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Preface to the first edition 

In recent years new topological methods, especially the theory of 
sheaves founded by J. LERAY, have been applied successfully to algebraic 
geometry and to the theory of functions of several complex variables. 

H. Cartan and J.-P. SERRE have shown how fundamental theorems 
on holomorphically complete manifolds (Stems manifolds) can be for- 
mulated in terms of sheaf theory. These theorems imply many facts of 
function theory because the domains of holomorphy are holomorphically 
complete. They can also be applied to algebraic geometry because the 
complement of a hyperplane section of an algebraic manifold is holo- 
morphically complete. J.-P. Serre has obtained important results on 
algebraic manifolds by these and other methods. Recently many of his 
results have been proved for algebraic varieties defined over a field of 
arbitrary characteristic. K. Koparra and D. C. Spencer have also 
applied sheaf theory to algebraic geometry with great success. Their 
methods differ from those of SERRE in that they use techniques from 
differential geometry (harmonic integrals etc.) but do not make any use 
of the theory of Stern manifolds. M. F. Attvan and W. V. D. HopcE 
have dealt successfully with problems on integrals of the second kind on 
algebraic manifolds with the help of sheaf theory. 

I was able to work together with K. Koparra and D. C. Spencer 
during a stay at the Institute for Advanced Study at Princeton from 
1952 to 1954. My aim was to apply, alongside the theory of sheaves, the 
theory of characteristic classes and the new results of R. THom on 
differentiable manifolds. In connection with the applications to algebraic 
geometry I studied the earlier research of J. A. Topp. During this time 
at the Institute I collaborated with A. Borer, conducted a long cor- 
respondence with THom and was able to see the correspondence of 
Koparra and Spencer with Serre. [ thus received much stimulating 
help at Princeton and I wish to express my sincere thanks to A. Borez, 
K. Koparra, J.-P. Serre, D. C. Spencer and R. THom. 

This book grew out of a manuscript which was intended for publica- 
tion in a journal and which contained an exposition of the results obtained 
during my stay in Princeton. Professor F. K. ScHmipt invited 
me to use it by writing a report for the “Ergebnisse der Mathematik”’. 
Large parts of the original manuscript have been taken over unchanged, 
while other parts of a more expository nature have been expanded. In 
this way the book has become a mixture between a report, a textbook 
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and an original article. I wish to thank Professor F. K. Scumipt for his 
great interest in my work. 

I must thank especially the Institute for Advanced Study at Princeton 
for the award of a scholarship which allowed me two years of undisturbed 
work in a particularly stimulating mathematical atmosphere. I wish 
to thank the University of Erlangen which gave me leave of absence 
during this period and which has supported me in every way; the Science 
Faculty of the University of Miinster, especially Professor H. BEHNKE, 
for accepting this book as a Habilitationsschrift ; and the Society for the 
Advancement of the University of Miinster for financial help during the 
final preparation of the manuscript. I am indebted to R. REMMERT and 
G. Scueja for their help with the proofs, and to H.-J. Nasrotp for 
preparing the index. Last, but not least, I wish to thank the publishers 
who have generously complied with all my wishes. 

Fine Hall, Princeton F. Hirzesrucn 

23 January 1956 

Preface to the third edition 

In the ten years since the publication of the first edition, the main 
results have been extended in several directions. On the one hand the 
Riemann-Rocu theorem for algebraic manifolds has been generalised by 
GROTHENDIECK to a theorem on maps of projective algebraic varieties 
over a ground field of arbitrary characteristic. On the other hand Atryvan 
and Srxncer have proved an index theorem for elliptic differential 
operators on differentiable manifolds which includes, as a special case, 
the Rremann-Rocs theorem for arbitrary compact complex manifolds. 

There has been a parallel development of the integrality theorems for 
characteristic classes. At first these were proved for differentiable mani- 
folds by complicated deductions from the almost complex and. algebraic 
cases. Now they can be deduced directly from theorems on maps of 
compact differentiable manifolds which are analogous to the RrmMANN- 
Roca theorem of GROTHENDIECK. A basic toolis the ring K (X) formed from 
the semi-ring of all isomorphism classes of complex vector bundles over a 
topological space X, together with the Botr periodicity theorem which 
describes K(X) when X is a sphere. The integrality theorems also follow 
from the ATIYAH-SINGER index theorem in the same way that the 
integrality of the Topp genus for algebraic manifolds follows from the 
RremMann-Roca theorem. 

Very recently Arryan and Bort obtained fixed point theorems of 
the type first proved by Lerscnetz. A holomorphic map of a compact 
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complex manifold V operates, under certain conditions, on the co- 
homology groups of V with coefficients in the sheaf of local holomorphic 
sections of a complex analytic vector bundle W over V. For a special 
class of holomorphic maps, ATiyaH and Bott express the alternating 
sum of the traces of these operations in terms of the fixed point set of the 
map. For the identity map this reduces to the RIEMANN-Rocu theorem. 
Another application yields the formulae of LANGLANDS (see 22.3} for the 
dimensions of spaces of automorphic forms. Artrvan and Botr carry 
out these investigations for arbitrary elliptic operators and differentiable 
maps, obtaining a trace formula which generalises the index theorem. 
Their results have a topological counterpart which generalises the 
integrality theorems. 

The aim of the translation has been to take account of these develop- 
ments — especially those which directly involve the Topp genus — 
within the framework of the original text. The translator has done this 
chiefly by the addition of bibliographical notes to each chapter and 
by a new appendix containing a survey, mostly without proofs, of some 
of the applications and generalisations of the Rizemann-Rocu theorem 
made since 1956. The fixed point theorems of Atrvau and Borr could be 
mentioned only very briefly, since they became known after the manus- 
cript for the appendix had been finished. A second appendix consists of a 
paper by A. Borel which was quoted in the first edition but which has 
not previously been published. Certain amendments to the text have 
been made in order to increase the usefulness of the book as a work of 
reference. Except for Theorems 2.8.4, 2.9.2, 2.11.2, 4.11.1~—4.11.4, 
10.1.1, 16.2.1 and 16.2.2 in the new text, all theorems are numbered as in 
the first edition. 

The author thanks R. L. E. ScawarzenBerceEr for his efficient work 
in translating and editing this new edition, and for writing the new 
appendix, and A. Borex for allowing his paper to be added to the book. 

We are also grateful to Professor F. K. Scumipt for suggesting 
that this edition should appear in the “Grundlehren der mathematischen 
Wissenschaften”, to D. Arit, E. Brieskorn and K. H. Maver for 
checking the manuscript, and to Ann Garrretp for preparing the 
typescript. Finally we wish to thank the publishers for their continued 
cooperation. 

Bonn and Coventry F. Hinzeprucn 

23 January 1966 R. L. E. SCHWARZENBERGER 
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Introduction 

The theory of sheaves, developed and applied to various topological 
problems by Leray [1], [275 has-recently been applied to algebraic 
geometry and to the theory of functions of several complex variables. 
These applications, due chiefly to CARTAN, SERRE, Koparra, SPENCER, 
ATIyaH and Hopes have made possible a common systematic approach 
to both subjects. This book makes a further contribution to this develop- 
ment for algebraic geometry. In addition it contains applications of the 
results of THom on cobordism of differentiable manifolds which are of 
independent interest. Sheaf theory and cobordism theory together 
provide the foundations for the present results on algebraic manifolds. 
This introduction gives an outline (0.1—0.8) of the results in the book. 
It does not contain precise definitions; these can be found by reference 
to the index. Remarks on terminology and notations used throughout the 
book are at the end of the introduction (0.9). 

0.1. A compact complex manifold V (not necessarily connected) is 
called an algebraic manifold if it admits a complex analytic embedding 
as a submanifold of a complex projective space of some dimension. By 
a theorem of Cuow [1] this definition is equivalent to the classical 
definition of a non-singular algebraic variety. Algebraic manifolds in 
this sense are often also called non-singular projective varieties. In 
0.1—0.6 we consider only algebraic manifolds. 

Let V,, be an algebraic manifold of complex dimension 2. The arith- 
metic genus of Y,, has been defined in four distinct ways. The postulation 
formula (HiLBert characteristic function) can be used to define integers 
PalV,) and P,{V,). These are the first two definitions. SEVERI con- 
jectured that 

PalVa) = P,(V,) =Ba~ feats +(-l* 74, (1) 
where g; is the number of complex-linearly independent holomorphic 
differential forms on V,, of degree i (:-fold differentials of the first kind). 
The alternating sum of the g; can be regarded as a third definition of the 
arithmetic genus. Further details can be found, for instance, in SEVERI 
[1]. Equation (1) can be proved easily by means of sheaf theory (KoparRA- 
SPENCER [1]) and therefore the first three definitions of the arithmetic 
genus agree. 

4) Numbers in square brackets refer to the bibliography at the end of the book. 
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The form of the alternating sum of g; in (1) is inconvenient and we 
modify the classical definition slightly. We call 

1Vn -2 (1g, (2) 
the arithmetic genus of the algebraic manifold V,. The integer g, in (2) 
is the number of linearly independent holomorphic functions on V,, and 
is therefore equal to the number of connected components of V,. It is 
usual to call g, the geometric genus of V,, and g, the irregularity of Vy. 
In the case » = 1 a connected algebraic curve V, is a compact RIEMANN 
surface homeomorphic to a sphere with # handles. Then g, = g, = p and 
the arithmetic genus of V, is 1— %. The arithmetic genus and the 
geometric genus behave multiplicatively: 

The genus of the cartesian product V x W of iwo algebraic manifolds is 
the product of the genus of V and the genus of W. 

Under the old terminology the arithmetic genus clearly does not 
have this property. The arithmetic genus y(V,,) is a birational invariant 
because each g; is a birational invariant (KABLER [1] and VAN DER 
Waerpven [1], [2]). Under the old terminology the arithmetic genus of 
a rational variety is 0. According to the present definition it is 1. 

0.2. The fourth definition of the arithmetic genus is due to Topp [1]. 
He showed in 1937 that the arithmetic genus could be represented in 
terms of the canonical classes of Egrr-Topp (Topp [8]). The proof 
is however incomplete: it relies on a lemma of Severt for which no 
complete proof exists in the literature. 

The Ecer-Topp class K,; of V, is by definition an equivalence 
class of algebraic cycles of real dimension 2” — 27. The equivalence 
relation implies, but does not in general coincide with, the relation 
of homology equivalence. For example K, (= XK) is the class of canonical 
divisors of V,,. (A divisor is canonical if it is the divisor of a meromorphic 
n-form.) The equivalence relation for += 1 is linear equivalence of 
divisors. The class K, defines a (2n — 21)-dimensional homology class. 
This determines a 21-dimensional cohomology class which agrees (up 
to sign) with the Currn class c, of V,. This ‘agreement’? between the 
Ecer-Topp classes and the CHERN classes was proved by Nakano [2] 
(see also CueRN [2], Hopce [3] and Ativan [3)). 

Remark: The sign of the 27-dimensional cohomology class deter- 
mined by K, depends on the orientation of V,. We shall always use the 
natural orientation of V,. If 2, 2 ..-, % are local coordinates with 
z= %, +t, then this orientation is given by the ordering %,, 
Xe, Vo: »++1 ¥a» Yn OF in other words by the positive volume element 
ax,\dy,N\ dx, dy,A--:Adx,Ady,. In this case K, determines the 
cohomology class (-- 1)* c;. 
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In this book we use only the CHERN classes and so the fact that the 
EGER-Topp classes agree with the CERN classes is not needed. The 
definition of the Topp genus T(V,) is given in terms of the CHERN 
classes. One of the chief purposes of this book is then to prove that 

x(Vn) = T (Vy). 
0.3. The natural orientation of V,, defines an element of the 2n- 

dimensional integral homology group /i,, (V,, Z) called the fundamental 
cycle of V,. The value of a 2n-dimensional cohomology class b on the 
fundamental cycle is denoted by 6 [F,]. 

The definition of T(¥,) is in terms of a certain polynomial T,, of 
weight » in the CHERN classes c, of V,, the products being taken in the 
cohomology ring of V,. This polynomial is defined algebraically in § 1; 
it is a rational 2n-dimensional cohomology class whose value on the 
fundamental cycle is by definition T(V,). For small » (see 1.7) 

TV) =F4lVih TV.) =a (4 +e) Vel, TVs) =H 4 e[Vs]- (3) 
The definition implies that 7 (V,) is a rational number. The equation 
a(Vy) = T(V,) implies the non-trivial fact that T(V,) is an integer 
and that T(V,) is a birational invariant. The sequence of polynomials 
{T,,} must be chosen so that, like the arithmetic genus, T(V,) behaves 
multiplicatively on cartesian products. There are many sequences with 
this property: it is sufficient for {7,} to be a multiplicative sequence 
(§ 1). The sequence {7,,} must be further chosen so that T(V,) agrees 
with y(V,) whenever possible. In particular if P,(C) denotes the n- 
dimensional complex projective space then T(P,(C€))= 1 for all n. 
This condition is used in § 1 to determine the multiplicative sequence 
{T,} uniquely (Lemma 1.7.1). 

For fixed the polynomial T,, is determined uniquely by the following 
property: 7,,[V,} = Lif V = P,(Q)x +++ Py (€) is @ cartesian product 
of complex projective spaces with j,+-++++ 9,= 2. Therefore T,, is the 
unique polynomial which iakes the value 1 on ail rational manifolds of 
dimension n. 

0.4. The divisors of the algebraic manifold V, can be formed into 
equivalence classes with respect to linear equivalence. A divisor is 
linearly equivalent to zero if it is the divisor (f) of a meromorphic function 
f on V,. This equivalence is compatible with addition of divisors and 
therefore the divisor classes form an additive group. We can also consider 
complex analytic line bundles (with fibre C and group €*; see 0.9) over V,,. 
In this introduction we identify isomorphic line bundles (see 0.9). Then 
the line bundles form an abelian group with respect to the tensor pro- 
duct @. The identity element, denoted by 1, is the trivial complex line 
bundle X x €. The inverse of a complex line bundle F is denoted by F-}, 
The group of line bundles is isomorphic to the group of divisor classes: 
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Every divisor determines a line bundle. The sum of two divisors deter- 
mines the tensor product of the corresponding line bundles. Two divisors 
determine the same line bundle if and only if they are linearly equivalent. 
Finally, every line bundle is determined by some divisor (Koparra- 
SPENCER [2]). Denote by H®{V,, D) the complex vector space of all 
meromorphic functions / on V, such that D + (f) is a divisor with no 
poles. H°(Y,, D) is the “Rremann-Rocs space” of D and is finite dimen- 
sional. The dimension dim H*({V,, D) depends only on the divisor class of 
D. The determination of dim H®(V,, D) for a given divisor D is the 
RiemMAnN-Rocw problem. If F is the line bundle corresponding to the 
divisor D then H°(V,,D) is isomorphic to H®(V,,F), the complex 
vector space of holomorphic sections of F. 

0.5. It has already been said that one aim of this work is to prove 
the equation 

Vn) = T(V,) - (4) 
The Cuern number c,[V,] is equal to the Euter-Porncaré charac- 
teristic of V,,. Therefore equation (4) gives, for a connected algebraic 
curve V homeomorphic to a sphere with # handles: 

a(¥,) = T(V,) = $e, [Vi] = ¥ (2—29). (4) 
The Riemann-Rocu# theorem for algebraic curves states (see for instance 
WEYL [1]): 

dim H°(V,, D) ~— dimH°(V,,K —~D)=d+1—p (4?) 

where d is the degree of the divisor D and K is a canonical divisor of V,. 
Since dim H®(V,, K} = g, the substitution D = 0 in (4*) gives (4,). It will 
be shown that for algebraic manifolds of arbitrary dimension equation 
(4) admits a generalisation which corresponds precisely to the generalisa- 
tion (47) of (4,). This generalisation will be given in terms of line bundles 
rather than divisors. 

Let F be a complex analytic line bundle and let H‘(V,, F) be the 
#-th cohomology group of V,, with coefficients in the sheaf of germs of 
local holomorphic sections of F. In the case F = 1 this is the sheaf of 
germs of local holomorphic functions. The cohomology “group” Hi(V,, F) 
is a complex vector space which, by results of Cartan-SERRE [1] (see 
also Cartan [4]}) and Kopaira [3], is of finite dimension. The vector 
space H°\V,, F) is the “Rremann-Rocw space’ of F defined in 0.4. 
A theorem of DoLBEAuLT [1] implies that dim H*(V,, 1) = g,. The integer 
dim Hi(V,, F) depends only on the isomorphism class of F and is zero 
for i > n. It is therefore possible to define 

1Vu F) = 3 (1) dima(V,, F) (5) 
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This is the required generalisation of the left hand side of (4). It will be 
shown that 7(V,,#) can be expressed as a certain polynomial in the 
CuERN classes of V,, and a 2-dimensional cohomology class / determined 
by the line bundle F. Here } is the first CuErn class of F (the cohomology 
obstruction to the existence of a continuous never zero section of F). 
If F is represented by a divisor D then fis also determined by the (2 — 2)- 
dimensional homology class corresponding to D. For small x, 

2. F)=(f4+fa) Vil, x(VeF) =(F (2 + fe) +az (4+ e)) (Vel, 
4(V5 F) =(e RP +> Pet ae HG + ca) + aye) [Vo] - 
This is the generalisation of the RreMANN-Rocu theorem to algebraic 
manifolds of arbitrary dimension (Theorem 20.3.2). By the SERRE 
duality theorem (see 15.4.2) dim H!(V,, F) = dim H°(V,, K @ F-4) and 
dim H?(V,, F) = dim H*(V,, K @ F-) where K denotes the line bundle 
determined by canonical divisors. It follows that the equations for 
x(¥y,F) and x(V¥,, ) imply the classical Rremannx-Roca theorem for 
an algebraic curve and for an algebraic surface. Full details are given in 
19.2 and 20.7. 

Kopatra [4] and Serre have given conditions under which 
dim H#(V,, F) = 0 for ¢>0 (see Theorem 182.2 and Cartan [4], 
Exposé XVIII). The definition of y(V,,) in (5) then shows that our 
formula tor y(V,,F) yields a formula for H°(V,, F). In such cases 
the “Rremann-Roca problem” stated in 0.4 is completely solved. 
This corresponds for algebraic curves to the well known fact that the 
term dim H°(V,, K — D) in (4%) is zero if d > 2p — 2. 

0.6. There is a further generalisation of equation (4). Let W be a 
complex analytic vector bundle over V,, [with fibre C, and group GL(q,C); 
see 0.9]. Let H‘(V,, W) be the ¢+th cohomology group of V, with co- 
efficients in the sheaf of germs of local holomorphic sections of W. Then 
H'*(V,,, W) is again a complex vector space of finite dimension and 
dim H'(V,,, W) is zero for i > . It is therefore possible to define 

x(Vm W) -2 (-1)' dimH*(V,, W). (6) 
It was conjectured by SERRE, in a letter to Koparra and SPENCER 

(29 September 1953), that 7(V,, W) could be expressed as a polynomial 
in the CaEeRn classes of Y,, and the Carrn classes of W. We shall obtain 
an explicit formula for the polynomial of y(V,,, W). This is the RieMann- 
Rocx theorem for vector bundles (Theorem 21.1.1). A corollary in the 
case # = 1 (algebraic curves) is the generalisation of the RIEMANN-ROCH 
theorem due to Weix [1]. Full details are given in 21.1. 
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The result on ¥(V,, W) can be applied to particular vector bundles 
over V,. We define (see Kopatra-SPENCER [3]} 

2? Vale= XV n APF) (7) 
where A? T is the vector bundle of covariant f-vectors of V,,. The CHERN 
classes of 4? T can be expressed in terms of the CHERN classes of V, 
(Theorem 4.4.3). Therefore y?(V,) is a polynomial of weight » in the 
CuHErn classes of V,. By a theorem of DoLBEauLt [1], dim H?(V,, A* T) 
is the number A? of complex-linearly independent harmonic forms on 

* 

V,, of type (P, g). Therefore y?(V,) = 37 (— 1)* A*4. For example, in the 
gq 

case n = 4, there is an equation 

2 (Va) =H — 4 A BD WA (Vi) — Fy eg + o50y) [Val (8) 
s 

The sum 3’ y?(V,) is clearly zero for » odd. The alternating sum 
p=0 

x 

od (-1)? x?(V,) is by theorems of p— RHam and Honce equal to the 
p=0 

Eurer-Poincaré characteristic ¢,[V,] of V,. The polynomials for 
x? (V,,) have the same properties. Hopce [4] proved that for » even the 

sum )/ y?(V,) is equal to the index of V,. By definition the index of V, 
pao 

is the signature (number of positive eigenvalues minus number of negative 
eigenvalues) of the bilinear symmetric form x y[V,] (%, v € H"(V,, R)) on 
the n-dimensional real cohomology group of V,. Therefore the index 
of V,, is a polynomial in the Currn classes of V,. This polynomial can 
actually be expressed as a polynomial in the Pontryjacin classes of V, 
and is therefore defined for any oriented differentiable manifold. 

0.7. We have just remarked that the main result of this book {the 
expression of 7(V,, W) as a certain polynomial in the CHERN classes 
of V,, and W) implies that the index of an algebraic manifold V,, can be 
expressed as a polynomial in the PonTRyaGIN classes of V,,. In fact this 
theorem is the starting point of our investigation. Let M/4* be an oriented 
differentiable manifold of real dimension 4%. In this work “differentiable” 
always means “C-differentiable” so that all partial derivatives exist 
and are continuous. The orientation of M‘** defines a 4k-dimensional 
fundamental cycle. The value of a 4-dimensional cohomology class 
6 on the fundamental cycle is denoted by 5[M**]. In Chapter Two the 
cobordism theory of THom is used to express the index 7 (M**) of M#* asa 
polynomial of weight & in the Pontryacrn classes of M**. For example, 

t(M*) == p,(M4), t(M*) = qe (7p, — p?) [M®). (9) 
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The formula for +(#4) was conjectured by Wu. The formulae for 
t (M4 and t (M5) were both proved by THom [2]. A brief summary of the 
deduction of the formula for ¥(V,, W) from that for + (4£**) can be found 
in Hirzesrucs [2]. 

0.8. The definitions in 0.1—-0.6 were formulated only for algebraic 
manifolds. In the proof of the Rizmann-Rocu theorem we make this 
restriction only when necessary. The index theorem described in 0.7 is 
proved in Chapter Two for arbitrary oriented differentiable manifolds. 
The main results of Taom on cobordism are quoted: the proofs, which 
make use of differentiable approximation theorems and algebraic homo- 
topy theory, are outside the scope of this work. 

In Chapter Three the formal theory of the Topp genus and of the 
associated polynomials is developed for arbitrary compact almost 
complex manifolds (7T-theory). In particular we obtain an integrality 
theorem (14.3.2). This theorem has actually little to do with almost 
complex manifolds; its relation to subsequent integrality theorems for 
differentiable manifolds is discussed in the bibliographical note to 
Chapter Three and in the Appendix. 

In Chapter Four the theory of the integers 7(V,, W) is developed 
as far as possible for arbitrary compact complex manifolds (y-theory). 
The necessary results on sheaf cohomology due to Cartan, DOLBEAULT, 
Kopatra, SERRE and SPENCER are described briefly. In the course of the 
proof it is necessary to assume first that V, is a KAnLER manifold. 
Finally, if V,, is an algebraic manifold, we are able to identify the 
y-theory with the T-theory (RizMann-Rocu theorem for vector bundles; 
Theorem 21.1.1). 

The Appendix contains a review of applications and generalisations 
of the Rremann-Roca# theorem. In particular it is now known that the 
identification of the y-theory with the 7-theory holds for any compact 
complex manifold V,, (see § 25). 

The author has tried to make the book as independent of other 
works as is possible within a limited length. The necessary preparatory 
material on multiplicative sequences, sheaves, fibre bundles and charac- 
teristic classes can be found in Chapter One. 

0.9. Remarks on notation and terminology 

The following notations are used throughout the book. 

Z: integers, Q: rational numbers, R: real numbers, C: complex 
numbers, R‘: vector space over R of g-ples (%,, .. ., %,) of real numbers, 
C,: vector space over C of qg-ples of complex numbers. GL(g, R) denotes 
the group of invertible gx gq matrices (a4,,) with real coefficients a,,, 
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+. ¢. the group of automorphisms of R¢ 

¢ 

x= 2) age Xp 
k= 

GL* (g, R) denotes the subgroup of GL(¢, R) consisting of matrices 
with positive determinant (the group of orientation preserving auto- 
morphisms). Q(g) denotes the subgroup of orthogonal matrices of GL (7, R) 
and SO(q) = O(g) n GL" (g, R). Similarly GL (q, C) denotes the group of 
invertible gx q matrices with complex coefficients, and U(q) the sub- 
group of unitary matrices of GL(g, C). We write C* = GL(1, €), the 
multiplicative group of non-zero complex numbers. P,_, (C) denotes the 
complex projective space of complex dimension g—1 (the space of 
complex lines through the origin of C,). We shall often denote real 
dimension by an upper suffix (for example M**, R*) and complex dimen- 
sion by a lower suffix (for example V,, €,). 

We have adopted one slight modification of the usual terminology. 
An isomorphism class of principal fibre bundles with structure group G 
is called a G-bundle. Thus a G-bundle is an element of a certain co- 
homology set. On the other hand, we use the words fibre bundle, line 
bundle and vector bundle to mean a particular fibre space and not an 
isomorphism class of such spaces (see 3.2). In Chapter Four all con- 
structions depend only on the isomorphism class of the vector bundles 
involved and it is possible to drop this distinction (see 15.1). 

The book is divided into chapters and then into paragraphs, which 
are numbered consecutively throughout the book. Formulae are num- 
bered consecutively within each paragraph. The paragraphs are divided 
into sections. Thus 4.1 means section 1 of § 4; 4.1 (5) means formula (5) 
ot § 4, which occurs in section 4.1; 4.1.1 refers to Theorem 1 of section 4.1. 
The index includes references to the first occurrence of any symbol. 

Chapter One 

Preparatory material 

The elementary and formal algebraic theory of multiplicative 
sequences is contained in § 1. In particular the Topp polynomials T,, 
and also the polynomials L,; used in the index theorem, are defined. 
Results on sheaves needed in the sequel are collected in §2. The basic 
properties of fibre bundles are given in §3. In § 4 these are applied to 
obtain characteristic classes. In particular, the CHern classes and 
PoNTRJAGIN classes are defined. The results of § 1 are not used until § 8. 
The reader is therefore advised to begin with § 2 and to refer to § 1 only 
when necessary. 
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§ 1. Multiplicative sequences 

11. Let B be a commutative ring with identity element 1. Let 
po = 1 and let ,,,,... be imdeterminates. Consider the ring G = 
Bip, pa .--] obtained by adjoining the indeterminates ~, to B. Then GB 
is the ring of polynomials in the #; with coefficients in B, and is graded 
in the following way: 

The product #; p;,...£;, has weight 7, + 7,4+.°+++ 7, and 

S= VB, (1) 
k=0 

where @, is the additive group of those polynomials which contain 
only terms of weight & and G, = B. The group %, is a module over B 
whose rank is equal to the number x(k) of partitions of k. Clearly 

B, B,C Bpas- (2) 
1.2. Let {K,} be a sequence of polynomials in the indeterminates ,; 

with K, = Land K; €%,; (j= 0,1, 2, ...). The sequence {K,} is called a 
multiplicative sequence (or m-sequence) if every identity of the form 

V+ pet py@+oes 
, 7 ut a 3 (4 Peet Uti et eae) O 

with z, £;, p;' indeterminate implies an identity 

2 Kj (Pu Pa +» + Bs) 2B 
, (4) 

= py K;(p1, pa - - - Pi) #2 Kj (b1, £2, --» Bj) # 
fe f= 

In abbreviated notation we write 

K( 3 2) = 3 Kilda) 
fx j= 

both when the #, are indeterminates and when they are replaced by 
particular values. The power series 

K(l+2)= 32 (b)=1,6,;=K,(1,0,...,0) €B) 
i= 

is called the characteristic power series of the m-sequence {K;,}. 
In the sequel we consider formal factorisations 

Lb het thyme TT (1+ Bu). (5) 
That is, the elements #, are regarded as the elementary symmetric 
functions in f,,-.., Bm. The ring @ is then the ring of all symmetric 
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polynomials in f,, ..., Bm with coefficients in B. The following two 
lemmas give a complete description of all possible m-sequences. 

Lemma 1.2.1. The m-sequence {K,} ts completely determined by tis 
characteristic power series O(z) = K(1 + 2}. 

Proof: By (8), (4) and (5) 

PD K;(bp--- Bi) a +E Kit Pw O-- 02 = 1016.2). (6) 
Therefore any polynomial K. ; with j << mis determined as a symmetric 
polynomial in the 8; and hence as a polynomial in the #,. This holds for 
arbitrary m and so completes the proof. 

Lemma 1.2.2. To every formal power series Q(z) =z 6,2 (= 1, 
5, € B) there is associated an m-sequence {K} with Kt rn )=- O (2). 

Proof: We apply (5,,) and consider the product yi Q(B; 2). The 
coefficient of 2? in this product is symmetric in the f; and homogeneous 
of weight j It can therefore be expressed as a polynomial KS” (p,,-. D3) 
of weight 7 in a unique way. It follows easily that K@TM does not depend 
on m for m = j. Define K; = Ki for m = j. The sequence {K,} is the 
required multiplicative sequence. For the proof note that (6,,) holds. 
This implies that the multiplicative property “(3) implies (4)” is true if 
the indeterminates #;, #;' are replaced by 0 for large values of 7. Hence 
{K;} is an m-sequence, Finally (6,,) for m = 1 shows that K (1+ 2) = Q(z). 

Lemmas 1.2.1 and 1.2.2 together show that there is a one-one corre- 
spondence between m-sequences and formal power series with constant 
term 1. For instance the m-sequence {#,} has 1+ z as its characteristic 
power series. 

1.3. It is convenient to reformulate 1.1 and 1.2 with the indeterminates 
p; Teplaced by ¢;, the indeterminate z by x, and the roots B, in (5,,) by 3. 
The two formulations will be linked by putting c,= p, = 1, z = x? and 
B; = y?. In other words we introduce the relations 

saat and ¥p(-a'=(So(-¥)(Lax). a 
J 

We have the following trivial 

Lemma 1.3.1. Let {K; (Py -- + B;)} be the m-sequence with Q(z) as 
characteristic power series and {K. len .-., 6)} the m-sequence with Q(x) 
= Q(x") as characteristic power series. Then the relations (7) imply 

K3(p, -- 5p) = Ras(ey, «+05 Cg) 
O= Rossy (C4, - » +s Cag44) - 
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In particular the m-sequence in the c, with 14x as characteristic 
power sertes 1s 1, 0, #,, 0, bg, ~~. - 

Note that 

py = —Qlegt Ch, py= 2ly— Vege, + 8, fy—= — Deg + Lege, — Weyeg+ cB. 

1.4. Given a power series Q(z) = 3° 6, 2°(b,€ B,b)= 1) we can 
i=0° 

consider the formal factorisation 

Lb 2H bya pees $ Oa (14 Bia) (1+ Boa) (14 Bad). 8) 
The sum 

ZBYABIR (O BAB BEB VA ks m, 0) 

denotes as usual the symmetric function in the f{ which is the sum of all 
pairwise distinct monomials obtained by applying a permutation of 
(Bt, Bo - ++» Bm) to the monomial (f1)* (83) - ++ (B))*. The number of 
monomtials in the sum is m1/k where # is the number of permutations 
of (Bi, Bs, --- Bm) which leave (fj)* (B3)* ... (8,)* fixed. The condi- 
tions on jy, fo, ---; je in (9) imply that the symmetric function 

2 (Bry (Bo)* . . . (Bp) is a polynomial of weight k in the 0, with integer 
coefficients. It ‘does not depend on m and can be denoted simply by 
2 (hi, Ja ++ 57). We can now formulate a lemma which facilitates the 
explicit calculation of the polynomials of an m-sequence. 

Lemma 1.4.1. Let {K, (by - --, Bp} be the m-sequence corresponding 

to the power series Q(z) = >» b, +. Then the coefficient of 

bib Pi im Ke(hBh Zo Ze zh Lie= 2) 
sa 

ts equal to (ty, Ja ~~ -sdr)- 
The proof uses (6) and (8). The details are left to the reader. As an 

example, the coefficient of p, in K, is equal to s, = 2 (R). 

So= 1, 8, = by, Sg = —2b, + BR, 53 = bg — 3b, b, + BF, ete. 

Similarly the coefficient of #2 in Kz, is X(k, k) = > (S$ — Sqx). The s, 
can be calculated by a formula of Caucry: 

127,600) = 00) ze (gq)= UCM se. (10) 
1.5. In this section, and in the following sections 1.6—L8, we define 

the particular m- Sequences which arise in the present work. We consider 
first the power series 

yz - a 4 BF . 
Ql) == 1+ YM ay Be tanh Vz k=1 



12 Chapter I. Preparatory material 

Here the coefficient ring B is the field Q of rational numbers. The co- 
efficients B, are the BERNOULLI numbers {in the notation for which 
B,> 0 and + + for all 4): 

th. 1 
B=%, B=g, B=w B=wW 

1 

2730 7 B, = # » Be= 
The m-sequence with Q(z) as characteristic power series is denoted by 
{Z; (Pp ..., Pj)}. The methods of 1.4 can be used to calculate the first 
few polynomials L,: 

” = a“ , 
ag (72 — Pi), 

Ly= #877 (62p — 13h. p, + 2H4) . 
Ly = -grgry (881h4 — Tbs by — 193 + 22, #3 — 3P4), 

1 
L,= gt 5-7 17 x 

X (5110p,— 9196, p,— 336 p5 Py + 237 fs PE+ 12793 Pi~ 83 p, PE + 10P%) . 
The coefficient s, of p, in L, can be calculated by 1.4 (10) 

oo 1 2ye 
an ‘UF g, ghee + (— Uf sz rte ‘sinh 22 

and therefore 
gtk (Qakmt ~— 1) 

Sp= 1 and Ss ="—ephi B, for k21. (11) 

. ae 2k + 1 The following lemma shows that the substitution £, = ) de- 
fined by 1 + p, 2 -+ py #8 + 0+ + fy 2 = (1 4+ 2)8* +4 God 2F +) gives the 
value L,(d,, .-., p,) = 1. 

Lemma 1.5.1. Let Q(2) = He . Then for every k the coefficient 
Fx Of 2 in (0 (2))** +1 ts equal to 1, and Q(z) ts the only power series with 
rational coefficients which has this property. 

Proof: By the Caucny integral formula 

1 1 yz 2k+i 

he=taif we (=) dx. 
The substitution ¢ = tanh Vz gives 

1 ai 

Je= Tai iF ere 1. 
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In both cases the integral is over a small circle with centre the origin 
in the z-plane and ¢-plane. Note that under the substitution a circuit of 
the circle in the plane corresponds to two circuits in the z-plane. The 
equations J, = 1 can then be used to calculate the coefficients of Q(z) 
inductively. 

The following lemma is net used in the present work but is never- 
theless important for applications of the polynomials L, to cohomology 
operations. A proof is given in ATIYAH-HirzeBRucH [4]. 

Lemma 1.5.2. The polynomial L, can be wrilten in a unique way as a 
polynomial with coprime integer coefficients, divided by a positive integer 

H(L;), where 
[ar H(L,) = LHgte 

is a product over all primes q with 3 Sq S 2k + 1. 

1.6. The m-sequence with Q(z) = = as characteristic power 
series is denoted by {A,(f, . . ., px}. The methods of 1.4 give 

Ay = —$ py Ag= qe (4b a+ 709), Ag = gaeey (16Ps— 44 Poh, + 312%). 
Remark: The polynomial A, can be written in a unique way as a 

polynomial with coprime integer coefficients multiplied by 2*/y(Z,). 
Here a(k) is the number of non-zero terms in the dyadic expansion of k 
(see Attvau-Hirzesrucy [2]}. 

1.7. The last two particular m-sequences which are needed in the 
sequel will be given in the (c,, x, y,) formulation (see 1.3). Let the co- 
efficient ring B be the field Q of rational numbers. Consider the m- 
sequence iT (4... oo) with characteristic power series 

pur. Q(t) =e nitist PAG ye 
The polynomials T, are called Topp polynomials. The identity 

1 . a = €xp (5 x) ay z (we write exp (a) = e%) 
is useful for the calculation of the first few Topp polynomials. It implies, 
using Lemma 1.3.1, formula (6,,) in the (c;, x, y,) formulation and the 
relations (7), that 

Teley «+» Ox) = E-gergy (qa) Aaldv + Ba) (12) 
where the sum is over all non-negative integers 7, s with 7 + 2s =k. 
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The result (compare Topp [1]) is 

Tj=$4, 

T,=wat®, 
Ts =a %G, 
Tg = yy (at Og Oy + 8B + Acq of — cf), 
Ts = a (tye, + cy 2% + 8% e,— cd), 

Ty = =a (2¢q — Beg cy — MC 4 Cy — Seg Cf 8 + Mey cg 6 + 
+ Se, c3 + 1008 + 113 c2 — 12c, cf + 2e8) . 

Remarks: 1). Formula (12) implies that T, is divisible by c¢, for 
k odd. 

2). It follows from formula 1.4 (10) applied to the m-sequence 
{T,} that the coefficients of c, and cf in the Topp polynomial T, are 
equal. It is easy to see that {7} is the only m-sequence which has this 

: 1 
property and for which T, = 3 ¢- 

The following lemma shows that the substitution c; = ("F ') 
defined by 

Lepe tee +e, c= (14+ x) tt (mods*t) 

gives the value T,,(¢,, ..., Cy) = I 

Lemma 1.7.1. Let Ole) = [ores « Then for every k the coefficient of x* 
in (Q(x))**+ ts equal to 1, and OW 3 ts the only power series with rational 
coefficients which has this property. 

Proof: By the Caucny integral formula as in Lemma 1.5.1. A similar 
proof gives 

Lemma 1.7.2. Substitute in Ty(c,, ..., ¢,) the values c, given by 

Lee tt + ty x® = (1+ x)F(L— 2x) (modxF +). 

Then T, = 0 fork = 1. 
There is a result analogous to Lemma 1.5.2 which is proved in 

ATIVAB-HIRZEBRUCH [4]: 
Lemma 1.7.3. The polynomial T, can be writien in a unique way as a 

polynomial with coprime integer coefficients, divided by a positive integer 

p(T), where , B(T,) = [er] 
is a product over all primes q with 2S ¢ Sk + 1. Moreover (see Lemma 

1.5.2} a(Teasa) = 2u(T yx) = 24? (Ly). 
1.8. Now let the coefficient ring B be the ring Q[y] of polynomials 

in an indeterminate y with rational coefficients. Consider the m-sequence 
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T;(y; ¢, ..., ¢;) with characteristic power series 

. aly +3) ey +h 
QO(y3*) = i. erp ~¥* >= per pts. 

The following generalisation of Lemma 1.7.1 shows that the substitution 

c= ("F ‘) gives 
Ty(¥3 Cy + Gp) = L- yt yee + (Ie. 

Lemma 1.8.1. For every n the coefficient of x" in (O(y; x))"*! is 

equal to 3’ (—1)* y', and Q(y, x) is the only power series with coefficients 
i=0 

in Q(y] which has this properly. 
The polynomial T,,(y;¢,,...,¢,) can be written in a unique way 

in the form 

Thy; Cy stoty fn) ~ 2 Tiley, sets Cx) yP . 

The polynomials Ti (cy, .. ., Gn) satisfy 

Th (ly. --s Oy) = (- 1)" TH? (gy, ..., &)- (13) 

Proof of (13): @ C y x) =x O(y; —x) and therefore 
I ye Ta(s3 bupee es on) = (-1)" Ty(3 Cy - + G)- Q. ED. 

Consider the formal factorisation 
nm 

Liaw ter tet = IT (l+y;,%) (14) 
i=] 

where x is an indeterminate. Then (again writing exp (a) = e*) 
kid 

a _ a Ap mn ye nn 4. Tale +6) = ty | exp(—7, 1) Lae]. 09) 
n The sum is over all ( p 

denotes the sum of all homogeneous terms of degree in the y; which 
occur in [ ]. By (14) this sum can be written as a polynomial in the c, of 
weight 1. 

Proof of (15): Denote temporarily the expression on the right hand 
side of (15) by 7%. Then 

7 ee 7 _y)) —— Ye ater = Hy [az (a + y exp(—y:)) i—exp —a)| 
_ > +yexp(—-(l +9) yd) | Gia ~% [a i+y 1—exp(—(1 +9) =a 

) combinations of p pairwise distinct y;. , [] 

- va | HOW; 70] = FT y...G)%. QED. 
t= 1 p= 
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Binally note that Q(0;%)=7— pe, O(-1: x)= 1+ % and 

(ix = . Therefore (see 1.5 and Lemma 1.3.1) 

e.. see ae) = T, (cy ---,¢) (Topp polynomial) , 
2 (IP T2 (Cus. ose) = Ge 

ss 

a Ts (64... +s Ga) = L(y, 29 Gq), 46 (16) 
peo. 

* TEA = 0 for n odd 

mas Oa) t 7g, dy) for m= 2k. 
19. “The Topp polynomials are essentially the BERNOULLI poly- 

nomials of higher order defined by Néritunp (see N. E. N6GRLUND, 
Differenzenrechnung, Berlin, Springer-Verlag, 1924, especially p. 143). 
The BERNOULLI polynomial B® (y,, . . ., y,) is defined by 

Usp nit Pe 1S BY, owns Yn) * 
text 

If the c, are regarded as the elementary symmetric functions in yy, .. .. Yn 
[see 1.8 (14)] then 

Tx(Cu. «os Cp) =< GP BE yy, -- s yn) for RS 
A corresponding remark holds for the polynomials A, defined in 1.6. 

They are essentially the polynomials D, considered by NOrLunp. In the 
notation of 1.3 and 1.6 

gre 

Ax(Py -- > Pe) = Ane (Cy - «+1 Cex) = Gai DP Ye -+9 9x) for 2kSn. 

§ 2. Sheaves 

This paragraph contains the basic results of sheaf theory needed in 
the present work (see also Cartan [2], SeRRE [2] and GRAUERT- 
Remmert [1]). The book by Gopement [1] is strongly recommended 
as a self-contained introduction to algebraic topology and sheaf theory. 

We use the following terminology. A iopological space X is a set 
in which certain subsets are distinguished and called open sets of X. 
It is required that the empty set, and X itself, be open sets and that 
arbitrary unions and finite intersections of open sets be open. An open 
neighbourhood of a point x € X is an open set U such that x ¢ U. Asystem 
of open sets of X is called a basis (for the topology of X) if every open 
set of X is a union of sets in the system. X is a Hausporrr space if, 
given any two distinct points x,, x, in X, there is an open neighbourhood 
U, of x, and an open neighbourhood U, of x, such that U, n U,is empty. 
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An open covering U of X is an indexed system U = {U,},<;7 of open 
sets of X whose union is equal to X. The index + runs through the given 
index set I and so it is possible for the same open set to occur several 
times in the covering. Since the index set is arbitrary there are logical 
difficulties in discussing the set of all open coverings of X. These dif- 
ficulties can be avoided by considering the set of all proper coverings 
of X. An open covering U = {U,},<; is proper if distinct indices 4, 7 € I 
determine distinct open sets U,, U; and if the index set is chosen, in 
the natural way, as the set of all open sets of the covering. Each proper 
covering is then a subset of the set of all subsets of X. 

An open covering G = {V,},<, of X is a refinement of U = {Uj :¢7 if 
each V, is contained in at least one U,. Two open coverings are cojine 
if each is a refinement of the other. It is clear that, given any open 
covering U, there is a proper covering G such that U and G are cofine. 
A Hausporrr space is compact if for every open covering U = {Uj},67 
of X there is a finite subcollection {U,, ..., U;,} which is an open 
covering of X. 

2.1. Definition of sheaves and homomorphisms 

Definition: A sheaf G (of abelian groups) over X is a triple 
© = (S, 2, X) which satisfies the following three properties: 

I) S and X are topological spaces and n:S -> X is an onto continuous 
map. 

It) Every point «€ S has an open neighbourhood N in S such that n|N 
is a homeomorphism between N and an open neighbourhood of a{a) in X. 

The counterimage x~1(x) of a point x €X is called the stalk over x 
and denoted by S,. Every point of S belongs to a unique stalk. Property 
{I) states that 2 is a local homeomorphism and implies that the topology 
of S induces the discrete topology on every stalk. 

TU) Every stalk has the structure of an abelian group. The group 
operations associate to points a, B €S, the sum a+ B CS, and the difference 
a- BES,. The difference depends continuously on a and p. 

In Ill), “continuously” means that, if S@S is the subset 
{(a, B)E SxS; a(x) = 2(f)} of Sx S with the induced topology, the 
map S @ S -» S defined by («, f) -> (a — f) is continuous. Properties 1), 
IJ), IY) imply that the zero element 0, of the abelian group 5S, depends 
continuously on x, #. ¢., the map X -> S defined by x > 0, is continuous. 
Similarly the sum «-++ § depends continuously on a, B. 

Remark: Property III) can be modified to give a definition of a 
sheaf with any other algebraic structure on each stalk. It is sufficient 
to require that the algebraic operations be continuous. It will often 
happen that each stalk of S is a K-module (for some fixed ring K). 
In this case III) must be modified to include the condition: the module 
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multiplication associates to 2€S,, R€K a point ka €S, and the map 
S— S defined by a > ke is continuous for each & ¢ K. In the sequel we 
shall tacitly assume that all sheaves are sheaves of abelian groups or 
sheaves of K-modules (fixed ring K). All definitions and theorems are 
formulated for sheaves of abelian groups only but they remain true for 
sheaves of K-modules with the appropriate modifications (e.g. with 
“homomorphism” replaced by “K-homomorphism’’). In many cases 
K =C (field of complex numbers). Sections 2.1—2.4 can be carried over 
for sheaves with arbitrary algebraic structures. However, the definition of 
cohomology groups of a topological space X with coefficients in a sheaf 
© given in 2.6 depends essentially on the fact that each stalk of © is an 
abelian group or a K-module. The cohomology groups themselves are 
then abelian growps or K-modules. Part of the cohomology theory in 
dimension 1 holds also in the non-abelian case (see 3.1). 

Definition: Let G=(S,a,X) and G = (S,#,X) be sheaves 
over the same space X. A homomorphism h: © -> G is defined if 

a) his a continuous map from S to 8. 
b) x= th, i.e. h maps the stalk S, to the stalk 8, for each x€X. 
c) For each x €X the restriction 

hy Sy &, (1) 
ts a homomorphism of abelian groups. 

By a) and b), / is a local homeomorphism from S to 8. 
If h, is one-one for each point x ¢€X we call h a monomorphism. 

Similarly # is an epimorphism if h, is onto for each x € X, and an tso- 
morphism if h, is an isomorphism for each x € X. Further elementary 
properties of sheaves are discussed in 2.4. 

2.2. Presheaves 

In many concrete cases a sheaf over a topological space X is con- 
structed by means of a presheaf. 

Definition: A presheaf over X consists of an abelian group Sy 
for each open set U of X and a homomorphism r¥: Sy-> Sy for each 
pair of open sets U, V of X with Vc U. These groups and homomorphisms 
satisfy the following properties: 

1) I} U is empty then Sy = 0 is the zero group. 
ID) The homomorphism r¥: Sy > Sy is the identity. I} WOVCU 

then 7 = ry rd. 
Remark: By J) it suffices to define Sy and r¥ only for non-empty 

open sets U, V. 
Every presheaf over X determines a sheaf over X by the following 

construction: 
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a) For each point *€X let S, be the direct limit of the abelian 
groups Sy, x € U, with respect to the homomorphisms 7 (see for instance 
EILENBERG-STEENROD [1], Chapter VIII). In other words: U runs 
through all open neighbourhoods of +. Each element f € Sg determines 
an element /, € S,, called the germ of f at x. Every point of S, is a germ. 
If U, V are open neighbourhoods of x and /€ Sy, g€ Sy then f, = g, 
if and only if there is an open neighbourhood W of x such that Wc U, 
WcV andr} f=rk g. 

b) The direct limit S, of the abelian groups Sz is itself an abelian 
group. Let S be the union of the groups S, for distinct x € X and let 
nm: SX map points of S, to x. Then S is a set in which the group 
operations of 2.1 ITT) are defined. 

c) The topology of S is defined by means of a basis. An element 
}€Sy defines a germ /, €S, for each point y € U. The points f,, y €U, 
form a subset fy of S. The sets fy (as U runs through all open sets of X, 
and / through all elements of Sy) form the required basis for the topology 
of S. 

It is easy to check that by a), b) and c) the triple @ = (S, 2, X) 
is a sheaf of abelian groups over X. This sheaf is called the sheaf con- 
structed from the presheaf {Sy, rV}. 

Let G = {Sy, rJ} and G = {Sp, 7¥} be presheaves over X. A homo- 
morphism h from © to G is a system {hy} of homomorphisms hy: Sy + Sy 
which commute with the homomorphisms rf, FY, i.e. 7] hy = hy r¥ 
for Vc U. 

The homomorphism h is called a monomorphism (epimorphism, 
tsomorphism) if each homomorphism hy is a monomorphism (epi- 
morphism, isomorphism). G is a subpresheaf of G if, for each open set U, 
the group Sy is a subgroup of Sy and 77 is the restriction of #¥ to Sy 
for VC U. If G is a subpresheaf of G then the quotient presheaf © /G 
is defined. This assigns to each open set U the quotient group Sy/Sy. 
If 4 is a homomorphism from the presheaf © to the presheaf G then the 
kernel of h and the image of # are defined in the natural way. The kernel 
of A is a subpresheaf of © and associates to each open set U the kernel 
of hy. The image of 4 is a subpresheaf of G and associates to each open 
set U the image of hy. 

Let G = (S, a”, X) and G= 8, %, X} be the sheaves constructed 
from the presheaves G and G. The homomorphism hk: G > G induces 
a homomorphism from @ to G which is also denoted by h. In order to 
define this homomorphism it is sufficient to define the homomorphisms 
h,: S, > 4, [see 2.1 (1)]: if a € S, is the germ at x of an element f € Sy 
then A, (a) is the germ at x of the element Ay({/) € Sy. This rule gives a 
well defined homomorphism h,:S,-> 5, called the direct limit of the 
homomorphisms hy. 
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2.3. The canonical presheaf of a sheaf 

A section of a sheaf © = (S, a, X) over an open set U is a continuous 
map s:U—S for which as: U > U is the identity. By 2.1 ITI) the set 
of all sections of G over U is an abelian group which we denote by 
I'(U, ©). The zero element of this group is the zero section x — 0,. 
If s is a section of S over U the image set s(U) CS cuts each stalk S,, 
«¢€ U, in exactly one point. 

Now associate to each open set U of X the group I'(U, 6) of sections 
of & over U, where if U is empty [’(U, 6) is understood to be the zero 
group. lf Vc U let r¥: F(U, G6) > FV, S) be the homomorphism which 
associates, to each section of G over U, its restriction to V (if V is 
empty put 7% = 0). The presheaf {7’(U, S), r¥} is called the canontcal 
presheaf of the sheaf 6. By the construction of 2.2 a), b), c) the presheaf 
{'(U, ©), r¥} defines a sheaf; this is again the sheaf ©. In fact by 
2.1 I), T) every point 2€S belongs to at least one image set s(U), 
where s is a section of 6 over some open set U. If s, s' are sections over 
U, U’ with @€s(U) ns’ (U") then s agrees with s' in an open neighbour- 
hood of x= «\a). Therefore germs at x of sections of G over open 
neighbourhoods of x [see 2.2 a)] are in one-one correspondence with 
points of the stalk S,. Further the system of all image sets s(U) is, 
by 2.1 1), It}, a complete system of open sets for the topology of S, in 
agreement with 2.2 c). 

Let G be the sheaf constructed from a presheaf © = {Sy rf}. 
An element {¢€ Sy has a germ /, at x for each point x € U [2.2 a)]. Let 
hy (f) be the section x -> /, of G over U. This defines a homomorphism 
hy: Sy > F'(U, S) and hence a homomorphism 4é from © to the canonical 
presheat of G. In general A is neither a monomorphism nor an epi- 
morphism (for details see Serre [2], § 1, Propositions 1 and 2). The 
homomorphism {fy} from © to the canonical presheaf of @ induces 
the identity isomorphism 4: G > © (see the end of 2.2). 

2.4, Subsheaves. Exact sequences. Quotient sheaves. Restriction and 
trivial extension of sheaves 

We now come to further algebraic concepts of sheaf theory. 
Definition: G’ = (S’, x’, X) is a subsheaf of G = (S, x, X) if 

1) S’ ts an open set of S. 
Il) a’ Gs the restriction of x to S’ and maps S’ onto X. 

TID) The stalk n’-4 (x) = S’ rv x—}(x) ts @ subgroup of the stalk n-*(x) 
for all x EX. 

Condition I) is equivalent to 
I*) Let s(U) c S be the image set of a section of © over U and a€s(U) NS’. 

Then U contains an open neighbourhood V of n(a) such that s(x) € S’ for 
allx eV. 
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Conditions I*), IT) imply that z’ is a local homeomorphism and IIT) 
implies that the group operations in @’ are continuous. Therefore the 
triple (S’, 2’, X) is itself a sheaf. The inclusion of S’ in S defines a mono- 
morphism from @’ to © (see 2.1) called the embedding of G’ in ©. 

The zero sheaf 0 over X can be defined up to isomorphism as the 
triple (X, «, X) where a is the identity map and each stalk is the zero 
group. The zero sheaf is a subsheaf of every sheaf © over X: let S’ be the 
set 0(6) of zero elements of stalks of ©, i. e. 0(@) = s(X) where s is the 
zero element of I'(X, 6). 

Let G = (S, a, X) and & = (8, %, X) be sheaves over X and 
h:G->G a homomorphism. If S’ = 4-#(0(6)) and a’ = a|S’ then 
(S’, x’, X) gives a subsheaf A-1(0) of © called the kernel of h. The stalk 
of the sheaf #~1(0) over x is the kernel of the homomorphism h,: S, > 8, 
{see 2.1 (1)]. If 8’ = h(S) and # = 4S’ then (8, #’, X) gives a subsheat 
h(G) of & called the image of hk. The stalk of the sheaf #(G) over x is the 
image of the homomorphism /,. 

Let {A,} be a sequence of groups (or presheaves or sheaves) and {h,} 
a sequence of homomorphisms h,: A,;— Aj,,;. (The index 7 takes all 
integral values between two bounds #5, 2, which may also be —co or +00. 
Thus A, is defined for #g<i< ", and h, for %)<i<n,—1.) The 
sequence A,, h; is an exact seguence if the kernel of each homomorphism is 
equal to the image of the previous homomorphism, provided the latter is 
defined. If the A; are presheaves {S\)} over the topological space X, 
then the exactness means that for each open set U of X there is an exact 
sequence of groups 

vse SM > SEFD > SUID, «+, (2) 

If the A, are sheaves over X then the exactness means that at each 
point x €X the stalks of the sheaves A, form an exact sequence. Since 
the direct limit of exact sequences is again an exact sequence (EILEN- 
BERG-STEENROD [1], Chapter VIII, Theorem 5.4) we have 

Lemma 2.4.1. Consider an exact sequence 

5 Gy Gai > Garg (3) 
of presheaves over X. Then the induced sequence of sheaves ©, constructed 
from ©, is an exact sequence of sheaves over X. 

For example let 

0-6’ 646"50 (4) 
be an exact sequence of sheaves @’ = (S’, 2’, X), G= (S, a, X} and 
@” = (S", 2", X) over X. 

The first 0 denotes the zero subsheaf of @’, the first arrow the embed- 
ding of 0 in G’. Therefore exactness implies that h’ is a monomorphism 
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and can be regarded as the embedding of the subsheaf 6’ in ©. The 
final 0 denotes the zero subsheaf of 6”, the final arrow the trivial homo- 
morphism which maps each stalk of G” to its zero element. Therefore 
exactness implies that 4 is an epimorphism. For each point x €X the 
exact sequence (4) gives a corresponding exact sequence of stalks over x: 

0+ S748 5,74 Sv +0. (5) 
The group SY is isomorphic to the quotient group S,/Sj. It is easy 

to check that S” has the quotient topology with respect to the map 
h: S > S” {a subset of S” is open if and only if its counterimage under & 
is an open set in S). This shows that given the sheaf 6 and the subsheaf 
@’ there is (up to isomorphism) at most one sheaf 6” for which the 
sequence (4) is exact. It is possible to prove the existence of such an 6” 
directly so that we may speak of the quotient sheaf @” = 6/6’. We shall 
obtain the existence of G” in a slightly different manner by defining 
first a presheaf for 6”. 

Let G’ be a subsheaf of G and U an open set of X. The group (VU, 6 
of sections of G’ over U is then a subgroup of P’(U, G), the group of 
sections of G over U. We define SZ = I'(U, S)/I'(U, GS’) so that there 
is an exact sequence 

0+~P(U, S)> PU, 6)-> Sg>0. (6) 

If V is an open set contained in U the restriction homomorphism 
LU, ) > F(V, S) maps the subgroup [(U, G@’) of LU, G) to the 
subgroup I'(V, @’) of '(V, S) and induces homomorphisms r} : Sy ~> S}. 
The presheaf {Sy, 7¥} is the quotient of the canonical presheaf of © 
by the subpresheaf given by the canonical presheaf of G’. Let G’’ be the 
sheaf constructed from the presheaf {S7,r¥}. The exact sequence (6) 
of presheaves induces, by Lemma 2.4.1, an exact sequence of sheaves as 
required. We collect our results in the following theorem: 

Theorem 2.4.2. Let G be a sheaf over a topological space X and @’ 
a subsheat of G with embedding h': G’ -> ©. There exists a sheaf G" 
over X, unique up to isomorphism, for which there is an exact sequence 

0+ 6 + 64.6"+0. (7) 
At each point x € X the homomorphism h, gives an isomorphism between 

the quotient group S,/S), and the stalk SY of ©” over x. 
Remark: From (7) one obtains the exact sequence 

00> FU, 6) > FU, 6) + FU, 6"). (8) 

In general ['(U, G) + F'(U, GS") is not an epimorphism. By (6), Sz is 
the subgroup of 7'(U, G”) consisting of all sections of 6” over U which 
are images of sections of @ over U. 
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Let G = (S, x, X) be a sheaf over X and let Y be a subset of X. 
Tf the subset 7—1(Y) of S is given the induced topology the triple 
(a-*(Y), ajz-1(Y), Y) defines in a natural manner a sheaf G[Y over Y 
called the restriction of G to Y. 

Theorem 2.4.3. Let Y be a closed subset of the topological space X 

and © = {S, a, Y) @ sheaf over Y. There exists a sheat & over X, unique 
up to isomorphism, such that G\Y = © and SX ~ Y) = 0.-The groups 
IU, &) and I'(U rn Y, ©) are isomorphic for any open set U of X. 

A 

(G is called the (érivial) extension of G to X.) 
Proof: Uniqueness follows immediately from the properties of 

6: if G= (S, 4, X) then §=Su((X — Y)x0), &(a) = a(a) for 
a€S, #(ax 0) =a for a€ X — ¥ and therefore the stalk 8, = 47} (x) 
is equal to a~1(x} for x € Y and equal to the zero group for *€ X — Y. 
The sets s(U nm Y) U((U nm (X — ¥))x 0), for arbitrary open sets U 
of X and arbitrary sections s of G over U, define a basis for the topology 

of §. This completes the construction of 6. It is also possible to define 
& by means of a presheaf: associate to each open set U of X the group 
8y = IP'(U 7 Y, S) and to each pair of open sets U, V with VC U the 
restriction homomorphism 7}: "(UU n Y, 6) > IV n Y, G). Since Y 
is closed, each point « ¢X — Y has an open neighbourhood U for which 

UnY is empty and $8; = 0. Therefore the sheaf & constructed from 
the presheaf {8y, 79} has G|Y = © and G|X — Y = 0. In fact {8y, 13} 
is the canonical presheaf of 6. 

Remark: Suppose that at some boundary point of Y the stalk of G 
has a non-zero element. Then 8 is a non-HAvsporFF space. 

2.5, Examples 

1) Let X be a topological space and A an abelian group. The constant 
sheaf over X with stalk A is defined by the triple (Xx A, 2, X) and is 
also denoted simply by 4. Here 7: Xx A-»+X is the projection from 
the cartesian product Xx A where A is given the discrete topology. 
The sum and difference of points (x, 4) and (x, a’) in X x A are equal to 
(x, 4 +4’). 

2) Let X be a topological space. Associate to each non-empty open 
set U of X the additive group S, of all continuous complex valued 
functions defined on U. For VC U the homomorphism 7¥: Sy > Sy is 
defined by taking the restriction to V of each function defined on U. 
Let C, be the sheaf constructed from the presheaf {Sy, 7¥} as in 2.2. 
Then C, is called the sheaf of germs of local complex valued continuous 
Juncitons. 
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The sheaf €¥ of germs of local never zero complex valued continuous 
functions is defined similarly: associate to each non-empty open set U 
the abelian group S?; of never zero complex valued continuous functions 
defined on U. The group operation is ordinary multiplication. There is a 
homomorphism Sy —> S* which associates to each function f€Sy the 
function e®*?f ¢S¥. This defines a homomorphism {Sy, r¥} > {SG, r¥} 
of presheaves and hence a homomorphism €, -> C¥ of sheaves (see 2.2). 
The kernel of the homomorphism C, > C¥ is a subsheaf of €, isomorphic to 
the constant sheaf over X with stalk the additive group Z of integers. 
Every point z, in the multiplicative group €* of non-zero complex 
numbers has an open neighbourhood in which a single branch can be 
chosen for logz. If & is a germ of C* then (22 1)~! logs is a germ of C, 
which maps to & under C, > C%¥. Therefore there is an exact sequence of 
sheaves over X 

0>Z->C,> CF>0. (9) 
3) Now let X be a n-dimensional differentiable manifold. We adopt 

the following definition (see pz Ruam [1], § 1, and Lane (1]). X isa Haus- 
DORFF space with a countable basis. At each point x€X certain real 
valued functions are distinguished and called differentiable at x. Each 
function is defined on some open neighbourhood of x and the following 
axiom is satisfied : 

There ts an open neighbourhood U of x and a homeomorphism g from U 
on to an open subset of R” such that, for all y CU, if fis a real valued func- 
tion defined on a neighbourhood V of » and h = g|U rv V, then f is differen- 
tiable at if and only if f h- is C*-differentiable at g(y). 

Here / #-? is a real valued function defined on an open neighbourhood 
of g(x) in R*. It is C°-differentiable at g(x) if all the partial derivatives 
exist and are continuous in some neighbourhood of g(x). 

A homeomorphism g which satisfies this axiom is called an admissible 
chart of the differentiable manifold X. 

lf X is a differentiable manifold, and U is an open set of X, let Sy 
be the additive group of complex valued functions differentiable in U 
(a complex valued function is differentiable if and only if its real and 
imaginary parts are differentiable). Just as in 2), the presheaf {Sjy, r¥} 
defines a sheaf C,: the sheaf of germs of local complex valued differentiable 
functions, Similarly the sheaf C¥ of germs of local never zero complex 
valued differentiable functions is defined. As in 2) there is an exact 
sequence of sheaves over X 

0>Z>0,>CF>0. (10) 
4) Now let X be a n-dimensional complex manifold. The definition 

is analogous to that of a differentiable manifold (see Wri [2]). X is a 
HausporrF space with a countable basis. At each point x €X certain 
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complex valued functions are distinguished and called holomorphic 
or complex analytic at x. Each function is defined on some open neigh- 
bourhood of x and the following axiom is satisfied: 

There is an open neighbourhood U of x and a homeomorphism g from U 
on to an open subset of C,, such that, for all yC U, if f is a complex valued 
function defined on an open neighbourhood V of y and h = g\U nV, then 
f ts holomorphic at y if and only if { h-) is holomorphic ai g(y). 

A homeomorphism g which satisfies this axiom is called an admissible 
chart of the complex manifold X. The admissible charts of a #-dimensional 
complex manifold X can be used, in a natural way, to define a 2n- 
dimensional differentiable manifold with the same underlying space X. 

If X is a complex manifold let Sy, be the additive group of (complex 
valued) functions holomorphic in U. Just as in 2) and 3) these groups 
define a sheaf €,,: the sheaf of germs of local holomorphic functions. 
Similarly the sheaf C¥ of germs of local never zero holomorphic functions 
is defined and there is an exact sequence of sheaves over X 

0+>Z—>C€, — CE >0. (11) 
Remarks: The sheaves €,, C,, C,, can also be regarded as sheaves 

of C-modules. In the exact sequences (9}, (10), (11) all sheaves are how- 
ever to be regarded as sheaves of abelian groups. The presheaves used 
to construct €,, C¥, C,, CF, C,, C* are all canonical presheaves. For 
instance ["(U, C,) is the additive group of all complex valued continuous 
functions defined on U. 

2.6. Cohomology groups with coefficients in a sheaf 

The aim of this section is to define, for each integer g 2 0, the co- 
homology group H*(X, ©) of the topological space X with coefficients 
in a sheaf @ over X. As a first step we define the cohomology groups 
H#(U, ©) of an open covering U= {U,},<; of X with coefficients in a 
presheaf ©. The cohomology groups H¢(U, G) of U with coefficients in a 
sheaf © are defined to be the cohomology groups of U with coefficients 
in the canonical presheaf of 6. Finally the cohomology groups H1(X, ©), 
H«(X, G) are defined as the direct limit of all groups H*(U, ©), H*(U, S) 
as Ul runs through “‘all’’ open coverings of X. 

Cohomology groups H¢(U, G), H*(U, 6): 

Let G={Sy,7¥) be a presheaf over X and U={U,},<; an open 
covering of X. A g-cochain is a function / which associates to each 
(q+ 1)-ple (f,, ...,4,) of indices in I an element / (iq, .... 4.) Of S(u;yn... nui 
The g-cochains form a group C¢(U, G). Define the coboundary homo- 
morphism 

&: CU, G) > C+ QL G) 
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by the formula: 
g+1 

(BFA) ioe Fata) = BP (PIG ios bes = feral) 

for f€C°QU, G). Here the “roof” (+) over a symbol means that the 
symbol is to be omitted, 

= Une AU,,,, and W,= OA nen 0,077 AU,,.. 

As usual d+} 6 = 0 and therefore cohomology groups can be defined: 

H®(U, G) = kemel (6%)/image (6¢—4) . 

The cohomology groups H*(U, 6) with coefficients in a sheaf G over X 
are then defined as the cohomology groups with coefficients in the 
canonical presheaf of G. 

Cohomology groups H*(X, ©), H*(X, 6): 

Let G = {Vj},<, be a refinement of the open covering U = {U;},¢7. 
Choose a map +: J > J so that V;C U,, for all j ¢ J. The mapvr defines 
a homomorphism 

t¥: C°QU, G) > C7, G) 
by the formula 

(* ) Gor» Fa) = 1H (HE Fo» + - +» THe) 
for 7 €C*(U, G). Here we have for the moment put W = Vy n-++ Vy, 
and W’ = U,;,.+°+\ U,;,s0 that Wc W’. 

For each g = 0 there is a commutative diagram 

Cr, 6) > —Cx(B, G) 
oa t { 6 

Crtt(Y, G) > Cx+1(G, G). 
Therefore t* induces a homomorphism 

B: HU, G) > HB, G). 

Lemma 2.6.1. The homomorphism i depends only on the open 
covering U and the refinement G of U, and not on the choice of refinement 
map: J > I. Furthermore 0 is the identity, and if W is a refinement of B 
then H, = &, &. 

Proof: Let t, t’ be two maps from J to I with V,;c U,; 0 U;,;. 
For each g 2 1 we define a homomorphism (homotopy operator) 

i: C°QU, G) > C-1(B, G) 
by the formula 

g-i 

(f) (Jo. - +» Je-a) = 2 (DPE Cho --- tin Thy O Int 9 Te) 
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for f € C*(U, G). Here we have for the moment put 

W=¥y0-° nV; 
3g—2 

and 
Wy = U2;,,0°+° OU OU eg OU. ANU gy, TV Gkid - 

so that Wc W,,. Then 
Rt 6° = (c’)* — 2* 

1-1 fay Rott = (r'}*—2* for gai. 

This proves the first part of the lemma. The second part follows im- 
mediately. 

By Lemma 2.6.1, cofine coverings have naturally isomorphic co- 
homology groups. It is therefore possible, for the definition of the co- 
homology groups of the space X, to restrict attention to proper coverings 
of X (see the beginning of this paragraph for terminology). 

Definition: The cohomology group H*(X, G) of the topological 
space X with coefficients in a presheaf © is the direct limit of the groups 
H*(U, G) with respect to the homomorphisms i, where U runs through 
all proper coverings of X. 

The cohomology groups H*(X, ©) with coefficients in a sheaf G over X 
are the cohomology groups with coefficients in the canonical presheaf of ©. 

The cohomology group H®(U, G) is, by definition, the group of 
functions / which associate to each 7 ¢€ J a section f, of G[U, such that 
f= f, on U, 0 U;. Therefore H*(U, G) = ['(X, S) which gives 

Theorem 2.6.2. The cohomology group H°(X, ©) is naturally iso- 
morphic to the group P(X, G) of sections of G over X. 

Now let © be a sheaf over a closed subset Y of the topological space X 

and & the trivial extension of G to X constructed in Theorem 2.4.3. 
With these notations we have 

Theorem 2.6.3. The cohomology groups H*(Y, G) and H#(X, 6) 
are naturally isomorphic. 

Proof: An open covering U = {U,},-; of X defines an open covering 
WY = {0,0 Y}.er of Y. Every open covering of Y is obtained in this 
way. For each open set U of X the groups (Un Y, 6) and (VU, S) 
are naturally isomorphic, and these isomorphisms are compatible with 
the restriction maps r¥ when V c U. Therefore there is an isomorphism 

CaULY, S) ~ Ca(U, S) 
for each g which commutes with the coboundary homomorphisms in the 

cochain complexes {C*(U]Y, 6)} and {C*(U, G}}. Therefore there is a 
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natural isomorphism . 
He(uyy, 6) = HQ, 6) 

and the statement of the theorem follows. 

2.7. The exact cohomology sequence for presheaves 

Let G, G be two presheaves over the topological space X. A homo- 
morphism 4 = {ky} from G to G (see 2.2) induces in a natural way a 
homomorphism h, from C#(U, G) to C*(U, G). This homomorphism 
commutes with the coboundary homomorphisms and therefore defines a 
homomorphism _ 

hy: He, G) > He, ©) 

for each ¢ = 0. If G is a refinement of 21 there is a commutative diagram 

He(U, ©) +s, He(U, G) 

al 1a (12) 
HB, 6) —> H+(B, 6) 

and hence in the direct limit a homomorphism 

hy 1 He(X, ©) > He(X, G). 
Now consider an exact sequence 

0-6’ 6" 6" — 0 (13) 
of presheaves over X (see 2.4). Here 0 denotes the zero presheaf which 
associates the zero group to each open set of X. Let Sy, Sy, Sz be the 
groups associated to the open set U by the presheaves @’, G, G". 
Then Sj is the quotient group S,/S7. Therefore for each open covering U 
of X the sequence 

o— Cru, 6’) % cea, 6) “* Cea, 6) + 0 (14) 
induced by (13) is exact. 

The theory of cochain complexes implies that there is an exact 
cohomology sequence 

’ o 

O— HQ, 6)“ HQ, G) “3 HU, 6”) “& HAL, 6’) > 
, (15) - ++ > He, 6) “% He, 6) “% He, 6") , He+10, G') oe, 

The homomorphism df is obtained in the following way: Represent 
the element 6 ¢ H*(U, G") by a cochain /ECt(U, G") with &/ = 0. 
By the exactness of (14) it is possible to choose a cochain g € C«(U, G) 
such that 4,(g) =f. Therefore & g lies in the subgroup C*t!(U, G’) of 
Ceti (Y, G) and 6+! (d* g) = 0. Then df b ¢€ Ht+! (QU, G’) is the element 
represented by the cochain & g. 
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Now let G be a refinement of the open covering lt of X. There is an 
exact cohomology sequence for %, corresponding to (15), and the diagram 

A 

He(U, 6") He+10, 6) 
8 | 1% (16) 

a 

He(G, G") + He+1(GB,G) 
is commutative. Therefore in the direct limit there is a homomorphism 
for each g = 0 

6%: HU(X, G") > Het1(X, G’). 

The commutative diagram (16), and the commutative diagrams (12) 
given by #’ and A, imply that 4 is a homomorphism from the exact 
cohomology sequence (15) for 1 to the corresponding exact cohomology 
sequence for B. There is a commutative diagram 

+++ He, 6) “& He (U,G) “> He QU, 6”) &, Hey, G)) > ++ 

[8 | |% [8 a7) 
’ 

+++ > HUB, 6)" H«(%,G) Js, Ha(, G") Hi+8(G,G/) > +++. 

The direct limit of exact sequences is again an exact sequence and 
therefore (17) implies 

Lemma 2.7.1. An exact sequence 0 > @' > © > G@" > 0 of pre- 
sheaves over a topological space X gives a natural exact cohomology sequence 

0 > H°(X, ©’) > H°(X, ©) > H°(X, 6") > H(X,G) >-°- 
. (18) +++ HX, G') > H4(X, G) > Ht(X, 6”) , H70+1(X, 6’) pee, 

Corollary: Lef 0> G’+ G +. & + G"- 0 be an exact sequence 
of presheaves over a topological space X, and suppose that H*(X, G’) 
= H®(X, ©") = 0 for all g = 0. Then hy, : H4(X, ©) > H1(X, G) is an 
isomorphism for all g = 0. 

Proof: Let #(G) be the image of 4. Then the exact sequences 
0-+ 6 + G>h(G) > 0 and 0 > 4(G) > G-> G" + 0 imply that. h, 
is the composition of isomorphisms H*(X, G) -> H*(X, h(G)) > 
-» H«(X, &) for all ¢ = 0. 

2.8. Paracompact spaces 

Certain results of sheaf theory can be proved only for paracompact 
spaces (see however the bibliographical note to Chapter One). In this 
section we collect the definitions and theorems on paracompact spaces 
which are needed. We follow the definitions given by BourBaxi (Topo- 
logie générale). Thus compact, locally compact and paracompact spaces 
are all HausporrrF spaces by definition. 
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Definition: An open covering U = {U,},<, of a topological space X 
is point fimtie if each point of X is contained in U, for only finitely many 
#¢€J. The covering U is locally finite if each point of X has an open 
neighbourhood which meets U, for only finitely many 7 € I. 

Definition: The topological space X is paracompact if it is a Haus- 
DORFF space and if every open covering of X has a locally finite refine- 
ment. 

Theorem 2.8.1 (Oteuponne [1], Théoréme 1). Every paracompact 
space is normal. 

Theorem 2.8.2 (DieuponNeE [1], Théoréme 3). Every locally compact 
space, which is the union of a countable number of compact subsets, is 
paracompact. In pariicular, every locally compact space with a countable 
basts is paracompact. 

The manifolds which occur in this book are, by definition, Haus- 
DORFF spaces with a countable basis [see 2.5, 3) and 4)]. They are there- 
fore paracompact by Theorem 2.8.2. It is also true that every metric space 
is paracompact and that every CW-complex is paracompact [Mortra, 
Math. Japon. 1, 60—68 (1948) and Proc. Japan Acad. 30, 711—717 (1954)]. 

Theorem 2.8.3 (Shrinking Theorem, Dizuponné [1], Théoréme 6). 
Le U={Uj,c7 be a point finite open covering of a normal space X. 
Then there is an open covering G = {V;},c, with the same index set I such 
that Vc U, for all 7 I. 

If @:X—>R is a continuous function, the support supp@ 
= {x €X; p(x) + O} is the smallest closed set outside which is zero. 

Definition: Let U = {U;},¢; be an open covering of the topological 
space X. A system {¢;},¢, of real valued continuous functions defined on 
X is called a parittion of unity associated to U if 

1) ge(x) BO for x EX, 
2) suppg,c U;, 
8) each point x CX has an open neighbourhood which meets suppq; 

for only finitely many i CI, 
4) >? o,{x) = 1 for all x € X. (The sum can be formed because of 3).] 

if 

Theorem 2.8.4. X ts paracompact tf and only if X 1s a HAUSDORFF 
space and every open covering of X admits an associated partition of unity. 

Proof: Suppose that X is paracompact and that H = {U,}e7 is an 
open covering of X. Then X is normal (2.8.1) and U has a locally finite 
(and therefore point finite) refinement UW’ = {Uj,c7. By the shrinking 
theorem (2.8.3) there are open coverings G = {V,},¢, and W = {Wi}er 
of X such that W,c V, and V,c Uj. By the Urvsonn lemma there 
exists a real valued non-negative function gj on X which is continuous, 
identically 1 on W, and identically 0 outside V;. Since © and © are 
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locally finite coverings the sum p= 3? g; is a never zero continuous 
del 

function. The functions p; = 9;/p satisfy properties 1), 2), 3), 4). 
Conversely suppose any open covering U = {U,},c, of X admits an 

associated partition of unity {g,};¢7. Let V, be the interior of the closed 
set suppg;. Then G = {V;},¢, is an open covering of X [by 4)], is a 
refinement of U [by 2}], and is locally finite [by 3)]. Therefore X is 
paracompact. 

2.9. Cohomology groups for paracompact spaces 

Let & be a presheaf over a topological space X and © the correspond- 
ing sheaf (see 2.2). Let G be the canonical presheaf of G and h: G > © 
the natural homomorphism defined in 2.3. For each ¢g = 0 there is a 
cohomology homomorphism hy : H*(X, ©) H*(X, G) = H#(X, S) 
defined by 4. 

Theorem 2.9.1. Let G be a presheaj over a paracompact space X 
and let © be the corresponding sheaf. Then the natural homomorphism 
h, : H°(X, G) > A(X, 6) is an tsomorphism. 

The above theorem shows that the cohomology groups of a para- 
compact space with coefficients in a presheaf @ depend only on the 
corresponding sheaf G. We first prove a preliminary lemma. 

Lemma 2.9.2. Let X be a paracompact space, and © a presheaf 
over X with the zero sheaf as corresponding sheaf. Let = {Ugic7 be an 
open covering of X and f €C*(U, G). Then there is a refinement B = {[Vjhjcz 
of U and a map: J >I with ¥;C U,,; for ail j € J such that the cochain 
t* fF €C%(B, G) ts zero. 

Proof (see SERRE [2], p. 218): Let G = {Sy, r¥}. We first make the 
following remark. Let U be any open neighbourhood of a point x ¢ X 
and let g € Sg. Then there exists an open neighbourhood V of x such that 
rB e@=0. lf VCU and g€Sy the element Ff g will be referred to as 
“g regarded as an element of Sy’. 

Now let U = {U;}:¢; be an open covering of X. Acochain f € C*(U, G) 
associates to each (¢ + 1)-ple (2, ..., #,) an element /{%,...,%,) of 
Siu, ++ Ui): We must now construct a refinement B = (Vise, of U 
with the required properties. 

Without loss of generality we may assume that U1 is locally finite. 
By 2.8.1 and 2.8.3 there is an open covering 98 = {W,},<; of X with 
W, CU, Let J = X and let tc: X > I be a map for which « ¢ W,,. For 
each point x € X we choose an open neighbourhood V, of x which fulfils 
the following conditions: 

a) lfx¢€ U, then Vc U,. lis € W, then VC W, 
b) lf V, A W;, is non-empty then V,c U;. 
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c) Ti x¢U,N-+- +O U,, then f(t, ..., #,), regarded as an element 
of Sy,, is zero. [By a) the set V, is contained in UG, +-+ 7 U;,.] 

Conditions a) and b) can be fulfilled because U and % are locally 

finite coverings and W, c U;. By the remark at the beginning of the proof, 
V,,can then be chosen sufficiently small so that c) holds. Let G = {V,}.<y. 

We shall now show that the cochain 7* /¢€C#(%3, G) is zero, #. ¢. 
that, for all (xp, ..., %,), the element f(r x», ..., 7 %,), regarded as an 
element of Si, n---n veg 18 zero. TEV, +++ V,, is empty there is 
nothing to prove. If not, then V7 V,, is non-empty for all k with 
Os 454. By a), V.,.0W,,, is non-empty and therefore, by b), 
V,, CU,,, for all k with 0S k S q. It follows from c) that f(z x9, ..., 4 9), 
regarded as an element of Sy, is zero. This implies immediately the 
corresponding result for the smaller set V,,.-°*V,,. Q.E. D. 

Remark 1: In the particular case g = 0, Lemma 2.9.2 holds for an 
arbitrary topological space X. It is sufficient to choose an open covering 
B= {V,},¢xand amapr: X -> [such that V,, is an open neighbourhood 
of x, Vc U,,, and } (rt x) regarded as an element of Sy, is zero. 

We now come to the proof of Theorem 2.9.1. The method is due to 
SERRE. 

Let G be the canonical presheaf of © and 4: © > © the natural 
homomorphism. There is an exact sequence of presheaves 

0+ 6' + 6+ 6+ G6" +0 (19) 
in which both G’ and G” have the zero sheaf as corresponding sheaf. 
Lemma 2.9.2 implies that H*{(X, G’) = He(X, G") = 0 for all g 2 0. 
Therefore h, : H¢(X,G) > H*(X, &) is an isomorphism by the corollary 
to Lemma 2.7.1. Q. E. D. 

Remark 2: In the particular case g = 0, Theorem 2.9.1 holds for an 
arbitrary topological space X provided that G’ = 0 (that is, provided 
that 4 is a monomorphism). 

2.10. The exact cohomology sequence for sheaves 

Consider an exact sequence 

00> G'’+ G-> 6" +0 (20) 

of sheaves over the topological space X. For each open set U of X there is, 
in the notation of 2.4, an exact sequence 

0+ PU, @)+I'(U, ) + Spo. (21) 
Let G, G’ be the canonical presheaves of G, G', but let G” be the 
presheaf determined by the groups Sy. Then there is an exact sequence 

0>- G> G-> G"-0 (22) 
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which, by Lemma 2.7.1, gives an exact cohomology sequence. By 
definition H7(X, ©’) = H*(X, G’) and H*(X, G) = H2(X, S). The 
sheaf constructed from G” is 6”. If X is paracompact then by Theorem 
2.9.1 the natural homomorphism H¢(X, G”)- H*(X, 6”) is an iso- 
morphism. The groups H?(X, G”) can therefore be replaced by H2(X,6') 
in the exact cohomology sequence given by (22). Moreover the resulting 
homomorphism 

68: Ht(X, 6") > Ht+t(X, GY 

is defined in a natural way. We therefore obtain 

Theorem 2.10.1. An exact sequence 

os gt 6+ 6" +0 (23) 
of sheaves over a paracompact space X gives an exact cohomology sequence 

0O- H9(X, S') Bs, H®(X, G) *, H(X, G6") 4, HEX, G}>--- 
+--+ Ho(X, 6) o% He (x, 6) 2% Ha(x, 6") %& HeH(KX, G+ 

in which all homomorphisms are defined in a natural way. 

Remark: The remarks in the previous section imply that, for an 
arbitrary (not necessarily paracompact) topological space X, an exact 
sequence (23) of sheaves over X gives an exact cohomology sequence 

0-> H(X, ©')-> H(X, G) + H(X, 6") > HYX, G) + HX, 6) > HUX,S", 

We now come to some applications of the exact cohomology sequence 
which are used in Chapter Four. Let K be a field and let © be a sheaf of 
K-modules over X (see 2.1). Then the cohomology groups H4(X, ©) are 
vector spaces over K. Let dim H¢(X,G)} denote dimension over K. 

Definition: A sheaf © of K-modules over X is of type (F) if the 
cohomology groups H*(X, ©) are finite dimensional vector spaces over K 
and if dim H*(X, @) = 0 for all but a fnite number of g 2 0. 

If © is of type (F) the Eurer-Poincaré characteristic y(X, ©) 
can be defined by the formula 

4(X, S) -s (—1}¢ dim H«(X, 6). 

Theorem 2.10.2. Let 0+ G6’ + G—> 6" > O be an exact sequence af 
sheaves over a paracompact space X. If two of the sheaves @', ©, G" are 
of type (F) then so ts the third, and 

XX, S) = 4(X, S) + x (X, S"). 
Proof: By direct application of Theorem 2.10.1. 



34 Chapter I. Preparatory material 

Theorem 2.10.3. Leb 0+ 6,-> G,> G,>--+'>G,-0 be an 
exact sequence of sheaves over a paracompact space X which are all of type 
(PF). Then 

8 

a (—)¥ 4 (X, G,) = 0. 

Proof: Let 8, be the kernel of the homomorphism from ©, to 6,4, 
and apply Theorem 2.10.2 to the exact sequences 

0> 8, > G, > R41, >0. 

2.11. Fine sheaves 

Tn applications of sheaf theory results on the vanishing of cohomology 
groups are of particular importance. 

Definition: Let 6 be a sheaf over a paracompact space X. Then © 
is a fine sheaf if for each locally finite open covering U = {U,},e7 of X 
there is a system {h,},¢, of homomorphisms h,: G -> G such that: 

I) For each i€ I there is a closed set A; of X such that A;c U, and 

A(S,) = 0 for « € A; (S, = stalk of G at x). 

ID D) hk, is the identity. (The sum can be formed because U is locally 
iét finite.) * 

Theorem 2.11.1. Let G be a@ fine sheaf over a paracompact space X. 
Then H*(X, ©) vantshes for ¢ = 1. 

Proof (see Cartan [4], Exposé XVII): Since X is paracompact it is 
sufficient to prove that H*(U, G) vanishes for g 2 1 for any locally 
finite open covering U = {U,},c;. We define for g 2 1 a homomorphism 
(homotopy operator) 

A@. C#U, G) > Ce (UY, S) 

in the following way. Let f€C*(U, 6). The cochain &¢/ associates 
to each g-ple (%,...,%,-3) a section (&* f) (%,...,4,-;) of G over 
U,,0°++ 0 U;,,_,. For each index 7 € I let i(¢, ig, ..., ig-1) be the section 
of © over U;,-°+* OV U;,_, which is equal to A,(/(i, tp, . . ., §y-,)) over 
the smaller set U0; U;,..+++ U;,_, and is zero outside this smaller 
set. The #; are homomorphisms with properties I) and II). We define 

(Hf) (6g «os fet) = EEG fs ga) - 
4€L 

The sum can be formed because U is locally finite. Let 6% be the co- 
boundary homomorphism C*(U, G) > C¢+!(U, G). It is easy to prove 
that, for g 2 1, the homomorphism &¢+! 6¢ + 81-1 ke is equal to the 
identity. This completes the proof. 
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The above proof is a generalisation of the cone construction which is 
used to prove that the cohomology groups of a simplex (with constant 
coefficients) are trivial. 

Now consider the sheaf C, over a paracompact space X (see 2.5, 
Example 2)). Let U be a locally finite open covering of X. By 2.8.4, 
U has an associated partition of unity {p,}.c;. The functions m, can be 
used to define homomorphisms #,: C,-> €, as follows. Let Sy be the 
C-module of complex valued continuous functions defined on U. For 
f€Sq define h,(f) = —, f. This defines a homomorphism #, from the 
presheaf {Sy} to itself and therefore also a homomorphism 4, from €, to 
itself (see 2.2). The homomorphisms #,; satisfy properties I) and II) of the 
definition of a fine sheaf. This proves 

Theorem 2.11.2. The sheaf C, of germs of local complex valued 
continuous functions over a paracompact space X is fine. 

Exactly the same proof shows that the sheaf of germs of local real 
valued continuous functions over a paracompact space X is fine. Theorem 
2.11.2 should be regarded as a typical example of a whole class of similar 
theorems. 

Now let X be a differentiable manifold [see 2.5, Example 3)] and 
U-= {U;},¢7 an open covering of X. Then it is possible to find an as- 
sociated partition of unity {p,},c, in which the functions g, are dif- 
ferentiable (DE Ruam [1], §2). With the help of such a differentiable 
partition of unity it is possible to prove that many sheaves over X are 
fine. For instance the sheaf C, of germs of local complex valued dif- 
ferentiable functions is fine. Similarly the sheaf Q{? of germs of exterior 
differential forms of degree # with real (or complex) differentiable 
functions as coefficients is fine. The canonical presheaf of this sheaf is 
obtained by associating to each open set U of X the R-module (or 
C-module) of exterior differential forms of degree # defined on U (see 
DE Ram [1], § 4). 

2.12. Resolutions of sheaves. Theorem of p—E RHAM 

Consider an exact sequence 

0+ 67+ GG > Ge BS Gyre (24) 
of sheaves over a paracompact space X. The sequence is called a resolution 
of the sheaf © if the cohomology groups H*(X, ©,) vanish for g = 1 and 
p= 0. By Theorem 2.11.1 this is the case if each ©, is a fine sheaf. 
An exact sequence (24) with ©, fine for all p 2 Ois called a fine resolution 
of G. The exact sequence (24) defines a sequence 

yeh 4 
——> T'(X, Gy) > ++: 

(25) 

he 4 a 
O-> F(X, G) > P(X, G) > P(X, G) > +++ 
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which in general is exact only at ['(X, 6) and ['(X, Gy). Since hA+1 Af = 0 
the groups 7(X, G,), 2 0, and the homomorphisms he form an abstract 
cochain complex. 

Theorem 2.12.1. Consider a resolution (24) of a sheaf G over a 
paracompact space X. The q-th cohomology group of the abstract complex 
{I'(X, ©,), p = O} ts naturally isomorphic to the cohomology group H*(X, G) 
for q = 0. In other words 

H#(X, ©) = kernel (4))/image (A2—') for g = 1, 
H®(X, 6) = kernel (48). 
Proof: Clearly kernel (h{) = '(X, G) which by Theorem 2.6.2 is 

the cohomology group H®(X, ©). This proves the statement for ¢g = 0. 
Let , be the kernel of the homomorphism A? : ©, > ©,,,. The sequence 
(24) gives an exact sequence of sheaves over X 

0+ Ry > Gy Ryu > 0 (26) 
for each p = 0. Since the cohomology groups H*(X,©,) vanish for 
q = 1 the exact cohomology sequence of (26) gives natural isomorphisms 

HX, Ryz1) & He(X, Ry) for g 2 2. (27) 
Since Ry = © repeated application of (27) gives 

ERX, Ry) & HUX, G) for geal. (28) 

The exact cohomology sequence of (26), with » replaced by ¢—1, 
contains the exact sequence 

. fee 

H°(X, G,_,) “+ H(X, R,) > HYX, Ry.) > 0. (29) 
Since H°(X, &,) is the kernel of Ai, and H®(X, ©,_,) = F(X, Gq-4) 
the theorem follows from (28) and (29). 

Let X be a differentiable manifold [see 2.5, Example 3)] and let A? 
be the sheaf of germs of differentiable p-forms over X (see the end of 
2.11). If U is an open set of X then [(U, 2) is the R-module of dif- 
ferentiable p-forms defined on U. The exterior derivative d is a homo- 
morphism from J7(U, &) to F'(U, U#*4). In terms of local coordinates the 
derivative of a f-form 

O= DP fig. 4, N° NEM, 
Byori 

is the (p + 1)-form 

do= J) afi... 4h O%, Ao AaK,. 
A<Soe<ip 

Let R be the constant sheaf of real numbers, A the embedding of R in 
the sheaf &° of germs of real valued differentiable functions, and 
h? : MW? — APt} the homomorphism defined by the exterior derivative. 
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Theorem 2.12.2 (Poincaré Lemma). The sequence 

h at e ed 2p 0>R—> 90 2s op =... BO. op ¥, 
ts exact. 

Proof: Since dd= 0 it follows that A?+?#*=0 for p= 0. It is 
therefore sufficient to prove the following result. Let w be a $-form 
(p = 1) defined on an open set U. If dw = 0 then there exists a (p — 1)- 
form « defined on an open set V c U such that w = da on V. This is a 
local result, so we may assume that X is #-dimensional euclidean space. 
The required result is then the classical form of the Porncart Lemma. 
It can for instance be proved by induction. 

Theorem 2.12.38 (DE Ruam). Let X be a differentiable manifold 
and let A?, p 2 0, be the R-module of differentiable p-forms defined on the 
whole of X. Let Z? denote the kernel of the R-homomorphism d: A? -> A?*}, 
Then dA?-* CZ? for pb & 1. There are isomorphisms 

H(X, R) = Z° and H(X,R)~Z*/d AP, p= 1. 

Proof: The exact sequence of Theorem 2.12.2 is a fine resolution 
of the constant sheaf R. The homomorphisms #4 of Theorem 2.12.1 are 
in this case the exterior derivative of forms, so that the result follows 
from Theorem 2.12.1. 

Remark: Exactly the same proof gives the corresponding result for 
complex valued differentiable p-forms. Let A? be the C-module of 
p-forms defined on the whole of X with local complex valued differentiable 
functions as coefficients. Let Z? be the kernel of the C-homomorphism 
d: A? -» At, Then there are isomorphisms 

H(X, ©) Z® and H?(X,C)~2*/dAP-!, p> 1. 

§ 3. Fibre bundles 

3.1. Let X be a topological space. A sheaf @ = (S, x, X) of (not 
necessarily abelian) groups over X is defined, as in 2.1, by properties I), 
If) together with property IID) in the following slightly modified form: 

Ill) Every stalk has the structure of a group. The group operations 
associate, to points a, B in S,, the elements a B, a Bo in S,. a B-? depends 
continuously on a and B. (It then follows that the identity 1, of the group 
S, depends continuously on x and that « B, a! 8 depend continuously 
on a, B.) 

The definitions of presheaf, canonical presheaf, etc. carry over with 
similar modification. As in 2.3 the group J°(U, G) of sections of G over 
an open set U of X and the restriction homomorphisms 7? are defined. 
The identity of ['(U, G) is the section x > 1,. [If U is empty then by 
definition "(U, G) consists only of the identity element.] 
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Cohomology groups H*(X, ©) cannot be defined in the non-abelian 
case. It is nevertheless possible, for g = 1, to define a cohomology set 
#H?(X, S) with a distinguished element 1. If © is a sheaf of abelian 
groups then the cohomology set H1(X, ©) agrees with the cohomology 
groups defined in 2.6. The distinguished element then corresponds to the 
zero element of the cohomology group. The cohomology set can again be 
defined with coefficients in an arbitrary presheaf. For convenience we 
formulate the definition only for the canonical presheaf, 1. ¢. for the 
sheaf © itself. 

The cohomology set H#(U, ©). 

Let U = {Uj}icz be an open covering of X. A U-cocycle is a function f 
which associates, to each ordered pair +,7 of elements in I, an element 

fa € (0, F\ U5, S) such that 

fa lin= tin 1m Us Uj Uy for all 4,7,k 1. 
Equations of this type are always to be understood as holding between 
the restrictions of sections to a common domain of definition. It follows 
from the definition that /,; is equal to the identity element of '(U,, G) 
and that /,, == 7. 

The set of 2-cocycles is denoted by Z1(U, ©). Cocycles /, f’ are said 
to be equivalent if for each ¢ ¢ I there exists an element g,¢ (VU, ©) 
such that 

fis = 85" fas By 1m Up Us for all 47 €T. 
The cohomology set H1(U, ©) is the set of equivalence classes of U-co- 
cycles. Let G == {Vj},<, be a refinement of U and let ¢ be a map from J 
to I with V,c U,, for allr € J. A U-cocycle f defines a B-cocycle +* f by 

(<* Drss = horses in V,OY, for all +, s€f. 
The map t* induces a natural map 

A: HQ, SG) > HG, SG) 

with properties as in Lemma 2.6.1. If 'r is another map from J to I 
with V,¢ U.,, then the sections g, = fiy,1,€ L(V, G) define an equi- 
valence 

(c* Aess = gr i{t* Drs 8s in Ven V, for all r, s€J 
between ‘r* f and +* 7. Therefore the map A does not depend on the 
choice of the map rt. 

The cohomology set H?(X, ©) is the direct limit of the sets H1(U, 6), 
with respect to the maps 44, as 1! runs through all proper open coverings 
of X (see 2.6 and the beginning of § 2). If G is a refinement of U1 it can be 
shown that the map # is one-one, and so H1(U, 6) can be regarded as a 



§ 3. Fibre bundles 39 

subset of H1(%, 6). If U and G are cofine then H1(U, G) is identified with 
FP (%, 6) in a natural way. It follows that Hi(X, G) can be regarded as 
the union of all sets H' (U, 6), as U runs through all proper open cover- 
ings of X. The distinguished element 1 € H'(X, G) is represented, for 
any open covering U = {U,}.< 7, by the cocycle /,, = 1€ T(U; nm U;, ©). 

We now consider the particular case in which G is a group and © 
is a sheaf of germs of functions with values in G. The functions may be 
continuous, differentiable or holomorphic depending on the structure 
of X and G. These cases are distinguished by the symbols G,, Gs, G,, which 
agree with those used in 2.5. 

Tf X is a topological space and G is a topological group then G, 
is the sheaf for which ['(U, G, is the group of continuous functions 
from U to G. 

If X is a differentiable manifold (see 2.5) and G is a real Lie group 
then G, is the sheaf for which I'(U, G5) is the group of differentiable 
(i. e. C*-differentiable, see 2.5) functions from U to G. 

If X is a complex manifold (see 2.5) and G is a complex Lie group 
then G,, is the sheaf for which ['(U, G,) is the group of holomorphic 
functions from U to G. 

Convention: If the sheaf G, over X is mentioned it will be assumed 
implicitly that X is a differentiable manifold and G is a Lie group. 
If the sheaf G, over X is mentioned it will be assumed implicitly that X 
is a complex manifold and G is a complex Liz group. 

The sheaf G, over X is a subsheaf of the sheaf G, over X. The sheaf G,, 
over X is a subsheaf of the sheaf G, over X. There are natural maps 

HP(X, Gy) > IP (X,G), HEX, G,) > HY(X, G,) (1) 

together with the composite map 

ERX, G,,) + HEX, G). 

If h:G’-—»G is a continuous (or differentiable, or holomorphic) trans- 
formation of topological groups (or Lre groups, or complex Liz groups) 
there are sheaf homomorphisms 

Gi G,, Gg> Gs, Ga G, 

and natural maps 

H1(X,G) > HU(X,G), H'(X, Gs) > H4(X, G,), H'(X, GL) > HU(X,G,) . 

(2) 
If G = G, and dis the inner automorphism 

h(g) = a-'ga(g¢€G) determined by an element 4 CG (2*) 
then the natural maps (2) are all equal to the identity. 
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3.2. a). Let X be a topological space, and let G be a topological 
group with identity element ¢¢€G. Consider an effective continuous 
action of a group G on a topological space FP. Here continuous action 
means a continuous map Gx F > F which maps gx /€Gx Ftog/ €F, 
such that g, (g./) = (&% g,) fande/=—/ for all /¢F. Effective means that 
if g f = f for some g, and all / ¢ F, then g = e. 

Definition: A topological space W, together with a continuous 
map (projection) 2: W — X, is called a fibre bundle over X with structure 
group G and (typical) fibre F if there exists a system of coordinate 
transformations, that is , 

I) an open covering U= {Uj ic7 of X and homeomorphisms 
kh, 1 (U,) > U,x F which map the “fibre” n-*(u) onto ux F, and 

Tl) elements g.,¢€ (U0, 0 U;, G,) for all 4,7 €I such that 

(hg hy?) (ux f= 4x gy (u) f for all 4CU,AU;, FEF. (3) 

Remark: Since the action of G on F is effective, the element g,; 
is determined uniquely by &, and A,. The g,; clearly define a cocycle 
£€2°(QU, G) and hence an element of the cohomology set H1(U, G,). 
For example consider the trivial fibre bundle with W = Xx F and x 
the product projection. Any open covering U={Uj,¢, satisfies I, 
and the functions g,,= 1¢I(U;n U;, G, satisfy 1). In this case g 
defines the distinguished element of the cohomology set H* (1, G,). 

The definition of a fibre bundle over X will be complete once we 
specify under what circumstances different systems of coordinate 
transformations define the same fibre bundle. A homeomorphism 
hy: 9073 (U) + Ux F, U open in X, is called an admissible chart for the 
system of coordinate transformations I), IJ) if there are elements 
€04€0(U 0 U,, GQ for each i € I such that 

ig hz) (ux f= xX gow) f forall n€U NU, FEF. (8*) 

Definition: Two systems of coordinate transformations make W 
(together with the projection 2) the same fibre bundle W over X with 
structure group G and fibre F if and only if every admissible chart for 
one system is an admissible chart for the other system. 

Definition: Let W (projection 2) and W’ (projection »’) be fibre 
bundles over X with structure group G and fibre F. An isomorphism k 
from W to W’ is a homeomorphism &: W — W’ such that, for each point 
£EX, 

I) the fibre x-* (x) maps onio the fibre x'-1(x), and 
Il) there ts an open neighbourhood U of x, an element 25 CI'(U, G,), and 

admissible charts hy: n-3(U) > Ux F for W and hy: x'-}(U) > Ux F 
for W' such that 

hy kip (ux f)=« X gy(u) f forall wCU, FCF. 
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Given an open covering U = {U,},¢; of X and a U-cocycle g = {g,,} € 
€Z1(U, G,), a fibre bundle W, over X with structure group G and fibre F 
can be constructed. It is sufficient to form the disjoint union of the 
cartesian products U;x F and to identify, for each «€U;n U;, the 
pomts «x f€U,;x F and ux g,,(u) fC U,x F. The identification space 
W, is a fibre bundle with projection induced by the product projections 
U,x F>U,. lf ge“, G) and AEZ(G, G) then W, is isomorphic 
to W, if and only if g and # represent the same element of the cohomology 
set H'(X,G,). Every fibre bundle over X with structure group G and 
fibre F is isomorphic to a fibre bundle W, for some g. We obtain 

Theorem 3.2.1. The isomorphism classes of fibre bundles over X . 
with structure group G and fibre F (with a given effective continuous action 
of G on F) are in a natural one-one correspondence with the elements of the 
cohomology set H*(X, G.). The trivial fibre bundle W = Xx F corresponds 
to the distinguished element 1 € H1{X, G,). 

Fibre bundles in the isomorphism class corresponding to & € H#(X,G, 
are said to be assoctated to &. If F = G and the action of G on itself is 
left translation, then fibre bundles with structure group and fibre G are 
called principal bundles. 

Convention: Elements of H!(X, G,) will be referred to as G-bundles. 
On the other hand the words fibre bundle, principal bundle will refer to a 
particular fibre bundle or principal bundle (as in the above definitions) 
and not to an isomorphism class. 

3.2. b). The definitions and results of 3.2. a) carry over to the dif- 
ferentiable and holomorphic cases. Thus let X be a differentiable (com- 
plex) manifold and G a real (complex) Lie group. For further details on 
Liz groups see, for instance, PonTRJAGIN [1]. Consider an effective 
differentiable (holomorphic) action Gx F +f of G on a differentiable 
(complex) manifold F. In the remaining definitions it is only necessary 
to replace G, throughout by the sheaf G, (G,) over X. A fibre bundle W 
is then automatically a differentiable (complex) manifold. The projection 
a is a differentiable (holomorphic) map. An isomorphism between two 
fibre bundles is a differentiable (holomorphic) homeomorphism. 

We speak of continuous, or differentiable, or complex analytic, 
fibre bundles and G-bundles according as the sheaf G,, or G,, or G,, 
is used in the definition. Let W be a continuous, or differentiable, or 
complex analytic, fibre bundle over X with projection «. A section of W 
over an open set U of X is a continuous, or differentiable, or holomorphic, 
function s: U + W for which ws is the identity. If a section over the 
whole of X exists, we also say simply that W has a section, 

Remark: The pattern of 3.2 a) can be used to define many other 
sorts of fibre bundle (e.g. real analytic, algebraic). One has only to 
replace G, by another sheaf. In general one speaks of fibre bundles with 
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structure sheaf (see GROTHENDIECK [1] and Hortmann [1]). The sheaves 
G,, G, and G,, suffice for the purposes of the present work. 

3.2. ¢). Consider a continuous action of the topological group G 
on the topological space F which is not effective. The elements 4 of G 
which act trivially on F (that is A f = f for all f € F) form a closed normal 
subgroup N of G. There is an effective continuous action of the topological 
group G/N on F. 

lf G is a real LIE group then so is any closed subgroup N of G. There- 
fore a differentiable action of G on the differentiable manifold F defines 
an effective differentiable action of the real Lie group G/N on F. 

If G is a complex Lim group then a closed subgroup of G need not 
be a complex Liz group. It is, however, easy to prove that the closed 
normal subgroup NV, defined by a holomorphic action of G on a complex 
manifold F, is a complex Liz group. There is then an effective holo- 
morphic action of the complex Liz group G/N on F. 

‘There are natural maps [see 3.1 (2)] 
t: FAX, G) > AYCX, (GIN), X a topological space, 

t: FP(X, Gy) > BACK, (G/N),), Xa differentiable manifold, 

t: P(X, G,,) > FAX, (G/N),.), X a complex manifold. 
Let W be a fibre bundle with structure group G/N and fibre F which 

is associated to ¢ &, &€ € H'(X, G). In this case we also speak of W as a 
fibre bundle with structure group G and fibre F associated to &. Similarly 
for G, and G,,. 

3.2. d). The following remarks apply to the continuous, differentiable, 
and also to the complex analytic, cases. 

Let £ be a principal bundle over X with structure group and fibre G. 
There is an effective action of G on E defined by right translation on each 
fibre. With respect to the local product structure Ux G of E (admissible 
chart) the action of an element 4 €G is given by («x gha=4ux ga. 
This operation of a € G on E does not depend on the choice of admissible 
chart because the coordinate transformations (3), (3*) are defined by 
left translation. 

Consider an action (not necessarily effective) of G on F. We now 
show how to construct, from the principal bundle E, a fibre bundle 
W over X with fibre F. Form the cartesian product E x F and identify 
eax fwithex af foreach a€G,eC E, f €#. The identification space W 
can be regarded in a natural way as a fibre bundle over X with structure 
group G and fibre F. The fibre bundles W and E are associated to the 
same G-bundle. 

3.3. Let Y, X be topological spaces, pe: Y-+ X a continuous map, 
and G a topological group. There is a natural map 

p*: P(X, G) > HY, G). (4) 
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If & is represented with respect to an open covering U = {Uj},c7 of X 
by a U-cocycle {g,;}, then m* & is represented with respect to the open 
covering g-1 U = {p73 U;}4c7 of Y by the 1 U-cocycle {g,, gy}. y* é is 
called the G-bundle induced from the G-bundle & by the map gy. 

Let W (projection z) be a fibre bundle over X with structure group G 
and fibre F which is associated to &. The following construction gives a 
fibre bundle »* W over Y which is associated to y* & Let »* W be 
the subspace of Yx W consisting of all points yx w ¢ Yx W with 
p(y) = 2(w). The projection of the fibre bundle »* W is induced by the 
product projection Yx W-> Y. 

Let p: Y > X be a differentiable, or holomorphic, map of differen- 
tiable, or complex, manifolds X, Y and let G be a real, or complex, 
Lie group. There is a natural map 

*: HY (X, G,) > HUY, G) or g*: H(X, G,) > HUY,G,). (4) 

The definition of »* and the construction of the fibre bundle »*W 
follows just as in the continuous case. 

3.4. a). Let G’ be a closed subgroup of the topological group G. 
Consider the space G/G’ of left cosets G’, x €G, and the map o from G 
to G/G’. Let e€ G be the identity element. The statement 

g:G-~-> G/G' admits a local section (5) 

means that there is an open neighbourhood U of o(e) in G/G’ and a 
continuous map s: U -> G for which as is the identity. 

Theorem 3.4.1 (see SreEwRop [1], 7.4). If (5) holds then G can be 
regarded in a natural way as a principal bundle over G/G' with structure 
group and fibre G’ and projection a. 

Theorem 3.4.2. Let G’ be a closed subgroup of the real Lie group G. 

Then G’' is a real Lue group and G “+ GIG’ admits a local differentiable 
(in fact, real analytic) section. G can be regarded in a natural way as a 
differentiable principal bundle over G/G' with structure group and fibre G' 
and projection o. 

Theorem 3.4.3. Let G’ be a closed complex Lr subgroup of the complex 

Lik group G. Then G “+ GG’ admits a local holomorphic section. G can be 
regarded in a natural way as a complex analylic principal bundle over G/G’ 
with structure group and jibre G' and projection o. 

The existence of the local differentiable (holomorphic) section s 
which is asserted in Theorem 3.4.2 (Theorem 3.4.3) can be proved by 
means of canonical coordinates in an open neighbourhood of e€G. 
In the special cases which arise in this book it is actually easy to construct 
s directly. 
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3.4. b). The following exposition is valid in the continuous, dif- 
ferentiable or complex analytic cases. X will denate a topological space, 
differentiable manifold or complex manifold and G a topological, real 
Liz, or complex Liz group according to the case considered. Let G’ 
be a closed subgroup of G. In the continuous case it will be assumed that 
(5) holds. In the complex analytic case it will be assumed that G’ is a 
complex Liz subgroup of G. 

Convention: Let W be a fibre bundle with structure group G and 
fibre F which is associated to a G-bundle € over X (see 3.2 a) and 3.2. c)]. 
Let 4 denote the natural embedding of the set of G’-bundles over X in 
the set of G-bundles over X induced by the embedding of G’ in G (see 3.1). 

If there exists a G’-bundle E over X with h E == & we say “the structure 
group of W can be reduced to G’”’. Tf such a G’-bundle arises naturally from 
the context we say that the structure group can be reduced to G’ in a 
natural way. 

Let E (projection a) be a principal bundle with fibre G which is 
associated to a G-bundle € over X. Let E/G’ be the identification space 
obtained by identifying, in each fibre of E, points which correspond 
under right multiplication by elements of G’ [see 3.2. d)]. Consider the 
commutative diagram 

E—-+ EJG’ 

NM 
Theorem 3.4.4. E can be regarded in a natural way as a principal 

bundle over E/G’ with structure group and fibre G' and projection o. Let E 
denote the corresponding G'-bundle over E/G'. 

E/G’ can be regarded in a natural way as a fibre bundle over X with 
structure group G, fibre G/G' and projection o (G acts on G/G’ by left transla- 
tion; see 3.2. c)). E/G’ is assoctated to the G-bundle &. 

Let h be the map from the set of G'-bundles over E/G’ to the set of G- 
bundles over E/G'. Then 

hé = pr. (8) 
(Ajter “lifting” by o the structure group of E can be reduced to G' in a 
natural way.) ; 

The proof follows from Theorem 3.4.1, Theorem 3.4.2 or Theorem 
3.4.3 according to the case considered. We leave the first parts to the 
reader and show only how to obtain equation (6). Let W be the subspace 
of E/G’ x E consisting of all points cx d in E/G'x E with o(c) = x(@). 
By 3.3, W is a principal bundle over E/G’ with fibre G which is associated 
to o* £. By 3.2. d) there is a fibre bundle W over E/G’ which is constructed 
from Ex G by the identifications dax a1g=d~x g for all a€G’, 
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aC E, g€G. W has structure group G’ and fibre G. The action of G’ on G 
is left translation and therefore W can be regarded as a principal bundle 
over E/G’ with structure group and fibre G which is associated to h E. 
The rule k(@x g) = o0(d)x dg for dC E, g€ G gives a well defined map 
k: W - W which is an isomorphism of principal bundles. This completes 
the proof of (6). 

In the following theorem the notations of Theorem 3.4.4 are used to 
state conditions under which the structure group of € can be reduced 
to G’. We also use the terminology of 3.2. b), so that a section is assumed 
continuous, differentiable or holomorphic according to the case considered. 

Theorem 3.4.5. The structure group of & can be reduced to G' if and 
only if the fibre bundle E/G’ over X has a section s. 

If a section s of E/G' is given, then the G’-bundle 

n= s* (8) 
ts mapped to & by the embedding G’-> G. In this case there is an open 
covering U = {U,},¢, of X and a system of admissible charts U;x G for E 
such that the coordinate transformations 

84° Us NU; >G 
map U;r\ U, to the subgroup G’ of G and such that, with respect to every 
chart Ux G, the section s associates to u € U, the point of E/G’ represented 
by ux ¢ (here € €G is the identity element). The cocycle {g,,} represents the 
G-bundle & 1f the g,; are regarded as maps to G, and represents the G'-bundle 
4 tf the g,, are regarded as maps to G’. 

Proofs of the theorems in this section can be found in Sreenrop [1] 
and Hormanw [1]. The essential fact in the continuous case is the 
assumption (5) that G/G’ admits a local section. In the other two cases 
the analogous assumption is not necessary, because a local section 
always exists. 

3.5. The action of the complex Liz group GL(g, €) on the complex 
vector space C, (see 0.9) is continuous and effective. A vector bundle 
over X is a fibre bundle W over X with structure group GL (g, C) and 
fibre C,. This defines continuous vector bundles over a topological 
space X, differentiable vector bundles over a differentiable manifold X, 
and complex analytic vector bundles over a complex manifold X [see 
3.2. b)]. If g = 1, W is called a line bundle. 

The coordinate transformations between two admissible charts 
of W preserve the vector space structure on each fibre of W. Addition 
of points on a fibre, and multiplication of a point by a complex number, 
are therefore defined. Every fibre is a complex vector space. It follows 
that addition of sections over an open set U, and multiplication of a 
section over U by complex number, are defined. These operations remain 
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within the domain of continuous, differentiable or holomorphic sections 
over U according to the case considered [see 3.2.b)]. Therefore the 
following sheaves over X can be defined: 

1) €(W) = sheaf of germs of local continuous sections of a continuous 
vector bundle W over a topological space X. 

The canonical presheaf of €(W) associates to each open set U of X 
the €-module of all continuous sections of W over U. Similarly: 

Il) UW) = sheaf of germs of local differentiable sections of a differen- 
liable vector bundle W over a differentsable manifold X. 

Ill) Q(W) = sheaf of germs of local holomorphic sections of a complex 
analytic vector bundle W over a complex manifold X. 

The sheaf €(W) is fine if X is paracompact. The sheaf (W) is fine. 
In both cases local sections can be multiplied by the (continuous or 
differentiable) functions p, of a partition of unity to define sheaf homo- 
morphisms 4, (see 2.11). 

Let W be a vector bundle associated to a (continuous, differentiable or 
complex analytic) GIL(g, Q-bundle € over X. The following construction 
gives a principal bundle E over X with structure group and fibre GL (gq, C) 
which is associated to L: 

‘The fibre of E over x€ X is the set of all isomorphisms between the 
fixed vector space C, and the fibre W,, of W over x. 

Vector bundles W with GL(g, R) or GL* (gq, R) as structure group 
and R? as fibre (see 0.9) are defined similarly. The construction of a 
principal bundle E from W follows just as for vector bundles with fibre C,. 

3.6. a). Let A, B be arbitrary finite dimensional vector spaces over 
a field K. The direct sum A @ B and the tensor product A ® B are 
again vector spaces over K of dimension dim(A @ B) = dimd + dimB 
and dim(A @ B) = dimA dim B. Vectors @¢ A, b€ B define vectors 
a@b€A@B and a@b€A® B. The product 4@ b is linear in each 
factor, and the vector space A @ B is generated by the elements of the 
form @4@ 6. There is also a vector space Hom(A, B) over K, whose 
elements are the homomorphisms (linear maps) from A to B. For each 
finite dimensional vector space A over K the dual vector space A* of 
linear forms is defined. A4* = Hom(A,K) by definition and dim(A*) 
= dim(A). The vector space 4?A of f-vectors is also defined. Vectors 
@y, Gg, ---, @,€ A define a vector 4, a,A°°*Aa,€ A?A, which depends 
linearly on each factor. A permutation of the factors a, ag, .--, & 
multiplies a,a@,A°:+:Aaa, by the sign of the permutation and 
a, A\agh**+AG,=0 if two factors agree. The elements of the form 

@Adgh***Aa@, generate 429A. If dim(A) = q then dim(A? A) = (‘). 
(For full details of these definitions from multilinear algebra see Bour- 
BAKI, Algébre, Chap. IJ.) 
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3.6. b). Let W be a vector bundle over X. The fibre W, over the 
point x¢€ X is a complex vector space isomorphic to the typical fibre C,. 
Let W’ be another vector bundle over X with fibre W, and typical 
fibre €,- (see 3.5). 

It is possible to define in a natural way the vector bundles W @ W’ 
(WHITNEY sum of W and W’), W @ W’ (tensor product), Hom(W, W’), 
W* (dual bundle) and 4*W (bundle of #-vectors). The fibres of these 
vector bundles over the point «€ X are respectively the complex vector 
spaces W,@ Wi, W,@ W,, Hom(W,, W)), WF and 4° W,. The vector 
bundle 4? (W*) is called the bundle of p-forms of W. 

In terms of admissible charts Ux €, for W and Ux Cy for W’ 
the product U x (C, @ C,) is an admissible chart for W @ W’. Coordinate 
transformations of W, W’ induce coordinate transformations of W @ W’ 
in a natural way. Similarly in the other cases. This is a general principle 
formulated by Mitnor (compare Lane [1], Chap. ITI, §4 or Mitnor, 
Der Ring der Vektorraumbiindel eines topologischen Raumes, Bonn 1959, 
lecture notes by P. Domprowsky). 

If W and W’ are both continuous, differentiable, or complex analytic 
then so are the new vector bundles defined above. The following theorem 
holds in the continuous, in the differentiable, and in the complex analytic 
case. 

Theorem 3.6.1. Let W, W’, W” be vector bundles over X. There are 
isomorphisms 
WewWw)\ew'’=We(Wew'), WoeW'xW'eW, 
(WeW)eW"=We(W' ew"), WEeWwx=W'eWw, 
(Ww @ W’) @ WwW" oe (W ® Ww’) @ (W’ Q wy : 

(W @ W')*¥ = W* @ (W)*, (W @ W')* = W* @ (W")* 
Hom (W,W) = We W', (W*)¥ ~ W 
If W has typical fibre C,, then for alO S pS n, 

(AP W)* cz 12 (W*) a (W*) @ WOW ce AP (We). 

For the proof of Theorem 3.6.1 see the index of Boursaxi, Algébre, 
Chap. IIT under the heading Isomorphisme canonique. 

The operations of WHITNEY sum, tensor product, etc., defined in this 
section for vector bundles with a complex vector space as fibre, can be 
defined in exactly the same way for vector bundles with a real vector 
space as fibre. Theorem 3.6.1 holds similarly. 

3.6. c). Let & be a continuous, differentiable or complex analytic 
GL (g, C)-bundle over X and ¢’ a corresponding GL (9’, €)-bundle over X. 
We now define a GL(g + ¢’, C)-bundle @ & (Wurrney sum of € and &'), 
and a GL(qq’, C)-bundle @ & (tensor product of € and £’). These 
bundles are again continuous, differentiable or complex analytic according 
to the case considered. 
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Let W, W’ be vector bundles associated to &, &'. Then £@ & is 
defined as the GL(g + q’, €)-bundle determined by W @ W’. It depends 
only on é and 2’. Let U = {Uj},<; be an open covering of X for which &, 
é’ can be represented by U-cocycles f{g,,}, {g;5}. 

83° U; NU; >GLYGQ, g:0;n0,>+6L(7,0. 
Then the GL(g + q’, C)-bundle ¢@ % is represented by a U-cocycle 
{h,;} where 

0 , hes) = (7? ew) GLg+47,0) for x€U,nU,. 
Similarly €@ & is defined as the GL (q¢ q’, C)-bundle determined by 

W ® W’. It is represented by a U-cocycle {h,,} where 

hes (2) = 8is(2) @ Bis(@)E ELGG’, 0) for xE UN Us 
and where @ denotes KRONECKER product of matrices. 

For each continuous, differentiable or complex analytic GL (q, C)- 

bundle & over X the dual GL (q, C)-bundle é* and the GL (2) ’ C)-bundle 
4? & are defined. These are again continuous, differentiable or complex 
analytic according to the case considered. Let W be a vector bundle 
associated to & Then &* is defined as the GL(g, C)-bundle determined 
by W*. If é is represented by a U-cocycle {g,,$ then &* is represented by 
the U-cocycle {g%}, where 

gh (x) = (e'(2)TE GLY, C) for x€U,NU; 

is the transpose of the inverse of the matrix g,, (x). 

Similarly 4? £ is defined as the ex((3), c) -bundle determined by 4° W. 
It is represented by the U-cocycle {ge} where 

f(x) = gy) EGL(($),C) for xe Usn U, 
is the ~-th vere matrix (matrix of $x ~ minors) of the matrix 
813 (%). 

A suitable U-cocycle can also be obtained as follows. Choose a definite 
isomorphism which identifies the vector space A? C, with the vector 
space C iy). [Which isomorphism is chosen will be immaterial by 3.1 (2*).] 

The group GL(g, C) operates on €, and hence on Ca giving a holo- 

morphic homomorphism yp, from GL (g, €) to ex ((f), c). Then A? € is 
represented by the cocycle pp» (g,,). 

We write C* = GL(i, ©). Then A® & is the trivial C*-bundle. For a 
GL(g, €)-bundle & the €*-bundle 4¢ £ is represented by the U-cocycle 
{ef} where gf (x) is the determinant of g,,(x) for all x€ U, nr U;. 
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The definitions in this section carry over immediately for GL (gq, R)- 
and GLt (¢, R)-bundles. 

3.7. In the case g = 1 the group GL (1, ©) = C* is the multiplicative 
group of non-zero complex numbers. The tensor product £ @ & of two 
C*-bundles &, £’ is again a €*-bundle. If £, £’ are represented by U-co- 
cycles {g,,}, {gi,} then £@ & is represented by the U-cocycle {g,; g:,}. 
(The complex valued never zero functions g,,, gj; defined on U; n U; are 
continuous, differentiable, or holomorphic according to the case con- 
sidered.) 

The group operation in H#(X, C¥), A(X, C#) and H?(X, C*) in the 
sense of sheaf theory (see 2.5 and 2.6) is therefore the tensor product. 
If & is represented by {g,,} then the inverse £1 is the C*-bundle re- 
presented by {g7"}. In fact &-! = &* so that £@ &* =1. 

3.8. We collect here some further remarks about the C*-bundles 
considered in 2.5. If X is paracompact there is an exact cohomology 
sequence 

++ +> BUX, C,) > HEX, C8) “ A(X, Z) > HX, C)>---. 
By 2.11 the sheaf C, is fine and the groups H3(X,€,) and H?(X,€, 
are zero. Therefore 64 is an isomorphism between the group of continuous 
C*-bundles over X and the second integer cohomology group of X. 

If X is a differentiable manifold there is again an exact sequence 

+ H1(X, C,) > H4(X, C8) “& H*(X, Z) > H2(X, C,) . 

By 2.11 the sheaf €, is fine and therefore 64 is an isomorphism between 
the group of differentiable C*-bundles and H?(X, Z). It then follows that 
the natural homomorphism 

EY (X, C3) > P(X, C3) 
of 3.1 (1) is an isomorphism. 

If X is a complex manifold there is an exact sequence 

> H¥(X, €,) > H1(X, C8) “& H2(X, Z) > H3(X, C,) . 
This sequence is discussed further in 15.9. 

§ 4. Characteristic classes 

Important special cases of the reduction of the structure group of 
a fibre bundle are discussed in 4.1. The definition of Cuerw classes of a 
continuous U(q)-bundie in 4.2 depends on a fundamental theorem of 
Bore. [2] on the cohomology of classifying spaces. The PonTRJAGIN 
classes of a continuous O (g)-bundle are defined in 4.5. 
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4.1. a). The following notations are used in addition to those of 0.9. 
Let L, be the r-dimensionai linear subspace of C, defined (with respect 
to the coordinates z,, %, -... %) bY 44:=242=°°'°=%,=0. The 
invertible gx g matrices which map L, to itself form a subgroup 
GLir, ¢—1; ©) of GLG, ©. Matrices A € GL(r, g — r; ©) have the form 

‘A’ B A= (6 a] 
where A’€ GL(r, C), AVE GL — +r, ©) and B is an arbitrary complex 
matrix with r rows and g ~ r columns. 

The subgroup GL{r,¢—17r;R) of GL(g,R) is defined similarly. 
Matrices AC GL(r, g — 7; BR} have the above form with A’€ GL(r, R), 
A” €GL(q¢—y,R) and B an arbitrary real r x (q—yr) matrix. Let 
GL" fy, ¢—7;R) be the subgroup of those AC GL(r,g—7;R) with 
A‘'C GL (ry, R) and A” € GL*(g — 7, R). 

G(r, q—7; 0) = GLY, O/GL(, ¢— 1; €) = UU) x Ug —7) 
is the GrassMANN manifold of r-dimensional linear subspaces of C,. 
Similarly the real GrassMANN manifolds 

G(r,q—7:R) = GL(g, R)/GL(r, g — 7; R) = 0(9)/0(7) x Oy —7) 
G* (7, ¢ —7;R) = GL* (g, R)/GL* (7, g — 7; R) = SO (g)/SO(7) x SO(g—7) 
represent the r-dimensional linear subspaces of R¢ and the 7-dimensional 
oriented linear subspaces of R® respectively. 

The invertible gxq complex matrices which map L, to itself for 
each y form a subgroup A(g, ©) of GL (gq, €). Clearly A(g, C) is the sub- 
group of matrices in GL(q, C) which are triangular (all coefficients below 
the diagonal are zero). 

The group T?= A(g,€) U(g) of unitary diagonal matrices is a 
q-dimensional torus. F (g) = GL(g, O/A(¢g, € = U(g)/T* is the manifold 
of “flags” in €,. Each such flag is a sequence O= Eyc E,C-+ CE, = €, 
of linear subspaces (dim E, == £) of C,. Note that these descriptions of the 
GRASSMANN manifolds and the flag manifold refer to linear subspaces 
(t. e. subspace through the origin of C,}. 

4.1. b). Certain results on fibre bundles over a topological space X 
depend on the assumption that X is paracompact (see 2.8). 

Let I denote the unit interval 0 < i< 1. Two continuous maps 
fy f,: X > Y are homotopic if there exists a continuous map F: Xx I>Y 
such that F(x, 0) = /,(x) and F(x, 1) = j, (x) for all «€ X. A cell is a 
space homeomorphic to R¥ for some N. 

I) Let X be a paracompact space, W a continuous fibre bundle over a 
space Y, and fy, f,: X > Y homotopic maps. Then the induced bundles 
KW, fEW Gee 3.3) are isomorphic. 
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Proofs of I) can be found in Dotp [8], 7.10; in Hotmann [1], VI. 2.3; 
in Cartan [1], Exp. VIII, for X locally compact and paracompact; 
in STEENROD [1], 11.5, for X locally compact with a countable basis; 
and in Ativan-Bott [1], Prop. 1.3, for X compact and W a vector 
bundle. 

Il) Let X be a paracompact space and A a closed subspace (possibly 
empty) of X. If W is @ fibre bundle over X with fibre a cell then every 
section s of W over A can be extended to a section over X. 

If it is assumed that the section s can already be extended to an open 
neighbourhood of A (which is the case in most applications) then I) 
is a special case of a theorem of Dotp [8], 2.8. Other proofs can be found 
in Hotmann [1], VI. 3.1; in Cartan [1], Exp. VITL, for X locally 
compact and paracompact; in STEENROD [1], 12.2, for X normal with a 
countable basis; and in Atryau-Botr [1], Lemma 1.1, for W a vector 
bundle. 

Now let G be a real Lie group and G® a closed (L1z) subgroup for 
which G/G° is a cell. The embedding G® c G induces [3.1 (2)] a map 

FRAUX, @) + MX, G). (1) 

TIl) If X ts paracompact the map (1) ts bijective. 
Proof (STEENROD [1}, 12.7): By 3.4.2 and 3.4.5 the section extension 

property II) implies that every fibre bundle over X with structure 
group G is isomorphic to a fibre bundle W with structure group 6°. 
Therefore (1) is surjective. Now suppose that W, W’ are fibre bundles 
over X with structure group G® which are isomorphic as bundles with 
structure group G. There is an open covering {U,},¢, of X such that W, 
W’ are given by coordinate transformations g,,: U; \1 U; ~ G°, 
24: U; nn U; > G and, for some continuous functions h;: U;—> G, 

Bishi gyh, in U;nU; forall 17¢/]. 

Now let I be the unit interval 0 < #< 1, and U%, U} the open sets in 
Xx I defined by 

US ={(#,)€Xx I, #€U, OSt< B, 

Uj={(, he Xx I, 2¢U, O<ts i}. 

Construct a fibre bundle W over Xx I with structure group G and 
coordinate transformations 

ght: UPA UP > G 

gp: Ul Ut > @ 

ee Ue n Uj > G 

by g?? (x, t) = g3;(x), gy (x,t) = &5(%), BF (x, 2) = Ay (x) Bi; (%) = B45 (x) A, (4). 
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Then W has structure group G, reduced to G® over the closed set 
A=Xx {0} UX x {1} of Xx I. By 3.4.5, and I) applied to the para- 
compact space Xx I and the closed subspace A, the fibre bundle W is 
isomorphic to a fibre bundle with structure group G whose restriction 
to Xx {0}, Xx {I} is W’, W. Consider the maps fy, f,:X>Xx TI 
with f,(x) =» x {0}, f, (4) =x x {1}. By I), W is isomorphic to W’. There- 
fore (1) is injective and the proof of ILI) is complete. 

lf X is a differentiable manifold then X is paracompact (2.8.2). 
Let G be a real Lie group and G® a closed (Liz) subgroup for which G/G° 
is a cell. There is [3.1 (1), (2)] a commutative diagram of maps 

HP (X, Gp) > HX, Gp) 
| | (1*) 

F(X, G9) > HX, G). 

IV) Each map in (1*) ts bijective. 
Proof: The lower horizontal arrow is a bijective map by IT). 

A direct proof that the vertical arrows are bijective maps is given in 
Hormann [1], VI. 1.1. 

When G® is a compact subgroup of G an alternative proof that the 
arrows are bijective maps can be given using the STEENROD approxima- 
tion theorem (every continuous section of a differentiable fibre bundle 
over X can be approximated arbitrarily closely by a differentiable section, 
STEENROD [1], 6.7) and the classification theorem for fibre bundles with 
structure group G® (for references see the bibliographical note to Chapter 
One). The general case then follows by application of the theorem that 
the quotient space of a connected Liz group modulo a maximal compact 
subgroup is a cell (see STEENROD [1], 12.14). 

Properties III) and IV) allow the sets in (1) and (1*) to be identified 
in a natural way. They can be applied in particular for 

G= Ug), G=G6L(q, €) 

G=Ur)x Ug—4r), G=G6Lr,¢—17r;0 or GL(r, C)x GL —7, 0) 

G = Te, G= A(g,Q) or G = C*x---x C* g times 
G= Of), G = GL(z, R) 
G° = SO(q), G=6L*(¢,R) 
G = O%)x Og@—1r, G=GL’,¢—17;R) or GL(r, R)xGL(q—7,R) 

G° = SO(r) x SO(¢—7), G = GL (r, g—7; B) 
or GL (7, R)XGLt (g—7,R). 

4.1. ¢). The following results hold in the continuous, differentiable 
and complex analytic cases. 

Let &:GL(r,g~—7;Q36L(r,Q)x GLig—7,€) be the homo- 
morphism defined by 4(A)= A'x A” [see 4.1. a)}]. The kernel of & 
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consists of matrices of the form ( i) where B is a matrix with r 
tows and g — x columns, and can therefore be identified with a complex 
vector space of dimension 7 (g — 7). This gives an exact sequence 

0+ C,q@-n > GLY, g—17; 0) “> GL(r, (|) x GL(g—7,€)>0. (2) 
By 3.1 (2) the homomorphism / associates, to each GL(r, g —17; C- 
bundle € a GL(r,C)x GL(g— +r, C)-bundle: that is, a pair (€', &) 
where & is a GL ({r, €)-bundle, called a subbundle of &, and &" is a 
GL(q —7, C)-bundle, called a quotient bundle of E. 

Convention: The statement “the G L(g, €)-bundle & has subbundle & 
and quotient bundle £'" means that there exists a GL(r, ¢ — r; C)-bundle 
which is mapped to € by the embedding GL(r, g—7; OC GL(g, Q and 
which has subbundle £’ and quotient bundle &”’. 

Let p,: A(q, CQ) > €* be the homomorphism which picks out the 
k-th diagonal coefficient a,, of the triangular matrix A¢ Aly, C). 
By 3.1 (2) the homomorphism , associates to each A (q, C)-bundle & 
a C*-bundle &,. The ordered set &, &, ..., &, is the set of diagonal 
C*-bundles of &. 

Convention: The statement “the GL{y, ©)-bundle £ has diagonal 
C*-bundles £,,..., &,’’ means that there exists a A (g, C)-bundle which is 
mapped to é by the embedding A (g, €) c GL(g, €C) and whose ordered set 
of diagonal C*-bundles is &,, ..., &- 

Theorem 4.1.1. Suppose that the GL(g, O)-bundle & has diagonal 
C*-bundles &,, ..., & and that the @L(g’, O)-bundle & has diagonal 
C*-bundles &,..., &. Then 

&* has q diagonal €*-bundles &>1, ..., &4, 

£@ ¥' has q+ q' diagonal C*-bundles &,,..., &, &,.. . Ey, 
£@ & has qq! diagonal C*-bundles &, @ &, 

AP & has (3) diagonal C*-bundles &, @---@ &,, (1S i,<-+++ <i, 9). 
Proof: Apply 3.6. c) and 3.1 (2*). 
4.1. d). The following discussion is again valid in the continuous, 

differentiable and complex analytic cases. 
Let W be a vector bundle (fibre C,) over X and let £ be the principal 

bundle [fibre GL(q, ©)] of isomorphisms from C, to W constructed in 
3.5. By Theorem 3.4.4 there is a fibre bundle "IW -= E/@L(r, ¢ — 7; C) 
over X with fibre the GrassMANN manifold G(r, ¢—y7; €). The fibre 
irlW, is the GRASSMANN manifold of 7-dimensional subspaces of the 
complex vector space W,. The fibre bundles W, E, "IW are all associated 
to the same GL(q, C)-bundle &. 

Now suppose that ["lW has a section s. Then s associates to each 
x€ X a r-dimensional linear subspace W; of W, which depends con- 
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tinuously (or differentiably, or complex analytically) on +. By Theorem 
3.4.5 the section s determines a GL (rv, g — 7; €)-bundle with subbundle 
and quotient bundle £’. The union of all the Wz is a vector bundle W’ 
over X which is associated to the GL (r, C)-bundle é’. The union of all the 
W? = W/W) is a vector bundle W” over X which is associated to the 
GL(g — 7, C)-bundle £”". 

Remark 1: Every point x€ X has an open neighbourhood U over 
which W ts isomorphic to the product Ux C,. The isomorphism can be 
chosen so that W’ is defined in U x C, by the equations 2,4, = °° = % = 0. 
Here C, is the vector space of g-ples z,, ..., 2, and the form of the iso- 
morphism follows from Theorem 3.4.5. 

Let W, W be vector bundles over X. A homomorphism W -> W isa 
continuous (or differentiable, or holomorphic) map from W to W which 
maps each fibre W, linearly to W,. A sequence of vector bundles and 
homomorphisms 

00> W'>W> WwW" 0 (3) 
is exact if for each x€ X the corresponding sequence 

0-WiL>W,> Wy 0 (3*) 
is exact. In this case we write W” = W/W’ and call W’ a subbundle, 
W" a quotient bundle, of W. 

Let W be a vector bundle (fibre C,) over X. A section s of the fibre 
bundle ("IW defines in a natural way an exact sequence (3) with a sub- 
bundle W’ (fibre C,) and a quotient bundle W’ (fibre C,_,). Conversely 
any such exact sequence determines a section of F/W. Tf W', W and W” 
are associated to the GL(r, C)-bundle é’, the GL (g, C)-bundle € and the 
@L(g — 7, €)-bundle &” respectively then there exists an exact sequence 
(3) if and only if & has subbundle ¢’ and quotient bundle &”. 

Remark 2: By Remark 1 an exact sequence (3) sattsjies the condition: 
every point x€ X has an open neighbourhood U over which W’, W and W” 
ave isomorphic to Ux €,, Ux C, and Ux €,_, respectively and over 
which the exact sequence (3) corresponds to the exact sequence 

0+C,> C0 C,_,>~ €,.,>0. 

The proofs of the following theorems are left partly to the reader 
(see 3.6): 

Theorem 4.1.2. Constder an exact sequence 

0- WW W"-0 (3) 

of vector bundles over X, and let W be another vector bundle over X. Then 
there are exact sequences 

0 Hom(W, W’) + Hom(W, W) + Hom(W, W") > 0 (4) 
0-W'eW-wWeW-w'e W->0 (5) 
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obtained in a natural way from (3). In addition there 1s an exact sequence 
obtained by “dualising’’ (3) 

O-> (W")*¥ > We > (W)* > 0. (6) 

Theorem 4.1.3. An exact sequence 

0+-F>W>W"-+0 

of vector bundles over X with F a line bundle determines in a natural way 
an exact sequence 

0-2-1 W" @ F+W W" 0. (7) 

Proof: There are natural homomorphisms J? W-> 4? W” and 
AP-1 W @ F -» A? W. The latter is zero on the kernel of the natural homo- 
morphism from 4?-1 W @ F onto 4?-1 W" @ F, and therefore induces a 
homomorphism 4-1 W” @ F -> 4? W. This defines the homomorphisms 
in (7) in a natural way. It is easy to check that (7) is exact. 

By dualising the above theorem one obtains 

Theorem 4.1.3*. An exact sequence 

0-W'>W>F>0 

of vector bundles over X with F a line bundle determines in a natural way 
an exact sequence 

O-> A? W' > VW > 2OW' @F>0. (7*) 

4.1. e). The following results are once again valid in the continuous, 
differentiable and complex analytic cases. 

We consider the situation discussed at the beginning of 4.1. d) 
and construct from the vector bundle W (fibre C,) a fibre bundle 
4W = E/A(q, C) over X with structure group GL (g, C) and fibre the flag 
manifold 

F(q) =GLq, 0/4, 0. 
The fibre 4W, is the manifold otf flags in the complex vector space W,. 
The fibre bundles W and 4W are associated to the same GL (g, C)- 
bundle &. 

Now suppose that 4W has a section s. Then s associates to each 
x€X a flag s(x) in W, which depends continuously (or differentiably, or 
complex analytically) on x. The flag s(x) is an increasing sequence 
weg gly C++ Calg = W, of subspaces of W, with dim,[, =r [see 
4.1. a)]. For each r the union U ,L, is by 4.1. d) a vector bundle W,, 

BEX 

over X with fibre C,. There are exact sequences 

0> Wey > Wein > Are > 8 
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with A, a line bundle and A, = Wa). We call A,, ..., A, the diagonal 
line bundles determined by the section s. By 3.4.5 the section s determines 
a A(g, C)-bundle which is mapped to & by the embedding A(g, O}c 
CGL{, C). The line bundles 4,,..., A, are associated to the diagonal 
€*-bundles of this A(g, €)-bundle. 

Remark: Every point x € X has an open neighbourhood U over which W 
is isomorphic to the product U x C, and over which Wy) 1s defined in U x C, 
bY 243 = 777 = 2g = 0 [see 3.4.5 and 4.1. d)]. 

4.1. f). The following two theorems hold only in the continuous and 
differentiable cases. It is assumed that X is paracompact (in the dif- 
ferentiable case this is no restriction, since every differentiable manifold 
is paracompact by 2.8.2). 

Theorem 4.1.4. If the GL(q, C)-bundle & over X has the GL(z, €)- 
bundle £ as subbundie and the GL (q — 1, C)-bundle £” as quotient bundle 
then E is equal to the Wairnny sum of & and &": 

Ex: £ @ &" . 

Theorem 4.1.5. If the GUL(g, C)-bundle & over X has diagonal 
C*-bundles &,, &, ..., &, then - 

é=&0&@°--@&§. 
Proofs: Both theorems follow from properties IIT) and IV) of 4.1b). 

The set of GL{r, ¢—7; C)-bundles can be identified with the set of 
U(r) x U(g —7)\-bundies, and hence with the set of GL (7, C) x GL(qg—7, ©)- 
bundles. This proves 4.1.4. The set of A(g, €)-bundles can be identified 
with the set of T*-bundles and hence with the set of C*x (*x -+-x €*- 
bundles (g factors). This proves 4.1.5. 

Remark: The following alternative proof makes it clearer why 
Theorems 4.1.4 and 4.1.5 are false in the complex analytic case (ATIYAR 
[3]). Consider an exact sequence (3) of continuous, or differentiable, or 
complex analytic vector bundles over X. The exact sequence (4), with 
W = W”, defines a corresponding exact sequence of sheaves of germs of 
local sections (see 3.5 and 16.1). Denote the corresponding cohomology 
exact sequence by 

H°(X, Hom(W”, W’)) > H°(X, Hom(W”, W)) > 

-> H9(X, Hom(W”, W") “> HA(X, Hom(W”, W). 
The identity homomorphism W’ > W’’ defines an element I¢ H°(X, 
Hom(W", W’’)) and hence an element 68 (I) € H#(X, Hom(W”, W’)). 
The exactness shows that there is a splittmg homomorphism W” > W 
of (3) if and only if 88 (7) = 0. Therefore W is isomorphic to W’ @ W” if 
6&8 (7) =0. In the continuous and differentiable cases the sheaves 
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€(Hom(W"’, W')) and U(Hom(W”", W’}) defined in 3.5 are fine and 
therefore A(X, Hom(W”’, W’))=0. This proves 4.14. Repeated 
application of the same result proves Theorem 4.1.5. 

4.1, g). The results of 4.1 d), together with Theorem 4.1.4, also hold 
in the real case and are summarised in 

Theorem 4.1.6. Let & be a GL(g, R)-bundle over X and W an as- 
sociated vector bundle with fibre R®. Consider the principal bundle E (fibre 
GL(¢g,R)) of tsomorphisms from R® to W. The fibre bundle IW = 
E/GL(r,q¢—7;R) has fibre '"1W,, over x€ X the GRASSMANN manifold of 
(unortented} linear subspaces of W,,. If "W has a section s then the union of 
subspaces s(x) of W,, 1s a vector bundle W' over X associated to a GL (r, R)- 
bundle £'. The union of the W,,/s(x) ts a vector bundle W"' over X associated 
to a GL(g — 7, R)-bundle &. Moreover & is equal to the WHITNEY sum 
£’ @ &"; in other words W is isomorphic to W' @ W". 

The theorem remains true if throughout GL is replaced by GL* and 
unoriented is replaced by oriented. It is also true in the differentiable 
case. 

4.2, In this section we define the CHERN cohomology classes of a 
continuous U(g)-bundle over an “admissible” space. A space X will be 
called admissible if it is locally compact, the union of a countable number 
of compact subsets, and finite dimensional. The first two conditions 
imply (2.8.2) that X is paracompact. In the third condition we use the 
following definition of dimension: the space X is of dimension < n if 
every open covering U of X has a refinement G such that each point of X 
lies in at most ” + 1 open sets of B. Under this definition a »-dimensional 
differentiable manifold (see 2.5) is of dimension 7. In the sequel ## will be 
assumed that all bundles considered are defined over admissible spaces. 

The Caern classes will be defined as integral cohomology classes 
of X. Unless otherwise stated the cohomology groups of X with co- 
efficients in an additive group A are to be understood as the cohomology 
groups of X with coefficients in the constant sheaf A [see 2.5, Example1)]. 
Then Hi(X, A) is the ith Ceca cohomology group (with arbitrary 
supports} of X with coefficients in A. The direct sum H*(X, A) = 
d», Hi(X, A) is a graded ring with respect to cup product if A is a com- 

mutative ring. The cohomology groups of X with coefficients in a sheaf G 
can also be defined by “alternating cochains’’ (SERRE [2]) and hence 
H*(X, 6) = 0 for 7 > » = dimX. In particular H#(X, A) = 0 for i> xn, 
For X a locally finite polyhedron, and in particular for X a differentiable 
manifold, H*(X, A) is naturally isomorphic to the corresponding simpli- 
cial cohomology group (EILENBERG-STEENROD [1], p. 250). 

The unitary group U(N) = 1x U(N) is a normal subgroup of U (g) x 
x U(N). Therefore U(g + N)/U(N) is a principal bundle with structure 
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group U(q) over the GrassMANN manifold G (g, N; €). The homogeneous 
space U(g+ N)/U(N) is the SrirreL manifold of unitary-orthogonal 
g-frames at the origin of Cy, y. The homotopy groups #,(U (¢ + N)/U(N)) 
are zero for 1 <1 < 2N (StTEEWROD [1], 25.7). The fibre bundle 
U(q+ N)}/U(N) is associated to a U(g)-bundle over G(g, N; C) which 
is called the universal U (g)-bundle. 

Let X be an admissible space with dim X < 2N. Then the classifica- 
tion theorem (STEENROD [1], 19.4; Cartan [1], Exposé VIII) implies 
that the U(g)-bundles over X are in one-one correspondence with homo- 
topy classes of continuous maps from X to G(q, N; €). More precisely, 
every U(g)-bundle over X can be induced by such a map from the 
universal U (g)-bundle, and two such maps are homotopic if and only if 
they induce the same U(g)-bundie. In order to define the Cnurn classes 
of a U (g)-bundle over X it is sufficient to define the Cuern classes of the 
universal U(g)-bundle over G(g, N; C). We adopt a slightly different 
approach which gives “axioms” for the CaERN classes together with a 
proof of uniqueness and existence. This approach avoids any confusion 
over signs (a comparison with other definitions of Carn classes can be 
found in Borei-Hirzesruca [1)). 

Axioms for the CHERN classes: 
Axiom I: For every continuous U(g)-bundle & over an admissible 

space X and every integer i = 0 there ts a Caern class c,(&) € H*4(X, Z). 
The class c,(&) == 1 is the unit element. 

We write c(é) = 3” ¢,(é). Since X is finite dimensional this is a 
imo 

finite sum. The element ¢(&) of the cohomology ring H*(X, Z) is called 
the (total} Cuern class of €. A continuous map /: Y -» X induces a map 
ff: YX,U@) ~ CY, U@, and a homomorphism 

jt: H*(X, Z) > H*(Y, Z). 

Axiom II (Naturality): c({* &) = f* ¢(€). 
Axiom IIT: ff &, ..., &, are continuous U(1)-bundles over X then 

€(&, @ +++ @ &) = (8)... 6(&) - 

projective space P, (C). The open sets U; defined by z, + 0 form an open 
covering of P,(€). Let 7, be the €*-bundle defined by the cocycle 
{gi} = {2; 27}. Then 7, is complex analytic but can be regarded as a conti- 
nuous C*-bundle and hence as a U(1)-bundle over P, (C). The hyperplane 
2, = 0, with the induced orientation, is a P,_, (C) and represents a (2 —2)- 
dimensional integral homology class of P,(€). The corresponding co- 
homology class [with respect to the natural orientation of P,(C)] is 
denoted by 4,. The class A, is a generator of H?(P,(C), Z) = Z. 
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Axiom IV (Normalisation): e(y,) = 1+ Ay. 

Remarks: Let 7: P,_,(Q} > PB, (0) be the embedding of a hyper- 
plane. Then j* hy = hy,_, and j* 4, = 4,-, in agreement with Axiom I. 
We give two geometrical interpretations of the U(1)-bundle 7,. Let 
P,,(C) be embedded in P,,,(Q) as the hyperplane z,,,=0 and let 
%q € Paii(Q) be the point (@:---+:0:1). There is a continuous map 
a: P,.1(€) — {%9} > P,(€) defined by 2 (2g: +++: 2,2 Sptg) = (Zi 0662 Sp). 
Define a homeomorphism A; : 2-1(U,) > U;x € by 

Fag (Zq 0° 2 2a? Saga) = (2g 06 2_1 0) X - 

Then Ay Ay} (2g: +++! 2,1 O)X w) = (29277210) xX Sw 

Therefore P,,,, (C) -- {x9} is a vector bundle H over P,,(€) with structure 
group C* and fibre € which is associated to the U(1)-bundle y,. 

The second interpretation involves the continuous map 7: C,i4— 
— {0} > P,(C) defined by 2 (2, . .., 2) = (291°° +14). Define a homeo- 
morphism #,;:27}(U,) > U;x C* by Arlt, ~~. a) = git tt Sa) xX 2 

Then hy hy? ((ay i++ +1) X W) = (git tt 2_) X ae 
Therefore C,,,., — {0} is a principal bundle E with structure group C* 

which is associated to the U(1)-bundle 471. It follows that the principal 
bundle U(# +. 1)/U(m) over the GrassMANN manifold G(1, 2; C) = P, (€) 
is associated to 471. Thus 471 is the universal bundle over P, (C). 

Convention: By 4.1. b) (1) the continuous U(g)-bundles over X 
are in one-one correspondence with the continuous GL (g, C)-bundles. 
Differentiable U(g)- and GL(g, C)-bundles and complex analytic 
GL(q, C)-bundles can all be regarded as continuous bundles [see 3.1 (1)]. 
Therefore CHERN classes are defined in these cases also. If W is a vector 
bundle over X with fibre C, associated to a GL, €)-bundle &, we call 
c(é) the (total) Carn class of W and write c(W) = ¢(&). 

Uniqueness of CaEeRn classes: 
a) lf &€ Hi(X, U(1),) there is, for 1 sufficiently large, a continuous 

map {/:X—P,(C) such that = /*y,. By Axioms II and IV, ¢(€) 
= /*(1+4,) is determined uniquely. In particular ¢,(§) = 0 for 7 > 1. 

b) Now let £¢ H#(X, U(q),). Construct a fibre bundle Y; +. X with 
fibre F(g} = U(g)/T*¢ which is associated to &. The space Y; is again 
admissible. By 3.4.4 and 4.15 the U(g)-bundle 9* & is equal to the 
WHITHEY sum of g diagonal U(1)-bundles &, ..., &, over Y,; whose 
Cuern classes c(f) = 1+ y;, where y,;€ H?(Y,, Z), are determined 
uniquely by a). Axioms II and ITI imply 

ot c(é) = clo* 8) =I (+r). 8) 
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A spectral sequence argument shows that o*: H*(X, Z) > H*(Y;, Z) 
is a monomorphism (Bore [2]; see also ROTHENBERG-STEENROD [1}). 
Therefore c(é) is determined uniquely. In particular we have shown that if 
éis a U(g)-bundle ¢, (8) = 0 for 4 > q. 

Remark: By the induction argument used later in 18.3 it is actually 
sufficient to know that p*: H*(X, Z) > H*(Y, Z) is a monomorphism 
when @: ¥— X is a fibre bundle with fibre P,_,(€} associated to a 
U (g)-bundle (see GROTHENDIECK [4)). 

Existence of CHERN classes: 
The proof follows the same pattern as the proof of uniqueness. 

The Carn classes of a U(1)-bundle £ are defined by a). It must be proved 
(from the classification theorem and the first of the remarks after 
Axiom IV) that c(é) = f*(1+ 4,) depends only on & and not on the 
choice of f and #. It is clear that c{&) satisfies Axiom II for U (1)-bundles &. 
The definition of ¢(£) for a U(g)-bundle € follows with the help of (8): 

Let E be a principal bundle with U(q) as fibre which is associated 

to € and let Y, = E/T*. By 3.4.4 there is a T*-bundle E over Y; which is 
mapped to g* € by the embedding T¢c U(g). We denote the diagonal 

U(1)-bundles of & by &..., & and write c(&) =1+4 y,. Since 
o*: H*(X, Z) > H*(Y,, Z is a monomorphism, c() can be defined 
by (8) once it is shown that the elementary symmetric functions o; in 
the y, lie in the image of e*. 

Let N be the normaliser of T= Te in U(g). Thus N = {a€ U(q); 
a*T a= Th. It is known that N/T is a finite group © isomorphic to the 
group of permutations of g objects. Each element a € © (represented by 
a€N) defines a fibre preserving homeomorphism &: Y;—> Y; With 
respect to a chart V x (U(g)/T), where V is an open set of X, & is given 
by right translation: 

&(ex gT) =x gaT=vx gTa for ve V, ge Ug), gTEU(g)/T. 

Since & is fibre preserving it defines an automorphism &* of the ring 
H* (Y;, Z) whose restriction to 9* H*(X, Z) is the identity. In addition 
there is an outer automorphism # > a@~!i a of T which depends only on a 
and induces an automorphism a! of H!(¥,, T,) [see 3.1 (2)]. Since the 
outer automorphism is a permutation of the diagonal coefficients of the 

diagonal matrices 1€ T, the diagonal U (1)-bundles of o* E are obtained 
from &,,..., & by the same permutation. It can be shown that at & 
= are (where &* is induced from & as in 3.3). Therefore &* permutes the 
diagonal U (1)-bundles £,, and the cohomology automorphism & permutes 
the y; [by Axiom II for U(1)-bundles which is already established]. In 
this way © acts as the full group of permutations of y,, . . ., y,- A neces- 
sary condition for an element x¢€ H*({Y;, Z) to lie in p* H*(X, Z) is 
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that x remains invariant under all operations of @. By a fundamental 
theorem of BorEL [2], which depends on a spectral sequence argument, 
the elementary symmetric functions o; in the y, actually occur as images 
under 9*. The above condition is therefore also sufficient. The CHERN 
classes of € can now be defined by o,; = e* c;(&). Clearly they do not 
depend on the choice of E and do satisfy Axioms I, If and IV. 

It remains to prove Axiom III. Let & be a U(g)-bundle over X which 
is the WHiTwey sum of U(1)-bundles &, ..., & over X. Let &, be the 

+-th diagonal U(1)-bundle of &. Then the fibre bundle Y, has a section 
s:X > Y, such that s* é,= & fort =1,..., g. Therefore 

@ gq 

c(8) = s* gt o(8) = s* ITo(&) = IT (8). 

Remark: For the universal U (g)-bundle the spaces X = G(q, N; €) 
and Y;, are triangulable. Therefore if classes c(£) are defined for conti- 
nuous U(q¢)-bundles over triangulable spaces X which satisfy Axioms 
I-IV these classes must agree with the CaERN classes. If X is triangul- 
able, characteristic classes c,(é) € H*(X, Z) can be defined for a U (q)- 
bundle € over X by obstruction theory (see STEENROD [1]). One con- 
structs a fibre bundle E/U(t — 1) associated to € with the Strerer 
manifold G,,;= U(g)/U@ — 1) of unitary ¢ — 7+ 1)-frames in C, as 
fibre. The first non-zero homotopy group of Gy; is %_3~-1(Gy,,) which 
is infinite cyclic. This defines a first obstruction 

o;(€) € H?*(X, m0 5—1 (Se, ;)) 

to the existence of a section of E/U(: — 1) over the 27-dimensional 
skeleton of X. In order to represent ¢,(&) as an element of H?#(X, Z) it is 
necessary to choose an isomorphism between 2,,;-,(@,,;) and Z. The 
generator of a,-,(G,,,) which will correspond to 1€ Z is defined as 
follows. Choose a fixed (g — z)-frame in C,. The complementary subspace 
is a complex vector space C, which is oriented. The sphere S*-1 of unit 
vectors in C, is therefore oriented. Each point of this sphere can be added 
to the fixed (¢ — ¢)-frame to define a (g-- 17+ 1)-frame in C, and hence 
a point of G,,;. The map from the oriented S**~1 to ©,,; defined in this 
way is the required generator of 2,;-,(@,,,). This defines the charac- 
teristic classes of obstruction theory as elements of H**(X, Z). A detailed 
discussion shows that they satisfy Axioms I—1V and hence agree with 
the CHERN classes. 

4.3. Axioms I, TI, III determine the Caern classes uniquely once 
¢, (€) is defined for £ a U(1)- or €*#-bundle (Axiom IV). In this section we 
assume that the base space X is admissible and give two alternative 
definitions for c, (&). 
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Theorem 4.3.1. Let EC A(X, C¥) be a continuous C*-bundle over X. 
if &,: HX, C8) > H*(X, Z) ts the tsomorphism defined in 3.8 then 

c,(€) = (8). 
Proof: Since 64 commutes with maps it is sufficient to prove the 

result d4.(n,) = 4, for the bundle », of Axiom IV. For n = 2 the em- 
bedding 7: P,_, (€) > P,(€) induces an isomorphism j* : H?(P,,(Q), Z) > 

> H*(P,_;(€), Z). Since j* 55 (na) = 64(7* mq) and j* hy = hy it is 
sufficient to prove that 64 (7,) = 4, for the Riemann sphere S$? = P, (€). 

The cohomology class A, is by definition dual to the homology class 
represented by a single point. In simplicial cohomology A, is therefore 
represented by a cochain which associates the value 1 to one 2-simplex 
(oriented by the natural orientation of $?) and the value 0 to all other 
2-simplexes. There is a natural identification between simplicial co- 
homology and Cecu cohomology. S$? can be regarded as a complex plane 
(closed by the point oo) parametrised by z= z,/z). Triangulate S* as a 
tetrahedron so that z = 0 is a vertex and oo is in the interior of the face 
opposite 0. Name the other three vertices A, B, C in positive direction 
round the origin. The open stars Sy, S4, Sg, Sc of the vertices of the 
tetrahedron form an open covering of S? whose nerve is isomorphic to the 
tetrahedron. This isomorphism induces the natural identification between 
Cecu and simplicial cohomology. The C*-bundle 7, can be defined by 
maps /,, from S, 4 S, to C*: 

foa = fop = foo = 2%; fao=fao= feo = 27; all other j,, = 1. 
64 (m,) can by definition be represented by the cocycle 

1 
Cyst = Guz (loshs + logf,, + log/,,) 

where for each r, s we choose a branch log of the logarithm in the simply 
connected domain S,S,. For example choose log/, 4 arbitrarily and 
choose logfax, log/p¢ by analytic continuation of logf,4 in a positive 
direction round the origin (log/49 = —log/g4, .. .). For rand s both non- 
zero, log}, = 0. Therefore tgc4 = 1, g;== +1,(—1) for s, s, # an even, 
(odd) permutation of 0, C, A and ¢,,,= 0 otherwise. But OCA is a 
positive ordering of a 2-simplex with respect to the natural orientation 
of $*, and therefore cyg 4 represents the cohomology class f,. This com- 
pletes the proof of Theorem 4.3.1. 

Let & be a U(i)-bundle over an oriented compact manifold X. 
Consider an associated fibre bundle B+ X with fibre the unit disc 
lz] = 1, z€C. An element e*'* € U(i) operates on B by z-> e27*# z. 
The unit disc is oriented in a natural way. B is a manifold with boundary 
with an orientation induced from those of X and of the fibre. Let S 
denote the boundary of &. Then S-» X is a fibre bundle with fibre 
$' which is associated to & Let s: X ~ B — S be the embedding of the 
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manifold X as the zero section of B. Following THom [1] consider the 
Gysin homomorphism 

sy: Hi(X, Z) > Hid ®(B—S,Z), i20. 

The second group is cohomology with compact supports. If Dy 
denotes the Porncart isomorphism from the cohomology groups with 
compact supports to the homology groups of dual dimension in X, and 
Dz y_s denotes the corresponding isomorphism for cohomology and homo- 
logy with compact supports in B — S, then s, (a) = Dg1s(s, Dx(a)) for 
a€ Hi(X, Z). Let B be the compact space obtained from B by collaps- 
ing S to a point. There is a natural isomorphism g* from Hi,(B — S, Z) 
to Hi(B, Z) forj > 0. The bundle & over B is trivial over B — s(X) and 
can therefore be regarded as a bundle £ over B. In the above notations 
we have 

Theorem 4.3.2. Let 1€ H°(X, Z) be the unit element. Then, under 
the above assumptions, 

8 Sy (1) = 0,(E) and s* sy (1) = o(£) - 
The second equation states that the CHERN class c, (&) ts the restriction to s(X) 
of the cohomology class (compact supports) corresponding to the homology 
class (compact supports) of B — S given by the oriented submanifold s(X). 

Proof: The second equation follows from the first. The definition 
given by Tuom [1] shows immediately that s, commutes with maps. 
The first equation need therefore be proved only for the bundle y, over 
P,,(C). In this case (see the remarks after Axiom IV) B= P,,,(C), 
S == $+1 and ,= Yn+1. The orientation of B induces the natural 
orientation on P,,,,(€). Since X is the naturally oriented hyperplane 
P,(€) of Piiy(C) it follows that g* sy (1) == Myaiy = (Mar) 9 “alfa 

4.4. In this section we show how to calculate the Caren classes of the 
bundles &*, £@ &, &@ &, A? & (see 3.6) from those of & and £’. For this 
purpose we prove a lemma which allows all such calculations to be 
reduced to the case in which every bundle involved is a WaiTNEY sum 
of U (1)-bundles. 

Lemma 4.4.1. Let &, be a continuous U (q,)-bundle over an admissible 
space X (see 4.2) for a finite number of values i= 1,..., N. There is an 
admissible space Y and a continuous map ¢: Y > X such that 

I) g*: H*(X, Z) + H*(Y, Z) is a monomorphism, 
It) g* &, is a sum of U(1)-bundles for allt =1,..., N. 
Proof: By repeated application of the construction in part b) 

of the proof of uniqueness of CHERN classes (4.2). 
Lemma 4.4.2. Let &, & be two U(1)-bundles over an admissible 

space X. Then c,(&, ® &2) = & (8) + &% (82). 
Proof: By 3.7 and Theorem 4.3.1. 
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We adopt the following convention. Let a; b, ¢,... = 1, 2,...) 
be commutative indeterminates. We put ay = by =cyg=-++=1 and 
consider formal factorisations 

k & 1% TM 
+ 4¢= Hitas, DY b= Hf A+ B,4), etc. 

i=0 f=1 #=0 jai 

Every polynomial which is symmetric in each of the sets of variables 
a;, Bj 7; -.. can be written in a unique way as a polynomial in the 
elementary symmetric functions a, 6,, ¢,,... . If particular values are 
substituted for a;, 4, c,, ... then the polynomial takes a well defined 
value. In applications the particular values will always be even dimen- 
sional elements of a cohomology ring. 

Theorem 4.4.3. Let & be a U(q)-bundle and & a U(q')-bundle over an 
admissible space X. Consider formal factorisations 

; x ¢ 
z c,(8) x8 = i (Lyx), DY eG )at—= I (1+ 649). 
$x p= Sm ome 

Then, subject to the above conventions, 

1) Y o(€*) = IL (1— yy), ie. es(*) = (— Wh (8). 
f= 0 j=l 

qe g ¥ 
Tt) Dd’ ¢(F@ &) xt = ID (A+ yx) I (d+ 652), 

Lim j= 

ie. clE@ &) =c(€) c(é’). 
is mn) SF alge e)x= ID(+ (ys +4) 2). ISIS GUSHS 4), 

fz ye . 

IV) YS cj(A# 8) xt = IT + (yy tot ty) 2) 
where the product is over all () combinations with 1S 4, <-°* <jp Sq. 

Proof: By Theorem 4.1.1, Lemma 4.4.2 and Axiom III of 4.2 the 
above formulae hold if & & are sums of U(1)-bundles. Therefore by 
Lemma 4.4.1 they hold in the general case. 

Remark: Formula IJ) is the Wuirney multiplication formula 
(also called the “duality formula’’; see for instance CHERN [2]). Formula 
Tit) with g’ = 1 implies a formula of Kunprrt (Ann. of Math. 54, 
215—246 (1951). If £ is a fixed U (g)-bundle over X, and £' runs through 
the group of U (1)-bundles over X, then é @ 2’ runs through the set of all 
U(g)-bundles over X which are identical to & as PU (g)-bundles [PU (gq) 
= projective unitary group]. Hence the CHERN classes of all these U (g)- 
bundles can be calculated. But this is precisely the content of the formula 
of KUNDERT. 



§ 4, Characteristic classes 65 

4.5. The Pontryacin classes of a O(g) bundle & over an admissible 
space X (see 4.2) are defined in this section in terms of the CHERN classes 
of unitary bundles. By 4.1.b). IV) this defines also the PontRJAGIN 
classes of GL(q, R)-bundles over X. If W is a vector bundle over X with 
fibre R* which is associated to &, the PonTRJAGIN classes of W are by 
definition the PoNTRJAGIN classes of &. 

We use the following commutative diagrams of embeddings 

U(g) > 9(29) O0(g) > Ug) 
(9) 

GL(g, €C) + GL(2¢,R), GLig,R) > GL(z, €). 

In the first diagram the horizontal arrows denote the embeddings 
obtained if every linear map of C, (coordinates 2, . . ., 2.) is regarded as a 
linear map of R®4 (coordinates x, .. ., %24) by writing 4, = %gy-1 + § %em 
In the second diagram the horizontal arrows denote the embeddings 
obtained if every matrix with real coefficients is regarded as a matrix 
with complex coefficients. 

The second diagram of (9) defines a map p from H1(X, O(g)) to 
H1(X, U(g).) [see 3.1 (2)]. If £ is a O(g)-bundle over X we define 

(8) = e() = ¥ eel) EH*(K, Z) and P(8) = (1) eae((€) 
It can be proved, by considering the classifying space of O(g), that 
2Co+4(p(&)) = 0 (Borex [2], ROTHENBERG-STEENROD [1]). The element 
p,(&) € H**(X, Z) is called the ¢-th Ponrryaein class of €& The sum 

p(é) = 3) p,(€) is called the (total) Pontryacin class of & The proper- 
#==Q 

ties of the CHERN classes imply immediately that 

T) PoE) = 
Il) D(f* &) = f* B(E) for any continuous map f: Y-> X and 

O(g)-bundle & over X. : 

THI) B(&, © &) = 6(&) (E) for & € H*(X,0(q).) and é2€ 
H1(X, 0(g,),), where &, @ &, is the Wurrney sum of &, and &. 

Remark: The Pontryacin class p() does not satisfy the multiplica- 
tion formula III). It is however true that 

PE, @ &,) = H(E,) P(E.) modulo elements of order 2 in H*(X, Z). 
The first diagram of (9) defines a map g from H}(X, U(q),) to 

H1(X, 0(2q),). lf & is a U(g)-bundle over X then g(&) is an 0(2¢)-bundle. 
Theorem 4.5.1. Let & be a U(q)-bundle over X. Then 

B(@(é)) = 1 — Ar(e(4) + Pole (4) — Ps(e(é)) + °° = (1+ ¢(&) + (6) + (1 glé) + 4(@) — *). 



66 Chapter I. Preparatory material 

If the e, are regarded formally as elementary symmetric functions in the y,, 
then the p,(o(&)) are the elementary symmetric functions in the y} (see 1.3). 

Proof: Consider the composite embedding U(g) > 0(2q) > U(2q). 
An element AC U(g) defines an element of U(2q) which, under a well 

known automorphism of U (2g) independent of A, is mapped to (5 3) . 
Since A is unitary the complex conjugate matrix A is equal to the 
transpose of the inverse of A. Therefore p(@(é)) is equal to the WHITNEY 
sum of £ and &* [see 3.1 (2*)]. The result now follows from the WHITNEY 
multiplication formula (Theorem 4.4.3). 

Remark: If & is a O(g)-bundle the same argument implies that 
o(p(é)) = €@ &. If however £ is oriented it is easy to check that the 
natural orientations on (y(é)) and é @ & differ by a factor (— 1)¢ @-. 

4.6, Let X be a (not necessarily orientable) m-dimensional differen- 
tiable manifold [see 2.5, Example 3)]. Let U={U,},;c; be an open 
covering of X such that each U, admits differentiable coordinates 
x), ..., x2. The contravariant tangent GL (m, R)-bundle 6 of X is the 
differentiable bundle represented by the U-cocycle / = {},;}, where 

fs = ($3) 2 Ue Uy > GL (mm, B). (10) 
jy is the jacobian matrix of the coordinate transformation from U; to U,. 
The bundle g@ is an element of the cohomology set H1(X, GL(m, R),) 
and is called simply the tangent bundle of X. 

An admissible chart x of X is a differentiable homeomorphism from 
an open set U,, of X to an open set V,, of RTM. Differentiable coordinates 
are defined on U,, by x. In particular one can consider the open covering 
U = {U,j,cx, where K is the set of all admissible charts of X, and the 
U-cocycle / = {f,;} can be defined by (10). 

The cocycle { can be used to construct, by 3.2. a), a vector bundle Re 
over X with structure group GL(m, R) and fibre RTM. ,& is the vector 
bundle of contravariant tangent vectors of X. By 4.5 (9) the f,, can be 
regarded as maps from U, n U; to G@L(m, €). The cocycle / then defines 
a vector bundle p&_ with fibre C,, called the complexification of ,&. 

Definition: The Pontryacin classes ,(X)¢ H*4(X, Z) of a dit- 
ferentiable manifold X are the PoNTRJAGIN classes of the tangent bundle 
mu] of X. 

An oriented m-dimensional differentiable manifold X can be covered 
by open sets U, which admit a differentiable coordinate system x), . . ., 
x consistent with the orientation. (The orientation is associated with 
the ordering x, . . ., x.) The maps /,; defined by (10) for such a covering 
give a cocycle 

hig Up WU; > GL (m, B) 

which represents the contravariant tangent GL*(m, R)-bundle of the 
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oriented manifold X. When regarded as a G6 L(m, R)-bundle this bundle 
coincides with ,@. 

Now assume that m= 2n is even and that X is again oriented. 
Definition: An almost complex structure on the oriented differentiable 

manifold X is a differentiable G L(#, €)-bundle 9 over X which is mapped 
to the tangent GL* (m, R)-bundle over X by the embedding GL (x, CQ) > 
+ GL‘ (2n, R). If an almost complex stracture on the oriented manifold 
X exists and is specified then X is called an almost complex manifold with 
tangent GL(m, C)-bundle @. The Cuern classes c,(X)€ H?#(X, Z) of X 
are defined to be the CHERN classes of @. 

Note that an almost complex manifold is by definition oriented in 
a particular way. Definitions of almost complex structure in the literature 
vary slightly from that given here (e.g. STEENROD [1]). The above 
definition is sufficient for the purposes of the present work. Theorem 4.5.1 
implies immediately 

Theorem 4.6.1. The CHERN classes c; of the almost complex manifold X 
are related to the PONTRJAGIN classes fp; of X (regarded as a differentiable 
manifold) by the equation 

B= E(- 1d; = Sa Swe. 
4.7, Now let X be a complex manifold of complex dimension n 

[see 2.5, Example 4)]. An admissible chart x of X is a holomorphic 
homeomorphism from an open set U,, of X to an open set V, of C,. The 
chart x defines complex coordinates 2, ..., 2) on U,. Let If be the 
open covering {U,},¢x, where K is the set of all admissible charts of X. 
The contravariant tangent GL({x, C)-bundle @ of X is the complex 
analytic bundle represented by the U-cocycle f = {/,;}, where 

az fs = (Sas): Us Us > GL (0, ©) « 
As in 4.6 (10), /;; is the jacobian matrix of the holomorphic coordinate 
transformation from U; to U;. 

By 3.2. a) the cocycle { can be used to construct a vector bundle € 
over X with fibre C,, which is associated to 9. £ is the (complex analytic) 
vector bundle of contravariant tangent vectors of X. Similarly the 
cocycle f = {f;;} of conjugate matrices can be used to construct a (dif- 
ferentiable) vector bundle £ over X with fibre C,. The vector bundles 
dual to & and ¥ [see 3.6. b)] are denoted by T and T. Here TF is the 
(complex analytic) vector bundle of covariant tangent vectors of X. 
Note that € and 7 are not complex analytic. 

The complex manifold X is oriented in a natural way (see the remark 
in 0.2), Therefore X can be regarded as an oriented differentiable manifold 
with an almost complex structure given by 6. 
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Definition: The CHern classes ¢,(X)€ HTM(X, Z) of a complex 
manifold X are the CHERN classes of the tangent bundle 6 of X. 

For X regarded as a differentiable manifold the vector bundle p&_ 
over X with fibre C,,, is defined as in 4.6. There are differentiable iso- 
morphisms 

ric = COT (11) 
pii=FoeTt (12) 

a pt= 3) PTOMT. (13) 
ptq=r 

Here 4? T is the (complex analytic) vector bundle of covariant p-vectors 
of X and A¢ T = 4° F. The sum in (18) is in the sense of WHITNEY sum. 

A differentiable section of the vector bundle A’ p&# is a differential 
form of degree r with differentiable complex valued coefficients. The 
WHITNEY sum (13) corresponds to the unique representation of such a 
form as a sum of forms of degree r and type (f, g), where f, ¢ 2 0 and 
pig=r. 

Finally we mention the (complex analytic) principal tangent bundle 
of the complex manifold X. It is associated to the tangent GL (n, C)- 
bundle 6 of X and is constructed by the method of 3.5. The fibre of the 
principal tangent bundle at x€ X is the set of all isomorphisms between 
the fixed vector space C, and the complex vector space ©, of contra- 
variant tangent vectors to X at x. 

4.8. Let X be a k-dimensional differentiable submanifold of an 
m-dimensional differentiable manifold Y. Then by definition X is a closed 
subset of Y with the property: each point x¢€ X has an open neighbour- 
hood U in Y with differentiable coordinates #,, 4, ..., %, for which 
U nX is given by the equations #4, =--+ = 4, = 0. 

Let 7: X-» Y, be the embedding and consider the contravariant 
tangent vector bundle p& of Y. Let L be the associated fibre bundle 
over Y with fibre G(k, m — k; R) constructed in 4.1. g). The field of 
tangent k-planes to X defines a differentiable section of #* L. Therefore by 
Theorem 4.1.6 the restriction j* ,0(Y) to X of the tangent bundle 26 (Y) 
of Y admits a subbundle and quotient bundle in a natural way. The 
subbundie is precisely the tangent bundle p6(X) of X. The quotient 
bundle gy is called the normal bundle of X in Y. By Theorem 4.1.4 

J* nO (Y) = 29(X) © py. (14) 
The corresponding result holds if X and Y are oriented. The normal 

bundle is then a GL" (m — &, R)-bundle. In the special case m — k = 2 
the normal bundle can be regarded as a U (1)-bundle by applying 4.1. b)IV) 
to the embedding U(1) = $0(2)c GL* (2, R) [see 4.5 (9)]. The CuERN 
class of the normal bundle gy is therefore defined. 



§ 4. Characteristic classes 69 

Theorem 4.8.1. Letj: X > Y be the embedding of an oriented compact 
(m — 2)-dimensional differentiable manifold X im an oriented compact 
m-dimensional differentiable manifold Y. Let h€ H®(Y, Z) be the cohomo- 
logy class defined, with respect to the given orientations, by the (m — 2)- 
dimensional homology class represenied by X. Let pv be the normal bundle 
of Xin Y. Then 

c, (xe) = jth (15) 
Proof: By 4.1.b)IV) applied to the embedding $0 (m) cC GL* (m, R), 

the tangent GL* (m, R)-bundle of Y can be regarded as a SO (m)-bundle. 
Hence Y admits a RIEMANN metric. This metric can be used to construct 
a closed tubular neighbourhood B of X in Y. B is a fibre bundle with 
fibre the unit disc |z| < 1, z€ C, which is associated to the U (1)-bundle gy 
(THom [2]). Let B be the compact space obtained from B by collapsing 
the boundary S of B to a point. Equivalently B is obtained from Y by 
collapsing the closed subset Y — (B — S) to a point. The mapr: Y > B 
defines a cohomology homomorphism r* : H* (B, Z) > H*(Y, Z). Then, 
in the notation of Theorem 4.3.2, 

jth = jt 7r* ot 5. (1) = s* sy (1) = c, (gr) - 

4.9. Let X = X, be a complex submanifold of the complex manifold 
Y = Y, (k S n). Then by definition X is a closed subset of Y. Each point 
x€X has an open neighbourhood U in Y with complex coordinates 
2p 4, .-. 2 for which UX is given by the equations 2,,=-°-> 
= 2,==0. Let 7: X-» Y be the embedding and consider the tangent 
GL(», C)-bundle 6(Y) of Y. As in 4.8 [see the discussion in 4.1. d}] the 
restriction j* 6(Y) of @(Y} to X admits a subbundle and quotient bundle. 
The subbundle is the tangent bundle 9(X) of X. The quotient bundle 
y is the (complex analytic) normal bundle of X in Y. If all the bundles 
are regarded as differentiable bundles then 7* @(Y) is the WHITNEY sum 
of 6(X) and +. 

Now consider the special case in which X = X,-, is a complex 
submanifold of Y = Y, of complex codimension 1. In this case X is 
called a non-singular divisor of Y. There is a covering of Y by open sets U; 
such that X 7 U;is given by an equation /, = 0. Here /, is a holomorphic 
function defined on U;, with non-zero partial derivatives at each point 
yCU, AX. The functions f,;— f,/7? are holomorphic and never zero 
on U,7 U;. The cocycle {f/;;} determines a complex analytic €*-bundle 
[X] over Y which depends only on the divisor X. For example the bundle 
N_ of 4.2 is determined by the non-singular divisor P,_,(C) of P,(C). 
Clearly 7* [X] is the (complex analytic) normal bundle of X in Y. 

Theorem 4.9.1. Let X be a non-singular divisor of the compact 
complex manifold Y, and let h€ H*(Y, Z) be the cohomology class represent- 
ed by the oriented (2n — 2)-cycle X. Then c,([X]) = h. 
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Proof: We use the notations of the proof of Theorem 4.8.1. The 
bundle LX] is trivial over Y — X and therefore there is a bundle [X] over 
B such that (X] = r* (XJ. As in Theorem 4.3.2, 

6, ([X]) = 7* cy ([2]) = r* (et 54 (1) = 4. 
Finally let X = X?* be an oriented differentiable submanifold of 

an almost complex manifold Y = Y,, (2k < 2m) and suppose that an 
almost complex structure on X is given. Letj: X > Y be the embedding. 

Definition: X is an almost complex submanifold of Y if there 
exists a differentiable GL(n — k, C)-bundle » over X such that 

I) vy is mapped to the normal bundle of X in Y (see 4.8) by the 
embedding GL(n — k, €C) > GLt (Qn ~— 2%, R), 

Tl) 7* O(Y) = 4(X) ©». 
This definition of almost complex submanifold is somewhat crude 

but sufficient for our purposes. By 4.8, condition 1) is always satisfied 
in the case » — & = 1. Clearly a complex submanifold X of a complex 
manifold Y is also an almost complex submanifold of Y. 

4.10. The definition of the CaerN classes by obstruction theory 
referred to at the end of 4.2 gives the following theorem (STEENROD[]], 
39.7 and 41.8). Another proof is outlined in 4.11. 

Theorem 4.10.1. Lef V,, be a compact almost complex manifold and 
Cy € H?"(V,, Z) the n-th CHErn class of V,. The natural orientation of V, 
dejines an integer Cy[V_] (see 0.3) which is equal io the EULER-POINCARE 
characteristic of V,,. 

The Evrer-Porncaré characteristic of P,(C) is equal to n+ 1. 
This fact can be used to calculate the Caern and Pontryacin classes 
of P, (©). 

Theorem 4.10.2. Leth, € H*(P,(C), Z) be the generator defined in 4,2. 
* 

The Cuenn class of the complex manifold P, (C) is (1+h,)"" = 3'(") |) Ai. 
i=o 

The PontRJAGIn class of the differentiable manifold P,,(C) is (1 + AB}. 

Proot: By Theorem 4.10.1 the formula for the CuERN class is correct 
for n = 1. Now suppose the formula is proved for P,,_,(€) and consider 
the embedding 7: P,_,(Q) > P,(©. By Theorem 4.9.1, the WHITNEY 
multiplication formula, and the fact thatj* h, = h,_, (see 4.2), 7* c(P,(C)) 

= (Py (C)). #* (L + iy) = 7* (1+ Mg)" +2. But 7: H2*(P, (C), Z)> 
H*(?,, (©), Z) is an isomorphism for tS » — 1, and therefore 

c(P,, (€)) = (1+ Ay)*#1 modulo H**(P, (C€), Z). 

By Theorem 4.10.1, ¢,(P,.(€)) = (2+ 1) kf. This completes the proof by 
induction of the formula for the CHEN class. The formula for the 
PonTRJAGIN class follows immediately from Theorem 4.6.1. 
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4.11. Let X be a compact oriented manifold and é a SO(g)-bundle 
over X. The construction of Theorem 4.3.2 can be used to define the 
Eu er class e(&) € H2(X, Z) of & Let B + X bea fibre bundle associated 

q to é with the disc D¢ = {e- op Mg) ER: Vat s i as fibre. B is a 
fai 

manifold with boundary with an orientation induced from the orienta- 
tions of X and R*. The boundary S of B is a fibre bundle over X with 
fibre S¢-1. Let s: X + B — S be the embedding of X as the zero 
section of B. There is a Gystn homoniorphism 

sy: Hi(X, Z) > HiY1(B—S,Z), i=0 

defined as in 4.3. Let X’ be another compact oriented manifold and 
{: X’-> Xa continuous map. Then B’, S’, s’ can be constructed as above 
from the $O(q)-bundle f* & and there is a natural map/: B’ — S’ > 
-» B — S. With these notations we have 

Theorem 4.11.1 (Tuom [1]). The Gystn homomorphism s, is an 
tsomorphism jor 1 = 0 and the diagram 

H#(X, Z) “> Hi(X", Z) 
[5 |s 

Hite(B — S,Z) “> Hit9(BY — S', Z) 
ts commutative. 

Let 1€ H°(X, Z) be the unit element. The Evirr class e(é) 
of £ is defined by ¢(é) = s* s, 1. By 4.1. b) the EuLer class is defined also 
for any GL* (g, R)-bundle & over X. 

Theorem 4.11.2. Let X Y be compact oriented manifolds, f :Y > X 
a continuous map, & a SO(q)-bundle over X and & a SO(q')-bundle over X. 
Then 

I) 2e(&) = 0 tf ¢ is odd, 

Th) e(f* &) = /* e(é), 
TIT) e(€ @ &) = e(€) e(€), 
IV) (8) = ¢,(8) tf g =2 
Proof: The definition of s, implies that s,(s* b-c) = 6-s,c¢ for 

BE Hi,(B —S,Z), c€ Hi(X, Z). Therefore s, (2¢(&)) = 25, (s* s, 1) 
= 2s, 1-s, 1=0 for g odd since cup product is anticommutative. Since s, 
is an isomorphism, 2¢(&) = 0 for g odd. This proves 1). ID) follows from 
Theorem 4.11.1. To prove IJ) let B, B’ be the unit disc bundles of 
&, &' and C the unit disc bundle of £@-2'. Let 1: B->C, #: B’+C 
be the embeddings defined by the direct sum £@ @ andu=ts=?'s’ 
the embedding of X in C induced by the zero section. By Theorem 4.11.1, 
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Ss, S'* 1 =2* 4, 1 and therefore u, 1 = ty sy 1 = ty (sy s* 1) = 4, (4,1) 
=f,1-t 1. 

Hence #* «, 1 = s* (1) - s’*7*¢, 1 
= s* s,(s'* 1) - s'® s,(s* 1) by Theorem 4.11.1. 

Therefore e(€ @ &’} = ¢(€) e(€') as required. IV) follows from the iso- 
morphism SO (2) ~ U (1) and Theorem 4.3.2. 

Now let » be a U(g)-bundle over X. The embedding U (g) > $0(29) 
of 4.5 (9) defines a SO (2q)-bundle a(n) over X. It follows from properties 
IY), 11), IV) of 4.11.2 and from the splitting method (compare the proof 
of uniqueness of CHERN classes in 4.2) that 

e(o(n)) = ce(n) - (16) 
Theorem 4.11.3. Let 7:X—~> Y be the embedding of an oriented 

compact k-dimensional differentiable submanifold X in an oriented compact 
m-dimensional manifold Y. Let h€ HTM-*(Y, Z) be the cohomology class 
which corresponds to the oriented cycle X and gv the normal GL* (m — k, R)- 
bundle of X in Y. Then 

e(ar) = jh. (17) 
Proof: The definition of the Eurer class shows that the proof of 

Theorem 4.8.1 also applies to give (17). 
Consider the following particular case of Theorem 4.11.3. Y is the 

product manifold X x X,7: X — X x X is the diagonal embedding-and 
gy is equal to the tangent bundle pf of X. An algebraic calculation, due 
to Lerscurtz, shows that 

(UW IX x X]=_¥ (-NH A(X) 
is the alternating sum of the Beri numbers of X. Theorem 4.11.3 
therefore implies that 

e(n0) (X] =j* h(X] = (hu A) (Xx X] = E(X) 
is the EuLeR-Poincaré characteristic of X. This proves 

Theorem 4.11.4. Let X be a compact ortented differentiable manifold 
with tangent bundle p§. Then e(g0) [X] és equal to the EULER-Porncaré 
characteristic E (X) of X. 

Theorem 4.11.4, with (16), gives a proof of Theorem 4.10.1. Theorem 
4.11.3, with (16), gives the following generalisation of Theorem 4.9.1: 

Lek jg: X—+ Y be the embedding of a compact complex submanifold X 
in a compact complex manifold Y of complex codimension. q. Let h€ 
EP*(Y, Z) be the cohomology class represented by the oriented cycle X and 
» the complex normal bundle of X in Y: Then 

g(t) = jth. (18) 
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Remarks: 1). The definition of the Ever class, Theorem 4.11.1, 
and Theorem 4.11.2, actually hold for a $0 (g)-bundle é over an arbitrary 
admissible space X (see 4.2). Therefore (16) is valid in this case also. 

2). Tf € is a O(g)-bundle the definition of s, fails because the disc 
bundle B is no longer oriented in a natural way. If all cohomology groups 
are taken with coefficients Z, then Theorem 4.11.1 remains true in this 
case and s*s, 1€ H%(X, Z,) is the g-th WuitNney class w,(&) of &. 

The total WHITNEY class w(&) = 2 w,(&) can be defined. It satisfies 
I) For every continuous 0(q)- bundle & over an admissible space X and 

every integer 1 = 0 there 1s a WHITNEY class w,(£) € Hi(X, Z,). wy(6) = 1 
ts the unit element. 

Tl) w(f* €) = f* w(é). 
TID) w(é@ &) = w(é) w(E’). 

TV) w(yn) = 1+ hy, where ny, is the O(1)-bundle over n-dimensional 
real projective space P*"(R) defined similarly to the U(1)-bundle n, of 4.2, 
and h,, ts the non-zero element of Hi (P"(R), Z,). 

If X is a differentiable manifold with tangent bundle 9 the Wuirney 
class w(X) = w(gQ) is sometimes called the SriereL-Wuitney class, 

The proofs of existence and uniqueness of Wuirney classes are 
precisely analogous to those for CHERN classes in 4.2. There is also a 
definition of w, like that of c, in Theorem 4.3.1. The exact sequence 

1-> SO(g) > O(g) “> Z,1 
defines a homomorphism 9,:H1(X,0(q)) > H1(X, Z,.) such that 
0s (€) = @,(€}. Hence a differentiable manifold X is orientable if and 
only if w,(X) = 

3). The embedding SO(q) > O(g) defines the Wuirney class and 
PontRJAGiN class for a SO(q)-bundle &. In this case w,(&) is e(&) reduced 
mod 2. If now & is a SO(2q)-bundle then (see 4.5) the $0(4q)-bundle 
o(p(&)) differs from ia @ Ebya ne in orientation (— 1)* and therefore 

BalE) = (~ 1)* Cooly (6)) = (— 1)? te(E @ &) = (6). 
Finally, if € is a U(g)-bundle over X then 0(&) is a SO(2¢)-bundle. 

In this case w.,(g (&)) is the reduction mod2 of ¢,(£) and we:4,(e(&)) = 0. 

Bibliographical note 

Proofs of Lemma 1.5.2 and Lemma 1.7.3, together with applications of multi- 
plicative sequences to cohomology operations can be found in Atryan-HirzeprucH 
[4]. 

The treatment of sheaf cohomology in §2 is entirely in terms of Gecu cohomology 
theory, and the exact cohomology sequence is established only for paracompact 
spaces X (Theorem 2.10.1). The first definition of sheaf cohomology groups which 
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satisfy the exact cohomology sequence for arbitrary spaces X was given by GROTHEN- 
pieck [2]. These groups are defined by homological algebra or, equivalently, 
by flabby resolutions (Gopemenr [1]). For X paracompact the GroTHENDIECK 
cohomology groups are isomorphic to the Ceca groups. For general X the two 
cohomology theories are related by a spectral sequence (GoDEMENT [1], Chap. II, 
§.9.1). 

The books by STEENROD [1], Hormann [1] and HusmMoLieR [4] give fuller 
accounts of the theory of fibre bundles. It is very convenient to replace all conditions 

on the base space (paracompact, admissible etc.) by suitable conditions on the bundle. 
Such an exposition, in terms of numerable bundles, has been given by Doin [3]; 
moreover fibre bundles are treated as a special case of more general (not necessarily 
locally trivial) fibrations. The results of § 3 have been generalised in other directions 
by GROTHENDIECK [1], FRENKEL [1], and Hotmann [2]. 

Let @ be a topological group, E a principal bundle associated to a G-bundle 7 
over a paracompact space Y, and (X, Y] the set of homotopy classes [see 4.1. b)] of 
continuous maps X -> Y. Consider the property: 

(®) the map T:[X, Y]-—> W(X, G,) given by T(f) = f* 4 is a@ natural equi- 
valence. * 

Then (*) holds for all paracompact spaces X if and only if E is contractible 
(Dorp [3], 7.5). In this case Y is unique up to homotopy equivalence and called the 
classifying space B(G) of G. Such spaces always exist (Mitnor [1], Doin (3], 8.1). 
E is called the universal principal bundle. In general the classifying space 
bas infinite dimension. For example 

B(UQ@) = tir G@N;C) and B(O(k)) = lim & (, N;R). 
Suppose that E is arcwise connected and the homotopy groups 2;(Z) vanish 

for 13 is x. In this case proofs that (*) holds for X have been given by Dotp [3], 
7.6, for X paracompact and locally the retract of a C W-complex of dimension < n; 
Cartan [1], Exp. VIII, for X locally compact, paracompact and of dimension < a; 
and Strrnrop [1], 19.4, for X a finite cell complex of dimension = n. The principal 
bundle E is then said to be n-universal, [f G is a compact Lre group such bundles 
always exist with a finite dimensional differentiable manifold as base space (SrEEN- 
rop [1], 19.6). For example the bundle U(g + N)/U(N) over G(g, N; C) is 2N- 
universal (see 4.2) and the bundle O(& + N)O/(N) over G(k, N; R) is (N — 1)- 
universal, 

The basic theorems on Warirney classes and Cuzrn classes are contained in 
Sreenrop [1] and Husemotier [1]. The Waitney classes of a manifold can be 
defined, without reference to any differentiable structure, by means of StEEWROD 
operations and are therefore topological invariants (Tuom [1]). The Pomwrryacin 
classes are not topological invariants (Mi_nor [6]). However Novixov [1] has 
recently proved that the rational Pontryacin classes in H* (X, Q) are topological 
invariants. Definitions of the rational Pontryacin classes of a combinatorial (not 
necessarily differentiable) manifold X have been given by THom [3] and Rowiin- 
Svarc [1]. For applications to algebraic geometry over more general fields it is 
important to avoid homotopy theory and classifying spaces as was done to some 
extent by the axiomatic approach in 4.2. The exposition by GrotHENprIEecx [4] 
also defines c,; (€) in terms of ¢, (&} by means of splitting methods. A G L(g, C)- 
bundle & determines, in the notation of 13.1), a fibre bundle y: X¥—>X with fibre 
Poa (C) and an exact sequence no>yti>E+0 

of bundles over X. Since n* @ Eisa GL(g — 1, C)-bundle we have 

0 = o(y* @ 8) = a (n* @ yt F) = yt + yt ta (f) +--+ + pt Gl) 
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where y = —c,(y). Since y* is a monomorphism this formula (the “formula of 
Hrrscu”’) may be taken as the definition of the ¢,(&) for i > 1. The same method 
applies to Wurrnry classes and to other characteristic classes which occur in 
algebraic geometry (GROTHENDIECK [4]}. 

An excellent presentation of characteristic classes, which is formulated through- 
out in terms of singular cohomology theory and includes the combinatorial 
PONTRJAGIN classes has been given by MILNoR (Lectures on characteristic classes. 
Notes by J. SrasHEFF. Princeton University 1957). 



Chapter Two 

The cobordism ring 

In this chapter all manifolds are compact, orientable and differen- 
tiable of class C®. Several results from the cobordism theory of THom [2] 
are stated. They are used to express the index of a manifold M* as a 
polynomial in the Pontryacin classes of M** (Theorem 8.2.2). This 
result is needed in 19.5 to provide an essential step in the proof of the 
RreMann-Rocu theorem. 

§ 5. PonrryaGiIn numbers 

5.1. Let V" be an oriented compact differentiable manifold. The 
value of an m-dimensional cohomology class x on the fundamental 
cycle of ¥* is denoted by x[V"]. If A is a (constant) additive group, 
and *«¢€ H*(V", A) then «[V"]¢ A. This definition extends naturally 
to give x[V"]¢ A @ B whenever x¢€ H"(V*, A) ® B for some additive 
group B. The value of x[¥%"] depends on x and on the orientation of V"; 
if ¥* is connected it is determined by x up to sign. 

Now let » = 4k be divisible by 4 and let £,¢ H**(V**, Z) be the 
PoNTRIAGIN classes of V4* defined in 4.6. Every product p, pf; ... 24, 
of weight k=4,+9,+--++ 9, defines an integer p, ~,,... 2, [(V4*]. 
If x(k) is the number of distinct partitions of &, there are 2(k) such 
integers; they are called the Pontrrjacin numbers of V4*. Consider the 
ring G of 1.1. The module G, has a basis consisting of products of weight 
k. To each such basis element is associated a corresponding PONTRJAGIN 
number of V#*, and therefore V4* defines a module homomorphism 
from %, to the coefficient ring B under which ¢ € G, maps to a[V4*] € B. 
If the dimension » of V* is not divisible by 4 all Pontrjacin numbers 
are defined to be zero. 

5.2. Let ¥", WTM be two oriented manifolds, and let V* x WTM be the 
product manifold oriented by the orientations on the ordered pair 
VY", WTM. Then 

nO(V* x Wm) = 70(V*) © BG (WTM) 
where f: ¥" XW" VV" and g:¥"x WTM— WTM are projection maps 
and y@{V")} denotes the tangent GL(n, R)-bundle of V* (see 4.6). If the 
Pontryacin classes of V*, WTM, V" x WTM are denoted by #,, pj, pj’ then 
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by 4.5 the following equation holds modulo torsion in the cohomology 
ring of V* x W*TM: 

Lt p+ pete = Rat bt hat Jetta thats). Cl 
By using an indeterminate z we can write (1) as a “polynomial equation” 

, x Pe = y P* (p,) Dy g* (fj) 24 mod torsion. (2) 
In addition we have the equation ~ 

(f* () g¥(y)) (V" x WTM)] = 2 [V"] - 9 We] (3) 
for all x€ H"(V*, Z) @ Band y€ HTM(WTM, Z) @ B. 

If V4, W4* are oriented manifolds with dimension divisible by 4, 
equations (2} and (3) can be used to calculate the PoNTRJAGIN numbers 
of V4* x W4r in terms of the PonrryaGIN numbers of V4* and Wé, 
The result is most easily expressed in terms of the m-sequences of § 1. 

Lemma 5.2.1. Let {Kj(f,,..., p)} be an m-sequence (K;€%B,; as 
in 1.2). Then 

Kya eV x W4"] = Ky [V4*] - K, [W*]. 
Proof: Equation (2) and 1.2, (3) and (4), imply (mod torsion) 

kor & r 

LKB) A= LIC Bi) 8S eB, BD) 
f=d 

Equating coefficients of 2*+* gives 

Kysr(by) - + Pear) = Kalb -- + dr) 8 (Ke (bp ++ By)» 
The result now follows from (3). 

Definition: If {K,(f, ..., p)} is an m-sequence let K(V**) 
=: K,[V4*]. If » is not divisible by 4 let K(V") = 0. Then K(¥V*) is 
called the K-genus of the oriented manifold ¥*. 

By (2) and (3), the PontTRJAGIN numbers of V* x WTM vanish unless 
both n and m are divisible by 4. Therefore Lemma 5.2.1 can be restated as 

Lemma 5.2.2. The K-genus is multiplicative: 

K(V"x W) = K(V*)-K(WTM). 

Consider in particular the m-sequences {L;} and {A4,} defined in 1.5 
and 1.6. The L-genus and the A-genus of V" are rational numbers which 
are denoted by L(V") and A(V*). 

Remark: We will show (Theorem 8.2.2) that the Z-genus of V4* 
is equal to the “index” of V4* and hence that L(V**) is an integer. 
It can also be proved that A (V4*) is an integer. These integrality proper- 
ties are highly non-trivial: look at the denominators which occur in the 
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definitions of L, and A, in 1.5 and 1.6! The integrality of L implies 
that for every manifold V** certain integral linear combinations (with 
coprime coefficients) of Ponrryacin numbers are divisible by the 
integer w(L,) defined in 1.5.2. As a consequence, there are conditions 
which a set of (A) integers must satisfy in order to occur as the set of 
PONTRJAGIN numbers of a manifold V4*. 

§ 6. The ring 2 @Q 
6.1. Lf V", W* are oriented manifolds of the same dimension, define 

the sum V* + W* to be the disjoint union of V" and W*. The sum is 
oriented in a natural way, because each connected component is oriented, 
either by the orientation of V* or by that of W*. There is also an oriented 
manifold —V" defined by reversing the orientation of V". For each 
partition (j,, ja. ....3,) of R we have 

Dj, Ps,» Ps (V8* + WA] = Bs, bs,» Bi VA") + Bs, ba, +» Bs LWA]. (1) 
Since PonTRJAGIN classes are independent of orientation (4.6), 

Ds, Bj,» - Pi [—-VA*] = —Dy, Bs, «Ds, [VEN - (2) 
It follows that the K-genus defined by an m-sequence {K,(p,,.... 2} 
satisfies 

K(V* + We) = K(V") + K(W*) (i*) 

K(-V*)= —K(V*). (2*) 
6.2. We now introduce an equivalence relation between #-dimensional 

oriented manifolds: 
V* = W* if and only if each Pontrjacin number of V* is equal to the 

corresponding PonTRyjacin number of W*. (Note that, if n 32 0 modulo 4, 
there is only one equivalence class, since by definition all PontRyaGIN 
numbers vanish.) 

By 6.1 the equivalence relation ~ is compatible with the operations 
+, —, and the equivalence classes form an additive group 2. If n 2 0 
modulo 4 then 0" = 0. Let @ be the direct sum of all the groups @* so 

that each element a€ is uniquely expressed in the form a= 5’ a, 
a= 

with a, ¢€ Q* and a, = 0 for n sufficiently large. Then 

B= Va ye, (3) 
Hx GO kod 

By 5.2 the equivalence relation =~ is compatible with cartesian 
product. This defines a product on @ for which 

Oe Oe ¢ Sete, (4) 
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The direct sum decomposition (3) defines a grading on @ and we have 
Lemma 6.2.1. 0 is a graded commutative torsion free ring. 
6.3. Recall that the total Pontrjacin class of V** may be written, 

using an indeterminate z as in 4.4, in the form 
k 

Vt pitt pat toos + peat = OT (1+ Bi). (5) 

We then define the integer s(V4*) for an oriented manifold V4" by the 
formula 

s(V4%) = (By + Bz-+-++ + Be) (V4*). 
Definition: A sequence {V4*} (k = 0, 1, 2, . . .) of oriented manifolds 

is a basis sequence if s(V4*) + 0 for all k. 
Theorem 6.3.1. Let {V4"} be a basis sequence of ortented manifolds 

and let B be a ring containing the ring of rational numbers. Then to each 
sequence a, of elements of B there corresponds one and only one m-sequence 
{Kj (py, . . +, pj)} with coefficients in B for which K(V4) = ay. 

Proof: The m-sequences are in one-one correspondence (see 1.2) 
with power series Q(z) = 1+ 4,2 + 6, 29+ +++ with coefficients in B. 
Therefore it is sufficient to show that there is exactly one power series 
Q(z) such that, for each V** in the sequence with PonTRJAGIN classes 
written in the form (5), 

k 

a, = K,,[V4"], where K, = coefficient of z* in J7 Q(B; 2) . 
f= 

This equation can be written 

a, = s(V**) b, + polynomial in 5,, d,,..., d,-, of weight &. (6) 

The polynomial in (6,) depends only on V*4* and has integer coefficients. 
The coefficients 6, can now be determined uniquely by induction. 

Remark: The proof shows conversely that, if {V4*} is a sequence 
of oriented manifolds for which the conclusion of 6.3.1 holds, then {V4*} 
ts a basis sequence. 

Theorem 6.3.2. The 2k-dimensional complex projective spaces P,, (C) 
form a basis sequence, because s(P,,(C)) = 22 + 1. 

Proof: Let A€ H*(P,,(C), Z) be a generator. By 4.10.2 the Pontr- 
jacin class of P,,(€) is (1 + 4*)?#+1, The m-sequence of the power 
series 1 + 2* defines a “genus” (5.2) which for V** has the value s(V**) 
and which clearly takes the value 2% + 1 on P,,(€). 

6.4. In this section we determine the structure of the ring 2 @ Q. 
Every oriented manifold V4* determines an element (V4*) of O* @ Q. 
The definition of tensor product implies that every element of Lk @Q 
can be written in the form = (V4*) where m is an integer. The Pontr- 
JAGIN numbers, the K-genus, and the integer s(V**) are all defined in a 
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natural way for elements of 2 @ Q. (In the case of the K-genus it is 
necessary to assume that the coefficient ring B contains the ring of 
rational numbers.) The PonTRJAGIN numbers of an element of O4* @ Q 
are in general non-integral rational numbers. Two elements of O4* @ Q 
are equal if and only if their corresponding PoNTRJAGIN numbers are 
equal. 

Theorem 6.4.1. Let {V4*} be @ basis sequence of oriented manifolds. 
For each partition (7) = (jada -- +» jr) of R, let 

Van = V4nx Vix --+x Vas, 

Then every element a€ G**@Q can be represented uniquely as a sum 

a= Srg(Viy), rwHEQ (7) 
aver all partitions (7) of k. Moreover, to each system a. of rational numbers 
there corresponds an element a€ O4*®Q whose PoNTRJAGIN numbers 
satisfy py [a] = ayy. 

Proof: By elementary facts on linear simultaneous equations it is 
sufficient to prove that a sum 3! ry (Vy) over all partitions (7) of & is 
zero if and only if ry) = 0 for each (7). Suppose that D7 ry (Vig) = 0. 
Let 4, Ya Yq, -- . be a sequence of indeterminates. By 6.3.1 we can find 
for each integer ¢ = 0 an m-sequence which takes the value g on V4*. 
This implies that 

Pa 719) Uy = 9, (8) 

where gj denotes the product 9, q;,--.q, for (f) = (fp Far «os Sele 
Since the gy are pairwise distinct, (8) implies that each rj vanishes 
(VANDERMONDE determinant). Q. E. D. 

We also prove the following complement to Theorem 6.4.1. 
Theorem 6.4.2. Let {V4 be an arbitrary sequence of manifolds. 

Then 1) the relation a = 3 ry (Vi), ry € Q, implies 

8 (a) = ry 8(V**) (7*) 
and 11) if, for all k, every clement «€ Q4* @ Q can be represented as a sum 
w= S ry (Vig), My € Q, then {V4} ts a basis sequence. 

Proof of 1): Let {Kj} be the m-sequence of the power series 1 +- z*. 
This m-sequence takes the value s(a) on elements «¢€ 2** @ Q and the 
value 0 on elements of 47 @ Q with 1 <j < k. This implies (7*). 

Proof of [1): Suppose that, for some k, s(V4*) = 0. Then, by J), 
s(a) = 0 for all «€ G*@ Q. But s(P,, (©) = 22 + 1 by 6.3.2. Contra- 
diction. 

An immediate corollary to 6.3.2 and 6.4.1 is 
Theorem 6.4.3. The graded ring 2 Q is isomorphic to the graded 

ring Q[2,, %,, ...] of polynomials in indcterminates x, with rational coef- 
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ficients. The group S4* @ Q is mapped onto the group of products of weight k. 
Any sequence of elements «;€ O4'@Q with s(a) +0 (¢=1, 2, ...) 
defines by a, > z;, an isomorphism of 2 ® Q on to O[z, 2, ...], and every 
isomorphism of 2 @ Q on to Q[z,, 2, ...] can-be obtained in this way. 

Remark: Theorem 6.4.1 implies in particular that to each system of 
integers a), where (7) runs through all partitions (f,,.-.-, 7,) of &, there 
corresponds a positive integer N,, which depends only on k, such that 
the system of integers N,-+ aj) occurs as the system of PONTRJAGIN 
numbers of an oriented manifold V4*. We have already noted in 5.2 
that not every system @, occurs in this way. This suggests the question : 
what is the smallest positive integer N, for which every system N° acy 
with a integral occurs as the system of PoNTRJAGIN numbers of a V4"? 
It follows from work of MiLwor [3] that in fact N, is equal to the deno- 
minator (Z,) of the polynomial L, (see Lemma 1.5.2). 

6.5. In this section we consider homomorphisms from the ring 2 @ Q 
to the ring Q of rational numbers. Let {K;,(,, . . ., 6;)} be an m-sequence 
with rational coefficients, and let K(V") be the corresponding K-genus 
of an oriented manifold V". The K-genus K(a) is defined for any 
a€ O@ Q and 5.2.2 and 6.1 (1*), (2*) imply that there is a homomor- 
phism 2 @ Q > Q defined by «> K (a). 

Conversely, any homomorphism 4: 2 @ Q-> Q arises in this way. 
Let A(v**) be the values of # on a basis sequence {V4*}. By 6.3.1 there 
is a unique m-sequence {Kj with K (V4) = h(V4*). The elements (V4*) 
generate the ring 4 @ Q, and therefore K (a) = h(a) for every «€ 2 @ Q. 
This proves 

Theorem 6.5.1. The homomorphisms 2@Q->Q are in one-one 
correspondence with the m-sequences {K,(p,, ..., p;)} with rational coef- 
ficients, and are therefore also in one-one correspondence with formal power 
series with rational coefficients starting with 1. 

§ 7. The cobordism ring 2 

In §6 we formed a ring from the set of all oriented manifolds by 
introducing an equivalence relation ~ compatible with the operations +-, 
~—, X. This equivalence relation is very artificial, and the results of §6 
consist mostly of formal algebra. The only geometrical fact used in § 6 
is the existence of a basis sequence of oriented manifolds (Theorem 6.3.2). 
We now need a deep result from the cobordism theory of Tom which 
states that the equivalence relation ~ has a direct geometrical signifi- 
cance. 

7.1. Recall that the definition of oriented differentiable manifold (2.5) 
can be extended to include oriented differentiable manifolds with 
boundary. If X**! is a compact oriented differentiable manifold with 
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boundary 8X*+1, then 2X"! is a compact manifold with an orientation 
and differentiable structure induced from that of X*t1. 

Definition: An oriented differentiable manifold V" bounds if there 
exists a compact oriented differentiable manifold X**! with oriented 
boundary @X*+i= ¥"*, Two manifolds V*, W* are cobordant if 
y* + (—W*) bounds. 

The relation V* is cobordant to W*, V* ~ W®, is an equivalence 
relation compatible with the operations +, —, x defined in § 6.1. The 
equivalence classes of oriented #-dimensional manifolds form an additive 
group Q* whose zero element is the class of manifolds which bound. As 
in 6.2 we can define the direct sum 

Q= Ya. 
B= 

In this case 

9 Q* CQ" and a: B= (—1"TM B- a for «EQ, BEL" (1) 

and therefore Q is a graded anti-commutative ring, called the cobordism 
ring. It is not necessary, for the present application, to know the precise 
structure of 2. The original results of Tuom are sufficient, and are quoted 
in the next section. 

7.2. We wish to construct an isomorphism 2 @ Q > 9 @ Q between 
the cobordism ring “modulo torsion” and the ring 2 @ Q defined in §6, 
The first step is contained in the following theorem of Pontryacin [2]. 

Theorem 7.2.1. If V* bounds then all the PoNTRIAGIN numbers of V* 
are zero. 

Proof: The Pontryjacin numbers of V* are by definition zero unless 
ne: 0 modulo 4. Suppose that V4* is the oriented boundary of X4#4+1, 
and that 7: V4*-» X4*+1 is the embedding. Let p,€ H*#(X#*+1, Z) be 
the Pontryacin classes of the tangent bundle pf(X**+2) of X4*+1, 
Note that this bundle is also defined over points of V4*; in fact, if 1 
denotes the trivial line bundle, 

F590 (X*TM) = 1 © 2O(V**) 
where 26(V**) is the tangent bundle of V*#*, By 4.5 ITT) the Ponrryacin 
classes of V** are j* 4, and every Pontryjacin number of V** is the 
value of a 4k-dimensional cocycle of X4*+1 on the cycle V4*. But V4* 
bounds and therefore every PONTRJAGIN number of V** is zero. Q. E. D. 

The theorem of PonTRJAGIN states that the equivalence relation 
~ of 7.1 implies the equivalence relation ~ of 6.2. Therefore there is a 
ring epimorphism 2 > {3 which induces a ring epimorphism 

7:2090-9e9. (2) 
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The central result of THom, on which all subsequent work on the co- 
bordism ring is based, is contained in the following theorem. 

Theorem 7.2.2. (THom [2]) The groups 2° are finite for 1 = 0 modulo 
4, The group Q4* is the direct sum of a(R) (= number of distinct partitions 
of k) groups Z and a finite group. 

We are not able to give the proof of this theorem here, but make the 
following remarks. THom’s proof divides into two parts 

T) Construction of a complex M (SO (2)) and an isomorphism between 
the group Q# and the homotopy group x;,.;(M(SO(R))), i < k. 

Ti) Calculation of Tey (Mi (so (R))) modulo finite groups by use of the 
C-theory of SERRE. 

The proofs in I) use isotopy and deformation arguments. Let B(SO(k)) 
be the classifying space of the group $0() (see the bibliographical note 
to Chapter One). Associated to the universal SO (2)-bundle over B(SO(k)) 
there is a bundle with fibre D*, the k-dimensional disc in R* defined by 

k {e 6); LPS i}, and bundle space A(SO(A)). Let M(SO(R)) 
te f 

be the complex obtained by identifying the boundary of A (SO(R)) to a 
point. The homomorphism Q+— 2;.,((SO(A))) can now be defined. 
Let V# be an oriented differentiable manifold. Since 7< % there is an 
embedding of V* in the {+ #)-dimensional sphere $'+*. An isotopy 
argument shows that two such embeddings have isomorphic normal 
bundles, and hence that there is a map {: N - A(SO(k)) of a tubular 
neighbourhood N of V# in S‘+* which maps V? into the zero section of 
A(SO(k}) and which maps the boundary @N of N into the boundary of 
A(SO(&)). Now consider the composite map 

Site N A(SO(A)) 
Sit* NN ~ ON ~ 9A GOQ)) 

This map defines an element of x;,. (M (SO(4))) which actually depends 
only on the cobordism class of V+. Deformation arguments are now used 
to show that the homomorphism 2! > 2,,,(M(S0(4))), i<k, is an 
isomorphism. 

The proofs in II) depend on a computation of the cohomology of 
M(S0(&)) and use properties of ExeNBERG-MACLANE complexes and the 
STEENROD algebra. 

Explicit results for 7 = 7 are: 

P=Z, M=-GM=-B=0, HHL, M=Z, BaD =0. 

Theorem 7.2.2, together with the formal algebra of §6, implies 
immediately 

Theorem 7.2.3 (THom [2]). The homomorphism 9:20 Q>2@Q 
ts an isomorphism, and the structure of the ring 2 @ Q ts therefore deter- 

Site, = M(SO(A)). 
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mined by Theorem 6.4.3. Two oriented manifolds V** and W** have the same 
PONTRJAGIN numbers if and only if some integral multiple of V** + (—W®) 
bounds. 

We can also state Theorem 6.5.1 for the cobordism ring. This is 
important for subsequent applications and can be reformulated as 
follows: 

7.3. Let yp be a function which assoctates a rational. number p(V") 
to each compact oriented differentiable manifold V", which ts not identically 
zero and which has the properties: 

T y(¥ + W*) = pV") + p(W*), p(—V*) = —p(V") 
IN) p(V* x We) = pV) - p(7*) 

III) ¢f V* bounds then p(V") = 0. 

Then w{V") is zero unless n is divisible by 4, and there is one and only 
one m-sequence {K,(p,, ..-, p;)} with rational coefficients such that, for all 
oriented manifolds V4*, 

p(V4*) = Ky (p,,--- Pa) [V8*], 
that is, py coincides with the K-genus associated to the m-sequence {K,}. 

By §1 the m-sequence {K;} corresponds to a uniquely determined 
power series Q(z) = 1+ 5,2+ 06,274 --:. The coefficients 4, of this 
power series can be calculated inductively using a basis sequence of 
oriented manifolds. For instance, the sequence of 2k-dimensional 
complex projective spaces P,,(C) can be chosen as a basis sequence 
(Theorem 6.3.2). ° 

Remark: Property TI) is implied by I), III) and the following 
special case II*) of IT): 

Il*) There is a basis sequence {V**} such that, for each product of 
manifolds V4, 

p(Vea x Vax oo x Ver) = p(VAh) p(Ves) «> + p(Vee). 

§ 8. The index of a 44-dimensional manifold 

8.1. Let Q(x, y) be a real valued symmetric bilinear form on a finite 
dimensional real vector space. If p* is the number of positive eigenvalues 
of Q(x, y), and A is the number of negative eigenvalues, the difference 
pt — p is called the index of Q(x, y). 

8.2. It is well known that there is a symmetric bilinear form associated 
to every compact oriented 4 k-dimensional manifold: if x,-y¢ H**(M*“*, R), 
the cup product #y defines a real number x y[(M**] as in 5.1. The 
bilinear form x y[M*‘*] is defined on the real vector space H**(AM**, R) 
and is a topological invariant of the oriented manifold M‘**. The index 
of this form is called the index of M4* and denoted by 1 (M44). The index 
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of a manifold whose dimension is not divisible by 4 is defined to be zero. 
We now prove that the function r satisfies the properties set out in 7.3. 

Theorem 8.2.1. 

T) c(¥"* + W*) = 7c(V") + 7(W*), t(—V*) = —7(V*) 
TI) t(V* x W") = t(V") -7(WTM) 

IIT) if V" bounds then +(V") = 0. 

Proof: I) follows immediately from the definitions of V*+ W= 
and —V*, 

TI) is known (THom [2]} but is given there without proof. We there- 
fore prove IT) in full. Let M4* = V" x WTM. Then 

2k 

H?**(M**, R) =~ 3! H*(V*, R) @ H®*-*(WTM, R). (1) 
s=0 

Elements x, y € H?*(M**, R) are said to be orthogonal if x y[A14*] = 0. 
Introduce bases {vj} for H*(V*,R) and {wj} for H#(WTM, R) such that 

vf of -*[V"] = 6,, for s + and wi wh [Wm] = 6;; fort + = . 

Now consider the group A = H?(V*,R)@ H*(WTM,R), taking 
A = 0 if » and m are odd. Then A is orthogonal to the subgroup B of 
H?*(M**, R), which consists of all elements of the summation (1) in 
which no elements of A occur. As a basis for the group B we can take 

{vf @ wi", (0 Ssxns +5). Now 
(vf @ w?*-5) (UF @ wet") (M4*]= +1ifs+s’=n,i=i',j=j’. 

= 0 otherwise. 

It follows that, with respect to this basis, the restriction of the bilinear 

form x y[M4*] to B is represented by a matrix with blocks + ( a) 
down the diagonal and zero elsewhere. Therefore the index of the restric- 
tion of x y[M**] to B is 0. Since A and B are orthogonal, +(M4*) is equal 
to the index +(A) of the restriction of the bilinear form x y [M4*] to A. 
There are now two cases to consider. If m and m are not divisible by 4 
then +(A) = 0. If x and m are divisible by 4 then 7(A) = ¢(V*) -+(WTM). 
This completes the proof of II). A more detailed proof can be found in 
CuERN-HIrRZEBRUCH-SERRE [1]. 

II) is proved by Tuom [1]. The proof can be summarised briefly 
as follows. Suppose that V4* is the oriented boundary of X4*+1, and 
that 7: V4* > X4*+! is the embedding. Tuom considers the diagram of 
homomorphisms 

Hs (Xae+1, R) ah HR (V4 x R) > Faker. (X4ht1 mod yar, R) 

| Ji | 
Heys (XO mod V*TM, R) > Hay (V*%, R) “> Hy, (X4*, R) 
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Here the rows are part of exact homology and cohomology sequences, 
and the vertical arrows are isomorphisms, defined by Poincaré duality 
for V4* and X#*+1, which make the squares commutative. 

Let A?* be the image of 7* in H**(V£*, R) and let K,, be the kernel 
of 7, in H,,(V4*, R). Then A?* is dual to H,,(V**, R)/K,, under the 
duality between H?*(V4*, R) and H,,(V**, R). On the other hand, the 
diagram implies that, for x € H7*(V**, R), 

xC ATM op (x) € Kyy. 

Therefore, if b,, = dimH,,(V4*, R) is the 2k-th Berti number of V, 

dim A?* — dim K,, = 6,, — dim K,, 
and 

. 1 
dim A?* = 5 Bay. (2) 

If x = 7* y¢C A**, and v is the fundamental cycle of V4* then x*[V4*] 
= (7* ¥*) [vp] = (7) [¥, 0] = 0. Therefore the cone {x€ H*(V4*,R); 

x(V4*] = 0} contains the linear subspace A?” of dimension ios we It 
follows that the bilinear form x y[V4*] has #* = p (8.1) and hence that 
1(¥4*) = 0. This proves HI) and completes the proof of Theorem 8.2.1. 

Theorem 7.2.3 and 7.3 now imply that the index z can be identified 
with the K-genus of an m-sequence {K,}. For complex projective space 
t(P,,(€)) = 1 for all &. The only m-sequence which takes the value 1 
on each P,, (€) is the sequence {L,(f,, . . ., p))} (Lemma 1.5.1 and Theorem 
4.10.2). 

Theorem 8.2.2. The index +(M**) of a compact oriented differentiable 
manifold M*4* can be represented as a linear comltnation of PONTRJAGIN 

numbers. Ij {L,} is the m-sequence corresponding to the power series mo iF 
then t(M**) = Ly (p,, .-., py) [M4*]. (A list of the first few polynomials 
L, is given in 1.5.) : 

Remark: By the remark at the end of 7.3 it is possible to prove 
property II) of 8.2.1 by using ITI) and the fact that the index of any 
product P,; (Q) x ---x Py; (© is 1. 

§ 9. The virtual index 

9.1. Let MTM be a compact oriented differentiable manifold and let 
gj: V%-*-— M* be the embedding of an oriented submanifold V*—* of 
M*. If p0(V"-*), pG(MTM") are the tangent bundles of V*-*, M* respec- 
tively and » is the normal bundle of V*-* in M* then, by 4.8, 

7°20 (M*) = 29(V""*) ©». 
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Let p(V*-*), p(M") be the (total) Pontrryacin classes of V"—*, M*. 
Then by 4.5 ID), III) we have 

j* p(M*) = p(V*-*) p(») modulo torsion. (1) 

Note that, in a commutative ring of cohomology classes whose odd 
dimensional components vanish, every element whose 0-dimensional 
component is 1 has a uniquely determined inverse. This means that, if 
the PonTRJAGIN classes of M* and of the normal bundle » of V*—* in M* 
are known, the Pontrryacin classes of ¥#-* can be calculated. For 
instance, if k = 1, since V*-! and MTM are both oriented, y is trivial and 
p(V*-} = ¢* £,(M") (compare the proof of Theorem 7.2.1). 

9.2. For the applications the case # == 2 is particularly important. 
Let 7: V"-* > M* be as in 9.1 and let »€ H?(MTM*, Z) be the cohomology 
class dual to the homology class represented by V*—*. In this case, 
by Theorem 4.8.1, 

P(») =7* (1+ v4) 

p(Ve-*) = 7* [1 + v*)-*p(M")). 
Since {L;(p,, ..., ;)} is the m-sequence which corresponds to the 

and therefore 

power series the definition of #-sequences in 1.2 implies that 
tanh Yz 

A Ph (V"-*),..., p:(V"-3)) = 7* [ame Do LAD, (MM, .... D3 aes) . 
vise 

(2) 
We are now in a position to obtain a formula for r(V*-7). We need 

the fact (PoINcARE duality) that if x¢ H*-*(M*, A) @ B, with A, B 
additive groups then 

HF (x) (V7) = vx [MM]. (3) 
Theorem 8.2.2, together with (2) and (3), now gives 

(V4) = 90 [tanh SLC)... 00)]. 
In (4) we use the abbreviation 2" for the first time. It is used con- 

stantly from now on and is defined by the rule: 

Let u be the n-dimensional component of an element uC 3] H*(MTM, 
k=0 

A) ® B. Definex® [u)] = 0 [iM]. 6) 

If m=: 2 modulo 4 formula (4) is trivial, since the left hand side is 
then zero by definition, while the right hand side is got by evaluating the 
n-dimensional component #) of an expression « which contains no 
terms of dimension #, so that x*(#] = 0. In the first few non-trivial 
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cases (4) gives: 

m= 2, 1(¥%) =v [M4] 

n=6, (V4) => (—08 + fy 0) (MP 
n= 10, +(V8) =e (60* — 5p, v* + (7b, — A) v) [M]. 

9.3. Let M" be a compact oriented differentiable manifold as in 9.1 
and let v,, vg, ..., v, be elements of the group H*(MTM", Z). It will be as- 
sumed that v, represents a (compact oriented differentiable) submanifold 
V*-? of MTM, that the restriction of v, to V"-* represents a submanifold 
V*-4 of V»-?, ..., and finally that the restriction of v, to V*-3¢-) 
represents a submanifold V*-3* of V*-2-D, In this case formula (3) 
of 9.2 can be generalised: if «€ H*-**(M*, A) @ B with A, B additive 
groups andj: V*-4" -» M* is the embedding then 

j*(e) [VO-*] = 0 0g... 0, 2 [M2]. (3 
Successive applications of (2) and (3’) give the following generalisation 
of (4): 

t(Vr-ar) ax xh [tanho, tanhv,...tanho, 3!’ £,(p,(M),..., p.(04*)| . 
io 

(4’) 
According to THom [2], every 2-dimensional integral cohomology class 
of a compact oriented differentiable manifold MTM can be represented 
by a submanifold V*-* of M*. Successive applications of this theorem 
show that the above assumptions are justified, so that (4’) holds. As a 
corollary we see that +(V*~**) depends only on the (unordered) set of 
cohomology classes ¥,, v2, ..., ¥» We denote the right hand side of (4’) 
by t(z,,..., 0,), the virtual index of the set (v,,..., v,). The theorem of 
Tsom just quoted then implies that every virtual index occurs as the 
index of a submanifold of M* and is therefore an integer. 

We recall that tanh satisfies the functional equation tanh (wz + »v) 
= tanh(#) + tanh(v) — tanh(#) tanh(v) tanh(s +) and deduce from 

(4°): 
Theorem 9.3.1. The virtual index is a function which associates 

an integer t(v;, Ug, -.-, U,) to each (unordered) r-ple (v,, ve, ..., ¥,) of 
2-dimensional integral cohomology classes of acompact oriented differentiable 
manifold M". The function + is zero if n — 27 0 modulo 4, if 2r > n, 
or tf one of the classes 0, is zero. Ii satisfies the functional equation 

T (Vz, - + +1 Up, H+ 9) (6) 
=1(t,-..,0, WET, .. 2%, 0) — T(t, ..., 0, 60,4 +0). 
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In particular, if n = 4k + 2, 

t(e+v) =t(u) +r(v) —t(e, v, 44+ 0). (6’) 

9.4. Consider, as an example for Theorem 9.3.1, the product 

M42 — Fox Fax +++ X Fang 

of 2k + 1 compact oriented surfaces F;. Let x,¢ H*(M*4*+*, Z) be the 
cohomology class which represents the submanifold 

FLX Fyx-++:x Fx 9X Popa 

of M4*+2 (where F’, means that the factor F; is omitted). We can calculate 
U (@y %y + Gy %_ + °° * + Ggnsy Xen4y), Where the a, are integers, by using 
(4). Since all the PONTRIAGIN classes of A44*+? except for py) = 1 are zero, 

T (ay Xp + Mg Xq tb +++ + Gants Xents) 
= x4%+3Ttanh (ay 4+ +++ + daria Menti)] 

tanh@*+D (0) 

me GRE a WABTET (dy My b+ + Gants Fanta)? ] 
= a ag see Faget tanh@*+) (0) . 

This proves that, if V** is a compact oriented differentiable manifold 
embedded in the product of (2k +- 1) coptes of an oriented 2-sphere S* which 
has intersection number 1 with each factor, then t(V**) ts the value at 0 of the 
(2k + 1)th derivative of tanh(x). By the theorem of Tuom quoted in 9.3, 
such manifolds exist for all &. 

Bibliographical note 

The results on cobordism used in this chapter are all due to Taom [1], [2]. 
Actually the differentiability assumptions of Tuom are slightly different, but it can 
be shown that all his results (in particular Theorem 7.2.2) remain true when 
“differentiable” is taken to mean “CTM-differentiable’. A complete exposition of 
cobordism theory from this point of view has been given in lectures of Miznor 
(Differential Topology, mimeographed notes, Princeton 1958). 

Tom also defined the non-oriented cobordism ring Q = S, %., Here 1" is 
the group of compact non-oriented differentiable manifolds of. dimension ” under 
the equivalence relation: V* ~, W* if V* + W* bounds a compact non-oriented 
manifold X*t1, The Strerer-Wuirney classes w,€ H'(V*, Z,) define Srizrzr- 
Witney numbers w;, w;,... Wy, [V*]€ Z,. THom proved that ¥* ~,W* if and 
only if V*, W* have the same StizFeL-WuitnEy numbers, that 9 is a polynomial 
Ting Z,[%q, %4, %— %p. %s, %y, ---] Over Z, with one generator +, for each ¢ +: 2" — 1, 
and that the real projective spaces P,, (R) give the even dimensional generators 7,, 
(Tuom [2]). An explicit construction for the other generators of 9 was given by 
Do tp [1] (see also Mitnor [7)). 

The complete structure of the cobordism ring 2, and of the graded ring a 
defined in 6.2, is now known. Mi~nor [3] proved the following more precise version 
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of Theorem 6.4.3: Q is isomorphic to the graded ring Z[z,, 2,,...], and an iso- 
morphism Z[z,, z,,...]-> 2 is given by associating to 2; a compact oriented 
differentiable manifold V*#! such that 

s(¥#} = +1 if 24 + 1 is not a prime power, 

s(¥") =+q if 2% + 1 isa power of the prime q. 

The cobordism ring Q** can be represented as a direct sum 

Gt — Bry TH 
where T is the group of elements of finite order in Q/ (and 7) = Qifj = 0 mod 4). 
MILNOR {3] proved that 7? has no elements of odd order and gave explicit generators 

for Q**, Subsequently Wat [1] proved that Ticontains no elements of order 4 and 
found a complete set of generators for Q. His results show that V* ~ W* if and 
only if ¥*, W* have the same PontTRyAGIN and SrrerEL-WurtNEY numbers. For a 
survey of generalisations of the cobordism ring and further developments see ATIYAH 
[4], Connger-Froyp [1], Mirror [4] and Waxu [2]. 

‘The index theorem (8.2.2) gives corollaries on the behaviour of the index of an 
oriented differentiable manifold V. For example, let /:W-» V be a differentiable 
covering map of degree ». Then p;(W) = /* ~:(V) and the index theorem implies 
that +(W) == 1+(V). Does this result remain true if V, W are (non-differentiable) 
topological manifolds? Let E, B, F be compact connected oriented manifolds (not 
necessarily differentiable). Let E-> B be a fibre bundle with typical fibre F for 
which the fundamental group 2, (B) acts trivially on the cohomology ring H* (F, R). 
Then there is a direct topological proof that +(£) = 1(B)t(P) (Caern-Hirze- 
BRUCH-SeRRE [1]). Examples of Artyan [12] show that for a general fibre bundle 
t(E) +7 (B) c(P). 

The index theorem implies that the [-genus of an oriented differentiable 
manifold M depends only on the oriented homotopy type of M. According to Kaun [1] 
the L-genus is, up to a rational multiple, the only rational linear combination of 
PontRJAGIN numbers that is an oriented homotopy type invariant. Far reaching 
generalizations of the index theorem (applying to differential operators and to 
finite groups acting on manifolds) have been obtained by Ativan and Sinaczr. 
These are discussed in the appendix (§ 25). 



Chapter Three 

The Topp genus 

In this chapter M,, will be compact, differentiable of class C® and, 
in addition, almost complex. The tangent GL(n,C)-bundle of M, 
(see 4.6) is denoted by 0 (M7,,). We investigate the “genus” associated with 
the m-sequence {7;(c,, . . ., ¢;)} of 1.7 as well as the “generalised genus” 
associated with the m-sequence {T,(y; ¢,, .. ., ¢;)} of 1.8. 

§ 10. Definition of the Topp genus 

10.1. Let X be an admissible space (see 4.2) and let & be a continuous 
GL(q, €)-bundle over X with Cuern classes c, ¢ H4(X, Z). The (total) 
Topp class of & is defined by 

ta() = 3S Tyley- 63) (1) 
j=0 

where {T;(¢,, ..., ¢;)} is the m-sequence of 1.7. If & is a continuous 
GL(¢’, C)-bundle over X then, by 1.2, the Topp class satisfies 

td(& @ ¢') = td(é) td(é’) - (2) 
If qg = 1 and ¢,(é) = d€ H?(X, Z) then 

a 
td(@)=j~—a7 + 

Note that td(é) is a series starting with 1 and therefore, since X is 
finite dimensional, the inverse (td(&)~1 exists. The total Topp class 
can also be defined by means of a formal factorisation: if 

q @ $ X gt= UE (1+ 7%) then ta) = I 7a - 
f=0 j= 

In a similar way the (total) Cuerw character of ¢ is defined by 

g 

ch(é) = 3) e%. (3) 
#=1 

By 4.4.3 the Cuzrn character satisfies 

ch(f@ &) = ch(€) + ch(é), 
ch(& @ &’) = ch(é) ch(é’) - 

If g = land ¢,(&) = d ¢ H*(X, Z) then ch(é = e4. 

(4) 
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In general ch(€) = g+ 3) ch,(&) where 
k=l 

ch, (2) = € H?*(X, Z)@ Q and > yt (k= 2). 
The symmetric functions s, and ¢, are related by Newron formujde 
[compare 1.4 (10)} AynCAge tee te ar tODG Ke. 

Se—% Sea tort tt Diag k=0 (R21). 

The CHERN character is related to the Topp class td by 

Theorem 10.1.1. Let = be a continuous GL(q, C)-bundle over an 
admissible sbace X. Then 

z (—1)" char &* = (td(2))-2 og (8) . 

Proof: If x c; (8) 8 = IT (1+ y;%) then by 4.4.3 
f=0 tl 

chr &* = SY” en lin +o + 7%) 

where the sum is over all combinations 4,, ..., 4 with ls ip<-+--< 
<4, S q. Therefore 

gq g 
3} (-Wrchar ge = J (1—e%) 
ru ee 

8 1 — env 
= (1 --- Yd) TT, 

= (td (B))-? ¢4(€) » 
10.2, Let M,, be an almost complex manifold (4.6). The almost com- 

plex structure defines a particular orientation of M,. Hi w ¢ H*(M,) and 
#@) is the 2n-dimensional component of « we write x, («) = «@")(M,]. 
Let c, ¢ H*4(M,, Z) be the Caern classes of @(M,). Every product 
05, 0;,++.0, Of weight n=j,+),+°°-+ 3, defines an integer 
C3, 63, .-. (44,1. If a(n) is the number of distinct partitions of » there 
are 2(n} such integers; they are called the Cazrn numbers of M,. For 
example (Theorem 4.10.1) the Caern number ¢,[M,] is precisely the 
EvuLer-Porncare characteristic of M,. Consider the ring G = B[e,, ¢g, ..-] 
of 1.1 (see also 1.3). As in 5.1, each element 5 ¢%, determines an element 
5 (Af, | € B. 

The cartesian product V, x W,, of two almost complex manifolds is 
almost complex in a natural way: the tangent GL(n + m, C)-bundle 
of the product is the Wuirney sum /*(0(V,)) @ g*(0(Wm)) where 
f:V,x Wao V, and g:V, x W,—> W,, are projection maps. As in 
5.2 we have 
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Lemma 10.2.1. Let {K;(c,, ..., ¢)} be an m-sequence (K, €B;, as in 
1.2, 1.3). Then 

Kyim(VaX Wm] = Ky [Va] > Km [Wr] - 
K,, [M,,] is called the K-genus of M,,. Now consider the m-sequences 

{Tq ---6)} (Tylyi ey -. + 6)} 
defined in 1.7, 1.8 and associated to the power series 

x a aly +1) 

0) = qoepea: 90) = Trepeeo ey ~ 79 
The rational number 7,,[M,,] is called the Topp genus (or T-genus) of 
M,, and written 7 (M,). Thus 

T (M, n) = Hp [td(6 (M, »)) : 
By 1.8, 7,,(y5 ¢,.... ¢) [44,] is a polynomial of degree » in y with 
rational coefficients. It can therefore be written in the form 

1, (0) = 3 T*(Ms) 9. 
The polynomial T,(M,) is called the generalised Topp genus (or T,- 
genus) of M,. By definition, T,(44,) = 7T°(M,) = T(M,). 

Lemma 10.2.1 implies that T,(V.x Wm) = Ty(V,) T,(W,,) and in 
particular that T(V,x W,,) = T(V.) T(W). By 1.8 (13) the rational 
numbers T? (M,) satisfy the “duality formula” 

T?(M,) = (— 1)" Te (M,) . 
By 1.8 (16), together with Theorem 8.2.2, 

T_.(M,) = 2, (—1)? T?(M,) = ca[My] 6) 

T,(M,) - 2 T*(M,) -=2(M,). 6) 
Thus T_,(M,) is the EuLer-Porncaré characteristic of M,, while T, (M,,) 
is the index of M,, [notice that the above “duality formula” shows that 
T, (M,) = 0 for » odd]. 

10.3. The (total) CHerRn class of the complex projective space P, (C) 
is (1 + 4,)**+? by Theorem 4.10.2, Lemma 1.7.1 and Lemma 1.8.1 there- 
fore imply 

Theorem 10.3.1. The T-genus is the only genus associated to an 
m-sequence with rational coefficients which takes the value 1 on every 
complex projective space P,(C). The T,-genus is the only one associated 
to an m-sequence with coefficients in Q(y] which takes the value 1 — y + 

+ yest (1 y* on Py (CO). 
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11. The virtual generalised Topp genus gen 

11.1. Let V,_, be a (compact) almost complex submanifold of the 
almost complex manifold M, and 7:V,_,;— M, the embedding. By 4.9 
there is a normal GL(k, €)-bundle v over V,_, such that j* 0(M,) 
= 6(V,_,) ® ». By 4.4.3, If) 

f* c(M,) = c(Va_x) cr) - 
Consider the special case k= 1. Theorem 4.8.1 gives c(v) = 1+ j* 
where » € H3(M,; Z) is the cohomology class determined by the fun- 
damental class of the oriented submanifold V,,_,. Therefore 

14 6, (Vg) + ¢3(Va-a) +7 °° 
=e [(l + 0, (M,) + ¢,(M,) +-°°) (1+ 2)77) - 

It is now possible to calculate the T,-genus of V,_,. This genus is 

(1) 

associated with the power series Q(y; x) = RG where 
ert Dy 

Ry; x) merce s)) +y (2) 
R(i; x) = tanhxy, R(—1;%) = x(1+4)74, ROO;*%)=1l-—e*. 

Then (1) implies 

EN: aden Vad) = 58 (ASD FTC 6 ) @ 
and hence, as in 9.2, 

Ty (Va—1) = Hn [Ro 0% T(y 3 ¢y(My), o. e(0,)| . (4) 
In the case y = 1 formula (4) is [in view of 1.8 (16)] exactly 9.2 (4). 

In the case y = —1 it gives a formula for the EuLER-PoIncaRE charac- 
teristic E (Vas) = €n—1(Va—1) (Vana: 

a 

(—1)"-1 E (Va_a) = 2 (- un~*c, (My) [My]. (5) 

Formula (5) can naturally be obtained directly from (1). In the case 
y=0 we have 

T V,~1) = %q[(1 — e~*) ta(0(M,))]- (6) 
11.2. We now come to the definition of the virtual T,-genus. For 

Uy, -. +, Uy € H7(M,, Z) let 

Tylvy oa = ma [RO Hn) Ria) 3 Tir ett), (7) 
Here the subscript Af denotes the manifold in which the virtual genus is 
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defined; in subsequent paragraphs this subscript will be omitted if it is 
clear from the context which manifold is meant. 

By 1.8, T,(o,, ..., 0,)y is a polynomial of degree —7 in y with 
rational coefficients. T,(v,, .... %)ac = 0 for 7 > % because R(y; 2) is 
divisible by x. For y=, Ty(uy, .... tg)ag = 01 Ug - ~~ Y_[M,]. We call 
Ty (vy, ..., 0,)y the (virtual) 7,-genus of the r-ple vy, ..., v,). It is 
independent of the ordering v,, ..., v,. An unordered r-ple of elements 
of H?(M,,, Z) is also called a virtual almost complex (x — 7)-dimensional 
submanifold of M,,. We write 

n-—?T 

Ty - 5 = FT sae (8a) 

The rational number 

T (oy, ©. +, Oar = Tey. a = T (0p... Oat (8b) 

is called the virtual Topp genus of the virtual submanifold (4, . . ., v,). 
The duality formula 

T? (Wy, «+ +, Op) = (— HOF Teor (ey, . - «Oa (9) 
holds, and Formula 11.1 (3) implies immediately 

Theorem 11.2.1. Let V,_, be an almost complex submanifold of M,, 
ov € H3(M,, Z) the cohomology class determined by V,.. and] iVa4-> My 
the embedding. Let vg, ..., v, € H?(M,, Z). Then T,(j* vg... 7* Oy 
=x TF, (v, Ug, ..., Upjag- In particular 

FT, (Vana) = Ty) ar - 
11.3. The functional equation of the index [9.3 (6)] is a special case 

of a functional equation satisfied by the virtual T,-genus. If a, y are 
EFF —— | 

BE py then 

R(u+v) = R(u) + R(v) + (y — 1) R(w) Rv) — yR(w) R(v) R(w +»). (10) 
The substitution a = 1+ y then yields a functional equation for R(y; x). 
For y = 1 this is the functional equation of tanh, for y = 0 the functional 
equation of 1—-e-*, and for y=--1 the functional equation of 
x{1+ x)-) Asa corollary we have 

Theorem 11.3.1. The virtual T,-genus satisjies the functional equation 

indeterminates and R(x) = 

Ty (dy. . 21 0p, H+ 0) = Ty (ty, 2-0, OW + Ty (ty ©. 2, 0p 8) + 

+ y¥—D Typ -. 2 0-4, 8) — 9 Ty Wy, ., Up , 0, & +B) 

where v4, ..., Up %, v are elements of H?(M,, Z). In the special case r = 0 
the equation becomes 

T, (4 + 0) = T, (4) + Ty(v) — (y ~ 1) T,(u, 2) — 9 Ty (u, 2, 4 + 9). 
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For y = 1 this wnplies that the virtual index satisfies 

t(e+v) tle) itv) —tlu,v,e+9), 

for y = 0 the viriual Topp genus satisfies 

T(e+v) = Tie) + Tv) — Ts, »), 

and for y = —1 the virtual EULER-POINCARE characteristic satisfies 

T,(¥+v)=T,() + T,4() —2T_,(4,v) + Ty (u,v, 4+). 

§ 12. The T-characteristic of a GL(g, C)-bundle 

12.1. Let & be a continuous GL (gq, C-bundle over M,. Any dif- 
ferentiable, or complex analytic, GL(g, ©)-bundle over M,, can also be 
regarded as a continuous GL(g, €)-bundle so that the results of this 
paragraph apply, in particular, to these cases. Let 

(My) = 3 eu l= 3 (1) 
where ¢,, d, € H**(M,, Z) and ¢y = d, = 1. 

The Topp class of 6(M,) and the Caern character of & (see 10.1) 
are used to define the rational number 

T(M,, &) = x,[ch(é) td(0(M,))]- (2) 
T(M,, 6) is called the T-characteristic of the @ L(g, C)-bundle over M,,. 
In the special case where é is a C*-bundle with Cazrn class 1+ d, 
a ¢ H*(M,, Z), equation (2) becomes 

T (My, &) = x,[e* td(0(M,))] . (3) 
Now the (C*-bundles over M, are in one-one correspondence with 
elements d of H*(M,, Z) by 3.8 and Theorem 4.3.1. Therefore we may 
write T(M,, d) for T(M,,, &) in (3). The definitions imply 

T(M, @) = T(M) -T(-dy. (4) 
li fisa GL, C)-bundle and # is a GL(q’, €)-bundle over M,, then 

the first equation of 10.1 (4) gives 

T(M,, £@ &') = T(M,, 4) + T(M,, ©). (5) 

If isa GL(q, C)-bundle over V,, and 7 is a GL(r, C)-bundle over 
W,, then 10.1 (2) and 10.1 (4) give 

TV in X Wows f* (6) ® 8*(y)) = T (Vn, €) T(Way, 9) | (6) 
where / and g are projection maps as in 5.2. 



§ 12. The 7-characteristic of a GL(g, €)-bundle 97 

12.2. In order to extend the results of 12.1 to apply to a 7,-charac- 
teristic T, (M,,, &) it is necessary to consider the dual tangent GL (x, C)- 
bundle 0* = @(M,,)* of M,,. Let A?(6*) be the $-th exterior product (3.6) 
of 6*. Consider the formal factorisations [see 12.1 (1)] 

q n *% g 
Dd 6¢= fF A+, 2%) and SY djxi= [7 (14+ 6;%). 
j=0 i 7=0 t=1 4=1 

Then the CHERN classes of 0* are the elementary symmetric functions in 
the —y, and, by 4.4.3, the Caern classes of 4?(6*) are the elementary 
symmetric functions in the formal roots — (y;,-+4:,4+°+++ y:,)- 
Then 1.8 (15) implies that 

T(M,, 4* (6*)) = T?(M,) . (7) 
Now consider the tensor product 4*(6*) @ &. We denote the rational 

number T(M,, 4? (0*) @ &) also by T?(M,, &) and define 

Ty (My, 8) = 3 TM 8) 9° C) 
Equations (2) and 10.1 (4) imply that 

T? (M,,, &) = xq[ch(é) ch(A? (6*)) t4(0(M,))] - (9) 
A trivial generalisation of the argument used to prove 1.8 (15) gives 

g * T,(My 8) =m [( 2 et14) (FT ie---2))]. 0 
fal im 

Notice that, if y = —1, the number 7_,(M,, &) does not depend on the 
Cuern classes of & but only on the rank qg of &. In this case 7_,(M,, &) 
= q E(M,) where E(M,) is the EuLer-Porncaré characteristic of M,. 

Substituting for y in (10) and multiplying both sides of the equa- 
tion by (—¥)", we can rewrite the right hand side of (10) as 

q ” on ( 5 earn) ( Tyity «))| 
$ ox jx 

and obtain, applying Theorem 4.4.3, the duality formula 

y” T, (My, £) = (~ 1)" BM, &) - 
Therefore 

T?(M,, &) = (— 1)" T?-? (M,, &) (11) 

and, in particular, when p = 0 

T(M,, &) = (— 1)" T(M,, 4° (0*) @ &). (12) 
In fact it is possible to deduce (11) from (12): replace & by & ® 1? (6*) 

in (12) and recall that, by Theorem 3.6.1, 4*(0*) @ (€ @ 4? (6*))* 
= &* @ 4"(0*) @ A? (8) = &* @ 7-# (6*). 
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The bundle 4" (@*) is a C*-bundle, and is called the canonical C*- 
bundle over M,. By Theorem 4.4.3 it has (total) Carn class 1 — ¢,(M,). 

Let chy) (&) ¢ H*(M,, Z) ® Q[y] be defined by the equation 
chyy (£) = eA te 4 - ++ 4 eh tyte 

where the CHERN classes of & are the elementary symmetric functions 
in d,, ..., 6, Then, as im 10.1 (4), 

chy (E @ &') = chyy (€) + chgy (€) and chy (E @ €’) = chyy (8) chyy(&’). 
These equations imply that 

E, (My, £ @ £) = T,(M,, £) + T,(M,, €’) (13) 
and 

LyVn X Wows P(E) ®@ B* (n)) = T, Var €) Ty Won 0) - (14) 
In equations (13) and (14) we use again without comment the notations 
of equations (5) and (6) of 12.1. 

12.3. Let & be a GL (g, €)-bundle over M,,. Ifv,, ..., v, are elements 
of H?(M,, Z) then the virtual T,-characteristic of & with respect to the 
“virtual submanifold” (v,, ..., v,) can be defined by the following 
generalisation of 11.2 (7): 

Ty leas» el, Sac = [ets (IT R3 99 3 19:6, )| (18) 
As in 11.1, the subscript M will be dropped if it is clear which mani- 

fold is meant. If § is the trivial GL(g, C)-bundle then T, (vy, ..., v,|, §) 
== QT, (v,,..., U,). Naturally we write, when y = 0, 

Typ «+ os Mp, &) = Tey. MS) 

and call T(v,,..., v,|, €) the virtual T-characteristic. As a generalisation 
of Theorem 11.2.1 we have 

Theorem 12.3.1. Let V,_, be an almost complex submanifold of M,, 
vu ¢ H*(M,,, Z) the cohomology class determined by V,_, andj:V,_,>M, 
the embedding. Let vg, ..., 0, € H?(M,, Z) and le & be a GL(g, C)-bundle 
over M,. Then 

L,(F* Vy, «= F* U7], 9* Ey = TW, vy, -- Ue], Ene - 
In particular 

E, (Vana 5* £) = T, (|, 2) - 

The functional equation of Theorem 11.3.1 can also be extended 
to apply to the virtual 7-characteristic. 
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Theorem 12.3.2. Let & be a GL(g, C)-bundle over M,. The virtual 
T,-characteristic of & satisfies the functional equation 

Tyo, -- 5% 4+ 2], ue = Gy --. Op 4], SJ + 
+ Fp -- +I OL ae + (¥ — D Gv -- +1 4, o), )e— 
— VT, (vy... 0p, 40,4 +0, Dae 

where v,,..., ,, u, v are elemenis of H?(M,,, Z). 

The proof uses the functional equation 11.3 (10) and the remark that 
the expression inside the square brackets [ ] of (15), x, of which is the 
T, characteristic, always contains the factor chi, (&). 

T, (04, .- « %,|, ay is a polynomial of degree x — r in y with rational 
coefficients. It is identically zero for 7 > ». If r = 2 then 

Ty (ey, -- +5 Onl, Ear = 7° (Op - - - Mn (My) - 
The duality formula, in the case of “virtual submanifolds”, becomes 

YT (Oy oo Mel a= (IPT (Op. 4] ar (18) 
¥ 

Theorem 12.3.3. Let 4 be a C*-bundle over M,, with total CHeRn 
class 1+, v¢€ H3(M*", Z) and let — be a GL(q, O-bundle over M,,. 
Let 1, ..., 0, be elements of H*(M", Z). Then 

T(tp-- tel au = Gp -. 5 0p 0) ae t+ Typ -. 5 al, Og a + 

+9 BO... 2], FO 9) - 
Proof: In formula (15) for the T,-characteristic the expression in 

square brackets [ ] contains the factor Ss T; (93 ¢,(M,),...). This 
factor is the same for each of the four T,-characteristics which occur in 
the equation to be proved. Similarly, each of the four terms contains the 

ta 

factor JJ R(y:v,) and, since chy (é ® 474) = chy (&) chy (y)-4,_ the 
tml 

factor chy, (6). It is therefore sufficient to prove the equation 

1 = R(y; 2) + chy (77?) + YR(y; 2) Chey (77) - 
But chy, (y—4) = e~ @+)* and therefore this equation follows from 11.1(2). 

Consider the special case of 12.3.3 in which r = 0 andj:V,_,> M, 
is the embedding of an almost complex submanifold of M,. Let 
v € H?(M,, Z) be the cohomology class determined by V,_, and let 4 be 
the C*-bundle with CHEeRn class 1+ v. Then by Theorem 12.3.1, 

T, (My, &) = T, Va-v5* §) + FT, (Ma E897) + 9 Una * (E89) (17) 
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and, equating coefficients, 

T? (M,, é) 
= T?(V,_p9* €) + T? (My, E@ 47?) + TPF (E@ 47). (18) 

In (18) it is understood that T? (M,, £) = 0 for p < O and > n, and that 
T?(Vn_1 9* &) = 0 for p< 0 and p> — 1. Formula (4) of 12.1 isa 
special case of (18). 

§ 13. Split manifolds and splitting methods 

13.1. The discussion in this section is valid for continuous, differen- 
tiable or complex analytic buncles (cf. 3.1, 3.2). It is to be understood 
in these cases that X is respectively a topological space, differentiable 
manifold or complex manifold. 

Let & be a GL (g, C)-bundle over X. We consider a principal bundle L 
over X associated to ¢ with GL(g, C) as fibre and construct the fibre 
bundle 

E=L/A(q, ©) [cf. 3.4. b) and 4.1. a)] 

with the fiag manifold F(q) = GL(z, C)/A(g, ©) as fibre: 

g: E-xX, fibre Fg). (1) 

The tangent principal bundle of the complex manifold F (g) will be 
denoted by T(g): 

Tq@)->F iy, fibre GL(m, C). (2) 

Here m = ¢(g — 1)/2 is the complex dimension of F (q). 
The group GL(g, C) operates by left translation on F(g) and hence 

also in a natural way on T(g). The method of 3.2.d) therefore allows us to 
construct, from the action of GL(g, C) on the cartesian product L x T(g), 
a fibre bundle €(g) associated to &: 

€(g)-> X, fibre T(g) . (3) 

€(q) is a principal bundle over E with GL (mm, C) as fibre. The result is 
the following commutative diagram in which each arrow is the projection 
map of a fibre bundle. 

fibre GL (se, €) 
ee € (9) E 

(4) fibre T(@) */ tite F(@) 
x 

Over each point of X the situation is as in (2). 
The GL(m, C)-bundle over E which is associated to the principal 

bundle €(g) will be denoted by &4 and called the “bundle along the 
fibres F(g) of E”. 
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The bundle g* é over E admits the group A(g, C) as structure group 
in a natural way (Theorem 3.4.4). By 4.1.c) this defines an ordered 
sequence é,, &, ..., &, of g diagonal C*-bundles over E. 

Theorem 13.1.1. In terms of the above notations: The GL(m, C)- 
bundle £4 over E admits A(m, C) as structure group in such a way that the 
m diagonal C*-bundles are the bundles &,® & + (i> j) in the following 
order. &,® EF" is before & @ Ee) if either j>j' or (G=7' and i <i’), 

The proof will be by induction on g. The theorem is trivial for g = 1. 
a) Construct the fibre bundle X = L/GL(1, g — 1; C). The fibre of X 

is the complex projective space P,_,(C), since by 4.1. a), 

G(L.¢g~—1; 0 = Pha) = GLYg, O/GL(1,¢—1;0. (5) 
A matrix of GL(1, g—- 1; C) has the form [see 4.1. a)] 

| ayy, - « -) Ory 

A= . 
) ea 

The homomorphism 4:GL(1,¢g—1;€)->GL(q-—1C) which as- 
sociates to A ceil q~-1;C) the matrix A” €GL(q— 1,0) maps 
A(q, ©) on to A(g — 1, C), Therefore 

GL(1,qg—1, O/4¢,C)=GL(g—1LQ/Ag—-1.Q=Fg-1). ©) 
b) Clearly E is a fibre bundle over X with 

F@— I) =GL(L,¢— 1, 0/4q,9 
as fibre and GL(i,¢g— 1; €) as structure group [cf. 3.2. c)]. Since the 
kernel of the homomorphism 4A: GL(1, ¢g—~1;€) + GL(g— 1, C) 
operates trivially on F (g — 1) it follows [cf. (6)] that E admits the group 
GL(g — 1, C) as structure group in a natural way. 

If X is a point then E = F(g), X = P,_,(C). In this case the conclu- 
sion is that F(g) is a fibre bundle over P,_,(C) with F(g — 1) as fibre 
and GL(g — 1, ©) as structure group: 

ai F(gj>P1(Q, fibre F(q —- 1). (7) 

There is a commutative ote 
fibrefore Fg) —I} x 

fibre ne Soha (8) @) fibre Pe (C} 

Over each point of X the situation is as in (7). 
c) The structure group of p* & can be reduced to GL(1,g— 1, ©) 

in a natural way; let 7 be the resulting C*-sub-bundle over X and let é 
be the GL(q — 1, C)-quotient-bundle over X. The fibre bundles E and X 



102 Chapter III. The Topp genus 

over X are both associated to ¢, while the fibre bundle E over X is 
associated to &. The bundle g* £ over E admits A(g — 1, C) as structure 
group in a natural way. The corresponding diagonal C*-bundles are 
given by the sequence &,, é,, ..., &,- Moreover o* 4 = &. 

d) Now consider the principal tangent bundle T of the complex 
manifold P,_, (€): 

T>P,_,(0), fibre GLG@—10. (9) 

The group GL(g, C) operates on P,_,(€) and hence also in a natural 
way on T. It can be shown that GL(g, C) operates transitively on T; 
that is, given any two points y,, y, of T there is an element of GLQ, C) 
which sends y, to y,. Therefore T can be represented as a quotient space 
GL(q, Q/H of GL(g, C), where H is the subgroup which leaves fixed 
a given point y, of T. If an element of GL(g, C) leaves yp fixed then it 
must also leave fixed the whole fibre of (9) through yo. We represent 
P,_,(€) as a quotient space by (5) and choose as yy a point which lies in 
the fibre of (9) over the point of P,_,(€) corresponding to the coset 
GL(i,g- 41:0). The required group H is then a subgroup of 
GL(1l,¢g— 1; C0) and it is now easy to show that H is actually the sub- 
group of matrices of the form 

BY] My, - + +) Ay ( _ ‘), I = identity matrix. 
0 al 

H is a normal subgroup of GL(1, ¢ — 1; C), and is the kernel of the 
homomorphism GE(i,g— 1;C) + G@L(¢— 1,0) which, in the nota- 
tion of a), maps A to a~} A”. Now dividing the “numerator and de- 
nominator” of (5) by H we obtain 

(GLY, O/H)(GL(1, q — 1; O/H) = P,_(Q. 
It follows that (9) is identical to the fibre bundle given by 

T=GLg, O/H > (GLY, O/A)(GL(L.g—1;0/H). —(9*) 
e) From the principal bundle L over X we can construct the space 

L/H. There is a commutative diagram 

SereGLie-0) 5 

“oA fo Py-1(€) 
Over each point of X the situation is as in ( L/H is a principal bundle over X. By c) a d) it is associated to the 
bundle 7-1 @ — over X. We call 4-1 @ & the “bundle along the fibres 
P,_,(€) of X” [see (8)]. 
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f) We now carry out construction (1)—(4) for the GL — 1, ©- 
bundle & over X, marking everything which arises from & by adding 
a bar. Thus let = (¢— 1) q—2)/2. Then m= q(¢g— 1)/2=m+ 
+ (g— 1). It is easy to show that the structure group of the GL(m, €)- 
bundle £4 [bundle along the fibres F(g) of E] can be reduced to the 
group GL (m, q — 1; C) so that &4 [bundle along the fibres F (g — 1) of E] 
is the corresponding subbundle and *(y-1@ &) the corresponding 
quotient bundle. Here 4-7 @ & is the bundle along the fibres P,_,(C) 
of X. 

We assume that the theorem is proved for q—-1. The diagonal C*- 
bundles of @* & are &, ..., &, in that order. Therefore £4 admits the 
group A(m, C) as structure group in such a way that the diagonal 
C*-bundles ¢;@ & 1 (¢ > 7 & 2) are in the order given by the statement 
of the theorem, But 

R* (71 @ J = Eo Fre. 
Therefore ¢*(y-! @ &) admits the group A(g — 1, €) as structure group 
with the diagonal C*-bundles 

&,@ fees &, @ é?. 

This completes the proof forg. Q. E. D. 
13.2. Theorem 13.1.1 holds in the complex analytic case. Since this 

fact will be particularly important in the sequel, we restate it as a 
separate theorem. 

Theorem 13.2.1. Let X be a complex manifold, & a complex analytic 
GL(g, C)-bundle over X, and L a complex analytic principal bundle 
over X associated to & Consider the fibre bundle E = L/A(q, ©) with the 
flag manifold F (q) = GL(q, ©)/A(q, ©) as fibre: 

p:E->X, fibre Fg). (1*) 

E is a complex manifold and o is a holomorphic map of E on to X. The 
structure group of the complex analytic bundle p* & can be complex analyti- 
cally reduced to the group A(q, ©) in a natural way. Let &,, &s, ..., &4 (in 
that order) be the q diagonal complex analytic C*-bundles. The bundle &4 
along the fibres of (1*) is a complex analytic GL(m, C)-bundle 
{m = q(q¢ — 1)/2], whose structure group can be complex analytically reduced 
to A(m,C); in this case the m diagonal complex analytic C*-bundles are 
the bundles &,@ &;1 (4 > 7) in the order specified in Theorem 13.1.1. 

Remark: The proof of Theorem 13.1.1 given in the previous section 
is direct, but left a number of details to the reader. It has been pointed 
out by A. Borer that the fact that the structure group of the bundle £4 
can be reduced to A(m, C) follows immediately from a theorem of Lig. 
The statement of the theorem (see for instance C. CHEVALLEY: Théorie 
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des groupes de Lie, Tome III. Paris: Hermann 1955, especially p. 100 
and p. 104) is: 

Let H be a solvable connected complex Lie group and 0: H > GL (m, C) 
a holomorphic homomorphism. Then there 1s an element aC GL(m, C) 
such that a 9(H) a-1 Cc A(m, C). 

The statement about the structure group of £4 is deduced as follows. 
Let e, CF (7) = GL (gq, C)/A (q, C) be the point corresponding to the coset 
A(q, C). The group GL (g, €) operates on F (g), and A(g, C) is the isotropy 
group of ey [#. e. the subgroup consisting of all elements of L(g, C) 
which leave e, fixed]. A(q, €) operates on the contravariant tangent 
space C,, (é)) of ¢, € F (g) and this operation defines a holomorphic homo- 

morphism A(g, €) + GL(m, €), m =+4(q— 1). Since A(g, C) is solvable 
the theorem of Lim implies that there is in C,,(¢)) a flag of linear sub- 
spaces Lg CL, C+ +CLy = Ca (es) such that each ZL, is mapped into~ 
itself by every element of the group A(q, C), 7. ¢. the flag is invariant 
under the operation of the group. Now GL (q, C) operates transitively on 
F(q) so that the flag can be transplanted to any point of F(g). This 
transplanting is unambiguous because the flag remains invariant under 
the operation of the isotropy group. The conclusion is that F(g) admits 
a tangential complex analytic field of flags which is left invariant, ¢. ¢. 
goes over into itself under the operations of GL(g, C). The required 
statement about £4 now follows. For generalisations of Theorem 13.1.1 
and for its connection with the theory of roots of Liz groups we refer to 
Boret-Hirzesrucs {1}. 

13.3. Let X be a (differentiable) almost complex manifold of complex 
dimension » and é a differentiable GL(¢, C) bundle over X. The con- 
struction of 13.1 yields a differentiable manifold E which is a fibre bundle 
over X with fibre F(g) and differentiable projection map »:E — X. 
It is clear that E admits an almost complex structure, whose tangent 
GL (mn + m, ©) bundle 6(E), m = ¢(q — 1)/2, has the “bundle along the 
fibres” £4 as subbundle and the bundle y* 6(X) as the corresponding 
quotient bundle. Let ¢, (¢= 1, ..., g) be the diagonal C*-bundles of 
p* & over EB, and let c(&) =1+y, y,€ HE, Z). Theorem 13.1.1 
implies that the total CHERN class of E is given by 

c(E)=g*c(X) TT (l+v—y)- (10) 
qai>jel 

If in particular £ is chosen as the tangent bundle @(X) of X we denote 
the almost complex manifold E by X4. In this case p* & = g* 6(X) 
admits the group A(m,C) as structure group, the corresponding » 
diagonal C*-bundles are &,...,&,, and @{E) admits the group 
A(n( + 1)/2, C) as structure group with the (n+ 1)/2 diagonal bundles 
,@ 64,8, .... & (ns 2i>j2 1). The total Cuern class of X4 is 
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therefore given by 
* 

c(X4 = JT (it+y) W l+v-v)- (11) 
t=1 nzi>i2i 

13.4. The discussion of the previous section can be carried over to the 
complex analytic case. Let X be a complex manifold of complex dimen- 
sion » with complex analytic tangent bundle 6 (X) and let & be a complex 
analytic GL (g, C)-bundle over X. Then E is in a natural way a complex 
manifold of dimension x+m, m=q(q—1)/2, and g:E>X is a 
holomorphic map. E is a complex analytic fibre bundle over X with 
fibre F(g) and projection map g. The complex analytic tangent 
GL (n + m, C)-bundle 9(E) admits GL (m, x; C) as structure group in a 
natural way, since & admits a complex analytic field of complex m- 
dimensional plane elements (the field tangent to the fibres of £). The 
complex analytic subbundle is the GL(m,C)-bundle &4, and the 
corresponding complex analytic’ quotient bundle is the GL(a, (€)- 
bundle g* 0(X). The Cuern class of the complex manifold E is given 
by (10). In the special case in which & = 0(X) we again write E = X4. In 
this case both the subbundle £4 and the quotient bundle @* £ = g* 6(X) 
admit the corresponding group of triangular matrices as complex analytic 
structure group. This shows that the structure group of the complex 
analytic bundle 6(X4) can be reduced complex analytically to the 
group A(n(n + 1)/2, C), and that the corresponding #(# + 1)/2 diagonal 
C*-bundles are ,@ G1, &, ....& #B@i>je2 il). MW e(é)=1+ 4, 
then the total Cuern class of X4 is given by (11). 

13.5, a) An almost complex manifold X of complex dimension x is 
called a split manifold if the (differentiable) tangent GL(n, C)-bundle 
4(X) admits the group A(#,C) of triangular matrices as structure 
group. This defines # diagonal bundles &,,..., & € H'(X, CF) and in fact 
6(X) is the Wuitnery sum of the bundles &,. If ¢(&,) = 1+ a@,, a; € H®(X, Z) 
then * 

c(X) = pil (1+ 4,). (12) 
b) A complex manifold X of complex dimension 2 is called a complex 

analytic split manifold if the complex analytic GL(n, C)-bundie 6(X) 
admits the group A(n, C) of triangular matrices as complex analytic 
structure group, 1. ¢. 0(X) is an element in the image of the map 

HX, A(n, C),) > H(X, GL(n, ©),). 

This defines » diagonal bundles &,,..., & € H?(X, C#). In general 0(X) 
is not the complex analytic WHITNEY sum of &,, ..., &,. Nevertheless, 
if all bundles are regarded as continuous (or differentiable) bundles, 
then 6(X) is the Watney sum §, @---@ é,. The CuERN class of X is 
therefore given by (12). 
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The process described in sections 13.3 and 13.4 therefore associates to 
each almost complex manifold X an (almost complex) split manifold X4, 
and to each complex manifold X a complex analytic split manifold x4. 
This fact will be of decisive significance in the sequel. It will appear 
that certain theorems hold for X whenever they hold for X4, and there- 
fore need to be proved only in the case that X is a split manifold. 

13.6. Let X be a compact almost complex split manifold of complex 
dimension ». We use the notations of 13.5 a) and derive a formula which 
will imply that the Topp genus T'(X) can be expressed in terms of 
virtual indices: 

ns 

(lty*T(X)= LY LD Tay, -- + 4)x- (13) 
I=@ IS <ceSA 

For the proof we recall the definition of the virtual Z-genus in 
11.2 (7), apply (12), and obtain for the right hand side of (13) 

Hy iM (1+ yR(y; a) I Oty aa] 
LG ocx t 

= Hy | iT (Q (5 a) + «9)| 
Lf 

= Ky 
rs (Ly) a 

Af, l-- expC~(l + ¥) a) Lic 1 

ay = (1 + ¥)" Ry [a mattnay| = (1 + yy" T (X) * 
For y = 1 the virtual T,-genus becomes the virtual index: 

2 T(X)= > Bi tlagy ess ag)y- (13*) 
i=0 lSh<e <n 

Since the virtual index is an integer (Theorem 9.3.1) a corollary is 
Theorem 13.6.1. The Topp genus of a compact almost complex split 

manifold multiplied by 2” is an integer. 

Formula (13) can be generalised to apply to the virtual T-genus. 
Tf b,, ..., 6, € H2(X, Z), & < n), then 

(LPF T (Oy, bay «yd x 

=%| IPRs) (+ yROib)- ITC + Ria) TOC: a)| 
This formula, and the definition of the virtual Z)-genus, imply that 
(1+ 9)"-* T(b, ...,5,)x can be expressed as a sum of terms each of 
which is a virtual T,-genus multiplied by a polynomial in y with integral 
coefficients. If y = 1 then 2"-' T(b,, ..., b,)x is expressed as a sum of 

(14) 
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terms each of which is an integral multiple of a virtual index. This 
proves: 

Theorem 13.6.2. Let X be a compact almost complex split manifold, 
and let b,,...,6, be elements of H?(X,Z). The virtual Topp genus 
T (b,, ..., by) multiplied by 2°-7 is an integer. 

§ 14. Multiplicative properties of the Topp genus 

14.1. Some algebraic remarks: Let K be a field of characteristic 0, 
and let ¢,, ..., ¢, be indeterminates. We consider the field K(c,, ..., ¢,) 
and an indeterminate x, and adjoin elements y,, ..., y_ to K (cy, . . ., €y) 
such that 

Lee +or t+ Ga = (14+ ye)... (1+ my %). 

The field K(c,, ... €,) (vp ++ Yn) is then an algebraic extension of 
K(¢,...,n) of degree !. The n! elements yp y?... yim (0S a, = 
< »— 7) form an additive basis for the extension field. It is easy to 
prove the following lemma: 

Lemma 14.1.1. Every formal power series P in yy... Y_ with 
coeffictents in K can be expressed uniquely in the form: 

— Ao a — P= a Qay ages raya V1 Yoo ++ Yaot (1) 
0Sas5%—F 

where thé @aay...a,., @7@ formal power series in Cy, ..., Cy with coef- 
jictents in K. If P has integer coefficients then each Og, a,...a,., 248 tnleger 
coefficients. 

We define the “indicator” @(P) by 

o(P) = (~ 1yre-HP Cnty n—Beeeeg1* 
Tf st (pp Vers Ya) > Yap Vip -- > 73,) 18 a permutation there is an 
expression. corresponding to (1) 

Pom 2 Beitectnan Vi Vine Hine (1,8) 
and the s-indicator of P is defined by 

OO (P) = (— 1)" OP OD nase: 
The m! elements yf yi... yf: (0S a,<—?) form another 

basis for the extension field, and it is clear that all of these elements have 
indicator 0 with the exception of y?~? yi~*. .. y,,_, which has indicator 
+1. Therefore 

eo) (P) = e(s(P)) = £e(P) (2) 
where s(P) denotes the power series got by applying the permutation s 
to P. 
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Lemma 14.1.2. If P remains invariant under the interchange of y; 
and y; for some i + j then the indicator @(P) of P ts zero. 

Proof: It is sufficient to prove the lemma for P a polynomial. 
Suppose that P remains invariant under the interchange of y,; and y,, 
(¢ +7). By (2) we can assume, without loss of generality that = » — 1, 
j=. Now Gatois theory implies that P is an element of the field 
extension of K(c,, Ca, ..-, ¢,) generated by y,, ..-, Yas Therefore the 
indicator g(P) is zero. 

Corollary: Let s be the permutation (yy, Ya - ++ Vn) > Vip Yip o 0 
yi). Then 

e(ytt yi... Yaa) = Sign (s) - O(S (YE YE. Yea) (8) 
Proof: It is sufficient to prove (3) for the case where s is an inter- 

change (i, 7). In this case 

VEN YE Puma IR Pinas 
remains invariant under s, and the result follows from Lemma 14.1.2. 
It is now easy to give a formula for g(P). By (2) and (3) 

e(P) = sign(s) - g (P) = sign(s) - e(s(P)) - (2*) 

nl @(P) = o(X sign (s) *s(P)) (4) 
where the summation is over all »! permutations s. The expression 
d, sign (s) + s{P) is clearly alternating. The quotient 
s 

q(P) = (2 sign (s) - s(P)) / iT yw-y) 
s i>] 

is therefore symmetric and hence a power series in ¢,,..., ¢,. This gives 

n! 9(P) = @ (Tv — 7) “q(P). (4*) 

If P= yf yf... yaaa then @(P) = (—1)"-97 and 
2d Sign (s) + s(P) = (—1)*¢-9" TT (y,— 4) - 
s t>4 

Now (4) implies that @ (7 (vi 7) «=m! and (4*) then gives the 
$>4 

required formula for an arbitrary power series P: 

= (= sign (s) - s(P) )f Ys) - (5) 

This implies 

4.1 i Lemma 14.1.3. Let P= Hes yT* 

Proof: Let 2a= a (ve — y;). Then by 1.7 
t>? 

. Then o(P) = 1. 

—Y% =e if Tia Gr yal?) 
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and by (5) 

e(P) = (2 sign (s) eo) [# sinh ((y; — y;)/2) - 
Let x, = exp(— y,/2). Then 

C8 (ay. ay) E = (ABABA, 
and 

2x, x, sinh ((y; — y;)/2) = x} — x3. 

The result now follows (VANDERMONDE determinants). 

14.2. We now return to the flag manifold F(x) = GL (n, C)/A(m, C). 
Theorem 13.2.1, with X a point, shows that F(x) is a complex analytic 
split manifold, The (total) CHERN class of F(#) is 

c(F (n)) = H (I+ yi- 7) - (8) 
The elements y,€ H?(F(n), Z) satisfy c(&,) = 1+ y, (see 13.2) and 

Hi +y)=1. ) 

According to Borex [2] the cohomology ring H*(F(n), Z) is generated 
by the y, with (7) as the only relation: 

H¥*(E(n), Z) = Z ly, os YullT* (Cy « « «1 Gp) 

where ,, ..-, ¥, are regarded as indeterminates and where I* is the 
ideal generated by the elementary symmetric functions ¢, ..., 
in the y, Applying the results of 14.1 we see that the »! elements 
Vive. vty OS 4,5 "-—1, form an additive basis for the co- 
homology ring H*(F(n), Z). A polynomial P in the y», with integer 
coefficients defines an element of the cohomology ring. To express this 
element in terms of the given basis use the expression (1) obtained in the 
previous section: the coefficients g in (1) are equal to their constant 
terms modulo the ideal I*. 

The EvLer-Porncaré characteristic of F(x) is 2! since H*(F(n), Z) 
contains only elements of even degree. Therefore (6) and Theorem 4.10.1 
imply that 

mn! = # (vi — 73) [FQ]. (8) 

In 14.1 it was shown that ¢ (2 (% ~ 7”) ==}. Therefore 

(—1)* @-D/ ye-? yg?) yyy is” the generator of HTM(F(n), Z), 
m= n(n — 13/2, determined by the natural orientation of F (x). 

Finally Lemma 14.1.3 and (6) give the Topp genus of F (x): 

T(F(n)) =1. 
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14.3. We now return to the situation discussed in 13.3. 

Theorem 14.3.1. Let € be a differentiable GL(q, C)-bundle over a 
compact n-dimensional almost complex manifold X and let L be a principal 
bundle associated to &. The fibre bundle E = L/A(q, €) has the flag manifold 
F (q) as fibre and can be regarded in a natural way as an almost complex 

manifold of dimension n + aC — 1). Le t bea GL (it, ©)-bundle over X 
and let p: E + X be the projection. Then the T-characteristic of € satisfies 

T(E, p* 0) = T(X, 0) TE @) = T(X,2). (9) 
Let by, ..., b, € H®(X, Z). Then the virtual T-characteristic satisfies 

T (p* b,,..., @* S|, Ot Oe = Th, Of, Ox. (10) 

Proof: Since (9) is a special case it is sufficient to prove (10). Let 

c(g* f) = Lt gta tot + pt eg = a (1 + ys) and let m = 9(g — 1)/2. 
Then the definition of the virtual T characteristic, 12.3 (15), together 
with 13.3 (10) gives 

T (p* by... p* by], o* Oz 

= Mam [o* (enc ITU ae) ta(x)) Ai i Dag t=t—l- t>j 

We denote the first factor y*( ) of the expression in [ ] by g* 4 and 
the second factor if by P. Now apply the algebraic remarks of 14.1 

with n replaced by ¢ and the indeterminates ¢, ..., ¢, replaced by 
QC, .. +, G* Cy. Then P is of the form 14.1 (1). The coefficients 05, 4,... a9. 
are polynomials in g* c,,..., p* c,. We have to take the terms of complex 
dimension -+- m in p* (A) - P and note that any term of the form g* x 
with x € H*(X, Z) @ Q is zero if it has complex dimension >. Therefore 

n+ mL@* (A) + Pla = Hn +ml(—1)TM p*(A) + O(P) 4E-* VE? - - - Yea - 

Now by Lemma 14.1.3, o(P)=1, and by 14.2 the restriction of 
(— 1)" yor? ygr? ... yg-y to a fibre F(g) is the natural generator of 
H*(F(g), Z). Therefore 224 m{[p* (A) - Plz = %[A]y and the proof of 
(10) is complete. 

Formulae (9) and (10) imply respectively that the Topp genus of X 
is equal to that of Z, and that the virtual Topp genus of (6,,..., 6,) in X 
is equal to that of (y* ,,..., p* &,) in E. If X is an arbitrary compact 
almost complex manifold we can choose E to be the split manifold X4 
(see 13.3). Therefore Theorems 13.6.1 and 13.6.2, together with Lemma 
1.7.3 imply 
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Theorem 14.3.2. The Topp genus of a compact almost complex mant- 
fold X multiplied by 2" is an integer. More generally the virtual Topp genus 
of (b,,..., by), b; €CA*U(X, Z), multiplied by 2"-* is an integer. 

14.4, Formula (10) of Theorem 14.3.1 can be generalized: 

T,(p* by... O bel, OF Cn = Td. - +» |, 0) LF). (10%) 
In the proof of Theorem 14.3.1 it is sufficient to generalise Lemma 

14.1.3 as follows: 

Let y be an indeterminate over the field of rationals, and replace the 
groundfield K of 14.1 by the ring of polynomials in y over the rationals. 
If we let 

P= HT O(N Yi Ys) > 

_ ay +1) 
= {epCae Fi) 

1 (1g 1 tye yt 
OP) = ey ty yD 

where Q(¥; x) ~— *¥, then 

Therefore T, (F ()) is precisely the formula given in (11), that is 

T,(F (n)) = T,(Pn-1(Q) * F, Pa—-2(Q) -.- Pi () - 
More generally let {Kj(¢,...,¢))} be an m-sequence with charac- 

teristic power series B(x) = K(1 +- x). Then the proof of Theorem 14.3.1 
can be used to prove the equation 

K(E) = K(X) - KF) 
provided that @( TH By- 73) is an element of the groundfield, 

Gat>] zi and so independent of Cy». It is then clear that this element is 
equal to K(F(q)). (We are using the notations of 14.1, with » replaced 

by 4.) 
The T,-genus, as a genus in the sense of 10.2, has the property 

T,(V x W) =T,(V) T,(W) . 
By (10*), if E is a fibre bundle over X with the flag manifold F(q) as 
fibre then the T,-genus behaves multiplicatively 

T, (E) = T,(X) T,(F @)) - 
This raises the question: for what fibre bundles E over X with a 

given fibre F is it true that 7,(Z) = 7,(X)T,(F)? It is naturally 
assumed that F, X, F are compact almost complex manifolds and that the 
fibration is ‘compatible with the almost complex structures’. We give 
a special case in which the T,-genus does behave multiplicatively: 
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Let & be a differentiable GL(q, C)-bundle over a compact almost complex 
manifold X, and let L be a principal bundle assoctated to &. E' = 
L/GL(i,g—1;C) ts a fibre bundle over X with fibre P,_,(C) associated 
to L, and has a natural almost complex structure. Then T,(E') = 

T, (X) Ty (Pos (€)). 
Proof: E = L/A(q,Q is a fibre bundle over E’ with F(g — 1) as 

fibre [see 13.1 (8)]. Since J, behaves multiplicatively for fibre bundles 
with flag manifolds as fibre 

T(E) = F(X) T,F@) and T(E) = 7, (E') TF g — 1). 

But 7,(F ())= Z(F (q—1)) Ty(Py-a (©) and therefore [since 7,(F (q— 1)) 
starts with 1] 

T(E’) = T,(X) T,(Py-1(Q) - (12) 
For further results on multiplicative properties of the J,-genus we 

refer to BoreL-Hrrzeprvuca [1]. 

Bibliographical note 

The analogue for almost complex manifolds of the cobordism ring is due to 
Mitnor [3]. It can be defined using the concept of weak complex structure (BorEL- 
Hirezesrucn [1], Part II). A weak complex structure of a real vector bundle ¢ 
consists of a trivial bundle « and a complex structure for £@ «, 4. ¢. a complex 
vector bundle q and a specific isomorphism g(y) = §@ a (see 4.5). A compact 
differentiable manifold X is weakly almost complex if its tangent bundle p@ has 
been endowed with a weak complex structure. In this case o(n) = ,O@ a and ¢(y) 
is called the total Curren class of the weakly almost complex manifold X. The weak 
complex structure induces an orientation on X and the integers o, 6, ... ¢,(X], 
(iy + ty +++ + 4) == dimX are called the Curren numbers of X. 

The definition of weakly almost complex extends to manifolds with boundary 
and can be used to define an equivalence relation V ~ W between weakly almost 
complex manifolds. The equivalence classes form the complex cobordism ring I’. 
For a treatment which generalises immediately to other structures on manifolds see 
Mitwor [4]. Results of Novixov and Mitnor [3] imply that V ~ W if and only 
if V, W have the same Cuzrn numbers. In particular the Topp genus T(V) is an 
invariant of the complex cobordism class of V. 

Mitnor [3] proves that I’ is isomorphic to Z[y, ¥,,...]. An isomorphism 
Zlyu In ---] > Tis given by associating to y, 4 compact almost complex manifold 
Y, satisfying the following conditions: 

Y, has tangent GL(#, C)-bundle 6 and, in the notation of 10.1, 

s(Y,) = 5,(0) [Y,] = +1 ifs + 1 is not a prime power, 

s(¥,) = s,(@) [Y,] = -q ifn + 1 is a power of the prime q. 
' In fact the manifolds Y,, can always be chosen to lie in a particular set generated 

by taking inverses, sums and products of manifolds of the following type (HimzE- 
BrucH [6]): complex projective spaces P,(C) for which s(P,(C)) =,7 + 1, and 
hypersurfaces Hy, » of degree (1,1) in P,(C) x P,(C), r > 1, #> 1, for which s(Hy, ») 

= (#7) . Thus it is possible to choose generators Y, of "which are linear combina- 
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tions of algebraic manifolds. The manifolds Y,, provide generators for the torsion- 
free part 9 of the cobordism ring 22 (see the bibliographical note to Chapter Two). 

It is a corollary of Theorem 20.2.2 that the Topp genus is an integer for every 
algebraic manifold, and hence for every linear combination of algebraic manifolds. 
So the above results imply that T(X) is an integer for every compact almost 
complex manifold X. The second part of Theorem 14.3.2 holds similarly without 
reference to 2*~', and can be generalised to include the T,-characteristic of a 
continuous GL(g, C)-bundle & over X: the virtual T,-characteristic T, (0, . . ., 2,|,4), 
b,€ H*(X, Z), is a polynomial in y with integer coefficients. For further integrality 
theorems, which can be deduced from the integrality of the Topp genus, see Parts II 
and III of BorEL-Hirzesrucs [1]. For another approach to the integrality theo- 
rems for arbitrary differentiable manifolds see Atryau-Hirzesrucn [1, 2] and the 
appendix (§ 26). 



Chapter Four 

The Rmmann-Rocn theorem for algebraic manifolds 

In this chapter V is a complex n-dimensional manifold. The proof of 
the RreMANN-Rocu theorem depends on results on compact complex 
manifolds which are due to CARTAN, DOLBEAULT, KopaIra, SERRE and 
SPENCER. These results are summarised in § 15. At two points in the 
proof it becomes necessary to make additional assumptions on V: first 
that V is a KAHLER manifold (15.6—-15.9) and then that V is algebraic. 

§ 15. Cohomology of compact complex manifolds 

15.1. Let W be a complex analytic vector bundle over V, and let 
2(W) be the sheaf of germs of local holomorphic sections of W (see 3.5). 
The cohomology groups of V with coefficients in 2(W) will be denoted 
more shortly by H‘(V, W). The groups H#(V, W) are complex vector 
spaces. It will be shown that they are zero if ¢ is greater than the complex 
dimension of V and that they are finite dimensional over C if V is 
compact. If W, W’' are isomorphic vector bundles then Q(W), Q(W’) 
are isomorphic sheaves and it follows that the cohomology groups 
H*(¥, W), H*(V,W’') are isomorphic. (For this reason isomorphic 
vector bundles will often be identified.) 

The trivial line bundle is denoted by 1. The sheaf (2(1) is just the 
sheaf C,, (see 2.5 and 3.1) of germs of local holomorphic functions on V; 
it will also be denoted by Q. 

H*(V, W) is the complex vector space of all global (¢. ¢. defined on 
the whole of V) holomorphic sections of W. In particular, H®(V, 1) 
is the vector space of all holomorphic functions defined on the whele of V. 
The dimension of H°{V,1) is equal to the number of connected com- 
ponents of V if V is compact. 

15.2. Consider the sheaf CE of germs of local holomorphic never zero 
functions on the complex manifold V (see 2.5). The complex analytic 
C*-bundles over V form the abelian group H1(V C%) in which the 
addition is given by tensor product of bundles (see 3.7). 

A divisor D of V is traditionally defined by a system {/;} of mero- 
morphic “place functions” on V: 

Let U= {Uj ier be an open covering of V. For each + CI let f, be a 
meromorphic (not identically zero} function defined on U, such that on 
U, 0 U; the function f,/}; has neither zeros nor poles. 
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It is then necessary to state under what circumstances two such 
systems of meromorphic functions define the same divisor. This can of 
course be done in the usual way. Alternatively, the divisors of V can be 
defined by means of sheaves: 

Let © be the sheaf of germs of local meromorphic (not identically 
zero) functions. The sheaf multiplication in © is the usual multiplication 
of germs. C4is a subsheaf of G and so there is a sheaf D = G/C* defined 
by the exact sequence 

0->C%¥>G-9—0. (1) 

The divtsors are the elements of the abelian group H°(V,9). We 
write this group additively: if U= {Uj},¢; is an open covering and 
D, D’ are divisors defined by meromorphic functions /,, f; on U; then 
D + D’ is the divisor defined by the meromorphic functions /; f; on U;. 
The exact cohomology sequence of (1) gives 

HOV, ©) > HO(V,9) “> MLV, Ch) . (2) 
#H°(V, G) is the multiplicative group of meromorphic functions on V 
which are not identically zero on any connected component of V. A 
meromorphic function / € H°(V, G) defines a divisor (f) = hf which is 
called the divisor of the meromorphic function /. Two divisors are said 
to be linearly equivalent if their difference is the divisor of a mero- 
morphic function f € H°(Y, G). It follows that the divisor classes (with 
respect to linear equivalence) are represented by elements of the abelian 
group H*(V,9)/hH°(V, G). By the exactness of (2), this group is iso- 
morphic to a subgroup of H*(V, C%). 

If D is a divisor we denote by [D] the complex analytic €*-bundle 
(of D)-!. The complex analytic line bundle determined, up to iso- 
morphism, by [D] is denoted by {D}. If D is represented, with respect 
to some open covering U = {U;}, by meromorphic place functions f,; 
then [D] is given by the cocycle 

hes = fills (fig: Us Uy > OC). (3) 
A divisor D is said to be holomorphic if it can be represented by place 
funciions /; which are all holomorphic. Clearly this property depends 
only on the divisor D. 

Remark: In the literature holomorphic divisors are called ‘“non- 
negative” or, if at least one place function has zeros, “positive”. We 
avoid this terminology because the word “positive” is given a different 
meaning in 18.1. 

A holomorphic divisor D is said to be non-singular if, with respect to 
some open covering U= {U;}, it is represented by place functions /, 
with the property: 
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Either },= 1 or U, admits a system of local complex coordinates for 
which {, is one of the coordinates. 

Let D be a non-singular divisor and dim V = #. The set of all points 
x€V such that /;(x) = 0 for at least one i with x € U,, and hence for all ¢ 
with « € U;,, is a complex manifold of dimension » — 1. We denote this 
complex submanifold by the same symbol D, in agreement with the 
terminology used in 4.9. 

Now let D be an arbitrary divisor of V defined by place functions /,. 
Consider the set L(D) of all meromorphic functions g on V for which the 
functions gj; on U,; are holomorphic. Note that we do not require that 
g¢ H®(V, G). The set L(D) depends only on the divisor D. Addition of 
meromorphic functions defines the structure of a complex vector space 
on L(D). We can now state the 

Rremann-Rocs problem: Determine the dimension of L(D). 
Theorem 15.2.1. Let D be a divisor of a complex manijold V. The 

complex vector spaces L(D) and H°(V, {D}) are isomorphic. 
Proof: H®°(V, {D}) is the vector space of global holomorphic sections 

of the line bundle {D}. Let D be represented, with respect to an open 
covering U = {U,}, by place functions /;. Then by (3) and 3.2 a) the line 
bundle {D} is got from U(U; x C) by identifying «x k€U,x€ with 

ux a kEU,x C€ for «€U;, AU; A section s of {D} is given by 
holomorphic functions s, on U,; such that s; = 4 s,on 0, 7 U;, Associate 
to s the global meromorphic function 

we Ob exe SE h(s) = he 4 © ED) - 
Then the map 4: H°(V, {D}) > L(D) is an isomorphism. 

Remark: Let {D{| be the complex projective space associated to the 
vector space H°(V, {D}). It is obtained by identifying ¢a and a for 
a € H®(V, {D}), a+ 0,c€C, c+ 0. Then dim |D{ + 1 = dimH®(V, {D}). 
The proof shows that, if V is compact and connected, the points of |D| 
are in one-one correspondence with the holomorphic divisors contained 
in the divisor class of D. 

Theorem 15.2.1 suggests a generalisation of the RizmMANN-RocH 
problem. Let W be a complex analytic vector bundle over V and let 
H°(V, W) be the vector space of holomorphic sections of W introduced 
in 15,1. 

Generalised RIEMANN-Rocu problem: Determine the dimension of the 
vector space H®(V, W). 

15.3. a). Let dimV = » and let 4? T’ be the complex analytic vector 
bundle of covariant tangent p-vectors (see 4.7). Then T' = 1} T is the 
vector bundle of covariant tangent vectors and 4° T is the trivial line 
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bundle. 4* T is also a line bundle; it is called the canonical line bundle 
of V and denoted by K. 

Jf V admits a meromorphic #-form with divisor E then K is associated 
with the complex analytic C*-bundle [£], so that K = {E}. 

If W is a complex analytic vector bundle over V we shall also denote 
the cohomology groups H*(V, W @ 4? T) by H?-*(V, W). Thus 

H.2(V, W) = HV, W). 

15.3. b). Given a complex vector bundle W over V, the conjugate 
vector bundle W over V can be defined by the following construction. Let 

843: U,V U; > GL(g, ©) 
be coordinate transformations which define W by identifications on the 
disjoint union U(U;, x C,). Then W is defined by coordinate transforma- 
tions _ 

8&5: U,V U; > GLG, ©. 
Here g;;(x) €G@L(gq,C) denotes the matrix obtained from g,;(x) 

by the conjugation of every coefficient. 
If W is complex analytic then W is no longer complex analytic, but 

is regarded as a differentiable vector bundle. As differentiable vector 
bundles W, W are “anti-isomorphic’’. That is, there is a differentiable 
homeomorphism x :W ~> W which maps fibres Wz into fibres W,. such 
that ‘ 

x(a + a’) = «(a) + (a), x(ca) = Ex (a) for a, a’ C We, cEC. 

In terms of the local product structure U, x C,, the anti-isomorphism 
x:W-—->W can be represented by conjugation. Clearly, if W, W’ are 
isomorphic vector bundles then so are the vector bundles W, WwW’. 

15.3. c). Let W be a differentiable vector bundle over X given, for 
some open covering U = {U,}, by differentiable coordinate transforma- 
tions 

fizt Up U; > GLC). 

Then the structure groups can be reduced to U(g). That is [see 4.1. b)], 
there are differentiable maps 

h,: 0, > GL(q, 0) 
such that 

he (x) fis) A(x) CU@ for *€U;NU;. 
Let f denote transposition of matrices and define 

& = hf h,:U;>GL(g,C). 

The dual vector bundle W* can be defined by the coordinate trans- 
formations 

(f7')t:U,n Us > GLg, C) . 
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In terms of the local product structure U, x C, we can define an anti- 
isomorphism 

yp:W> Ww 

by 
puxd=uxe (ut, «CU, tEC,. 

We call p the ‘“‘hermitian” anti-isomorphism defined by the above 
reduction of the structure groups. py defines a hermitian metric on each 
fibre W, of W. The corresponding (positive definite) hermitian form is 
given by p(a)-a. Here a€ W, and y(a)-a is the value of the linear 
form y(a) on a. Similarly there is a hermitian anti-isomorphism 
po Ws Ww. 

15.4. In this section we sketch results on the cohomology groups 
H?.«(V, W) due to DoLtseavuLt [1,2], Koparra [3] and Serre [3]. 

Let &?* be the sheaf of germs of local differentiable differential 
forms of type (p, g) on the complex manifold V. Then 4 is precisely 
(see 4.7) the sheaf of germs of local differentiable sections of the 
(differentiable) vector bundle A* T @ A T, Note that, by 15.3 b), 
re 

The operator @ on differential forms can be written as a sum 

d=0+6 

where 0 = differentiation with respect to the z-variables, 
6 = differentiation with respect to the Z-variables, 

and 00 = 60 = 00 + da = 0. 
The operator 6 transforms forms of type (pf, ¢) into forms of type 

(?. 9 + 1) and therefore induces sheaf homomorphisms 
OY > YOaed | 

The kernel of 6: -°-> %”1 is the sheaf Q(4? T) of germs of local 
holomorphic -forms, since for a form of type (#, 0) the statements 
“O vanishes” and “holomorphic” are immediately equivalent. The 
embedding of Q(4? T) in %.°, together with the homomorphisms 4, 
gives the following sequence of sheaves over V: 

O > QAP TD) > P19 > YAP oe me YP Tp ee, (4) 

It has just been shown that the beginning of this sequence is exact. 
A “Poincaré lemma” first proved by GROTHENDIECK shows that the 
whole sequence (4) is exact (see CARTAN [4], DoLBEautt [1]). 

Now let W be a complex analytic vector bundle over V with fibre C,. 

We consider the differentiable vector bundle W@47T@ 24°F and 
denote the sheaf of germs of local differentiable sections of this vector 
bundle by &?7(W). Thus %?»¢(1) = 27%, Sections of @?.7(W}, that is 
differentiable sections of the vector bundle W @ 4? T @ A* T are called 
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differentiable differential forms (or simply: forms) of type (~, g) with 
coefficients in W. We let 

A?.t(W) = ry, %?.7(W)) = C-module of global forms of type (f, 9) 
with coefficients in W (5) 

AP. — AP, 2/1) =C-module of ordinary global forms of 

type (2, 9). 
Let W be given, over some open set U;, by a local product structure 

U,x C,. A local form of type (~,q) with coefficients in W can be 
represented by an 7-ple of ordinary local forms of type (f, g). The opera- 
tion d acts on this r-ple. The identifications between U; x C, and 
U,x C, are given by holomorphic functions 

U0 U;-> GLo, C) . 

But d is zero on holomorphic functions, and therefore the action of @ is 
independent of the choice of local product structure. Therefore @ induces 
a sheaf homomorphism 

6: MP 2(W) -> WPat2(W) . 
The exactness of (4) now implies that the following sequence is exact: 

0 > Q(W ® AP T) > Yr.(W) -> AAW) > ++ > YPa(W) ee. (6) 

The sheaf of germs of local differentiable sections of a vector bundle 
over V is fine (see 3.5). Therefore (6) is a fine resolution of the sheaf 
2Q(W @ A? T), and Theorem 2.12.1 implies 

Theorem 15.4.1 (DoLBEAULT-SERRE). The complex vector space 
H?.2(V, W) = HV, W @ A?) is isomorphic to the g-th cohomology 
module of the 6-resolution (6). That is, 

H.2(V, W) 22 Z%4(W)/6(A?2-1(W)) (7) 

where Z?:4(W) is the module of all those global forms of tybe (p,q) with 
coefficients in W which vanish under 0. 

An immediate corollary is the fact that H?7(V, W) is zero if or q 
is greater than the complex dimension of V. 

For the remainder of this paragraph it will be assumed that V ts compact. 
Let » = dimV. Consider the vector bundle W* dual to W. A product 

A?.t(W) x An *(W*) > Apt, a+s(J) 

can .be defined in a natural way. The product of a €A?.*(W) and 
B¢ Ar#(W*) is denoted by «a f. For W=1 it is the usual exterior 
product of forms. The product satisfies 

O(aa B) = Gan B+ (—1)?*2aadB (8) 
ar B= (—1)FtO CF) Bag. 
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If r=n~—p and s=n#—g then aa BC ATM*(1) and the integral 

(a, f) = fare 

is well defined. If « = dy, y € A®:*-1(W), and 6f = 0 then by (8) and 
STOKES’ Theorem 

(a, y= fOyrB)= falyrf)=0. 
Similarly «(a, f)=0 if B=dy, pC A*->"-8-1(W*) and da=0. 
Therefore by (7) the bilinear form s induces a pairing of H®.*(V, W) and 
H*-».*-«(V,W*) with values in C. Thus if a¢€H*#(V, W), 
b¢€ Hn-?.n-2(V, W*) the complex number (a, 6) is defined, depends 
only on (a, 6), and is linear in @ and 8, 

Koparra has extended the theory of harmonic forms to apply to 
forms with coefficients in W. Introduce a fixed hermitian metric on V. 
This induces [15.3 c)] an isomorphism T ce: T*, 
Using this isomorphism and Theorem 3.6.1 we obtain isomorphisms 

AT @MT x PT @ IN T* @ IT @ T* 
ae ANP 1 @ A -e T 

oy AN-* T @ WP-9 T 
The result is a duality operator 

eA T IT + H-OT @A-POT. 

The isomorphism «* from 4? T'@ a* T' on to itself is multiplication by 
(—1)?+4, 

Now let the structure groups of the vector bundle W be reduced to 
the unitary group. By 15.3c) there are hermitian anti-isomorphisms 

pwoWw*, pt: WeeW. 

Let x (conjugation) be the anti-isomorphism from 4° 7'@ 4* T' to 
As T @ # T. We define 

+ = y@ (xa), # = y-?@ (xe) 
and obtain anti-isomorphisms 

HW @OMTOMT > Wt @ I-? TO I-86 T 

#:W*Ore TORT >W OF-“ TERT. 
For r=*"—, s=n—4g the isomorphism # # is multiplication by 
(— 1)? +4, 

# and # induce anti-isomorphisms of the corresponding sheaves 
: AP.e(W) > An-P 8a (Ws) 

HF Wr (W*) > An—re-2 (WH) | 
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Since W and W* are complex analytic there are sheaf homomorphisms 

5: APa(W) > APa41(W), 5: Wr (W*) > re) 

We define the homomorphism 

B: AP. 9(W) > AP.4-1(W) 

by 
O=—#O#. 

Tf a, BC A?-*(W) are global forms of type (p, g) with coefficients in W, 
the scalar product 

(a, B) = t(a, # A)= fark B 

can be introduced. Then (a, a) = 0, and (a, a) = 0 if and only if «= 0, 
With respect to this scalar product, @ and 6 are adjoint operations: 

(aw, @ B) = (Ox, A) for a€ A%1(W), BE APT). (9) 

Proof: (a, 6 B)=— fark #O# B= (—1ete farnds B. 
¥ v 

Therefore (6a, 8) — (a, 08) = [ Gan# B+ (—l)*tt and # B) 
v 

=J O(a + f) 
= J d(aa + 8) 
== 0 by Stokes’ theorem. 

We now define the complex LarpLace-BELTRAMI operator [1]: A?»7(W) 
~» AP1(W) by = 85440. The subspace of elements a€ A*«(W) 
for which (] « = 0 will be denoted by B*.*(W). This is the subspace of 
“complex harmonic’ forms. As in the usual case, (9) implies: ( a = 0 
if and only if # a = da = 0. 

The methods of the theory of harmonic integrals now show that with 
respect to the scalar product A?.*(W) can be represented as the direct 
sum of three mutually orthogonal components: 

AP.a(W) = 5A 9-1(W) © PAM IHW) © BM9(V, W). 

Hence Z?:*(W) = 0A%%-1(W) © B*.4(V, W) and therefore, by Theorem 
15.4.1, 

HP.8(V, W) xz Z%9( WAP 9-1(W) x B8(V, W). 

From the fact that [ is an elliptic partial differential operator over 
the compact manifold V, Kopatra deduces that B?:1(V, W) is finite 
dimensional, and hence that H?.*(V, W) is finite dimensional [see also 
SPENCER [2]; a general definition of elliptic differential operator is given 
in the appendix (25.1) together with references to proofs of finite dimen- 
sionality (25.2)]. The operators #, 0, () are defined equally for the 
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sheaves Q?.2(WTM*) and the operator induces an anti-isomorphism from 
Bt. t(V, W) to Bt-?*-4(V, W*), 

We collect the results, of whose proofs we have given a bare outline, 
in two theorems. 

Theorem 15.4.2 (Koparra [3]). Leé W be a complex analytic vector 
bundle over a compact complex manifold V. Then H?.*(V, W) 1s a finite 
dimensional vector space which (after the introduction of a hermitian 
metric on V and a unitary structure for W; see 15.3.c)) 4s tsomorphic 
to the vector space of “complex harmonic” forms of type (p, g) with coef- 
ficients in W. In particular H?(V, W) = H®.?(V, W) is fintte dimenstonal. 
If p>norg>n then H*:1(V,W) = 0. 

Theorem 15.4.3 (SERRE [3]). Let V, W be as in the previous theorem. 
The bilinear form «is a.dual patring of the vector spaces H?»t(V, W) and 
Hs-?.m-a(V, W*), In particular if K = ’" 1 is the canonical line bundle 
then H®(V, W) and H"~*(V, K @ W*) are dual vector spaces. 

We write dim H?-*(V, W) = At ¢(V, W) and dim H* «(V, 1) = h®*(V) 
[= the “number "of complex harmonic forms of type (~, g) on VJ]. 

Remarks: Counter-examples show that it is not true in general 
that A? (V) == At ?(V), It will be shown in 15.6 that this is however true 
when V is a KAnLeR manifold. This fact will be used in the proof of 
Theorem 15.8.2. There is a generalisation of Theorem 15.4.2, due to 
CARTAN-SERRE [1], which is mentioned in the appendix (23.1). 

15.5. Let W be a complex analytic vector bundle over a compact 
complex manifold V,,. Since the groups H#(V, W) are finite dimensional, 
and zero for > #, the Eurer-Potncaré characteristic 

a(V,W)= 3 (-1)idimH(V, W) = 3° (—1)' dimH*(V, W). 
tend furl) 

is defined (2.10). Define y?(V, W) by 

VW =7ViW@WT)= J) (—HemeV,W). (10) 
gad 

Then 

(V,W) = 7(V,W) and x?(V,W)=0 for <0 and pon. (11) 

For W = I we naturally write 
nn 

eV N= 2) = Y (-)enev) 
q=0 

By using an indeterminate y we can define 
n td 

ta(V, W) = x x? (V, W) y?, w(V)= 2 x(V)y?. (12) 
We call y,(V, W) the y,-characteristic of the vector bundle W and 
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%,(V) the x,-genus of V. By definition 

reV, W) = (VW) = 4(V,W) and yo(V) = 2°(V) = x(V) - 

g(V) = 3 (—1)th2(V) ts called the arithmetic genus of V. (13) 
q=0 

The SERRE duality theorem (15.4.3) implies that 

x?(V, W) = (—1)r yn? (V, W*) 
4(V,W) = (-U" 7(V, K @ W*). 

We emphasise that the arithmetic genus 4(V) of a compact complex 
manifold V is defined as the EULER-POINCARE characteristic of the co- 
homology with coefficients in the sheaf of germs of local holomorphic func- 
tions on V. 

15.6. Let V,, be a compact complex manifold, A hermitian metric on V 
has the form 

(14) 

ds? = 2 3) gap (z, 2) (da*+ a2"), gap = Spa (15) 
with respect to local coordinates 2* (# = 1, ..., 7). To each hermitian 
metric ¢s* is associated an exterior differential form 

w= 4D gag (2, 2) dea az (16) 

which can be written as a real differential form by using real coordinates 
x (a= 1,..., 2m) for which 2 = x**-1+4 i 2%*, The hermitian metric 
ds* is called a KAuLeR metric if dw = 0 (KAnver [2]). The form » then 
represents an element of the cohomology group H?(V,R) which is 
called the fundamental class of the KAHLER metric (here we are of 
course using the pE Ruam isomorphism). 

In the present work we adopt the following terminology: by a 
manifold with a KAuLer metric we mean a compact complex manifold 
with a particular choice of KAwLrR metric; by a KAHLER manifold we 
mean a compact complex manifold which admits at least one KAHLER 
metric. We summarise briefly the properties of KAuLeR manifolds 
needed for the present work. A fuller account can be found in Wet [2]. 

15.7. Let V be a manifold with a KAnLER metric. Then the h*2(V) 
can be calculated with the help of the KAnter metric by choosing 
W =1 in 15.4. The following discussion is concerned with this case. 

For a KAHLER metric the cormpiex LAPLACE-BELTRAMI operator [J is 

equal to = , where A is the real LAPLACE operator 46+ 6d, (d= — *d +). q 2 
The operator 1] therefore commutes with conjugation, and a— & de- 
fines an anti-isomorphism from B?:* {harmonic forms of type (Pp, g)] on 
to B%*? [harmonic forms of type (g, ~)]. Therefore a (compact) KAHLER 
manifold V has 

AP 9(V) = he?(V), hk 9(V) = dimB*s, (17) 
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The theory of pz Ruam and Hopcs gives a natural isomorphism 

HV,Qa 3S Bee. (18) 
btq=r 

Therefore the r-th Berri number 6,(V) satisfies 

b(V)= Dd) he e(V). (18*) 
pte=r 

Under the isomorphism (18) the subspace B*-« of H?#+¢(V, C) is 
represented, in the sense of DE Ruam, by the subspace of forms « of 
type (p,q) with da = 0. Elements of this subspace, which clearly does 
not depend on the particular choice of KAHLER metric, are said to be of 
type (P, 9). 

An element of H?+¢(V, Z) or H#teV, R) is said to be of type 
(~, g) if when regarded as an element of H?+*{V, C) it is of type (9, q). 

Formulae (17), (18*} are in general false for arbitrary compact 
complex manifolds. For a KAnLER manifold V, (17) gives A%% = 9, 
For an arbitrary compact complex manifold 4%° is by definition 
dim HV, A* T), that is the dimension of the complex vector space of 
holomorphic g-forms on V. These are also called the forms of the first 
kind of degree g. Let g, = A%°. Then we have proved 

Theorem 15.7.1. The arithmetic genus x(V_) of a compact KAHLER 

manifold V,, ts equal to 2 (—1)* g,, where g,; is the number of forms of the 
first hind of degree t on Vv. linearly independent over C. 

15.8., We have associated (in 15.5) a polynomial y,(V) to each 
compact complex manifold V. For y = 0 the value of this polynomial is 
the arithmetic genus of V. The next two theorems give an interpretation 
of the value of y,(V) for y = — 1 and for y = 1. 

Theorem 15.8.1. If V,, is a compact complex mantfold then 

4-1 (Va) ~ 2 (— 1)? 2? (Va) = Z (— 1)?+* h* #(V,) 
. = vi 

ts equal to the (ordinary) EvLER-Poincare characteristic E(V,). 

Proof (due to Serre [3], p. 26): Let Q? = Q(A* T) be the sheaf of 
germs of local holomorphic -forms. The operator d defines an exact 
sequence 

0+ € > P56 Oo --+ > O50. 

E(V,) is the EvLer-Porncaré characteristic of cohomology with 
coefficients in the constant sheaf C. The result now follows from Theorem 
2.10.3. 

Remark: lf V, is a KAnterR manifold then Theorem 15.8.1 is an 
immediate consequence of (18*). 
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Theorem 15.8.2 (see Hopce [4]). If V, #s @ (compact) KAHLER 
manifold then 

% 

ta(Vn) = 3 x?(Va) = 3) (— Dt (V,) 
p=6 bg 

ts equal to the index t(V,) defined in 8.2. 
Proof: If 2 is odd then by SzERRE duality (Theorem 15.4.3) 

x? (Va) = (— 1 gr? (Vn) = — x"? (Va) 

and therefore 3’ y?(V,,) = 0. On the other hand +(V,) = 0 by definition. 
aa 

Thus for # odd the theorem is true for arbitrary compact complex 
manifolds. 

Now suppose # is even. We shall use a number of facts on manifolds 
with a KABLER metric. For these we refer to ECKMANN-GUGGENHEIMER 
{i, 2], Guccennemer [1], Hopce [1] and Wem [2]. If 2; = %,5_, + 
+ 4%; are local complex coordinates then EcKMANN-GUGGENHEIMER 
and Hopce use the orientation for V,, given by dx, Ad%, A+++ AdXgn1A 
aX, AN A%, A+++ AdXgy,. We use the orientation given by the natural order 

(tT ax, A a%_ N***A dXg,. The two orientations differ by a sign (— yr 
To simplify the subsequent formulae we assume that 1 = 2m. 

Let B?:* be the complex vector space of harmonic forms of type 
(2, 9). The fundamental form w defined in 15.6 is a particular harmonic 
form of type (1, 1) whose product with any other harmonic form is again 
harmonic. 

Define a homomorphism 

L: Bt.¢— > Botvi,att 

by associating to each form a¢€ B?-¢ the form La = wa€ Bet. att, 
Then, since w is real, La = L&%. By 15.4 there is an anti-isomorphism 

$1 BP, 8—> Ba-d.n-e 

for which # «= ¥@ = * %. We consider the homomorphism 
A + BP.@» Be-1,¢-1 

defined by A = (—1)?+¢# L #. Then A = (—1)?+4#* L «and da = Au. 
The kernel of A is denoted by Bf-* and called the subspace of ef- 

fective harmonic forms of type (#, 9). 

(a) AL*: Be-*e-* > Be-te-l (p+qSn, k= i) is (up toa 
non-zero scalar factor) equal to L*~1. 

(b) L*: B?-*e-* 5 B® (p+ ¢ S xn) is a monomorphism. 
For p+ q Sn there is a direct sum decomposition 
(c) Bet = Bete LBP-La-1g@---@ Lt BR" 0-+ (y = min(p, q)). 
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We define Bf:4 = L* BR—-*.¢—-*, The elements of Bf-4 are called harmonic 
forms of type (f, g) and class &. The following formula is then decisive for 
the proof: 

(a) # p= (—1)*t* G for gC BRS and p+4= 7. Note that @ is an 
element of BY?. 

The cohomology group H*(V,, C) is a complex vector space [see 
15.7 (18)] 

(c) H*(V,,. = 3 Bee. 
p+gan 

k= min(p,9) 
We recall that the scalar product 

(a, B)= fan B 
Vp 

is defined for harmonic forms «, 8 of the same total degree. 
() The summands in the direct sum decomposition (e) are mutually 

orthogonal with respect to the scalar product. 

Proof: The scalar product can be non-zero only if aa # B is of type 
(n,m). Therefore BP’, BR-* are orthogonal for (4, 9) + (#’,¢’). If 
a€ Bel and BC Be! for k > kh’ and p + q =» then 

(a, B) = (L* a, L® By) with oy, By effective (A ay = A By = 0). 

Since L and A are adjoint operators, (La, ~) = (a, Ag), and therefore, 
by (a), (a, B) = (a%, A* L® By) = 0. 

The cohomology groups H*{V,, R) can be identified with the real 
vector space of real harmonic forms, There is a direct sum decomposition 

(g) H"(V,,R)= DEV! (b+q=nkspsy 
where Ef? is the real vector space of real harmonic forms « which can be 
written in the form «= gy+@ with p¢€ Be" (and hence @¢ BE). 
Clearly +(V,,) is the index (see 8.1) of the quadratic form 

O(a, B) = anf (a, BC H*(V,,R)). 

By (d) and (f) the real vector space summands in the sum (g) are mutually 
orthogonal with respect to this quadratic form. Now (d} implies that the 
quadratic form (— 1}*+* Q(x, #) is positive definite when restricted to 

ER. 
Therefore 

t(V,) = 2; (—1)¢** dima Eft 
{the sum is over P+q=a#,k SPS qh. 

Clearly dimg E(-4 = 2 dime BE’ for p <q. If n = 2m then dimgEtTM 
= dime BY aa 

Therefore 

(h) t(Vn) = 2; (—1)¢** dime BE* (6 + q=",k S min(p, q)). 
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Now let A?.? == dime B?-* as before. It follows from (b}) and (c} that 
(i) AP—*a-k _ fye—-k-1,d-k-1 = dime BR2 for pigs xn. 
Since hts? = hh? = hr—7.TM-* we have 
(j) AP-B-Lea-k-2 pothsaskst for p+g=n. 

Finally (h), (i) and (j) imply 

t(V,) = Ze Lik RP Beak NT (_fjet hth petkri ated 
k>e 

Pras prq=n 

= Y (-ithee+ SY (-tenne 
p+gan ptagon 

= Yo (—1)h?e, Q. B.D. 
4 

Theorem 15.8.2 is used in 19.5 to give an essential step in the proof 
of the RieMANN-Rocu theorem. 

Problem: Find a direct proof of Theorem 15.8.2 which is valid for 
an arbitrary compact complex manifold V,. A somewhat indirect proof 
is sketched in the appendix (25.4). 

15.9. Let V be a KAnLeR manifold (15.6). The exact sequence 
0>~Z >C,—- CEO defines an exact cohomology sequence [see 
2.5 (11) and Theorem 2.10.1; by detinition €,, = 21: 

HAV, C8) > H2(V, Z) > H®(V, Q). (19) 
Now H3(V, 2) = H2(V, Yc BY *(V). Therefore (KopAIRA-SPENCER 
[2]): an element a€ H?(V,Z) is mapped on to the zero element of 
#H3(V, Q) if and only if a is of type (1, 1). 

By Theorem 4.3.1, if &€ H'(V, C%) is a complex analytic C*-bundle 
then 6) & = ¢,(é). If F is a complex line bundle over V and € is the 
associated €*-bundle then ¢,(é) is called the cofumelugy class of F. The 
exactness of (19) then implies 

Theorem 15.9.1 (Lerscuetz-Hoper, Kopaika-Srencer (2]). Let V 
be a compact KABLER manifold. An element a€ H?(V, Z) is the cohomology 
class of a complex analytic line bundle over V if and only tf a is of type 
(L, 3). 

Remark: This theorem has also been proved in the nun-KAHLER 
case by DoLBeavutt ((2], Théoréme 2.3). 

15.10. Let V be a KAHLER manifold with 4? = U fur p = g. Then 
4, (V) is essentially equal to the Poincare polynomial P(t; V) =D’ 6, i 
of V (6, = r-th Betri number of V). More precisely, 

1° (V) = 3 (Vt het = (— 1p? he = (—1)? bay. 
q 

The odd Betti numbers of V are zero and so 

ge(Vy=PEV)=L 5,0. (20) 
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KAHLER manifolds with this property include the complex projective 
spaces and the flag manifolds F (+). For F(n) this can be seen as follows: 
the cohomology ring H* (F(n), Z) is generated by elements y,€ H?(F(n), 
Z). By 14.2 there are complex analytic €*-bundles &, over F(n) with 
c,(&) = y;. By the “‘only if” of Theorem 15.9.1 the y, are of type (1, 1) 
and therefore any cohomology class of F(x) is of type (, p). Notice in 
particular that for the complex projective spaces and for the flag mani- 
folds the polynomials x, and T, (see 14.4) agree, since both are essentially 
equal to the Poincaré polynomial. 

15.11. If V,, and Vj, are KAHLER manifolds then 

AAV, X Vn) = 2 ht (V,) BV) - (21) 
tis=2 
sftu=¢g 

Let y, 2 be indeterminates and associate to each KAHLER manifold V 
the polynomial IZ, ,(V) = D/ A?:%4? 27. Then (21) is equivalent to 

Pa 

IT,,2(Vn x Vi) = IT,,2(Vn) . ITy, (Vin) : (22) 
Let z= —1 im (22). Then [/, _, = x, and 

KV X Vin) = Xy(Vn) * ta (Vin) » (23) 
another property common to 7, and 7,. 

§ 16. Further properties of the y,-characteristic 

In this paragraph V is always a complex manifold. 
46.1. Consider an exact sequence 

0+ W' > Ww Ww" +0 (1) 
of complex analytic vector bundles over V [see 4.1 d)]. The sequence of 
sheaves 

0+ Q(W) > Q(W) +> QW") +0, (2) 
obtained from (1) by taking sheaves of germs of local holomorphic 
sections, is also exact. 

Proof: Every germ s’ € 2(W’) of a local holomorphic section of W’ 
is mapped to a germ A’(s'}€ Q(W), every germ s¢€ Q(W) to a germ 
h(s)€ Q(W"). The sequence 0+ 2(W’) > Q(W)-> Q(W") is clearly 
exact, so it remains to prove that every germ s” ¢ Q(W”) can be written 
in the form s” = A(s), s€ 2(W). This is a consequence of Remark 2 
of 4.1 d). 

Theorem 16.1.1. Let 

0+W’+W>Ww"0 (1) 
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be an exact sequence of complex analytic vector bundles over a compact 
complex manifold V. Then 

40, =24.0)4+74(V,0"%. (3) 
More generally 

VW) = 270,094 VW), (3*) 
so that 

WV, W) = x(V,W) + xy (VW) - 
Proof: The sheaves which occur in (2) are of type (F) by Theorem 

15.4.2, and therefore (3) follows from Theorem 2.10.2. To obtain (3*) 
it is sufficient to replace {1) by the sequence 

0>W'@9#T>We#T+W"'@ iT >0 (1*) 
which is exact by Theorem 4.1.2. (8*) follows by applying (3) to (1*). 

Theorem 16.1.2. Let W be a complex analytic vector bundle (fibre C,) 
over a compact complex manifold V, and suppose that the structure group 
of W can be complex analytically reduced to the triangular group A(q, C). 
Let A,, Ag, ..., Aq be the corresponding diagonal line bundles [see 4.1 e)]. 
Let W’' be another complex analytic vector bundle over V. Then 

x(V, W'® W) 
=7(V,W'@ A) + 7(V,W'@ A) +++ +4(V,W'@ A). 

Proof by induction on ¢: The theorem is trivial for g = 1. Suppose it is 
proved for g— 1. There is an exact sequence 

0-4, -W->W/A,>0 

in which the vector bundle W/A, admits 4(g—1, © as structure 
group with A,,..., A, as diagonal line bundles. The induction hypothesis 
implies that 

a(V, W' ® WIA,) = 4(V, W'@ A) +-+-+4(V,W'@A). 
Now (3), applied to the exact sequence 

0- W'@4,> W’@ W>W’'@ WA, 0, 

implies that 7(V, W’ @ W) = x(V, W’ @ A,) + x(V, W’ @ W/A,). This 
completes the proof. 

16.2. Let W be a vector bundle over the complex manifold V and S 
anon-singular divisor of V (see 15.2). Let U = {U,} be an open covering 
of V for which S is given by holomorphic functions s,; on U,. The 
C*-bundle [S] is then represented by the cocycle {s,,} = {s,/s,}. Let {S} 
be the associated line bundle constructed from the cocycle {s,,} by 
identifications on U (U, x ©) [see 3.2. a) and 15.2]. The maps s;:U,— C 
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define a global section s of {S} which is zero at points of S and non-zero 
elsewhere, Let (W @ {S})s be the restriction to S of the vector bundle 
W @ {S}, and let 2((W @ {S})s) be the sheaf over S of germs of locally 
holomorphic sections of (W @ {S}) 5. The extension by zero of this sheaf 
from S to the whole of V will be denoted by O((W ® {S})g) as in Theorem 
2.4.3. 

Theorem 16.2.1. Let V be a complex manijold and let S be a non- 
singular divisor of V. Let W be a complex analytic vector bundle over V. 
There ts an exact sequence 

0 > Q(W) > QW @ {S}) > QW @ {5})s)-> 0 (4) 
of complex analytic sheaves on V. 

Proof: Associate to each local section s’ of W the local section 
s’ ® sof W ® {S}. Since s isa global section of {S}, which is not identically 
zexo on any open set of V, this defines a monomorphism h’: Q(W) > 
-» Q(W @ {S}). Over the complement of S in V the section s is never zero 
and therefore 4’ is onto. Hence the quotient sheaf Q(W ® {S})/Q(W) 
is zero over the complement of S, and is uniquely defined by its restric- 
tion to S. It is therefore sufficient to prove the exactness of the sequence 

0+ Q(W) |S—> Q(W @ {S})| S—> Q(W@{S)s)>0 (5) 
where ... [S denotes restriction of the sheaf ... to S, and where 4 is the 
homomorphism which restricts a section of W @ {S} over an open set U 
of V to the corresponding section of (W @ {5})s over the open set 
UnS of S. 

To prove the exactness of (5) associate to each point x¢€ Sa neigh- 
bourhood U, in V over which W and {S} are represented as product 
bundles U, x C, and U, x €. U, can be chosen so small that Uc U, 
for some set U, of the covering. The section s is given by the holomorphic 
function s,=s,|U,. Now W @ {S} is represented by the product 
bundle U,x (C,@@. Consider the map €,@C€-»>C, defined by 
(Zp + +1 %q) @ 2-> (2, 2, ...,%,2). This defines a product structure 
U, x €, for W @ {S}. With respect to these product structures local 
holomorphic sections of W and W@ {S} are represented by g-ples 
(Ep . ++) &q) and (f,, ..-., f_) of local holomorphic functions. The homo- 
morphism #’ is then defined by 

(fay - » ++ La) = B(x, - +1 Ba) = (Se Bas - + > Sz Ba) - 
The homomorphism A is the restriction of (j,, .. ., f,) to S and is onto, 
since the germ of a local holomorphic function on S is always the restric- 
tion of the germ of some local holomorphic function on V. This restriction 
is zero if and only if the local holomorphic functions /,, .. ., j, are each 
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divisible by s,, that is, if and only if (f,, ..., /,) lies in the image of 
h’. This proves the exactness of (5). 

If V is compact then the non-singular divisor S is itself a compact 
complex manifold, and Wg is a complex analytic vector bundle over S. 
In the sequel we write simply ¥(S, W) for y(S, Ws), and similarly for 
z?(S, W) and y,(S, W). With these notations, if we replace W in (4) 
by W @ {S}-1 and apply Theorems 2.6.3 and 2.10.2, we chbtain {see 
Kopbatra-SPENCER ([3])} 

Theorem 16.2.2. Let V be a compact complex manifold, S a non- 
singular divisor of V and W a complex analytic vector bundle over V. Then 

AV, W) = x(V, W @ {S}-9) + 7(S, W). (6) 
In particular, when W is the trivial line bundle 

aV) = x(V, {S}) + x(S) - (6*) 
16.3. Let V, S be as in Theorem 16.2.2. For the rest of this paragraph 

it will be assumed that V is compact. Denote the complex analytic 
contravariant tangent bundles of V, S by £(V), [(S)}. Then the vector 
bundles 4?(€(V)), 4*(€(S)) are the complex analytic vector bundles of 
contravariant p-vectors on V, S. The corresponding bundles of covariant 
p-vectors are denoted by 1°(T(V)), A*(7'(S)) as in 4.7. There is an exact 
sequence (see 4.9) 

O-> £(S) + TV) g-> {Skg > 0. (7) 

By Theorem 4.1.3* there is a corresponding exact sequence for bundles of 
contravariant -vectors 

0 -> A°(S(S)) > EV) 5) > APE (S)) @ [S}p > 0, {8} 

and, by dualising, for bundles of covariant ¢-vectors 

0 -> AP-1(T(S)) @ {S}g? > 4°(2(V) 5) > 4°(L IS) > 0. (8) 

Let W be a complex analytic vector bundle over V, and consider the 
sequence obtained from (8’) by tensoring each term by W,, the restriction 
of W to S. By Theorem 16.1.1 the exact sequence obtained gives a 
formula 

x(S, W @ 4°(T(V))) = 2-15, Wa {S}) + (SW). Q) 

Now replace W in formula (6) by W @ 4?(T(V)). A comparison with (9) 
gives the important “four term formula’ [Koparra-SpeNcer [3], 
Formula (14)] 

9? (V, W) = P(V, W @ {S}-4) + 4° (S, W) + 72 1S. W @ {S}-4) . (10,) 

This formula holds for all p = 0 provided that if # = 0 the last term is 
interpreted as 0 [in this case we get (6)]. The term 7?(S, W) is zero for 
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p=n= dimV, and for # > n all four terms are zero. If y is an indeter- 
minate, (10,) holds with each term multiplied by y*, and summing over 
all » = O gives 

IV, W) = x (V, W @ {S}-) + xo(S, W) +9 4y(S, W @ {S}-%) . (10°) 
16.4. By repeated application of equation (10,), the integer 7? (S, W) 

(p = 0) can be expressed as a linear combination of integers of the form 
y#{V, A) where each A is.acertain complex analytic vector bundle over V. 
For example (10,) = (6) gives 

0S, W) = 0(V, W) — (V, W @ {S}-%) . (119) 
The last term 7°(S, W @ {S}-4) in formula (10,) for 71(S, W) can be 
calculated by replacing W in (11,) by W @ {S}-1. Thus 

XS, W) = 74(V, W) — (VV, W @ {S}-4) — 
— 0, W@ {S}-) + PV, W@ {S}-) . (11;) 

A continuation of this method gives the formula 

#(S.W) = py (~ If lz? *V, W@ {S}-4 — 2? *(V We {S}-E9)]. (11) 
t=O 

This formula holds for ali # = 0. The left hand side of (11,) is zero for 
~ 2 n because S has complex dimension » — 1, but it is not immediate 
that the terms on the right hand side cancel for p 2 #. In other words, 
given a vector bundle W and a non-singular divisor S, certain relations 
hold between the integers y*(V, W @ {S}*). Do these relations still hold if 
{S} is replaced by an arbitrary line bundle F over V? We shall see that 
the answer is yes if V is an algebraic manifold. 

16.5. Let Z{y} be the integral domain of all formal power series 
4g + 4 ¥ + a, y* +--+ with integers a, as coefficients. The polynomial 
ring Z{y] is a subring of Z{y}. 

It is not possible to deduce from (11,) an expression of 7,(5, W) 
as a linear combination of a finite number of polynomials of type y, (VA). 
Nevertheless in the domain Z{y} of formal power series it is true that 

y(S, W) -2 (—9)* [ay (V, W @ {S}-4) — ao (VW @ {S}-E9)]. (11) 
The right hand side of (11*) is a formal power series which in fact 

terminates. The coefficient of y? in this power series is given by (11,) 
and is zero for p = 1. 

§ 17. The virtual ,-characteristic 

17.1. The definition of the virtual y,-genus and the virtual y,-charac- 
teristic, as well as the associated calculations, are simplified by introduc- 
ing the following formalism. 
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Let E be an extension ring of the ring Z of rational integers, and let 
the integer 1 be the identity element of E. We consider the rings Z{y} 
and E{y} of formal power series with coefficients in Z and E respectively. 
Z{y} is then a subring of E{y}. We call a map 

h: E{y} > Z{y} 
an allowable additive homomorphism (or d-homomorphism) if: 

I) h(u+v) =hlu) + A(v) for -4, ve Ef{y}, 

T]) A(uv)= uh) for ue Zly}, ve Ef{y}. 

In other words: E{y} and Z{y} are regarded as Z{y}-modules. A d- 
homomrorphism is a homomorphism from the Z{y}-module E{y} to the 
Z{y}module Z{y}. Condition II) implies that 4(u) = « A(1) for u€ Z{y}. 

Lemma 17.1.1. Let hy be an additive homomorphism from E to Z{y}. 
Then there is one and only one d-homomorphism h from E{y} to Z{y} 
which agrees with h, on E. 

Proof: If v = ey + e, ¥ + &,y* +--+ with e,€ E then we define 

h(v) = hig (6g) + Rg (G) ¥ + Ay le) vy? +++. 
The hy (¢;) are power series in y but, after multiplying out the right hand 
side, the coefficient of y? for each # 2 0 is a finite sum. Therefore the 
right hand side is a power series in y and the homomorphism 4 is well 
defined. It is easy to see that h is a d-homomorphism which extends hy. 
Conversely suppose that h’ is a d-homomorphism which extends hy. 
Then I) and IZ) imply that # and h’ agree on any terminating power 
series of E{y} and hence thath=f’. Q.E.D. 

Given a d-homomorphism 4: E{y}~ Z{y} and a fixed element 
t¢ E{y}, there is a d-homomorphism./, defined by 

h,(u) = hw). 

An immediate corollary of Lemma 17.1.1 is 

Lemma 17.1.2. Let h and h' be d-homomorphisms from E{y} to Z{y}. 
I} i E{y} is an element such that 

W(u)j=hu) forall ute 

then h,=h', that ts the equation h’(u) = h(t u) holds for all u€ E{y}. 
In our applications the ring E will be of a particular form. Let 

i. .»-,f,, w be indeterminates and let EZ be the ring generated over Z by 
these indeterminates together with #71, ..., ff. The products 
we fs fa... f form an additive basis of E (here p, A,,..., 4, are integers, 
pis non-negative, and the element 1€ Z is regarded as a product with 
B= A,=-++=A,=9). Suppose that to each such product there is 
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associated an element of Z{y}. Then there is a unique additive homo- 
morphism E> Z{y}, and hence by Lemma 17.1.1 a unique ¢-homo- 
morphism E{y}— Z{y}, which takes the given values on the basis of E. 

Now let V be a compact complex manifold, W a complex analytic 
vector bundle over V and Fy, . . ., #, complex analytic line bundles over V. 
If E is defined as above there are two d-homomorphisms / and & from 
E{y} to Z{y} defined by associating the following values to the basis 
elements of E: 

hw fr... PB) = 2(V, W*@ FP @ ++ @ FY), — h(1) = x{V) 4a) 
hw fe... fh) = ty(V, We @ Fh @---@ FH), Bil) = x,(V). 

On the right hand side powers of vector bundles are to be understood 
as tensor products. For line bundles negative powers are well defined. 

Let u€ E{y} be a power series with constant term uy. Then 

h(w) € Z{y} (2) 
is a power series with constant term h(us). 

Convention: Let V be a compact complex manifold. If we are 
given a complex analytic vector bundle and a finite number of complex 
analytic line bundles over V, we denote the vector bundles by capital 
letters and associate to each vector bundle an indeterminate denoted by 
the corresponding lower case letter. If there is any possibility of confusion 
we write hy, hy for the homomorphisms 4, h obtained in the above 
manner. If S is a non-singular divisor of V, the given vector bundles over 
V can be restricted to S. We denote these bundles over S (and the as- 
sociated indeterminates) by the same letters as the corresponding bundles 
over V. Applying (1) to the complex manifold S we obtain d-homo- 
morphisms hg, kg defined by 

hg (wt fh... Pe) = x(S, W#@ Fh @-+-@ FH), hg(l) = x(S) (3) 
hg (wtf... fr) = x, (S, W#@ FX @---@ FH, fig(I) = x,(S)- 
We associate to the line bundle {S} over V the indeterminate s in 

accordance with the convention. Then formula 16.5 (11*) can be written 

to (S, W) = hy (w 75). (4) 
Note that in E{y} every element with constant term 1 has a unique 

multiplicative inverse. Particular cases of (4) are 

t4(5) = hy (7s) 
and, by 16.2 (6), (6'), 

a(S, W) = hy(w(1—s-)), x (S) =hy (1-57). 
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17.2. We are now in a position to define the virtual y,-characteristic. 
Let V be a compact complex manifold of complex dimension 2. Let W 
be a complex analytic vector bundle over V and F,, ..., F, complex 
analytic line bundles over V. The r-ple (F,, ..., F,) is called a virtual 
submanifold of V of (complex) dimension » — 7. We allow the case 
r> Mn. 

Definition [compare 17.1 (4)]: 

ty (Fy... Fr], Wy = h (o ase). y\A DD aA ris ¥ ¥ oo ltyt 

wy (F,...F,|, W)p is an infinite power series on y with integer co- 
efficients, It will be called the virtual y,-characteristic of the‘‘restriction 
to the virtual submanifold (F,, ..., F,)” of the vector bundle W. Clearly 
it does not depend on the order in which the line bundles F; appear. 
If W is the trivial line bundle we denote the virtual y,-characteristic by 
ty (Fy... F,)p and call it the virtual 7,-genus of the virtual submanifold 
(Fy, .. 5 F,). We write 

wl, -- Fel, Wy =>, (FL. F,|, Wy? 
and 

falFy oo Fy = 3 20 (Fy +o Flv a? 

We shall always write y for 7°. Then by 17.1 (2) 

(Foo F,|, Wy = hy(w I (—fr )). 
The integer y(F,,...,F,],W)p is called the virtual y-characteristic 
of the restriction to the virtual submanifold (F,,...,#,) of the vector 
bundle W. The integer x(F/,, ...,F,)p is called the virtual arithmetic 
genus of the virtual submanifold (F,, ..., F,). 

In particular, the virtual arithmetic genus y(F)y of a line bundle F 
over V is defined by 

4 )y = 4(V) — x(V,F~). 
Now let S be a non-singular divisor of V. Then x,(S, W) is defined 

and is a polynomial of degree < » — 1. By 17.1 (4) 

ts(S, W) = xy ES}, Wr - (4’) 
In this case the virtual y,-characteristic is a polynomial of finite degree. 
The fact that 7,(F,,.., F,l, W)p is a polynomial of degree <n — 7, 
and in particular that y,(F,,...2,|, Wy is identically zero for r > n, 
is proved in Theorem 19.2.1 for the case that V is an algebraic manifold. 
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We prove the following generalisation of (4’) which justifies the above 
definitions. 

Theorem 17.2.1. La V, W, F,, ..., F, be as at the beginning of this 
section. Let S. be a non-singular divisor of V and {S} = F,. Then 

to (Fy -- Fl, Wy = a ((Fa)s. --» (Fi)al, Ws)s - 
Proof: We write 

Ri) = pps: (5) 
Then by definition 

wClF,)s,--+ (F)s|, Ws)s = fs(» ITRUd). 
It follows from (1), (3) and (4) that 

Bslewe fh. 8) = Ry we fe. PBUH). 
Hence by Lemma 17.1.2 with t = R(/,) 

hs(w IT RU) = Br (w 17 RU) = wlFy FW QED. 
From the definition of the virtual y,-characteristic we obtain 

Lemma 17.2.2. I} some F, ts the trivial line bundle 1 then 

ty (Fy. Fl, Wp = 0. 

17.3. We now show that the functional equation, established in 11.3 
for the virtual 7,-characteristic, is also satisfied by the z,-characteristic. 

Theorem 17.3.1. Let V be a compact complex manifold, W a complex 
analytic vector bundle over V and F,,..., F,, A, B complex analytic line 
bundles over V. Then 

tolFy ...F,, A ® Bl, W)p 
= {F,...F, Al, Wy + (Fv... FB, Bl, Wy + (6) 

+(¥—- Dw (F,--» #4, BL W)y—y(F,... A, BA® Bl, W)y. 

Proof: For brevity let «= w UW Rif). Then by (5) it is necessary 
fat 

to prove the equation 

h(u Ria b)) 

=hwB(a))+hwBO)+ (y—)h@R(a) RO) — y K@R(a) RO) R(ad)). 
Since & is a d-homomorphism it is sufficient, using 17.11) and 17.1 0) 
to prove that 

R(ab) = Ria) + Rb) + (y — 1) R(a) RO) — yR(@) RW Rad). 
But this is precisely the functional equation which occurs in 11.3. 
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Remark: The functional equation (6) is a relation between five 
formal power series. It cannot be assumed that these power series 
terminate or converge, and therefore it is not permissible to substitute 
particular numerical values for y. It is however permissible to equate 
coefficients in (6). The result is a relation between the 7?(. ..|, W) of the 
five virtual manifolds involved. For 7° = x this gives 

4(F.--F,A® Bl, Wy (6) 
=7(F,....F,4A|,Wy+ (Fy... FB, W)y—x(Fy,.. E, 4, Bl, Wr. 

This is an equation for the virtual genus well known in algebraic geo- 
metry. In our formalism it arises from the identity 

1— (a) = (1~ a4 (1-0-9 — (1-4-9 (1-8-9). 

17.4. Let V,, be a compact complex analytic split manifold [see 
13.5 b)]. By definition the group of the tangent GL (m, C)-bundle of V,, 
can be complex analytically reduced to the group A(m, €) of triangular 
matrices. Let A,,...,A,, be the m diagonal complex analytic line bundles 
{see 4.1e)]. The complex analytic vector bundle 4? T of covariant 

p-vectors on ¥V,, admits the group A (3). c) as structure group; the 
corresponding (7) diagonal complex analytic line bundles are (compare 
Theorem 4.1.1} 

Az1@ Az3@ +++ @ Az} (iy <tg9<re <h). 

Therefore, by Theorem 16.1.2 for = 0, 

2? (Vins W) = 4 (Vins W @ A? B) 
= SY 4Vy We Az Az 1@::-@ Az) (7) 

iS har iy 

and, applying the notation of 17.1, 

bid 

oP W) = (w IT (1+ 9079). @) 
fx 

We proved in 13.6 (13) a formula for the Topp genus of an almost 
complex split manifold, and will now obtain the corresponding formula 
for the arithmetic genus 7(V,,,) of a complex analytic split manifold V,,. 

Theorem 17.4.1. Let V,, be a complex analytic split manifold with 
diagonal complex analytic line bundles Ay, ..., Am Let W be a complex 
analytic vector bundle over V,,. Then 

149)" 2 M= 2S 9 Faldo dab. ©) 
t=O 4,<i<--y 
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Proof: Note that (9) is a relation between formal power series. 
In the notation of 17.1 the right hand side can be written 

x vy YY k(wR(a,)... R(a,)) {Definition of # in (5)] 
f=0 <ig<ce <i 

=A (z wha) - (a) (17.1 ID) 
=0 4<&<---<y 

=h (w Hf G+ yR(a,)) 

=h (« i (ity) (+y ory) 
=(l+y)"h (» (I + yar), 

A straightiorward application of (8) shows that 

Boot ast ay... a7) = h (wm oj at ah IT (+ yar). 
Now Lemma 17.1.2 with 

é =I] (1+ yar) 
#=i 

gives 

a +9eh( 0 +yaz")-) =(I +)"h(w +9 +907) 
= (1+ 5)"h(v) = (14+ 9)" x(V, W). Q. E. D. 

§ 18. Some fundamental theorems of Kopama 

18.1. Let V be a KAuLER manifold. By definition (15.6) V is compact. 
Let H41(V, R)} be the subgroup (see 15.7) of H?(V, R) which consists of 
elements of type (1, 1), and let H#:1(V, Z) be the corresponding subgroup 
of H*(¥, Z). We introduce an “archimedean partial ordering’ of 
HALV,R): 

Definition: An element x ¢ H1:1(V,R) is positive (x > 0) if x can 
be chosen as the fundamental class of a KAHLER metric on V. 

If x, » € H41(V, R) then the following rules hold: 
(0) At least one element of H1:1(V, R) is positive. 
(1) The zero element of H4:1(V, R) is not positive. 
(2) Ifiz>Qandy>Othen<+y>0. 
(3) tx>Oand7> 0 (r¢ R) then rx > 0. 
(4) lf x, y¢ H#1(V,R) and x >0 then there is a positive integer g 

(which depends on x, y) such that gx — y > 0. 
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Definition: An element x ¢ H1:#(V, Z) is positive if it is positive 
when regarded as an element of Ht+(V,R). A complex analytic line 
bundle F over V is positive if c,(F), which by Theorem 15.9.1 is an 
element of H11(V, Z), is positive. 

A KAHLER manifold V is called a Hopce manifold (see Honcr [21) 
if H41(V, Z) contains at least one positive element, that is, if V admits 
a KAHLER metric whose fundamental class is in the image of the natural 
homomorphism H?(V, Z) + H2{V, R). 

Examples are known of compact complex manifolds which are not 
KABLER manifolds, and of KAHLER manifolds which are not Hopes 
manifolds. 

Complex projective space P,,(€) is a KAHLER manifold fand so 
automatically a Hopcr manifold: H11(P,(0, Z) = H2(P, (0), Z) ~ Z 
implies that if « €¢ H4.1(P, (€), R) = H?(P, (€), R) there is a real number 
r > Osuch that 7 x Hes in the image of the homomorphism H?(P, (C), Z) 
> H?(P,,(€), R)). The positive elements of H?(P,,(€), Z) are the positive 

integral multiples of , [= the cohomology class of the oriented hyper- 
plane P,,_, (C) in the oriented manifold P, (C); see 4.2]. 

An algebraic manifold V (see 0.1) ts a Hopce manifold because V 
can be regarded as a submanifold of P,,(€), m sufficiently large, and 
the restriction of 4, ¢ H?(P,,(€), Z) to V gives a positive element of 
HAV, Z). 

A complex analytic line bundle F over V is said to be frojectively 
induced if, for some embedding of V in a projective space P,,(€), F is 
the restriction to V of the line bundle H with cohomology class A,,. 
[H is associated to the C*-bundie y,, of 4.2 with ¢,(ym) = hp, and is 
determined by the hyperplane P,,_,(€) of P,,(Q.] A projectively 
induced line bundle is positive, but in general there exist positive line 
bundles which are not projectively induced. The projectively induced 
line bundles can always be given by divisors (the hyperplane sections}. 
More precisely we have 

Theorem 18.1.1 (Bertini). Let F be a projectively induced line 
bundle over the algebraic manifold V. There is a non-singular divisor S 
of V with F = {S}. 

Remark: The theorem of Bertini is often stated in the form: 
A “general” hyperplane section S of a connected non-singular algebraic 
manifold V, in P,,(€) ts itself non-singular and, for » = 2, connected. 

For proofs see AxizuKr [1] and Zarisxt [2,3]. It is easy to prove 
that S is non-singular; the fact that S is connected for n 2 2 is not 
needed in the sequel. 

The following fundamental theorem is due to Kopaira [6]. Another 
proof, which applies more generally to normal complex spaces, has been 
given by GRAUERT (3]. 
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Theorem 18.1.2. A compact complex manifold ts algebraic if (and 
only if) tt is a Hopce mantfold. 

Koparra’s proof makes essential use of a theorem on the vanishing 
of certain cohomology groups which is itself of considerable importance 
and is described in the next section. We then summarise the applications 
of Theorem 18.1.2 which are important for the present work. 

18.2. In 15.2 we formulated the generalised RrzMANN-Rocu problem. 
Examples show that H®°(V, W) does not depend only on the continuous 
vector bundle W: it is possible to find an algebraic manifold V and two 
complex analytic vector bundles W, W’ over V which are isomorphic as 
continuous vector bundles but for which dim H°(V, W) + dim H°(V, W’). 
Nevertheless it turns out that y(V, W) does depend only on the conti- 
nous vector bundle W. In fact it depends only on the CHrrn classes 
of W. In many important cases it is moreover possible to prove that the 
cohomology groups H‘(V,.W) vanish for all + > 0. In such cases 
dim H(V, W) = ¥(V,W), and the calculation of 7(V, W) by means 
of CHERN classes gives a solution of the RreMann-Rocu problem. 

Theorem 18.2.1. Let F be a complex analytic line bundle over the 
compact complex manifold V. If F-1 ts positive then the cohomology groups 
HY, F) vanish for all in. 

This theorem is proved by Koparra [4]. He uses a technique from 
differential geometry due to BocuNner. Another proof has been given by 
Axizuxi-Naxano [1], who actually prove that if F-1 is positive the 
groups H?.*(V, F) [see 15.3 a)] vanish for p+ q< n. 

The SERRE duality theorem 15.4.3 shows that Theorem 18.2.1 is 
equivalent to 

Theorem 18.2.2 (Kopaira). If F @ K-} is posttive then the cohomo- 
logy groups H*(V, F) vanish for all i > 0. In this case 

dim H°(V, F) = 7(V,F). 

Of course these theorems are non-vacuous only if V is a HopcE 
manifold. Theorem 18.2.2 and rule (4) of 18.1 imply immediately (see 
also Grirritus [3]) 

Theorem 18.2.3 (Kopatira). Let F be a complex analytic line bundle 
over @ Hopes manifold V, and let E be a positive line bundle over V. 
Then the cohomology groups H*(V, F @ E*) vanish for all i> 0 and k 
sufficiently large. 

Theorem 18.2.2 is an essential preliminary in Koparra’s proof of 
Theorem 18.1.2 (HopGr manifold > algebraic manifold). In the process 
Koparra [6] proves 

Theorem 18.2.4. Le V be a Hopce manifold. There is a positive 
element xq¢ H':1(V, Z) with the property: 



§ 18. Some fundamental theorems of Kopaira 141 

Every complex analytic line bundle F with ¢,(F)—x,>0 is pro- 
jectively induced. 

It is now possible to deduce 

Theorem 18.2.5. Let V be an algebraic manifold and F a complex 
analytic line bundle over V. There are projectively induced line bundles 
A, BwithF = A®@ Bo. 

As a corollary, F can be written in the form 

F={S@ {tT} 

where S and T are non-singular divisors of V. 
Proof: Let E be a projectively induced line bundle over V with 

(EZ) — x_> 0. It is elementary that A = E* is projectively induced 
for k > 0. For & sufficiently large & c,(£) — ¢,(F) — x) > 0, and by 18.2.4 
B = E* @ F-1 is projectively induced. Then F = A @ B-1 The corollary 
follows from the theorem of Bertini (18.1.1) with A = {S} and B = {T}. 

Remarks: The corollary shows that # can be represented by a 
divisor. It follows that the group of divisor classes of V is naturally 
isomorphic to the cohomology group H#(V, C3) (see 15.2 and Koparra- 
SPENCER (2]). The fact that every divisor D of an algebraic manifold is 
linearly equivalent (see 15.2) to a divisor of the form S — T, where S 
and T are non-singular, is elementary to prove (see for instance ZARISKI 
[4}). 

From now on we make no distinction between Hopcz manifolds and 
algebraic manifolds. In many cases (for instance in the next section) it is 
possible to show that a given compact complex manifold V admits a 
Hopce metric. V is then automatically algebraic. 

18.3. Let L be a complex analytic fibre bundle over the algebraic 
manifold V with complex projective space P,(C) as fibre and the pro- 
jective group PGL(r + 1, C) as structure group. Clearly L is a compact 
complex manifold. It is possible to construct a Hopcx metric on L by 
using a Hopce metric on VY and the usual Hopce metric on P,(C). 
Hence 

Theorem 18.3.1 (Kopatrs). A complex analytic fibre bundle L 
over the algebraic manifold V with P,(€) as fibre and POLY + 1, €) 
as structure group is itself an algebraic manifold. 

The details of the proof can be found in Koparra (6), Theorem 8. 
A. Boret (also using Theorem 18.1.2 of Koparra) has generalised the 
above theorem as follows: 

Theorem 18.3.1* (A.Boret). Let L be a complex analytic fibre 
bundle over the algebraic manifold V with an algebraic manifold as fibre 
and a connected structure group. Assume that the firsi Betti number of F 
4s zero. Then L is ttself algebraic. 
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We shall apply the Borer theorem only in the case where F is the 
flag manifold F (qg) == GL (g, ©)/4 (¢, ©) and L is associated to a GL(g, C)- 
bundle € over V. In this case it is easy to prove that L is algebraic 
directly from Theorem 18.3.1 by induction over q: 

Consider the fibre bundle L’ associated to L but with P,_,(C) as 
fibre. Then Z is a complex analytic fibre bundle over L’ with F(g — 1) 
= GL — Ll, O/A(g — 1, C) as fibre. By Theorem 18.3.1 L’ is algebraic. 
By the induction hypothesis L is algebraic. 

The fact that F(g) is an algebraic manifold was not used in this 
induction proof. It can be deduced by taking V as a point. In this case 

L = F(g). 
Remark: Theorem 18.3.1* remains true if ‘‘algebraic’” is replaced by 

“KAHLER” throughout. It is then a special case of a theorem of BLAN- 
CHARD [2]. 

§ 19. The virtual y,-characteristic for algebraic manifolds 

In § 17 we defined the virtual y,-characteristic y,(F,, ..., F,|, W)y 
associated to a compact complex manifold V, a complex analytic vector 
bundle W over V and complex analytic line bundles Fy, ..., F, over V. 
By definition 7, (Fj, ..., F,|, W)y is a formal power series in the in- 
determinate yy with integer coefficients. We omit the suffix V when there 
is no danger of ambiguity. If V is an algebraic manifold, it is possible to 
obtain more detailed information about the y,-characteristic with the 
help of Theorem. 18.2.5. 

19.1. A 0-dimensional compact complex manifold is a finite number 
of isolated points. 

Lemma 19.1.1. Let V be a 0-dimenstonal complex manifold consisting 
of k points. Let W be a vector bundle over V with fibre C, and F,,.. ., F, 
line bundles over V. 

Then 1) zy(V,W)=qh 
ID 4(f,..4%,|,¥)=0 for ret. 

Proof: 

D tV, W) = 4(V, W) = dim H(V, W) = ¢k. 
It) Every line bundle over V is trivial. Apply Lemma 17.2.2. 

19.2. By definition 7,(V, W) is a polynomial (terminating power 
series) with integer coefficients. We now prove by induction on the 
dimension » of V that the virtual y,-characteristic is also a polynomial 
in the case that V is an algebraic manifold. 

Theorem 19.2.1. Let V be an algebraic manifold of complex dimension 
n. Let W be a complex analytic vector bundle over V with fibre C, and let 
£,,...,F, (¢ = 1) be complex analytic line bundles over V. Then 



§ 19. The virtual y,-characteristic for algebraic manifolds 143 

a) the virtual y,-characteristic y,(F,, ..., F,|, W) is zero for r>n. 
Forr & nit ts a polynomial of degree <n» — r in y with integer coefficients. 

b) tf r=n21 the virtual y,-characteristic 4,(Fy ..., F,|, W) 
= 4(F,,...,F,]|, W) ts the integer g-fy fe..-f,[V], where f,¢ H2(V, Z 
4s the cohomology class of F;. 

Proof of a): Lemma 19.1.1 shows that a) is true for dimV = 0. 
Now suppose that a) is proved for dim V <#. By Theorem 18.2.5 there 
are non-singular divisors S and T of V such that {S} = F, @ {7}. The 
functional equation (6) in Theorem 17.3.1 then becomes 

ty ES}, Fa, .- FF], W) 
= to(Py .- Fl, W) + go {T}, Fe... Fel, W) (*) 

+ (y¥~D xo KT} Fi. - Frl, W) — y to fSh {Th A, .- FLW). 
The functional equation contains five terms, and we have to prove 
that term 2 has degree < 2 — 7. The induction hypothesis, together with 
Theorem 17.2.1 shows that terms 1, 3, 4, 5 all have degree cu —r 
and vanish for r >, [If r= 1 then term 1 is just y,(S, Ws) and term 3 
is y,(Z, Wy); these terms are polynomials of degree = #— 1 by the 
definition of the (non-virtual) y,-characteristic.] Therefore term 2 is a 
polynomial of degree = » — r and zero for 7 > ”. Q. E. D. 

Proof of b): Again by Theorem 18.2.5 there are non-singular divisors 
Sand T of V such that {S} = F, @ {7}. 

Then a) gives, for x => 2, 

x{S}, Fa, e Fal, W) 
= (Fy Fy... Fal, W) + xQT}, Fe Fal, W) (1) 

and for # = 1 

“({S}|, W) = x(Fl W) + x QTL). (2) 
By (2) and Lemma 19.1.1 the case 7 = 1 gives 

xP W) =9s—¢gt=qhlVi) 
where s, ¢ are the number of points of S, T. Therefore b) is true for 
dim V = 1. Now suppose that b) is proved for 1 < dimV <1. We now 
apply the induction hypothesis to (1), and use Theorem 17.2.1, Theorem 
4.9.1 and 9.2 (3) to obtain 

(Fy Fes. Fal, W) = 9° (fe. -- fas S)— 9° (fe -- feo [T] 
= 9° ({S}) fe---falVI -—g-a{T)he---t1V) 
=9'hhe--- flV). 

Remark: The case » = 1 of Theorem 19.2.1 b) implies the Rizmann- 
Rocu theorem for (connected) algebraic curves (see 0.5). Let F be a 
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complex analytic line bundle over the algebraic curve V with cohomology 
class } ¢ H?(¥, Z). Choose W to be the trivial line bundle. Then the 
virtual y-genus of F-1 is given by 

x4(F-*) = —f{V]. 
But, by 17.2, x(F) = z(V) — z({V, F-4) and therefore, substituting F-! 
for F, 

VF) =74V) +7). (3) 
By Theorem 15.7.1, 7(¥) =1—g,=1-— where » = half first Betti 
number = genus of V. The integer /[V] is called the degree of F. If F 
is represented by a divisor, which is always possible, then deg(F) is the 
algebraic number of points (number of zeros minus number of poles) 
of the divisor. The duality theorem 15.4.3 implies that 

x(V, F) = dim H°(V, F) — dim H'(V, F) 

= dim H°(V, F) — dimH*(V, K @ F-}) 

and therefore (3) becomes 

dim H°(V, F) — dim H°(V, K@ F-1) = 1— p + deg(F) . 

19.3. Let (%,...F,|, Wy denote a set consisting of an algebraic 
manifold ¥, a complex analytic vector bundle W over V and complex 
analytic line bundles F,, ..., fF, over V. We allow the case r = 0, but in 
this case we also write (V, W) for (...], W)y. 

Theorem 19.3.1. Let G be a function which associates to each set 
(fF, .... F,|, Wy @ power series in the indeterminate y with rational 
coefficients. Suppose that G(F,,...,F,|, W)y ts independent of the order 
in which the F, appear and that 

T) G(V, W) = z,(V, W). 
Il) G satisfies the functional equation 

GF, ...F,, A ® Bi, W)y = G(R, ....F,, Al, W)y + 
+G(A,...F, Bl, Wy + (y- 1 G(R, ...F, A, Bl, Wy - 
— GF, ...F,, A, B, A @ Bl, Why. 

IED) If S és a non-singular divisor of V and F, = {S} then 

G(F,, ....F,|, W)y = G(F))s, --., (Fisl, Ws)s 
(fory = 1 this means that G(F,|,W)y = G(S, Ws)). If F,={0}=1 
then G(F,,....F,|, Wp = 0. 

Conclusion: For all (F,,...,F,|, Wp withr = 1 

t(Fy.-. Fl, Why = G(R... F,|, Wy. 
Proof: y, has properties IT} and I1l) and therefore the function 

xy — G has properties II) and II). It is therefore sufficient to show that 
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any Junction G' which satisfies ID), ITT) and 

Tl) @(V,W)=0 

ts identically zero. This will be proved by induction on the dimension n 
of V. 

By Theorem 18.2.5 there are non-singular divisors S and T of V 
such that {S} = F, @ {T}. Then II) implies equation (+) of the proof of 
Theorem 19.2.1 a) with y, replaced by G’. This equation has five terms, 
and we have to prove that the second term is zero. The induction hypo- 
thesis and ITI) imply that terms 1, 3, 4, 5 are zero. [For 7 = I it is 
necessary to use I’) to prove that terms 1, 3 are zero.] Therefore term 2 
is zero. Q. E. D. 

In the next theorem we consider only the virtual y,-genus, that is, 
the vector bundle W is always the trivial lme bundle. A virtual sub- 
manifold (see 17.2) of V is denoted by (F,, ..., F,}p. We allow the case 
ry = 0 and in this case also write V for (...)p. By Theorem 19.2.1 the 
power series y,(F,,...,/,)y is actually a polynomial in y with integral 
coefficients. It is therefore permissible to substitute a particular number 
oq for the indeterminate y. iy, isa rational number then y, (fF... Fy 
is a rational number; if y, is an integer then so is y,, (Fy, ... Fy. 

Theorem 19.3.2. Let G be a@ function which associates to each 
(F,, ...F,)p @ rational number which 1s independent of the order in which 
the F', appear. Suppose that, for some fixed rational number 4, 

T) G(V) = %,(V). 
ID G satisfies the functional equation 

G(f,...F, 4 By =G(h,...F. Aly + 6, ...F, By + 

+(%— 1) G(K,...F, A, Bly — 4) G(R, ...F,, A, B, A @ By. 

TH) I} S is a non-singular divisor of V and F, = {S} then 

G(F, coy Py = GUF.)s; se (F,)s)s 
(for r= 1 this means that G(®)y—G(S)). if Fy = {0} =1 then 
G(F,,..., Fy = 0. 

Conclusion: For all (F,, ...,£,)p with r = 1 

ty (Fy. Fy = GF, .. Fy. 
Proof: Exactly as for Theorem 19.3.1. 
Remark: The reason for choosing W to be the trivial line bundle is 

simply that we apply Theorem 19.3.2 in the above form. The same proof 
gives a formulation of Theorem 19.3.2 for arbitrary (/,,.-.., F,|, Wy. 
This is not more general, however, because the hypothesis is strengthened 
as well as the conclusion. The induction method of the proofs of Theorems 
19.2.1, 19.3.1 and 19.3.2 is used frequently in algebraic geometry. 
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Certain results need only be proved for algebraic manifolds (in the non- 
virtual case) and then Theorem 18.2.5 allows them to be extended to 
apply to virtual manifolds. We have stated this induction principle only 
in the generality needed for the results in the present work, but at the 
cost of some repetition in statements of theorems and proofs. 

19.4. Let (F,, ..-., F,|, W)y be as at the beginning of this section, 
and let /,¢ H*(V, Z) be the cohomology class of F;. The complex analytic 
vector bundle W is associated to a complex analytic GL (gq, C)-bundle 
which can be regarded as a continuous GL(q, C)-bundle ¢. Then the 
virtual (Topp) 7,-characteristic T, (fj, .. ., /,|, y was defined in 12.3. 
We write 

Ty (Fy or Fel Wy = Tythe --o fele @v 
T,(V, W) = T,(V, &) . 

By Theorems 12.3.1 and 12.3.2 the T,-characteristic has all the properties 
required of the function G in Theorem 19.3.1 except for the property 

1) T,(V, W) = xy(V, W) 
which is not yet proved. We note already, however, that it ¢s only 
necessary to prove 1) for all V, W in order to prove that y, and T,, agree 
on all (F,,....F,|, Wy. 

19.5. The virtual T,-genus is a polynomial in y with rational co- 
efficients, and so it is permissible to substitute a particular value y, 
for y. If y, is an arbitrary (but fixed) rational number then, by Theorems 
11.2.1 and 11.3.1, 7, (FR, ... F,)y has all the properties required of the 
function G in Theorem 19.3.2 except for the property 

YD ,,(V) = %,(V) 
which is not yet proved. Note, however, that it is only necessary to 
prove I) for all algebraic manifolds V in order to prove that y,, and T,, 
agree on all (F,,..., Fy. 

We now show that I) does hold for y, = 1 and y, = —1. The index 
theorem 8.2.2 implies [see 10.2 (6)] that for y, = 1 

T,(V) = +(V) = index of V. 

Theorem 4.10.1 implies [see 10.2 (5)] that for yy= —1 

T_,(¥) = E(V) = Evrer-Poincaré characteristic of V. 

(4) 

Theorem 15.8.1 and the Hopce index theorem 15.8.2 imply the corres- 
ponding results for the 7,-genus: 

mV) =7(V) 

4-11V) = E(P). 
and 



§ 20. The Rrpmann-Rocu theorem for line bundles 147 

For yg = 1 or y, = —1 the function T,, satisfies all the properties 
required of the function G in Theorem 19.3.2 and therefore 

Theorem 19.5.1. The virtual T,-genus and the viriual y,-genus agree 
for yy= 1 and y,=—1: 

Let V be an algebraic manifold and let K,..., F, be complex analytic 
line bundles over V with cohomology classes },, .... f.¢ H*(V, Z). Then 

alF,.-» Fy = hy... Fv ath. hiv, 

talPy --»Fiy=Eilh,-.Fly=Tath-->fiv- 
and 

§ 20. The Riemann-Rocu theorem for algebraic manifolds and 
complex analytic line bundles 

We are now in a position to prove that if V is an algebraic manifold 
then the Topp genus T(V) and the arithmetic genus ¥(V) agree. This 
will then imply the Rremann-Rocu theorem for a complex analytic line 
bundle over V. 

20.1. The first step is to prove that T(V) and 7(V) agree if the 
algebraic manifold V is also a complex analytic split manifold [see 
13.5.b)}. 

Theorem 20.1.1. Let V be an algebraic manifold which is also a 
complex analytic split manifold. Then ¥(V) = T(V). 

Proof. Let m= dim V and let A,, ..., A,, be the complex analytic 
diagonal line bundles defined over V. By 13.6 (13) and Theorem 17.4.1 
with W = 1, 

m 

(ey T(V)= 29" DX 7,(4y,.- Aavs 
sO tere y 

(+) 2(V) = 29 xv{Ay.-- 4 Addy - 
heey 

The T, are polynomials. Since V is algebraic the y, are also polynomials 
(Theorem 19.2.1). The two equations show that T(V) = ¥(V) provided 
that, for some yp + 1, T,, and yy, agree for algebraic manifolds V and 
their virtual submanifolds (4,,..-,Az)y. Theorem 19.5.1 shows that 
Ty, and yy, agree in this sense for yy = 1. This completes the proof. 

Remark: It is interesting to note that the agreement of y,, and T,, 
for yg = —1is not sufficient te prove the above theorem. The proof that 
%,, and T,, agree for yy= 1 is based on the fact that the index of a 
differentiable manifold can be represented as a “polynomial in the 
PonTrRJAGIN classes” (Theorem 8.2.2). This theorem was proved with the 
help of the cobordism theory of THom. 

20.2. The construction of 13.4 associates, to each compact complex 
manifold V,, 2 compact complex split manifold V4 which is a complex 
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analytic fibre bundle over V with the flag manifold G@L(n, QO/A(n, © 
as fibre. This construction makes it possible to reduce the proof that 
z(V) = T(Y) for arbitrary algebraic manifolds V to the case considered 
in Theorem 20.1.1, By Theerem 14.3.1 T(V) = T (V4). The corresponding 
result for the arithmetic genus is contained in 

Theorem 20.2.1. Let & be a complex analytic GL(q, C)-bundle over 
the algebraic manifold V. Let V’ be the fibre bundle associated to & with the 
flag manifold F(g) = GL(g, ©)/A(g, C) as fibre. Then V’' is an algebraic 
manifold and 7(V") = x(V). 

Proof: Theorem 18.3.1* implies that V’ is algebraic. Let g be the 
projection from V‘ on to V. The bundle »* € over V’ admits the group 
A(g, €) of diagonal matrices as structure group. Let &,, ..., &, be the 
corresponding diagonal C*-bundles and let y, be the image of c,(&,) 
under the natural homomorphism H?(V’, Z) > H?(V', C). The bundles &, 
are complex analytic and therefore by Theorem 15.9.1 the cohomology 
classes y, are of type (1, 1). The cohomology homomorphism y* maps 
H*(¥,€©) monomorphically into H*(V’,C) (Borer [2]). Since » is a 
complex analytic map, y* maps cohomology classes of type (p,q) to 
cohomology classes of type (p, ¢). It is known that H*(V’, C) is generated 
by y* H*(V,C) and the y, (Borex [2]}. Since each y; is of type (1, 1), 
all cohomology classes of type (0, ) in #*(V’, C) must lie in g* H*(V, C). 
Therefore 4°-?(V"} = h®?(V) and hence y(V) = x(V’). 

Theorem 20.2.2. Let V be an algebraic manifold. The arithmetic 
genus ¥(V) and the Toop genus T (V) agree. 

Proof: Let V4 be the split manifold constructed from V. The previous 
theorem shows that V4 is an algebraic manifold and that 

aV) = 2(V4). (1) 
By Theorem 14.3.1 

TV) =T(V4). (2) 
By Theorem 20.1.1 . 

4(V4) = TVA). (3) 
The conclusion follows from (1)—(3). 

20.3. Theorem 20.2.2 states that the y,genus and the T,-genus 
agree for algebraic manifolds when y = 0. The argument of 19.5 then 
implies 

Theorem 20.3.1. Let V be an algebraic manifold, and let F,, ..., F, 
be complex analytic line bundles over V. Then 

qh... Fjy= TR, ...F jp. 

The theorem states for r = 1 

“y= T(P)y.- 
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The virtual genus of a line bundle can be expressed in terms of the 
(non-virtual) genus of V. By 17.2 and 12.1 (4) 

4F)\y=xV¥)—xV,F-), 

T(F)y = T(V) ~ TV, F-4). 

Therefore, replacing F by F-1, Theorems 20.2.2 and 20.3.1 imply the 
formula: 

and 

4V,F)=T(V;F). (4) 
Formula (4) is the Rizemann-Roca theorem for an algebraic manifold V 
and a complex analytic line bundle F over V. 

Recall (15.9) that the cohomology class of F is the first CHERN class 
of the C*-bundle associated to F, The definitions of y and T and the 
result just obtained can be collected together as 

Theorem 20.3.2. Let V be an algebraic manifold of dimension n 
and let F be a complex analytic line bundle over V with cohomology class 
{¢ H®(V, Z). The cohomology groups H*(V, F) of V with coefficients in the 
sheaf of germs of local holomorphic sections of F are finite dimensional 
complex vector spaces which vanish for i>. The EuLer-Poincart 
characteristic 

4V,F)= 3 (-1)fdimH*(V,F) 
can be expressed as a “polynomial” T(V,F) in the cohomology class } 
and the CHERN classes c; of V: 

nano ttl 
Formula (4*) is to be understood as follows: 
c,€ H®+(V, Z) and there is a formal factorisation 

L+oxeter++e,0%= (1+ yy, 2)...l+y,%). (5) 

Consider the term of degree n in } and the y, of the expression im square 
brackets, It is a@ symmetric function in the y, and is therefore a polynomial 
in } and the c, with rational coefficients. If the multiplication is interpreted 
as the cup product in H*(V, Z), this polynomial defines an element of 
H?*(V, Z) @ Q. The value of this element on the 2n-dimensional cycle of V 
determined by the natural orientation ts equal to x(V, F). 

If F =1, so that f is 0, the above theorem gives Theorem 20.2.2. 
Formula (4*) can also be written in the form (see 1.7): 

10, P) =m [oT ea. 6) 
g=1 
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. * + . . . 
The power series -- > is a power series in x*, The elementary symmetric 

functions of the y? are the PonTRJAGIN classes f,, fy, ..., of V, which 
depend only on the differentiable structure of V, not on the almost 
complex structure (see 4.6). Therefore 

xV, F) is a polynomial in jf + Je and the PONTRJAGIN classes of V. 
In terms of the polynomials A, defined in 1.6 we deduce from (6) that 

WV, F) = Zope (F474) Alby 20 V1, 6) 
where the summation is over all r, s with r+ 2s = = dimV. 

The equation 7(V, F) = T(V, F) has an immediate corollary which 
was first proved by SERRE and Kopatra-SPencer [4]: 

_ Let V be an algebraic manifold. The integer ¥(V,F) depends only on 
the cohomology class f of F. 

20.4. In the remaining sections of this paragraph we make some 
remarks on the connection between the present results and the classical 
theory (see 0.10.5). Let F and G be two fixed complex analytic line 
bundles over the algebraic manifold V. Then 7(V, F @ G*) is an integer 
which depends on k. By Theorem 20.3.2 

1V,F@G)=T(V,FeG). 

It is then clear from the definition of T that y(V,F ® G*) is a poly- 
nomial in k of degree <1 = dim V. If f, g are the cohomology classes of 

F, G respectively, the coefficient of 2" in this polynomial is ev). 
The constant term of the polynomial is of course ¥(V,F). Collecting 
these facts together we have 

4(V,F @G*) = a+ ak+--++ a, hk" 
7 with ag=y7(V,F) and a#la,=e"(V]. ” 

The a; are rational numbers which by (4*) can be expressed as 
“polynomials’’ in /, g and the CuERN classes of V. 

Remark: The fact that x(V, F ®@ G*) is a polynomial in k, and the 
formula for a,, can easily be deduced from Theorem 19.2.1, so that it is 
not necessary to use (4*). On the other hand we obtain in this way very 
precise information about all the coefficients a, Another proof that 
a(V,F @ G*) is a polynomial in & was found by J.-P. SERRE who deduced, 
with the help of the Picarp manifold of V, that x(V, FP) depends only 
on the cohomology class / (see the end of the previous section). 

Now let G be a positive line bundle (see 18.1). Then there is an 
integer k,, depending on F and G, such that the line bundle F @ G* @ K-? 
is positive for & 2 &,. [K is the canonical line bundle defined in 15.3. a).] 
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Therefore by Theorem 18.2.2 

dm (V,F eG) =7(V,F ac) for ke ky. 

It follows that for any line bundle F and any positive line bundle G 

dim H*(V, F @ G) =a,+4,k+-+-+4, kh" (8) 

for sufficiently large k, and that the coefficient a,= 7(V,F) is in- 
dependent of G. 

In the case in which G is projectively induced (that is, associated to a 
hyperplane section of some embedding of V in a complex projective 
space) these are known features of the classical theory (H1LBERT charac- 
teristic function, postulation formula}. It is then well known that a, 
n (8) does not depend on G. If we write a) = @y(F) we can define 7(V, F) 

in terms of the classical theory by 

4V, F) = a,(F). (9) 
By Serre duality [15.5 (14)] or, alternatively, by 12.2 (12), 

ay{F) = (~1)"@9(K @ F~). (10) 
In the classical theory the arithmetic genus is defined in two alter- 

native ways 

PalV) = (—1)"(—1 +4 ag(1)) and P,(V) = —(—1)* + 4, (K). (11) 
The conjecture that ,(V) = P,(V) was a long outstanding problem. 

SEVERI conjectured (see for instance SeveRt [1)) that for connected 
algebraic manifolds V 

balV) = PalV) = &n — Ga-a to + (- Ig, 

palV) = P(V) = (~ 1°14 4(V). (12) 
This equation follows from (10) for F = 1. Equations (12) state the 

equivalence of three definitions of the arithmetic genus of an algebraic 
manifold, all of which appear in the classical theory. This result was 
obtained by Koparra-SpeNcER [1] in the manner described. For further 
information on the history of the arithmetic genus we refer to the work 
of Kovarra [1, 2, 5]. Theorem 20.2.2 can be interpreted as stating that a 
fourth possible definition, namely the Topp genus, agrees with the three 
definitions just given (see 0.2). 

20.5. Let V be a m-dimensional algebraic manifold and K the 
canonical line bundle of V. If c, is the first Cuern class of V then by 
Theorem 4.4.3 (see also 12.2 and 15.9) K has cohomology class —¢,. 
The i-th plurigenus of V is defined by 

Pt = dim H°(V, K#) 

that is, 
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where K+ denotes the t-fold tensor product of the line bundle K. (The 
tin Pt is a suffix, not a power.) Then 

P' = dim H°(V, K) = dim H"(V, 1) = g, = geometric genus of V. 

There is an interesting case in which the P‘ can be calculated by 
means of the Rremann-Rocu theorem (20.3.2) and Theorem 18.2.2: 

Suppose that K is positive. Then 

x(V,K) =P! for i=2, 

i 1 i9- 5 #2 WV, K) <1 [exp (—y @i— 1a) Te], (18) 
: Pp 1 

jim ae = gr (—a)" (V+ 0. 
The above hypothesis is for instance satisfied if V is the quotient 

space defined by a discontinuous group of automorphisms acting freely 
(i. e. no element other than the identity has fixed points) on a bounded 
domain of C, (Kopaira [6], p. 41). In this case the plurigenus P?# is 
equal to the number of linearly independent (over C) automorphic forms 
of weight 2. 

20.6. Let F be a complex analytic line bundle over the n-dimensional 
algebraic variety V with cohomology class f¢€ H?({V, Z). Then x(V,F) 
can be calculated by formula (4*) of 20.3. In (4*) there is a “multiplier” 

” 

& in front of the product J7. The identity 
iat 

* 

f=(I-(l-e)4= Yl ey 
j=0 

in the cohomology ring of V now implies (by the definition of the virtual 
Topp genus and the fact that the virtual T-genus and y-genus agree) 
the following formula which was conjectured by Severt [1]: 

xV,F)=4V) + 4(Pv t+ x Ply tes + af, ..5 Fy. (14) 
(n times) 

Associate to the n-dimensional algebraic manifold V the integers 

w= 1K... Ky, vo= HV). 
(7 times) 

These are given in terms of the classical invariants Q; by the relations 

Pa = 25 = (~e,)*[V], Ys = (- 1)*-F 2,5 +1. 
Formula (14), with F replaced by K, becomes 

(—1)" yy -2 ys (SEVER!) . 14") 
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MAXWELL-Topp [1] obtained all other general relations between the 
integers y,. All such relations are easily proved by using the virtual Topp 
genus and we give another example: 

The definition of the virtual Topp genus shows that, if c,€ H?(V, Z) 
is the first CHERN class of V, 

Pz = Hy [a _ ex)i il ies| . 
This expression for p, contains the “raultiplier’”’ (1 — e%}/, and so the 

n 

corresponding expression for }° 2"-/ w, contains the multiplier 
7=0 

Er HHL = 0%) = BHT + 0), 
Therefore _ ; 

Since qcK is an even function of ¢,, the expression in [] contains 
no terms of odd degree in e, and the y,. Therefore 

; 2"~F y, = 0 for n odd. (15) 
j= 

Remark: The calculations of this section can be carried out without 
using the fact that the T-genus and the y-genus agree. It is then neces- 
sary to use the formalism of § 17 together with Theorem 19.2.1 and the 
duality formula 15.5 (14). All the relations of Maxwett-Topp can be 
obtained in this way. Nevertheless once JT and y are identified it is 
much. easier to work with the T-genus. The calculations in the formalism 
of § 17 are precisely analogous to those using the T-genus. The reader 
will notice that the power series of § 17 correspond to the multipliers 

s 

which occur in front of /7 
i= 

vi 
{~— 7% in the calculations with the T-genus 

(and, similarly, to the multipliers which occur in front of JJ O(y; y.) 
fa4 

for the T,-genus; see 1.8). If for instance a complex analytic line bundle 
F with cohomology class f is involved. the formalism of § 17 will contain 
an indeterminate / and the calculations with the T-genus will contain a 
multiplier e’. 

20.7. We conclude this paragraph with some remarks on the RIEMANN- 
Roc theorem for algebraic surfaces. Let Y be an algebraic manifold of 
complex dimension two and F a complex analytic line bundle over V 
with cohomology class {€ H?(V, Z). Then formula (4*) of 20.3 and SERRE 
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duality give 

dim H°(V, F) — dim H?(V, F) + dim H®°(V, K @ F-) 

=F (P+ fey) (V) +e (8 +o) (V1. 
To express this in the classical notation we assume that V is connect- 

ed. The superabundance (see ZARISKI [1], p. 68) of F is defined by 

dim H?(V, F) = sup(F) . 

The integer f*[V] is called the virtual degree g(F) of F. It is now 
easy to express (16) in the usual form of the Rremann-Roca theorem. 
Alternatively it is possible to use formula 20.6 (14) and obtain 

(16) 

dim H°(V, F) + dim H°(V, K@® F-4 = x (V) + x4(F)y + g(F) + sup(F). 

(17) 
In the classical terminology y(F) = 1—x(F), where (F) = “virtual 
genus of fF’, and y(V) = 1+ #,(V). Recall that, by the remark following 
Theorem 15.2.1, 

dim |F| + 1 = dim H°(V,F), dim|K @ F-1[+ 1 = dimH°(V, K@F-), 

so that (17) can be written in the classical form 

dim |F| + dim |K @ F-4| = £,{V) ~ a(F) + g(F) + sup(F). (18) 

Unlike formula (16), formula (18) does not contain the fact that 
z(V) = T(V). This equation arises in the classical theory in the following 
form: 

Define the linear genus 

pM = g(K) + 1=cf[V] +1. 

Formula (18), with F replaced by K, gives an alternative definition 

1 n(K) = 1— pM = x(K). 
The ZEUTHEN-SEGRE invariant I of V is given by ¢,[V] = I + 4, 

and the arithmetic genus £,(V) by 7(V) = 1+ ,(V). Therefore the 
equation 

1 
4V) = 4g (+ ¢) (V1 = TV) 

becomes 
126,4+9=A/M471. (19) 

This relation is due to M. NoETHER (see ZARISKI [1], p. 62). 
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§ 21. The RrmeMAnn-Rocu theorem for algebraic manifolds and 
complex analytic vector bundies 

21.1. In this section we prove the main theorem 

aV, W) = TV, W) (1) 
for an algebraic manifold V and a complex analytic vector bundle W 
over V. This theorem will be called the RieMANN-Rocu theorem for 
vector bundles (or simply R-R). We recall the definitions of y and 
T and summarise the situation in 

Theorem 21.1.1. Let V be an algebraic manifold of dimension n 
and let W be a complex analytic vector bundle over V with fibre C,. Let 
Cor Cys - - +> Cy be the CHERN classes of V and dy, d,, ..., d, the CHERN classes 
of W (y= ay = 15 ¢,, d,€ H®1(V, Z)). The cohomology groups HV, W) 
are finite dimensional vector spaces which vanish for i> n. The EvLer- 
POINCARE characteristic 

x(V, W) = 3" (~1)* dimH*(V, W) 
te 

can be expressed as a “polynomial” T (V, W) in the CuErRn classes ¢, and d;: 

11, W) = my [lee IT | 
fas] 

(1*) 
2 ~ Mn [ew ( Foe ee) fl — =v, ”) , 

Equation (1*) is to be understood as follows: there are formal jactorisations 
Pe TT (ttye2) and 2 ae = Tf (1+ 6:2) += If f=} and the term of degre n of the expression in square brackets is a polynomial 

in the c, and d;, This term determines an element of H*"(V,Z)@Q 
which is to be evaluated on the fundamental 2n-dimensional cycle of V. 

Before giving the proof we make some remarks and discuss a special 
case. Of course R-R contains Theorem 20.3.2. R-R also implies that, 
for fixed V, the integer 7(V, W) depends only on the CuERn classes of W 
and therefore only on the continuous vector bundle W. This fact does 
not seer to have been proved without using R-R, except in the case 
that W is a line bundle (see the remark in 20.4). This may be connected 
with the fact that there is in general no algebraic manifold whose points 
represent (for fixed V and q > 1) the complex analytic GL(q, C)-bundles 
over V which are trivial as continuous bundles. For g= 1 such an 
algebraic manifold does exist; it is called the Picarp manifold of V 
(see SERRE [1], Koparra-SPeNcer [2]). 

Theorem 21.1.1 is known for m= 1; in this case V is an algebraic 
curve and WEIL proved 
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Theorem 21.1.2 (Wem. [1], p. 63). Let V be a connected algebraic 
curve and let W, W' be complex analytic vector bundles with C,, C, as 
typical fibres. Let d,€ H*(V, Z) be the first CHERN class of W and d, the 
first CHERN class of W’. Then 

x{V, W @ W’*) = dimH°(V, W @ W’*) — dimH°(V, K @ W* @ W’) 

=ra(V]—rdi(Vj+rr(i—p) 
where p ts the genus of V. 

Proof with help of R-R: Let 6,, 6; denote the formal roots of W, W’. 
Then by Theorem 4.4.3 or formula 10.1 (4) 

a(V, W@W) = xe, [el (6% $2 + eM) (0% 4 + + oY] 
= x, [(1 + ¢/2) +4.) @ — dQ]. Q. E. D. 

We now come to the proof of R-R. Let & be the complex analytic 
GL(g, C)-bundle over V associated to W. Consider a fibre bundle £ 
associated to & with the flag manifold F(¢) = GL(g, Q/A(g, C) as fibre 
and denote the projection of E on to V by g. By Theorem 14.3.1 

T(V,W)= T(E, ¢* W), (2) 
and, by the theorem of Borex stated in the next section, 

“(V,W) = x(E, p* W) xF@)- 
Since the arithmetic genus x(F (q)) is 1 (see 15.10) 

“(V,W) = x(E, p* W). (3) 
The group of the bundle reduces complex analytically to the group 
A(q, ©. Therefore there are ¢ diagonal complex analytic line bundles 
Ay, ..., A, over £ and by 12.1 (5) and Theorem 16.1.2 

q ¢ 

T(E, g* W) = 2 T(E,A,) and 4(E, g* W) = 2 XE, Aj). (4) 

E is an algebraic manifold (Theorem 18.3.1*), and so by Theorem 20.3.2, 

x(E,A)=T(E,A) Sisg). (5) 
Equations (2), (3), (4) and (5) now give 

x(V,W)=T(V,W). Q. E. D. 

21.2. The following previously unpublished theorem of BorEL was 
used in the proof of Theorem 21.1.1 (R-R). 

Theorem 21.2.1. Let E be a complex analytic fibre bundle over a 
compact complex manifold V with a (compact) connected KAHLER mani- 
fold F as fibre and with a connected structure group. E is then automatically 



§ 21. The RreMann-Rocu theorem for vector bundles 157 

a compact complex manifold. Let p be the projection from E on to V, and 
let W be a complex analytic vector bundle over V. Then 

tHE, G* W) = ty (V,W) wo (F) - (6) 
In particular, when y = 0, 

x{E, p* Wh= 40, W) xf), 4 E)=274V) x). (7) 
Corollary: If E, V and F are KAWLER manifolds then the index + 

satisfies 

t(E} = t(V) t(F). (8) 
By Theorem 15.8.2, the corollary is the case y = 1, W trivial. The 

proof of Theorem 21.2.1 due to Bore uses the spectral sequence for 
the d-cohomology of a complex analytic fibre bundle, and is included 
in Appendix Two. 

Remarks: (1) When F is a flag manifold, (6) implies formulae (10), 
(10*) of 14.3, 14.4. It is shown in CoeRN-HirzesRuce-SerRre [1] that (8) 
is true when E, V, F are compact connected oriented manifolds, provided 
that the orientation of FE is induced by those of V and F and that the 
fundamental group 2,(V) acts trivially on the cohomology ring H*(F) 
of F. 

(2) Theorem 20.2.1 is a special case of Theorem 21.2.1. In 20.2.1 
we proved only as much as was necessary for the application to Theorem 
20.2.2. 

(3) For the proof of R-R in the previous section it is enough to 
know formula (7) for F a flag manifold. The induction method used at 
the end of 18.3 shows that it is sufficient to know (7) for F a complex 
projective space. In this case y(F) = 1 and it is possible to prove that 

dim Hi(V, W) = dimH#(E, o* W), (9) 

which implies the equation 7(V, W) = 7(Z, y* W). A direct proof of 
(9) is given in the appendix [23.2 (2)]. 

21.3. Theorem 21.1.1 (R-R) makes possible the complete iden- 
tification of the y-theory and the 7-theory. By R-R 

4V,WePrT)=TV,W er TP) 
and therefore 

x°(V, W) = T?(V, W). 
Since y*, T? are the coefficients of y? in the polynomials y,, T, this 
implies that 

4,(\V, W) = T, (VW). 
Note that y?(V, W) depends only on the continuous vector bundle W. 
If W is a line bundle then this fact can be proved directly (Koparra- 
SPENCER [4]). 
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The explicit formula in the case W == 1 is [see 12.2 (9)]: 
s 

eV) = Li (—denea(V) 
g=0 

nn” 1 
= Ob t = Ky [ z- G4, + “0 OF | 

_ $CE vb otk Yt) * y/2 = *n | Z pe sinh y,/2 | ~ (10) 
(The summation in the last line is over all combinations of signs which 
contain exactly minus signs.) 

it now follows from 19.4 that y, and T, also agree in the virtual case. 
We therefore obtain 

Theorem 21.3.1. Let V be an algebraic manifold, W a complex 
analytic vector bundle over V and F,, ..., F, complex analytic line bundles 
over V. Then . 

ty (Fp. FL, Wy = Ty (Pp. Fel Wr - (11) 
Remark: The case r= 0 (see 19.3) and y= 0 of this formula is 

just R-R. Although formula (11) is the most general result of this 
chapter, it is not an essential generalisation. R-R is the central theorem. 

Bibliographical note 
At least four other proofs of the Rremann-Rocs theorem are now available. 

A proof that ¥(V, W) = T(V, W) for a complex analytic vector bundle W over an 
arbitrary compact complex manifold V has been given by Arivan-Sineer [1]. 
Their method is based partly on the proof of the index theorem (8.2.2) in Chapter 
Two and is described in § 25. The argument of 21.3 then implies that the y-theory 
and the T-theory agree on compact complex manifolds ¢. ¢. Theorem 21.3.1 holds 
for V a compact complex manifold. In particular y,(V) = T,(V) = 71{V) so that 
the Hopcz index theorem (15.8.2) is true for V a compact complex manifold. 

A direct proof that y(V) = T(V) which avoids the index theorem is due to 
Wasunitzer. The proof holds for V an algebraic manifold and more generally for V 
a non-singular projective variety defined over an algebraically closed field K. By 
results of Cuow and Serrz, y(V) and T(V) can still be defined in this case (Serre 
(2, 4], Borzi-Szrre [2], Groramenpizck (4]). The published version (WASHNITZER 
{2]) contains an axiomatic characterisation of the arithmetic genus y(V) but 
unfortunately omits the proof that T'(¥) satisfies the axioms. 

The GrorHEnpigcK-RieMANNn-Rocn theorem for a proper map {/:V-» X of 
algebraic varieties (BOREL-SERRE [2]) is described in § 23. When X is a point the 
theorem becomes R-R for an algebraic vector bundle W over a non-singular 
projective variety V (both defined over an algebraically closed field K). By results 
of Serre [4] on the relation between analytic and algebraic sheaves when K = C, 
this implies R-R for a complex analytic vector bundle W over an algebraic 
manifold V. 

Another proof of the GrorHenpreck-Rremann-Rocuw theorem when K = C 
is due to AtTivaH-Hrrzesrucn [8]. For /: ¥ > X an embedding the proof includes 
the case that VY, X are arbitrary compact complex manifolds. For general f it is 
necessary to assume that V, X are algebraic manifolds. This approach yields the 
shortest available proof of R-R but, as in this book, only for V a (complex) 

algebraic manifold. 



Appendix One 

by R. L. E. ScHWARZENBERGER 

§ 22. Applications of the RreMANN-RocH theorem 

Three typical applications of the RizMANN-RocH theorem are sum- 
marised. The first uses the theorem to calculate invariants of complete 
intersections in projective space (22.1). The second uses the theorem to 
calculate invariants of algebraic manifolds which arise from the bounded 
homogeneous symmetric domains of E. Cartan (22. 2.—22.3). The third. 
application of R-R is to the study of complex vector bundles over 
complex projective space (22.4). 

22.1, Consider 7 non-singular hypersurfaces FG@0, . . ., (4) of degrees 
a,,...,@, in complex projective space P,,,(C). The intersection Vi¢»--») 
== Fm) +++ 7 FG is an algebraic manifold of dimension x if the hyper- 
surfaces F(),.. ., F(@") are in general position. The problem is to calculate 
the y,-characteristic of the algebraic manifold V@»--»%, It will appear 
that this depends only on the integers a,, ..., a,, 2 and not on the parti- 
cular choice of hypersurfaces F@), ..., F@*, 

Let H be a line bundle over P, ,.,(€) associated to the C*-bundle 4,,, 
(see 4.2). Then H corresponds to the divisor class of a hyperplane 
P,;,-,(€) and has cohomology class c,(,.,) = € H?(P,.,(€), Z). 
The line bundle H* corresponds to the divisor class of the hyper- 
surface F@), If 7: Vitv--»%) » P.(C) is the embedding we write 4 for 
j* hand Al for j* H. 

Consider the case 7 = 1. By 4.8.1 there is an exact sequence of vector 
bundles over F(:) 

0» $(F) -+j*S(P) > j* He» 0 
where £(F) and &(P) are the tangent bundles of F@) and P,,,,(C). 
Therefore 

c(Z(F)) =j*(c(Z(P)) : c({HTM)-1) = (1+ A4)"t*(14+a,h)-. 

Theorem 4.8.1 can be applied 7 times to give the total CHeRn class 

of the algebraic manifold Viee--~*): 

c(E(V,)) = (1h + Arti + ah)... (ita). (1) 

Theorem 22.1.1. Let V,, be a complete intersection of r hypersurfaces 
of degrees a,, ..., a in general position in PB, (C), and let z be an in- 



160 Appendix I 

determinate. The y,-characteristic of the line bundle H* over V,, is given by 

= ner ten * ZF (tex (l—as 
2, ee Der Goer a tya—e 

Proof (HirzeBrucs [3], § 2.1): By the Rizmann-Rocu theorem (21.3.1) 

Xv Va» Hf) = Ty (Va, A) . 
Let R(x) = ((1 — e-*+4)-1(y + 1) — y]-}. Then (1) implies 

T (Vay 18) = mg [OK RUB) NOH TT (ac) * Ra | 
t=1 

= My [east het R(h)-"-7-1 JT az? R(a; | . 
fa 

The term of degree » is a multiple of h" and h*(V,] = a, ag... 4,. 
Therefore T,(V,,, H*) is the coefficient of «~} in 

eftx)ee R(x)~8—-t-l TF Ra; x). 
iat 

This coefficient can be computed as a residue at x = 0. The substitution 
z== K(x) gives 

elltyys att, dz=(1l+zy)(1—2) dx 
(lL -+ zy)* — (Ll — 2)" 
(Lt ay) + (i —z)* * 

Therefore T,(V,, H*) is the residue at z = 0 of 

R(ax) = 

ay (tay? Fd + eyyti—(L—a) 
(L— 2yeet AA (1 + ay) + yy (L—2)% 

gun 

as required. 
Corollary: When y = 0, equation (2) becomes 

oo Y 

x te BY) ant c= (1 — 2)-¥4 f (i — (1 2)*). 

Similarly the cases y= —1, y=-+1 give equations for the EuLer- 
POINCARE characteristic and index of V@»--+%), 

Remark: Theorem 22.1.1 can be proved directly from the “four 
term formula’’ [16.3 (10)] and this proof preceded the proof of the 
RIEMANN-ROcH theorem. It can be shown easily that the theorem holds 
also for y = 0. The corollary gives for r= 0 and r = 1 respectively the 
well known formulae for 7(P,(C), H*) and 7(V, A*) which were used 
for example in HIRZEBRUCH-KODAIRA [1] and BriesKorn [1]. 

Theorem 22.1.1 can be used to calculate the integers 4?» for V, 
(see 15.4). This is possible because of 
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Theorem 22.1.2. Let V, = V@»---TM) be a complete intersection. Then 
WV) = b9,q for p+ 9 + 0 and 

2? (Va) = (— He? hem 9(V,) + (1)? for 2p+n, 
£" (Vn) = (— 1)" bTMTM (VV) for 2Im=n. 

The proof can be found in Hirzesrucn (3), § 2.2. It is by induction on ¢ 
and uses the theorem of LerscHETz on hyperplane sections (Bott [4]). 

22.2. Let M be a bounded domain in C,, endowed with the BERGMANN 
hermitian metric (Kopaira [6], p. 42). This is a KAHLER metric which is 
invariant under complex analytic homeomorphisms of M. Let [(M) be 
the group of all such homeomorphisms and Y = M/A the quotient space 
defined by the action of a subgroup A of I(M). The identification map 
p:M-— Y is a complex analytic covering map of a compact complex 
manifold Y if 

(a) A is properly discontinuous, 4. e. any compact set in M intersects 
only a finite number of its tmages under A. 

(b) M/A is compact. 
(c) A acts freely, i. e. only the identity element of A has fixed points. 
Properties (a), (6), (c) imply (see Koparra [6], p. 41) that the 

canonical line bundle Ky is a positive line bundle over Y (see 18.1). 
Therefore Theorem 18.1.2 implies that Y is an algebraic manifold. 
A holomorphic function f on M is an aufomorphic form of weight r with 
respect to A if for allxe M, y€ A, 

fy 4) = Ty" (*) Fe) 
where J,,(x) is the jacobian of y at the point x. The complex vector 
space of all automorphic forms of weight 7 is isomorphic to H°(Y, Ky). 
The dimension of this vector space, 7. ¢. the “number’’ of linearly in- 
dependent automorphic forms of weight r with respect to A, is denoted 
by JI1,(M, A). Since Ky is positive, Theorems 18.2.1 and 18.2.2 imply 
that the cohomology groups of Y with coefficients in the sheaf of germs 
of holomorphic sections of KY are zero in all dimensions +0 if r = 2 
and in all dimensions +” if r = —1. Therefore [see 20.5 (13)] 

(M, Ay=0 for rs, 

,(M, A) = 1, 

IT, (M, A) = gn, 

JT,(M, A) = 7(¥, KY) for r22. 

Here g,, is the “number” of holomorphic forms of degree » over Y = M/A. 
Now suppose that the bounded domain M is homogeneous, t.e. M 

admits a transitive group of complex analytic homeomorphisms. The 
CHERN classes c; of Y can be represented by differential forms so that each 

(3) 
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partition m= (4, ...,7,) of » defines a differential form P(x) of degree 
Zn and type (%,”) which represents the cohomology class c¢;, . . . ¢;,. 
Since M is homogeneous p*P (xz) = s(x).V where s(z) is a real number 
which depends only on M and the partition a, and V is the invariant 
volume element of M with respect to the BERGMANN metric (see Hirze- 
BRUCH [5], § 2). 

Theorem 22.2.1, Let A,, A, be iwo subgroups of I(M) which satisfy 
(a), (8), (c). Let vu, be the volume of Y,;= M|A, with respect to the Berc- 
MANN metric on the bounded homogeneous domain M and c = v,/0,. Then 

ty (¥i) = 6 xy(Vo), TE,(M, Ai) = cll, (M,A,) for 122. 
Proof: Let s;(x) be the CHERN number ¢,...¢,,[¥;] of Y; which 

corresponds to the partition a. Then s, (a) = s(z) v,, s.(a) = s(a) v, and 

s,(t) = ¢s,(x) forall m= (fp...,4,)- (4) 

Therefore (4) holds also for any linear combination of Caern numbers. 
In particular (3) and the Rrzemann-Rocu theorem imply that (4) holds 
for y,(¥,} and for I7,(M, A), 7 & 2. 

Now suppose that the bounded homogeneous domain M is in addition 
symmetric, i.e. for each point «€ M there is a complex analytic homeo- 
morphism o,: 4@-—- M which has x as isolated fixed point and is an 
involution (o2 = identity). The. following special case of a theorem of 
Bore shows that there always exist algebraic manifolds M/A. 

Theorem 22.2.2 (Borex [4]). Let M be a bounded homogeneous sym- 
metric domain, and I(M) the group of complex analytic homeomorphisms 
of M. Then 

1} I(M) contains a subgroup A which satisfies (a), (b) and (c), 
Tl) #f A ts a subgroup of I(M) which satisfies (a) and (b), and which 

does not consist only of the identity element, then A has a proper normal 
subgroup of finite index which satisfies (a), (b) and (c). 

Remark: In the case considered, (a) holds if and only if A is a 
discrete subgroup of [(M); property (6) holds if and only if I(M)/A 
is corapact (BorEL [4], p. 112). 

22.3. Let M be a bounded homogeneous symmetric domain in C,,. Then 
M is a product M = N, x --- x N, of irreducible bounded homogeneous 
symmetric domains N,. Each N, is a quotient space N = G/H with 
G a simple non-compact Lire group with centre the identity and H a 
maximal compact connected subgroup of G with centre of (real) dimension 
one. It is possible to associate to G a compact Liz group G’ which also 
contains H. The quotient space N’ = G'/H is a compact irreducible 
homogeneous hermitian symmetric complex manifold which contains an 
open subset complex analytically homeomorphic to N (Boret [1)). 
Full details of this construction can be found in Hetcason [1], p. 321. 
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It is shown in BorEt-Htrzesrucs [1], Part I, p. 520 that the canonical 
line bundle of N’ is negative in the sense of Koparra (and hence that 
N’ is an algebraic manifold). Let e€ NC N’ be the base point cor- 
responding to the identity of G, G’. By a formula of E. Cartan the 
curvature tensor at ¢ associated to an invariant metric on N’ is a negative 
multiple of the curvature tensor at ¢ associated to an invariant metric 
on N (see Hirzepruce [51}. 

Let M’=N,x ++: No and e=(¢, ..., ¢,)€ M. Then M can be 
regarded as an open subset of M’ and the invariant differential forms 
which represent given CHERN numbers on M, M‘ differ at e by a positive 
factor multiplied by (— 1)". This is a consequence of the above-mentioned. 
property of the curvature tensors. As in Theorem 22.2.1 an application 
of the Rremann-Rocu theorem gives 

Theorem 22.3.1. Let M be a bounded homogeneous symmetric domain 
in C,, and I(M) the group of complex analytic homeomorphisms of M. 
Let Y = M/A be the quotient space defined by the action of a subgroup A of 
I(M) which satisfies (a), (b) and (c) of 22.2, and M’ the compact sym- 
metric manifold corresponding to M. Then there is a real number ¢ such that 

to(¥) = cx, (M’), I,(M, A) =e 74M’, (Ky)") for r22. 
If nis evenc> 0. If nis oddc <0. 

In fact the manifolds M’ have been classified directly (see HetGason 
[1], p. 354). M’ == NU x +++ x Nj where each N’ is one of the manifolds 
in the following list: 

T) U(p + g)/U(s) x Ug), I) SO(2p)/0(4), 
III) Sp(p)/U(#) , IV) SO(p + 2)/SO(4) x $O(2),p +2, 

V) E,/Spin(10) x T? VI) E,/E, x T?. (4) 

The fact that each such N’ yields a bounded homogeneous symmetric 
domain N was proved by E. Cartan by means of an explicit construction 
in each case. The first general proof is due to Harisa-Caanpra [1], p. 591 
(see Hexcason [1], p. 312). The Berri numbers 5,(N’) of N’ can be 
calculated by the formula of Hirsca and it can be shown that the 
numbers h?:*(N’) defined in 15.4 are zero for p + q (see 15.10, Bore [2] 
and Bore.-Hirzeprucs [1], § 14). It follows that ¥(N’) = 1 (in fact N’ 
is a rational algebraic manifold). Thus we see that the constant c in 
Theorem 22.3.1 equals 7(Y). It also follows that the index + = t(N’) 
= ) (—1) 8,;(N’) is zero except in the following cases: 

1) if p= 2s and gq = 2t, or if p= 2s +1 and g = 2, or if Pp = 2t 

and g=2s-+1,thnt= ery > (5) 
IV) af p = 4s thent = 2, 

V) r=3. 
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Let A be a subgroup of 7(M) which satisfies (a), (6) and (c) of 22.2. 
Such a subgroup exists by Theorem 22.2.2. Also by this theorem there 
exists a proper normal subgroup J” of index y in A with yp arbitrarily 
large such that I acts freely on M. Then M/I is a finite covering of 
Y = M/A with uw sheets and the RreMANN-Rocu theorem implies that 
x,(M/P) = w x, (¥). By Theorem 22.3.1 and the equations 7(M') = 1, 
¢ = ¥{Y) mentioned above 

te (MIL) = was (Y) = 2 x(Y) wl) 
where y(¥) > 0 if # is even and y(Y) <0 if » is odd. In particular 
if M' is a product of manifolds of the type listed in (5) then » is even and 
t(M/DP) = wx(¥)t(M), x(Y) > 0, c(M’) > 0. In this way algebraic 
manifolds M/Z can be constructed with arbitrarily large index. 

The first example is the case M’ = U(3)/0(2) x U(1) = P,(C). 
Then x(M‘) = 1 and M is the open unit disc B,c C,. Thus there exist 
algebraic surfaces M/J° with arbitrarily large index. This contradicts 
a conjecture of Zappa [1]. Further details can be found in Borer [4]. 

Theorem 22.3.1 can also be applied to calculate the integers IT, (M, A). 
Because of (8) we suppose r 2 2. For simplicity let M be an irreducible 
bounded symmetric homogeneous domain. Then M’ is one of the mani- 
folds listed in (4). The values of IZ,(M, A) were calculated by Hrrze- 
BrucH [4], [5] using the values for y(M', (Kyy)"). The latter can be 
calculated by R-R and are related to formulae of H. WEy1 on degrees 
of representations (BoreL-Hirzeprucn [1], § 22). The results in each 
case are: 

1) IE,(M, A) = (—1)?* x (M/A) nee, where the product 
tovralOs ts p-lLisjsg. 

11) 1F,(M,A) = (1) 9 y(uja) 7 22= De 3 +445 | where 
the product is over aw O Sit <jGSp-l. 

TI) T,(M,A) = (—1)8@ +9 x (jd) P= PLOIDY here the 
product is over lO StS p. , 

fe rp—-l rp IV) JZ,(M, A) = (—1)* x(MJA) (7; )+( )) 
V) U7,(M, A) = x (M/A) IT eat , where the product is over 

k=1,..., 16 and the corresponding values of uy are 1, 2, 3, 4, 4, 5, 5, 6, 
6, 7, 7, 8, 8, 9, 10, 11. 

VI) H,(M, A) = — x(M/A) re where the product is 
overk=1,...,27 and the corresponding values of py, are 1, 2,3, 4,5, 5, 
6, 6, 7, 7, 8, 8, 9, 9, 9, 10, 10, 11, 11, 12, 12, 13, 13, 14, 15, 16, 17. 
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Remark: Another method of calculating the numbers /7,(M, A), 
including also the case in which condition (c) is omitted, is due to 
SELBERG (Seminars on analytic functions, Vol. 2, p. 152—161. Institute 
for Advanced Study, Princeton 1957). Formulae I)—VI) have been 
generalised to a more general type of automorphic form by Isr [2]. He 
also uses the proportionality principle. LANGLANDS [1] has obtained these 
formulae, and corresponding formulae when condition (c}) is omitted, 
using SELBERG’s trace formula and HarisH-CHANDRA’s work. 

22.4. In this section the Riemann-Roc# theorem ¥(V, W) = T(V, W) 
is applied with V = P,,(C). For each # we regard P,,_, (Q) as a hyperplane 
in P,(C). The corresponding divisor class defines a line bundle H over 
P,,(C) and a cohomology class 4 € H?(P, (€), Z). 

Let W be a continuous complex vector bundle over P,,(Q) with fibre 
C, and Cuern class 1+@h+---+4,h, (€,€Z,85 9,85 n). In 
A*(P,(C), C) = A*(P, (©), Z)@ C there is a factorisation 

Ll+dh+--+ +d, = (14 6,4)...1+4+ 6,2) 

with 6,¢ C and therefore by 10.1 and 4.4.3 

TP, (0), W @ HY?) = up, Lz gsrrh Gs ” 
jai 

gdp arth -3 —_ f a gaara 4 
j=l 

where 6,,, = '** = 6,=0 and integration is over a small circle round 
the origin. The substitution z= 1 — e~* gives 

T(P,(C), W @ Ht) = ars me 
j= 

Tf W is a complex analytic vectonbundle the Riemann-Rocu theorem 

implies that Dy (" + 4 + ’) , which a priori is a rational number with 
j=l denominator #!, is an integer for all integers 7. The same conclusion 

holds for W a continuous vector bundle by the integrality theorem of 
26.1. This completes the proof of 

Theorem 22.4.1. Let W be a continuous complex vector bundle over 
P,, (©) with CHERN class 

lidh+---4+4,e= (14+ 6,4)...(+ 6,4) 

where dC Z, 5;C € and s <n. Let r be an integer. Then the symmeiric 
Junction . 

(erry. . +( F744) 
n c:2 

in the 8, is an integer. 
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Examples: Consider the case = 2. Then (" , *) + (" t **) is an 
integer. This implies the following restrictions on the integers d, = 6, + dg, 
d, = 6, by: 

m=2 no restriction 

a=3 d,d,=0 modulo 2 

n=4 dy(d,+1—3d,— 24% = 0 modulo 12. 

Let W be the tangent bundle of P,(€). Then s=2, d, = d, =3 and 
d, d, is odd. Therefore W is not the restriction to P,(€) of any continuous 
vector bundle over P,(C). It can be shown similarly that for alla = 3 
the tangent bundle of P,,_, (C) is not the restriction of any vector bundle 
over P,(€). An example of a continuous vector bundle W over P,(C) 
with fibre C,, which is not the restriction to P,(€) of any vector bundle 
over P,(C), is given by the following classical construction. Consider a 
linear complex in P,(C€), t.¢. the set of lines satisfying an equation 
Dd, 443 Pig = O where yy, Poa Pog Pes Par Pig ate PLUCKER coordinates. 
The lines of the linear complex which pass through a point x¢ P,(C) 
form a plane pencil. This defines an algebraic fibre bundle B over P,(€) 
with fibre P, (C). There is an associated vector bundle W over P,(C) with 
fibre C, and d, = d, = 2, Thus d,(d, + 1 — 3d, — 24%) = 2 modulo 12 and 
W is not the restriction of any vector bundle over P,(C). 

in general Theorem 22.4.1 gives necessary conditions for integers 
d,, ..., d, to appear as CHERN classes of a continuous complex vector 
bundle over P,,(C) with fibre C,. These are hard to calculate for particular 
q, » but for fixed g they clearly become more restrictive as — oo. In fact 
a lemma in algebraic number theory (which the author owes to J. W. S. 

$ 

CASSELS) implies that if 3” (* *) is an integer for all # then each 6; is an 
j=] 

integer. This implies 
Theorem 22.4.2. Le W be a continuous vector bundle over P,,(€) with 

fibre C, and suppose that W is the restriction to P,,(C) of @ continuous vector 
bundle over Py (C) for arbtirarily large N. Then there are integers r,,..., Ty 
such that c(W) = ¢(H" @ +++ @® H's). 

Further results on complex vector bundles over P,(C) can be found 
in Horrocks [1], [2] and SCHWARZENBERGER [1]. For the classification of 
complex analytic vector bundles over algebraic curves, which also makes 
use of R-R, see Atryan [1], [2], GrorHenpreck [3], NARASIMHAN- 
SESHADRI [1], [2], and Turin [1], [2]. 

§ 23. The RreMann-Rocu theorem of GROTHENDIECK 

The generalisation of R-R due to GROTHENDIECK depends on 
properties of coherent analytic sheaves over complex manifolds. These 
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properties are summarised in 23.1—-23.3 and are used to obtain an 
alternative proof of equation 21.2 (9). The GRoTHENDIECK-RIEMANN- 
Rocu theorem itself is described in 23.4—23.6. Throughout this paragraph 
we Shall for convenience assume that all algebraic manifolds are connected. 

23.1. Let X,, be a complex manifold of dimension », and 2 the sheaf 
over X, of germs of local holomorphic functions (15.1). Each stalk 0, 
of Q is a ring with identity 1¢€ Q,. 

Definition: A sheaf 6 = (S, x, X,) of abelian groups is an analytic 
sheaf over X,, if: 

J) Every stalk S, of 6 is a module over the corresponding stalk Q, 
of Q (the unit element 1¢ Q, operates as the identity). 

If) The map from ay 2,x S, (regarded as a subspace of Q x S) 
to S defined by the module multiplication is continuous. 

An essential role is played by the coherent analytic sheaves. Let Q, 
denote the sam 2 @ --- @ 2 of p copies of Q. 

Definition: An analytic sheaf @ over X,, is coherent if for each 
point +¢.X,, there is an open neighbourhood U of x and an exact sequence 
of sheaves over U 

2,0 > 2,0 > G00. 
For the basic properties of coherent analytic sheaves we refer to 

GRAUERT-REMMERT [1]. The definition given there is apparently more 
restrictive than the above definition. The theorem of Oxa on the sheaf 
of relations determined by a system of holomorphic functions (see 
Cartan [3], Exposé XIV) implies that Q is coherent in the sense of 
GRAUERT-REMMERT [1]. It can then be deduced that the two definitions 
of coherence are equivalent (see Serre [2], Chap. I, Prop. 7). Note 
that coherence is a purely local property. 

The sheaf 2(W) of germs of local holomorphic sections of a complex 
analytic vector bundle W over X,, with fibre C, is locally isomorphic 
to Q,. Therefore Q(W) is a coherent analytic sheaf. 

If G is an arbitrary sheaf over X,, the cohomology groups of X, 
with coefficients in @ can be defined by “alternating” cochains (SERRE 
{3]). It follows from general considerations of dimension theory that 
H(X,, S) = 0 for g > 2n. For coherent analytic sheaves a more precise 
result has been proved by Marcrance [Bull Soc. Math. France 85, 
231—237 (1957)]: 

Theorem 23.1.1. Let G be a coherent analytic sheaf over an n-dimen- 
stonal complex manifold X,, Then Ht(X,, ©) = 0 for g > n. 

The corresponding finiteness condition is due to CARTAN-SERRE [1] 
(see also CARTAN [4]): 

Theorem 23.1.2. Let G be a coherent analytic sheaf over a compact 
complex manifold X. Then jor ali ¢ = 0 the complex vector space Ht(X, ©) 
is finite dimensional. 
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Theorems 23.1.1 and 23.1.2 generalise the results obtained, for the 
particular case G@ = Q(W), in Theorem 15.4.2. The proof of Theorem 
23.1.2 makes use of the theory of holomorphically complete manifolds 
{STEIN manifolds). Theorem B (Serre [1] and Cartan [3], Exposé XIX) 
implies that if G is a coherent analytic sheaf over a holomorphic- 
ally complete manifold X then H*(X, 6) = 0 for g>0. If now X isa 
compact complex manifold there is a finite covering U = {U,},¢; of X 
such that each intersection U,, 1 --- 7 U,, is holomorphically complete. 
This is for instance automatically the case if each U;, is a unit disc with 
respect to some complex analytic chart on X. The Leray spectral 
sequence (GODEMENT [1], Chap. II, 5.2.4) can then be used to prove that 
H«(X, ©) = H2(U, G) for g = 0. This is one of the basic facts required 
for the proof of CaRTAN-SERRE. 

23.2. Let {: X-» Y be a holomorphic map of complex manifolds 
and © an analytic sheaf over X. The q-th direct image of © is an analytic 
sheaf #{ @ over Y which is defined by means of a presheaf. For any 
open set U of Y the cohomology group H4({f-'(U), ©) is a module over 
the ring of holomorphic functions defined on /-1(U). A holomorphic. 
function g: U -> C can be lifted to a holomorphic function gf: f-4(U) > €C 
and so H#(f-1(U), ©) can also be regarded as a module over the ring of 
holomorphic functions defined on U. These modules define a presheaf 
for 4, G. The definition implies that (4 © is an analytic sheaf over Y. 

Consider an exact sequence of analytic sheaves over X 

0+ 6’ »+ G> G’ > 0. 

By Theorem 2.8.2 the open set f-}(U) is paracompact for every open 
set U of Y. By Theorem 2.10.1 there is an exact sequence 

0-+ H( FU), S')-> HF (0), S) > WF (0), G+ Bf (U),S') > + 
r+ BUFO), S) > HF? (U), 6) > HF *(0), S") > 

> Heth(f-1(U), G++ 

and hence an exact sequence of analytic sheaves over Y 

0-68 G-AG-hG"-AG’---- 

oA So AE-HS" +H S' >---, 

Theorem 23.2.1. Let f: X-> Y be a holomorphic map of complex 
manifolds and © an analytic sheaf over X. Suppose that f', S = 0 for all 
t>0. Then the complex vector spaces H*(Y, f{ 6) and H*(X, 6) are 
isomorphic for all ¢ = 0. 

The direct image sheaves figure already in the fundamental work of 
Leray [1], [2]. The exact sequence (1) and Theorem 23.2.1 are reformula- 
tions, for holomorphic maps and analytic sheaves, of results of Leray on 

(1) 
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continuous maps. Theorem 23.2.1 follows immediately from the Lrray 
spectral sequence (see CarTaN [2] and GoprmeEnrt [1], Chap. II, 4.17.1). 
A direct proof can be found in GRAUERT-REMMERT [1] (p. 417, Satz 6). 

The proof of the Rrzemann-Rocu theorem in 21.1 depends on a result 
of Borer (Theorem 21.2.1). As remarked in 21.2, in order to complete the 
prooi of R-R directly.it is sufficient to establish equation 21.2 (9). 
We first prove 

Lemma 23.2.2. Let X be a complex anaiytic fibre bundle over the 
complex manifold Y with fibre B,(€) and projection map f. Let W be a 
complex analytic vecior bundle over Y. There is a natural isomorphism 
between the analytic sheaves Q(W) and ff, Q(*W). The analytic sheaf 
fi, QU* W) ts zero for i> 0. 

Proof: Let U be an open set of Y. A holomorphic section s of W 
over U determines a holomorphic section s/ of f*W over f-1(0). Since 
each fibre P,,(C) is compact and connected, this defines an isomorphism 
HU, Q(W)) > HF (U), Q(W)) and proves the first part of the 
lemma. The second part is purely local, so we may choose U to be a 
holomorphically complete open set over which both W and X are trivial. 
We wish to prove that Hi(/*(U), O(*W))=0 for i>0. Since 
f*Wi|f-7(V) is a sum of trivial bundles it is sufficient to prove that 
Hii"), Y= 0 for ¢>0. Now Ht(U,1)= 0 for r>0 (23.1) and 
H*(P,(€), 1) = 0 for s > 0 (15.10). Therefore (Kaur [1], §7, Satz 1) the 
Kiwneta formula for analytic sheaves can be applied in this case to give 

HiG7(U), 1) = HU x P, (©), I) = 
DD HUY @ AP, (©, D) = Ofori>o. 

tps=st 

Remark: The KiwnetH formula for sheaves is due originally to 
GROTHENDIECK (see Borr [1] and Boret-Serre [2]). A proof of 
the formuia for algebraic coherent sheaves was given by Sampson- 
WASHNITZER [3]. The formula for analytic coherent sheaves used here 
depends on finiteness assumptions on the higher dimensional cohomology 
groups involved; in the present case these groups are zero. For full de- 
tails see Kaur [1]. 

Lemma 23.2.2 and Theorem 23.2.1 (with @ = Q(/*W)) together 
imply 

Theorem 23.2.3. Let X be a complex analytic fibre bundle over the 
complex manifold Y with fibre P,(C) and projection map f. Let W be a 
complex analytic vector bundle over Y. Then the complex vector spaces 
He(Y, W) and H4{X, {* W) are isomorphic jor all ¢ = 0. 

As a corollary we obtain the equation 21.2 (9) required to complete 
the proof of the Rremann-Rocu theorem: 

dim H2(Y, W) = dimH*(X, /*W). (2) 
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The direct image sheaves ff G have special properties when 6 
is coherent. Let X be a complex manifold of dimension » and G a coherent 
analytic sheaf over X. Let {: X + Y be a holomorphic map of complex 
manifolds. The following theorems reduce to 23.1.1 and 23.1.2 when Y 
is a point. 

Theorem 23.2.4. Under the above hypotheses f, © = 0 forg >n. 

Theorem 23.2.5. Under the above hypotheses, 1f f 1s a proper map 
then fF, © is coherent for all g = 0. 

Theorem 23.2.4 is an immediate consequence of 23.1.1. Theorem 
23.2.5 is a deep theorem of GRAUERT [2]. If X and Y are both algebraic 
manifolds then Theorem 23.2.5 can be proved algebraically (BorEL- 
SERRE [2], Théoréme 1) by using the correspondence between coherent 
analytic sheaves and coherent algebraic sheaves (SERRE [4}). 

23.3. Let X be a complex manifold, C(X) the set of isomorphism 
classes of coherent analytic sheaves over X and F(X) the free abelian 
group generated by C(X). An element of F(X) is a finite linear combina- 
tion 3) n, G, n;€ Z, G; a coherent analytic sheaf over X. Let R(X) 

+ 

be the subgroup generated by all elements G6 — G’ — ©” where 

0> G'> G> G6" > 0 

is an exact sequence of coherent analytic sheaves over X. The GROTHEN- 
DIECK group “of coherent analytic sheaves over X”’ is the quotient group 

K,.{(X) = F(X)/R(X). 
Let X be a compact complex manifold and 6¢ K,(X) an element 

represented by a linear combination pH n, ©, of coherent analytic sheaves 
+ 

©; on X. Theorems 23.1.1 and 23.1.2 show that G, is of type (F) and 
therefore the integer 7(X, G,) is defined (see 2.10). The integer 

x(X, b) = Bi ms x(X, S,) 
depends only on the element 6¢ K,,(X). 

Let {: X + Y be a holomorphic map of complex manifolds which 
is also proper. If G@€ C(X) then, by 23.2.4 and 23.2.5, 4 G€C(Y) 
for g= 0 and 4 G6 =0 for g> dimeX. Consider the homomorphism 
fy: B(X) + F(Y) defined on generators of F(X) by 

iG) = z (16, n=dimeX. 
The exact sequence (1) shows that /, maps the subgroup R(X) to R(Y). 
Therefore /; induces a homomorphism 

fy: K(X) > K,(¥) . 
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The LERAY spectral sequence can be used (BorEL-SERRE [2], p. 111) 
to prove that if /: X— Y and g: YZ are proper holomorphic maps 
of complex manifolds X, Y, Z then 

(gf: = arhs. (3) 
Consider the special case in which Y is a point and /:X > Y is the 

constant map. Then / is proper if and only if X is compact. A coherent 
analytic sheaf over Y is a finite dimensional complex vector space and 
therefore K,,(Y) = Z. In this case 

f(8) = x{%, 0). (4) 
The homomorphism /, is analogous to the Gysts homomorphism /, 

for cohomology. If X, Y are compact connected oriented manifolds 
{not necessarily complex), and #: X—» Y is a continuous map, there is 
a homomorphism of H*(Y, Z)-modules 

fy: H*(X, Z) > H*Y, Z) 

which maps classes of codimension g to classes of codimension g, As in 
4.3, fy (x) = Dy (f, Dx (x)) for «€ H*(X, Z) where Dy, Dy denote the 
duality isomorphism from cohomology to homology. The homomorphism 
fe: H*(X, Q) -» H*(Y, Q) is defined in the same way. If g: Y>Z is 
another continuous map of compact connected oriented manifolds then 

(ga = Sale - (5) 
Consider the special case in which Y is a point, f is the constant 

map and X is a compact connected oriented manifold ot (real) dimension 
m. In this case 

fy(v) =x" [v]-1, ve H*(X) (6) 
where 1€ H®°(Y) is the identity element and #TM[] is defined as in 9.2. 

23.4, Let X be a complex manifold, C’(X) the set of isomorphism 
classes of complex analytic vector bundles over X and F’(X) the free 
abelian group generated by C’(X}. Exactly as in 23.3 we can define the 
GROTHENDIECK group Ki,(X) “of complex analytic vector bundles 
over X”’. There is a natural homomorphism h : Ki,(X) > K,(X) induced 
by h(W) = 2(W). 

Theorem 23.4.1. Let X be an algebraic manifold. Then h: K(X) > 
~»> K(X) ts an isomorphism. 

The main step in the proof of Theorem 23.4.1 is 

Lemma 23.4.2. Let G be a coherent analytic sheaf over an n-dimen- 
stonal algebraic manifold X. Then there are complex analytic vector bundles 
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W,, Wy, .... W, over X and an exact sequence 

0+ Q(W,) > Q(W,-3) > ++ > Q(W,) > S > 0 (7) 
of analytic sheaves over X. 

Lemma 23.4.2 shows that the ee A is surjective. It must 

then be shown that the element Pas \t W, of Ki,(X) determined by 
(7) depends only on 6. Proofs for 6 a coherent algebraic sheaf over X 
are given in BoREL-SERRE [2]. The above statements then follow from 
the correspondence between coherent analytic sheaves and coherent 
algebraic sheaves over an algebraic manifold (SERRE [4]). A similar 
remark applies to all the other results mentioned in this section including 
the Rremann-Rocu# theorem of GROTHENDIECK (23.4.3). The proofs are 
purely algebraic and apply to non-singular irreducible projective varieties 
defined over an arbitrary algebraically closed field K. They are formulated 
in terms of the ZaRIsKi topology, coherent algebraic sheaves and algebraic 
fibre bundles with fibre K,. The cohomology ring H*(X, Z) is replaced 
by the CHow ring A(X) of rational equivalence classes of algebraic 
cycles on X. When K = € the results of Serre mentioned above allow 
algebraic statements to be reformulated in the complex analytic ter- 
minology used in this book. 

Let G be a coherent analytic sheaf over X with a “resolution by 
vector bundles” as in (7). Then the Cuern character of © can be defined 

by ch(S) = _ Dy (—I'ch(W,. By 23.4.1 this is independent of the 
choice of resolution. If 

0> G@’ > G> G0 

is an exact sequence of coherent analytic sheaves then (see 10.1) 

ch(@) = ch(@} + ch{@"). 

Therefore the Cuern character defines a homomorphism 

ch: K,,(X) ~ H*(X, Q) 

for every algebraic manifold X. 
Let td(X), td(¥) be the total Topp class of the tangent bundle 

of X, Y defined in 10.1. The Rremann-Rocu theorem of GROTHENDIECK 
can now be stated. 

Theorem 23.4.3 (G-R-R). Let X, Y be algebraic manifolds and 
[:X— Y a holomorphic map. Then the equation 

ch(f, 6) -td(Y) = f,(ch(®) - td(X)) (8) 
holds in H*(Y, Q) for all b€ K,(X). 
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Let {: X > Y, g: Y + Z be holomorphic maps of algebraic manifolds. 
It follows from (3) and (8) that if G-R-R is true for both f and g 
then it is true for gf: X + Z. Since X is an algebraic manifold there is a 
holomorphic embedding X — Py (C€) for some integer N. The map/:X + Y 
is then the composition of an embedding X-> Y x Py(€) and a pro- 
duct projection Y x Py({€)—> Y. It is therefore sufficient to prove 
G-R-R in the two cases: 

1) #: X—> Y is an embedding. There is an algebraic proof in BorEL- 
SERRE [2] and a complex analytic proof in ATrvAH-HirzeBrucn [8]. 
The special case in which X is a non-singular divisor of Y and 6€ K,(X) 
arises from the restriction to X of a vector bundle over Y is proved 
in 23.5. 

I) 7: Y x Py(€}— ¥ is a product projection. An algebraic proof 
is given in BOREL-SERRE [2]. 

We have formulated the Rremann-Rocu theorem of GROTHENDIECK 
only for algebraic manifolds. It is possible to formulate it for a proper 
holomorphic map /: X— ¥ of complex manifolds: the problem is to 
define ch(@) for an arbitrary analytic coherent sheaf © over a compact 
complex manifold X, and this can be done by considering resolutions by 
real analytic, and by differentiable, vector bundles. At the time of writing 
this version of G-R-R has been proved only for f an embedding 
(Atiyvan-Hirzesrucu [8]). Two special cases of G-R-R are discussed in 
23.5; two applications are described in 23.6. 

23.5. Suppose first that Y is an algebraic manifold with complex 
analytic tangent bundle @ and that 7: X-» Y is an embedding of X 
as a submanifold of Y. Then 7* § has the tangent bundle cf X as sub- 
bundle and the complex analytic normal bundle » as quotient bundle 
(4.9). Thus td(X) == (td(v})-! -7* td(¥) by 10.1 and (8) becomes 

ch(j, 8) - td(¥) = 7,(ch(0) - (td())-* - #* ta(Y)). 
Now j, is a H*(Y,Q)-module homomorphism and td(Y) is invertible 
in H*(Y, Q). Therefore G-R-R implies the Rimmann-Rocn theorem for 
an embedding: 

ch (jf, 8) = 74 ch (8) - (td (v)) for all BE K(X). (9) 

We prove the following special case of (9). Let X be a non-singular 
divisor S of Y and {S} the corresponding line bundle (15.2). Let W bea 
complex analytic vector bundle over Y and b¢€ K,,(S) the element 
represented by the coherent analytic sheaf 2(7*(W @ {S})) over S. 
Let U be an open set on Y such that V = Ur S is holomorphically 
complete. Then, in the notation of 16.2, 

j Q(j*(W @ {S})) (U) = HV, 7*(W @ {S})) = 0 for g>0 
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and so j,6 is represented by the trivial extension j2 Q(7*(W @ {S})) 
= O((W ® {S})s) of Q(j*(W @ {S})) from S to Y. By 16.2 (4) there is a 
resolution of Q((W @ {S}),) by vector bundles over Y 

0 > Q(W) > Q(W @ {S}) > OW ®@ {S})s) > 0 

and therefore ch(j,6) = ch(W @ {S}) — ch(W) = (e* — 1) ch(W) where 
h€ H*(Y, Z) is the cohomology class of S. 

On the other hand ¢, (vy) =7* & by 4.8.1 andj, 1 = A by 4.9.1. There- 
fore the right hand side of (9) is 

> fe 8 h at ja(j* ch (W @ {S}) - (td (>))-4) = fy 7* (ch) - &- (Gx) ') 
= {e# — 1) ch(W). 

This proves (9) in the special case and helps to explain why the Topp 
class arises in G-R-R, 

Now consider the special case of G-R-R in which Y is a point and 
f is the constant map. Let b€ K,,(X) be the element represented by 
the coherent analytic sheaf £2(W) of germs of local holomorphic sections 
of a complex analytic vector bundle W over X. By (4) the left hand side 
of (8} becomes 7(X, W). By (6) the right hand side of (8) becomes 
uy {ch(W) td(X)] = T(X, W). Therefore the Rimmann-Rocu theorem 
of GROTHENDIECK implies Theorem 21.1.1 (R — R): 

x(X, W) = P(X, Ww). 
23.6. Let E, F, V be algebraic manifolds and let p:E-» V be a 

holomorphic fibre bundle with fibre F and connected structure group 
{see Theorem 18.3.1*). As in 23.2.2 let U be a holomorphically complete 
open set of V over which £ is trivial. Then, by the Kiinnetru theorem for 
coherent analytic sheaves used in the proof of 23.2.2, 

H¥(p-(U), 1) = H9(U, 1) @ H*(F, 1). 
Therefore gi, 2(1) = Q(W,) for some complex analytic vector bundle 
W, over V with fibre dimension dim H#(F, 1). The fact that the structure 
group of E is connected implies that W, is trivial. Hence 

cho(y; Q(1)) = DF (— If dim H4(F, 1) = x(F) = T(F), 
ch,(p, 2(1)) = 0 for j >o0. 

On the other hand G-R-R applied to the mapg: E> V and the 
sheaf 2(1) over E gives 

ch(y; 2(1)) -td(V) = gy td(E) = gp, td(6) - td(V) 
where 9 is the bundle over E of tangent vectors “along the fibres”. 

(10) 
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Therefore (10) implies 

T(F)-td(V) = , td(B), (11) 
TR)-1 = pe td(6), (11*) 

where 1¢€ H°(V,Q) denotes the unit element. Formula (11*) is the 
strict multiplicative property of BoreL-Hirzeprucn [1], §21. Ti fisa 
continuous GL(qg, €)-bundle over V then multiplication of both sides 
of (11) by ch(Z) gives’ 

T(E) « (ch(¢) + td(V)) = gy (ch (y* 2) - td(Z)) . 
Equating terms of top dimension we obtain the multiplicative property 
of the Topp genus (compare Theorem 14.3.1): 

Theorem 23.6.1 (BorEL-SerReE [2], Prop. 16). Let E, F, V be 
algebraic manifolds and p: E-> V a holomorphic fibre bundle with fibre F 
and connected structure group. Let .€ be a continuous GL(q, C)-bundle 
over V. Then T(F)- T(V, 6) = T(E, oO. 

A second application of G-R-R is to monoidal transformations. 
Let X be a submanifold of codimension g of an algebraic manifold Y, 
4:X— Y the embedding, » the complex analytic normal GL (g, C)-bundle 
of X, and /: X’-> X the associated bundle over X with fibre P,_,(C). 
There is an algebraic manifold Y’, called the monoidal transform of Y 
along X, an embedding 7: X’-> Y’ and a map g: Y’-» Y such that the 
diagram 

Xx’ i y’ 

| le (12) 
x-——y 

is commutative. Let U be an open set of Y which admits local analytic 
coordinates. If U does not meet X then g-!(U) is biholomorphically 
equivalent to U. If U meets X there are holomorphic functions j,, . . ., {, 
on U such that U rn X is the submanifold {u€ U; f,(u) = +--+ = f,(u) =O} 
of U and such that the differentials d/,,...,d/, are lmearly independ- 
ent at each point of Um X. In terms of homogeneous coordinates 
z= (z,:+°-+:2,) for P,_,(Q), the open set g-?(U) is biholomorphically 
equivalent to the submanifold {(#, z)€ U x P,_1(O): 2:7;() = z; f,(w), 
Ist<jsgotUx P.O. 

Let €, &' be the complex analytic tangent vector bundles of Y, Y’ 
and & the normal vector bundle of X in Y associated to v. Let H be the 
line bundle over Y’ determined by the non-singular divisor X’ of Y’. 
A lemma of Porteous [1] implies that in K,,(Y") there is an equation 

Q(g* F) — Q(Z') = j,(Q(f* N — Q(7* A). 
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By the RieMAnn-Rocu theorem for an embedding (9) the CHERN 
character of the right hand side is 

— e-* 

jx ((* cho) —7* 0) -5* (-—)) 
where #€ H?(Y‘, Z) is the cohomology class of H. We obtain 

Theorem 23.6.2 (Porteous [1]). Lei X be a submanifold of an 
algebraic manifold Y, Let (12) be the diagram obtained from a monoidal 
transformation of ¥ along X,% the normal bundle of X in Y, and 
hC H*(Y’, Z) the class represented by the cycle X'. Let 0, 0' be the tangent 
bundles of Y, Y'. Then 

* Sapn _ (L-e*)\.; oe oh g* ch(0) — ch(6") = (=) -7e (ch) fF). (18) 
The CHERN character of Y’ can be calculated in terms of the CHERN 

character of Y by (13). A refinement of the Ruzemann-Roce theo- 
rem (involving integer cohomology; see Porreous [1] and AtivAn- 
HirzEBRUCH [8]) gives the corresponding formula for the Caern classes 
of Y and Y’ which had been conjectured by Topp [5] and Secre [1]. 
The Rremann-Rocu theorem for an embedding is proved in ATIvan- 
Hirzesrucn (8) for arbitrary compact complex manifolds. Therefore (13), 
and also the Topp-Secre formula, is true for a monoidal transformation 
of a compact complex manifold Y along a submanifold X. In certain 
cases this had been proved by van DE VEN [1]. A calculation due to 
Hirzeprucn (unpublished) shows that the Topp-Szcre formula implies 
T(Y’) = T(Y), that is, the Topp genus is invariant under monoidal 
transformations. In the special case when X is a point (quadratic trans- 
form, Horr o-process) this can also be proved directly with the help of 
Lemma 1.7.2. 

If Y is algebraic the invariance of the Topp genus can be obtained 
more easily either from the birational invariance of the arithmetic 
genus (see 0.1 and Sampson-WasHNiTzER [2]) or by applying G-R-R 
to the map g: Y’-> Y. Then gf 2(1) = 0 for g>0 and G-R-R gives 
& td(¥} = td(Y); the equation T(Y’) = T(Y) follows by equating 
coefficients of the top dimension. 

§ 24. The GrorHENvIEck ring of continuous vector bundles 

The definition of the group Kj(X) “of complex analytic vector 
bundles over a complex manifold X” in 23.4 is due to GROTHENDIECK. 
His construction can be imitated in the continuous case to give a 
“GROTHENDIECK ring of continuous vector bundles’ (ATIYAH- 
Hirzeprucn [1], [3]). Although the vector bundles themselves are not 
elements of the GROTHENDIECK ring, this abuse of language may be 
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permitted. There is one slight simplification: by Theorem 4.1.4 a sequence 

0- W’> WW" 0 

of continuous complex vector bundles over a paracompact space X is 
exact if and only if W= W’o@ W”. Throughout this paragraph we 
shall for convenience suppose that X is a compact space. This implies, 
if X is finite dimensional, that X is admissible in the sense of 4.2. 

24.1. Let X be a compact space and C(X) the set of isomorphism 
classes of continuous complex vector bundles over X (see 3.5). The 
WHITNEY sum @ makes C (X)} a semi-group. Let F(X) be the free abelian 
group generated by C(X), and R(X) the subgroup generated by all 
elements of the form W-— W’-W” where W=W’'@ W". Define 
K(X) = F(X)/R(X). The tensor product of vector bundles defines a 
ring structure on K(X). This is the GRoTHENDIECK ring of continuous 
complex vector bundles over X. Ii X is a point,then K(X) = Z. If 
X is a complex manifold there is a homomorphism Kj,(X)—> K(X) 
obtained by ignoring the complex analytic structure. 

The natural map C(X)-> F(X) defines a homomorphism of semi- 
groups i: C(X) > K(X). Let G be an additive group and /: C(X) + G 
a homomorphism of semi-groups. Then there is a unique homomorphism 
{: K(X) >G such that }=/7. This universal property allows homo- 
morphisms defined on C(X) to be extended to K(X). If X is finite 
dimensional the CHERN class and Topp class give homomorphisms 

co: K(X) > G(X, Z) 

td: K(X) > G(X, Q) 

where G(X, A) denotes the set of all sums 1+ Ay + hg + +++ with 
k,¢ H**(X, A} and with group operation defined by cup product. 
Similarly the CaERN character defines a ring homomorphism 

ch: K(X) > H*(X,Q) (1) 

and a map /: X - X‘ defines a ring homomorphism 

PK (X) > K(X) 

which depends only on the homotopy class of /. By 4.2 there is a com- 
mutative diagram 

t f 

K(X) K(X) 

os | | an (2) 
H*(X’,Q) “> H*(X,Q). 
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If X is infinite dimensional, H*(X, Q) must be replaced by the direct 
product (infinite sums allowed) H**(X, Q). 

The GROTHENDIECK ring can also be defined for pairs (X, Y) where X 
is a compact space and Y is a closed subspace. If Y is empty define 
K(X, @) = K(X). If Y consists of a single point define K(X, {x9}) to be 
the kernel of the homomorphism 7': K(X) + K ({x,}) = Z induced by the 
embedding 4: {xg} X. In general let Xu TY be the space obtained 
by attaching a cone on Y with vertex zg and define K(X, Y) = 
K(X U TY, {z}). There is a canonical map X U TY -> X/Y which col- 
lapses the cone TY to a point y, and induces an isomorphism 

K(X/Y, {¥}) > K(X, Y). 
The Cnern character can be defined in the relative case. It is a ring 

homomorphism ch: K(X, Y) > H*(X, Y; Q). A map of compact pairs 
f: (X, Y) > (X’, Y’) defines a ring homomorphism 

ft: K(X’, Y) > K(X, Y) 

which depends only on the homotopy class of /. In particular the embed- 
dings 1: (Y,@) > (X, 9) and 7: (X,9) > (X, Y) define a sequence 

K(X, ¥) ++ K(x) K(¥) (3) 
which is an exact sequence of K(X)-modules. If Y is a retract of X, 
i. é. if there exists a map /: X-» Y such that /+(y) = y for all ye Y, 
then it can be shown that one has a short exact sequence 

-! at 

0+ K(X, Y) 4+ K(x) = K(¥) +0 
i 

which splits by means of 7*. 
The definition of the relative GrotHENDIECK ring K(X, Y) is the 

first step in the construction of an “extraordinary cohomology theory” 
K*(X, Y) which satisfies all the axioms of Er ENBERG-STEENROD except 
for the dimension axiom. Further details can be found in Arrvan- 
Hirzeprucs [3]. 

24.2. Let X be a compact space, Y a closed subspace, E and F 
continuous complex vector bundles over X and a: E/Y > F|Y an iso- 
morphism between the restrictions of E and F to Y. In this section we 
construct an element d(E, F, «) of K(X, Y) which can be regarded as a 
first obstruction to extending the isomorphism « to the whole of X. 
For the original (and slightly different) construction see ATIYAH- 
HIRZEBRUCH [7]. 

Let J be the unit interval and form the subspace Z= X x OU 
UXx LU Yx J of Xx I. On Z define a complex vector bundle L by 
putting E over X x 1, putting F over X x 0 and using « to “join” 
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them along Y x I. More precisely let 

I,=I— {O}, I,=I- {i}, 

D=eXx0uUYXh, Z=Xx1uYyxh, 

Ey=F, E,=E, 

and let f4:Zy>X, A: 2,2 X, [:Z—~X be induced by the product 
projection X x [-> X. Then /¥(E,) is a bundle over the open set Z, 
for ¢= 0, 1 and « induces an isomorphism /¥ (Z,) > /*(Z,) on the open 
set Z,2Z,= YX (gq). This gives the required bundle L over Z. 
The element L — /* F of K(Z) is trivial when restricted to X x 0. Since 
{:Z>X =X x 0 is a retraction map, we get a short exact sequence 

0-> K(Z, XX 0) K(Z) == K(X x 0} > 0 

which splits. Thus ZL —~/* F and this splitting define an element 
a(E, F, ain K(Z, X x 0) = K(X, Y). The element d(Z, F, a) is called the 
difference bundle of the triple (E, F, a). The following properties of the 
difference bundle are easily checked (ATIYAu-HirzEBRUCH [7], Prop. 3.3). 

Theorem 24.2.1. I) If /:(X, ¥)-— (X’, ¥’) is @ map then 
a(f* ES PR, fal) = fh d(E FY, a). 

I) d(£, F, «) depends only on the homotopy class of a. 

Til) If Y = @ then d(E, F, a) = E —F. 

IV) If 7’: K(X, Y) > K(X) is as in (8) thenj' d(E, F, a) = E -F. 
V) dE, F, «) = 0 if and only if there ts a vector bundle G over X such 

that «@ 1 extends to an isomorphism E @ G-> F @ G over the whole of X. 

Vi) d(E, @ Ey, F, © Fy, a, © %) = d{E,, Fy, a) + d{Ey, Fo, a). 

VID @(E, F, a) + d\F, E, a7) = 0. 

VII) If B: F|Y > GIY is an isomorphism over Y then d(E, G, B a) 
= d(E, F, a) + d(F, G, p). 

24.3, There is an important special case in which the CaeRn character 
of the difference bundle d(Z, F, a) can be computed by 24.2.1 IV). 

Let W be a real vector bundle with fibre R?* and group S0(2q) 
over a compact space X. Let B(W), S(W) denote the unit disc and unit 
sphere bundles of W and 2: B(W)-» X the projection map. We shall 
consider difference bundles d(x* FE, x* F, a) where £, F are continuous 
complex vector bundles over X and « is an isomorphism 

a® E|S(W) > a* FIS(W). 

The CHern character of the difference bundle is then a relative class 

chd(x* E, n* F, «) € H*(B(W), S(W): Q) . (4) 
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The cohomology ring H*(B(W), S(W);Q) has been described 
by Tuo [1]. Itis a free module over H*(B(W), Q) = H* (X, Q) generat- 
ed by a class 

U€ H*(B(W), SW); Q). 

The Tuom isomorphism g,: H#(X, Q)—> H#+*2(B(W), S(W); Q) is 
defined by @, (x) = (x* x)-U and is an isomorphism for all 4. Let 7 
be the embedding (B(W),@) > (B(W), S(W)). A comparison with 4.11 
shows that the EuLer class e(W) of W can be defined (since a* is an 
isomorphism) by 

pU =a* e(W). (5) 
It follows that 

J* x (*) = a*(x-e(W)) for x¢ H*(X, Q). (8) 
Theorem 24.3.1. Le E, F be complex vector bundles over X, and W 

a real oriented vector bundle over X. Let B(W) and S(W) be the unit disc 
and unit sphere bundles of W, 1: B(W)->X the projection map and 
a: a® E|S(W) > 2* F\S(W) an isomorphism, Then 

e(W) + gyi chd(x* E, xn* F, a) = chE —chF. 

Proof: j* chd(a* E, n* F, a) = chj' d(x* E, x* F, «) 
= cha* E —- cha* F 

by 24.2.1 IV), and therefore 

P* Pe Py chd(x* E, a* F, a) = a*(chE — chF). 

By (6) this gives 

a*(e(W) + wy chd(ac* E, x* F, a)) = x* (chE — chF) 

and the result follows from the fact that x* is an isomorphism. 
We consider a case in which 24.3.1 gives an explicit formula for 

gy chd(a* E,a* F, a). Suppose that W is induced by a map 
{:X-—> G* (2g, N;R) from the standard vector bundle W’ with fibre 
R** over G* (2g, N; R) [see 4.1 a)]. Then / induces a map 

g:(B(W), S(W)) > (B(W"), S(W’) . 
Suppose that £’, F’ are complex vector bundles over ©* (2g, N; R) 

such that E = /* E’, F = /* F’ and that «’: E'|S(W) > F'|S(W’) is an 
isomorphism such that a= g* @’. 
Then by 24.2.1 I} 

va) chd(x* E, x* F,a) = [* py chd(a'* E',2'* F', a’). 

If NV is sufficiently large the ring H*(G* (2g, N; R), Q) has no divisors 
of zero in dimensions = dim_X (Borer [2]) and therefore Theorem 24.3.1 
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implies that 
ch B’ — chF* 

<r) ) 
where the right hand side is uniquely defined. Note that (7) implies 
that, under the above assumptions, py) chd(n* E, x* F, a) does not 
depend on the particular isomorphism «. 

a chd(n* E, n* F, a) = f* 

24.4. An example of a difference bundle which satisfies the assump- 
tions made in 24.3 is given by the following construction of Koszut. 

Let A be a complex vector space of dimension g and 4’ A the 7-th 
exterior power of A. For each w € A there is a linear map 

Bi WHA A>RA, ret, (8) 

defined by B,(u,A++* A dp_q) = HA HL A+*+AU,_y. Since the exterior 
product does not depend on any choice of basis for A it is also defined for 
vector bundles and (8) gives 

Theorem 24.4.1. Let E be a continuous complex vector bundle with 
fibre C, over a topological space X, and let s be a never zero section of E. 
There ts an exact sequence 

0+ WES BE +-+- +E Ss WE +O 
where B, is given by exterior product with s. 

Now let X be a compact space, B(Z) and S(E£) the unit disc and 
unit sphere bundles of the real vector bundle underlying E and 
2: B(E)-» X the projection map. There is a canonical never zero sec- 
tion of a*E over S e) and hence an exact seauenct 

0 > Fo|S(E) > F,|S(E) > ++» > Fy_s|S(E) * F,|S(E) +0 
where F, = x* 2, E. Hermitian metrics for each F, define adjoint 
homomorphisms fF : F,|S(£) > F,_,|5 (Z). The homomorphism 

B: 2 Fr lS(B) > 2) Fe543|S (E) 
s 

defined by (fo: fa fa ---) = (Bi fo — BE fa Bs fe— BE fy ---) is an 
isomorphism whose homotopy class does not depend on the choice of 
hermitian metrics for F,. By 24.2.1 there is a unique element 

a(E) = d (2 Faw 2 Passe B) € K(B(E), S(E)) 

which behaves functorially with respect to maps {: X > X’. 
Theorem 24.4.2. Let 7 be a continuous U(q)-bundle over a compact 

space X and E a vector bundle associated toy. Let 

se : H*(X, Q) > H*(B(E), S(Z); Q) 
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be the Taom tsomorphism. Then 

Ye chd(E) = (—1)* (tdy*)*. 
Proof (compare AtryaAH-Hirzeprucn [7], Prop. 3.5): Let 7 be 

induced from the universal U(g)-bundle ~ over G(g, N; C) by a map 
{:X— Gq, N; C). The argument of 24.3 shows that 

Z iyenre 
gx" cha(E) = f*——_ 

where the right hand side is well defined provided that N is large enough. 
The result then follows from Theorem 10.1.1. 

24.5. The element d(£) can be used to define a homomorphism 
p,: K(X) > K(B(E), S(E)) of K (X)-modules. Let 

g,a=(—1)°d(E)*-a'a for a€ K(X). 
Then ch, 4 = g,((tdy)-?- cha). In fact gy, is an isomorphism analo- 
gous to the Taom isomorphism for cohomology. The proof depends on 
the special case when X is a point, which in turn depends on the Bort 
periodicity theorem: 

Theorem 24.5.1 (Bort [2], [5]). Let X be a compact space. There is a 
commutative diagram 

K(X) @ K(S*) K(X x 8) 

al | 

H*(X, Q) @ H*(S*,Q) ——> H*(X x S*,Q) 
where B is induced by tensor product of bundles, « by cup product, and 
both are isomorphisms. 

An elementary proof of Theorem 24.5.1 has been given by ATrvaH- 
Bort [1]. For the corresponding periodicity theorem for the GRoTHEN- 
DIECK ring of real vector bundles see Woop [1]. 

Theorem 24.5.2. Let 4 be a continuous U(g)-bundle over the 2n- 
dimensional sphere S$". Then (ch, ) [S**] ts an integer. Equivalently 
(Gn (m)) (S**] ts divisible by (n — 1) 1. 

Proof: Let h € K (S*) correspond to the U (1)-bundle y, over $* = P, (C) 
defined in 4.2. Then 1 and & are generators for K(S*) and hence 
(ch,g) [S*] is an integer for all g ¢ K(S*). Theorem 24.5.1 implies that 
(ch, f) [S? x --- x S®] is an integer for all f ¢ K(S? x --+ x S?). Represent 
5?* as the reduced product of » copies of S? and consider the identification 
map p: S*x -++ x S#-> §**, Then (ch, ' 3) [S?x --+ >< $8], and hence 
(ch, 2) [S*"], is an integer for all 6 € K(S**). The final statement follows 
from the Newron formula (10.1) 

wn! ch,b = (— 1)*"' » ¢,(b) + products of lower degree terms. 

& 
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Theorem 24.5.2 is also due to Bort who originally gave a direct proof 
using Morse theory (Botr [3]). It implies that S** does not admit an 
almost complex structure for n = 4 (if @ were a tangent GL(m, C)-bundle 
then 4.11 (16) would imply that (¢, (6)) [S*"] = 2}. Kervarre and MItnor 
deduced from Theorem 24.5.2 that $?"—1 is parallelisable if and only if 
n= 1, 2 or 4 (KERVAIRE [1], Mitwor [2]; see also Boret-HirzEBRUCH 
[1], §26.11 and Atryan-Hirzeprucn [5)). 

Consider the homomorphism 9, : K(X) -> K(B(E), S(Z)) when X is 
a point. Then K(B(E), S(Z)) = K (S*4, y_) for some base point yy € S?4 
and ,:Z—> K(S*4,y,) is a homomorphism with (ch, gy, 1) [S?4] = 1. 
In this case it can be shown that #': K(§*%) > K(S? x --- x S%) is 
a monomorphism and that g,: Z— K(S*2,y,) is an isomorphism. It 
is often convenient to introduce the element A= 1+ ,1¢ K(S*%). 
For g = 1 this coincides with the element used in the proof of Theorem 
24.5.2. The same argument involving reduced products implies that 
Theorem 24.5.1 holds with S? replaced by $4 for any ¢ > 0. 

The Botr periodicity theorem is the basic tool for the definition 
of the complete ‘extraordinary cohomology theory” K*(X, Y) (see 24.1) 
and hence also for the proof of the THom isomorphism theorem mentioned 
above. We give one further application: to the proof of differentiable 
analogues of the Rremann-Rocu theorem. 

Let 7: X-— Y be an embedding of compact connected oriented 
differentiable manifolds such that the normal bundle E of X in Y 
admits a complex structure, 4. e. E is associated to a U(g)-bundle 7 
as in 24.4.2. There isa mapr: Y > B(E)/S(E) under which all points 
outside B(E)C Y are collapsed to the base point and hence a homo- 
morphism r': K(B(E), S(E)) > K(Y¥). Define j,: K(X) > K(Y) by 
jia=r' p,aso that 

chj, a = r* », ((tdy)-? - cha) 

= jx ((tdn)-? + cha) 
where j, : H*(X, Q) > H*(Y, Q) is the Gysin homomorphism. This is a 
differentiable analogue of the Rremann-Rocu theorem for an embedding 
[23.5 (9)]. We give two corollaries for the case when X is an almost 
complex manifold. 

Theorem 24.5.3. Let X be a connected almost complex manifold. There 
exists an embedding j : X > S** and a homomorphism j,: K(X) > K(S**) 
such that chj, a == j¢(td(X) « cha). 

Proof: Let @ be the tangent U(n)-bundle of X. For q sufficiently 
large there is a U(g)-bundle 4 over X such that 6@7 is a trivial 
U( + 9)-bundle and such that 7 is the normal bundle of a differentiable 
embedding X + C,,,,. We regard S*¥ as the one point compactification of 
Cy where N = #-+ q. The result follows from the equation td 4 - tdy = 1. 
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Theorem 24.5.4. Let X be an almost complex manifold and y a 
U(q)-bundle over X. Then T (X, 7) ts an integer. 

Corollary: The Topp genus of X ts an integer. 
Proof: Let 7:X +S be the embedding constructed in 24.5.3. 

Then 4 determines an element a € K(X) and 

T(X, 9) = %w [ye (td (X) - cha)} 
= xy [chy 4] 

is an integer by Theorem 24.5.2. 
Theorem 24.5.3 is due to AtrvAn-Hirzesrucga [1], [8]. It is a special 

case of a theorem on continuous maps of differentiable manifolds which 
is described in 26.5. Similarly Theorem 24.5.4 is a special case of more 
general integrality theorems on differentiable manifolds (26.1—26.2), 

§ 25. The Arivan-Sincer index theorem 

25.1. Let x,, ..., x, be coordinates for R* and define, for each n-ple 
t== (t,,...,4,) of non-negative integers, 

HA bob 
: i) ___ at s Dt =: (—14) “Gah... axe’ Bax —], (1) 

Let A, B be finite dimensional complex vector spaces and C°(U, A) 
the space of differentiable functions f from an open set UCR" to A. 
The linear map 

D:C°(U, A)» C” (U, B) 

is a linear differential operator of order r if there exist functions 
g, €C~(U, Hom (A, B)) such that 

Df= X Df 
War 

The differential operator D of order r defines a linear map 
o,(D) (v) € Hom (A, B) for each v = (4, (¥,.. +1 %e)) EU x R* by 

o,(D) (v) = ie Be () Vi. HE. (2) 

D is elliptic of order r if, for all u ne U and all non-zero 
Y= (Yu -+ In) ER", v= (w, 9), 

the homomorphism g,(D) (v) is invertible. The homomorphism o,(D) is 
called the symbol of D. Note that the symbol depends on the choice of 
r:if D is regarded as a differential operator of order 7 + 1 then the 
symbol ¢,4,(D) is zero. 

Now let X be a differentiable manifold, ,6* the dual tangent bundle 
of X (see 4.6), B(X) and S(X) the disc and sphere bundles associated 
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to ,O*, and x: B{X) > X the projection map. Let HE, F be differentiable 
complex vector bundles over X and '(E), '(F) the corresponding vector 
spaces of (global) differentiable sections. A linear map 

D: P(E) > T(F) 

is a differential operator of order r if there is an open covering of X by 
coordinate neighbourhoods U, such that, over each U;, we have 
E=U,x A and F=U,;x B and Dis given by a differential operator 
D,: CTM (U;, A) > C° (U;,, B) of order 7. 

Regard z* E, 2* F as subspaces of B(X) x E, B(X) x F respectively 
and define a homomorphism 

a,(D): 2* E>a*F, 

called the symbol of D by 

o-(D) (0, 5 (44)) = (2, FDU 5) (x)) 3) 
where x9€X, v€ B(X), a(v) = x, sCI(E) and f is a differentiable 
function with / (x9) = 0 and df = v. In terms of local coordinates %,,.. ., %q 
at the point x, we have Dt (jr s),. = 0 for |t]< r and 

vy af \4s af \ks Dt(f* s)s, == (—#) (42)... _ (sE)rn 5 (9) 
for |t] =r. Therefore o,(D) (v, s(%»)) depends only on the coordinates 

oF |, 2 of af and on the value s(x,) of s. an, °° Oxy 
This proves that the bundle homomorphism a, (D) is well defined and 

that it agrees at x, with the homomorphism defined by (2). 
If E, F,G are complex vector bundles over X, and if D,: ’(E) + P(F) 

and D,: I'(F)->-I(G) are differential operators of orders 7, and 72, 
then D, D, is a differential operator of order 7, + 7, and 

On41, (Ds D,) = or,(D,) o,,(Dy) - 
Definition: The differential operator D is elliptic of order 7 if 

6 =: g,(D)|S(X) is an isomorphism. 
Remark: If D is elliptic then EZ, F have the same fibre dimension. 

A monomorphism between vector bundles of the same fibre dimension 
must be an isomorphism. Therefore D is elliptic provided that E, F 
have the same fibre dimension and that, if s ¢ (E) is a section with 
s(x} +0 and / is a differentiable function with f(x)=0, d/(x) +0, 
then D (ff s) (x) + 0. 

25.2. Now suppose that X is compact with a RreMANN metric, The 
volume element makes it possible to define integration over X. Suppose 
that the complex vector bundles Z, F are given hermitian metrics 
H(,). A differential operator D*: D(F)—> F(E) is called a formal 
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adjoint for D if for alls €I'(E), t€ I'(F) 

fH(Ds,) =f H(s, D*#). 
x x 

The hermitian metrics on E, F define metrics on x* E, 2* F. Therefore 
the symbol o,(D):2* E-»>2*F defines an adjoint homomorphism 
6,(D\*ia* F+>a* FE 

Theorem 25.2.1. Let X be a compact differentiable manifold with a 
RIEMANN metric, and E, F differentiable complex vector bundles over X 
with hermitian metrics. There exists a unique formal adjoint D* for D and 

o,(D*) =0,(D)*. 
For the proof see Paxats [1]. If D is a differential operator of order r 

then D*D: I'(E) >. I(E) is a differential operator of order 2r by 25.1. 
With respect to the hermitian metrics in £, F 

H(¢, 0y,(D* D) e) = H(o,(D) ¢, o,(D) ¢) 
for all ¢ + 0 in a* E. Therefore if D is elliptic, D* D is strongly elliptic, 
#.¢. H(e,o,,(D*D) e) > 0 for all e+ 0 in a* E. Conversely suppose 
that E, F have the same fibre dimension and that D*D is strongly 
elliptic. Then ¢,(D)|S(X) is a monomorphism and hence D is elliptic. 

Let ker D and coker D be the kernel and cokernel of the differential 
operator D. If D is elliptic then D* is elliptic, ker D is finite dimensional 
and dim ker D* = dim coker D (Patats [1], Getranp [1]). The index, 
or analytic index, +(D) of D is defined by 

t(D) = dim ker D — dim coker D = dim ker D — dim ker D*. (4) 

Vexvua and GELFAND [1] conjectured that the integer 7(D) could be 
expressed in terms of topological invariants. This conjecture was checked 
in special cases by AcRANovic [1], Dynin [1], Votrert [1], [2] and 
others. 

25.3. Let X be a compact differentiable m-dimensional manifold, 
which need not be orientable, and ,@ the tangent GL (m, R)-bundle of X. 
Let T* be the total space of the covariant tangent vector bundle p&* 
of X and 2: T* -» X the projection map. Then T* is a 2m-dimensional 
manifold with tangent GL(2m, R)-bundle «* ,0 @ a* ,0*. A RIEMANN 
metric on X defines an isomorphism pg ~ 26* and hence (in the notation 
of 4.5) an isomorphism 

nO © 2% 6* = 27,0 @ 25,0 ~ a(n* p(p9)) 

Therefore the GL (m, C)-bundle 7 = x* w(g6) gives an almost complex 
structure for the manifold T*. For a detailed study of the almost complex 
structure on T* see DomBrowsxt [1]. 
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In terms of local coordinates %,, . . ., ¥,, an element v in the fibre of T* 
ms 

over (0,...,0) has the form }' v,dx;. The ordering of coordinates 
a, : 

(X41, M4, - + +s %m: Um) defines the orientation of T* induced by y. This 
orientation induces orientations of the unit disc bundle B(X) and the 
unit sphere bundle S{X) and hence a fundamental cycle in 

Hymn (B(X), S{X);Q). 
The value of a cohomology class 4 ¢ H*(B(X), S(X)}; Q) on the funda- 
mental class is denoted by x?* [1]. 

Let D: P(E) > P(F) be an elliptic differential operator of order 7 
with symbol o,(D). By 24.2 the restriction o = o,(D)|S(X) defines a 
difference bundle d(n* E,a* F,o) in K(B(X),S(X)) with Chern 
character 

chD € H*(B(X), S(X);Q). 

The relative cohomology group #*(B(X), S(X);Q) can be regarded, 
using the relative cup product, as a module over H*(B(X), Q). The 
topological index + (D) of D is then defined by 

y(D) = x2" [chD + td). (5) 

Theorem 25.3.1 (Arrvan-Sincer [1]). Let BE, F be differentiable 
complex vector bundles over a compact differentiable manifold X and 
D: P(E) >I) an ecliptic differential operator. Then t(D) = y(D). 

Corollary: y(D) ts an integer. 
The Atryau-SInGER index theorem +(D) = y(D) implies Theorem 

21.1.1 (R-R) for an arbitrary compact complex manifold V. In addition 
it implies the index theorem of Chapter Two (Theorem 8.2.2). These 
implications are proved in 25.4. The proof of Theorem 25.3.1 is discussed 
very briefly in 25.5. In certain cases it can be proved directly that 
y(D) = 0. Theorem 25.3.1 then implies that 1(D) = 0. For example 

Lemma 25.3.2. Let D be an elliptic differential operator on a compact 
differentiable manifold of odd dimension. Then y(D) = 0. 

Proof: Let D: P(E) >I (F) be elliptic of order 7. If v€S(X), 
a(v) = x, then the symbol o,(D) (s, x): E, > F, is defined by a homo- 
geneous polynomial of degree r in the local fibre coordinates ¥,, ..., Up 
for B(X). Therefore 

a, (D) (%, ~») = (—1)" 6, (D) (2, ») « 6) 
Let f:B(X), S(X)—> B(X), S(X} be the antipodal map and §:2*F->a*F 

scalar multiplication by (— 1)’. Then (6) gives 

Bo,(D) = fF o,{D): [* x* E> ft ak F. 
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Therefore, since a { = a and /* x2* = z*, 

d(n* E,a* F, [* o) = d(n* E,2* F, Bo). 

It follows from Theorem 24.2.1 that since f is homotopic to the identity 

d([* a* E, 7* a* F, f* o) = d(a* E, x* F, 0), 

/®chD=chD. 

On the other hand tdy is a class in H*(B(X}, Q) = H*(X,Q) and so 
f* tdyn = tdy. If X is odd dimensional the map f is orientation reversing 
and therefore —y(D) = y(D). 

If X is orientable, ,& is associated to the $O(m)-bundle ,9. There 
is a THOM isomorphism 

px: H*(X, Q) > H*(B(X), S(X); Q) (7) 
defined by the orientation of X, and the orientation of B(X) given by 
the ordering of coordinates (%,, ..., Xm. Up +++. Um). This orientation 
differs from that used above by a factor (~ 1)}"("—-, Therefore 

y(D) = gyi ((— 1) F*-9 chD - tdy) [X] 
== 2" [pgi((— 1)4* 6-9 chD)- tdyp (29)] . (8) 

The Topp class tdy(g6) can be expressed as a polynomial in the 
PONTRJAGIN classes $,(X) = (— 1)! cg;(y(p@)) of X: if 

b(X) = [7 (1 + 97) €H*(X, Q) 
then (see 4.5) , 

e(p(r®)) = IT — y= IT + 93) (L — 94) 
and so 

tdp (a) = Ir i ee ) ( 5) = eevee (9) 
i i 

The right hand side is a symmetric function of the y} and is therefore 
expressible as a polynomial in the #,(X) (compare the corresponding 
formula in 1.7). 

25.4. In this section we outline two important applications of the 
ATIVAH-SINGER index theorem. Further details can be found in Patats 
[1], Carran-Scuwartz [1]. 

a) Let V,, be a compact complex manifold of dimension » and W a 
complex analytic vector bundle over V,, with fibre €,. We wish to 
show that Theorem 25.3.1 implies the Riemann-Rocnu theorem 
1 W) = TV,, W). Let T be the complex covariant tangent vector 
bundle of V,.In the notations of 15.4, (W @ 4° T) = A%*(W). The 
differential operator 

6+O:P(RWerT)-I(y We vt) 
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is self adjoint [15.4 (9)]. Since d is of degree + 1, and @ is of degree —1, 
the differential operator 6 + # maps odd degree forms into even degree 
forms and conversely. Let 

E=VWemPT, F=VWoeset, 

D=6+6:I(E)-T(F). 

Then D is a differential operator of order 1. The decomposition 

A®? (W) = § A%?-1(W) @ F A%P+1(W) @ B%?(V, W) 

of 15.4 shows that if da+0B=0, «€A%?-1(W), BE A%?+1(W), 
then 6 « = # § = 0. Therefore 

ker D = 3° B6.28(V, W), 

ker D* = 3) BUt*+1(V, W). 
s 

By Theorem 15.4.1 

t(D) = dim ker D — dim ker D* 

ax J) (— 1? dim H?(V, W) = x (V, W). (10) 
r 

Let y¢# be the complexification of the real dual tangent bundle 
n&* of X. The isomorphism p&¢ = T © T {see 4.7 (12)] defines a projec- 
tion map #:,gS*—- 7. The induced map y*-> F can be used to 
identify the disc bundle B(X) = B(pS*) with B(T). We assume this 
identification when calculating the symbol of the differential operator D. 
By (3) the symbol of J: P(ar-! F) + I'(a" Ty is defined at df ¢ B(pS3), 
Uy A tg N***A thy CAT! FT by 

0,(0) (af, uy Art A Uys) = TOP A uy A Hyg 

and at (df) = of € B(T) by 
0, (0) (Of, wy A+++ A tyig) = TOP AMAT A Hy. 

The isomorphism 77 T+ 4° T* [see 15.3.¢)] induces hermitian metrics 
for each 4" F such that @, defined by 15.4 (9), is a formal adjoint for ¢ 
in the sense of 25.2. Therefore, in the notation of 24.4, 

O7 () =4 2, 
o,(D)|S(X) = iB ia*® DS) W@ 24 TS (X) > 2* SW @ 441 IS (X). 

By 24.4, B is an isomorphism and therefore D is elliptic. Alternatively 
an explicit calculation shows that D*D = (1 is strongly elliptic and 
hence that D is elliptic. 
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As in 24.4.2 we have 

gz) ch(D) = ;! chd (x* z W @ AT n* z W @ A+) Pf, A) 

= (—1)* chW - (td 6*)-7 

where § is the tangent U(#)-bundle of V,,. Then 

y(D) = x, [(— 1)3* chW - (td6*)-1- td - td] 
= x, [chW -td0] = T(V,, W). (11) 

Equations (10) and (11) show that Theorem 25.3.1 implies R-R 
for an arbitrary compact complex manifold V,. The same theorem 
applied to the vector bundle W @ A? T' gives 

x? (Vn, W) = T?(Vy, W) and x4(Va, W) = T, (Va, W) - 
In particular the case y= 1 shows that the Hopce index theorem 
(15.8.2) is valid for an arbitrary compact complex manifold. 

b) Now let X be a compact oriented differentiable manifold of 
dimension 2, We wish to show that Theorem 4.11.4 and Theorem 8.2.2 
are both consequences of Theorem 25.3.1. 

Let pF be the complexification of the real vector bundle of covariant 
tangent vectors (see 4.6) and define 

W = DT at pSE. 
r 

A section of W is a complex valued differential form on X. The exterior 
derivative 

4:I(W) > I(W) 

is a differential operator of degree 1 (see 2.12). Equation (3) shows 
that if v= df, w(v) = x, f(x) = 0 and w €I(W) then the symbol of d 
is defined by 

o,(@) @, w(x)) = (8, 80a w(x). 

A Riemann metric on X defines a homomorphism 

aid ree ~» Ainoe nie 

and hence a homomorphism +: J°(W) > I'(W). Since X is even dimen- 
sional the formal adjoint 6 for @ in the sense of 25.2 is defined by 
58=—a#ds, As in 15.4 we have dd=66=0 and (d+ 8) (@+ 8) = 
46+ 8¢d= fA. A form w € F'(W) is called harmonic if Aw = 0. wis har- 
monic if and only if dw = 6w = 0. If Br(X) denotes the vector space of 
harmonic forms of degree r there is a natural isomorphism (pE Ram [1], 
Hopce [1]; compare 15.7) 

H"(X, C) = Br(X) 
and therefore dim B'(X) = 6,(X) is the v-th Berri number of X. 
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The differential operator 2+ 6: F(W) +> IF(W) is self adjoint. 
We therefore seek decompositions W = E @ F such that 

D=44+6:T(E)> IF) 

is elliptic. Consider the endomorphisms of W defined by * and 
a=irerth—ns: Ar pot > J2"—-* pSF. Since X is even dimensional 
we == (— 1)" and a? = (— 1)" ¥* = 1. The eigenspaces of the involutions 
** and a provide decompositions of W of the required type. 

1) Define E = ¥) 2?* p88, F = Y) A2#+1 pS# and 

D=d4+8:I(E)>-T(f). 

In the notation of 24.4 the symbol of D is 78 and therefore D is elliptic. 
Alternatively an explicit calculation shows that D*D = A is strongly 
elliptic and hence that D is elliptic. As in a) 

y(D) = dim ker D — dim ker D* = 37 (— 1)" dim Br(X) . 

Therefore »(D) is the EuLer-Porncaré characteristic E(X) of X. 
By Theorem 10.1.1, if y@ is the tangent $0 (2n)-bundle of X, 

chE — chF = ¢an(p (nO) - (ty (26) 
= (— 1 (e(ad))? ed p(af))* - 

By 24.3 (7) and 25.3 (8), y(D) = ¢(p6) [X]. Therefore Theorem 25.3.1 
implies Theorem 4.11.4 for even dimensional X. The case of odd dimen- 
sional X is covered by Theorem 25.3.2. 

2) Now let E, F be the eigenspaces corresponding to the eigenvalues 
+1, —1 of «. The argument of 1) shows that the differential operator 
d+ 6: F'(W) -» I'(W) is elliptic. Now a(d + 6) = — (d+ 8) a and there- 
fore there is a differential operator 

D=d+6:T(@E)>P(F). 

The symbols of D and d + 6 form a commutative diagram 

nt EO gt BF 

at Ww ae. aw 

in which vertical arrows denote inclusions. Since o,(¢ + 6) is an iso- 
morphism over S(X) the symbol ¢,(D) is a monomorphism. The same 
argument shows that o,(D*) is a monomorphism and hence (see 25.2.1) 
that o,(D) is an epimorphism. Therefore D is elliptic. 

The kernel of D is the space of harmonic forms @ such that «w= w. 
The kernel of D* is the space of harmonic forms w such that « w = —. 
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Thus (compare the proof of Theorem 15.8.2} 

=(D) = dim ker D — dim ker D* = dim B*_(X) — dim B* (X) 

where B*(X) is the subspace {w € B*(X); 2 @ = +o} of B*(X). The 
homomorphism «: 4" g¥_ > A" y&_ is defined by « = 1+ for # odd and 
a=* for » even. If 2 is odd the mdp w— @ is an isomorphism 
BY, (X) > BY (X) and therefore 1(D) = 0. The direct sum 

H*(X, C) = BY (X) @ Bt (X) 
induces a corresponding direct sum, when 1 is even, 

H*(X, R) = BY »(X) @ Bt p(X) 
where B* ,(X) is the subspace {@ € BY. (X); o = &} of Bi, (X)- The 
inner product (a, @,) = i @, A * ©, on BR(X) = H"(X,R) is positive 

definite and Bt. 2(X), Br sn(X) are orthogonal with respect to this 
inner product if m is even. The quadratic form Q(ay, w,4) = f A mg 

x 

is positive definite on BY ,(X) and negative definite on B® »(X). 
Therefore if » is even, dim BY, (X), dim B* (X) is the number ,, p_ of 
positive, negative eigenvalues of QG. Hence 1(D)=,-—/. is the 
index of X as defined in 8.2. 

A calculation on the classifying space @* (2, N; R) which is similar 
to 1) and which is given with full details in Parais [1], shows that, in 
terms of the factorisation 

p(X) =H (+9), ela6*) =I ¥ 
chE —chF = [[ (e! — 0%) 

Tut 

and therefore by 24.3 (7) and 24.4 (7) 

nt O77 — OG Pp chD = ; I — yo 

— m A i Rae dd . 3 ened y(D) = 7" 0 i 45 ae =| 
_ * cosh $9, = xin IT); sinh $y, 

= xi" | On IT + 5 (tanh = ») | 
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Therefore Theorem 25.3.1 implies Theorem 8.2.2. The case of odd 
dimensional X is again covered by 25.3.2. 

25.5. There are two proofs of the ATTYAH-SINGER index theorem. The 
first proof, which is modelled on that of Theorem 8.2.2, was outlined in 
ATIYAH-SINGER [1]. Details can be found in Parars [1] and CarTAN- 
Scuwartz [1]. The second proof appears in ATIYAH-SINGER [2]. 

The starting point for both proofs is the fact that formula (8) defines 
the index (2) for any element b€ K(B(X), S(X)). We wish to extend 
the analytic index 7(D) similarly so that it becomes a function 
t:K(B(X), 5(X)) > Q. It is known that homotopic operators have the 
same analytic index and that symbols which determine the same differ- 
ence bundle are homotopic. Thus the index will depend only on the 
difference bundle if (i) a homotopy between symbols can be raised to a 
homotopy between operators. The function ¢ will be defined if (i) every 
b€ K(B(X), S(X)) is the difference bundle determined by some elliptic 
operator, In general neither (i) nor (ii) is true for elliptic differential 
operators. It is necessary to introduce the elliptic integral operators 
of SreLrey [1]. This class includes the elliptic differential operators 
but is large enough for (i) and (ii) to hold. In this way the analytic 
index defines a homomorphism +: K(B(X), S(X)) > Q which always 
takes integral values. 

The remainder of the proof is devoted to showing that the two 
homomorphisms 

y: K(B(X), S(X)) > Q, 
t: K(B(X), S(X)) > Q, 

coincide. We summarise both methods very briefly. In the first it is 
assumed that X is oriented and even dimensional. 

a) By 25.4b) there is a differential operator D, over X whose topo- 
logical index is the L-genus of X. Let ,¢ K(B(X), S(X)) be the 
corresponding difference bundle. The ring K(B(X), S(X)) is a 
K (X)-module (24.5) and the function y is determined completely by its 
values on the subgroup K(X)- 8) of finite index. Define a function 
y(X, ): K(X) > Q by 7 {(X, 4) = y (0-5). Im fact y(X, 8) is none other 
than the T,-characteristic of 6 with y = 1 (this is defined also for dif- 
ferentiable manifolds and by 12.2 (13) the definition can be extended 
to elements }¢ K(X)). The homomorphism has the properties 

I) y(X4+ Y,6+¢)=y(%,8)+ y(Y,¢) where on the left hand 
side + denotes disjoint union (net direct sum) ; 

II) y(Xx Y,b@c)=7(X,5) y(¥,c) where @ denotes tensor 
product; this follows from 12.2 (14) with y = 1; 
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IID) »(X, 3) = 0 if there exists a manifold X’ with boundary ¢.X’ = X 
and an element 8’ € K(X’) whose restriction to X is 6; this is proved by a 
more complicated version of Theorem 7.2.1; 

IV) y»(S**, 4) = 2* where h € K(S**) is the element with x**[ch 4] = 1 
defined in 24.5; by 12.2 (10) we have, ifchh = J) e%, 

y (St, A) = x8" 4] = 2°22 [ch h] = 2"; 

V) y@an(O, 1) = 1; this follows from 1.5.1. 

The next, and most difficult step in the proof is to show that the 
analytic index t also satisfies properties 1)—V). Finally it is shown that a 
function K(X)->Q is uniquely determined by properties I)—V). As 
in 7.1 we consider a cobordism group Q,. For each » = 0, Q, is obtained 
by considering pairs (X, b) with X a compact oriented #-dimensional 
differentiable manifold and 6¢€ K(X). A pair (X, 6) bounds if there 
exists a manifold X’ and element 6’¢€ K(X’) such that X = @X" and 
b= b'|X. The groups 2, ® Q are determined as in 7.2.3: elements of 
Q, & Q are determined uniquely by mixed PontRyAcin-CHERN numbers 

~;,(X) .- - b;,(X) > chy, (8) . . . chy, (6) [X] . 

Properties I)—III) show that y gives a function Q= J’ Q,>Q. 
w= 

Properties IV), V) are sufficient to determine y on the generators of 
Q @ Q and hence to determine y uniquely. A general theory of such 
cobordism groups of pairs can be found in Conner-FLovn [1]. 

The theorem for X odd dimensional follows by considering X x $'. 
b) The second proof that the homomorphisms y and + coincide does 

not depend on cobordism theory. By 25.3 the unit disc bundle B (XX) is an 
almost complex manifold with boundary S(X). For convenience we write 
T* X for B(X) — S(X) and K(T* X) for K(B(X), S(X)). Let V = R*¥ so 
that K(T*V) = K(S*,y,) = Z. An embedding XCV defines an 
embedding 7: T*X-»>T*V. Now Theorem 24.5.3, suitably modified 
to apply to manifolds with boundary, implies that there is a homo- 
morphism 

fy K(T#X) > K(THV) =Z 

such that 7,4 = 2" [ch a-tdy] where om is the dimension of X and 9 
is the tangent GL (m, €)-bundle of T*X. By 25.3 (5) the homomorphism j, 
coincides with the homomorphism y: K(T*X)— Q. Note in particular 
that y always takes integer values, so that for applications of the ATTYAH- 
SINGER index theorem to integrality theorems (26.2; MAYER [1}) the full 
proof is not needed. 

It remains to prove that the homomorphism 7, coincides with the 
analytic index +: K(T* X) > Z. The first part of the proof consists in 
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extending the definition of ¢ to apply to operators on non-compact 
manifolds U, V. This is done by SeELzy [1]. The result is a diagram 
of homomorphisms 

K(T#X) + K(T*#U) > K(T#V) “© K(y,) 

Z ia, Z id + Z td Z 

in which U is a tubular neighbourhood of X in V, the g, are THom 
isomorphisms (see 24.5) and r' is induced by the map T* V - T* U which 
collapses everything outside TU to a point. The second and difficult 
part of the proof consists in proving that each of the squares in this 
diagram is commutative. 

The techniques involved in this proof have been extended by Atrvan 
to give generalisations of the Ariyvan-SincEr index theorem which apply 
to manifolds with boundary (Ativan-Botr (2]), to families of elliptic 
operators (Sun [2]), and to actions of compact Liz groups on differ- 
entiable manifolds (ATIYAH-SINGER [2], [5]). 

25.6. The latter development can be described briefly as follows. 
Let X be a compact space, and G a compact Liz group which acts on X. 
Then a G-vector bundle over X consists of a complex vector bundle E 
over X together with a G-action on £, commuting with the projection 
E-»X, given by linear maps g: E,>E,, for all g€G, x€X. The 
definitions of 24.1 can be imitated in this case to give a GROTHENDIECK 
ring Kg(X) “of G-vector bundles over X”’. In the special case when G 
consists only of the identity element, Kg (X) coincides with K (X)}. When X 
is a point, K(X) is the representation ring R(G) of G. If Y is a G-stable 
closed subspace of X then the relative group Kg(X, Y) is defined. Note 
that the groups Kg(X), Kg(X, Y) depend not only on G, X, Y but also 
on the particular action of G on X. The results in K-theory mentioned 
in § 24 all have analogues (due to Ativan and SzGat) in K,-theory. 

Now suppose that X is a compact differentiable manifold, and that 
G acts differentiably on X. If E is a differentiable G-vector bundle over X 
(that is, both E and the action of G on E are differentiable) there is an 
action of G on the space J"(E) of differentiable sections of E defined by 

(gs) (%)=g-s(e**), g€G,s EI), x EX. 
Let E, F be differentiable G-vector bundles over X and 

D: P(E)> IF) 

an elliptic differential operator compatible with the action of G. Then 
G acts linearly on the finite dimensional vector spaces ker D and coker D. 
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The analytic index of D is the element +(D) of the representation ring 
R(G) of G defined by 

t(D) = kerD — cokerD. 

When G consists of the identity element, R(G) = Z and this definition 
coincides with 25.2 (4). 

On the other hand it is possible to define a topological index y (D) CR(G) 
which reduces to that defined in 25.3 when G is the identity. The defini- 
tion involves, not only the symbol of D and the Pontryain classes of X, 
but also the fixed point sets X? of elements g €G. 

The second proof of the Atryan-SINGER index theorem (25.5) can 
be given in terms of Kg-theory, and then shows that 7(D) = y(D) for 
every elliptic differential operator D compatible with the action of G. 
There is a G-invariant metric on X, and hence a G-action on the disc 
pundie B(X) for which S (X) is a G-stable subspace. The elliptic integral, 
or “pseudo-differential”, operators of SEELEY are used to define homo- 
morphisms 

7: Kq(B(X), S(X)) > R(G), 
y: Ke(B(X), S(X)) > RG), 

which are then proved to coincide. 
Consider the special case in which G is a cyclic group, and in which the 

generator g: X -> X has only simple fixed points [a fixed point % € X is 
simple if det (1 — ¢dg,) & 0, where dg, is the induced map on the tangent 
space to X at x; this implies that x is an isolated fixed point]. In this 
special case the formula 1(D) = y(D) is also given by a “Lurscuerz 
fixed point formula” (Atryan-Borr [4]). The latter theorem, which 
is proved by quite different methods, applies to more general maps 
f{:X-»X (again with only simple fixed points, but not necessarily the 
generator of a cyclic group acting on X). As in 25.4, applications follow 
by considering particular differential operators D. Thus the operator of 
25.4a) gives a theorem, on the fixed points of a holomorphic map 
{:V—+V of a compact complex manifold V, which is analogous to 
R-R. The operator of 25.4b) gives 1) a theorem analogous to the 
HinzEBRUCcH index theorem, and 2) the original Lerscurrz fixed point 
formula, for a compact oriented differentiable manifold. Full details of 
these results, with a sketch of the proof of the general formula, can be 
found in Atryan-Botrt [4]. 

§ 26. Integrality theorems for differentiable manifolds 

26.1. The AtrvAH-SINGER index theorem implies in particular 
[25.4 a)] that the T-characteristic T(V,, 74) of a complex analytic 
GL{, ©)-bundle 7 over a compact complex manifold Y,, is an integer. 
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This is a. special case of a more general theorem for continuous 
GL (q, C)-bundles over compact oriented differentiable manifolds. 

Let {A (1, ..-, B,)} be the multiplicative sequence with characteristic 

2Vé__ defined in 1.6. The power series —2V2__ 
sinh2yz : sinhi/z 

defines a multiplicative sequence {4,(f,, . . ., p;)} with A; = 24) A;. 
Throughout this paragraph we assume that X is a compact oriented 

differentiable manifold of dimension m with Pontryacin classes #;. 
Theorem 26.1.1. Let d be an element of H?(X,Z) whose reduction 

mod2 is the WHITNEY class w,(X), and y a continuous GL(g, C)-bundle 
over X. Then 

A( pan) = [elt chs 3 Ault» --b)| 
7=0 

“4s an integer. 
Remark: Since X is oriented, w,;,,(X) is the reduction modulo 2 

of an integral Strerer-Wuirney class W,,4,(X). The exact sequence 
0> Z-+>- Z-—->Z,-> 0 defines a cohomology coboundary homomorphism 
d such that dw.,(X) = W:4,(X). Hence there is an element d€ H?+(X, Z) 
whose restriction modulo 2 is w,,{(X) if and only if W.,4,(X) = 0. In 
particular Theorem 26.1.1 can be applied only if W,(X) = 0. 

Ti m is odd then A (x, <a, 1) =. It is therefore sufficient to 
prove Theorem 26.1.1 when m is even. In 26.3—26.5 we give references 
to three proofs of 26.1.1. We first note two important special cases which 
have been proved already in 24.5. 

1) Let X be an almost complex manifold with tangent GL (n, C)- 
bundle @ and 7 a continuous U(g)-bundle over X. Let d= ¢,(6) and 
ps = £:(0 (8). Then equation 1.7 (12) shows that 

power series Q(z) = 

tdd = eb* Y) A,(dp -. .. Ay) 
j= 

and therefore 4(X, 44,1) =T(X, 7). Since the reduction of o(0) 
modulo 2 is w,(X}, Theorem 26.1.1 implies Theorem 24.5.4: the Topp 
characteristic T(X, 4) is an integer. 

2) Let 7 be a continuous U (g)-bundle over the 2%-dimensional sphere 
S**. The Pontryacin classes #,(S?") are zero for ¢ > 0 (see 7.2.1) and 
therefore A (S?", 0, 1) = x** [chy] = (ch,7) [S?"]. Thus 26.1.1 implies 
Theorem 24.5.2: (chy7) [S?"] is an integer. 

26.2. The integrality theorem (26.1.1) is itself a special case of a 
“non-stable” integrality theorem due to Maver [1]. Let & be a 
$O(k)-bundle over X with k = 2s or 2s -+ 1 and consider a formal fac- 
torisation p(2) = i (1 + 9}). 

tml 
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Theorem 26.2.1 (MAYER [1]). Let d be an element of H*(X, Z) 
whose reduction mod 2 ts w,(X) + w,(£), and n a continuous GL (g, C)-bundle — 
over X. Then 

2° 4c [ae - chy» [[ cosh (5) 7 Dy Ay (By - #)| 
is an integer. 

In certain cases Theorem 26.2.1 can be improved by a factor of two 
(Maver [1]). The corollaries of 26.2.1 include 

I) if £ is the zero bundle, Theorem 26.1.1; 
Il) if k= m and & is the tangent bundle of X, the integrality of 

the L-genus (see 1.5 and 8.2); 
IID) if € is the normal bundle of an embedding or immersion of X 

in §"+*, the non-embedding theorems of Attyas-HirzEBrucH [2] 
and the non-immersion theorems of SANDERSON-SCHWARZENBERGER [1]. 

The proof of 26.2.1 is by an application of the Arryan-SincEeR index 
theorem and is outlined in 26.3. 

26.3. Let X be a compact oriented differentiable manifold of dimen- 
sion m = 2n, and W a complex vector bundle over X associated to a_ 
U(g)}-bundle n. If Spin(2) is the universal covering group of $O(2n) 
there is an exact sequence 

1+ Z,-> Spin(2n) —> $O(2n) > 1. 
The tangent bundle of X is an element 20 ¢ H'(X,80(2m),). It can be 
shown that there is an exact sequence of cohomology sets with distinguish- 
ed elements with coboundary map 6: H*(X, SO(2n),) + H*(X, Z,) such 
that 6(,6) = w,(X). Therefore 26 is associated to a Spin (2#)-bundle 
if and only if w,(X) = 0 (BoreL-Hirzeproca [1], § 26.3). 

Suppose that w,(X) = 0. Then it is possible, using the two irreducible 
spinor representations of Spin (2), to construct complex vector bundles 
Wt, W” and an elliptic differential operator (the Drrac operator; see 
Paxais [1]) D: P(W*) > I'(W ) such that y(D) = A(X,0, 7). By the 
Atrvan-SINGER index theorem y (D) is an integer. This gives the following 
special case of Theorem 26.1.1. 

Theorem 26.3.1. Let X be a compact oriented differentiable manifold of 
dimension 2n with w,(X) = 0. Let n be a continuous U (g)-bundle over X 
and d€ H*(X, Z). Then A(X, d,n) is an integer. 

Proof: There is a U(1i)-bundie ¢ with ¢,(&)=d (see 3.8). Then 
A(X, d,n) = A(X, 0, — ® n) is an integer by the above argument. 

Corollary: If w,(X) = 0 then the A-genus of X is an integer. 
The proofs of 26.1.1 and 26.2.1 are similar. Let A,, : Spin(2" -+ 2) > 

> $0 (2% + 2) and A,,,,: Spin (2n +- k + 2)->SO(2" + k +2) be the 
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2-fold covering maps and put 

Gy, = Azq(SO(2n) x SO(2)), Gon,x = An +2(SO(2n) x SO(k) x $O(2)). 
Then G,,, is isomorphic to the complex spinor group Spin* (21) defined in 
ATrvaAu-Bott-SHaprro [1] (see also Hirzeprucn, A RiEMANN-RocH 
theorem for differentiable manifolds, Séminaire BourBAKI, 11 (1958/59) 
and MAYER [1]). There is an exact sequence 

1-> U(1) > G,,, > SO(2n) > 1 

and the tangent bundle p@ of X is associated to a G,,,-bundle if and only if 
w,(X) is the reduction mod2 of an integral class d€ H*({X, Z). The proof 
of Theorem 26.1.1 now proceeds similarly to that of 26.3.1 but using the 
irreducible representations of G,,. Similarly p6@ & is associated to a 
Gan, ,-Dundle if and only if w,(X) + w,(é) is the reduction mod2 of an 
integral class, and the proof of Theorem 26.2.1 proceeds using the 
irreducible representations of G,,, ,. 

Alternatively, 26.1.1 and 26.2.1 can be proved by a direct application 
of 26.3.1 to a certain fibre bundle over X (Roserts [1)). 

In certain cases Theorems 26.2.1 and 26.3.1 can be improved by 
a factor of two. The following theorem, due originally to AtryvaH- 
Hirzeprucs [1], generalises a theorem of Rowiin [1]. A proof using 
complex spinor representations and the Atryan-SINGER index theorem 
has been given by MAveEr [1] (see also Patars [1)). 

Theorem 26.3.2. Let X be a compact oriented differentiable manijold 
with dimX = 4 mod8 and w,(X) = 0. Let & be a continuous 0(k)-bundle 
over X. Then A(X, 0, (é)) is an even integer. 

26.4. A second proof of Theorem 26.1.1 can be found in Parts IT 
and III of Borer-Hirzesrvcs [1]. In this approach Theorem 26.1.1 is 
deduced from the integrality of the Topp genus (Theorem 24.5.4). 
A proof of the integrality of the Topp genus except for powers of two 
is given in 14.3; it depends essentially on the index theorem (8.2.2) and 
hence on cobordism theory. Another direct proof of the integrality of the 
Topp genus has been given by Mitnor [8]: it involves the complete 
determination of the complex cobordism ring {see the bibliographical 
note to Chapter Three) showing that for each almost complex manifold 
we can find an algebraic manifold with the same CazRN numbers. By 
R-R the Topp genus is then an integer also for almost complex 
manifolds. 

26.5. A more direct proof of the izitegrality theorems is due to 
Atryan-Hirzesrucn [1]. As was remarked in 25.5 it is not necessary 
to apply the full Atryan-SincER theorem; the method of 24.5 is sufficient. 
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Every m-dimensional differentiable manifold can be embedded 
in $*", Theorem 24.5.2 implies that (ch,, 6) [S**] is an integer for all 
b¢€ K(S**). Therefore 26.1.1 is a consequence of 24.5.2 and the following 
generalisation of 24.5.3: 

Theorem 26.5.1. Let X, Y-be compact connected oriented differentiable 
manifolds with dim Y — dim X = 2N and le j: X > Y be an embedding. 
Let d€ H®(Y,Z) be an element whose reduction mod2 is w,(X) —j* w,(Y}. 
Then for each element aC K(X) there exists an element j,a such that 

chji a 3 A(Ox(¥).-- BY) he (ca «ht SAP) bs (x) 
(1) 

where j, : H*(X, Q) > H*(Y, Q) is the Gysin homomorphism. 
_ Let » be the normal $0(2N)-bundle of X in Y. The reduction mod2 

of d is w,(y) and (1) can be written 

ce = chj,a = J, (cra : (#4 S 416,60), Ley #6) ) . 
Let B and S be the unit disc and unit sphere bundles associated to v 

and identify B with a tubular neighbourhood of X in Y. There is a 
map r: Y- B/S obtained by collapsing the complement of B-—-S in Y 
to a point, and hence a homomorphism r': K(B, S) -» K(Y). To con- 
struct an element 7,a€ K(Y) which satisfies (1*) it is sufficient to 
construct an element 6¢ K(B, S) such that 

chb ~ oy (#8 py Abr )s = «5 By )) 

where y,: H'(X, Q)-> Htt2¥(Y,Q) is the Toom isomorphism (24.3). 
The existence of 6 is proved by means of the representations of Spin (2.N) 
mentioned already in 26.3. 

The same method applied to the GROTHENDIECK ring of real vector 
bundles yields the original proof of Theorem 26.3.2. Theorem 26.5.1 can 
also be generalised to give: 

Theorem 26.5.2 (Arrvan-Hirzesrucn [1]). Let X, Y be compact 
connected oriented differentiable mansfolds with dim X = dim Y mod2. Le 
{:X—Y be a continuous map, and d€ H*(X,Z) an element whose 
reduction mod2 is w,(X) —j* w,(¥). Then for each element ac K(X) 
there exists an element f, aC K(X) such that 

ch fia 3 Ad(Py(Y),--Ps(¥)) = fa (shart 3 (P02, -- PD) 
where fy: H*(X, Q) + H*(Y, Q) és the Gvsin homomorphism. 

(1*) 
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Proof: Factorise { as the composition of an embedding X + Y x S87 
and a product projection Y x $*¥-> Y. The theorem is true for the 
embedding (26.5.1) and for the projection (24.5.1). Hence it is true for 7. 

In the special case in which X, Y are connected almost complex 
manifolds and d = c,(X) — /* ¢,(Y), Theorem 26.5.2 gives the following 
differentiable analogne of G-R-R: for each element a€ K(X) there 
exists an element f, aC K(Y¥) such that 

chf, a+ td(Y) = f,(cha- td(X)) . 
Bibliographical note 

‘Where no other reference is given the material in this appendix is based either 
on the appendix to the second German edition or on one of the following mimeo- 
graphed lecture notes: Lectures on characteristic classes, Princeton 1957, by J. 
Mu.nor; Lectures on K(X), Harvard 1962, by R. Botr; Topology seminar, Harvard 
1962, lectures by M. F. Atryau, R. Bort and I. M. Sincer; Seminar, Bonn 1963, 
lectures by F. Hrazesrucse, E. Briesxorn, K. Lamorgee and K. HW. Maver; 
Seminar on the Ativan-Sincer index theorem, Institute for Advanced Study, 
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K-theory, Harvard 1965, by M. F. Arryvan; Equivariant K-theory, Oxford 1965, 
by M. F. Artyan and G. B. Scat. An excellent survey of much of the work describ- 
ed in this appendix is given in a series of reviews by Borr [especially Math. Rev. 22, 
171—174 (1961); 22, 1153-1155 (1961) and 28, 129-130 (1964)]. 

The ATIvan-SINGER index theorem for actions of a compact Lire group G, and 
the Atrvan-Bortt fixed point formula, have been mentioned briefly in 25.6. Until 
complete published versions become available, the following temporary references 
will be found useful: Artvan-Borr [8] and a lecture by Borr in the Séminaire 
Boursakr, 18 (1965/66). In addition the notes Eguivariant K-thgory give the 
explicit construction of the topological index y(D) in the case that G is a torus 
or cyclic group, with remarks on the definition for an arbitrary compact Liz proup. 
A. survey lecture by Hirzesrucn (Elliptische Differentialoperatoren auf Mannig- 
faltigkeiten, WereRsTRASS Festband, Westdeutscher Verlag, Opladen 1966) states 
the theorems for differentiable maps {: X -» X in the two cases: / has only simple 
fixed poinis (fixed point formula; see 25.6) and f has finite order (index theorem for G 
cyclic). The main part of the lecture contains applications when V,, is a compact 
complex manifold, f: ¥-» V is a holomorphic map, K is the canonical line bundle, and 
fo: HY(V, KS -» H*(V, EK) is the homomorphism induced by 7. The above theo- 
rems then give an explicit formula, in terms of the characteristic classes of V and the 
fixed point set of /, for the complex number 

a(¥, Kr fy= EF (—tt trace fo 
i=0 

which reduces to the Riemann-Rocn theorem 7{(V, K) = T(V, K) when } is 
the identity. An application, due jointly to Ativan, Borr and Hirzzprucu, is 
sketched in which M is a bounded homogeneous symmetric domain, and 4 is a 
group satisfying properties (a), (6) of 22.2. The formula for ¥(V, Kr’, f) is applied 
with V = M/I where I is a subgroup of A given by Theorem 22.2.2. The method 
of 22.3 is then used to compute the dimension I7, (M, A) of the space of automorphic 
forms of weight r. The results agree with those originally proved by LAncianps [1], 
and reduce to those given in 22.3 when 4 acts freely on M; for this see Ativan- 
Bortr [4], Arryan-SEcar [1], Arryan-Sincer [2], [5], Hirzesrucu [7]. 



Appendix Two 

A spectral sequence for complex analytic bundles 
by ARMAND BorEL 

The spectral sequence to be discussed here relates the d-cohomology 
of the total space, the base space and the typical fibre of a complex fibre 
bundle with compact connected fibres. In addition to the usual fibre- and 
base-degrees, it carries a bigrading stemming from the type of differential 
forms. The precise statement is given in 2.1, the proof in Sections 3 to 6. 
The latter proceeds along more or less expected lines, albeit in a rather 
cumbersome notation, one point of interest however being the exactness 
of the sequence 3.7 (4), which is essentially a consequence of smoothness 
properties of a GREEN operator. The main applications of 2.1 given here 
concern the multiplicative behaviour of the y,-genus (8.1) and the 
d-cohomology of the CALABI-ECKMANN manifolds (9.5). 

Familiarity with spectral sequences of fibre bundles is assumed. As 
to the rest, we follow the notation and conventions of this book, with 
some minor deviations to be mentioned explicitly. References to sections 
of this paper are in ordinary type; those to other sections of this book in 
boldface. 

This is a revised version of a paper written in 1953, quoted in the 
bibliography of the first edition of this book, but not published. 

§ 1. Preliminaries 

1.1. Manifolds are HausporrF and paracompact; smooth means 
differentiable of class C*. The sheaves on a manifold M are always 
C,(M) modules, [where €, (4) is the sheaf of germs of smooth complex 
valued. functions on M], and tensor products of sheaves are over C, (M). 

1.2, Let M be a complex manifold, W a complex vector bundle over 
M, and % the sheaf of germs of smooth sections of W. Then A!(W) 
denotes the space of smooth exterior differential forms on M, of type 
(4, g), with coefficients in W (see 15.4), and %*(W) is the sheaf of 
germs of such forms. If W = 1 is the trivial bundle Mx €, then we 
omit (W) in the preceding notation. We have 

Mh (W) = BO Ay, A‘ (W) ~ Fen). (1) 
Ai,(W) denotes the sum of the 4%,*(W), where p+ =i, A,,(W) the 
sum of the A‘, (W), and similarly for the corresponding sheaves. 
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Let U be an open subset of M over which W may be (and has been) 
identified with the trivial bundle U >€j. We recall that A%(W],) is 
canonically identified to the set of d-ples of ordinary exterior differential 
(p, g)-forms on U. If w€ A%7(W]|,) corresponds to (w,, ..., wg), then 
Ow corresponds to (6@,,..., Ow,). Assume moreover that U is a co- 
ordinate neighbourhood, with local coordinates z,,..., %,. For a subset 
I= {i,,..., t} of (1, ..., #}, we put 

d2zy= 2, A°++andz,, diy= di, a+-+adi,,. 

Then the above form w; may be written uniquely 

@, = x hana? 4274 a3;, (2) 

where I (resp. J} runs through the subsets of » (resp. g) elements of 
{1,..., m}, and f;, 7,7 is a smooth complex valued function on U. 

1.3. The direct sum of the spaces H?1(M) [resp. H?:7(M, W), see 
15.4] is denoted H3(Mf) (resp. Ha(M, W)], and he? or h?:4(M) [resp, 
hP-4(W) or }?7(M, W)] is the dimension of H??(M) [resp. H?.4(M, W)]. 
The space H3(M) is in a natural way an anticommutative bigraded 
algebra. If W= M > F isa trivial bundle, then Hy(M, W) ~ H5(M)@ F, 
as follows directly from the definitions. 

1.4. Let now M be compact. The spaces H?:7(M, W) are then finite 
dimensional (15.4.2). Let further G be a Liz group operating continuously 
on M, by means of bi-holomorphic transformations, and let gp: G-> AutM 
be the map defined by this action. Then p induces a continuous representa- 
tion ¢® of G into H’%(M). If M ts kdhlerian, then ¢ is constant on each 
connected component of G; in fact, in this case, Hz (1) may be canonically 
identified with the usual cohomology algebra H*(M, ©) of M (see e. g. 
Wet [2], Chap. [V), by an isomorphism which clearly commutes with 
the natural representations of G in Hz(M) and H*(M,C) ; our assertion 
is then a consequence of the homotopy axiom. In the non-kdhlerian case 
however, this need not be true, as is shown by an example of Koparra 
(cf. GucenaEm and Spencer, Proc. A. M.S. 7 (1956), 144—152]. 

1.5. Let &= (E, B, F,2) be a complex analytic bundle (3.2), where 
E is the total space, B the base space, F the standard fibre anda: E > B 
the projection map. We assume F to be compact connected. By defini- 
tion (loc. cit.) the structure group G of & is a complex Liz group, acting 
on F by means of a holomorphic map py: G x F > F. Let & be defined 
by means of the transition functions j,,: U,M Ug— G, where (U.)aeg 
is a suitable covering of B. It is clear that Zs He:2(B,), (F, = 271(b), 
5¢ B), is in a natural way the total space of a smooth vector bundle 
over B, whose transition functions /2, are obtained by composing the 
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/.g With the given representation 9° of G in GL(H?:*(F)). This bundle is 
denoted H*:?(F}, and Hg (F) is the direct sum of the H?-!(F). 

I} y® ts constant on the connected components of G, in particular if F 
4s kdhlertan, then Hy (F) is a holomorphic complex vector bundle over B 
(with locally constant transition functions). 

In fact, the 2, are then locally constant functions, hence may be 
viewed as holomorphic maps of U, 1 Uz inte GL(H;(F)). 

§ 2. The spectral sequence 

2.1. Theorem. Let & = (E, B, F, 2) be a complex analytic fibre bundle, 
where E, B, F are connected and F is compact. Let W be a complex vector 
bundle on B, and W = 2n*W tts inverse image on E. Assume that every 
connected component of the structure group G of & acts trivially on H3(F). 
Then there extsts a spectral sequence (E,, d,), (ry = 0), with the following 

properties: : 
() E, ts 4-graded, by the fibre-degree, the base-degree and the type. 

Let ?:3ES* be the subspace of elements of E, of type (p,q), fibre-degree s, 
base degree t. We have *?ES* = 0 if p+q+s-+t, or tf one of f,¢,5,t 
ts <0. The differential d, maps ®1ES:* into #1t1 Est htt 1, 

Gi) Ifp+q=s+t, we have 

P4ESt ws 3) HiS-*(B, W @ HP-*4-841(F)) | 
ize 

(iii) The spectral sequence converges to H3(E, W). For all p,q = 0, 
we have 

GrHP(E,W)= SY Pest, 
sti=pt+¢ 

for a suitable filtration of H®(E, W). 
(iv) If W=1, then (E,, d,) consists of differential anticommutative 

algebras, and the isomorbhism of (iii) is compatible with the products. 
2.2. Remarks. (1) Under our assumption on G, the bundle Hy(F) is 

holomorphic so that (4) makes sense. This condition is automatically 
fulfilled if F is kahlerian (1.4). 

{2) 2.1 (ii) shows that FE, has a 4-grading which is finer than the 
one mentioned in 2.1 (i), namely the 4-grading given by the type of 
differential forms on B and on F. The proof will show that this 4-grading 
is also present in E,, E,. 

Since #"ES' — 0 unless $+ q¢—=s-+#, the superscript # is in fact 
redundant and it would be more correct to say that the spectral sequence 
is trigraded by the type (#, g) and s, where s will turn out to be the degree 
associated to the filtration underlying the spectral sequence. The total 
degree is of course + ¢. The degree t has been added however to bring 
closer the analogy with the usual spectral sequence of fibre bundles, 
but it will be omitted in §§ 4, 5, 6. 
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§ 3. Auxiliary sheaves and exact sequences 

3.1. Until §6 inclusive, é, W, W, G are as in 2.1, % is the sheaf 
of germs of smooth sections of W, and (, stands for C,(B). We re- 
mark however that no assumption about the action of G on H3(F) is 
needed before 6.1. 

& = (Uaeeg 18 a locally finite open covering of B by coordinate 
neighbourhoods over which W and é are trivial. We let 

Ga: Wlig> Ua X Cy and pram UjoU,xF, («EA 

be allowable trivialisations and 

Pap? U.N Ug> GL im, €) and y.,g:U.NU;>G, (a BEA), 

be the corresponding transition functions. 

For every z€ U,M Ug, the map y,,(z) induces an automorphism of 
Ay, to be denoted sometimes by 7, g (2). 

(2, ..., 2%) is a set of local coordinates on U,, and y,, is the change 
of local coordinates in U.N Ug(a, BE #). 

3.2. Let m be the complex tangent vector bundle along the fibres of & 
(BoreL-Hirzesrucn [1], §7.4). We let m%® be the bundle of (a, b)- 
forms associated to gy. Thus p> = (At) a (4°), where @ is the 
conjugate bundle to g. Let #*:° be the space of smooth sections of 
gy, For every 2€ B, the restriction x, of an element x¢ ¥#* to the 
fibre F, = x71(z) is an (a, 6)-form on F,, and thus « may be viewed as a 
family of (a, 6)-forms on the fibres, parametrized by B, and smooth in an 
obvious sense. x is called a fibre (a, b)-form (on B). There is a (,-linear 
map Op: ¥%> -> #4>+4 characterised by 7, (6¢%) = 6 (7, *), (2€ B, x€.F?%) 
{for all this, see Koparra-Srencer [5], I, § 2). 

Let $° be the sheaf of germs on B of fibre (a, 6)-forms. We have 
I'(§**)} =F», and dg is the map of sections induced by a homo- 
morphism of C,-modules of $*:® into $-2+1, also denoted by dy. Let 
8% °C $4? be its kernel. By definition, the sequence 

0+ gue gat 5p(G%) +0, (i) 
where ¢ is the inclusion map, ts exac#. 

_ 3.3. More generally we shall consider the fibre W-(a, b)-forms on B. 
They may be defined first as the smooth sections of W @ o%? (see 
Kopaira-SPencer [5], I, § 2); for this, W could of course be any complex 
vector bundle on E. If x is such a form, then 7, (x) is a (a, 6)-form on F,, 
with coefficients in the trivial bundle V, x F,, where V, is the fibre over 
z of W, Clearly, we may identify these forms with the sections of the sheaf 
DW @ Fr. 
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3.4. Let 

M+,>.¢,4 — T'( @ GF? @ a4) » (¢,6,¢,d€Z;a,6,¢,d = 0). 

Its elements are to be thought of as “(c, d)-forms on B with coefficients 
in the fibre W-(a,b)-forms”. In the notation of 3.1, an element 
A€ M*,2,¢.¢ is given by its restrictions h, to the open subsets U,, and h, 
is an array of differential m-forms h,,;, which may be written 

frayi “2 ha, i, 4,5 42 A35 , 

where J and J run respectively through the subsets of c and d elements 
of {1,..., #}, and where Ay, ;,7,7¢€ #%*(U,), is a fibre (a, b)-form on U,, 

Thus h,, is identified with a W-(a +c, b + d) differential form on 
a (U,). But of course, this identification depends essentially on the 
local trivialisations, and A itself cannot be viewed as a differential form, 
To be more precise, 4, and hg are related by the transformations defined 
by Pep Pap, and yg. However, if we want to describe the differential 
form h, in Us QU, by means of the local coordinates (z#) and the local 
trivialisations over Us, then we have also to take into account the 
derivatives of the y.g with respect to z. This implies that in these new 
coordinates, h, will be equal to the sum of 4s and of differential forms of 
base-degree >c + d. 

3.5. Although this is not needed in the sequel, we remark here, 
without going into details, that if we allow vector bundles to have infinite 
dimensional fibres, we may also view the elements- of M%%*4 as 
(c, d}-forms on B with coefficients in a vector bundle. 

In fact, A¢° is a Frecuer space in a natural way (SERRE [3]), and any 
automorphism of F induces a homeomorphism of A%°. Thus the transi- 
tion functions yj,: U, Us-> Aut.A%? allow one to define over B an 
associated bundle p**, with standard fibre A$’. Furthermore, the 
transition functions are smooth in the sense that if g: U, 1 Us-> A%? 
is smooth, then y,,°g is also smooth. Thus it makes sense to speak of 
the smooth sections of #*:>. It may then be seen that the elements of 
M:+.»,«¢,4 are just the (c, d)-forms on B, with coefficients in W @ p*-*. 

3.6. The sheaf ® @ %%* is locally free over Cy, therefore the sequence 

0> B @ 8° BA > BEF @ As* + DB @ dr (GF) ONG +0, (2) 

obtained by tensoring 3.2 (1) by 2 @ 23" is also exact. Moreover, since 
M4 is fine (3.5), the sequence 

0+ FB @ 8 @ 34) + FB @ F' @ AWA) > 4 
+T@eiIgyex+o, © 

derived from (2), is exact (2.10.1, 2.11.1). 
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3.7. Let o be the map which sends a 6-closed form on F into its 
é-cohomology class. This map defines a €,-homomorphism, also to be 
denoted a, of 8%? into the sheaf 9*?(F) of germs of smooth sections 
of the bundle H*.*(F) defined in 1.5. We claim that the sequence 

0 > 5p(Fo-1) ++ Bar > 92>(F) +0, (220,621), (4) 
ts exact, 

That oot =0 is clear. Furthermore, since H*:>(F) is finite dimen- 
sional, it is readily seen that o is surjective. There remains to prove that 
im#t > kero. This amounts to the following assertion: 

Let z€ B and U an open neighbourhood of z in B, w a fibre (a, b)- 
form over U, i. e. a map assigning. to x¢€ U an (a, b)-form w(x) on F 
depending smoothly on x. Assume that for each x, there exists an 
(a, 6 ~ 1)-form », on F such that w(x) = dv,. Then there exists a neigh- 
bourhood V of z in U and a fibre (a, 6 ~ 1)-formz on V such that 
w(x) = Ot(x) for all x€ V. 

In other words, we may choose », so as to depend smoothly on x. 
This assertion is contained in Theorems 7, 8 of Koparra-Spencer [7]. 

3.8. In the same way as the exactness of (8) was deduced from that 
of (1), it follows from 3.7 that the sequence 

0+ TB @ On (SF) @ AB4) > 

> FB @ 8" @ U4*) > FB e S**(F) @ 40 (5) 
is exact. On the other hand, there is a natural isomorphism 

BW @ H%*(F) = 6(W @ He *(F)), (6) 

where @(W ®@ H**(F)) is the sheaf of germs of smooth sections of the 
tensor product bundle W @ H*:(#). Therefore, we also have 

T(B@ 9°" (F) @ U4) < ABW @ HE) = I(S (We BH (F)) @ 45%). 
(7) 

§ 4. The filtration. Proof of 2.1 (i), (iii), (iv) 

4.1. Let us say that an open subset UC E is small if and W are 
trivial over x (U) and if an allowable trivialisation of over x{U) carries 
U into the product of coordinate neighbourhoods of B and F. For every 
small open set U and positive integer &, let L,(U) be the set of elements 
of Ay(W |) which, when expressed in terms of local coordinates (z,) 
on B and (y,) on F, are sums of monomials: zz a d2, a dyy Ad¥y, 
in which [Z| -+ |] = %, where |A] denotes the number of elements in a 
finite set A. It is clear that Z,(U) is invariant under change of coordi- 
nates (but the set of elements for which [J] +|J|=# is not, and conse- 
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quently the filtration introduced below is not associated to a grading). 
Let 

L, = {w€ Ag(W); oly € L,(U) for every small open subset U of E}. (1) 

It is of course enough to check this condition when U runs through the 
elements of one open covering of E by smail sets. We have 

Ly = Ag(W), Ly = 0(% > dimg B); Ly L511, 0 (Ly) CL, (2 0), (2) 
which shows that the L, define a bounded decreasing filtration of the 
differential C-module (Ag(W), 0) by submodules stable under 0. The 
corresponding spectral sequence is by definition the spectral sequence 
(E,, d,) of 2.1. We have clearly 

Ly= LPT, PL, = 1,0 Ag (W)) ’ 
Pq 

which means that the filtration is compatible with the bigrading provided 
by the type, hence also with the total degree. Moreover, 0 is homo- 
geneous of degree 1 in g, of degree 0 in ~, hence this bigrading is also 
present in the spectral sequence. We denote by ?!E%' or ?E$ [see 
2.2 (2)] the space of elements of E, of type (P, q), total degree s -+- ¢, and 
degree s in the grading defined by the filtration. As is usual, s and # 
will be called respectively base-degree and fibre-degree. Of course, 
PES a2 Oi p+ ge sth. 

The assertions 2.1 (i), (ii) then follow from standard general facts 
about convergent spectral sequences of filtered-graded differential 
modules, 

If now W=1 is the trivial bundle with fibre C, then A,(W) is 
an anticommutative differential algebra. Again from general principles, 
this product shows up in the spectral sequence, and we have 2.1 (iv). 
There remains to prove 2.1 (ii). 

4.2. We give here a slight reformulation of the definition of the 
filtration which will be useful below. 

Let V,=27!(U,), and identify V, to U,.x F by means of yz. 
We denote by M%>-“# the space of W-(c, d)-forms on B with coefficients 
in the (a, 4)-forms of the fibre (DE Ruam [1], Chap. IT, §7). Using y,, 
we see that 

Mo54 = Ty, (Be HF? @ 454 , 3) 
Ay, (Wo) = 2 Mehs4, (4) 

6, b,0,4 

Then 

L, = {w €Ag(W); oly, CLs, a(x CA} . (5) 
where 

Lae = a Maras . (6) 
et+aas 
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We remark that the isomorphism (3) and the direct sum decomposition 
(4) depend on the trivialisation y, but, as before, the condition w|y, €L,,« 
does not. 

§ 5. The terms Ey, E; 

5.1. Lemma. There exisis a canonical isomorphism 

Pah :b49 ook PS @ GP -s.a—-att a sh ) (2, gs = 0) . 

The sum ky of the maps 4K carries dy onto Oy. 
We keep the previous notation. Let w €?-"L, and , be its restriction 

to 1 (U,) (x €.@). We may write (4.2): 

= oft a-ett tan modLy+1,« (2) 

where 
09% 6d € Ma2 4 = Dy (BOG? @ AS 4) (2) 

We claim that, for each +, the forms wt ta-sthts-t (a 6.97) match 
so as to define a section m?~t¢-#+#48-? of WB @ FP-tLe-stt @ Asse, 
In fact, let «, § € of be such that U, \ Us+9. The elements w, and w, 
represent the same differential form on U, - Ug, hence are related by 
a transformation f,, associated to the coordinate transformations 
Ya, p> Pu, p> Na,g- Now fzg also involves the derivatives of the y,,, with 
respect to the local coordinates on B. However, as was already pointed 
out (3.4), each term in which such a derivative occurs has a strictly 
bigger total base-degree, hence belongs to L,+1,4. Thus to go from 
we ha-stiies to epP-ha-s+hts-f, one may neglect these derivatives 
and just apply the transformation defined by Y,@: Pup: Yo,@3 but this is 
precisely how sections of the sheaf 38 @ G?-4¢-#44 @ Ate-* over U, 
and Uy have to match in order to define a section over U, U Up. 

We now associate to @ the sum of the w?~#4-#+44,9-4, This defines 
a map 

Pht PL, > D) PB @ GP Ht 8 tt @ Ahern sy , 
+ 

which is obviously linear, with kernel ?-*Z,,,, whence an injective linear 
map 

POR 2 POEs x 20D [PAL > D7 PB @ FPF e- #8 @ Aes | 
3 

To compute d,(&), (@ €*"ES), we have to apply 6 to a representative 
ow of & in L,, and reduce mod Z,,,. In local coordinates, this means that 
we may disregard differentiation with respect to local coordinates on B, 
and take into account only the coordinates on the fibres. But this is 
how 0, is defined, whence 

#085 (dy @) = Syl? 5H, (@) - 



210 Appendix II. A spectral sequence for complex analytic bundles 

There remains to show that *-*h4 is surjective. Let « € M%?.*¢, 
Put p=a+e¢,q=—6+4,s=—c+ d. We have to find wo €**L, such that 
2.2 (@) = 4. 

There exists a countable locally finite covering ¥ = (V,;) (j= 1,2,...) 
of E by small open subsets (see 4.1) such that for each 7 there exists 
a= a(j)C.of for which 2(V,)c U,. Since E is paracompact, we may 
further find a sequence of open coverings ¥ = (V$) (= 1, 2, ...) 
such that 

VP =V, VPcVE G,t2)). 
Let us put 

Vo = 0. vp (j = 1) . 
Since ¥ is locally finite, it is clear that the V{~) also form a covering of 

- E (not necessarily open of course). Therefore, if (#,) is a sequence of 
strictly positive integers, the union of the Vi} is also an open covering. 
The form « will be defined by means of its restrictions to the elements 
of such a covering. 

In each V, we choose local coordinates once and for all. The restric- 
tion , of # to V; may then be identified with a differential form, with 
coefficients in the typical fibre of W, also denoted «,;. By definition 
wo == #,0n V,. If V,n V2 = G, we put w® = 4, on V;, @ = wgon V2. 
Suppose now V4 yo + @. In that intersection, we have w) = t#, + 0, 
where o is a form whose base-degree (i. e. degree in the differentials of 
local coordinates on B) is >¢ +d. We can find a form + on V which 
coincides with ¢ on V® ~ V@ (this is a trivial extension problem, since o 
is already defined in an open neighbourhood of V@ > V®). We then let 
«@) be the differential form on V® U V® which is equal to #, on V®, 
to %,-+ 7 on V2, 

Let now / = 2. Assume that there is a sequence of / strictly positive 
integers ;,,(7 = 1, ..., 2) and a differential form » defined on 

Yo= Yo, 
such that - 

(0 — Hi) lpn Le (V") (LS7 <1). (3) 
Let now I be the set of integers 7 between 1 and / for which 

Vir n VO) +B. 
In the intersection 

Vin Va = Vi (yy, vis) , 
the difference o = w — 4,,, belongs to L,,,. As before, we may find 
a form ron V;,, which coincides with o on 

Pio (, Pym). 
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Let us define a sequence (#,,;:,) of 2+ 1 integers by 

tra tithes tin= m2 ISISLIEDS marr =2- 
We let then w@*» be the form on 

Vasp = vectra Vinten) , 

which is equal to w@ on V&%t+) for j <1 and to #,4,+7 on VIP, 
Then it satisfies the condition (3) with / replaced by / + 1. 

In order to go from the domain of definition of w® to that of w+) 
we may have to shrink some of the V{-”, but not if V;n Vis. = 9. 
Our covering being locally finite, given # = 1, there exists /(#) such that 
Vig \ Vz=@ for all] = i(m). As a consequence, for fixed 7, the sequence 
m;,, becomes stationary and there exists an integer , such that Vi) 
belongs to the domain of definition of @ for all / = 1. By construction, 
we have then w® = w) on V{*) for 1, ’ S n,. There exists therefore a 
differential form on E such that » = w) on Ve) for all j. It follows 
then from (3) that 9 ¢2*(w) = «. 

§.2, Lemma. The map *-k, of 5.1 induces an isomorphism ? ths 
of *.9ES onto XS’ At*~*(W @ HP-#0-#+#(F)). 

% 

This follows from 5.1, from the exactness of the sequences (3), (5) 
of § 3, and from the isomorphisms 3.8 (7). 

§ 6. The term E). Proof of 2.1 (ii) 

We let Ry (resp. 2,) be the direct sum of the maps *:%k§ (resp. *»¢%}). 
In view of our assumption on the structure group of &, the image space 
of &, is the space of forms on B with coefficients in a holomorphic vector 
bundle (1.5), therefore it is a differential module under 9. The assertion 
2.1 (ii) will then be a consequence of the 

6.1, Lemma. The map kh, carries d, onto 0. For all p, q, s, it induces 
an isomorphism 

PAKS P10 BS Me 2 Hi 1B, W @ He-ta~s+4(F)) | 
The second assertion follows directly from the first one, which we 

prove now. 

Let x2 be the map of the space Z(E,) of dg-cocycles of E, onto £,. 
In view of 5.1, 5.2, we have the following commutative diagram 

y 1BWOZ 0%) > FY FBO O(F) oe Az) 
etadzas eé+ags 

h hs (1) 
2(E}) Ey 
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where 
8=2) 8, Ei= DT *hi G=0,1L..), (2) 

Pax 4 

and ois as in 3.8 (5). We denote g,, the projection of L, onto Ef = L,/L,,, 
(u=0, 1,...). 

Let a, b, c, d be positive integers, and set p=ate, q=6+4, 
s=e+d. Let #€ QB @ 9° °(F) @ AZ and «’ an element of 
F(B @ 8%? @ A 4) such that o(v’) = «4, which exists by 3.8. Let 
uo = ky1(w) and v' = ky*(#’). We have to prove: 

hy (d, 0) = Su. (3) 
By definition, v' €Z(E#5). There exists therefore v’€L, such that 
O(0) €L,4, and p,(v”) = v’. By the above, we have then 

“46 By py(0"”) = 6+ hy py (0") (4) 
On the other hand, the definition of d, gives d, v = x2 - 4, (6 v’) hence, 
also, by (4), 

fy (4, 0) = o> hg fyi (5 0") . (5) 
Therefore, (3) is equivalent to 

O° hy” pais(O0") = Ou. 6) 
It is enough to prove this for the restriction of v” to w4(U,), for all 
a€ of, We may write (4.2): 

po == yt, 6,8 + oth beri + gy b—1, 6,841 modl +9, « : 

where 01.4% ¢€ Dy (WB @ F* @ Aj"); by construction, v%?4 may 
be identified with #’. We have then 

By" = du’ + (vt-1d, e414, + yt bl, 6,841) modL isa . 

Since we compute modl,;.., we may neglect all terms of base degree 
>c-+- d+ 1; this means that we also have: 

ou" “= ou’ +4 dy (vt—2 be 44,4 ye.b-1, 6,441) mod L,+.¢,« : 

hy Bett ov") = Ou’ 4 Op (uth beetle + ye, b-3,e, 841) . 

The second term on the right hand side, being a dg-coboundary, is 
annihilated by o, hence 

by fat 0(0") = du’. 
But it is clear that 

a d(w) = d(o(w’)) = du, 
whence the equality (6). 

Remark, A similar proof yields a construction by means of differen- 
tial forms of the spectral sequence in real cohomology of a differentiable 
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fibre bundle. The differential algebra is the space of real valued dif- 
ferential forms on £, filtered by the degree in base coordinates, as in 4.1. 
The proof is basically the same, simpler in notation since we dispense 
with W and the type. If F is compact, the exactness of the sequence 
corresponding to 3.7 (4) follows again from the smoothness properties of 
the GREEN operator (p—E Ruam [I], p. 157). In the general case, it is a 
consequence of a result of van Est [Proc. Konikl. Neder. Ak. van Wet. 
Series A, 61 (1958), 399-413, Cor. 1 to Thm. 1]. 

§ 7. Elementary properties and applications of the spectral 
sequence 

We keep the notation and assumptions of 2.1. 

7.1. If the bundle Hy (F) is irtvial, in particular if the siructure group 
of & 4s connected, then 

bast Hi-1(B, W) @ HP-t0-+44 (8) 
t 

This follows from 2.1 (ii) and 1.3. 
7.2. The space ?4EP**.® is a quotient of *2Ept9.0 ( = 3). The 

composition of the natural maps 

H?4(B, W) = PEP +90 2,0 FP 40,0 « HP, 9(E, W) ; 

ts xc*. It is injective if q = 0. 
The first assertion follows in the usual way from the construction 

of the spectral sequence and from standard facts about “edge homo- 
morphisms’. Since no element of type (p, 0) can be a d,-coboundary 
(ry = 0), the second one is then obvious. 

7.3. By our assumption on G, the bundle H3(F) has the discrete 
structure group G/G®, where G® is the identity component of G. There 
is then, in the usual manner, a homomorphism of the fundamental group 
2, (B) of B into Aut Hj (F), and Hy(F) may be viewed as a local system of 
coefficients. From this it is easily seen that if B is compact, then 
H®,°(B, H?-«(F)) is isomorphic to the space H?>*(F)* of fixed points of 
a,(B) under the above action. Thus 

P,aE0,P +e x HP,e(F)*, 

74. The space ?tE%?+« may be identified with the space of d,_4- 
cocycles of ?»°E.# +2 (r = 3). Ij W = 1 and B ts compact, the composition 
of the natural maps 

H?.4(E) > 99H 0,2 +0 ¢ P0E P+ = HP, 0(F)* C HPF), 

4s induced by the homomorbhism associated io the inclusion map of a fibre. 
This follows again from elementary facts about spectral sequences. 
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7.5. If the structure group of & ts connected, then 

AP t(E, W) < DS he-4(B, W)-he?(F). 

This is a consequence of 7.1 and of the relations 

h*-4(E, W) = dim?.E, < dim?.*E, , 

where we have put 
PE = 2 #,¢kst . 

3,420 

7.6. Finally we note that tf G ts connected, and if +* : Hy(E) -> H3(F) 
is surjective, then H3(E) is additively isomorphic to H3(B) @ H3(F). 

In fact, E, may then be identified as an algebra with the tensor 
product of the algebras Hz(F) @ 1 and 1@ H3(B), which consist of 
permanent cocycles. 

§ 8. The multiplicative property of the yy-genus 

8.1. Theorem. Let &= (E, B,F,2) be a complex analytic fibre 
bundle with connected structure group, where E, B, F are compact, con- 
nected, and F is kéhlerian. Let W be a complex analytic vector bundle on B. 

Then y,(E, x*W) = xy(B, W) + xy(F). 
For the notation y, and x, see 15.5. Since G is connected and F 

is kahlerian, G acts trivially on the d-cohomology of the standard fibre 
(1.4), therefore we may apply 2.1; we have moreover (7.1): 

E, = H3(B, W) ® H3(F). (1) 

Let us put, in the notation of 7.4, 

w(E,) = J) (— It dim*k,, 
q 

Iv Ee) =2 P(E). 
It follows from 2.1 (iii) that 

%y(E, n*W) = x, (E..) - (2) 
A simple calculation, using (1), yields 

Xv(Es) = x,(B, W)- 4, (F). (3) 
Let )E,= 37% 8E, (ry 2 2). This is a graded space, whose EuLer 

q 

characteristic y()E,) is equal to y*(Z,)}; it is stable under d,, and its 
derived group is ®)Z,,,. By a well-known and elementary fact, we 
have then 7(Z,) = 7(@Z,,,), hence y*(E,) = 7°(E,4,), 7 = 2, which, 
together with (2} and (3), ends the proof. 
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§ 9. The 3-cohomology of the Catani-EckMANN manifolds 
9.1. We shall denote by A®°(X) the identity component of the group 

A(X) of complex analytic homeomorphisms of a compact connected 
complex manifold X. Although this is not really needed below, we recall 
that, by a well-known result of BocHNER-MontcoMERY, A(X) is a 
complex Liz group. If X is the total space of a complex analytic fibering 
(X, Y, F, a), then every element of A°(X) commutes with 2, whence a 
natural homomorphism 2° : A°(X) - A®(Y) (BLancuarp [3], Prop. L. 1, 
p. 160). In particular, if 47 and N are connected complex analytic 
compact manifolds, then A°(M x N) = A®°(M) x A®(N) (BLancHARD 
[3], p- 161). 

9.2. We let M,,,, (#0 € Z; 4, v 2 0) be the product S2#+! x S#e+1 
endowed with one of the complex structures of CaLaBI-EcKMANN [1]. 
It is the total space of a principal complex analytic fibre bundle é, , 
over B,,== P,(€) x P,(€), with standard fibre and structure group a 
complex torus T of complex dimension one. We have 

AS(M,,.) = (GL(¢ + 1,0) x GL + 1 OL, 

where J’ is an infinite cyclic discrete central subgroup (BLANCHARD [1}), 
and the map 

Yue: A°(M,, .) > 4°(B,,,) = PGL(u + 1, €) x PL + 1,0), 
associated to the projection #,,, of M,,, onto B, , (9.1) is the obvious 
homomorphism. 

For «= 0 or v = 0, M,,, is a Hopr manifold. Let o,,, be the projec- 
tion 2,,, followed by the projection of B,,, on its first factor. Then o,,,, 
is the projection of a complex analytic fibering y,,, with typical fibre 
M,,,.. To see this, one may for instance use the fact (BLANCHARD [1]) 
that M, , is the base space of a complex analytic principal bundle with 
total space M, 9 Mo,,, Structure group a complex 1-dimensional torus, 
and projection map », such that 

Ty, 9 °V = Tyg X Mo,o? My, X Mo,» > Bye - 
9.3. Lemma. The group A°(M, ,) acts trivially on H3(M,, .). 
The fibre bundle has a connected structure group and a kahlerian 

fibre, namely T, and 2.1 applies. By 9.1, the group 4®(M,, ,) is an auto- 
morphism group of the fibred structure, hence it operates on the spectral 
sequence. This action is trivial on E, = H3(B,,,) @ H3(T), since both 
B,, ,and T are kahlerian (1.4), hence also on E,,. But E,, = Gr(H3(M,,.))- 
By full reducibility, any compact subgroup of A°(M,,,) acts trivially 
on H3(M,,,). The kernel of the action of A°(M,,,) on H3(M,,,,) is then a 
normal subgroup which contains all cornpact subgroups, hence is equal 
to the whole group. 



216 Appendix IT. A spectral sequence for complex analytic bundles 

9.4. Lemma. We have H-*(M, ,) = 0, (v = 1). 
This lemma is known. We recall a proof for the sake of completeness. 

M,,, may be defined as the quotient of C,;, — {0} by the discrete group 
generated by a homothetic transformation y:z->c-+z (c+ 1). Let 
@ be a holomorphic differential on M,,,. Its inverse image w* in 
€, 4, — {0} may be written as w* = g,°dz+°+++ 2,4, °d2,4, where 
the 2,’s are coordinates and the g,’s are holomorphic in C,;, — {0}. 
The form w* is invariant under y; this implies 

&i(cTM+2z)=c-*-g,(2) WCZ,F=1,...,04+), 

and shows that if g,;=£ 0, then g; is not bounded near the origin, in 
contradiction with Harroc’s theorem. 

The d-cohomology of M,,, will be generated by pure elements, 
and subscripts will indicate the type. 

9.5. Theorem. Let « < v. Then 

H3(M,, «) = C ix, i/(azt ) @ A (%er4,0 %o,1) . 
We consider first the case where « = 0. In the spectral sequence of 

the fibering &),, we have 

Ey = C(x, / G2 52) © AH, 0 X00) » 
where the first factor on the right hand side represents the cohomology of 
the base P,(C), and the second one the cohomology of the fibre T. The 
element %,, generates °42%1 and is mapped by d, into %7£2.°, which is 
zero, hence dy (%o,) = 0. If dy(x1,9) = 0, then %,,, would be a permanent 
cocycle and would show up in E,, (see 7.4), which would contradict 9.4. 
We may therefore assume that d,(%,,9) = %1,,. A routine computation 
then yields: 

Es =A (Yo+s,0 %o,1) , 
where 

Yori w= WE(KTET @ x,9) CPt ERY). 
Yett1,2 and %,, have fibre degree one, hence are d,-cocycles for all r = 8, 
whence E, = E.,. Since E,, is a free anticommutative graded algebra, we 
have E,, = H3(M,,,) also multiplicatively. 

If now 0< «Sv, consider the fibering n,, of M,,, over P,(O), 
with fibre M,,, (9.2). Its structure group is connected, since the base 
is simply connected, and it acts trivially on the d-cohomology of the 
standard fibre (9.3). We may therefore apply 2.1, and we have 

Ey = Clays) 47) @ A o41,0) %o,1) - 
As before, it is seen that x, is a d,-cocycle, hence a permanent cocycle. 
Since # & v, there is no element of type (v + 1, o + 1) with a strictly 
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positive base degree in the spectral sequence, hence #,+,,, is a per- 
manent cocycle too. The base terms being always permanent cocycles, 
it follows that d,= 0, (r = 2), and that E, = E,,. We have therefore 
E,, = Hz(Mu, -) at least additively. But representatives of %) +1,» %o,1 in 
H;(M,,,) are always of square zero, and there is a representative y,,; of 
4%, namely sz,_(%,;), such that y{{?= 0. From this it follows imme- 
diately that E,, and H3(M,,,) are also isomorphic as algebras, which 
proves the theorem. 

Remark. The 0-cohomology of the Horr manifold My, , is computed 
in KopatRA-SPENCER [5], § 15 for v= 1, in Ise [1] for any v. Theorem 4 
of Ise [1] also describes the 6-cohomology of a Hopr manifold with 
coefficients in a line bundle. 
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