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CLASSIFYING G-SPACES AND THE SEGAL CONJECTURE 

by L. G. LEWIS, J. P, MAY, and J. FE. McCLURE 

In a previous note [11], two of us promised to describe the 
natural map (induced by ke + pt) 

(1) er (8g) 9 + F(EG",S,)% = F(BG’,S) = p(ac*) 
‘in nonequivariant terms. Here 86 is the sphere G-snectrum and (kg) % denotes the G-fixed point spectrum associated to a G-snec- 
trum ka. In section 1, following up and reintervreting ideas of 
Adams, Gunawardena, and Miller, we shail aeneralize the situation 
and describe the natural map 

(2) es [Egp(e,m)*]S > F(EG" £28 (G,11) *)S * F(BG’,£°Bn*) 
in nonequivariant terms for a finite group G and a compact Lie 
aroup I. Here B(G,M) is the Classifving G-space for principal (G,1l)-bundles and Diet denotes the suspension G-spectrum functor, 
(The equivalence follows from (ll; Lemma 12]; see Remarks 7 below Fi for its hypotheses.) More precisely, we shall specify an equiva- 1 lence from a wedae of spectra = °Bwpt for certain qroups Wo to : the domain of © and shall show that the composite of ¢« and this equivalence is the wedae sum of appropriate composites of 

transfer and classifyina maps. The reader is referred to Lashof 
[5] for a good discussion of (G,l)-bundles and to [8] for a com- 

prehensive study of G-spectra and the equivariant stable category, a The completion conjecture for a G-spectrum ka asks if 
eo: kg (pt) > k, (BG) induces an isomorphism upon completion in the I(G)-adic topology, where I(G) is the auamentation ideal of the 
Burnside ring A(G); see [11] for discussion. ‘The Segal conjec- ture is the completion conjecture for s In section 2, we shall Gs 

| Prove the following result, 

THEOREM A. If the Seqal conjecture holds for all finite aroups 
G, then -the comp Letion conjecture holds for the G-spectra + 4 : EGBG, Ml) for all finite qrouss G and TI. 

} It would be of interest to know whether or not this result i 
a © 1982 American Mathematical Society 
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remains valid for general compact Lie qrouns Tf. 

By the results of [11], it suffices to prove the theorer for 
p-groups G, and in this case the conclusion is eauivalent to 

the assertion that the mans «€ of (2) induce equivalences upon 

completion at ».. Given our nonequivariant interpretation Of 
these maps, the conclusion is an observation, suaqested to us by 

Gunawardena and also noticed by Seqal, when I is also a p-qroun. 
Indeed, by an argument that is entirely symmetrical in G and If, 
one sees that if ce in (1) induces an equivalence upon completion 
at p for all grouns [and G xT, where T is a subauotient 
of WH, then ec in (2) induces an equivalence upon completion at 
p for all pairs (G,T). 

The passage from p~groups Il to general finite aroups II is 

based on the following equivariant aeneralization of a standard 

result about transfer. Define a G-cover to be a G-map 7: E + B 

which is also a finite cover. A G-cover w has an associated 

equivariant transfer map 1: rept > noe Tg). 

THEOREM B. Let G be a p-group and let wt: KF > 8 be a G-cover 
whose fibre has cardinality prime to p, Then the composite 

Dat 
ot t ot G oot 

u,B Uk r GB 

induces an equivalence upon localization at p, hence rept is 
p-locally a wedge summand of nak. 

COROLLARY C. Let G be a peaqroup and let A be a p-Sylow sub- 
group of a finite group I. Then ZaB (G,It)* is p-locally a wedge ~ 
summand of reB(G,A)*. 

There is an implied splitting of localized G-fixed voint spec- 
tra, a fact that is not at all obvious from our nonequivariant 

description of the latter. We are very grateful to George Glauber- 

man for proving a result.in finite qroup theory for us that made 
clear that such a splitting was plausible; see Remark 14, 

The second author wishes to thank Prank Adams, Jererv Guna~ 
wardena, and Haynes Miller for discussions of the Seqal conjecture, 
Dick Lashof for discussions of classifying G~spaces, and Georae 
Glauberman and Daniel Frohardt for backqround information about 
finite groups. 
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: $1, THE SPLITTING oF 27B(G,I)” 

Our nonequivariant description of e¢ will be based on the 

following general splitting theorem for stable G-homotopy groups. 

Let EG he a contractible free left G-space; for a left G~space 

Ly, write EGx,¥ for the orbit space (EGxY)/G. For HCG, let 
WH denote the normalizer of H in G and let WH = NH/H. 

THEOREM 1. For a G-space Y, let by be the composite homomor- 

|-phism of stable homotopy groups displayed in the following dia- 
| gram: 
_ HY ot. G H 

YY") —» Wy (GX, (EWHXY )) : H,) ¢,.G Wy (BWHX FY ) Wy (EWHX oy 

eu | [is 
€ 

mG CL) Te wy (xy EWE) x¥) 3 1G (Gx), (WHXY)) g
r 

NH 

Here ¢ is induced by the unit map Ss + (Sg)% and t is the 
equivariant transfer associated to the natural G-cover 

yi H 
wot = EWHX YT 

with fibre G/H; i and e« are the evident inclusion and projec- 

H TT: Gx (BWHXY ) + EWHx 

tion. Define 

B= 2 byt 2 my (BWHx vt) + aGcy), 
(H) (H) 

where the sum runs over one group H from each conjuaacy class 

(H) of subgroups of G. Then € is an isomorphism. 

WH 

PROOF. Such a splitting is given by Segal [14], Kosniowski [4], 
and tom Dieck {1], but the present description of the splitting 

map is not explicit in the literature. We derive it from tom 

Dieck's proof and diagram chasing. Thus fix H, abbreviate 

N= NH and W= WH, and consider the following commutative 

diagram: 

ny (EWx, v4) ny (BWx,¥") 

ot OSS a, 
Ty (EW YE) Loy ry (EW) —t, 1g (G/Nx (BWx,Y") ) 

W 
| “| [: { 
| my (BWxy") Pi» oh (pwxvly) —2 os ag (ox, (awa!) ) 
| [is 

G Vv € 
rey) «—— ify ( (GxgBH) x) mY (Gx, (BWXY) ) 
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Here the p are restriction homomorphisms and the w are exten- 
sion of aroup isomorphisms due to wirthmuller [12]; see also [8], 
where wp = T, TP = OT, and wt = TH are yroven. By the tran- 
sitivity of transfer [8], the right vertical composite tet is the 
transfer referred to in the statement. By [l1, Lemma 16], the 
left vertical composite T°s is an isomorphism. Tom Dieck [1] 
proved that the sum over (3) of the dotted arrow composites 
e,i,wp is an isomorphism. 

REMARK 2. Except that requires reinterpretation and is no 
longer an isomorphism, the diagram in the proof commutes and tom 
Dieck's result remains valid for general cormact Lie agrouns G. 
However, [1l, Lemma 16] fails in this generality, hence so does 
the conclusion of the theorem. In fact, the left vertical com- 
posite tet is an isomorphism if .wH is finite, but the transfer 
here is zero if WH is not finite (see e.g. [8]). The logic a 
becomes clear if one takes Y to be a point. Here mG (pt) is 
the Burnside ring and is thus the free Abelian group with one 
generator for each (H) such that wH is finite. However, 
‘n? (pt) is the direct sum over all (H) of the gqrours aH (ons) , 
the (H) with WH infinite contributing only to the nositive 
dimensional homotopy aroups. Consideration of the completion con- 
jecture here requires consideration of all (H), while the 0- 
dimensional Segal conjecture requires ‘consideration onlv of those 
(H) with WH finite. 

With the understandings that our diagram chases will be of ; 
interest only when WH is finite, that suhgroups are to be closed ” 
and homomorphisms continuous; and that G-covers are to be inter- . 
preted as G-equivariant bundles, we can allow both G and Tt to 7 
be arbitrarv compact Lie aroups until otherwise specified. 

We need some notations to describe yi when Y¥ = B(G,—). 

NOTATIONS 3. Consider a subaroup H of G and a homomorphism 
: H+. Define the following associated groups: 

‘Ap = {(h,p(h))} CG x H 

No = N(4p) = {(g,o) |g © NH, op(ajot = o(ghg’*) for h € HI 
Wo = W(Ap) = No/Ap 

Mo = {g|(g,0) € Np for some o @ I} c NH 
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Ve = MP/H © WH 

n® = {olop(h) = p(h)o for he H} 
Taking g =e, we see that WH? is a normal subgroup of No with 
quotient Moe .and a normal subgroup of Wo with quotient vp. 

DEFINITION 4. Consider the set-. R(H,I) of I-conjugacy classes 
cf homomorphisms op: H+ i, H&G. Define an action of WH on 

“R(H,M) by letting g(p) be (gp), where g @ NH with image 
“g € Wand where (gp) (h) = pg thg). It is trivial to check 
‘that this is well-defined. ‘Observe that the isotropy group of 

(p) is Vp. 

PROPOSITION 5. For any subgroup H of G, 

H EWA, ,B(G/T)" = BWe, 
[(e)] 

where the union is taken over one p in each WH-orbit [(p)] of 

I-conjugacy classes (6) of homomorphisms H + Il. 

PROOF. Recall that a principal (G,l)-bundle p: E+B isa 

principal [-bundle and a G-map such that the actions of G and 
N on E commute. We write the G action on the left and the I 

_action on the right. Let p: E(G,I) + B(G,I) be a universal 

principal (G,ll)-bundle. According to Lashof [5], p is charac- 
| terized by the assertion that the Ap-fixed point space, E(G,1)°, 

| is non-empty and contractible for all H&G and p: H + TI. «ft 
-y €E(G,I)® and o € Il, then yo is fixed by the o~conjugate 
‘ po of po. In particular, 1° acts freely on the contractible 
q space E(G,)°, hence we may -set 
7 Bn. = E(G,m)°sn°, 

Pert is easily seen that B(G,m)# is the disjoint union over 
e (e) € R(H,Il) of the spaces BI? and that’ pt (Br) is the dis- 

joint union of the E(G,M)°° as po ranges over the distinct 
H-conjugates of Pp. Under the natural action of WH on B(c, 1p", 

: VP fixes the space pi? and 
H p p B(G,T)" = i BI” gs ue wax, BI? , 

5) [toy] YP 

EWHX, B(G;T)" = | EWAX, BIC 
(Cy) 

Therefore 
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Let Wo act on EWH via the projection We > Ve cWH and have 
its natural action on E(G,I)”. It is easily checked that the 
diagonal action of Wp on EWH * E(G,I1)° is free, and we may 
therefore set 

EWo = EWH x E(G,1)° and Bip = EWo/Wpe. 

The projection p: B(G,)° > BYP induces a homeomorphism 
BWp BWHX, BIL? , and this proves the result. 

We retain the notations of the proof in the following result. 

PROPOSITION 6. .When Y = B(G,Il), the restriction bo of En to 
7,BWo is the composite 

1, BWP — i+ noBWo tt 1oBp ty 123 (G,H). 
Here 

Bo = G%y4,(BWH = BH) 2 ((G x B) xy EWo]/T, 

t is the equivariant transfer associated to the natural G-cover 
Ts Bp + BWo with fibre G/H, and wu is the classifying G-map 

© aa 

of the natural principal (G,Ml)-bundle p: Ho > Bo, where 
= “liv, ~ Ho = Gxy,(EWH x p BI") & (G x 1) xy ,BWe. 

PROOF. Notice that 7: Bo » BWo is a restriction of 
H H 

Ws GX), (EWH x B(G,M)") > EWH X78 (G/T) 

and that the following squares are pullbacks: 
1 i : € 

Gig (EWAXp Bi?) > GX yy, (EWHXE (GH) ) & (GXyy BWH) XB (G TD — > E(G,N) 

| | | 
i : € GX yp (EWHXBI ) > GX yy. (BWHXB (G/T) ) & (G%qy_BWH) ¥B(G TD —»+ B(G,M) 

The vertical arrows are all induced by p. The conclusion follows 
by a simple diagram chase. 

REMARKS 7. (i) When pe: H > Il is the trivial homomorphism, 
mn’ =m and Wo = WH x Tl. In particular, with H =e, we see 
that B(G,II) = BI as a nonequivariant space and, with H= G, we 
see that there is an inclusion’ ¢: Br > B(G,m)® whose composite 
with the inclusion of B(G,m)° in B(G,I) is a nonequivariant 
homotopy equivalence. It follows that neB (G,1)* is a split G- 
spectrum in the sense of [L1L, Remarks 12} with splitting map 
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cr i"pn = sapm® 2425 (5 )%Q ta(e,m)*}% » (24 (6,1) 748, 
The unlabeled arrow is an instance of the natural map 

.,G. 0G . 
(Ka) “AX G 
(which need not be an equivalence; see {8]). 
(ii) Up to G-homotopy, B(G,II) is a product ~ preserving functor 
of Il. If M is Abelian, this implies that B(G,Il) is a Hopf 

> (ke A x) & for G-spectra k and based G-spaces x 

G-space, In fact, for any compact Lie group G, the topological Abelian -G-group F(gct, Bl) is here a model for B(G,N); see Lashof, 
May, and Segal [6]. From this, we easily deduce that 
ZGB(G,)* is a split ring G-spectrum and thus that (11, Propo~ 
sition 15} applies (its finite generation and lim? vanishing 

‘hypotheses also being easy to check). 

The various homomorphisms of which the for general yY é : H 
and their restrictions bo for Y¥ = B(G,Il) are composites are 
all induced by maps in the stable category, and we also write 
ey and 

. ©, + 00. +.G 
gy: = BWo° > [2 QB(G,I)"] 

for the resulting composite maps. Thus the wedge sum of the by 
is an equivalence (for G finite) 

(3) - &: Vo VY raw? > [xhB(6,n) 77S. 
(A) [(e)] 

We can now compute the composite of & and the map ¢€ of (2) in 
nonequivariant terms. 

THEOREM 8. The adjoint of ek, is the following composite: 
Py 

BBG’ a 3”Bwo* 2 5° (BG x BWo)* 2s r®ppt 2H, pay t, 
Here Bp = EGx Bo, t is the transfer associated to the natural 
cover Bp + BG x BWe, and wy is the classifying map of the 

v natural principal I-bundle p: Ep + Bp, where Ep = EGx Ep. 

PROOF: Passage to orbits over G gives maps of covers 

EG x Ep us Ep 
DN EG x Bo em oR, Bo 

Len oe [ a 
EG x BWo med BG x BWp 

in which the top rectangle is a map of principal H-bundles. With 
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G acting trivially on the right hand triangle, we may view these 
as. maps of G-covers in which the top rectangle is a map of prin- 
cipal (G,Il)-bundles. By the naturality of the equivariant trans— 
fer and its behavior on products, this implies the following 
commutative diagram of G-spectra: 

Xe (x1) a + 
EG’ A EGBWo” 2 EG(EG x BW)” —“——> LG (BG x BWo) 

1ac| k I 
: oon 

G + oy od w+ ©. 
EG A TQBe r, (EG x Bp) > 5 Bo + 

W
w 

Direct inspection of definitions shows that the nonequivariant 
transfer of a cover wu: E +B and the equivariant. transfer of n 
yvegarded as a G-trivial G-cover are related by the commutative 
diagram 

rpt __o_, (xg) S 

JF 
evpt —2- (xgp")S 

With these preliminaries, we turn to the proof. By Proposition 6 
and the definition of ce in [11], we see that the following dia- 
gram of spectra must be shown to commute: 

=Bwot adj(% yet) F(BG" EBT) F(L,3) F(BG" ,2eB(G,1)* 

| SOS ene 
° .G (xgpwo")& Ee, prepien) 719 Ble. }), piso" ,2eB (6, *)% 

yS 

At the top right, we have used that F(X,E°) = F(x,E) for a 
space X and G-spectrum E, F(X,E) being the function G-spectrum; 
the equality is immediate from the definitions in [8]. The com- .»: 
posite of F(n,1)° and F(1,¢) is an equivalence by [1l, Lemma + 
12) and, by definition, e¢ is the composite of F(e,l) and the 
inverse of this equivalence. The fixed point spectrum functor «94 

from G-spectra to spectra has a left adjoint, which we shall 
denote by 6. It may be viewed as assigning trivial G action to 
a spectrum. (This is not strictly accurate since passage to 
fixed point spectra involves. neglect of indexing representations, 
hence ® must resurrect such indexing; see [8].} Moreover, @ 
commutes with smash. products. On passage to adjoints, the outer 
rectangle of the previous diagram transforms to the outer part 

| 

| 
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of the following diagram of G-spectra; the maps t are adjoint 
to ¢ and are equivalences. 

nota ox"pwot TAL, acta ox“pwo’ = 62° (BexBwe)* —22+ o2°Bp* 
iat | int | | t [oN 

id
 

nota r°awot TAL, peta repwo* = x@(BoxBwo)* —S+ Depp" ox”BT” 
G G ene 

enn nd . 0 % tar] eee” ign co Tau G 
Ye ew Ta Eg(PW og 4 Bgtexa)S n 

EG A EBp g E, (EGXBp) _ - 2, (BGxB (G/M) ) so EGBG 

The parts of the diagram involving transfer maps have already been 

observed to commute and the parts: involving classifying maps com- 

mute in view of the first diagram of the proof. 

REMARKS 9. (i). Everything we have done so far is valid for G 

finite and I any compact Lie group; compare Remark 2. 

(ii) Unraveling notations, we see that 

Ep = EGX,, [ (GxII) x EWp) 
No 

and Bo = Ep/M. There are alternative descriptions, such as 

Ep g (GxI/AP) xq, (EGXEWD) , 

Wop being regarded as the group of automorphisms of the transitive 

(GxIl)-set GxiIl/Ap. 

(iii) -To specialize to the situation of the ordinary Segal con- 

jecture, let IM be the trivial group and write 

CH = EGX , (GX EWH) s EG) EWH 

(Thus CH = Ep = Bp for the trivial homomorphism p.) Here \ 

is just the trivial map CH > pt, hence outs 3° cH* + S$ is the 
unit le a? (CH) of the stable cohomotopy ring of CH. We con- 
clude that .ceE is the sum over (H) of the adjoints 

00 pw’ > p(pet,s) = D(BG*) 
of the elements T(1) @ 1° (BGXBWH) . 
(iv) With the description in (iii), the work of Lin, Gunawardena, 

and Ravenel shows that ee& induces an equivalence upon completion 
at p when G is a cyclic p-group. See Gunawardena {2,1.5.3) 

and the appendix by Miller to Ravenel's paper [13]. When G is 

an elementary Abelian 2-group, unpublished work of Adams, Guna- 
‘wardena, and Miller gives the same conclusion. Of course, by 
Theorem 8 and the results of [11], we are entitled to conclude the 

K 
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equivariant form of the Segal conjecture for all finite groups all 

of whose p-Sylow subgroups are either cyclic or, if p= 2, ele- 

mentary Abelian. Maunder's paper [10] is devoted to a different 

proof of this passage from the nonequivariant to the equivariant 

version of the Segal conjecture in the special case G = Zy- 

82. THE PROOFS OF THEOREMS A AND B 

By definition, BWp is just BW(Ap) for the subgroup Ap 

of GxH, Thus [2e8 (6,0) 71% is a wedge summand. of (Sgyq) mM. 
It is simple group theoretical bookkeeping to identify the com- 

plementary wedge summand. 

PROPOSITION 10. There is an identification 

V E’BwKy = VooVO Vv soETMBWe", 
(K) (A) (H) [(p)] 

where the wedge on the left is taken over one K in each conju- 

gacy class of subgroups of GxIl and the wedge on the right is 

taken over one A in each conjugacy class of subgroups of I, 

ene H in each conjugacy class of subgroups of G, and one o 

in each WH-orbit of WA-conjugacy classes of homomorphisms H > WA. 

Therefore (for G finite) 

( OM 2 V [x ®B(G,way*]S. S ) Gx (A) 

PROOF, The second statement will follow from the equivalences of 

(3). For the first statement, associate ACM, HCG, and 

op: H+ WA to a subgroup K ¢ Gx by 

A = {A} (e,A) @ K} 

H = {h|(h,o} @K for some o e Il}, 

and, with the observation that o @ NA if (h,o) EK, 

p(h) = oA, where (h,o) € XK. 

Conversely, associate a subgroup K ¢ GxIl to a triple (A,H,p) 

by 

K = {(h,o)|h @H ana o @ p(h)}, 

where the cosets p(h) are regarded as subsets of I. It is 

easily checked that these are inverse bijective correspondences 

such that K runs over a set of conjugacy class representatives 

as (A,H,o) ‘runs over a sét of representatives as in the state- 
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ment. Another easy check shows that 

NK = {(g,0)|g € NH, o @ NA, spthjoTM = o(ghg4}}. 
visibly the quotient homomorphism NA + WA induces an isomorphism 

WK = NK/K > No/Ap = Wp. 

REMARK 11. What really seems to be going on here is that there 

is an equivalence of G-spectra 

= V EGB(G,WA)*. 
(A) . 

The second author has an outline proof which, if correct, will 

I 
(Sexq) 

appear in [3] sincé it depends on equivariant infinite loop space 

: theory for the construction of a map. 

We use the previous proposition to relate the maps e« of (1) 

and (2). Henceforward, G and II are both to be finite. 

PROPOSITION 12. The following diagram commutes: 

(Soe Ot sv eepia,way "1S YS. vo pac* "Ewa" 
_ (A) . (A) " 

| 
ELL) pipet, (s)") F((BGxBI)*,S) = F(BG’,F(BI*,S)) 

PROOF. By Theorems 1 and 8, the following commutative diagram 

implies the result upon passage to adjoints. Let K correspond 

to (A,H,p) as in the previous proof. 

BI’ AZ” (BGxBWe)* a 5° (BexBItxBwK) * 
‘| ii 

BITAE’Bp’ = E°(BIxBp)* —S—» 2°(emx,,Bo)* = 2°cK* 
0 oo oO uw oo 1Ad r| z con) z ast] k u 

~ 

BAL’ BWA g 2° (BIxBWA)” —“> s’cat LY g 
Here CA = BMX pBWA and ts Ep > EWA covers y. The bottom 
middle square commutes by the naturality of transfer. We easily 

obtain a homeomorphism ENx,,Ep x CK from NA . 

Ep = EGX, 1 (GxWA) x, EWo], CK = (EGXEN) x EWK, 

and Wo # WK. ‘The bottom right square commutes trivially and the 

top rectangle commutes by the transitivity of transfer. 
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of course, We) = 1g while all other WA are proper sub- 
quotients of I. To prove Theorem A when G and Mf are p- 
groups, we proceed by induction on the order of Jl. Upon com- 
pleting the diagram of the previous proposition at p, we find 
in this case that the Segal conjecture for the groups I and 
Gx and the completion conjecture for the G-spectra EEB.(G,WA)*, 
A # @,. implies the completion conjecture for BoB (G/M)*. 

Because of the different topologies involved, this argument 
fails hopelessly when G and .il are not p-groups. We use the 
following observation to prove Theorem A when G is but T is 

not a p-group. 

LEMMA 13. The following diagram commutes for i: ACT: 
G (xpi) © + 

teep(e, 71° —— [uep ce, A) “3° oy prep (GI 

{ t [ 
© 

ns 

F(BG’ ,Z° BI") P(1,0), p(pot EBAY) F(L,5 Bi) p(gg? 2 °BN") 

G 

PROOF. Clearly B(G,N)/A is a model for B(G,A), hence we have 
a G-cover Bi: B(G,A) > B(G,M) with fibre M/A. The right 
square is an obvious naturality diagram. The left square relates 
the equivariant transfer of Bi to the nonequivariant transfer of 
Bi: BA > BI and commutes by naturality and the third diagram in 
the proof of Theorem 8. 

Now let G bea p-group, let A be a p-Sylow subgroup of 
—, and complete the diagram of. the lemma at p- The bottom com~ 
posite is then clearly an equivalence, and Theorem B will imply 
that the top composite is also an equivalence - It follows that 

e for I is an equivalance if ¢ for A is an equivalence, 
and this completes the proof of Theorem A. 

REMARK 14. Under the hypotheses of the previous paragraph, we may 
consider (Eepiy® as a map 

v epwot > VO OE BW ET 
(H) {(o)] (#) [(e)] 

or HA and p: H? Ir, and Theorem B implies that this map is a 
p-local retraction. Clearly the wedge summand indexed on [(o)] 
maps to the wedge summand indexed on- [(io)], but many [(o)] 
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may map to the same {(p)]. Glauberman has proven that the num- 
per of [(o)] which map to a given [(o)] and are such that 
W(o) is conjugate to a po Sylow subgroup of wip) is prime’ to 
p.° This provides a plausibility argument for the cited retrac— 
tion property. 

It remains to prove Theorem B. This is an easy exercise in 
the use of the ordinary RO(G)- graded cohomology theories on G- 
spectra which we introduced.in [7] and will study in detail in 
[9]. . 

Amap £: X¥> ¥ of connective G-spectra induces an equiva~ 
lence upon localization at p if and only if 

* * * 
£: Ha (YM) > Hg (2M) 

is an isomorphism for all p-local Mackey functors M. Compare 
[12], where the analogous G-space level statement is proven. 

Let w: E> B be a G-cover with fibre F and consider the 
composite 

w 

t + 2g" £: rGB —wo ce ee rep 
* If Kg is a ving valued RO(G)-graded cohomology theory and me 

isa kg * module valued RO(G)~graded cohomology theory, then 
* fim, *(B) > me, (B) is multiplication by til) e€ Ka (B) » where 

1é Ka (EB) is the identity element. 

For any Mackey ‘functor M, He (27M) is module-valued over 
* Hg(?A), where A is the purnside ring Green functor, A(G/H) = 

A(H). The same holds for p-local M and the localization Ay of 
A at Pp. To prove Theorem B, it suffices to show that 

t(l) € Hg (BAY) is a uit when G is a p-group and |F| is 
prime to Pp. 

By G-CW approximation and an easy colimit argument, we may 
assume without loss of generality that .B is a G-CW complex 
with finite. 0-skeleton B°, The inclusion of B? in B induces 
a monomorphism 89 (BM) > HQ (Bo>M) for any M. Our finiteness 

assumption ensures that Ho (B° iA) is an integral extension of 
uo (Bo 7A, )- Thus it suffices to prove that a(1) € Hy (B 0 . 

1A.) is a 
“p 

unit, where t is the transfer associated to the restriction 
ws nt (B®) > Bo, 
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Since po is a (finite) disjoint union of orbits G/H, 
nt (p) > p? breaks up into a disjoint union of G-covers 
x" (G/H) + G/H with fibre F. It suffices to show that 

9 se t(1) € Hg (G/HiA,) = ACH), 

Now a4 (G/H) + G/H has the form is a unit for each orbit G/H. 

GX F + G/H) for some action of H on F. We may regard F asa 

finite H-set and thus as an element of A(H) via this action. A 
check of definitions shows that t(1) = F. 

Since H is a p-group, \PXy = |F| Z0 mod p for KCH. 
It follows that the image of F under the natural embedding of 

vings y: A(H). + * Z,., x,(S) = is®j for an H-set S; isa 
; PK) (p) K 

unit. Since y is an integral extension, F is a unit in 

A(H) , and the proof is complete. 
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