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1. Introduction

   Let (Mn, T) be a closed smooth manifold dimension n with a dif-

ferentiable involution, and let Fm be the union of the m-dimensional 

components of the fixed point with the normal bundle vm. The aim of 

this paper is to give some relations among the Whitney numbers of 

([Fm, vm] ), which are used to investigate involutions fixing a projective 
space and a point. Let S<k> ($) be the characteristic class of an n-di-

mensional vector bundle e which is given by replacing the i-th ele-

mentary symmetric polynomial of a, by the i-th Whitney class Wi (e) in 

the symmetric polynomial

ail ai2...ain 
i1+i2+•••+in~k12n

The main theorem will be :

THEOREM 1.1. Let [Fin] s Hm (Fm ; Z2) be the fundamental class of Fin. Then

(1) E <S<m>(V ), [Fm]>=0 
     Osmsn

(2) OS~ 1jn<mS<m> (vm) +()S<m1>(m)Si(Vm) +S<.-a> (v.)SQ(T(Fm)), [Fm]/=0
where Si ( ) indicates the characteristic class corresponding to the symmetric 

polynomial E al, and

   The paper is organized as follows. In § 2 we get some relations 

among the characteristic classes which will be used to calculate the Wu 

classes of the real projective space bundle P() associated with a 

smooth vector bundle e in §3, and to calculate the Gysin homomor-

phism of the classifying map f: P()—>RPN for the canonical line bundle



over  P(E) in § 4. Making use of the results obtained in § 2, the Boa-

rdman homomorphism and the Quillen theorem instead of the results 

of Kosniowski and Stong [8] , we prove Theorem 1. 1 in § 4. In § 5 we 

show that an involution fixing a (2m+1)-dimensional real projective 

space RP2m+1 and a point is bordant to the Z2-manifold (RP2m+2, T) with

T[x0, x1,••••, x2, +2] = [ —x09 x19••••9 x2m+2]

and we investigate the dimension of a Z2-manifold fixing RP2m and a 

point.

2. The structure of the cohomology ring of a projective space bundle

   Let $ be a differentiable vector bundle of dimension k+1 over an 

n-dimensional smooth manifold Mn. Denote by P($) the projective 

space bundle. The cohomology ring H*(P($) ; Z2) is a H*(Mn; Z2)-mo 

dule with

ax= TC*(a) Ux,

where Tc : P(e)-->Mn is the projection. Let )7E be the canonical line 

bundle over P($) and let c be the first Whitney class of )7F. The Leray-

Hirsch theorem implies that H*(P(e) ; Z2) is a free H*(Mn ; Z2)-module 

with a basis 1, c, c2,...., ck, and 

(2.1) ck+1 = W1(e)c+ W2(E)c'+ ...+ Wk (E) c+ Wk+l (~) 

where Wi ($) denotes the i-th Whitney class of $. 

   Applying the splitting principle to a (k+1)-dimensional vector bun-

dle $, we formally write

k+1 

W(E)=1I (1+a,) 
i-1

Denote by S<1>($) the characteristic class corresponding to the symme-

tric polynomial

E ail a22...ak+i' 
it+i2+'•+ik+1-i

Then we have the following



 PROPOSITION 2. 2. Let

(2. 3) Ckt =ft,lek +1 t,2Ck-1 •.•. +ft,kc+ft,k-r1. 

Then

(1) f1,; = W; (e) 

(2) f1,1=S<t>(e)
ttttt (4) f=S<t1>(OW W,()+S<t-2>(S) W,,.1 (S) +...+S<t+i-k-2>(S) Wk+1(S)

   PROOF. (1) is an immediate result of (2. 1) . It follows from 

(2. 1) and (2. 3) that

(2.4)

ft+1,1 =ft.] W1( ) +ft,2 

ft+ft,1 W2(E) +ft,3 

ft I,k —ft,IWk($) +ft.k+}-1 

1+1, k+] =ft ,l Wk+1 (e) •

Let f; = f;,, for brevity. Then we have 

(2. 5) 11+1=1",  W1 U) +ft_i W2 (c) + • • • +ft-k+i 147, ($) +ft_k Wk+i (E) 

We comprehend W,(E) to be the j-th elementary symmetric polynomial 

,(a) of a,, and so we have 

(2.6) ft+i=fti(a)+f1_12(a)+-••+ft_k+iek(a)+ft-kk+i(a) 

Let fi' = ft-i' + ai fi ~I' where f = f fl' + a1 1_1. Proceeding inductively to subs-

titute fi' for ft-1' in (2. 6), we finally obtain

f(k)—f(k)  1+1—( ak+1

and

f(k)_.._1 J1+1—a+1k+1

We now suppose as the inductive hypothesis that

f(1) E at2...ask+1 
     i2+•••+ik+1°1k+l

Since f(1)=f;+a,fi_1, it follows that 

f1=ff1'+aif.11+aifi22+...+of-2fE'+ai 1fi'+of 

and we have f=S<1>(E). (3) is an immediate result of (2) and (2.4).



3. On the Wu classes of the projective space bundle associated with a real 

   vector bundle.

   According to Adams  [1]  , the KO-group KO(RP') of the n-dimension-

al projective space RP' is the cyclic group Z/2fn with a generator 7in 
—1, where in is the canonical line bundle over RP' and f, is a number 
of a set {s 0<ssn, s-1, 2, 4 modulo 8}. Let $ be a real vector bundle 

of dimension k+1 over RP" with u vn. It means that there exist 

trivial bundles 0 and 0' such that $0+0=u 7in(+O'. Applying the splitting 

principle, we have

S<1>($)= all az2... ak+1tk+1 
t1+t2+...+tk+1-t

(3. 1)

E x,1+,2+•••+tu = (')X1 
51+12+...+,umt

where x= W1(77n) is a generator of H1(RPn; Z2). The i-th Whitney cla-

ss W, (c) of $ is (')xi. Using Propositon 2. 2, we obtain
PROPOSITION 3.2.

ck+t= (—u)Ckxt+S~(—ti)( a )cle-lx1+1+1(—ti)()cle-2xt+2 tt—s s+1t-2 s+2

Euu j+lt+j1uu + 15u5k-.1+2 t—s)j+s-1) ckx+...+(t-1) (kl)xt+k
where c is the first Whitney class of the canonical line bundle ve of the projective 

space bundle associated with $.

   The tangent bundle of the projective space bundle P($) associated 

with a vector bundle $ over RP' is stably equivalent to

Ve070EO (n+1)77n

where ir: P($)-RPn is the projection. The Wu class vt(M) of a mani-

fold M of dimension m is defined by <Sgtx, [M ] > = <xvt (M), [M] >, where 

[M] indicates the fundamental class of M. We use Proposition 3.2 to 

have the following (cf. [5]) .

   PROPOSITION 3.3. Let 

vt(P(E)) =A0 xt+A1 xt-1c+22 xt-2 c2+...+Ak xt-k ck



If  E—'s  u  v„ then

 at`na+j) Ckbj)`b—j)

4. A proof of Theorem 1. 1.

   Let E-*F be a smooth real vector bundle of dimension k+1 over an 

m-dimensional closed smooth manifold F, and let f: P(E)>RPN be the 

classifying map for the canonical line bundle iE. We now investigate 

the Gysin homomorphism 

ft: H'(P($); Z2) =Hm+k-i(P(E); Z2)f Hm+k-i(RPN; Z2) ,,HN m-kf{(RPN; Z2) 

where D is the Poincare duality isomorphism.

   PROPOSITION 4.1. Let a e H° (F ; Z2) and c= Wi (lh) . Then 

                  fi(aca) =<S<m-v>CE)a, [F]>xN-m-k+P+a 

where z indicates the generator of Hl (RPN ; Z2) . 

   PROOF. Take the dual class (V-m
))-k+p+a)* e HN-k-m+p+a(RPN) which e- quals tox'"+k-p-a(1[RPN] . Let fi(aca) =AV--m-k"'". Since f*(z) =c, Propo-

sition 2.2 implies that

A=<.xm+k-P-a,f*(ac°n [P(E)])> 

=<acm+k-P , [P(E)]>
/tt = <aS<m-A>(E) ck, [P(E) ] > 

= <aS<m- > (E) , [F] >

Q. E. D.

   We now recall theBoardmanmap (cf. [6] ) 

I3:9l*(X) _.H*(n; Z2) [ [t1, t2,••-•] 

which is a multiplicative natural transformation satisfying 

   (1) for the cobordism first characteristic class Wi (i7) of a line 

 bundle 

         QCW107))=YYT7T                      1C7)+(W1(.9)Ptl+...+(W1(v))l+ltt+... 

   (2) for finite CW complex X, Q is injective.

We next recall the Conner-Floyd characteristic class (cf. [2], [6]) 

c,: Vect(X)—>H*(X; Z2) [ [t1, t2,••••]]



which is a map assiging a real vector bundle over X to a formal power 

series of t, with the coefficient in  H*(X; Z2) such that

(1) ct (ft $) =f*cl (E) 

(2) ct ( ct (e) ct (~) 

(3) for a line bundle 72 

c, OD =1+W1(v)t1+{W1(72)}2t2+...

   Denoting by DN : %*(N)--> *(N) the Atiyah Thom Poincare duality 

isomorphism. Then we have the Umkehrung homomorphism f! for a 

map f: M- .N between closed manifolds M and N:

f': V1*(M) 4 *(M)-; *(N) -4 sjt*(N)

which satisfies DN f!(1) = [M- N] e *(N). For the bordism group :2 

                                            Es,„ Z2-manifolds of dimension n, the bordism group Esn 9l(BO(t))Jof 
vector bundles and the bordism group %„,(B0(1)) of free Z2-maifolds, 
there exists an exact sequence (cf. [7] )

(4. 2) 0--91:2 E %,(BO(t)) Vin-1(BO(1))-> 0

where j* [M, T] = Ei [Ftvt]  Ft the fixed point component of (M, T) 

and vi the normal bundle of F, and 3[M, ei _ [P(E) RPN c B0(1)1, f 

the classifying map for the canonical line bundle. We now remark that

(4.3) leCfi(1))=flct(v1), 

where vi is the virtual normal bundle of f: M---> N (cf. [9]) .

   A PROOF OF THEOREM 1. 1. The exact sequence (4.2) implies that 

Ea [Fm, vm] =0. Let J..: P(vm)-_>RPN be the classifying map for the cano-
nical line bundle 72F. (4.3) implies E fm!(ct(vf m))=0. We now compute

fm!lfm(ct(77N))N1 cl(vI—f!1            lct(~YmCX~7r'vm)cl@n'r(Fm)))

 ct(vN)"1fm! (C1(vi,. ® 771)ct(TC'r(Fm))J
Denote by an ideal genereated by (t1, t2i...., t3_1, ts, ts+1i••••}• By 

virtue of the splitting principle, we have

ct(7 pm OO n'vm)=1+{(n-m) &+ MS,(7thi„,)c'-'} is mod 
1siSm



and

 ct(70r(F))=1+sa(7r1r(F))ta mod .

Since ct(i'N,) is an invertible element, by making use of Proposition 4. 

1 we complete the proof.

5. Involutions fixing real projective spaces

   Suppose that RP"' is embedding in Mn with the normal bundle v 

which is stably equivalent to ui",. Then

   LEMMA 5.1. 

   (1) S,(v) =ux' in H*(RPm; Z2) 

   (2) S,(r(P(v)) =u(c+x)'+ (n+m+u)c'+ (m+1)x' in H*(P(v) ; Z2) where 
x is the generator of H1(RP'n ; Z;), and c= W1(77) . 

   PROOF. e— e' implies that S, (e) =S, (e') and (1) follows. r(P(v) ) 

77 n nip (+)(m +1) 70 7m, and 

S,(r(P(v)) =S;(i7, (s'A, n! v) + (m +1)x'. 

Let 0—u'2m (+) 0', with trivial bundles 0 and 0'. Then 

S1(iy, 70 v) + dim S, (i7v) = u S, (77, n 7r! 77"t) + dim 0' S,(77„) 

andS, (72, ® v) =u(c+x)'+ (n+rn+u) c'. Q. E. D.

   Let (M, T) be a closed Z2-manifold of dimension n fixing the disjoint 

union E15i5s RP"`t of real projective spaces, and let v, be the normal 

bundle of RPm; which is stably equivalent to u, ~7m, where u, is a non-

negative integer. Then it follows from Theorem 1.1 and Lemma 5.1 

that

PROPOSITION 5. 2.

(1) E (_u1)m=0 mod 2 
1Si5s

(2) E (mt (:)+~,(a)(—u`)u~+(—u')(m1+1)}= 0 mod 2   ~szss 15/Samt—~m=—Q

(3) if 3=2' then

E (mmti(—u') +(u,+mt+1) (m,--u•))=0 mod 2 1Sf55N

We then have the following



   COROLLARY  5.3. Suppose that a close Z2-manifold (M, T) fixing RP'+ 

(a Point) has the normal bundle v of RP' with v—, w2„,. Then

(1) if m is odd, then u is odd. 

(2) if m = 2t, then u is odd.

   PROOF. (1) is the immediate result of Proposition 5.2 (1) . Applying 

Proposition 5.2 (3) to ,3=2t, we have

m()+() (u+m+1)=0 mod 2.

and u+1=0. Q. E. D.

We also obtain

   COROLLARY 5.4. There is no involution fixing 2k copies of RPm and a 

point such that the normal bundles of the projective spaces are stably equivalent 
each other.

   THEOREM 5.5. A Z2-manifold fixing a projective space RP2n+1 of dime-

nsion 2n+1 and a point is bordant to a Z2-manifold RP2i+2 with the action T [x0, 

xi,••••, x2+21 = —x0, xl,...., x2nt2] •

   PROOF. Suppose that (M, T) is a Z2-manifold whose fixed point set 

is RP2"-1 + {a point) and the normal bundle v of R132"-1 is stably equivalent 

to u772n+,, where v is of dimension k+1. By Corollary 5.3 (1) u is odd. 

Conner and Floyd proved that Euler characteristic numbers modulo 2 

of M and the fixed point set coincide. We use this fact to prove that 

x(M) =1, where x( ) denotes the Euler characteristic modulo 2. Suppose 
that k is odd, then the dimension of M is odd and x(M)=0. This is 

a contradiction. Therefore k is even. Generalized Whitney numbers 

<W,,(N)g*(y), [ND for a singular manifold (N—>Y) determines the 
bordism class [N -> Y] in SJi* (Y) (cf. [7]) . Since k is even and u is odd, 

the first Whitney class of P(v) is c+x. Let us compare the following 

characteristic numbers of [P(v) - RPN] and [RP2n+1 c RPN], where f is 

the classifying map for the line bundle 72,:

<(W1(P) —f*(h)}2n+k+1, [P(v)]>= 0 if k>0 
and 

<{ W1(RP+k) —i*(z) }zn+k+1, [RP2n+k+1] >=1.

Therefore k=0 and v is equivalent to v2n+1• Then we have



 j*C[M, T]) _ [RP2n+1, 7I2n+1] + [{a point), 0],

where 0 is the trivial bundle. Let (RP2n+2, T) be a Z2-manifold with a 

Z2-action

T [xo, x1,••••, x2n+21 _ [ —xo, xl,••••, x2n+2]

Then

j*([RP2n+2, T]=.?*([M, T])

and the exact sequence (4. 2) deduces that (M, T) is bordant to (RP2n+2, 

T)•

Q. E. D.

   THEOREM 5.6. Suppose that an involution (Mn, T) axes RP2m+{a point}, 

m>0. Let v be the normal bundle of RP2m with v—'s u7)2m. Then u is odd and 

nS4m+1.

   PROOF. We firstly assume that u is even. Then Lemma 5.1 im-

plies that S,(r(P(v)) =n c'+x'. We compare generalized Whitney nu-
mbers of [P(v)- RP"], f the classifying map of ,2Y, and [RPn-1 c RP"]. 

If n>2 m, then

/Cn_2m-1(S2m(r(PCv)))—nJ*(x2m)), [P(v)]>=1

and

<xn-2m-1 (S2m(r(RPn-l)) —ni*(.x2m)), [RPn-1] >= 0

where x= W1(77n-1) , x = Wl (7)") and c= Wl (vy) . This is a contradiction. 

Then if u is even, dim M=2m. This means that some component of 

M with the involution has a fixed point set consisting of a point. 

Since there is no involution fixing a point except the involution on a zero 

dimensional manifold, if m is positive, then u is odd. We next assume 

that u is odd. Then Lemma 5. 1 implies that

S,(r(P(v)) _ (c+x)'+ (n+1)c'+x'.

If n>4m+1, then

A=cn-4m-2(S4m+1(r(P(v))) + (n+1)f*(x)4m+1+ ES2m+1(r(P(v))) 

+ (n+1).f*(X)2m+1] [S2m(r(P(0)) + (n+1)f*(5021 ) 
=Cn-4m-2(C+x12m+1 x2m=Cn-2m-1 x2m

and



B=xn-4m-21S'4m+1(z(RPn-1))+(n+1)Z*(.7C)4m+1+ [S2m+1(z(RP"-1)) 

 + (n+1)lli*(JC')2m+11 [S2m(r(RPn-1)) + (n+1)i*(x)2m]) =0

Therefore  <A,  [P(v)  ]  >  =1 and <B, [RPn-1 ] > = 0. This is a contradiction. 

Then the theorem follows. 

   The homogenuous space SU(n)/SO(n) is diffeomorphic to a manifold 

Xn= {P e SU(n) I 'P=P}. Let Z2 act on Xn by P P-1. Denote by F(Xn, 

Z2) the fixed point set. Then we have

   PROPOSITION 5.7. F(X,, Z2) is a disjoint union of the Grassmann mani-

folds {G2k(Rn) ; k=0,1, 2, ....}.

   PROOF. Each. element P of F(X", Z2) belongs to SO(n) and tP=P. 

Let F2k(Xn, Z2) consist of elements of F(Xn, Z2) whose trace is n-

4k. Letting each P of F2h(X,,, Z2) correspond to the subspace {xIPx= 
—x) in Rn, we see that F2h(Xn, Z2) is diffeomorphic to the Grassmann 

manifold G2k (R °)

Q. E. D.

   Hence we obtain the 3-dimensional projective space RP' with the 

involution [xo, x1, x2, x3] — [ —x0, x1, x2, x3] whose fixed point set is RP2+ 

{a point) and the 5-dimensional manifold X3 with the involution P P-' 
whose fixed point set is RP2+ {a point}.
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