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ANNALS OF MATHEMATICS
Vol. 78, No. 2, September, 1963
Printed in Japan

THE COHOMOLOGY STRUCTURE OF AN ASSOCIATIVE RING

BY MURRAY GERSTENHABER
(Received July 23, 1962)

Let A be an associative ring, P be a two-sided A module, and H*(A, P)
denote the n'" cohomology group of A with coefficients in P; in particular,
Pmay be A itself. Let H*(A, A), H*(A, P) denote the direct sum of
the groups H™(A, A), H"(A, P),n =0,1,2, ---, respectively. Then
H*(A, A) is a graded ring in the cup product multiplication and H*(4, P)
is a two-sided H*(A, A) module. In this paper, among others, the follow-
ing results are proved:

1. The cup product is commutative, i.e., if a™ € H™(A, A), 8" < H(A, P)
then

am— B = (=D)L —a™ .

2. There is defined in H*(A, A) a second multiplication, the bracket
product [ , ], in which H*(A, A) becomes a graded Lie ring, the grading
being reduced by one from the usual. One has

(1) [H™(A, A), H(A, A)Jc H™""(4, A) ,

and for a™, 8*, v* in H*(A, A) of dimensions m, n, p, respectively,
(2) [am, Bn] — _(_1)(m—1>(n—1>[8n, am] ,

and

(_1)(m~1)(p—1)[[am’ Bn]’ ,-),p] + (_1)(n—1>(m—1)[[6n’ ,-),p]’ a”‘]
+ (__1)(p—1)(m—1)[[,711’ am]’ Bn] — 0 .

If m = n = 1, the bracket product in (1) and (2) is the ordinary Poisson
bracket of derivations of A into itself.

3. One has

[am—pB", v"] = [a™, v"]—=B" + (=" Var—[B", 7],
i.e., the additive endomorphism of H*(A, A) defined by « — [, v*] is a
derivation of degree p — 1 of H*(A, A) considered as a ring under the
cup product. (Somewhat more general statements are actually proved,
for which see §9.)

The present paper was originally intended as the first section of a
paper in preparation on the deformation theory of algebras. There it will
be shown that the bracket products [, 8], [a?, 8"] of elements of H'(A, A)
and of H*A, A) with elements of H"(A, A) for any n arise naturally,

through an interpretation of H'(A, A) as the group of infinitesimal
267
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268 MURRAY GERSTENHABER

automorphism of A and of H*(A, A) as the group of infinitesimal defor-
mations. The ring H*(A4, A) taken in the bracket may accordingly be
called the infinitesimal ring of A.

It is assumed throughout this paper that a commutative ring S with
unit is given, and that all rings A, and the modules P on which they act,
are simultaneously S modules, the operations of A on itself and on P be-
ing S module homomorphisms. The role of S is generally tacit. All tensor
products will be assumed taken over S, and S frequently will not be
indicated.

1. Graded rings

A graded ring A is one which, as an S module, is a direct sum of sub-
modules, A = }_A,, indexed by the elements of an additive group G and
in which 4,4, C A,.,. In addition, it will be assumed throughout this
paper that there is specified in G a subgroup G+ of index two, the ele-
ments of which will be called even; those of the complementary coset G-
will be called odd. Commonly G will be the additive group of integers,
in which case G* is necessarily the even integers. The elements of A,
will be called homogeneous of degree \. Setting A*=3_A,,N G, A~ =
> Ay, N'eG, we have ATA*, A"A-C A*, ATA~, A—A* C A~; in partic-
ular, A* is a subring of A.

The groups G, G* being fixed, we define, for all A in G, 1* = 1, and set
(—1)*= +1 if X\ is even and (—1)* = —1 if X\ is odd. Also, we set
(— D™ = ((—1)"* for all n, ££ in G. There is then an involutory automor-
phism J of A determined by setting for a of degree \, Ja = (—1)*a.
Defining J* =1 for /¢t even, J* = J for £ odd, we have then, J*a =
(— D a.

A graded ring A = }_ A, will be called commutative if given elements
a, b in A of degrees \, / respectively, we have
ab = (—1)*ba ,
and will be called skew if
ab = —(—1)*ba .

The anti-isomorph or opposite A’ of a ring A is that ring which, as an S
module, is identical with A, but in which the product of @ and b is defined
to be ba. For ungraded rings, a commutative ring A is identical with A’;
while if A is skew, the mapping @ — —a is an isomorphism of A with A4’.
For graded commutative and skew rings, because of the generality in
which the definition has been given, it is conceivable that A may fail to
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COHOMOLOGY OF AN ASSOCIATIVE RING 269

be isomorphic to A’. However, if the group G is the integers, or more
generally, if G* contains a subgroup G++ such that G/G** is the eyclic
group of four elements (G** being necessarily the multiples of four if G
is the integers) then A is isomorphic to A’. For in this case, choosing a
generator u of G/G**, we may define an element \ of G to be congruent
tonmod4,n =0,1,2,0r 3, if A =u"modG**. If A is a graded com-
mutative ring let an S module automorphism ¢ of 4 be defined by set-
ting, for a* in A4,,

a* if x=0,1mod4
—a* if x=2,3mod4.
It is then a straightforward matter to verify that, if b* is of degree f,
then o(a*v*) = (—1)*o(aM)o(b*) = a(b*)o(a’), i.e., ¢ is an anti-automor-
phism of A, or an isomorphism of 4 onto A’. If A is a graded skew ring,
the requisite o is defined by

o(a*) = {

@ _{—a* if x=0,1mod4
o(a?) = a’ if x=2,3mod4.

2. Graded Lie and pre-Lie rings

A ring A is a graded Lie ring if it is a graded ring with a skew multi-
plication (usually denoted [ , ]) satisfying the graded Jacobi identity,
i.e., if given elements a*, b*, ¢* in A of degrees \, , v, respectively, we
have
(3) [a*, b*] = —(=1)*[b*, a*],
and
(4) (=DMla*, b*] ] + (—1)*[b*, ¢], a*] + (—1)*#[[e’, a*], b*] = 0 .
If A is a graded Lie ring, then it follows immediately from (8) and (4)

that so is its anti-isomorph. Denoting by R, the module homomorphism
of A defined by cR, = [c, a], then (3) and (4) are equivalent to (8) and

(5) RaARb;L - (—I)A’LRMLR,ZA = R[a)\_bu] .

(Note: Generally transformations will be written on the left; right
multiplications, like R,, will be the only exceptions.)

A ring A will be called a graded right pre-Lie ring if for elements a?,
b“, ¢ of A of degrees \, £, v, respectively, we have, denoting the product
of aand b in A by aob,

(6) (coa*)ob* — (—1)*(cob*)oa™ = co(a*ob* — (—1)*b*oa?) .

(A graded left pre-Lie ring will be one whose anti-isomorph is a graded
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270 MURRAY GERSTENHABER

right pre-Lie ring. Henceforth all pre-Lie rings will be tacitly under-
stood to be right pre-Lie rings unless otherwise specified.) Denoting by
R, again the right multiplication by «a, (6) is equivalent to

(7) RaARbu. - (—1))‘“’RbuRa>\ = Ra’\ob“‘—(—l))‘p'bp'ﬁa,)‘ .

It follows immediately from the defining identity (6), that a graded as-
sociative ring is also a graded pre-Lie ring. However, a graded Lie ring
in general is not a graded pre-Lie ring.

THEOREM 1. Let A be a graded pre-Lie ring, and define for elements
A anew multiplication by setting for a*,b* of degrees \, 1, respectively,

[a*, b*] = a*ob* — (—1)™b*oa™ .
T hen in the bracket product A is a graded Lie ring.
ProoF. It is evident that the bracket product is skew. We need there-
fore only verify that (4) holds. The first term in (4) is
(—1)*[(@ob — (—1)*boa)oc — (—1)****co(@ob — (—1)*bo a)],
which by the hypothesis (6) is equal to
(—M(aod — (—1)™boa)oc — (—1)**¥((coa)ob — (—1)*(cob)oa)] .

Applying similar transformations to the other terms in (6) the left side
becomes

(—)™[(@od — (—1)™boa)oc — (—1)‘“““’((00(1)01) — (—1)*(cob)oal
+ (=1 (boc — (—1)y*cob)oa — (—1)*M(aob)oc — (—1)*(aoc)obd]
+ (—=1)*(coa — (—1)*aoc)ob — (—1)**M¥((boc)oa — (—1)*boa)oc],

which vanishes identically. Therefore (4) holds, and this ends the proof.
It follows, in particular from Theorem 1, that the bracket product may
be introduced in a graded associative ring, yielding a graded Lie ring.

3. Modules over associative, Lie and pre-Lie rings

Let A = Y_A, be a graded ring and P = }_ P, be a module which is a
direct sum of modules indexed by the same group as indexes A. Suppose
further that there is given a module homomorphism p: P A — P such
that o(Py® A,) C Py... If A is either an associative, Lie, or pre-Lie
ring, then we shall say that P is a right A module, provided the follow-
ing respective conditions are satisfied:

If A is associative, then denoting for ze P, a € 4, p(z Q a) by za, we
have

(za)b = z(ab) , zeP;a,beA.
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COHOMOLOGY OF AN ASSOCIATIVE RING 271

If Aisa graded Lie ring, denoting p(z ® a) by [z, a] we have, for a*, b*
in A of degrees \, /t, respectively,

(8) [z, ], 5] — (—1)*[[z, 0], a*] = [z, [a?, b4]] .

Denoting again by R, the endomorphism of P defined by zR, = [z, a], (8)
is formally equivalent to (5). Therefore, a graded Lie ring is a right
module over itself.

If A is a pre-Lie ring, denoting o(z @ a) by zoa, we have for a*, b*, in
A of degrees \, (¢, respectively,

(9) (zoaob* — (—1)*(zob*)oa* = zo(a*ob* — (—1)*b*o0a?) .

Denoting now by R, the endomorphism z — zoa, (9) is formally equivalent
to (7), and a graded pre-Lie ring is therefore also a right module over
itself.

If Pis a right module over an associative ring A, then it is also a right
module over A considered as a pre-Lie ring. We define zoa = za for
zeP,ac A,

If Pis a right module over a pre-Lie ring A, then it is also a right
module over the associated Lie ring obtained by introducing the bracket
product. We define

(10) [2,a] = zoa . for zeP,acA.

With respect to this definition, however, the reader must exercise a
certain caution. If A is a graded pre-Lie ring, then it is a right module
over itself and therefore, using (10), it is also a right module over its as-
sociated graded Lie ring. However, taking in A the graded Lie ring
structure it is also a right module over itself, but this ts not the same
module structure. For example, suppose A is associative, and for sim-
plicity, ungraded (i.e., Ay = 0 for A # 0). Let a, b, z be elements of A.
Considering A as a pre-Lie ring, we have aob = ab, and the associated
Lie structure is given by [a, b] = ab — ba. Under the definition given in
(10), we have, considering the pre-Lie ring A as a right A module, [z, a] =
zoa =za. Itisthen indeed the case that [[z, a], b] — [[?, b], a] = [, [a,b]],
the left side being zab — zba and the right z(ab — ba). However, con-
sidering A as a Lie ring in the multiplication [a, b] = ab — ba, we have
[z, @] = za — az, and again [[z, a], b] — [[#, ], a] = [z, [, b]], but this is
clearly in general not the same right module structure over the Lie ring A.

A left module P over a graded associative, Lie, or left pre-Lie ring A
is a right module over its anti-isomorph A’. The notations are similar to
those for right modules, the operation of the elements of A on P simply
being written on the left.

This content downloaded from 128.151.113.25 on Sun, 07 Dec 2025 11:24:06 UTC
All use subject to https://about.jstor.org/terms



272 MURRAY GERSTENHABER

If P = 3P, has both the structure of a right and left module over a
graded ring A, the gradation of P being the same for both structures,
then the module direct sum A + P is graded by setting (A + P), =
A, + P,, and, by defining the product of two elements of P to be zero,
may be made in a natural way into a ring containing A as a subring, and
P as an ideal with P* =0 and A + P/A = A. If A is an associative or
Lie ring and A + P has the like type of structure, then P is a two-stded
A module. If A is a graded commutative ring and P a right A module,
then setting for a € A,,z¢ P,,

arzt = (—1)M*zra
P becomes a two-sided A module and A + Pisagain commutative. Simi-
larly, if A is a graded Lie ring and P a right A module, setting
[a%, 2] = —(—1p¥[z+, 0],

P becomes a two-sided A module and A + P is a graded Lie ring. For
these cases, therefore, it is unambiguous to say that P is a module over A.

If P and P’ are right modules over a graded Lie or pre-Lie ring A, then
P @ P’ may be given the structure of a right module over A by setting

PRP) =2 s PAQ P
and for y*€ P,,z¢€ P, a"€ A,, by setting
[z @y, a*] = (=[x, a’] @ v* + © @ [y*, a’]
in the Lie case, and
(@@ y)oa* = (=1)"(xoa") Qy* + » Q) (¥*oa’)

in the pre-Lie case (i.e., by using the identical formula).

If Pis a right module over a graded associative, Lie or pre-Lie ring A,
given by a homomorphism p: P A — P, and if ¢ is a gradation preserv-
ing ring endomorphism of A, then we can define a new right A module
structure on P by a homomorphism 0?: P A — A given by

oz ®a) = p(z x p(a)) ,

for ze P,a € A. In particular, we may take ¢ = J” (i.e., ¢ = J if v odd,
@ = 1if v even).

The concept of a module over a ring has been discussed only for those
classes of rings arising here, but may generally be defined for any type
of ring structure given in terms of identities in right multiplications, for
example, for Jordan rings.
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COHOMOLOGY OF AN ASSOCIATIVE RING 273

4. Derivations

If P=}_P,, P'=) P are direct sums of modules indexed by the
same group G, then a module homomorphism ¢: P — P’ will be said to be
homogeneous of degree veG, if @(P,) c P),, for all A in G. If A =
> A, is a graded ring, then a module endomorphism D of A will be called
a left derivation of degree v of A if D is of degree v as a homomorphism
of A into itself and if, given a*, b* of degrees \ and ¢ in A, we have

11) D(a**) = (Da)d + (—1)"a(DD) ;
D is a right derivation of degree v if it is of degree v and
12) D(a*b*) = (—1)(Da)b + a(Db) .

A left derivation of A is a right derivation of the anti-isomorph of A.
If D and D’ are left derivations of A of degrees v, V', respectively,
then

|D, D'l = DD’ — (—1)*'D'D
is a left derivation of degree v + v'; the identical assertion is true for
right derivations. Letting 9, = 9,(A) denote the module of all left deri-
vations of A of degree v, 9 =39, is therefore in a natural way a graded
Lie algebra graded by the same group as A, and the same is true for
right derivations. These algebras are anti-isomorphic to each other.

If A is a graded associative ring and a* an element of degree )\, then
the module endomorphisms D,, D of A, defined by setting for b* in A of
degree 1,

Db* = a*b* — (—1)*b*a
and
D)b+ = b*a* — (—1)*a b+

are left and right derivations, respectively, of A, of degree ». Likewise,
if A is a grade Lie ring, then

(13) D b* = [a*, b*]
and
(14) Db = [b*, a*]

define left and right derivations, respectively, of degree A. Such deriva-
tions are called inner.

If A is a graded ring for which the concept of two-sided module has
been defined, i.e., in the present case, if A is a Lie or associative ring,
and if P is a two-sided module over A, then a module homomorphism
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274 MURRAY GERSTENHABER

D: A— P is a left derivation, respectively right derivation, of degree v
of Ainto P if it is homogeneous of degree v and if given a* € A,, b* € A,,
(11), respectively (12), holds, where now the multiplication is the module
operation of A on P. Inner derivations are definable exactly as before,
by (13) and (14), where now b* is taken in P,. If Dis a left derivation of
degree v of A into P, and if we define a new two-sided A module structure
on P by defining the new product of an element a of A with an element
2z of P to be the old product of J*a with 2, then the homomorphism
D: A — P, relative to the new module structure, becomes a right deri-
vation of degree v. If D is a derivation of A either into itself or into a
two-sided module over A, then the set of elements annihilated by D is a
subring of A.

5. Pre-Lie systems

By a right pre-Lie system {V,, o,}, we shall mean a sequence --- V_,,
V., Vi, Vs, - - - of Smodules and an assignment for every triple of integers
m, m,t = 0 with 7 < m of a homomorphism o; = o,(m,n)of V,,® V, into
V.. .. with properties described below. If fe V,, we may write f = f"
to indicate its degree; and if g€ V,, we shall denote o,(f Q g) by fo.g.
The prescribed properties are given by

(fmo;h)os 9" if 0sj=i—1
fmoi(gho;ih") if isjsn+1,

(15) (f"oig") o h? =

f9,hin V,,, V,, V,, respectively. From the first case of (15), we may
deduce further that

(fmoih?)oi g™ = (f™oi  h")o; 9" if 0=s1+p=j5—1,
or, interchanging the roles of g and #, we have
(16)  (fmo;9")o;h* = (f"o; h?)oig" if n+i+l1=j=m+mn.

Among the simple examples of (right) pre-Lie systems, we have the
following.

1. Given any sequence of modules V_,, m =1, 2, ---, indexed by the
negative integers, define V,, = 0 for m = 0 and define all the o; to be
Zero.

2. Let A be an associative ring and set V, = A4, V,, = 0 for m # 0.
Then o,(m, n) need only be defined for ¢ = m = n = 0, in which case we
take it to be the multiplication in A.

3. Let V be an S module, V™, m = 1, 2, - - - denote the tensor product
of V with itself m times, andlet V,= V", m=1,2,---. Set V, =185,
V,=V.,=+.=0.IffeV,,geV,areof theformf=a,Q - R a,,
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COHOMOLOGY OF AN ASSOCIATIVE RING 275

g=58Q& ---Q B., respectively, define o; = o,(m, n) by
fmoign:'al@"' ®a¢®:81® ®Bn®a¢+1®®am

We may then extend o, linearly. In this example o; is always an iso-
morphism, and in fact o,(m, n) is the identity. If m = 0, in which case
fis just an element s of S, then we identify s Q g with sg = gs; o, is
then defined only for ¢ = 0 and so,g is again just sg. If » = 0, then
fQRs=sf=fo;sforallt=0,1, ---, m. Itis trivial that (15) holds.

4. Letting V, V™ be as in 38, set V,, = Homz(V™, S),m =1,2, ...,
set V, = Homg (S, S), which we identify with S itself, and set V_, =
V,=+:+-=0. If feV,,g¢V,, we may define an element denoted fg
of V,., as follows: Given ae V™", be V", set fg(a ® b) = f(a)g(b), and
extend the definition of fg to all of V™" linearly. Let o; = o}(m, n) now
denote the inverse of the isomorphism defined in 3 of V™ ® V" onto
Vm+n_ Then we may define homomorphisms o; of V,,® V, into V,_, by
setting fo,;g9(a Q b) = fg(a}g), extended linearly. Again, it is not difficult
to verify that (15) holds. Unlike the case in 3, in the present example
the o, are not generally isomorphisms, nor is V,, the tensor product of V,
with itself m times. For example, let F), be the field of 2 elements, W be
a 2-dimensional vector space over F},, and let F), + W be made into a ring
S by setting W* = 0. Let V be a one dimensional vector space over F,
on which S operates by setting WV =0. Then VQ, V= V, whence
V™ = V for all positive m and V,, = Homy (V, S) = W for all positive
m,but WRQ;W=W+ Wz W.

The example in which we shall later be most interested is the following.

5. Let V, V™ be as in 3, W be another S module and : W — V be an
S module homomorphism. Set V,, =Homy( V™", W), m=0,1,---,V_, =
Homg (S, W), which we may identify with W,and V_,= V_,= ... = 0.
If feV, g€V, m,n =0, then define fo,ge V,., = Homg(V™i"+', W)
by setting

foi9(a, @ - R Q6P - Rb, R, Q-+ Qa,)
:f(ao® R R@PIb R R R R e ®a'm) .
The definition is extended to the case where » = —1 by interpreting ¢
to be simply an element of W and setting
foi9(@ @ R ®a; Q-+ Ra,)
=f, Q@ Qi QPID a1 Q-+ Ra,) .
That (16) holds is again trivial. Note that, while in the previous examples

the module --- + V_, + V, + V, + --- was in a natural way an associa-
tive algebra, this is not the case here. When considering this example,
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276 MURRAY GESTENHABER

we shall assume until § 9 that W = V and that @ is the identity.

6. The graded Lie ring of a pre-Lie system

In this section, \, £, v will denote integers.

Given an arbitrary pre-Lie system {V,, o;}, we now define for every m
and 7 a new homomorphism o of V,&® V, into V,., by setting for
fmeVaugre Ve, withm = 0,

(17) frogr =20 (=1)"fmo,g",

i.e.,

(18) fmog™ Smoug" + frogt + oer + fMong" if » is even
o] =

Smogg® — fmog" + +-- + (=170, 9" if n is odd ,
and setting
(19) fmog" =0 if m<o0.

THEOREM 2. Let {V,, o;} be a pre-Lie system and f™, g", h” be ele-
ments of V,., V., V, respectively. Then

(1) (fmog®)oh? — fro(groh”) = 3 )(—1)"+?(fmc,g") o;h", where the
sum Y_' is extended over those © and j with either 0 =j =1 —1 or
n+i+1=j=m+n.

(il) (fmogm)oh® — fro(groh?) = (=1)""[(f"oh?)og"” — f"o(h"og")].

ProoF. If (f™og*)oh” is expanded according to the definitions, (17)-
(19), then the term (f™o;g")o,;h” occurs with coefficient (—1)"*#/. If all
these terms are transformed according to the formulas (15), (16), then a
term of the form + f™o,(g" o, h?) occurs if and only if one can find¢ = 0
and j with ¢ <7 =<n + 1, such that x =4 and ¢# =5 — 1. This says,
however, that every term of the form + f™o,(g9"o.h") occurs. It occurs
further with coefficient (—1)"*+?*+w = (—1)Pr++Pr 1§ e, the same coef-
ficient with which it appears in f™o(g"oh?). These terms being the
transforms of those (f™o;9") o;h” with ¢ < 7 < n + 1, assertion (i) follows.
Observe further that (f™og")oh? — fmo(g"oh”) can be expressed as a
sum of terms of the form =+(f™o;h?)o;,,9" with 0 <j =17 — 1 and of
the form =+(f™o;_,h?)og" with n + 4+ 1 =7 =<m + n, and all such
occur. Therefore, a term of the form (f™o,h?)o,g" occurs if and only if
we can find either tand j withi + p=pg,j=rand0=j =<7 —1,0r
and jwithi =g, —n =»xandn + ¢+ 1 =7 =m + n;i.e., asone sees
readily, if and only if we do not have » < ¢£ < p + M. The terms which
occur are therefore those occuring in (f™oh?)og™ — f™o(h?og™), up to
sign. As for the sign, (f™oh”)o;,,g" occurs in (f™oh?)og™ with sign
(—1)pitntite) — (—1)r+ri(—1)*? and (f™o;_,h”)o;g" occurs with the same
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COHOMOLOGY OF AN ASSOCIATIVE RING 277

sign, which is in both cases (—1)"? times the factor with which it appears
in (f™og™)oh?. Therefore

(fmog")oh? — fmo(gmoh®) = (—=1)*’[(f™ohP)og" — fmo(h"og")],
which is assertion (ii).

COROLLARY. Let {V,, o;} be a pre-Lie system and let A =)V, bethe
direct sum of the modules V, made into a ring by extending o to be an
S module homomorphism of AR A into A. Then with this multipli-
cation, A becomes a right pre-Lie ring graded by the integers.

Proor. This follows immediately from the fact that assertion (ii) of
the theorem can be rewritten in the form

(Frog?) o’ — (~)P(fol?)og" = f"o(g o) — (—1)"f "o og") ,

and this is identical with equation (6) defining pre-Lie rings.

We shall say that A is the pre-Lie ring (graded by the integers) asso-
ciated with {V,, o,}; the graded Lie ring derived from A by Theorem 1
of § 2 will be called the graded Lie ring associated with {V,, o;}.

If {V,, o} is a pre-Lie system and W = >_ W, is a direct sum of
modules indexed by the integers, then we shall say that W has the
structure of a right module over the given pre-Lie system if there exist
module homomorphisms (which we shall again denote by o;(m, n)) of
W,.QV,into W,,, such that, if f = f"e W,,9 =9, € V,,h =h?e V,,
then (15) holds. If such a structure is defined on W, then one sees im-
mediately that there may also be defined on W the structure of a right
module over the pre-Lie ring associated with {V,,, o;} by setting f™og" =

r L (=1)"fmo,g", i.e., by using (17), where f™ is now taken to be in
W... It follows, therefore, from (10) of § 2 that W also has the structure
of a module over the graded Lie ring associated with {V,,, o;}.

In brief, combining Theorems 1 and 2 we see that every pre-Lie system,
in particular those of the examples, gives rise in a natural way to a
graded Lie ring, and every right module over such a system gives rise to
a right module over that graded Lie ring. The pre-Lie system with which
we shall be mainly concerned will be that formed from the cochains of
an associative ring with coefficients in the ring itself. This will be of the
type of example 5 of § 5.

7. Cohomology of a ring and commutativity of the cup product

Let A be an associative ring and P be a two-sided A module. Follow-
ing the classical definition of Hochschild (and at the risk of seeming old-
fashioned) we define an m-cochain f™ of A with coefficients in P to be an
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S module homomorphism of the tensor product A™ of A with itself m
times into P. The module Homg (A'™, P) of all such f™ will be denoted
by C™(A, P), S being understood. We identify C°4, P) with P. For
every m there is defined a homomorphism 4,,: C"(A, P) —C™*'(A4, P) de-
fined by setting

0nf(@ Q- Rapi) =0 f(a:Q -+ Qay.y)
+ Z:L,I (D (. Q- ®a Q@001 R, R - Rapiy)
(D0 ® A
and extending the definition of 6 = 4, linearly. It is the case that
Omi10n = 0; Z™(A, P) is defined to be the kernel of §,, B"(4, P) to be
the image of 4,,., for m = 1, and to be zero for m = 0, one has B™(4, P) c
Z™(A, P), and H™(A, P) is defined to be Z™(A, P)/|B"(A, P). We will
denote by C*(A4, P), Z*(A, P), H*(A, P), respectively, the direct sums
of the modules C™(4, P), Z™(A, P), H*(A, P) for m =0,1,2, «--.

If Pis further an associative ring, then the multiplication in P induces,
for every m and », a homomorphism denoted — and called the cup product
of C™(A4,P)QC"(A,P) into C™"(A,P) defined by setting for
fmeC™A, P),g"e C"(A, P),

.fmvg”(aﬂ@“'®am®bl®"‘®bn)
="M@ Ra.)9"0:Q - Q@b,) .

Under this multiplication C*(A4, P) becomes an associative ring graded
by the integers. We have, trivially,

(20) (fm—g") =of"—g" + (=)"f"—dg",

i.e., o0 is a left derivation of degree one of the ring C*(4, P). The
formula (20) shows that if f™ e Z™(A, P)and g € Z"(A, P), then f"—g" ¢
Z™ ™A, P), whence Z*(4, P) is a subring of C*(A4, P). Further, if
either f™e B™(A, P) or g"€ B*(A, P) then f"—g e B™"(A, P), i.e.,
B*(A, P) is an ideal of Z*(A, P). We may therefore define the cup
product of elements of H™(A, P) and H"(A, P) by choosing arbitrary rep-
resentatives for them in Z™(A4, P) and Z"(A, P), respectively. The in-
duced multiplications will again be denoted by —, and makes H*(A4, P) =
Z*(A, P)/|B*(A, P) into an associative ring, called the cohomology ring
of A with coefficients in P.

Now it is a familiar fact from algebraic topology that under rather
general conditions the cohomology ring of a space with coefficients in a
commutative ring is a commutative graded ring. However for arbitrary
commutative coefficient rings P, it is not generally the case that H*(4, P)
is commutative. For example, suppose A is a zero ring (i.e., 4* = 0)
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acting trivially on P, i.e., AP = PA = 0. Then we may readily verify
that every cochain is a cocycle, whence C™(4, P)=Z"(A4, P), B™(4, P)=0
for all m, and H*(A4, P) = C*(4, P). Let f, g be elements of C*(A4, P).
Were H*(A, P) commutative then f—g + g—f would have to be a co-
boundary, i.e., in the present case, would have to vanish. We would
have, therefore, f(a)g(d) + g(a)f(b) = 0 for all @ and b in A. But the
multiplication here takes place in P, which is merely assumed to be com-
mutative and not necessarily a zero ring; f(a)g(b) + g(a)f(b) will gener-
ally fail to vanish.

Now let P be, as at the start, a two-sided A module. Then C*(A4, P)
is naturally endowed with the structure of a two-sided C *(4, A) module.
The operation will again be denoted by — and we define for f ¢ C™(4, A),
geC"(A, P),f~geC™ ™A, P) by

f"g(a1®"°®am®b1®"'®bn)
=f(, Q@ Qae.)9b;R -+ Rb,),

and similarly for g —f.

Note now that since C™(A, A) = Homg (A™, A), setting A = V and
considering only its S module structure, and setting A™ = V™, V, =
C"Y(A, A) = Homg (V™*', V), then we have a system of modules of
precisely the sort given in example 5 of § 5 (the homomorphism ¢ of that
example being taken to be the identity). However, the gradation of the
system differs by one from the usual one by dimensions. The reader is
cautioned in this respect when comparing formulas. We may say that an
element of C™(A, A) has dimension m but degree m — 1. Since C°(A4, A)
is identified with A, the elements of A are to be understood as having
degree —1. Repeating the definition, if we set for f™eC™(4, A),
g"eC (4, A)

fmoig"(a, @ "‘®ai—1®bo®"°®bn—1®ai+1® Q)
(21) :f(a'o® o Qaim Q gb @ e Rb, )RR X A1) »

1=0,1,---,m—1,

and note that f™o;g" € C™*"(A, A), then it follows that the structure of
a right pre-Lie system is defined on the set of modules C™(A, A). If now
we take f™e C™(4, P), g" € C"(A, A), then (21) defines an element f™o;g"
of C™*"Y(A, P), and we see immediately that C*(A4, P) has the structure
of a right module over the right pre-Lie system {C™(A, A),o:}.

From the results of § 6, it follows that C*(4, A) is also naturally en-
dowed with the structure of a right pre-Lie ring and of a graded Lie ring.
When it is necessary to state explicitly with respect to which product
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C*(A, A) is being considered as a ring, we shall write {C*(4, 4), <},
{C*(A, A), o}or {C*(A4, A),[ , 1}. Only the first of these depends on the
multiplicative structure of A, the others are defined exclusively in terms
of the S module structure. Further, from the results of § 6, one sees
that C*(A4, P) has the structure of a right module over {C *(4, A), o} and
therefore of a two-sided module over {C*(4, 4),[ , ]}, in addition to
being a two-sided module over {C*(4, A), —}. Note again, however, the
remarks following (10), § 8. If fe C*(4, A), g € C*(4, P), then we will
write fog or [f, g] (these being the same) for the operation of f on g,
and similarly if fe C*(A4, P), ge C*(4, A).

One may readily verify that (20) holds not only when f™e C™(A4, A)
g"e C"(4, P), but also when either f™eC™(A4, A),g9"cC"(A, P) or
fmeC™A, P),g"e C*A, A). It follows that Z™(4, A)—Z"(A, P) and
Z"(A, P)—Z™(A, A) are both contained in Z™*"(A, P), and that
B™(A, Ay~ Z"(A, P) and Z™(A, A)— B"(A, P) are both contained in
B™+*(A, P). Therefore, H*(A, P) has the structure of a two-sided
module over {H*(A4, A), —}. However, it is generally not the case that
Z*(A, A) is closed under the pre-Lie multiplication, but it will be seen
to be closed under the bracket product.

The associativity of A implies that the element 7 of C*(4, A) defined
by m(a, b) = ab is a 2-cocycle which may be called the canonical 2-cocycle
of A. It is in fact a coboundary, being the coboundary of the identity
cochain, i.e., of the cochain ¢ such that ¢«(a) = @. Using 7 and the
operators of the system {C™(A4, A), o;}, we may write, for f™ e C™(4, 4),
greC"(4, 4),

(22) Sr—g" = (oo f")on 19" .

(Note that the degree of 7 is one, of fis m — 1, and of g ism — 1.) The
coboundary operator in C*(A4, A) can also be expressed using 7 and the
pre-Lie product. One may readily verify that

(23) of™ = —(fom — ()" wof) = (=" Naof — (=1)""fom),
or, in terms of the bracket multiplication, since the degree of 7 is one,
ofm = f, =zl = (=) [z, f].

Therefore, the operator 6 is a right imner derivation of degree 1 of the
graded Lie ring {C*(A, A),[ , ]}. On the other hand, ¢ is generally not
a derivation of any degree of the ring {C*(4, A), o}, but we have the
following fundamental result concerning its deviation from being a deri-
vation of degree 1 and connecting its operation in {C*(4, A), o} with its
operation in {C*(4, A), —}.
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THEOREM 3. If A is am associative ring and if f™, g"<cC™(A4, A),
C"(A, A), respectively, then

froom — o(fmogr) + (—=1)""9fmog”
= (=" g"=f" — (=)™ f"—g"] .

Proor. Using (23), the three terms on the left may be expanded to
give

[(=1)7f"o(mog”) — fro(grom)] — [(—1)" "To(fmog™)
— (fmegen] + (=) (=) (mwof™)og" — (fmom)og] .

Now from the defining relation for pre-Lie rings, (6) of § 2, with¢ = f™,
a =g, b=mn, we have

(fmogh)om — (=1)" ! (from)og" = fro[gtom — (—1)"'mog"] .
Therefore, of the six terms in the expansion, four cancel, leaving only

(=) "[(rof™)og™ — mo(f™og™)]. On the other hand, using Theorem 2,
(i) together with (22), we have

(Tof™)og" — mwo(fmog") = (—=1)""Vf"—g" + (=1)"g"—f" .
Multiplying by (—1)™*" proves the theorem.
It follows immediately from Theorem 3 that, if /™, g™ are cocycles, then
(24) (=D)"g"~—f" — (=L)"f"—g"] = o(f"og"),
whence we have

COROLLARY 1. If Aisan associative ring, then the ring {H*(A, A), —}
is a graded commutative ring, with grading given by dimension, i.e.,
if yme H™(A, A), "€ HY(A, A), then n™— & = (—1)™"¢"—nm,

Note here that the gradation taken on H*(A, A) is by dimensions.
When dealing with the cup product we shall tacitly assume any gradation
is by dimension; and that; when dealing with the bracket product, it is
by degree unless otherwise stated. Observe that H°(4, A)is an ordinary
commutative subring of H*(A4, A), in fact, H(4, A) = Z°(A, A) = center
of A.

In order to extend Theorem 3 to a statement about the module structure
of H*(A, P) over H*(A, A), it is convenient to observe again that the
module direct sum A + P may be made, in a natural way into an associa-
tive ring over S with A as a subring and P as an ideal with P?> = 0 by
setting, for a,bc A, z,y€ P, (a, )b, y) = (ab, ay + xb). There exist
natural inclusions C™(4, 4), C"(4, P)c C™(A + P, A + P) defined by
setting for any f™in C™(4, A)or C™(4, P), f"(a, Q --- Q «,,) = 0if any
a; is in P. (Note, however, that the image of a cocycle under this map
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is not necessarily a cocycle.) Theorem 3 holds in particular for the ring
A + P, from which we get the following stronger

COROLLARY 2. Let A be an associative ring, and P be a two-sided A
module. If either n™e H™(A, A), " H"(A, P) or 7" e H™(A, P), "¢
H™(A, A), then

vmvgn — (_l)mngnvvm .
8. The infinitesimal ring of a ring

Since 0 is a derivation of {C*(4, A),[ , ]}, it follows, exactly as for
{C*(A, A), ~}, that Z*(A4, A) is closed under the bracket multiplication,
and in this multiplication B*(A4, A) is an ideal. Therefore, H*(A, A) be-
comes in a natural way a ring under the bracket multiplication, which
we have elected to call the infinitesimal ring of A. More generally, we
have

THEOREM 4. Let A be an associative ring and P be a two-sided A
module. Then C*(A, P) is, in a natural way, a two-sided module over
{C*(A, A), [ , 1}; we have

[Z*(A, P), Z*(A, A)|c Z*(A, P),
[B*(A, P), Z*(A, A)], [Z*(A, P), B*(A, A)]c B*(4, P),
and H*(A,P) is in a natural way a two-sided module over
{H*(A, A, [, ]I}

Proor. That C*(4, P) is a two-sided module over {C*(4, A4),[ , 1}
has already been observed in § 7. Consider now the algebra A + P, and
let /™ be in C*(A + P, A + P), g" be an C*(A + P, A + P). Denoting
by 6 the coboundary operator in C*(A + P, A + P), we have, since 0 is
a right derivation of degree one of {C*(4A + P, A+ P),[, 1},

oLr™, 9" = (=1 [or™, ¢71 + £, 647

Now since all terms of this equation are homomorphisms of the tensor
power (A + P)™*" into A + P, the equation must hold a fortiort if the
domains are restricted to A™*" < (4 + P)™*", and if either the range
of f™ is restricted to P and the range of g" to A; or if the range of f™is
restricted to A, and that of g* to P. But then f™ becomes simply an ele-
ment of C™(A, P) or C™(4, A), g” an element of C"(4, A) or C*(4, P),
respectively, and 0 becomes just the usual coboundary operator in C *(4, P)
or C*(4, A), depending on the cochain on which it operates. The rest of
the assertions of the theorem follow immediately.

Part of the information contained in the statement that H*(4, A)isa
ring under the bracket multiplication is already quite familiar. In partic-
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ular, the statement implies that H'(A, A) is an ordinary Lie ring. The
elements of Z'(A, A) are just the ordinary derivations of A into itself,
and it is trivial that these form a Lie ring in which the inner derivations
are an ideal. However, since [H'(A4, A), H*(A, P)]c H*(A, P) for every
n, we have the following more general statement.

COROLLARY. Let A be an associative ring and P be a two-sided A
module. Then H*(A, P)1is in a natural way a module over the (ordinary)
Lie ring HY(A, A) for all n =0,1, ---,

The operation of H'(A, A) on H°(A, A) is simple and illustrative. Re-
call that H(A, A) = Z°(A, A) = center of A. Suppose fe€ Z'(4, A), i.e.,
givena, be A, af(b) — f(ab) + f(a)b = 0. If X € center of A is considered
as an element of Z°%A, A), then [f, \] = foh — Nof = fo\ is just the
element f(\) of Z°(A4, A). So it is asserted, in particular, that a deriva-
tion of A carries the center of A into itself. Indeed, if \ is in the center
of A and a arbitrary in A, then

af(y) = f(ar) — f(a)h = f(ha) — Nf(a)
=Nf(a) + (Ve — Nfa) = f(Va .
Further, if f € B'(4, A), i.e., if f(a) is of the form ab — ba for some b in
A, then f(\) = 0, i.e., [f, M] € B4, A).

It is natural to consider derivations of a ring A into itself as being in
some sense “infinitesimal automorphism.” Since the automorphism group
of A operates in a natural way on H*(4, A), it is not surprising to find
that H'(A, A) operates also. The close relationship between these will be
examined in more detail in a forthcoming paper on the deformation of
algebras, where it will be shown that H?*(A4, A) is to be interpreted as
the set of “infinitesimal deformations” of A, explaining in some measure
the mapping which H?*A4, A) induces of H"(A, A) into H"**(A4, A) for
every n. All the modules H"(4, A) should, in some way not yet entirely
clear, be interpretable as modules of infinitesimal objects associated with
A, with {H*(A, A), [ , ]}asthering of infinitesimal operations associated
with these objects.

We next investigate further the relationship between the product —
and the products o, [ , ]. To illustrate the method of the next com-
putation in a simpler case, we give now another derivation of (24), which
is a special case of Theorem 3, when f and g are cocycles. Let
fmeZ™A, P),g"e Z"(A, A)and a,, --+,ap., €A be fixed. In what
follows, in order to shorten certain formulas, we shall sometimes omit
the argument from an expression of the form

Fa @ ® - @Cnimsr) OF 90 Q@i @+ X Bpina)
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When that is done, the argument should be understood; there will never
be any difficulty in supplying the correct one as it depends on the first
index only. We set now, for 1 <1 < m,

fi=af(a,® R, QIR 1@+ Q Cptr)
+ L ED R0 - @t ® i @ s ®@ -
Ra; QIR A1 @ v+ @ i)
+ (=D, QR QIR Ayt D -+ Qs
and
fi=ED""f (@ R @9w R Uisn1 Q v+ QD Upsr)
+ E:\n::—nz(—l)}‘f(al X Q21 QIR+, Q)+ RArA1 R - QWpin)
+ ()" ® - Qi QIR @+ @ Untn1)Cin -
Since g" € Z"(A4, A), we have
(_l)iaig(q‘i+l QR + (=19 Q - @ Airny)
= f\:—l (D@ Q@ R Qarari @arin @+ R @ysa)
whence
it fi=0(f0in9)a @ - Qpuis), 1=1,---,m.
On the other hand, if ¢+ < m, then

it ()" =0ftQ R QPIRC w1 QR pin) =0,
while
(—1)""9(@, ® - @ a)f(@1 @ -+ Q@ i) + 1 =0
and
S+ ()" (@0 Q - )90 R - @ Wpn) = 0.
It follows that
(fog) =20 (=1Y™d(fo;9) = 20T (= 1)V I(f; + f))
=f1+ (i + D)+ (D)o + (D)) + -
+ (_1)(m—2)(n—1)(fm_1 + (_l)n—lf:n) + (_1)(m—1)(n—l)fm
=(Dgf — (=)™ ""fg,

i.e., considering once again f and ¢ as functions rather than specific
values,

o(fog) = (=1)'[g—f — (=)™ f—g],
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which agrees with (24).
THEOREM 5. Let A be a ring, P be a two-sided A module, h* be in
Z?*(A, P), and f™, g" be in Z™(A, A), Z"(A, A), respectively, and set
H = Ez:;z ;n:mi’;? (— 1)(m—1)i+(n—1)j(h:ﬂ 0, f™)o;g" .

Then He C™+t"+7=*( A, P), and
0H = (=)™ *[ho(f—9) — (=1)""P(hof)—g — f—(heog)].

ProoOF. Let a,, -+-, @pinip—1 € A be fixed. As before, we sometimes
omit the argument from expressions of the form

M@ @ - Q@arin) and 9. @ -+ Q@ Cuim) ,
and in addition, if 7 < 7, will write a;; for ¢, X a;.; Q --- R a;. Set,
forl<i<p—1m+iZj=<m-+p—1,

hij = ah(@,; @F Q@ Cini1; Q9 Q Cjtnirminin1)
+ Ef\;ll (=)@ 01 @ ar0r1:1 Q) Ania: @ f
R Cismi1,i QI Q Cjsnirminin—i)
+ (=1)h(a1,:-1 @ 4if @ Witmi1.; R I Q Cjtntrmints—1) »
hiy = (=1 (01,1 @ fCiim @ Citmt1; @ 9 Q Cjintrmintn—)
+ Z,CIMH (D@1, @ @ Ciimoa—1 @ Caasy
® A2, Q 9 @ Wjsnsr,msnsp1)
+ (=)@, Q f Q Ciimi1 @ 450 Q Wjsnstmrnsn1) 5
and
Rl = (=101 @ @ Cim.i1 @ 9810 @ Qjinstmsntp1)
+ E:f:;; (=)@ @ F ® Cism,in @ g
X Cjimr1 @ Ubrtr @ Crtominip1)
+ (=D (@1 @ F @ Wi it ® 9 Q) Qjimmetnsp—2)minip—i -
Then
(25) Bus + By + Bls = 3((h or1f)0519) -
On the other hand, if m + ¢ +1=<j <m + p — 2, then
iy + (=1l (— D)0 IR
= 0h(a:1,; QF Q@ Ciim11.; @ 9 @ Cjsnirminip—) =0 .

It is not difficult to see that one may extend the range of indices for
which (26) is valid by setting (the right side in each equation being evalu-
ated at @, ninip-1),

(26)
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@n oy = f~(ho;_,9) for 7=m,m+1,---, m+p—1
(28) Bimsioa = (—=1)"ho, ,(f—9) for 1=1,2,---,p
(29) Ymip = (=)™ P (o, f)—g for 1=1,2,---,p.

With these definitions, if any of the three quantities h;;, k!, ;, b1 1, 18
defined, then so are the other two, and (26) holds. Therefore,
Ei’J(_1)(m—1)(i—1)+(n—1)(]'—-1)[h“ _|_ (_1)m—1 2+1,j

+ (=) IR, 0] =0,
the sum being taken over all pairs (¢, 7) for which h,;, b, ;, b} 1 ;4. are

now defined, namely, those (7, /) with0=<i<p—1,m+i=j=<m-+p—1.
Therefore, from (25),

—1 +p—1 —1) (54— — i —
OH = Y000 02 (— 1) m e s B o RE)

i=1 j=m+1

(30)

all terms of which are contained, with their proper signs, in the expres-
sion on the left in (80). Those terms on the left in (30) not appearing in
0H are, up to sign, those defined in (27), (28), and (29), whence (30) reads

o0H + E’_"jp"l(__1)(m—1)(—1)+(n—1)(i—1)h0i
+ Ef: (_1)(m—1><i—1>+(n—1)<m+i—2)h2_m+i_l
+ E’il(—‘1)(m_1)(i_1)+("_1”m+p_1)h§'m+p =0 ,
whence, by (27), (28), (29),
oH + (__1)(m—1)'nfv (h o g) + (__1)(m—1)n+1h ° (fvg)
+ (= (hof) =g = 0,
which proves the theorem.

It is much simpler to compute (f—g)oh when h?ec C?(A, A) and
fmeC™A, A), g"€ C"(4, P); in fact, one may verify immediately from
the definitions that

(f~=9)oh = (foh)—g + (—=1)"*f—(goh).

In the case when P = A, combining this with the preceding theorem and
using the definitions of [f, 9] and [g, ] yields

COROLLARY 1. Iff™, g, h» € Z™(A, A), Z"(A, A), Z*(A, A), respective-
ly, then

[fm—g", "] = [f™, h*]—g" — (=D)"*"f"—[g", h"]
— (__ 1)mn—n+16H .
Passing to the cohomology modules, we may assert

COROLLARY 2. Let A be an associative ring and £, 7™, {™ be elements
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of H?(A, A), H™(A, A), H"(A, A), respectively. Then
(31) [y ~—&", & = [p™, ] + (=D yn—[L, E7] .

One sees from Corollary 2 that, if £» ¢ H?(A, A), then the module endo-
morphism D, of H*(A, A) defined by setting for all € H*(4, A),

Dé"? = [77’ S]

is a left derivation of H*(A, A), of degree » — 1, and that the mapping
& — D, is an anti-homomorphism of {H*(4, A), [ , ]} into the ring of left
derivations of {H*(A, A), —}, where if D, D' are derivations of degree
A, N, their product [D, D] as usual is defined to be DD’ — (—1)*’D'D.
That the mapping & — D, is an anti-homomorphism is purely fortuitous;
we could have taken in {H*(A4, A),[ , ]} the anti-isomorphic structure,
in which case the mapping would have been a homomorphism.

9. Generalizations and comments

In order not to confuse the ideas, we have, in § 7 and § 8 not attempted
to state the broadest possible results, but certain useful generalizations
nevertheless deserve mention. We give them here without detailed
proof.

Let A, as usual, be an associative ring and P be a two-sided A module.
We have seen that P is a two-sided module over both {H*(A4, A), —} and
{{H*(A, A),[ , 1}. Suppose now that n™, ", £” are elements of dimensions
m, n, p, respectively, two of which are in H*(4, A) and the remaining
one of which is in H*(A, P). Then both sides of (31) are well-defined,
but the equation in general does not hold. This stems from the fact that
if f~e C™(A4, A), g"€ C"(A, P), then g"of™ is well-defined, which, ulti-
mately makes it possible to define the module structure of H*(A, P) over
{H*(A, A),[ , 1}, but f™og" is not defined. (See in this respect again
the remarks following (10), § 3.) If we assume now that there exists an
A module homomorphism ¢: P— A (whence ¢(P) = I is necessarily an
ideal of A), then we may set f™og" =f™op(g9"). It then becomes possible
to define in H*(4, P) a bracket product in which it becomes a graded Lie
ring (see again example 5 of § 5), and to give it a module structure over
{H*(A, A),[ , ]} such that (81) will hold if one of %™, &", &7 is in H*(4, P)
and the remaining ones in H*(4, A).

Suppose now that P is a two-sided A module (but no ¢: P — A is given)
and that Pis an associative ring, right and left multiplication in P being
assumed to be A module homomorphisms. We have shown by example
that {H*(A, P),~—}is generally not commutative. However, if there ex-
ists an A module homomorphism ¢: P — A such that
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P(@)y = zy = 2P(y)

for all ,y in P, then we can again define f™og" for f™cC™(4, P),
g€ C"(A, P), and it will follow both that {H*(A4, P), —} is commutative
and that (31) holds with one, two, or all of »™, ", £” in H*(A, P), and the
remaining ones in H*(A, A).

UNIVERSITY OF PENNSYLVANIA,

INSTITUTE FOR ADVANCED STUDY, AND
INSTITUTE FOR DEFENSE ANALYSES
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