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EQUIVARIANT HF ,-MODULES ARE WILD
JACOB FIELD GREVSTAD AND CLOVER MAY

ABSTRACT. Let k be an arbitrary field of characteristic p and let G be a finite
group. We investigate the representation type, derived representation type, and
singularity category of the k-linear cohomological Mackey algebra and the k-linear
Mackey algebra. We classify when the cohomological Mackey algebra is wild for
G a cyclic p-group. Furthermore, we show the cohomological Mackey algebra
is derived wild whenever G surjects onto a p-group of order more than two. We
show the Mackey algebra is derived wild whenever G is a nontrivial p-group.

Derived wildness has some immediate consequences in equivariant homotopy
theory. In particular, for the constant Mackey functor k, the classification of com-
pact modules over the G-equivariant Eilenberg—MacLane spectrum Hk is also wild
whenever G surjects onto a p-group of order more than two. Thus, in contrast to re-
cent work at the prime 2 by Dugger, Hazel, and the second author in [DHM?24], no
meaningful classification of compact Cp,-equivariant HF ,-modules exists at odd
primes. For the Burnside Mackey functor A, there is no classification of compact
G-equivariant HA;-modules whenever G is a nontrivial p-group.
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1. INTRODUCTION

Mackey functors play an important role in equivariant homotopy theory as the
analogue of stable homotopy groups and cohomology groups. For G a finite group,
every Mackey functor M gives rise to a genuine equivariant Eilenberg—MacLane
spectrum HM representing RO(G)-graded equivariant cohomology with coefficients
in M. The study of RO(G)-graded equivariant cohomology, graded by real repre-
sentations of G, has played an important role in breakthroughs beyond equivariant
homotopy theory including Hill, Hopkins, and Ravenel’s landmark work on the
Kervaire invariant one problem [HHR16] and dos Santos, Florentino, and Orts’
characterization of maximal and Galois-maximal real algebraic varieties [dSFO25].
Equivariant Eilenberg—MacLane spectra are interesting in their own right, and are
central to a large body of recent work from different perspectives including the study
of Artin motives via tensor-triangular geometry, algebraic K-theory, and equivariant
homotopy theory, see for example [BG25, Fuh25, CW25, CV25, Pet24, Lev22].

Due to a result of Schwede and Shipley [SS03], when M is a commutative Mackey
ring (also called a commutative Green functor), the homotopy category of HM-
modules is equivalent to the derived category D(M). This equivalence of homotopy
categories played a major role in the work of Dugger, Hazel, and the second au-
thor in [DHM?24], which gave a complete classification of compact modules over
the C,-equivariant Eilenberg—MacLane spectrum for the constant Mackey functor
F,. It was shown in [DHM?24] that there are just three families of indecompos-
able HF,-modules: HF,, HF, A (SI')+, and Cof(t") for various m > 0 and r > 1.
The classification of compact H[F,-modules was proved via a corresponding clas-
sification of indecomposable perfect complexes in the derived category DP™(IF, ).
Moreover, this classification was used in [DHM?24] to give a new proof of the sec-
ond author’s structure theorem for RO(C;)-graded cohomology [May20], implying
the only indecomposables coming from the (co)homology of C,-CW complexes are
HEZ and HEZ VAN (ST)+

One might hope to generalize these results to a classification of compact HEF -
modules for other finite groups. However, this is not possible. The category of
HF ,-modules is much richer in general. In this paper we use quiver representa-
tions to show I, is derived wild for most groups. Thus a complete classification
is unattainable, both for equivariant HF ,-modules and for perfect complexes of
F,-modules. Here we mean wild a in a technical sense; any complete classifica-
tion would necessarily include a classification of indecomposable modules of ev-
ery finite dimensional FF,-algebra. Although HF ,-modules cannot be classified, the
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question of whether a meaningful structure theorem for RO(G)-graded cohomology
exists at odd primes remains open.

Turning to an arbitrary field k of characteristic p, we study the derived category
of k-modules, also known as cohomological Mackey functors. In [TW95], Théve-
naz and Webb classified precisely the groups for which Mackey functors and co-
homological Mackey functors have finite representation type. We investigate their
representation types further, as well as derived representation types, motivated by
equivariant homotopy theory. In order to study (derived) modules over the con-
stant Mackey functor k, we study the equivalent category of (derived) modules over
the cohomological Mackey algebra ,uISOh(G). Beyond [TWO95], the cohomological
Mackey algebra has been studied from an algebraic perspective by a number of
people, for example in [Boull, BS15, BSW17, Linl8].

Representation type is more complicated over arbitrary fields, but for algebras
over an algebraically closed field, the famous tame-wild dichotomy due to Drozd
[Dro77, CB88] separates algebras into tame or wild representation type (but not
both). Morally, the indecomposable representations of tame algebras are “describ-
able”, while the indecomposable representations of wild algebras are hopeless to
classify. We classify the representation type of the cohomological Mackey algebra
u,f”h(G) for cyclic p-groups over algebraically closed fields.

Theorem 1.1 (c.f. Theorem 4.2). Let k = k be an algebraically closed field of char-
acteristic p. The cohomological Mackey algebra ,u,g"h(C ) has

(1) finite representation type if m < 1,

(2) tame (and infinite) representation type if p™ = 4, and

(3) wild representation type otherwise.

However, due to our interest in equivariant homotopy, much of our focus is on
non-algebraically closed fields. Extending the definition of wild representation type
to arbitrary fields in the obvious way, we show the cohomological Mackey alge-
bra, as well as the Mackey algebra, in prime characteristic are wild in the same
case as above, whenever G = Cp» has m > 2 and p™ # 4 (see Theorem 4.3 and
Corollary 7.1).

We then turn to derived representation type and show the cohomological Mackey
algebra is derived wild for most finite groups. Over a field of characteristic p, we
first show p¢°"(G) is derived wild for p-groups of order more than two. That is,
we show the perfect derived category DPef(k) is wild. The proof uses the derived
wildness of certain group algebras kG over (possibly finite) fields, which we explore
in Section 5. We then generalize to larger groups and obtain the following result.
Theorem 1.2 (c.f. Theorem 6.1). Let k be a field of characteristic p. The cohomo-
logical Mackey algebra ,ulg"h(G) is derived wild whenever G surjects onto a p-group
of order more than two.

This implies there is no meaningful classification of modules over the Eilenberg—
MacLane spectrum for the constant Mackey functor k.

Theorem 1.3 (c.f. Theorem 6.2). Let k be a field of characteristic p. The category
of compact objects in the homotopy category of G-equivariant Hk-modules is wild
whenever G surjects onto a p-group of order more than two.
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For G = Cy» or G = Cj, x C,, this follows directly from the proof that kG is
derived wild. Thus, in a precise sense, the wildness of Hk-modules comes from
Fun(BG,k—Mod), k-modules with a G-action.

Over an algebraically closed field, there is a derived version of the tame-wild
dichotomy due to Bekkert and Drozd [BDO03]. In the algebraically closed case,
we classify precisely when the cohomological Mackey algebra is derived wild by
reducing to p-Sylow subgroups.

Theorem 1.4 (c.f Theorem 6.3). If k = k is an algebraically closed field of char-
acteristic p and G is a finite group, then /,LISOh(G) is derived wild if and only if the
p-Sylow subgroup of G has order more than two.

From a homotopy theory perspective, the huge leap moving from C; to larger
groups is surprising. What makes C; nice is that the cohomological Mackey algebra
,u,fd’ (Cy) is a gentle algebra, controlled by the very small bound quiver with a single
relation

° ° ba = 0.

Gentle algebras (over algebraically closed fields) are derived tame, and hence the
perfect complexes are well understood. On the other hand, even for Cs, the coho-
mological Mackey algebra (1f"(C3) in characteristic 3 is no longer gentle. This
allows the perfect derived category to be much richer.

At the prime 2, we show the Mackey algebra 1, (C5) is derived wild. Thus there is
no meaningful classification of modules over the Eilenberg—MacLane spectrum for
the mod 2 Burnside Mackey functor A ® [F,. More generally, for any finite p-group
we prove the following.

Theorem 1.5 (c.f. Theorem 7.6). Let k be a field of characteristic p and let G be a
nontrivial finite p-group. Then the Mackey algebra L (G) is derived wild.

Hence there is also no meaningful classification of HA;-modules.

Theorem 1.6 (c.f. Theorem 7.7). Let k be a field of characteristic p. The category
of compact objects in the homotopy category of G-equivariant HA,-modules is wild
whenever G is a nontrivial finite p-group.

We go on to compute some examples of the singularity category for the coho-
mological Mackey algebra. The singularity category is the Verdier quotient of the
bounded derived category by the perfect derived category,

Do (1" (G)) = D* (i (G)) /D (" (G)).

For G = C, in characteristic 2, this is trivial as D?(uf"(C,)) = DP T (uo(Cy)).
In general the singularity category is nontrivial, for example even for G = C3 in
characteristic 3. We compute the singularity category for cyclic p-groups G = Cpm
and the Klein four group G = C; x C,.
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With the hope that our results are of interest both to equivariant homotopy the-
orists and representation theorists, we provide significant background on represen-
tation type, derived representation type, and Mackey functors in equivariant homo-
topy theory. Along the way, we present proofs of a number of well-known results in
representation theory in order to fill some gaps in the literature for arbitrary fields.

Organization of the paper. In Section 2, we give an extensive introduction to quiver
representations. We also introduce Mackey functors, and both the Mackey algebra
and the cohomological Mackey algebra. In addition, we provide some background
on equivariant homotopy theory. In Section 3, we give an overview of the represen-
tation type of algebras, with particular emphasis on arbitrary fields. In Section 4,
we investigate the representation type of the cohomological Mackey algebra, both
over algebraically closed and arbitrary fields. In Section 5, we introduce the no-
tion of derived representation type and fill in some details showing certain group
algebras are derived wild over (not necessarily algebraically closed) fields of prime
characteristic. Then in Section 6, we apply these results to classify the derived rep-
resentation type of the cohomological Mackey algebra. In Section 7, we consider
the representation type and derived representation type of the Mackey algebra. Fi-
nally, in Section 8, we compute some examples of the singularity category for some
cohomological Mackey algebras.
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1.1. Notation and conventions. In this paper G will denote a finite group. We
write C), for the cyclic group of order p, with p a prime. Throughout, k£ will denote
a field. Often k will be a field of prime characteristic p, e.g. the field IF, with p
elements. The algebraic closure of k is denoted k.

By algebra over k£ we mean an associative unital algebra, and by module we
always mean a left module unless otherwise specified. For a k-algebra A we write
A—Mod for the category of left A-modules and A—mod for the category of finite
dimensional A-modules. If A and I' are k-algebras and M is a A-I'-bimodule we
always assume k acts symmetrically on M. This is equivalent to M being a A ®; ["°P-
module.
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2. PRELIMINARIES

2.1. Quivers. Quivers and their representations are combinatorial tools used to
study representation theory of algebras. In this section we introduce the basic defi-
nitions. For more details see for example [AC20] or [ASS06].

A quiver is a directed multigraph made up of vertices and arrows, allowing loops
and/or multiple arrows between vertices. A common definition with more explicit
notation is given below.

Definition 2.1 (Quiver). A guiver is a tuple Q = (Qo, Q1,s,t), where Qg and Q are
(typically finite) sets, and s and ¢ are functions Q; — Qp. The elements of Qg are
called the vertices of the quiver Q and the elements of Q; are called the arrows. For
an arrow o/, we call s(a) and ¢( o) the source and target of o respectively.

A morphism of quivers f: Q — Q' is a pair of functions f = (fy, f1) sending
vertices to vertices and arrows to arrows, commuting with source and target.

We usually illustrate a quiver by drawing the vertices as dots and drawing an
arrow from s(@) to 7(a) for each & in Q.

Example 2.2. Below are some examples of quivers.

O)

C o, o —— o L ° Q o, ° > > @
Definition 2.3 (Paths). A path in a quiver Q is either a trivial path at a vertex i € Qy,
denoted e;, or it is a sequence of arrows 0 @ - - - O, such that s(ot;) =¢(oj41) for j =
1,2,---,n— 1. We extend s and ¢ to the set of all paths by defining s(oj 0 - - - o) =
S((Xn), I(Oﬁ op--- OCn) = t(al), and S(€i> = l‘(e,') =1

The length of a path is the number of arrows in the path, and is O for a trivial path.

We say that two paths p; and p, are composable if s(p;) = #(p2). The com-
position of two composable paths is simply their concatenation if they are both
nontrivial, and it is the other path if one of them is trivial. We write the composition
p1p2 as in function composition, p; o P2. The reader is advised that the notation in
the literature varies and much of the literature on quivers in representation theory
uses the opposite convention.

Remark 2.4. A quiver Q defines a category with objects given by the vertices and
morphisms given by paths. By abuse of notation this is also written Q.

Using this categorical perspective we can define quiver representations.

Definition 2.5 (Quiver representation). Fix a field k and let Vect; denote the cate-
gory of k-vector spaces. A representation of a quiver Q is a functor

F: QO — Vect.

That is, a quiver representation for Q consists of a k-vector space V; for each
vertex i € Qp and a linear map fo : Vy(q) — Vi(q) for each arrow o € Qy, such that
composable arrows give rise to composable morphisms. To each trivial path ¢;, one
assigns the identity map idy;.

Remark 2.6. There are a priori no relations between the linear maps in a quiver
representation. For example to impose commutativity, one must introduce such
relations.
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Definition 2.7 (Bound quiver). Fixing a field k and a quiver Q, a relation is a linear
combination of paths of length at least two with the same source and target. A
quiver together with a set of relations p is called a bound quiver or quiver with
relations.

As in the unbound case, we can work with representations of bound quivers.

Definition 2.8. (Bound quiver representation) A representation of a bound quiver
(Q,p) is a functor
F (Qap) — Vecty,

where the linear maps satisfy the relations in p.
Quivers and bound quivers give rise to algebras.

Definition 2.9 (Path algebra). Given a field k£ and a quiver Q, let kQ be the free
vector space generated by the paths in Q. Define a bilinear product on kQ by setting
the product of paths to be their composition if they are composable and 0 otherwise.
Then kQ becomes an associative k-algebra known as the path algebra of Q.

In the path algebra, each trivial path e; is an idempotent. If the quiver has finitely
many vertices, then } ;o e; is the multiplicative identity in Q.

If (Q,p) is a bound quiver, the path algebra of the bound quiver is defined to
be the quotient kQ/I, where I = (p) is the two-sided ideal generated by a set of
relations.! If Q is a finite quiver and there is a number 7 such that all paths of length
at least n are contained in (p), then kQ/(p) is called an admissible path algebra.

Remark 2.10. An admissible path algebra kQ/(p) is a finite dimensional k-algebra.
Example 2.11. The path algebra of the quiver
(o

is the polynomial algebra k[x|.
Example 2.12. The path algebra of the quiver

(e
is the free algebra k(x,y).
Example 2.13. The path algebra of the bound quiver

Nt

with relations p = {x°} is the truncated polynomial algebra k[x]/(x°).

Example 2.14. The path algebra of the bound quiver
X C [} Dy
with relations p = {xy — yx} is the polynomial algebra k[x,y].

1t is common in the literature to denote such a bound quiver as (Q,1).
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One can study representations of path algebras by studying quiver representa-
tions.

Theorem 2.15. The category of k-linear representations of (Q,p) is equivalent to
the category of left kQ/(p)-modules.

Path algebras of bound quivers are a rich source of algebras with nice combina-
torial properties. Moreover, perhaps one of the most compelling reasons to study
quiver representations is that (over algebraically closed fields) almost every finite
dimensional algebra is the path algebra of a bound quiver. To state this precisely,
as in [AC20, Theorem 1.2.13] for example, we need a minor technical condition,
requiring the algebra to be basic’.

Theorem 2.16. Let k = k be an algebraically closed field and let A be any basic
finite dimensional k-algebra. There exists a bound quiver (Q,p) with admissible
relations such that A = kQ/(p) as algebras. Further, the quiver Q, known as the
Gabriel quiver of A, is uniquely determined.

Thus, putting Theorem 2.15 and Theorem 2.16 together, to study the representa-
tion theory of an algebra over k = k, we may look at representations of its bound
quiver. Every finite dimensional algebra is Morita equivalent to a basic algebra, so
the requirement that the algebra be basic is indeed a minor condition. In terms of
representation theory, finite dimensional k-algebras are equivalent to path algebras
of bound quivers.

Quivers easily capture certain information about representations, for example one
can immediately identify the simple modules.

Proposition 2.17. Let A = kQ/(p) be an admissible path algebra, and let S(a)
denote the quiver representation with k at vertex a € Qg and 0 everywhere else. The
set {S(a) | a € Qo} is a complete set of representatives of the isomorphism classes
of simple A-modules.

Example 2.18. The quiver A,

1 > 2 > > n

has simples {S1,S2,...,S,} with S; given by k in the i-th spot an zero elsewhere
0 > 0 b > k b > 0.

Remark 2.19. More generally, given a module M over a path algebra A = kQ/(p)
we illustrate the module by labelling each vertex i with the vector space e;M and
each arrow o by the linear map eyo)M — ¢;(yM given by multiplication by .
This information completely determines M.

Quivers also make it easy to identify indecomposable projective modules.

Proposition 2.20. Let A = kQ/(p) be an admissible path algebra. Then the trivial

paths {ey,... ey} form a complete set of primitive orthogonal idempotents. The
path algebra A decomposes into indecomposable projective summands
A=P &P,

’In particular, this ensures that the quotient by the Jacobson radical A/J(A) is isomorphic to
7 k.
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with each P; equal to Ae;, the linear span of all paths in the path algebra starting
at i. Moreover, {Py,...,B,} form a complete set of representatives of isomorphism
classes of indecomposable projective A-modules.

This paper is primarily concerned with algebras that come from Mackey functors
due to their prevalence in equivariant homotopy theory.

2.2. Mackey functors. In equivariant stable homotopy theory, homotopy takes
values in Mackey functors, rather than abelian groups. Mackey functors were first
defined by Dress and Green [Dre71, Dre73, Gre71]. Three equivalent definitions
can be found in [TW95]. We also direct the reader to [Web0O] and [ShulO] for
more details. A Mackey functor is a collection of abelian groups with restriction,
transfer, and conjugation maps satisfying a number of relations.

Definition 2.21 (Mackey functor). A G-Mackey functor M is a function®
M: {G/H |H <G} — Ab
with morphisms called restrictions, transfers, and conjugation maps
resi: M(G/H) — M(G/K)
k- M(G/K) — M(G/H)
cg: M(G/H) — M(G/gHg™")
for all subgroups K < H and for all g € G, such that
(1) wll, res, c;,: M(G/H) — M(G/H) are the identity morphisms for all sub-
groups H<Gand he H,

) res§ res% = resy and trll}( trf = tr§{ for all subgroups J < K < H,
(3) cgcp = cgp forall g,h € G,

-1 -1
4) resﬁ?j,l cg = coresi and trgzj,l ¢y = cgtril for all subgroups K < H and
g € G, and

5 reslf tr,’_(] satisfies the double coset formula, i.e. for all subgroups J,K < H,

res'Jq tr,ff: Z tr/

K
JNxKx—1 Cx resx
x€[J\H /K]

-lJxNK*

For a fixed finite group G, the collection of G-Mackey functors form a category
Mack(G). This category is abelian and symmetric monoidal via the box product
(1. The unit with respect to the box product is the Burnside Mackey functor A,
with value at G/H given by the Burnside ring A(H). See for example [Lew88] or
[ShulO].

Fixing a commutative ring R, one may consider Mackey functors valued in R-
modules. We denote the category of such R-linear Mackey functors by Mackg(G)
as in [TW95]. The unit in Mackg(G) is Ag, formed by tensoring the Burnside
Mackey functor with the ring object-wise A ® R. Taking R = 7Z, we recover the

30ne will often find in the literature M written as a function with values determined by subgroups,
replacing M(G/H) with M(H). However, the notation M(G/H) is consistent with the other two
equivalent definitions in [TW95]. Both of the others define a Mackey functor with values determined
by finite G-sets, which decompose into orbits.
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original category Mack(G) = Macky(G). In this paper, we will be concerned with
Mack (G) where £ is a field (typically of characteristic p).

For groups with a small number of subgroups, it is convenient to describe the
data of a Mackey functor by its Lewis diagram.

Example 2.22. Let p be a prime and let G = C,, the cyclic group of order p. A
Cp-Mackey functor M has a Lewis diagram of the following form,

M(Cp/Cp)

c C
rese’ l Ttre P

M(Cp/e)

O

Y

where 7 is a generator of the Weyl group” Wc,e = Cp/e = C, = (y) and the maps
satisfy the following relations:
(1) yo resec” = resg” ,
c, [
(2) tr," oy =tr,”,
(3) y? =1id, and
(4) rese otrs” = £ 1yl
The Weyl group action corresponds to the conjugation ¢y in Definition 2.21. The
last relation is implied by the double coset formula.

Example 2.23. For G = C,, The Burnside Mackey functor A has the following
Lewis diagram.

YASY/

onl16)
Z
O

1

Definition 2.24 (Fixed point Mackey functor). For G any finite group and V an
RG-module, the fixed point Mackey functor FPy is defined by FPy(H) = V!, the
H-fixed points in V. Restriction resz: VH — VX is given by inclusion, transfer
trg - VK — V7 is the relative trace map x — Xpeq /)b - x, and conjugation cg is
given by multiplication by g.

The category of abelian groups embeds into Macky,(G) as the constant Mackey
functors.

Definition 2.25 (Constant Mackey functor). Fix a finite group G and an abelian
group 7. The constant G-Mackey functor T sends every orbit G/H to T and assigns

“The Weyl group in equivariant homotopy theory is the quotient of the normalizer of a subgroup
WeH = NgH /H and is isomorphic to the equivariant automorphisms of the G-set G/H.
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the identity to all restriction maps and all conjugation maps.” Equivalently, the

constant G-Mackey functor T is the fixed point Mackey functor of the trivial ZG-
module T',i.e. T = FPr.

When T is a ring, the constant Mackey functor T is a Mackey ring (also called a
Green functor). See [Lew88], [TW95], or [Shul0] for more about Mackey rings.

Example 2.26. The constant G-Mackey functor Z assigns to every orbit the ring Z.
For G = C), the constant C,-Mackey functor Z has the following Lewis diagram.

U

1

Much of our work here is motivated by our interest in the constant Mackey func-
tor ¥ e

Example 2.27. Let & be a field of characteristic p. The constant G-Mackey functor
k assigns to every orbit the field k. For example, the constant G-Mackey functor F,
assigns to every orbit the field I,.

For G = Cp, the constant C,-Mackey functor [, has the following Lewis diagram.

]FP
ll TO
IFP
)

1

Example 2.28. Using the box product, a C,-Mackey functor M is a Z-module if it
has Lewis diagram

M(Cp/Cp)

c C
res,” l Ttre P

M(Cp/e)

O

Y
and maps satisfying the usual relations

(D yoresfp :resecp,

(2) try” oy = trs”,

(3) Y’ =1id, and

4) resc? otrs? = ¥P i,

=

SThe transfer maps, given by relative trace maps, are determined by this data and the relations
imposed by the double coset formula.
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as well as the relation
C C
(5) tr,” ores,” = p.
Tensoring with I, we have the following characterization of F ,-modules.

Example 2.29. A C)-Mackey functor M is an F ,-module if it has a Lewis diagram

M(C,/Cp)
| i
M(Cp/e)

U

Y
valued in Vecty, and maps satisfying
(1) yo resecp = resgp ,
(2) tre” oy =trg”,
(3) 1P =id
4) resecp otrgp = Zf:olyi , and
5) trg"’ oresS"’ =0.

Fix a finite group G and a commutative ring R. There is a subcategory of Mackg(G)
of cohomological Mackey functors, denoted CohMackg(G).

Definition 2.30 (Cohomological Mackey functor). A Mackey functor is cohomo-
logical if it satisfies the additional relations that whenever K < H < G, restriction
followed by transfer is multiplication by the index:

trk oresk = [K : H].

In particular, all constant Mackey functors are cohomological. In fact, all fixed
point Mackey functors are cohomological. Moreover, we can characterize cohomo-
logical Mackey functors completely. As shown in [TW95, Prop 16.3], cohomolog-
ical Mackey functors are equivalent to Z-modules

CohMackz(G) = Z—Mod,
and over a commutative ring R
CohMackg(G) = R—Mod.
Taking R = I, we have
CohMackp,(G) = F,~Mod.

The connection between Mackey functors and quivers is key to the results of this
paper.
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2.3. Mackey functors as quiver representations. As observed by Thévenaz and
Webb in [TW95], a Mackey functor is a representation of a bound quiver. We
include some examples that we will return to in Section 4 and Section 6.

Example 2.31. Let G = ;. An F,-module is a representation of the following
bound quiver Q

with the single relation p = {ba}. That is, the following categories are equivalent
F,—-Mod ~ CohMackp, (C>) ~ Fun((Q, p), Vecty,).

Proof. This is a simple change of notation and change of basis. Let a = res$? and
€2, Let ¢ denote id —7. Then an F,-module is a functor from the quiver Q

b=tr,
L
Co e
to Vecty,. The relations from Example 2.29 imply
ca=0, bc=0, ¢*=0, ab=c, and ba=0.
Since ab = c, the loop c is not needed. After making this substitution, the relation
ba = 0 implies the rest. U

Using Example 2.31 and Proposition 2.20, we can characterize indecomposable
projective [F,-modules.

Example 2.32. Writing the bound quiver that defines F,-modules as

1 0 ba =0,

~_—
a

we see the two indecomposable projectives (over an arbitrary field k) are

(1 0) 0
P=k "k and Py= k" k

(7) |

1

Over [Fy, these coincide with FF = P; (after a change of basis) and H = F; in the
notation of [DHM24].

For larger primes, a similar substitution and reduction applied to Example 2.29
gives the following.

Example 2.33. Let G = C), for p an odd prime. An F,-module is a quiver repre-
sentation of the following bound quiver Q

b
S /N
Cel

with relations p = {c”, ca, bc, ba, ab— ch~1 }. Note the relation ¢” is redundant.
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More generally, we can describe not just the cohomological Mackey functors but
every Mackey functor in Mackp, (C)) (i.e. every A ®F,-module) using quivers and
the Lewis diagram in Example 2.23.

Example 2.34. Let G = C,, for p any prime. A Mackey functor in Mackp, (C,) is a
quiver representation of the following bound quiver Q

b
—
e
a
with relations p = {c”, ca, bc, ab—cP~'}.

As an immediate consequence, when p = 2 we have the following characteriza-
tion.

Example 2.35. Let G = C,. A Mackey functor in Mackp, (C») is a quiver represen-
tation of the following bound quiver Q

with relations p = {aba, bab}.

Remark 2.36. One can consider representations of the bound quiver

b
(e e

from Example 2.31 over any field k. In fact, over C, this bound quiver appears
in the study of sl; representations and category (0, and its representations are well-
known. However, it is only in characteristic 2 that this particular bound quiver bears
any relation to cohomological C,-Mackey functors.

2.4. The Mackey and cohomological Mackey algebras. In general, as explained
in [TW95], the category Mackg(G) is equivalent to the category of modules of an R-
algebra ur(G), called the Mackey algebra. This algebra ug(G) is the path algebra
of the bound quiver with vertices {G/H | H < G}, arrows given by restrictions,
transfers, and conjugations, and relations determined by Definition 2.21. Thus,
with the notation above, we have the following.

Theorem 2.37. Let G be a finite group and let R be a commutative ring. There is
an equivalence of categories

Mackg(G) ~ Ag—Mod ~ ur(G)-Mod.

From this equivalence, it is immediate that when R = k is a field, w(G) is a fi-
nite dimensional k-algebra satisfying the Krull-Schmidt theorem. Thus, any finite
dimensional p;(G)-module decomposes uniquely into a direct sum of indecompos-
ables (up to isomorphism and order of summands).

It is shown in [TWO95] (as well as [TW90]) that when the order of the group is
invertible, the Mackey algebra is semisimple.

Proposition 2.38. ([TW95, Theorem 3.5]) Let k be a field of characteristic 0 or
characteristic prime to |G|. Then y(G) is a semisimple k-algebra.
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Incorporating the additional relations for cohomological Mackey functors, the
category CohMackg(G) is equivalent to the category of modules of an R-algebra
1" (G), called the cohomological Mackey algebra.

Then, by Proposition 2.38 and the fact that CohMacky (G) is a full subcategory of
Macky (G), when |G| is invertible the cohomological Mackey algebra is semisimple
as well.

Corollary 2.39. Let k be a field of characteristic O or characteristic prime to |G|.
Then uf®"(G) is a semisimple k-algebra.

Yoshida identified the cohomological Mackey algebra using permutation mod-
ules.

Definition 2.40. For a finite group G and a commutative ring R, the Hecke category
‘Hg(G) is defined as the full subcategory of RG—Mod consisting of the permutation
modules R[G/H| for H < G.

Yoshida showed [Yos83, Theorem 4.3] that cohomological Mackey functors are
equivalent to representations of the Hecke category

CohMackg(G) ~ Addg(Hg,R—Mod).

Since Hpg 1s a finite category, the category of representations is equivalent to the
module category Eg(G)—Mod, where the Hecke algebra is the endomorphism ring

Er(G) = Endgg <@ R[G/H]) :
H<G
Moreover, as observed in [TW95], us?"(G) = Er(G)°P. Since Homg(—,R) gives
a duality on the Hecke category we also have Eg(G)P = Ex(G), so we may work
with Eg(G) instead of ug”"(G) when convenient.

With the notation above, we have the following theorem due to Yoshida [Yos83]
and described in [TWO95].

Theorem 2.41. Let G be a finite group and R a commutative ring. There is an
equivalence of categories

R—Mod ~ CohMackg(G) ~ ug"(G)—Mod ~ Ex(G)°P ~Mod.

Skipping ahead somewhat, one of our main examples throughout will be the co-
homological Mackey algebra of C, over a field k of characteristic p, as deduced
from Yoshida’s characterization. See Proposition 4.6 and Proposition 4.7 for the
details.

Proposition 2.42. Let k be a field of characteristic p. The cohomological Mackey
algebra " (C,) is the path algebra of the quiver Q

b
CClCO
a

with relations
p ={cP, ba, ab— ", ca, bc},
as in Example 2.33 for k =T,
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In the case p =2, the arrow ¢ = ab is redundant and the cohomological Mackey
algebra ,LL,f"h(Cz) is the path algebra of the quiver Q

with relation
p = {ba},
recovering Example 2.31 for k = F5.

2.5. Equivariant cohomology and Eilenberg-MacLane spectra. Mackey func-
tors are fundamental to the study of equivariant cohomology of G-spaces and to
equivariant stable homotopy theory. They often play the role of abelian groups in
equivariant homotopy theory. For example, in the equivariant setting, stable homo-
topy groups are replaced by stable Mackey functors. Mackey functors also appear
in equivariant cohomology.

Bredon defined a Z-graded equivariant cohomology theory for G-CW complexes
that takes coefficients in a coefficient system [Bre67]. In order to have Bredon co-
homology of G-spaces extend to an RO(G)-graded cohomology theory (graded by
real representations) and be represented by a genuine G-spectrum, the coefficient
system must extend to a Mackey functor. The representing object of an ordinary
equivariant cohomology theory with coefficients in a Mackey functor M is a gen-
uine G-spectrum called an Eilenberg—MacLane spectrum. For more details and
background, see for example [May96], [Shul0], or [Hil20].

An equivariant Eilenberg—MacLane spectrum is characterized by its Z-graded
homotopy as follows.

Definition 2.43. Let M be a G-Mackey functor. The Eilenberg—MacLane spectrum
HM is the genuine G-equivariant spectrum defined (uniquely up to homotopy) by
the property that the Z-graded homotopy Mackey functors are

nSHM = .
0 otherwise.

In the case that M is a Mackey ring, HM is a ring spectrum. If M is a commutative
Mackey ring, HM can be taken to be a commutative ring spectrum (see [Ull13]). In
fact, both the Burnside Mackey functor and the constant Mackey functor have the
extra structure of a Tambara functor, and whenever M is a Tambara functor, HM is
a genuine G-commutative ring spectrum (see [Ull13] and [BH15]).

The following result is due to [SS03], as explained in [Zen18] for M = Z, and
described more generally in [GS14].

Theorem 2.44 ([SS03]). Let M be a commutative Mackey ring. There is a Quillen
equivalence
r
-
Ch(M-Mod) o~ HM—-Mod

‘/\_/
¥

2
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between the algebraic category of chain complexes of M-modules with projective
model structure and the topological category of HM-modules.

A Quillen equivalence is a relationship between two model categories. In par-
ticular, it implies the homotopy categories are equivalent. In the context of Theo-
rem 2.44, we have

D(M) ~Ho(HM-Mod).
Thus to study the homotopy category of HM-modules in G-spectra, one could study
the derived category of the Mackey ring M. Restricting to compact objects,

DP (M) ~ Ho(HM—Mod)®.

This is our motivation to study the perfect complexes DPef (M), following the work
in [DHM24] for G = C».

Remark 2.45. It was recently shown by Fuhrmann [Fuh25, Theorem 3.12] that
there is an infinity categorical version of Theorem 2.44. That is, for any Green
functor M there is an equivalence of symmetric monoidal co-categories

D(M) ~ HM-Mod.

Before we turn to the derived case, we consider the representation type of the
cohomological Mackey algebra.

3. REPRESENTATION TYPE

In this section, we look at the representation type of algebras. Much of the content
here is well-known, but we include a fair amount of detail in order to pay particular
attention to algebras over arbitrary fields. We then review representation type in the
special cases of special biserial, string, and gentle algebras.

3.1. Representation type of algebras. One of the classical questions in represen-
tation theory is when an algebra has only finitely many indecomposable represen-
tations up to isomorphism. When this is the case, we say that the algebra has finite
representation type, and one can hope to list all the isomorphism classes of inde-
composables.

Over an algebraically closed field k = k, one can divide the class of algebras
of infinite representation type into algebras of tame representation type and those
of wild representation type. It is a celebrated theorem of Drozd that any finite
dimensional algebra falls into exactly one of the three classes: finite, tame, or wild
type. See for example [Dro77, CB88, BSZ09].

Intuitively, tame algebras are those whose infinitely many isomorphism classes
of indecomposable representations can be completely “described” and they are
parametrized by a single parameter. On the other hand, wild algebras have hope-
lessly complicated representation theory with arbitrarily large families of indecom-
posable representations. These families are so large, each wild k-algebra contains
the representation theory of every finite dimensional k-algebra. It is therefore rather
surprising that an algebra with infinitely many indecomposables must be either tame
or wild.
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It is common to collect algebras with “describable” representation theory, namely
those of finite and tame representation type, and refer to both as tame. With this ter-
minology, Drozd’s famous theorem is often referred to as the tame-wild dichotomy.

The term describable is meant to indicate a complete and meaningful classifica-
tion, not just a bijection with another collection of objects. As an example, although
Z is not a field, it is instructive to think of the fundamental theorem of finitely-
generated Z-modules. Here there are infinitely many indecomposables, but we can
completely classify them; indecomposables are of the form Z or Z/(p"Z) for any
choice of prime p and positive integer n.

In the literature, the three representation types (finite, tame, and wild) are typi-
cally defined for k-algebras over an algebraically closed field k = k. To talk about
these notions over arbitrary fields, one usually extends scalars to the algebraic clo-
sure (or at least separable closure). We are interested in finite fields, so we naively
extend the definitions of finite and wild representation types to arbitrary fields. It
is less clear how to meaningfully extend tame representation type to arbitrary fields
and we do not pursue it.

Definition 3.1 (Finite and infinite representation type). A k-algebra is said to be of
finite representation type or simply to be representation finite if it has only finitely
many isomorphism classes of indecomposable modules. Otherwise, the algebra is
said to have infinite representation type or be representation infinite.

Example 3.2. The group algebra kG for k a field of characteristic p and G = Cpm is

representation finite. Presenting kG as k|[x]/ (xpm), the indecomposables are of the
form k[x|/(x") for 1 <r < p™.

Example 3.3. For k a field of characteristic p and G = C,, x Cp, the group algebra
k|C, x C,] is representation infinite. See [Hig54].

As in the example of the structure theorem for modules over a PID, the indecom-
posables of a k-algebra A of tame representation type should have a nice description.
The definition of tame below leverages the structure theorem by reducing the de-
scription of A-modules to the description of the simple k[x]-modules, k[x|/(x — A1)
for A € k. The remarkable thing about this definition is that it turns out to be exactly
the complement of wild (Definition 3.8) over an algebraically closed field.

Definition 3.4 (Tame representation type). Over an algebraically closed field k = k,
an algebra A has tame representation type or is called tame if for each dimension
d > 0 there is a finite number of A—k[x]-bimodules M; that are free as right k[x]-
modules, and such that every d-dimensional indecomposable A-module is isomor-
phic to M; @, N for some M; and some simple k[x]-module N.

Example 3.5. The canonical example of a tame algebra is A = k|[x] for k = k alge-
braically closed. It has d-dimensional indecomposables of the form k[x]/(x — A)¢,
i.e. Jordan blocks parametrized by eigenvalue A.

While the polynomial algebra k[x] is a PID for any field k, the simples are of
varying dimension. Thus one would need to replace the notion of dimension in the
definition of tame to use the polynomial algebra to parametrize indecomposables.
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Such generalizations have been made, however no dichotomy theorem is known in
these contexts. See [CB91] for a notion of tame for arbitrary rings.

Example 3.6. Let k = k be an algebraically closed field of characteristic 2. The
group algebra k|C, x C»] has infinite but tame representation type. A description of
the indecomposables can be found in [Web16, Section 11.5].

In order to define wild representation type, we need the notion of a representation
embedding. We return to arbitrary fields.

Definition 3.7 (Representation embedding). An additive functor F: C — D be-
tween abelian categories is called a representation embedding if the functor F

(1) is exact,
(2) is essentially injective, i.e. forany M,N in C, FM = F N implies M = N, and
(3) preserves indecomposability, i.e. FM is indecomposable whenever M is.

Definition 3.8 (Wild representation type). A k-algebra A is said to have wild repre-
sentation type, or simply to be wild, if for every finite dimensional k-algebra I" there
is a representation embedding I'-mod — A—mod.

Remark 3.9. Recall the notation A—mod means the category of finite dimensional
A-modules, but we do not require A to be finite dimensional as an algebra.

By definition, a classification of all indecomposables of a wild algebra would re-
quire a classification of the indecomposables of every finite dimensional k-algebra.
The canonical example of a wild algebra is the free algebra k(x,y) from Exam-
ple 2.12, as we demonstrate below in Theorem 3.16.

Over algebraically closed fields, all finite dimensional algebras fall into one of
these types. The following theorem is due to Drozd [Dro77] (see also [CB88, Corol-
lary C] for a proof using the theory of bocses).

Theorem 3.10. (Tame-wild dichotomy [Dro77]) Over an algebraically closed field
k = k, a finite dimensional k-algebra with infinite representation type is either tame
or wild, and not both.

Before we turn to the example k(x,y), it is useful to have some alternative char-
acterizations of representation embeddings.

Proposition 3.11. If ' is a finite dimensional algebra and F : I'-mod — A—mod
is a representation embedding, then F(I') has a canonical structure of a A-T -
bimodule, where the action of T is induced by the isomorphism Endp(I") 2 T°P.
Moreover, there is a natural isomorphism F = F (I') @r — and F (T') is projective as
a I'-module.

The following proposition demonstrates our key technique for showing that an
algebra is wild.

Proposition 3.12. Let C and D be idempotent complete additive categories and let
F: C — D be an additive functor. Suppose there exists a collection of (possibly
unnatural) additive maps Ay n: Homp(FM,FN) — Hom¢(M,N) such that the
Jollowing two conditions hold:
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(1) amap f: F(M) — F(N) is an isomorphism if and only Ay n(f): M — N
is, and
(2) whenever e: F(M) — F (M) is idempotent, then Ay p(e) is as well.

Then F is essentially injective and preserves indecomposability.

F
—
Hom¢ (M, N) Homp(FM,FN)
-
Aun

In particular, if F is an exact functor between abelian categories, these properties
are sufficient to show that F is a representation embedding.

Proof. Since an isomorphism F (M) = F(N) implies an isomorphism M = N, the
functor F is essentially injective. To see that F' preserves indecomposability, assume
F (M) is decomposable. Then there exists a nontrivial idempotente: F (M) — F (M)
given by projection onto a nontrivial summand. This means e and 15 (ys) — e are both
idempotent, neither are isomorphisms, and they sum to the identity. Now applying
A (= Ay.m) we see that A(e) and A(1p ) — e) are both idempotent. Since they
cannot be isomorphisms, they are not the identity. On the other hand, their sum
A(e) +A(1pr) —e) = A(1p()) is an isomorphism, so they also cannot be 0. Thus
A(e): M — M is a nontrivial idempotent and M is decomposable. 0

In particular, fully faithful exact functors are representation embeddings.

Corollary 3.13. If a functor F : C — D between abelian categories is fully faithful
and exact, then F is a representation embedding.

Proof. Take Ay n to be the inverse of the bijection Fj, » induced by F'. 0

Example 3.14. Let f: R — S be a surjective map of k-algebras. Then restriction of
scalars is a representation embedding S—Mod — R—Mod.

We now use Proposition 3.12 to show there is a representation embedding be-
tween free algebras of rank greater than 1. Because it is common in the literature
to work over an algebraically closed field, we include the proof of this and other
well-known results in order to illustrate the techniques for an arbitrary field.

Proposition 3.15. Let k be an arbitrary field, and let T = k(xy,--- ,x,) for n > 1
and ¥ = k(a,b) be free algebras. There is a representation embedding

I'-mod — X—mod.

Proof. We will define a functor F: I'=mod — X—mod and show that it is a repre-
sentation embedding using Proposition 3.12.

Let V be I'-module of dimension m and choose a basis for V. Let Xj,...X, be
m X m matrices representing that action of xj,...,x, on V. Then for (V, X, -, X,)
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in '-mod we define F (V) := (V" A, B), with A and B block matrices given by

X 1
1 X 0
A 1 X3 B_ 1

1 X,
where 1 denotes the identity on V.

Given (V,X;,---,X,) and (U,Yy,---,Y,), as well as a homomorphism f: V — U
in '—mod, we define F(f) as f": V" — U". One readily checks that this is a
homomorphism of X-modules and that F is an exact functor.

To employ the technique of Proposition 3.12, we need to take a homomorphism
F(V) — F(U) and construct a homomorphism V — U. Let ®: F(V) — F(U) be
any homomorphism of X-modules given as a block matrix with blocks ®;; of size
dimU x dimV. Commutativity @By = By P implies that ®;; = 0 whenever i and j
have different parity.

Computing PAy and Ay P we get

(PA)ij = DijXj+ i jy1
(Ay®)ij = Pi1,j+ YiDi

where @;; = 0 when the indices are out of bounds.

When i and j have different parity ®;; = 0, so the equation ®PAy = Ay P tells us
that ®; | ; = ®; ;. In particular this means that the top row ®;; is 0 except for
Dy;.

When i and j have the same parity, ®; 1 ; and ®; ;1 are both 0, so PAy = Ay P
implies ®;;X; = Y;®;;. In particular, we have ®;X; = Y;®;;.

The above computations imply that ® is block-lower triangular with ®; = ®;
for all i and j, and that ®;;X; = Y;®;;. This last fact means that ®;;: V - U is a
homomorphism of I'-modules. We therefore define A(®) = & in accordance with
Proposition 3.12. Since ® is lower triangular, it is an isomorphism if and only if
®;; = Py is. Further if V = U and ® is idempotent, then P is as well. So the
criteria of Proposition 3.12 are satisfied and F is a representation embedding. [

Theorem 3.16. The free algebra on two generators ¥ = k{a,b) is wild.

Proof. Let I be a any finite dimensional algebra. Then there exists a surjective ho-
momorphism k(xy,- - ,x,) — I" for some n > 1. The restriction of scalars I'-mod —
k{xy,---,x,)—mod is fully faithful and exact, and thus a representation embedding
by Corollary 3.13. Composing this with the embedding in Proposition 3.15 we get
a representation embedding of I'~mod into ¥—mod, hence X is wild. 0

We can compose representation embeddings, so the following is immediate.

Proposition 3.17. If T is wild, and F : '-mod — A—mod is a representation em-
bedding, then A is wild as well.

A useful technique to show an algebra is wild is to find a representation embed-
ding from k(x,y)—mod or another wild algebra. We illustrate this with an example
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of a wild path algebra that will be of importance to us in the proof of Proposi-
tion 5.16.

Proposition 3.18. Let A be the path algebra of the quiver below (with no relations).
Then A is wild.

Proof. Let £ = k(x,y) be the free algebra on two generators, and consider the A-X-
bimodule P given by

We see that this is free as a X-module, so P ®y — is exact.
For a £-module (V,X,Y) the tensor product P ®x V is given by

(0)

A straightforward computation shows that P ®y — is fully faithful. Hence by Corol-
lary 3.13, P ®y — defines a representation embedding ¥—mod — A—mod and A is
wild. U

3.2. Special biserial, string, and gentle algebras. There are many notable types
of algebras with well-known representation theory. Here we look at special biserial
algebras, string algebras, and gentle algebras.

What makes special biserial algebras ‘special’ is that they are tame, and their
representation theory can be described in terms of so-called “strings” and “bands”.
Loosely speaking, a string is an unoriented path of the quiver that does not pass
through a relation. A band is a minimal cyclic string such that all powers of it are
also strings.

Definition 3.19 (Special biserial algebra). A bound quiver (Q, p) (or its admissible
path algebra) is called special biserial if the following conditions hold.

(1) At each vertex there are at most two outgoing and at most two incoming
arrows.

(2) For each arrow « there exists at most one composable arrow 3 such that o3
is not a relation, and at most one composable arrow 7y such that y« is not a
relation.
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(3) The relations p are admissible, i.e. they consist of linear combinations of
paths of length at least 2, and there exists an n such that all paths of length
more than n are contained in the ideal generated by the relations.

Remark 3.20. Note the conditions for a special biserial algebra imply we may
assume the relations are only monomial (given by a single path, also called a zero-
relation) or binomial (a linear combination of two paths, also called a commutativity
relation).

Definition 3.21 (String algebra). A special biserial bound quiver (Q, p) (or its ad-
missible path algebra) is string if the conditions in Definition 3.19 hold and addi-
tionally the following:

(4) p consists of zero-relations, i.e. paths of length at least 2 (and not linear
combinations).

Imposing even stronger conditions, we have the notion of a gentle algebra.

Definition 3.22 (Gentle algebra). A string bound quiver (Q,p) (or its admissible
path algebra) is gentle if the conditions in Definition 3.19 hold and additionally the
following hold.

(5) All relations in p have length exactly 2.

(6) For each arrow « there exists at most one composable arrow 3’ such that
o’ is a relation, and at most one composable arrow ¥’ such that y'« is a
relation.

Example 3.23. The bound quiver below

b
CC 17 7o /(c”, ba, ab— "', ca, bc),
K
a

generalizing /.L,f"h(C ») from Proposition 4.7, is special biserial. It is not string be-
cause the linear combination ab — ¢"~! is not a path. Even if this relation were
deleted, the result would not be gentle because both ba and ca are relations.

Example 3.24. When k has characteristic 2, the algebra uf°"(C,) is gentle.

b
17 7o / (ba).
Y
See Example 2.31 and Proposition 4.7.

The indecomposable representations of special biserial algebras were classified
in [WWS8S5, Proposition 2.3]. Note that the authors in [WW85] assume the field is
algebraically closed, but the argument generalizes to arbitrary fields.

Given a special biserial algebra, one can construct a quotient that is a string al-
gebra with a nice relationship; all but finitely many of the indecomposables of the
special biserial algebra are indecomposables of the associated string algebra. One
obtains the string algebra by replacing each binomial relation with a pair of mono-
mial relations, for example replacing the relation ab — ¢"~! from Example 3.23
with ab, ¢"~!. The indecomposables of the special biserial algebra that are not also
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modules of the associated string algebra are exactly the indecomposable biserial
projective-injectives. For more details, see [Erd90, Theorem I1.1.3].

Butler and Ringel [BR87] showed (over arbitrary fields) the indecomposable
modules of a finite dimensional string algebra are divided into two types called
string modules and band modules, and the algebra is representation finite if and
only if there are no band modules. We outline the key points in describing strings
and then their associated modules. See [BR87] for more details or [CB18] for a
generalization to infinite dimensional string algebras.

Let (Q, p) be the bound quiver of a string algebra. For an arrow ¢, let ™" or ot~
denote the formal inverse of o with s(a~!) =¢(a) and t(a~!) = s(&x). A string ® is
a walk through composable arrows and inverse arrows that is reduced (contains no
subwalks of the form acoc~! or ') and avoids relations (contains no subwalks
w € p or w-! € p). One allows for trivial walks, remaining at a vertex. A string is
called direct if it consists only of arrows in Q, inverse if it consists only of inverse
arrows, and mixed otherwise. Trivial strings are considered both direct and inverse.

1

Example 3.25. Consider the bound quiver

b
17 7o / (ba)
' —
a
coh

describing p°"(C>) in characteristic 2. This is a (gentle) string algebra with direct
strings
eo, €1, a, b, ab
and inverse strings
ey, e1,a ,b , b a" .
In this small example, there are no mixed strings.

Example 3.26. Consider the special biserial algebra A described by the bound
quiver from Example 3.23, as shown below with minimal relations.

b
cC 1 C 0 /(ba, ab— "1, ca, bc)
a

This special biserial algebra has associated string algebra A

b
CC 1 C 0 /(ba, ab, c"1, ca, bc)

with direct strings
eo, €1, a, b, ',
inverse strings
o, e1,a , b, ¢,
and mixed strings
a ¢, cla, ¢'b, bc™, ac'b, bela,

where 1 <i<n-—-2.
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From a string @ associated to a string algebra, a string module M(w) is formed
by assigning a copy of k each time the string passes a vertex on the walk. The maps
send each copy of k to the next via the identity whenever the walk passes a (possibly
inverse) arrow, as in the example below.

Example 3.27. The string bc—2a from the string algebra A in Example 3.26 has

string module depicted
VRN
0 1 0 -
X‘ /
1
This is shorthand for the module formed by collecting copies of k labelled by

{eo,a7c_1a,c_2a,bc_2a}, where multiplication by an arrow acts on the string ac-
cordingly. Thus the string module associated to bc—2a is of the form

0 0 O
0 0 1

01 0 ~
0 0 1 C kq ® kcfla D kcfza keo D kbcfza .
0 0 O ~_

S O =
S o O

The string module M (@) = M(v) if and only if ® = v or @ = v~!. A string
v that is cyclic is a band if every power V" is a string for n € N, but v is not a
nontrivial power of any string. In the case of a band, the associated module is called
a band module and some more complicated notions of equivalence are required.
See for example [WW85, BR87, CB18, BCS21, Lakl16] for more precise details.
Using strings and bands, the representation theory of special biserial algebras is
completely describable.

Theorem 3.28. All string and band modules are indecomposable. Moreover, every
indecomposable module over a string algebra is either a string module or a band
module.

Every indecomposable module over a special biserial algebra is a string module,
a band module, or a biserial projective-injective module.

The classifications of string and band modules are algorithmic. An applet made
by Jan Geuenich for describing the modules (and more) of special biserial alge-
bras, string algebras, and gentle algebras can be found at https://www.math.uni-
bielefeld.de/ jgeuenich/string-applet/.

A straightforward calculation gives the indecomposables in the following exam-
ple.

Proposition 3.29. For n > 2 the special biserial algebra A from Example 3.23 as-
sociated to the bound quiver


https://www.math.uni-bielefeld.de/~jgeuenich/string-applet/
https://www.math.uni-bielefeld.de/~jgeuenich/string-applet/
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b
cC 17 7o /(ba, ab— "' ca, bc)
1&“/

has string modules associated to the strings
eo, €1, a, b, ci, a_ci, cib_, a_cib_,
where 1 < i <n-—2, for a total of 4(n — 1) non-isomorphic string modules. There

are no bands. There is one biserial projective-injective P;. Thus A is representation
finite with 5+ 4(n — 2) indecomposables.

4. REPRESENTATION TYPE OF COHOMOLOGICAL MACKEY FUNCTORS

In this section, we examine the representation type of the cohomological Mackey
algebra. It is immediate from Proposition 2.38 and Corollary 2.39 that both ty(G)
and pf°"(G) are representation finite if |G| is invertible in k. The algebras are
semisimple so every module is a direct sum of simple modules.

Proposition 4.1. Let k be a field in which |G| is invertible. Then w,(G) and puf°"(G)
are representation finite.

Thus we turn our attention to prime characteristic dividing the order of G. From
[TWO95], we know precisely when these algebras are representation finite. The main
goal of this section is to investigate the infinite case.

We give a classification of representation type for algebraically closed fields of
characteristic p and G = Cpm.

Theorem 4.2. Let k = k be an algebraically closed field of characteristic p. The
cohomological Mackey algebra ,u,gOh(Cpm) has

(1) finite representation type if m < 1,

(2) tame (and infinite) representation type if p™ = 4, and

(3) wild representation type otherwise.

We also show the following for arbitrary fields.
Theorem 4.3. Let k be a field of characteristic p. Then the following hold.

coh

(1) The cohomological Mackey algebra ui°"(Cpm) has finite representation type
if and only if m < 1.

(2) For m = 1, there are precisely 5+ 4(p — 2) isomorphism classes of inde-
composable modules of 1< (C)).

(3) If m > 2 and p™ # 4, then ,uISOh(Cpm) is wild.

It seems likely the indecomposables of u,f"h(C4) can be described in this case as
well, but we do not pursue that here.

4.1. Finite and infinite representation type. Let k be a (not necessarily alge-
braically closed) field of characteristic p. Thévenaz and Webb classified precisely
when the Mackey algebra and the cohomological Mackey algebra are representation
finite. Somewhat surprisingly, the conditions are the same for y(G) and uf**(G).

Theorem 4.4. ([TW95, Theorem 18.1]) Let k be a field of characteristic p and let
C be a Sylow p-subgroup of G. The following conditions are equivalent.



EQUIVARIANT HF ,-MODULES ARE WILD 27

(1) Macky(G) has finite representation type.

(2) The Mackey algebra L (G) has finite representation type.

(3) CohMacky(G) has finite representation type.

(4) The cohomological Mackey algebra ,u,f‘)h(G) has finite representation type.

(5) The Hecke algebra £i(G) = Endyg (By<ck[G/H)) has finite representa-
tion type.

(6) |C| = 10r|C| = p (or in other words p* J|G|).

Note that (1) <= (2) and (3) <= (4) follow immediately from the quiver per-
spective for Mackey functors, while (4) <= (5) follows from Yoshida’s identifi-
cation and duality. The cohomological Mackey algebra is a quotient of the Mackey
algebra so (2) = (4). The bulk of the proof in [TW95] is showing that (3) is
equivalent to (6). It makes use of the following fact.

Proposition 4.5 ([TW90]). The functor FP: kG-—Mod — Macky(G), V — FPy
sending a module to the fixed point Mackey functor is fully faithful. Moreover, it
is right adjoint to the forgetful functor evy : Macky(G) — kG—-Mod, M — M(G/e).

As described in [TW95], whenever p2 divides the order of the group G, there is
a subgroup H isomorphic to either the cyclic group C, or the elementary abelian
group C, X C,,. Since k[C), x C,] has infinite representation type and FP is a rep-
resentation embedding, CohMack, (G) has infinite representation type in this case.
Showing CohMacky(G) is representation infinite in the case H = C 2 18 the main
task in showing (3) = (6).

For ease of reference and to set up notation for later, we reproduce the bound
quiver for s (Cm) and give explicit descriptions of the indecomposable £ (C)y)-
modules.

Let G = Cpn be the cyclic group of order p™ with subgroups given by C,; for
0 < i < m. In characteristic p, the group algebra kG is isomorphic to k[x]/(x”") and
the transitive permutation modules are given by k[x]/(x”") for 0 < i < m. Homo-
morphisms between these modules are generated by the following maps

i—1

a;: k[x]/ (xpi) — k[x]/(x” ")  canonical projection,

bis k[x]/(x* ) = kx]/(x*)  multiplication by x” 7",

it k[x]/(x”) — k[x]/(x”)  multiplication by x,
which satisfy following relations

(p'=p'")

i
cfzozaiobi, bioa; =c; , ajoci=cj_10a;, bijoci_1=cjob;

for 1 <i<m withcy=0.
Putting this together, and using that uf**(G) = £;,(G)°, we get the following
bound quiver.

Proposition 4.6 (Cohomological Mackey algebra of Cpm). Let k be a field of char-
acteristic p. The cohomological Mackey algebra u,f”h (Cpm) for m > 2 is the path
algebra of the quiver Q
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Cm Cm—1 (&
bm bmfl b
2 b]
m m—1 e 1 0
K r——~ Y
am am—1 a2 4
with relations®
(p'—p")

i
p ={c’, biaj, aibi—c; , Cialj — aici—1, ci—1bj—bjci| 1 <i<m,co=0}.

In the case p =2, the arrow c is redundant because ¢\ = a by, as in Example 2.3 1.
For m = 1, this reduces to the following.

Proposition 4.7 (Cohomological Mackey algebra of C},). Let k be a field of charac-
teristic p. The cohomological Mackey algebra ,LL,f"h (Cp) is the path algebra of the
quiver Q

b
>
CC 1 1&“/ 0
with relations
p ={cP, ba, ab— "', ca, bc},
as in Example 2.33 for k =T

In the case p =2, the arrow ¢ = ab is redundant and the cohomological Mackey
algebra " (C,) is the path algebra of the quiver Q

with relation
p= {ba}a
recovering Example 2.31 for k = I¥».

From this description, we see that ,u,f"h(Cp) is special biserial. We can easily

classify its modules using strings and bands by applying Proposition 3.29 with n =
.

Proposition 4.8. In characteristic p, the algebra /.L,th(C ») IS representation finite
with 5+ 4(p —2) indecomposable modules.

At the prime 2, we can compare with the classification of F,-modules from
[DHM24].

Proposition 4.9. At the prime 2, the gentle algebra ,ulf"h (Cy) is representation finite
with 5 indecomposable modules, coming from the strings

eo, €1, a, b, ab.
These correspond to the indecomposable Mackey functors
Se, Sg, H, H® F
Jfrom [DHM24], respectively.

This is not a minimal set of relations, but convenient for later arguments.
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For completeness, we give some simple constructions demonstrating that the co-
homological Mackey algebra ,u,th(C ») has infinite representation type whenever
m > 2 and k has characteristic p.

Proposition 4.10. If k has characteristic 2, then /,L,f”h (Cy) is representation infinite.

Proof. The algebra 1" (Cy) is given by the quiver with relations

b e
LC 27 1T o (c*, ba, ed, ab—c*, ade — ca, deb— bc).
I
a d

This is not special biserial because the arrow b can be followed by either a or e,
since neither ab nor eb is a relation.

We construct infinitely many indecomposables. Let V = k[x]/(x") considered
simply as an n-dimensional vector space with a distinguished endomorphism, mul-
tiplication by x. The representations

B E
RS
cC % % v,
' — ~
A D
where
01 0 x 1
A_C_(O 0), B—<O 0), E=(0 1), and D—(0>
give an infinite family of non-isomorphic indecomposable representations. U

Proposition 4.11. If k is a field of characteristic p and m > 2, then /,LIth (Cpm) has
infinite representation type.

Proof. We already covered the case of p™ = 4 in Proposition 4.10, so we may as-

sume p™ > 4. Again let V = k[x]/(x"*). The representations supported on vertex m
and m — 1 given by

B
~ A
c C V2 V2 :}D
X _—
A
and O elsewhere, where

0 1 0 x
A:C:D:<O O) and B:(O 0),

give an infinite family of non-isomorphic indecomposable representations. Hence
gt (Cpm) is representation infinite. O
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4.2. Tame and wild representation type. We now examine more closely the rep-
resentation type of the cohomological Mackey algebra [,LIth (Cpm) for m > 2 (still
working over a field of characteristic p). From Theorem 4.4, we know ,u,f"h(C )
is representation finite for m < 2 and infinite for m > 2. We will show that when
m > 2 and p™ # 4, the cohomological Mackey algebra is wild, and hence also the
Mackey algebra (see Section 7). In the remaining case, p™ = 4, the cohomological
Mackey algebra is tame over the algebraic closure k = k.

We start by examining the case where p” = 4. From Theorem 4.4, we know
,u,f"h(C4) has infinite representation type. In the case where k = k is algebraically
closed, the situation is particularly nice. We can understand whether an algebra is
wild by studying algo-geometric properties of its variety of representations. Recall
from Theorem 3.10, an algebra over k = k is either tame or wild, but not both.

Proposition 4.12. Let k = k be an algebraically closed field of characteristic 2, then
Lot (Cy) is tame.

Proof. Consider the parametrized family of algebras A(&,{) given by the quiver
with relations

b e
CC 2 C 1 C 0 / (c* ba, ed, ab—Ec?, Lade —ca, deb— bc).
a d

Note that for & and ¢ both nonzero A(&,§) = uf®"(Cy). In particular, A(,§) is
isomorphic to 11¢°"(Cy) on a dense open set. We say that (1f%"(Cy) degenerates to
the algebras outside this open set, e.g. 11¢”"(Cy) degenerates to A(0,0). By [CBYS5,
Theorem B] if an algebra degenerates to a tame algebra then it must itself be tame.
Observe that A(0,0) is special biserial and hence tame [WW85, Corollary 2.4].
Thus we conclude that 1" (Cy) is tame as well. O

We now turn to showing that for m > 2 and p™ # 4 the algebra ,u,f0h (Cpm) is wild,
for which we use Galois covers. Galois covers were introduced by Martinez-Villa
and de la Pefia in [MVdIP83], and they give an important reduction technique in the
representation theory of quivers.

Definition 4.13 (Galois covering [MVdIP83]). Let (Q’,p’) be a (possibly infinite)
quiver with relations. Let G be a group of automorphisms of (Q',p’) which acts
freely on the vertices of Q'. We can form a new quiver (Q,p) whose vertices are
the orbits of the vertices of Q' and whose arrows are orbits of arrows of Q’. The
relations in p are simply the image of the relations in p’. In this case (Q/,p’) is
called a Galois covering of (Q,p) with Galois group G.

The action of the group G on (Q',p’) induces an action on kQ'/(p’)-mod (and
on kQ'/(p’)~Mod) by X (i) = X (g~ i) for i in Qf and $X (o) = X (g~ @) for & in
Q).

There is a natural functor F : kQ'/(p’)-mod — kQ/(p)—mod with

(X)) = DX (si)

geG
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and
= @X(ga).
geG
Notice that F) (8X) = F) (X).

Lemma 4.14. [Han0O1, Lemma 3.2] Let (Q', p’) be a Galois covering of (Q,p) with
Galois group G, and let X and Y be in kQ'/(p’)—mod. Then there is an identifica-
tion

Hom(F; (X), Fy (Y)) = @D F(Hom(X,Y))
geG

that respects composition (identifying Fy (Hom(X,8Y)) with F; (Hom("X,"8Y)) as
necessary).

The following corollary is found in [HanO1] but not stated explicitly, so we state
and prove it below.

Corollary 4.15. If G is torsion free and X € kQ'/(p’)—mod is indecomposable,
then F)(X) is also indecomposable.

Proof. Let f := @ f, be an idempotent in End(F) (X)). Then
==Yt

g,h
Since X is finite dimensional, it is only supported on finitely many vertices. Since
G is torsion free, X and £X have different support, and hence are not isomorphic.
Similarly, for all but finitely many g, the supports of X and X have no overlap so
Hom(X,8X) = 0.

Let S be the (finite) set of g for which Hom(X,8X) # 0. Let X = @,s%X. Letn
be an integer such that rad” End(X) = 0. We can think of " f, as an endomorphism
of X through the composition X —» "X — #8X < X, where the last map is 0 if hg is
notin S.

When g is not the identity, since X and ¢X are not isomorphic, f; is a radical map.
Letting e be the identity of G, we observe

fe=1+ Y Cfer)o
g7e
So f, is idempotent modulo the radical. This means that f, is either 1 or 0 modulo
the radical, and replacing f by 1 — f, we may assume f, is in the radical. Then
f=r= Z (8182781 fo,) 00 foy-
81,82, 8n

Each term in the sum is a composition of n radical maps, hence 0. So we have
shown that either f or 1 — f is 0, and hence F} (X) is indecomposable. 0

Han uses the above lemma to identify certain controlled wild algebras over alge-
braically closed fields, but the same proof can be used to detect wild algebras. We
give an adapted proof here for the convenience of the reader and to demonstrate its
generalization to arbitrary fields.
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Theorem 4.16. [HanO1, Theorem 3.3] If (Q,p’) is a Galois cover of (Q,p) with
torsion free Galois group and kQ' /(p")—mod is wild, then kQ/(p)—mod is wild as
well.

Proof. Let £ = k(x,y) be the free algebra on two generators. Since kQ’/(p’)—mod
is wild we can find a kQ'/(p’)-X-bimodule P supported on finitely many vertices
that induces a representation embedding P ®y —: L—mod — kQ’/(p’)—mod. Com-
posing the representation embedding with F), we claim we get a representation
embedding to kQ/(p)-mod. The composition is exact and by Corollary 4.15 it
preserves indecomposables. We just need to show it is essentially injective.

Let us assume F) (P®X) = F) (P®Y) (omitting ¥ from the notation to avoid clut-
ter). Without loss of generality, we may assume both X and Y are indecomposable.
Let f: F)(P®X) — F3(P®Y) be an isomorphism and f” its inverse. Then

lpax = foo fet ). (¢ fg1)o0 fe-
g7e
Notice that P @ X always has the same support (unless X = 0), so the image of f,
has smaller support for g # e. Hence f, is not an isomorphism. That means that the
compositions (8 f; ) o fg are radical. So f, is an isomorphism modulo the radical
and hence an isomorphism. Finally, we may conclude P® X = P®Y, which implies
X =Y since P® — was a representation embedding. 0

The following uses results of [Han02], which are stated for algebraically closed
fields. Again, the arguments generalize to arbitrary fields.

Proposition 4.17. Let k be field of characteristic p. The cohomological Mackey
algebra " (Cym) is wild when m > 2 and p™ > 9.

Proof. Recall from Proposition 4.6 that if k is a field of characteristic p, then the
cohomological Mackey algebra u]g"’h(Cpm) can be described by the following quiver

Cm Cm—1 C1
Q bm bm,1 b
2 bl
L (L B ()
m m—1 SR S 0
Y \&a_/ a a
m m—1

with relations
— (| biar, aibi— ") ciai— ageio, cioibi—bici | 1< i< m,co=0
P—{C,' , Didi, AiDj — C; y Cidi — aiCi—1, Ci—1D; lcl| SIxm,co = }

The quotient of ;,L,f"h (Cpm) by the idempotents e; corresponding to the vertices i €

{0,1,...,m—2} gives the quiver

Cm Cm—1
() A
o
m m—1
~_
am
with relations
mo (pmTt=pm?) (p"—p™ )
{Cﬁ y Cn—1 s bmarm Ambm — cm s CmQm — AmCm—1, Cm—1bm — bmcm}

m—1 __

Moreover, when p p’"_2 > 3, this surjects onto
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Cm Cm—1
b
~
m m—1 <C;:317 C;)nfl; bmam, ambm, cmam, amcm—1, cm—lbm_bmcm>7
~_
am
which is wild by [Han02, Table W (33)]. ]

We now employ similar techniques to tackle the remaining two cases with m > 2,
namely Cy and Cg.

Proposition 4.18. If k is a field of characteristic 3, then ¢ (Cy) is wild. If k has
characteristic 2, then uf®"(Cs) is wild.

Proof. Both algebras have a quotient of the form

Cx Cy
()= ()
Ty 42, bay, agb be—b
X K y < <Cx: €y, DxQy, QxDx, Cxlx, AxCy, CyOx — XC)C>7
Aax

so it is enough to show that this is wild. This has a Galois covering with Galois
group Z? which looks like

N
\/
/\

e

NS
NS

with commutativity relations. This is a concealed algebra of type l:)7, which is
known to be wild [SSO7]. More precisely, we can get a representation embedding
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of ¥ = k(x,y) using the following bimodule.

/ Q Z\ N\
¥? ¥4 o ¥2 (1 x)
DN s
22
O

Collecting the results from this section, we have proved Theorem 4.2 and Theo-
rem 4.3.

5. DERIVED REPRESENTATION TYPE

Motivated by equivariant homotopy theory, we are interested in the derived cat-
egory of various algebras. We will show that, for most groups, it is ‘hopeless’ to
classify the perfect complexes over the cohomological Mackey algebra /,LIth(G) for
k a field of characteristic p. More formally, we will investigate when ,u,g"h(G) is
derived wild (defined below). As explained in Section 2.5, when u(G) is de-
rived wild, this will mean it is also hopeless to classify the compact objects of the
homotopy category of G-equivariant Hk-modules.

In this section, we recall the relevant definitions for derived representation type.
We then show the derived wildness of some group algebras, following [BDF09]. In
Section 6, we use these results to show the derived wildness of u,f"h(G) in a number
of cases.

5.1. Derived representation type of algebras. In Section 3, we discussed the rep-
resentation type of an algebra; we now extend those ideas to the perfect derived
category of an algebra. We saw that an algebra A is considered wild if it admits a
representation embedding from I'—mod for every finite dimensional algebra I". We
wish to declare the same for the perfect derived category: an algebra A is derived
wild if there is a “representation embedding” I'-mod — DP{(A). We need only
define what a representation embedding should mean in this context.

Like representation type, we can easily define derived finite and derived wild
for arbitrary fields. However, derived tame is only defined for algebraically closed
fields.
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Let k be an arbitrary field. Let A be a k-algebra and let A—proj C A—Mod
denote the full subcategory of finitely-generated projective left A-modules. Let
K?(A—proj) denote the (naive) homotopy category of bounded complexes (both
above and below) of finitely generated projective A-modules, with morphisms given
by chain maps modulo chain homotopy. Let K? "~ (A—-proj) denote the category of
bounded above complexes of finitely generated projectives with bounded cohomol-
ogy. Then we have equivalences

DP(A) = K>~ (A-proj) and DPUT(A) ~ KP(A-proj),

so we can work in the homotopy category when convenient.

Recall that a complex of projectives is called minimal if the image of each differ-
ential is contained in the radical of its codomain. A minimal complex of projectives
has the property that it appears as a direct summand in any complex of projectives
it is homotopy equivalent to. This is what motivates the name minimal.

When A is a finite dimensional algebra, any complex in K (A—proj) is homotopy
equivalent to a minimal complex. This is especially useful for us, because a mor-
phism between minimal complexes is an isomorphism in K”(A—proj) if and only
if it is an isomorphism in Ch(A—mod). Similarly, since the direct sum of minimal
complexes is minimal, a minimal complex is indecomposable in K? (A—proj) if and
only if it is in Ch(A—mod). This means that as long as we work with minimal
complexes, we can for the most part think of morphisms in Ch(A—mod) instead of
thinking of them up to homotopy.

We now define derived representation type analogously to representation type.
The definitions of derived wild and derived tame are due to [BDO3] in the more
general setting of locally finite dimensional categories. Various versions also ap-
pear for algebras in other sources, including [Dro04] and [BMO03]. Our main focus
is on perfect complexes because of their connection to compact objects in equivari-
ant homotopy theory. Over algebraically closed fields, similar definitions to those
below, replacing PP (A) with D”(A), give an equivalent classification as shown in
[BauO7].

Definition 5.1 (Derived finite). Let k be a field and let A be a k-algebra. We say A
is derived finite if there exist up to shift only finitely many isomorphism classes of
indecomposables X?,...,X* € DP™(A). That is, every complex C* € DP(A) is
isomorphic to a finite direct sum of shifts of the complexes {X?,..., X3 }.

Example 5.2. Let A = k. There is a single indecomposable complex with k con-
centrated in degree O.

More generally, semisimple algebras are derived finite.

Example 5.3. Let A be a finite dimensional semisimple k-algebra. Then the sim-
ples are projective. Using Smith normal form, the indecomposable complexes cor-
respond to the simples concentrated in degree 0.

By Proposition 2.38 and Corollary 2.39, as in Example 5.3, both the cohomolog-
ical and the usual Mackey algebra are derived finite.
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Corollary 5.4. If |G| is invertible in the field k, both u{°"(G) and W (G) are derived
finite.

Corollary 5.5. If |G| is invertible in the field k, there are finitely many indecom-
posable compact Hk-modules. Moreover, there are finitely many indecomposable
compact HA-modules.

Definition 5.6 (Derived tame). Let k = k be an algebraically closed field. We say
that A is derived tame if, for each cohomology dimension vector (d;);c7 there are a
finite number of bounded complexes of A—k[x]-bimodules Cf{,...,Cy such that each
Cj. is free and of finite rank as right k[x]-modules, and such that every indecompos-
able X* € DP(A) with diim H'(X*) = d; is isomorphic to C? @4y S for some j and
some simple k[x]-module S.

Over arbitrary fields, there is a notion of derived discrete’ that 1S, in a sense,
somewhere between derived finite and derived tame.

Definition 5.7 (Derived discrete). Let k be an arbitrary field. We say that A is
derived discrete if for every cohomology dimension vector (d;);cz, there is up to
isomorphism a finite number of indecomposables X® € DPf(A) with dim H'(X*) =
d;.

Remark 5.8. Over a finite field k, every finite dimensional k-algebra is derived
discrete. The definition of derived discrete is more meaningful over an infinite field.

Example 5.9. Let k be a field. Then A = k[x]/(x?) is derived discrete, but not
derived finite.

Inspired by the characterization of wildness in Proposition 3.11, Bekkert and
Drozd gave a definition in [BD03] similar to the following (again stated more gener-
ally in the language of locally finite dimensional categories). We give the definition
as it appears in [Dro04].

Definition 5.10 (Derived wild). We say that A is derived wild if for any finite di-
mensional® algebra I there is a complex of finitely generated projective bimodules
P* in K?(A®T°P—proj) such that for any M,N in '—mod we have

(1) P°®rM = P*®r N implies M = N, and

(2) if P* ®r M is indecomposable then M is as well.
We call P*® a strict family of A-complexes over .

Remark 5.11. As in Proposition 3.17, it is enough to establish a strict family over
any wild algebra.

Observe that, using minimal complexes, the technique described in Proposi-
tion 3.12 can also be used to demonstrate an algebra is derived wild.

Bekkert—Drozd showed that, over an algebraically closed field, there is a derived
version of the tame-wild dichotomy.

"There is a notion of discrete for representation type. Over algebraically closed fields it turns out
to be equivalent to finite representation type by the second Brauer-Thrall conjecture as shown in
[Bau85].

8Tec:hnically [Dro04] requires any finitely generated algebra here. However, the proof of Theo-
rem 3.16 showing k(x,y) is wild applies equally well to finitely generated algebras.
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Theorem 5.12. (Derived tame-wild dichotomy [BD03, Dro04]) Let k = k be an
algebraically closed field. A finite dimensional k-algebra is either derived tame or
derived wild, and not both.

Much like wild representation type, the definition of derived wild implies it is
hopeless to classify all indecomposable perfect complexes. For a non-example, we
refer to the classification of Dperf(uﬁh(cz)) from [DHM?24]. Although the coho-
mological Mackey algebra is not derived finite, we can describe all indecomposable
perfect complexes in a meaningful way.

Example 5.13. It was shown in [DHM?24, Theorem 4.5] and [DHM?24, Corol-
lary 4.6] that the perfect derived category of uﬁ‘z’h(Cz) has three families of isomor-
phism classes of indecomposables called A,,, B, and H(n) for m,r > 0 and n € Z.
This classification can be used to show ,uﬂffz’h (Cy) is not derived wild. If we replace

IF», with an infinite field k of characteristic 2, then u,g”h (C3) is derived discrete, and
thus not derived wild. We return to this example in Example 5.20.

Our main objective will be to show the cohomological Mackey algebra over an
arbitrary field is derived wild in a number of cases. Our arguments will make use of
the fact that algebras inherit derived wildness from idempotent subalgebras.

Definition 5.14 (Idempotent subalgebra). We say that I' is an idempotent subalge-
bra of A if I' = eAe for an idempotent e € A.

Proposition 5.15. If an idempotent subalgebra I' = eAe of A is derived wild, then
so is A.

Proof. The functor Ae @ —: I'-mod — A—mod is fully faithful and maps projec-
tive modules to projective modules. Thus, if P® is a strict family of I'-complexes
over some other finite dimensional algebra, then Ae ®r P*® is a strict family of A-
complexes. U

5.2. Some derived wild group algebras. We now explicitly show derived wild-
ness for certain algebras, including the group algebras k[C,»] and k[C, x C)]. We
will use these in the next section to investigate the derived representation type of
the cohomological Mackey algebra uc(G).

The first algebra we consider generalizes the group algebra of a cyclic group.
Recall, when k has characteristic p, the group algebra k[C,»] is isomorphic to
k[c]/(c”"). The following theorem showing the truncated polynomial algebra is
derived wild (over algebraically closed fields) was proven in [BDF09, Theorem A]
using the theory of bocses. We unpack their proof here for several reasons: to avoid
such complicated machinery, to generalize to arbitrary fields, and to correct a small
error for the case k[c]/(c?).

Proposition 5.16. Let k be a field. For n > 2 the algebra R = k|c]/(c"*1) is derived
wild.

Proof. Recall from Proposition 3.18, that the below quiver is wild.
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Let I" be the path algebra of this quiver and write P; := R® ¢;I". Consider the fol-
lowing complex of R—I'-bimodules.”

(c” 0) (C,, 0)
n Py " '®a
0 C n
P "®b

1 " (O ol
(0

We claim that this is a strict family of R-complexes over I'. To see this let

A

T e Yk
~_
B

be a representation of I'. After tensoring with the above complex, the resulting
complex of R-modules is C*® given by

n—1 n—1 n n—1 ( nflA "B)
Y SAN T S U= Y SV =V S o=/ ) L AN
A morphism ®: C* — C* of two such complexes is of the following form.
( Cn ) <_Cn1 C”) <Cn 0) (Cn O >
n—1 n—1 n n—1 (C"_IA ﬂB)
SV A S O~ T SN S =% R W R
Dy D @3 D Dy D D5, D
‘131 21 22 31 32 41 42 51 52 d @7
D3 Py P33 Py DPy3 Py Ps3 DPsy
7 , R . R2F . R2F . R2F . RS . R
N 7Cn—] N N 0 ot 0 (cn—lA C"B) CnW
M 1 N 1 0 0 N 0 N 1

Using the strategy of Proposition 3.12 we need to construct from ¢ a homomor-
phism A ~(®) of the underlying I"-modules. Our candidate for this is the matrices

(D51, Dg, D7) reduced modulo (c). Thus we need to show that these define a homo-
morphism of I'-modules and satisfy the criteria of Proposition 3.12.

9This complex is adapted from a complex in the proof of [BDF09, Theorem A].
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Setting up the equations for the commutativity of the above diagram and simpli-
fying gives us in particular that

"® = "Dy = "Dy = P31 = " D34 = "Dy = "Pyy = P51 = " Psy,
"®s5p = "Dy = "P3p = "Dy =0,
and so also
¢ lds, = 0.
Looking just at commutativity in the two rightmost squares we see that
"Ads| = "DgA
"Bds, = "PgB
"Wdg = "DIW.
These equations tell us that A +(®) = (Ps1,Ps, P7) gives a homomorphism of

I-modules when reduced modulo (c). Let ® be the reduction ® modulo (c). If
® is idempotent, then ® is also idempotent. Since (c) is a nilpotent ideal @ is
an isomorphism if and only if @ is. From the above equations we can see that ®
consists of lower triangular matrices. Lower triangular matrices are invertible if
and only if the diagonal entries are. From the first set of equations above, all the
diagonal entries in ® are equal modulo (c) except for ®¢ and ®;. Thus we have
that & is an isomorphism if and only if ®5;, g and P; are isomorphisms modulo
(c). Since a lower triangular matrix being idempotent implies its diagonal entries
are idempotent, @ idempotent implies that ®s;, &g and P are idempotent modulo
(¢). Hence all the criteria of Proposition 3.12 are satisfied and this is a strict family
of complexes. 0

Next we investigate algebras similar to the group algebra of the product of cyclic
groups. Specifically when k has characteristic p, the group algebra k[C), x C)] is iso-
morphic to k[s,?]/(s”,t”). The following is a special case of [BDF09, Lemma 3.2],
which again is stated for algebraically closed fields. We demonstrate the details of
the proof over arbitrary fields.

Proposition 5.17. [BDF09, Lemma 3.2] Let k be a field. If n > 2 then the algebra
R = k[s,t]/(s",") is derived wild.

Proof. Again we let I be the path algebra of the quiver from Proposition 3.18, and
let P, denote R ® ¢;I". Then the complex

sQa+1Rb (st)" " low

P > Py > P3

defines a strict family of complexes. To see this we take two representations of I,
M, and M; and consider a morphism ®: P®* @ M| — P®* Qr M,. This will be of the
following form.
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The commutativity relations yield
SAD| +1BD| = s®rA +1PB  and  (st)" Wby = (st)" LW,

where the entries in ®; are elements of R. Consider the first equation modulo (s,#)?
to kill off higher powers. Then because s and ¢ are linearly independent, we have
for example sA®| = sd,A. Hence we get that A®| = ®»A and BP; = ®,B modulo
(s,t). Similarly, Wd, = ®;W modulo (s,¢). So reducing ® modulo (s,t) gives a
homomorphism A(®): M; — M, as in Proposition 3.12. O

Remark 5.18. Over algebraically closed fields, the derived representation type can
only be more complicated than the representation type. As in Example 5.13, an
algebra may be representation finite and derived tame. Even more extreme, as we
see in Proposition 5.16, an algebra may be representation finite and derived wild.

5.3. Derived representations of gentle algebras. Over an algebraically closed
field, Bekkert—Merklen showed gentle algebras are derived tame [BMO03]. In fact,
over any field, the perfect complexes of a gentle algebra can be described by homo-
topy strings and homotopy bands.

A perfect complex is a sequence of homomorphisms between projectives com-
posing to zero and a homotopy string is designed to encapsulate that data. Strings
give a basis for homomorphisms between indecomposable projectives, so they form
the letters in homotopy strings. We give some of the relevant definitions below. See
[BMO3] or [OPS25, Section 2.1.2]. See also [Lak16] for more detailed exposition.

Let k be a field and A = kQ/(p) be the path algebra of a gentle k-algebra A direct
(resp. inverse) string @ is called a direct homotopy letter (resp. inverse homotopy
letter). A homotopy string o is a (possibly trivial) reduced walk given by a sequence
of homotopy letters 0 = ;... 1, satisfying the following:

(1) if @;11 and @; are both direct, then @;;1@; € (p), and

(2) if w;41 and @; are both inverse, then ;" 0. € (p)-
A homotopy band o is ahomotopy string with an equal number of direct and inverse
homotopy letters such that the walk forms a cycle, and such that ¢ # 7™ for some
homotopy string T and m > 2.

From a homotopy string, we can form a perfect complex called a string com-
plex by taking an indecomposable projective whenever the walk passes a vertex
and using homotopy letters to define maps between them. Note that because of our
choice of conventions for path notation and left modules, composition of homotopy
letters corresponds to composition of maps in the reverse order (see [Lak16, Re-
mark 4.1.3]). There is also a notion of a band complex and together with string
complexes these form all the indecomposable perfect complexes.

Theorem 5.19 ([BMO3]). Let k be an arbitrary field and let A= kQ/(p) be the path
algebra of gentle algebra. The indecomposable objects in Dperf(A) are determined
by the homotopy strings and homotopy bands, up to inverse. Each homotopy string
corresponds to an indecomposable complex, while the homotopy bands correspond
to families of complexes.

Our main example of a gentle algebra is ¢ (Cy).

Example 5.20. Consider the bound quiver
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b
17 7o / (ba)
~ —
a
for the gentle algebra from Example 3.24 and Example 3.25 (describing u®"(C,)
in characteristic 2). Recall the direct strings and inverse strings are

ey, e1,a,b,ab,a ,b”, b a .

To form homotopy strings we need reduced walks and thus in this small case we
may consider only direct (or only inverse) homotopy letters. The composition of
the homotopy letters must be a relation, so our homotopy strings (up to inverses)
are

(o), (e1), (a), (b), (b)(a), (ab)', (ab)'(a), (b)(ab)", (b)(ab)'(a)

for + > 1. There are no homotopy bands. This gives a complete classification of
the perfect complexes in the perfect derived category of the bound quiver. Thus this
also gives a complete classification of the indecomposables in DP(uco"(C,)) in
characteristic two and equivalently the compact objects in the homotopy category
of Cy-equivariant Hk-modules.

Over the field [F,, the complexes coming from the homotopy strings above corre-
spond to the complexes A,,, H(n), and B, for m,r > 0 and n € Z from the classifi-
cation in [DHM?24]. In particular, with H = Py and F = Py, they are the complexes

H(0), Ao, H(1), H(—1), By, A;, Hit+1), H(—(t+ 1)), B,

respectively.

6. DERIVED REPRESENTATION TYPE OF COHOMOLOGICAL MACKEY
FUNCTORS

We now turn to showing the cohomological Mackey algebra over a field of char-
acteristic p is derived wild in most cases. We start with G a p-group of order more
than two and then generalize. In this section, we show the following.

Theorem 6.1. Let k be a field of characteristic p. The cohomological Mackey alge-
bra u,f"h(G) is derived wild whenever G surjects onto a p-group of order more than
two.

Thus, using Theorem 2.44, our main result in equivariant homotopy theory is that
there is no meaningful classification of compact objects in the homotopy category
of G-equivariant Hk-modules.

Theorem 6.2. Let k be a field of characteristic p. The category of compact objects
in the homotopy category of G-equivariant Hk-modules is wild whenever G surjects
onto a p-group of order more than two.

Over algebraically closed fields we have more tools available, and there we ex-
plore some tame cases in Section 6.2. Finally, we generalize the notion of semi-wild
to the derived setting, which ultimately allows us to give the following complete
classification of groups for which the cohomological Mackey algebra is derived
wild.
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Theorem 6.3. Let k = k be an algebraically closed field of characteristic p and
let G be a finite group. Then ,u,gOh(G) is derived wild if and only if the p-Sylow
subgroup of G has order more than two.

Applying Theorem 2.44 as usual, we have the following consequence.

Theorem 6.4. Let k = k be an algebraically closed field of characteristic p. The
category of compact objects in the homotopy category of G-equivariant Hk-modules
is wild if and only if the p-Sylow subgroup of G has order more than two.

6.1. Derived wildness for p-groups. In the previous section we saw that, over a
field k of characteristic p, the group algebra k[C}] is derived wild for p odd. We
also saw that k[C,, x C,] is derived wild for arbitrary primes. In this section, we will
use this information to show the cohomological Mackey algebra N}fah(G) is derived
wild for most p-groups. This strengthens a result of Webb [Web24, Theorem 5.2]
showing indecomposable perfect complexes over ,u,f”h (Cp) have arbitrarily large
homology.

Recall from Theorem 2.40 that ,u,f"h(G) is given by the opposite endomorphism
ring of the transitive permutation modules £;(G). This means that if M is a di-
rect sum of permutation modules, then End;(M)°P is an idempotent subalgebra of

1£°"(G). Using this together with Proposition 5.15, we prove the following.

Theorem 6.5. Let k be a field of characteristic p and let G be a nontrivial p-group
not isomorphic to Cy. Then " (G) is derived wild.

Proof. Consider first the case where p is odd. Then there exists a normal sub-
group N such that G/N = C,. Then Endig(k[G/N])°P = k[C),] is an idempotent
subalgebra of 11¢°"(G). Since the idempotent subalgebra k[C)] is derived wild by
Proposition 5.16, it follows from Proposition 5.15 that u,f"h(G) is derived wild as
well.

Consider now the case where p = 2. Since |G| > 2, we must have that G maps
onto a group of size 4. We split this into two cases, G/N = C; x C; or G/N = Cy.

In the first case we get that k[C; x C;] is an idempotent subalgebra, which is de-
rived wild by Proposition 5.17. In the second case we get that k[C4] is an idempotent
subalgebra, which is derived wild by Proposition 5.16. In either case, we conclude
that u"(G) is derived wild by Proposition 5.15. O

A key step in the above proof is the following: for a normal subgroup N of G, the

coh

group algebra k|G/N] is an idempotent subalgebra of " (G). In order to apply the
same techniques above more generally, we separate this out as its own proposition.

Proposition 6.6. Let G be a finite group and N < G be a normal subgroup. Then
the following two statements hold.

(1) If uc°"(G/N) is derived wild, then so is U (G).

(2) If the group algebra k|G/N) is derived wild, then so is u®"(G/N).

Proof. Consider the sum of those permutation modules fixed by N:

M=  k[G/H].

N<H<G
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Then Endyg(M')P = Endg/y (M')%P = K" (G/N) is an idempotent subalgebra of
1o (G). Similarly, Endyg(k[G/N])°P = k[G/N] is an idempotent subalgebra of
1" (G/N). Hence, by Proposition 5.15, both results follow. O

Putting together Theorem 6.5 and Proposition 6.6, we find a great deal of groups
for which ,ulg"h(G) is derived wild. For example, over a field of characteristic p,
the cohomological Mackey algebra /J,f"h(G) is derived wild in each of the following
cases:

(1) G is anon-cyclic p-group

(2) G=Cpyn for p™ >3

(3) G is an abelian group where p™ divides the order of G for p > 3
(4) G has one of the above groups as quotient group.

This completes the proof of our main result for the derived wildness of the coho-
mological Mackey algebra Theorem 6.1.

In order to address more general finite groups, we turn to the case where k is
algebraically closed for the rest of this section.

6.2. Derived tame for order 2m. Recall from Theorem 5.12 of Bekkert and Drozd
that, over an algebraically closed field k = k, any finite dimensional k-algebra is
either derived tame or derived wild, and never both. We now look at some cases
where (1" (G) is derived tame.

If the characteristic of k£ does not divide the order of G, then Maschke’s theorem
tells us that the group algebra kG is semisimple. Therefore every module is projec-
tive. In particular, the sum of the permutation modules k[G/H| is a progenerator
and so ,u,f"h(G) is Morita equivalent to kG. Then every indecomposable perfect
complex is just given by a stalk complex, and can be classified by the irreducible
kG-modules, as in Example 5.3. Hence ,u,g”h(G) is derived tame (in fact derived
finite) whenever the characteristic of k does not divide the order of G, as in Corol-
lary 5.4.

When k has characteristic 2, we have seen that /.L,g"’h (C,) is a gentle algebra. The
indecomposable perfect complexes over a gentle algebra were classified in [BM03]
using homotopy string and homotopy bands. See Example 5.13 and Example 5.20
for more details. In particular, when £ is algebraically closed, this means ,u,f"h(Cz)
is derived tame and hence not derived wild.

We now cover one last family of examples that are derived tame. All other cases
will turn out to be derived wild.

Proposition 6.7. Let k = k be an algebraically closed field of characteristic 2. Let
G be a group of order 2m for m odd. Then ,u]f"h(G) is derived tame.

Proof. By Burnside’s normal p-complement theorem, G is the semidirect product
of C, acting on a group H of order m. Then kH will be semisimple and kG will
be the skew group algebra kH#C,. Writing kH as a product of matrix rings we can
consider the C-action on the factors. It will either interchange two factors or act
on a single factor by automorphism. This implies that kG is the product of algebras
of the form M,, (k)*#C, and M, (k)#C>, where the former action interchanges factors
and the latter is arbitrary.
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In the first case we have M, (k)*#Cy = M>(M,,(k)) = Ma,(k). In the second
case, by the Skolem—Noether theorem, the C;-action is given by conjugation by
an element u € M, (k) such that «? is in the center. Since the center is k and k
is algebraically closed, we may assume u> = 1. Let g be the generator of C-.
Then (1 + ug) sits in the center of M, (k)#C, and satisfies (1 + ug)?> = 0. Hence
My (kHC2 = My (K)x] (22).

This means that, up to Morita equivalence, kG is the product of copies of k£ and
copies of k[x]/(x?). The only indecomposable k[x]/(x?)-modules are the regular
module and the simple module. Since ,u,f"h(G) is the endomorphism ring of a kG-
module, up to Morita equivalence it is the product of algebras each isomorphic to
one of the following: k, k[x]/(x?), or Endy( /(2 (k[x]/ (x?) @ k[x]/(x))°P. All of
these cases are gentle, hence derived tame by [BMO03]. 0

6.3. Arbitrary finite groups. In this section, we use Sylow subgroups of G to
determine the derived wildness of the cohomological Mackey algebra ,LLIth(G). As
above, we restrict to the case where k = k is algebraically closed. To show an
algebra is derived wild in this setting, by Theorem 5.12 it is enough to show it is not
derived tame. At first this seems to be a difficult task. However, we can replace the
definition of derived wild by a seemingly weaker notion, derived semi-wild.

Inspired by the definition of derived wild from [BDO03] and [Dro04], and the
definition of semi-wild representation type from [Dro77], we combine the two to
make the following definition.

Definition 6.8 (Derived semi-wild). Let k = k be an algebraically closed field. We
say that a k-algebra A is derived semi-wild if for any finite dimensional k-algebra I,
there is a perfect complex of bimodules

P* € K’ (A® TP —proj) =2 D (A @ T°P)

with the following property: for any M in I'=mod, there exist (up to isomorphism)
only finitely many N with P* @rM = P* @r N. We call P* a semi-strict family of
A-complexes over .

In fact, derived semi-wild implies derived wild for algebraically closed fields.

Theorem 6.9. Let k = k be an algebraically closed field. A k-algebra A is derived
semi-wild if and only if it is derived wild.

The argument for this equivalence uses dimension theory and a similar argument
to [Dro77, Ilpennoxenue 2|. See also [BSZ09, Theorem 27.10 (page 366)] for the
machinery involved and [BDO03, pages 6-8] for the derived setting.

We now wish to compare the cohomological Mackey algebra of G with that of
its p-Sylow subgroups. To do this we make use of the induction and restriction
functors described in [Web0O0, Section 3].

Recall that we can think of a cohomological Mackey functor as an additive func-
tor on the Hecke category H;(G). We may identify #;(G) with its additive clo-
sure in kG—mod. Let ind% and res$ be the usual induction and restriction functors
between kH —mod and kG—mod. Since these map permutation modules to permu-
tation modules, they restrict to functors between H(H) and #;(G). Thus we can
make the following definition.



EQUIVARIANT HF ,-MODULES ARE WILD 45

Definition 6.10. Let G be a finite group and H < G a subgroup. If M: H;(G) —
k—mod and N: Hy(H) — k—mod are cohomological Mackey functors, we define
the restriction and induction Mackey functors by

wh
res “’jahEH))M Moind%
oh
1ndu’§(,hgg)) N :=Nores"

Proposition 6.11. The restriction and induction of cohomological Mackey functors
are both exact functors, and they map projective objects to projective objects.

Proof. Precomposition is always an exact functor, so exactness follows from the
definition. If we again think of cohomological Mackey functors as functors on the
Hecke category, then the projective objects are given by the representable functors.
Since resg and indg are mutual adjoints on both sides, we have

TS jcongy omyg(P,—) = Homyg(P,indy; —) = Homyy (resg P, —)

cnh

lﬂd“th Homyz (Q, —) = Homyy (Q, resf; —) = Homyg (indf; Q, ).

Since res? p and 1ndg send permutation modules to permutation modules, these are
again projective. 0

We now prove a well-known relationship between induction and restriction that
is crucial for our reduction.

Proposition 6.12. For H < G finite groups, the identity on kH—-mod is a direct
summand of res; oind$. If [G : H] is invertible in k, then the identity on kG—mod

is a direct summand of ind$, o res%.

Proof. As a map of kH-modules, the inclusion kH — kG splits, simply by sending
g to 0 for g not in H. Hence resgoindg = kG @y — has kH @y — as a direct
summand, which is the identity on kH —mod.

For X € kG—mod we have that g ® x — gx is a surjective natural transformation
from kG @y X = ind$ ores§ X to X. When [G : H] is invertible in k this has a
natural splitting given by

1 -1
X —— g X
[G . H] ;gl gl
where g; runs over representatives for G/H. U

The following technique is inspired by [BD77].

Theorem 6.13. Let k = k be an algebraically closed field of characteristic p, G a
finite group, and H < G its p-Sylow subgroup. Then /.LC(’h( ) is derived semi-wild

if and only if U (H) is.

Proof. Let us assume that uf°"(G) is derived semi-wild. Then for every finite di-
mensional algebra I we can find a semi-strict family of complexes P°®. Since the
restriction functor is exact and preserves projective objects, restricting P®* we can
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B (G)

e (1) (P*), which is a perfect complex of u¢*(H)-T-

define the complex Q° := res

bimodules.
Consider two I'-modules M and N such that Q®* @ M = Q®* ® N. Then

coh

u ”coh( ) uwh( ) ~ “coh( ) ’ucoh( )
ind ’;oh Q ®M = ind ’zgh(H)re ﬂi“’h( )P ®M = ind ’goh(H)re #zmh( )P ®N.

Since P' ®N is a direct summand of

BO) I (G) ~ i S7(O) ()
lnd (oh(H) res 'ulioh( )P ®N lnd coh(H) res ‘uléoh( )P ®M

which has finitely many direct summands up to isomorphism, there are only finitely
many possibilities for what P* ® N can be. Combining this with the fact that P® is a
semi-strict family, it follows that Q° is also a semi-strict family.

The proof of the converse is exactly the same, replacing the roles of restriction
and induction, and using that [G : H] is relatively prime to p. U

The above theorem taken together with Theorem 6.5, Proposition 6.7, and Theo-
rem 6.9, proves the classification of the derived representation type of cohomologi-
cal Mackey functors, Theorem 6.3.

7. THE MACKEY ALGEBRA

In this section, we collect some results about the larger Mackey algebra. Most of
these follow fairly immediately from work in previous sections. The main exception
is the derived representation type of u(C,).

7.1. Representation type of the Mackey algebra. Here we use the results of Sec-
tion 4 to deduce some consequences for the representation type of the Mackey al-
gebra over k a field of characteristic p.

Recall from [TW95, Theorem 18.1] (see also Theorem 4.4) the Mackey algebra
i (G) has finite representation type if and only if p? f|G|. Thus, for k a field of
characteristic 2, the Mackey algebra Wi (Cy) is representation infinite. We showed
in Proposition 4.12 that over k = k, the cohomological Mackey algebra uf®*(Cy) is
tame. We do not pursue the question of representation type for ;. (Cs) here.

In Section 4, we largely focused on cyclic groups. There we showed the cohomo-
logical Mackey algebra has wild representation type whenever G = Cpm with m > 2
and p™ > 4. As an immediate corollary to Proposition 4.17 and Proposition 4.18,
the cohomological Mackey algebra being wild makes the Mackey algebra wild.

Corollary 7.1. Let k be a field of characteristic p. The Mackey algebra p(Cpm) is
wild when m > 2 and p™ > 4.

Proof. The Mackey algebra 1 (G) surjects onto the cohomological Mackey algebra
/,L,f"h(G) and the restriction of scalars is a representation embedding. UJ

7.2. Derived representation type of the Mackey algebra. Here we look at the
derived representation type of the Mackey algebra over k a field of characteristic p.

The derived wild group algebras from Section 5 have some immediate conse-
quences for the derived representation type of the Mackey algebra.

Theorem 7.2. Let k be a field of characteristic p. Let G be either
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(1) G = Cpyn for p™ > 2, or
(2) G=C,xCp.
Then the Mackey algebra . (G) is derived wild.

Proof. The group algebra kG is an idempotent subalgebra of p;(G), so this follows
from Proposition 5.16 and Proposition 5.17. 0

In fact, the argument for the derived wildness of k[c]/(c") generalizes fairly im-
mediately to cover a large class of algebras, which include all characteristic p group
algebras for finite p-groups of order more than two.

Proposition 7.3. Let k be a field and let R be a finite dimensional local Frobenius
k-algebra with length more than two. Then R is derived wild.

Proof. The proof is almost identical to the proof of Proposition 5.16. Throughout
the argument, replace ¢” with an element x of the socle and replace ¢"~! with an
element y in the radical of R that is not in the socle. 0

As a consequence, the Mackey algebra is derived wild for p-groups of order more
than two.

Theorem 7.4. Let k be a field of characteristic p and let G be a finite p-group of
order more than two. Then the Mackey algebra . (G) is derived wild.

One might hope that, like the cohomological version ,u“’h( »), the Mackey al-
gebra 1 (C,) would be derived tame. However, it is also derived wild. The proof
cannot rely on the group algebra, so we include a direct argument adapted from the
argument in [BDFO09].

Proposition 7.5. The quiver with relations

b
A=k| 1 C 0 /(aba, bab),
a

which describes the Mackey algebra L (Cy) over a field of characteristic 2 (see
Example 2.35), is derived wild.

Proof. Recall from Proposition 3.18, that the quiver below is wild.

17 Yo w.3
~_ 7
y

Let I' be the path algebra of this wild quiver and write ;P; := Ae; ® e;I". Consider
the following complex of R—I'-bimodules.

1P UL 1P

(boa b(;) z(ba 0 \
W n
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Using similar reasoning as in the proof of Theorem 6.5, one sees that this is a strict
family of A-complexes over I'. U

Collecting these results, we have shown the Mackey algebra is derived wild for
cyclic p-groups.

Theorem 7.6. Let k be a field of characteristic p and let G be a nontrivial finite
p-group. Then the Mackey algebra W (G) is derived wild.

Applying Theorem 2.44, there is also no meaningful classification of compact
objects in the homotopy category of HA;-modules.

Theorem 7.7. Let k be a field of characteristic p. The category of compact objects
in the homotopy category of G-equivariant HA;-modules is wild whenever G is a
nontrivial finite p-group.

8. SINGULARITY CATEGORIES

In this section, we look at the singularity category of the cohomological Mackey
algebra for G a cyclic p-group and for G = C; x C,.
The singularity category, given by the Verdier quotient

Dye(R) = D"(R)/DP"(R),

is a derived invariant of a Noetherian ring R. It measures the failure of R to have
finite global dimension. In general, the singularity category can be quite hard to
compute, but for some families of rings we have reliable methods.

An algebra is called (Iwanaga—)Gorenstein if all projectives have finite injective
dimension and all injectives have finite projective dimension. For Gorenstein alge-
bras there is an equivalence of triangulated categories

Dsg (R> = C_M(R)

between the singularity category and the stable category of Cohen—Macaulay mod-
ules [Hap91, Buc21], which is more accessible to computation.

For a Gorenstein algebra R, the category of Cohen—Macaulay modules is the full
subcategory of modules without extensions to projectives,

CM(R) := {X € R—mod | Ext'(X,R) =0, i > 0}.

The stable category CM(R) is the quotient by the ideal of morphisms factoring
through a projective module.

There are different ways to compute Cohen—Macaulay modules, so for Goren-
stein algebras we have a more reliable method of computing the singularity cate-
gory. It is known precisely when the cohomological Mackey algebra is Gorenstein.

Theorem 8.1. [BSW 17, Theorem 5.3] The cohomological Mackey algebra 1" (G)
over a field of characteristic p is Gorenstein if and only if G satisfies one of the
following:

(1) the p-Sylow subgroup of G is cyclic, or

(2) p =2 and the 2-Sylow subgroup is dihederal.

In this section we investigate a few such examples using precluster tilting mod-
ules and relative homological algebra.
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8.1. Singularity category for the cohomological Mackey algebra of C,. A mod-
ule M is called precluster tilting if it is generating-cogenerating, and T™ and 7~ M
are in add M, where 7 is the Auslander—Reiten translate and add M is the full sub-
category of direct summands of M".

Let M be a precluster tilting module over A and let I' = End(M)°. Then I is
Gorenstein [[S18]. Moreover, we have an equivalence of categories

Hom(M,—): A-—mod — CM(T'),

which restricts to an equivalence between add M and addI'. This equivalence in-
duces an equivalence of categories between A—mod /[M] and CM(I"), where [M] is
the ideal of morphisms that factor through add M [IS18].

The singularity category is also a triangulated category. Through the equivalence
Dy (I') = CM(T'), the inverse shift functor is given by taking syzygies in I'-mod.
Through the equivalence A—mod = CM(T") syzygies can be computed as kernels of
add M-approximations.

In the following example we compute the singularity category of a family of
examples, which will include uf®*(C,).

Example 8.2. Let k be a field and let A = k[t]/("). Note that A is self-injective
and so generating implies generating-cogenerating. In this case, 7 is the identity on
nonprojective indecomposable objects. Thus any generating module is precluster
tilting.

The AR-quiver of A can be described as

X1 X2 X3 Xn—2 Xn—1
1 -2 ~ 3 . n—1 n
— “— — <« ¢ _
V1 2 y3 Yn-2 n—1

such that yjx; =0 and y;;1x;+1 = x;y; for 1 <i <n—2. Here the vertex i represents
the unique i-dimensional indecomposable module.
For any module M, we can recover the AR-quiver of

A=mod /[M] = CM(T') = Dy (I)

by killing all paths that factor through a summand of M. For example, take the
module M = A@® A/(t), then Dsg(End(M)°P) is the k-linear category given by

X1 X2 X3 Xp—2 Xn—1
|t A3 2 n—1 .
PR — (oo
V1 2 y3 Yn—-2 Yn—1

with the relations as above, except now the objects 1 and n are 0 (shown in gray).
We can apply this example to compute the singularity category of ,u,th(C )

Theorem 8.3. Let k be a field of characteristic p and let G = Cym. The singular-
coh

ity category of the cohomological Mackey algebra p°"(Cpm) is the triangulated
category given by the product of m factors of categories of the form

X X X Xn—2 Xn—1

1 2 3

|~ 227 #3 > n-1_
—— L 0 « n - n
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forn=p/ —pi=' —1and 1 < j < m, together with relations y1x; =0, Xp—1yn—1 =0
and yiy1xiv1 = x;yi for 1 <i < n—2. The shift is given by flipping each of the
diagrams above.

Proof. Notice that when k has characteristic p and n = p, the Example 8.2 com-
putes the singularity category of the Hecke algebra End(M)°P = &(C),), which we
can identify with ,u,ﬁ'”h(Cp) using Yoshida’s characterization. More generally, the

singularity category of u,f"h(C »m) can be described in a similar way, taking n = p™
and deleting every pth-power vertex. U

8.2. Singularity category for the Klein four cohomological Mackey algebra.
We now turn our attention to [,L,f"h (Cy x 7). In this case, the sum of transitive per-
mutation modules does not define a precluster tilting module over the group algebra,
so we cannot directly use the same approach as before. However, we can do some-
thing similar with the help of some tools from relative homological algebra, which
replaces the exact structure of the module category with a relative exact structure.
We briefly recall some standard constructions, see [AS93] for more details.

Given a module M over a finite dimensional k-algebra A, one can define two exact
structures Fy; and FM on A—mod, forcing M to be either projective or injective as
below [AS93, Prop 1.7].

Ext}M(C,A) = {n € Ext!(C,A)|Hom(M,n) is exact}
Extpy (C,A) = {n € Ext'(C,A)|Hom(n, M) is exact}

In the Fj; exact structure, the Fys-relative indecomposable projectives are the
usual indecomposable projectives of A together with the summands of M. Thus
the Fys-relative projective modules are addM & A. The Fy-relative injective mod-
ules are add TM @ DA and Fy; = F™ [AS93, Prop 1.8, 1.10].

If M is a generator-cogenerator over a finite dimensional algebra A and I' =
End(M)°P, then there is an equivalence of categories between modules and second
syzygies called the Morita—Tachikawa correspondence given by

Hom(M, —): A—mod — Q*T'—mod.
Moreover, it restricts to an equivalence between add M and addI’, and
Ext}M(X,Y) = Extp((M,X),(M,Y)).

This means that when I" is Gorenstein, we can compute CM(I") as the Fys-orthogonal
complement to M in A—mod.
Let k be a field of characteristic 2 and let

A = k[a,b]/(a®,b?) = k[C> x C3).

Then A is special biserial and we can describe the indecomposable modules by
strings and bands [WW85, CB18]. If w is a string we write M () for the associ-
ated string module, and if @ is a band and A an indecomposable invertible matrix
we write M(w,A) for the band module in which A describes the action of moving
around the band. The strings of A are up to inverse

e1, a, b, (ab”)', (b~a), (ab~)a, and (b a)'b~ forl<i< oco.
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«—— o
)

Qe
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NN N

a
[

(ab™)?

[ ] [ J [ ] [ ]
[ [ ] [ [ ]
(ab™)3a
FIGURE 1. Some strings over k[C, X (3]

The only band is ab™. Some of the strings are depicted in Fig. 1. See also [Web16,
Section 11.5] for another description of the indecomposables of k[C> x C3].
The transitive permutation modules are given by:

Aditself, M, :=M(a), My =M(b), My, =M(ab™,1), and S:=M(e;).

Letting M denote the direct sum of all of these, we have 1 (Cy x C) = End(M)°P.
Now using Fj,, the relative exact structure making M projective, our goal is to com-
pute the Fys-orthogonal complement to M in A—mod. That is, we want to find all X
such Exty, (X, M) = 0. These will correspond to the Cohen-Macaulay modules.

We have A = DA, as well as T, = M, for x = a, b, ab and ©S = M(ab~ab™).
Thus A and the modules M, are all Fys-injective. So we need only worry about
modules that have nontrivial Fjs-extensions with S.

An Fjs-injective resolution of the simple module S is given by

0 > S > M, P My, M,y > TS » 0.

As usual, a module X is Fy-orthogonal if and only if the above sequence remains
exact when we apply the functor Hom(X,—). So for each indecomposable mod-
ule X, we compute the dimension of Hom(X,—) on S, M, and 7§ by brute force.
The results are displayed in Table 1. Note J,(1) denotes the n x n Jordan block
with eigenvalue 1 and A denotes an indecomposable n x n matrix without 1 as an
eigenvalue.

Using Table 1 and the formula

dimExtg (X,S) = dimHom(X, S & S) — dim Hom(X , M, & M, & M_)

we can compute the dimensions of the extension groups Ext}M (X,S) for each inde-
composable X. The results are shown in Table 2

The injective resolution of § is short so there are no higher Ext groups. We
see from Table 2 that besides the summands of M, the only indecomposables that



52 GREVSTAD AND MAY

| | S | M. | My, | Map | TS|

M((ab™)") n+1|n+1|n+1|n+1|3n+1
M((b~a)") n |n+l|n+1{n+1]3n+2
M((ab™)"a) |[n+1|n+2|n+1|n+1|3n+3
M((b=a)"b™) |[n+1|n+1|n+2|n+1|3n+3
M(ab~,J,(1)) || n n n |n+1| 3n
M(ab™,A) n n n n 3n

(ab™)") n—1
(b=a)") n—1
Eab)"a) n

ab—,J,(1)) | n—1
ab™,A) n

TABLE 2. Dimension of Ext}VM (X,S)

are Fy-orthogonal to M are M(ab™) and M(b~a) (since M(ab™,J,(1)) at n =1
is M(ab—,1) = M,;). Thus these correspond to the Cohen—Macaulay modules of
,LL,?Oh(Cz X Cz).

Now to compute the singularity category of ,LL,f"h (Cy X Cy), we take the stable
category of Cohen—Macaulay modules. Hence the singularity category of /.L,f"h (Cy x
C,) will have two indecomposable objects corresponding M (ab™) and M (b~ a). For
the morphisms, we observe that any homomorphism between these two must factor
through M and similarly for any radical endomorphism. So there are no nontrivial
morphisms in the singularity category and we conclude the following.

Theorem 8.4. Let k be a field of characteristic 2. The singularity category of the
cohomological Mackey algebra ,u,?h (Cy x Cy) is the triangulated category k*—mod,
which is semisimple. The triangulated shift functor is given by swapping the two

indecomposable objects.
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