da+18 a +s,_ 1di _ f, orI 0 5 i <_ n- 1. If each A 1:§-3

is representable for q > n and each Hq(B(M)) = 0 for q >_ n and

M c UH, then there exists a natural chain homotopy s: I Q.' g such
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An easy calculation proves that dq+1'7 = (gQ-iq- s d ),\ L ._ Q- I q • et-
ting f: Aq -» Aq be a representation of As We define

S = A *8 +1q q q

and then d+,sq= ge-iq-sq__,dq, as desired.

REMARKS 28.4: In the applications, one often encounters the sit-

nation where 8(M) is an augmented chain complex satisfying

H(8(M)) = 0 for q > 0 and 6: H0(B(M)) Q Z. In this case, we

say that M is acyclic with respect to B. Here, if n = 0 in Theo-

rem 28.2, we must assume that /00I(A(M)) CKer e for all M 6 UTI ,

while if n = 0 in Theorem 28.3 we must assume that

(fo- go) (A(M)) C Ker e.

The proofs then go through with the obvious trivial modifications.

REMARKS 28.5: If each model M has a canonical contracting

homotopy with respect to B, then there are canonical choices for

the chains b and c in the preceding proofs. Therefore explicit

formulas for the constructed chain maps and homotopies are then

obtainable.
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that sIAi 0 1.s, <<n-I

Proof: The argument is similar to that above. We construct

sq: Aan -» 8q+1 by induction on q, starting with the given

i < n-1, or with s_1 = 0 if n - 0. Suppose sq_I has been de-

s/,

fined on A9_I, q> n. If 8 eAq(M), M JR, then we find that

(e<,- fq'So_ 1 dq) (a) 6 ZqB(M) by use of the induction hypothesis.

We then choose c c Bo+l(m) such that dq+1(c)=(gq-i4-sQ_ ,dq)(a)
and define a natural transformation A,,»Bq,+, by

1l(K)(u.8) = 8q+I(p)(c).

aa
1. .a.
.1 .,
iv ,
; .

=.=

.t

.v. ..

§29. The Ellenberg-Zilber theorem

Let (i denote the category of simplicial Abelian groups.

If K and L are objects of (i' , it is necessary tomodify the defi-

nition of K X L by letting (K x L),, == K,,®L,, in order for K X L

to be an object of Cf . Now we have two functors A and 8: (ix(i»6,

defined as follows. A(K, L) is A(K XL), that is, KXL regarded

as a chain complex, with dn 2,-0(-1)'0.98(K,L) is -4(KY8*-4(L)r

so that 8,,(K,l..) = 2,,,,,,,A,(K)®A,(L) and d - d®1 1®d

(with the sign convention: (1 ®d)(x ®y)-(-1)<'°¢ 'x ®d(y)). We

will obtain a natural chain homotopy equivalence of functors IIA->8
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with inverse gr B -» A by use of the method of acyclic models.

Since A0(K,L) = K0 ® L0 = B0(K,L), we define f0:A0-80

and go; 80 -> A0 to be the identity natural transformations. We will

obtain models in 6 X Cf which represent both A and 8 and are

acyclic with respect to both A and B. Thus let M41 denote the

free simplicial Abelian group generated by A[q] and define the

models 311 in (i X ff to be the pairs (M"',M").

(1)

LEMMA 29.1: Both An and 8n are representable, n> 0.

Proof: Define of: An -» A, .by

§(K,L) (kn ® en) = (17n xi", An ® An) .

Then

%(K»L)§(K,L)(1<n ® 2..) = A(k-n X ,,)(An ® An)

k-n(An) ®?n(An) = l<.. ® in

Similarly, define to Bn -> é,, by

§<K,L)(I<,, ® e) = co, x ?.,,A,, ® AQ), P + Q =. n.(2)

Again we find At = 1, as desired.

LEMMA 29.21 The models are acyclic with respect to both A and

8.
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(3)

0(1) = (0) Now define s: A,,(mp,u") -An+1(M',M°) by

c2) s(x ® y) = s(x) ® s(y), x fro", Y tub.

Then ds + sd = 1 ® 1 - of ® 08 on A(M",M"). Similarly define

s: B,,(M',M°) -» B,,,,(mp,m'1) by

s(x ® y) = s(x) ® .V + (-1)'08(x) ®so. x e m". y 6 of".

UiV=!l.

Then ds + sd= 1 ® 1 - 08 ®o€ on B(M",M"). This proves the

result.

Now the following theorem, due to Eilenberg and Zilber

[16]. follows immediately from TheoreM 28.2 (with n = 0) and Theo-

rem 28.3 (with n = 1 and So = 0), coupled with Remarks 28.4.

THEOREM 293: Let A, B: it x (i' 4 (3 be defined by

A(K,L) = A(K x L)
and 8(K,L) = A(K) ® A(L). Then there exist natural transforma-

tions iz A > 8 and gr B » A lying over the respective identity

transformations to: Ao -> Bo and go: 80 -» Ao' Any two such I

are naturally chain homotopic, as are any two such g. Further, for

any such I and g, I of: B -» B and g of: A -»A are naturally

chain homotopic to the respective identity transformations.

Proof: Mp is augmented with augmentation 8: MP -» Z de-

fined by E(x)=0 if xcM°n, n>0, and €(x)=l if x£A[p]0. Define

8; A(M",M") -» Z by €(x ® y) =- EL(x)€(y), and similarly for

, 'i.
. ; .
2. t',
t*
of .is
., .

;s;. i ..
* P.:i "J.1.
., . J
3\. * .

J ,;m .,
.a

COROLLARY 29.4: Let A Nr BN: a x (i -» C be defined by

An(K,L) = An(K X L) and Be(K,L) - An(K) ® .4~(/»). Then the

theorem remains true if we replace A, B by A N, Be.

(1)

B(M!°,M"), We must prove that H,,(A(M",M ")) = 0, n > 0, and

6: H¢»(A(M"»M")) > Z, and similarly for 8. Define sz Mp mg

s(a0,...,a,,)=(0,a0,...,an), 0< a. < <_an|< p. Then

605 _ 1; all OF A[p]oi 6l+IS I Say ON A[p]n, U > 0.

Therefore ds + sd = 1 -of, where or Z -> M' is defined by

by

f¥,,

..
,

."ii <»~
So :gf
sE
g:

.

b1.
To. ,..

, W.

JL .Jim.. J{
.rf:

"§ i.
.r *..6.

go

Proof: The models of (i x (T are acyclic with respect to

A. and 8. by Corollary 22.3. lt is easy to check directly that

AN and BN are representable, but since it follows from Theorem

22.2andCorollary 22.3 that A~(K,L) and 8N(K,L) are direct

summands of A(K,L) and B(K,L), this result is a consequence of

Han ''\A;n 'A-»-» . "l..*l.. 1 ...311 L f .l | r 0



132 SIMPLICIAL oajecrs INALGEBRAIC TOPOLOGY

LEMMA 29.5: Let A, A': S -> G be alalitivefunctors. Let a:A-»A'

and B: A' -» A be natural transformations such that Boa=12 A ->A.

Then if A' is representable, so is A.

AS
IA
A

Proof' The following diagram is commutative:

a 5 >

a

> A'lx
> A'

Here a(K) (ii) = (y,a(M) (a)), p K -» m. a e A(M), and

§(K) (#,a') = (#,[3(M) (a')), a' e A'(M). Let §'; A' -» Z' be a repre-

sentation of A' and define f: A -» .To by f = §§'a. Then:

As = AB§'a = §}\'§'a == pa = 1, So .g is a representation of A.

COROLLARY 29.6: Let K and L be simplicial sets. Then there

are natural chain homotopy equivalences I: C(KXL) -»C(K) ® C(L)
and g: C(K) ®C(L) -» C(K X L), and similarly with C replaced by

CN .

Proof: We need only observe that C(K XL)=A(F(K),F(L))

and C(K) ® C(L) = 8(F(K),F(L)), where F(K) and F(L) are the
free simplicial Abelian groups generated by K and L.

As stated in Remarks 28.5, the contracting homotopies on

the models determine explicit choices for f and g. It is simpler

in this case to construct explicit transformations ad hoc. For con-

venience, if K is a simplicial set and x f K", we let ex = 0,,x and

in general ¢§""x - air . . . 0,,x.
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I is called the Alexander-Whitney map.

Define g: A(K) ® A(L) -» A(K X L) by

of) e(I<.® L) . sv1kp ®so... smfq),= 2 >(_1)"(W(8I/Q"
where the sum is taken over all (p,q)-shuffles (up)

(Definition 6.5) and where U((,L)=2;1 lp/_(i_1)] is

the signature of the corresponding permutation.

We will call g the Eilenberg-MacLane map, since these authors in-

troduced and studied it in [13].

The Alexander-Whitney map I is a naturalPROPOSITION 29.81

lying over the identitytransformation A(K X L) -» A(K) ® A(L)

It is associative in the sense thatA0(K X L) *»40(X) ® I40(L).
the following diagram commutes:

X

A(K) ® A(L X M)
y l® f

A(K L x m A(K) ® A(L) ® A(m) ,

A(K >(L)®A(m) f® 1
I induces a natural transformation In A n(K XL) »AN(K) ®A N(L).

Proof: Clearly (0 is the identity and f is natural. To prove

that df= ad and (1 ® {)f= (f ® 1) I, we need only demonstrate

® Anandon An1®A,, ® An. Here thesethese equations on An

results follow from explicit calculations, which will be omitted.

Next, we have an exact sequence (with the obvious maps)

_. A(K) ®A(L) -» A~CK) ®/*~(L)(8) D(K) ®A(L) ea A(K) ®D(L)

. ..

,

"

DEFINITIONS 29.7 Let K and L be simplicial Abelian groups.

Define f: A(K X L) -» A(K) ® A(L) by

f(k,, ® €,,)= 5 3"-'kn ® age,
i=0(i)

six' ®s,¢y", then if i< k,Now if x®y f D(KXL), say x ®Y _
30s*y' is degenerate and if i > k, 5" degenerate. ThusIs ex' is

one factor in each term of f(x ® y) is degenerate, and therefore,

by (a), f does induce (N,
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PROPOSITION 29.9: The Eilenberg-MacLane map g is a natural

transformation A(K) ® A(L) -» A(K x

A0(K) ® A00-») *.40(K x L),

the following diagram commutes :

L) lying over the identity

It is associative in the sense that

g ®
A(K) ®A(L) ®A(M)

1®g

A(KXL)®A(M)

\5§,4 KxLxM,c )
A(K)®A(LXM) g

g induces a natural transformation in:A~(K) ® An(L)-»An(K XL).

Proof: Clearly £0 is the identity and g is natural. To

prove that dg = ad and é(é ® 1) = é(l ® 8), it suffices to obtain

these results on Ap ® Aq and on Ap ® Aq ® A, Here these

equations follow from lengthy computations, which will be omitted.

Finally, if either x e Kp or y e Lq is degenerate, then so is each

term of g(x ® y), and this implies that 8 induces iN .

COROLLARY 29.10: GU 1, fog ~-. 1, §~<>f,,,-_ 1, and

{n°gn=1.

Proof: The existence of the cited chain homotopies follows

from Theorem 29.3 and Corollary 29.4. The fact that iN OgN = 1

(with no chain homotopy required) is verified by explicit computa-

tion.

Finally, f and g are homotopy commutative in the sense of

the following lemma.

LEMMA 29.111 Let K and L be simplicial Abelian groups, De~

fine t: KXL -» L xK by t(x ® Y) = y ® x. Then the following

diagrams are chain homotopy commutative:

A(KxL) r 1 A(LXK) A(K)®A(L) T) A(L)®A(K)
If If and kg je )

A(K\®A(I,\ T) Af1.wbAfK\ Afx>(1.m A(LXK)z
»
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where T(x ® y) = (..1)d°e x dog by ® X.
.

Proof: We note first that the sign in the definition of T

makes it a chain map. Since or = TI on A0(KXL) and iT = it 0n

A0(K) ® A0(L), the result follows from Theorem 28.3 (with n = 1

and 80 = 0), using the same models as those used in Theorem 29.3.

§30. Cup, Pontryagin, and cap products; twisting cochains

Here we define cup products, Pontryagin products, cap pro-

ducts, and twisting cochains. Twisting cochains define twisted

tensor products, which are related to tensor products in a way ana

logos to the way twisted Cartesian products are related to Carte-

sian products.

We first define algebras, coalgebras, and Hopf algebras.

DEFINITIONS 30.1: Let X be a graded A-module, A a commuta-

tive ring. X is said to be a A-algebra if there exist morphisms of

A-modules ¢>: X ®A X -» X (the product), q: A -> X (the unit;11(1)

is the identity), and E: X -» A (the augmentation) such that the

following diagrams commute (all tensor products are over A in this

definition):

¢®7x®x\
X®X®X X,1 \. /'8*¢> x®x ¢

iv A®X
=/''~.'""X
-.~ X®A

n®1

1
1®1I

aX®J *

./X,
>X®X ¢

1
A®A

x®x_i.x
e®e LE

¢)A

X is said to be commutative if the following diagram commutes:
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X®X ix,IT
x®x ¢

T(x® y) = (-1)d¢¢ xdeg by ®
x.

with coproduct ¢,»

Reversing all the arrows, we obtain the definition of a A-coalgehra

(with coproduct, counit, and coaugmentation), and of cocommutati-

vity of a coalgebra. If X is an algebra with product 95, X ® X is

an algebra with product (¢ ® ¢)(1 ® T ® 1). If X is a coalgebra

X ® X is a coalgebra with coproduct

(1 ® T® 1)(.p® sb)
If X is both an algebra and a coalgebra, and if the unit is the co-

augmentation, the augmentation is the count, and the product is a

morphism of coalgebras, then X is said to be a Hopf algebra. The

last corliition is that */f¢> = (QS ® ¢)(1 ® T ® 1)(¢/ ® x//) on X ®X.

If X is both an algebra and a differential A-module and if d¢=¢d

(d= d ® 1 + 1 ® d on X ® X), then X is said to be a differen-

tial algebra. If, further, Y is both a (left) X-module and a differ-

ential A-module, then Y is said to be a differential X-module if

do .Y defines the X-module structure on

Y.
=od, where 0:X®Y->

Differential coalgebras and comodules are defined similarly.

In what follows, if the base ring A is not mentioned it is

assumed to be Z, and ® and Hom without subscripts are taken

over Z. We will here work with unnormalized chain and cochain

complexes, but by Corollary 22.3 (and Lemma 29.5 in acyclic model

arguments) we could equally well use normalized complexes.

Let (B,b0) be a simplicial pair. Define A: 8 -» B X B by

A(b) = (b,b), Let I be the Alexander-Whitney map and define

(1) D = foC(A): C(8) -> C(8) ® C(8) .

Define 8: C(B) -» Z by E(b) - 1 if b e 80 and €(b) = 0 if b é B...

n > 0. Define 'IN Z - C(8) by 17(1) - bo. Since (A X 1)A = (1 X A)A

l
*¢

.. .so,.H.,is

.i

t'

T"
.*

ii.
w.
up

!.

:. .co

3

6

\
1,

.: ,
.x
,.
:
J. .

*,

I

I
.

I

(1 ®f)f, we find (D ®1)D Raand (I® l)f = (1 ®D)D~ Clearly

= (1® 8)D and Do =(e ®1)D = 1 ® 1 (or ®1/)D. Finally, dDeDd.

Therefore C(8) is a differential coalgebra with coproduct D, co-

unit 6, and coaugmentation my. (The count is, of course, usually

called the augmentation).

Now let X be a differential A-module with product n, A a

commutative ring. Consider Hom (C(8),X)=C*(B;X). h €C"(8;X)

is a sequence of homomorphisms hq: Cq(8) -> Xo_ ,1. The A~module

structure on X induces such a structure on c*(8,x). Define the

differential 8 on C*(B;X) by

cz) <s(h)(1>) = dh(b) + (-1)"°= h+\ hdcb).
Then define the cup product c*(8}x) ®A C*(B;X) ~> C*(8;X) by

(3) (h U h')(b) = f7[(h ®h')D(b)] .

Define €*= A -> C*(B;X) by 8*(1)(b> = Et(b)e, e the identity of x,

and define v*= c*(8;x) -s A by n*c(»)=ncq(1)). Then C*(B;X) is
a differential A-algebra with product U, and augmentationunit €*,

11*. The relation nu = UP may be written out as:

(4) 6(h U b') = 8(h) U h' + (_1)°'°' nh U 5(h') .

Together with Lemma 29.11, the constructions above imply

PROPOSITION 30.2: Let 8 be a simplicial set. Then H*(8) is

a cocommutative coalgebra . If X is a differential A-module, then

H*(8;H(x)) is a A-algebra, which is commutative if H(X) is com-

mutative. (For the first statement, assume that H(B) is A-Hat.)

The most common instance of the proposition isEXAMPLES 30.3:

X = A with zero differential. We will have occasion to use the

cases X = C(G), where G is a simplicial group, and X - C*(I" ;A),

In the latter case, we must takewhere F is a simplicial set.

to make sense of the grading. and the mm nrnduwtX-.. = C"(F :A)

i.

. i

. i

. i
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(5)

is here given explicitly (with ii the product in A) by:

(h U h') (b) (0 = f71((h ®b')D(b))D(f)]

Next, let G be a simplicial group with product to and sup-

pose G operates from the left on a simplicial set F via as GXF -J".

let g denote the Eilenberg-MacLane map and define the Pontryagin

product by:

(6) z»'= C(o)g: C(G) ®C(F) -> C(F) .

With F ::. G and 0 = or, we find that C(G) is a differential algebra

with product ?, unit 17 (base point so) and augmentation E. Then

C(F) is clearly a differential C(G)-module, and we have:

PROPOSITION 30.4: Let G be a simplicial group which operates

from the left on a simplicial set F. Then H#(G) is a Hope algebra,

which is commutative if G is commutative, and H»(F`) is a left

H*(G)-module. H*(F) is in fact a left module coalgebra over H*(G),

in the sense that the module product is a morphism of coalgebras.
(For both statements, assume that H*(G) is A-Bat.)

Proof: We need only prove that the chain maps DO and

(7®5)(1 ®T®1XD®D): C(G)®C(F) -»C(F)®C(F) are chain homo-
topic (taking F=G and 5=z?, this will imply that H*(G) is a Hopf al-

gebra). Now if K and L are any simplicial Abelian groups, then

by Theorem 28.3 (with n = 1, So = 0, and the models of the previous

section) the following diagram is chain homotopy commutative

A(K)®A(L) é > 4(1< x L)
(1 ®1"® 1)(D® D) 1

A(K) ®A(L) ®A(K) ®A(L) e®g A(K x L) ®,4(K x L)

iv

By the nat.urality of D, Do* - (0*®o,)D. Therefore D0*g and

(0*®o*)(8 ®#Xl ® T ® IXD®D) are chain homotopic, as was to

be proven.
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For the remainder of this section, 8 and E wxll deqgte Sim

plicial sets and G will denote a Simplicial group with product. If

which operates via 0 on F. Define the cap product:

D: C*(8;C(G))® [c(8) ®C(F)1 -v 0(8) ®C(F)

5

2. 25:¢.,:.. f.. SZ.
, .. is:£
. **I* *r:.." isa *LT... ? . .. .g . ;,..;;.r.. .,"3 "..

. :P AA !. §;.,,. (
T I

#s

v

, PG

n

by

(7) tfl(b®0=(1®?i)(1® t®1)(D®1)(b®I).

PROPOSITION 30.51 The cap product gives C(8)® C(F) a struc-

ture of left differential C*(B;C(G))-module.

(8)
(9)

Define

Proof: We must prove the following two formulae:

d(r n(b® I)) = 80) n(b® f) + (-1)°°= 'rno(b® f),
(t U t')l'1(b®f) = F l'1(t'l'I(b® !)).

p(f): C(B) ® C(F) -» C(B) ® C(G) ® C(F)
#0) = (1® t®l)(D® 1),

t E C"(8;C(G)). To prove (8), it suffices to show that

do(!) = f1(6(t)) + (-1)",(t)d

by

But:

dn(1) = (d®1®l + 1®d®1 + l®1®d)(1®f®1)(D®1)
= [d®*®1 + 1®dr®1 +(-1)"(1®¢®d)](D®1)
= [(-1)"(l®!®l)(d®l®1 +1®d®1 + 1®1®d) +1®6(0®11(r)®1)
- (-1)"(1®r®1)(D®1)(d®1 +1®d) +(1®6(r)®1)(D®1)
- (-1)"#(t)d + #(6(0) .

where we have used formula (2) and the relation dD = Dd.

mains to prove formula (9). Here we find:

(r U ¢') n - (1®c7Xl®17(¢®¢')D®1XD®l)
= (1®5)(1®,';®1)(1®¢®¢'®1)(1®D®1XD®1)
= (1®5)(1®1®7X1®¢®1®1)(1®1®¢'®1)(v®1®11(D®1)
_ (1®5)(1®t®1)(1®1®5)(D®l®1)(1®t'®1)(D®1)
- (1®®)(1®r®1XD®1)(1®5X1®r'®1XD®1)
= t n(r' U), as desired.

It re-
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The cap product is natural in two senses, as shown in the

following lemma.

(10)

(11)

B' be a Simplicial map, let }': G -> G'LEMMA 30.6~ Let 5: 8 -»

be a simplicial homomorphism, and let at F -» F' he a J/equivariant

map. If r e C*(B;C(G)) and r' f C*(8';C(G')) satisfy }'*(t)=B*(t'),

that is, if C(}') of = r' c>C(B), then:

(I3*®a*)U n (b ®in = r' n [;6*(l>)®a*(/)].
On the other hand, if h e c*(B';c(6)). then:

(l®a*)[h O(B*(b)®f)] = (B*®1)[Y ,6*(h)f\(b®a»=({))]~
The proof is straightforward, and will be omitted.

REMARKS 30.7: If F .: G is the trivial simplicial group and we

replace C(G) by Cn(G) = Z, then the cap product reduces to a map

C*(B)®C*(8) -» C*(8). Explicitly, if f € C"(8) and b f Cp+q(8))

then:

(12)

(13)

tflb = (1® t)D(b) = (-1)""6"b . t(0:b) f c.,(8) .

Now let A be a commutative ring. We can and will make

the identification:

C*(8;C *(F ;A)) = Hom (C(B) ®C(F),A) .

Then the dual of the cap product, which we shall also call a cup

product, defines a structure of right differential C*(8;C(G))-module

on C*(B;C*(F`;A)). Explicitly, if h as Hom (C(8)® C(FI),A), we de-

fire:

(14)

(15)
(16)

(h U ¢)(b®f)=h(¢ fi(b®{)), and then

8(h U 0 - 6(h) U r + (-1)'°"'n U 5(¢) and

hU(fu¢')-=(hur)Ur'.

Here in deriving (15) we have used the special case of (2):
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At this point we have developed all the 'wilt ~. .» . .

todefine twisting cochains. . . .

cm.

n- 1
do, +1n_]d + E' to U tn.,l -0, U > 11

DEFINITION 30.8: Let 1 e C 1(8§C(G)), so that tq: C,,(B).,Q:q; .

Define d¢: C(B) ®C(F) -> C(B) ®C(F) by:

(18) dI(b ®f)= d(b®f) + t Il(b®/).

Using (8) and (9), we find of(b®f) = (6(¢) + t U t) l"l (b® f), r is

said to be a twisting cochain if 5(t) + t U 1 = 0, that ns, if

" at*
II. . . _.

I. . ; . . . . .

. .La " . .
: .ar3:!s$.

.. .
. . .>.-.

.3
.11

. ..F¢1iE
Mm.
II
. is... I5""i

I

and if so, = 0 (so that (€ SM, = (€ €)(t n) = 0). Then dr is

called the differential twisted by r and C(8)®C(F) furnished with

this differential is denoted by C(8) Q C(F) and is called a twisted

tensor product. Dually, Hom(C(B) ®, C(F),A) is given the differ-

ential 51 defined by (17) with 51 and d, replacing 8 and d, or:

(20) 6,ch) = 8(h) +(_1)"°"'+'1» U t.

§3l. Brown's theorem

Brown's theorem states essentially that there is a natural

way to assign to every twisting function r a twisting cochain t in

such a manner that C(F ><,. B) is chain homotopy equivalent to

C(B) ®, C(F). In the last section, this result will be used to con-
struct the Serre spectral sequence.

Unless otherwise specified, the symbols C and C* will de-

note the normalized chain and cochain functors in this section and

the next, and the symbol (n) will refer to formula (n) of section 30.

We will use the method of acyclic models, and we must first

define a category, the objects of which are all twisted Cartesian

products.

DB:r=rN1T1ON 3l.1:(17) 6(h)(b® f) = (-1)deg "+' ho(b® f) . Let F *f B and F' x,» B' be TCP's with



142 SIMPLICIAL osjscrs INALGEBRAIC TOPOLOGY

.. .
...

>Q.
.\

,e

..5
LOOP GROUPS AND nwsrsn TENSOR PRODUCTS.

143

groups G and G', and let 7: G -> G' be a simplicial homomorphism.

A Y-map 6: E(r) -» E(r') is a simplicial map such that

0(f,b) = (¢'(f>)a(f)»5(b)).

where az F -» F' is a Y-equivariant map, B: B -» B' is a simpli-

cial map, and 51/: B -» G' is a function. Clearly p'6 = Be We will

write 0 = (a,B,x/') . 0 is said to be Y-special if }'f = /B. The re-

quirement that 0 be a simplicial map is equivalent to the identities'

cv)
f"B(b)00 l//(b) = '/'(60b)Y f(6)

6I¢'(f>) = ¢(6,b) if i > 0
8I'P(i*) = ¢($,b) if i> 0.

The composite of a Y-map 6 and a Y'-map 6' is the y'y-map

0'6 - (a'a, {3'{3,(x//fi)(Y':,b)). With the obvious identity maps, we

have defined a category whose objects are all TCP's and whose

maps are all Y-maps. If maps are required to be special, we obtain a

subcategory with the same objects, which we shall call TR. S' will

denote the subcategory of 3, the objects of which are all PTCP's.

Observe that if 0 = (a,5,¢,) is a )'-map of PTCP's, then neces-

sarily a - V. If base complexes are required to be reduced, we ob-

tain subcategories g10 of So and 90 of 91 The categories 510 and

G'0.will be ofprimary interest. (We implicitly make them additive; see §28)

The symbol F XI B will denote ambiguously an object of

mo or the corresponding total complex. We now define model ob-

jects in the category to. Let Zin] denote Alnl/A[n]°, where

Ain!" denotes the zero skeleton of Ala] , and define the models

MP/Q of R0 by:

(i) MM- (G(Z\[p] x All]) Xf(9> Mp] .

For clarity, we have here denoted the twisting function .

My] -> GcKlp1)
*.\ »f-\ r:rKr..h Annaaloe in Hso finn nrKI»h v Alnl Vin

.
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.;.§(g',u) = (gg',u). Clearly

(ii) MM 5 (6(A-[pD *fun yiipl) x MQ] .

Therefore the realization of each M"'° is contractible.

Using the models, we can assign a twisting cochin to each

twisting function. We first need a definition.

. s

E

T(rxb) = so - r'l(b) for all nondegenerate b f B I

If f(b) = eq-I for all b e Bq and all q _ n, then T(r)(b)=0

for all nondegenerate b f Bq and all q < n.

(T.3) If 6 = ()',Q,¢): G *r B -> G' xi' 8' is 8 )/-special map of

PTCP's, then the following diagram is commutative:

C(B) T(r) -> C(G)

IB* T( ') P/*
C(B') r 1 C(G')

DEFINITION 31.2: A twisting cochain on the category .90 is a

function T which assigns a twisting cochain T(r)elloml(C(8),C(G))

to each twisting function Rx B -» G, 8 a reduced complex, in such

8 manner that the following conditions are satisfied:

(T-1)
(T.2) <

THEOREM 31.32 There exists a twisting cochain on the category

90.
Proof: Let G *rB be a PTCP, B a reduced complex. De-

fine T(r)1 by formula (T.1) and define T(r)2 by:

(T.4) T(rxb) - _7"(I*) SO r'1(00b) for all non-degenerate bfB2.

Clearly e. T(')1 - 0, and dT(r)2 + T(r)1d + T(1)l U T(r)1 - 0 is

proven by an easy calculation. Condition (T.2) holds for n - 2

since ¢r is degenerate and therefore zero in C(G). Suppose in-

q, q> 2. We requireductiifely that T(r)l has been defined for i <

that
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q-1
2
I=1

dT(r)q = -T(r)9_ 1d - T(r)l U T(r)9_/ = Xi, say.

Clearly dX Q = 0. First consider G(5[q]) *f(a) 51q1. Since

H..(G(E[Q])) = 0 for n > 0, there exists m c C 4_1(G(A-[q])) such

that d(m) = X q(Aq). We define T(d¢1))(A.,) = m. Next consider

G(K) x,(X)K, r(K): K -» G(K), K any reduced complex, and let

x e K Q be non-degenerate. xtK[q] -» K induces G(x):G(A-[q]) -G(K)

and we define:

T(r(K))(x) = G(x)*(m) 6 C q_1 (G(K)). Then we have:

dT(t(K)XX)=G(X)*d(M)=G(X)*Xq(Aq)=Xq(X(Aq))=Xq(X)
Finally, consider the arbitrary PTCP G Xi' B and let b e Bq be

nondegenerate. If r is induced by f(r): B ~» We), define:

T(r)(b) = <j>(f(r))*[T(r(B))(b)] c Cq_I(G), where

iS(!(r)): G(B) -» G is as defined in Corollary 27.2. Then again we

find dT(r)(b) = Xq(b). Condition (T.2) holds since for any

c c B ii iS(!(r))(r(BXc)) = r(c), and since eq-I is degenerate.

Clearly condition (T.3) is satisfied, and this completes the proof.

We can now define the two functors A and B1: 910 -» G that

we wish to compare by the method of acyclic models. Thus define

A(F XI B) = C(F Xf B) and BT(F XI B) = C(B) ®. C(F), where

I = T(r), T being 8 fixed twisting cochain on the category 90, Ob-

serve that if 6 = (a,8,¢) is a )'°special map of TCP's, then (T.3)

and (10) of Lemma 30.6 guarantee that BT(6) - B* ®a* is a chain

map.

. . . . . . . .
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to C(B) by letting T(r)(b) = 0 if b is degenerate. Thus, for the

purposes of this proof only, we regard A and Br as being defined

in terms of unnormalized chain complexes. Let F XI B be a TOP

with group G, B a reduced complex. If b e 8,, define

Y(/>) = we) o G(F)= G(A[r]) -» G .
where [(1): B -» W(G) induces r and where <]>(f(r)) is as defined

in Corollary 27.2. Explicitly, }'(b)(r(r)(u))-.= T o b-(u), u e Elf). Let

oz G X F -> F define the action of G on F and let e: Mr] -» G be

the map defined by e(u) = am , u e K[r],,, . If I e F, , define

0(f,b): M"' -» F x, B to be the Y(b)-special map

_6(f,I>) = (@cy(b).T),5,e) .
Now define is An An by

(i) f(f,b)= (0(f,b),((e,,,A,,),A,,))» where /oF,,, bBn,
and be... Ara), An) e A(M"'") .

Then clearly Ag* = 1: An A- Similarly, define §: (B ,.),. 5 ,),,

by

(ii) {;'(b®f) = (6(f,b),Ap ®(e,,, As)), where b 6 Be| of Fe,

p+q = n and Ap®(eq; Aq) f 8 r(M""')~

Again, As = 1: (B T)n -» (B ,).. , and this completes the proof.

LEMMA 31.5: H,,(A(MP'°)) = 0 and H,,(B,.(M""*))= 0, n> 1.

LEMMA 31.4' Both An and (BT),, are representable, n> 1.

Proof: By Theorem 22.2, Corollary 22.3, and Lemma 29.5,

it suffices to prove the result when C(F x, B), C(B), and C(F) are

interpreted as unnormalized chain complexes, T(r) being extended

I

iI

Proof: Since the realization of M""' is contractible,

H,,(A(M""')) = 0 is clear, n > 1. Now Alq] is contractible and

the operation of G(51p1) on G(K[p]) x Alq] does not depend on

A[q]. It follows that:

(i) 8T(M""') and 8T(G(K[p]) XNp) K[p1) are chain homotopy

equivalent.

(A more formal demonstration of (i) will be given in Remarks 31.6).

Let »1»=1f,(K[p]). Then H,,(G(5[p]» = 0 if q > 0 and *f0(G(3[p])) is
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isomorphic (under the Pontryagin product) to the group ring Z(1r) .

Now IT has one generator x for each 1-simplex of A[p] and, re-

garding Z(n) as a chain complex with differential zero, we may

define a chain equivalence h: CG(5[p]) -> Z(n) by h(x) = 0 if

deg x > 0 and h(f(x)) = [x] if x c 5L011~ Since b is a morphism

of algebras, we have:

cii) c(/sup]) ®, cG(£[p]) and c(K[p]) ®,,o, Z(fr) are chain homo-

topy equivalent, where t = T("(p)).

(Again, a more formal argument will be given in Remarks 31.6). Now

if x e Klpl. is non-degenerate and a e or, then

dl.¢(X ®a) = .§_ (-1)i 61x ®a +ht f\(x ®a), and

hr l'\(x ®a) = (1 ®o)(1 ®hr®1)(D® 1)(x®a)

= i (1 ®o)(1 ®h¢ ®1)(é"-' :®6;x ®a)
l=0

= (-1)"-' 6,,x ®lr(aj,'"'x)1a .

Since f(6,,"x) = to - f-'(f»)(32">() by (T.1), we find

dn¢(X®¢1)= Ei0(-1)i8,x®a +(-1)"-I6,,x®a +(-1)"6nx Q9[30 IX]1a

-'2;(-1)'3/x®a +(-1)"c1,,x ®[a,,"'x}- la .

By Definition 16.4, the last formula is precisely that for the bound-

ary in the normalized chain complex of the universal covering com-

plex of Elul. Since all of the higher homology groups of this vanish,

we have proven the result.

Before stating Brown's theorem, we define filtrations of

A(F x, B) and of-B 1(F *rB). Thus filter C(F XT B) by:

Q
x ,
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(Lb) c F "C,,(F x, B) provided that b __ Sic... $j1b/,
where 0 < al < . . . < .iq < n, b' is non-degenerate, and

dim b' = n- q < p. 2 z,(fI,b!) e F"Cn(F *r8) provided

that each (I,,b,) c F"C,,(F Xf B).

There results a spectral sequence lE'(F x, B)} which converges

to H#(F Xr B). Dualizing, let A be a commutative ring and filter

c*(F Xr B;A) by:

cA*) FpC*(F Xr 8;/\) =. Hom(C(F Xr 8)/F""'C(F )<r B), A).

The resulting spectral sequence IE,(F Xr 8)} converges to
H*(F x, B; A). The cup product preserves filtration, as is easily

verified from the definition ((1) and (3)), and it follows that each

E, is a differential A-algebra. (See e.g. Massey [43,441 for the

construction of spectral sequences and of their products).

Filter C(B) ®. C(F), r - T(r), by:

F"C(B) ®. C(F) = r=§o C,(B) ®C(F),

Observe that if b®f 6 F"C(B) ®. C(F), then both (d® 1)(b ®f)
and t fl (b ®I) are in pp- lC(B) ®( C(F), the latter fact follow-
ing from the definition (7) of fi and from the form of D(b). There-

fore E I (F x, B) = Cp(B) ®Hq(F) (not necessarily as a complex)p,q __
in the resulting spectral sequence lE'(F XI B)I. Dualizing, filter

Hom(c(B) ®. C(F), /\) by:

(B"°) F,,HomcccB)®.ccF)x\)=H~n<c<B)®,ccF)/Fp-'c(B)®,c(F),A).

Then Ef°"(F XI 8) - C"(B;H"(F;A)) in the resulting spectral se-
quence l5,(F XY K)l.

REMARKS 31.62 Suppose in the situation of (10) of Lemma 30.6

that a* is a chain homotopy equivalence, B = B', and 5 = I, so

that 1 ®a* induces an isomorphism El(F x7B) -» FI(F" xi' B) .

15.et.
. .-: ..ii".

"of

Lu

.SFw..
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Then by the comparison theorem for spectral sequences (see e.g.

Moore [5, $2]) it follows that 1 ®a*: C(8) QC(F)-»C(8) Q'C(F')

is a chain homotopy equivalence. This argument applies to give a

rigorous demonstration of (i) and (ii) in the proof of the lemma above.

We can now obtain Brown's theorem, which may be regarded

as a direct generalization of the Eilenberg-Zilber theorem.

TlIEOREM 31.7: There exist natural filtration-preserving transfor-

mations 95: A -» Br and up: Br -» A lying over the natural trans-

formations 950 = T: As -> (B ,)0 and ¢'0 = T: (81)0 -» A0 (where

T(x®y) = y ®x). Any two such 95 are naturally chain homotopic

via filtration preserving chain homotopies, as are any two such up.

Further, for any such iS and ./,, QS o¢': BT -» Br and uP o¢:A -» A

are naturally chain homotopic to the respective identity transforma-

tions via filtration-preserving chain hornotopies.

Proof: To prove the existence of ¢ and ./,, we apply Theo-

n = 1 (since H0(B ,.(M"'°)) is non-trivial). Thusrem 28.2 with

define:

¢l(fI,bi) =
'rh1(bo®[1)=({I»80b0) and

f>1'8l"(f>1)30fl 0lbl®{1
¢f.(b,®f»)=(s0<f-'<b.)f.,),b,).

Then an easy calculation using (T.l) proves that 6,¢, == 9503 and

0501 = gl/0 01 , and the existence of go and 1/1 follows from Lemmas

The existence of the cited chain homotopies follows31.4 and 31.5.

1 and SO - 0). It remains to prove thatfrom Theorem 28.3 (with n =

QS, go, and the chain homotopies are filtration-preserving. Observe

that the maps 0(f,b) defined in the proof of Lemma 31.4 satisfy

(i) B r(0([,I>)) (B r(M"' ")) C F"C(B) ®. C(F)
if (!,b) c F"C,,(F x, B), and
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(ii) A(0(f»l*)) (A(M"")) C F"C(F XI B)

if b®f e F'°Cq(B)® C,(F), so that q g p.

0 unless m < p,Here (i) holds since lT8(u) :=

since b-*(u) is here obtained from degeneracy operators applied to

a nondegenerate element of dimension g p if u f Klqlm. Now an

inspection of the proofs of Lemma 29.5 and Theorems 28.2 and28.3

shows that ¢,, up, and the chain homotopies obtained above are all

necessarily filtration-preserving.

u e K[n]m. (ii) holds

§32 . The Serre spectral sequence

Using Brown's theorem, we can easily develop the proper-

ties of the Serre spectral sequences IE'(F X7 E); and LE,(F x, B)I,

including the products in cosmology and the identification of the

We note first the follow-first non-trivial higher order differentials.

ing corollaries of Brown's theorem.

COROLLARY 32.11

inverse isomorphisms ¢';

r > 1.al/,z Er -r Et

QS: A -» BT and go: Br A induce natural

Er -» of, |//': Er "E. and ¢, F, .g E,,

Define a natural transformation:COROLLARY 32.2:

(i) B,.® BT, where D is the naturalDT = (<;$® @0902 BT

coproduct A -> A ®A

Then Dr is filtration-preserving and is chain homotopy coasso~

Dually, definecreative and cocommutative.

(ii) Ur l Hom(D 7',l): Hom(B,.,A)® Ilom(B,,A) _» Hom(8 T,A).

Then each F, is a differential A-algebra, and, for r > 1, ¢>, and

4/', are isomorphisms of differential A-algebras.

Now ¥E'(F x, B)}, and therefore also lE'(F x, B)l, con-

verges to H*(F x, 8), and F:"q(F x, 8) - Co(B)®H.(F). The
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dual statements hold for cohomology. To complete the development

of the Serre spectral sequence, we must identify the terms E*(Fx,8)

and E2(F Xt B). We need the following concepts.

DEFINITIONS 32.32 A twisting function r is said tobe n-trivial

if r(b) = ei_1 for all b f 81, i <_ n. A twisting cochain t is said

to be n-trivial if !/= 0, i < n. By condition (T.2), if r is n-

trivial, then so is T(1).

<

REMARKS 32.4: If the group of the fibro bundle determined by
F x, B can be reduced to one such that G, = ea for i < n, then

F Xr B is isomorphic to F xv' B, where 1' is n-trivial. Conveyse~

ly, if r is n-trivial, then the subgroup G of A(F) generated by
lm(b)l satisfies G, = et for i n. If n1(B) = 0 for i < n, then

replacing F x, B by a minimal fibro space of the same homotopy

type (first applying S o T to a minimal libration of the same homo-

topy type, if necessary, to obtain Kan complexes), we may suppose

that B, has just one simplex, i < n, and then 1 is clearly n~

trivial.

Now let F x, B be a TCP such that r, and therefore

t = T(r), is n-trivial for some n Z 1. By the definition (7) of al

and the form of D(b), we find that if b® I e F"C(B) ®, C(F), then
f n(b®f) c Fp-"-1c(B) ®, c(F), lt follows that d' -. d®1 and
d' - 0, 2 < r < n, in the spectral sequence E'(F x, H). Therefore
we have:

TlIEOREM 32.5: If f is n-trivial for some n> 1, then

(i) Egggp Xr B) = FZ...('* of B) - H,(B;H,(F)). and
of) §"+'t<F ><, B) = i;'°"(F *r8)- H"(R;H".(£l;A))

i
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dn+l and 8,,+,. Thus if x c E°(F x, B) survives to E-"+1(F XI B),
then d"+'(x) is clearly induced by t l°lx and if II f E0(F XI B) sur-

vives to Fn.+.(1= ><,8), then a,,,,(n) is induced by (-1)"°** hl-1b u¢.`

By (19), since t, = 0 for i < n, we have dt,,.,, = 0 and

dtn+2 + to+ld = 0.
Thus t,,.,,I t Hom(C,,+,(B),C,,(G)) defines a cocycle

v e Hom cc,.+.(8).H,,(G)),
whose cosmology class in H "*'(B ;H ,,(G)) we denote by v. Now

we have

(a) in+l(x) = 1/NX, x c H*(B;H*(F)), and

(b) 5,,+,(n) = (-1)"" "*'n u V; h c of*(B;H*(F;A))

v can be further identified as follows. Since we may assume that

G, = e, for i < n, we can define a cocycle u e C"(G;H,,(G)) by

u(g) .= Ill. u is called the fundamental cocycle of G and its co-

homology class will be denoted by p. Since B is reduced, say

80 = bo, we may consider u to be an element of

Hom(Co(B) ®. c,.<G).H..(6)),
and then u U t is defined. Now if b c BnI19 then:

(u U t)(b®to) = u(f n(b ®to)) = u(b0 ®¥(l>))=I¢(l>)l= v(b).
Thus ;r U v = v, hence 5,,+,(y) = (-l)"+1v in i`i»+i(6 Xr B) (with

coefficient ring H*(G)) In other words, v is the transgression of

(-1)"+1p in this spectral sequence. We have now proven

Let F xi B be a TCP with group G such that'FHEOREM 32.6:

G, - e, for i < n. Let 11 <H"(G;H..(G)) - Eg+1(G x, B) (with co-

efficients H*(G)) denote the cohomology class of the fundamental

,o(6 x, B) denotecocycle of G. Let v c H"+'cB;H,.cG)) .

the transgression of .(__1)n+l#. Then dnH on F"*l(F Xr B) and

5,,+, on in+l(F x, B) (with coefficients A) are defined by formu-
Under the hypothesis of n-triviality, we can also identify al,.

r
l
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lae (a) and (b) above .

It remains only to identify the UT-product induced on

'E 2(1= x, B). where f is 1-trivial. Now under the identification

(13), the cup product (5) on C *(B; C*(F ; A)) becomes:

Hom(5,1): Hom(C(B) ®C(F), A) ®Hom(C(B) QUO C(F),A)
-» Hom(C(B) ®C(F), A) ,

where 5 = (1 ® T ®1)(D® D). Of course Dr ;é 5 in general. An

easy acyclic model proof shows that D and D' are chain homo-

topic (on the category of Cartesian products), where D'=(ft®f!)Dg7:

(Here D is the coproduct on C(F x B), and t({,b) = (b,!).) D' and
E1 -v E ' ® E 'DT both define natural transformations on the sub~

category 0 of 910. the objects of which are all 1-trivial TCP's
with reduced base complex. We have

THEOREM 32.72 DT and D" En »-E1® E' are naturally chain

homotopic on the category G. Thus if T is 1-trivial, then

E2(F Xt B) = H*(8;H*(F;A)) as a ring, where the product on the

right is the usual cup product.

Proof: Take as models in 0 all induced TCP's Fx,6 Eipl,

where the reduced complex B is the base of a 1-trivial TCP

F x, B and 5: Kip] -» B. Then E-.g . is representable, p > 1,

since if 5: F x; A-[p] -> F x, B covers E, then defining

.go ® in) = (5, API ® in)

for b®UI eCP(8)®H*(F) we find As(b® In) - b®Up. We claim

that if p + q > 2, then ii,®E§, = 0 on the models of 0. To

see this, we note first that 77 = 1rI(K[p]) is a free group. In fact, n

is freely generated by l(i, i+ 1) I0 g i < M. Next, if we choose a

minimal subcomplex M of $T(5[,,]), then M is a K(n,l) and is

therefore isomorphic to W(1((,,.0)) by Theorem 23.6. Since

3.
t
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C(W(K(n,0))) is isomorphic to the bar construction of the group ring
207) (see e.g. MacLane [42, p. 114]), it follows that

H*(5[n]) Q H»(w;Z)
(the cohomology of or with coefficients in Z, or Torn(")(Z,z)).
Since ii is free, HP(5[n]) = 0 for p > 1 (see e.g. [42, p. 123])

and H \(E[n]) is free Abelian. By the Kunneth theorem, this proves

our claim. Now we will be able to obtain the desired chain homo-

topy by applying Theorem 28.3 with n = 3 and s0=sI :S2=.0

(using induction on the base degree in the proof), provided we can

= DT on -Et..first prove that D' , p = 0, 1,2. It is easily seen
that we may suppose ¢' = iT on F1c(B) ®¢ C(F) and ¢ = It on
F lC(F x, B) when we restrict ourselves to the category 0. Thus

-0 . It remains to prove that D' and'T on E0,~ and on of
. To prove this, letD, are chain homotopic on EZ

M2] = A[z]/A[2]'.
where Al2]' denotes the 1-skeleton of A[2], and define new mod-

els in 0 by MP = CGCAII21) x Alpl) Xf(2) Anal. A proof similar to

that of Lemma 31.4 proves that 53.9 is representable for p > 1.

An argument analogous to that given above shows that if p +q > 2,

0 on the models. Now we can applythen 2i+i-2 E:"v®Et =
3 to obtain the desired chain homotopy,Theorem 28.3 with n =

provided we first prove that D' e.' DT on E°p, P =: 0, 1,2. Here
a lengthy calculation gives the result, noting that on 0 we may

suppose: (b0 : B0)

62 be ®7(b2)00 pa + b0® M ,¢>(f,,b2) : b, ® ao l2(i)

+b0®s0r"(b2)s1 1(I*2)81 30 pa

(ii) SF; So r' I(b,)sV2sV\!¢(b, ® in) (142 (-1)"<I"(s,1
s n. . . smb2) mod F 1C(F *rB), where the sum is

taken over all (n,2)-shuffles (,,t,v).
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REMARKS 32.8: There are several comments to be made.

(1) Had we developed the theory of the operation of n1(B)

on 1r,,(F), then the assumption of l-triviality on r would have re-

duced to the assumption of n-simplicity for all n. However, the

theory does not lend itself to the development of local coefficients.

(2) The treatment of products here is quite unsatisfactory.

While it does show that products can be introduced in to,cF ><f B){,

it would be more desirable to have a procedure for defining a coprod-

uct directly on C(8) ®, C(F), without having to throw the definition
back to C(F Xr B). In case C(B) is cocommutative, this can be

done using a procedure developed in [45].

(3) The topological implications are clear. Starting with a

Serre libration p: E -» B, one can pass to a minimal sub-fibre space

of the Kan libration S(p): $(E) » S(B) and apply the they above.

BiBLiOGRAPHiCAi.. NOTES ON CHAPTER VI

The functor G was introduced by Kan [30, 31]. Our proof

of Theorem 26.6 follows that of Carton [6]. This construction gen-

eralizes results of Milnor [49]. who defined the functors E, GE,

and G+E. The relationship between G and W was investigated

by Kan [31]. Free simplicial groups have been studied by Kan in

[34, 35, and 36]. Also Kan [29] has reproved the Hurewicz theorem

by means of a study of the algebraic situation given by the map

p: G(K) -> A(K) and has shown in [36] that the exact sequence of

Remarks 26.10 is essentially that of Whitehead [63].

The method of acyclic models was introduced by Ellenberg

and MacLane in [12], and was used in [16] to prove the Eilenberg-

Zilber theorem. Our treatment follows these sources and MacLane

[42]. Most of the material of the last three sections is contained,
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.... ...in rather different form, in Gugenheim [19]. SectiOnT30 féliesrséarw
fly on suggestions of J. C. Moore. A systematic study ofHopf.a1.:
gebras may be found in Milnor and Moore [51], The proof bfiréwns
theorem is parallel to, but simpler than, the topological proof given

in his original paper [3]. An explicit expression for a twisting co=

chain T(7) in terms of the twisting function r has been obtained

by Szczarba [61].

The Serre spectral sequence was, of course, studied in the

classical paper [57], following its introduction in cohomology by

Leray [38, 391. The approach here shows that the introduction of

cubical singular theory is unnecessary, a fact shown by Gugenheim

and Moore [20] using quite different methods. Brown [3] proved that

the spectral sequence defined here is in fact isomorphic to that de-

fined by Serre.

Szczarba [61] studied the products in the Wang spectral se-

quence using twisted tensor products. The form of dn+l and 6n+H

in the case of n-triviality was discovered by Fadell and Hurewicz

[17], but of course the result is there proven by quite different meth-

ods. A generalization of this result is proven by Shih in [59].
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