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ANNALS OF pI ATHUMATICS
Vol. 78, No. 2, September, 1963

Printed in Japan

THE COHOMOLOGY STRUCTURE OF AN ASSOCIATIVE RING

BY MURRAY GERSTENHABER

(Received July 23, 1962)

Let A be an associative ring, P be a two-sided A module, and Hn(A, P)
denote the nth cohomology group of A with coefficients in P; in particular,
P may be A itself. Let H*(A, A), H*(A, P) denote the direct sum of
the groups Hn(A, A), Hn(A, P), n = 0 1, 2, **, respectively. Then
H*(A, A) is a graded ring in the cup product multiplication and H*(A, P)
is a two-sided H*(A, A) module. In this paper, among others, the follow-
ing results are proved:

1. The cup product is commutative, i.e., if atm E Hm(A, A), '3n e Hn(A, P)
then

a-t 18 - (_1 )mn/nam

2. There is defined in H*(A, A) a second multiplication, the bracket
product [ , ], in which H*(A, A) becomes a graded Lie ring, the grading
being reduced by one from the usual. One has

(1) [Hm(A, A), H-(A, A)] c Hm-n-l(A, A)
and for atmn / yP in H*(A, A) of dimensions m, n, p, respectively,

(2) [am, ,gn] =(-1) (1n-1) [in amI]
and

(-1)M1 1[[a-, i ], y ] + (-1)n ml[[Ln, yP], am]

+ (_1)(P-1)(i1n)[[7P, am], fn] = 0

If m = n = 1, the bracket product in (1) and (2) is the ordinary Poisson
bracket of derivations of A into itself.

3. One has

[am(w _ n , p] = [am, yP] fifn + (_1)m(P-l)am( _ [fin 9 ]

i.e., the additive endomorphism of H*(A, A) defined by a - [a, 9i] is a
derivation of degree p - 1 of H*(A, A) considered as a ring under the
cup product. (Somewhat more general statements are actually proved,
for which see ? 9.)

The present paper was originally intended as the first section of a
paper in preparation on the deformation theory of algebras. There it will
be shown that the bracket products [a', in], [a2, lft] of elements of H1(A, A)
and of H2(A, A) with elements of Hn(A, A) for any n arise naturally,
through an interpretation of H1(A, A) as the group of infinitesimal
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268 MURRAY GERSTENHABER
automorphism of A and of H2(A, A) as the group of infinitesimal defor-
mations. The ring H*(A, A) taken in the bracket may accordingly be
called the infinitesimal ring of A.

It is assumed throughout this paper that a commutative ring S with
unit is given, and that all rings A, and the modules P on which they act,
are simultaneously S modules, the operations of A on itself and on P be-
ing S module homomorphisms. The role of S is generally tacit. All tensor
products will be assumed taken over S, and S frequently will not be
indicated.

1. Graded rings

A graded ring A is one which, as an S module, is a direct sum of sub-
modules, A = EA,, indexed by the elements of an additive group G and
in which AAk c A+,,,. In addition, it will be assumed throughout this
paper that there is specified in G a subgroup G+ of index two, the ele--
ments of which will be called even; those of the complementary coset G-
will be called odd. Commonly G will be the additive group of integers,
in which case G+ is necessarily the even integers. The elements of A,
will be called homogeneous of degree X. Setting A+ = A, i E G+, A- =
EAA, \X" E G-, we have A+A+, A-A- c A+, A+A-, A-A+ c A-; in partic-
ular, A+ is a subring of A.

The groups G, G+ being fixed, we define, for all X in G, 1A = 1, and set
-1)X= +1 if X is even and (-1)X = -1 if X is odd. Also, we set

(-1)xy = ((- 1)X)9' for all X, l in G. There is then an involutory automor-
phism J of A determined by setting for a of degree X, Ja = (- 1)a..
Defining JS = 1 for 1A even, Jk = J for 1A odd, we have then, Jka =
(- 1)4a.

A graded ring A = EA, will be called commutative if given elements
a, b in A of degrees X, pe respectively, we have

ab = (-1)x4ba,

and will be called skew if

ab =-(l)kba .
The anti-isomorph or opposite A' of a ring A is that ring which, as an S
module, is identical with A, but in which the product of a and b is defined
to be ba. For ungraded rings, a commutative ring A is identical with A';
while if A is skew, the mapping a - -a is an isomorphism of A with A'.
For graded commutative and skew rings, because of the generality in
which the definition has been given, it is conceivable that A may fail to
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COHOMOLOGY OF AN ASSOCIATIVE RING 269

be isomorphic to A'. However, if the group G is the integers, or more
generally, if G+ contains a subgroup G++ such that G/G++ is the cyclic
group of four elements (G++ being necessarily the multiples of four if G
is the integers) then A is isomorphic to A'. For in this case, choosing a
generator u of G/G++, we may define an element X of G to be congruent
tonmod4,n = 0,1,2, or 3, ifX unmodG++. If A is a graded com-
mutative ring let an S module automorphism a of A be defined by set-
ting, for ax in Ax,

a(ax) = a if X-0O,1mod4
l-ax if X 2,3mod4.

It is then a straightforward matter to verify that, if by' is of degree 1n,
then a(axb) = (- 1)x/a(a k)a(b/) = a(b/)a(a`), i.e., a is an anti-automor-
phism of A, or an isomorphism of A onto A'. If A is a graded skew ring,
the requisite a is defined by

(ax if X=0,lmod4
a ax if X _ 2,3mod4.

2. Graded Lie and pre-Lie rings

A ring A is a graded Lie ring if it is a graded ring with a skew multi-
plication (usually denoted [ , ]) satisfying the graded Jacobi identity,
i.e., if given elements ax, bl, cv in A of degrees X, It, v, respectively, we
have

(3) [ax, bi] -(-1)xk[bV, a"]
and

(4) (-1)[[ax, by] cv] + (-1)ax[[b", Cv], ax] + (-1)v9[[c, ax], bV] = 0 .

If A is a graded Lie ring, then it follows immediately from (3) and (4)
that so is its anti-isomorph. Denoting by Ra the module homomorphism
of A defined by CRa = [c, a], then (3) and (4) are equivalent to (3) and

( 5 ) RaXRbO - (-1)x RbARaX = R[aX,b/]
(Note: Generally transformations will be written on the left; right
multiplications, like Rag will be the only exceptions.)

A ring A will be called a graded right pre-Lie ring if for elements ax,
bk, cv of A of degrees X, la, V, respectively, we have, denoting the product
of a and b in A by aob,

(6) (c o ax) o b - ( -1)x9(c bo) o a" = c o (ax obL - (-1)x blko ax)

(A graded left pre-Lie ring will be one whose anti-isomorph is a graded
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270 MURRAY GERSTENHABER
right pre-Lie ring. Henceforth all pre-Lie rings will be tacitly under-
stood to be right pre-Lie rings unless otherwise specified.) Denoting by
Ra again the right multiplication by a, (6) is equivalent to

(7) RaXRbga - (l1)x1Rb9RaX = Rd'oW1-(-1)X/b/oaX e

It follows immediately from the defining identity (6), that a graded as-
sociative ring is also a graded pre-Lie ring. However, a graded Lie ring
in general is not a graded pre-Lie ring.

THEOREM 1. Let A be a graded pre-Lie ring, and define for elements
inA a new multiplication by setting for a', by of degrees X, IA, respectively,

[ax, bil = ax o by - (- 1)XIbl o ax

Then in the bracket product A is a graded Lie ring.
PROOF. It is evident that the bracket product is skew. We need there-

fore only verify that (4) holds. The first term in (4) is

(-1)x[(a o b - (-1)Xvb oa) o c - (-1)('+)vc o (a o b - (-1)X'lb o a)],

which by the hypothesis (6) is equal to

(-1)Xv[(aob - (-1)'Vb o a) oc - (1)(x+)((c o a) o b - (-1)X(c b) o a)] e

Applying similar transformations to the other terms in (6) the left side
becomes

(-1)Xv[(a o b - (-1)xIb o a) ?c -(-1)(x+?/)v((c a) o b -( )X1(c o b) o a]
+ (-1ly(b c - (1),vc b) o a - (1)+v((a o b) o c - (- 1)4v(a o c) o b]
+ (-1)vg[(coa - (-1)vxaoc)ob - (-1)(v+Xg((boc)oa - (- 1)v(boa)oc]

which vanishes identically. Therefore (4) holds, and this ends the proof.
It follows, in particular from Theorem 1, that the bracket product may

be introduced in a graded associative ring, yielding a graded Lie ring.

3. Modules over associative, Lie and pre-Lie rings

Let A = EA, be a graded ring and P = SPA be a module which is a
direct sum of modules indexed by the same group as indexes A. Suppose
further that there is given a module homomorphism p: P 0 A - P such
that p(PA( 0 AU) C Px?+,. If A is either an associative, Lie, or pre-Lie
ring, then we shall say that P is a right A module, provided the follow-
ing respective conditions are satisfied:

If A is associative, then denoting for z E P, a E A, p(z ? a) by za, we
have

(za)b = z(ab) , z E P; a, b EA .
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COHOMOLOGY OF AN ASSOCIATIVE RING 271

If A is a graded Lie ring, denoting p(z 0 a) by [z, a] we have, for a', by
in A of degrees x, ,, respectively,

(8) [[z, ax], by] - (-1)x[z, b], ax] = [z, [a', by]]
Denoting again by Ra the endomorphism of P defined by zRa = [z, a], (8)
is formally equivalent to (5). Therefore, a graded Lie ring is a right
module over itself.

If A is a pre-Lie ring, denoting p(z 0 a) by z o a, we have for ax, by, in
A of degrees X, ji, respectively,

(9) (z o al) o by - (-1)x(z o be) o a' = z o (ax Ob - (- 1)xfbf o aX)

Denoting now by Ra the endomorphism z > z o a, (9) is formally equivalent
to (7), and a graded pre-Lie ring is therefore also a right module over
itself.

If P is a right module over an associative ring A, then it is also a right
module over A considered as a pre-Lie ring. We define z o a = za for
z E P, a E A.

If P is a right module over a pre-Lie ring A, then it is also a right
module over the associated Lie ring obtained by introducing the bracket
product. We define

(10) [z, a] = zoa . for zEPaEA.
With respect to this definition, however, the reader must exercise a
certain caution. If A is a graded pre-Lie ring, then it is a right module
over itself and therefore, using (10), it is also a right module over its as-
sociated graded Lie ring. However, taking in A the graded Lie ring
structure it is also a right module over itself, but this is not the same
module structure. For example, suppose A is associative, and for sim-
plicity, ungraded (i.e., A, = 0 for X * 0). Let a, b, z be elements of A.
Considering A as a pre-Lie ring, we have a o b = ab, and the associated
Lie structure is given by [a, b] = ab - ba. Under the definition given in
(10), we have, considering the pre-Lie ring A as a right A module, [z, a]-
z o a = za. It is then indeed the case that [[z, a], b] - [[z, b], a] = [z, [a, b]],
the left side being zab - zba and the right z(ab - ba). However, con-
sidering A as a Lie ring in the multiplication [a, b] = ab - ba, we have
[z, a] - za - az, and again [[z, a], b] - [[z, b], a] - [z, [a, b]], but this is
clearly in general not the same right module structure over the Lie ring A.

A left module P over a graded associative, Lie, or left pre-Lie ring A
is a right module over its anti-isomorph A'. The notations are similar to
those for right modules, the operation of the elements of A on P simply
being written on the left.
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272 MURRAY GERSTENHABER
If P = EPA has both the structure of a right and left module over a

graded ring A, the gradation of P being the same for both structures,
then the module direct sum A + P is graded by setting (A + P), =
A, + PA, and, by defining the product of two elements of P to be zero,
may be made in a natural way into a ring containing A as a subring, and
P as an ideal with P2 = 0 and A + P/A = A. If A is an associative or
Lie ring and A + P has the like type of structure, then P is a two-sided
A module. If A is a graded commutative ring and P a right A module,
then setting for a E Ax, z E P,

aXz/= (- 1)Iz'la ,

P becomes a two-sided A module and A + P is again commutative. Simi-
larly, if A is a graded Lie ring and P a right A module, setting

[ax, zIL] = -(-1)XizI, ax],

P becomes a two-sided A module and A + P is a graded Lie ring. For
these cases, therefore, it is unambiguous to say that P is a module over A.

If P and P' are right modules over a graded Lie or pre-Lie ring A, then
P 0 P' may be given the structure of a right module over A by setting

(P 0 P') = Lx+V Px 0 P,

and for y/1 E Pi, z E P, ax E AA, by setting

[x 0 y'L, axl] (-1)x[x, axl] 0 y + x ?y [L, ax]

in the Lie case, and

(x ? yam) o axl (-1)x(x o ax) 0 yS + x 0 (y o ax)

in the pre-Lie case (i.e., by using the identical formula).
If P is a right module over a graded associative, Lie or pre-Lie ring A,

given by a homomorphism p: P 0 A - P, and if qp is a gradation preserv-
ing ring endomorphism of A, then we can define a new right A module
structure on P by a homomorphism p': P ? A - A given by

p`O(z ? a) = p(z x 9(a)),

for z E P, a E A. In particular, we may take p = JP (i.e., f = J if v odd,
p = 1 if v even).

The concept of a module over a ring has been discussed only for those
classes of rings arising here, but may generally be defined for any type
of ring structure given in terms of identities in right multiplications, for
example, for Jordan rings.
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COHOMOLOGY OF AN ASSOCIATIVE RING 273

4. Derivations

If P = SPA, P' = SPA are direct sums of modules indexed by the
same group G, then a module homomorphism p: P - P' will be said to be
homogeneous of degree v G G, if p(P) c P,,, for all X in G. If A =
EA, is a graded ring, then a module endomorphism D of A will be called
a left derivation of degree v of A if D is of degree v as a homomorphism
of A into itself and if, given a', by of degrees X and , in A, we have

(11) D(a'b) = (Da)b + (-1)v"a(Db);
D is a right derivation of degree v if it is of degree v and

(12) D(axbt) = (-1)v/(Da)b + a(Db) .
A left derivation of A is a right derivation of the anti-isomorph of A.

If D and D' are left derivations of A of degrees v, V', respectively,
-then

[D, D'] = DD' -(1)v I'D
is a left derivation of degree v + V; the identical assertion is true for
right derivations. Letting 9,D = 0,,(A) denote the module of all left deri-
vations of A of degree v, ?D = E?DV is therefore in a natural way a graded
Lie algebra graded by the same group as A, and the same is true for
right derivations. These algebras are anti-isomorphic to each other.

If A is a graded associative ring and ax an element of degree X, then
the module endomorphisms Day DI of A, defined by setting for bV in A of
degree p,

Daxb/ = axb/ - (- 1)"IVa"

and

D'xb4 = b -a" - (_1)xyaxb"

are left and right derivations, respectively, of A, of degree \. Likewise,
if A is a grade Lie ring, then

(13) Daxb" = [aL, b']
and

(14) D'xbt = [bg, ax]
define left and right derivations, respectively, of degree X. Such deriva-
tions are called inner.

If A is a graded ring for which the concept of two-sided module has
been defined, i.e., in the present case, if A is a Lie or associative ring,
and if P is a two-sided module over A, then a module homomorphism
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274 MURRAY GERSTENHABER
D: A P is a left derivation, respectively right derivation, of degree 2
of A into P if it is homogeneous of degree v and if given aX G A,, b e A,
(11), respectively (12), holds, where now the multiplication is the module
operation of A on P. Inner derivations are definable exactly as before,
by (13) and (14), where now bV is taken in P,J. If D is a left derivation of
degree v of A into P, and if we define a new two-sided A module structure
on P by defining the new product of an element a of A with an element
z of P to be the old product of Jva with z, then the homomorphism
D: A t P, relative to the new module structure, becomes a right deri-
vation of degree v. If D is a derivation of A either into itself or into a
two-sided module over A, then the set of elements annihilated by D is a
subring of A.

5. Pre-Lie systems

By a right pre-Lie system { V,,, oi}, we shall mean a sequence ... V,
V., V1, V2, * ... of S modules and an assignment for every triple of integers
my n, i > O with i ? m of a homomorphism oi = oi(mn ) of V,, & Vn into
Vm an with properties described below. If fG Vm, we may write f = Am
to indicate its degree; and if g G Vn, we shall denote o%(f 0 g) by foig.
The prescribed properties are given by

I(f m ojhi)) o.+gf if 0 ?1 i-1
(15) (ftmo gn)ojhP= = (f m 0(gn ojihV) if i ?1 ? n +F

f, g, h in Vm, Vn, VP, respectively. From the first case of (15), we may
deduce further that

(fmojhP)o.pgn (fmol) h')oign if 0 ? i + p < - 1 j

or, interchanging the roles of g and h, we have

(16) (f rogn)ojhP = (fmoh-nP)ohgn if n + i + 1 ? j ? m + n

Among the simple examples of (right) pre-Lie systems, we have the
following.

1. Given any sequence of modules V-m, m = 1, 2, y**, indexed by the
negative integers, define Vm = 0 for m > 0 and define all the oi to be
zero.

2. Let A be an associative ring and set V( = A, V,,, = 0 for m ? 0.
Then oi(m, n) need only be defined for i = m = n = 0, in which case we
take it to be the multiplication in A.

3. Let V be an S module, Vm, m = 1, 2, ... denote the tensor product
of V with itself m times, and let V,,, = Vm, m = 1, 2, * . Set V( = Sy
V_1 = V-2 = * = 0. If f V Vm, g G V, are of the formf = a1? ( ... (O am,

This content downloaded from 128.151.113.25 on Sun, 07 Dec 2025 11:24:06 UTC
All use subject to https://about.jstor.org/terms



COHOMOLOGY OF AN ASSOCIATIVE RING 275

g =5. ? ... ? f3 , respectively, define oi = o%(m, n) by

frn l = a,1 ... & ar & S, ( 0.. 0 (& an (a ai+1 (0. (& a.

We may then extend oi linearly. In this example oi is always an iso-
morphism, and in fact om(m, n) is the identity. If m = 0, in which case
f is just an element s of S, then we identify s 0& g with sg = gs; oi is
then defined only for i = 0 and sog is again just sg. If n = 0, then
j ? s = sf = foils for all i = 0, 1, * * *, m. It is trivial that (15) holds.

4. Letting V, Vm be as in 3, set V71. = Home (Vm, S), m = 1, 2, * ,
set V0 = Hom, (S, S), which we identify with S itself, and set V-1 =
V-2= * = 0. If f G Vm, g G Vny we may define an element denoted fg
of Vm n as follows: Given a G Vm, b G Vn, set fg(a 0 b) = f (a)g(b), and
extend the definition of fg to all of Vm+n linearly. Let o = o'(m, n) now
denote the inverse of the isomorphism defined in 3 of Vtm 0 Vn onto
Vm n. Then we may define homomorphisms oi of VE (0 Vn into Vmn by
settingf ok g(a (? b) = fg(a o'g), extended linearly. Again, it is not difficult
to verify that (15) holds. Unlike the case in 3, in the present example
the oi are not generally isomorphisms, nor is V71m the tensor product of V1

with itself m times. For example, let F2 be the field of 2 elements, Wbe
a 2-dimensional vector space over F2, and let F2 + W be made into a ring
S by setting W2 = 0. Let V be a one dimensional vector space over F2
on which S operates by setting WV = 0. Then V?(9, V V, whence
Vm = V for all positive m and V71. = Hom, (V, S) = W for all positive
m, but W 0W= W + W W W.

The example in which we shall later be most interested is the following.
5. Let V, Vm be as in 3, W be another S module and g: W - V be an

S module homomorphism. Set Vm = Homs( Vm+1, W), m = 0,1, ... , V_1 =
Homs (S, W), which we may identify with W, and V-2 = V-3 = ... = 0.
If fG V, g G Vn, m, n > 0, then define foig G Vm+n = Homs(Vm n+l, W)
by setting

foig(a? X** a-10 ( bo * b. a+0 X** am)
= f(a, X0 a-10 (& pg(bo * b) a+ 0 b *)X am)m

The definition is extended to the case where n =-1 by interpreting g
to be simply an element of W and setting

f o g(aoX at lX a0+ X0 .. a.)
= f~a g (a ) awl (p fg (D a+1 ... * ** a.).

That (16) holds is again trivial. Note that, while in the previous examples
the module * A+ V-1 + Vo + V1 + * was in a natural way an associa-
tive algebra, this is not the case here. When considering this example,
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276 MURRAY GESTENHABER
we shall assume until ? 9 that W = V and that g is the identity.

6. The graded Lie ring of a pre-Lie system

In this section, X, ,a, v will denote integers.
Given an arbitrary pre-Lie system { V7,m, oi}, we now define for every m

and n a new homomorphism o of V7,. 0 V. into Vmn by setting for
fm G V gn G Vn, with m > 0,

(17) fm gn = E . (1 n)nif m a gn

i.e.,

(18) fm O gn f mo0gn + fm o1 gn + .+ fmOmg if n is even
(1)fmg (fm oOgn _ fm o1gn + . + (-1)mfm Omgn if n is odd,

and setting(19) f M g = 0 if m < O.
THEOREM 2. Let {Vm, oi} be a pre-Lie system and fm, gn, hp be ele-

ments of Vm, Vn, V, respectively. Then
(i) (fm o gn)ahP _ fm r (gn o h P) = ,'(-1)ni+?pi(f m oi gn) oj hP, where the

sum E' is extended over those i and j with either 0 ? j < i - 1 or
n + i + 1 ? j _ m + n.

(ii) (f m o gn)ahP _ f m o (gn o hP) = (-)nP(f o hP)ogn - f m (hP gn)].
PROOF. If (ftm- gn) oh is expanded according to the definitions, (17)-

(19), then the term (fm agn) ojhP occurs with coefficient (-1)i pj. If all
these terms are transformed according to the formulas (15), (16), then a
term of the form ?fm o-(gn o,, h") occurs if and only if one can find i > 0
and j with i _ j _ n + 1, such that X = i and jp = j-i. This says,
however, that every term of the form ?fm -a(gn oh") occurs. It occurs
further with coefficient (-l)nA+?P1(+) = (-l)Pg+(n?+P') i.e., the same coef-
ficient with which it appears in ftm- (gn o hr). These terms being the
transforms of those (f m oi gn) oj h with i ? j ? n + i, assertion (i) follows.
Observe further that (ftm- gn) ohP -fmoa (gn ohV) can be expressed as a
sum of terms of the form -(f ojV) oi~pgn with 0 ? j ? i - 1 and of
the form -(fm-oinhP)agn with n + i + 1 ? j ? m + n, and all such
occur. Therefore, a term of the form (fm -a h#) Og occurs if and only if
we can find either i and j with i + p = 1a, j = X and 0 ? j ? i - 1, or i
andj with i = je, j - n = Xandn + i + 1 < j ? m + n; i.e., as one sees
readily, if and only if we do not have X = ,c ? p + X. The terms which
occur are therefore those occuring in (ftm oh ) ogn - fmo(hP" gn), up to
sign. As for the sign, (fmohP)?oi+gn occurs in (fmohP)Ogn with sign
(-l)Pj+n'i+p)'= (-J)ni+Pj(l)np , and (ftm aj-n h) ai gn occurs with the same
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COHOMOLOGY OF AN ASSOCIATIVE RING 277

sign, which is in both cases (-1)n, times the factor with which it appears
in (fm o gn) a h". Therefore

(fm o gn) o h_ fm O (gn o p) = (_1)nP[(f mo p) ogn f fm o (hu O gn)]

which is assertion (ii).

COROLLARY. Let { V., oi} be a pre-Lie system and let A = E V. be the
direct sum of the modules V7. made into a ring by extending o to be an
S module homomorphism of A 0 A into A. Then with this multipli-
cation, A becomes a right pre-Lie ring graded by the integers.

PROOF. This follows immediately from the fact that assertion (ii) of
the theorem can be rewritten in the form

(fm o gn) ohP _ (_ l)np(f mo p) ogn = fmo(gn o p) (l)nPf mo (h o g")

and this is identical with equation (6) defining pre-Lie rings.
We shall say that A is the pre-Lie ring (graded by the integers) asso-

ciated with { V., oi}; the graded Lie ring derived from A by Theorem 1
of ? 2 will be called the graded Lie ring associated with { Vm, Oil.

If { Vm, oi} is a pre-Lie system and W = E W. is a direct sum of
modules indexed by the integers, then we shall say that W has the
structure of a right module over the given pre-Lie system if there exist
module homomorphisms (which we shall again denote by o (mi, n)) of
Wm (0 Vn into Wm~n such that, iff =fm G Wm 9g = gn G Vn, h = h G Vp,
then (15) holds. If such a structure is defined on W, then one sees im-
mediately that there may also be defined on W the structure of a right
module over the pre-Lie ring associated with { V., oi} by setting ftm O gn =

M=0 (-l)nifmoign, i.e., by using (17), where ftm is now taken to be in
Wm. It follows, therefore, from (10) of ? 2 that Walso has the structure
of a module over the graded Lie ring associated with { Vm, oi}.

In brief, combining Theorems 1 and 2 we see that every pre-Lie system,
in particular those of the examples, gives rise in a natural way to a
graded Lie ring, and every right module over such a system gives rise to
a right module over that graded Lie ring. The pre-Lie system with which
we shall be mainly concerned will be that formed from the cochains of
an associative ring with coefficients in the ring itself. This will be of the
type of example 5 of ? 5.

7. Cohomology of a ring and commutativity of the cup product

Let A be an associative ring and P be a two-sided A module. Follow-
ing the classical definition of Hochschild (and at the risk of seeming old-
fashioned) we define an m-cochain ftm of A with coefficients in P to be an
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278 MURRAY GERSTENHABER

S module homomorphism of the tensor product Alm- of A with itself m
times into P. The module Homr (A(m', P) of all such ftm will be denoted
by Cm(A, P), S being understood. We identify C0(A, P) with P. For
every m there is defined a homomorphism 6m: Cm(A, P) Cm-'(A, P) de-
fined by setting

amf (ai 0 ... 0* am -,) = alf (a2 0 * 0 am -p)
+ If- 1 (-1)if(a, * awl (g) ajai-i (& a C * am-l)
+ (-1)m if(a,0 am)am+1 9

and extending the definition of 6 = 6m linearly. It is the case that
-+'-fJm = 0; Zm(A, P) is defined to be the kernel of 6m, Bm(A, P) to be
the image of 6m--., for m > 1, and to be zero for m = 0, one has Bm(A, P) c
Zm(A, P), and Hm(A, P) is defined to be Zm(A, P)/Bm(A, P). We will
denote by C*(A, P), Z*(A, P), H*(A, P), respectively, the direct sums
of the modules Cm(A, P), Zm(A, P), Hm(A, P) for m = 0, 1, 2,

If P is further an associative ring, then the multiplication in P induces,
for every m and n, a homomorphism denoted -- and called the cup product
of Cm(A,pP)OCn(A,P) into Cm1-f(A,P) defined by setting for
f m G Cm(A, P),gn G CII(A, P),

gn(al (8) ... (8& am (g) b, (& **$ bn)
- fm(al ( O ... (& am)gn(b? (\ ... () bn)

Under this multiplication C*(A, P) becomes an associative ring graded
by the integers. We have, trivially,
(20) (f m __gn) - a m__ gn + ( _l)mf m __6gn

i.e., 6 is a left derivation of degree one of the ring C*(A, P). The
formula (20) shows that if f-m E Zm(A, P) and gn G Zn(A, P), then f m"gn G

Zmtn(A, P), whence Z*(A, P) is a subring of C*(A, P). Further, if
either f m E B (A, P) or gn G Bn(A, P) then fm -__gn G Bm 4 n(A, P), i.e.,
B*(A, P) is an ideal of Z*(A, P). We may therefore define the cup
product of elements of Hm(A, P) and Hn(A, P) by choosing arbitrary rep-
resentatives for them in Zm(A, P) and Zn(A, P), respectively. The in-
duced multiplications will again be denoted by --, and makes H*(A, P) =
Z*(A, P)IB*(A, P) into an associative ring, called the cohomology ring
of A with coefficients in P.

Now it is a familiar fact from algebraic -topology that under rather
general conditions the cohomology ring of a space with coefficients in a
commutative ring is a commutative graded ring. However for arbitrary
commutative coefficient rings P, it is not generally the case that H*(A, P)
is commutative. For example, suppose A is a zero ring (i.e., A2 = 0)
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COHOMOLOGY OF AN ASSOCIATIVE RING 279

acting trivially on P, i.e., AP = PA 0 O. Then we may readily verify
that every cochain is a cocycle, whence Ctm(A, P)=Zm(A, P), Btm(A, P)=O
for all m, and H*(A, P) = C*(A, P). Let f, g be elements of C'(A, P).
Were H*(A, P) commutative then f -g + g -f would have to be a co-
boundary, i.e., in the present case, would have to vanish. We would
have, therefore, f(a)g(b) + g(a)f(b) = 0 for all a and b in A. But the
multiplication here takes place in P, which is merely assumed to be com-
mutative and not necessarily a zero ring; f(a)g(b) + g(a)f(b) will gener-
ally fail to vanish.

Now let P be, as at the start, a two-sided A module. Then C*(A, P)
is naturally endowed with the structure of a two-sided C *(A, A) module.
The operation will again be denoted by - and we define for f E C m(A, A),
g E Cn(A, P),f -g E Cr+n(A, P) by

f -g(al X ... (8) a. 08 b, &g ... (8) b.)

= f (a, g 8 a.n)g(bl )** 8 bn) Y

and similarly for g-f.
Note now that since Cm(A, A) = Homs (A(-), A), setting A = V and

considering only its S module structure, and setting A(-) = VIM, V. =
Cm --l(A, A) = Hom8 (V-+', V), then we have a system of modules of
precisely the sort given in example 5 of ? 5 (the homomorphism q of that
example being taken to be the identity). However, the gradation of the
system differs by one from the usual one by dimensions. The reader is
cautioned in this respect when comparing formulas. We may say that an
element of Cm(A, A) has dimension m but degree m - 1. Since C?(A, A)
is identified with A, the elements of A are to be understood as having
degree -1. Repeating the definition, if we set for ftm e Ctm(Ay A),
gn C~b(Ay A)

ftm oi g(a. 0 * 0 ai-1 (0 bo 0 * 0 bn-1 (0 ai+l 0 * 0 a.-)
(21) = f(ao( ai 8 a g(bO ** bn-) (8) ai+l .. * a.-0

i = 0, ly .. * In , m1 ,

and note that f , oi gn 6 Cm.+n-'(A, A), then it follows that the structure Of
a right pre-Lie system is defined on the set of modules Cm(A, A). If now
we take f m e C -(A, p), gn G Cn(A, A), then (21) defines an element f m oi gn

of Cm+n-l(A, P), and we see immediately that C*(A, P) has the structure
of a right module over the right pre-Lie system {C-m(A, A), oi}.

From the results of ? 6, it follows that C *(A, A) is also naturally en-
dowed with the structure of a right pre-Lie ring and of a graded Lie ring.
When it is necessary to state explicitly with respect to which product
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280 MURRAY GERSTENHABER
C*(A, A) is being considered as a ring, we shall write {C*(A, A), I'-},
{C*(A, A), o} or {C*(A, A), [ , ]}. Only the first of these depends on the
multiplicative structure of A, the others are defined exclusively in terms
of the S module structure. Further, from the results of ? 6, one sees
that C*(A, P) has the structure of a right module over {C*(A, A), o} and
therefore of a two-sided module over {C*(A, A), [ , ]}, in addition to
being a two-sided module over {C*(A, A), -}. Note again, however, the
remarks following (10), ? 3. If f E C*(A, A), g E C*(A, P), then we will
write fog or [f, g] (these being the same) for the operation of f on g,
and similarly if f E C*(A, P), g E C*(A, A).

One may readily verify that (20) holds not only when f-m e C m(Ay A)
gn e C"(A, P), but also when either f-m e C-(A, A), gn E Cn(A, P) or
P e Cm(A, P), gn G Cn(A, A). It follows that Zm(A, A) -Zn(A, P) and
Zn(A, P)-Zm(A, A) are both contained in Zm+n(A, P), and that
Bm(A, A)-Zn(A, P) and Zm(A, A)-Bn(A, P) are both contained in
Bm-+(A, P). Therefore, H*(A, P) has the structure of a two-sided
module over {H*(A, A), -}. However, it is generally not the case that
Z*(A, A) is closed under the pre-Lie multiplication, but it will be seen
to be closed under the bracket product.

The associativity of A implies that the element IT of C2(A, A) defined
by r(a, b) = ab is a 2-cocycle which may be called the canonical 2-cocycle
of A. It is in fact a coboundary, being the coboundary of the identity
cochain, i.e., of the cochain c such that c(a) = a. Using w and the
operators of the system {Cm(A, A), oi}, we may write, for fm e Cm(A, A),
gn G Cn(A, A),

(22) f r gn = (7To0fm)o _gn
(Note that the degree of IT is one, of f is m - 1, and of g is n - 1.) The
coboundary operator in C*(A, A) can also be expressed using IT and the
pre-Lie product. One may readily verify that

(23) 3f - (fow - (_ Wf1) of) = (- l)m-1(7 Of - (-1) mf o )

or, in terms of the bracket multiplication, since the degree of IT is one,

afm = [Uf, -I] (- 1)-T, f ]I

Therefore, the operator 3 is a right inner derivation of degree 1 of the
graded Lie ring {C*(A, A), [ , ]}. On the other hand, 3 is generally not
a derivation of any degree of the ring {C*(A, A), o}, but we have the
following fundamental result concerning its deviation from being a deri-
vation of degree 1 and connecting its operation in {C*(A, A), o} with its
operation in {C*(A, A), -}.
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COHOMOLOGY OF AN ASSOCIATIVE RING 281

THEOREM 3. If A is an associative ring and if fm, gn E Ct(A, A),
Cn(A, A), respectively, then

f In 0 an _3(f m gn) + (_1) ln13f on 0gn

= (_)n-l[gn .fnm _ (_l)mnfmO__gn]

PROOF. Using (23), the three terms on the left may be expanded to
give

[( 1) nf m (w O gn) - f In 0 (gn ow A)] [(1)m+n7 o (f mo gn)
-(f In ( go) g n T] + (1_ )n-l[(1_ l )m-1(w of m) o gn _ (fo w07)ogn]

Now from the defining relation for pre-Lie rings, (6) of ? 2, with c =f
a = gn, b = n, we have

(f mogn) ow - (_ 1)n-l(fm oI )o gn =fmo[gnowA - (-1) Aog ]

Therefore, of the six terms in the expansion, four cancel, leaving only
(-1)m+n[(w7 of m) 0 gn - (f m 0 gn)]. On the other hand, using Theorem 2,
(i) together with (22), we have

(w of m) og - wr o (f om gn) = ( _ J) (n-1)f m _ gn + - -1gn In

Multiplying by (-1)f+n proves the theorem.
It follows immediately from Theorem 3 that, if f m, gn are cocycles, then

(24) (_ l)n[gn _ f _ ( _l)mnf m _ gn] = 3(f mo 0 gn)

whence we have

COROLLARY 1. If A is an associative ring, then the ring {H*(A, A), -
is a graded commutative ring, with grading given by dimension, i.e.,
if 72m E Hm(A, A), e E H (A, A), then m_.An = _

Note here that the gradation taken on H*(A, A) is by dimensions.
When dealing with the cup product we shall tacitly assume any gradation
is by dimension; and that; when dealing with the bracket product, it is
by degree unless otherwise stated. Observe that H0(A, A) is an ordinary
commutative subring of H*(A, A), in fact, H0(A, A) = Z0(A, A) = center
of A.

In order to extend Theorem 3 to a statement about the module structure
of H*(A, P) over H*(A, A), it is convenient to observe again that the
module direct sum A + P may be made, in a natural way into an associa-
tive ring over S with A as a subring and P as an ideal with P2 = 0 by
setting, for a, b E A, x, y E P, (a, x)(b, y) = (ab, ay + xb). There exist
natural inclusions Cm(A, A), Cm(A, P) c Cm(A + PF A + P) defined by
setting for any ftm in C m(A, A) or C m(A, P), f m(al (0 ... 0( am) = 0 if any
ac is in P. (Note, however, that the image of a cocycle under this map
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282 MURRAY GERSTENHABER
is not necessarily a cocycle.) Theorem 3 holds in particular for the ring
A + P, from which we get the following stronger

COROLLARY 2. Let A be an associative ring, and P be a two-sided A
module. If either 'y2n e Hm(A, A), Cn E Hn(A, P) or ry2m E Hm(A, P), 'n G
Hn(A, A), then

= C (- 1) U .
8. The infinitesimal ring of a ring

Since 3 is a derivation of {C*(A, A), [ , ]}, it follows, exactly as for
{C*(A, A), -}, that Z*(A, A) is closed under the bracket multiplication,
and in this multiplication B*(A, A) is an ideal. Therefore, H*(A, A) be-
comes in a natural way a ring under the bracket multiplication, which
we have elected to call the infinitesimal ring of A. More generally, we
have

THEOREM 4. Let A be an associative ring and P be a two-sided A
module. Then C *(A, P) is, in a natural way, a two-sided module over
{C *(A, A), [ , ]}; we have

[Z*(A, P), Z*(A, A)] c Z*(A, P) ,
[B*(A, P), Z*(A, A)], [Z*(A, P), B*(A, A)] c B*(A, P),

and H*(A, P) is in a natural way a two-sided module over
{H*(A, A), [, ],.

PROOF. That C*(A, P) is a two-sided module over {C*(A, A), [ ],
has already been observed in ? 7. Consider now the algebra A + P, and
let fm- be in Cm-(A + P, A + P), gn be an Cn(A + P, A + P). Denoting
by 3 the coboundary operator in C *(A + P, A + P), we have, since 3 is
a right derivation of degree one of {C*(A + P, A + P), [ ,

3[f M. gf] = (_ J)n-1)[3af, gn] + [f X, 3gf]

Now since all terms of this equation are homomorphisms of the tensor
power (A + p)(n+n) into A + P, the equation must hold a fortiori if the
domains are restricted to A(-+nl c (A + p)(m+n), and if either the range
of f - is restricted to P and the range of gf to A; or if the range of f - is
restricted to A, and that of gf to P. But then f - becomes simply an ele-
ment of Ctm(A, P) or Ctm(A, A), gf an element of Cn(A, A) or Cn(A, P),
respectively, and 3 becomes just the usual coboundary operator in C *(A,P)
or C*(A, A), depending on the cochain on which it operates. The rest of
the assertions of the theorem follow immediately.

Part of the information contained in the statement that H*(A, A) is a
ring under the bracket multiplication is already quite familiar. In partic-
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COHOMOLOGY OF AN ASSOCIATIVE RING 283

ular, the statement implies that H1(A, A) is an ordinary Lie ring. The
elements of Z1(A, A) are just the ordinary derivations of A into itself,
and it is trivial that these form a Lie ring in which the inner derivations
are an ideal. However, since [H1(A, A), H-(A, P)] c Hn(A, P) for every
n, we have the following more general statement.

COROLLARY. Let A be an associative ring and P be a two-sided A
module. Then Hn(A, P) is in a natural way a module over the (ordinary)
Lie ring H1(A, A) for all n = 0, 1,

The operation of H1(A, A) on H0(A, A) is simple and illustrative. Re-
call that H0(A, A) = Z0(A, A) = center of A. Suppose f E Z1(A, A), i.e.,
given a, b E A, af (b) -f (ab) + f (a)b = 0. If X E center of A is considered
as an element of Z0(A, A), then [f, X] = f o X - Xof = f o X is just the
element f(X) of Z0(A, A). So it is asserted, in particular, that a deriva-
tion of A carries the center of A into itself. Indeed, if X is in the center
of A and a arbitrary in A, then

af (X) = f (aX) - f (a)X = f (Xa) - Xf (a)

= Xf (a) + f (X)a -Xf (a) = f (X)a.

Further, if f E B1(A, A), i.e., if f (a) is of the form ab - ba for some b in
A, then f(X) = 0, i.e., [f, X] e B0(A, A).

It is natural to consider derivations of a ring A into itself as being in
some sense "infinitesimal automorphism." Since the automorphism group
of A operates in a natural way on H*(A, A), it is not surprising to find
that H1(A, A) operates also. The close relationship between these will be
examined in more detail in a forthcoming paper on the deformation of
algebras, where it will be shown that H2(A, A) is to be interpreted as
the set of "infinitesimal deformations" of A, explaining in some measure
the mapping which H2(A, A) induces of Hn(A, A) into Hn+1(A, A) for
every n. All the modules Hn(A, A) should, in some way not yet entirely
clear, be interpretable as modules of infinitesimal objects associated with
A, with {H*(A, A), [ , ]} as the ring of infinitesimal operations associated
with these objects.

We next investigate further the relationship between the product
and the products o, [ , ]. To illustrate the method of the next com-
putation in a simpler case, we give now another derivation of (24), which
is a special case of Theorem 3, when f and g are cocycles. Let
fm e Zm(Ay P), gn GZn(A, A) and a,, ... a,amne A be fixed. In what
follows, in order to shorten certain formulas, we shall sometimes omit
the argument from an expression of the form

f(ax 0 a,1 0 ... 0* axAm+.) or g(a,. a0 + ) 0 ... 0 a,+n.1).
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When that is done, the argument should be understood; there will never
be any difficulty in supplying the correct one as it depends on the first
index only. We set now, for 1 < i < m,

fi = alf (a2@ (9.. ai (& g (ai+.f+l( (8a.+.f)
+ 1 (-1)xf (a,(8 a2 0 * * a, & a~a+ (8 a+2 (8) *.*..

0 ai (0 g 0 ai++ ( ... (0 ) an+.)
+ (-1)if (a,0 ai( aig (& ai++(* an+n) Y

and

fi - (-1)+if (a, 0 . 8 ai-1 0 gai+0 ( ai+n+l am+n)
+ U tm(-1)xf (a,0 ai-1 ? g ( ai+n ? **?a~a+ **? am+n)
+ (-1)M+nlf (al 0 * 0 ai-1 (0 g (0 ai+n 0 . am+n-)am+n

Since gn G Zn(A, A), we have

(-1) aig(ai+1 0 ... 0* ai+n) + (-1)n 'g(ai 0 * 0 ai+n-1)
= Ii+n1 (-1)xg(ai 0 * 0 aA-, (0 a~a,+? 0 a,+2 0 * 0 ai+n)

whence

fi +fi = (foi-1g)(al1?.. Oam+n), i=1, ***,m.
On the other hand, if i < m, then

fi + (-1) n-fil+l = 3f (a, **{ ai (&8 g (g ai+n+l 8)**8 a.+n) = 0

while

(-1) g(al 0 * 0 an)f (an+1 0 ... 0( am+n) + 17 = 0

and

fm + (-1) J(a0 (? am)g(am?+ * a.+n) 0.
It follows that

3(fo? g) = ZoM-1 (_ 1)j(n-16(f ojg) = 1m (- 1)(i-1) (n-l)(f + 1)

1f7 + (fi + (-1)n1f2) + (_ )n-1(f + (_1)n-lf f) +

+ ( 1)m n -l(f1 + (-1)n-f ) + (-1)m1n1fm
= (-1)ngf _ (_ )(1-l)nfg

i.e., considering once again f and g as functions rather than specific
values,

3(fog) = (-1)n[g'-f - (-1)mnf__g]
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which agrees with (24).

THEOREM 5. Let A be a ring, P be a two-sided A module, h" be in
ZP(A, P), and ftn, gn be in Zm(A, A), Zn(A, A), respectively, and set

H = Ep-2 Em+p-2 (-)-1)i+ (n-1) j(h oifm) o jgn

Then He C-+n+,-2(A, P), and

3H _ (_ 1)m(f-l) n[h o (f -- g) -(_l)n(P-l)(hof)f-g -f_--(hog)]

PROOF. Let a, *. * *, am.n~npi- e A be fixed. As before, we sometimes
omit the argument from expressions of the form

fm-(ax 0 a, 0 ... 0 a,+,.-,) and gn(a, 0 * 0 a,,+.m-)

and in addition, if i _ j, will write aij for ai 0 ai+l 0 ... 0 aj. Set,
for 1 ? i < p - 1, m + i < j < m + p - 1,

hij = alh(a2,i Of? ai+m+,ij 0 g ? aj+n+l,m+n+P-1)

+ EAi' (-1) h(a,x1 (g0 a~a,+? 0 a,+2,i 0 f
0 ai++i,ij 0 g 0 aj+n+lm+n+P-1)

+ (-l)ih(aj 0l O aif 0 ai+.+mj 0 g 0 aj+n+lmn+n+lp-l) w

hj= (-1)+ilh(a1,i-1 O fai+m 0 ai+m+,ij 0 g 0 aj+n+lm+n+P-l)
+ A + 1)`h(aj i_1 Of ? ai+.mx-l 0 a~a,+?

0 ax+2,j 0 g 0 aj+n+lm+n+,P-1)

+ (-1)jh(al,i-l O f ? ai+mj-l 0 ajg 0 aj+n+l,mn+n+P-1) Y

and

h= (-1)j+lh(a1i_ (gf Of? ai+.mj-l ( gaj+n 0 aj+n+l,mn+n+-p1)
+ EAm+n2 ( 1)xh(aji_1 Of (g ai+mj-1 0 g

0 aj+m,xi, 0 a~a,+? 0 ax+2,m+n+lV1)

+ (_ 1)m+n-lh(ajjj Of O ai+mj-l (g g 0 aj+im,m+n+,-2)am+n+p-l

Then

(25) hij + hfj + hrr = 3((h oi_1f) ojjjg)
On the other hand, if m + i + 1 ? j ? m + p - 2, then

(26) hij + (-l)inlhi+?1j + (-1)( l)+?(n+l)hf ?
= ah(ali ( f ai+.+,,j O g O aj+n+l,mn+n+P-1) = 0

It is not difficult to see that one may extend the range of indices for
which (26) is valid by setting (the right side in each equation being evalu-
ated at al,m+n+P-l),
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286 MURRAY GERSTENHABER
(27) hoj=f (hoj-mg) for j=m,m+1, ,m+p-1
(28) ht, n+i-i = (_l~m~i lhoi~l~f-g for i = 1, 2, ***, p
(29) hi'm+p = (-)rn?P-l(hoi-lf) g for i = 1, 2, *.. , p
With these definitions, if any of the three quantities hij, h'+?,j, h",,?j+ is
defined, then so are the other two, and (26) holds. Therefore,

E30 _l(m-1) (i-l) + (n-1) (j-1) [hij + (-1)Mf-1hir+1 j

+ (_ 1)r-l)+(n-l)hrr,1] - 0

the sum being taken over all pairs (i, j) for which hij, h'+,,jy h, jj+1 are
now defined, namely, those (ij) with 0 < i < p- 1, m + i < j ? m + p-i.
Therefore, from (25),

aH Ep- 1 Em+P-7 (_)(ml(i-l)+(n-l)(j-l)(hij + h~i + hi)

all terms of which are contained, with their proper signs, in the expres-
sion on the left in (30). Those terms on the left in (30) not appearing in
3H are, up to sign, those defined in (27), (28), and (29), whence (30) reads

3iH + =+mP-l (- 1) 1) + (n-l) hj-h

+ E P1 (-1)(m- (ji-1)+(n-1) (m+i-2) hfm+i
+ EP-l(_1)(m-i)(i-1)+((n-i)(rn?+P-1)hin+ = O0

whence, by (27), (28), (29),

3H + (- 1)(m-)nff - (h o g) + (_l)(m-l)n+lh o (f _'.g)

+ (_ )(m-1)n+n(p-1) (hof)-g = 0

which proves the theorem.
It is much simpler to compute (fr-g)oh when hV e CP(A, A) and

fm e Cm(A, A), gn G Cn(A, P); in fact, one may verify immediately from
the definitions that

(f -g)oh = (foh) -g + (-1)m(P-l)f - (g oh) .

In the case when P = A, combining this with the preceding theorem and
using the definitions of [f, g] and [g, h] yields

COROLLARY 1. Iffm gn, h e Zm(A, A), Zn(A, A), ZP(A, A), respective-
ly, then

[f m. gn, h,] - [f m, h-]_gn _ (_1)m(p-l)f m._[gn, h]

= (_1)mn-n+laH.

Passing to the cohomology modules, we may assert

COROLLARY 2. Let A be an associative ring and $P, m, rn be elements
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COHOMOLOGY OF AN ASSOCIATIVE RING 287

of HP(A, A), Hm(A, A), Hn(A, A), respectively. Then

(31) [)m ._ n $P] = [y2m, p] _. n + (_ l)m (p-1 he _. [$n P]

One sees from Corollary 2 that, if 'P E HP(A, A), then the module endo-
-morphism De of H*(A, A) defined by setting for all c E H*(A, A),

Djy2 = [27, $]

is a left derivation of H*(A, A), of degree p - 1, and that the mapping
t ) De is an anti-homomorphism of {H*(A, A), [ , ]} into the ring of left
derivations of {H*(A, A), -}, where if D, D' are derivations of degree
X, X', their product [D, D'] as usual is defined to be DD' - (-1)xx'DD.
That the mapping $ - D, is an anti-homomorphism is purely fortuitous;
we could have taken in {H*(A, A), [ , ]} the anti-isomorphic structure,
in which case the mapping would have been a homomorphism.

9. Generalizations and comments

In order not to confuse the ideas, we have, in ? 7 and ? 8 not attempted
to state the broadest possible results, but certain useful generalizations
nevertheless deserve mention. We give them here without detailed
proof.

Let A, as usual, be an associative ring and P be a two-sided A module.
We have seen that P is a two-sided module over both {H*(A, A), -} and
{[H*(A, A), [ , ]}. Suppose now that Ym 7n, ' P are elements of dimensions
m, n, p, respectively, two of which are in H*(A, A) and the remaining
one of which is in H*(A, P). Then both sides of (31) are well-defined,
but the equation in general does not hold. This stems from the fact that
if f m E Cm(A, A), gn E Cn(A, P), then gn of m is well-defined, which, ulti-
mately makes it possible to define the module structure of H*(A, P) over
{H*(A, A), [ , ]}, but f m ogn is not defined. (See in this respect again
the remarks following (10), ? 3.) If we assume now that there exists an
A module homomorphism q: P - A (whence p(P) = I is necessarily an
ideal of A), then we may set ftm a gnf ftm a p(gn). It then becomes possible
to define in H*(A, P) a bracket product in which it becomes a graded Lie
ring (see again example 5 of ? 5), and to give it a module structure over
{H*(A, A), [ , ]} such that (31) will hold if one of Ys, $n' UP is in H*(A, P)
and the remaining ones in H*(A, A).

Suppose now that P is a two-sided A module (but no q: P A is given)
and that P is an associative ring, right and left multiplication in P being
assumed to be A module homomorphisms. We have shown by example
that {H*(A, P), I-} is generally not commutative. However, if there ex-
ists an A module homomorphism q: P - A such that
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288 MURRAY GERSTENHABER

P(x)y = xy = xp(y)

for all x, y in P, then we can again define fmogn for ftm E Cm(A, P),
gn G Cn(A, P), and it will follow both that {H*(A, P), -} is commutative
and that (31) holds with one, two, or all of Y)-, $n' t in H*(A, P), and the
remaining ones in H*(A, A).

UNIVERSITY OF PENNSYLVANIA,
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