
Calculus of Fractions 
and Homotopy Theory 

P. Gabriel and M. Zisman 

Springer-Verlag Berlin Heidelberg New York 19670 



Professor Dr. Peter Gabriel 
Professor Dr. Michel Zisman 

Université de Strasbourg 

Departement de Mathématique Strasbourg 

All rights reserved, especially that of translation into foreign languages. It is also forbidden to reproduce 
this book, either whole or in part, by photomechanical means (photostat, microfilm and/or microcard) 
without written permission from the Publishers. © by Springer-Verlag Berlin - Heidelberg 1967. 

Printed in Germany. Library of Congress Catalog Card Number 67-10470 

Title-No. 4579 

Introduction 

The main purpose of the present work is to present to the reader a 
particularly nice category for the study of homotopy, namely the homo- 
topic category (IV). This category is, in fact, — according to Chapter VII 
and a well-known theorem of J. H.C. WHITEHEAD — equivalent to 
the category of CW-complexes modulo homotopy, ie. the category 
whose objects are spaces of the homotopy type of a CW-complex and 
whose morphisms are homotopy classes of continuous mappings between 
such spaces. It is also equivalent (I, 1.3) to a category of fractions of the 
category of topological spaces modulo homotopy, and to the category 
of Kan complexes modulo homotopy (IV). 

In order to define our homotopic category, it appears useful to follow 
as closely as possible methods which have proved efficacious in homo- 
logical algebra. Our category is thus the “topological” analogue of the 
derived category of an abelian category (VERDIER). 

The algebraic machinery upon which this work is essentially based 
includes the usual grounding in category theory —- summarized in the 
Dictionary — and the theory of categories of fractions which forms the 
subject of the first chapter of the book. The merely topological machinery 
reduces to a few properties of Kelley spaces (Chapters I and ITI). 

The starting point of our study is the category A° @ of simplicial sets 
(C.S.S, complexes or semi-simplicial sets in a former terminology). 
Notwithstanding a very large number of papers and seminar notes 
published on the subject, no book has yet been devoted to them. Therefore 
in order to fill this gap to some extent, we go back to the beginning of 
the theory, and give a complete proof of theorems well-known to the 
specialist, in the hope of providing the reader with a coherent survey, 
and presenting some proofs which are easier or more conceptual than 
those already published. 

This book is thus intended to appeal at the same time to the beginner 
who wishes to learn algebraic topology, to the algebraist who wants to 
be acquainted with topology, and to the topologist eager to assimilate 
the category language. 

Such a program, which a priort seems very ambitious, is in fact very 
limited: it cannot be greater than the number of pages in the volumes 
where this work has been published. Thus the point where we leave off 
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is, in fact, nothing but the starting point of algebraic topology, and this 
book is thus only an introduction to that theory. 

Let us summarize briefly the content of our work. 

Chapter I sets forth the theory of categories of fractions and gives 
a few examples of applications to groupoids, Kelley spaces and abelian 
categories. Given a category @ and a subset » of the set »% ¢ of the 
morphisms of @, a category [21] is constructed whose objects are the 
same as those of ¥, but where the morphisms of X have been formally 
made invertible. The description of the set % @[2'*] is particularly 
nice when X possesses some properties “ allowing a calculus of fractions”’ 
since in that case any morphism of @[2*] can be written s*/ where s 
is in XY and f in @. The interest of this concept lies mainly in its 
relationship to the existence of adjoint functors (I, 1.3 and I, 4.4). 

After having recalled a few properties of the category of functors 
with values in a set, Chapter II gives the definition of the category A°é 
of simplicial sets, and draws the first inferences from it. One constructs 
a fully faithful functor from the category @at into A° & which has a left 
adjoint. This pair of adjoint functors allows us to define certain other 
pairs of adjoint functors, and in particular the pair (IT, D) where 7X 
is the Poincaré groupoid of the simplicial set X,and DG isa K (IZ, G, 1)- 
complex where J7,G is the Poincaré group of the groupoid G. This concept 
allows us finally to construct an extremely simple theory for the funda- 
mental group of a pointed simplicial set, and in particular to state a 
Van Kampen theorem in the category .A° &. 

Chapter III is concerned with the study of the functor |?|, that is, 
Mitnor’s geometric realization functor. After having shown that the 
geometric realization of a simplicial set has some good properties (it is 
a Hausdorff space, locally arcwise connected and locally contractible), it 
is proved that the functor |?] has some interesting exactness properties 
too, and that it commutes with locally trivial morphisms provided one 
considers the range of |?| to be the category of Kelley spaces instead of the 
whole category of topological spaces. Under this new definition, the 
geometric realization functor commutes with direct limits and finite 
inverses limits. Moreover it transforms a locally trivial morphism into 
a Serre fibration. 

With Chapter IV the study of homotopy begins. After having defined 
the homotopy relation between morphisms without any restriction (and 
not only when the common range is a Kan complex), the category Le 

’ of complexes modulo homotopy and a special set of arrows in that 
category — the anodyne extensions —, it only remains for us to define 
the homotopic category ¥ as the category of fractions of A° & where the 
anodyne extensions are made invertible. Since, for any simplicial set X, 
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there exists an anodyne extension ay: X—>X, where X_ is a Kan 
complex, the category # is equivalent to the category of Kan complexes 
modulo homotopy. Chapter IV also gives a variant “with base points” 
of the preceding theory, and contains a few technical results on Kan 
fibrations and Kan complexes. It is finally pointed out — as an 
exercise — how the [7-theory given in Chapter IT fits into this new 
context. 

Chapter V is independent of the preceding ones and presupposes 
only a few elementary results (recalled in the Dictionary and in Chapter 1) 
about groupoids. Its purpose is to give a standard and self-dual proof of 
various exact sequences occuring in algebraic topology. As an example 
of possible applications, the reader will find the proof of a few well 
known exact sequences (PupPE, EcKMANN-HILTON); he will be able to 
obtain in the same way all the other exact sequences of EcCKMANN- 
Hutton [J]. The main idea is to construct an exact sequence in the 
2-category of pointed groupoids and then to reduce the study of a large 
class of 2-categories to the preceding one. 

We should point out that the preceding method allows to give an 
easy proof of the exactness of the sequence of SpANIER-WHITEHEAD in 
S-theory1. 

Chapter VI is chiefly an application of the preceding chapter to 
simplicial sets and to the homotopic category. It also gives the definition 
of homotopy groups, and various technical developments concerning 
minimal fibrations, whose purpose is to prove (i) that every fibration is 
homotopically equivalent (modulo the base) to a locally trivial morphism, 
and (ii) the J. H. C. Whitehead theorem for simplicial sets. 

Finally Chapter VII is limited to bringing together the preceding 
material in order to prove the theorems referred to in the beginning of 
this introduction, and which constitute the justification of the work 
itself. 

All this, as has already been said, is only an introduction to algebraic 
topology. To make this introduction at least more or less complete, we 
have sketched briefly in two appendices a few complementary remarks 
of interest to the reader. 

In Appendix I will be found a theory of coverings and local systems, 
and as an application a proof of the Van Kampen theorem for the geo- 
metric realization of simplicial sets. 

In Appendix II the reader will find, as a bonus, a version of EILEN- 
BERG’s theorem connecting the homology of a complex with the singular 

1 The theory of carriers and S-theory —- Algebraic geometry and Topo- 
logy. A symposium in honor of S. Lurscnetz. Princeton University Press, 
1956, pp. 330—360. 
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homology of its geometrical realization, and th ees e spectral sequence of a 
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Dictionary 

The aim of this dictionary is to define with precision the terms which 
will be used in the sequel. For the basic notions, we refer the reader to 
the following works: 

GABRIEL, P.: Catégories abéliennes. Bull. Soc. Math. France 90 
(1962). GROTHENDIECK, A.: Sur quelques points d’algébre homologique. 
Tohoku math. J. serie 2. 9 (1957). MacLaneE, S.: Homology. Berlin- 
Heidelberg-New York: Springer. MITCHELL, B.: Theory of Categories. 
New York: Academic Press. 

Unfortunately, the terminologies used in these books coincide neither 
with each other, nor with those which we will sometimes use. It is this 
great variety of language which forces us to restrict the number of 
publications given as references. 

Adjoint: See GABRIEL (op. cit.) for the notations. We say that Tr 
is left adjoint to S and that S is right adjoint to T. We say that y is an 
adjunction isomorphism from T to S, that Wis an adjunction morphism 
from T to S; similarly, g is an adjunction isomorphism from S to T, 
and ® is an adjunction morphism from S to T. 

We say that W is quasi inverse to @, and conversely. 

Amalgamated sum: It is equivalent to the expression ‘‘somme 
fibrée” of GABRuEL (loc. cit.) and pushout of MITcHELL (loc. cit.). We 

Cc a,b 
write ALLB or AUB for the amalgamated sum of a diagram of the 
form 

AACB. 

Arrow: See category and diagram scheme. 

Can: Short for canonical. 

Category: See the references. li @ is a category, we will write Ob Y 
(resp. Ur @) for the class of its objects (resp. morphisms or arrows). The 
identity morphism of an object ¢ of a category will be denoted by Idge, 
or simply by Idc. If f is a morphism of a category C, the domain and the 
vange of f will be denoted by dgf and t¢ f, or simply by bf and rf. The set 
of morphisms of a category @ with domain a and range 0 will be denoted 
by @ (a, b), or Home (a, 8). 

Category of paths of a diagram scheme T: It is a category PaT whose 
objects are the same as those of T, and whose morphisms are the se- 
4 Ergebn. Mathem., Bd. 35, Gabriel and Zisman 
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quences (a, @,...4,) of morphisms of T such that ra;=) a,;.,(¢=1, 
2,...u—1). If dp is the diagram of Pa T of type T which induces the 
identity on objects and which associates with each morphism a of T the 
sequence formed by the unique morphism a, the pair (Pa T, d;) can be 
characterized by the following property: for each category @ and each 
diagram e of $ of type T, there is one and only one functor E: Pa T>@ 
such that EB d;—e. 

Gat: It is the category of categories, i.e. the category whose objects 
are the categories @ such that O6@ and Ur belong to a given fixed 
universe. Morphisms of @at are functors. If x and y are categories, we 
will write #om (x,y) for the category whose objects are the functors 
from x to y, and whose morphisms are the functor morphisms. 

Cartesian, Cocartesian: Let 
A->B 
4 
CD 

be a commutative square of a category @ (i.e. ux= yu). We say that the 
square is cartesian if, for each pair (6, c) of morphisms 6: E->B and 
c: E->C such that vc= yb, there is one and only one morphism a: E->A 
such that b=wa and c= xa. We say that the square is cocartesian if, for 
each pair (b',c’) of morphisms 6’: B->E’ and c’: c~»E’ such that 
b’u==c'x, there is one and only one morphism d: DE’ such that 
b'=dy and c’=du, 

Cokernel; Dual to kernel; called coequalizer in MITCHELL (op. cit.). 

Cofree: Let of and # be two categories, F: ¢@—-@ a functor, and 6 
an object of #. We say that /: Fa>bisa coliberty morphism (or right 

liberty) over 6 and that 4 is cofree (or right free) on 6 if, for each morphism 
f': Fa'->b, there is one and only one morphism g: a’->a such that 
f=f-(Fg). 

Conservative: Let of and & be categories, F: > a functor, and / 
a morphism of A. We say that F is conservative if 7 is invertible if and 

- only if Ff is invertible. 

Diagram: Let T and U be two diagram schemes. A diagram of U of 
type T is defined by two maps do,: Ue T->%r U and doy: Ob T+>Ob U 
such that dy dy,=dop Dp and ty dy,=dop tr. When @ is a category, a 
diagram of @ of type T is a diagram of type T of the diagram scheme 
underlying to @. 

Diagram scheme: A diagram scheme T is given by two sets Ob T and 
We T and two maps by, rz: We T+Ob T; an element of ObT is an 
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object, an element of Uriisa morphism or an arrow. If ais a morphism, 
bp ais the domain of a, ry is the range of a, 

With each category @ is associated a subordinate diagram scheme, 
which has the same objects and the same domain and range maps. 
Then the category @ is determined by the underlying diagram scheme 
and the composition laws. 

Domain: See Category. 

&: Category of sets. 

Epimorphism: See GROTHENDIEK (op. cit.). 

Equivalences of categories: See GABRIEL (op. cit.}: quasi inverse. 

Fibred product: See GABRIEL (op. cit.) ; called pullback in MITCHELL 
(op. cit.). We shall write A x Bor A Tl B, ATIB for the fibred product 

f g ¢ c Re 
of A -> C= B. 

Free: (or left free); liberty morphism (or left liberty): dual to cofree, 
and coliberty morphisms. 

Full, Fully faithful: D is a subcategory of @ if Ob DOOD S, Ue D CUS, 
and if the composition laws of G are induced by those of @. We say that 
@ is a full subcategory of @ if moreover, the equality D(d, d')=@ (d, a’) 
is satisfied for each pair (d, d’) of objects of D; a functor F: @ > 6" is 
said to be fully faithful if F defines an equivalence between @ and a full 
subcategory of @! 

Functor: If F: @->D is a functor and if ¢, c’ are objects of @, we 
write F(c, c’) for the map from @(¢, c’) to Q\Fe, Fc’) which is defined 
by F. 

Groupoid: It is a category where all morphisms are invertible 

Gr: It is the category of groupoids, ie. the full subcategory of Gat 
whose objects are the groupoids. 

Initial: See limit. 

Invertible: Let {: a+b be a morphism of a category @. We say that 
f is invertible if there is a morphism g: ba such that gof=Ida and 
fog=Id 8. 

f 
Kernel: Let a =} be a diagram of a category @. A kernel is an in- 

g 

verse limit of this diagram; it is called equalizer in MITCHELL (op. cit.). 

Limits: Let d be a diagram of type T of a category @. If x is an 
object of G, a projective or inverse cone with domain vertex % and base d 
4* 
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is a family (p,) of morphisms indexed by the objects of T; the domain of 
p, is « and its range is dt=dpy(t); it is required also that (,) satisfies 
the relations $= dy, (a) 0 p,= (da) o p, for each morphism a: tt’. Such 
a cone is called terminal if, for each cone (¢,) with domain vertex y and 
with the same base d, there is one and only one morphism g: y—»« such 
that g,—/,0¢ for all 4, We say then that x is an inverse limit of d (notation 
x=lim d) and that p, is the projection of index ¢ (notation ,= pri or 
pr). 

We say that C admits finite inverse limits if lim d exists whenever 
Ob T and Ux T are finite sets. 

Let F: @~@ be a functor. If lim d@ and lim F ad exist, we define a 
morphism c: F lim a —> lim. Fd by means of the equations prf{*oc= 
F(pr%). If ¢ is invertible, we say that F commutes with the inverse 
limit of d. 

For the dual notions, we will use the following terminology: inductive 
or direct cone with range vertex x and base d, iwitial cone, direct limit 
(notation lim 4), induction or canonical injection of index ¢ (notation 
ind or in,). 

Let us review briefly the construction of the direct limit of a diagram 
d: T-+>Gat. Let & be the category of sets; let Ob d: T->@ (resp. Ur d) be 
the diagram which associates with each object ¢ of T the set of objects 
(resp. of morphisms) of the category d(#). By passing to the direct 
limit, the domain and range maps of d(t) induce maps 

b, t: lim Wr d(é) = lim Ob d(?) 
wae wad 

and define a diagram scheme X whose set of objects is lim Ob d(é) and 
t 

whose set of morphisms is lim Ur d(t). It is clear that X is the direct limit 
z 

of the diagram schemes subordinated to the categories d (f). 
Let Pa X be the category of paths of X. The canonical maps from 

Ob d(f) and Wd(f) to lim Ob a(t) and lim YW d(t) induce diagrams 
i, d(t)+Pa X. There is obviously no reason for these diagrams to be 
functors: for instance, if « and # are two composable morphisms of 
d(t), i,(B)0%,(«) can be different from 7,(f oa); similarly, if a is an object 
of d(), i,(Id a) is in general different from Id 7,(a). It follows that lim d 
is the quotient of the category of paths Az X by the relations. ~ 

i,(B)07,(a)=7,(Bou) and 4, (Id a) =Id 2,(a). 
Hence, the set of morphisms of the direct limit d is the quotient of 

Yr Pa X by the intersection S of all equivalence relations R satisfying 
the following conditions: 

Dictionary 5 

a) R contains (7,(f)oi,(«), #,(Boa)) and (7,(Id a), Id i,(a)) for all 
t, a, B, &; 

b) the relation />g implies that j has the same domain and the 
same range as g; 

c) the relation fg implies that ao for nog and fof =gof whenever 
these expressions make sense. 

The construction of inverse limits is more simple; if d: T>€at is a 
small diagram, the set of objects of lim d is the inverse limit of the sets 
Ob d(t); if (x,), (y,) and (2,) are elements of lim Ob d(Z), we have - 

t 

Homma ((*,), (y,)) =lim Homa (%1, ¥4) 
t 

and the composition maps 

Homgyy (41, 92) X Homyg yy (¥¢, 2) > Homgyy (%, %4) 
induce, by passing to the limit, the composition maps of lim a, 

Morphism: See category. 

Monomorphism: See GROTHENDIECK (op. cit.). 

Quasi inverse: See adjoint. 

Quasi filtering: A category @ is called (right-) quasi filtering if (i) 
and (ii) are satisfied: (i) for each pair (a, a’) of morphisms with the same 
domain, there is a pair (b, b') of morphisms with the same range such 
that ba=b'a’; (ii) for each pair (C,C’) of morphisms with the same 
domain and the same range, there is one morphism d such that de=dc’. 

Range: See category. 

Representable: Let & be the category of sets, 9 an arbitrary category, 
and G°& the category of contravariant functors from @ to &, For each 
object a of , b> G(b, a) is a contravariant functor from BD to &: we 
denote this functor by 42 or by #(a), and we say that it is representable. 
Thus we define a covariant functor 42: a~+Q(a) from D to BE. 

lf F: 9° ->@ is an arbitrary functor and a an object of 9, we know 
that there is a ‘‘Functorial bijection” from 2° & (D(a), F) onto F(a): 
this bijection associates with each functor morphism f: Gla)—F, the 
image / of the identity Id @ of a under the map f(a): D(a, a) >F (a); we 
can check easily that f can be reconstructed from / as follows: for each 
morphism «: b->a, /(6) (a) is the image of A under the map F(a): F(a)> 
F(b). In particular, if F is of the form Z(a’), Aisa morphism from a to a’, 
and f is simply B(-, A): G(-, a) >B(-, a’). It follows that the functor 
h?: a~+h® is fully faithful and allows us to identify 9 with a full 
subcategory of Ge. 
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_ IfF,a, Aare defined as above, and if the associated functor morphism 
}: D(a)—>F is invertible, we say that the pair (a, A) is a representation 
of F. 

Retraction, section: A retraction (resp. section) of a morphism 
v: b->a is a morphism u: ab such that wov=Id b (resp. vou=ld a). 

Small diagram: A diagram d of type T of a category @ is called a 
small diagram it Db T and Wr T belong to a given fixed universe UL. 
When the sets (x, y) also belong to Ml, and each small diagram has a 
direct limit (resp. inverse limit), we say that @ is a category with divect 
limits {resp. inverse limits). 

Subcategory: See Full. 

Terminal: See limits. 

Zero: See GABRIEL (op. cit.): ‘null’. 

Chapter One 

Categories of Fractions 

1. Categories of Fractions. 
Categories of Fractions and Adjoint Functors 

4.4. A functor F: @->@ is said make a morphism o of @ invertible 
if Fo is invertible. We intend to associate with each category @ and 
with each subset of Ur @ a category @ [24] and a functor Pp: @-+@[ 21) 
such that the following conditions are verified: 

(i) Py makes the morphisms of 2 invertible, 
(ii) If a functor F: @->2% makes the morphisms of & invertible, 

there exists one and only one functor G: @ [21] + such that F=G-P,. 
In order to do this, consider the diagram scheme T defined as follows: 

Ob T coincides with Ob G; Wr T is the direct sum Ar @ UY; if in, and 
in, are the canonical injections of Ur @ and X into Ur @ LY, then 

droiny=Ddy Droing=te|2, 

tpoinj—tyg rroing=dg|Z. 

Now let [2-1] be the quotient of the category Pa T of paths of T 
by the following relations: 

(a) (in, v) 0 (in, #)=in, (vou) if vow is defined in @. 

(b) in, (Id, a)=Idg, 7a for each object a of @. 
(c) ing coinjs=Idy, 7 (dg 0) and in, coinga=Idy, 7 (tg) if oe. 

4. Categories of Fractions 7 

Finally, let Py: @+@ [27] be the functor which induces on Ob Y 
the identity map of Ob @ onto Ob @ [24], and on Ar the composition 
of in, with the canonical maps of Ue T into UW Pa T and of UW Pa T 
into UW @ [274]. 

4.2. Lemma: For each category X, the functor Hom(Pz, X): 
Hom (€(E1], £) >Hom (6, £) is an isomorphism from Kom(E [44], 2) 
onto the full subcategory of Hom(€,#) whose objects are the functors F: 
€ > which make all the morphisms of X invertible. 

The proof is left to the reader. This lemma states more precisely 
conditions (i) and (ii), From now on, we will say that @{L4] is the 
category of fractions of @ for 2, and that Py is the canonical functor; we 
will say that the set of morphisms o of @ such that P, ¢ is invertible is 
the saturation of 2. 

1.3. Proposition: Let the functor D: D> be right-adjoint to G:@ > QD; 
lee @: GD->Id Q be an adjunction morphism from D to G, and & the set 
of morphisms u of @ such that Gu ts invertible. Then the following state- 
ments are equivalent: 

(i) D ts fully faithful. 
(ii) The functor morphism ©: GD—>I1d @ is invertible. 

(iii) The functor H: @[24]>@ such that G= Ho Py is an equivalence. 
(iv) For each category 2, the functor Hom(G, #): Kom (G, #)-> 

Kam (€, £) is fully faithful. 
(i) (ii): For each morphism a: d->d’ of 9, we have xo (D d) = 

(@ d'\o(GD«), which is equivalent to the Commutativity of the dia- 
gram of Fig. 1: 

9(d,d’) —“2- > (Dd, Dd’) 
| awa, @) \ewa, Dd’) 

BIG Dd, d’) “""". 9(¢ Dd, G Da’) 
Fig. i 

But the composition Z(GD d, B d')oG(Dd, Dd’) is simply y(D4, a’), 
where is the adjunction isomorphism associated with ®. It follows that 
D(d, @’) is a bijection for all d and d@’ if and only if Hom (@ d, d’) isa 
bijection for all d and d’, i.e. if and only if @ is invertible. 

(ii) > (iii). By (ii), H(P,D) is isomorphic to Id Y. Hence it is suf- 
ficient to prove that (PyD)H is isomorphic to id@[X]. Since 
Hom (Ps, @([X4}) is fully faithful by lemma 1.2, it is sufficient to prove 
that (P,D) H Py is isomorphic to Py. But if Ww: Id @ > DG, an adjunction 
morphism from G to D, is quasi-inverse to ©, we know that the com- 

+ position 6 £4 6DG 226 
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is the identity of G. Since @G is invertible, GY is invertible; hence 
Py: Pp—>P:DH Py is an isomorphism by definition of a. 

(iii) > (iv). Since H is an equivalence, Wom (H, 2) is fully faithful. 
On the other hand, lemma 1.2 shows that #om (Py, #) is fully faithful. 

(iv) = (ii). The proof is based on the following lemma: 

1.3.4. Lemma: Consider the following diagram of Cat: 

<9 
‘A 

gD 

and let B: (FG)D->1d BD be and adjunction morphism from D to FG. 
I} for each category & ,the functor 

Hom(G, &): Hom(G, X)>Hom(, £) 

is fully faithful then ® is an adjunction morphism from GD iof. 

Proof: Let WY: Id@->D(FG) be an adjunction morphism quasi 
inverse to ®, By the hypothesis, there exists a unique functor morphism 
Ww: Id G-»>GDF, such that ¥’G=GY, Hence it is sufficient to prove 
that Y and @ are quasi-inverse to each other. 

But the composition D =? DFGD—> D, after left-multiplication 
by G, gives GD -<~"> GDFGD > GD. Since (D ®) o (WD) is the iden- 
tity of D, and since GY=W"G, it is clear that (GD ®)o(¥’GD) is the 
identity of GD. 

On the other hand, in order to prove that the composition 

F223 FGDF >F 
is the identity of F, it is sufficient to prove that the composition 

FG PES FGDFG + FG 
is the identity of FG. This follows from the equation Y’G=G¥Y and 
from the fact that ¥ is quasi-inverse to @. 

Let us apply the lemma to the case where F: >’ is the identity 
functor of (hence Y=’). We see then that O: GD-Id 7 is an 
adjunction morphism from GD to Id D, and hence is invertible. (We 
know that adjoint functors and adjunction morphisms are unique up to 
isomorphism; hence GD is isomorphic to Id 9, and @ is “isomorphic” 
to the functor morphism which is the identity of Id 9.) 

Note: The formulation of the dual to proposition 1.3 is left to the 
reader. In what follows we will refer to 1.3 either for the proposition 
itself or its dual. 
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1.4. Suppose that the equivalent conditions of 1.3 are verified, and 
let t: To be a diagram of D. Then @t: GDrtisa diagram iso- 
morphism so that lim r exists if and only if lim GDr exists. Since G is 
left adjoint to D, and hence commutes with direct limits, we see that 
the existence of lim Dr implies that of lim + and of the following iso- 
morphisms: 

Hm(Pry7 can . 
lim t ———> lim GD t —> G(lim Dt). 

Dually, D commutes with inverse limits. Moreover, the existence of 
lim Dt implies that of lim t: Let £ =lim Dr, then, since D is fully faithful 
it is sufficient to show that L is isomorphic to the image under D of an 
object of Z. If ¥ is an adjunction morphism quasi-inverse to @, it is 
then sufficient to prove that YL: L->DGL is invertible. But for each 
object ¢ of T, there exists a unique morphism #,: GL—>t?# such that 
pr = (Dp) o WL); in fact, with the usual notation, p, is the image of 
pr, under @(L, tt). By unicity of the morphisms #,,(p,) is a projective 
cone with domain vertex GL and base t. Hence there exists a morphism 
p: DGL-+L such that pr,op=Dp,; hence pr,opo (PL) == pr, for all ¢. 
It follows that po(WL)=I1d L; and if we set L'=DGL, and t=Y¥L, 
the equalities (VL’)oi=(DGi)o(WL) and (PL) op=(DGP) 0 (WL’) 
imply that po (WL’)+0 (DGz1) is an inverse of YL. (The above argument 
is due to L. Gruso). 

4.5. Some examples where proposition 1.3 can be applied: 
4.5.4. Here, @ is the category Zou of topological spaces, Z the 

category of HausporFr topological spaces, D the inclusion functor. 
The functor G, left adjoint to D, associates to each topological space # 
the “largest Hausdorff quotient” of 2. Let t: T—-@beasmall diagram: 
by 1.4, the inverse limits in the category of Hausdorff spaces coincide 
with the inverse limits in the category of all topological spaces; moreover 
lim + exists and is identified with the largest Hausdorff quotient of 
lim Dr. 

4.5.2. Let @ be an abelian category with enough injectives, and let 
be the category K*(s) whose objects are the complexes 

Xx: i +X, bX, Xa er 
of such that X,, is zero when ” is near — oo, a morphism of K*(s) is 
an equivalence class of homotopic chain homomorphisms (VERDIER [11]). 
Now let @ be the full subcategory of K*(s) formed by all complexes ° 
K,, such that X,, is injective for all 2, and let D be the inclusions of 9 
into . Then the functor G associates with each complex an injective 
resolution of this complex. 
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the full subcategory of Zog formed by all 
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ose intersections with each compact subspace 

ogy of Y, is finer than that of Y; and each 
‘from a Kelley space X to Y can be factored 
‘lent statement of this property is that the 

adjoint to the inclusion of #@ into the full 
2d by all Hausdorff spaces. 

d 1.4 that the category #e admits direct and 
s can describe them as follows: let 1: #e-+Top 
T->He a small diagram of range #e. Then 

sdorff quotient of lim tod (this quotient is a 
ix, if lim tod is Hausdorff, lim d@ coincides with 

ve lim d =¥ imiod)y.; hence the underlying 
——— Genet 

4eis the inverse limit of the underlying sets, 
1an the inverse limit topology. We will use the 
Y) xz instead of lim d and X x Y to distinguish 

he and in Fon. 
Yis the direct limit Gn Zog or in He) of its 
1 open subset U of X is the direct limit of the 
> KU. Hence it follows that an open subset 
y Space. 

a category and if 2’is the set of all morphisms 
sgory @ [24] of fractions of @ for 4’ is a group- 
ory of paths of a diagram scheme T, we say 
! of paths of T. In general, we say that [2] 
wth @. It is clear that the functor ¢--¢[274] 
ion of Yr in Gat. 
gory @, @* will be the subcategory of @ which 
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the inclusion of Yr in Gat. 

results of 1.3 and 1.4. Since the inclusion 
il and has a left adjoint, and since each small 
ct limit, each small diagram of Yr will also 
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have a direct limit. Moreover, ¢ commutes with direct limits, since it has 
a right adjoint. In other words, if d: T+@zt is a small diagram and if 
d(t) is a groupoid for each object ¢ of 7, then the direct limit of d@ in 
Gat is a groupoid and is a direct limit of the diagram T-> Y induced 
by d. 
" Since the inclusion i: G-—>@eé has a right adjoint and is fully faithful 

and since each small diagram of @zé has an inverse limit, this conclusion 
also holds for -. Moreover 7 commutes with inverse limits, since it 
has a left adjoint. Hence ‘‘the inverse limits in Y- can be constructed 
like those of Gai’. 

2. The Calculus of Fractions 

Let us return to the situation of proposition 1.3. 

659 @:.GD-1d &. 

We will see first that we can give a simple construction of @[2] by 
means of the functor DG and of a functor morphism VY: Id@—-DG 
quasi-inverse to ®. To that end, let us associate with each morphism 
yic->DGe' of @ the diagram 

c c 

Nee 
DGe’ 

Since W is quasi inverse to ®, (BG) o (GY) is the identity of G, so that 
GW, and hence P,¥ is an isomorphism. It follows in particular that we 
have a map 

yw Ya (Peo) 40 (Pyy) 

from @ (c, DGc’) to @ [24] (¢, ¢’). 

Lemma: The map yy, 1s @ bijection from €(C, DGc’') onto 
S$ [LX] (c, c’). 

Proof: If we define H by the equation G=Ho Fy, it follows that 

Hc, ¢\y_= (HPyWe'} 40 (A Py y) = (G¥e') 70 (Gy). 

Since (GWe')4= OGc', we finally have 

Hic, cy, = le, Gey, 

where o (c, Ge’}: @ (c, DGe’) <¥ D(Ge, Ge’) is the adjunction isomorphism 
associated with ®. Since H(c, c’) is a bijection, this completes the proof. 

Hence we can identify the set @[X7](c,c’) with @(c,DGec’). If 
y:c->DGe' and y’: c’-»+DGe" are two morphisms of @, it is clear that 
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the composition y,oy is of the form y,, Where y’’is the composition 
(@DGc")40(DGy’') oy ob ained from the diagram of Fig. 2: 

c c o” 

¥ Wet 4 We’ 

X\ uo XX oo 
Bie’ DGc" 

New wood / 

SN 
DGDGe" 

Fig. 2 

2.2. More generally, th : leads us to consider the subsets 2 of Ar @ 
such that: 

a) The identities of @ ¢ ein X. 

b) If w#: X->Y and v: *_>Z are in XY’, their composition vo is also 
in 2. 

c) For each diagram ¢ ‘<< X “s+ Y where sé&, there exists a com- 
mutative square 

A —-Y 

| a it where té2. 
X’-> Y' 

d) Iff,g: X3Y are m rphisms of @ and if s: X’->X isa morphism 
of X such that fs==gs, th re exists a morphism /: Y---> ¥’ of & such 
that tf==tg: 

pox-by-by, 
g 

2.3. When a), b), c), d) are satisfied, we say that 2 admiis a calculus 
of left fractions. This terr ‘nology is justified by the following simple 
description of the morphis as of @[2"4]: for each object ¢ of C, let As 
be the full subcategory of \@ whose objects are the morphisms s: cc’ 
belonging to X. (Recall th t the objects of the category c\@ of objects 
of @ under c are the mort 1isms of @ with domain c; if s: c->c’ and ¢: 
c->c" are two such morph sms, a morphism from s to ¢ is a morphism 
y:c'—>c" of such that } s=t.) If d is another object of @, the direct 
limit lim @ (d, vs) of the fu .ctor 

=“ 
esd (dc), 

from c\Z to € (as uswal, ¢ is the category of sets) can be described as 
follows: 

2. The Calculus of Fractions 13 

Let H(d,c) be the set of pairs (s, f) of morphisms of @ such that 
rf=ts, f=d, Ds=e and séx. 

doc 

Nats 
€ 

Two pairs (s, f} and (, g) belonging to H(d, e) are said to be equiva- 
lent if there exists a commutative diagram (Fig. 3) 

er 

YS 
d@ oc ¢ 

c 

Fig. 3 

att 

such that as=b# belongs to x (the commutativity of this diagram is 
equivalent to the equalities as=0# and 4 f= bg). It follows from a), b), 
c), d) that this defines an equivalence relation on H (4, c) and that 
lim @ (d, rs) is identified with the quotient of H(d, c) by this felation. 

‘ Let s|f be the canonical image of an element (s, f) of H (d, ¢) in 
lim @ (d, ts). Define then a new category X3@ as follows: the objects of 
mae 

s1¢ coincide with those of @, and hence with those of @[274]; if @ 
and c are two such objects, 27€ (d, c) is equal to lim @ (d, ts); finally 

s 

the composition maps ZS¢ (e, 4d) x 246 (4, c) +X 71¢ (e, c) are defined 
by the formula: . 

(slfo(¢lg)=s' slf’ g, 

where s’ is an element of X and fa morphism which makes the diagram 
of Fig. 4 commutative: 

e 4 c 

NINE 
de’ 
ar 

ti 
a ad 

Fig. 4 

Conditions a), b), c), d) show that the above formula makes sense and 
makes 57 a category. It is this category which we want to compare 
with ¢ [2]. In order to do this, let d and e be two objects of @,and san 
object of c\X. Passing to direct limits, the maps 

(s, fl (Pes) *Psf 
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induce a map 
wel. c): sf~> (Ps s)1P, f 

from 

27°¢@\7,c) to @[L] (a,c). 

2.4. Proposition: Let © be a category, and LY a subset of Ue C which 
admits a calculus of left frac ions. The identity map of Ob C and the maps 
m(d, c) define an tsomorphi.n from 29 onto @(X4]. In particular the 
map (a,c): s|f~+(Pys)%>Pyf is a bijection from lim (d,s) onto 
@ [2X] (d, c). i 

Proof: Let sP: @-+2X1 be the functor defined by the equations: 
gPc=cif ccOb@ and »Pf==(Idrf|f) if feWr @. It is clear then that the 
pair (2°1G, »P) is a solution: of the universal problem 1.4: for yP makes 
the morphisms of X' invertiSle, and on the other hand, if F: > is a 
functor which makes the morphisms of 2 invertible, then F=Go yP if 
and only if Gpp=Fp, and G(s|f)=F(s)toF(f), whenever fer C, se 
and rf=rs. 

In particular, if @ is equ.1 to @ [2] and F is equal to Py, G is simply 
the functor ~ defined by th maps a (d,c) of 2.3. Since (@ [24], P,) and 
(24C, »P) are solutions of the same universal problem, a is an iso- 
morphism. 

In what follows, we wil! identify 27@ with @ [2] under x, when- 
ever 2’ admits a calculus o left fractions. We will also use freely the 
dual to proposition 2.4. In :.articular, we will say that a subset of U@¢ 
admits a calculus of right fra tons if the duals of conditions a), b), c), d) 
of 2.2 are satisfied. 

2.5. Some examples of a plications: 

a) Let G: @->@ be left « ljoint to D: ->@; suppose that D is fully 
faithful (see 1.3), and let ¥: d@-—-DG be an adjunction morphism from 
G to D. Let X be the inter: »ction of all subsets of Ur @ which contain 
the identity morphisms, th. morphisms Wc: c->DGc, and which are 
stable under composition (i. . which satisfy b) above). 

Then, by definition, 2’ s: tisfies a) and b). In order to verify c), it is 
obviously sufficient to take : X—>X’ of the form WX: X >DGX, and 
to chose t= WY, u’ = DG u. | 1 order to verify d), we may take s: X’>X, 
of the form We: c+DGc, ari choose = YY: Y+>DGY-: we then have 
the commutative squares: 

DGe ts ~ DGc —~> Y 
DG vy and ¥DGe vy 

DGDGc24 Dt Y DGDGc—% DGY 
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Moreover DG and DG¥ have the same inverse functor isomorphism 
DOG, so that they coincide. Hence we have the following equalities: 

(DGf)o(WDGc) =(DGPf) o(DG Fc) =(DGg) o(DG Pc) =(DGg) o(#DGEc). 

Hence (PY)of=(WY)og QED. 

b) Let @, G, G, D be as in a}, but let X be the set of morphisms made 
invertible by G. As above, we can verify that 2 admits a calculus of 
left fraction. 

c) Let . be an abelian category, and K (#7) the “category of com- 
plexes of »/ up to homotopy” (an object of K (7) is a complex 

Xx wee +X, 3 x, 42 oo 
of sf; a morphism of K (#/) is an equivalence class of homotopic chain 
homomorphisms). Let 2' be the set of morphisms u: X,Y, of K (7) 
such that H,,(w): H,,(X,)—>H,,(Y,) is an isomorphism for each 2. We 
can verify (see VERDIER) that XY admits a calculus of left and right 
fractions (i.e. X satisfies conditions a), b), c), d) and their duals). The 
category K(s/)[2") is called the “derived category” of &. 

d) Let / be an abelian category, and # a thick subcategory of &; 
ie. #is a full subcategory of /, and for each exact sequence 

o->A'-> A > A" 0 

of x, A is an object of # if and only if A’ and A” are objects of @. If 
3 (@)=5 denotes the set of morphisms s of such that Kers and 
Coker s are in @, X admits a calculus of left and right fractions. The 
category [2-1] is then identified with quotient category //@ (see 
GROTHENDIECK). 

e) Let &/ be an abelian category and 2 the set of essential extensions 
of (a monomorphism u: A’—>A of .# is an essential extension if, for 
each morphism v: AA”, the condition “v#=monomorphism” 
implies that “‘v--monomorphism”). We can verify that & admits a 
calculus of right fractions (but, in general, not of left fractions). The 
category [24] is the “spectral category of /”; if is the category 
of left unitary modules over a ring A with unit (more generally, if each 
sub-object of an object of »/ has a complement, in particular, if each 
object of «7 has an injective envelope), A [2] is an abelian category in 
which every morphism splits. If, moreover, A is left Noetherian (more 
generally, if « is locally Noetherian: see GABRIEL), each object of 
sf[21] is a direct sum of simple objects, and there is a bijection from 
the set of isomorphism classes of simple objects of ./[2'+] onto the set 
of isomorphism classes of indecomposable injectives of ~. 
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f) Let @ be the category & of sets, and let o be an infinite cardinal 
number. Let 2, be the subset of Ur & formed by all morphisms vw: MN 
such that: 

(i) N=-0> M+9Q, 
(ii) Card (N—u(M))<a, 

(ili) There exists a subset M’ of M such that the restriction u|M’ 
of # to M’ injective and such that Card (M—M’\<o. . 

Consider also the subfamily Y,. of Ar & formed by all morphisms 
satisfying (ii) and (iii) only. Then 2,¢ 2; and X, and Dy. admit a 
calculus of left fractions, 

3. Calculus of Left Fractions and Direct Limits 
3.1. Proposition: Let © be a category, and ¥ a subset of Ue € which 

admits a calculus of left fractions. Then the canonical functor 

Py > E[L4 

commutes with finite direct limits. 

Proof: Let T be a finite diagram scheme, +: T—+>@, a diagram 
of type T, in, the canonical map of range lim vt whose domain is the 
image under + of the object ¢ of T. We want to show that, for every 
object ¢ of @, the morphisms P;(in,) induce a bijection 

[24] (Pz lim té, ¢) ¥ lim @ [E41] (Byte, c). 
t t 

According to the description of the morphisms of @(&4*] given in the 
preceding paragraph, we just have to prove that the canonical map 

lim @ (im tt, ts) ~>lim lim ¢ (té, vs) ee me 
sEae é 

or, equivalently, the canonical map 

lim lim @ (t#, ts) > lim lim @ (zz, rs) 
ore ars 

is a bijection. This last result comes from the fact that in & finite inverse 
limits commute with quasi filtering direct limits. 

3.2. Corollary 1: Under the hypothesis of 3.1, if each finite diagram 
of © has a direct limit, the same holds for @ Par 

It is sufficient to prove that each finite family of objects of (LS 1)] 
has a direct sum and that each pair of morphisms has a cokernel. 
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If (cer is a finite family of objects of @[27] and if (Le, in,) is 

a direct sum of this family in @, it follows from the proposition that 
(Lc,, Ps in,) is a direct sum of (¢,),er in (24). 
ET 

lf f, g: cod is a pair of morphisms of @ [2"4], there exists a morphism 
s:d—>d' of X and two morphisms /’, g': c—3d’ of @ such that P, f= (P;s) } 
and P,g’=(Pss)g. It follows from the preceding proposition that 
(Py €, Py(%0s)) is a cokernel of (f, g) in €(X +1) if (, x) is a cokernel of 
(f, 2) in@. . 

3.3. Corollary 2: Under the hypothesis of 3.1, if @ ts an additive category, 
€ [LX] is additive. 

Let o be a zero object of C. We will show first that o is also a zero 
object of [2]. Since o is obviously an initial object of € eal (by the 
above proposition), let us prove that it is terminal. For this, it is sufficient 
to prove that, for each diagram of the form 

c Qo 

Nude 
ad 

such that se, we have s|f=(Id 0)|0°, where 0’EC(¢, 0). Consider the 

diagram oced-—zd + there exists, according to condition d) of para- 
jad 

graph 2, an element f: d->d' of Y such that t=/(Id d)=1s0", It fol- 
lows that we have ¢f=ts 0?/=<¢s 0°, hence s|f= (Id 0)| O°. 

Now we note that the sets @ [2X] (c, d) can be identified with the 
direct limits lim @(c,rs), and hence, have a natural abelian group 

eed 

sean +. res . 
structure. Moreover, the composition laws are bilinear with respect to 
these group structures. The corollary follows from this fact, from the 
existence of a zero object and of finite sums (GABRIEL). 

3.4. Proposition: Let G: @->@ be a functor commuting with finite 
direct limits, and = the subset of Uc Y formed by all morphisms s such that 
Gs is an isomorphism. If finite direct limits exist in @, X admits a calculus 
of left fractions; moreover, the functor H: {27 maid defined by the 
equation G=HoP, is conservative and commutes with finite direct limits. 

Conditions a) and b) are clearly verified. Let us check c): Since the 
square Cx CY 

Gs! |ecnn 
G (ins) * GX'——> G(X UY) 

is cocartesian and since Gs is an isomorphism, G (ing) is invertible, and 
hence in, belongs to &. For d): let : Y-> Y’ be a cokernel of (/, g). Then 

2 Ergebn. Mathem., Bd. 35, Gabriel and Zisman 
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Gtis a cokernel of (G/, Gg). But since Gs is invertible, we have G/=Gg, 
and hence Gt is invertible and # belongs to 2. 

Let us show now that a morphism w of @[2] is invertible if Hu 
is an isomorphism; we may indeed suppose that w is of the form s|t, 
where s¢. Since Hu=(Gs) 0 (G#) is an isomorphism, G# is invertible, 
and hence ¢ belongs to X, and the inverse of s|7 is ¢|s. 

It remains to be shown that H commutes with finite direct limits: 
since each finite diagram of [2] has a direct limit (according to 3.2), 
it is sufficient to show that H commutes with finite sums and with 
cokernels of pairs of morphisms. The first statement is obvious. The 
second can be proved by an argument similar to that of corollary 1. 

3.5. The above proposition can be applied in particular, to the case 
where Tisasubset of Ur Y admitting a calculus of left fractions, and where 
G==P,. In that case, X is the saturation of T, and the categories @ [27] 
and @[T-] are identified. It is easily seen then that 2’ is the subset 
of Uw formed by the morphisms w: c->d which can be inserted in a 
commutative diagram of the form 

e 

to dd 

| % | where s,/¢T. 
ci 

Hence if ¢ admits finite direct limits, the saturation of a subset of 
Yr ¢ which admits a calculus of left fractions has the same property. 
We can then restrict ourselves to saturated subsets 2’ of Ur @ which 
admit a calculus of left fractions; and we will call category of left fractions 
of @ a category of fractions with respect to such a subset 2. We see that 
in a certain sense, the categories of left fractions of @ classify the functors 
of domain ¢ which commute with finite direct limits. We can show for 
instance that each category of left fractions of & is one of the categories &, 
&[Z51] or &[2>"] for a suitable infinite cardinal number a (see 2.51). 
Similarly, if we defined in a dual way the categories of right fractions, we 
would see that the only categories of right fractions of & are @ and 
& [ (Ue &) 4]. 

3.6. Suppose now that ¢ admits finite direct limits and finite inverse 
limits, and that Y is a subset of U@ admitting a calculus of left and 
right fractions. Then @ [2] admits finite direct and inverse limits and 
the functor Py: @>@[2"] is exact. We can check moreover that a 
certain number of exactness properties of @ are carried over to @[2"4]. 
We will restrict ourselves to the following property: 

Proposition: If X admits a calculus of left and right fractions, and af 
€ is an abelian category, @(X4] is abeltan, 
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We know already that @ [21] is additive and admits kernels and 
cokernels. It remains to be shown that, for each morphism u: c—d, the 
canonical morphism #: Coim w—>Im w is invertible. Since there exists 
a commutative diagram 

c->d 
Pru | Pxs me 

where P,s is invertible, we may suppose that u is of the form P,v, where 
v:c—>disa morphism of @. If4: Coim v>Im vis the canonical morphism 
defined by v in@, we have #=P,y. Hence # is invertible if 7 is invertible. 

Let us go back now to example d) of paragraph 2. We note (still 
under the hypothesis of the preceding proposition) that the full sub- 
category @ (2) of @ formed by the objects c of @ such that Pc is zero, is 
thick (because P, is exact). It follows easily that the map ~~ 2'(F) of 
paragraph 2 is a bijection from the set of thick subcategories of @ onto 
the set of saturated subsets of Ur C which admit a calculus of left and 
right fractions. Hence the notions of thick subcategories, of categories of 
left and right fractions, and of saturated subsets of U@ admitting a 
calculus of left and right fractions, are in a one-to-one correspondance, 
if is an abelian category. 

4. Return to Paragraph 1 

Let @ be a category, and 2 a set of morphisms of @ which admits a 
calculus of left fractions. We want to study the existence of a functor 
D: @(Z7)--@ right adjoint to Py. We know that such a functor D 
exists if and only if, for each object e of @[2-4], there exists an object d 
of and a coliberty morphism y: Py de. 

4A. Definition: Let X be a set of morphisms of a category €. We say 
that an object c of @ is left closed for X if @(s,¢) ts a bijection for each 
morphism s of &X. 

We have the following proposition: 

Proposition: Let @ be a category, and x a subset of Ux © admitting a 
calculus of left fractions. Then the following statements are equivalent: 

(i) P, has a right adjoint (which is then fully faithful). 
(ii) For each object c of @, there exists an object d of © left-closed for X, 

and a morphism s:c—>d such that Py s 1s invertible. 

Before giving a proof, we will give a few properties of left-closed 
objects for &, when X admits a calculus of left fractions. 

444. If Z admits a calculus of left fractions, an object c of © is left 
closed for & if and only if @ (s, ¢) ts a surjection for each morphism s of &. 
a* 



20 Chapter 1: Categories of Fractions 

It is sufficient to show that if @ (s, c) is a surjection for each morphism 
s of S', then it is also an injection. Let 

s i 
a~be, sez 

g 

be such that fos=gos. According to 2.2.d), there exists a morphism 
t: ee’ such that fof=fog, with f¢2. Since @ (é, c) is a surjection, there 
exists a morphism # such that fot=Id c. Hence the equation tof=tog 
implies that f=g. 

4.4.2. If & admits a calculus of left fractions and if an object c of Db E 
is left closed for X', the map py(b, c): © (b, c) >@ [2X] (b, c) 1s a bijection 
for each object b of Ob@. 

We saw in 4.1.4 that for each morphism s: c-—>c’ belonging to 2, 
there exists a retraction p: c’->c of s. In particular, s is a monomorphism 
and the canonical map @ (6, c} lim € (b, c’) is an injection. Since we 

s have the diagram 
ss, Ide’ 

ene I 
sp 

there exists a morphism ¢: c’->c’’ of X such that t=tsp. Hence for each 
morphism f: b->c’, we have the following equalities: (s|/)=(¢s|#/)= 
(ts|éspf)=(Idc] pf), so that the map @ (3, c) lim @ (6, c’) is a surjection. 

s 

Then the statement follows immediately form 2.4. 

4.2. Proof of proposition 4.1. 

Consider two categories @ and @, functors G: @->@ and D: G->, 
G being left adjoint to D, and a subset 2 of Ur @ which admits a calculus 
of left fractions. If s belongs to XY and d to Ob D, each adjunction iso- 
morphism from G to D allows us to identify the map @(s, Dd) with 
(Gs, d). It follows that if G makes the morphisms of 2 invertible, the 
objects Dd are left-closed for X. 

In particular, if the functor P,: @->@[27)] has a right adjoint 
i, 1 P,c is left-closed for 2, for any ccOb@. If WY is an adjunction 
morphism from P, to 7 and ® an adjunction morphism quasi inverse 
to Y, the morphism Wc: c>7P,c is made invertible by P,, since ® 
is invertible [1.3. (ii)] and since (@P,) 0 (P,W)=Id P,. This proves that 
(i) implies (i). 

Conversely, suppose that with each object c of @ we can associate 
a left-closed object ¢(c) and a morphism a(c): c—>i(c) such that P,a(c) 
is invertible. For each de Ob @, a(c) induces a bijection from @ [2] (d,c) 
onto @ [2-4] (d, i(c)), this set being canonically isomorphic to @ (d, ¢(c)) 

SS 
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by 4.1.2. Hence for each object c of [2], we get an isomorphism 

a(c): @ [24] (Py d, c) +C (d, t(c)) 

which is functorial in d. For each morphism y: c->c’ of C[2], there 
exists then a unique morphism i(y) such that @(d,i(y))oa(c)= 
a(c')o(@ [2X4] (Ps 4, y)). The maps c~+i(c) and y~->t(y) define a 
functor 7, right adjoint to P,. 

Chapter Two 

Simplical Sets 

1. Functor Categories 

We wish first to complete some results of the dictionary. Notations . 
will be the same. 

4.4. Let @ be a category, and G°& the category of contravariant 
functors from @ to the category of sets &. If d is an object of &, it is 
clear that the functor 

F ~> F(d) 

from G° & to €& commutes with direct and inverse limits. Moreover, a 
morphism / of 9° & is an epimorphism (resp. monomorphism, resp. iso- 
morphism) if and only if / (d) is surjective (resp. injective, resp. bijective), 
for any d€Ob Z. 

We will see now that each functor F: G°->& is a direct limit of re- 
presentable functors: let GIF be the following category: the objects of 
Q|F are the morphisms «: D(a) >F of Dé; if a: Q(a)->F and p: 
Q (b)->F are two such objects, Homg;r («, A) is formed by all morphisms 
f: a->b of @ such that «=foG(f); composition of morphisms in DIF 
is “obvious”. There is then a “natural” morphism dp: B/F>D 
which associates with an object «: Z(a)+F the functor H(a); with a 
morphism {: «-f of G/F the morphism B(f): D(a) >F (b) of B @. 
Moreover, the morphisms «: Z(a)->F induce a morphism lim dy — F 
which is invertible, this being easily deduced from above. 

Given two functors F and G from &° to &, each functor morphism 
gp: F->G induces a functor lp: BJF >Q/G. This functor associates 
with an object «: D(a) >F of OF the object pou: (a) >G of OG; and 
its restriction to Homg;r (a, 8) is the inclusion of Homg;r (a, 8) Homg 
(a, b) into Homgj, (you, pof) C Homa (a, 6). With these definitions, dy 
is the composition 

Zle 
oo QF 22 9G “> & 
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and the canonical morphism lim (dg 0 (/¢)) 7, lim dg induces a 
commutative square 

lim dp—*> lim dg 
|e 
FG 

4.2. Recall that the usual construction of the direct limit lim d, is the 
following: let Fy be the direct sum in 9° & of the representable functors 
GP (b),, where 8 runs through the objects of D/F, and where 9 (b), denotes 
the domain of the morphism f. Similarly, let E be the direct sum of the 
representable functors Q(a);, where f runs through the morphisms 
f: a->B of G/F and where D(a), denotes the domain of «. If in, and in, 
denote the canonical monomorphisms from 2 (a); and B(b), into & and 
F,, we define two functor morphisms dy, 4: F, =3 F, by the relations 
d,oin,=ingo@D(f) and doin;=in,. Then lim d,, and hence F, are 
identified with the cokernel of the pair dp, d,, which can be translated 
by saying that we have an exact sequence 

a, 
4, Ruoth—F 

a 

We will say that this exact sequence is the canonical presentation of F 
(compare with [Bourbaki, Algébre commutative] 1.2.8); the functor F 
is in a certain sense an amalgamation of the representable functors 
Bib)g, the amalgamation conditions being given by the representable 
functors (6), and the morphisms d, and d,. 

4.3. Proposition: Let @ be a category with direct limits, and G: D° &>@, 
a functor. Then the following statements are equivalent: 

(i) G commutes with direct limits. 
(ii) G is left adjout to a functor D: @ >@° &. Moreover, the functor 

Gu>Gok® is an equivalence of the full subcategory of Hom(BD €, @) 
formed by the functors G which conumute with direct limits on Hom (D, ©). 

We know that each left adjoint functor commutes with direct limits. 
Conversely, suppose that G commutes with direct limits. We will then 
define a functor D: @->@° & right adjoint to G. Let D be the functor 
cw h€oGoh®, so that D(c) is the functor a~> @(G(h?), c). The ad- 
junction isomorphism plc): (Gh s G &(f,Dc) can then be 
given explicitely as follows: ify: Gf->c isa morphism of @ and a an 
object of G, the image of 7 under (f, ¢) maps an element A€} (a) on the 
composition 

Ga) 4 
G (A?) —> G(f) —>¢ 
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which is an element of (Dc) (a) (a is the morphism associated with A by 
the canonical bijection from f(a) onto B° & (2, f)). If f is of the form 
h? ,@ (Gf, c) is simply (De) (0), and it is easily seen that (h?, c) is the 
canonical bijection from (Dc) (d) onto D Eth? , De). Hence gf, ¢) is 
bijective when /f is representable. Since each object of @° & is a direct 
limit of representable functors, since the functors frm @(Gj, c) and 
fro BD &(f, Dc) transform direct limits into inverse limits, and since 
(f, ¢) is functorial in f, it follows that (, c) is bijective for all 7. 

It remains to be shown that the functor G~> Go h? is an equivalence, 
and hence, in particular, that each functor G: D € +E which commutes 
with direct limits is determined by its restriction to representable func- 
tors. In order to do this, we associate with each functor H: 9->@ a 
functor H’: G° @->€ defined as follows: If F: B°-é is an object of 
@ &, H'F is defined to be the direct limit of the functor 

Hy: (a) > F ~> Ha 

from QF to @. lf yp: FG is a functor morphism, H, is simply the 
composition Ho (D/y), so that H ’» can be chosen to be the canonical 
morphism lim Bq: lim H y> lim H,. The reader will verify that 
Go> Goh® and H~— H’ are quasi inverse to each other. 

4.4, Here is an application of the preceding proposition: let g be a 
fixed object of 9° &. Since direct limits and products in 9° & are computed 
“argument by argument”’, it is clear that the functor ?xg: f~> /Xg 
from G°& to GF commutes with direct limits. Hence this functor is 
left adjoint to a functor from BE to B&, which will be written 
Home g(g, ?). According to the construction used in the preceding 
proof, Homg: alg 4) is, for each object A of G°&, the functor a~> 
D &(h2 xg, h) from B to é. 

2. Definition of Simplicial Sets 

3.4. Let A be the following category: the objects of 4 are the ordered 
sets [x]={0, 1, 2,..- nk, ncIN, and its morphisms are non-decreasing 
maps. Consider in particular the following non decreasing maps: 

— di: [n—1]—[n] is the increasing injection which does not take 
the value 7¢ [7]. 

—oi: [n+1]—>[x] is the non decreasing surjection which takes 
twice the value 7<¢ [x]. 

If there is no danger of confusion, we will write simply & and ot 
instead of 3 and oi. 
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These maps verify the following relations: 
i __ of j-1 : 

Oat On nas a t<] 
i 6 gi git} zt Oy, On 41 Fn Fnty tS] 

4 j;—1 * *. 

(*) ROL Os t< ] 
of_, = \Id[n—1] i=7 or t=jtd 

a1 oi _, t>j+t. 7 

2.2. Lemma: Every non decreasing map pa. (m]|—> [x] can be written im 
one and only one way as 

(**) p= Oe ee Ot 1a G Ja Ay mnt Om—2 Om—1 

with nZip> 1 > 20,0SR<0 <j,<m and n=m—t+S. 
Let j, <j,-1<"*' </; be the elements jé[m] for which p(j)=4(7-+1), 

and let i,<i,<°* <i, be the values of ie[”] which are not taken by p. 
It is clear then that (**) holds. Conversely, if u can be written as in (##), 
the indices i, andj, are easily characterized as above. 

We will say that (##) is the canonical decomposition of « in A. It 
follows from the lemma that A can be identified with the category A’ 
generated by the objects [nm], the morphisms 0,, o1,, and the relations (x): 
since the relations (*) are verified in A, there exists a unique functor 
A'->A which induces the identity on the objects and on the morphisms 
a and oj,. Since every morphism of A is a composition of morphisms 
é, and o/,, the map A'([m], [n]) >A ([m], [n}) is a surjection. Let us 
show that it is an injection: let mu, ¥: [m]->[n] be two morphisms of A’ 
with the same image in A({m], [n]). Since the relations (*) are verified 
in A’, it is easily seen that w and y have a decomposition in A’ of the form 
(**). (The unicity of such a decomposition is not given a priori). The 
images of these decompositions in A are the canonical decomposition of 
wand y, Since these images coincide, the decompositions of # and y will 
also coincide, and hence w=y. Q.E.D. 

2.3. Finally, note that the epimorphisms 9: [m]—> [1] of A are simply 
the non decreasing surjections; such an epimorphism has a section, i.e. 
a morphism s: [”]—>[m] such that ps=Id[n]. Similarly, the mono- 
morphisms s: [n]->[m] of A are the increasing injections; such a mono- 
morphism has a retraction p, ie. a morphism p: [m]—>[n] such that 
ps=Id[n]. 

2.4. Definition: Let @ be a category. A simplicial object of @ is a functor 
X: A°+@ (resp. a co-simplicial object of @ is a functor Y: AC). A 
morphism between simplicial (resp. co-simplicial) objects is a functor 
morphism. 

= 
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We will write X, (resp. Y”) for the image of the object [7] of A®° 
(resp. of A) under the functor X (resp. Y). Similarly, we will write 
y@ and xs}, or simply d; and s; (resp. *, and Ygi, or simply 3’ and o’) 
instead of X(d,) and X (oi,) (resp. Y(@) and Y(oi,)). We say that the 
d, or the 6 are “face operators’’, the s, or the oi ‘degeneracy operators”. 
It is clear that the relations (+) are still verified when é and oj, are 
replaced by Yd, and *oi,. Moreover, since A is defined by the objects [7], 
the morphisms 0), and o/, and the relations (x), the cosimplicial object Y 
is determined by the objects Y” and the morphisms é' and o’ satisfying (*). 
If Y and Z are two cosimplicial objects of ¥, a morphism f: YZ is a 
sequence of morphisms /": Y” —>Z" of @ such that 

Zoi oft t=/"0%O, and Zgi o fttt= fo Yo, Wn, 1. 

Similarly, the morphisms d, and s, satisfy relations dual to (): 
at dt tadt dt i<j 

girl gton tt st i<j 

(4%) Vary ae 4] 
dj sf*= (Id i=j or t=7+4 

HQ ynm1 Se Sj gi tang. 

Moreover, the simplicial object X is determined by the objects X,, 
and the morphisms @, and s, satisfying (*#*). If X and T are two simplicial 
objects of @, a morphism ¢g: X-—>T is a sequence of morphisms &,,: 
X,,->T, of @ such that 

ia ee te n a n . 
rae 08, 2= Bn —1 9x4 and TS © B= By p1 Ox84 ? Vin. 

2.5. If @ is the category & of sets, we say simplicial set or complex 
instead of simplicial object of @. According to the notations of the 
Dictionary, A°& stands for the category of simplicial sets and A [x] is 
the complex [p] ~> 4([A], []). A{n] is called the standard n-simplex. 

Lf X is an arbitrary complex, the elements of X, are called n-simplices 
of X (if n=0, we say also a vertex of X; if m=1, we say also the edges 
of X). In particular, the identity map Id[#] is an n-simplex of A [7], 
called the fundamental simplex of 4[”]. We know (see Dictionary, 
under “representable”’) that for each x of X,, there exists one and only 
one morphism from A [x] to X which sends the fundamental simplex 
of A[n] onto x. This morphism will be written 

(«) . %: A[n]>X 

and we will say that # is the singular n-simplex associated with x, so that 
there is a canonical bijection between n-simplices and singular n-simplices. 
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If X is a complex, a subcomplex Y is by definition a subfunctor of X. 
This means that for each », ¥, is contained in X,,, and that the face and 
degeneracy operators of Y are induced by those of X. Similarly, we call 
quotient of a complex X a complex Y such that for each n, Y,,is a quotient 
set of X,, and such that the face and degeneracy operators of Y are 
induced by those of X. 

Here are a few examples of simplicial sets. 
2.5.1. The complex I: this is the direct limit of the diagram of Fig. 5 

Att] Aa] 2 Alt] 
AO® DO 

4(8) A(e) 4B) A(0) i Ae) A(d*) N a NS a” ON we 
Fig. § 

where the standard simplex A [1] appears ” times and where ¢ is zero if n 
is even and 4 if # is odd. 

We have in particular 7, = A [1]. 
2.5.2. The stmplicial circle Q is the cokernel of the pair of morphisms 

A (a), A(@): Alo] =A [4]. 
2.5.3. If X and Y are two simplicial sets, we will write Hoz (X, Y) 

for the simplicial set [7] ~+A°&(A[n] x X, Y) of 1.4. Then we get a 
functor Hom: (A°€)° x (A°&)->A°&: moreover, by 1.4. we have iso- 
morphisms 

p: A°O(X XY, 2) ye AE (X, Hom (Y, Z)) 
which are functorial in X, Y, Z. 

3. Skeleton of a Simplicial Set 
3.4. Definition: Let X be a complex, and xEX,, an m-simplex of X. 

We say that x is degenerate if there exists an epimorphism s: [m]->[n] 
with n<m, and an n-simplex y such that «=X (s} (y). 

Proposition (Eilenberg-Zilber lemma): For each m-simplex x of X, 
there is an epimorphism s: [m]—>[n] and a non-degenerate n-simplex y 
such that x= X (s)\(y). Moreover, the paw (s, y) ts unique. 

Recall the proof given by EILENBERG and ZILBER: the existence of s 
and y is obvious. Suppose that (s, y) and (s’, y’) are two pairs satisfying 
the above conditions, and let ¢ and o’ be sections of s and s’, We have then 

a= X(s)(y)=X(s')(y’), 

Y=X(0) (x), yy’ =X (0) (x). 
Hence 

y= X(a) X(s') (y') =X(s‘ a) (y’). 

3. Skeleton of a Simplicial Set 27 

Since y is non degenerate s’o is a monomorphism. If [7] and [7'] are 
ranges of s and s’, we have n’2n, and hence, by symmetry , ae 
It follows that s’o is an increasing bijection, i.e. the identity map o (m], 
and that y=’. Moreover, we have seen that each section o of s is a 

i ’ ich implies s=s". a owe svileive now another interpretation of Eilenberg-Zilber mma : 
if s: [m]—>[#] and s’: [m]—[n’] are two epimorphisms of A, the dia- 

Wy} 

has clearly an amalgamated sum [n’] ul {n] in A. Then the functor 
h4: A>A°& commutes with this amalgamated sum, ie. A ((m"] ul [7}) 
is identified with the amalgamated sum of the diagram 

A fm) 22> An] 
A | 

Af[n’] 

et 9: A[n] +X and 9’: A[n’] +X be two singular simplices such 
fat Jed gee Aw. Let yeX, and y’cX,, be the sirnpiiees as. 
sociated with # and 7’. We then have X(s) (y) = X(s’) (y’). vs a 
preceding lemma, there are two epimorphisms ti: [7] —> [pl an ie 
(n’|->[p’] and non-degenerate simplices z¢X, and 2 eXy a me 
y= X(t) (2) and y’= X(t’) (2’). Hence X (ts) (2) =AC a) a aren 
z=2', by unicity. If Z is the singular simplex associated watt ve wet ven 
have J=FoA(f) and j’=%oA("’). Moreover, the equality 

s 

i twp such that implies the existence of a morphism 7: [»’] LU [n]—> [P] 
jaya ing and #’==roin,, where in, and in, are the canonical maps from 
[n’] and [n] to [n’] i [nw]. We then have ¥=2(47)(A ing) and j= 
ZA(r) A(in,), so that # and 9’ can be factored through A (tn) i )). 
The unicity of this factorization follows, for instance, trom the fim) 
that in, is an epimorphism of A, and hence has a section; then J (in, 
has a section and is an epimorphism of A°é. 

3.3. We will study now another application of Eilenberg-Zilber 
lemma: let A be the full subcategory of A formed by all objects [/] such 
that pn. Each functor Y: A°+@ is determined by the sets Y([p]), 
which we will also write Y,, and the maps Y (a) and Y(o4_,) which we 
will also write yd? and ys?~* or d; and s, (pSn). Such a functor is 
called a truncated complex of order n. Then the inclusion functor J,,: 
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AA induces a restriction functor R,: A°&—>A°E which can be given 
explicitely as follows: if X is a complex, R,,X is the tr : _R, t 
Y defined by the equations uncated complex 

= P TM ~ Y,=X,, ydf= xd? and ysPt=ys?? for pn. 

Since the f-simplices are identified with the singular p-simplices 
we see that R, is identified with the functor 

Xm A°6(AT?, X) 

where ? takes all values psn. This functor is right adjoint to a functor 
G,: A°&+A°é which commutes with direct limits and associates A[] 

n 

with Alp], for p<n (see 1.3). For each truncated complex Y, let us 
introduce (see 1.1 and 1.3) the following functors: 

dy: A[p] > Y ~ Ap] 
dy: A(p]> Y ~ Alp] 

(4): Ap} ¥ —~ Alp). 
ee morphism ay: tim dy—Y of 1.4. is invertible, G,(Y) is equal 
° um Y and G,(Y), to lim (@¥),. But if ¢ is smaller than », we have 

lim (@),= (lim d)y ; thus R,G,Y is simply lim dy, and we see easily 
that the adjunction morphism ¥,(Y): Y-+R,G,Y can be chosen equal 
to ay’. Consequently Y, is invertible and G,, is fully faithful (I., 1.3). 

3.4. We will look now at the adjunction morphism @,: Id(A°@) quasi inverse to ¥: pins On! Coy 
Proposition: ©, is a monomorphism, i.e. for each , » 18, complex X and each 

integer PEN, (©,X),: (G,R,X)y—>X, is an injection. 
Let Z = G,R,X . We know that R,, ®, (X) is a retraction of VR, (X). 

Since ¥, is invertible, R,®, is invertible and (©,X )» is a bijection for 
pst On the other hand, we have seen that Z is the direct limit of the 
unctor 

A[p]-*> R,X +» Alp] 
from AjR,X to A°@. In particular, Z is the quotient of a direct sum of 
standard simplices 4[p] with <n. But all g-simplices of such a A[#] 
are degenerate for g >, so that the same thing holds for the g-simplices 
of Z. it is then sufficient to prove the following: let yp: Z>X be a 
morphism of complexes such that y, is injective for p<n and that all the 
g-simplices of Z are degenerate for g>n. Then Wp ts an: injection for all p. 
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Let z and 2’ be two g-simplices of Z such that g>u. By Eilenberg- 
Zilber lemma, there are epimorphisms s: [g]>[/] and s’: (¢]> [4] and 
non degenerate simplices x and x’ such that z=Z (s) (wv) and 2’ =Z(s’) (x’); 
a fortiori, we have p, p’Sm. Since y, is injective for 7Sn, y,(%) and 
Wy (x") are non degenerate. Hence (s, pp (x)) and (s’, Pp (x')) are “ Eilen- 
berg-Zilber decompositions” of y, {z) and yw, (z'). The equality y, (j= 
Wy (2’) implies then s=s’, p=p' and x'= x’. Hence a=2', Q.ELD. 

3.5. The n-skeleton Sk"X of a complex X is the subcomplex Y of X 
such that Y, is formed by all simplices degenerated from q-simplices such 
that g<n (ie. Y, is formed by all x€X, such that there exists an epi- 
morphism s: [P]->[g], gS, and a g-simplex y of X such that «= 
X(s)(y))- | 

Corollary 1: For each complex X, ®,(X): G,R,X—~>X induces an 
isomorphism from G,R,X into the n-skeleton S k*X of X. 

We know already that (@,(X)), is an injection for each p. On the 
other hand, each simplex of G,R,X is degenerated from a p-simplex 
such that psn. The same holds for the image of G,R,X, which is than 
contained in Sk”X. Moreover, if s: [p]>[g] is an epimorphism of A 
such that gw and if y is a g-simplex of X,y is the image of some 
2€(G,R,X)q, since (®,(X)), is a bijection for geen. Hence X(s)(y) is 
the image of a simplex degenerated from z, which proves that the map 
(G,R,X) p> (SRk"X) 5 is a surjection. 

3.6. From now on, we will say that @ complex X is of dimension Sn 
if it coincides with its -skeleton. Then X is isomorphic to G,R,X, and 
hence to the quotient of a direct sum of standard simplices A[p] such 
that p<. The converse is also true. Thus we have the following corol- 
lary: 

Corollary 2: The functors G, and R, induce an equivalence between 
the category of truncated complexes of order n and the full subcategory of 
A°& formed by all complexes of dimension Sn. 

Let Y be a subcomplex of X, y a #-simplex of Y, and (s, z) the 
“Filbenberg-Zilber’’ decomposition of y in X. Ifo is a section of s, we 
clearly have z= X(o)(y), so that z belongs to Y. It follows in particular 
that Y is of dimension <x if X is. In this case, the map YR, Y isa 
bijection from the subcomplexes of X onto the subcomplexes of RX. 
Take for example X=A[w]. It is clear then that the fundamental 
simplex of A[v] is the only non degenerate simplex of dimension 21. 
Since, on the other hand, the fundamental simplex “generates” A [7], 
we see that A[”] is of dimension #, and that each subcomplex of A [7] 
different from A[n] is contained in the (#—1)-skeleton S k- Afn, 
which is usually written Afn] (it is the ‘‘boundary’’ of the standard 
simplex of dimension n). 



30 Chapter II: Simplicial Sets 

3.7. Consider now a quotient Y of the complex X. Then Y, is the 
quotient of X, by an equivalence relation R, which satisfies the following 
condition: if f: [6]>[¢] is a morphism of A, the relation x = y implies 

g 

X(A) (*) ge X() (9). 

If X is of dimension <x, the same holds for Y. The functor Y~>R, Y 
defines then a bijection from the set of quotients of X onto the set of 
quotients of R,X. Take for example a complex of finite type X: such a 
complex is, by definition, isomorphic to the quotient of the direct sum 
of a finite family of standard simplices. This simply means that X is of 
finite dimension and that, for each p, X. p has a finite number of elements. 
Hence, if » is large enough, the quotients of X are in a one-to-one 
correspondance with the quotients of R,X. But the (kX), are finite, 
and are in a finite number. Consequently, the number of quotients of 
R,X, and hence of X, ts finite, Similarly, we see that the subcomplexes 
of X are in a finite number. 

3.8. Again, suppose that X is an arbitrary complex. Then X is the 
union of its skeletons: 

D= SRIX CSR XCSBXC...CSR*XC.... 

The skeleton Sk°X is of dimension o (or discrete): it has the same 
vertices as X and is isomorphic to the direct sum of a family of standard 
simplices 4 [o]. More generally, given Sk"-1X, we want to find Sk"*X. 
Let 2” be the set of non-degenerate u-simplices of X; let (A [n]q)sexn 
be a family of standard -simplices indexed by 2”; and let 6: A [n],>X 
be the singular simplex associated with the non degenerate simplex o. 
We then have the following proposition: 

Proposition: With the above notations, the square of Fig. 6. 

y ee n—d oA ae SRROX 

inclusion inclusion 

(e) Ll A[n],—<> Sk*X 
geLn 

Fig. 6 

ts cocartesian for n=o. 

By corollary 2 to 3.6. it is sufficient to check that for each p<n, 
the square of Fig. 7 

(Alley — (Sk *-*X), 
inclusion |inctsion 

(o)p n 
H(A [nhe)p > (Sk"X), 

Fig. 7 
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is cocartesian. This is clear when p <u, since, in that case, the vertical 
arrows are bijections. For p=, the complement of LI (A [wt ]a)n in 
Ul (A[],), is formed by the fundamental simplices Id[],. Similarly, 
the complement of (Sk n-LX), in (Sk”X),, is formed by all non degenerate 
n-simplices of X. Hence the map (6), induces a bijection from the 
complement of U (A[n],),, onto the complement of (Sk a—-1X)_, so that 
the square («#) is also cocartesian for p=. 

in other words, the above proposition means that Sk "X is obtained 
by attaching to Sk"~*X a certain number of standard simplices A[”], 
along the boundary A{n] of these simplices. 

3.9. To complete this paragraph, let us determine a useful presenta- 
tion of A [x]. In order to do this, let us consider the diagram 

(*) osthcn 
where A{n—41], and A[m—2],,; are copies of A{n—41] and A[n—2], 
where p is defined by the face operators A(d): A[n—1], 7A [x], and 
where u (resp. v) is induced by the morphisms 

A (G4): A(n— 2], ; >A [n— 1], (resp. A (Ga): A [n— 2];,;-> A [n— 1]))- 

“ p [n— 2], 4 (n—1], > A[n] 

We can verify then that, for each q, the image of the map 

Py! u (A [n— Vay >A (x],, 
induced by f on the q-simplices, is the set of g-simplices of A [a]. More 
precisely, p, induces a bijection from coker (u,, ¥,) onto A[nj,. Hence 
p induces an isomorphism from coker (u, v) onto A [x]. 

4. Simplicial Sets and Category of Categories 

4.4. We know that the functor @~»+ 0b @ from @at to 6 commutes 
with inverse limits. This result can also be obtained by noting that this 
functor is right-adjoint to the functor Dis: ¢ —->Gat, which associates 
with each set A the category Dis A, whose objects are the elements of A, 
and whose only morphisms are the identities. Such a category will be 
called a discrete category. 

Now let Or be the category of ordered sets (with non-decreasing 
maps as morphisms). Let 1: Or >@at be the functor which associates 
with an ordered set A the following category 7A: ODiA=A, and Yr7A 
is the subset of A xA formed by all pairs (@, 6) such that b<a. The 
range and domain maps are the restrictions of the projections pr, and pr, 
of AXA onto A; finally, composition is defined by the formual: 
(a, b) 0 (b, c)=(4, €). 



32 Chapter II: Simplicial Sets 

Then, according to 1.3, the restriction H of ito A defines two functors 

G: MPé>6a and D: Cat>A°é 

such that D is right adjoint to G and that Go h4 is isomorphic to H. 
4.2. We want to describe more precisely the functor G: 
Lemma: If n> 2, the inclusion of A{n] into A[n] induces an iso- 

morphism from GA[n] onto G A[n)=+[]. If n=1, GA[n] is a discrete 
category; if n= 2, GA[n] has 3 objects, denoted by 0, 1 and°2; in addition 
to the identity morphisms, GA{2] has 4 morphisms: wu: 1-2, v: 02, 
w:Q-->1 and wow. 

The lemma is trivial if #1. Suppose then that > 1. By 3.9, since 
G commutes with direct limits, GA{n] is identified with the cokernel 
of the pair. 

u GA [n— 2]3,; & ul GA [n— 1];. 
Osi<jsn Ge OSign 

Write [p,] for the subset of [] formed by all integers different from &, 
and [p,, 7] for the subset of [f] formed by all integers different from k, t. 
With these notations, (Gu, Gv) is identified with the pair of morphisms. 

e 

oxdticn’ [m4] odtce” (mJ, 
where uv’ and v’ are induced by the inclusions of [”, ;] into [a,] and [7,] 
respectively. We construct the direct limit of this diagram of categories 
as explained in the dictionary. With the notations of this dictionary, 
X is identified with the diagram-scheme subordinated to t[m]. In 
particular, we can then deduce the structure of GA[2]. Similarly, 
when 7 > 2, let 

a= (A, a) 0 (ay, a) 0 *** 0 (4, 5) 
be a morphism of Pai[m]. Then a, a, a belong to the same [,], since 
n>2. Hence (4, a) and (a, a)o(a, 4) have the same image in 
coker (w’, v’}, and the same holds for a and (a, a,)0°++ 0 (@,,0). By induction 
on k, we see then that « and (a, 6) have the same image in coker (u’, v'), 
which shows that two objects of coker (w’, v’) are connected by one and 
only one morphism. 

Now let X be a simplicial set. We know that the square of Fig. 8 

U A[n],— Sk* 1X 
gear 

(*) inclusion | metsion 
LU A[n],—> Sk"X 

aoein 
Fig. & 
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is cocartesian (see 11.3) The same holds for the square of Fig. 9 
U GA{1],— GSR*7tX 

oEL 

(x) | | 
u GA(n\,— GSR*X 
. Fig. 9 

since G commutes with direct limits. But, for 7 > 2, the left arrow jis an 
isomorphism by the lemma, and hence the same holds for the right 
one. Since X=lim SR"X, we have 

G(X) =lim G(S#"X) =G(SR*X). 

But a description of G(Sk 2X) can be given quite easily: 
a) Clearly, G Sk °X = Dis Xq. (2.4) 
b) Let us apply (*#) to the case #=1. The objects of the category 

G(Sk1X) are the elements of X,. With each element xEX,, WE as- 
gociate the morphism +: 4 x—>d,x. Then the set of morphisms of 
G(SRX) is generated by the elements of X;, these morphisms verifying 
the relation sy xg=Id x, for each %EXq- 

c) Finally, let us apply (#*) to the case n=2. We have then the fol- 
lowing proposition: 

Proposition: Let X be @ simplicial set and & the diagram scheme 
defined by the equations: Ob X= Xy, WX=—XA, dy= xq and ty= xh. 
The category GX is then the quotient of the category Pak of paths of & 
by the relations: syvalda if eX, 

and (dp0)0(dge)=d,0 if o6Xe. 
4.3. Corollary: Every adjunction morphism @: GD->1d (Gat) is an 

isomorphism (and hence, D is fully faithful). 
Recall that for each category @, (D@),= Gat a (2, @). This implies 

that (DG),=Ob¢ and (D@),=Ur @. Moreover, (D@), is the set of 
triples (u,v, w) of We such that w=vow. From these equalities and 
from proposition 4.2 we get an isomorphism from GD@ onto @. This 
isomorphism is functorial in @ and defines an adjunction morphism 
from D to G. Since an adjunction morphism is invertible, each adjunction 
morphism is invertible (I, 1.3). 

5. Ordered Sets and Simplicial Sets: Shuffles 
5.4. In 4.1, we defined a functor 1: Or >@at. This functor is fully 

faithful and it is right adjoint to the functor 0: Gat Or defined as 
follows: for each category @, we give to the set Ob@ a preorder structure 
3 Ergebn. Mathem., Bd. 35, Gabriel and Zisman 



34 Chapter II: Simplicial Sets 

such that a<b if and only if there is a morphism of @ with domain 4 
and range 6. Then O@ is by definition the ordered set associated with the 
preordered set Ob @. 

Now let Di=C and OG=O! (see 4.1). Then C: Or +A°@ is right 
adjoint to QO: A°@—> Or. Moreover, since both 7 and D are fully faithful, 
C is fully faithful. We can also verify directly that O'C is isomorphic 
to Id Or, by writing the functor O' with the help of proposition 4.2: 
if X is a simplical set, we give to X, a preorder such that «< y if and only 
if there is a sequence o,,...,0, of elements of X, such that d,o,=%, 
dy 0 = dy Fg, 0001 Uy Oy p= 4 On, Uy =I: O! X is then the ordered set 
associated with this preordered set. 

5.2. If E is an ordered set, CE is, by definition, the complex 
[n]~> Gat (i [n], iE). Since 7 is fully faithful, CE is then identified with 
the complex [x]~> 0~([x], EZ). In particular, C[] is identified with 
A[n]. We will call ¢-th vertex of A [n] the image of the vertex of A [0] 
under the morphism 7;, which is associated with the map Om+7 from 
[0] into [7]. 

Similarly, let {n} be the set {0, 1, ..., 7} ordered by the inequalities 

O<1>2<3>4... 

C {n} is then simply J, (2.5.1). If e;: A[0]->1, is the morphism associated 
with the map 0~>i from [0] into {n}, we will write ¢ for the 7-th vertex 
of I, ie. the image under ¢, of the vertex of A[o]. 

5.3. We will study now more closely the complex C E associated with 
an ordered set E: an 2-simplex of C E is a non-decreasing map #: [n]>E. 
Such a map defines a morphism Cx: C[n]->CE which is simply the 
singular n-simplex % associated with x. The n-simplex x is non-de- 
generate if and only if « is an injection. Since C commutes with inverse 
limits, C transforms a monomorphism into a monomorphism. Hence, 
for each nondegenerate simplex x of CE, the associated singular n-simplex 
%: A{n]->+CE is a monomorphism. This implies that the image of a 
standard simplex in CE is always isomorphic to a standard simplex; 
for instance, CE contains no subcomplex isomorphic to the cokernel of 
the pair of morphisms 4 (é), 4 (4): 4 [0] =4 [4]. 

5.4. If E is a finite ordered set, CE 1s a complex of finite type; for let 
a chain of E by any totally ordered finite subset of E; with each chain c 
containing #,+-1 elements, we associate one and only one increasing 
map *,: [”,]->E whose image is c. If c(1),...,¢(m) are the maximal 
chains of E, we then have a commutative diagram 

uv 

(x) isitcn [Me ree] > ith, [tem] >F 

o
e

 
L

y
 

\ 
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where u (resp. v) is defined by the inclusion of c(z)oc(7) into c(z) [resp. 
into c(7)]. Moreover, for each integer p, the sequence 

MOr (A), Meanen)) = LU Or ((P}, [Pecn]) > Or ([P], #) 
defined by (*) is exact. This means that the image 

LA Panag] SUA bree] SO), CE 
of (x) under the functor C is an exact sequence of A°& (we will say also 
that it is a “finite presentation” of CZ). 

5.5. This presentation will be used mainly when E is the ordered 
set [p] x [g]. Since the functor C commutes with products, C ([p] x [g]) 
is identified with A [p] x A [g]. Moreover, the number of maximal chains 
of [f] x{¢] is (? ; and each of them has #-+q+-1 elements (see the 
Fig. 10, where p= 3, y= 2. See also MacLane’s “shuffles”, [2] p. 243). 
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Fig. 10 

We get then a finite presentation of Alp] xA[g] 

UL Almere] Ur A{n,)] 4 [6] x4[g] 
isi<is (P34) isis (3%) 

where 7,;)= +4 for each 7. 

6. Groupoids 

Before studying the category 9 in a similar way as above, we will 
establish some simple properties of this category. 

6.4. Examples. 
641A. If Eis a set, Dis E is a groupoid (4.1). 
6.1.2. We know that the functor G~> 06 G from Gr to & commutes 

with direct limits. We can see this if we note that this functor is left 
adjoint to a functor Se: €>Gr: for each set E, the set of objects of 
ScE is E, the set of morphisms is ExE, the domain and range- 
maps are the projections pr: (%, yoy and pry: (%, y)~> 4%. Finally, 
composition in Sc E is defined by the formula 

(x, voy, 2) == (x, 2). 
3* 
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Each groupoid G isomorphic to Sc¢(Ob G) will be said simply con- 
nected. The functor Sc: 6+ Yr obviously commutes with inverse limits, 
but it does not commute with direct limits: indeed, using the notations 
of 2.1, the cokernel of 2°, 2: [0]=3 [1] in @ is the set [0], while the co- 
kernel of Sc 2°, Se dt: Sc{0]=3 Sc[1] is a groupoid with a single object 
whose automorphism group is Z. However, we will use the following 
exactness property of the functor Sc: Let A and B be two sets, and let 
C=AcB, D=ALB. Then the inclusions define a commutative square 

SeC +ScA 

{ | 
SeB-SeD 

which is cocartesian when C is not empty: 

Let us show on this example how we can use the construction of 
direct limits given in the dictionary: for d: T->@at take the diagram 

Se B<_ScC-+»Sca 

keeping the notations of the dictionary. In particular, X is identified 
with the diagram sub-scheme of Sc D whose set of objects is D and 
whose set of morphisms is (A xA)U(BXB). Let p: PaX->limd be 
the canonical projection and 7: lim d-»SeD the functor defined by the 
above commutative square. Then 7 induces the identity on objects, and 
jop, and hence also 7, obviously induce a surjection on morphisms. In 
order to prove that 7 is an isomorphism, it remains to be shown that for 
two morphisms « and f of Pa X, the equality 7 p a=] p B implies apf 
(S is the relation defined in the dictionary). 

Let c be an element of C. If (z, t) is a morphism of X, the relation 
(2, t)-(z, 6) (¢, #) holds in PaX. lh a=(y, %,)o + o(a, x) is any 
morphism of Zz X with domain x and range y, we then have 

are {y, Kyo cst a (%, c)o(c, x) 

> (Ys Kp) 2171 0 (%q, 6) 0 (6, %) 0 (%, ¢) 0 (6, *) 
(Ys Hq) 0°11 0 (Hg, 0) 0 (6, ¥) Hy (9, €) 0 (6, 4). 

Hence each morphism of #2 X is equivalent to a morphism determined 
by its domain and its range. We then have any if « and B have the 
same domain and the same range, in particular if7 pa=] p B. 

6.4.3. A groupoid is called pointlike if it has a single object. Each 
inverse and direct limit of pointlike groupoids is pointlike. Moreover it 
is clear that the full subcategory of Gr formed by all pointlike groupoids 
is equivalent to the category of groups. A groupoid G is called connected 
if Ob G is not empty and if G(x, y) is not empty for any pair of objects 
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(x, ). We will see in 6.1.5. that it is equivalent to say that the category G 
is equivalent to a pointlike groupoid. 

6.1.4. Let G and H be groupoids. We say that H is a subgroupotd of 
G if H is a subcategory of G, ie. if Ob H and Ur H are subsets of D6 G 
and Wr G and if the composition in H is induced by the composition in G. 
A maximal connected subgroupoid of G is called a connected component 
of G. It is clear that each groupoid G is isomorphic to the direct sum of 
its connected components, and we say that G is totally disconnected when 
all the connected components are pointlike. 

6.1.5. Each groupoid G is equivalent to a totally disconnected groupoid: 
for let us choose an object x, in each connected component 7 of G, and 
let G((x,)) be the full subcategory of G whose objects are the x,;. We will 
see then that the inclusion 7 of G((x,)) into G is an equivalence by giving 
an exhaustive construction of the functors f: G->G((x,)) such that jop 
is isomorphic to the identity functor of G and that joj is the identity 
functor of G((x,)): 

In order to do this, let us call a tree of G any subgroupoid which is 
isomorphic to a direct sum of simply connected groupoids (6.1.2). It is 
clear that each tree is contained in a maximal tree and that each maximal 
tree A of G has the same objects as G. Moreover, if a is an object of G 
contained in the connected component 7(a), A contains one and only 
one morphism ,: %;(4)—~4- This allows us to define a functor 44: 
G->G((x;)) which sends each object @ onto %,q, and each morphism 
fr a—>b onto gyofog,- This functor 7, satisfies the required conditions. 

In the case where G has only one connected component containing 
the object x», the functor 7, makes the following square commutative: 

A. Anstusion, — G 

K 7A 

{%o} ae G (Xo) 
where {x9} is a groupoid with a single morphism and a single object x9. 
The reader can verify that this square is cocartesian. 

6.2. Let G be a groupoid and g be an object of G. We will call Poincaré 
group of G at g (notation: IT, (G, g)) the group G(g,g) of automorphisms 
of g. lig: GoH isa morphism of Yr, we will write IT, (p, g) for the 
group-homomorphism. 

pls, g): G(g, 2) > H(PE, 98) 
induced by 9. 

Lemma (‘Van Kampen”): Let X, Y and Z be connected groupotds and 

yoz%x 
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a diagram of Gr such that « and B induce injections of ObZ into Ob X 
Zz 

and Sb Y. If z is an object of Z whose images in X, Y and X WY are 
respectively x, y and t, we have a canonical isomorphism 

H,(Z, 2) Zz 

17,(X,*) UW IA(¥,9) 1, (XU) 
where the first term is the amalgamated sum of the diagram of groups 

7,(¥, 9) 222 (2,2) 224 The) 
Let C be a maximal tree of Z, A and B maximal trees of X and Y which 
“extend” C. We then have a commutative diagram (Fig. 14) 

yiz5x 
la la | 

(*) BeC>A 
, J 4 
yor kn % 

Fig. 11 

where at and f! are induced by « and 8, the other morphisms being the 
obvious ones. We know that there are two different ways of computing 
the direct limit of such a diagram (interversion of direct limits) : 

According to 6.1.5, the direct limits of the three columns of (*) are 
canonically isomorphic to the pointlike groupoids Y(y), Z(z) and X (x). 
Hence, passing to direct limits, the diagram (*) induces morphisms 

(=) Y(y) &-Z (2) “> X(q) 
obtained by restrictions of « and f. The direct limit of (*) is then canoni- 
cally isomorphic to that of (**), which is a pointlike category whose 
Poincaré group is the amalgamated sum of the groups J7,(X, x) and 
I, (Y, y) ander IZ, (Z, 2). 

On the other hand, the direct limits of the three rows of (#) are 
Zz 

identified respectively with T=X UY, with a maximal tree D of T 
(see 6.1.2), and with {f}. Hence the direct limit of (*) is isomorphic to 
the amalgamated sum of T and é under D, Le. to T(é) (6.1.5). The lemma 
follows from the comparison of the two preceding descriptions of the 
direct limit of the diagram (*). 

7. Groupoids and Simplicial Sets 

7.4. Let 7 be the inclusion of Y into €at and Gr: @at+Gr the 
functors ~~ [(UrG) 4] of I, 1.5.4. If G and D are the functors defined 
in § 4, let = GroG and D!'=Doj. Then IT: A°€ Gr is left to D?: 

a
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Gp +A°& and is determined up to isomorphism by Ifo h“: according 
to 4.1, GA[n] is the category associated with the ordered set [nm]; hence 
ITA{n] is the simply connected groupoid Sc{x] (6.4.2). Finally, ac- 
cording to 4.3, D1 is fully faithful. 

If X is a simplicial set, proposition 4.2 allows us to give an explicit 
description of 7X as follows: 

The objects of the groupoid TIX are the vertices of X, the morphisms 
of [TX are generated by the elements of X, and their formal inverses; tf 
seX,, we have DryS=as and tay $= 4S; the relations between the 
generating morphisms are generated by the following relations: 

sox=ldx 1 xEXy 

(dy @)0 (dg o)= do if o¢€Xq. and 

7.2. Let I, be the simplicial set defined in 2.5.1, and in, the canonical 
injection of the #-th copy of Af[4] into J,,. Consider a morphism /: 1, 7% 
and let x, be the 1-simplex of X associated with the singular simplex 
foin;. We define then a surjection from are (I, X) onto UJTX by 
sending { onto the morphism OMG rr 0 xziox, of IX. We could 
also restrict ourselves to the case where x is even. In that case, we could 
multiply an element of A°E (Lon X) by an element of Ae Z ap» &), bY 
“sticking I,, and Iz, one at the end of the other, to obtain I antp) * 
The above surjection is then compatible with composition of morphisms. 

7.4. For each simplicial set X, the groupoid TX is called the Poincaré 
groupoid of X. We will say that X is connected (resp. simply connected) 
if JZX is connected (resp. simply connected). A connected component | 
of ITX with be called a connected component of X. 

Thus two vertices « and y of X belong to a same connected component 
if and only if there is a morphism / from J, into X such that /(0)=*, 
f (n)==y (see 5.2.1), ie. “if there is a path connecting ¥ and y."} 

7.4. Let X be a simplicial set and x, a vertex of X. By definition, we 
call Poincaré group of X at x, the group TT, (Xy %) =, TAX Xp) (6.2). 
If f#: XY is a morphism which sends x, to /(%»)=Yo We will write 
simply JT, (f, %») or J2,f for the group homomorphism IT, (IT (f), Xo). Let 
then .A°é& be the category of simplicial sets with base point, ie. the 
category whose objects are the pairs (X; %») formed by a simplicial set x 
and one its vertices %); morphisms fr (Xy%)>% yo) correspond to 
morphisms (also written }: XY) of A°@ such that f(%»)=Jo- 

It follows from the definition that IT, is a functor from .A°& to the 
category of groups. 

4 1 Un peu d’abstraction éloigne de la géométrie, peaucoup ( ?) d’abstraction 
y raméne. 
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Let (X, %) a (Z, 2p) =, (Y, 9) be a diagram in A°&. Suppose that 
X, Y, Z ave connected, and that the components f, and 8 of f and g are 
injective. Applying the functor I, we obtain the following diagram in Gr: 

mx) 22 m2)" My). 
According to 4.2 this diagram satisfies the hypothesis of lemma 6.2. 
Hence we have: 

Proposition: (“Van Kampen” for simplicial sets.) Under the above 
Zz 

hypothesis, and if ty is the common image of both x» and Yo m XUY, 
we have: T,(Z, %) 

Zz 

I, (xu Y, to) aw IT (X,%) U IT,(Y, Yo) - 
This follows from the fact that the square 

zi x 
yd 

Zz 

yoxuy 

is cocartesian; and [7 transforms a cocartesian square into a cocartesian 
square. 

7.3. We see easily that there are products in .A°(é). In fact, 
(Xx ¥, (xo, yo) is the product of (44 x») and (Y, yo). In this paragraph 
we intend to show that J7, commutes with finite products. In order to do 
this, it is obviously sufficient to show that IT commutes with finite 
products, 

Since the functor JZ commutes with direct limits, it is sufficient to 
show that JZ (A [n] x 4 [f}) is identified with /TA (n] xJTA [p]. For in that 
case, we have (see 1.1): 

IT(X x Y) av IT tim dx (@) x Jim dy (B)) = TT ig (Ax xdy (6) 
a B a, B 

ew lim IT (dx (#) x dy (B)) ~ lim (JI dx (a) x IT dy (B)) 
, B a B 

ew li TMm (IZ dx («)) x lim (II dy (B)) w TX xy 
% B 

where dy: A/X >A°@ and dy: A[¥ +A°@ are the functors (4.4) which 
allow us to represent X and Y as direct limits of representable functors. 
We used the fact that in @a#é, the product commutes with direct limits, 
which follows from the fact that the functor G~+E x Gis left adjoint 
to the functor ¥-~—- Hom (YF, F). 

Now we check that the product of two simply connected groupoids is 
simply connected, and that the canonical morphism 

(A [n] xA[p])->1TA (#1) xITA [2] 
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induces a bijection on objects and a surjection on morphisms. The 
groupoid on the right is simply connected; hence, in order to complete 
the demonstration, it is sufficient to show that 1/(A [n] xA[p]) is 
simply connected. 

Let us go back to the description of A [7] xA[P] given in 5.5. The 
4-simplices of A [m} xA[p] are in a one-to-one correspondence with the 
pairs (x,y) where x<y are points of [n] x[p]. The 2-simplices of 
A[n] xA[p] are ina one-to-one correspondence with the triples (x, ¥, 2) 
such that x<y<z in [x] x[4). Hence a morphism «: a>} of IT(A{n| x 
A(p)) may be represented by a path 

(4,5 %y—4) or (%2, %4) ° (4, Xo) 
where %)== 2, %,7=0 and x, %j41 OF % 2 Mas: It is left to the reader to 
show, by induction, that this path is equivalent to the path 

(b, yoy, @) 

where y is the point (1.1). (Use the description of the relations given in 
7A, and the description of the 2-simplices of A [7] xA[p]). Hence the 
morphism « is well defined by its domain and itsrange. Q.E.D. 

7.6. Ingeneral, IT does not commute with kernels of pairs of morphisms 
as shown in the following example: consider the cocartesian square 

At2]-> A[2] 
ij ’ ea 

A(2j-> X 

where 7 is the canonical injection. The kernel of A [2] = X is A[2]; but 
we have ITA(2]=11X= Se([2], and the kernel of Sef2]3 Se [2] is 
Se(2]--ITA[2). 

Chapter Three 

Geometric Realization of Simplicial Sets 
4. Geometric Realization of a Simplicial Set 

4.1. First, let us give some general remarks which will divert us a 
little: For each natural integer 7, the set A([m], [4]) will be totally ordered 
by saying that fg if and only if {(@)<g(s) for each i¢[m]; moreover, 
we can identify the ordered set A({n], (4]) with [2+ 4] under the map 
feoocard f-2(0). We define thus a functor [n]-~~—A ([], (1]) from A to A®, 
which will be noted IT, and which can be described as follows: 

Il[n] = [n+], Il di =o}, Il ot = Ohh. 
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1.2. Let Jon be the category of topological spaces, and J the segment 
[0, 1] of R. For each natural integer x, we will write I ] or J*+? for the 
product of +1 copies of the topological space I. It is clear that this 
product depends on [7] in a contravariant way (the set subordinated to 
the topological space I! is identified with the set &([7], J) of maps of 
[n] into I), so that we have a simplicial topological space (mj 1) 
which will be noted I’. The composition 

? 

Av» Ac 2s Fou 
is then a cosimplicial topological space, which we will write III, and 
which can be described as follows: 
TU" an grt? 

Wigs, yett_,yr+® is the map 
(toy bys veer En) > (los oe Cima bar ba Baga oo ty) 

igi, yr+3_, yet? is the map 
(ty, bys weer Ens bnga) Ulos -o bas Fates oo tne) 

From now on, we will write A” for the subspace of I**? formed by all points 
(fos tes «++ Ea» Enza)» Such that O=tShS ++ St,St41= 1. The sequence 
A®, A!... is obviously a sub-functor of III, which is written 4 's A—->Ton. 

4.3. The first part of our work will be to determine the group of 
automorphisms of the functor 4 ?+ let @ be the group of homeomorphisms 
s of the segment [0,1] such that s(0)=0 [and hence s(1)=1]. The 
group & obviously operates on the functor III; more precisely, each 
s<@® induces an automorphism s”: (f9,4) +. 4» tas) (Sto, Shs ves 
Shy, Sty4x} of IIT” = J+? which is compatible with the face and degeneracy 
operators. Moreover, such an s is an increasing map, and hence, it 
fixes subset A” of It? formed by all points (fy, 4, +++ bn» t,41) such that 
O=fSh S-' St,St,41.. Thus we obtain a homomorphism s~~s’ from 
® into the group of automorphisms of 4 an 

Proposition: The monomorphism sos? is an isomorphism from the 
group of homeomorphisms s of I such that s(0)=0 onto the group of auto- 
morphisms of the functor A’. 

It is clear that the homomorphism s~—s’ is injective; let us show 
that it is surjective: let s9,s,,... be continuous automorphisms of 
A®, A}, ... compatible with face and degeneracy operators. Since s, is 
compatible with d: 4°41, we have s,(0, 0, 1)= (0, 0, 1), so that there 
exists an s¢@ such that s,—s1, with the above notations. On the other 
hand, when o suns through the epimorphisms (m]—> [4] of A, A?: A* >A? 
runs through the maps (0, 4, .--, 4, 4) ~+(0,t;,1), 1SiSn, and we 
have A%os,=5,0A%. Hence 8, (0, fy, «+s bys 1) = (0, Sh oe st,, 41), ie. 
s,=s". Q.E.D. 
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4.4. Now let us apply proposition II, 1.3 to the present case: the 
functor A?: A>Jee defines a pair of adjoint functors S: Jop—~A°é and 
[?|: Ae E—>Taop. 

The first one is the singular complex functor, which associates with 
each topological space T the complex [7]~>(S T),= Tor A", T), also 
called the complex of singular simplices of T. The other one is left adjoint 
to the first; the image |X| of a complex X under | ?| is the direct limit 
of the functor x 

by: A{nj— X ~> A” 

from A/X into Jog (see Il, 1.3). Usually, we say that |X| is the geo- 
metric realization of the complex X. Recall that the “geometric realiza- 
tion” functor is characterized (up to a functor isomorphism) by the 
following two conditions: | ?| commutes with direct limits; moreover, if 
n4: A-A°E is the functor [n]~>Afn], the composition |?|o h4 is 
identified with 4’: A>Jee. In particular, the realization |A [m]| of the 
standard -simplex is identified with the geometric simplex of dimension 
n, i.e. A”. 

4.5. Ina similar way asin I, 4.2, let us now determine the functor |?|. 
Again, take the diagram of II, 3.9 

ub ? 

—2),;-5 — 4], A4[”). (*) ott Alm iS AL AM 1], 4 [7] 
Consider now the geometric realization of the sequence (#): the 

restriction of |p| to |A ["— 4],| is a homeomorphism f; from |4 [n—1],| 
= A"-} onto the i-th face A? of A" (A? is the intersection of A” R**? 
with the set of points (fo) -++s fa41) Such that ¢,=#,,,). HH we compose L 
with |A(@-1)|: \|4 (n—2];,,| 714 [e— 4];|, we get a homeomorphism 
f;,; from [A [n— 21,,;| onto AtoA?. We then have the following com- 
mutative diagram (Fig. 12). 

U4 — 2], eA |A {nl 
ibis jan ja 

w , 

Warcay =e Ua? 2. A"=|A[n]| 
Fig. 12 

where p’ is defined by the inclusions of A into A”, and where u’ (resp. 2’) 
is defined by the inclusions of A? AF into AF (resp. into 47). 

It is clear that p’ induces a homeomorphism from coker (u’, v’) onto 
the union of the faces of A” (the boundary of A”). Since |?| transforms 
cokernels into cokernels, and since Uf, and Lf, ; are homeomorphisms, 
we have the following proposition: 
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Proposition: If i is the inclusion of A[n} into A[n], |1| ts @ homeo- 
morphism from the geometric realization |A {2]| of the boundary of A[n] 
onto the boundary A” of the geometric realization A” of A{n]. 

Let X be a simplicial set. We know that X is equal to the direct 
limit lim Sk"X, and hence, that |X| is equal to the direct limit lim |\Sk"X|, 

which we will now describe: 

Sk°X is identified with the direct sum of a family of standard 
simplice A [0] indexed by the vertices of X; since the geometric realiza- 
tion of A[0] is the point A®, we see that |S °X| is identified with the 
topological direct sum of points indexed by the vertices of X; in other 
words, |Sk °X| is identified with X,, with the discrete topology. 

Suppose that |S&*-1X| is given, and let us determine |Sk"X|; 
since the geometric realization functor commutes with amalgamated 
sums and direct sums, it follows from II, 3.8 that |Sk”X| is identified 
with the amalgamated sum of the diagram of Fig. 13 

LL |Afno| 2 [SB "2X 
ayn 

[inclusion| | 

ced He | A [).| 
Fig. 13 

the restriction of p to |A[n],| being defined by the singular simplex 
&: A[n]-»>X. Moreover, |4[n],| is a geometric simplex of dimension 7, 
say A", and |A[v],| is identified with the boundary A® of A”. Hence we 
have a cocartesian square (Fig. 14) 

LL At —> |Sk*-4X| 
afd" 

inclusion | | 

LL Az —> |Sk*X| 
o€in 

Fig. 14 

which means that |Sk”X| is obtained by attaching to the topological 
space |Sk*-1X| a family (4%) of geometric m-simplices along their 
boundaries. It is equivalent to say that the map |Sk”*-*X | —>|Sk"X| 
is a homeomorphism from |S *-1X| onto a closed subspace of |[Sk"X| 
(from now on, |Sk”~?X| will be identified with this subspace) ; that the 
complement of |Sk*-1X| in |Sk"X| is identified with the topological 
direct sum of the interiors At of the geometric simplices Aj; that a sub- 
space U of |Sk”X| is open if Uo|Sk*1X| is open in |Sk*~*X| and 
if the inverse image of U in each A? is open. In particular, the continuous 
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map |6|: At—>|Sk"X| induces a homeomorphism from A; onto a con- 
nected component of |Sk*X|—|Sk -1X|; we will call this connected 
component the cell of dimension n and index o. 

4.6. It is a well known fact that two functors adjoint to each other, 
in particular S and |?|, have “the same’’ group of automorphisms. 
According to II, 1.3, the group of automorphisms of |?| is identified 
with the group of automorphisms of A?, i.e. with the group © of strictly 
increasing continuous maps Ss: T->I such that s(0)=0 and s(1)= 4. We 
will see how this group operates on the geometric realization |X| of a 
complex X. The operations of © in |Sk"X | and |X| are obviously compatible 
with the inclusion of |Sk”X| into |X|. Hence & preserves each connected 
component of |S&"X|—|S k*-4X|, ie. each cell of dimension ” and 
index a. Since the continuous map |e{: Ag >| Xx | is compatible with the 
operations of @ in A” and |X|, and since © operates transitively in Af, 
as easily seen by the formula s (to, ---> x41) = (Stor + st, 41), it follows 
that @ operates transitively in each cell of |X|: 

Proposition: For each complex X, the cells of |X| are the orbits of the 
group of automorphisms of the geometric realization functor. 

In particular, if f: XY is a morphism of A°6, |/]: |X|+Y is 
compatible with the operations of © on |X| and | Y|. Hence |?| transforms 
the cells of |X| into cells of | ¥]. 

4.7. We will now construct a basis of open sets for |X|. In order to 
do this, let us show that each open set U,,- of |SR nix | can be extended 
to|Sk*X |: let A= (A,) be a family of numbers belonging to the half open 
interval }0, 4], and indexed by the non degenerate simplices o of x ; 
for each o¢X,, let G, be the barycenter of the geometric simplex AG; 
and U, the set of points of At of the form iG, + 4-4, 0St<A,, 
where M runs through the inverse image |6|4(U,_-1) of U,—1 0 4S 
(notations of 4.5); if U,, denotes the union of U,_1 with the images 
|&| (U,), for all o< x", it is clear that U,, intersects [Sk X| along U,,—1, 
and that we have |@|#(U,)= U, for each o¢ 5”; according to 1.5, U, is 
then open in |S RX | - moreover, let V be a subset of U,,, such that the 
intersection V0U,,_, (resp. the inverse image V, of V in U,) is open in 
U,,_, (resp. in U,, Voe%"); then Vo|Sk*? S| (resp. \e|* (V)) coincides 
with VoU,_, (resp. with V,); consequently, V is open in |Sk X|, and 
hence in U,,. This means that we have a cocartesian square (Fig. 1 5) 

oh! 6|* (U,,-1) — U1 
\ | 

uu, — U, 
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where vertical arrows are inclusions, the horizontal ones being induced 
by the singular simplices 6. 

We can now do this construction another time, replacing n by n--1 
and U,_, by U,. We construct thus a sequence U,_,CU,C U,41.0 °° 
of subsets of |X| which have the following property: U, is open in|Sk ’X], 
and we have U,=|Sk’X|.U,,,. Since |X| is the topological direct 
limit of the |S ’X|, the union U?_, of the U, is an open set of |X| which 
will be called the extension of width 2 of U,_, to |X|..This extension is 
compatible with intersection: if U,_, and V,_, are two open sets of 
|Sk*-4X], we have (U,_.0V,,_1)4= Uj_10V;_1. In particular, if U,_, 
and V,_, are disjoint, U?_, and V}_, are also disjoint. 

4.8, Still using the notation of 1.7, let x be a point of |X| belonging 
to a cell of dimension and index go; let ¢ be a number belonging to 
Jo, 1[, and @, the point of A? whose image under the map |é|: Aj >| is 
x; finally, let V’ be the image in |X| of the set of points of 43 of the 
form (1—#) 0, +iM, 0St<e, where M runs through the boundary An 
of A”. This image V% is obviously an open neighborhood of » in |Sk"X]. 
Moreover, it is clear that the extension V¢* of width A of V; to |X] runs 
through a basis of neighborhoods of x in |X| when ¢ and 4 vary. 

Proposition: The geometric realization of a simplicial set is a Hausdor}} 
space. 

Let x and y be distinct points of |X| belonging to cells of dimensions 
m and p respectively. If m< 4, the extension of width A of Vi to | Sk *X| 
is disjoint from Vj for a well chosen «. Hence, according to 1.7, we can 
choose ¢ so that V2? and V5" are disjoint. Similarly, if m=, x and y 
belong to |S& TMX|—|Sk TM~?X|, which is an open subset of [Sk TMX| iso- 
morphic to the topological direct sum of the spaces A”, oc". For a 
well chosen e, V; and Vj do not intersect, so that Ve" and Ve4 are again 
disjoint. 

4.9. Now let us use again the notations of 1.7. If U,_, is open in 
|[Sk*-1X|, we will see that U,_, is a deformation retract of the open 
subset U,, of |Sk”X| constructed in 1.7: let r,: 1x U, be the retracting 
deformation of U, onto |@|-1(U,,_,) such that 7,(1—s, tG,+ (1—#) M) = 
stG,+(i1—st)M (Lis the interval [0, 1]). Since Ix U, is identified with 
the amalgamated sum of Ix U,_, and ul Ix U, under u Ix |6|4(U,,_1) 
(see 1.7 and 2.1 below), there is a continuous map 7: Ix U,—U,,, which 
induces on Ix U,,_, the canonical projection onto U,_,, and on Ix U,, 
the composition (s, x)~~|6|(r,(s, x)). This mapy is a retracting de- 
formation of U,, onto U,,_,. 

It follows that U,_, is a deformation retract of the extension U}_, 
of U,,_, to |X| of width A. For since Uj_, is the direct limit of the spaces 
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U,, r2=n—1, we can define a retracting deformation (s, x)~> @(s, x) of 
Ut, ‘onto U,,_1, by retracting U, onto U,,_4 while s runs through ihe 
interval [$, 1], by retracting U,., onto U, while s runs through the 
interval (4, 4], by retracting U,,.2 onto U,+4 while s¢[z, 4) cease oth 

If we apply this construction to the case where U,-1 is one ° the 
open sets V¢j of 1.8, we see that in particular each point x of |X| has a 
neighborhood-basts consisting of contractible open sets. 

2. Kelley Spaces 

24. If ¥ and Z are topological spaces, we write CO(Y, Z) for the 
set of continuous maps from Y to Z, with the compact-open topology 
(see for example Hitron-Wyiiz, Homology theory, p. 286). 

Suppose that Y is locally compact. I, for each map f: Xx¥—Z and 
for each #¢X, f, denotes the function y~~>f(#, y), we know that the 
map f~> (fx)eex 18 @ bijection 

Top(XxV, 2) Fon (x, € OLY, Z)) 

and hence that the functor X~>XxXY is left adjoint to the functor 
. : mits 

Z~~CO(Y, Z) and commutes with direct limits. 
Now . we suppose that X is a Kelley space (I, 1.5.3), X is the topo- 

logical direct limit of its compact subsets X’; hence x x¥ is the direct 
limit in Jou of the Kelley spaces X’ xY¥:; since XXY is Hausdorff, it 
is a Kelley space, and we have: . 

244. If X is a Kelley space and Y is locally compact, the equality 
XxV=(X XY) y, holds (see 1, 4.5.3), - . 

2.1.2. If ¥ is a Kelley space, CO(Y, Z) is identified with the topo- 
logical inverse limit in Top of the spaces CO(Y’, Z), where Y’ runs 
through the compact subsets of Y¥. Suppose then that x, y, Z are 
Kelley spaces. Then (XxY)y, is the topological direct limit of the 
spaces X’ x Y’ where X’ and Y’ run through the compact subsets of X 
and Y respectively; we then have the following identifications: 

He((XXV xe, Z) Top (lim X’ x¥', 2) ox lim Jon (X' x", Z) 
xX’, ¥ x’,Y 

oy lim Jon(X', CO(Y", Z)) lim For (x’, lim CO(Y’, Z)) 
ey x y 

x, Y 

oy Ton (lim X’, CO(Y, Z)) = For(X, COW, Z)) 
= 

my He(X, COx.(Y, Z)) 

where COw,(Y, Z) denotes the Kelley space (coy, 2)) xe associated 
with the Hausdorff space C O(Y, Z). Thus we have proved the following 
proposition: 
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Proposition: In the category of Kelley spaces, the functor X~> (X XV)x. 
is left adjoint to the functor Z—-COy, (Y,Z). Hence the functor 
X~+(X XV). commutes with direct limits. 

2.2. If Bis a Kelley space, %2/B denotes, as usual, the category 
whose objects are the morphisms £: X— B of range Bot eff: X-B 
and 4: YB are two such objects, a morphism from the first to the 
second is a morphism «#: X->Y of #2 such that €=nou. Sometimes, we 
say that X is an object over B, instead of saying that £ is an object of 
He|B; we also write X instead of £, and we say that ¢ is the structural 
morphism from X to B. 

Now let us consider two objects over B: f: B’>B and €: XB. 
The canonical projection of the fibred product (B' xX). onto the 
first factor makes (B’ XAlve an object over B’; we say that the functor 
from #2/B to #2/B’ which associates with each object X over B the 
object (x xB) |. is the change of base functor defined by f. For example, 
if B reduces to a point, (B’ xX) is identified with (B’ x.X),,; in this 
case, the previous proposition shows that the change of base functor 
commutes with direct limits. “For want of a better one’, we will use 
in general the following proposition: 

Proposition: Let B be a Kelley space, f: B’ +B an object of He/B, + the 
injection of Ke into Top and 0: T—+XHe|B a diagram which associates 
with teDb T the object 5(f): d(t) +B of #2/B. Suppose that lim iod is a 
Hausdorff space. Then the canonical morphism ~ 

lig (4) xB) 7.7 (is d(s)) x B’) 
of He is a homeomorphism. 

We know indeed that (a (2) xB’ jv. is the kernel of the pair of 
morphisms d(opn, foprte: (€() xB’) .—3B, where pr, and pr, are the 
canonical projections of the product onto its factors. Passing to the 
direct limit in He, we get the following diagram (Fig. 16): 

lim (d | B)\,, — S lim (d(t) xB’) y, = lim (d (#) x lim (d () xB’) x. = B 

| sn qeetin’ 
((lim @ (@) xB’) z, ——> (lima ()) xB y. 

Fig. 16 

inclusion 

(dt) XB’) xe 
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where all morphisms are the “ obvious” ones. By 2.1,” is invertible, and 
we want to show that 2 is also invertible; since ((lim d(t)) xB’) ve is the 
kernel of the pair of morphisms (lim d (@)) xB’), 3B, it is sufficient 
to show that j is a closed injection whose point set image is Ker (a, f). 

Since v is invertible and since the direct limit of the sets subordinated 
to d (é) is the set subordinated to lim d(t), we see that the set subordinated 
to fim (d() xB’) we is the direct limit of the sets subordinated to 
(d() xB’). Let L be the direct limit of the sets subordinated to 
(d(?) xB’) rer Then, passing to the limit, the inclusions (d (2) xB’) ee 
(d(é) xB’). define an injection of L into lim (d (t) XB’) 72; this in- 
jectionis the composition of the canonicalsurjection p:L -> lim (d (2) x B’) ie 
with j. Hence p is a bijection, j is an injection, and wis a bijection (direct 
limits commute with changes of base in the category of sets.) 

Now let F be a closed subset of lim(d(?) xB) 0: The “point-set” 
equalities (d(¢) xB) = Ker (6) opr. fe pr,) and Im j=Ker(, B) 
imply that the inverse image F’ of j(F) in (da XB) x. coincides with 
the inverse image F” of F in (a 0) xB) x03 since F is closed, F’’, and 
hence F’, are closed for all ¢. This means that j (F) is closed. 

3, Exactness Properties 
of the Geometric Realization Functor 

3.4, Let us go back now to the geometric realization functor: if X 
is a complex, |X| is the direct limit of the functor 

by: A[n]—> X wa» A” 

from A/X to Zap (see Il, 4.3). Hence |X| is HAUSDORFF (§ 1.8) and is a 
direct limit of Kelley spaces, i.e. a Hausdorff quotient of a direct sum 
of Kelley spaces; by (I, 4.5.3), |X| is @ Kelley space. We will use this 
fact to change our definitions slightly: except when it is cHarly specified 
that we use the first definition, we will suppose from now on that the 
domain of the geometric vealization functor is A°€ and its range is the 
category Ke of Kelley spaces. With this convention, we have the fol- 
lowing theorem: 

Theorem: The geometric realization functor |?|: A°@ —>He commutes 
with finite inverse limits and with directs limits; moreover, it is conser- 
vative (i.e. a morphism a of A°& is invertible if || is invertible). 

It follows in particular from this theorem that the functor |?|: 
A° @-> He transforms a product into a product, a cartesian square 
(resp. cocartesian) into a cartesian square (resp. cocartesian), and that 
it commutes with the kernel (resp. the cokernel) of a pair of morphisms. 
4 Ergebn. Mathem. Ba. 35, Gabriel and Zisman 
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Consider for instance a morphism /: XY of A°@ and the cartesian 
and cocartesian squares of Fig. 17: 

XX *5xX xb y 
prs) |r t| | 

xX —>¥ y".ylly 
Fig. 17 

It is clear that f is the composition of the canonical projection of X 
onto coker (pr,, pr,), with an isomorphism from cokér (pr,, pf_) onto 
ker (in,, in.) and with the canonical monomorphism from ker (in, in) 
into Y. Hence the continuous map |/|:|X|—|Y| is the composition of the 
canonical projection of |X| onto coker (|p|, |prel) (which is identified 
with |coker (pr,, prg)]) with an isomorphism from coker (|pr,|, |prel) 
onto ker (|in,|, ing|) (which is a closed subspace of | Y| that can be identi- 
fied with |ker(in,,in,)|), and with the inclusion of ker (|pr,|, |ptel) 
into | Y|. 

The above remarks show then that the functor |?| also commutes 
with the image formation of a morphism. We see easily, for instance, 
that the boundary A{[n] of A[n] is the image of the morphism # of 1.5; 
similarly, the boundary A” of the geometric simplex A” is the image 
of |p|. We then find again the isomorphism | A[n]| cx A* of 1.5. 

These few remarks show the importance of the theorem given above. 
The demonstration of this theorem will fill the rest of paragraph 3; but 
first, we have unfortunately to prove some of the corollaries given above. 
Let us show first that | ?| commutes with direct limits: 

Let i be the inclusion of #2 into Zoe. We know already thet 70| ?| 
commutes with direct limits; in other words, for each diagram d: T+A°é, 
lim 70] ?| od is identified with {lim d|; since this space is HAUSDORFF, 
lim io|?|od is identified with (lim | ?{od), by I, 1.5.3. Consequently, 
i (lim | ?| od) is identified with + [lim d|, and lim | ?|od with |lim dl. 

——> oe —> —> 
3.2. Let #: X-+Y be a monomorphism between complexes. We will 

show that |f|: |X|—|Y| és @ closed injection. Of course, we may restrict 
ourselves to the case where f is the inclusion of a subcomplex X of Y 
into Y. Let then »”” be the set of non degenerate n-simplices of Y which 
do not belong to X. The argument used in II, 3.8 shows that we have 
a cocartesian square (Fig. 18), 

Ul Afnl, = SR*AY OX 
acelin 

fe [fens 
UL A[n],—> Sk*Y OX 

ocarr 

Fig. 18 

ue 

. 

. 

| . 
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where i and /,_, are inclusions, and q is induced by the singular simplices 
G: A{n],—> Y. Hence the square of Fig. 19 

ll A, |SkTMYu X| 
oe Le 

{a |ln—al 
By Al], [Sk"¥uX| 

Fig. 19 

is also cocartesian. But |é|, and therefore \f,-1| are closed injections. 
Passing to the direct limit, we see that 

li: |X] =[S#2 Vo X| > lim| Se” YOX| =| 

is a closed injection. 

3.3. Let us show now that the geometric realization functor commutes 
with kernels: let then 

NEX2Y 
g 

be an exact sequence of A°é, N being a subcomplex of X, and + the 
inclusion. By 3.2, |#|: |N| —>|X| is a closed injection, so that it is suf- 
ficient to show that |é| induces a surjection of the set subordinated to 
|N| onto the set of ae<|X| such that |/| (a) ==|g| (ae); but || and \g| are 
compatible with the operations of the group of automorphisms of |? 
in |X| and | Y|, so that the equality |/| (@)=|g| (@) implies that |f| and lg| 
coincide in the orbit of #, and hence that they coincide also in the 
closure of the cell C which contains a (§ 1.6). If o¢ X,, is the non-degener- 
ate simplex which defines the cell C anda: A [nj>X is the associated 
singular simplex, we see then that |fod|=|goo|; if TEY,, iS the non 
degenerate simplex which defines the cell |f|(C)=|g|(C) and 7 1s the 
associated singular simplex, there are epimorphisms p, g: 4[7] 4 [mn] 
of A°@ such that fod=top and goo=tog; from the equality |top|= 
|Zog| and from the fact that |z| induces an injection of A” into | Y|, it 
follows then that |p| and |g| coincide in the interiors of |4 [7m], and hence 
in the whole of |A [n]]. Since the equality |p|=|9| clearly implies p=, 
we have fog=goa, ie. f(¢)=g(o) and ocN. It follows that # belongs 
to the image of ||. 

3.4. In order to prove that |?| commutes with finite inverse limits, 
it remains to be shown that | ?] commutes with direct products. We will 
see first that, for each pair (P, ¢) of natural integers, the canonical map 

[A [p} x 4 [g]| > 14 (61 x14 [all 
4* 
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is a homeomorphism. We use for this the presentation of Fig. 20 given 
in IT, 5.5. 

A [ni lc Uo Alaa) > Alp] x4 fg]. isi</s (?t%) on isis (?$4) Inca] [] iq] 
Fig. 20 

In this presentation, c(z) runs through the maximal chains of the 

ordered set [| x[qg]; the morphism a is defined by the inclusions of 
the chains of ¢ (2) into [f] x [g]; the morphism uw and ware defined by the 
inclusions of the chains ¢(¢) vc (7) into c(z) and c(j). 

Recall that a (, g)-shuffle is defined by two sequences of integers 
iy<ig<re+ <4, and j,<j,<-++<j7, such that {4,...,%,, 4,..,73= 
{1,2,..., p+}. With each maximal chain c(i), we associate a (, g)- 
shuffle in the following way (Fig. 21): 

o
a

 

=
 

a
:
 n

e
 

7
 >
 

i
 

A
Q

 

l 
N

w
 

Fig. 24 

Assign number from 0 to +g to the elements of c(7), in an increasing 
order. The sequence 4,, ..., 4, is the increasing sequence formed by the 
numbers which are at the right end of the “horizontal sements”’; the 
sequence Jy» «+49, is then formed by the remaining integers. Thus, in 
the case represented by the figure, we associate with c(z) the (4, g)- 
shuffle (1,3, 4; 2, 5), and with c(7) the shuffle (2, 4, 5; 4, 3). 

Let us write so, 81, ..., 8,4, for the components of a point of R?*?, 
tor ty, ..+5j.4 for those of a point of RIT*, and uo, my, ..., Mpzqi1 for 
those of a point of 4?+?¢ R?+4*®, We write f; for the map from A?t%~ 
|A[.@]| to RP*?x Rt? which sends w= (up, m4, ..-)%p491) to the 
point of R’*? «Rt? defined by the equalities ‘ 

Sg= Ug, 33 4; sang 3p Ui,» Sp4iUpsgti 

by Ug, = Uy,, 0, C= My, Ugg = Mpegs: 

It is clear that f; induces a homeomorphism from A?*t? onto the 
geometric simplex 4,,,, of R’*® x R%*? defined, in the case represented 
by the figure, by the relations 

O=5=hS5,S14,85,55,5t,.55,—1,=1. 

If we compose f; with the map [A [1.4 ,<q]| >|4 [#.~]| defined by 
the inclusion of ¢(#) ~¢(7) into c(%), we obtain a homeomorphism f; 
from [4 [7 Acq]| onto 4,()%A4,()- In the case of the figure, A,,;) is 
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defined by the relations 

O= Sp hb Sh Sy ShkSHySSySyHh= 1 

and A.) > 4,:;) by the relations 

O= =f S = bh S5= = S5y= = 1. 

In that case, f; ; is the map (tg, Uy, Ug, Us) ~> (Ug, Uy, Uy, Ug, Ug; Uy, My, 
Ug, Us). 

To sum up, we obtain a commutative diagram (Fig. 22) 

LA [raeraoll sat HA Urea > 14 141 x 4 Tal 
juke jaf 

we 

LU (4.4% Acq) > UA, () 
Fig. 22 

where the maps w’ and v’ are defined by the inclusion of A,¢)%4,(j) into 
A, and A,j). The inclusion of A,,) into A? x AIC RP? x RIF? allow us 
to identify coker (w’, v’) with 4? xA%. Since Uf, ; and Lf; are homeo- 
morphisms, and since the first row of the diagram is exact, the diagram 
induces an isomorphism from |4[p]xA[g]| onto A?xA‘; this iso- 
morphism obviously coincides with the canonical map. 

3.5. Now let X and Y be two arbitrary complexes. We know that 
X and Y are identified with the direct limits of the functors dy: A/X~A°? 
and dy: A[Y >A°@ (see II, 1.1). From this we deduce, as in II, 7.5 the 
following sequence of isomorphisms: 

|X x ¥] [lim dy (a) x lim dy (B)| ss [Hina dy (a) x dy (B)} 
« B af 

an lim |d (a) x dy (B)| A lim (\dx (a)| x|¢y (B)|) 
a,8 a 8 

= (im lo) i yl), XL Pe 
mg 

This time, we used the fact that the product commutes with direct 
limits in the category of Kelley spaces (2.12). We have to see now that 
by putting the isomorphisms desribed above, one at the end of the other, 
we get the canonical map from |X x Y| into (|X| x|Y|).- This is easy. 

3.6. Finally, let us show that the geometric realization functor is 
conservative: let {: X-»Y be a morphism of A°& which is not invertible. 
Let us show that |/| is not invertible. 

If f is a monomorphism, Y contains a non-degenerate simplex o 
which is not the image of a simplex of X. Since the orbits of the group 
of automorphisms of |?| in |Y| are indexed by the non-degenerate 
simplices, the orbit of index o cannot belong to the image of ie 
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If f is not a monomorphism, let us consider the equivalence relation 
defined by /: we consider then the subcomplex X x X of X xX whose 
g-simplices (x, y) are such that /,(x) =/,(9)- Then X xx contains the 
diagonal subcomplex Dy of X xX formed by all simplices (x, x); but 
x xX is different from Dy. Since the geometric realization functor 
commutes with finite inverse limits, X xX is identified with the equiva- 
lence relation (x Ps |X Nave defined by |/| and, by above, this relation 
is different from the diagonal of (|X| x|X|)x., which is identified with 
|D|. Hence the canonical map from |X| into the quotient | X|/(|X | x IX). 
is not injective; since |f| factors through this quotient, |f| is not in- 
jective. 

3.7. Note that | ?| does not necessarly commute with infinite inverse 
limits: for example, for each cardinal number c, the image of the con- 
tinuous map from |A [1]'| into |4 [1]]° is the subset of |A[4]|* formed by 
all points whose components take only a finite number of different 
values, 

4. Geometric Realization of a Locally Trivial Morphism 
4.4. We say that a morphism f: YX of A°@ is trivial if there exists 

a complex F and an isomorphism a: X xF 2g Y such that pry= fo, 
where pr, is the canonical projection of X xF onto X. We say then that 
F, which is isomorphic to the complex f* (x)= A [0] xY for each singular 

m, 

simplex #: A[0]—>X, is “the” frbre of f. We say that a morphism /: 
VY —>X of A°S is locally trivial if, for each singular simplex 6: A[n]>X, 
the projection of the fibred product A[(n|xY onto A [7] is trivial. The 

G,f 

fibre of this projection is then a complex F,; when all fibres F, are iso- 
morphic to the same complex F, we say that f is locally trivial with 
fibre F; this happens, for instance, when X is connected (II, 7.3). 

Similarly, we say that a morphism u: L->K of Kelley spaces is 
trivial, with fibre T, if there is an isomorphism B: (Kx T) 7. LT such 
that pr,—uof, where pr, always denotes the canonical projection of a 
product onto its first factor. We say that w is locally trivial if each 
point x of K has an open neighborhood U such that u induces a trivial 
morphism from u+(U) into U (these open subsets are Kelley spaces, 
by I, 1.5.3). If the fibres of there trivial morphisms are all isomorphic 
to the same (KELLEY) space TJ’, we say that uw is locally trivial with 
fibre T’. In the present context, the products we consider are those of the 
category #2, so that the definition given here does not respect the usual 
terminology. 

4, Geometric Realization ot a Locally LTIVidi wavs pation: _ 

4.2. Theorem: The geometric yealization functor |?|: A°€>He 
transforms a locally trivial morphism with fibre F into a locally trivial 
morphism with fibre |Fl. 

Let f: YX bea locally trivial morphism with fibre F of A°@, xa 
point of |X |,m the dimension, and o the index of the cell of |X| which 
contains x (the notations are those of 1.7 and 1.8). Let U,, be the cell 
of x and U (resp. U,) be the extension of U,, to |X| (resp. to [Sk"X |, 
nm) of constant width 1 (with the notations of 4.8, U is then the open 
neighborhood V;" of x). We will see that |f| induces a trivial morphism 
with fibre |F| from |f|7(U) to U. We must then construct an isomorphism 
a: (UX|F\) reo l/7 ©) such that pr,=qo, where q: |f2(U) + U is 
the morphism induced by \f|. 

Since U is the direct limit of the U,,, since (U x|F|). is the direct 
limit of the (U, x|Fl)z. by 2.1, and since |f|#(U) is the direct limit of 
the |f|-2(U,,) by 2.2. (\f{-2 (UV) and (#2 (U,) are identified with the fibred 
products (UxI¥ lve and (On 1¥ lores it is sufficient to construct a 
direct system of isomorphisms 4,: (U, x|F)re > lft (Gn) such that 
pry= 4.0%, where q,,: \f/4(U,) > U, is the morphism induced by \f|. 

4.2.4. The construction of «,, is quite simple, ‘since, by hypothesis, 
there is an isomorphism 8 from A [m]xF onto A{m] x Y which is 

> 

compatible with canonical projections of these complexes onto A [m]. 
Since |é| induces an isomorphism from the interior of |A[m]| onto 
U,,» (Un X|F iar. and (f/2(0,,) are identified with open sets of |A [m] xF | 
and |A [m| Yl by 3.4. We can then take for a,, the isomorphism 

coms 

induced by [8]. 
Suppose now that we have @,.;, and let us construct «,(” >). 

In order to do this, consider the following commutative diagram of 
He (Fig. 23). 

|¥| > |) G,) i u,x 
wa ix Zz 

ain n—l 
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The bottom square is that of 1.7 (U, is the space |é|-1(U,,-1)). The top 
square is obtained from the bottom one by the change of base \f|: 
|Y|+|X|. By 4.7, the bottom square is cocartesian; by 2.2 the same 
holds for the top one. 

4.2.2. On the other hand, thei somorphism @,,_,: (U,1 Fl). 2 
\f/2(U,,-1) induces, by a change of base, isomorphisms a,: U, x|F| > 
U,x|¥| which are compatible with the projections onto U,, (see 2.1.1). 
Similarly, since / is locally trivial, there are isomorphisms f,: A [n], xP = 
A [#}.X Y, which are compatible with the projections onto A[n},- 
Since the geometric realization functor commutes with products and 
fibred products, |Bol induces, by restriction, isomorphisms 

yi U,x|F| os U,x|X| and 6,: U,x|F| ox U,xY. 
[x] |X} 

By the lemma below, the automorphism 6;10a,, which is compatible 
with the canonical projection of U, x|F| onto U,, can be extended to an 
automorphism wy, of U,x|F|, which is compatible with the projection 
onto U,. It follows that we have a commutative diagram (Fig. 24): 

WU, x|F| —UU, x|F| > (Un-1*|F lave 
Ure vo| Lies | am—1| 

HU, x|¥| LU, x<|¥]—> |] * On) 
Fig. 24 

where the horizontal arrows are obvious; moreover, this diagram is 
compatible with the canonical projections onto the bases. The “‘ vertical’’ 
isomorphisms induce an isomorphism 4, from the amalgamated sum 
(U,, x|F])y, of the upper part of the diagram onto the amalgamated 
sum |/|2(U,) ox (U,,% |Y |). of the lower part (see 2.2). This completes 
the construction of a,. 

4.2.3. Lemma: Let A and F be Kelley spaces, B be a retract of A and 
y an automorphism of (B XP), with py = pre @. Then can be extended 
to an automorphism w of (AX F)z, such that pr,= pre y. 

The map g is of the form (x, y)~>(%, @(x)-y), where ® is a map 
from B to Jon(F, F) satisfying the following conditions: 

a) @(x) is invertible for all xcB. 

b) ® is a continuous map from B to C O(F, F) (see 2.1.2). 
c) The map ®1: x~>@(x)+ from B to CO(F, F) is continuous 

(the inverse of g is the continuous map (x, y)~> (x, B(x) 7t-y). Tf r 
is a retraction of A onto B, it is clear that the map ¥= or also satisfies 
a), b), c) “mutatis mutandis’. We can then write w(x, y)= (x, P(x)-y). 

4. Homotopies 57 

Chapter Four 

The Homotopic Category 

1. Homotopies 

4.4, Let ¥ andZ be simplicial sets, and let Hom(Y, Z) be the complex 
defined in II, 2.5.3. A vertex of Hom (Y, Z) is a morphism {: YZ. If 
jf and g are two vertices, a 4-simplex h of Hom(Y, Z) such that d, h= i 
and d, h=g is a morphism h: A(A] x Y—Z which makes the following 
triangles commutative (Fig. 25). 

Alo)x YY A[o|x YY 
Aa) x ¥, f ACADxY g vo “TM 

AUXY 2 AM|xY- Z 
Fig. 25 

We will say simply that / is a homotopy connecting f with g. 
More generally, let us use the complex J, of II, 2.5.4 and II, 5.2.1. 

We will say that a morphism h: 1,XY>Z is a composed homotopy 
connecting / with g when the triangles of Fig. 26 

Afo]xY@Y Afo)xY¥=Y 
ex ¥ ‘i nx ¥ g YN a 

LxY¥- Z L,xY¥- Z 
Fig. 26 

are commutative. 

Finally, we will say, that two morphisms / and g from Y to Z are 
homotopic if there is an integer m and a composed homotopy of length n 
connecting f with g. The homotopy relation is obviously an equivalence 
relation. Take in particular Y=A[0]: Hom(A [0], Z) is then identified 
with Z and the homotopy equivalence classes are simply the connected 
components of Z (see II, 7.3); the set of these classes is denoted by I1)Z. 
Going back to the general case, it is clear that two morphisms jf and g 
from Y to Z are homotopic if and only if they belong to the same con- 
nected component of Hom (X, Y). 

4.2. An example: Order the set {0, 1, 2} by the relation defined by the 
inequalities 05122. Let ri be the increasing map from {0, 1, 2}x[7] 
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to [x] defined by the following formulas: 

a () (n) () 

nt (#-Y |(r-I) 1 

| 
aa G+) (G4) 10 

, ie 1 

G-}) ; ; fi endo 1) 

i 
H 

1 i) (4) (4) 

l, @ @ 
a 
) i 2 

Fig. 27 

AO D)=in(LN=7 fei nA n=t fist (2, f)=t : ; Baty Py hs PPO he = d 7, (2 )=t (i the Fig. 27, we i i Nee ors tay the val ey é wrote beside each point of {0, 1, 2} x[2] the value taken 

By I1.5, the complex associated i y rf with the ordered set {0, 1, 2} x[”] is ident with I 2XA [n]. Hence the map 7, induces i ene 
Ta Ul >A [n] ; this morphism is a composed homotopy of length 2 
connecting the identity of A[n] with the “projection of A [”] onto th 
i-th vertex”. ° 

Note here that if z+”, there is no h : if teem, omotopy connectin, the identit 
of A[n] with the “projection of A[n] onto the ¢-th vertex’ , “Ny 
4.3. lf Y and Z are two compl i i ' plexes, we will write temporaril (YZ oO the set of equivalence classes of A°&(Y, Z) under Eee Hence 

: Ss se is also identified with the set of connected components of the 
omplex Hom (Y, Z) (1.1). We will see that the composition maps 

A°E(X, Y) KX A°E(Y, Z) > A°E (KX, Z) 

of A°& are compatible with the homotopy relation: 
x - order to do this, let us associate with each morphism /: A[n] x 

->Y the morphism f: A[u] x X—+A[n]xY whose components are 
the canonical projection of A[n] xX onto A [x] on the one hand, and 
the morphism / 

; 
complexes on the other. We can then defined a morphism of 

vx y,¢: Hom(X, Y)xHomY, Z)->Hom(X, Z) 
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by sending the pair (A, R) belonging to #om (X, Y),TM Hom\Y, Z), to the 
morphism /: A[%] xX —+Z defined by the equation /= koh. In other 
words, / is the composition 

Atm] xX = Ala] x¥ OZ. 
The map induced by ¥x, y,z the 0-simplices is simply the composition 
map. On the other hand, since the set II, (A xB) of connected compo- 
nents of a product is identified with the product TT, (A) xHp(B); »x,¥,z 
induces a map 

ux, y,2: Hy(X, Y) x Hol”: Z) > II )(X, 2) 
on the connected components, this map is obviously compatible with 
the canonical surjection from the 0-simplices onto the set of connected 
components. The maps Hx,y,z at the composition maps of a category whose 
objects are the simplicial sets, and whose morphisms are the sets IT,(X, Y)- 
This category will be called the category of complexes modulo homotopy, 
and will be written APE. We will call canonical functor from A°€é to 
A°€ the functor which induces the identity on the set of objects and the 
canonical maps from A°é (X, Y) to IT) (X, Y) on the sets of morphisms. 

4.4. Proposition: The canonical functor from A°é to A°E commutes 
with finite sums and products. 

Let (Yj)ser be finite family of complexes and let pr; be the pro- 
jection of the product TY; onto the 7-th factor. For each integer 7, 
the pr; induce a bijection 

Pn A°é(A [n] xX, my) aad T AeA [n| xX, Yj) 
and hence an isomorphism 

yp: Hom (X, WY) oe Lom (X, Y)). 

Since the functor i, commutes with finite products, the set of 
connected of the product Ti Hom (X, Yi) is identified with the product 
of the IT, (Hom (X, Y,)) =11,(X, ¥)). Consequently, y induces on the 
connected components the isomorphism we looked for: 

TT, y): Iy{X, mY) > TMX, Y,)- 
For finite sums, the argument is similar. 
4.5. Consider now three complexes X, Y and Z. By II, 2.5.3, we 

have, for each integer #, canonical bijections 
gy: APE (A [| xX x, 2) ay A’ (A ln] xX, Hom(Y, Z)) 
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and hence functor isomorphisms 

OD: Hom(X XY¥,Z) Hom (X, HomY, 2)) 
and 

IIq(®) = II,(X x ¥, Z) +I] (X, Hom (Y, 2). 

This last isomorphism implies that if f and g are two homotopic 
morphisms from Z to Z’, then Hom (Y, f) and Hom (Y, g) are homotopic; 
indeed it is sufficient to check that [1,(X,Wom(Y, f)) and I1)(X, 
HomY, g)) coincide for all X; this follows obviously from the equality 
W(X xY,fp=Wy(X x Y, g). Similarly, we could see that Hom (f’, Z) 
and Hom(g',Z) are homotopic when f and g’ are two homotopic 
morphisms from Y to Y’. In other words, the functor 

Kom: (A°€)° x (A°E) 9 Ae 

defines, ‘by passing to the quotient’’, a functor 

(A°8)° x (4°A) > AE 

which will still be written Hom, by an extension of notation. 

2. Anodyne Extensions | 
From now on, for each natural integer » 21 and each natural integer 

kn, we will write A* [x] for the subcomplex of A [nm] such that A* [7], is 
formed by the increasing maps /: [f]->[] whose image does not contain 
the set [m]—- {4}. The geometric realization of the complex A*[x] is the 
union of n—4 faces of the geometric simplex A”, namely those which 
contain the &-th vertex of A”. That is why we will say that A* [x] is the 
k-th horn of Alu]. 

2.4. Aset A of monomorphisms of A° is called saturated if it satisfies 
the following four conditions: 

(i) All isomorphisms belong to A. 

(ii) If the commutative square 

AY 
| |r 
x'’— Y’ 

is cocartesian and if belongs to A, then y belongs to A (i.e. A is stable 
under push out). 

(ili) If there exists a commutative diagram 

XY >X 
tot, i 

. x’ y' 4. Xx’ 
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such that vow=1d X, v’ou'=1dX’, and if » belongs to A, then & 
belongs to A (each retract of a morphism of A belongs to A). 

(iv) A is stable under countable compositions and arbitrary direct 
sums: if fj: X;>Xi41 = 1,2, ...) is a morphism of A, then ing! 
X,clim X; isa morphism of A; if (g,: x, «> Y,) is a family of morphisms 

of A, then lig,: UX,-7 LY, is a morphism of A. 
The intersection of all saturated sets containing a given set of mono- 

morphisms B, is saturated; we will call it the saturated set generated by B. 
In what follows, B will be one of the sets B,, Bz, B; defined below: 

B, is the set of all indusions of A*[n] into A[n], 2, REN, n21, kSn. 
B, is the set of all inclusions of Al] xA[n]vu {e} xA[n] into 

A[1]xA [x], neN, e=0, 17 (A{n] is the boundary of A [x], H, 3.6). 
B, is the set of all indusions of AtA]xYufe} xX into AT] xxX 

(X runs through the simplicial sets, Y through the subcomplexes of X, 
and e through the numbers 0 and 1). 

Theorem: The saturated sets generated by B,, By, and Bg coincide. 
Let A,, A, and Ag be the saturated sets generated respectively by 

B,, B, and B,. We will show successively that A,CA,, AgCA, and 
Ay CAsg. 

2.4.4. Suppose for instance that e=1, and let us show that the 
inclusion of A[1] xA[n]v fe} XA [#] into AA] x4 [n] belongs to Ay: 
let c(i): [nt+1]>[1] x[#] be the strict increasing map which takes 
the values (0,7) and (1,4), and let C;: A(n+1] 4 [1] x4 {w} be the 
morphism associated with c(i) by the functor C: Or-»A°@ of I, 5.1. 
On the other hand, let D_, be the complex 4 [4] x4 [x] v fe} x4 for], 
and let D; be the union of D_, with the images of Cy, Cy... Ci (OStS7). 
In the case, for instance, where v= 1, the D, have the following geo- 
metric realizations (Fig. 28) 

(1.0) ad (1.9) (1.4) (1.0) (1.4) 

(0.0) (0,3) (0.0) (0.3) (0.0) (0.1) 

|D_1| |D,| |D,| 
Fig. 28 

1 By an extension of notation {0} and {1} denote respectively the images 
of A [0] under the morphisms A (@3) and A(é&) from 4 fo] into 4 [1]. 
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In the general case, D, is simply 4[1]xA[x] (see for example 
II, 5.5), so that it is sufficient to prove that the inclusions of D;_, into 
D; belong to A,(OSisn). This follows from condition (ii) above, and 
from the fact that the inverse image of D;_, in A[m] under the morphism 
C, is A’**[#+41]. Hence we have a cocartesian square (Fig. 29) 

Att [w+ 1] > D;_4 
| 

A[n+1] —> D; 
Fig. 29 

where w and v are induced by C,, the vertical arrows being inclusions. 

2.4.2. Let us show now that, for each complex X and each sub- 
complex Y, the indusion of 4[1]xYu{e} xX into A[1] xX belongs 
to Ag. As we have noticed in III, 3.2, the argument used in IT, 3.8 
shows that, if 2”” is the set of non-degenerate n-simplices of X which 
do not belong to Y, the square of Fig. 30 

LU A[n],— YoSk* 3X 
of gin 

| 
Ll A[n],—> YoSk"X 

agin 

Fig. 30 

is cocartesian. Consider then the commutative square of Fig. 31 

A (4[1} x A fn], {ek x A [n],) — AL] x (YOSR EX) v fe} xX 

| 
odin [1] x A [n},) —» AT] x(YuSk"X) cf xX 

Fig. 31 

where vertical arrows are natural indusions, where A[w] is the boundary 
of A[m], and where horizontal arrows are induced by the singular 
simplices 6: A[#”]->X. By condition (iv) of 2.4, the left vertical arrow 
belongs to A,. By condition (i), in order to complete the proof, it is 
sufficient to show that the square in cocartesian; for then the right 
vertical arrow belongs to A,, and hence also the inclusion of 

A[A] x Yu{e} xX=A [4] x(YUSAAX) (ex X) 

into A[1] xX= lim (4 [1] x(YUSR"X) {e} xX) (condition iv of 2.1). 
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In order to do this, let us consider the commutative diagram (Fig. 32) 

xX —{ex(VYoSk" 4X) — Alt] x(YoSk" 7X) 

oa {3 xA [nh <— aden xAln], — AA [41x A (nl, 

AAG XAl — LAG XA, > LAT x4 le 
Fig. 32 

where all morphisms are the obvious ones. 

It is clear that the amalgamated sums of the rows of this diagram are 
respectively A [41] x(YUSR" 7X) v {ef xX, 

M (AU xAlmjv fh xAln].), and LU (Alt]x4[n).); 

similarly, the amalgamated sums of the columns are respectively 
{xX, fe}x(YuSk"X) and A[t]x(Yusk "X). Moreover, the 
amalgamated sum of the amalgamated sums of the columns is A[t] x 
(YUSR"X) ufe} xX. Since we can compute the direct limit of the 
diagram “row by row” or “column by column”, A[4]xX(YUSR*X)u 
{e} xX is also the amalgamated sum of oben! [1] xA[n}, and 4[1] x 
(YoSR" 4X) of xX under HM (4[t] x A[n],v {e} xA[n],). Q-E.D. 

2.4.3. It remains to be seen that the inclusions A® (n]->A [n] belong 
to Ay. Let ut be the map i~+(1, 7) from [x] to [4] x[] and Un’ [1] x 
[n]>[2] be the retraction of wh such that v,(1,7)=4, v5 (0, 4) =i if 
i<k and v*(0,i)=k if ik. We see easily that the morphism C (in): 
A{n]~A[1] xA [nm], associated with u® by the functor C of 11.5, in- 
duces a morphism from A*[n] to A [1] xA* [n] v {0} x A [in]. Similarly, 
C(t): A[1]xA[n]+A[n] induces a morphism from A [1] <A fnju 
{0} xA[n] to A*[n] if k<n. We then have a commutative diagram 
(Fig. 33) 

A* in] —— A[n] xA*[n]v {0} x4 [xn] — A’ [a] 

fe cu Aln] + Alt] xf] Se, Atri] 
Fig. 33 

so that for k<n, the inclusion of A*[n] into A[m] belongs to A, by 
condition (iii) of 2.1. 

For k=n (and more generally for k > 0), we can use in a similar way 
the map wt: i~+(0,4) and retraction # of w* such that %(0,7)=14, 
#(1,i)=kifisk and Gi, d)=7ifiZe. 
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2.1.4. Definition: We call anodyne extension any monomorphism of 
A°& which belongs to the saturated set generated by B,, B, or By. 

2.2. Proposition: If K is a subcomplex of L such that the inclusion of K 
is an anodyne extension and if Y is a subcomplex of X, then the inclusion 

EKXXULKXYoLxKX . 

is an anodyne extension. 

Let A be the set of monomorphisms w: K’->L’ of A°& such that the 
morphism 

K’XY 

KXX ULKYoL xXx 

induced by w is an anodyne extension. It is clear that A is a saturated 
set (2.4), so that it is sufficient to check that A contains By: let then Y’ 
be a subcomplex of X’ and let K= A [1] x ¥’u {e} xX’ and L= A[1] xX. 

We then have 

KxXlLxXY=A[1]x(Y XXX’ XY) fe} XXX 
and 

LxX=A[1) xXx’ xx, 

so that the inclusion of Kx XUL x Y into L xX belongs to B, and that 
the inclusion of K into L belongs to A. 

2.3. By an extension of the definition, we will also call anodyne 
extension the image on an anodyne extension in the category A°é of 
complexes modulo homotopy. 

Theorem: The set of anodyne extensions of the category A°é of com- 
plexes modulo homotopy admits a calculus of left fractions (1, 2.2). 

Let A be the set of anodyne extensions of A°& and A the image of A 
in A°f. We must vertify that A satisfies conditions a), b), c) and d) 
of I, 2.2: conditions a) and b) of 2.2 follow from conditions (i) and (iv) of 
2.4; similarly, c) follows from (ii); it remains then to prove d). 

Let s: X’->X be an anodyne extension of A°@ and f, g: XZ Y two 
morphisms of A°& such that jos is homotopic to gos. We must prove 
the existence of an anodyne extension 4: YY’ of A°& such that tof 
is homotopic to tog: let h’: I, xX’->Y be a composed homotopy con- 
necting fos with gos (1.4) and let {0} and {n} denote the images of A [0] 
under the morphisms ¢, and ¢, from A[0] to J,. If we identify X’ to a 
subcomplex of X by means of s, the inclusion of {0} x Xu {nm} xXUI, xX’ 
into Z, xX is an anodyne extension by 2.2. On the other hand, there is a 
morphism & from {0}xXu{m}xXvuI,xX’ to Y which induces f on 

H
e

 
H

o
e

 
e
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X={o} xX, g on X={n} xX, and h’ on 1, xX". We then have a diagram 
Fig. (Fig. 34) {0} xX ufa}xXol, xX’ > ¥ 

{inct. 

I,xX 
Fig. 34 

Let Y’ be the amalgamated sum of this diagram, and # and f the 
canonical morphisms from Y and I, xX to the amalgamated sum Y’. 
By (ii) 2.4, ¢ is an anodyne extension; since is a composed homotopy 
connecting tof with fog, the theorem is proved. 

2.3.1. Definition: We will call homotopic category, the category of 
fractions of A°@ for the set of anodyne extensions. This category will be 
denoted by #. 

By proposition I, 3.1, the canonical functor P;: A°€-+# commutes 
with finite direct limits, and hence in particular with finite direct sums. 
Proposition 1.4 implies that finite direct sums exist in # and can be 
constructed as in A°&. We will see later that the same holds for direct 
products. 

3. Kan Complexes 

In this paragraph, we intend to show that the canonical functor 
Pz: A’ €-># has a right adjoint; by I, 4.1, we will then be in the 
situation of proposition I, 1.3. According to I, 4.1, it is sufficient to 
associate with each complex X an anodyne extension a(X): X > XK 
such that Xx is left closed for A. In order to do this, we will study first 
a certain class of complexes which are left closed for A. 

3.1. Definition: A morphism p: E->B of A°& is a fibration in the 
sense of Kan (or simply a fibration) if, for each anodyne extension 7: 
K->L and each commutative square 

KE 

9 Ll 
L—B 

there is a morphism w: L->E of A°é such that u=wot and v=pow. 
A simplicial set X is a Kan complex if the unique morphism X >A [0] 
is a fibration in the sense of KAN. 

Let : EB be a morphism of A°& and P the set of monomorphisms 
i: K->L of A°& such that, for each commutative square of the form (+), 
there is a morphism w satisfying the equalities u—woi and c—pow. 
It is clear that P is saturated in the sense of 2.1. In order to prove that p 
is a fibration, it will then be sufficient to prove that P contains one of the 
sets B,, B, or By of 2.1. 

5 Ergebn. Mathem. Bd. 35, Gabriel and Zisman 
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3.4.4. The following properties of fibrations follow directly from the 
definitions: 

(i bis) Every isomorphism is a fibration in the sense of KAN. 
(ii bis) If the commutative square 

E'—->E 
cal je 
BiB 

is cartesian and if # is a fibration, then ’ is a fibration. 
(iii bis) If there is a commutative diagram 

E->E'—->E 
rh el el 
B-> B'->B 

such that vow=Id E, v'ou'’=Id B, and if p' is a fibration in the sense 
of Kan, then # is a fibration. 

(iv bis) consider an infinite countable sequence 

1 XP X,% X, X, 
such that all #, are fibrations. Then the canonical projection p: lim X,,->X, 0 

is a fibration; if (,: E,->B,) is a family of fibrations, the same holds 
for Ti p.: T E,>U B,. 

Note in particular that the product X x Y of two Kan complexes is 
a Kan complex. 

3.4.2. Here are other useful properties of fibrations in the sense 
of Kan: 

If p: E->B is a fibration, Hom \(X, p): Hom(X, E)>Hom(X, B) ts 
a fibration for each simplicial set X. 

Consider a commutative square (Fig. 35) 

K—> Hom(X, E) 
‘| [2@omi(x, ’) 
L +> Hom(X, B) 

Fig. 35 

where 7 is an anodyne extension. We have seen (II, 2.5.3) that the functor 
?xX is left adjoint to the functor #Hom(X, ?): then the morphisms 
ws KxX—-E and v': LxX—B associated with w and v by the functor 
isomorphism 

A°E(? xX, 2?) APE (?, Hom|(X, ?)) 
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make the following square commutative 
KxX-+E 
ixx] ; | 

LxX-—>B 

Since 7 is an anodyne extension by 2.2, there isa morphism w': LxX—>E 
such that u’ = w’ o (¢x X) andv’= pow’. The morphism w: L>Hom (X,E) 
associated with w’ is then such that w= wot and v= Hom(X, p)ow. 

If we apply our proposition to the case where B= A [0], Hom (X, B) 
is identified with A[0]: hence, Wom(X, E) ts a Kan complex when € 
is a Kan complex. 

3.1.3. 177: Y-~X tsa monomorphism of A°& and E is a Kan complex, 
Homi, E): Hom(X, E) ->Hom(Y, E) is a fibration. 

Consider a commutative square (Fig. 36) 

K “> Hom(X, E) 
i | s¢omt, E) 

L > Hom Y, E) 
Fig. 36 

where i is an anodyne extension. The morphisms #’: KxX->E and 
vo: LX Y->E, canonically associated with wu and v, make the following 
square commutative: 

KxY->KxX 
ixy| \w 
LxY— E 

Kx¥ 

and induce a morphism ¢: (Lx Y) Ui (K xX)—-E, Ii we identify K and Y 
x 

with subcomplexes of L and X by means of i andj, (Lx Y) Li (Kx Y) 
is simply Lx YOK xX. By 2.2, i can be extended to a morphism 
w': LXX—>E; the morphism w: L>Hom(X, E), canonically associated 
with w’, is then such that us=wot and v= Homi, E)ow. 

3.4.4. Proposition: If i: K->L is an anodyne extension and X a 
Kan complex, the map Dé (i, X): APE (L, X) > AE (K, X) is a bijection 
(with the terminology of I, 4, a Kan complex is then left closed for the 
set A of anodyne extensions of 4°). 

It follows from the definitions that A°@ (i, X) is surjective. The 
proposition follows then from I, 4.4.1. 

3.4.5. Corollary: ft: K —>L is an anodyne extension and X is a Kan 
complex, the morphism Homi, X): Hom(L, X)~Hom(K, X) ts a 
homotopy equivalence [in other words, the image of Hom (i, X) in A°@ is 
invertible}. 
5* 
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We must show that 4°&(T, Hom (i, X)) is a bijection for each com- 
plex T. By 1.6 A°S (T, Hom (i, X)) is simply A°& (T xi, X), which is a 
bijection from A°&(T xL, X) onto A°@ (T xK, X) by 3.1.4 and 2.2. 

3.2. Now we are able to prove the main theorem of this paragraph. 

Theorem: The canonical functor Pz: A°€ + # has a right adjoint. 

By 3.4.4 and I, 4.1, itis sufficient to show that, for each complex X 
there is an anodyne extension a(X): XX, such that Xx is a Kan 
complex: in order to do this, let us call X-4orx any triple y= (n, k, u) 
formed by an integer “> 1, an integer & such that OS An and a 

_morphism «: A*[n]+>X; we also write n(y), k(y) and w (y) for the 
components of the triple y. We then have a diagram (Fig. 37) 

LA [n(y)] “> x 
2(X)] 

LA [n(y)] 
Fig. 37 

where y runs through the X-horns, where the components of «(X) are 
the morphisms #(y), and where v(X) is induced by the inclusions of 
A” [n(y)] into A [2 (y)]. Since v(X) is obviously an anodyne extension 
the same holds for the canonical morphism w(X) from X to the amal- 
gamated sum X,,) of the above diagram. Let us write Xi) =Xqyqy,.--, 
Xn = Xia and w, (X)= w(X,); we then have an infinite sequence of 
anodyne extensions 

x w(X) wi(X) w4(X) 
Xq) Xo) Xogy-> 

I say now that the direct limit X;,,) of the X;,) is a Kan complex 
and that the canonical morphism ¢(X): X->X;,.) is an anodyne exten- 
sion: indeed, the last statement follows from 2.1 (iv); in order to prove 
the first one, consider a morphism /: A*[n] +X io): Since A*[n] is a 
complex of finite type (I, 3.4), f factors through X,,), when # is large 
enough. It follows then from the construction of X(,,, , that the morphism 
g: At [w]—>X jp), induced by /, extends to a morphism hf: A[n] +X, ; 
this proves the theorem, ere 

3.2.1. Let us now associate with each complex X a Kan complex X, 
and an anodyne extension a4(X): XX, (this is possible by 3.2). By 
I, 4, the map /~> (Pz a(X))4(P;/f) is a bijection 

AE (T, Xx) > H# (T, K) 

for each complex T. Moreover, if g: X->Y is a morphism of #, there 
is one and only one morphism gx : Xz—>Yx of A°@ such that (Pya(Y))og= 
P;(g0a@(X)). Also, the map a: X~+a(X) is an adjunction morphism 

i
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from the canonical functor P; to the functor X~-Xx (i, 4.3). Finally, 
we can state the following theorem: 

Theorem: The functor X~>Xx is an equivalence from H# onto the full 
subcategory of A°& formed by all Kan complexes. 

3.2.2. The canonical functor Pz: LE>H commutes with finite 
products: let(X;) be a finite family of complexes; by 3.1.1 (iv bis), the 
product 1x ix is a Kan complex; by 2.2, the morphism MI a(X,): 
TX; > TT Xix is an anodyne extension. By 3.2.1 and 1.4, we then have 

H (TIX )= FO (T Xi} UPFC, Xi) =H (T,X) QED. 

3.2.3. Let X, Y,Z be three complexes. By 1.5, we have functor 
isomorphisms 

H(XXY, ZH LEXY, Zy) = AE (X, Hom (Y, Zx)) « 

By 3.2.1 and 3.1.2, we have . 
AE (X, Hom Y, Zx)) =H (X, Hom Y, Zx)). 

Moreover, using 3.1.5, we see that, passing to the quotient, the 
functor (Y,Z)~»#om(Y,Z,) from (4°6)°xH# to A°é induces a 
functor #° x# to #, for which we will use the same notations. Hence 
the right adjoint to the functor X~>X xY from H# to H is the functor 
ZL» Hom (Y, Zx). 

4, Pointed Complexes 

If we want to use the results which will be proved in Chapter V, 
we are forced now to restate most of the statements of the beginning 
of this chapter in termes of pointed complexes. Since the proofs can be 
“copied” word for word, we will often omit them. 

4.4. A pointed complex is a pair (X, %) formed by a simplicial set X 
and a O-simplex x, of X; then X is called the underlying complex and 
xq the base point; we will often write X instead of (X, %9): for instance, 
if (X, x,) and (Y, yo) are two pointed complexes, we will write .A°&(X, Y) 
for the subclass of A°&(X, Y) formed by the morphisms / such that 
f(%) =o. Lf (X, x), (Y, Yo) and (Z, 2) are three pointed complexes 
and if f and g are elements of .A°&(X, Y) and .A°é(Y, Z) respectively, 
it is clear that the composition gof belongs to .A°&(X, Z); this com- 
position law enables us to define the category A°E of pointed complexes: 
its objects are the pointed complexes, and its set of morphisms are the 
sets A°&(X, Y) (see I, 7.4). 

When we will speak about the pointed complex A [1] it will be tacitly 
assumed that the base point is the map from [0] to [1] which sends 0 
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to 0; similarly, we will still write A[A1] for the pointed complex whose 
underlying complex is the boundary of A[1], and which has the same 
base point as A [1]. Finally, we will make the ciycle Q a pointed complex 
by choosing the unique vertex of this complex as its base point (see 
II, 2.5.2). 

4.1.4. It is clear that each small diagram of .A°@ has a direct and an 
inverse limit. Let us say simply that the direct product of two pointed 
complexes (X, %») and (Y, ¥o) has the product X XY as its underlying 
complex, and the pair (x9, 49) as its base point. Similarly the complex 
underlying to the direct sum XvY of (X, x») and (Y, 7) is the amal- 
gamated sum of the diagram 

Afo]-2> Y 
| 
x 

of A°é, and its base point is the common image of x, and Yo. 
A[o] is obviously the zero object of the category .A°@; if (X, Xp) 

and (Y,¥9) are two pointed complexes, there is one and only one 
morphism from (X, %») to (Y, 9) which factors through A [0]; it will 
be written 0%, and it will be called the zevo morphism. Then the morphism 
from X to XXY whose components are Id X and o*%,y, and the 
morphism from Y to XxY whose components are Oy,y and Id ¥Y, 
induce a monomorphism 

ty y? XV YouXxY. 

The image of ix y is the subcomplex Xx {yp} vo {xo} XY of XxY?. 
In the sequel, we will write XA Y for the pointed complex whose 

underlying complex is the amalgamated sum of the diagram 

XvVY 22 XxY 
| 

A[0] 

of A°&, and whose base point is the image of (Xp, ¥o)- It is easily seen 
that the associativity and commutativity properties of the direct product 
are transposed to the contracted product X AY. 

4.4.2. Let (Y,¥) and (Z, 2%) be two pointed complexes. We will 
write Hom .(Y, Z) for the subcomplex of Hom(Y,Z) whose n-simplices 
are the morphisms f: A[n] x Y->+Z which send A[n] xX{yo} to {zo}; we 
make #om.(Y,Z) a pointed complex by taking the zero morphism oF 
as the base point. For example, if Y is equal to A{41], a morphism 

1 {x } denotes the image of A[o] under the morphism %,: 4 [0] +X. 
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f: Alm] x A(1]-+Z which sends An] x {0} to {zo} is characterized by its 
restriction to A[”] x {1}<¢A[n]; hence we can identify Hom .(A[1], 2) 
with Z. Consider now three pointed complexes (X, x), (Y, Vo) and (Z, 29). 
The set .A°O(X, Hom.(Y, Z)) is then the subset of A°é (X, Hom(Y, Z)) 
formed by all morphisms such that the diagram of Fig. 38 

Ar 

A{o] —2> %om(Y, Z) 
7A ~ 

‘%e x som (¥o 2) 

xX — > Hom(A[O}, Z) 
Fig. 38 

of A°€ is commutative (u is the zero morphism when we provide 
SHom(A [0], Z) with the base point Z,). The isomorphism gy of IL, 2.5.3 
associates with x a morphism +’ which makes the diagram of Fig. 39 
commutative: ey 

xxyY “= Alo] xYoY 

XxFe ~e le 
‘\ 

XxAl]=X yer Z 
Fig. 39 

Hence the morphism x’ induces the zero morphism on X X Ly} v {xo} XY 
in other words, x! factors through XaY. lt follows that the functor 
isomorphism g induces an isomorphism 
(*) gy: BE(X AY, 2) AP (X, Hom.(Y, 2)). 
Now, if we consider the complex A’[n]=4 [w] UA [0] pointed by Ao], 
and if A is a pointed complex we have the formula: APé (A{n), A) An 
so that, according to (#) the following isomorphism holds: 
(«*) AEA na, Z) Hom (Y,Z)n- 
Finally we get isomorphisms Hom .(X a Y,Z),=- 4° (A'[nja XayY, Z) > 
AE (Anja, Hom (Y,Z))e Hom. (X, Hom (Y, Z)),, where the first 
and the third are given by (##) and the second by (*). 

Thus the isomorphism . induces an isomorphism 
DP: Hom (XY, Z} oy Hom \X, Hom (YY, Z)) . 

4.2. The vertices of Hom (L, Z) are identified with the morphisms 
from (Y, 9) to (Z, z). lf f and g are two such morphisms, a 4-simplex 
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of Hom .(Y, Z) such that d,h=f and dy h=g is a homotopy / connecting 
f with g which sends A [1] x {yo} to {2}: we will say that A respects base 
points. Two morphisms / and g from (Y, Vo) to (Z, 2) are called homotopic 
relatively to base points or simply homotopic if they belong to the same 
connected component of #Hom.(Y, Z); it is equivalent to say that there 
is a composed homotopy : I,,x Y->Z connecting / with g which respects 
base points, i.e. such that A sends I,, x {yo} to {zo}- 

Let JI; (Y,Z) be the set of connected components of #om. (Y, Z). 
The maps vy yz of 1.3 sends Hom. (X, Y)x Hom.(Y,2Z) into 
Hom .{X, Z) and induce on the components a map 

by. yz: Hy (X, Y) xy (Y, 2) > Hy (%, 2). 

We will call category of pointed complexes modulo homotopy (noted 
.A°@) the category whose objects are the pointed complexes, whose sets 
of morphisms are the J7;(Y,Z), and whose composition laws are the 
maps fx,y,z; we will call canonical functor from .A°@ to A°é the 
functor which induces the identity on the set of objects and the canonical 
maps from .A4°&(Y, Z) to 1, (Y, Z) on the sets of morphisms. 

The canonical functor from .4°& to .4°& commutes with finite 
direct sums and finite direct products. Moreover, passing to the con- 
nected components, the functor isomorphism .@ of 4.1.2 gives an iso- 
morphism 

TIg (©); .A°@(X n¥, 2) oe WE (X, Hom. (Y, Z)). 

If f, g: X=2.X" are two homotopic morphisms of .A°é&, we obviously 
have .A°& (f, Hom.(Y, Z)) =.A°F (g, Hom (Y, Z)), hence 

PE GAY, Z)\=. DE (gr VY, 2) 

for all Y and Z; hence fa Y and ga Y are homotopic; since the con- 
tracted product is ‘‘symmetric”, X ae and X ad are also homotopic if e 
and d are homotopic. Hence the functor (X, Y)~+X a Y from .A°@ x. A°é 
to .A°& induces a functor from .A°é x .A° to .A° & which will be denote 
by the same symbol a. Similarly, the functor Hom. from (.A°&)° x 
(.A°&) to .A°& induces a functor, still written #om., from (.a°&)° x 
(.a°@) to .A°é. 

4.3. A morphism f of .4°@ is an anodyne extension if the image of / 
under the canonical functor (X, %)~->X from .4°@ to .A°@ is an 
anodyne extension (2.3). The set .A of anodyne extensions of .A°e 
admits a calculus of left fvactions; the corresponding category of fractions 
will be called the pointed homotopic category, and will be written H ; 
if (X, x9) and (Y, 9) are two pointed complexes, we will write .3f (X, Y) 
instead of .# ((X, x), (Y, yo). 
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The canonical functor from Fé to .# obviously commutes with 
finite direct sums, for which we will still use the symbol Vv. Similarly, 
for each pointed complex Z and each anodyne extension 2: YX of 
Dé, the morphism Zni: ZXY-Z AX is an anodyne extension : for 
let 7: Y->X be an element of .A°f(Y, X) whose image in APE (Y, X) 
is 7, We can obviously suppose that j is the inclusion into Xx of a sub- 
complex Y; in that case, we have a commutative diagram (Fig. 40) 

ZXYV vu {xo} xX —— ZxX 
NZ x {yo} u (ih XX 7 

4 a 
° A {0} 

/ \ 
Z TM“ 

ZAY Za! Z0X 
Fig. 40 

of A°4, where wis the inclusion, w the canonical projection, and where v 
induces the canonical projection on ZxY, and the zero-morphism on 
{zo} xX. The two interior squares are cocartesian by definition of the 
contracted product; hence the same holds for the large square. Since u 
is an anodyne extension by 2.2, the same holds for Z a7 (2. 4 (ii). 

In a similar way, we see that za Z is an anodyne extension if 7 is one. 
Consequently, by passing to the categories of fractions, the functor 
(X, Y)~>X a Y from (.a°@) x(.a°@) to .A°é defines @ functor from 
HX He to KH, for which we will obviously use the same symbol a. 

4.3.4. Let us now associate with each pointed complex xa pointed 
Kan complex Xx and an anodyne extension a(X): X > X, x of Ae 
(this is possible by 3.2). If # is the canonical functor from Al 6 to the 
category of fractions .#, the map fo>(p a(X)) 70 (Pf) isa bijection 

APB (T, Xx) oe HUT, X) 

for each pointed complex T. Moreover, if g: XY isa morphism of .#, 
there is one and only one morphism gx: Xxx of AE such that 
(pa(Y))og=P (gx0a@(X)). Thus we define a functor Xm Xx which is 
vight adjoint to the canonical functor p: .A°C>.H and which induces an 
equivalence from the pointed homotopic category HE onto the full sub- 
category of .A°& formed by all pointed Kan complexes. 

Finally we see, as in 3.2.2 and 3.2.3 that the canonical functor 
: A é—>.#H commutes with finite products. Moreover, passing to the 

quotient, the functor (Y, Z)~> Hom (Y, Zx) from (.A°6)° x. to 
A-é induces a functor from SK xd to 4, for which we will use the 
same notations. Hence the functor Z w+ Hom (¥,Zx) ts right adjoint to 
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the functor X~+X a ¥ from . to A’. This last statement follows from 
the “equalities” 

H(X AY, Z)=.A A(X AY, 2g) =. APE (X, Hom (Y, Zx)) 

= 4 (X, Kom (Y, Zx)) . 

The last equality follows from the fact that Hom.(Y, T) ts a Kan 
complex if (T,t)) is a pointed Kan complex. By the definition of 4.1.2, 
Hom (Y, T) is indeed identified with the fibred product of the diagram 
of Fig. 44 

Hom (Y, T) 
[om Go, T) 

A[0]-*> T= Hom(A[O], T) 
Fig. 44 

so that our statement follows from 3.1.3 and 3.4.1 (ii bis). 

4.4. Remark: Let(X, x9) be a pointed complex; for X,, take the 
complex Xi... constructed in 3.2, with base point e(X)(x)). Then 
X~»Xy is a functor from .d4°@ to .A°# and ¢ is a functor morphism 
from Id(.A°@) to ?x: if f: XY is a morphism of .d°@, we have the 
following commutative diagram of .A°é: 

e(X) 
XK» Xe 
1 re 
y @, y. 

In the sequel, we will say that (¢, 2x) is a Kan envelope, 

4.5. As a premium, and also as an exercise in the calculus of fractions, 
we will now show that we can give to the simplicial circle Q a co-group 
structure in the pointed homotopic category 3: we know that such a 
structure is given by a morphism 

ge: 2-->2Dv Q 

such that, for each pointed complex T, the induced map .# (9,T): 
H(Qv 2,7) =. (Q, T) x. (Q, T) +. (2, T) is the composition 
law of a group structure on the set .#(Q, T). It is equivalent to say 
that satisfies the following three conditions: 

(i) The diagram 

Q “+ Ova 
e avg 

Ova 2, OvAvQ 
is commutative. 

ee 

S 
g 
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(ii) If py: Qv QQ is the morphism whose components are the zero 
morphism and the identity morphism, then the composition 

Q2>AvQ=>Q 

is the identity morphism of 2. 7 

(iii) There exists a morphism c: Q->2 such that the composition 

02s 0vQ2%avQ—+2 
is the zero morphism (here 6 is the codiagonal morphism whose com- 
ponents are both equal to the identity morphism of £2). 

In order to define y, let us write X for the amalgamated sum of a 
diagram of the form 

inclusion 
SR X-———> X 

A{o] 

where X is an arbitrary simplicial set; we have for example, £2 =A [4]. 
By passing to the quotient, any morphism hf: x- ~» Y obviously induces 
a morphism /: X-»¥: if we consider X and Y as pointed complexes 
(they have only one vertex), f is even a morphism of pointed complexes. 
Consider then the following diagram of .A°@ (Fig. 42) 

Q=AL] Qv a 

\ tf 
A{2] 

Fig. 42 

te ical 

where s is the morphism whose components are A(é) and A(é#). The 
pointed direct sum 22 v 2 is obviously identified with A}[2], and s with 
the indusion of AX] into AZ]. Since the square of Fig. 43 

Aa] Ar] 
incl. | inc 

A(z) 4(2] 
Fig. 43 

is cocartesian, we see that s is an anodyne extension. Hence, if ¢ is the 
canonical functor from .A°@ to .#, we can define p= (¢ s)t0g(4 (4) 
(see the description of the morphisms of a category of fractions, given 
in I, 2.3). 
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It remains to be seen that satisfies conditions (i), (ii) and (iii) given 
above. Since this can also be deduced from further considerations, the 
verification is left to the reader (see 5.5). 

5. Poincaré Group of a Pointed Complex 

Let (X, %)) be a pointed complex. We will show that the Poincaré 
group IT, (X, x») defined in II, 7.4. is simply the set .# (Q, X) of morphisms 
trom the simplicial circle to X. 

5.1. Let us show first that, if X is a Kan complex, the image of X, 
in the set of morphisms of the groupoid [7(X) is stable under inversion 
and composition; in other words, this image is the set of all morphisms. 

Indeed, let « be a morphism of [7(X). By II, 7.2, « is the image of a 
morphism /: J, —»X. On the other hand, let 7: I, >A [n] be the morphism 
associated with the following increasing map (Fig. 44) 

O<1>2< 3 >4... 

ee 
O<a>1<n—-i>2... 

Fig. 44 

This morphism 7 is obviously an anodyne extension, so that the diagram 

L n 4 x 
i 

Af[n] 

can be completed by a morphism F: A[u]+X such that Foi=/f. If 
A(j): A[4]->A [”] is the morphism associated with the increasing map 

7: [1]->[#] which sends 0 to 0 and 4 to the integral part of ooh the 
image of the edge of X defined by Fo A (7) in the set of morphisms of 
IT(X) is simply «. 

5.2. The Poincaré groupoid of a Kan complex X can be described as 
follows : 

. The set of objects ts the set X, of O-stmplices of X. 

The set of morphisms is the quotient of X, by an equivalence relation 
such that two 1-stmplices s and t ave equivalent if and only if the following 
conditions are satisfied: dys—d,t; d,s=d,t; there is a homotopy h: 

A[1] xA [4] +X connecting the singular simplices 3 and t, whose restriction 
to A{1]x A[1] factors through the canonical projection of A[1]xA[A] 
onto A[1]. 

The domain and range maps are induced by d, and dy. 

I} (s} ts the equivalence class of s under the above relation, the composition 
of morphisms is such that [d,a] = [dyo]o[d,0] for each 2-simplex a of X. 
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It is clear that the above conditions define a groupoid, which will 
be temporarily noted G(X). We see then that G(X) is identified with 
IT(X): for let P(X) be the groupoid of paths of the diagram scheme 
d,, dy: X,—3Xy. The identity map of X, and the canonical map from X, 
to the set of morphisms of G(X) induce a functor : I" (X) >G (4). 
Since p is obviously compatible with the relations which defined the 
quotient J7(X) of P(X) (I, 7.1), p induces a functor g: J[(X)+G (4X). 

This functor induces a surjection on morphisms. Let then « and £ 
be two morphisms of J7(X) such that ga=q f. By 5.1, « and p are the 
images of two 4-simplices s and ¢ of X; the equality ga==-qf is then 
equivalent to [s]= [#], i.e. to the existence of a o¢X, such that d,o= s, 
d, o=1, dy O= Sq dq S=Sydyt. By I, 7.1, we then have a==/, so that ¢ is 
an isomorphism. 

5.3. The description given in 5.2 can be applied in particular to the 
complex Hom (T,X) when X is a Kan complex (3.1.2). In that case, 
two homotopic morphisms f, g: T—>X, ie. which are connected by a 
composed homotopy, are already connected by a homotopy h: AA)x TX 
(1.1). 

Similarly, if (T,, tp) and (X, x9) are pointed complexes, and if X is a 
Kancomplex, Hom. (T,X) isa Kan complex (4.3 -1). Hence two morphisms 
fg: Tr2X are homotopic relatively to t, and Xp af there is a homotopy 
h: A[A]XT—->X connecting | with g, which sends A(4] x {tp} £0 {xo}. 

5.4. Let us now use 5.2 for the description of the Poincaré group of a 
pointed Kan complex (X, x9): let Xj be the set of 1-simplices s of x 
such that d)s=d,s=%. The singular simplex 3: 4 [1] >+*X associated 
with such an s factors through the canonical projection p: A [1] >, So 
that § is of the form sop. . 

It is clear that the map s~+s’ is a bijection from X} onto .A°é (2, x ). 
This bijection is compatible with the equivalence relations defined in 
5.2 and 4.2. Hence it induces a bijection of the quotients T(x , %q) and 
.A°& (Q, X). Moreover, since X is an Kan complex, the canonical map 
from .A°&(Q, X) to .#(Q, X) is a bijection. Thus we obtain the iso- 
morphism from . (Q, X) onto IT,(X, x») we were looking for. 

5.5. Finally, consider an arbitrary pointed complex (X, %): we then 
have the diagram of Fig. 45, where (¢, ?x) is a Kan envelope (4.4) and 
where the vertical arrow is the isomorphism described in 5.4: 

HQ, X) ZOO, (2, Xx) 
R 

TI,(X, x9) —2S@ TT, (Xg, €(X) (0) 
Fig. 45 
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The map .#%(Q, e(X)) is obviously bijective [e(X) is an anodyne 
extension]. On the other hand, the morphism v(X) of 3.2 induces an 
isomorphism between the Poincaré groupoids. Since the functor JT 
commutes with direct limits, it follows that w(X) and e(X) induce 
isomorphisms from II(X) onto H(Xi) and II(Xx). In particular, 
IT, (e(X)) is a bijection. 

Thus we obtain by composition an isomorphism from IH (Q, X) 
onto I, (X, %»). This isomorphism is functorial in X, and gives to the 
sets .¢(Q, X) group structures which are functorial in X. Hence 2 
has a cogroup structure. It follows from the definitions that the comulti- 
plication law of Q is the one defined in 4.5. 

Chapter Five 

Exact Sequences of Algebraic Topology 
We give here a unified account of some exact sequences which we meet 

in algebraic topology. The proofs we give do not modify in an essential way 
those of Puppe. They are more abstract, selfdual and sometimes more 
simple (?). 

We write © for the zero category whose set of objects and whose set of 
morphisms both are the cardinal number 1. For each object x ofa category & 
we identify x, as usual, with the functor from 0 to # which sends the object 
and the morphism of @ to # and Id # respectively. 

1. 2-Categories 

4.4. A 2-category € is defined by the following: 
a set ©,, called the set of objects of ©. 
a family of categories Hom (x, y), indexed by ©) x Gp. 
an object of Hom, (x, y) is called a 1-morphism of C; 
a morphism of #omg(x, ) is a 2-morphism of €. 
a family of functors 

Bay,e° Hong (*, y) x Homey, z) >Home (%, z) 

indexed by 6x), and called composition functors. The above 
conditions are subject to the following axioms. 

for each 4-tuple (x, y, z, #) of objects of ©, the square (Fig. 46) 

Home (%, y) x Home (Y, 2) X omelet) MS Home (%, 9) x Homey, t 
Bx,y,2% ral Lz,y,t 

Hom (%, 2) Xx Home (z, b) et Hom, (x, t) 
Fig. 46 

is commutative (associativity axiom). 
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for each object x of ©, there is an object ¢, of Home (%, y) such that 
the triangles of Fig. 47. 

0 x Homey (Hs 9) > Hom (te, #) x Haring % 9) 
_ We av 

Kom *; y) 

and Iaxé Home (y, %) X O > Homey, *) X Home (%, %) 
NS by, a, % 

Howg y: x) 
Fig. 47 

are commutative for each object y of © (neutral objects axiom). 
If z and ¢ are two objects of ©, we will often write ? instead of 

Home (t,2) for convenience; if f: xy isa 4-morphism, f will then be the 
functor 

Hom (t, fy: Home (t, x) > Hom, (t, ¥) 

induced by the composition functor fz,.,y) if a: f->/’ is a 2-morphism 
we will also write a! instead of 

Home t, 0): Home (t, J) > Homa lt, f). 

Thus, for each object 2 of the category Wome (t, *), a is the functor 
morphism p,,z,y (Id @, a). . 

4.2. The “best-known” 2-category is the category of categories, 
which we denote by Gat: the objects of Gat are the categories belonging 
to the universe %, fixed once for all: if x and y are two such categories, 
Hartge (%s 5) is the category of functors from ~ to y, and the composition 
functors are the usual functors. There are obviously many categories 
akin to this one: instead of all categories, we can take additive categories 
only, instead of all functors, additive functors only .... 

4.3. If © is a 2-category, we write ©, , for the direct sum of the 
categories Hozg (x, y), G, for the set of objects of ©, - (the {-morphisms 
of ©), ©, for the set of morphisms of ©; 2 (the 2-morphisms of ©), dy ane 
t, for the domain and range maps of ©, and i for the map from €, to 2) 
which associates with each object of ©, , the identity morphism of this 
object. If # and B are two composabie morphisms of G 2 (a= % B), we 

i ,a) or ao for their pro uct. 
wn ae ve ae Gy, for the category whose set of objects is Gp, 
and such that the set of morphisms from an object x to an object y 1s 
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the set of objects of Home (x, ¥), composition maps beeing induced by the 
functors fy,y.2- We write b, and ry for the domain and range maps of 
G51, and ig for the map +~~->i, defined above. It f and g are two com- 
posable morphisms of 5 (098 =%o f), we write uy i(f,g), ef or gf for 
their product. 

Finally, we write ©, » for the following category: the set of its object 
is ©, the set of its morphisms is ©, its range and.domain maps are 
Dp Dp =D Y, and ty R= Ty hy, and its composition maps are induced by the 
functors p,,,,,. If a and a’ are two composable maps of ©, 2, we write 
Ho, a (a, a”), a” ¥a% OF a’a for their product. In the case where a’ (resp. «) 
is of the form i,(f), we will often write fa or feo (resp. a’f or a’ #/) 
instead of «’ *a. 

These different categories are related by the following conditions: 
a) Ifa, 2’, B, B’ are four 2-morphisms such that 

v1 % =), B, ty a =D, B 
and 

tp Ty A= Uy ty B= Dp dD, a= Do DB’, 
we have 

("01") * (Boa) = (B’*B) 0 (a! xa). 
b) the identity map of and the map i,: ©,>C, define a functor 

from ©, , to & »- 

It is clear that the 2-category © is determined once we know the 
diagram of sets » be 

t ty 
€, <+ ©, <—-C, 

t% to 
os nee 

and the maps 

fa,2: G2 X Cy Gy, Mor Gi _X G+ G 
T1,D, Ly, by 

Ho,2: 82 X , G>&. 
Tels, Do Dy 

Besides, we can show (but we will not use this result) that these 
conditions define a 2-category if and only if the following three condi- 
tions are satisfied: 

(i) to ty= ty dy and Dy t= Do dy. 
(ii) 44,2 (ESP. Mo,1> fo,2) is the composition map of a category whose 

set of objects is ©, (resp. Gp, Cy), whose set of morphisms is ©, (resp. 
©,, ©), whose domain and range maps are b, and 1, (resp. dg and to, 
by d, and t)t,}, and where i, (resp. ig, i, tp) is the map which associates 
with each object its identity morphism. 

(iii) The relations a) and b) of 2.3 are satisfied. 
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4.4, From now on, we will consider only 2-categories £ which satisfy 
conditions A and B below: 

A. I} x and y are two objects of X, Homx (x, y) isa groupoid. 
B. There is an object 0 of X such that, for any object x of £%, Hom (0, x) 

and Hom x, 0) are isomorphic to the zero category 0. 
Any object satisfying condition B will be called a zero object. Among 

all zero objects, we will choose one which will be written oy (or simply 0), 
and we will say that ox is the (distinguished) zero object of ¥. For each 
object x of X, we will write 0* (resp. 0,) for the unique 4-morphism of 
domain (resp. range) ¥ and range (resp. domain) oy. If x and y are two 
objects of £, we write o% or symply 0 for the 1-morphism 0,-0* (it is the 
zero 4-morphism from % to y, which is independent of the choice of ox). 

In the sequel, we will constantly refer to the 2-category Gr of pointed 
groupoids: and object of Gr is a pointed groupoid, ie. a pair (G, 8p) 
formed by a groupoid G (belonging to the universe % fixed once for all), 
and by an object gy of G, called base point or indexed point. Lf x= (G, 8) 
and y==(H, hy) are two pointed groupoids and if Mom(G, H) is the 
category of all functors from G to H, we choose Home, (%, ¥) to be the 
subcategory of #om(G, H) whose objects are the functors sending 8 
to hy, whose morphisms are the functor homomorphisms gy such that 
p(X) = 1d %- Finally, the composition functors of @r are the obvious 
functors. 

4,5. If x and y are two objects of a 2-category * which satisfies A 
and B, we will always give to Hon, (x, y) a base point by indexing the 
point 03. Besides, if zis a third object, we have a commutative diagram 
(Fig. 48) 

O%x id Id x oY 
OX Hos (y, 2) > Homy(, ) X Hom, 2) <——- Hams (%, ¥) X O 

|r Ue | 
oO Hams (%, 2) 0 

Fig. 48 

In particular, the composition functor sends the base point (0}, 02) of 
Hom (%, ¥) x Homy(y, 2) to the base point of Hom(x, z). 

1.6. If x and y are two objects of X, we write |x, y| for the pointed 
set IT, (Homey (%, y)); the base point is obviously the connected com- 
ponent of 0;. Since the set of connected components of a product of 
groupoids is identified with the product of the sets of connected com- 
ponents, the composition functors 

Hz,y, ne Hom, ¥) ~ Hons, 2) —> Hom (x, 2) 
6 Ergebn. Mathem. Bd. 35, Gabriel and Zisman 
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induce maps 
|x, ¥s 2|: |x, y| xy, z|—>|x, 2| 

and define a category % whose set of objects is ¥), and whose set of 
morphisms of domain « and range y is |x, y|, the composition maps 
being the maps |x, y,2|. If f: xy is an object of Homy(x, y), we will 
write {/] for the image of / in |x, y]- 

We will say that £ is the category “% modulo homotopy”; it is clear 
that og is a zero object of this category. 

2. Exact Sequences of Pointed Groupoids 
Before seeing how we can construct exact sequences in certain 

2-categories X satisfying condidions A and B, we will first consider 
the ‘“‘standard”’ 2-category Gr. 

2.4. Let (X, x) and (Y, vo) be two pointed groupoids, and fj: XY 
a 4-morphism. Let us write I} for the following pointed groupoid: an 
object of If is a pair (x, h) formed by an object » of X and a morphism 
h: Yo>f(x) of Y; a morphism from (%, /) to (x', h’) is a morphism 
£: %-»x' of X such that h’= (fé) oh; the composition of these morphisms 
is induced by the composition in X; finally, the base point of J’f is the 
pair (xq, Id yo). We write p f: ['f-~X for the 1-morphism (x, h)~> x and 
hf: Of (pf) for the 2-morphism — i.e. the functor homomorphism — 
which associates with each object (x, #) of ’f the morphism /: Vo->/(%): 

9.2. Given these definitions, it is clear that we can describe I'(p/) 
as follows: and object is a pair (%, /,) formed by a morphism /,: %)—>% 
of X and a morphism A: yo->/(x) of Y; a morphism from (#, 2) to 
(h’, hy) is a morphism € of X such that hi=Eoh, and h’=f(€)oh; these 
morphisms are composed “as in X”; finally, the base point of I(p/) is 
the pair (Id yo, Id x). The 4-morphism p?/=p(pf) associates with 
(h, hy) the pair (x, h), where x is the range of /,; the 2-morphism hippy 
associates with (/, #,) the morphism hy O-> (Pf) (2? P)- 

If follows from the above description that two objects of I'(p f) are 
connected by at most one invertible morphism, ie. that I(d f) is equi- 
valent to a discrete groupoid (see II). More precisely, according to the 
conventions of the beginning of the chapter, let us write y): OY for 
the unique functor which sends the point of @ to yp, and let us write 
QY instead of I"y,; this groupoid is discrete, and its set of objects is the 
Poincaré group I7,(Y, yo); it is related to I'(p f) by means of the com- 
mutative triangle 

ay-4 Teh 
aN 

rj 

a
d

 
o

e
 

L
e

e
 

e
n

e
 S

o
e

 

bP fe) [ref] Iripfa] 

\ 

(arf) Se 
(2(@f] 

DOV) xO 
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where g/ and y/ are defined by the equalities 

@AM=(%»!) and (/)Q=(, Id x). 
Finally, let vf: I(pfp—->QY be the functor which sends (h, h,) to 

f (fy) oh, It is clear that [7’/] is the inverse of [*/] in the category Gr 
in other words, that 7’/ is a functor quasi-inverse to rf. , 

2.3. A 4-morphism g: QX 2X is obviously identified with a map 
from I7,(X, %9) to IZ,(X, %)) which preserves the neutral element. In 
particular, we write 

6X: Q2X 2X 

or simply o for the 1-morphism which induces the map J~>/“ on 
IT, (X, %9). With the notations of 2.2, we see then that the triangle 

« Ten 

{g(p/) eo] 
OX (rf) 

an. 
“ ey 

is commutative: here, Qf is the 1-morphism which sends an object 
Xi Xy~>Xq Of QX to f(a): Ve—>¥; similarly, ¢(pf) sends « to the pair 
(Id vo, «), while r(f)-o- Q(f) sends a to (f(a), Id x); it is then quite 
clear that is an isomorphism from (f(«7), Id x9) onto (Id y, x), which 
proves the commutativity of the above diagram. _ 

2.4. Putting the preceding statements one at the end of the other, we 
obtain a commutative diagram of Gr (Fig. 49) : 

(p*7) I(p*f) (p57) (eth) Ip*p) eA) Tipp) pf} T; (ofl xX (fl y 

7 
(Al 

{af} 
2 (ep) [2 (p*/)] re) (I) [2(pf] OX [@/) OY 

a 

Fig. 49 

where vertical arrows are isomorphisms. 

However, if g: GG’ is a 1-morphi is 1 i ; rphism such that [g] is invertible, 
then J7, (g): IT, (G) +17, (G’) is a bijection. Moreover, each 1-morphism 
j: X-»Y induces an exact sequence 

Hylef) Fy{f) 
I, (Lf) IT, (X) IT,(Y) 

6* 
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of pointed sets, and I/, (QY) is identified with [,(Y, 49). Hence we 
can deduce from the above commutative diagram the following exact 
sequence of pointed sets: 

IATA I, (9/) a) (rp) 2, (x) 2 hy) 2 (Pf) > TeX) 7, TT,(¥). 
2.4.4. It is clear that 

(ph Ty (/) 
(1) > ID, (If) > TX) > TAY) 

is an exact sequence of groups. But we have, moreover, that [7,(Y) 
right-operates on II,(I’f) as follows: if (x, h) is an element of Pf, and 
if « belongs to /7,(QY)=I1,(X), we set (x, h)a= (x, ha). Passing to 
connected components, we define the operation we were looking for. 

3. Spaces of Loops 

Let us return now to the general case of a 2-category & satisfying 
conditions A and B of 1.4. 

3.4. Let f: xy be a morphism of ¥ and @f= (If, pf, hf) a triple 
formed by an object I’f, a 1-morphism pf: I’f->», and a 2-morphism 
hf: 0, t_»f+(pf). For each object ¢ of X, the triple @/ determines a functor 

gh CNT 

(see 1.4 for the notations (rp! and j', and 2.1 for the definition of 
I(f)). This functor associates with each 1-morphism g: t>J°f the pair 
(pig, (ef) *g) which is an object of (7, and with each 2-morphism 
y: gg the 2-morphism (pf)#y trom ((p/)g, (fxg) to ((pAg', (ef) #8’) 
(see 1.3 for the notation *). It follows from these definitions that we have 
a commutative diagram of pointed groupoids (Fig. 50) 

an Ch gt y 

tf Id Id rp LAU ‘ ey , 
Fig. 50 

3.2. If X and Y are two groupoids, and F: X->Y a functor, we will 
say that F is connected if F is surjective on objects and on morphisms 
and if, for each object 6 of Y, the groupoid F7 (8) is connected (the 
objects of the groupoid F* (5) are the objects of X which are sent to 8, 
and its morphisms are the morphisms of X which are sent to Id 8), 
Such a functor obviously induces a bijection from [7,(X) onto IT,(Y). 

We are now ready to make another hypothesis C on our 2-category X. 
C. For each 1-morphism f: xy of %, there is a triple (Lf, pf, hf) 

such that the functor gif: (I'f)'>I(f) ts connected for each object t of X. 

fw
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If we go back to the definitions, we see that the connectivity condition 
is the conjunction of conditions C, and Cy. 

C,. For each 1-morphism g: ¢>* and each 2-morphism h: 0>/g 
there is a 1-morphism g’: {>J‘/ such that g=(pf)g’ and h= (hf) xg". 
Moreover, the relations g= (f/)e’= (phe and (Afjeg’= (hf) *g" imply 
the existence of a 2-morphism y: g’ >g’’ such that (pf)xy=Id g. 

Cy. If y: (pfg’ > (pfg” isa 2-morphism such that (f#y) © ((hf) ag’ )= 
(hf)*g’’, there is a 2-morphism 6: g’ +g" such that y= (pf) *6. 

3.2.1. If fis the zero morphism 0: oy and if the triple (J'/, pf, hf) 
satisfies C, we will write Qy instead of 7, and we will say that Qy isa 
space of loops of ¥. 

34.2.2. The 2-category Gr of groupoids satisfies condition C: it is 
sufficient to define (If, pf, Af), as done in 2.4. Moreover, with the 
notations of 3.2, C,, the 1-morphism g’ is determined in a unique way 
by g and A. Similarly, in 3.2, Ce, § is determined by y. 

3.3. From now on, we will suppose that the 2-category X satisfies 
conditions A, B, C given above. 

For each 1-morphism f: xy of X, each triple Of= (If, pf, Af) 
satisfying C, and each object ¢, the functor g'f of 3.4 induces a bijection 
from IT, (If) onto HT, Pf): 

(eA: lt PAID TP) - 
This implies that the functor tao IT, Pf) from (X)° to & is represent- 

able by J'f; more precisely, (Lr (eh Af)) is a representation of this 
functor, so that If and [p/] are determined up to an isomorphism of &. 

Because of this unicity “up to homotopy equivalence”, from now 
on, we will associate with each 4-morphism /: xy a triple @/ chosen 
arbitrarily among all those satisfying condition C. We will see in the 
sequel in what measure the constructions based on this association 
depend on the choice of Pf. 

In the particular case where j is the zero 1-morphism 0->y, If is the 
space of loops of y (3.2.1) and represents the functor from (£)° to & 
which associates with each ¢ the Poincaré group 7, ( yt, 0) of Homey (t, ¥) 
at the point of. It follows obviously that Qy is given a natural group 
structure in the category X. 

3.4. In order to study how I} depends on the 1-morphism /, we will 
introduce the following category 7 X: the objects of Wr X are the 
1-morphisms of X; its morphisms are the diagrams 

xy ty 

(x) "log ay 
xf ——> 4" 
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where f, ff, 4%, v are 4-morphisms and a: v f—/}'u a 2-morphism. The 
domain (resp. range) of ¥ is } (resp. f’). Finally, we define the composition 
yx =x 0x of the two diagrams 

f f t f 
£——y sy 

we) ok w) «|_| 
* f fr af f a pel aa 

, aed x! — 

to be the diagram F 
x Y 

&
 

(y) uv? 7 ele 
xl yi" 

where w= 4'u, v"=v'v, and a” = (a! xu) 0 (v' *x). 
Let then 7 be a morphism of 7 %¥. By condition C, of 3.2, there isa 

4-morphism Ty: Pf>T' such that (ff) (Cy)=« (bf and that 
(hf')*(I"y) is the composed 2-morphism 

a(t) apf) 4, 
o> uf (pf) ——> fulb))- 

The class [I’y] of such a 1-morphism is uniquely determined by x (3.3). 
3.4.4, In the particular case where ¥ is the 2-category of pointed 

groupoids, the 4-morphism I°y is also uniquely determined by the 
conditions of 3.4; it is the functor (x, h)~-> (ux, (ax) 0 (vh)) from If 
to If’. 

Moreover, when » and v are equivalences of categories, we see 
easily that I"y is an equivalence, or that [J’y] is an isomorphism of Gr. 

3.4.2. By 3.4.1, we see also that I'(y'oy)=I(y) ol x’) when x’ and 
x are two composable diagrams of @r. More generally, if & is a 2-category 
satisfying conditions A, B and C, the definitions imply the commutativity 
of the diagrams wt 

Ai —— > Fry 
Neat a |p 
eo (*) ot] a | y a 

atid) b(t’) 
(QQ rr) 

Fig. 54 

of @r associated with a morphism 7 of lr X. If we identify |¢, I'/| and 
|, Pf'| with IZ, T(f) and IT, If’) by means of II,q'f and Iy¢'f’, we see 
that |, y| is identified with I7,(I"'). In particular, if « and v are 
homotopy equivalences, i.e. if [w] and [v] are invertible in %, ui and v 
are equivalences of categories for all ¢, and hence JJ, (I"y’) and |4, I | 
are bijections: if [w] and [v} are invertible, then [I'y] ts invertible. 
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Finally, if (y) and (z’) are two composable morphisms of #%> % and 
if y’=y' ox, we have y= (x0 (x'), and hence Py’) =P) o L(y). 
Then we have the equality 

Py om= x0 (Fx) 

which show that I’ is a functor from Lr & to &. 
3.4.3. In the particular case where v is the commutative diagram 

o—? % 

mM | A 
on 

I'z is a 1-morphism Q%>Q2y. We write then Q/ instead of ’y, and we 
see that Q is a functor from Xo, to & (1.3). 

In the particular case where X the 2-category Wr of pointed groupoids 
we see that for each 1-morphism F: XY, H,(QF) is a morphism of 
groups. If we apply diagram (x) of 3.4.2 to the morphism y considered 
here (Fig. 52) 

(ax. (Qy) 
gi Oz |e Oy 

Q(x) 79 20’) 
Fig. 52 

and if we note that [¢'0,], [g'0,] give to Qx and Qy a group structure 
in the category , we see then that [Qfl is a homomorphism of £-groups. 
Finally, Q can be considered as @ functor from Xo, to the category of &- 
groups. 

Moreover, if f and f’ are two 1-morphisms from x to y which can be 
connected by a 2-morphism «: /->/’, Q(f) and Q(f") coincide for all #. 
Hence the same holds for |¢, @/| and |#, Qf'|, i.e. for [Qf] and [QP]. 
Hence the equality [f]=[/’] implies (Qf]|= [27], so that 2 induces a 
functor (still written Q!) from & to &. 

3.4.4. Finally, if we take x to be the diagram 

o——~ 

| alt 
x4 

Ix is a 1-morphism g/: Qy—-I°j, whose class ¢ f is uniquely determined 
by the conditions (pf) (¢/)= 02” and (hf) *(¢f)=A(0,) (see 3.4). 
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4. Exact Sequences: 

Statement of the Theorem and Invariance 

A composable sequence of ¥ of length n (or simply a sequence of & of 
length ) is a diagram of £ of the form 

ta fi 4 2 

Ng > Signy oe > Bg > Hy Xo. 

If 
gn Bs gt 

Va? Vana Ya —> Vi? Yo 

is another sequence of length m, a morphism from the first to the second 
is, by definition, a sequence of morphisms 4;: %;->); of ¥ such that 
hy Fig = Gina igs for OStSm—1. These morphisms are composed in the 
obvious way, so that we will be able to speak of the category of convposable 
sequences of & of length n. 

4.1. Let us call selection any pair S = (®, ¥) formed by two maps @ 
and W which satisfy the following conditions: the map © associates with 
each object f of wv ¥ a triple (Cy, pf, Af) satisfying condition C of 3.2; 
the map associates with each morphism 4 of @rX a 4-morphism I"y 
of ¥ satisfying the conditions of 3.4. 

With each selection S is canonically associated a functor Q7 from 
br & to the category of composable sequences of & of infinite length: this 
functor associates with an object /: »—>y the infinite sequence 

Qt HE, ary aah, Or} [27] Ox (ef Qy (afl ri} ny tf] y 

defined with the help of 3.4.3 and 3.4.4. It associates with a morphism 
i 

yay 

Ce 
» 1 t%, 

xX seemeemremenaiess 

of x4 & the following morphism of composable sequences of ¥ (Fig. 53) 

: Qy [Q¢f] Or} [207] Ox (27) Qy wh Tt} (ef x if y 
| | (240) (erg [Qu] (av) eal {w] | 

Qty! > ory eri) oy, WF Qy’ wi rp ef, 0 y’ 

Fig. 53 

The equality (#](¢f\=[6/ 1x) follows directly from the definition 
of I'y. If we show that we also have (I'y) [¢f]= [gf] [2], then the 

commu 
7 

3.4.3: now by 3.4.2 and 3.4.4, yl l¢/l and [gf’] (Qv) are identified 
with (I7z/] and (ry'’], where yz and 4/’ denote respectively the com- 
positions of Fig. 54 
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tativity of the other squares will follow from the last part of 

e-em ri] _ oY 

| al va lafy idf ; 
x— ¥ 6-9 

v | \xa ‘| | pty 
x! 7 y’ x y! 

Fig. 54 

Thus our statement follows from the equality 4’= 4”. 
4.2. Theorem: Let X be a 2-category satisfying conditions A, Band C’ 

and fi x->y,4@ 4-morphism of X. For each object t of X, the sequence 
inh , ‘pf ft ox] 22s Ogle PAE He >|t, 91 

is an exact sequence of pointed sets. 
Recall that a sequence 

th hon 
t, >TO Th an) 

of pointed sets is exact if, for 4<Sign-—|, Tar (Tiaa) is the inverse 
image of the base point of T;_1, under 1;. In the exact sequence of the 
theorem, the pointed sets 1, Qy|, | Qu, ..+, ate BTOUPS, the maps by 
which they are connected are group homomorphisms, and |t, 2 y\ right- 
operates on |é, f° fl in a way which is compatible with \t, qf| and with the 
operation of |f, Qy| on itself defined by right translations. 

From now on, we will say that a sequence 
In hh 

2% Ng np ces Ma Xo 

of ¥ is r-exact if, for each object ¢ of %, the sequence of pointed sets 
% E hy 

Ky sgh 2 | anal == Lb al > 16 

is exact. With this terminology, the sequence Q* f (4.4) is r-exact. 
The proof of the theorem will be given in paragraph 5. 
4.3. 1st invariance Theorem: Let f: xy and f': x! > y’ be two 1-mor- 

phisms of & such that [f| and [f') are isomorphic morphisms of & (hence 
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there are 1-morphisms 4: x—>x! and v: y—>y’ such that [uw] and [v] are 
invertible and satisfy the equation [/"] [uj=[v] [f]). In that case, the 
r-exact sequences Ox fen Qy if rj eh x ffl y 

and Ox (27) Qy’ 7) rT?’ (ef) x 7) y! 

of & are isomorphic. 
Indeed, there exists a morphism 

of @ ¥ such that [«] and [fv] are invertible. By 3.4.2 and 3.4.3, Q*y 
is an isomorphism from 2f onto OF} (4.4). 

Theorem 4.3 can be applied, in particular, to the case where [f]= [/’]. 
Hence, the r-exact sequence Q*} depends only on the class [f| of }, up to 
isomorphism. 

4.4, The functor 

QF: fom (Oy ee rp 2 x y) 
obviously depends on the choice we made for ”. However, this depend- 
ence is very “loose”: 

and invariance Theorem: Let SF and F' be two selections relatively to 
the same 2-category & which satisfies A, B and C. Then the functors Q7 
and Q”' are isomorphic. 

Let us write I”, Q’y, Q'7, tf, i}, q'}, -» for the items corresponding 
to If, Qy, Qf, ph h i. qf, -.. but constructed from the selection #’. Let 
us associate with each 1-morphism fi: x->y @ 1-morphism i Tfel't 
such that (p’/) (wf)= 27 and (h' f)*(w fy=hAf. For each object ¢ of X, we 
then have the equality (y'’/) (w /)'=¢'f (notation of 3.4). We deduce that 
[wf] is invertible. 

Moreover, consider 2 morphism 
f 

x%-——> 

(a) \" a wf 
gy 

of Wr X. We then have equalities (PP) wh)(Pa= fy (In=4en= 
ulp’f) (wh=(6'F) F'n) (wf) and (if) *(of)* (Py =P) *C0= 

e
g

 

(a* Pf) ° (veh{)=(a*p' few e (yah! fewt) = [anp fo ah leer 
af) nsen- 

By 3-2, Gi there i 
that (f’ f)sy= ld: 

3 then a 2-morphism y: wf)\(Pn > ('y) wh) such 

rt 7, Ty 

w wf ‘Leechs 
We have in particular wf lL. y\== (Px) {w f. Going back to the 

definitions, we easily deduce the commutativity of the diagram © 
Fig. 59 ten in 

(awfl| [ert / [wz a wo way 
/ of) wh 

orp x ay 
A arate 

ar} 
Fig. 55 

Hence there is an isomorphism Wh Qt Q”’ f whose componen 
are the morphisms idy, Idx, {wf], [wo], (w0,), (wor) fb wf), 
(w Ory] (Qwo0,], [wa j{Qwo,], [@ Oa rj (Qe ores] [Q?wf\.--- 

It remains to be proved that the Wf form a functor homomorphism 
from Q7 to Q”’. This is left to the reader. 

5, Proof of Theorem 4.2 

By 3.4 and 3.2, the sequence 
yf ere |e ol EA, tt 9 

is isornorphic to the sequence 

TTP) > Ho) MP , TT, (y")- 
It is then exact (2.4), and the same holds for the infinite sequence 

2 t L, Fil ere wre pel rl rel wen iE xf lhe, | 

where p”**f=p(2"D)- 
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° cals pit t r i We will show that this infinite sequence is isomorphic to the sequence (pp)! ae (Peppy (L" hy! * Y of theorem 4.2; this will prove the exactness of the latter: ; ' hoy ; 
. ; ; 

(r(pho)! eM fa | 5.1. Let us associate with each 1-morphism f: x >y of a 1-morphism on | | rf: Qy>T'pf such that (ff) (rf)=gf and (hpf)* (rf) =1d 02”. When X (2x) OE (Qo | is the 2-category of pointed groupoids, 7? is the functor considered in 2.2. ' | | ; Similarly, let us associate with each object x of, ¥ a 1-morphism ox set ligt j | Ue / Uta Id (or simply o) from Qx to Ox such that (60,) (0 x)= 0°* and (40,) * (ox) = | ; \ | (h0,)*. If ¥ is the 2-category of pointed groupoids, ox has already been | { | i defined in 2.3. In the general case, the definitions imply, for each object ¢, | | | | { the commutativity of the square of F ig. 56 ! l 
i] Loto | « 

{ fptd iM i 
(Qx)* (ox)! (Qx)! | ! ' ! i 

g 02 oO, y | seye 12g) ptt) "t f i Q(x) =F. a(x) Ppt) > Lp) —— Hh) : y 
i . { ie. 56 oo | WH MO 
¥ 

af) ) Since 7) ¢(x‘) is the endomorphism £~+é-1 of IT, (x', 0), |t, ¢%| is also Q (x!) > 2 () the “inversion map” of the group |t,Qx%|. This implies, in particular, Fig. 58 that fox] is invertible. 
h 5 easier. : ke the lecture of paragrap The morphisms r and o x allow us to construct the following diagram Sketch intended to ma 

of € (Fig. 57) 5.2. Consider first [v/): 
: 4 5 4 1 ‘t 

Lemma: Let - 4 

t a as F roth [rp*fl{o] py] (rpfl fox] (v7) WA , 
xX’ Y : 3 3 2 | . QI pr Se QM pf eA QT} [2pf) Ox #0. Oy 

be a commutative square of pointed groupotds. I} T is connected, the functor 
['T: PF-+IF' is also connected. 

This lemma follows immediately from the definitions: it shows that 
the functor gf: (pf >I'p (/), induced by the commutative squa 
(Fig. 59) 

” 

Oty LOH, 

: va 
: (@rpfi{ao] (Qrf) : Jou 

Ry 
Fig. 57 

rp PS 

(T}) git ; [a rip) SO 
Fig. 59 

We will show that this diagram is commutative and that the vertical 
arrows are invertible; this will prove Theorem 4.2. We obviously have 
(fl (v]=[¢f], by definition of rf. It will then be sufficient to prove 
that [vf] is invertible and that VA(2A= eA [rpfl[ox) for each 
1-morphism /: «—y. In order to do this, we will construct the diagram 
reproduced on the next page. The lateral faces of this diagram will be 
commutative, and the vertical arrows will induce bijections on connected 
components. Our figure will then allow us to compare the top of the 
diagram to the bottom: thus we reduce the general case to the par- 
ticular of pointed groupoids, which we considered in paragraph 2. 

defined in 3.1, is connected. This functor can be inscribed in a com- 
mutative diagram (Fig. 60) 

(Qy) a Ay") 
(Sf) tnt ret nn 

rp yes rien Fe) 
Fig. 60 
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The commutativity of this diagram can be vertified by going back to the 
definition of v7. If we set then g/= (I"¢'f) (v' ff), the functor we obtain 
is the composition of two connected functor; hence it is connected. 
Since IT, (¢°0,), [yr (f) and IZ, (¢%/) are invertible, IZ, (rf)’ (ie. |#, 7/|) is 
also invertible for all? Q.E.D. 

5.3. We have now to prove the equality [7] [O/]=[2°/] [rf] [ox]. 
We note first that the commutativity of the diagrams of Fig. 61 

; reps (rpt 4 r(ppi 22 (rp 
(TA/) |e oe id (U) som un Jt 

T(ppt 22 ry rept ry 
Fig. 64 

implies that of the composed diagram (Fig. 62) 

ren py 
(= ) le if gf 

ret rip) 
Fig. 62 

Moreover, since [gf] and [g’/] are invertible by above, the same holds 
for [['£], where I'f is the functor from I(p*/)' to 'p?(f) defined by F 
(3.4.2). The functor [E can be inscribed in the diagram of pointed 
groupoids 

t PO ( 
(Lp fy — ra pny 

wen| Sen P(p* py Je 
rs 

re pj’ rey) 
Fig. 63 

If we write 3 /=('E)q' (pf), gg f induces a bijection on connected 
components. Moreover, by 3.4.2, we have 

pat= (LE) ¢ (of) = (CULT pf) ¢ (bf) = (LU) ga (b/)- 
5.3.1. Consider now the following commutative square of pointed 

groupoids (Fig. 64) 

(Dp at 
ran, | 

Fig. 64 
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“ce 

Because the constructions on groupoids of paragraph 2 are natural’, 
it induces a commutative square (Fig. 65) 

Q(x) > Qa") 
rtpfe youn 

reer) 
Fig. 65 

which can be “‘composed”’ with the commutative square (Fig. 66) 
fOz 

(Qx)t => Q(x) 
(rps r(pry 

rpep 222 rp len! 
Fig. 66 

obtained from the square (S/) of 5.2 by replacing } by pf. If we consider 
then the equality f= (IU) gi (pf) of 5.3, we see that we have 

(rp(f) (90) =e N Von. 
Since we also have (¢*0,) (ox)'=a(x') (y'0,) by 5.1, we then get a com- 
mutative square (Fig. 67) 

(Qx)t 2 Q(x" 
(ppt (ax | (rp sty) ol) 

rp 2 rp?) 
Fig. 67 

5.3.2. Consider finally the “cube” (Fig. 68) 

pep 2 > (pny 
4 
i \ (refit tox} \ wo i 

{ 

| (Qx) 
1 

> (@y) 
et | lot | 

| | 
| i | i 
\ gi Oz ¥ 7 Oy 

pf } ; PUD Ip(f) 
(reli )ola! oO ri | 

y v 

Q(x") am Q(y) 



| 

& 
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The lateral faces this cube are commutative by 5.3.1, 5.3, 5.2, and 
3.4.3. By 5.3, 5.2 and 3.2, the vertical arrows induce bijections on 
connected components. Since the base of our cube induces a commutative 
square of Gr (category of pointed groupoids modulo homotopy), the 
image of the top of the cube under //, is commutative. Hence we have 

lt, Pe f[ ot, rpflolt, ox] = |t, rf] ofé, Q7|. 

5.3.3. Finally, we have to define the operation of Qy on I’f i.e., we 
have to make the group |#, 2y| operate on the set |, I’/| functorially in ¢, 
and in a way compatible with the map (g/)’. Since the square of Fig. 69 

(Q'S wp! 
a Oy gt 

Ay) 2. rip 
Fig. 69 

is commutative, and since the maps 7, (y,0,) and IT, (y,f) are bijective, 
it is equivalent to make //,(y’) operate on I7,(I(/’)): hence we are 
brought back to the case of groupoids (see 2.4.1), and this concludes 
the proof. 

In particular, if x is tsomorphic in & to the zero object, it follows that 
IT, (Q y)' is tsomorphic to IT, (I°f)'. 

5.4. Note: It follows from Fig. 58 that, for each object ¢ of X, the 
exact sequence of length 4 

4, 23 lt, #| |é, Qy| 4 |e, rey ES fe, ao] SI, | |, Qx| + 
is isomorphic to the sequence 

Hy, O79 Th, Q(x) 9 17, Q(y') “2 TT) 2S Thy) 2 ——> IT, (y'). 
Hence, this truncated sequence can be defined for each 2-category 

satisfying conditions A and B of 1.4, condition C being unnecessary. 

6. Duality 

6.4. To put an end to this “long journey through the desert’’, we will 
show how the above results can be “dualized”’: for each 2-category 9), we 
write 9)° for the dual 2-category of 9): this 2-category has the same 
objects as Y, but its “categories of morphisms” are defined by the 
equation Koms> (x, y) == Home (y, x); moreover, the composition functor 

Hay. Homa (x, y) X Homey (y, 2) >Home (x, 2) 
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of 9)° is the composition of the canonical isomorphism from Lowey ( 9%) x 
Homy(z,y) onto omy (2, y) x Homy(y, x), with the composition 
functor : Homey (2, ¥) X Homey (y, x) > Homy (2, x). 

Hz,y 0° 

We can say briefly that “we go from ¥)° to X by keeping the same 
object and the same 2-morphisms, while reversing the direction of the 
4-morphisms”’. To each property of 9° corresponds a property of ¥), 
called its dual. Let us give a few examples: 

6.2. From now on, suppose that 9) satisfies conditions A and B of 
paragraph 3; then 9° also satisfies these conditions, which are self-dual. 
Condition C is “‘dualized”’ as follows: 

Let #: xy be a 1-morphism of 9) and let Y/= (Cf, tf, kf) be a 
triple formed by an object Cf, a 1-morphism if: y—>Cf, and a 2-morphism 
kf: O->(if)}. For each object t of ¥), the triple W/ determines a functor 
wif: (CAT) (for each object z of %, % denotes the groupoid 
Homy (z, 2), and f, the functor #omy(f, 1): ¥i-> % ++), More precisely, 
y,f associates with each 4-morphism g: C fot the pair (géf), gx (R f)), 
which is an object of I'(/,). Similarly, y, f associates with each 2-morphism 
yi gg’ the 2-morphism y + (if), so that we have a commutative diagram 
Fig. 70 Gh. ht (Fig. 70) (Cys ype a, 

eel z if 
f If) 200, yy, > my 

Fig. 70 

We can say that the 2-category ¥)° satisfies condition C of 3.2 if 
and only if 9 satisfies condition C°: 7 

C°. For each 1-morphism }: x->y of 9, there ts a triple (Cf, tf, Rf) 
such that pf: (Ch -~LPU) ts connected for all objects t of Y). 

6.3. Let 2) be the following category: an object of ar’) isa 
4-morphism 7: x->y of Y; the morphisms of #7’) are the diagrams 

where u, v, f, f’ are 4-morphisms and B: fiu-ovfa 2-morphism. The 
domain (resp. range) of g is f (resp. /’). We define the composition of 

x _f 4 x y" 

* * with (9) «| aie (e) | 2. wo 
x > Zz > 

7 Ergebn. Mathem. Bd. 35, Gabriel and Zisman 
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as the diagram 

{o”’) wu B" vo 

Paae oy 
7" > 

where B’’= (v' *B) 0 (B’ *u). 
6.3.4. From now on, suppose that 9 satisfies A, B.and C°, and let us 

associate with each object /: xy of #r'Y) a triple (Cf, tf, Rf) satisfying 
C°, Let us associate also with each morphism 

i 
% > 

@| al 
f c 

of x9 a 1-morphism Ce: Cfocr such that (Ce) (7f/)=(G@f)v and 
(Co) * (kf) = (Gf) *B) ° ((kf')*«). When y is the zero object of ¥), we 
write Dix instead of C/, and we say that 2'x is the suspension of x. The 
functor #~+|2'x, é| is isomorphic to the functor which associates with ¢ 
the Poincaré group of the groupoid Horny (x,t) at the point 0f. Hence 
the suspension of x is given a natural Y-cogroup structure. 

When g is the morphism 
Om 

| sl cc 
0 ~y 

we write x} instead of Cg. Thus we obtain a functor X from Yo 1 (4.3) 
to 9; this functor induces, by passing to the quotient, a functor (still 
written 2) from ¥ to 9). 

When g is the morphism 
i 

, na A 

tas) | 
ae 

x 0 

we write 7/ instead of Ce. 

6.3.2. The maps which associate with each object f: xy of Sr’ D) 
the sequence 

(+) x fA y af CH GA Ye LEA zy (Lif ZCH (27f] Sen... 
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of 9), and with each morphism 
1 

xs ry 

@ | ale 
Cy, 

xp 

of '%) the morphism of Fig. 74 
x ffl y A CH oA Ye (2/ Sy [Zip] xC} 

a] | [Ce] {2 al [Fv] [2Ce) 
7 Ta a ’ Say’ 

x! if y! ie CH ue) Yx! (27) zy’ [£t7"} =C}’ 
Fig. 74 

determine a functor from rT to the category of sequences of 9). The 
objects 2x, Ly, LC f, ... are cogroups of J), and the morphisms [27], 
[Lif] ... are cogroup homomorphisms. 

lf different values are chosen for Cf, tf, Rf, Co, the above functor 
will be replaced by an isomorphic functor. 

Finally, the sequence (x) is exact. In other words, for each object ¢ 
of 9), the sequence of pointed sets 

[Zy, | EEE are, dS Ie, #| Lh ty, a PA |e, ¢| 
is exact. 

6.4. Suppose now that =) satisfies conditions A, B, C and C°. 
It follows then from 6.3.1 and 3.3 that the sets |[Xx, y| and |x, Qy| 
are both identified with the Poincaré group of Hom (%, y) at the point 
OF. Consequently, the functor yor Sx from & to ¥ ts left adjoint to the 
functor yo Qy- 

Under the same conditions, if y is a group of ¥, it follows from a well- 
known argument that the two group structures on [2, y|=|%, 2 y\, 
defined respectively by Xx and y, coincide, and make |x, Qy| an abelian 
group. Hence Qy is an abelian group of &; in particular, Qt ts always an 
abelian group of &; similarly, X*t is an abelian cogroup of &. 

Still under the same conditions, consider the following morphism (e) 
of DY) Tr}—~ 0 

(e) ot| wn, | 
, rd 

? 

[recall that #/ is a morphism of the groupoid Homy (LT, y), and hence 
that it is invertible]. Then C (g) is a morphism ZSTj—Cf of Y. We could 
define in a similar way a canonical morphism I’{—>2Cf. 
7* 
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7. First Example: Pointed Topological Spaces 

74, Let X and ¥ be two topological spaces with base points a, and Yo 
respectively, and #om.(X, Y) the pointed complex whose -th compo- 
nent is the set of continuous maps /# from A” xX to Y, which send 
A” xa, to yp (A” is the geometric simplex of dimension ”). With such a 
map /, we can associate the map h: (d, x)~> (4, h(d,.x)) from A” xX to 
A*xY. If Z is a third complex, with base point 2), we can then define 
a morphism of complexes 

Vey, Z* Hom. (X, Y) x Hom. (Y, Z) >Hom. (X, Z) 

by sending the pair (#, k) belonging to #om.(X, Y), x Hom.(¥, Z), to 
the map J: A" x X->Z defined by the equation 7 = koh. 

Since the functor JZ, which associates with each complex K its 
Poincaré groupoid 7K, commutes with finite products (II, 7.5), xy, z 
induces a functor 

xyz: IT Kom. (X, Y) xl Kom. (Y, Z) ~~ Hom. (X, Z) . 

It is then clear that we can define a 2-category .Top as follows: the 
objects are the pointed topological spaces, the categories Hom,xop (X, Y) 
are the groupoids JT Hom .(X, Y), and the composition functors are the 
functors uy y,z induced by vy,y,z. The 1-morphisms of .Zop are the 
continuous maps which send base points to base points; similarly, we 
see easily that we can describe the 2-morphisms as follows: let « and 8 
be two maps from I xX to Y such that « (¢, a) = (t, &%)= Yo (Z= [0, 1]); 
we will say that « and f are homotopic if there isa map h: IxIxX—~Y¥ 
such that h(s, , a) = Yo, h(0, t,x) =a(¢, x), h(1,t, 2) =f (t, x), R(s, 0, w) 
=a(0,2)=6(0,a) and h(s,1,#)=«(1,#)=6(1,#); this relation is 
obviously an equivalence relation, and we write [a] for the equivalence 
class of «. If f and g denote the maps #~>«(0,#) and a~>a(t, x), f 
and g depend only on [«], so that [a] is an equivalence class of homo- 
topies between f and g. With the notations of 1.3, we then have 0, [a]=f 
and 1,[{a]—g; the composition laws given explicitely in 1.3 are the 
“obvious” laws. 

7.2. Let us show now that the 2-category .Zop satisfies conditions 
A, B and C of paragraph 3: condition A follows from the definition; 
for 0, it is sufficient to take a topological space consisting of a single 
point. Then the objects of the category .Zop are the pointed topological 
spaces, its morphisms are the homotopy classes of continuous maps 
which send base points to base points. 

If f: X->Y is a continuous map which respects the base points a, 
and y,, we construct If, pf and hf as follows: first, let E(Y, yo) be the 
function space whose points are the continuous maps y: IY such that 
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y(0)=Ypo, its topology being the compact open topology; then If is the 
subspace of E(Y, y,) xX formed by all pairs (y, «) such that y(1)—f(#); 
similarly, pf sends (y, a) to 2, and we define (Af), y, e)=y(Q. 

7.3. The 2-category of pointed topological spaces also satisfies 
condition C° of 6.2: for each map f: XY which sends the base point 
x, of X to the base point y of Y, we can construct the triple (Cf, ¢f, Rf) 
of 6.1 as follows: if Z and T are two pointed topological spaces with 
base points % and fy respectively, write ZaT for the pointed space 
obtained from Z xT’ by identifying the points of Z x {ty} u {2} xT; the 
image of this subset in Za T will then consist of a single point, which 
will be the base point. 

In particular, if 0 is taken as a base point for the segment I= [0, 4], 
1 aX is obtained from the cone with base X by identifying the points of 
the generating line through #,. The canonical isomorphism uf from X 
onto the base of J aX is thus obtained by the composition of the map 
a+ (1, 2) from X to FxX with the canonical projection of IxX onto 
IX. For Cf, we choose the amalgamated sum of the diagram 

XML IAX 
| 
y 

the base point of Cf being the image of y, under the canonical injection 
if of Y into the amalgamated sum. Finally, the 2-morphism kf must be 
an equivalence class of homotopies between the zero map from X to Cf 
and the map (if)of; for kf, we take the equivalence class of the com- 
position IxxX ean. proj. TAX can, map Cf. 

7.4. Suppose now that, with the notation of 7.3, f is the injection of 
a subspace X of Y into Y. We say that the pair (Y, X) has the homotopy 
extension property if each continuous map from (I xX)v{0}x¥ to a 
space T can be extended to IXY. 

When L is a simplicial set and K is a subcomplex of L, the pair (jZI, | |) 
satisfies the homotopy extension property. Indeed, by chapter Ill, if a 
denotes the inclusion of (4 [1] x K)U({0} XL) into 4 [1] xZL, || is identified 
with the inclusion of (1X [K]|)({0}|L|) into Ix |L|. Since 7 is an anodyne 
extension of 4°6, (@X|K|)U({0}xj|L}) is a deformation retract of IX|LI: 
our statement follows immediately from this fact (see VII, 1.7). 

7.5. Lemma: Let (Y, X) be a pair with the homotopy extension property, 
and let h: Ix X->X be a retracting deformation of X onto 2X). Then the 
canonical projection of Y onto Y/X is a homotopy equivalence. 

Recall first that a retracting deformation of X onto a is a map h 
such that h(1,#)=A(, #)—ax, and h(O, x)=. On the other hand, 
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Y/X denotes the quotient obtained from Y by identifying the points of 
X, the image of X in Y/X being the base point. 

Let g be the map from (Ix X)uU({0}x¥) to ¥ whose restriction to 
IxX, is h, the restriction to {0} x Y being the identity map of Y. On the 
other hand, let f be an extension of g to IXY. Then the map j;: 
y~->f (1, y) is the composition of the canonical projection p: Y->V/X 
with a map s: ¥/X—>Y. By definition of s, sop is homotopic to Id Y. 
On the other hand, f defines, by taking the quotient, a map e: Ix (¥/X)> 
¥/X such that e(0, z)==2 and e(1, 2Z)=pos. 

7.6. If (¥,X) has the homotopy extension property (f being the 
indusion of X into Y), the pair (C f, 14X) also has this property: let 
g: EX(EaX)VU{0} x Cf T be a continuous map. Since I x Cf is simply 
the amalgamated sum of the diagram 

xX 24, 1x (0. X) 
Jos 

Ixy 

an extension of g to IxCf is uniquely defined by an extension to Ix¥ 
of the restriction of g to Ix XU{0}x¥. 

In particular, transitivity of amalgamated sums imply the existence 
of a canonical isomorphism from C f/ AX onto Y/X. Hence we have a 
projection p of Cf onto Y/X. Since TAX is contractible, lemma 7.5 
implies the following proposition. 

Proposition: If the pair (¥, X) has the homotopy extension property, f 
denoting the inclusion of X into Y, the canonical projection p of Cf onto 
Y/X is a homotopy equivalence. 

If we replace Cf by Y/X in Puppr’s exact sequence 

(2Cf, T) > (ZY, 1) > [2X, T]> [Cy T)+>[Y, T]-+[X, 7] 
we get the exact sequence 

» [2(¥/X), T]> (ZY, T]->[2X, T}\—>(Y¥/X, T]>[Y, T]—[X, 7] 
called Barratr’s exact sequence. 

[According to general use, we used the notation [X, T] instead of our 
notations |X, Z| or .Sop (X, F).] 

8. Second Example: 
Differential Complexes of an Abelian Category 

8.1. If x is an abelian category, a differential complex, (or simply a 
complex) of .~ is a sequence X of pairs (X,,, dX) where X,, is an object of 
of and dy a morphism d¥: X,.,->X,, such that dx_,odX—0. Usually, 
we write d, or simply d instead of d*, and we say that d is the boundary 
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or the differential. If X and Y are two complexes, a morphism 
x. Sy is a sequence of morphisms fat X,Y, of & such that 
4,°frir=t,0d, for all w¢Z. These morphisms are composed in an 
obvious way, and determine a category K(¥) called the category of 
complexes of sf. . | 

8.2. If x is the category 4 of abelian groups, we will first associate 
with each complex X of abelian groups a groupoid I XxX: the set 0 
objects of I7X is ker d_,; the set of morphisms of TX is the Greet sum 
ker d_, @coker d,; since dyod, is zero, dy induces a map d from Coker a 
to Ker d_,; the domain of a morphism (x, f) of if x is then chosen fe 
be x, while the range is x-+4/; finally, composition is defined by the 

formula: (a+df, g) (x, = (#, f+8)- 
Now, let X and Y be two complexes of abelian groups. Recall that 

the tensor product X@Y is the complex Z defined by the folowing 
conditions: the 2-th component Z,, of Z is the direct sum of the abe jan 
group X,@Y,, the sum being taken over all pairs (P, g) such tha 
p+q=n; if x belongs to X, and y to Y,, we have definition 

d(x@y)= (dx) @y + (— 1)? x@(2Zy) 
the first term on the right side belonging to the summand X,_,@ Y, of 
Z,_,, the other to the summand X,@ Y,_1. 

" In the sequel, we will write C for the canonical functor from TX xITY 
to IT(X@Y) defined as follows: if (x, y) is an object of JTX xIT Y, ie. 
an element of X)X Yp, C(x, y) is simply x@y; if ((%, f), (vy, g)) sa 
morphism of JTX x ITY and if /’ and g’ denote representatives of / and g 
in X, and Y,, C((x, f), g)) is the pair (*®y, h) where h denotes € 
canonical image (x+-d/)@g+/@y of (x+4/)@g +f @y in Z,/d, 2. 

8.3. Let us return now to the general case, let X and Y re two 
complexes of an abelian category «7, and let Hom\X, Y) be the fol owing 
complex of abeling groups: its th component 4s the Pro uc 
Tl of (X,, Youn). LE f= Vo pcZ is an element of this product, d/ is 

pez 

defined by the equality 

A) yeg=(hy—(—1" ha Oper: 

If X, Y and Z are three complexes of #, we write 

Vy v1 Hom(X, Y)@ Hom (Y, Z)-Hom(X, Z) 

for the morphism of complexes which sends the element (fy) @ (2) of 
Hotty (X, Y)@ Hom, (Y,Z) to the element ((—1)"" S54meh) of 
Hortimsn (XZ). 
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8.4. We are now ready to define a new 2-category %(#~), which we 
will call the 2-category of complexes of : an object of ®(%) is a 
differential complex of w; if X and Y are two such complexes, the 
category of morphisms Hong (s¢)(X, Y) is the groupoid IT #om(X, Y) 
defined by the complex #o(X, Y) (8.2). Finally, the composition 
functors 

ux, v.22 I Hom(X, ¥) XII Hom Y, Z) > II Hom(X, Z) 
are obtained by the composition of the canonical functor from 

Tl Hom(X,Y\)x Hom(¥,Z) to IT (Hom (X, Y)@ Hom (Y, Z)) 

defined in 8.2, with the functor [Tvy yz induced by vy yz (8.3). 
The 1-morphisms of domain X and range Y are the morphisms of 

complexes from X to Y. If f and g are two such 4-morphisms, a 2-mor- 
phism f->g is a pair (/, t) whose last component is a class of elements ¢ 
of Hom,(X, Y) such that g—f=di+td; two elements ¢ and s of 
Hom,(X, Y) belong to the same class of they are homotopic, i.e. if there 
is a u¢Hom,(X, Y) such that t—s=du—ud. 

8.5. The 2-category of complexes of satisfies conditions A, B 
and C of 3.1. Condition A is clear, as well as the existence of a zero 
object (it is the complex with all components equal to zero). Take then 
a 1-morphism /: X->Y; we can then construct the triple (I, pf, Af) 
as follows: 

Ij is the “simple total” complex associated with the “double” 
complex of Fig. 72 

0 0 0 —2 

4d, — de. 
¥,—> YY —1 

A fo faa 

dy dey 
oe Ki Xe Xp 0 

0 o Q- 
i , 

1 0 —4 
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We then have (I°f),= Xn@® Yi41- the boundary operator d: (If), > LA\n—1 
inducing on X,, the morphism X,,>X,, 1 ¥, with components d,_, and 
j,, and on Y,,,, the morphism ¥,.;>%,-1© Y,, with components 0 and 
—d. The components of the 4-morphism pf: {+X are the canonical 
projections of X,,® Y, 1 onto X,,(n¢Z). Finally, we choose hf to be the 
class of the element ¢ of Hom ('j, Y) whose #-th component is the 
canonical projection of (I7/),=,® Y,41 onto Yi44- 

Note that with the choice we made for If, the space of loops QY 
of a complex Y is defined by the formulas: 

(Q Y= (td and ag® = ayy . 
8.6. The 2-category of complexes of xf also satisfies condition C°, 

which is dual to C (6.2). For each 4-morphism /: X-> Y, we can construct 
the triple (Cf, if, Rf) as follows: . , 

Cc fis the “simple total’? complex associated with the ‘‘double 
complex of Fig. 73 

i 
weecceee a nd 

d, dn 
woemeees Y,——> Y <2 Yipee 0 

mh — fo om fot 
de don 1 

sore Xy > X Xp + 

ae Q——— Om ree 2 
; 

i ‘ 
t : i 

+4 0 —1 
Fig. 73 

Hence we have (Cf)x=Xn-1@ ¥,,, the boundary operator inducing on 
nF 

X,,-1 @ morphism with components — 4,» and —f,,, and on Y, a 
morphism with components 0 and 4,_1. The n-th component of the 
4-morphism if: YC } is the canonical monomorphism from Y,, into the 
direct sum X,,_1@ Y,,. Finally, we choose #/ to be the class of the elements 
s of Hom,(X, Cf) whose n-th component is the additive inverse of the 
canonical monomorphism from X,, into (CAus1= Xn® Yast: 

Note that with this choice of Cf, the suspension xX is defined by the 
formulas: (2.X),== X,—-1 and =X — — d*_,. Hence we have y=Q7 and 
Cf=Z(LA) (see 6.4). 
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Remark: Let H,, be the homology functor from K (#) to W, ie. the 
functor X ~> ker d*_,/coker d¥ (w¢Z). We can see that with each 

i g : 
r-exact sequence of complexes X-—> Y—> Z, the functor H,, associates an 
exact sequence 

Hnlh} Hy (g) 
Hi, (X) H,,(Y) 

if f: XY is an epimorphism, ker / and I’j have the same homology 
for all #; if / is a monomorphism, coker f and C/ have same homology 
for all 7. 

H,, (2). 

Chapter Six 

Exact Sequences of the Homotopic Category 
We will give here some applications of the preceding chapter to simplicial 

sets. We will also seize the opportunity to prove statements which will be 
used in the proof of the fundamental theorem of chapter VII. 

1. Spaces of Loops 

1.4. Let (X, x), (¥, v9), (Z, 2) be three pointed simplicial sets, 
and let us write J7°(X, Y) for the Poincaré groupoid of the complex 
Hom \(X, Y). Since the Poincaré groupoid of a product of simplicial sets 
is identified with the product of the groupoids of these simplicial sets 
(II, 7.5), the morphism 

Kom (X,Y) x Hom (Y, 2) Hom (X, Z) 

defined in IV, 4.2, induces, by passing to Poincaré groupoids, a functor 

ITy yg: (X,Y) XT (¥, 2 IT (KX, Z). 

Besides, it is clear that the [7 y,z are the composition functors of a 
2-category whose objects are the pointed complexes: this 2-category 
satisfies conditions A and B of V, 1, and will be written ((.A°@)). 

Since the set of connected components of a simplicial set is simply the 
set of connected components of its Poincaré groupoid, we see that 
.A°& (X, Y)=IIy (X, Y) is simply |X, Y| (see IV, 4.2 and V, 1.6). Hence 
there is no reason to make a distinction between the categories .4°é 
and ((.A°&)) defined in IV, 4.2 and V, 1.6. We will take care, however, 
not to identify the notations |X, Y| and .4(X, Y) when Y is not a 
Kan complex (IV, 4.3). 

1.2. Let . Ran be the full sub-2-category of ((.4°&)) whose objects are 
the pointed Kan complexes: this sub-2-category has then less objects 
than ((.A°é)), but its categories of morphisms and its composition 
functors are [J (X, Y) and [Ty y z when X, Y and Z are Kan complexes. 
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The 2-category .@an, which obviously satisfies A and B, also satisfies 
condition C of V, 3: 

Let X and Y be two pointed Kan complexes, x) and yp their base 
points, and f: XY a morphism such that f(%)= 9; we can then 
construct If, pf and hf as follows: 

For I'j, take the fibred product of the diagram 

Kom. “ ft], ¥) 
é 

XY 

where ¢ is induced by the inclusion of A[1] into A [1] when Y is identified 
with #om.(A[1], Y) (IV, 4.1.2). It follows from the lemma below and 
from IV, 3.1.4 (ii bis) that J7/ is also a Kan complex. 

For pf, we take the canonical projection pr, of the fibred product 
onto the factor X. As for the canonical projection pr, of I’/ onto 
Hom (A[A], Y), it is canonically associated, by IV, 4.1.2, toa morphism 
A[{i] Ar'f—Y, ie. to a homotopy connecting the zero morphism with 

-eopry=fopr. The equivalence class of this homotopy, in other words 
its canonical image in JT" (I°/, Y), will be precisely hf. 

1.2.1. Lemma: Let Y be a pointed Kan complex and i. K->L a mono- 
morphism of pointed complexes. Then the morphism 

Hom Ai, Y): Hom (L, Y) > Hom K, Y) 
is a fibration. 

The lemma follows form IV, 3.4.3, IV, 3.1.4 (ii bis) and from the fact 
that the square of Fig. 74 

incl. 
Hom (L,Y) —> Hom (Lh, Y) 

Hom (i, | |ron GY) 
Hom (K, Y)—> Hom\K, Y) 

Fig. 74 

is cartesian. 

4.2.2. It remains to be seen that the triple (I7/, pf, Af) which we have 
just constructed satisfies condition C of V, 3:leté: T--X bea 1-morphism 
of .@an and h: 0->fof a 2-morphism ; we must look first for a 1-morphism 
t: Tol} such that t=(pfjot and h= (hf) *t. In order to do this, 
consider a homotopy H: A[1]~7—~Y whose equivalence class is h 
(see IV, 5.3); the restriction of H to T=A[1] aT is fot, so that the 
morphism H,: T>#om.(A[1], ¥), canonically associated with A ; 
satisfies the equality ¢o H,= fot. Hence we can choose for + the morphism 
with components ¢ and Aj. 
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Consider now two 1-morphisms 7, 7’: T=3J/'f and let t=(ff)ot 
== (pfiot’, h= (hf) *t and h’= (hf) «t’. We still have to show that, for 
each 2-morphism a: t+?’ such that (f*a)oh=h’, there is a 2-morphism 
a: tt’ such that a=(pf)*e. In order to do this, let us examine the 
product A[4] x4 [4] xT (Fig. 75) 

T 

2) 

Aft] 
5) 4 

A[A] 
Fig. 75 

Let H: A[1]x{0}xT—Y be a morphism such that the equivalence 
class of the composition of H with the canonical isomorphism from 
Aft] xT onto A[1]x{0}xT is h (H is thus defined on face 3 of our 
Figure). Similarly, let H’: A [4] x {14} x TY be a morphism correspond- 
ing to h’ (H' is defined on face 4). Finally, let A be a homotopy with 
equivalence class a, and B: {1}xA[1]x7-—>Y the morphism induced 
by fo A (B is defined on face 1). Since we have h’== ({«a)oh, there is a 
ee “a A(4]x4[4]xT-—-Y which induces H, H’ and B on 
aces 3, 4 and 1 respectively, and which sends 4[1]xA[1 t fo} xA [1] xT to the base point yp of Y (f is the base ohn 7 Oy 

IV, 5.23. Passing to the quotient, «, defines a morphism «,: A [1] A 
(4[4]xT)—Y with which is canonically associated a morphism ag: 
AM] xT—>Hom.(A[1], Y). It is then sufficient to choose « to be the 
equivalence class of the morphism 4 [1] x J +I} whose components are 
A and ag. 

1.3. Let f: XY be a morphism of pointed Kan complexes. By V, 4 
the infinite sequence - 
(x) Oy i2¢f) Or; Ph ox (2) QY {@/] rt} [ef xX if] 4 

isan rexact sequence of “the category of pointed Kan complexes modulo 
homotopy”. Moreover, if T is an arbitrary pointed complex and 

1 Apply IV, 5.2 to the Kan complex #om.(T, Y). 
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a(T): T->T, is an anodyne extension such that J; is a Kan complex, 
the sets .A°@(T, Y), AE (T, X), .A°E(T, If), ... are canonically 
identified with the sets Pa (Tx, Y), °F Tx, X), Ae (Tx, If), -- 
or with the sets .#(T, Y), HT, X), #7, If)... . Hence we can also 
consider (#) as an 7-exact sequence of .A°é or of #. 

By 4.2, QY is the fibred product of the diagram of Fig. 76 
Hom (AfA], Y) 

le 

Ao] = #om.(A [0], ¥) > Hom (AfAl, Y) HY 
Fig. 76 

This fibred product is obviously identified with Wom .(Q, Y), where Q 
is the simplicial circle (II, 2.5.2). Hence it follows from V, 3 that, for 
each pointed Kan complex, there is a ‘canonical isomorphism from 
APE (T, Hom. (Q, Y)) onto IL, (Hom (T, Y)). It is easily seen that this 
isomorphism / can also be obtained from the canonical isomorphisms 

AMET, Hom. (0, Y))= AE(T AQ, Y)= AE (Q, Hom. (T, Y)) 
described in IV, 4.1.2 and from the isomorphism 

APE (Q, Hom T, Y)) ox I, (Hom. (T, Y)) 
described in IV, 5.4. 

1.4. Let p: E->B bea fibration, ¢g and by base points of E and B 
such that (é)) = 09, and F the fibre of p over bg, i.e. the fibred product 
of the diagram E 

. 
bo 

Afo|-> B 

This will be summed up by saying that the sequence 
F->E*>B 

is a fibration (¢ denotes the inclusion of F into £). 
Lemma: If B is a Kan complex, the morphism 7: F >Ip whose com- 

ponents are the inclusion i of F into E and the zero morphism from F to 
Hom (Alt), B) is @ homotopy equivalence. 

F can be identified with a subcomplex of [’p by means of 7; we will 
then construct a homotopy /, connecting a retraction of j with IdI"P, 
such that ehg=p/y, if hy and A, are the components of A: 

Ati] xD'p > Hon. (A( 1], B) 
iy) 
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In order to construct #,, let us write &: [1] x[ i i ; ' : 4]—>[1] for the increasin map wince sends (1,0), (0,0), (0,1) to 0 and (1,1) to 1. The image 
(k): A[4] x4 [4]+A [4] of & under the functor C of II, 5.1 defines 

then, by passing to the quotient, a morphism 

1: AA] AAT] ALA] 

which is a homotopy connecting the zero morphism with the identity of 
A[1] (A[1] is contractible!). Since A [4] is c i '). ontractible, the same hold: for #om.(A[1], B): indeed, with the morphism -_ 

Hom (lL, B): Hom (Al), B) > Hom (Al) aA], B) 

is canonically associated a morphism 

VU: All a Hom (Ali), B) > Hom. (A[1], B) 

which connects the zero morphism and the identity of Hom .(4 [1], B) 
(IV, 4.4.2). For kg, we can then take the composition 

can, A(llaprs AltA] x06 = Alt] ap 3 At] Lom (ATA 
In order to construct #,, we note that, b i - : ; , by the Kan extension con- 

dition, there is a morphism /, such that pohy=eoh, and/,| {1} x[p=Id. 
It follows that po (f,| {0} xf) is zero, and hence that h, sends {0} x Ip 
into the fibre. Since we can choose A, on A[1] xF as we like, it is suf- 
ficient to require in addition that the restriction of 4, to A[4] xF should 
be the canonical projection onto F. 

The above lemma implies the existence of an infinite sequence 

29% i oR D, op 49, o7 BA, op ital , Op 
B 

of the pointed homotopic category; this sequence is obviously iso- 
morphic to the sequence (*} of 1.3; hence it is v-exact and depends 
functorially on p. In particular, each commutative diagram (Fig. 78) 

F++E2B 
Yok, 
F’ t BE’ B' 

Fig. 78 

of .A°& whose rows are fibrations indu i : ces the foll : 
diagram of .#% (Fig. 79) e following commutative 

OB GWA F (7 E {) B 

ia] al tl «| 
7 GTP ’ ... QB > F E' B 

Fig. 79 

], B) —> Hom.(A[A], B). 
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2. Cones 

2.4. We intend now to show that the 2-category .Ran also satisfies 
condition C°, dual to C (V, 6.2); in order to do this, let us consider 
first a morphism /: X—> Y between arbitrary pointed sets. We will call 
cone of f (notation Cf) the amalgamated sum of the diagram 

X—-Y 

‘| 
ATA] AX 

where 6: XTMA[14] 4X4 [1] 4X is the morphism induced by the in- 
clusion of A[4] into A [1]; we also write if for the canonical injection 
of Y into the amalgamated sum C/. Hence the canonical morphism 
from A[1] aX to Cf is a homotopy relatively to base points connecting 
the zero morphism with (¢/)f; the equivalence class of this homotopy 
is a 2-morphism of ((.4°4)), which will be written kf. 

Since ((.A°&)) is a 2-category satisfying conditions A and B of V, 4, 
the triple (Cf, if, kf) defines, for each pointed simplicial set T, a functor 
from the groupoid (Cf)r to the groupoid I'(f;) (V, 6.2). Our triple does 
not satisfy completely condition C°: however, we have the following 
result: 

Lemma: If T is a pointed Kan complex, the functor from (Chr to 
If) defined by the triple (Cf, if, Rf), ts connected. 

Let i: YT be a 1-morphism and k: Q->1-f a 2-morphism. Since 
T is a Kan complex, there is a morphism K: A{4] A X->T whose class 
is k. If we write r for the morphism from the amalgamated sum C/ to 
T whose components are K andt, we then have r (if) =7 and r# (kf) = k. 

Now let 7,7: Cf22T be two 1-morphisms, and let z=r(t/), 
j'==y’ (if), R==rx(kf) and hi <9’ «(kf). We must show that, for each 
2-morphism a: i->#’ such that (axfjok==k', there is a 2-morphism 
a: r—>r' such that a=a*(7f). The construction of « is similar to that 
given in 1.2.2. This completes the proof. 

2.2. We are now ready to verify condition C° in the 2-category .Ran: 
suppose then that X and Y are Kan complexes; unfortunately, in that 
case, Cf is not general a Kan complex. However, take an anodyne ex- 
tension a: C{+C'f such that C’ isa Kan complex, and let 7’ f= a(tf) 
and k’ f=ax(kf). 

If T is a pointed Kan complex, the functor (C’/f)p >I (fr) defined by 
the triple (C’/,7’f, #’/) is obviously the composition of the functor 
ar. (C' Aro (CAr induced by a, with the functor defined by the triple 
(Cf, if, Rf). Since the latter is connected by 2.1, it is sufficient to verify 
that a7 is connected: since each morphism from Cf to T can be extended 
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to C’f, ap induces a surjection on objects. On the other hand, let 7,7": 
C’f—2T be two objects of (C’f)7 and let B: ja->j’a be a morphism of 
the groupoid (C/)r. 

Since the extension 

(A[1] xCAv(A[1] xC’f) +41] xC'F 
is anodyne by IV, 2.2, each morphism B: A[1] x Cf->T whose equi- 
valence class in (C/)r is B (see IV, 5.2), can be extended to a homotopy 
A: A[1)xC’f-+T between j and 7’. The image « of A in (C’f)7 is such 
that B=ax«xa; this complete the proof. 

The preceding remarks and paragraph V, 6 imply in particular that 
RY is a .#-abelian group for each pointed Kan complex Y. 

2.3. Let us return now to arbitrary pointed simplicial sets X and Y. 
We will call suspension of X (notation: XX) the pointed complex 2 a X, 
where Q is the simplicial circle (II, 2.5.2). Thus the suspension of X is 
simply the cone of the zero morphism X->0. 

lf f: X->Y is a morphism of pointed complexes, the commutative 
diagram 

x+yY 
Id x| br 

ox 

xA-—— 0 

induces a morphism 7/ from Cf to the cone YX of 0*. Hence, if we 
consider C/ as an amalgamated sum, the components of jf are the 
canonical morphism from A[1] aX to 2X and the zero morphism from 
Y to 2X. 

Theorem: For each morphism f: X—>Y of .A°@, the infinite sequence 

af @() x--y4cpy-4 ox Sif sy 2h ycp7 hx... 

induces a l-exact sequence of the pointed homotopic category. 

Recall (V, 6.3.2) that our theorem means that, for each pointed 
complex T, the infinite sequence of pointed sets 

HA Z},T) aH (if, T) (67) AASY, TVR 9 (5X, Ty (Cp, TES # \v,T) 2 8 (X,T) 
is exact. Note also that the sequences (i) and (i); depend “functorially” 
on }. 

We will prove this theorem by comparing the sequence (i) to sequences 
which we know to be l-exact by V, 6. In order to do this, consider the 
Kan envelope (e, ?x) of IV, 4.4, and let us write Cy f instead of (Cf)x, 
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XZ instead of (XZ)x, ix instead of e(C f):@f) and jx / instead of 
(jx. We then have the commutative diagram of Fig. 80 

xteyte ch rx 26 sy = scp A x 
a Jxcn jon «en \ seen [pen |p 

\ ‘ 
Cxf jaf aX Eat pad XCrf sGnn Loe X i 

\ sate |ascer Juszer 
‘ : 
J Cef——> X2X KCxt Exizn ~* 

Fig. 80 

Since all vertical arrows are anodyne extensions by IV, 4.3, the sequence 
(i) is isomorphic, in the pointed homotopic category, to the infinite 
sequence 

t Zxt 2K (ix f) Gi) x— + yt cy fp -*# EX xeY ZyCx fon 

When X and Y are Kan complexes, the latter sequence is /-exact 
by 2.2 and V, 6.3.2. 

If we suppose only that X is a Kan complex, we have a commutative 
diagram (Fig. 81) 

it a} f,y—.c} =X ZY 

(iti) | @ jen 2) | ® | 4) [2s 
Cg q& aX ag & Vx 

Fig. 84 

x g Yr ig 

where g is the composition e(Y)/ and where ef is induced by ¢(Y). 
Since the square 2 is obviously cocartesian, e/ and all vertical arrows 
of the diagram are anodyne extensions (IV, 4.3). The rows are then iso- 
morphic in the pointed homotopic category, which takes us back to the 
preceding case. 

Finally, when we make no hypothesis on X and Y, we have a 
commutative diagram (Fig. 82) 

t_, yy Ll, xy 
| [TM | } » (Xx) ing 

aY’ 

xy toy, CH 

(iv) “| 
Xn Y Fen © ms) jay) x s(iny) 

Fig. 82 

8 Ergebn. Mathem. Bd. 35, Gabriel and Zisman 
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where Y’ is the amalgamated sum of Xy and Y under X, in, and in, 
are the canonical morphisms, and where e’/ is induced by ing; all vertical 
arrows are anodyne extensions, so that the rows are isomorphic in the 
category .#: in fact, in, is an anodyne extension since the first square 
is cocartesian, and e’/ is another one since the square 

XaAft] —~ Cf 
e(K) al jer 
X, a A(1]— C (in) 

is also cocartesian. This takes us back to the preceding case, and hence 
completes the proof. 

2.4. Wekeep here the same notations asin 2.3, and we suppose moreover 
that f is a monomorphism of .A°€. We write then Y/X for the amalga- 
mated sum of the following diagram of .A°@: 

xy 
ox! 

+ 
0 

Since 0* is the composition of the morphism e: X>A[1] aX of 2.4 
with the zero morphism 4[1]AX->0, Y/X is also identified with 
Cf{(4 [4] .X); in other words, the diagram of Fig. 83 

X—>AfA]aX— o 

‘\ if @ 
y-S cf - V/X 

Fig. 83 

is commutative. (Here, g is the morphism from the amalgamated sum 
to Y/X whose components are the canonical projection p from Y to 
Y/X and the zero morphism.) If denotes the morphism A [1] aA [4] > 
A[1] of 1.4, we write h: ALA AAA] aX >A[1] 0X for the morphism 
Lald X. This morphism is a homotopy relatively to base points con- 
necting the zero morphism with the identity of A[1] aX. In other words, 
A[4}aX is contractible. Applying lemma 2.4.1 below to the mono- 
morphism A [1] a X—C7, we get 

Proposition: If #: XY is a monomorphism of pointed simplicial 
sets, the canonical morphism from Cf to Y/X has an invertible image in 
the pointed homotopic category. 

If f is a monomorphism, the sequence (i) of 2.3 is thus isomorphic 
(in. 4) to the infinite sequence 

xtytyxtSox toy... 
This sequence is a exact sequence of #. 
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2.4.4. Lemma: Let u: U>V be a monomorphism of simplicial sets. If 
U is contractible, the canonical projection p of V onto V/U has an inveritble 
image in .#. 

The proof is similar to that of lemma V, 7.5. Since U is contractible, 
there is a composed homotopy A: I, x U-+U (relatively to base points) 
connecting the zero morphism with Id U. Let then g be the morphism 
from (I, XU) u ({0} x V) to V whose restriction to I,xU is A, and which 
is induced by Id V on {0} XV (we identify U to a subcomplex of V by 
means of u). Consider then the commutative diagram of A°€ of Fig. 84 

(I, xU) v0} XV) > V 
(i) incl. | ¢ is 

1, XV > V 
Fig. 84 

where V’ is the amalgamated sum of the full line diagram, and where o 
and G are the canonical morphisms. In this diagram, o is an anodyne 
extension, and G is a homotopy (relatively to base points) connecting o 
with a morphism / from V to V’; finally f factors through p by means of 
a morphism 7: V/U->V’. Let then ¢ be the morphism of .% defined by 
the following diagram of .A°@ (see I, 2.3) 

ViJU-> VV. 
Since we have f=rop, the composition gop in .# is defined by the 
diagram 1 6 

VoVieV. 

Since, by construction, [f] == [oe] in the category .A°é, we have gop= 
Id V in the pointed homotopic category. 

Let us now write #’ for the projection of V’ onto V'/U and o”: 
V/U-+V'/U for the morphism induced by o. The square 

v 2. Vv/U 
(i) 4 lf 

V'—> VU 

is cocartesian, and hence o’ is an anodyne extension; but in the category 
#, the morphism fog is represented by the diagram 

yu 23 vu VU 
(see I, 2.3): in order to show that pog= Id(V/U) in the pointed homo- 
topic category, it is sufficient to find a homotopy H (relatively to base 
points) connecting o’ with por: we note then that G induces, by passing 
to the quotients, a morphism from I, x(V/U) to V’/U, and this is the 
homotopy we were looking for. 
BF 
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3. Homotopy Groups 

3.4. Let X be an arbitrary pointed complex. By 2.3, the suspension 
SX of X is simply the contracted product Q4X. Moreover, the functor 
yuYaX from #% to .# isleft adjoint to the functor Z~> Hom. (X,Z x) 
described in IV, 4.3.1. It follows that the functor Y~> Y aX commutes 
with direct sums, and hence that the canonical morphism 

(QnX)v (QAX) > (Qv Q)aX 

is an isomorphism. If we compose this isomorphism with the morphism 
p AX deduced from IV, 4.5, we give to Qn»X a cogroup structure of the 
category .%. 

When x: X->X’ is a morphism of .#, the induced morphism 
Xa: ©X-ZX' is obviously a cogroup homomorphism. In the sequence 
(i) of Theorem 2.3, in particular, the morphisms 2/, 22}, 77... are 
cogroup homomorphisms. 

Finally, suppose that X is a cogroup of .# and let 6: X->XvVX 
be the comultiplication of this cogroup. Then the cogroup structures 
of QaX which are deduced from ga X and 26 coincide, and make 
Qx»Xan abelian cogroup. In the sequence (i) of theorem 2.3, in particular, 
the objects 2?X, L®Y, ... are abelian cogroups. 

3.2. Let T be a pointed complex, and set 

1, T=.# (At), 1), T= .# (ZA), 7), . IL, T=.# (Z"A[1],T). 
By 3.4, the sets [7,7 have a group structure for n2=1: we will say that 
II, T is the n-th homotopy group of T; this group is abelian for n2 2. 

The set IJ, T is simply the set of connected components of T. Let us 
consider then /J,7: for each pointed complex Y, we can identify Y 
with Ya A[1] by means of the following composed morphism of .A°é: 

YS Yx(j"S yx Alt] => Ya dls). 

In particular, 2 A [1] is simply the simplicial circle Q, By IV,5, 
I, T is thus identified with the Poincaré group of T at its base point. 

More generally, S"A[1] is identified with the contracted product 
a"Q of n copies of Q. If p is the canonical projections of A[1] onto Q, 
the composition 

qn AU x Aft] 
can. 

Qxo xD Dave aD 

is an epimorphism of .A°&. Besides, if follows from the definition of Q 
as cokernel of the pair of morphisms 

A(a), A(@): 4[0] S A[1], 

de (SX, 2) PES (EX, T)—> (XP f) > 0 (X, 2) 
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that the square 
incl. 

A — Afi!’ 
| Jan 

Afo]—> a"Q 

where A= me a4 [1]? x A[1] x A[1}, is cocartesian. Hence the point- 
ed complex A"Q is obtained from the n-dimensional cube by contracting the 
“boundary” of the cube to a point. 

3.3 If X isa pointed complex and T a pointed Kan complex, we have, 
by IV, 4.2 and IV, 4.3.4, a functor isomorphism 

HEX, T) oe H(X, QT) 

where Q T= Hom .(Q,T) (see1.3). Hence, for each n21, we have functor 
isomorphisms 

#(S"X, T) Se HOE" AX, QT) Os OS HX, QT). 

For each morphism /: Z->T of pointed Kan complexes, the exact 
sequence 

we (X, QT) 2B (x, Pp) ARES a (X,2) 8), (X, T) 
induces then an isomorphic exact sequence 

HX, PF) HOAX, f) 

In particular, if X is equal to A[1], we have the exact sequence of 
homotopy groups: 

TZ ls Th, Tt Ig 
- Similarly, consider a pointed Kan complex B and a fibration (1.5) 

1} If [IyT. 

F->E+B 
The exact sequence 

. ..QB—>FSESB 
of 1.5 and the functor isomorphisms IIT > .# (A[4], T) define an 
exact sequence of the homotopy groups of a fibration 

IB — IF Tt, TB —> [I,F > Hy)E ~"> HB. II,E 

This exact sequence depends “‘functorially”’ on p. 

3.4. We will now give another definition of the homotopy groups, 
which will be needed at the end of this chapter. We will see indeed that 
the pointed complex a” is isomorphic in HH to the complex A [x]/A [x] 

# (X,T). 
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obtained from A[”] by contracting its boundary to a point. Thus, for 
each pointed complex T, we will have an isomorphism 

IL,T oy (A{n/A ln), T) 
which we will use later. 

Indeed, it is clear that, in the category .A°é, the morphism A[@,,]: 
A{n]—A[n-+4] induces an isomorphism “ 

A{nljA [mn] =A [n+ 1A [n+ 1). 

Since A(n-+41] is contractible (a homotopy connecting the identity 
of A°[n+-1] with the zero morphism is given by C (v2), IV, 2.4.3), we 
then have an isomorphism 

A(nJA[n]~A[n+1] 
in the pointed homotopic category (2.4.4). 

Let us now write f for the canonical injection of A[n] into A{n]. It 
follows from the definitions that the two following squares of .A°é are 
cocartesian : 

Alm] 401] 04x] A(nj-> Cf 
a \ | 

Aln| +? Ci Ao] > C7/A[n] 
Fig. 85 

Hence the same holds for the composition of these two squares (Fig. 86) 

Al] — A(t] s4A[n] 
| 

Afoj—> CH Alr] 
Fig. 86 

In other words, C}/A [7] is the cone of the zero morphism A[n] 0, ie. 
we have Cf/A[n]= XA [n] in the category .A°é. 

But, in the pointed homotopic category, we have the following iso- 
morphism : 

—C}|A[n]= Cf, for A[n] is contractible 
—Cf=A[n]/A[n] by 2.3 
—AlnjeA[n—1]/A[n—1] (nw >1). 

We deduce an isomorphism (> 1): 

A[n]/A (n= 2 (A [n— 1/4 [n—1]). 
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Since by definition, Q= A[1]/4 (1]= 2A [1], it follows from the above 
isomorphism that 

A{nAfnj= 2" 1O=2"4[1]. QED. 

4. Generalities on Fibrations 

4A. Let p: E->B and p’: E’ +B’ be two morphisms of a category @. 
A morphism from # to 9’ (see V, 4) is a pair (u, v) formed by morphisms 
u: E->E! and v: B->B’ such that p’u= vp. These morphisms are com- 
posed in an obvious way, so that we will be able to speak of the category 
of morphisms of @, written > @. In particular, if p and p’ are two iso- 
morphic objects of this category, we will say that p and #’ are isomorphic 
morphisms of €. 

44.1. For example, consider, the case of the category A°é. By 
definition, (> A°&) (Pp, p’) is. the fibred product of the diagram of sets 
of Fig. 87 

A°E(E, E’) 
AEE, PY) 

A°é (B, B!) > A° 6 (E, B’) 
Fig. 87 

This leads to write Hom(p, p') for the fibred product of the following 
diagram of A°& (Fig. 88) 

Hom (E, E’) 
Home, py 

Hom (B, Be. Hom(E, B’) 
Fig. 88 

Thus an n-simplex of Hom (p, p') is a pair (2, k) which makes the fol- 
lowing diagram commutative: 

A[n]xE—> E' 
|auixe |p 

A{n|xB—> B’ 

The face and degeneracy operators are obvious; moreover, Komp, p’) is 
a Kan complex if ~’ is a fibration (IV, 3.1.1 and IV, 3.1.2) and B’ isa 
Kan complex. 

4.1.2. Two morphisms from / to p’ are said to be homotopic if they 
belong to the same connected component of Hon (p, p'). The set of these 
connected components will be written TIy(p, B'). Uk ps E’ > B" is a 
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third morphism of A°6, it is clear that the composition map 

(tr A°8) (p, p') x (fr A°8) (B', 6") > (Lr A°E) (B, P") 
is compatible with the homotopy relations, and induces a map 

IIy(b, P') XLT (b', P”) II (p, p") : 
Thus we define the category of morphisms of A°& modulo homotopy: 

its objects are the morphisms of A°é, its sets of morphisms are the 
sets I,(p, p’). Lf p and p’ are two isomorphic objects of this category, we 
will say that p and p' have the same homotopy type. 

4.4.3. Suppose now that E is a subcomplex of E’, that B is a sub- 
complex of B’, and that p: E->B is induced by p’. Then we say that p 
is a deformation retract of p’ if there is a pair (#, k) such that the square 

A[A] XE’ “> E’ 
[a mixe le 

k 
A(t] xB’ > B 

is commutative, that the restrictions of / and k to {0}xE’=E’ and 
{o} x B’= B’ are the identity morphisms of £’ and B’, and that the 
restrictions of # and k to A[1] x and A[1]xB factor through the 
canonical projections onto E and B. Such a pair (h, R) is a 1-simplex 
of Hom (p', p'); we will say that it is a retracting deformation of p' onto p. 

If p is a deformation retract of #’, it is clear that p and #’ have the 
same homotopy type (4.1.2). 

4.2. Let us return now to the notations of 4.1.1, supposing that the 
bases B and B’ coincide. We write then Home (p ,p’) or Hom, (E, EB’) for 
the fibre of the canonical map 

Komp, p') > Hom (B, B) 

over the identity morphism of B (1.4; note that Id B is a 0-simplex of 
Hom B, B)). lf p' is a fibration, Hom, (p, p') is a Kan complex by 
IV, 3.4.4 and V, 3.1.2. 

The n-simplices of Hom, (P, P') correspond then to the morphisms 
h: A[n] xE—E’ of A°@ such that the triangle 

A[n]xE “> E' 
pop’ My 

B 

commutes (pr, is the canonical projection onto the second factor); the 
O-simplices, in particular, are identified with the morphisms 4: 
E->E! of A°é such that p’u= p. These morphisms are composed in an 
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obvious way and allow us to define the category of complexes over B, 
whose objects are the morphisms # of A°é with range B. We say that 
p and p' (or sometimes E and £’) are isomorphic relatively to B, if they 
are isomorphic objects of this category. 

4.2.1. Let p: E>B and p': E'—B be two morphisms of A°é with 
the same range B. Two morphisms «, «’: E =2F’,suchthatp=p'u=p¥, 
are called homotopic yelatively to B if they belong to the same connected 
component of Honep (p, p’). The set of these connected. components will 
be written 17}, (f, #')- lf pl: E' > Bisa third morphism with range B, 
the composition map 

A°6(E, E) XA 6 (E', E") AEE, BY) 
induces a map 

IT (p, p') xg 6" 6") eae BY - 
This allows us to define the category of complexes over B modulo homo- 
topy: the objects are the morphisms of A°@ with range B; the sets of 
morphisms are the sets 113, (f, f')---. HEP and p’ are two isomorphic 
objects of this category, we will say that # and p' have the same homotopy 
iype relatively to B. 

4.2.2. With the notations of 4.2.1, suppose now that Eisa subcomplex 
of E’ and that # is the restriction of p’ to E. We say that p (or E) is a 
deformation retract of p' (or E’) yelatively to B if there 1s a morphism 
h. AULXE’ ok such that p’oh=p'o pls and that the restriction of 
h to E'={0}xE' (resp. to A{1] x£) is the identity of E’ (resp. the 
canonical projection onto E); such an h will be called a retracting de- 
formation of E’ onto E relatively to B. 

If pisa deformation retract of relatively to B, p and p' have the 
same homotopy type relatively to B. 

4.3. Let us return now to the notations of 4.1.1 and to the definition 
of Hom(p, p’). The commutative square (Fig. 89) 

HE , EY) Xom(B, El) > HomE, EB’) 
Hom (B,?’) WomlE, Pp’) 

Hom B, B') "=> Hom (E, B’) 
Fig. 89 

induces then a morphism plp': Hom (B, E')>Hom(p, P’) whose com- 
ponents are Hom (p, E') and Hom (B, p’). 

Proposition: If %: YoX is @ monomorphism and Pp: E >Ba 
fibration, the morphism 1[p: Hom (X, E) Hom (i, p) is @ frbration. 
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Consider a commutative square (Fig. 90). 

U “> H#om(X, E) 
1, be 
V— Homi, p) 

Fig. 90 

where u is an anodyne extension; we even suppose that # is an inclusion. 
Let then 6,: V>#om(Y, E) and b,: V>Hom(X, B) be the components 
of 8; let a’: UX XE, &: VX YE and by: VxX->B be the mor- 
phisms canonically associated, by adjunction, with a, b, and b, (II, 2.5.3). 
The relation Homi, E)o a= b,ouimplies a’9(Uxi) =by0 (ux Y), so that 
a’ and 8; coincide on the intersection U x Y of their domains. Hence there 
is a square (Fig. 91) 

VXYUUXX-5E 
{inct. \e 

VxX -->B 
Fig. 94 

such that the restrictions of c’ to Vx Y and U xX are equal respectively 
to by and a’. Moreover, the relations 

Hom Y, p)obj= Homi, B)oby and #Hom(X, p)oa=b,ou 

imply that pb,;=0, (Vx?) and pa'=b;(4xX). Hence our square is 
commutative. Since the vertical arrow on the left is an anodyne ex- 
tension by IV, 2.2, there is a morphism d’: V x X-~-»E whose restriction 
to VxYUUxX is c’ and such that b,= pd’. Then the morphism 
d: V->Hom(&, BE), canonically associated with d (II, 2.5.3), satisfies 
the required equalities du=a and (¢/p) d= 6. 

When Y is the empty complex, 7/p is identified with Hom (X, Pp) 
and we get IV, 3.1.2 again; when Bis equal to A [0], 7/p is identified with 
Homli, E) and we get V, 3.1.3. 

4.3.4. We say that a morphism p: EB of A°& has the path lifting 
property if, for each commutative square of the form 

A{o] > E 
il e 

there is a morphism w: A[1]—>Z such that wj=u and pw. 
Corollary: Let p: E->B bea morphism of A°&. Then the following 

statements are equivalent: 

L 

4, Generalities on Fibrations 123 

(i) p is a fibration; 

(ii) for each monomorphism 1: YX, the morphism 
ip: Hom\(X, E)->Hom'(i, p) 

has the path lifting property. 
The implication (i) > (ii) follows from proposition 4.3. On the other 

hand, statement (ii) means that, for each subcomplex Y of a complex X, 
and for each commutative square 

At] KVYXX SE 
|inel- , \e é= 0, 4 

Af(a|xX —B 

there is a morphism ¢: A[A]xX->E whose restriction to A[4] x Yu 
{e} xX isa and which is such that po=D. This implies (i) by IV, 3.1. 

4.3.2. Let us return now to the notations of 4.3 in the particular 
case where X= A{n] and Y= A[n] (IL, 3.6; then Y is empty if m= 0). 
A point (4, 6) of Homi, p) is then given by a singular simplex b: A[n]—>B 
of the base, and a “lifting” a: A{n|-E of the restriction of b to A{n] 
(hence we have poa=blA {x]). A point ¢ of Hom (A[n), E) over (a, b) 
is a singular simplex ¢: A{n]~E such that poe==b and e| Alnj=a4. 

Since i/p: Hom(Aln), E)>Homli, p) is & fibration by 4.3, the 
fibre F,, over a point (a, b) of Homi, p) is a Kan complex. It follows 
that two vertices of a same connected component of F,, are the end- 
points of a same 4-simplex: in other words, consider two singular sim- 
plices ¢: A[7] _>E and e; A[z]>E such that ¢|4[n]= e,|A[n] =4 
and péy== per 5; the vertices é, and ¢ belong to the same connected 
component of the fibre F,,, if there is a morphism h: A [1] xA ln) E 
such that 6) 4(1] xAln] and poh factor through the canonical pro- 
juctions of 4 ica xA[n] and A[1} x A [x] onto A{n] and A [x]. Then we 
will say simply that and ¢, are B-equivalent. We will also say that the 
elements of £,, canonically associated with ¢, and ¢, are B-equivalent. 

Lemma: Two degenerate simplices of E of dimension n ave B-equivalent 
if and only they if are equal. 

This lemma follows directly from 4.3.3 below: 
4.3.3. Lemma: Let x and y be two degenerate simplices of dimension 

n of a simplictal set E. The relations d;x=4d,y for O<i<n imply the 
equality X= Y- 

Let p and g be such that x= 5,4, * and y= S,d,%. If p=q, the lemma 
is proved. If not, suppose that p<q. Then we have %= Sp,dpX= Spy V= 
Sp4pSq4q 9 = Sp Sq—1 8p bq Y= SqSppbq Y= Sq £ with &=s,d,d, ¥- We deduce 
that d,x = 4,5, é=é£ and x=5,4,%= Syd, =Y- 
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5, Minimal Fibrations 

5.4. Let p: EB be a fibration and 7 the inclusion of A[n] into 
A [n]. We say that p is a minimal fibration (or that E is minimal over B) 
if two B-equivalent simplices of E (4.3.2) are always equal. It is equi- 
valent to say that each connected component of a fibre of 7/p: 
Hom\A [n], E) > Hom (t, p) of 4.3.2 has exactly one vertex. 

Since 7/p is a fibration we can state this last condition in a slightly 
different way: let ¢, and ¢, be two 1-simplices of Hom\(A[n], E) such 
that (i/p)t— (i/p)t, and d,,=d,t, (e=0 or 4). Since i/p is a fibration, 
there is a 2-simplex o of Hom (A [n], EZ) such that d,,,0—4, d,o=t, and 
(i/p)o==s,t [where t= (i/p)h= (i/p)t,]. This shows that d,.(4) and 
d,_,(t) are B-equivalent; hence these vertices coincide when E is 
minimal over B, and the converse is clear. In other words, we see that 
/ is a minimal fibration if and only if for each diagram (Fig. 92) 

Aft] x A[n]v fe} x A [n] > E 
A, 

j &’ méIN,e=0 or 1 
H, 

Att] xA [1] ’ +B 
Fig, 92 

such that a= H,j—H,j and b=pH,=pH,, the restriction of H, and 
H, to {1—e}xA[n] coincide. 

Note the following two properties of minimal fibrations: 
5.4.4. If the commutative square 

E'-- E 
"| \e 
BiB 

is cartesian and if p is a minimal fibration, the same holds for p’. 
5.4.2. For each commutative diagram (Fig. 93) 

E-> E’->E 
le tt 
B-> B’->B 

Fig. 93 

such that vow=Id E and v'ow'=Id B, p is a minimal fibration if p’ is 
one (see IV, 3.1.4 ili bis). 

5.2. Theorem (existence of minimal fibrations): For each fibration 
p: EB, there is a simplicial subset E’ of E such that the restriction p' 
of 4 to E’ is a minimal fibration and is a deformation retract of p relatively 
to B. 
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Consider the B-equivalence relation defined in 4.3.2, and choose a 
simplex in each equivalence class (we will say that such a simplex, as 
well as the associated singular simplex are selected) ; we require only that 
each degenerate simplex should be selected, which is possible by lemma 
4.3.2. Let then E’ be a subcomplex of E whose simplices are all selected, 
and which is maximal for this property. Then any selected n-simplex e 
of E, such that é |A[n] factors through E’, belongs to E’: for let E" be 
the smallest subcomplex of E containing E’ and e; the simplices of E’’ 
belong to E’, are degenerate, or coincide with e; hence they are all 
selected; hence we have E"=E"'. 

Let us shows now that the restriction p’ of p to E’ isa deformation 
retract of p relatively to B, which will imply our theorem, by IV, 3.4.4: 
let (D, #) be a pair formed by a subcomplex D of E containing E’ and 
by a homotopy /: A(t] xD->E between the inclusion of D into E anda 
retraction of D into EZ’, and such that the homotopies | 4 [4] xZ’ and 
poh factor through the canonical projections of A [1] xB’ and A[1] xD 
onto E’ and D. We can obviously suppose that (D, h) is maximal for 
these properties, and show then that D=E: 

If this is not true, there is a simplex ¢ of E which does not belong to D, 
and whose dimension is as small as possible. Then the restriction of the 
singular simplex é to A({n] factors through D, and the smallest subcomplex 
D’ of E which contains D and e make the squares of Fig. 94 cocartesian 
(II, 3.7). 

A(nj-———> D Al1] x4 [n] ——> 4[1] xD 
incl. incl. incl. incl. 

A(n]—— D’ Apa] XA fn] 28S a [4] xD" 
Fig. 94 

In order to contradict the maximality of (D, h), by extending h to D’, 
it will then be sufficient to construct a homotopy &: 4[1] x4 [7] > E, 
connecting @ with a selected singular simplex, whose restriction to 
A[1]xA[#] coincide with that of ho(A[1]x@), and for which pok 
factors through the canonical projection of A [1] xA[n] onto A [n]. This 
is equivalent to say that, in the fibration i/p of 4.3.2, we can lift any 
edge in such a way that the lifting of the origin 4 is given and that the 
lifting of the end 0 is chosen among given representatives of the different 
connected components of the fibre of . This is obviously possible. 

5.3. Theorem: Two minimal fibrations p: E>B and p': E’->B which 
have the same homotopy type yelatively to B, are isomorphic relatively to 
B (4.2.4 and 4.2). 
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Let w: EE’ and v: E’->E be morphisms of complexes over B 
such that vz and Id E on the one hand, wv and Id £’ on the other, are 
homotopic relatively to B. We will deduce from lemma 5.3.1 below that 
uy and vu are isomorphisms relatively to B, so that the same will hold 
for # and v. “ 

5.3.4, Lemma: Let p: E->B bea minimal fibration, and let u: E>E 
be a morphism such that pu=p. If u is homotopic to Id E relatively to B 
(4.2.1), wis an isomorphism of A°é. 

By 4.2, Homes (p, ) isa Kan complex. It follows that u is homotopic 
to Id E relatively to B if and only if there is a homotopy / between Id E 
and « such that ph factors through the canonical projection of A[1] xz 
onto E. ; 

a) Let us show first that w is a monomorphism, by proving inductively 
on , that u,: E,->E, is an injection. We begin the induction with 
n=—1, by defining E_,=@. Suppose then that , is injective for r<n 
and 20. Let x and x’ be two n-simplices such that u, (%)= 4, (%’). The 
singular simplices % and %’ associated with x and x’ are such that 
%| Aln) =% | A[n] (by induction hypothesis) and po%=pok'’, Hence 
we have a commutative diagram (Fig. 95) 

A[1] x A [n]u {1} x A [n] ——3 E 
: ho (Idx) 
incl. e P | a | 

B Alt] x4 [x] 

Fig. 95 

po kept, 

where v is the common restriction of both ho (Id x %) and ho (Id x Z’) to 
A(t] xA[n] vu {4} xA[n]. By 5.4, the morphisms ho (Idx) and 
ho (Id x #’) also have the same restriction to {0} 4 [], which is equiv- 
alent to the equality «= x’. 

b) Suppose now that #,: E,->E, is surjective for y<n, and consider 
an n-simplex x of E. For each integer 7, 0<7<, there is a (n—1)- 
simplex y, of E such that u,_,(y,;) =4,*. By a), these y; are determined 
in a unique way, and define a morphism y: 4 [n]—E such that 
poy=po(%|A[n]). 

By definition of y, the composed morphisms 

Alt] xA[n] = AU x EE 
and 

WixAlnl aA E 
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coincide on {1} xA[m] and define a morphism gy such that the diagram 

inclusion p 

Als] xA [rn] pibopn B 
Fig. 96 

is commutative. Since the morphism on the left is an anodyne extension, 
we can complete ‘“‘commutatively” the diagram by a morphism @: 
A[1] xA [n] +E. Let then 2 be the restriction of ® to A [n]={0} x4 [x] 
and z¢E, the simplex associated with %. We then have the commutative 
diagram of Fig. 97 

Att] x A[n]VL{0} x4 [n] ——> E 

ma] a \ 
hie (Idx?) 

AlAlxAln] ———yebep B 
Fig. 97 

By 5.4, ® and fo(Id x2) have the same restriction to {1}xA[m], 
whence the equality x= 4, (z). 

5.3.2. Corollary: Two minimal fibrations which are deformation retracts 
of p: E->B relatively to B, are isomorphic relatively to B (4.2). 

5.4. Recall (III, 4.1) that a morphism p: E->B of A°@ is called locally 
trivial if, for each »¢€IN and each a-simplex x of B, there is a cartesian 
square of the form FX A[n] 2 E 

Pra | ~ le 
A(n] ->B 

If d is a vertex of the image of %, the complex F is obviously isomorphic 
to the fibre of # over 6. For a locally trivial morphism, this fibre is 
determined, up to isomorphism, by the connected component of B which 
contains 0. 

Theorem: Each minimal fibration is locally trivial. 
By 5.1.1, the fibred product A[n] x E is minimal over A[m] for 

zp 

each simplex x of B. Hence itis sufficient to show that E is trivial over B 
(III, 4.1) when B is a standard simplex A[m]. In that case, let 
us write f for the identity morphism of A[m], and g: A[n]>4A|[n] 
for the morphism induced by the constant map of [7] onto the element 
0 of [n]. Since the homotopy C (v°) of IV, 2.1.3 connects f with g, the 
fibred products A (n] XE and A [n] XE are isomorphic relatively to 
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A[n] by 5.4.4 below. But the former is identified with E, while the latter 
is simply the product A [”] xF, where F denotes the fibre of p over the 
image of g. 

5.4.4. Proposition: Let p: E> B be a minimal fibration, and f, g: A> B 
iwo homotopic morphisms. Then the minimal fibrations AXE—A and 
AXE-—->A are isomorphic relatively to A. .. he 

° We can easily restrict ourselves to the case where we have a homotopy 
h connecting f with g. Consider then the commutative diagram (Fig. 98) 

AXE" (A[A]XA)XE “+ AXE 
ip hp &P 

gl q le 
A -> Aft]xA + A 

Fig. 98 

where vertical arrows are canonical projections and where 7), 7) (resp. 
t,, j) are induced by the morphism A (a) x4: ATMA[0] xA-4 [1] x4 
(resp. by the morphism A (@) x4). On the other hand, let hy (resp. fy) 
be the homotopy between A (é!0¢3) and the identity morphism of A [1] 
(resp. between the identity morphism of 4 [1] and 4 (@} 009) (see II, 2.1). 
By lemma 4.4.2 below, there is a retraction 7) of 7p (resp. 7, of 7,) and a 
homotopy & (resp. %,) connecting 7,7) with the identity morphism of 
{A[4] x A) x. E (resp. connecting the identity morphism of (4 [1] x A) x E 
with 7,7), “which is “compatible” with the homotopy 4)xA (resp. 
h, x A) of the base A [1] x A. It follows easily that 7,7) and 7,7, are iso- 
morphisms (inverse to each other) of the category of complexes over A 
modulo homotopy (4.2.1). Hence g, and g, have the same homotopy 
type relatively to A and the proposition follows from 5.3. 

5.4.2. Lemma: Let p: E->B be a fibration, 7: A->B a monomorphism 
of A°@, q: B->A a retraction of j, and h a homotopy connecting Id B with 
iq. Then there is a retraction rv of the canonical projection pr.: Ax E-E 

and a homotopy k connecting Id E with (pra) r, such that the following 
square is commutative: q AM] xE SE 

[attixe | 

Afi]xB +.B 
(We would obviously have a similar statement if 4 were a homotopy 

connecting 7g with Id B). 

Proof of the lemma: We are looking for an edge k of the complex 
Hom\E, E), whose starting point is the identity morphism of E. The 
image of k under the morphism #om (pr,, E) must be the composition 

a: A[A]x(AxE)\ “> AxE*>E 
‘P ib 
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The image of & under the morphism #om(E, p) must be the composition 

b: Alt] xB 22 At] xB—~— B. 
But (a, d) is an edge of the complex #om (pre, p) (4.1.1). Since pr, is a 
monomorphism, there is, by 4.3 a lifting of (a, b) into Hom (E, E). 

5.4.3. Corollary: All fibres of a fibration with connected base have the 
same homotopy type (i.e. are isomorphic objects of A°é). 

By 5.2, we are lead back to theorem 5.4. 

5.5. Let us return now to the homotopic category # (resp. to the 
pointed homotopic category .#) and let us call representative of a 
morphism } of # (resp. of .) any morphism @ of A°é (resp. .A°&) 
whose image in. # (resp. .#) is isomorphic to / (4.1). Since each morphism 
f of # (resp. of .#) is associated with a diagram of A°é (resp. of .4°é) 
of the form x 

y 

mle 
yf 

where o is an anodyne extension (I, 2.3), we see that each morphism 
has a representative. To complete this paragraph, we will see that one 
can always choose as representative a minimal fibration, i.e. a morphism 
having remarkabel “geometric” properties (5.4). 

5.5.1. Proposition: For each morphism p: E->B of A°@, there is a 
commutative triangle Es E! 

DN 
B 

such that ais an anodyne extension and p' a fibration. 
Let us call p-horn any 4-tuple y= (#, k, u,v) formed by an integer 

nz1, an integer & such that OS4Sn, and morphisms and v of A°€ 
making the square of Fig. 99 commutative: 

A‘in] > E 
incl. Pp 

A(n] > B 
Fig. 99 

Write 2(y), k(y), u(y), and v(y) for the components of y. We then have 
a commutative square (Fig. 100) 

LA [fn (y)] “SE 
¥ 

incl. p 

LA[n(y)] “> B 
Fig. 100 

9 Ergebn. Mathem .Bd. 35, Gabriel and Zisman 
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where y runs through the -horns, and where the components of u(p) 
[resp. of v(p)) are the morphisms «(y) [resp. v(y)]. Since the vertical 
arrow on the left is an anodyne extension, the same holds for the 
canonical morphism w() from E to the amalgamated sum E? of E and 
LLA[n(y)] under uA (n(p)]. If 2,(p): Ef->B denotes the morphism 
induced by the square above, and if we define 7,41 (Db) =71(% (p}) and 
Eb, , = (Ep, we get the following commutative diagram of .A° 
(Fig. 101) 

wp} w(t, ) w (7, P) 
py pp MO Ee EE. @ E 

Nyy ‘ns (0) 
B 

Fig. 104 

If E?, is the direct limit of the E?, this diagram induces morphisms 
We (p): E-> Ef, and t(p): Eb,>B of .A°e. Since w(z;(p)) is an 
anodyne extension for all i, w,,(p) is an anodyne extension; moreover, 
it is clear that 2,,() is a fibration (see the proof of IV, 3.2). 

5.5.2. From 5.5.4 and 5.2, we deduce that, for each morphism p: 
E->B of A°@, there is a commutative triangle 

Nf 
B 

such that 7’ is a minimal fibration and that the image of a in the homo- 
topic category # is invertible. This proves our statement of 5.5. 

Moreover, if we consider again the proof of 5.2, in the case where E 
and B have base points ¢, and bg, and where / (é)) == by, we see that the 
retracting deformation constructed at that time respects base points, 
provided that ¢, should be “‘selected”. This proves 5.5 for the case of 
pointed complexes. 

5.6. A Kan complex 4 is said to be minimal if the morphism p: 
A->A[0] is a minimal fibration. 

Lemma: Any minimal pointed Kan complex A, such that ITA reduces 
to a point for all neNN, ts isomorphic to A{0}. 

Let a be the base point of A. We obviously have an isomorphism 
Sk1A cy Sk*A [0]. Suppose then that Sk‘ A is isomorphic to Sk’ A [0] 
for <n, and let us show that A has only one n-simplex, and hence that 
SA is isomorphic to Sk*A [0]. Tf this were not true, A,, would contain 
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a non degenerate simplex ~. The singular simplex %: A[x] —»A as- 
sociated with x sends A[#] into S-1A, i.e. into the complex {a} 
generated by 4. Hence % factors as follows: 

A{n] 22> A[nj/A [x] — A. 

The canonical bijection 
1, Acs (Afni A[n), A) 

of 3.4 associates with such a y an element of 1f,,A. Since IZA reduces 
to a point, y is homotopic to the zero morphism (relatively to the base 
points of A [7] /A[m] and A). In other words, % is A [0]-equivalent to the 
zero morphism in the sense of 4.3.2. Since A is minimal, % is the zero 
morphism. 

5.6.1. Whitehead’s theorem: Let f: XY be a morphism of the pointed 
homotopic category, X and Y being connected. Then f is an isomorphism 
of .# if and only if TI, f is an isomorphism for each integer n 21. 

The maps JZ, /: 1, ->IT,¥Y are obviously bijective if f is an iso- 
morphism. In order to prove the converse, we can certainly replace } 
by any isomorphic morphism of .3f. Hence, by 5.5, we can suppose that 
X and Y are Kan complexes, and that f is a minimal fibration with 
fibre A. The exact sequence of homotopy groups (3.3) 

ve JT, ATX oy TY 1, AT) X oy IT, Y¥ 

shows then that J7, A has only one point for all we N. Hence by 5.6, A is 
isomorphic to A [0] in the category A°é. Since / is supposed to be locally 
trivial, fis an isomorphism of A°€. 

Chapter Seven 

Combinatorial Description of Topological Spaces 
1. Geometric Realization of the Homotopic Category 
4.4. In this chapter, topological spaces will be denoted by thick 

capital letters X, ¥,Z..-. We will write Hom (X, Y) for the simplicial 
set whose 2-th component is Zo# (A" xX, Y), and IT, (X, Y) will be the 
set of connected components of Hom (X, Y). The morphisms of complexes 

Vy yz Kom\X&, Y¥) xX Hom (Y, Z) > Hom (X, 4), 

which are defined ‘‘as in V, 7.4’’, induce then, by passing to connected 
components, maps 

Pxy.Z° TI, (X, ¥) x Hy (¥; Z) IT, (X, Z). 
9* 



132 Chapter VIL: Combinatorial Description of Topological Spaces 

These maps are the composition maps of the category Fon of Topological 
spaces modulo homotopy: its objects are the topological spaces, its sets 
of morphisms, the sets [7)(X, Y). 

4.2. Now let us consider again the pair of adjoint functors 
S: Fon>A°€ and |?|: AE >Tor 

of III, 1.4. For any complex X, topological space Y and integer 1, we 
then have a natural isomorphism 

(x) Top (\A(n] x X|, ¥) os A°6 (A ln] xX, SY). 

Since |A [m]| is the compact space A” and since |A [nm] x X| and A" x |X | 
are naturally isomorphic by Ill, 3.4 and M11, 3.1.1, we have natural 
isomorphisms 

Top (A" x |X|, ¥) o¥ Ae (A{n] x X, SY), 

hence an isomorphism 

(#8) Hom (|X|, ¥) os Hom (X, SY) 

and finally by passing to connected components, an isomorphism 
Fou |X|, ¥) ox Ae (X, SY). 

As in IV, 4.5, we deduce from these “equalities” that the geometric 
vealization functor defines, by passing to the quotient, a functor from 
A°é to For (which will also be written |2?|). Similarly, S defines by 
passing to the quotient a functor which is right adjoint to |?|: A°é —»Fop 
(we will also write S for this adjoint functor). 

4.3. Let 7 be an anodyne extension of A°@. We will see in 1.6 and 1.7 
that the geometric realization \j| of 7 is an isomorphism of For. Hence 
the functor | ?|: 4°& Foz is the composition of the canonical functor 
Pz: FE +H defined in IV, 2.3.1 with a functor 

2: # >For 

which will still be called geometric realization. Moreover, by I, 1.3.1, the 
functor ||?|| is left adjoint to the composed functor P70 S, which we will 
note ¥, and which we will also call singular complex functor. 

Fundamental Theorem (M1LNor): The geometric realization functor 
\|?|: >For 

is fully faithjul. 
The proof of this theorem will be given in paragraph 3. Note however 

that, by proposition I, 1.3, the fundamental theorem implies that Sf 
induces an equivalence from a category of fractions of Zon onto #. 
Taking IV, 3.2.1 into account, we see finally that the homotopic category 
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H is equivalent to the category of Kan complexes modulo homotopy; or to 
the full subcategory of Fou formed all topological spaces which are 1s0- 
morphic in Fop to the geometric realization of a simplicial set; or finally, 
to a category of fractions of Fon. 

1.4. We will show now that the geometric realization of an anodyne 
extension of A°@ is an invertible morphism of Goa: in order to do 
this, recall first that a continuous map p: X—B is called a fibration 
in the sense of SERRE if, for each integer #2 1 and each pair of continuous 

maps fi PoB, g: Px {oj 7X 

such that pog=f|I"~? x {0}, there is a continuous map h: I"-»X such 
that g==h|I*~* x {0} and f= poh (I denotes the interval [0, 1}). 

The notion of a fibration in the sense of SERRE has a local character 
with respect to the base: if p: XB is a continuous map and if each 
point of B has an open neighborhood U such that the map from p7(U) 
to U, which is induced by p, is a fibration in the sense of SERRE, then p 
is a fibration in the sense of SERRE. Indeed, if f and g are the above 
maps, we can subdivide J* in cubes small enough so that f maps each 
cube of the subdivision into an open set U of B such that p?(U jisa 
fibration over U. We can then define gradually, on the cubes of the 
subdivision, an extension h of g. 

For instance, if X and B are Kelley spaces (I, 1.5.3) and if pis a 
trivial morphism in the sense of III, 4.1, then p is obviously a fibration 
in the sense of SERRE. By above, the conclusion still holds when p is a 
locally trivial morphism of Kelley spaces. In particular, if g: X> Bisa 
locally trivial morphism of A°@, then \q|: |X|—>|B| is @ fibration im the 
sense of SERRE (VI, 5.4 and II, 4.2). 

1.5. The image of a fibration in the sense of SERRE under the singular 
complex functor is a fibration in the sense of Kan: let p: XB be a 
fibration in the sense of SERRE. Since S is right adjoint to the geometric 
realization functor, the existence of a square of A°@ of type (1) is 
equivalent to the existence of a square of Fop of type (2) (Fig. 102) 

At(n) + SX |A® [n}| > X 
(4) incl. | . |sp (2) finch) \p 

A[n] > SB |A[n]| > B 
Fig. 102 

Since p is a fibration in the sense of SERRE, and since the continuous 
map |incl.| is obviously isomorphic to the inclusion of I*—? x {0} into 
I” (VI, 4.4), there is a continuous map Ss: |A [n]| ->X such that pos=y 
and solincl.|=/. The morphism 7: A[n|]—+SX, canonically associated 
with s, is then such that r| A*[m]=e and x= (Sp)r. 
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4.6. When B reduces to a point, the unique map p from X to Bis 
obviously a fibration in the sense of SERRE. Since SB is then identified 
with A[0], it follows that the singular complex SX of any topological 
space X is a Kan complex. 

In order to show that the geometric realization -{j| of an anodyne 
extension j of A°@ is an invertible morphism of Fon, it is thus sufficient 
to apply the results of IV, 3.1.5 and the equalities Zon(|j|,X) = 
AEG, SX). 

4.7. To conclude, we will give a geometric demonstration of the fact 
that the geometric realization of an anodyne extension of A°é@ is an 
invertible morphism of Zog. To this end, consider the subset E of 
Wr Jo determined by the homeomorphisms onto subspaces satisfying 
the following property: if i: AB is an injection belonging to Z, there 
is a continuous map h: [«, 8]xB->B (a, B<R) such that h(B, b)=b, 
h(t, i(a))=t(a), h(a, b)<é(A) for any b in B, a in A, and ¢ in (x, B] (if 
iis the inclusion of the subspace A into B, we say that A is a deformation 
retract of B). It is clear that if i belongs to E, it is invertible in Foz. 
We will show that if s is an anodyne extension of A°’é, then |s| is an 
element of E. The property we want to prove will then be an immediate 
consequence of 1.2. 

The set E has the properties stated in IV, 2.1, namely: 
isomorphisms belong to E. 
E is stable under push-out 
E is stable under retractions 
E is stable under countable compositions and arbitrary direct sums. 
Let us verify for instance that E is stable under “countable inclusion’’. 

Let , . 
XyCXC... CXC... CX= lim X, 

be a sequence of topological spaces. We suppose that for each 1 ,we have a 
: . 1 1 

retracting deformation h,: |1— > 1— WEA 

in (@) = hh, (1 - =, | (then j, (#)¢€X,_3). Finally, let H,: [0, 1] X, > X,, 
be the function defined by 

| x X,—>X,, and we define 

1 
wz for each t>1— Fay 

1 H(t, 2)= . ; 1 
h,_p(é bn—p4r °° In (®)) for #€|4— n—p’ i— n—p+1 . 

The H, define a continuous map H: [o, 1]x X->X which is a retracting 
deformation of X onto Xy. 

On the other hand, since the geometric realization of the inclusion 
A®(n|->A [n] belongs to E, it follows from IV, 2.1.4 that E contains the 
ceometric realization of all anodyne extensions of A°@. Q.E.D. 
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2. Geometric Realization 
of the Pointed Homotopic Category 

2.4. Let (X,a,) be a pointed topological space. The canonical map 
x from A° to X, whose image is a), is then a vertex of the singular 
complex SX. We will define then 

5S (X, a) = (SX, x5) 

and we will also call .S: .%ex#->.A°@ the singular complex functor. 
Similarly, let (T,%) be a pointed simplicial set. With the singular 
complex f,: A [0]-> T is then associated a map |/,|: 4°->|7| whose image 
will be denoted by é. Again we will define 

IP, Tol= (ITI, 8) 
and we will say that | >|: A°€->.TZopn is the geometric realization 
functor. 

It is clear that the bijection 

FJop(|T|, X) o¥ A°6 (T, SX) 

induces a bijection from the subset .Fon(.|T|, X) of Zoa(|T|, X) onto 
the subset .A°@(T, .SX) of A°f(T, SX). Hence .|?| is left adjoint 
to .S. 

2.2. Now let Z and Y be two pointed topological spaces, with base 
points z and y,. We will denote then by #om.(Z, Y) the subcomplex 
of the complex Hom (Z, Y) of 1.1, whose -th component is formed by all 
continuous maps f from A” xZ to ¥ which send A” x {zo} to {yo} (see 
V, 7.1). For each pointed complex (X, x), the isomorphism (#«) of 4.2 
induces then an isomorphism 

Hom .(.|X|, ¥) ox Hom (X, SY), 

and hence, by passing to connected components, an isomorphism 

|.|X|, ¥| ox |X, .SY| 

(Notations are those of chapter V; the set |X,.SY¥| has also been de- 
noted by /1j(X,.SY) in IV, 4.2). Hence we see that the geometric 
realization functor defines, by passing to the quotient, a functor from 
.A°@ to the category. Zor of pointed topological spaces modulo homo- 
topy (this category was denoted by .Sop in V, 7). The functor thus 
defined will also be denoted by .|?|. Similarly, .S defines a functor 
which is right-adjoint to .|?|: .4°@->.Zog; we will still write .S for 
this functor. 

2.3. For each pointed topological space Y, .SY is a pointed Kan 
complex by 1.6. Hence the pointed complex . SY is left closed relatively 
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to the set .A of anodyne extensions of .A°@ (IV, 4.3). Hence we see as 
in 1.6, that the geometric realization of an anodyne extension of AE 
is an invertible morphism of . Zep. Hence .|?| is the composition of the 
canonical functor 

Py: AE > .# with a functor 

{2h A>. Fon 

which we will also call geometric realization. By I, 1.3.1, this functor is 
left adjoint to the “singular complex” functor P;o.S, which will also 
be denoted by ..%. 

Fundamental Theorem (MiLnor): The geometric realization functor is 

2: >. For 
as fully fatthful. 

The demonstration will be given in paragraph 3. We deduce, as 
usual, that the pointed homotopic category .# is equivalent to a 
category of fractions of .FZop.... 

2.4. Let (Z, %) and (T,%) be two pointed complexes such that the 
geometric realization |I| of T is locally compact. By III, 2.1.1 and 
III, 3.1, the canonical map from |Z x T| to the cartesian product of the 
topological spaces |Z| and |7| is a homeomorphism. Moreover, since the 
geometric realization functor commutes with direct limits, the image 
of the square of Fig. 103 

ZX {bo} v {eo} XT ZXT 

Ao] ——— Za T 

Fig. 103 

under the geometric realization functor is still a cocartesian square. It 
follows that |Z a T| is identified with |Z| a|T| when |T| is locally compact. 

If we consider now a morphism /: X->Y of pointed complexes, the 
geometric realization of the square 

xX 4Y 

ae 
AM]AX— Cf 

of VI, 2.1 is cocartesian. Since |A[1]4 | is identified with Ia|X| by 
above, we see that |C/| is simply C|f| (V, 7.3). More generally, the in- 
finite sequence 

jx} py) cq HS ox] “4 zy)... 
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is identified with the sequence 
aU flfl ei xj py] cy a] x] ZI]... 

2.5. The singular complex functor . / allows us to define the homo- 
topy groups of a pointed topological space T’ by means of the formula 

,T= T1,(. ST). 
By VI, 3.2, we then have (S" being the #-sphere) 

1, T=. (S*ALs), AT) = | |Z" [1]], T] =[|2"S°, T] = |S" 7]. 
Hence, by definition, IL, T is identified with the set of morphisms 

from the sphere of dimension » to T, these morphisms being those of the 
category of pointed topological spaces modulo homotopy. 

When p: XB is a morphism of pointed topological spaces, such 
that p is a fibration in the sense of SERRE (1.4), and when F denotes the fibre 
of p over the base point of B, it follows from 1.5 that the sequence 

SF“ SX .SB 
is a fibration (VI, 1.5). Hence, by VI, 3.3, we have an exact sequence of 
homotopy groups 

_ IB IF > 1, X= I, B— II, F +> 1], X—% Ty B. 
3. Proof of Milnor’s Theorem 

3.1. We know that with the adjunction isomorphisms 

Foa(\XI, Vox #(X, FY) and Foal ALY) S H(X,. SY), 
which we described in 1.3 and 2.3, are canonically associated functor 
morphisms 

WX: X>SAl\X| and WX: X>. Sf |X]. 

By I, 1.3, theorems 1.3 and 2.3 will be proved if we show that the 
morphisms 7X (resp. . WX) are isomorphisms of # (resp. of .#) when 
X runs through the objects of # (resp. of .#). This will be a consequence 
of the following lemma: 

Lemma (MiLnor): For each object X of ., and for each integer n= 0, 
the maps 

TT, (. 2X): TL, X IT, (- PNA) 
are bijections. 

The lemma is proved by induction on 2. It is clear that [7,(.WX) is 
an isomorphism. On the other hand, since each object X of .# is iso- 
morphic (in .#) to a pointed Kan complex, we can suppose that X is 
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a Kan complex. In that case, the morphism 

Hom (Ali), X)>Hom.(A[t], XY)=X 

of .A°&, which is induced by the inclusion of A[1] into 4[1], is a fibra- 
tion with fibre QX= Hom .(Q, X) (VIL 1.2.4). 

By VI, 5.2, there is a fibration F-> E 2.x , which is minimal! and 
which is a deformation retract of p relatively to X. Since Hom. (A [1],X) 
is contractible by VI, 1.4 (proof of the lemma), E is also contractible. 
Moreover, ’ is locally trivial by VI, 5.4 and 

oy 

\SJF| 224s je} As .s.[x| 
is a fibration by 1.4 and 4.5. It follows that the commutative diagram 
of Fig. 104 

F *, E #, X 
WEF WE WX 

.S.|F| > .S .|E| > .S |X| 
Fig. 104 

induces a morphism between the exact sequences of homotopy groups 
(Fig. 105). 

LE —> U,X — IUnaF —> MnxE.. 
In(.WE) Tin PX) Tn-a?| Toe ( HE) 
AD, (.S [E|) —> IL, (8 |X) —> Ta -S |F |) > aS |B) 

Fig, 105 

Since E is isomorphic to A[0] in % the same holds for .S .|E|, so that 
UE, I,1E, IL, (.S .|E|) and IT,_1(.S .|E|) reduce to a point. Hence we 
have I,XJI,_,F and I1,(.S .|X|)=J1,1(-S .|F]). Hence we have 
I, X=T1,(.S .|X|), by induction on # (for n= 1, the above isomorphisms 
come from V, 5.3.3). 

3.2. It remains to be shown that YX or. WX are invertible: 
a) Suppose first that X is a connceted pointed complex. Then the fact 

that .WX is invertible following from 3.1 and from WHITEHEAD’s 
theorem (VI, 5.6.1). 

b) Suppose now that X is a complex without a base point (i.e. an 
object of W). It is easy to see that we can restrict ourselves to the case 
where X is connected, and we choose an arbitrary vertex x, of X. Define 
X=(X, x,) and write 7: (T, f))~>T for the “ forgetful” functor from .# 
to #. We then have equalities 7(.7 XI) =S| XI] and WX =i(. WR). 
Since . WX is invertible by a), YX is also invertible. 

| 

| 
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c) Finally, suppose that X is an arbitrary pointed complex. lf we apply 
a) to the connected component of X which contains the base point, and 
b) to the complex without base point 1X, the invertible of .PX will 
then follow from the following lemma: 

Lemma: Let X and X' be two objects of 4, Y and Y’ the connected 
components of X and X' containing the base points. Finally, let fi: X—>X' 
be a morphism of SE such that if is invertible, as well as the morphism 
g: YY’ induced by f. Then } is invertible. 

The proof of this lemma is left to the reader. It follows obviously 
from the fact that f is determined by the restriction of f to the connected 
component of the base point of X on the one hand, and by the restriction 
of f to the other connected components on the other hand. 

Appendix One 

Coverings 

1. Coverings of a Groupoid 
4.1. Let G be a groupoid and R/G the full subcategory of Y-/G whose 

objects are the morphisms p: R->G such that for each commutative 
square 

Selo] > R 
op) |e 

Sef4] > 

there is a unique morphism s: Sc[1] _>R satisfying the equalities ps=j 
and sq=-i. An object of R/G is called a covering of G. Recall that, if 
p: R>G and p’: R’->G are two coverings of G, a morphism from the 
first to the second is a morphism /: R->R’ such that p’/=p. 

4.2. Let G°& be the category of contravariant functors from the 
groupoid G to the category of sets. Such a functor is called a local system 
on G (we choose contravariant functors for reasons of notations only). 
We will first give an equivalence between the categories R/G and G°é. 

Let p: RG be a covering of G, and x an object of G. We write 
L(p)(x) or pt(x) for the set of objects of R which project onto %. Let 
x’ be such an object: by definition of coverings, each morphism a: y—>* 
of G can be lifted in a unique way to a morphism «’: y’>x' of R. Hence 
the morphism « defines a morphism L (pf) (a): #’~> y' from L(p) (x) to 
L(p) (y). Wecan check directly that the maps x~>L (A) (x) anda~—L(P) (a) 
define a local system L(f) on G. Write L: R/G->G°@ for the functor 
p->L(). 
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Conversely, let L be a local system, and write R(L): R(L)—>G for the 
following groupoid over G: The set of objects of R(L) is the direct sum 
He (x) and R(L) maps the direct summand L(x) of He (x) onto x; 
the morphisms of R(L) are the pairs («, x’) formed by a morphism 
a: y->x of G and an element «’ of L(x); The range of (a; x’) is x’eL (x), 
and its domain is L(«)(x’)¢L(y); the image of (a, ¥’) undér R(Z) is «; 
finally, composition is defined by the formula 

(x, x')0(B, L(a) (x')) = (x08, »’). 
We can check directly that R(L) is a covering of G. Moreover, if 

R:G°&->RJG is the functor L~» R(L), we can deduce easily the following 
theorem : 

Theorem: The functorsL: RIG >G°€ and R:G°& ~>R/G are equivalences 
quast inverse to each other. 

4.3. Corollary: Let p: RG be a covering of the groupoid G. Then the 
following statements are equivalent. 

(i) The local system L(p): G° > is a representable functor. 
(ii) R is simply connected. 

(iii) The covering p is universal; i.e. for each covering q: S->G, for 
each object x of R and each object y of S such that p (x) == q(y), there ts one 
and only one functor #: R->S such that qof=p and y= f(x). 

4.4. Let {: HG be a morphism of groupoids. For each covering 
p: R->G, we write /*(p) for the projection of the fibred product H xk 
onto the first factor. It is clear that f-1(p) is a covering of H; and we 
write R/f for the functor p~>/7 (9). Similarly, we write (°E:G°8 > H°& 
for the restriction L~> Lo f°. We then have a diagram (Fig. 106) 

R/H <— RIG 
L Ro u| R 

Fig. 106 

which is commutative up to isomorphisms ; in other words, (/°@) cL is 
isomorphic to Lo (R/f) and (R/f)oR is isomorphic to Ro (f° £). 

Proposition: R]f is an equivalence if and only } is an equivalence. 
If f is an equivalence, /°& is an equivalence. Conversely, if /°& is an 

equivalence, the functor /*, which is left adjoint to /°é, is an equivalence, 
and hence it is fully faithful. Since the square 

HéL2@Eé 
wal [ee 

H —->G 
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is commutative up to isomorphism (see II, 1.3), and since nF and h®& 
are fully faithful, f is fully faithful. Hence f induces an equivalence /’ 
from H onto the direct sum G’ of all connected components of G which 
intersect the image of f (by II, 6.1.5). The statement follows then from 
the fact that the inclusion of G’ into G induces an eqiuvalence from 
G'°& onto G° if and only if G’ is equal to G. 

2. Coverings of Groupoids and Simplicial Coverings 
24. Let X be a simplicial set. We write R/X for the full subcategory 

of A°é/X whose objects are the morphisms p: E->X such that for each 
commutative diagram 

A{o]-> E 
lo} 

A{n]—> X 

there is a unique morphism s: A [7] —>E satisfying 
pos=v, Sol=u. 

The objects of R/X are the coverings of X, and R/X is the category of 
coverings over X. 

Let f: X/—>X be a morphism of A°&, and p be a covering of X. The 
cartesian square 

X'XE—>E 

| |? 
x Xx 

defines a covering ~’ of X’. The correspondence R/f: R/X ~>R/X’ so 
defined is a covariant functor. We will sometimes write /1(p) for the 
morphism p’. The functor R/f is the change of base functor. 

Consider in particular a vertex a¢Xq, and let a: A[0] +X be the 
singular simplex defined by a. Since there is only one morphism 
A{n]—A [0] for each 1, it follows from the definitions that each simplex 
of a covering E of A[0] is determined by one of its vertices, and hence 
that we have E-=Sk°E. Thus we can identify the category R/A [0] with 
the category of sets, and consider that the range of the functor R/@ is é. 
We will say that R/@ is the fibre functor of R/X over a. 

2.2. We can give another description of R/X, more consistent with the 
usual definitions of coverings in Foz. It can be stated as follows: 

Proposition: Let p: E+X bea morphism of A°@. Then pts a covering 
if and only if tt ts @ locally trivial morphism with discrete fibres. 

The proof is easy and is left to the reader. 
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2.3. Let X be a simplicial set, and G a groupoid. In this paragraph, 
we will study how the functors [7 and D, defined in I, 7.4, act on R/X and 
R/G. We note first that IZ induces in a natural way a functor IT: 
Ae é|X>Grj/H1X and that D induces similarly a functor De: GrilG= 
A°&|DG. We still write II, and Dg for the restrictions of these functors 
to R/X and R/G. _— 

Proposition: The functors IIx and Dg transform coverings ito co- 
verings. Hence IT, and Dg induce functors R)X R/T X and RIG->R/DG, 
which will still be denoted by the same symbols. 

Proo}: 

2.3.4. Let pi R _»+G be a covering, and let 
A{o]—> DR 

(1) | |p 
A{n|—> DG 

be a commutative diagram. To this diagram corresponds, by adjunction, 
the following diagram of Yr: 

Sc[o] -~ RK 

@) | 
Se(n]-> G 

This diagram can be completed commutatively” in a unique way by a 
morphism Se[”]>& (induction on 2): but this means that (1) can be 
completed “ commutatively” ina unique way bya morphism A [n] ~DR, 
ie. that Dp is a covering of DG. 

2.3.2. Let p: E->X bea covering of X and let 
Selo] -—> HE 

(3) | | we 
Sc{4] —- WX 

be a commutative diagram. Having (3) is the same as having an object e 
of ITE whose image under IT is one of the end points of a given mor- 
phism f of TTX. We have to show that there is a unique morphism of 
ILE such that one of its end points is ¢, and whose image under IT is . 

In order to prove the existence of the lifting, we note that f can be 
represented by a morphism &: I> (see II, 7.2); hence we have a 
commutative diagram 

Afo]-—+ E 
1 it 
L, 7X 

E
L

L
 

A
a

 ar
o 
e

r
O

 
ee

ee
e 
k

e
e

 
a 

ee
e 
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This diagram can be completed “commutatively” is a unique way by a 
morphism 4: [,,>£. The morphism of [TE associated with 7 is a lifting 
g of f. 

Consider now a morphism &’: I, +X which also represents /. As 
above, we associate with it a unique morphism ’:I,>E, anda morphism 
g’ of ITE which is a lifting of f. It remains to be shown that g’=g. But, 
considering the description of the relations in the Poincaré groupoid of a 
simplicial set (II, 7.1), it is sufficient to give the demonstration for the 
following case: 

Consider a morphism o: A[2]>X, and write a: I,->A[2] B: A= 
A[1]->4 [2] for the morphisms associated with the increasing maps of 
Fig. 107 

o<i>2 o<i4 

J J | ana ff 
O<2>1 o<i1 

Fig. 107 

(see II, 5.1). Set &=gog and é’==g0f. Then the commutative diagram 

Alo] -> E 
F 

¥ 

A{2\-7 x 

can be completed “commutatively’’ by a morphism t: A(2]->£, and 
hence we have n= 100, 4/= tof, and consequently g= g’ (see II, 7.1). 

2.4. We will see now that the functor ITy is an equivalence R/X <x 
R/ITX. The adjunction morphism ¥: Id A°é -»DIT defines for each 
simplicial ‘set X a morphism WX: X »DITX and hence a change of 
base functor 

R/V X:R/DITX—-R/X. 

Write Dy for the composed functor (R/PX) 0 Dax: RIT X —>R/X. We see 
easily that IT, is left adjoint to Dy. Moreover, if acX,, the diagram 

itz 
R/X <= RUTX 

Dy 

Nf 
é 

where the oblique arrows represent the fibre functors over @, is com- 
mutative up to isomorphism. It follows that the adjunction morphism 

Id (R/X) >Dy Hy 
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induces an isomorphism on the zero-skeleton for each covering of X, 
and that the adjunction morphism 

TIyDy—> 1d (R/ITX) 

induces an isomorphism on objects for each covering of J7X. Hence 
theorem 2.4.1, which was our ain, follows from proposition 2.4.2 below 
(the proof of this proposition is left to the reader). 

2.4.4. Theorem: The functor Dy and IT, define an equivalence between 
the category R/X and R/IIX. 

2.4.2. Proposition: Let X be a simplicial set (resp. let G be a groupoid) 
and let f be a morphism of R[X (resp. RIG); if f induces an isomorphism 
on O-skeletons (resp. on objects), fis an isomorphism. 

2.5. Now let /: X’->X be a morphism of A°@. The change of base 
functors induce two diagram (Fig. 108) 

R/X —2> R/ITX R/X —*-> R/ITX 
(1) Re |e (2) [Rv |war 

R/X? ——> RJILX’ R/X’——> R/IDX’ 
ix: Dx 

Fig. 108 

Diagram (2) is commutative up to isomorphism, because D commutes 
with inverse limits, and hence with fibred products. Since (fy, Dy) 
and (ITy-, Dy.) are pairs formed by equivalences quasi inverse to each 
other, the same holds for (1). 

2.6. It follows from 2.5 that R/f is an equivalence if and only if 
R/ITf is an equivalence. But we saw in 1.4 that R/J7/ is an equivalence 
if and only J// is an equivalence; when X and X’ are connected, this 
last statement means that f induces an isomorphism between the 
Poincaré groups: 

Theorem: Let #: X'->X be a morphism of connected simplicial sets. 
Then Rif is an equivalence if and only af f induces an isomorphism between 
the Poincaré groups of X' and X. 

3. Simplicial Coverings and Topological Coverings 
3.1. Recall that a morphism p: E->X of Zop is said to be locally 

trivial with fibre F is, for each point # of X, there is an open subset 
U of X containing # and a homeomorphism from UxF onto p?(U) 
such that the diagram 

UxF a pu) 

pops Pp 
U 

Fig. 109 

e
e

 a
e
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is commutative (see III, 4.1). Thus, when EF, X and F are Kelley spaces, 
the definition given here does not coincide with that of III, 4.1. Note 
however that a locally trivial morphism of %@ is a locally trivial mor- 
phism of og if F is locally compact; this happens, in particular, when F 
is a discrete space. 

Recall also that, in the category of topological spaces, we call 
covering over the space X any morphism of range X which is locally 
trivial, with discrete fibres. We denote by R/X the full subcategory of 
Top|X whose objects are the coverings. 

For each continuous map f: X’X, as in 2.1, we define, by means 
the fibred product, a change of base functor 

Rif: R/X—>R/X’. 

When f is the inclusion of a point # into X, Rif associates with the cov- 
ering p: E->X the discrete topological space pt (a) over {x}. We say 
also that p~>p7! (a) is the fibre functor over x. 

3.2. We will study now the way the functors S and | ?| defined in 
III, 1.4 transform coverings. As in paragraph 2, we see that S and |?| 
induce functors 

Sq R/X—>A°E/SX and |?|x: R/X—(Fon)/|X| 

and as above, there functors actually take their values in the categories 
R/S X and R/X. Indeed: 

Theorem: The image of a topological covering wnder the singular 
complex functor is a covering of A°&. The geometric realization of a 
covering of A°& is a topological covering. 

Proof: In order to prove the first part, we note that since the functors 
S and |?| are adjoint, a square of A°€ of type (2) is equivalent to a 
square of Jap of type (1) (Fig. 110) 

Acts E Alo] > SE 
(4) a*) |p (2) 4a) [Sp 

At. xX A[n]— SX 
Fig. 110 

Suppose then that p is a covering. In order to prove that Sp is a cov- 
ering, it is sufficient to prove that the commutativity of (1) implies the 
existence and the unicity of a continuous map s: 4"->E such that 
pos=y and f=so A". To that end we can restrict ourselves first to the 
case »=1 (path lifting). When » is arbitrary, we can then define s by 
lifting into E the segments of A” whose origin is the image of 4“ (notice 
that p is a fibration in the sense of SERRE (VI, 1.4)). 
40 Ergebn. Mathem. Bd. 35, Gabriel and Zisman 
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Now let p: EX be a covering over X. By 2.2, p is a locally trivial 
morphism with discrete fibre over each connected component of X. 
Since the geometric realization of a simplicial set reduced to its 0-skeleton 
is a space with the discrete topology, theorem 4.2 of chapter IIT shows 
that |p|: |E| |X| is a morphism of #e which is locally trivial with 
discrete fibre over each connected component of Xx. 

By 3.4, such a morphism is a covering of Zon. Q.E.D. 
Remark: Let #¢X and a¢X,. It follows from the proof of the theorem 

that the diagram of Fig. 111 

R/X——> R/SX R/X <-> RIX 2B Sx Y XTi ‘I | 
NZ 

é 
Fig. 414 

where oblique arrows are fibre functors over ® or a, are commutative 
up to isomorphism. 

3.2.4. Let W: Id A°f—>S|?| be the adjunction morphism given by 
proposition II, 1.3. For each complex X, the morphism YX: X>S|X| 
defines a change of base functor R/YX. Write Sy for the composition 
(R/¥X) o Six): R/|X|->R/X. This functor is right adjoint to |?|x, and 
moreover, we have the following theorem: 

Theorem: The functors |?|y and Sx define an equivalence between the 
categories R/X and Rj|X|. 

Proof: The proof is similar to that of theorem 2.4. It is a consequence 
of proposition 2.4 and of a similar proposition about topological coverings 
over a locally connected space [recall that the geometric realization of a 
complex is locally connected (III, 1.40)]: 

3.2.2. Proposition: Let i 
E—— E' 

ps 
x 

be a morphism of R/X, where X is a locally connected topological space. I i 
the restriction of f to fibres is an isomorphism, f is an isomorphism. 

3.2.3. Remark: Let f: X’-+X be a morphism of J°@. Since the 
functors |?} and S commute with fibred products (III), the square of 
Fig. 112 > R/X => RI|X| R/X <—=— R/|X| 

Rif | RyI/| Rif iri 
Pix Sy 

R/X! EE . R/LX"| R/X! <= R|X"| 
Fig. 112 

are commutative up to functor isomorphism. 

x 

SO 
I
I
 
A

S
I
 

I
E

E
E

 
EE

S 
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3.3. We saw in paragraph 3.2.1 that | ?|x: R/X +R/|.X| is an equiv- 
alence. Now we intend to show that, if the space X satisfies certain 
conditions, then S: R/K-—>R/SX is also an equivalence. In order to do 
this, we will show first that the composition IloS: Ton—Gr associates 
with each space X the Poincaré groupoid G(X), which is traditionally 
defined as follows: 

The diagram scheme subordinated to G(X) is a quotient of the 
diagram scheme d,, d): (SX),—3 (SX)o where d, (resp. dy) denotes the 
domain map (resp. the range map). The objects of G(X) coincide with 
the elements of (SX)q, i.e. with the points of X; the set of morphisms 
of G(X) is the quotient of (SX), by an equivalence relation such that 
f~g if and only if conditions 1) and 2) are satisfied: 1) f(0)== g (0) and 
7(1)=g(1); 2) there is a map h: A xA'>X such that h(0, ?)=f, 
h(i, )=g, k(t, e)=f(e)=g (e) for all eT and e=0, 4}, 

If f and g are two composable morphisms of G(X), and if f and g 
are representatives of f and gin (SX), go fis by definition the equivalence 
class of the map g*f defined by the following equations: g* {=f (22) 
if OSt<4 and gef()=g(2t—1) if ;StS1. With this definition of 
composition, G(X) is a category, and even a groupoid, because each 
morphism f, with representative 7, has an inverse which is the equivalence 
class of the map f° defined by f- ()=f(1—4. 

We can prove then that G(X) is isomorphic to I7S.X, by an argument 
similar to that of TV, 4.2. 

We call Poincaré group of X at #, and we denote by IT, (X, a), the 
group /7,(SX,@). It follows from the preceding remarks that this 
definition coincide with the classical definition, and also with that of 

- VII, 2.5. 
3.4. Let (ITS X)°é be the category of local systems on TSX: by 3.3 

it is the category of local systems on X, as usually defined in topology. 
Write Dy for the composition 

sx Isx L 
R/X ——> R/SX—> RJTSX —— (ITS X)°é. 

Since IT, x and L are equivalences of categories, the study of Sy reduces 
to that of Dy. 

The functor Dy can be given explicitely as follows: 
Let p: E->X be a covering of X and wa 1-simplex of X with starting 

point # and end point y. For each point @ of the fibre p(y), there is a 
unique 1-simplex v of E such that we have pov=u, v(1)=o. Let 
v(0)=u*(@); we define thus a map #*: p*(y)>pTM (#). If w’ is another 
1-simplex of X such that wu and w’ represent the same morphism of 
ITS X, the maps wv* and u’* are equal. 

1 We identify here the interval I= (0, 1] of R with 4? be means of the 
map t~> (0, ¢, 1). 
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The functor Dy is then given by the equalities : 

(Dyp)(e)=pt(a), (Oxp)(“)=«". 
3.5. Proposition: If the space X is locally pathwise connected, the 

functor Sy ts fully faithful. 

3.6. Theorem: If X is a locally pathwise connected space, such that 
each point has a simply connected open neighborhood, the functor Sy: 
R/X—+R/SX is an equivalence of categories. 

In both cases, it is sufficient to prove the corresponding property for 
Dy: in view of the description of this functor given in 3.4, the demon- 
strations are then ‘well known’”’, and are left to the reader. 

3.7. Let us return now to the situation of theorem 3.2.1: Sy is an 
equivalence of categories. But Sy was defined by the equality 

Sy = (R/PX) ° Six 

and we proved in chapter ITT that |X| is locally pathwise connected, and 
that each point of |X| has a contractible neighborhood. Hence the topo- 
logical space |X| satisfies the hypothesis of theorem 3.6. Hence the 
functor S\y;, and also R/YX, are equivalences of categories. 

Let us apply the result of 2.6; we obtain then the following particular 
case of M1LNor’s theorem: 

3.7.1. Theorem: Let X be a simplicial set, x) a vertex of X, and 
Ws 1d A°S->S|?| an adjunction morphism. The morphism UX induces 
an isomorphism of Poincaré groups 

IT, (UX, x9): IL (X, xo) cy IT, (S|X|, x). 

3.7.2. Corollary: (“Van Kampen” for geometric realizations.) Let X 
be a connected simplicial set, and A and B connected simplicial subsets of X 
such that Av B= X and AB is connected. Then if x¢(A>B)o, we have 
a canonical isomorphism 

TE{JAMB|, Xo) 
IT, (|X|, Xo) IT, (|A], %o) il IT, (\Bl, %o) - 

This is an immediate consequence of 3.7.1 and II, 7.4. 

Appendix Two 

The Homology Groups of a Simplicial Set 
1. A Theorem of Eilenberg 

4.4. Let X be a simplicial set and C,,X the free abelian group gener- 
ated by the #-simplices of X. The face operators di. X,>X,,_1 induce 
a homomorphism of abelian groups 67: C, X>C,_,X. Setting 
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=n 

6,,= >, (—1)* 67, we obtain a differential abelian group 
i=0 

vie CgoX OC, XC X, 

which will be denoted by C, X. By definition, the 2-th homology group 
of C,X will be written HX and called the n-th homology group of X. 
This group depends functorially on Xx. 

If Y is a topological space, it is a well-known fact that the n-th 
homology group of the singular complex S¥ is, by definition, the #-th 
singular homology group of Y; it is denoted by HY and depends func- 
torially on Y; we will see that the theorem of Mitnor (VII, 1.3) 
implies that, for every simplicial set X, H,,X is canonically isomorphic to 
H,,|X|. Chapter VII gives therefore as a premium a new proof for the 
well-known theorem of EILENBERG. 

1.2. Let WX: X->S|X| be the morphism which is canonically 
associated with the adjunction isomorphism 

Top (|Z|, ¥)>A°E (Z, SY) 

of III, 1.4. By Miznor’s theorem (VII, 3.1), WX induces an isomor- 
phism of the homotopic category #. In order to show that H,,X is identi- 
fied with H,,| X|, it is sufficient to prove that H,, (PX) is invertible, or 
that the functor H,, may be factorised through #. 

By Lemma 1.4 below, we know that H, fH, g if f and g are con- 
nected by a homotopy. This means that H,, may be factorised through 
the category A°@ of complexes modulo homotopy. As # is a category 
of fractions of A°é, it remains to prove that H,s is invertible when s is 
an anodyne extension (IV, 2.1.4). 

Let us write X for the set of monomorphisms of A°@ such that Hs is 
invertible. It is clear that XY contains the inclusion of A*[m] into A [7] 
(IV, 2), because that inclusion induces an isomorphism in A°&. More- 
over, X is saturated in the sense of IV, 2.4: in fact, conditions (i), 
(iii) and (iv) are trivial, so we only have to prove (ii). With the notations 
of IV, 2.4, the square 

C,X — CyY 

C8) |Can 
CyX'’— Cy Y’ 

is cocartesian, because the functor X~> C, X commutes with direct 
limits. Our assertion follows therefore from Lemma 1.3 below. 

4.3. Lemma: Let 
A->B 

«| | 
CD 



150 Appendix II: The Homology Groups of a Simplicial Set 

be a cocartesian square of differential abelian groups, such that w is a 
monomorphism. If H,,« is invertible for every n, the same 1s true for H,, B. 

In fact, the exact sequence 

(6, 6) 0 A“. BOC D 0 

induces an infinite exact sequence 

. A,A>H,BOH,C>H,D-H, 1A .-..- 

As H,« and H,_,« are invertible, we have an exact sequence 

0 H,A (ny, ~Hn H,B 20) H,C (Hn B, Hn) H,D 0. 

This again means that the square 

H,A—* H,B 
Hna| [Hn B 

H,C > H,D 
Hyd 

is cocartesian, so that H, f is invertible if H,,« is. 

1.4. Lemma: Homotopic morphisms of simplicial sets f,g: X=3Y 
induce homotopic maps of differential groups Cy}, Cy: CyX=3C,Y. 

In fact, it is clear that we can reduce the proof to the case where /, g 
are connected by a homotopy #; in that case, f== he, and g=/e,, where 
é and e, stand for A(é}) xX and A(e&) xX (IV, 1.1). Thus, it is suf- 
ficient to prove that C, (e)) and C, (e,) are homotopic, ie. to find group 
homomorphisms s,: C,X->C,4,(4[1] xX) such that 6s,+s,_,0= 
C,,(&) —C,,(é). Let t;: [+1] [1] be the non-decreasing map which 
takes i+-1 times the value 0, so that 7;¢C,,,,(4[1]). Notice then that 
C,,X is a simplicial group, and just set 

t=h 

344 = 2,(- 1) (e, x5; 4) , 
i= 

with notations from ITI, 2.4. 

The definition of s, is perhaps more understandable if we notice 
that s, is a morphim from the functor C,: 4°@—>?@ to the functor 
X~—C,,4,(4 [1] xX). As C,X is the free abelian group X. (Z) generated 
by X,,, 8, may be identified with a morphism of set functors from ?,, to 
C41. But, as ?, is isomorphic to A°&(A[n], ?), s, is canonically asso- 

ciated with an element s},€C,,,.,(4 [4] x A[#]) oy (Or ([n-+4], [4] x [7])) (Z), 
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with notations from II, 5. This s‘, is the alternating sum of the increas- 
ing maps Qo, @1, @2,--- represented by the following chains (II, 5): 

—_—>,- 4 eae sh atc > —>» eee a 
1 i t 5 t i 

H i 
2 ! 1 | | 

woe ne Jenene! ne ee Toaeea et 
0 1 2 n—1i % 9 1 2 n—l n 

oct a? >, ene acct 7 "1 ae > 
i ' t i 1 

Oo | i On | ' 
i a! : i | .t 

0 1 2 ai n 9 i 2 nl n 

Fig. 1413 

2. The Reduced Homology Groups of a Pointed 
Simplicial Set 

2.1. Let (E,e) be a pointed set. The free abelian group (BE, e)(Z) 
generated by (E, e) is, by definition, the quotient of the free abelian 
group £ (Z), generated by E, by the relation ¢=0. 

If (X, x) is a pointed simplicial set, we will write C,,X for the dif- 
ferential group whose #-th component C,,X is the free abelian group 
generated by the pointed set (X,,, x); the boundary operator is defined 
“asin 41.1”. If 7220, the u-th homology group of C,,X will be denoted by 
H,,X and called the n-th reduced homology group of (X, x). 

The groupsH,,X and H,,X are simply related: let Z, be the differen- 
tial group such that Z,=-0ifu<0,2,=Zifn2o, the boundary operator 
d,: Z,—~>Z,.1 being defined as follows: d,=0 if <0 or if x is odd; 
d,==1d Z if n> 0 is even. We then have by definition a canonical exact 
sequence 

0>Zy>CyX>€,X->0, 

inducing the usual infinite sequence of homology groups. As H,2,=0 
if~+0 and H,Z=Z, we see that 

H,X-<H,X if n>0 

and that there is an exact sequence 

03Z +H, X-H,X->0, 

where Z is identified with the subgroup of H,X generated by the con- 
nected component of X containing x (notice that H,X is identified with 
the free abelian group generated by the connected components of X). 
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2.2. Consider now a morphism /: X-+ Y of .A°@ and the cocartesian 
square 

x LY 
‘| jit | 

A(t] AX — CH am 

of VI, 2.4. As the functors C,,: .4°& >< commute with direct limits, 
the square 

Cx (A [1] 4X) > Ca (CP) 

is also cocartesian and induces by 1.3 an infinite exact sequence 

Onsaf HX (in fs —Hne) HY @H,(4 (1] aX) 
(Hnif, Han 

mncarennnmnenrnnnocennnnii 

As A[1] aX is isomorphic to A[0] in A°@, we have H,,(A[4]aX)=0 
and the infinite exact sequence 

Ent Hpif (fa) «+ Hyas (CN PS HX HY HICH), 9 BO. 
Moreover, the commutative square 

x5 yY 
Tax | i 

X—> A[o] 

induces a morphism between the corresponding infinite sequences 

Pnoif ; (fe) «Haar (Cf) “25 H,X——> H,Y —— H,(Cf) 
|e it i | | af 

(04) «+» Hy a3 (2X) =—> H,.X —— H,,A [0] ——> H,, (2X) 
On+4 

In particular, we have isomorphisms H.,(2X) & H,,(X),n=0 
and commutative triangles onar0 

H,.s(Cf) 
Bnaslif) H, (X) 

Onaaf 

. ¢ 
Hyi3(ZX)7 "7" 

1H, Ch... m2. 

e
e
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3. The Spectral Sequence of Direct Limits 

In the sequel, # stands for an abelian category with exact infinite 
direct sums. We intend to give a brief account of the spectral sequence of 
a fibration. This paragraph is preparatory. 

3.4. Let be a small category. Recall that we have associated with 7 
a simplicial set Dw (II, 4.1), which may be described as follows: 
(Df), = Ob W and, if n> 0, (Dx), is the set of all n-sequences of &, 
ie. the set of the following diagrams of 7 

in &s ay 

By — yy 1+ Ay Xe 

Such a diagram will be denoted by «= (a,,.-.,%, a4); the face and 
degeneracy operators are defined by the formulas 

djas=ta, da=da 
A (Ogg y oe y Ug» Ly) = (Ops ++ Me) 

DP (Oly ore 7 Oy) (Og ee Lipa, Cpr e Senay ee 10), Ot<n 

BS (Cys ky mae or %) = (Op—a1 ++» %) 
and 

SH (Oye oe2 sO) = (Oye e Sraa, Id az, a, --- , %) 

with the preceding notations. 

3.2. Consider now the category ## of functors from # to #. 
For every object L of o& and each n-sequence «, we set La= Lay, the 
notations being those of 3.1. We define then a simplicial object C, (, L) 
of & by setting C, (7, L) = ul La, where « runs through the -sequences 

of &/; if we identify La with a subobject of C,, (#7, L), the restrictions of 
the operators dg, d7 (i> 0), sf to La are respectively the following com- 
posed morphisms 

La Ld} 0) —* C,-4(@, L) 
La i> Lda) “5 C,_1(@, L) 

La—*> L (sf) "> Cyan (@, L). 
If we set 6,= y (—1)' dt, (Cy (x, L), 64) becomes a differential 

i=0 

group, whose homology objects will be denoted by H,, (3%, L). 

3.3. Proposition: Let L: xf» be a functor from a small category 
to an abelian category & with exact infinite direct sums. The notations 
being those of 3.2, Hy(sf, L) is identified with lim L and H, (x, L) 1s 
identified with the n-th left satellite lim’ L of the functor lim”: of M>M 
given by L~~> lim L. _ _ 
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Indeed, H, (x7, L) is just the cokernel of the pair 

dg, ay: ache a tH EO 
But this gives the usual construction of the direct limit of L. Notice then 
that C, (x, L) is an exact functor in L, so that an exact sequence of L’s 
gives rise to the usual infinite sequence of homology objects. This means 
that the H, (07, L)’s are part of an exact connected sequence of functors. 
In order to prove that this sequence is universal, it is sufficient to prove 
that, foreach L, thereis an epimorphism #: M—>L such that H, (x7, M) =0 
if > 0, This is done in 3.4 below. 

3.4. Let N= (Na)acov be a family of objects of #, indexed by Ob #. 
Notice first that objects C,,(</, N) and operators s? and d? (7 >0; we do 
not define di here) may be defined with the help of the same formulas 
as in 3.2. Write then 7*N for the following functor from # to #: 
(i* N) (a) = UN (ba), where x: ~—>a runs through the morphisms of .«/ 

with range a; if : ab belongs to Ur W, (¢* N) (&) induces on the sum- 
mand N(ba«) of (+N) (a) the canonical monomorphism from N(dq), 
which is identified with the summand N(b&a) of index &« of (i*N) (0), 
into (¢*N} (8). 

We have then 

Cy (of, ON) = LL (@*.N) (a9) = LELN(D8), 

where « runs through the x-sequences 4, See SL a, and § through the 
morphisms with range a). As («, 6) may be identified with the (m +1)- 

sequence Ay one ay dB, we have the equality C,(0/,7*N) cy 
C,41(%, N). Moreover, an easy verification shows that the operators 
‘d® and 's? of C,,(0/,1*N) are related to the operators d? and s? of 
C, (x, N) by the formulas 

dpa ditt’ = sith 
i=" 

Setting ’6,,= >| (— 1) ‘d?, we have 
i=0 

S6'6, +'6n3150)'=Id if n>0 
and 

spdi+’d,sh=Id, di sh}=Id. 

Thus, the existence of a homotopy operator (sj, sp, ...) implies that 
H, (of, *N)=0 if n>Oand Hy(#,i*N)= UW Na. 

Now, if L is any object of x&#, let N be the family of objects La of 
M (acOb.), and set M=7*N. For each ac Oba, let pa:( Ll Lda)>La 

ta=a@ 
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be the morphism whose component of index « is La. The morphisms 
pa induce obviously a functor epimorphism p: M +L; moreover, we have 
already seen that H, (7, M)=0if">0. 

3.5. We consider now two small categories /,# and a functor 
}: >of. We write f,.: AM > BM for the functor L~ Lof. It is a well 
known fact that /, admits a left adjoint functor /*, which may be des- 
cribed as follows (KAN [4]): let a be any object of .#/, and f/a the “left 
fibre of f over a’, ie. the category whose objects are the pairs (8, &) 
formed by an object b of @ and a morphism &: /b->a of x; a morphism 
(, €)->(0", &') between two objects of f/a is just a morphism §: bb’ of 
#, such that the triangle 

a 
1 
pe 

is commutative; the composition of morphisms is defined in the obvious 
way. 

lf N: @->.M is a functor, and a an object of 7, we define (/*.N) (a) 
as the direct limit of the functor (b,&)~»+No. We may write this as 
follows 

(f* N) (a) = lim N(Gr,»). 
at fla 

If a: a->a’ is a morphism of «, we define 

(f#.N) (a): lim N(pr, x) > lim_N(67, y) 
xE fla Ear 

as the morphism induced by the functor f/a: (6, &)-~(b, a€) from 
fla to fla’. 

For example, if B is the subcategory &, of x, which has the same 
objects as / and whose only morphisms are the identities, then N is 
simply a family of objects Na of M (acOb f ). If f is the inclusion 
from &, to , f*.N coincides with the functor a* N defined in 3.4. 

3.6. Theorem: Let xf, B be small categories, f: B+ of a functor, and N: 
B—+>M a functor from B to an abelian category M with exact infinite 
direct sums. There is a spectral sequence 

E2 ,=lim¥((L,/*) N) > lim?,,N 
HM yg +¥> 

where lim#’L ~y H, (sf, L), lim? N oy H,(B,N) and L, f* are respectively 
the left satellites of lim L, lim N and f*. 



156 Appendix Il: The Homology Groups of a Simplicial Set 

Consider, in fact, the commutative triangle 

BM 
K ZA 
Ta /"at 

M 

AM 

where I’ and Ig associate with meOb.# the constant functors from 9 
and @ to.# with value m. The functor lim®, left adjoint to Ij, is iso- 
morphic to the composition limo f*. In order to get the usual spectral 
sequence of a composite functor (CARTAN-EILENBERG, XVI, 3 or 
GROTHENDIECK), we have only to verify that: 

(i) the left satellites of /* exist; 
(ii) for each NeEOb BM, there is an epimorphism p: N’—>N such 

that lim? N' = 0, (L, f*) N’=0 and lim#(/*N’) = 0 if 2 > 0. This is done 
——> 

in 3.7 below. 

3.7. It is a well known fact (see ROuRt) that, in order to prove the 
existence of the satellites L,, /*, it is sufficient to construct a big enough 
family of /*-acyclic objects of BM, i.e. a family F satisfying a) and b): 

a) For each exact sequence 0->N’->N->F->0 of @.M, such that 
FceF the sequence 0->/* N’—>/* N->/*F is exact. 

b) For each exact sequence 0+ N’->N-+>N”->0 of #M, there is an 
exact commutative diagram (Fig. 114) 

QO— Fi— F--> F"-—-0 

J jf 4 
0-> N’-—» N—» N”-- 0 

) J df 
0 0 0 

Fig. 114 

with F’, F, F’¢ F. 

lf 7: ®—-@ is the inclusion functor (see 3.5), we may choose for ¥ 
the family (j* P) pcg,._w- Indeed, it is easy to verify that, if acOb and 
if Rk: (f{/a),—> ({/a) is the inclusion, the square 

By M > (f[a)qM 
| m| 
BM rod (fia) 4 

is commutative (x: ({/@)>>&% is induced by fr,: (b,é)~~b). This 
proves a) by 3.4, if we notice that, for each ac Ob &, (f*N) a is equal 
to lim (pry, N). The condition b) follows directly from 3.4 and the func- 
toriality of the construction N~=>7*N. 
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This proves condition (i) of 3.6. In order to prove (ii), it remains to 
prove that lim? f*(G* P) =0 if m>0 and Pe B,. This follows from 3.4 
and from the commutativity of the diagram 

AyM & ByM 
i* jt 

AM F BA 

which itself follows from the equality /7=7fy. 

3.7. Remark: The simplicial objects C* (7, L) of 3.2 may be given a 
more sophisticated presentation with the help of the standard construc- 
tions of GoDEMENT-Huser: thus, if 7: #7 is the inclusion (3.5), it 
turns out that the standard construction of &#, which is associated 
with the trivial construction of WM and the pair of adjoint functors 
i, and i*, gives rise to lim-acyclic resolutions in &#. The functor 
lim: si -»M maps these resolutions onto the differential objects 
Cy (, L). 

3.8. Remark: Consider the commutative square 

BM > AM 
mr |r 
(i[a). a> 

where a is an object of o and ?a is the evaluation functor L~+La. 
In view of what has been proved in 3.6, we may calculate the left satel- 
lites of f* (?a)o/* with the help of resolutions by objects of the form 
j* P; as ?a is an exact functor, ((Z,/*) N) a coincides with the value 
on N of the g-th satellite of (?.4)o f= lim o pry. AS Prix is exact and 
transforms j* P into a lim-acyclic object, this last value coincides with 
lim! (Nr,). 

This generalizes the Kan-construction, recalled in 3.5, since it 
shows that L,/* may be calculated with the help of the g-th satellites 
limi"); (t/a) M4 of lim"), 

4. The Spectral Sequence of a Fibration 
4A, We want first to show a connection between the homology 

groups of a simplicial set and the constructions of the preceding para- 
graph: 

Let X be a simplicial set and consider the functor p: A|X +A, which 
maps an object A[m] +. X of A/X onto [n]eObA (U1, 1.1). If p: 
(A/X)°->A? is the functor induced by #, and if [n]<¢ObA°, the objects 
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of p°/[n] (3.5) are the pairs (¥, yu) formed by a singular simplex 
9: A[m]>X (y¢X,,) and a morphism yw: [#7] > [m] of A. It follows that 
there is a unique morphism from (¥, 4) to (eo (Ay), Id [n]); the map, 
which associates with x¢X,, the connected component of #°/[»] contain- 
ing (%, Id[n]), is a bijection of X,, onto the set of connected, components 
of p°/[m] (a connected component is a maximal connected full sub- 
category); moreover (%, Id{#]) is a final object of the connected com- 
ponent containing it. It then follows that if F: p°/ [n]—>@ is a functor, 
lim F may be identified with the direct sum . a F(, Id[m]). 

The preceding considerations show that, for any functor 
L: (A/X)°->.M, the simplicial object p°*L: A°+.M, which will also be 
written C, (X, L), is given by 

C,(X, Ly= UU LX, 
KEXy 

Moreover, the restriction of the face operator d?: C,,(X, L) >C,_1(X, L) 
to the direct summand LZ, is the composition 

La at! ing, x 
Lk L (ax) 

t C1 (X, L) , 

where « stands for the following morphism of A/X 
Ae, A(n—1] > An] 

\ Lo 
ia hE 

x 
jm 

We again set 6,= >| (~1)'d%, thus obtaining a differential object 
i=0 

of .@, whose homology objects will be written H,(X,L). If d= 0% 
and if ZL is the constant functor of value Z, we have the equality 
H,,(X, L)=H,,X (11). More generally, if # is arbitrary and if Lis a 
constant functor of value McOb.#, we will write simply H,,(X, M) 
instead of H,, (X, L). 

4.2. Proposition: Let X be a simplicial set and L: (A [X\° > a 
functor, where M is an abelian category with exact infinite direct sums. 
For any n, there is a natural isomorphism from H,((4/X)°, L) onto 
H,,(X, L) (see 3.2 and 4.1 for notations). 

As the functor p°*: (4/X)°M#—+A°@ is exact by 4.1, it follows 
from 3.6 that H,,((4/X)°, L) can be identified with H,, (A°, p°*L), so 
that we have to prove the following: if C is a simplicial object of M, and 

t=n 

if we set as usual 6,= >) (—1)'d?, the n-th homology object H,,C of 
$=0 

(C, 64) may be identified with lim,,C . 
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This, however, is a well known fact (by DoLp-PupP:, it is equivalent 
to an even simpler assertion on differential objects of #): first of all, 
HYC coincides with lim C , since the diagram of, at: foj=3 [1] of A is 
coinitial in A (i.e. for any functor F with domain A, lim F coincides 
with the inverse limit of the diagram F oe Fat: F(o|—3 F[4)). Moreover, 
the functors H,,? give rise to an exact connected sequence of functors. 
For this reason, we have only to prove the existence, for any Le Ob (A°4), 
of an epimorphism qg: L’>L such that lim, L'== H,L'=0 if #>0. The 
notations being those of 3.4, set 7 =: A°. If we choose for L’ a functor 
i*N, where N is just a family (N,) nein of objects of M, we have only 
to prove that H,L’=0 (3.4). Replacing all the N, by 0 with the ex- 
ception of one, we may suppose that N,=M for some a, and N,,==0 if 
m-=n. In that case, (i*N),, is the direct sum of A ([m], [n]) copies of M, 
and H,,(é*N) is equal to H,,(A [a], M@ ), the notations being those of 4.1. 
The simplicial set A [0] being a retract by deformation of A [m] (IV, 1.2), 
the proposition follows from Lemma 4.3 below. 

4.3. Lemma: Let f,g: X=3Y be homotopic maps between simplicial 
sets. For any object M of M, the map H,,(f, M), induced by f, coincides 
with H,,(g, M). 

The proof is similar to that given in 1.4. See also 4.8 below. 

4.4. Let f: XY be a morphism of A°& and Ajf: A[X—A/Y the 
functor which maps A [x] + X onto Af] Fy. We will give in 4.5 
below a simple description of the functor (A/f)*: (A[X) 4 (4/Y) 4 
(3.5). On the other hand, we have given in 4.2 a simple description of the 
homology groups H,((4/X)°, L), where Le Ob ((A/X)°#). 

In order to apply §3 by combining these two descriptions, we 
consider an arbitrary small category «/, and a functor L: %—>M, and 
suppose La invertible for any xeUr of. Define then L+: L°-> AM by 
L-ta=—La if acOb xf and Law =(La)t if act a: 

Proposition: (The notations and assumptions are those 3.3.) I {Las 
invertible for any a¢Uc &, there are natural isomorphisms between the 
objects H,,(0, L) and H,,(9f°, LTM). 

Indeed, with the notations of 3.2, C,(#°, L-4) is equal to Li La,, 
where « runs through the z-sequences * 

on Gy 
ay, <— 4y-1--- a, <— ay 

of of. It is easy to verify that the morphisms 
(—1)" UL (a, ...%): La,>Lla, 

make up an isomorphism of differential objects from C,,(#/, L) onto 
Cy (0°, L). 
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4.5. We return now to a morphism #: XY of A°@; we consider a 
singular simplex y: A[v]—Y of Y and the pull-back R= A [nj xX of 
the diagram xX ¥ 

lf 

A[{n]—> Y 

Thus, y is an object of A/Y and (A/f)/y (4.4) is nothing but A/F. 
Define a covariant (resp. contravariant) local system on X asa 

functor L: A|/X->.M (resp. L: (4/X)°->-@), such that La is invertible 
for any morphism «. By 4.4, 4.2 and the preceding remark, if L is a 
contravariant local system on X, the value on y of the n-th satellite 
(L, (A/f)*) L* is equal to H, (F,, L|), where L|F, is the composition 

(4]pr,)° ° L 
(A/B)° ——> (4/&) M. 

Suppose moreover that f is a fibration: in that case, we will see below 
that (L,(A/f)*)L4: yA (F,, L|£) is a covariant local system on Y. 
The associated contravariant local system will be denoted by He, (f, L) 
and called the local system of fibre homology. By 3.6, we have proved: 

Theorem: Let f: X—>Y be a fibration of A°@ and La contravariant 
local system on X, with values in an abelian category with exact infinite 
direct sums. There is a spectral sequence 

F3,q=H,(Y, G(t, L)) Api g(X 2), 
the notations being those of 4.41. 

4.6. We still have to prove the following: i/ L ts a contravariant 
local system on X, the functors y~> H,(E,, L|E) are covariant local systems 
on Y. In fact, consider a morphism 

A{n']—> A[n] 
4 

¥ 

of A/Y and the induced morphism H,(F;, L): H,(F, L|E,) oH, (F,,L|§). 
In order to prove that A, (F, L) is invertible, it is sufficient to look at 
the special cases =A (&,) and !—A (o;). In the first case, thas a retraction 
s such that fs is homotopic to Id A [1]; apply then VI, 5.4.2 with E=F,, 
B=A[n], A=A[n—1]; by 4.9 below H,(F, L) is invertible. In the 
second case, ¢ has a section s such that sé is homotopic to IdA[m+1]; 
apply then VI, 5.4.2 with E=F,, B=A[n+1], A=A[n). 

4.7. In order to prove 4.9 below, let L be a contravariant local system 
on a simplicial set Y. We associate with L a local system oL on ITY 
(appendix 4, 1.2), ie. a functor gL: (fT Y)°->M where ITY is the 
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Poincaré groupoid of Y. If «¢¥), we set (gL)*=L%, where % is the 
singular simplex associated with «; it remains to associate with each 
s¢¥, an invertible morphism (oL)s: (@L) (dys) >(@L) (4,5), which is 
compatible with the relations given in I, 7.1. This is done by the 
formula (9 L)s = (Lf) (La), where a and B are the following morphisms 
of A/Y 

as A{o] tA [1] Aft] > A{o] 

BA /s NA 
Y 

Ag} 

Conversely, let P be a local system on ITY. We define then a contra~ 
variant local system t P on X as follows: let n,: [0]>[”] map 0 onto 0, 
for any x¢X,, we define (¢ P)%= P(X (n,) x); for any morphism 

Alm] “A [n] 
NY 

Y 

of A/Y, let &: [1] >[#] be such that n,= BOY and en, = 00; we then 
define (rt P) (Ae) to be P#. 

It is easy to verify that the functors @ and 7 are quasi-inverse to 
each other. Thus, 9: L-~>@L is an equivalence of the category of contra- 
variant local systems on Y onto the category of local systems on ITY. 

This shows in particular that, if Y is connected and simply connected, 
each contravariant local system on Y is isomorphic to a constant one. 

4.8. Lemma: Let f,g: X=3YV be homotopic morphisms of APF and L 
a contravariant local system on Y, with values in M. There is an iso- 
morphism i: f°L x g3L such that the triangle 

H, (X, f4L) = H,(X, g4L) 
Hig(f, £) Hale, L} 

x 

H,(¥,L) 

is commutative for all q. 
In this lemma, {+L stands for the composition 

(4jxy 2%. (A]¥)° a 
we write H,(f, L) for the morphism induced by f. Clearly, we can reduce 
the proof to the case where / and g are connected by a homotopy A: 
fhe, g=he,. In that case, if pre: A{4]xX—X is the canonical 
projection, it is clear that the local systems on /7(A{1] xX), associated 

a) Dennhn Mathem Ra Ut Gobhriel and Zisman 
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with h+L and prz'egth-4L (4.7), are isomorphic. Hence, there is an iso- 
morphism of pry te 1h onto h+L, and we are reduced to the case where 
Y is equal to A[1] XX, f=e, g=4, and L=prz*N, N being a contra- 
variant local system on X. 

In this last case, e9'Z and e;Z are both equal to N; we choose 
j<IdN and construct morphisms s,: C,(X,N)—>C,4,(4[1] xX, L) 
such that 6,415,-—+S,-15.—=C,(é,. ZL) —C, (, L) (4.1). In order to 
define s,, notice that the (+14)-simplices of A[1]xX are the pairs 
(x;, y), where ye X,,,, and where 7; is defined as in 1.4; notice also that 
L(t;, y)==Ny. We define the restriction of s, to the direct summand 

tn 

Nx of C,(X, N) as the alterning sum a(- 1)'y;, where x; is the com- 
position 0 

Niol) , 
NE "> N (qs?) = L (tj, x82 %) > Cyr (A[1] XX, Z), 

in being the canonical monomorphism of index (r;, x87 x). This gener- 
alizes the construction given in 1.4. 

4.9. Lemma: Let X =y be morphisms of A°& such that vu and uv 
uv 

are homotopic to the identities of X and Y respectively. I 7 L ts a contra- 
variant local system on Y, the morphisms 

H, (u, L): H,(X, w4L)->H,(Y, L) 

ave isomorphisms for each q. 
In fact, if wv is homotopic to Id Y, we have by 4.8 a commutative 

diagram 

H,(X,wAL) 
~ 

1) Hel ¥, 4) 
Hy(e, #74) 

H,(Y, v2w4L) 

H,(Y,L) 

In the same way, if vw is homotopic to Id X, there is a commutative 
diagram 

H,(X, w1L) 
K 

Hy({X,7) 7 Hy, (v, #7} L) 

H(X,wtotw4L) H(Y,vtw'L) = 
H,(u, eu tL) 

Therefore, H,(v, #-1L) is an epimorphism and a monomorphism, hence 
an isomorphism inverse to H, (u, L). 
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