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Abstract

We extend Wood’s graph theoretic interpretation of certain quotients of the mod 2
dual Steenrod algebra to quotients of the mod p dual Steenrod algebra where p is an
odd prime and to quotients of the Cz-equivariant dual Steenrod algebra. We establish
connectedness criteria for graphs associated to monomials in these algebra quotients
and investigate questions about trees and Hamilton cycles in these settings. We also
give graph theoretic interpretations of algebraic structures such as the coproduct and
antipode arising from the Hopf algebra structure on the mod p dual Steenrod algebra
and the Hopf algebroid structure of the C-equivariant dual Steenrod algebra.

Keywords Steenrod algebra - Graphs - Equivariant

Contents

I Introduction . . . . . .. . . . ...
1.1 Odd primary results . . . . . . . ..o e e e e e
1.2 Cp-equivariant Results . . . . . . ... ... L
1.3 Open QUESHIONS . . . . o ottt e e e
1.4 Outline of the paper . . . . . . . . . . . e
1.5 Definitions, conventions, and notation . . . . . . . . . . .. ... e e

2 Wood’s graphical construction at the prime 2 . . . . . . . . . ... ...
2.1 The mod 2 dual Steenrod algebra . . . . . . . ... ... ... ... L o
2.2 Wood’s graphical construction (p =2) . . . . . . . . ..
2.3 Connectedness Criteria . . . . . . . . . v i it e e e
24 Trees and Hamiltoncycles . . . . . . . . .. L
2.5 The Hopf algebra structure . . . . . . . . . . . . .. 0 e

3 A graphical construction at odd primes . . . . . . ...
3.1 Examples . . ..o e e
3.2 Connectedness and Unilaterality . . . . . . . . . ... .. . e
3.3 Trees and Hamiltoniancycles . . . . . . . . . ... L
3.4 Graph theoretic interpretation of the coproduct . . . . . . ... ... Lo o L.

Communicated by Anna Marie Bohmann.

B Sarah Petersen
sarahllpetersen @ gmail.com

1 University of Colorado Boulder, Boulder, USA

Published online: 03 February 2026 @ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s40062-026-00394-z&domain=pdf

C. Elliott et al.

3.5 Graph theoretic interpretation of the antipode . . . . . . ... ... ... oL
4 A Cp-equivariant graphical construction . . . . . . .. ... L
4.1 The coefficients My . . . . . . . . .
4.2 The Cp-equivariant dual Steenrod algebra . . . . . .. ... ... ... . ... ...
4.3 A graphical interpretation . . . . . . .. ...l e e e
4.4 Connectivity and Unilaterality . . . . . . ... ... . e
4.5 Trees and Hamiltonian Cycles . . . . . . . . . .. ..
4.6 Graph theoretic interpretation of coproduct and antipode . . . . . . . ... ... ... .. ...
References . . . . . . . .

1 Introduction

The action of the mod p Steenrod algebra A and its dual A¥ on mod p cohomology and
homology, respectively, plays a foundational role in homotopy theory computations.
In particular, it serves as input to the Adams spectral sequence [1], which is one of
the most powerful tools for computing stable homotopy groups. A primary example
of the Adams spectral sequence’s use includes Hill-Hopkins-Ravenel’s solution of
the Kervaire invariant one problem and Lin-Wang-Xu’s solution of the last Kervaire
invariant one problem [3, 8]. These solutions used the Adams spectral sequence, and
thereby information coming from the action of the dual Steenrod algebra on homology,
to answer the question of when a framed 4k +2 dimensional manifold can be surgically
converted into a sphere.

Because the dual Steenrod algebra plays a central role in stable homotopy calcu-
lations, it is worthwhile to study it from a variety of points of view (see, for example
[14—17]). The purpose of this paper is to study the dual Steenrod algebra AV from
a graph theory perspective. In particular, we extend a graphical construction due to
Wood [18, §8] and studied by Yearwood [19] and Larson [6] at the prime 2 to odd
primes p and the C-equivariant setting. For the sake of exposition, we discuss the
odd primary and C;-equivariant results separately.

1.1 Odd primary results

Let p be an odd prime and recall the mod p dual Steenrod algebra AY is a graded
Hopf algebra with

Av ;Fp[glv 529537 ] ® E[T()a 71, ]1

where |£;| = 2(p' — 1) and |7;| = 2p’ — 1. The coproduct on AV is given by
" i
VE) =) & ®%
i=0

n .
Y =muel+)y & 01

i=0
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while the unit map n : F,, — A" and counit map € : A — I, are isomorphisms in
degree 0. Finally, the antipode ¢ : AY — AV is defined recursively by

cé) =1 c(19) = 10

n X n—1 .
Y el e) =0 T+ Y & e(n) =0.
i=0

i=0

Given an integer n > 0, the quotient AY (n) is defined by

V2 \V2 n n—1
A (n):A /(S]pa%‘ép ,'",Sr{)yén+ly‘§n+27"’77:n+1,1'n+2,"')'

In other words,

Vi) o mo ptTl
AV ZFpler & G0t ml [l e gl a2 o)

These A" (n) are Hopf algebra quotients so the Hopf algebra structure on the dual
Steenrod algebra AY descends to the quotient AY (n) [2, 12]. Dualizing these quotient
Hopf algebras yields finite subalgebras A(n) of the Steenrod algebra A which are
generated by reduced p-th power operations P!, where i < p"~!, and the Bockstein
operation f3.

Both the sub-Hopf algebras A(n) and their duals A" (n) facilitate computation of
homotopy groups via the Adams spectral sequence. Many Adams spectral sequence
computations begin with Ext over the Steenrod algebra A. This initial computation
can often be done over the simpler finite sub-Hopf Algebra A (n) instead via a change-
of-rings isomorphism [11, A1.3.12].

One of the main purposes of this paper is to give a graph theoretic interpretation of
the quotients A (n) when p is an odd prime. Similarly to Wood’s construction at the
prime 2 [18, §8], this is accomplished by associating to every monomial x € AY (n) a
graph G, on the vertex set {1,2,2p, 2p?, --- , 2p"}. We then study the properties of
the ensuing graphs.

We defer an explicit description of the construction of these graphs to Section 3
and focus on the statements of the main results here. Taking addition to be represented
as disjoint union of graphs, it is sufficient to restrict our study to monic monomials
x € AV(n).

Suppose x is a monic monomial in A (n). Then

€ € r r
X = 100711 ...f;ngllg; Y

where ¢, € {0,1} and 0 < r; < p"+1_i — 1. We can rewrite x using the p-adic
expansion of r;, that is

n—i
n—i—m
ri = § Cion—i—mpP .
m=0
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Specifically, we can write

n n—i .
n—i—m

Cin—i—mP
x=r§°tf‘~-~r,f”l_[1_[§i”"" . (1.1

i=1m=0

Rewriting the monomial x in this way facilitates extracting a connectedness criterion
for the graph G, from the data of the monomial x. We call x as written in (1.1) a
monic monomial in standard form (Definition 3.1). In order to state this connectedness
criterion, we first need to introduce some notation.

Let ¢ be an integer with 1 < ¢t < n + 1 and define 7; (Definition 2.4) to be the
set of all (¢ + 1)-tuples (b, by, , ---by—1, by) where b; € {0, 1, --- , n} with no two
entries being the same. Further let 7} C T; (Definition 2.5) be the subset of 7; where
bo =r and b; = s.

Theorem (Theorem 3.11) The graph G, is connected if and only if
(1) the integers
n t
C(r,s) = Z Z H Clbg—by—1 |, max(by_1.b)—1
t=1 1/ k=1

are positive for all integers r and s with0 <r < s <n,
(2) and the sum
n
Zek > 0.
k=0

In [19], Yearwood observed that the graphs G, can also naturally be viewed as
directed graphs with edges oriented in the direction of the larger vertex. We will
denote the directed version of the graph G, by Gﬂir . With the directed version of
Wood’s construction in mind, Larson studied unilaterality, the appropriate connected-
ness property for directed graphs, in the p = 2 setting. In the odd primary setting we
identify exactly when the directed graph Ggir is unilateral. In order to state our result,
we define 7" (Definition 2.9) to be the set of all (¢ 4 1)-tuples (bo, by, - - - , b;) with
b ef{0,1,--- ,n+1}tandr =byg < by <--- < b; =5.

Theorem (Theorem 3.12) The directed graph Ggir is unilateral if and only if
(1) the integers
n t
U = ) [lenn
=1 1/ k=1

are positive for all integersr, s with) <r <s <n+1,
(2) and furthermore x is divisible by T.

With these connectedness results in hand, we can also identify the graphs G, that
are trees.

Theorem (Theorem 3.13) Suppose x is a monic monomial in AV (n) such that G is
connected. Then G is a tree if and only if
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(1) the sum
n
Zap(ri) =n,
i=1

where o, (r;) denotes the number of nonzero digits in the base-p expansion of r;,
(2) and exactly one 1 divides the monic monomial x, for some 0 < k < n.

Among the questions posed by Wood in [18, §8] is whether there is an algebraic
criterion that describes when the graph G, has a Hamilton cycle. Larson answered this
question affirmatively in the p = 2 setting ([6, Theorem 1.4]). We give an analogue
of this result in the odd primary setting.

n

Theorem (Theorem 3.16) Suppose x = )Ty E &) € AY(n) where € €
0,1} and 0 < r; < p™*t1=1 — 1. The corresponding graph G has a Hamilton cycle
if

(1) n >0,
(2) foreach jwithO < j <n,

finp?) + fou2p') = g

(3) and
n
Zék > E
k=0 2

Finally, we generalize the results of [19] and [6] giving a graphical interpretation
of some of the Hopf algebra structure on AV (n). Specifically we give a graphical
interpretation of the coproduct and antipode on elements the Sip " and 7, € AV(n)
when p is an odd prime.

Theorem (Theorem 3.17)

1. The coproduct I/I(Eipj) € AV (n) is the sum of tensors of all pairs of edges
that make length 2 directed paths from the vertex 2p’ to the vertex 2p'*/ in
the complete graph on the vertices {1,2,2p,2p>,--- ,2p"} considered as a
directed graph.

I1. Similarly, coproduct ¥ (t;) € A" (n) is the sum of tensors of all pairs of edges
that make length 2 directed paths from the vertex 1 to the vertex 2p'.

Theorem (Theorem 3.20)

I. The antipode C(Eip '/) € AY(n) is the signed sum of all directed paths from
the vertex 2pl to the vertex 2p'T/ in the complete graph on the vertices
{(1,2,2p,2p%, --- ,2p"} considered as a directed graph. The positive terms
in the sum correspond exactly to paths consisting of an even number of edges
from the vertex 2 to the vertex 2p'*/.
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II. Similarly, the antipode c¢(t;) € AV (n) is the signed sum of all directed paths
from the vertex 1 to the vertex 2p'. The positive terms correspond exactly to
paths consisting of an even number of edges from the vertex 1 to the vertex 2p*.

As a corollary, we obtain another characterization of the unilaterality of the directed
graphs G4,

Corollary (Corollary 3.23) Suppose x is a monic monomial in AV (n). Then the directed
graph G is unilateral if and only if

(1) foreach Sipj € AV (n), at least one summand ofc(é‘ipi) is a factor of x
(2) and 7y is a factor of x.

1.2 Cy-equivariant Results

While homotopy theory studies the properties of topological spaces that are preserved
under continuous deformations (i.e. homotopies), similar questions can be asked about
spaces with rotation and reflection symmetries. This leads to the field of equivariant
homotopy theory where a group G acts on the topological spaces under consideration.
In this setting, there are also familiar invariants such as homology and homotopy (see
[9] for a comprehensive introduction). However, their definition is now more com-
plicated. Specifically, instead of being integer graded, these equivariant theories are
graded on the additive group underlying the real representation ring RO (G). Intu-
itively, this comes from the fact that we are now interested in probing our equivariant
spaces not only with the ordinary nonequivariant spheres S” but also with equivariant
representation spheres S" , which are formed by taking the one-point compactification
of a G-representation V and assigning the point at infinity the trivial action.

Similarly to the nonequivariant setting, equivariant Steenrod algebras act on equiv-
ariant (co)homology theories and this serves as input to equivariant Adams spectral
sequences. In general, equivariant dual Steenrod algebras are more complicated than
their classical nonequivariant counterparts. For instance, the Cp-equivariant dual
Steenrod algebra is not free over its coefficients [5, 13]. Further complicating matters,
we do not currently have, nor expect to have in the near future, complete computations
of the G-equivariant dual Steenrod algebra when G an arbitrary finite or compact Lie
group. Hence in this paper, we focus on the simplest nontrivial case where the group
of equivariance is G = C», the cyclic group of order 2. In this case, the C»-equivariant
dual Steenrod algebra actually has a form remarkably similar to the nonequivariant
mod p dual Steenrod algebra.

In order to introduce the C-equivariant dual Steenrod algebra, we observe a few
representation theoretic preliminaries. The group C; has two irreducible real rep-
resentations, the one dimensional trivial representation and the one dimensional sign
representation o . Throughout, we will let p denote the C»-regular representation 1 4o
This leads to a bigraded theory which we can view as indexed by (i — j) + jo.Herei
is the topological dimension while j is the weight or twisted dimension. And indeed,
the C»-equivariant dual Steenrod algebra is bigraded. Moreover, it also has the struc-
ture of a Hopf algebroid rather than a Hopf algebra as in the nonequivariant mod p
setting.
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To describe the C»-equivariant dual Steenrod algebra as a Hopf algebroid, we must
first introduce the bigraded coefficient ring

My = Fala, u] & ~24 4 ().

(@, u*>)

where |a| = (=1, —1), |u| = (0, —1). A more detailed description of M, can be
found in Section 4.1. The Hopf algebroid (M, Aéz) has underlying algebra

Al EMblEL &, 10,11, 1/ (7 = (4 ato)Eir + atigr) (1.2)

where |£;| = p(2' — 1) and |;| = 2/ p — 0. The coproduct is given by
n .
VE) =) & ®F
i=0

n .
Y=t ®l+ )Y £,07

i=0

(see [4, Theorem 6.41] or [7, Theorem 2.14] for the full Hopf algebroid structure).
Given an integer n > 0, define the quotient Agz (n) by

v
A G

Al (n) = .
(&) on on—1
(S] 7%2 s T ’537§n+17§n+2"" » Tnt1, Tn+27"’)

In other words,
Aéz(n) ; MZ[&]? %-2, ey Env r05 Tl? ceey tn] /(Elgn_H—] s ‘[lz = (I,t + CITO)E1+] + afl_;'_l) .

One of the primary purposes of this paper is to give a graph theoretic interpretation
of the quotients Aéz (n). Similarly to Wood’s construction at the prime 2 [18, §8],
this is accomplished by associating to every monomial x € Aéz (n) a graph G on
the vertex set {0, p, 2p,2%p, --- ,2"p}. We then study the properties of the ensuing
graphs. We defer a description of the construction of these graphs to Section 4 and
focus on the statements of the main results here.

Given a monomial x € Aéz (n) we can use the relation Tiz = (u+arp)éi+1+atit1
to write x as a finite sum consisting of terms of the form

wrglty A g e E (1.3)

where w € Mlp,¢; € {0, 1} and0 < r; < 2n+1=i _ 1 Because addition is represented
as disjoint union in our graphical interpretation, it is sufficient to focus on monic
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monomials of the form (1.3). Similarly to Wood’s construction in the nonequivariant
setting at the prime 2, we will also utilize the 2-adic expansion of r;,

n—i

— E L n—i—m

ri = Cin—i—m -2 .
m=0

Specifically, given a monic monomial of the form (1.3) we can write

n n—i .
s gn—i—m
¥ = .L,SO.L,IEI .. .L_;n (1_[ 1_[ Eicl.n i—m ) ] (14)

i=1m=0

We call x written as in (1.4) a monic monomial in standard form (Definition 4.2).
Rewriting x in this way again facilitates the extraction of a connectedness criterion for
the graph G from the data of the monomial x. In fact, this connectedness criterion
ends up having the same statement as in the nonequivariant p an odd prime case (3.11).

Theorem (Theorem 4.6) Suppose x € Aéz (n) is a monic monomial in standard form.
Then the graph G is connected if and only if

(1) the integers
n t
C(rv S) = Z Z 1_[ Clby—bi_1 | .max(bg_1,br)—1
=1 Tt/ k=1

are positive for all integers r and s with0 <r < s < n and

(2) the sum
n
Zek > 0.
k=0

Similarly to the nonequivariant setting, the graph G, can also naturally be viewed
as a directed graph with edges oriented in the direction of the vertex of larger repre-
sentation dimension. We will again denote the directed version of the graph G, by
Ggir. Much like the nonequivariant p an odd prime case, we have a similar criterion
for unilaterality.

Theorem (Theorem 4.7) Suppose x € Aéz (n) is a monic monomial in standard form.
Then the directed graph foir is unilateral if and only if
(1) the integers
n t
Urs):=2 2 [len-rm
=1 T/ k=1

are positive for all integersr, s with) <r <s <n+1,
(2) and x is divisible by 1.

Similarly to the nonequivariant p an odd prime case, we also give an algebraic
criterion that describes when the graph G, has a Hamilton cycle.

@ Springer



Graphs arising from the dual Steenrod algebra

Theorem (Theorem 4.11) Suppose x = rgo e r,f”élr] .- & is a monic monomial in
standard form in Agz (n). The corresponding graph G, has a Hamilton cycle if

(1) n >0,
(2) foreach jwithO < j <n,

. . n
deg;, (27 p) + degy, (2 p) > >

(3) and

€k =
k=0

NS

Finally, we give a graphical interpretation of some of the Hopf algebroid structure on
Agz (n). Specifically we give a graphical interpretation of the coproduct and antipode

on the elements & "and 7 € AL, ().
Theorem (Theorem 4.12)

L. The coproduct w(éi"ﬂ) S Aéz (n) is the sum of tensors of all pairs of edges that

make length 2 directed paths from the vertex 2J p to the vertex 2'/ p in the
complete graph on the vertices {o, p, 2p, 2%p, - - - 2" p} considered as a directed
graph.

11. Similarly, the coproduct Y (z;) € A{, (n) is the sum of tensors of all pairs of
edges that make length 2 directed paths from the vertex o to the vertex 2! p.

Theorem (Theorem 4.13)

L. The antipode c(éip ! ) € Aéz (n) is the sum of all directed paths from the vertex 2/ p

to the vertex 27 p in the complete graph on the vertices {o, p, 2p, 2%p, - - 2" p}
considered as a directed graph.
1I. Similarly, the antipode c(t;) € Agz (n) is the sum of all directed paths from the

vertex o to the vertex 2! p.

As a corollary, we also obtain another characterization of the unilaterality of the
directed graphs Gg”.

Corollary (Theorem 4.14) Suppose x is a monic monomial in standard formin Aéz (n).
Then the directed graph Gg‘cir is unilateral if and only if

(1) foreach éipj € Aéz (n), at least one summand ofc(éip[) is a factor of x
(2) and 1 is a factor of x.

1.3 Open Questions

These results suggest some natural questions for further study, some of which partially
overlap with questions posed by Larson in [6, §5.4].
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(1) In [18, §8], Wood points out that the mod 2 Steenrod algebra A (as opposed to
its dual) and some of its subalgebras A(n) can be interpreted graph theoretically.
What would the results of [6, 19] or this paper look like in that setting?

(2) Given the Hopf algebra structure on AV (n), can one give a graph theoretic inter-
pretation of the coproduct ¥ and antipode ¢ on an arbitrary monomial x € A" (n)?
Similarly, given the Hopf algebroid structure on Aéz (n), can one give a graph the-
oretic interpretation of the coproduct ¢ and antipode ¢ on an arbitrary monomial
x € AV(n)?

(3) In[18, §5] Wood describes two procedures one can perform in the mod 2 Steenrod
algebra A, called stripping and strapping, that together allow one to derive all of
the Adem relations from the single relation Sq; Sq; = 0. A step in the process of

recovering the Adem relations involves assigning to each monomial Eiz'l €AV a
“stripping operator” which is analogous to how Wood’s construction assigns an
edge of a graph to each Eiz" . Can this analogy be leveraged to obtain further graph
theoretic results in both the p-primary and C»-equivariant settings?

(4) Can we extend our graphical constructions to represent comodules over the quo-
tients AY (n) or Agz (n)?

1.4 Outline of the paper

In Section 2 we recall Wood’s construction of the graphs corresponding to monomials
x € AV(n) when p = 2[18, §8]. We also discuss graph theoretic results in this setting
due to Larson and Yearwood [6, 19]. In Section 3 we describe a construction yielding
graphs corresponding to monomials x € AY (n) when p is an odd prime. This section
also contains the proofs of our odd primary results. In Section 4 we extend our odd
primary construction and results to the C»-equivariant setting.

1.5 Definitions, conventions, and notation

We recall some foundational definitions and set notation.

(1) Agraph G = (Vg, Eg) is a structure that contains a set of objects Vi, which are
called vertices, and relations on the vertices coming from Eg, which are called
edges. The subscript G on Vi and E will often be suppressed when the graph
is clear from context.

(2) Given an edge e € E relating two vertices vg and vy, we say vg and v are the
ends of e.

(3) Fore € E connecting vertices u, v € V, we will write e: u — v and for n copies
of e, we will write " : u — v.

(4) The degree of a vertex v is given by the number of edges that touch that vertex,
we will denote this by deg(v).

(5) A walk is a sequence of edges and vertices in a graph. When the starting and
ending vertices are the same, we say the walk is a closed walk.

(6) A path is a sequence of edges and vertices where no vertex is visited more than
once, except possibly the start and end vertices.
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(7) Note that a path is a specific type of walk, so when the ending and starting vertices
are the same, the path is considered a closed path.

(8) A cycle, also known as a closed path, is a path in a graph that begins and ends at
the same vertex.

(9) A connected graph is one for which there is a path between any given pair of
vertices.

(10) A tree is a graph that is connected and acyclic.

(11) A complete graph is a graph where any given pair of vertices is connected by an
edge.

(12) A Hamiltonian path is a path that visits every vertex exactly once.

(13) A Hamiltonian cycle is a cycle that visits every vertex exactly once.

(14) A directed edge is an edge where the ends are distinguished - one is the head
and one is the tail. In particular, a directed edge is specified as an ordered pair of
vertices (tail, head).

(15) A directed graph is a graph where every edge is directed.

(16) A directed graph D is unilateral if for every pair of distinct vertices v;, v; € D,
there is a directed path starting at v; and ending at v; or vice versa.

(17) Given a graph G with an ordered vertex set Vg = {v1, va, - - - , v,}, the associated
adjacency matrix Ag is an n x n matrix with entry a; ; given by the number of
edges from v; to v;.

2 Wood'’s graphical construction at the prime 2
In this section, we recall Wood’s graphical construction at the prime 2 and describe

results due to Yearwood [19] and Larson [6]. These results inspire our work at odd
primes and in the C»-equivariant setting so it is helpful recollect them here.

2.1 The mod 2 dual Steenrod algebra
The mod 2 dual Steenrod algebra is

AV =8, &, -],

where |£,| = 2" — 1. The coproduct is given by
n .
VE) =) & ®F
i=0

and the antipode ¢ : AV — AV is given recursively by
c(§o) =1

> &2 e =0.

k=0
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Milnor solved this recursion in [10, Lemma 10] obtaining

£(m)
o (k)
&= []&w
T k=1
where the sum is over all ordered partitions 7 of i, £(7r) is the length of 7, 7 (k) is the

kth term of 7, and o (k) is the sum of the first k — 1 terms of 7.
The Hopf algebra quotient AV (n) is given by

~ \2 n+1 n n—1
AVm) = A /(512 7522’532 ,...7%-3“75”_’_2,5”_’_3,...).
In other words,

A\/(n) o~ F2[€1’ 52’ cee $n+1] /(EIZ’H—] ’ szzn’ Egn—] e $3+1) .

2.2 Wood'’s graphical construction (p = 2)

Suppose x is a monomial in A (n). Then

Iy T Tt
x=§"8 Mg

where r; € {0, 1,---, ntl=i _ 1} and where each r; has the 2-adic expansion
n+1—i
+1—i—
rp= Z Cisngl—iom - 2" 717,
m=0

We can rewrite the monomial x as

n+1n+1—i

. . +1—i—m
_ Cintl—i—m2"
=[111« -

i=1 m=0

This rewritten form of x is useful for constructing the graphical interpretation of
monomials in AY (n) so we make the following definition.

Definition 2.1 Given a monomial x € A" (n), the standard form of x is

n
1—i—
_ Cinglmiom- 2T 7ITm
X = & ,

+1n+1-i
i=1 m=0

where the exponents on the &; are written in terms of their 2-adic expansion.
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Given a monomial x € AY (n), Wood defines the graph G, = (Vy, E,) by giving
the ordered vertex set V, = {20, 2122 ..., 2”*1} and the edge set

E, = U {5,'Ci'j'21 AR 2”1'}

[18, §8]. Notice that the degree |§i2j | of the edge §i2j, that is, the grading of éizj when
viewed as an element of AY (n), is the absolute value of the difference of the ends of
&

Considering entries in the upper triangle of the adjacency matrix A, associated to
the graph G, we observe that

aj k = Ck—1,1—1 (Whenl < k), (2.1)
that is,
0 1,0 €2,0 Cn,0  Cn+1,0
1,0 0 1,1 Cn—1,1  Cn1
€2,0 1,1 0 Ch—22 Cn—1.2
Ay = _ . 2.2)
Cn0  Cn—1,1 Cn-22 0 Cln
| Cn+1,0 Cn,1 Cn—1,2 Cl,n ]

Example 2.2 The monomial 512522 € AV (2) has associated graph fosz:

Example 2.3 The monomial 5175253 € AY(2) has associated graph G§17 £ty
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2.3 Connectedness criteria

In [6], Larson gives connectedness criteria for the graph G, given the only the data
of the monomial x. We recall some of Larson’s results here for comparison with our
odd primary and C;-equivariant results.

Throughout this section we will assume x is a given monomial in A (n). Thus we
can write

rygr Fntl
x=&'6% - ErE N

forsomer; € {0, 1, -, ntl—i _ 1}. We will also make use of x written in standard

form, that is writing
n+ln+l1—i

i=1 m=0
Recall that a graph is connected if for any two distinct vertices there exists a path
between them. Given two vertices of a graph, we can count the number of paths
between of a given length. To count the number of acyclic paths between two vertices
of a given length, say of ¢ edges, we define the following set.

Definition 2.4 Suppose ¢ is an integer with 1 < ¢t < n 4 1. Define T; to be the set of
all (r + 1)-tuples (bo, b1, ,---b;—1, b;) where b; € {0, 1, --- , n} and no two entries
are the same.

We can interpret tuples (bo, by, ---bi—1,b;) € T; as corresponding to acyclic
paths of length ¢ from the vertex 2% to the vertex 2. Specifically, the tuple
(bo, by, - - - by_1, b;) represents a path through the vertices 20, 261 ... 201 2P,
Note that b;_1 is not necessarily less than by so the path need not pass through the
vertices of G in ascending order.

Thus, if we are interested in indicating whether a particular acyclic path exists in
our graph, we can begin by checking whether there is an edge between the vertices
2P%-1 and 2Pk This is indicated by the value of

1 if there is an edge between 221 and 2%

s

Amax (br—1,br),min(bg—1,bx) = {O otherwise
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in the adjacency matrix Ay. Using the observation that a; x = cx—;;—1 when!l < k
(2.1), we can rewrite dmax (by_,by),min(bg_1,by) 1N terms of the coefficients ¢; ; appearing
in the standard form of x. Specifically,

Amax (bg—1,bx),min(bx—1,bx) = Clbg—br—1],max(bx—1,bx)—1

Thus the path corresponding to (bg, b1, - - - , b;—1, b;) exists in our graph if and only
if

!
1_[C|bk—bk—l|;max(bk—1,bk)—1 =1
k=1
Therefore, to count the total number of acyclic paths between two given vertices, say
the vertex 2" and the vertex 2° in our graph G,, we make the following definitions.
Definition 2.5 Givenintegersr, s € {0, 1, - - - , n}, define 7} to be the setof all (1 4 1)-
tuples (v, by, -+ ,bs—1,s) where b; € {0, 1,--- ,n+ 1}.

In particular, 7} is the subset of 7; where the first element in each (¢ + 1)-tuple is set
equal to r and the last element in each (¢ + 1)-tuple is set equal to s.

Definition 2.6 Given integers r,s € {0, 1, --- , n}, let
n+1 t
C(r,s):= Z Z H Clbg—by—_1 |,max(by_1,bx)—1-
=1 1/ k=1

Here, the outer sum is taken over all possible lengths of paths between the vertices.
Since there are n + 2 vertices, the longest path that is not a cycle has length n + 1.
The inner sum is taken over 77, that is, over all the acyclic paths of length ¢ between
the vertices 2" and 2°.

Using this notation, Larson proves the following connectedness criterion.

Theorem 2.7 ([6, Theorem 1.1]) The graph G, is connected if and only if the integers

n+1 t

Clr.s) = Z Z ]—[ Clbg—by—1 |, max(be-1,bx) 1

=1 1/ k=1

are positive for all integers r and s with) <r <s <n + 1.

2.4 Trees and Hamilton cycles

Letting o (m) denote the number of nonzero digits in the base 2 expansion of an integer
m, Larson also proves:

Theorem 2.8 ([6, Theorem 1.2]) The graph G is a tree if and only if G is connected

and
n+l

Za(r,-) =n+1.
i=1
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In [19], Yearwood observed that the graphs G can naturally be viewed as directed
graphs with edges oriented in the direction of the larger vertex (i.e., 2¢ — 2 if
0 <a < B < n+1). We will denote the directed version of the graph G, by
G;‘Cir. With the directed version of Wood’s construction in mind, Larson studied the
unilaterality, the appropriate connectedness property for directed graphs (see Section
1.5). To count the total number of acyclic directed paths between two given vertices,
say the vertex 2" and the vertex 2%, we make the following definitions.

Definition 2.9 Givenintegersr,s € {0, 1, --- , n},let T be the set of all (4 1)-tuples
(bo, b1, -+ ,b;) where b; € {0,1,--- ,n+1}andr =bg <b; <--- < b; = .

In particular, 7} is the subset of 7, where the elements in each (7 4 1)-tuple are strictly
increasing.

Definition 2.10 Given integers r, s € {0, 1, --- , n}, let
n+1 t
Urys)i=3_0 T Tencin
=1 T/ k=1

Then U (r, s) is the directed graph analogue of C(r, s) and thus we can think of the
outer and inner sums similarly.
Using this notation, Larson proves the following characterization of unilaterality.

Theorem 2.11 ([6, Theorem 1.3]) The directed graph Ggir is unilateral if and only if
U (r, s) is positive for all integers r, s with) <r <s <n+ 1.

Larson also studied gave an algebraic criteron describing when a Hamilton cycle
must occur in the graph G.

Theorem 2.12 ([6, Theorem 1.4]) The graph Gy has a Hamilton cycle if n > 0 and
for every vertex 2' of G,

Ml<k<j:cjjo=0+#1l<k<n+l—j:ajy;=1}>

oS

Moreover, the directed graph Giir has a directed Hamilton path if and only if x is
L. 2n+l —1
divisible by &; .

2.5 The Hopf algebra structure

Following Lemmas 3.1.7 and 3.1.8 of [19], Larson also gave a graph theoretic inter-
pretation of the coproduct and antipode on monomials Sizj € AV (n).

Theorem 2.13 ([6, Theorem 1.5]) The coproduct lﬁ(éizj) € AV(n) is the sum of

tensors of all pairs of edges that make length 2 directed paths from the vertex 2/ to the
vertex 217 in the complete graph on the vertices {2°,21,2%, ... 2"t} considered
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as a directed graph. Moreover, the antipode C(El?j) € AV (n) is the sum of all directed
paths from the vertex 27 to the vertex 2\

And as a corollary, Larson obtained another characterization of the unilaterality of
G,

Corollary 2.14 ([6, Corollary 1.6]) For x € AV (n), the graph Ggir is unilateral if and

only if for each éizj € AY (n) at least one summand of c(éizj) is a factor of x.

3 A graphical construction at odd primes

We now define a graphical construction for the mod p dual Steenrod algebra quotients
AV (n), where p is an odd prime, with the goal of extending Wood’s construction at
the prime p = 2. Recall the mod p dual Steenrod algebra

AY =Fplé1, &, ... 1Q E[t1, 12, ... ],

where || = 2(p' — 1) and |7;| = 2p’ — 1. Since we work one prime at a time, we
suppress p from our notation simply writing AV for the mod p dual Steenrod algebra.
For each integer n > 1, we study graphs arising from monomials in the quotients

n n—1
AY(n) =Fplé1, 862, & To, 1, 0 77:n]/(€]p P N R LIRS S8

Since addition is represented by disjoint union of graphs, it is sufficient to restrict
our study to monic monomials x € AY (n). Given a monic monomial x € A" (n), we
can write

_ €0 €1 €Ep Tl g2 T,
X = -’_—0 -[1 ...-L—nnsl Ez ...Sn"

where ¢; € {0,1}and 0 < r; < p"‘“‘i — 1. Following Wood’s construction, we will
utilize the p-adic expansion of r;,

n—i

n—i—m
ri = E Cin—i—m- P .
m=0

Extending Definition 2.1, we make the following definition.

Definition 3.1 For a monic monomial x € A" (n), the standard form of x is
non—i n—i—m
€0 €1 € Cin—i—-m'D"
o e [TT s ’
i=1m=0

where the exponents on the &; are expanded into their p-adic expansion.
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Given a monic monomial x € A" (n), we define the graph G, = (V,, E,) setting
the ordered vertex set V, = {1,2- p, 2 p', ..., 2 p"} and the edge set

[ i Pl o i G s it
Ev={a:1-2p }Osignu {gi L2p) Zhoptiy

0<j<n—i

where each 7; denotes an edge connecting vertices 1 and 2p’ and each sic,-,_,- L4 denotes
c;,j edges connecting vertices 2p/ and 2p'*/. Notice that, similarly to the p = 2
case, the degree |§‘i2j| of the edge %.iz-f’ that is, the grading of "g‘iz'/ when viewed as an
element of AY (n), is the absolute value of the difference of its ends. Additionally, the
degree |7;| of the edge 7; is the absolute value of the difference of its ends.

Example 3.2 The monomial x = 512 Pg, € AV(2) has associated graph G,:

Notice that in the graph G,, there are 2 = ¢,; edges connecting vertices 2 p1 and
2p?. These correspond to the two factors of & lp . In general, our graphs may have up to

p — 1 factors of & 1’7 , in which case there would be p — 1 edges connecting the vertices
2p! and 2p2.

Example 3.3 The monomial x = 7p7;72 € A (2) has associated graph G, ,:

T2 70
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Consider a monic monomial x € AY (n). We observe that the entries in the upper
triangle of the adjacency matrix Ay, that is a; x where [ < k, are given by

aik =

€k—2

I=1
Ck—1,1—-2 l<l<k’

3.1

It may be helpful to recall that the values of €, and cx—; ;—> come from the exponents
of x in standard form (Definition 3.1). Therefore,

0
€0

€n—1
€n

€0
0

1,0

2,0

Cn—1,0
Cn,0

€1
€1,0

1,1

Cn-2,1
Cn—1,1

€2
€2,0
1,1

Cn—-3,2
Cn—-22

€n—1
Cn—1,0
Cn—-2,1
Cn-32

0

Cl,n—1

(3.2)

Notice that the i™ superdiagonal, excluding the first row, contains the coefficients of
the p-adic expansion for &. Reading i superdiagonal from bottom to top yields the

base p expansion of r;:

3.1 Examples

In this section, all examples have prime p set equal to 3.

ri = (Ci,n—i Cin—i—1 ---

Ci 1 Ci,O)P-

Example 3.4 (A maximally complete graph) Consider the monomial

x = rnnE EE € AY(3).

Rewriting x in standard form yields

2325231.2.30.2.31 2.30.2.30
x=tmnné 7 £ EC &7 &7 & € AY(3)

with associated graph and adjacency matrix depicted below.
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01111
10222
A, =[12022
12202
12220

Example 3.5 (A minimally complete graph) Consider the monomial
x = unné 55 € AY().

Rewriting x in standard form yields

2 1 0 1 0 0
nnnE £ & & & & € AY(3)

with associated graph and adjacency matrix depicted below.

01111
10111
A,=|11011
11101
11110

Example 3.6 (A connected graph) Consider the monomial x = ‘L’()‘C3§14§26 e AV(3).
Rewriting x in standard form yields

1,20 91l
wné} & 57 € AY0)
with associated graph and adjacency matrix depicted below.
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01001
10100
A,=101012
00100
10200

Example 3.7 (A tree graph) Consider the monomial x = t0r3$§ € AY(3). Rewriting
x in standard form yields

1 0
w0136 & € AV (3)

with associated graph and adjacency matrix depicted below.

01001
10010
A,=100001
01000
10100

Example 3.8 (A graph with a Hamilton path) Consider the monomial x = 7 135113 €
AV (3). Rewriting x in standard form yields

2 1 0
w0iE & & € AY(3)

with associated graph and adjacency matrix depicted below.
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01001
10100
A,=101010
00101
10010

Example 3.9 (Viewing the graph as a directed graph) Consider the monomial
_ 13 v
x =118 € AY(3).

Rewriting x in standard form yields

2 1 0
w0é; & & € AY(3)

with associated graph and adjacency matrix depicted below.

73 0
01001
00100
Ag. = (00010
00001
00000

In general, with the vertex set being ordered we can always consider the graphs to
be directed graphs. The monomial information can be read from both the directed
and undirected graphs. Notice that when the graph is viewed as a directed graph, the
adjacency matrix is upper triangular and no longer symmetric (for [ > k, a; x = 0).
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3.2 Connectedness and Unilaterality

We begin by considering the subgraph G, \{1} given by omitting the vertex 1. This
subgraph has adjacency matrix

0 1,0 €2,0 Chi—1,0  Cn0
1,0 0 1,1 Ch-2,1 Cn—1,1
€2,0 1,1 0 Cn-32 Cn-22 33)
n—1, n—2, n—3, n—
Cn—1,0 Cn=21 Cn—32 0 Cln—1
| Cn,0 Cn—1,1 Cp-22 Cl,n—1 0 i

Noticing that this matrix has nearly the same form as the adjacency matrix in the p = 2
case (2.2), we can apply a similar argument to prove the following proposition.

Proposition 3.10 The subgraph G \{1} is connected if and only if the integers

n t
C(ros) = > [T etbbicrlmaxteorbo-1

=1 1/ k=1

are positive for all integers r and s with0 <r < s < n.
Returning to consider the entire graph G, we prove the following theorem.
Theorem 3.11 The graph G is connected if and only if
(1) the integers z
n
C(r,s):= Z Z 1_[ Clbg—bi_1 |,max(bg_1,be)—1
=1 T/ k=1

are positive for all integers r and s with0 <r < s <n and

(2) the sum
n
Zek > 0.
k=0

Proof The first condition guarantees that the subgraph G\ {1} is connected. The second
condition guarantees that the vertex 1 is connected by an edge to the subgraph G\{1}.

Similarly to the case where p = 2, the graphs G can also naturally be viewed as
directed graphs with edges oriented in the direction of the larger vertex. We will again
denote the directed version of the graph G by Ggir. Similar techniques of proof yield
the following characterization of the unilaterality of G,.

Theorem 3.12 The directed graph x" is unilateral if and only if

(1) the integers

n '
U(r,s) = ZZ l_[Cbk—l,bk

=1 1/ k=1
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are positive for all integersr, s withQ <r < s < n+ 1, where Tt” is the set of all
(t + D)-tuples (bg, by, --- ,by) withb; € {0,1,--- ,n+ 1} andr = by < by <
el < bt =y,

(2) and furthermore x is divisible by 1.

3.3 Trees and Hamiltonian cycles

Theorem 3.13 Suppose x is a monic monomial in A (n) such that G is connected.
Then G is a tree if and only if

(1) the sum
n
Zap(rl) = n’
i=1

where o, (r;) denotes the number of nonzero digits in the base-p expansion of r;,
and
(2) exactly one ty divides the monic monomial x, for some 0 < k < n.

Proof Let x be a monic monomial in A" (n) such that G, is connected. Recall that in
our graph construction, a digit equal to 1 in the base p expansion of r; corresponds to
having exactly one edge between two vertices of the graph. Thus,

Zap(ri) =n
i=1

implies that there are exactly n edges contained in the subgraph G, \{1}. If additionally,
a singular 7 divides x with 0 < k < n, x is connected but not cyclic because G
consists of n + 1 distinct edges in a graph with n 4 2 vertices. Thus the graph G, is a
tree.

Recall that a Hamiltonian directed path for a graph G is defined as a directed path
containing every vertex of G.

Theorem 3.14 Let x be a monic monomial in AV (n). The graph G« has a Hamiltonian-
-1

directed path if and only if 1:0a§1ﬁ divides x.

Proof Suppose the graph Giir associated with x € AY (n) has a Hamiltonian directed
path. Since the tail of each edge in Giir is less than the head, and every vertex appears
in the Hamiltonian directed path, the path must proceed through the ordered vertex
set V, ={1,2,2p, 2p2, -+, 2p"} in order. In order for there to be an edge between
the vertices 1 and 2, tp must divide x. In order for there to be an edge between the

k
vertices 2 pk and 2 pk+1, Slp must divide x. Hence

Zn k P”*l
k=0 P p—1
T0&] = 10§,
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-l ,
must divide x. On the other hand, if 7o&,” - divides x, the graph Gg‘r has a
Hamiltonian-directed path by construction.

Next we turn to establishing a criterion for when the graph G, has a Hamilton cycle.
Our goal will be to make use of Dirac’s theorem, which says that a simple graph with
n vertices (n > 3) is Hamiltonian if every vertex has degree 5 or greater. Since we
are working with multigraphs G, our first step will be to make an observation which
allows us to reduce to the simple graph setting.

Let A, be the adjacency matrix associated to G, with the (i, j) entry of A, denoted
a;, ;. Define

foutRp?) = #{1 < i <nlajia js24i > 1)

and _
fin@pH) =#1 <i < j+llajio 12> 1}

and let GR denote the simple graph obtained from G, by replacing any multi-edges
with a single edge between the same vertices. We will call GR the reduced graph.
Then the following proposition follows from the definitions of A, and G}?.

Proposition 3.15 The out-degree of the vertex 2p’ in GE considered as a directed
graph is given by fou. The in-degree of the vertex 2p’ in GE considered as a directed
graph is given by fin(2p’).

In order to guarantee a Hamiltonian cycle in G, it is sufficient to show there is
a Hamiltonian cycle in G}}. Since fin(2p/) + four(2p’) gives the total degree of the
vertices 2 pj O<j<n)in G?, it only remains to consider the degree of the vertex
1 in order to apply Dirac’s theorem.

Since 1 is the initial vertex in the directed graph Ggir, the total degree of the vertex

lis
n
> e
k=0
Then using Dirac’s theorem we arrive at the following result.

I'n

Theorem 3.16 Suppose x = 13’ - 1;"&]" -+ xiy" € AV(n). The corresponding
graph G has a Hamilton cycle if

(1) n >0,
(2) foreach jwithO < j <n,

fin(2pj) + fout(zpj) = g,

(3) and

™
1)
A%

NSRS
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3.4 Graph theoretic interpretation of the coproduct

Similarly to Larson’s graph theoretic description of the coproduct at the prime p = 2
(Theorem 2.13), we also have a graphical interpretation of the coproduct on elements

gr " and " € AY(n) at odd primes.

Theorem 3.17 The coproduct w(éipj) € AV (n) is the sum of tensors of all pairs of
edges that make length 2 directed paths from the vertex 2p’ to the vertex 2p't/ in
the complete graph on the vertices {1,2,2p, 2p?, - -+, 2p"} considered as a directed
graph.

Similarly, coproduct ¥ (t;) € AV (n) is the sum of tensors of all pairs of edges that
make length 2 directed paths from the vertex 1 to the vertex 2p'.

Proof Our proof closely follows that of [6, Theorem 1.5] in the p = 2 case. We

first prove the statement for x = éip " Recall that the coproduct on the dual Steenrod
algebra AV is given by

n—1

VE) =6 @ 1+106+Y &, (3.4)

k=1

The first two summands on the right-hand side of (3.4) represent degenerate length
2 directed paths from 2p/ to 2p'*/. A non-degenerate length 2 directed path from
2p/ to 2p'tJ corresponds to a choice of an intermediate vertex, which is of the form
2 pj ** for some k where 1 < k < i — 1. Given this choice of k, the edge from 2 pj to
2pith s éﬁ_k_j = S,f] and the edge from 2p/ % to 2pi*/ is Sili;k_(ﬁk). The terms
of the sum indexed by k on the far-right side of (3.4) correspond precisely to the pairs
of edges just described. Similarly,

n—1
k
V() =t 01+1Q71 + § ‘i::_k®7:k
k=0

and a similar argument gives the desired statement.

Example 3.18 Suppose p = 3 and consider & € A (3). Then

YE)=6HQ1+E RE+105

as depicted in Figure 1. Note that the loops in Figure 1 denote degenerate paths
corresponding to the factors of 1 appearing in the tensor product. The dashed arrows are
directed edges between vertices that do not form directed paths of length 2 between the
vertices 2-3% and 2-32 in the complete graph on the vertices {1, 2.30 2.3, 2.32 2-33}
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Fig. 1 Coproduct construction
of & in A; 3)

Fig.2 Coproduct construction
of 73 in AY (3)

considered as a directed graph. The solid arrows are edges that do form directed paths
of length 2 between the vertices 2 - 3° and 2 - 32.

Example 3.19 Suppose p = 3 and consider 7, € AY(3). Then
Y@ =n®l+5HQ0+E 0+

as depicted in Figure 2. Again loops denote degenerate paths corresponding to factors
of 1 appearing in the tensor product.
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3.5 Graph theoretic interpretation of the antipode

Similarly to Larson’s graph theoretic description of the antipode at the prime p = 2
(Theorem 2.13), we also have a graphical interpretation of the antipode c : AY(n) —

AY (n) on the elements ";“ip " and 7; at odd primes.

Theorem 3.20 The antipode c(éi’ﬂ) € AV(n) is the signed sum of all directed paths
from the vertex 2pJ to the vertex 2p'*/ in the complete graph on the vertices
(1,2,2p,2p%, --- ,2p"} considered as a directed graph. The positive terms in the
sum correspond exactly to paths consisting of an even number of edges from the vertex
2 to the vertex 2p'tJ.

Similarly, the antipode c(t;) € AY (n) is the signed sum of all directed paths from
the vertex 1 to the vertex 2 p' . The positive terms correspond exactly to paths consisting
of an even number of edges from the vertex 1 to the vertex 2p'.

Proof Recall that the antipode map ¢ : AY (n) — AV (n) of the Hopf algebra structure
sends

n—1

cEn) =~k — 3 & e,

k=0
and

n—1

c(tn) = —tu — Y &7 pe(w).

k=0

We will prove the statement for ¢ (& ip J) by induction on i. The proof for c(t;) is similar.
To begin the induction, consider c(élpj) = c(él)pj = (—El)Pj = —5{7] since p
is an odd prime. In the complete graph on the vertices {1, 2,2p, 2 p2, <o+, 2p"}, the

monomial &/’ " corresponds exactly to the a path from 2p/ to 2pi+!. This is a path of
length one so we observe the desired statement is true when i = 1.

Now suppose c(&] ") is the signed sum of all directed paths from 2p/ to 2p‘+/ for
all £ < i where paths of an even length correspond to positive terms and paths of an
odd length correspond to negative terms. We must show that

C(Sﬂl) = _gﬂl - Z%{ikc(%f’j) (3.5)

k=0
is the signed sum of all directed paths from 2p/ to 2p'*1*/ where directed paths
of an even length correspond to positive terms and directed paths of an odd length

correspond to negative terms.
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i A ,
Consider the term —Eiﬂtkc@f ]) in Equation 3.5. The C(Ef j) factor in this term
. . k+j
consists of a signed sum of all paths from 2p’ to k2p-’ +k while the Eii;rik factor
. P +J j
consists of the edge from 2p/+* to 2 p/+i+1 Thus Eiil ikc(éf]) is a signed sum of all
directed paths from 2 p/ to 2pJ/** followed by the edge from 2 p/+K to 2p/+i+1 in the
k+j Jj
reduced graph G?. Observe thgt the length of each directed path in —Ei’jrlkc(élf /)
is one step longer than in c(é,f7 / ). Moreover, the sign in front of each term appearing

P i .
in —Eﬂrlikc(élf ') is the opposite of that appearing in c& "). Hence directed paths
of even length still correspond to positive terms in the sum and directed paths of odd
length still correspond to negative terms in the sum. Thus summing over all k¥ where
0 < k < i gives the desired signed sum of all paths from 2p’/ to 2pit1+J passing
through at least one intermediate vertex. The term —51.1:1 gives the remaining path
from 2p/ to 2p' 1%/ passing thrpugh no intgrmediate vertices. Hence C(Si[i 1) is the
signed sum of all paths from 2p/ to 2p'*!*/ where directed paths of an even length
correspond to positive terms and directed paths of an odd length correspond to negative
terms.

Example 3.21 Let p be an odd prime and consider & € A (3). Then

(&) = —& + &

as depicted in Figure 3.

Fig.3 Antipode of & in AY (3)
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Fig.4 Antipode of 75 in AV (3)

&
Example 3.22 Let p be an odd prime and consider 7, € A (3). Then

() =-n+10é +

as depicted in Figure 4.

Corollary 3.23 For x € AV (n), the directed graph Gﬁir is unilateral if and only if

(1) for each éip/ € AV (n), at least one summand ofc(éipl) is a factor of x
(2) and 7y is a factor of x.

Proof Note that the directed graph Ggir is unilateral if and only if there is a directed
path connecting any two of its vertices, say 2p' and 2p' ™/ or 1 and 2p**/. Theorem

3.20 shows this is equivalent to the demand that at least one summand of c(’g‘ip '/) and
7o appear as factors of x.
4 A Cy-equivariant graphical construction

4.1 The coefficients M

Before describing the C>-equivariant dual Steenrod algebra, we give a more detailed
description of the bigraded coefficient ring

F
My = Fala, u] @ —2 4 ().
(a®>, u>)
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o e e
o .
e
o 1
e oU
o e e
o e e e
e e e e e

Fig.5 The coefficients M»

where |a| = (-1, —1), |u] = (0, —1). A bigraded plot of M, appears in Figure 5
where each dot represents a copy of F,. The topological dimension is given on the
horizontal axis while the vertical axis is the weight.

Remark 4.1 The coefficients My are the RO (C>)-graded homology of a point with
coefficients in the C»-constant Mackey functor [F,.

4.2 The C>-equivariant dual Steenrod algebra

Recall that the Cy-equivariant dual Steenrod algebra is given by
sz = MZ[S]; 527 ey TO9 Tla "'] /(Tl2 = (u + af0)§l+1 ~|— a‘[l+1) )

where 1§ = p(2' — 1) and |1;| = 2/p — o (see [4, Theorem 6.41] or [7, Theorem
2.14] for the full Hopf algebroid structure). Also recall that given an integer n > 0 the
quotient Aéz (n) is

Aéz(n) ~ Mp[&1, &, ..., &4, 0, T1, -, Tnl /(Ei2r1—1+1’ _L_i2 = (u + ato)éip1 + atip1) -
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4.3 A graphical interpretation

Given a monomial x € Agz (n) we can use the relation tiz = (U +avg)éi+1 +atiy
to write x as a finite sum consisting of terms of the form

w4 T E e E 4.1)
where w € M, ¢; € {0, 1} and 0 < r; < 2n+1=i _ 1 Because addition is represented

as disjoint union in our graphical interpretation, we will focus on monic monomials
of the form (4.1) throughout this section. Similarly to Wood’s construction in the
nonequivariant setting at the prime 2, we will also utilize the 2-adic expansion of r;,

n—i
n—i—m
ri = E Cin—i—m -2
m=0

and extend Definitions 2.1 and 3.1 to make the following definition.

Definition 4.2 Given a monic monomial x = 7’7" - 71,"&/'&;% - - - £," where €; €
{0,1}and 0 <r; < 2ntl=i _ 1 the standard form of x is

nonzi 2;1—i—m
€0 €1 € Cin—i—m*
wortn \ [T &

i=1m=0
where the exponents on the &; are expanded into their 2-adic expansion.

Given such a monic monomial x € A (n), we define the graph G, = (Vy, E) by
setting the ordered vertex set V, = {o, p, 2p, 22p,.--2"p} and the edge set
. i .,2j . N
Ey={t:0 = 2plo<i=n | J {Eic"f :2/p — 2" p \<izn
0<j<n—i

. . ; 12
where each 7; denotes an edge connecting vertices o and 2’ p, and each Sic 77 denotes
ci,j edges connecting vertices 2/ p and 2°/ p. Notice that, similarly to nonequivariant

setting, |§l.2j |, the degree of the edge g}j when viewed as an element of Aéz (n)

corresponds to the absolute value of the difference of the ends of él.zj and the degree
of the edge 7; when viewed as an element of Agz (n), |ti|, also corresponds to the
absoslute value of the difference of the ends of ;.

Since M} is a bigraded ring, and the coefficient w € M may live in a nonzero bide-
gree, multiplication by w € M, may change the degree of 75"t - - 7,;"£]' &, - - - &,".
To account for this in our graphical interpretation, we view the vertices V, of G, as
embedded in R? with the embedding given by the bidegree of the vertices plus the
bidegree of w as illustrated in the next two examples.
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Fig.6 The graph G, associated to x = 513521'0 S Aéz 2)

Fig.7 The graph G associated to x = a2u513§210 € Aéz 2)

Example 4.3 The monomial x = & 1352 Tpin Aéz (2) has associated graph G as depicted
in Figure 6. Here, and throughout this section, we use the motivic grading convention
where the topological degree is plotted along the horizontal axis while the weight is
given by the vertical axis.

Example 4.4 The monomial x = (12M§13§2‘L'() € Aéz (2) has associated graph G, as
depicted in Figure 7. It may be helpful to recall that |a| = (—1, —1) and |u| = (0, —1).

Finally, the adjacency matrix A, associated to G has exactly the same form as in
the odd primary case (3.2).
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4.4 Connectivity and Unilaterality

Similarly to the nonequivariant odd primes case (§3.2), we begin by considering the
subgraph G \{o}. This subgraph has adjacency matrix

0 c0 20 Chi-1,0 Cn,0
cro 0  ci1 Cn—2,1 Cn—1,1
0 C1,1 0 Cn—32 Cn—22

Cn—1,0 Cn—2,1 Cn—3,2 0 cin-1
| ¢n0 Cn—1,1Cn—22 Clu—1 0O |

Since this matrix has the same form as the adjacency matrix in the nonequivariant
p and odd prime case (3.2), we can apply a similar argument to prove the following
proposition.

Proposition 4.5 The subgraph G \{o} is connected if and only if the integers

n t
Clr,s) = Z Z ]—[ Clbg—by—1 |, max(be—1,bx) 1

=1 1/ k=1

are positive for all integers r and s withQ <r <s < n.

Returning to consider the entire graph G, we prove the following theorem, which has
the same statement as in the nonequivariant odd-primary case (Theorem 3.11).

Theorem 4.6 Suppose x € Aéz (n) is a monic monomial in standard form. Then the
graph Gy is connected if and only if

(1) the integers

n t
C(r,s) = Z Z 1_[ Clbg—bk—1|.max(bg_1.bx)—1

t=1 T/ k=1
are positive for all integers r and s withO <r < s <n and
(2) the sum
n

Z € > 0.

k=0
Proof The first condition guarantees that the subgraph G\ {c'} is connected. The second
condition guarantees that the vertex 1 is connected by an edge to the subgraph G\ {o}.

Similarly to the nonequivariant setting, the graphs G, can naturally be viewed as

directed graphs with edges oriented in the direction of the vertex of larger dimension.

We will again denote the directed version of the graph G, by ch“r. Similar techniques
of proof yield the following characterization of the unilaterality of G.
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Theorem 4.7 Suppose x € Azz (n) is a monic monomial in standard form. Then the
directed graph G;ﬁr is unilateral if and only if

(1) the integers
n ¢
U(r,s) = Z Z 1_[ Chy_1,bk
=1 1 k=1

are positive for all integers r, s withQ <r < s < n+1, where T/ is the set of all
(t + 1)-tuples (bg, by, --- ,by) withb; € {0,1,--- ,n+ 1} andr = by < by <
< bt = S.

(2) And x is divisible by 1.

4.5 Trees and Hamiltonian Cycles

Theorem 4.8 Suppose x is a monic monomial in standard form in A& (n) such that
G is connected. Then Gy is a tree if and only if

(1) the sum
n
Zap(ri) =n,
i=1

where o, (r;) denotes the number of nonzero digits in the base-p expansion of r;,
and
(2) exactly one Tty divides the connected graph x, for some 0 < k < n.

Proof Let x be a monic monomial in standard form in Aéz (n) such that G is con-
nected. Recall that in our graph construction, a digit equal to 1 in the base 2 expansion
of r; corresponds exactly to having one edge between two vertices of the graph. Thus,

Y ) =n
i=1

implies that there are exactly n edges contained in the subgraph G, \{o }. If additionally,
a singular 7 divides x with 0 < k < n, x is connected but not cyclic because G
consists of n + 1 distinct edges in a graph with n + 2 vertices. Thus, the graph of G
is a tree.

Recall that a Hamiltonian directed path for a graph G is defined as a directed path
containing every vertex of G.

Theorem 4.9 Let x be a monic monomial in standard form in Aéz (n). The graph G

has a Hamiltonian-directed path if and only if roélzn+l ~1 divides x.

Proof Suppose the graph Gﬂir associated with x € Aé (n) has a Hamiltonian directed
path. Because G, is directed such that each tail edge end vertex has representa-
tion dimension less than that of the head edge and every vertex appears in the
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Hamiltonian directed path, the path must proceed through the ordered vertex set
Ve = {0,p,2p,2%p, .-+ ,2"p} in order. In order for there to be an edge between
the vertices o and p, top must divide x. In order for there to be an edge between the

. k ..
vertices 2Kp and 2K+ p, £ 12 must divide x. Hence

n_ ok ontl_q
TOfl =0T = 7051

.. . ntl_p L. :
must divide x. On the other hand, if 10512 I divides x, then the graph Gg‘r has a
Hamiltonian-directed path by construction.

Next we will turn to establishing a criterion for when the graph G has a Hamilton
cycle. Our goal will be to again make use of Dirac’s theorem, which says that a simple
graph with n vertices (n > 3) is Hamiltonian if every vertex has degree 5 or greater.
Unlike the nonequivariant odd prime setting, the graphs in the C»-equivariant setting
are all simple graph so the arguments here are simpler than those of Section 3.3.

Let A, be the adjacency matrix associated to G, with the (i, j) entry of A, denoted
a;, ;. Define

degoy(2/p) = #{1 < i < nlajsz js24i = 1)
and '
deg;,(2/p) = #{1 <i < j+1laj+2-i j+2 = 1}
The following proposition is immediate from the definitions of A, and G,.

Proposition 4.10 The out-degree of the vertex 2/p in Giir is given by deg,. The
in-degree of the vertex 2/ p in Gg“ is given by deg;, (27 p).

Since deg;, (27 p) +deg,, (2/ p) gives the total degree of the vertex 2/ p (0 < j < n)
in Giir, it only remains to consider the degree of the vertex o in order to apply Dirac’s
theorem.

Since o is the initial vertex in the directed graph G

o 18
n
>a
k=0

Then using Dirac’s theorem we arrive at the following result.

gir , the total degree of the vertex

Theorem 4.11 Suppose x = 15"+ 1,"&]" - - &," is a monic monomial in standard

form in Aéz (n). The corresponding graph G, has a Hamilton cycle if

(1) n >0,
(2) foreach jwithO < j <n,

. . n
deg;, (27 p) + deg,, (27 p) = >

(3) and

™
1)
A%

NSRS

@ Springer



Graphs arising from the dual Steenrod algebra

4.6 Graph theoretic interpretation of coproduct and antipode

Similarly to Larson’s graph theoretic description of the coproduct at the prime p = 2
(Theorem 2.13) and our graph theoretic description at odd primes (Section 3.4), we
also have a graphical interpretation of the coproduct on elements %}2'/ andt; € A(ij (n).

Theorem 4.12 The coproduct w(s;f’) € Aéz (n) is the sum of tensors of all pairs of

edges that make length 2 directed paths from the vertex 21 p to the vertex 2/ p in
the complete graph on the vertices {0, p,2p,2%p, - - 2" p} considered as a directed
graph.

Similarly, the coproduct V (t;) € Aéz (n) is the sum of tensors of all pairs of edges
that make length 2 directed paths from the vertex o to the vertex 2! p.

Proof Recall that the coproduct on Aéz (n) is given by

YE) =) & 0

i=0

V) =1+ 6, ®n.

i=0

This formulas have the same form as in the case of the odd primary nonequivariant
dual Steenrod algebra and the proof is the same as in that case.

Using a similar argument as in the nonequivariant p an odd prime case, we obtain
a graphical description of the antipode on elements Eizj and 7; € Aéz (n).

Theorem 4.13 The antipode C(Sipj) € Aéz(n) is the sum of all directed paths

from the vertex 2/ p to the vertex 211 p in the complete graph on the vertices
{0, p,2p,2%p, ---2"p} considered as a directed graph.
Similarly, the antipode c(t;) € Aéz (n) is the sum of all directed paths from the

vertex o to the vertex 2\ p.

As a corollary, we also obtain another characterization of the unilaterality of the
directed graphs G4,

Corollary 4.14 Suppose x is a monic monomial in standard form in Aéz (n). Then the
directed graph Ggir is unilateral if and only if

(1) for each Sizj € Agz (n), at least one summand ofc(gizi) is a factor of x
(2) and 7y is a factor of x.

@ Springer



C. Elliott et al.

Acknowledgements The authors are grateful to the Department of Mathematics at the University of Col-
orado Boulder for sponsoring the Research Experience for Undergraduates and Graduates in Summer 2025,
which led to this project. The fourth author would also like to thank the Isaac Newton Institute for Math-
ematical Sciences, Cambridge, for support and hospitality during the programme Equivariant homotopy
theory in context, where partial work on this paper was undertaken. This work was supported by EPSRC
grant EP/Z000580/1. The material in this paper is also based upon work supported by the National Science
Foundation under Grant No. DMS 2135884.

Data availability Not applicable.

OpenAccess Thisarticleis licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included
in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

1. Adams, J.F.: On the structure and applications of the Steenrod algebra. Comment. Math. Helv. 32,
180-214 (1958). 1SSN: 0010-2571,1420-8946. https://doi.org/10.1007/BF02564578

2. Adams, J.F., Margolis, H.R.: Sub-Hopf-algebras of the Steenrod algebra. Proc. Camb. Philos. Soc. 76,
45-52 (1974). 1sSN: 0008-1981. https://doi.org/10.1017/s0305004100048714

3. Hill, M.A., Hopkins, M.J., Ravenel, D.C.: On the nonexistence of elements of Kervaire invariant one.
Ann. Math. (2) 184(1), 1-262 (2016). 1SSN: 0003-486X,1939-8980. https://doi.org/10.4007/annals.
2016.184.1.1

4. Hu, P, Kriz, I.: Real-oriented homotopy theory and an analogue of the Adams-Novikov spectral
sequence. Topology 40(2), 317-399 (2001). https://doi.org/10.1016/S0040-9383(99)00065-8

5. Hu, P, Kriz, 1., Somberg, P., Zou, F.: The Z/ p-equivariant dual Steenrod algebra for an odd prime p
(2023). arxiv:2205.13427 [math.AT]

6. Larson, D.M.: Connectedness of graphs arising from the dual Steenrod algebra. J. Homotopy
Relat. Struct. 17(1), 145-161 (2022) 1SSN: 2193-8407,1512-2891. https://doi.org/10.1007/s40062-
022-00300-3

7. Li, G., Shi, X.D., Wang, G., Xu, Z.: Hurewicz images of real bordism theory and real Johnson-Wilson
theories. Adv. Math. 342, 67-115 (2019) 1SsN: 0001-8708,1090-2082. https://doi.org/10.1016/j.aim.
2018.11.002

8. Lin, W., Wang, G., Xu, Z.: On the last Kervaire invariant problem (2025). arXiv: 2412.10879[ math.AT]

9. May, J.P.: Equivariant homotopy and cohomology theory. Vol. 91. CBMS Regional Conference Series
in Mathematics. With contributions by M. Cole, G. Comezaia, S. Costenoble, A. D. Elmendorf,
J.P.C. Greenlees, L.G. Lewis, Jr., R.J. Piacenza, G. Triantafillou, S. Waner. Conference Board of the
Mathematical Sciences, Washington, DC; by the American Mathematical Society, Providence, RI,
pp. Xiv+366 (1996) 1SBN: 0-8218-0319-0. https://doi.org/10.1090/cbms/091

10. Milnor, J.: The Steenrod algebra and its dual. Ann. Math. (2) 67, 150-171 (1958) 1SSN: 0003-486X.
https://doi.org/10.2307/1969932

11. Ravenel, D.C.: Complex cobordism and stable homotopy groups of spheres. Vol. 121. Pure and Applied
Mathematics. Academic Press, Inc., Orlando, FL, pp. xx+413 (1986) I1SBN: 0-12-583430-6; 0-12-
583431-4

12. Rosen, S.S.: On torsion in connective complex cobordism. Thesis (Ph.D.)-Northwestern University.
ProQuest LLC, Ann Arbor, MI, p. 98 (1972). http://gateway.proquest.com/openurl?url_ver=7239.
88-2004&rft_val_fmt=info:ofi/fmt:kev:mtx:dissertation&res_dat=xri:pqdiss&rft_dat=xri:pqdiss:
7310276, http://gateway.proquest.com/openurl?url_ver=7239.88-2004&rft_val_fmt=info:ofi/fmt:kev:
mtx:dissertation&res_dat=xri:pqdiss&rft_dat=xri:pqdiss:7310276

@ Springer


http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1007/BF02564578
https://doi.org/10.1017/s0305004100048714
https://doi.org/10.4007/annals.2016.184.1.1
https://doi.org/10.4007/annals.2016.184.1.1
https://doi.org/10.1016/S0040-9383(99)00065-8
http://arxiv.org/abs/2205.13427
https://doi.org/10.1007/s40062-022-00300-3
https://doi.org/10.1007/s40062-022-00300-3
https://doi.org/10.1016/j.aim.2018.11.002
https://doi.org/10.1016/j.aim.2018.11.002
http://arxiv.org/abs/2412.10879[math.AT
https://doi.org/10.1090/cbms/091
https://doi.org/10.2307/1969932
http://gateway.proquest.com/openurl?url_ver=Z39.88-2004&rft_val_fmt=info:ofi/fmt:kev:mtx:dissertation&res_dat=xri:pqdiss&rft_dat=xri:pqdiss:7310276
http://gateway.proquest.com/openurl?url_ver=Z39.88-2004&rft_val_fmt=info:ofi/fmt:kev:mtx:dissertation&res_dat=xri:pqdiss&rft_dat=xri:pqdiss:7310276
http://gateway.proquest.com/openurl?url_ver=Z39.88-2004&rft_val_fmt=info:ofi/fmt:kev:mtx:dissertation&res_dat=xri:pqdiss&rft_dat=xri:pqdiss:7310276
http://gateway.proquest.com/openurl?url_ver=Z39.88-2004&rft_val_fmt=info:ofi/fmt:kev:mtx:dissertation&res_dat=xri:pqdiss&rft_dat=xri:pqdiss:7310276
http://gateway.proquest.com/openurl?url_ver=Z39.88-2004&rft_val_fmt=info:ofi/fmt:kev:mtx:dissertation&res_dat=xri:pqdiss&rft_dat=xri:pqdiss:7310276

Graphs arising from the dual Steenrod algebra

13.

14.

15.

16.

18.

19.

Sankar, K., Wilson, D.: On the Cp-equivariant dual Steenrod algebra. Proc. Am. Math. Soc. 150(8),
3635-3647 (2022) 1SSN: 0002-9939,1088-6826. https://doi.org/10.1090/proc/15846

Smith, L.: An algebraic introduction to the Steenrod algebra. In: Proceedings of the School and Confer-
ence in Algebraic Topology. Vol. 1 1. Geom. Topol. Monogr. Geom. Topol. Publ., Coventry, pp. 327-348
(2007)

Walker, G., Wood, R. M.W.: Polynomials and the mod 2 Steenrod algebra. Vol. 1. The Peterson hit
problem. Vol. 441. London Mathematical Society Lecture Note Series. Cambridge University Press,
Cambridge, pp. xxiv+346 (2018) ISBN: 978-1-108-41448-7; 978-1-108-41406-7

Walker, G., Wood, R.M.W.: Polynomials and the mod 2 Steenrod algebra. Vol. 2. Representations of
GL(n, F7). Vol. 442. London Mathematical Society Lecture Note Series. Cambridge University Press,
Cambridge, 2018, pp. xxiv+355. ISBN: 978-1-108-41445-6; 978-1-108-41406-7

. Wood, R.M.W.: Differential operators and the Steenrod algebra. In: Proc. London Math. Soc. (3) 75.1,

pp. 194-220. 1SSN: 0024-6115,1460-244X (1997). https://doi.org/10.1112/S0024611597000324
Wood, R.M.W.: Problems in the Steenrod algebra. In: Bull. London Math. Soc. 30.5 (1998), pp. 449—
517. 18SN: 0024-6093,1469-2120. https://doi.org/10.1112/S002460939800486X

Yearwood, C.: The Dual Steenrod Algebra and Graph Theory. Senior thesis under the supervision of
K. Ormsby (2019)

Publisher’'s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer


https://doi.org/10.1090/proc/15846
https://doi.org/10.1112/S0024611597000324
https://doi.org/10.1112/S002460939800486X

	Graphs arising from the dual Steenrod algebra
	Abstract
	1 Introduction
	1.1 Odd primary results
	1.2 C2-equivariant Results
	1.3 Open Questions
	1.4 Outline of the paper
	1.5 Definitions, conventions, and notation

	2 Wood's graphical construction at the prime 2
	2.1 The mod 2 dual Steenrod algebra
	2.2 Wood's graphical construction (p = 2)
	2.3 Connectedness criteria
	2.4 Trees and Hamilton cycles
	2.5 The Hopf algebra structure 

	3 A graphical construction at odd primes
	3.1 Examples
	3.2 Connectedness and Unilaterality
	3.3 Trees and Hamiltonian cycles
	3.4 Graph theoretic interpretation of the coproduct
	3.5 Graph theoretic interpretation of the antipode

	4 A C2-equivariant graphical construction
	4.1 The coefficients mathbbM2
	4.2 The C2-equivariant dual Steenrod algebra
	4.3 A graphical interpretation
	4.4 Connectivity and Unilaterality
	4.5 Trees and Hamiltonian Cycles
	4.6 Graph theoretic interpretation of coproduct and antipode

	Acknowledgements
	References


