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Introduction

Goodwillie calculus of functors was developed in the seminal papers [15-17] for func-
tors between the categories of pointed spaces and spectra, and it was later extended to a
model categorical framework in [4]. The key idea is to approximate a homotopy invariant
functor between model categories F': 4 — Z by a tower of weaker and weaker homology
theories

F—-(...—P,F— P,_1F —...— PF).

This theory has found important applications in homotopy theory and in geometric
topology (see for example [26,15,34,2]). If G is a finite group and F: ¢ — 2¢ is a
homotopy functor between model categories of G-objects (for example pointed G-spaces
or genuine G-spectra) one can certainly apply Goodwillie’s calculus machinery, but with
a fundamental flaw. The Goodwillie tower above approximates F' by “naive” equivariant
homology theories, as opposed to “genuine” ones. For example the first stage of the tower
of the identity functor on pointed G-spaces is equivalent to

Py I(X) ~ hocolim Q"X" X

and not to the stabilization of X by the representations of G. The aim of this paper is
to adapt Goodwillie calculus to a genuine equivariant context.

The central idea of equivariant calculus is to replace the cubes used in [17] to construct
the Goodwillie tower with equivariant cubes that are indexed on finite G-sets. This
is analogous to the way one replaces the natural numbers with the representations of
G in the construction of genuine G-spectra. The paper is based on the foundations
of homotopy theory of equivariant diagrams of [13], and particularly on the notion of
cartesian and cocartesian equivariant cubes. A part of this material is recollected in §1.
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In §2.1 we introduce the concept of strongly cocartesian J-cube, which constitutes
the building block of the definition of J-excision. Here J, is a finite G-set J with an
added disjoint basepoint. A J,-cube is strongly cocartesian if it is extended by iterated
equivariant homotopy pushouts from the subcategory

U Plo)os

0eJ/G

of the poset category P(J;) of subsets of J (see Definition 2.1). A homotopy functor
®: € — P is defined to be J-excisive if it sends strongly cocartesian .J, -cubes in % to
cartesian Jy-cubes in Z (2.10). When J = {1,...,n} has the trivial G-action we recover
Goodwillie’s notion of n-excision (see 2.11), and when J = G is free and transitive we
recover the notion of G-excision of [6,11,13]. The following examples of equivariantly
excisive functors are in 2.12.

i) The G-equivariant Dold—Thom construction and the identity functor on G-spectra
are G-excisive, and the Real topological Hochschild homology functor associated to
a split square-zero extension of Wall antistructures is Z/2-excisive;

ii) For every G-spectrum E and every finite G-set K, the functor E A (—)"¥ from
pointed G-spaces to G-spectra is (K x G)-excisive, and for every G-spectrum E with
Y,-action (EA (=) )z, is (n x G)-excisive;

iii) The functor (EA(—=)"")As, EF, is (n x G)-excisive, where EF,, is a universal space
for (G, X, )-vector bundles, in the sense of [7].

The first main result of the paper is the existence of the universal J-excisive approx-
imations, which is proved in 2.20.

Theorem (Equivariant excisive approzimations). For every homotopy functor ®: €¢ —
2 and every finite G-set J there is a J-excisive functor P;®: €% — 2 and a nat-
ural transformation ® — P;® which is essentially initial among the maps from ® to a
J-excisive functor.

In §2.5 we prove a formula that expresses the restriction of P;® to a subgroup H of
G in terms of the excisive approximations of ® by certain H-subsets of J. It follows that
the underlying non-equivariant homotopy type of P;® is that of P;,g®. That is to say,
for every object ¢ € €¢ there is a non-equivariant equivalence

PJ/G(I)(C) i} PJ‘I’(C)

where Py, is Goodwillie’s n-excisive approximation, for the integer n = |J/G|. Thus
we think of P;® as an equivariant enhancement of P, ® that builds in the orbit types
of J. This is even more apparent in the case of a transitive G-set T' (n = 1) where, if ®
is reduced, there is an equivalence
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Pr® ~ hocolim QT @+
k

where QFT and T are respectively the loops and the suspension by the k-fold direct
sum of the permutation representation of T' (see 2.22).

In §2.4 we assemble the various J-excisive approximations P;® into a diagram which
restricts to the standard Goodwillie tower of ® on the G-sets with the trivial action. The
functoriality of P;® in J is somewhat richer than it is non-equivariantly. Not only we
have maps P;® — P ® when K is a subset of J, as one would expect, but we do any time
that there is a G-map K — J which induces an injective map on orbits K/G — J/G.
This is because in the presence of such a map K-excision implies J-excision (see 2.16).
The various J-excisive approximations of ®: €¢ — 2 combine into a contravariant
diagram shaped over the poset of isomorphism classes of finite G-sets ordered by the
relation K < J if there is a G-map K — J injective on orbits:

P,® : Poc®

Py® Pommc x® i Po®

P u® Po®

\% Pa/c® —//

We think of the number of orbits of J as the order of the excision, and of the orbit types
of J as “how genuine” the excision is. A subtower is the restriction of this diagram to a
filtration of proper inclusions of finite G-sets

JZ(J1C"'CJnCJn+1C...).

On the left-hand side lies the Goodwillie tower, corresponding to the “naive” excisive
approximations, and all the way to the right we find the approximations by the free G-sets
nG = nx @G, that we call the “genuine” subtower. The middle part of the diagram consists
of the “subtowers on incomplete universes”. In particular we observe that it is Po®, and

no longer P;®, that receives a map from all the excisive approximations. We calculate
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the genuine tower of the symmetric indexed power functors associated to families of
subgroups in §2.7.

In §2.6 we discuss the convergence properties of this diagram for the homotopy func-
tors @: Topf — Topf which commute with fixed-points (see 2.36). We use the maps
which induce isomorphisms on orbits (drawn horizontally in the diagram) to compare
the homotopy limits of the different subtowers. The following is proved in 2.38 and 2.40.

Theorem (Convergence). Let ®: Topf — Top*G be a homotopy functor which commutes
with fized-points. A map of filtrations f: K — J such that f,: K, — Jp is an isomor-
phism on G-orbits induces a G-equivalence on homotopy limits

f*: holim Py, ®(X) —> holim Py, ®(X)

for every pointed G-space X. It follows that if the H-fixed-points of ® are py-analytic
for every subgroup H of G, the canonical map to the limit of any subtower

®(X) — holim P;, ®(X)
is a G-equivalence for every X with pg-connected H -fixed-points.

For the identity functor I: Topf — Top*G on pointed G-spaces this theorem is closely
related to Carlsson’s Theorem [8, I1.7]: the totalizations of the cosimplicial G-spaces
associated respectively to the naive and to the genuine stable homotopy monads

Q(X) = Q®L>X and Qa(X) = Q>Uxn=Cx

are G-equivalent. In fact these totalizations, holim,, P,,I(X), and holim,, P,cI(X), are
all G-equivalent (see 2.39). The convergence theorem provides a tower which starts at
the stable equivariant homotopy of a pointed G-space

—)PnGI(X) —_— —)ngf(X) — Pgl(X) ~ Qg(X)

and which converges to X if all the fixed-points of X are simply-connected (or in fact
nilpotent). In §5 we describe the layers of this tower

Dyl = hof (Pngf — P(n—l)GI)

that we call the nG-differential. The layers of the Goodwillie tower of the identity on
pointed spaces were first calculated in [22], and they were later described in terms of
the partition complexes in [2] and [1]. The partition complex T}, is a pointed Xx-space
defined from the poset of unordered partitions of the set {1,...,k}. We consider T} as a
G X Xp-space on which G acts trivially. The following is proved in §5 by analyzing the
iterated equivariant Snaith-splitting in a fashion which is analogous to [1].
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Theorem (Layers of the identity). For every pointed G-space X and every integer n > 0,
there is a natural G-equivalence

n|G|
DpcI(X) = Q% ( \/ Map,(Tx,Sc A X™) As,, EFi(n))
k=n

where Sg is the G-equivariant sphere spectrum, and EFy(n) is the pointed universal
space for a set Fr(n) of subgroups of G x 3y, which encodes the actions of the subgroups
of G on a k-elements set which have n — 1 orbits, together with the trivial action when
k=mn (see 3.6).

In particular D, ¢I(X) is the infinite loop space of a G-spectrum whose geometric
H-fixed-points are dual to the partition complexes of H-sets with n — 1 orbits (see
5.2). As for the genuine fixed-points, the Tom Dieck-splitting gives a decomposition of
the G-fixed points of DgI(X) ~ Q¢(X), which we generalize to higher layers in §4.
We say that a homotopy functor ® is J-homogeneous if it is J-excisive and if Px® is
equivariantly contractible for every proper subset K of J. In §3.1 we describe a procedure
for extracting a J-homogeneous functor D ;® from the excisive approximations of ®. We
think of this functor as the “J-th layer” of the Goodwillie tree of ®, and in particular
for trivial and free G-sets these are equivalent to the actual layers

D, ® ~ hof (an) — Pn_1<I>) Dypc® ~ hof (Png<I> — P(n,l)G@).
In 4.1 we prove the following decomposition result.

Theorem (Generalized Tom Dieck-splitting). Let ®: Topf — Top*G be a homotopy func-
tor which commutes with fized-points. For every finite G-set J and every pointed G-space
X there is an equivalence

(Dy®(X)) = T hof (Dyyu®(X))" = holim (D, ®(X))“)
H<G

where the product runs over the normal subgroups of G. In particular (D ;®(X))¢ con-

tains the classical differential (D,®(X))¢ as a factor, where n = |J/G].

We show in 4.2 and 4.4 that when n = 1 and ® is the identity this is indeed the
Tom Dieck-splitting. In 5.4 we calculate the terms of this decomposition for the identity
functor, for larger n. Given a normal subgroup H < G we let Qj g be a certain set of
subgroups of G x X; which encodes the set of actions on a k-elements set of subgroups
L of G which contain H, and where H is the largest subgroup of L normal in G acting
trivially. We let Qi m(n) be the subset corresponding to the actions with n — 1 orbits,
together with the trivial actions when k£ = n.
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Corollary (Higher Tom Dieck-splitting). For every pointed G-space X there is a weak

equivalence
n|G| o G/H
(DucI(X) ~ T T1 (QOOG/HMap* (Te, Seym A (X)) Ag, Egk,H(n))
H<G k=n

where Sq /g is the G/ H-sphere spectrum, and G/H acts freely on EQy u(n).

The key ingredient needed to obtain these splitting results is to deloop J-homogeneous
functors by the permutation representation of J. This is done in §3.2 using equivariant
enhancements of the techniques of [17, §2]. These delooping results also constitute the
first step towards a classification of J-homogeneous functors. Section 3.3 studies the
relationship between the cross-effect functor and equivariant excision. As a result of
this analysis we obtain a classification of the finitary homotopy functors Topf — Topf
which are J-excisive and n-reduced, where n = |J/G|. We call these functors strongly
J-homogeneous, since this condition implies J-homogeneity. In 3.26 we prove that
strongly J-homogeneous functors are classified by G-spectra on the universe €, R[J]
with a naive ¥,-action. The statement of 3.26 can be simplified by the following.

Theorem (Classification of strongly homogeneous functor). For any strongly J-homo-
geneous homotopy functor ®: Topf — Top*G there is a natural equivalence

B(X) ~ Q% (Ee A X ")y,

for every finite pointed “J-CW-complez” X, where n = |J/G| and Eg¢ is a certain G-
spectrum with naive %, -action which is constructed from the n-th cross effect of ®.

We suggest that general J-homogeneous functors should be classified by a theory of
equivariant spectra parametrized by a category of finite H-sets with n — 1 orbits, where
the orbit type of these sets depends on J (see 3.27(iv)). A convenient model for the
homotopy theory of such spectra is provided in [3] in the setting of spectral Mackey
functors. This thesis is supported by the calculation of the layers of the identity functor,
which seems to suggest that nG-homogeneous functors are classified by the spectral
Mackey functors on the category of all H-sets with n — 1 orbits, and the trivial H-set n.
This classification will be investigated in future work.

1. Preliminaries on equivariant diagrams

We review some of the foundations of equivariant diagrams, recollected from [13]
and [12].
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1.1. Equivariant diagrams

Let G be a finite group. A G-model category is a category % together with a model
structure on the category of H-objects €% = Fun(H,%¥) for every subgroup H of G.
These model structures are required to be compatible under induction and coinduction,
and to be suitably enriched over simplicial H-sets (see [13, 2.1]). We also assume that
every ¢ is cofibrantly generated and locally finitely presentable. Examples of G-model
categories include the G-category of simplicial sets where sSet! is equipped with the
fixed-points model structure, and the G-category of orthogonal spectra where Spg has
the stable model structure associated to the universe of H-representations which are
restrictions of representations in a complete G-universe (see [13, 2.5]).

Let I be a category with G-action, by which we mean a functor a: G — Cat. We
denote by I the value of a at the unique object of the category G, and by ¢g: I — I the
action automorphisms.

Definition 1.1. ([21, 2.2], [33, 3.1]) An I-shaped G-diagram in ¥ is a functor X: I — &
together with a G-structure: natural transformations ¢,: X — X o g for every ¢ in G,
which satisfy ¢1 = idx and ¢g|n © ¢n = Pgn, Where ¢g4|p is the restriction of ¢, along
h: I — I. A morphism of G-diagrams is a natural transformation f: X — Y which
commutes with the G-structures. This defines a category of G-diagrams, which we denote

¢l

We observe that the category €/ is isomorphic to the category of diagrams ¢%*«!,
where G X, I is the Grothendieck construction of the functor a: G — Cat. Although this
description is often useful (for example we see that € is complete and co-complete), we
think of the morphisms of G x, I coming from I and of the morphisms coming from G
as two separate structures: an object of €7/ is a diagram in % of shape I together with
a G-structure. Throughout the paper we will mostly be concerned with G-diagrams of
cubical shape.

Example 1.2. Let J be a finite G-set, and let P(J) be the poset category of all the subsets
of J ordered by inclusion. The category P(J) has a G-action, defined by sending a subset
U C J to its image g - U = g(U) by the map ¢g: J — J. A G-diagram X € &F D s
called a J-cube.

The presence of a G-model structure on ¢ allows us to define equivariant homotopy
limits and colimits of G-diagrams with suitable homotopy invariant properties. Indeed,
if X € ¢! is a G-diagram, the Bousfield-Kan formulas for the underlying diagram
X:1-%

Hom;(NI/—,X) and N(=/DP®r X
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have natural G-actions constructed from the G-structure of X, respectively “by conju-
gation” and “diagonally” (see [13, 1.16]).

Example 1.3. Let J be a finite G-set, and let J; be the G-set J with an added fixed
base-point. Let Py(J4) be the subposet of P(J) of non-empty subsets. Given a pointed

G-space X, we define a G-diagram w’/X € (Top*)fo(‘]” with values
J * it U 7é J+7
X =
(@ X)u { X ifU=J,.

A proper inclusion U — V is sent to the base-point inclusion if V' = J, and to the iden-
tity otherwise. The G-structure maps (w’X)y — (w/ X)), are defined by the identity
on the point if U is a proper subset of J;, and by the G-action of X for U = J. There
is a natural G-equivariant homeomorphism

Hom;(NPy(Jy)/— w/X) = Q7 X

where Q7 = Map,(S”,—) is the loop space by the permutation representation sphere
S7 = R[J]*, with the conjugation action. Similarly, there is a dual G-diagram o/ X €
(Top*)fl(‘]+) shaped on the category Pi(Jy) of proper subsets of J;, and there is a
natural G-homeomorphism

N(=/Pu(J2)" ©1 07X = 27X

where X7 is the suspension by the permutation representation sphere S”. The details
can be found in [13, §1.3].

A similar construction makes sense if we drop the extra basepoint from J . In this case
we recover the loop and the suspension spaces by the reduced permutation representation
of J.

The value of a G-diagram X € €/ at an object i of I has an action of the stabilizer
group G; = {g € G | gi = i} which is induced by the G-structure. Moreover the value of
a morphism of G-diagrams f: X — Y at i is a G;-equivariant map f;: X; — Y;.

Definition 1.4. Let € be a G-model category, and let I be a category with G-action.
A morphism of G-diagrams f: X — Y in €/ is an equivalence if for every object i of I
the map f;: X; — Y; is an equivalence in €.

It turns out that the equivalences of G-diagrams are the weak equivalences of a
“G-projective” model structure on €7 (see [13, 2.6]). We say that X € %! is point-
wise cofibrant (resp. fibrant) if for every 4 in I the value X is a cofibrant (resp. fibrant)
object of €%. The Bousfield-Kan formulas define functors
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Hom;(NI/—,—), N(=/)? ®; (-): €] — €“

which preserve the equivalences between respectively the pointwise fibrant and the point-
wise cofibrant G-diagrams (see [13, 2.22]). The existence of the G-projective model
structure on €/ insures that every diagram can be replaced by an equivalent point-
wise fibrant or pointwise cofibrant diagram (see [13, 2.10]). Given a G-diagram X € €,
we define G-objects in €

ho}imX = Hom;(NI/—, FX) hoc?limX =N(—/I)? @1 QX

where X = FX and QX 5 X are respectively pointwise fibrant and pointwise cofi-
brant replacements. Since €/ is a simplicial cofibrantly generated model category these
replacements can be chosen to be functorial, see [29, 6.3]. Thus homotopy limits and
homotopy colimits define homotopy invariant functors

holim, hocolim: ¢! — ¢°.
1.2. Homotopy (co)limits and fized points

Let G be a finite group, and let us consider the G-model category of pointed compactly
generated Hausdorff spaces 4 = Top,, where the category of H-objects Topf has the
fixed-points model structure for every subgroup H of G.

Let I be a category with G-action. The category of G-diagrams (Top, ). has a fixed-
points diagram functor

()" (Top,)! — Top!”

where I” is the subcategory of I which consists of the objects and the morphisms
of I that are fixed (strictly) by the H-action. For every X € (Top,)., the diagram
XH: 1" — Top, sends an object i to X7. Observe that since i is H-fixed the G-structure
on X equips X; with an H-action. Moreover a morphism of G-diagrams f: X — Y is an
equivalence if and only if it restricts to pointwise equivalences f7: X# — Y for every
subgroup H of G.

Example 1.5. If J is a finite G-set and I = P(J) is of cubical shape, there is an isomor-
phism of posets P(J) = P(J/H). Thus the H-fixed points diagram of a J-cube is a
J/H-cube.

The pointwise inclusions Xf — X;, for i € I¢, induce natural maps

hocI%Iim X6 = (hoc?lim x)¢ (ho%im X)¢ 5 hglGim X, (1)
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The first map is a homeomorphism and the second map is a fibration (see [12, 1.2.1,
1.3.3]). These are analogous respectively to the homeomorphism (K A Y)¢ = K¢ AYY
and to the restriction map Map, (K,Y)¢ — Map, (K% Y?) for pointed G-spaces K
and Y, where K is cofibrant.

Now suppose that € = Sp,, is the G-model category of orthogonal spectra, and let
X € (Spo)L be a G-diagram. We construct similar geometric fixed-points diagrams, and
maps analogous to (1). We define the geometric G-fixed-points of a spectrum E € Spg
to be the spectrum ®%(F) with k-th level space

Y (E), = E,fp

where K}, is the value of E at the k-fold direct sum of the regular representation p
of G (see [30]). If i is an object of I, the i-vertex of a G-diagram X € (Spy)L is an
orthogonal G-spectrum X; € Spg, and the geometric fixed-points spectra ®%(X;) define
a diagram

dY(X): IY — Sp,, .

Proposition 1.6. For every G-diagram of orthogonal spectra X € (Spg)L there is an
isomorphism of orthogonal spectra

¢ (hoc?lim X)= hocI%Iim dY(X)

and a restriction map ® (holimy X) — holim;c ®%(X). If J is a finite G-set and X €
(SpO)ZIDO(J) is a punctured J-cube, the restriction map

®% (holim X) — holim ®“(X) = holim ®%(X)
Po(J) Po(J)E Po(J/G)

s a stable equivalence of orthogonal spectra.

Proof. The claim about homotopy colimits follows immediately from (1) by observing
that there is an equivariant homeomorphism

(hocolim X; )y = hoco}im(Xi)V

i€l (S

for every G-representation V. The restriction map on homotopy limits is defined as
follows. Let ¢: I — I be the inclusion of the fixed-points category, and let j: (1/—) —
(I/-) be the induced map of I-diagrams. Precomposition along j defines a map of
G-spectra

Hom;(NI/—,FX) L Hom;(Ni/—, FX) = Hom;c(NI®/—, (FX)|c)
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where F'X is a point-wise fibrant replacement of X. The restriction map is defined by
taking the geometric fixed-points of this map

@G(hO}im X) = ®%Hom;(NI/—,FX)) — ®“(Homc(NI%/—, (FX)|;c))

2 holim & (X).
IG

The last isomorphism is immediate from the definition of ®, because the category I
indexing the diagram NI¢/—: I¢ — Spg has the trivial action. Also notice that & FX;
is a fibrant spectrum for every i € I¢.

Let us show that the restriction map is an equivalence in the cubical case. Suppose
that X € (SpO)Z;O(J) is a punctured J-cube, and let X € (Spo)f(‘]) be the extension of
X to a J-cube defined by setting

Xp = holim X.
Po(J)
To be precise this is only a coherently commutative diagram, but one can replace X with
a Reedy fibrant diagram (with an argument dual to [13, A.2]) and take the categorical
indexed limit, obtaining a strictly commutative diagram equivalent to X. The restric-
tion map is an equivalence precisely when the .J/G-cube of orthogonal spectra ®¢X is
cartesian. Since Spy, is stable, it is sufficient to show that ®“X is cocartesian. Because
of the isomorphism

hocolim ®¢X =~ &€ (hocolim 7)
P1(J/G) P1(J)

the J/G-cube ®9X is cocartesian if X is a cocartesian J-cube (in the sense of [13, 3.3]).
This is the case because cartesian and cocartesian J-cubes of spectra agree [13, 3.35],
and because X is cartesian by construction. O

1.8. Equivariant homotopy functors

Let G be a finite group and let ¥ and 2 be G-model categories. In the paper we
will focus on functors ®: € — 2. These have the advantage, as opposed to functors
€¢“ — 2%, of inducing functors

®,: ¢ — 9!

for every category with H-action I, and every subgroup H of G. An H-diagram X € ¢!
is sent to the diagram ®(X) in & with the H-structure defined by the maps

o(X;) 5 a(x,) T o (x)
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where the first map is the action of h on the G-object ®(X;) and the second map is the
image by ® of the H-structure map of X. By setting I to be the trivial category with
H-action we obtain a functor ®: ¢ — 2 for every subgroup H of G.

Definition 1.7. ([13, 3.6]) A functor ®: ¥ — 2% is called a homotopy functor if its
extension ®: € — 2H preserves equivalences of cofibrant objects for every subgroup
H of G.

Although our input is a functor ®: ¥ — 2¢ we always think of ® as the collection
of extensions € — 21 over the subgroups H of G. The same goes for equivalences of
functors. A natural transformation I': ® — ¥ of functors &, U: € — 2 extends to a
natural transformation I': ®, — ¥, between the extensions ®,, ¥, : CKGI — @({ for every
category with H-action I. In particular there is a map I'.: ®(c) — ¥(c) in 2% for every
H-object c € 1.

Definition 1.8. ([13, 3.8]) A natural transformation I': ® — ¥ is a weak equivalence if
for every subgroup H of G and every object ¢ € € the map I'.: ®(c) — ¥(c) is an
equivalence in 277.

Example 1.9. The following are all examples of homotopy functors in the sense of Defi-
nition 1.7.

i) The inclusion € — € of objects with the trivial G-action is always a homotopy
functor. Its extension €7 — € is the identity functor.

ii) Let U: Top, — Top, be an endofunctor on the category of pointed compactly
generated Hausdorff spaces. Suppose that W preserves weak equivalences of pointed
spaces and that it commutes with fixed-points (limits over the category H, for every
subgroup H of G). The composition of ¥ with the inclusion of spaces with the trivial
G-action

®: Top, N Top, — Topfv

is automatically a homotopy functor. Its extension &: Topf — Top*H satisfies
®(X)H" = &(XH) for every subgroup H of G.

iii) Waldhausen’s A-theory functor A: Top — Top preserves equivalences and it com-
mutes with fixed-points. Composing it with the inclusion of spaces with the trivial
G-action yields to a homotopy functor A: Top — Top®. The fixed-points space of
the extension to H-spaces A(X)H is the K-theory of the category of finite retractive
spaces over X . We refer to this functor as naive equivariant A-theory.

iv) There is a genuine equivariant A-theory functor Ag: Top — Top® defined by Mer-
ling in [27, 8.8] as follows. We let Rx be the Waldhausen category of finite retractive
spaces over X, and let EG be the translation category of the G-set G (its classifying
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space is G-free and contractible). The category of functors Cat(EG, Rx) inherits a
Waldhausen structure (see [27, §8.1]), and its K-theory space is denoted

Ac(X) = K(Cat(EG, Ry)).

This space inherits a G action from the action on EG, defining a homotopy func-
tor Ag: Top — Top®. For every H-space X the fixed-points space A(X)H is the
K-theory of finite retractive H-spaces over X with the naive H-equivalences (see
[27, 8.9]).

v) For any G-CW-complex K the functors K A (—),Map,(K,—): Top, — Top¢ are
homotopy functors. Their extensions to Topf are the standard smash and mapping
spaces respectively with the diagonal and the conjugation actions.

vi) Similarly for any orthogonal G-spectrum E' the functor E A (—): Top, — Spg is a
homotopy functor, and if E is cofibrant so is E A (—=): Spy — Sp5.

vii) For any Abelian group with G-action M the Dold-Thom construction M : Top, —
Topf that sends a pointed space X to the space of reduced configurations of points
in X with labels in M is a homotopy functor. For a G-space X the G-action on
M(X) is both on the points of X and on the labels.

2. The equivariant Goodwillie tree

Let G be a finite group, let € and 2 be G-model categories, and let ®: € — 2 be
a homotopy functor. Given a finite G-set J, we approximate ® by a “J-excisive” functor
(to be made precise in 2.10). When J is the set n = {1,...,n} with the trivial G-action
this is Goodwillie’s n-excisive approximation. When J = G is transitive and free this is
the best approximation of ® by a genuine G-homology theory.

The section is organized as follows. In §2.1 we study suitable strongly cocartesian
equivariant cubes, which will be the building blocks of the notion of J-excision. Sec-
tion 2.2 focuses on J-excision. In §2.3 we construct the J-excisive approximations.
Section 2.4 compares the various J-excisive approximations, assembling them into a tree
which extends the standard Goodwillie tower. In §2.5 we give formulas for the restrictions
of the excisive approximations to subgroups of G. In §2.6 we discuss the convergence of
the subtowers of the tree. In §2.7 we calculate the “genuine subtowers” of the indexed
power functors.

2.1. Strongly cocartesian equivariant cubes

Let J be a finite G-set and let ¥ be a G-model category. We recall that the poset
category P(J) of subsets of J ordered by inclusion inherits a G-action a, and that
a J-cube in ¥ is a G-diagram X € Cﬁf(‘]). Following [13, 3.3], a J-cube X is called
cartesian if the canonical map

Xy — holim X
Po(J)
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is an equivalence in the model category of G-objects €“. Notice that since the empty
set is fixed by the G-action X is indeed a G-object. Dually, X is cocartesian if

hocolim X — X
P1(J)

is an equivalence in €.

We want to extend Goodwillie’s notion of strongly cocartesian cubes to equivariant
cubes. This amounts to choosing a subcategory of P(J) which determines the cube up
to iterated homotopy pushouts. In order to define such a subcategory we need to assume
that our indexing G-set has a fixed-point, in other words that it is of the form J,. This
fixed base-point is analogous to the standard requirement in stable equivariant homotopy
theory that the G-representations considered contain a copy of the trivial representation
(cf. 1.3), and it is consistent with the classical fact that n-excision is about (n+ 1)-cubes.

Let J be a finite G-set, and define St(J;) to be the subposet of P(J.) defined by the

union

St(J1) = |J Piloy)

0€J/G

taken over the set of orbits of J. In order to formulate J-excision we will have to consider
cubes of size J; that only carry the action of a subgroup of G. To this end we let J4 |y
be the restriction of the G-action on J; to a subgroup H of G.

Definition 2.1. Let ¥ be a G-model category and let J be a finite G-set. We say that a
Jy|g-cube X € gl ) g G-strongly cocartesian if, for every subset S C J; which
does not belong to St(.J; ), the restriction X|p(g) is a cocartesian S-cube.

The restriction X|p(g) is an S-cube, where S has an action of the stabilizer group
Hg of S in P(Jy|g). Definition 2.1 requires that the map hocolimp, gy X — X5 is an
equivalence in €5 for every S outside St(J,).

Remark 2.2.

i) If J is the set n = {1,...,n} with n-elements and the trivial G-action, the category
St(n, ) consists of the initial maps  — {j}, for j € n,. The complement of St(n )
in P(n,) consists of the subsets which contain at least two elements. Thus the
G-strongly cocartesian n, |g-cubes in the sense of Definition 2.1 are the same as the
strongly cocartesian (n+ 1)-cubes in Goodwillie’s sense [16, 2.1], in the category €
of H-objects in ¢;

ii) If J =T is a transitive G-set, the G-strongly cocartesian T |g-cubes are just the
cocartesian T | g-cubes;

iii) If G acts non-trivially on J, the property of being strongly cocartesian is not
preserved by the restriction of the group action to a subgroup. For example,
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a Jy|g-cocartesian cube which is G-strongly cocartesian does not need to be
H-strongly cocartesian. This is because the G-orbit decomposition of J and the
H-orbit decomposition of J| g are usually different. In particular if J has n-elements,
a G-strongly cocartesian J,-cube does not need to be strongly cocartesian as an
(n + 1)-cube;

iv) There is an unbased version of strong cocartesianity, for cubes indexed on an unbased
G-set J. These are the J-cubes for which the restrictions X |p(g) are cocartesian, for
every subset S of J outside the subcategory U, s/ P1(0) of P(J). This definition
does not extend Goodwillie’s definition of strongly cocartesian cube, since for J =n
these are the n-cubes in which all the maps are equivalences. These unbased strongly
cocartesian cubes will however lead to a certain notion of “reduced J-excision”. We
will compare it to the actual notion of J-excision in 2.19.

We construct a family of “final” G-strongly cocartesian J-cubes. These will be used
in section 2.3 to define J-excisive approximations of homotopy functors. The standard
example of a strongly cocartesian (n+ 1)-cube in € from [17] is the functor that sends a
subset U of n + 1 to the join cx U, for a fixed object ¢ in . We extend this construction

to finite G-sets, by gluing together iterated cones, whose dimensions depend on the size
of the G-orbits of J.

Definition 2.3. The star category of a subset U C J; is the subposet of P(J;) defined
by any of the following equivalent expressions

St(U) = St(J;)/U = St(J)NPU) = |J Ploy nU)\oy.
oeJ/G

Let H be a subgroup of G, and let ¢ be an object of €. For every subset U of .J,
we define the U-star diagram of ¢ to be the functor StY(c): St(U) — € that sends the
empty set to ¢, and every other subset to the terminal object * € %. Define a cube
A (c): P(Jy|u) — € with vertices

A (c) = h(;(;%i)m StY(c).
The map in the cube A”(c) corresponding to an inclusion U C V of subsets of .J. is the
canonical map

hocolim StV (¢) = hocolim(St"’ — hocolim StV
Qcolim (c) %ggUl)m( ()lse() 9colim (c)
induced by the associated inclusion of posets St(U) C St(V). The cube A”(c) has
a canonical H-structure, defined as follows. Every element g of G defines a functor
g: St(U) — St(gU) by restricting the automorphism g: P(J;) — P(J4). The H-action
on ¢ induces natural transformations
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StV (c)
St(U) 3
\ U’Yh /
h S5t"Y(e)
St(hU)

The H-structure is defined by the maps

h: A{;(¢) = hocolim StV (c) e hocolim(St"Y (¢) o h) — hocolim St"Y (c) = A{;(c)

St(U) St(U) St(hU)

where the second map is the canonical map induced by the functor h: St(U) —
St(hU).

Example 2.4.

i)

ii)

iii)

If J = n has the trivial G-action and U is a subset of n_, the U-star diagram of ¢
is

U :*> i*
St (e) c

with one ray for each element of U. The homotopy colimit of this diagram is the join
cx U, and A%(c) is the diagram Ajj(c) = ¢+ U used in [17] to define the n-excisive
approximations;

If J =T is a transitive G-set, the poset St(U) is the cube P(U) if U is a proper
subset of T, and it is the punctured cube P;(7T7) if U = Ty. The diagram AT (c)
has vertices

h%:(oUli)m StV(c) = CY(¢c) , if U is a proper subset of T,

hocolim St*(c) = ¢ , U =Ty
Pi(T+)

Af(e) =

Here CY(c) denotes the U-fold cone on c¢ (this is in fact our definition of
U-fold cone), and XTc is the suspension by the permutation representation of
T (see 1.3). Since the U-fold cone is Gy-contractible when U is not empty
(P(U) has a Gy-invariant final object, see [13, 2.25]), the restriction of A7 (c)
to Po(Ty) is equivalent to the diagram w”(X7¢) of 1.3, whose homotopy limit is
QTsTe;

Suppose that G = Z/2 = {0,1} and take J = 3 x Z/2 the disjoint union of three
copies of Z/2 with the diagonal action. The star categories of the subsets 3 x Z/2
and (Z/2110110), are respectively



18 E. Dotto / Advances in Mathematics 309 (2017) 1-96

St(3x 7Z/2) =

St((Z/2110110)4) = O\ +O\T
+

iv) In general, the U-vertex of A”7(c) is a gluing of iterated cones or suspensions of c. Let
us enumerate the set of orbits J/G = {o01,...,0,}, and let us define U, = U N oy..
The homotopy type of A”(c) is

CYr(c) 1, ---U.CYn(c) ~cx{o| U, #0} if+¢U
CUYor (¢) HC+(c) i HC+(c) CUon (c) ~ it+eU
T~ and oy ¢ U
Ag(e) = forall o € J/G
{oloyCU} {olo4ZU} {olo4CU}
$o0) Uy (1T CY%(c) ~ ¥°¢ otherwise

Ct(c) Ct(c) Ct(c)

where the coproduct superscript denotes the number of times that we are taking the
union over C'*(c).

Proposition 2.5. For every subgroup H of G, every finite G-set J and every H-object
c € CH, the Jy|m-cube A’ (c) is G-strongly cocartesian.

Proof. Let S be a subset of J; that does not belong to St(J;). We need to show that
the canonical map

hocolim hocolim StV (¢) — hocolim St°(c)

UeP.(S) St(U) 5¢(5)
is an equivalence in €Hs. Let P;(S) ¢ St be the Grothendieck construction of the
Gg-diagram of categories St(—): P1(S) — Cat, with Gg-structure defined by the func-
tors g: St(U) — St(gU). The category P1(S) 1St inherits an evident G g-action, and the
diagrams StV (c) for U € P;(S) assemble into an Hg-diagram
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St(c): P1(S)1St — ¥

that sends an object (U € P1(S5),V € St(U)) to ¢ if V is empty, and to the terminal
object otherwise. The map above factors as

hocolim hocolim StV (¢) ————————= hocolim St°(c)
UeP1(S) St(U) St(S)

\ Tp*

hocolim St(c)
P1(SNSt

where the diagonal map is an equivalence in ¢’’s by the equivariant Fubini Theorem [13,
2.26]. The vertical map is induced by the G g-equivariant projection p: Py (5)1St — St(.S)
which sends a pair (U € P1(S),V € St(U)) to V seen as an object of St(S) through
the inclusion St(U) C St(S). The map p, is well defined, because St(c) o p = St%(c) as
functors St(S) — €. By the equivariant cofinality Theorem of [13, 2.25], the map p, is
an Hg-equivalence if we can show that the under categories V/p are Hy -contractible for
every object V' € St(.5). The category V/p is the full subcategory of P;(S) 15t of objects

V/p={(UeP(S),W e StU)) |V c W}.

We claim that the pair (V,V € St(V)) is initial in V/p. The only thing that could go
wrong is that V' is not a proper subset of S. But since V' belongs to St(S), it is a subset
of o4 NS properly included in o4, for some G-orbit o of J. Since S does not belong
to St(Jy4) we have two possibilities. The first possibility is that S = o, for some orbit
o' € J/G. In this case either o = o’ and V is clearly proper in S, or 0 # o’ and V is a
subset of {4}, which is a proper subset of S. The second possibility is that S intersects
two distinct o4 and o, . Since V' is included in o it must be a proper subset of S. This
shows that the pair (V,V € St(V)) is a well defined initial object of V/p. Moreover
it is Hy-invariant, and it defines an initial object in every fixed categories (V/p)X for
subgroups K < Hy . This shows that V/p is Hy-contractible. O

We end this section by reformulating the definition of G-strongly cocartesian cubes
in terms of faces. The next results are analogous to [16, 1.7] and [16, 1.20-1.24]. The
techniques we use for proving these results are different than those of [16]. This is because
the G-actions prevent us from using induction on the dimension of the cubes.

Let I and J be finite G-sets, and let X € €, ™) be an (I'II J)-cube in ¥. Through
the equivariant isomorphisms of categories P(I11.J) = P(I) x P(J), the cube X defines
a cube of cubes X: P(J) — €U with vertices X (T') = X (U UT). We need a bit of
care with the group actions, since X is not a J-cube of I-cubes. For this one would need
natural transformations Xy — )Z'gU, that is maps X(UUT) — X((gU)UT), but the
G-structure provides us with maps X(UUT) — X (gU U ¢T'). What the G-structure on
X gives X is, for every U C J, a Gy-structure on Xy.
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Proposition 2.6. Let I and J be finite G-sets, and let X € ‘Kf(m']) be an (I 11 J)-cube
in a G-model category € .

i) Suppose that for every non-empty subset U of J the cube )N(U € ‘Kf(llcu) is cartesian.
Then X € ‘Kf(m‘]) is cartesian if and only if Xg = X|p(p) € ‘gf(n is cartesian.

it) Dually, if Xy € ‘éf([lc”) is cocartesian for every proper subset U of J, then X €

&7 M) s cocartesian if and only if X5 € @a D is cocartesian.

Proof. We prove the statement about cocartesian cubes. Let us first prove it in the case
where I has a basepoint fixed by G. That is, let us replace I in the statement by a G-set

of the form I,. The functor F: Pi(I+) x P1(J+) — Pi1(I+ I J) that sends a pair of
proper subsets to their union inside I, II .J induces an equivalence in €

F,: hocolim F*X —=3 hocolim X.
P1I4)xP1(J4) P11 117)

This is proved in [13], and it strongly relies on the presence of a base-point. Now consider
the commutative diagram

hocolim X X(I,.11.J) .
ocolim X s (Iy 1)

~ F.,
hocolim hocolim Xy ——  hocolim F*X ——— hocolim X
U€731(J+) ’Pl(IJr) ~ 731([+)X771(J+) = 731([+HJ)

The lower left horizontal map is an equivalence by the Fubini Theorem [13, 2.26]. The
right vertical map is an equivalence in €€ precisely when X is cocartesian, and the top
horizontal map when X is cocartesian. Therefore the result follows if we can show that
the left vertical map « is an equivalence in €“. We claim that for every proper subset
U C J, different from J there is a natural equivalence in ¢'“v

hocolim Xy —= X(U U L,).
pogim Xu — X(UU L)

When U is a proper subset of .J this is because )~(U is assumed to be cocartesian, and if
U contains the basepoint + because the maps Xy (V) — Xy (V4) are all identities (see
[13, 3.30]). Therefore « factors as

hocolim X J hocolim hocolim X U
P1(14) UeP1(J4+) Pi(l4)
\ \L =~
hocolim Zy;

UePi(Jy)
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where Z: P1(J;) — % has vertices Zy = X(I UU) for U # J and Z; =
hocolimp, (1, X 7. We show that g is an equivalence. For every proper subset U C J
the map Zy — Zy, is the identity map, and this gives a Gy-equivariant isomorphism
hocolimyep(.yy Zu = hocolimyep, (7, ) Zu- Therefore the map

B: hocolim X; = Z; —» hocolim Zyy = hocolim Zy
Pi(1y) UeP(J) UeP1(Jy)

is an equivalence by cofinality, because J is a G-invariant final object of P(J).

Let us finally consider the case where I does not necessarily have a base-point. For
a general finite G-set K, a K-cube Y € %f(K) can be extended to a K -cube YT,
by sending the subsets of K that do not contain + to the initial object in ¥, and
the subsets of the form W, for a W C K to Yy . This procedure preserves homotopy
colimits, in the sense that there is a natural G-equivalence

hocolim Y —5 hocolim Y.
P1(K4) P1(K)

Thus Y is cocartesian if and only if Y¥ is cocartesian. Now let X € &’ () he an
(I II J)-cube with the property that for every proper subset U of J, the I|g,-cube Xy
is cocartesian. Notice that by definition (X*+)y = (Xy)* as I;|g,-cubes. Therefore the
cubes ()Z' )y are also cocartesian for proper subsets U of J. By the pointed argument
above, ()~( T) s is cocartesian if and only if X T is. Since our extension preserves colimits,
this is equivalent to the statement that XJ is cocartesian if and only if X is. O

Proposition 2.7. Let I and J be finite G-sets, let H be a subgroup of G and let X €
‘5,17)(1+HJ‘H) be a G-strongly cocartesian (I 11.J)|g-cube. Then for every subset U of J,

the (I.)|m, -cube Xy = Xyu(—y is G-strongly cocartesian.

Proof. Let S be a subset of I, which is not in St(I). We need to show that ()Z'U)|7;-(S)
is cocartesian. We prove it by induction on the number of elements in U.

If U is empty, ()Z'@)hp(s) = X|p(s) is cocartesian because X is assumed to be
G-strongly cocartesian. Now suppose that (X'W)|p(s) is cocartesian for every subset
W of J with k elements, and let U be a subset of J of cardinality k+ 1. This means that
()?W)|7;~(S) is cocartesian for every proper subset W of U. By 2.6 the cube ()N(U)|p(g)
is cocartesian if and only if X|p(gryy is cocartesian, and this is the case because X is
G-strongly cocartesian. O

The following is a reformulation of Definition 2.1 in terms of the “equivariant faces”
of a Jy-cube.

Corollary 2.8. Let J be a finite G-set and let H be a subgroup of G. A Jy|g-cube X €
‘5@7)(‘]””) is G-strongly cocartesian if and only if for every G-subset K of J and every

subset U of the complement J\K, the K|, -cube Xy is G-strongly cocartesian.
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Proof. One implication is obvious, by choosing J = K and U = (). The other implication
is immediate from 2.7, by the G-equivariant decomposition J = K [T J\K. O

The following property of G-strongly cocartesian cubes will be helpful later on. It is
analogous to the property that the value Xy of a strongly cocartesian (n + 1)-cube X
decomposes as the iterated homotopy pushout of the initial vertices X,,’s over Xy, for
ueU.

Lemma 2.9. Let X € cff(J”H) be G-strongly cocartesian. Then for every subset U €
P(Jy) the canonical map from the iterated homotopy pushout

Xvnoy H Xvnoy H s H Xvunoy — Xu
Xvun+ Xun+ Xun+
is an Hy-equivalence, where J/G = {o',..., 0"} is the orbits decomposition of J.
Proof. If U is a subset of o for some G-orbit o the result is obvious. We prove the claim

on the remaining subsets of J, by induction on the cardinality of U. Suppose that U is
not included in any o. In particular U is not in St(J; ), and thus Xy is equivalent to

XU<—hocothV<—hocohm vao H vao H H vaoi)
VePi1(U) VeP1(U) Xvog Xyt Xvnt

where the second map is an equivalence by the inductive hypothesis. This is equivalent

to
hocolim X hocolim X
(hocolim Xy, ) 11 11 (hocolim Xynoy ).
hocolim Xy~4+  hocolim Xy
VePri(U) VeP1(U)

In every U-cube X (_n,, all the maps Xvn,, — X(vufu})no, are identities, for a choice
of u € U\oy, and similarly for the cube X(_)ny. Thus the U-cubes X(_)n,, and Xy,
are homotopy cocartesian (by [13, 3.30]), and the expression above is equivalent to

XUﬂo}F H XUmoi H H Xvnon. O

Xvun+ Xvun+ Xvun+

2.2. Higher equivariant excision

The aim of this section is to define excision with respect to a finite G-set J. Let €
and 2 be G-model categories, and let ®: € — 2% be a homotopy functor (see 1.7). We
recall that ® induces a functor

o, fgap(JJr) N @;’UH

from the category of J -cubes in % to the category of J,-cubes in .
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Definition 2.10. Let ¥ and & be G-model categories and let J be a finite G-set. A homo-

topy functor ®: ¥ — 926G is called J-excisive if the functor @, : €,

P(J+|H) N @f(JHH)

sends G-strongly cocartesian J|g-cubes in € to cartesian cubes in 2, for every subgroup
H of G.

Remark 2.11.

i)

ii)

iii)

Suppose that J is the set n = {1,...,n} with the trivial G-action. A homotopy
functor ®: € — 2 is n-excisive if and only if the associated functor ®: €H — 2H
is n-excisive in the sense of [16, 3.1], for every subgroup H of G. This is immediate
from 2.2(i);

Suppose that J = T is a transitive G-set, that the categories ¥ and Z are pointed,
and that ®(x) is equivalent to * in 2¢. Then ® is T-excisive if and only if for every
c € €M a certain natural zig-zag of maps defines an equivalence

®(c) ~ QTno(xTlH )

in 2% for every H < G. This was first proved in [13, 3.25] for enriched functors,
and it is related to the loops and suspension cubes of 1.3. It is a direct consequence
of Theorem 2.20 below;

Suppose that J is the free transitive G-set J = G and that € and Z are pointed.
It turns out that under a mild extra assumption on the G-model category &, it is
sufficient to verify the G-excision condition on Gy-cubes, and not on all G |g-cubes
for subgroups H of G (see [13, 3.23]). The author is not aware of a similar result for
general G-sets.

Example 2.12.

D

ii)

iii)

Let M be a simplicial Abelian group with additive G-action. The equivariant Dold—
Thom construction M(—): sSet, — sSetC is G-excisive (see [13, 3.3]). Observe that
for a fixed pointed G-space X and a discrete M, the homotopy groups of M (X)¢
are the Bredon homology of X with coefficients in the Mackey functor G/H ~ M.
Let E be an orthogonal G-spectrum. The functor EA(—): Top, — Spg is G-excisive.
The same is true for E A (=): Spp — Sp$ when F is cofibrant. This is because
E A (=) commutes with equivariant colimits, and therefore it preserves cocartesian
equivariant cubes. The claim follows from the fact that cocartesian J-cubes of spectra
are cartesian for every finite G-set J (see [13, 3.35]). In particular the identity functor
on G-spectra is G-excisive.

Let A be a ring with an anti-involution w: A°? — A, and let M be an A-bimodule
with an anti-involution h: M° — M (an additive map which satisfies h(am) =
h(m)w(a) and h(ma) = w(a)h(m) for all a € A and m € M). The Real topologi-
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iv)

vi)
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cal Hochschild homology of A with coefficients in M is a symmetric Z/2-spectrum
THR(A; M), defined from suitably derived smash products

HMAAHA
k

where £ = {1,...,k} has the Z/2-action i — k — i + 1, and the smash over k is
the norm construction of [20]. This construction has been studied in details in the
author’s thesis [10]. By replacing M with the Dold—Thom construction M (X) of a
pointed Z/2-space X, we obtain a functor THR(A; M(—)): sSet. — Spg/2 to the
category of symmetric Z/2-spectra, analogous to the functor THH(A; M (—)) of [14].
At least when 2 € A is invertible, the functor THR(A; M (—)) is Z/2-excisive (see
10, 5.2.5] and [11, 3.2.7, 3.3.2))

Let K be a finite G-set and let E be an orthogonal G-spectrum. The functor Top, —
Spg that sends a pointed space X to the suspension of the K-indexed smash product

EAXMNE

is (K x G)-excisive (notice that K x G is equivariantly isomorphic to |K| x G,
where |K| is the underlying set of K with the trivial G-action). Our proof uses
the equivariant excisive approximations, and it is postponed to Proposition 2.25. In
particular E A X" is n x G-excisive.
Let E be an orthogonal spectrum with G x ¥,,-action. The homotopy functor Top, —
Spg that sends a pointed space X to

(E A\ X/\n)hzn

is also n x G-excisive. This follows from 2.12(iv) and the fact that cocartesian equiv-
ariant cubes and cartesian equivariant cubes of spectra agree. Since we are taking
homotopy orbits for the ¥,-action, we are thinking of F as a genuine G-spectrum
with naive Y,-action. In our point-set models, this model category and the model
category of genuine G x X,,-spectra have the same underlying category.

Let F,, be the family of subgroups I' of G x X, that intersect 1 x ¥, trivially.
Alternatively, this is the family of graphs of the group homomorphisms H — 3,
for subgroups H < G. Let EF, be a classifying space for this family, that is a
G x ¥,-space whose fixed points EF} are contractible if I' € F,, and empty otherwise.
The space EF,, is a universal space for (G, 3, )-vector bundles, and it occurs in the
theory of No.-operads of [7], in the equivariant Snaith-splitting of [24, VII-5.7], and
in the proof of Sullivan’s conjecture of [8].

Given an orthogonal spectrum with G x X,-action, let Sg": Top, — Spg be the
homotopy functor that sends a pointed space X to

Sp(X) = (EAX"") As, (EFn)+
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where ¥, acts on the n-fold smash product by permuting the factors. We will show
in 2.25 that S]“;" is n x G-excisive. We think of F as a spectrum with a genuine
action of the subgroups of the family F,,. These are G x X,,-spectra whose homotopy
type is determined by the fixed-point spectra of the subgroups I' € F,, and which
have all the transfers between these groups. An efficient definition of this category is
Barwick’s category of spectral Mackey functors on the Burnside category of the full
subcategory of the orbit category of G x ¥,, generated by the transitive G x ¥,,-sets
which are X,-free (see also 3.27(iv)).

The J-excision property is invariant under the notion of equivalence of 1.4. We recall
that a natural transformation I': ® — ¥ is an equivalence if T'.: ®(¢) — ¥(c) is an
equivalence in 2% for every H-object ¢ € € and every H < G.

Lemma 2.13. Let ®,V: ¢ — 9 be equivalent homotopy functors, and let J be a finite
G-set. Then ® is J-excisive if and only if ¥ is J-excisive.

Proof. An equivalence I': & — ¥ extends to an equivalence &, ~ W, %al — @g for
every category with H-action I. By this we mean that for every H-diagram X in €/ the
map I'x: ®(X) — ¥(X) is an equivalence in 2!, in the sense of 1.4. In particular for
every G-strongly cocartesian X € %f(J+|H), the Ji|g-cubes ®(X) and ¥(X) in Z are
equivalent. Hence ®(X) is cartesian if and only if ¥(X) is cartesian. O

We analyze how J-excision and K-excision compare for different G-sets J and K.
Classically, any n-excisive functor is m-excisive for every m > n. The relationship for
equivariant calculus turns out to be more involved, as we show in the next results.

Proposition 2.14. Let J be a finite G-set and let K C J be a G-invariant subset of J.
Every K -excisive homotopy functor ®: € — 2 is also J-excisive.

Proof. Let X € ‘Kf(‘b’lH) be G-strongly cocartesian. Decompose J as the disjoint union
of G-sets J = KIII where I is the complement of K in J. By 2.7, for every subset U of I,
the cube Xy = Xyu—y: P(Ky) — € is a G-strongly cocartesian (K |x,, )-cube. Since
® is K-excisive ®,(Xy) = CIZE)?)U is a cartesian K |g,-cube in &, for every U C I. By
2.6 the J-cube ®(X) is also cartesian. O

Proposition 2.15. Let p: K — J be an equivariant map of finite G-sets which induces
an isomorphism on G-orbits. Any K-excisive homotopy functor ®: € — 2 is also
J-excisive. In particular if ®: € — 2 is K-excisive, the functor ®: €7 — 2H is
|K/G|-excisive in non-equivariant calculus, for every subgroup H of G.

Proof. Let X € €, +1") be a G-strongly cocartesian J | g-cube. We need to show that
®(X) is cartesian. Precomposition with the image functor p: P(K) — P(J;) induces a
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pullback map p*: gl rln) _ @PELI) e claim that p* X is G-strongly cocartesian.
To see this, let S C K be a subset which is not in the star category St(K ). We need
to show that (p*X)|p(g) is cocartesian. The square of categories with G-action

P(S) P(K.)
P(p(S)) P(J)

clearly commutes, where the horizontal maps are inclusions. Hence the restriction
(p*X)|p(s) is equal to p*(X|p(p(s)))- Since p is an isomorphism on orbits the subset

p(S)) s

p(S) C Jy lies outside St(J ). Thus X |p(p(s)) is cocartesian. The functor p*: &l
‘Kap(s) preserves cocartesian cubes by [13, A3|, because the map p: S — p(S) is surjec-
tive. This shows that p*(X|p(p(s))) = (0" X)|p(s) is cocartesian, and therefore that p*X
is G-strongly cocartesian. As @ is K-excisive, the K |g-cube ®(p*X) = p*®(X) is carte-
sian. Observe that since p is an isomorphism on orbits, it is a surjective map. By [13,
A1] the functor p*: gl _y P etects cartesian cubes, and ®(X) must be
cartesian.

Now consider the projection map p: K — K/G. This is an equivariant map, where
G acts trivially on K /G, and it induces an isomorphism on G-orbits. Thus a K-excisive
functor ® is K/G-excisive. Since K/G has the trivial G-action, the functors ®: € —
P are |K/G|-excisive for every H < G, by 2.11(i). O

Corollary 2.16. Let a: K — J be an equivariant map of finite G-sets, which descends to
an injective map a: K/G — J/G on orbits. Then every K-excisive homotopy functor
O: € — 99 is also J-excisive.

Proof. Every G-map «: K — J factors canonically as K — «(K) — J. The second
map is the inclusion of the image of . The first map is the corestriction a: K — a(K),
which is an isomorphism on orbits since @: K/G — J/G is assumed to be injective.
Hence a K-excisive functor ®: ¢ — 29 is a(K)-excisive by 2.15, and further J-excisive
by 2.14. O

Remark 2.17. Let us denote nG = n x G the disjoint union of n-copies of G with the
diagonal action, and let J be a G-set with n-orbits. A choice of point j, in every orbit
o € J/G defines a projection map G — G/G;, = o. These maps assemble into a map
nG — J which is bijective on orbits. By 2.15, any nG-excisive functor is also J-excisive.

Similarly given any G-set J, a choice of orbit o € J/G and of a point j € o determines
amap G — G/G; = o — J which is injective on G-orbits. Hence a G-excisive functor is
J-excisive, for every finite G-set J.
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We end the section with a discussion about the role played by the basepoint of J; in
the definition of J-excision. Define the reduced star category of a finite G-set J to be
the subposet

St())y= |J Pilo) cP(J).

0eJ/G

By replacing St(Jy) with St(.J) in the definition of G-strongly cocartesian J, -cubes, we
obtain a notion of G-strongly cocartesian J-cubes which leads to a different notion of
J-excision. We call this “reduced J-excision”, and we call a homotopy functor ®: € —
2% that satisfies this condition J-excisive.

Remark 2.18.

i) If J = n has the trivial G-action, every homotopy functor is T-excisive. This is
because St(J) is the trivial poset {()}, and a strongly cocartesian n|g-cube in the
unbased sense is an n-cube in ¥ in which all the maps are equivalences. These
cubes are preserved by homotopy functors, and they are cartesian.

ii) Let J =T be a transitive G-set and suppose that ¢ and 2 are pointed. Let ®: € —
2% be a homotopy functor which preserves the zero-object, and let us assume for
simplicity that ® is sSet-enriched. Then ® is T-excisive if and only if the adjoint
assembly map ®(c) — QT1# @711 ¢) is an equivalence for every H-object ¢ € €7
(see [13, 3.26]). Similarly, ® is T-excisive if and only if the adjoint assembly map
®(c) = QT & (2711 ) is an equivalence for every H-object ¢ € €, where QT and
7 denote respectively the loops and the suspension with respect to the reduced
permutation representation R[T] = ker(R[T] — R). Observe that T-excision implies
T-excision, since R[T] is a sub-representation of R[T]. Since R[T] splits canonically
as R[T] = R[T] @ R, we see that T-excision and T-excision are equivalent if we
require additionally that @ is classically 1-excisive. Proposition 2.19 generalizes this
relationship.

Proposition 2.19. Let J be a finite G-set. Every J-excisive homotopy functor ®: € — 9
is J-excisive and |.J/G|-excisive. The converse is true if the G-action on J is either trivial
or transitive.

Proof. Suppose first that ® is J-excisive. It is classically |J/G|-excisive by 2.15. Let X
be a G-strongly cocartesian J|g-cube, and let us prove that ®(X) is cartesian. Define a
Ji|m-cube Y with vertices Yy = Xy for subsets U of J, and with the terminal object
Yy, = * at the subsets that contain the basepoint. We claim that Y is a strongly
cocartesian J|g-cube. Let S be a subset of J; which is not in St(J;). If S does not
contain the basepoint it must intersect at least two orbits, and therefore it belongs to

St(J). Since X is a G-strongly cocartesian J|z-cube the map
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hocolim Y = hocolim X —» Xs=Ys
P1(S) P1(S)

is an equivalence. If S contains the basepoint, let us write S = Ry for a subset R of J.
Notice that R does not belong to St(.J). The homotopy colimit over P;(Ry) can be
computed in two steps, as

hocolim Y — hocolim Y/ _)4

P1(R) P1(R)
hocolimY ~ hocolim '
P1(Ry)
Yr
XR —> X
~ hocolim J/ ~*=VYp,.

XRr

This shows that Y is strongly cocartesian. By assumption ®(Y) is a cartesian J, | g-cube.
Moreover the J|g-cube ®(Y(_yy4) is the constant cube ®(x), and it is therefore cartesian.
By 2.6 the restriction ®(Y')|p;y = ®(X) is also cartesian.

Now let us prove the converse. If J has the trivial G-action there is nothing to prove.
Suppose that J = T is transitive and that ® is both T-excisive and (|T/G| = 1)-excisive.
Let X be a cocartesian T’y -cube. For every U C T consider the homotopy cocartesian
square

Xy —— Xy,

| l

Xp Py

where Py is the homotopy pushout. This defines a T-cube of cocartesian squares
Z: P(T) — €PU+). Since ® is |T/G| = 1-excisive the T-cube of squares ®(Z): P(T) —
2P (4) is pointwise cartesian. By 2.7 the adjoint 7 II 1 -cube CD(Z) e 27T i also
cartesian, that is the canonical map

O(Xy) = ®(Zy) = holim &(Z
(Xp) (w)—>%(gﬁrﬁ) (%)

is an equivalence in 2¢. It is therefore sufficient to show that this homotopy limit is
equivalent to holimp (1, ) ®(X). This can be calculated in two steps, as

holim ®(Z) holim ®(X)
Po(T+) Po(Ty)
holim ®(Z) ~ holim | = holim J

Po(TI1y) B ~ B B
®(Zy) — holim ®(Z,_ ®(Z1) — holim ®(Z,_
(Z1) holim (Z-ym) (Z1) holim (Z-ym)
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It is therefore sufficient to show that the bottom horizontal map is an equivalence, or in
other words that ‘ID(Z( 1) € 22 ™) is cartesian. As a map of T-cubes, it is given at a
subset U C T by

®(Zym) = ®(Xr) — ®(Py) = ®(Zy, m).

The T-cube ®(Xr) is constant, and in particular it is cartesian. By 2.7 it suffices to
show that ®(Py) is a cartesian T-cube. Since ® is assumed to be T-excisive this holds if
we show that Py is a cocartesian T-cube in €. It’s homotopy colimit over P;(T') is by

definition
hocolim X — hocohm X
Pl Pury T
hocolim P;; ~ hocolim v ~ hocolim X.
UePi(T) P1(T)

Xr

Since X is assumed to be cocartesian, this last homotopy colimit is equivalent to X7,
which is also equivalent to

XT — )(TJr
X1 ~ hocolim \L = Pr. O
Xr

2.3. Equivariant excisive approzimations

Let G be a finite group, let ¥ and 2 be G-model categories, and let J be a finite
G-set. The aim of this section is to construct the universal J-excisive approximation of
a homotopy functor ®: ¢ — 2¢.

Recall from Section 2.1 that for every H-object ¢ in €7 there is a G-strongly cocarte-
sian J, |g-cube A7 (c), with vertices

A () = h%(i?éi)m StY(c)
where St(U) is the subposet St(U) = U,¢ /¢ Pi(0o+) N P(U) of P(J), and StV(c) is
the diagram with value ¢ at the empty-set, and with the terminal object everywhere
else. The J-excisive approximation of ® is defined in a manner similar to Goodwillie’s
n-excisive approximation P,, by replacing the (n+ 1)-cube X x U from [17] with A{/(c).
We start with defining a functor T;®: € — 2% by

T;®(c) = holim ®(A”7(c)).
/(6) = holim (27 (0)
The functor T comes equipped with a natural transformation ¢ ;®: ®(c) = ®(Af(c)) —
Ty®(c). We let the J-excisive approximation of ® be the functor P;®: ¢ — 9C defined
as the sequential homotopy colimit
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Pyd(c) = hocolim (®(c) 23 Tyd(c) 57 TyTyd(c) — ...).

The canonical map from the initial object of the sequence to the homotopy colimit
defines a natural transformation py: ® — P;®. Since for the trivial G-set J = n there is
a natural isomorphism Ap;(c) = ¢ U this construction extends Goodwillie’s n-excisive
approximations.

Theorem 2.20. The functor P;®: € — 2 is J-excisive, and the map py: ® — P;® is
essentially initial among the maps from ® to a J-excisive functor.

Proof. Let H be a subgroup of G and let X € %f(JHH) be a Jy|g-cube in €. We use
the technique of [17] and [28] of factorizing the map t;®: ®(X) — T;P(X) through a
certain J|g-cube Y € 174 (J+11) Then we show that when X is G-strongly cocartesian
Y is cartesian. By cofinality, the sequential homotopy colimit P;®(X) will be equivalent
to a sequential homotopy colimit of cartesian cubes, which is itself homotopy cartesian
(this is proved in [13, A.8] and it uses that each 2% is locally finitely presentable). This
will show that P;® is J-excisive.
We define a functor K: P(Jy) x P(J1) — € by

K(U,T) = hocolim X .
(U,T) hogolim X(snwyur

This has an H-structure defined by the natural transformations

h . .
h: K(UT) — L}qlgg?(l}% Xh((SmU)uT) = hgtc((}ISnX((,)th)uhT oh — K(hU,hT)

where the first map is from the H-structure of X and the second map is the restriction
along the functor h: St(Jy) — St(J4). Define the Ji|g-cube Y € g7l by

Yr = holim (K (—,T
7 = holim (K(=,T))

with the H-structure induced from the one of K. We define, for every T € P(J;),
a factorization

tyP(X
®(X7) s holim ®(A” (X)) = T;®(Xr)
Po(J+)

¢\x/w

holim ®(K (—,T
Po(Jy) (®{ )

which assembles into a factorization of the map t;®(X) through Y. The map v is the
homotopy limit of ® applied to the map of Hp-diagrams K (—,T) — A7 (X7) defined at
a vertex U € P1(J+) by



E. Dotto / Advances in Mathematics 309 (2017) 1-96 31

K(U,T) = hocolim X
(U,T) hogolim X(snwyur

— hgtc(glgnx(_w o((=)nN U)—)%%%(g%gr)l Xsur — A (X7).

Here the first map is induced by the functor (— NU): St(J+) — St(U). The second
one is induced by the map of St(U)-shaped diagrams X_ 7 — StV (X7) which is the
identity on the initial vertex () € St(U), and which is the map to the terminal object
everywhere else. The map ¢ is induced by the natural transformation of Py(J;)-diagrams
O(X7) = O(K(—,T)) (where ®(Xr) is seen as a constant diagram) defined at a vertex
U € Py(J4) by applying ® to the composite

Xr — Xr @ NSt(J;) & hgf(?zlj?lXT — hg&f)}ljan((_)ﬂU)UT.

Here the first map is induced by the inclusion {(}} — St(.J;.), and the second one by the
inclusions T'— (SNU)UT.

We are left with proving that Y is cartesian whenever X is G-strongly cocartesian.
We claim that when X is G-strongly cocartesian, there is an equivalence of H-diagrams

K(U,T) ~ Xyur (2)

analogous to the situation of [28]. This would show that for any non-empty U C Jy the
cube ®(K (U, —)) is cartesian, since for every u € U the map ®(Xyur) — ®(Xyuruw))
is the identity (see [13, 3.30]). Hence Y will be a homotopy limit of cartesian cubes,
and therefore itself cartesian. In order to prove the equivalence (2) we calculate the
homotopy colimit defining K (U,T) by covering the category St(J,) by the punctured
poset cubes Py (o4 ), for o € J/G. By [16, 1.10] the homotopy colimit of a diagram over
St(J4+) decomposes as

K(U,T) +— hocoli hocoli X 5
( ) WePl(}%) N 17g111(0+) ((=)nU)uT (3)
NG

(it also follows by A.2, which is an equivariant enhancement of [16, 1.10]). Since the

various posets Pi(o,) overlap only on the edge ) — +, the inner homotopy colimit in
(3) is

hocolim(Xr — X(1nvyur) — X(+nv)ur
whenever |W| < |J/G| — 1, and in particular it is independent of W. For the subsets
W C J/G of the form W = (J/G)\o for some G-orbit o, the inner homotopy colimit of

(3) is equivalent to

hocolign X(9)nvyur = X(opnU)uT-

1(o+
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This map is an equivalence for the following reasons. When U contains o, we have that
(X((—)nvyur) 1Poy) = (X(,)UT|7>(O+)). This is the translated cube X7 from 2.8 if T does
not intersect oy, and it has therefore homotopy colimit equivalent to X, nv)ur because
X is G-strongly cocartesian. In the case where T does intersect o4, the maps Xgur —
X(suryur are identities for ¢t € T'N o4, and the colimit is also equivalent to X, nvyur,
by [13, 3.30]. Finally, if U does not contain oy, the maps X(snvyur — X((suj)nviur
are identities for some j in o4 which does not belong to U, and the homotopy colimit is
again equivalent to X(,, nyur. Thus (3) becomes an equivalence

X, nuyur for W= (J/G)\o for some o € J/G,

Xtnvyur  for W] <]J/G| - 1.

K(U,T) ~ hocolim
WeP1(J/G)

This is the iterated homotopy pushout

K({U,T) ~ X(oﬁrnU)uT H s H X(oimU)uT

X(+nvyur X(+nuyur

which is equivalent to Xy by the decomposition 2.9 applied to the G-strongly cocarte-
sian cube )~(T from 2.8. This concludes the proof that P;® is J-excisive.

The argument of [17, 1.8] applies verbatim to our equivariant situation, showing that
® — P;® is homotopy initial among maps to J-excisive functors. O

Remark 2.21. The excisive approximations are defined as sequential homotopy colimits
of finite equivariant homotopy limits. Because we are assuming that the model categories
PH are locally finitely presentable sequential homotopy colimits in 2% commute with
finite homotopy limits of G-diagrams in & (see [13, A.8]). It follows that the equivariant
excisive approximations satisfy properties similar to [17, 1.7]. More precisely for every
pair of finite G-sets J and K:

i) There are natural equivalences TxT;® ~ T;Tx® and Px P;® ~ P; Pk ®;

ii) The construction T'; commutes with pointwise equivariant homotopy limits and with
pointwise sequential homotopy colimits of functors;

iii) The construction P; commutes with pointwise finite equivariant homotopy limits
and with pointwise sequential homotopy colimits of functors;

iv) If the target G-model category Z is J-stable (the cocartesian Jy-cubes are the same
as the cartesian Jy-cubes, for example the G-model category of G-spectra) both Ty
and P; commute with all the pointwise homotopy colimits of functors.

We end the section with some examples of equivariant excisive approximations.

Example 2.22. Suppose that ¥ and 2 are pointed, and that ®: ¥ — 2 sends the
zero object of € to an object G-equivalent to the zero object of 2. Suppose that
J = T is a transitive G-set. Then AT (c) is equivalent to the T-suspension cube o”¢ of
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Example 1.3. Since ® preserves the zero object the natural transformation w? ®(X7¢c) —
® (07 ¢c) induced by the map from the zero-object is an equivalence, where w? is the loop
cube of 1.3. This induces a weak equivalence on homotopy limits

Tr®(c) = holim ®(c7¢) «+— holim w’ ®(x7¢c) = QTd(xT¢).
Po(T4) Po(T4)

It follows that the n-fold iteration T}")®(c) is equivalent to Q"T®(X"T¢). If ®: € — 2¢
is enriched over simplicial sets there are actual maps ®(c) — Q"7 ®(X"T¢), and a natural
equivalence

Prd(c) ~ hocolim (®(c) — QT ®(E7c) — QT @(2*c) — ...).
In this case the proof of 2.20 specializes to [13, 3.26].

Example 2.23 (Genuine vs. naive homology theories). Let E € Spg be an orthogonal
G-spectrum. For every transitive G-set T', we consider the infinite loop space functor
QL: Top, — Top*G defined by

QLX) =Q*T(EAX) = hocolim QT (B A X)

where Ejr is the value of E at the permutation representation R[kT]. This is the
homology theory on the universe @, ., R[] associated to E, or said in other words
QL is T-excisive (the approximation _map OL — PrQL is an equivalence by 2.22).
In particular Qg is a genuine homology theory (G-excisive) and QL is a naive one
(l-excisive). If f: T — S is a map of transitive G-sets, there is an induced map
f*:Q2(X) — QL(X) defined by suspending by the sphere of the canonical comple-
ment of the inclusion f*: R[S] — R[T]. We claim that there is a natural zig-zag of
equivalences QL(X) ~ PrQ3,(X), under which the canonical map f* corresponds to
the universal approximation map pr: Q3(X) — PrQz(X). In particular Q% is the
G-excisive approximation of QL: the closest genuine homology theory approximating
QL. The zig-zag is

PTQ%(X) hocglim QT hocolim Q™ (E, 5 A S*T X))

=
= hogo&im QST (B siwr A X)

and the latter space is equivalent to QL (X) because R[T] is cofinal among the sums of
permutation representations of 7" and S (in fact f* includes R[S] into R[T7).

Example 2.24. Let A be a ring with a Wall antistructure and let M be an A-bimodule.
One of the main results of [11] shows that the Z/2-excisive approximation of the Real
K-theory functor KR(A x M(—)): sSet. — Spg/2 is equivalent to H(A; M (S*1)), the
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Real MacLane homology of A with the coefficients in the Dold-Thom construction of
the sign-representation sphere S!. The spectrum H(A; M(S1!)) is equivalent to the

Real topological Hochschild homology THR(A; M (S'!)) when 2 € A is invertible. This
is an equivariant analogue of [14].

We conclude the section by determining the excision properties of the indexed power
functor.

Proposition 2.25. Let E be an orthogonal G-spectrum and K a finite G-set. The functor
TX: Top, — SpS defined by

TE(X)=EAXE
is K x G-excisive, or equivalently nG-excisive where n = |K]|.

Proof. It suffices to show that the map TX — TkyxgTX is an equivalence, that is to say
that for every pointed H-space X the (K xG) 4 |g-cube TK (AK*E (X)) is cartesian. Since
the category of G-spectra is G-stable, this is equivalent to showing that T,K (AK*%(X))
is cocartesian (see [13, 3.35]). Moreover smashing with E preserves colimits, and it is
sufficient to show that the cube of pointed spaces AK*%(X) K is cocartesian. We verify
that the map

AK

hocoli hocolim StV (X )y )" hocoli KX G (x
pgeolin (hocolim S (X)v) ™) — ( hoeelim,  SE7(X)w)

is indeed an H-equivalence. Classically the smash product commutes with homotopy
colimits in each variable. An easy fixed points argument using the isomorphism (1) from
§1.2 shows that smashing over the G-set K also commutes with colimits in each variable,
in the sense that the map above is an H-equivalence if and only if

h li h li StU X ANK SN h li StKXG+ X ANK
sy, besalin (STTOORT) = el (S COR)

is an H-equivalence. Here V. = {V} }rek is a collection of objects of St(U), whose com-

ponents are permuted by the G-action, and similarly for W. This G-action induces a
G-structure on the categories valued functor

St(=)K:P(K x Gy) — Cat

defining a further G-action on its Grothendieck construction 1St(—)¥. The diagrams
StV (X)NE assemble into a G-diagram St(X )" on the category with G-action 1St(—)¥.
There is an equivariant projection p: ! St(—)% — St(K x G4)¥ that sends a pair
(UC K xGy,V e St(U)X) to V viewed as a collection of subsets of K x G,. The map
above fits into a commutative diagram
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hocoli hocolim (StY(X))X)) ——=  hocoli StEXG)+ (XA EY
piocolim, | hocolim (St7 (X)) —— |, hocolim | ( (Ow)

lw/

hocolim St(X )"
1St(—)K

The vertical map is an equivalence by the twisted Fubini theorem of [13, 2.26]. The diag-
onal map is an equivalence by equivariant cofinality, if we can show that the categories
W /p are Gyy-contractible for every object W of St(K x G4 )¥. We claim that the pair
(Urerx Wk, W) defines a Gw-invariant initial object in W /p. For this to be a well-defined
object we need the union J, . - Wi to be a proper subset of K x G ;. Each W}, is a proper
subset of o4, for some orbit 0 € (K x G)/G. Since K x G has only | K|-orbits we cannot
cover K x G with the Wp’s. 0O

2.4. The equivariant Goodwillie tree

We combine the J-excisive approximations of a homotopy functor ®: € — 2% con-
structed in §2.3 into a diagram analogous to the Taylor tower of classical functor calculus.

Observe that the universal property of the J-excisive approximation of 2.20 guarantees
that, if there exists a map of finite G-sets a: K — J which is injective on orbits,
there is an essentially unique weak map P;® — Px®. This is because the functor
Pr® is J-excisive by 2.16. It is going to be convenient to construct an actual natural
transformation a*: P;® — Pg® instead of working in the homotopy category. The map

*

o™ is induced on sequential homotopy colimits by the following composite

®(¢) = holim ®(A”(¢)) 25 holim o*®(A” (¢)) % holim ®(AX (¢)) = Tx®(c).
Ty®(c) = holim &(A”(c)) = holim a”@(A”(c)) = holim ®(A%(c)) = Tk ®(c)

The first map is induced on homotopy limits by the image functor a:: Po(K1) — Po(J4).
The second map is induced by the map of punctured K -cubes 7,: a*A”(c) = A% (c)
defined at a non-empty subset U of K by the canonical map on homotopy colimits

Ai(U)(c) = 2‘?(%211}1)][)1 St (¢) —s h%(i%i)m StV (c) = AK(c)

induced by the functor a=*(=) N U: St(a(U)) — St(U). This functor is well defined
because we are assuming that « is injective on orbits. It sends a subset V C a(U) Noy,
where o is an orbit in J/G, to the subset a=}(V) N U of

a Ha@)no ) NU =a Ha(U)NUNaoy) =UNwy

where w is the unique orbit which is sent to o by a.
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Remark 2.26. By the universal property of the excisive approximation 2.20 any two
G-maps «, 3: K — J injective on orbits induce maps o*, 3*: P;® — Pg® which are
equivalent in the homotopy category. An explicit zig-zag of equivalence is provided by
the commutative diagram

JgP;® Pip;® Pip;® JP;®
po " ppe < : PP < Po
a* l Pya® l \LPJPK{’ \LPJﬂ* l,@*
Pr® —— ~ P;Py® —— P;Pg® ——— P;Pr® <~ Pp®d
pjPr® pyPrg®

from the proof of [17, 1.8]. The horizontal arrows are equivalences because both P;®
and Pg® are J-excisive.

The maps a*: P;® — Pk ® define a contravariant diagram of functors indexed on the
category of finite G-sets and G-maps that are injective on orbits. By the Remark above
several of the maps in this diagram induce the same map in the homotopy category.
We remove this redundancy by letting fgnj ) be the poset of finite G-sets, ordered by
the relation K < J if there is a G-map K — J that descends to an injective map
K/G — J/G. The various J-excisive approximations of ® and the maps a* define a
diagram

(Farhyer —s FPuny, (€, 2°)
to the category of homotopy functors, which is commutative in the homotopy category.

Remark 2.27. When we say that the diagram commutes in the homotopy category of
homotopy functors we mean that for every H-object ¢ € €1 the diagram

(Py®)(c): (Famhyor —s pott

commutes in the homotopy category of 2, and that the zig-zags are natural in c. If one
can localize the equivalences of Funy,(%,2%) this would give an actually commutative
diagram in the homotopy category of Funy (%, 2%). This localization is constructed
classically in [5] and [4] by defining a model structure on the category of homotopy
functors ¥ — 2 which satisfy a certain accessibility condition.

We observe that every map «: K — J which is injective on orbits decomposes canon-
ically as the composition of a G-map which is an isomorphism on orbits followed by
an inclusion (through the image of «). Conceptually, we want to distinguish these two
kinds of maps. We will use the inclusions for taking homotopy limits and to talk about
convergence, and we will use the isomorphisms on orbits to compare the convergence of
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different collections of inclusions. Let }'gwl be the subposet of ]-'g"j } where the unique
arrow K < J belongs to Fal if K is a G-subset of J.

Definition 2.28. The Goodwillie tree of a homotopy functor ®: ¥ — 2¢ is the functor
Ta®: (FRNP — Fung, (€, 2°)

which sends J to P;® and an inclusion of G-sets ¢: K — J to the map +*: P;® — P ®.
We observe that the Goodwillie tower of ® is the subdiagram of 7® on the sets J =n
with the trivial G-action, where n runs through the natural numbers.

Let us discuss the role of the G-maps K — J that induce isomorphisms on orbits.
Let S = {Sh}n>1 be a sequence of transitive G-sets, and let tg: N — ]—'é”d be the
corresponding inclusion, that sends an integer m to the disjoint union

ts(m) = H Shp.

n<m

Here N is the poset of natural numbers with the standard order and the maps tg(m) —
ts(k), for m < k, are the inclusions of coproduct summands. We define 7¢®|g to be the
tower

Ta®ls: NP 25 (Finehyor — Funy (€, 2°)

obtained by restricting the Goodwillie tree of ® along Loip. A collection of G-maps o =
{an: Sp, — R, } between two sequences of transitive G-sets S and R induces a map of
towers

a’: TG@@ — TG<I>|§.

This is because the map II,,<,, 0, 1 ts(m) — tr(m) is an isomorphism on orbits for every
m € N. The map a* further induces a map on the homotopy limits of the towers

holim 7¢®|g — holim 7 ®|s.
Nop = Nop =

We will show in 2.38 that for certain functors (for example the identity on pointed
G-spaces) this map is in fact a G-equivalence.

Example 2.29. The projection G — 1 induces a map from the constant sequence G with
value G to the constant sequence 1 with value {1}. This gives a natural transformation

holim P,,® = holim 7¢®|; — holim 7®|s = holim P, ¢ ®
Nop Nop = Nop = Nop

from the limit of the standard Goodwillie tower of ® to the limit of the tower on free
finite G-sets.
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Example 2.30. Let I: Top, — Topf be the inclusion of pointed spaces with the trivial
G-action (whose canonical extension to Top? is the identity functor). We recall from
2.22 that for every transitive G-set T the T-excisive approximation of I is naturally
equivalent to

PrI(X) ~ Q®TyeT X .= hocolim QFTSRT X

where QFT and 2*7 are the loop and suspension operators for the permutation repre-
sentation sphere R[kT]*. The map PiI — PgI induced by the projection G — 1 is the
standard map

PI(X) >~ Q®8®X — QXON°CX ~ PoI(X)

from the naive to the genuine stable equivariant homotopy of X, induced by suspending
with the reduced regular representation of GG. This map has a retraction on fixed points,
and (P, I(X))% splits out of (PeI(X))¥ as a summand, forming part of the Tom Dieck-
splitting. In §4 we will assemble the maps PgI — Prl induced by the G-maps T" — S of
transitive G-sets into the full Tom Dieck-splitting. Our technique generalizes to all the
G-sets with a prescribed number of orbits and to a more general class of functors.

2.5. Change of group

We study the behavior of the equivariant excisive approximations under the restriction
of the G-action to a subgroup H < G. Let tyy: H — G be a subgroup inclusion, and
let t3;: 2 — 2™ be the corresponding restriction functor. Given a homotopy functor
®: € — P we write ®|y for the composite

Oy ¢ -2 ¢ By

Notice that a G-model category restricts canonically to an H-model category by con-
sidering only the categories € for subgroups L < H, and that ®|g is still a homotopy
functor. Given a finite G-set J we use the notation J = [ ., /i 0 for the canonical
decomposition into G-orbits, and we write

J:H Hw

0€J/G weo/H

for its further decomposition into H-orbits. An element w of the set HOEJ/G o/H is a
choice of H-orbit w, € o/H for every G-orbit o € J/G. We will denote the union of
its components by Hw = I,¢;/qgw,, which is an H-subset of J that intersects every
G-orbit. Given a finite collection of H-sets {K;};cr, we denote by

Oier P, (®|n) == Pr,, ... P, (®|n)
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the iteration of the K;-excisive approximations, in any chosen order (different orders give
equivalent functors by 2.21).

Theorem 2.31. Let J be a finite G-set and let &: € — 2 be a homotopy functor. For
every subgroup H < G there is a natural zig-zag of equivalences under ®|g

(Pr®)lp~ O Puw(®ln)
we [ o/H
0eJ/G

Remark 2.32. Theorem 2.31 specializes to the following equivalences:

i) If H is the trivial group, there is a natural equivalence

(Pr®)i~ O Puyg|(®) >~ Py (®h)

we [ o
oeJ/G

that is P;® and Pj,¢® have the same non-equivariant homotopy type.
ii) If J =nG is a free G-set, there is a natural equivalence

(Pc®)lg~ O Pur(®la) ~ Pun(®lu).
we [ G/H
i=1

In particular if ® is nG-excisive ®|p is nH-excisive.
iii) If J =T is a transitive G-set with H-orbits decomposition T'=Tj II - - - II T;,, there
is an equivalence

(Pr®)|g ~ Pr, ... Pr,(®|n).
If € and 2 are pointed and & is reduced this corresponds to the equivalence
QxTlag(nooTlu ) ~ s | QoTnp(nooTt | 50Tn )
(cf. 2.22).
The proof of Theorem 2.31 will occupy the rest of the section.

Lemma 2.33. Let J and K be finite G-sets, and let p: P(K) — P(J) be a G-equivariant
functor with the following properties:

i) p(U) =0 if and only if U = 0;
i) p(UUV) =pU)Up(V) for every U,V C K;
i) For every j € J there is k € K such that p({k}) = {j}.
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Then the functor p*: CZL)(']) — CZL)(K) preserves and detects cartesian cubes, and it pre-
serves cocartesian cubes.

Proof. This lemma is a slight generalization of [13, A.1] and [13, A.3], where this result
is proved when p: P(K) — P(J) is the image functor of a surjective G-map K — J.
The difference in our case is that p might send one-point sets to sets which have more
than one element. The proof of 2.33 is identical to [13, A.1] and [13, A.3], by replacing
the preimage of a subset W C J by a map K — J with the “preimage” of W by the
functor p, which is defined as

p'(W):={ke K | p({k}) c W}
The fundamental properties satisfied by p~!(—) needed in the proof are the following:

s pT'(W)Up N (Z) Ccp (WU Z),
o pp ' (W) =W,
s UCpp(U). DO

Proposition 2.34. Let w € [[, o/H be a choice of H-orbit of o for every G-orbito € J/G.
If ®: € — 9% is J-excisive, the restriction ®|g: € — 2™ is Nw-excisive.

Proof. Let us fix w € [[, 0o/H. We need to show that for every subgroup L of H the
functor ®|g sends H-strongly cocartesian Hw  |r-cubes in € to cartesian cubes in 2.
We prove this by turning Hw  -cubes into J|g-cubes by means of a certain functor
p: P(J4|u) = P(Hw, ) which satisfies the properties of Lemma 2.33.

If the G-orbits of J were of the form o = G/K for normal subgroups K of G, one can
define an H-equivariant retraction p: Ji|g — Hw_ by sending each H-orbit w € o/H
isomorphically to w, (the H-set G/K decomposes into isomorphic H-orbits if K is
normal in G). In general such a retraction does not exist at the level of sets, but it is
still possible to define a functor p: P(J4|g) — P(Hw, ) which is a retraction for the
inclusion functor, and which satisfies the hypotheses of 2.33. It is defined as follows. For
every o € J/G choose a point a, € w,, and for every v € o/H different than w,, choose
an a, € v. For every v € o/H define a functor f,: P(v) — P(w,) by

foU)={h-a, | h€ H, h-a, €U}.

This functor is H-equivariant, and it defines a retraction

p:PUe) =PI I wo) =P x [ I Pr) — PAw,)

0eJ/Gveo/H o€J/Gv€Eo/H

where the last map is the union of the maps f,, for w # w,, and of the identity otherwise.
Explicitly it is defined by the formula
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pU)=EHn)I [T (Unw)I J] f(UNw)).
0eJ/G UUE;ﬁ:I

This is an H-equivariant functor which satisfies the conditions of Lemma 2.33.

Let us show that if X € Cff(uw”m is H-strongly cocartesian, so is p*X € gl J+le)
For any subset U C J4 which is not contained in St(J;) = J, Pi(04) we need to show
that (p*X)|pw) = p*(X|pp@))) is cocartesian. Since p* preserves cocartesian cubes it

is sufficient to show that p(U) does not belong to

Stw,) = |J P@wnzy) = |J Pi((wo)y)

ze€(Uw)/H 0€J/G

where the last equality holds because each w, is an H-orbit of ITw. Suppose for the sake
of contradiction that p(U) belongs to St(Ilw, ). Then there is a G-orbit o € J/G such
that p(U) is a proper subset of (w,)+. By the definition of p this forces U to be a proper
subset of o, which is absurd since U does not belong to St(J5.).
Let us finally prove that ®|z is ITw-excisive. Since ® is J-excisive, for every H-strongly
Hﬂ+|L)
the J,|r-cube

cocartesian X € %ap (
O(p*X) = @[u(p*X) = p P|u(X)
is cartesian. Thus ®|y(X) is cartesian by 2.33. O

Lemma 2.35. There is a weak natural transformation under ®|p

Fo: (T;®)lg — O Tuw(®|n)
we [[ o/H
oeJ/G

which is natural in ®.

Proof. Since the target of this map is an iterated homotopy limit, we need to produce a
weak natural transformation

Fg: (holim @(AJ))|H = holim <I>|H(AJ|H) — holim <I>|H(QAHL”)

Po(J+) Po(J+|m) I1 Po(Hw, ) w
we [[ o/H
0€J/G
where the (), in the target denotes the iteration of the diagrams A™2(—). Define a

functor : II Po(Mw,)— Po(Jy|r) by sending A = {A, € Po(Lw, )}y to
wel], o/H

m(A) = Uy Aw if + €N, Aw,
B (UpAw)\+ otherwise.
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Notice that this functor is surjective on objects. There is a natural zig-zag of functors

St(J+)|H<L( I 1II Pl(w+))/@ﬁi> [ stw,).

0€J/G weo/H we [[ o/H
oeJ/G

The middle category consists of the disjoint union of the posets [[,, P1(w4) glued along
the morphism from the constant collection §), = 0 to the constant collection + = +. The
left-pointing arrow + is the union of the right-cofinal functors [[,, P1(wy) — Pi(o4) that
take a collection of subset to the union of its components inside o4 (see [13, A.2-A.3]),
and it is also right-cofinal. The right-pointing arrow § sends an object (v € J/G, U =
{Uw Cwy}ywew/m) to the collection of sets with w = {w, }oe.7/G-component

(W, U, C (wy)4) € St(ITw, ).

This restricts to natural zig-zags of functors

stir(@) <= (IT T Per@ nw\w)foss -2 [T StAw)

0€J/G weo/H we [] o/H
0€J/G

for every A, where 74 is right-cofinal. Let us denote the middle poset by St(A4). Observe
that for any object ¢ € € there is an equality of diagrams St(A) — €

SED(e) 070 = (O StH(c)) 064 -
w
On homotopy colimits this gives a zig-zag of compatible natural transformations

(va)« (54)«
A€ - hogomm ST (¢) 0 s ——= Oy AT(e) -
4 ~ t(A - = w.

Let Ai(c) be the middle homotopy colimit. We define the map Fp as the composition
of the maps on homotopy limits

Fa: (7};(?(1}15 ®(A))n " hoﬁm@‘H(Ai(é)) o holim ®|x (AA(9))

= olim |7 (O A1) 0
Proof of 2.31. By naturality of the weak map Fg the diagram
Fg

(T;®)|u O Tirw (@)
Ouw Thw (ts )

Ty (ts®) l l Ouw Tiw (0zts)

Ouw Ti1w Oy Tz (P m)

(TP ®)| 4 e Ouw T (T5®) |1

J O Tirw (F)
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commutes, defining a weak natural transformation Fg: (P;®)|gz — O, Puw(®|z). We
use Proposition 2.34 to show that this map is an equivalence. Morally this is because
(P;®)|g is Hw-excisive for every w, and the universal properties of the ITw-excisive
approximations should produce a canonical map O,, Piw(®|s) — (P;®)|g which is an
inverse of Fg. The be precise, consider the diagram

T ol

HPHMPJ
(Pr®)|u . Ouw Pr1w(®[#) Ouw Pi1w(Pr®|1) O Priw Oy Pu1z(®|m) -

-

Og PHM Ogtﬂgq)

Oy PuwFa

We show that the two curved arrows are equivalences, and by the two-out-of-six property
every map in the diagram, including Fg, is an equivalence. The lower-right triangle
commutes because Fg is a map under ®|y. The lower curved arrow is an equivalence
because O,, Pirw(Ps®|r) is Hz-excisive for every x in [, o/H. The upper curved map
is an equivalence because it compares via the following zig-zag of equivalences

psP;® Pyp;®

(Pr®)|m = (PrPs®)|u = (Ps®)|n

-
Frye Ouw Pr1w(®[r)
lOWPprJqD
Ow Pi1w(Pr®|g) == Oy Pi1w(Ps®|n) == Oy Piiw(Ps®[n)
to the composition of the maps
Pyl (Pr®)] P2 (Py1 (Pr®)|H)
(Py®)| s ———— Puuus (Ps®| 1) =——— Piry2 P (Ps®| 1)

. ...?OPHM(PJCI)lH)

~

which are equivalences by Proposition 2.34. The right-hand square commutes by natu-
rality of Fi3 in the functor @, and the left-hand square commutes by construction. O

2.6. On the convergence of the Goodwillie tree

Let G be a finite group. We discuss the convergence of the Goodwillie tree for a certain
class of homotopy functors ®: Top, — Topf.

Definition 2.36. We say that a homotopy functor ®: Top, — Topf commutes with
fixed-points if for every subgroup H of G and every H-equivariant map f: X — Y
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which is an isomorphism on H-fixed-points, the map (f.)": ®(X)? — ®(Y) is an
isomorphism.

Example 2.37.

i)
ii)

iii)

iv)

The inclusion of H-fixed-points X — X is an isomorphism on H-fixed-points for
every pointed H-space X. Thus if ® commutes with fixed-points ®(XH)7 = ¢(X)H,
A sSet-enriched homotopy functor ®: Top, — Topf determines an orthogonal
G-spectrum ®(S) with n-th level the G-space ®(S),, = ®(S™) (in fact the finitary
ones define a model category Quillen equivalent to orthogonal G-spectra, by [6]).
The geometric, genuine and naive G-fixed points of ®(S) are respectively defined in
degree n by the spaces ®(S"F)C, (Q"CH(S"C))¢ and (S™)%, and they fit into a
commutative diagram

(e)€

(I)(SnG)G (I)(Sn)G

(Qn@@(snc))c

where 1: S = (S"¢)¢ — §"C is the inclusion, 7 is the adjoint assembly map and ev
is the evaluation at 0 € S™“. Observe that ¢ is an isomorphism on G-fixed-points, and

if ® commutes fixed-points the map (¢.)¢

is an isomorphism. Thus the evaluation
map from the genuine to the geometric G-fixed points of ®(S) is a split epimorphism.
The G-spectra with this property are called geometrically split in [23], and they are
the spectra that admit a Tom Dieck-splitting. The relationship with these splittings
will be further investigated in §4.

Let ®: Top, — Topf be a homotopy functor whose image lies in the subcategory
of spaces with the trivial G-action. Suppose that ®: Top, — Top, preserves limits
with shape H, for every subgroup H of G (that is ® “commutes with fixed-points”).

Then if f: X — Y is an isomorphism on H-fixed-points, the induced map

()P o) = a(xH) L oy H) = o(v)H

is an isomorphism, and ® commutes with fixed-points in the sense of Definition 2.36.
Examples of such functors include the inclusion I: Top, — Topf of spaces with
the trivial G-action (which extends to the identity functor on Topf)7 the “naive”
algebraic K-theory of spaces functor A(—) of 1.9(iii), and the algebraic K-theory
functor K (R x M(—)) of [14] associated to a ring R and an R-bimodule M.

Let K be a G-CW-complex. The homotopy functor K A (—): Top, — Topf com-
mutes with fixed-points. If f: X — Y is an isomorphism on H-fixed-points the map
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H H H H KH/\fH H H H
(f)" (KAX)YT2KOANXY ————— 3 KPAYT Z2(KAY)

is an isomorphism.

A proper filtration of finite G-sets is an infinite countable sequence of proper inclusions
of finite G-sets

JZ(J1C"'CJnCJn+1C...).

A map of proper filtrations f: K — J is a sequence of G-equivariant maps f,,: K, — J,,
which commute with the respective inclusions.

Theorem 2.38. Let ®: Top, — Top*G be a homotopy functor which commutes with fized-
points, and let f: K — J be a map of proper filtrations such that f,: K, — Jy
is a bijection on G-orbits, for every n. Then the maps f): P; ® — Pk, ® induce a
G-equivalence on homotopy limits

f*: holim P; @ 5 holim Py, ®.
n n

In particular there is a G-equivalence holim,, P,® — holim,, P,5®.

Remark 2.39. This result might seem surprising, but for the identity functor on pointed
spaces it is closely related to a result of Carlsson about Z-completion which plays a
crucial role in the proof of Sullivan’s conjecture [8]. Let @ = Q°°%>: Top, — Top,
be the stable homotopy functor. This functor has the structure of a monad, and the
totalization of the corresponding cosimplicial space Q° is equivalent to the limit of the
Goodwillie tower of the identity functor on pointed spaces

holim P, id(X) ~ TotQ*(X)

(see [1]). Equivariantly there are two similar constructions. The first is the canoni-
cal extension of ) to pointed G-spaces @@ = Q®°X>®: Top*G — Topf, which is the
“naive” stable homotopy functor. The second is the “genuine” stable homotopy functor
Qg = QXERXG Topf — Topf obtained by stabilizing with respect to the regular rep-
resentation of G. An easy fixed-points argument shows that for every pointed G-space
X there is a G-equivalence holim,, P,I(X) ~ TotQ®(X). Carlsson proves in [8, I1.7] that
there is a natural G-equivalence T'0tQ*(X) ~ TotQ%(X). The equivalence of 2.38

holim P,,7 = holim P, 1
for the inclusion I: Top, — Topf is a calculus analogue of Carlsson result. It follows

that the pointed G-spaces holim,, P,I(X), holim,, P,,cI(X), TotQ®*(X) and TotQ¥(X)
are all equivalent.
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Corollary 2.40. Let ®: Top, — Topf be a homotopy functor which commutes with fixed-
points, and such that for every subgroup H of G the composite

b el (7)H
Top, — Top, ——— Top,,

is pg-analytic in the sense of [16, /.2], for some integer py. Then for every proper
filtration of G-sets J the map ®(X) — holim,, P;, ®(X) is a G-equivalence for every
G-space X such that Xt is pg-connected for every subgroup H of G.

Proof. Since ® commutes with fixed-points, the inclusion X# — X induces an isomor-
phism

o

(Pn(I)(X))H = Pn‘I)(X)H — an)(XH)H
for every natural number n. By the convergence Theorem [17, 1.13]
d(X)H = o(XH)¥ — holim P, ®(X#)# = (holim P, ®(X))"
n n

is an equivalence if X is py-connected. By 2.38 the map of filtrations f,: J, —
Jn/G induces an equivalence between the right-hand side and the H-fixed-points of
holim,, Py, ®(X). O

Remark 2.41. It is unclear to the author if a result similar to 2.40 holds for a general
homotopy functor ®: Top, — Topf which satisfies a suitable equivariant version of
analyticity (similar to the one suggested in [11] or [12]).

Our proof of 2.38 is close in spirit to the proof of [8, I1.7], and it is based on the
existence of a natural retraction

r: (Py®)¢ — Pyyg®©

for the restriction on G-fixed points of the map p*: P;/q® — P;® from §2.4, induced by
the projection p: J — J/G (notice that P;/; commutes with fixed-points, because the
G-action on J/G is trivial). We recall that the G-fixed-points category of I = P(J,) is
canonically isomorphic to P(J/G. ). Hence the fixed points diagram X of a J,-cube X
is a J/G-cube (see 1.5). The retraction r: (P;®)¢ — P;,c®% is induced on homotopy
colimits by the composition

1 b d holim P (A G . G
( ‘S ) (C))G - ( I Po(J4)* ( J’k(c))) —_— hollnqu(J/G”,C @(AJ,k(C))
S~ - ~ T (7)€
N
y im G
1 ﬁ/)G(I)(c)G = holimp,(j/q, )* q,(qJ/G,k(c))
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where A7 (c) denotes the k-fold iteration A”/(... A”(c)). The first map is the fixed-points
restriction map (1) of §1.2. The isomorphism is induced by the map 7,: p*AJ/G(C) —
A7 (c) defined at the beginning of §2.4. It is an isomorphism because ® commutes with
fixed-points, and because for every G-invariant subset U C J4 the restriction of (n,)y
on G-fixed-points is the isomorphism

J (NG _ ; UG : Ul G o : U/G(.Gy _ AJ/G( G
Ay (0)” = (h%(i%l)mSt (c) = hé)tc(gl)lcr;n(St (c) :Ig?fg}gngt /G (¢ )*AU/G(C )

where the isomorphism St(U)% = St(U/G) is the restriction of P(J, )¢ = P(J/G).

Proof of 2.38. Since f,: K, — J, induces an isomorphism f,: K, /G — J,/G on
G-orbits, there is a commutative square

*

fa
P; & ——— Pk, ®

.

P c® % Py, /c®

n

for every natural number n, where the vertical maps are induced by the projections
Jn = Jn/G and K,, — K,,/G. Tt is therefore sufficient to show that for every proper
filtration J the map

holim P; ,q® — holim P;, ®

induced by the projection p: J, — J,/G is an equivalence. Moreover by cofinality we
can assume that J,, has n-orbits, and we write n = J,,/G.

Let j: n — n + 1 be the standard inclusion, and let r: (P;, ®)¢ — P,®% be the
retraction of p* constructed above. Consider the following commutative diagram

(Pn—l(I))G (Pn(b)G (Pn+1(1>)G
- (P, ®)¢ // - (Po1®)¢ //
n T\ p* n+1 T\ p*
(P, ®)C¢ <——-—-——-—————— (Py,.,®)¢

By cofinality, (holim,, P, ®)¢ is equivalent to the homotopy limit of the (P, ®)%’s along
the composite maps p*j*r. It then suffices to show that the map p*j*r compares, via
a natural zig-zag of equivalences, to the map *: (Py,,,®)¢ — (P;, ®)¢ induced by
the inclusion ¢: J, — J,41. Morally this is the case because the map ¢* is unique in
the homotopy category, but we need to take extra care because we are working on

fixed-points. An explicit zig-zag is provided by the following diagram
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Pipy1Prn1 ® Pryi1Pr 1 ®

(P, ®)¢ (Py, 1 P, ®)€ (Pj,,., ®)¢
\
L* PP, 1 ® p*itr pitr
\
P; ®)¢ P; P ®)C¢ P; ®)¢
(P, ®) Prpn® (P, Py, ., ®) Priprl® (P, ®)

The mid vertical map is the map p*j*r for the functor Py, ,, ®. The horizontal arrows
.41 P are both J,, y1-excisive. The bottom left tri-
angle commutes by the properties of the excisive approximations. The upper-left triangle
P = (P, @)Y is a map

under ®“. The right-hand square commutes by naturality of p*1* = (1p)* and 7.

are equivalences because P;, ® and P;
commutes because the natural transformation p*t*r: (Py

This argument shows that the map p*: (holim,, P,,)¢ — (holim,, P; )¢ is an equiva-
lence on G-fixed-points, for every finite group G. We use the restriction formula of 2.31
to show that this map is an equivalence also on H-fixed-points, for every subgroup H

of G. By naturality of the zig-zag of 2.31 it is sufficient to show that the map

g Op;

H
PO~ ( O P@u) —=( O Pu(®n)" =~ (P,o)"
we [[ o/H we [[ o/H
0€Jn /G 0€Jn /G

induced by the projections Ilw — n becomes an equivalence after taking the homotopy
limit over n. Recall that for every functor ¥: Top, — Topf and any H-set A we
constructed a restriction map

(P4%)" — hocolim _holim  W(A4F(—))H.
E Po(A/Hy)k

By iterating this construction we obtain a map

H
O P, (@ — hocolim  holim
(wE 11 o/H Hi( |H)) k1 Po(Hw, /Hy)k1

hocolim holim q)(AHQl,kl '..AHQl,kl)H
ki Po(Lw,/Hy )kt

where [ is the cardinality of ] . In/G o/H. The composition of this map with the iso-
morphism

P(ATwrky  AMwpke()H o @Ak AR () H
gives a retraction of Q) p}. The existence of these retractions shows that holim,, O p}, is

an equivalence on H-fixed-points, by an argument which is formally identical to the one
given above for the G-fixed-points. O
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2.7. The genuine tower of the stable indexed powers

Let E be an orthogonal G-spectrum and K a finite G-set. The aim of this section is
to describe the genuine subtower of the Goodwillie tree (determined by the free G-sets)
for the indexed power functor 7X : Top, — Spg defined by

TE(X)=EAXME,

and some variations of this functor involving families of subgroups. These results gen-
eralize immediately to the indexed power functors on G-spectra (—)"¥: Spg — Spg of
[20] and their family versions, but it is the functors from pointed spaces that will play a
role in the calculation of the derivatives of the identity of §5.

We showed in Proposition 2.25 that T£ is kG-excisive, where k = |K|. Thus by 2.14 it
is nG-excisive for every n > | K|, and its genuine Goodwillie tower stabilizes at the |K|-th
stage. Unlike in the non-equivariant case though, the lower excisive approximations of 7T/
are usually non-trivial. They are described in the following proposition and its corollary.

Proposition 2.42. Let H be a subgroup of G. The geometric H-fixed-points of the
nG-excisive approximation of Té( are respectively

A (P TE) ~

* ifn <|K| and n < |K/H|
OH(TE)  otherwise.

Proof. Let us first observe that 2.31 provides an equivalence
M (PcTE) = " (PucTE ) i = " (Pun Ty ),

and we can therefore assume that H = G.

Suppose that n < |K| and that n < |K/G|, and let us examine the connectivity of
(IDG(TT(Lg)TEK ), for some positive integer m. By the equivalence of 1.6 this spectrum is
the homotopy limit

G (T TE (X)) ~ holimy Potnc)a (PCE) A (A"C . A"C(X)NK)G
~ (PCE) A holimpy py(na, ye S A (A" .. A"Y(X)NE)E,

The connectivity of the homotopy limit of this formula is bounded below by

[ min ( +)Conn((AZﬁUl ARG XM =N (o] - 1) (4)
15--Um o(n i=1

(see e.g. [12, A.1.2]), where p: nG; — n is the projection map. In order to estimate this
quantity we need to understand the connectivity of the G-fixed-points of AZ,GI(U) (X)NE
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for every subset U of ny. We use the equivalences of 2.4 to describe these spaces, de-
pending on whether or not U contains the basepoint. When U is a subset of n, there is
an equivalence

(ARG ) (X)) = (V) SX)M)T (0 \) s (x0H))e

lUl-1 (U]=1)xx
o~ \/ EK/G(X/\K)G,
(|U]-1)xK/c

and the connectivity of this space is Conn(X"¥)¢ + |K/G|. Now suppose that U = V.
for some subset V of n. In this case there is an equivalence

(A28 ) ()M)E = (V) BOXPMT () mRxO(xM))0

2.4
Vi-1 (IV]=1)*¥
~ \/ ElKI(X/\K)G,
(VI-1)xse

and this has connectivity Conn(X"¥)% 4| K|. By induction, we see that he connectivity
range of (4) is

m m

; AK\G N G
pmin Conn(X")G 43 Te(Us) = 3 (|U:] = 1)

i=1 i=

=

m

= Ulmullfm Conn(X/N¢ 4 ;(C(Ui) — Uil +1)

where ¢(U;) = |K/G| if U; does not contain +, and ¢(U;) = |K| otherwise. By our
assumption ¢(U;) — |U;| > 0, and therefore

Conn _ holim SA (A9 ... A"C(X)M)E > Conn(X )E +m
1 Po(nG )< —

m
diverges with m. It follows that ®“ P, o TX is contractible.

Now let us suppose that either n > |K|, or that n > |K/G|. In the first case we
know by 2.25 that TX is K x G = |K| x G-excisive, and therefore that TX and P,oTL
are equivalent. It remains to show that the map TX — P,cTA is an equivalence on
geometric G-fixed-points when n > |K/G|. The argument of 2.25 shows that this is
the case if the functor p: 1 St(—)K — St(nG )X restricts to a right-cofinal functor on
G-fixed-points. We recall that 1St(—)¥ is the Grothendieck construction of the functor

St(—)X: Pi(nGy) — Cat,

and that p sends a pair (U C nG4,V € St({U)¥) to V viewed as a collection of subsets of
nG . Let W in St(nG )X be a collection of subsets which is invariant for the G-action on
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St(nG4)%. We show that the category (W /p)“ has an initial object. The pair (U Wy, W)
is G-invariant and it defines an initial object, provided the subset Ui W}, of nG is proper.
We observe that since W is G-invariant, if the component Wy, is a subset of {i} x G4,
the component W, must be a subset of the same orbit {¢} x G4. Hence the union U, Wy,
can cover at most |K /G| copies of G4, and since n > |K/G| it must be a proper subset
of nG4. O

We can now repackage the information of Proposition 2.42 to describe the full functor
PocTE. We recall that a set of subgroups of a finite group X is called a family if
it is closed under conjugation and under passage to subgroups, a cofamily if it is the
complement of a family, and an interval if it is the intersection of a family and a cofamily.
Given an interval R of subgroups of ¥, we let ER be a pointed X-space whose fixed-points
by the subgroups I' of ¥ are characterized by the property

ERF:{SO ifT eR

* otherwise

(this space can be constructed by choosing a family F and a cofamily C such that
R = FNC, and setting ER = EF, A EC, where EF is the (unpointed) universal space
for F and EC is the cofiber of the non-zero map E(AII\C)4 — S° where All is the family
of all the subgroups of ¥, see [18]).

Now let R be an interval of subgroups of G x ¥, such that every element of R
intersects 1x Y, trivially, or in other words an interval of graphs of group homomorphisms
p: H — ¥, for subgroups H of G. We think of R as a set of actions of subgroups of G on
a k-elements set. Given an orthogonal G x ¥p-spectrum C, we define the corresponding
indexed symmetric power functor S&: Top, — Spg by

SE(X)=(CAX"™) Ay, ER

where ¥, acts on X\* by permuting the smash factors. When R is the family of all the
subgroups of G this is the standard homotopy orbits spectrum (C'A X *),5, .

Remark 2.43. We will make repeated use of the following well-known formula. There are
natural equivalences

eUSEX) = () " (OAXY ) = 2T (CO) A X pau ey
p: H=Xy [p: H—X]
r,eR r,erR
where I', is the graph of p, the H-spectrum p*C is the restriction of C' along the in-
clusion H — G x Xy, which sends & to (h, p(h)), and p*k is the H-set defined by the
homomorphism p. Moreover ¥ acts on the set indexing the first wedge by pointwise
conjugation of group homomorphisms, and the second wedge runs over the equivalence
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classes of this action. A proof of this formula for pointed spaces can be found in [8, I.4],
and it can be readily extended to spectra using the model for the geometric fixed points
chosen in 1.6.

Example 2.44. Let K be a finite G-set with k-elements, and pg: G — 3, its correspond-
ing group homomorphism (upon a choice of total order on the set underlying K). Let
Fk be the smallest family that contains the graph of pgx. Then for every orthogonal
G-spectrum E the canonical map

~

Te (X) = EAXM & ((Z0)4 AEAXY) Asy, EFre = ST

k)+AE

(X)
is an equivalence, where G acts on 3 by left multiplication through pg: G — 3. Indeed

by the decomposition formula 2.43 the geometric H-fixed-points of the right-hand side
are equivalent to

V iE0)f AT (EAXM))haur,,
{rxlu}

where the wedge runs through the one-point set containing the restriction of px to H.
By definition of the G-action the H-fixed-points set of p} X is the group of equivariant
automorphisms Autg, , and the map above corresponds to the canonical equivalence

(Aut g, ) AT (E N XM ) hauty,, — ST (EA XN

Given an interval R of subgroups of G x ¥ which intersect 1 x ¥y, trivially and a
positive integer n < k, we define an interval

R(<n)={T, e R | p: H— X, with |(p"k)/H| < n},
the set of graphs corresponding to actions in R with less than n-orbits.

Corollary 2.45. For any orthogonal G x Xy -spectrum C and positive integer n < k, there
is a natural equivalence

PoaSE(X) ~ (C A X)) s, ER(< n).

In particular if K is a finite G-set with k elements and E is an orthogonal G-spectrum,
by setting C = (XZk)+ A E as in 2./ we obtain an equivalence

PoaTE(X) = ((Bp) £ AEAXM) A5, EFg(< n)

where Fi is the family spanned by the graph of px: G — X.
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Remark 2.46. We observe that since Fx (< n) does not contain the trivial homomor-
phisms H — Y the non-equivariant homotopy type of EFx (< n) is contractible. Indeed
non-equivariantly P, (E A X”\¥) is contractible when n < k.

Proof of 2.45. Let us write R as the intersection of a family and a cofamily R = F NC,
and observe that R(< n) = F N (CN A(< n)), where A(< n) is the complement of the

family of all the graphs of group homomorphisms with more or as many as n-orbits.
Thus there is a G x Yp-equivariant map

ER = EF, NEC — EF_ ANE(CNA(<n)) = ER(< n)

which is the identity on the first factor and induced by the inclusion of families AII\NC —
AlI\(C N A(< n)) on the second factor. This gives a map

SE(X) — (C A X)) As, ER(< n),

and passing to the nG-excisive approximations a commutative square

SR(X) (C A X) As, ER(< 1)

| |

PuGSE(X) ——= Puc((C A X"¥) As, ER(< n))

We claim that the right vertical map and the bottom horizontal map are equivalences,
which will conclude the proof.

We use 1.6 to commute P, and geometric fixed-points, and the decomposition for-
mula 2.43 shows that the geometric H-fixed-points of the square above are equivalent
to

Hp"k \/ H~p*k
_—
(V70 ( UL ) hs,
p: H—Xy p: H—3y
r,er r,eR(<n)

| |

H p*k \/ H Pk
( \/ o P"Gﬁ*c)hzk ~ ( ® P"Gﬁ*c)hzk
p: H—Xy p: H—=3Xy
r,er r,eR(<n)

where the horizontal maps collapse the summands indexed by the graphs which are not
in R(< n). By 2.42 the summands which are not hit by the bottom horizontal map are
contractible, and the right vertical map is an equivalence on each summand. 0O
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3. Homogeneous functors

Let G be a finite group, let J be a finite G-set, and let ¥ and 2 be G-model cat-
egories. We will assume from now on that ¥ and 2 are pointed. We define the notion
of J-homogeneous homotopy functor, and we construct a supply of examples by taking
the “layers” of the Goodwillie tree of any homotopy functor ®: ¥ — 2% (in §3.1). We
study the behavior of the cross-effect functor on J-homogeneous functors in §3.3, and we
classify “strongly homogeneous functors” as equivariant spectra with a naive ¥,-action
in §3.4.

Definition 3.1. Let J be a finite G-set. A homotopy functor ®: € — 2% is J-reduced if
Py ® is contractible for every proper G-subset K of J. We say that ® is J-homogeneous if

it is J-excisive and J-reduced. We say that & is strongly J-homogeneous if it is J-excisive
and n-reduced, where n = |J/G]|.

Remark 3.2. A strongly J-homogeneous functor is in particular J-homogeneous, since
for every proper G-subset K C J there are equivalences

PK(I) ~ PK/GPK‘I) ~ PKPK/G(I) >~ PK* =~ k.,
This is because P ® is K/G-excisive by 2.15, and because |K/G| < |J/G|.

Example 3.3. If J = T is a transitive G-set, the only proper subset K of T is the empty-
set. A functor is T-reduced if and only if Py® = ®(x) is equivalent to the zero-object of
2% In this case strongly T-homogeneous functors and T-homogeneous functors agree.
We refer to these functors as T-linear. It is a theorem of [6] that there is a model struc-
ture on the category of finitary enriched reduced homotopy functors on pointed G-spaces
which is Quillen equivalent to the model category of G-spectra on the universe @, R[T7,
and where the fibrant objects are the T-linear functors. This Theorem is an equivariant
version of Goodwillie’s classification of 1-homogeneous functors of [17].

Example 3.4. For any orthogonal G-spectrum E, the functor 74 : Top, — Spg of Propo-
sition 2.25 defined by

TR(X) = EA XM

is strongly nG-homogeneous. We showed in 2.25 that 7 is nG-excisive, and it follows by
[17, 3.1-3.2] that T is n-reduced. As an immediate consequence we see that the functor
SE(X) = (CAX")py, is also strongly nG-homogeneous, where C' is an orthogonal G x
Yn-spectrum. We observe that a map f: D — C of G x 3, -spectra induces an equivalence
faor 8B — S& if f is an equivalence of G-spectra after forgetting the ¥,-action. Thus we
think of C' as an object of the model category of genuine G-spectra with naive ¥,,-action.
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Example 3.5. The n-th layer of the genuine tower of a homotopy functor ®: ¢ — 2¢
between pointed G-model categories

D,q® = hOf(PnG(I) — P(n—l)G(I))

is nG-homogeneous, but generally not strongly nG-homogeneous. We will generalize this
construction to an arbitrary G-set J in §3.1.

Example 3.6. The calculation of Corollary 2.45 allows us to see which symmetric power
functors S¥ are nG-homogeneous. We recall that C' is an orthogonal G x j-spectrum
and that R is an interval of subgroups of G x ¥ which intersect 1 x X, trivially. Given
a pair of positive integers n < k we let

R(n)={T, e R | p: H— ¥, with p*k/H =n — 1},
and for n = k we set
R(n)={T,eR|p: H—= X%, withp=1or p'n/H=n—1}.

These intervals of subgroups record the actions in R with n — 1 orbits, and the trivial
actions on n. We observe that R(n) can be non-empty only when k& < (n — 1)|G| or
k = n. It follows immediately from 2.45 that the n-th layer of the genuine tower of S}
is

Dngsg ~ Sg(n),
and that Sg(n) is nG-homogeneous.

3.1. The layers of the tree

Let ®: € — 2% be a homotopy functor between pointed G-model categories, and let
J be a finite G-set. We construct a J-homogeneous homotopy functor and a strongly
J-homogeneous homotopy functor from the Goodwillie tree of ® defined in §2.4. They
are analogous to the layers of the classical Taylor tower.

Given an inclusion of finite G-sets t: K — J we let D,® be the homotopy fiber

D,® = hof (P;® ~ Px®).

For every G-orbit o of J let ¢,: J\o — J denote the inclusion of the complement of o
in J.

Definition 3.7. The J-differential of a homotopy functor ®: € — 2% is the homotopy
functor D;®: € — 2 defined as the iteration
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D;®=D,, ...D, ®

Lol

for a choice of order J/G = {o1,...,0,} on the set of orbits of J. Different orders give
equivalent differentials by 2.21. The strong J-differential of ® is the homotopy functor
D;®: € — 2 defined as

D,® = P,D,®
where n = |J/G|.

Remark 3.8. The J-differential can equivalently be defined as the total homotopy fiber
of the |J/G|-cube in 2¢

DJ@:Tfib<P(J/G)H@G )

Wi—)PJ\wl ---PJ\wl(I)
where W = {wy, ..., w;}.

Example 3.9. If the orbits of J are all isomorphic, that is if J = nT for some transitive
G-set T', the nT-differential of ® is equivalent to

D,....D,. ~D,.=hof (PnT — P—nyr)-
In particular
D, ® ~ hof (P,® — P,,_1®) and Dy ® ~ hof (Pg® — P(n—1)G(I’)~

Proposition 3.10. For any homotopy functor ®: € — 2 and any finite G-set J, the
functor D ;® is J-homogeneous, and the functor D ;® is strongly J-homogeneous.

Proof. The functor D;® is clearly J-excisive. It is n-reduced since P,D;® =~
P;P.D,® ~ xif k < n.

The J-differential is a homotopy limit of J-excisive functors (by 2.14), and therefore
it is J-excisive. Let us prove that D;® is J-reduced. A proper G-subset K of J is
necessarily included in J\o for some orbit o. Since the D, ’s commute with each other
we may assume that o = o,,, and

PKDJq) ~ .DLO1 ...DL% PK(I) =D ~DL%71 hOf(PJPK — PJ\onPK(I))~

Loy **

Since K is included in J\o, the functor Px® is both J-excisive and J\o,-excisive, and
the map

Px® ~ P;Pk® —> PJ\OnPKCI) ~ Pr®

is an equivalence. Thus Pk D is contractible. O
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The differentials of ® are functorial with respect to the G-equivariant maps of finite
G-sets that are bijective on orbits. Such a map a: K — J induces a map on homotopy
fibers

D,®-"~D, &
Pd— s Prd

.

Ppo® —— Px\a(o)

for every orbit o in J/G, and every homotopy functor ®. By iterating this construction
we obtain a map

a*=a; ...a; : D;® — Di®.

01 o

3.2. Equivariant deloopings of homogeneous functors

Let J be a finite G-set and let ®: Top, — Topf be a homotopy functor on the
G-model category of pointed G-spaces. We show that if ® is J-homogeneous it lifts to
the category of “J-spectra” along the Q2°°/-functor. This is the category obtained from
Topf by inverting the permutation representation sphere 5.

We choose the category Spg of G-objects in symmetric spectra as a point-set model for
this category of J-spectra. The model structure on this category is defined by stabilizing
with respect to the G-sets in the G-set universe Il,,cnJ, and it is denoted Sp?. This
model structure is a symmetric analogue of the model structure on orthogonal G-spectra
induced by the universe @, R[J]. It is studied in great details in [19], and it is Quillen
equivalent to the model category of [25] when the orbits of J are of the form G/N for
normal subgroups N < G (see [19, Thm. A]).

Example 3.11. The category Spg is a model for the category of naive symmetric G-
spectra, and Sp,CjG is a model for the category of genuine symmetric G-spectra, for every
n € N.

We promote Sp? to a G-model category, by considering the collection of categories of
H-objects in symmetric spectra {Spg ‘r<a, where each category is equipped with the
model structure induced by the universe of the H-sets that are restriction of the G-sets
in IT,,cnJ. There is an equivariant infinite loop space functor

0>’ Sp§ — Top!
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that sends a symmetric G-spectrum E to Q7 E = hocolim,, Q™' E,,;, where E,,; is
the value of E at the G-set m.J

E,.; = Em|J\ /\Em\JI Bzg(m\JLmJ)Jr

Here X, 7 and G act on the set of bijections Bij(m|J|,mJ), respectively on the right
and on the left, in the obvious way. The functor Q> preserves equivalences of semi-stable
G-spectra, and in particular of fibrant G-spectra (see [19, Thm. B]).

Theorem 3.12. A J-homogeneous homotopy functor ®: Top, — Topf lifts functorially
to a J-homogeneous homotopy functor ® to the category of J-spectra

G
SPJ
s 7
/ Qood
Ve

Top, T) TOP*G

which has fibrant values.

We start by constructing functorial J-fold deloopings ® ~ Q7R ;® for the .J-homo-
geneous functor ®. This is where the real content of Theorem 3.12 is. The lift d to our
point-set model Sp? is constructed formally from these deloopings at the end of the
section. The proof of Theorem 3.12 will occupy the rest of Section 3.2.

We construct equivariant deloopings Py® ~ Q°R,® of P;® one orbit o € J/G at the
time. Since ® is J-excisive the map py: & — P;® is an equivalence, and this provides
us with an o-fold delooping of ®. We will show in 3.17 and 3.16 that this construction
can be iterated for every orbit providing us with a J-fold delooping of ®. Fix a G-orbit o
of J and a positive integer k. We construct the o-delooping of P;® following the idea of
[17, 2.2]. We decompose Tf} ® as the homotopy limit of a punctured o,-cube by defining
an equivariant cover {AF},c,, of the category with G-action Py(J4)*. The cover consists
of the subposets

A = Py (T )\ Po(J\ (1) AL = (Po(J1)\Po(0))"

of Po(J4)*, where j runs through the elements of 0. By “equivariant cover” we mean
that the G-action functors g: Po(J4)* — Po(J4)F restrict to functors g: AF — Alg“l for
every | € Jy. For every subset W of o, we denote the intersection of the subposets
corresponding to the elements of W by

Al = [ AL

JEW
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The cover induces an o4-cube RAktb(X) € (Top*)f(O” for every pointed space X, with
vertices

RiY ®(X) = holim ®(A7F(X))
Aty

where A”* denotes the k-fold iteration A7(...A7(X)). By the Covering Lemma A.2 this

cube is homotopy cartesian, that is T"f@ = R(“glkfb decomposes as the homotopy limit

Tk® = holim ®(A7F =5 holim RA
7 Po (1 )k (A=) WePo(04) e

The plan is to show that for every non-empty subset W of o4 different than {—i—} or o4,
the vertex RA ® is contractible (see 3.13), and that Rf +}<I> is equivalent to T' J\ D (see
3.14). Roughly speaking, also the +-vertex of RA"® becomes contractible after taking
the homotopy colimit over k, because ® is J-reduced. The only non-trivial vertices of
the cube RA"® are the initial vertex T *®, and the final vertex

AF . Jk
RO+ d = hgéim@(A (—))

After stabilizing over k we will get an equivalence

P;® = hocohm T%® = hocolim holim R 9
k Poloy)

—=5 holim hocolim RA b Q° hocohm RA
Po(o4)

which defines an o-delooping of ® ~ P;®. Just as in [17] there is an issue with the fact
that there are no direct stabilization maps R{,‘},kCI) — R{,‘},HICI), and we need a bit of care
in taking the homotopy colimit over k. This issue is addressed in 3.15 below, after the
analysis of the vertices of the covering cube RA"® of the next two lemmas.

Lemma 3.13. Let {+} # W G oy be non-empty. The functor
Ry & = holim & (A”#(—))
Ay
18 Gy -contractible.

Proof. Let us define subposets

Ay = {U € Po(Jo)k| for every j € W, j € Uy C W for some 1} C Al
Ay, = ({U € Po(J4 )| for every j € W, j € (UyNzy) € Wy for some 1} ﬂAk)
C Ay,
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We claim that the inclusions Aj, C A’;V and Ay, . C A{iVJr are both left cofinal. This
will show that the canonical maps

. Jk(_ ~ . Jko
hilévm@(A ( ))H&ggr;rvlﬂ/\g( ))  and

. Jk(_ Tk
h;é:iné(A (-)) Hgﬁg}ﬁ ® (A ()

are equivalences. If j € U; C W the space A7 (X)y, is a Uj-fold cone and thus contractible,
and for every U € A}, the space A7*(X)y must be contractible. It follows that the first
homotopy limit is contractible. Similarly, for a U € Aj;, the space A7 (X)y, correspond-
ing to a component U; with j € (U Noy) C Wy is a Uj-fold cone, since Wy # o. This
shows that the second homotopy limit is also contractible.

Let us prove that the inclusion ¢: Aj, — Ak is left cofinal. For a fixed object V in
A’{ﬁv, choose for every j in W an index [; with j € V;,. Notice that we might have [; = [;:
for distinct j and j' in W. Define V to be the collection of subsets V with the component
Vi, replaced by V;; NW. The set of subsets Z is a well defined object in the over category
t/v. The zig-zag of natural transformations

U — (U with Uy, replaced by Uy, U (Vi, NW))

(U with U, replaced by (V, W) =¥/
defines a contraction of 1/y onto V.
Similarly, for a fixed object V in A’§V+ we define V by replacing each component V;,
with (Vi;\o4) U (Vi, N W). A similar zig-zag defines a contraction of the over category
of the inclusion .A*W+ - .A’va onto V. O

Lemma 3.14. There is a natural equivalence Rﬁk@ = holimAljr @(AJ”“(—)) = Tno®

Proof. The poset Py(J4\0)¥ clearly includes in A% = (PO(J+)\P0(0))k. It is sufficient
to show that for & = 1 the inclusion ¢: Po(JL\0o) = Po(J+)\Po(0) is left cofinal. Let U
be an object of the target. This is a subset U of J that is not included in o. Hence the
intersection U N (J4\o) must be non-empty, and U N (J4\o) is final in ¢/y. O

We explain how to stabilize with respect to k, using the technique of [17, 2.12]. We
define a functorial zig-zag of maps of o;-cubes

Ak+1

RY® — T/RY & +— 0*® — R (5)

and we show in 3.15 that the left pointing map is an equivalence. The o-delooping of
P;® is then defined as the homotopy colimit of the final vertices
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R,® := hocolim (R ® — ... — R ®

— TyRY &= 08 & — RA e — ).

The zig-zag (5) is induced by the following zig-zag of o-cubes of categories. Under the

isomorphism P(o4) = P(0) x P({+}) we see an o;-cube as a map of o-cubes, and we
define the zig-zag at a subset W C o by

Al Pl x Al A Al
= 1 - 1 <]
./4{3[/Jr PQ(J+) X 'AIEVJF Alé;_l n (Po(J+) X A]i) A‘l;;:_l

The first map projects off the P(J; )-factor, and the other maps are inclusions. The
o -cube of functors OF® of (5) is defined as

OF,® = holim & (A7F+1(— Ok = holim ATk
W Akt ( =) W AEF (o (1) x AR) ( =)

for every W C o.

Lemma 3.15. The middle map of the zig-zag (5) induces a weak equivalence TJR'Ak¢ —
OF® of o -cubes of functors.

Proof. The argument is similar to [17, 2.12]. For a subset W C o, the map TJRAk(I) —
O*® is induced by the inclusion

C="Po(Jy) x Al — AGF! = B.

Let D be the sub G-poset of B defined by

D= J (4] x Po(J\ID").

JEW

The G-posets C and D cover B, with intersection

cnD = {J (A} x (Po(J:)\ 7 nAD).

Jjew

By the (non-equivariant) Covering Lemma the induced square

Okd T;RA"®

l i

. k(Y o holi Jk(
holim & (A (—)) — holim & (A™*(-))
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is cartesian. It is therefore enough to show that the lower horizontal map is a Gy -
equivalence. We claim that both the source and the target of this map are Gyy-con-
tractible. The argument is the same as in 3.13, by showing that the inclusions

U (A7 x (Po(J\G1)*) = D U (A" x (P N A) = cnD

jeEw JEW

are left Gy -cofinal. A similar argument shows that T JRf,“Vi(I’ — O€V+<I> is an equiva-
lence. O

Lemmas 3.13, 3.14 and 3.15 show that if ® is J-homogeneous and o is a G-orbit
of J, the functor R,® is an o-fold delooping of ®. The next two Lemmas show that
the construction R, can be iterated over all the orbits o4, ...,0, of J, defining a J-fold
delooping of ®.

Lemma 3.16. For every orbit o € J/G and every J-homogeneous functor ®, the functor
R, P is J-excisive.

Proof. The functor R,® is defined as the homotopy colimit
Ro® :=hocolim (R ® — ... — R & L TyRY @ <= OF & — R0 — ...

If X is a G-strongly cocartesian J |g-cube, the map ¢;: R;“f (X) — T]Rﬁf (X) factors
through a cartesian J |p, by the main argument in the proof of 2.20. Thus R,®(X) is
a sequential homotopy colimit of cartesian cubes, and it is therefore cartesian. O

Lemma 3.17. Let ® be J-homogeneous. For every orbit o € J/G and every subset K C
J\o (possibly non-proper) the functor Px R,® is contractible.

Proof. Since Px commutes with R, it is sufficient to show that R,Pr® is contractible.
We show that ROAf P ® is contractible for every integer k, which proves that R,Px®
is a homotopy colimit of contractible functors. Let Sy be the subposet of Py(k x 0) of
subsets S with the property that the composition with the projection S — &k x 0 — o is
surjective. There is an equivariant isomorphism of posets

Ao, = Po(JL\o)* x S*

that sends a k-tuple of subsets U of Ji to the pair (U\o,{(l,j)|j € U,}). Here o is
removed from U componentwise. The inverse sends a pair (V, S) to the collection I'(V, S)
with I-component V; U p~1(l), where p: S — k x 0o — k is the projection. Hence Rfj
decomposes as

RAkpéghl. hl. P@AJ,IC_ .
or TRT T SES vt N (A7 Crs)
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We prove that for every fixed S € Sk, the inner homotopy limit is contractible. By 2.8
the (Jy\o)-cube AJ(X)(,)Up_l(l) is strongly cocartesian for every I, and by 2.14 the
functor Pg® is J\o-excisive (K is a G-subset of J\0). Hence the inner homotopy limit
is equivalent to

Pr®(A*(—)r@,s)) = Px®(A"*(-)s)

where S has I-component p~!(I). Now each p~1(I) is a subset of 0, and at least one is non-
empty. For this component A7 (—)g, is a S)-fold cone, and it is therefore contractible. 0O

We iterate the constructions R, over the orbits o1,...,0, of J, defining a functor
Rj®:=R,, ...R,,®.

The previous Lemmas show that R;®: Top, — Topf is a J-homogeneous J-fold de-
looping of .

The last thing we need to do in order to complete the proof of Theorem 3.2 is to build
the lifting > Top, — Sp? of ® to our category of symmetric G-spectra. This is a purely
formal maneuver. First of all notice that there is a wrong-way pointing equivalence in
our construction of the J-delooping

o= holim  hocolim R{}‘VT ... holim  hocolim Rf‘vk" o
WiePo((o1)+) k1 WnePo((on)+)  kn "

S QR ...QR, &5 QTR

Let us denote the second functor from the left B;®, and the third one E;®. The trick
of [15, (0.1)] solves this issue, by defining a new sequence of functors

Rpy® := holim (R}'® — B;R}'® «— E,;R7
= Q'R7M® = Q'B,R7T @+ ...)

where the superscript m denotes iteration. This new sequence supports actual structure
maps

Om* Emj(p A\ SJ — E(m-&-l)J(I)'

Observe that R,,;® has a canonical ¥,,-action induced by permuting the iterations
of R;. We want to define ®: Top, — Sp§ in such a way that the G-space R, ®(X) is
the value of the G-spectrum </15(X) at the G-set mJ. Again this is formal, by sending a
pointed space X to the sequence of G x X,,,-spaces

(X)) = Q" R, (X))
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where Q™7 is the loop space of the direct sum of m copies of the reduced permutation
representation of J, with G x X,,-acting by conjugation. The structure maps of this
spectrum are the composites

. _ A oT -
QT Ry ®) A S — Q™ (R y® A SY) 2 QDT (R A 57)

Ty QUADIR 1y ®.

Since the values of ® are fibrant, it follows immediately that D is J-homogeneous, con-
cluding the proof of Theorem 3.2.

3.3. Equivariant multilinear symmetric functors

We study the behavior of Goodwillie’s cross-effect and diagonal functors with respect
to equivariant excision. We will use it in the next section to classify strongly homogeneous
functors.

Let J be a finite G-set, and let us order its orbits J/G = {oy, ..., 0, }. We consider mul-
tivariable homotopy functors M: €™ — 2%, where €*™ has the G-model structure de-
fined by the product model structure on the categories of H-objects (¢*")H = (gH)*n,
We will further assume that both 4 and & are pointed.

Definition 3.18. Let M: €*" — 2% be a homotopy functor and let K be a finite G-set.
We say that M is K-excisive (resp. K-reduced) in the i-variable if for every object
¢ € €% the functor

M(Cl, vy G, (7),61'7 .. .,Cn_l)i cg_)@G

is K-excisive (resp. K-reduced). We say that M: €*" — 2% is J-multilinear if it is
o;-excisive and 1-reduced in the i-variable, for every orbit o; of J.

Let A: € — €™ be the diagonal functor. Precomposition by A defines a functor
A*: Funp, (6", 2%) — Funy, (€, 2°)

between the categories of homotopy functors. The goal of the next results is to prove
that A* sends J-multilinear functors to J-homogeneous functors.

Proposition 3.19. Let J be a finite G-set, and let K1,...,K, be a collection of finite
G-sets indexed over the orbits J/G = {o1,...,0,}. Let M: €*™ — 2% be a homotopy
functor which is K;-excisive in the i-variable for every 1 < i < n. Then the diagonal
functor A*M: € — 2€ is (K, 11---1 K,,)-excisive. In particular if M is o;-excisive in
the i-variable for every orbit o; € J/G, the functor A*M is J-excisive.

The proof of this proposition is based on the following lemma, analogous to [16, 3.3].
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Lemma 3.20. Let K be a proper G-subset of J, let : € — P be a K -excisive homotopy
functor and let X € ‘gf(JHH) be a G-strongly cocartesian Ji|m-cube, for some subgroup
H < G. Then for every subset T C Jy, the canonical map

®(X7) —  holim ®(Xy)
TCUCJ4|
U2 I\K |+1

is an Hp-equivalence.

Proof. The proof is analogous to [16, 3.3], by induction on the cardinality of the com-
plement J;\T and by replacing the Covering Lemma [16, 1.9] with the Equivariant
Covering Lemma A.2. We repeat the argument. Let £r be the subposet of P(J;)

Er={T CUCJ,||U|>|J\K|+1}.

When |T| > |J\K| + 1 the set T is initial in &p. Hence the map of the statement is a
Gr-equivalence by cofinality [13, 2.25]. Now suppose that |T'| < |[J\K| and that

®(Xs) —  holim ®(Xy)
SCUCJ4|
UI>I\K|+1

is a Gg-equivalence for every subset S of J with |S| > |T|. Consider the commutative
diagram

®(Xr) }Iljoelzi‘,‘rfq)(XU)

|

holim ®(Xg) ——= holim holim ®(Xy)

~

TSGSCTUK 4 = TGSCTUK, VEEs

1R

The bottom horizontal map is an equivalence by the inductive hypothesis. The left ver-
tical map is an Hp-equivalence because ®(Xpy(—)) is a homotopy cartesian K |,.-cube
in 2. This can be seen as follows. If T intersects K the maps ®(Xruvy) — ®(Xruvuk)
are equivalences for a chosen k € Ky NT, and thus ®(Xpy)) is cartesian. If T' does
not intersect K, the cube Xpy(_) is G-strongly cocartesian by 2.7, and its image is
cartesian because ® is K-excisive.

It remains to prove that the right vertical map is an equivalence. The Gp-poset
{r S S c TUK,} is isomorphic to Po(K4), and £ = mkeS\T‘Ak’ where A; is
the subposet of P(J1) defined by

Ay ={VcJy| [V|>|J\K|+1, TUkCV}.

The right vertical map is then an equivalence by the Covering Lemma A.2, provided the
collection of posets {Ax}rer, covers Er. This is indeed the case since for cardinality
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reasons, if V' belongs to £r it must intersect K. Hence V' contains both 7" and at least
one element k of K, and thus V € A,. O

Proof of 3.19. Let us denote 11K := Ky IT---1I K,,. Let X be a G-strongly cocartesian
(IIK) 4 |g-cube in € for some subgroup H of G. By applying Lemma 3.20 to every
variable of M, the homotopy limit of A*M (X)) over Py(IIK ,) decomposes as

holim M (Xr,...,Xr) — holim holim M (Xy,,... Xy,)
TG'P()(HK) TGP()(HK) (Ul ..... Un)ng

where the inner homotopy limit on the right is taken over the sub-poset Er of Py(11K)™
of subsets Uy, ..., U, with the property that 7' C U; C IK | and |U;| > |1 K\ K;| for
every 1 < i < n. It follows that A*M is [1K-excisive if we can prove that the composition

M(Xg,...,Xp) — holi M( Xy, ... X
(Xp,...,Xp) (Uh“('),(}flr)leg@ (Xu,, U,)

— holim holim M (Xy,,...Xu,)
TePy(IK) (Uy,...,.Un)EED

is an equivalence. The first map is an equivalence again by Lemma 3.20. The second map
is induced by the cover {Uy}renr, of & defined by the posets

U = {(Ur,...,U,) €&l ke U, forall 1 <i<n}.

It is an equivalence by A.2 if we can show that the collection of the Uy’s covers . This
is the case if every element (Us,...,U,) € & has non-empty intersection (), U;. This
is equivalent to proving that the complement

n

KN\ (Ui = [ JUEN\U)

i=1 i=1
is a proper subset of 1K, . Since (U1, ..., Uy) belongs to &, the cardinality of the union
is at most

n

n n
JOE N < YUKV <Y K| = [TK| < |1TE, | o
=1 =1 =1

Corollary 3.21. Let M: €*" — 9% be a homotopy functor. If M is J-multilinear the
diagonal A*M : € — D€ is strongly J-homogeneous.

Proof. The diagonal functor A*M is J-excisive by 3.19. The argument of [17, 3.1] shows
that P,,_1A*M is contractible, and thus that A*M is n-reduced. O

Example 3.22. Corollary 3.21 gives another proof that the functor 72(X) = E A X"
from Proposition 2.25 is nG-homogeneous, which does not involve the calculation of its
nG-excisive approximation.
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Goodwillie’s cross-effect defines a functor in the opposite direction of the diagonal.
Let S = {s1,...,8,} be a finite set. The S-cross effect is the functor

crs: Funp (€, @G) — Funh(%xsa @G)

that sends ®: ¥ — 2% to the multivariable functor ¢rg® defined at a collection of
objects ¢s,, ..., s, € € by the total homotopy fiber

crs®(csyy ..., cs, ) = hof (fb(\/ cs) — Uhe%(i]l(g)(b( \/ cs))-
sES seS\U
Indexing the cross-effect on a general finite set S makes it easier to state the following

proposition. Let us remark that crg® is 1-reduced in every variable.

Proposition 3.23. Let J be a finite G-set with n-orbits J/G = {o1,...,0n}, let : € —
DY be a J-excisive homotopy functor and let W be a subset of J/G. Then cry® is
(J\ Hyew w) I o-excisive in the o-variable for every o € W, and crp, 1P is trivial. In
particular crj,q® is J-multilinear.

Proof. We prove the proposition by induction on the cardinality of W. If W consists of
only one orbit o, then

crioy®(c) = hof (®(c) — ®(x))

is J-excisive in its unique variable.

Now suppose that W contains at least two orbits, and let us study the o-variable of
crw ®. Choose an orbit w € W different than o. By the proof of [17, 3.3] for every object
¢ of ©*W there is an equivalence

(crw®)(c) ~ (crw\w hof (®(cy V (=) — @(—))) (c\cw) (6)

where c\¢,, is the object of &> W\w) obtained by removing the w-component from c.
We show that the functor @, = hof (®(c,, V (—=)) = ®(—)) is (J\w)-excisive. By the
inductive hypothesis and (6) this shows that cry ® is

(M) ] @)mo=2\(]] )0

zeW\w zeW

excisive in the o-variable, which concludes the proof.

Let H be a subgroup of G and let X be a G-strongly cocartesian (J;\w)|g-cube. We
need to show that ®. (X) is cartesian. Let Y be the (Jy\w II 1)|g-cube defined by the
pinch map ¢, VX — X. We start by showing that Y is G-strongly cocartesian. Let T
be a subset of J\w IT 1 which does not belong to the star category St(Jy\wIl1). If T
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does not contain 1, the restriction Y'|p(7) is equal to X|p(ry V ¢, which is cocartesian.
If T does contain 1, write T = SII 1 for a subset S of J.\w. The homotopy colimit of
Y over P1(S1I1) is the homotopy pushout

hocolim (hocolimX <— hocolime, VX — ¢, V XS>
P1(5) P1(S)

which is equivalent to Xg = Ygi11. Hence Y|7;(S) is cocartesian, showing that Y is a
G-strongly cocartesian (J4 \w II1)|g-cube.

Since the map J — J\wII1 that collapses w to 1 is bijective on orbits, ® is (J \wIl1)-
excisive (see 2.15). Therefore ®(Y) is cartesian, and so is the square

D(ew V Xg) ———— ©(Xyp)

holim ®(¢,, V X) —— holim ®(X)
Po(S) Po(S)

The map between the horizontal homotopy fibers of the square

®.. (Xp) = holim @, (X
< (X0) = olim @, (X)

is then an equivalence, proving that ®. (X) is cartesian.
It remains to prove that cr,41® is trivial. This follows immediately from [17, 3.3],
since ® is n-excisive by 2.15. O

We conclude the section by discussing symmetric homotopy functors. This works ex-
actly as in [17, §3]. The group of automorphisms ¥,, of the orbits set J/G = {o1,...,0,}
acts on the category €*" by permuting the components. This defines a category with
Y,-action ¥,, — Cat, and we denote X, 1 €™ its Grothendieck construction. We recall
that a symmetric functor is a functor M : £,0€*"™ — 2%, or in the language of equivari-
ant diagrams it is a 3,,-diagram in 2¢ shaped over € <™. For example, the n-cross-effect
of ®: ¢ — 2 is a symmetric functor, where the ¥,,-structure is induced by the maps

holim & ¢;) — holim & c;
UePoln) (ien\U ) UePo(n) (iEn\yl(U) )

induced by a permutation o € ¥,,.

Definition 3.24. A J-multilinear symmetric homotopy functor is a symmetric functor
M: ¥, 016%™ — 29 such that the underlying functor

" — N1 — 9C
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is a J-multilinear homotopy functor. The category of J-multilinear homotopy functors
is denoted Lin (3, 16", 2).

The diagonal A*M of a symmetric functor M : £,,1 6 *" — 2¢ inherits a ¥,,-action,
and we write Ay, M: € — 2% for the functor obtained by taking homotopy orbits

(Aps, M)(c) = M(c, ..., s, -

If the target G-model category Z is G-stable (for example G-spectra), homotopy orbits
preserve homogeneous functors (see 2.21). By Corollary 3.21 and Proposition 3.23 the
functor A}y, and the cross-effect restrict to functors

Ajs : Ling (3 06%", 29) H,;(¢,2%): cry,

between the category of J-multilinear symmetric homotopy functors to the category of
strongly J-homogeneous functors.

3.4. The classification of strongly homogeneous functors

Let J be a finite G-set with n-orbits J/G = {o1,...,0,}. We combine the results of
§3.2 and §3.3 to classify strongly J-homogeneous functors Top, — Topf by J-spectra
with naive ¥,-action. The category of J-spectra Sp? is the one introduced in §3.2.

We start by observing that by the results of [6] a 1-homogeneous functor ®: Top, —
Top*G which is finitary and sSet-enriched is classified by a naive G-spectrum only on the
full subcategory of spaces with trivial G-action. By this we mean that there is a natural
equivalence

B(X) = Q®(D(S) A X)

if X has the trivial G-action. Here ®(S) € Spf is the G-spectrum defined by the G-spaces
®(S), = ®(S™). However, a finitary enriched G-homogeneous functor ®: Top, — Top?
admits an equivalence

B(X) ~ Q®F(D(S) A X)

for every pointed G-space X (the value of the G-spectrum ®(S) € Spg at the G-set G is
®(SY), the value of ® at the regular representation). This is telling us that the G-set .J
has an effect both on the type of equivariant deloopings and on the subcategory of Topf
over which the functor is determined by the coefficients spectrum.

Definition 3.25. A J-CW-complex is a G-CW-complex which is built out of equivariant
cells of the form Ty A D¥  where T is a transitive G-set which admits a G-equivariant
map J — T. We let Top,(J) be the full subcategory of Topf of pointed spaces which
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are weakly G-equivalent to finite J-CW-complexes. In particular Top, (n) = Top, and
Top, (nG) = Top? for every n € N.

Let Hj(Top,, Topf) be the category of strongly J-homogeneous homotopy functors
Top, — Topf, and let Zn—Sp§ be the category of functors ¥, — SpS; with the projective
model structure. An object of ¥, — Sp? is a symmetric G X X,-spectrum, and a map
in En—Sp§ is an equivalence if it is an equivalence when it is restricted to a map of
G-spectra. We define a pair of equivalence preserving functors

Sn-Sp§ = H.;(Top,, Top?) .

One sends a G x X, spectrum F to the functor Q°°/(E A X%, . The other sends a
homotopy functor ® to the spectrum Eg defined in level k by the G x X,,-space

(Eg)i = @V rer, ®(AS*)
where V, is the reduced standard representation of ¥,,.

Theorem 3.26. Let J be a finite G-set with n-orbits. For every sSet-enriched finitary
strongly J-homogeneous homotopy functor ®: Top, — Topf there is a natural equiva-
lence

B(X) =~ 0 (Ep A XNV ps,

for every object X € Top,(J). In particular if ® is nG-homogeneous, there is a
G-equivalence

B(X) ~ Q% (Ep A X "),

for every pointed G-space X. Conversely, for every E € Zn—Sp§ there is a matural
equivalence

FE~ C?”n((E A (—)/\n)hgn)(ASO).

Remark 3.27.

i) For transitive G-sets, Theorem 3.26 is part of the classification of G-linear functors
on non-complete universes of [6, §3.4];

i) Theorem 3.26 suggests a Quillen equivalence ¥,,- Sp? = H,;(Top,, Topf)7 where the
equivalences on Hy;(Top,, Topf) are the natural transformations & — W that induce
equivalences ®(X) — ¥(X) for every X € Top,(J). A precise model categorical
formulation of this Quillen equivalence for the trivial group can be found in [5, §8]
and [4, 6.17];
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iii) Strongly J-homogeneous functors are in particular n-homogeneous, and J-multilinear
functors are n-multilinear, by 2.15. Goodwillie’s proof of the classification of
n-homogeneous functors [17] shows that for every strongly J-homogeneous functor
$: Top, — Topf there is an equivalence

B(X) = Q%(Ep A X" )iy,

on the category Top, of pointed G-spaces with the trivial G-action. The extra
property that ® is J-excisive gives us J-equivariant deloopings, and extends this
equivalence to the category Top, (J);

iv) At this point the reader might be wondering about the classification of J-homo-
geneous functors (which are not necessarily n-reduced). The calculations of the
derivatives of the symmetric indexed powers of 3.6 and of the identity functor of
§5 suggest that nG-homogeneous functors should be classified by a homotopy theory
of “equivariant” spectra SpZ ¢ parametrized by the Burnside category of the cate-
gory Fq . of H-sets with n— 1 orbits and the trivial H-set n, where H runs through
the subgroups of G. Barwick’s theory of spectral Mackey functors of [3] provides a
convenient model for this homotopy theory in the infinity-categorical context. An
nG-homogeneous functor ® should then decompose as

CI)(X) ~ QOOG(Cq> /\N(SG A X))hgc,n

where Cy is such a Mackey functor, and N': Sp& — SpZ<» and (“)hze.,.: SpFan —
Sp@ are respectively the generalizations of the norm of [20] and of the homotopy
orbits functor. In the case of the identity functor the coefficient spectrum Cg de-
composes as a consequence of the Snaith-splitting (see 5.1), but we do not expect
this to happen in general. Similarly, J-homogeneous functors should be classified by
an analogous construction for a version of #¢ , where the orbit types of the H-sets
depend on J. This classification will be investigated in later work.

The proof of 3.26 will occupy the rest of the section. We start by classifying strongly
J-homogeneous homotopy functors Top, — Sp? to the category of J-spectra, and we
will later deduce the result for functors to Top*G by means of the delooping Theorem 3.2.
Let us remind that J has n-orbits.

Lemma 3.28. Let M: (Top,)*" — Sp? be a sSet-enriched finitary homotopy functor
which is J-multilinear. Then the assembly map

M(S°,..., 8O A XN = M(X,...,X)
is an equivalence for every X € Top,(J).

Proof. By looking at the variables of M one at the time, it is sufficient to show that the
assembly map
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B(SO)AX = B(X)

is an equivalence for every X € Top,(J), where ®: Top, — Sp§ is a sSet-enriched
finitary homotopy functor which is o-homogeneous, for an orbit o € J/G. Since ® is a
finitary homotopy functor we can assume that X is a finite J-CW-complex. The proof
is by induction on the skeleton of X.

If X is zero-dimensional, it is a pointed finite G-set X = K. The assembly map fits
into a commutative diagram

D(SHYANK, — B(K,) .

L

[Tk ®(5°)

We show that the diagonal and the vertical maps in this triangle are equivalences. Since
K, is a J-CW-complex the orbit decomposition of K is of the form K =T, IT--- 1T T},
where each T; receives a G-equivariant map form J. By composing with the inclusion
of o into J we obtain G-equivariant maps o — T; for every 1 < ¢ < k. It follows that ®
is T;-excisive for every 7. The diagonal map above decomposes as

n n

oK) =2(\/\/S) — [[e\/5) — J[]] 2" =[]
T;

=1 T; i=1 i=1 T; K

The second map is an equivalence because ® is in particular 1-excisive, and therefore it
sends wedges to products. The first map is an equivalence because ® is T;-excisive for
every i, and therefore it sends T;-indexed wedges to T;-indexed products (see e.g. [13,
3.17]). Similarly, the vertical map of the triangle

(%) AEL — []2(5%)
K

is an equivalence because the identity functor on Sp? is T;-homogeneous for every i.
This is because the permutation representation spheres ST are invertible in Sp? (see
13, 3.26]).

Now suppose that the assembly map is an equivalence on J-CW-complexes of dimen-
sion n, and let X have dimension n + 1. The inclusion of the n-skeleton X — X
induces a commutative diagram

PSHAXM — = B(SOHOANX —— B(SO)ASIAK,

| | |

(X M) d(X) P(STLAKYL)
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where the vertical maps are assemblies, and K is some finite G-set whose orbits receive
a G-map from J. Both rows are fiber sequences. The top one because Sp? is a stable
category, and the bottom one because ® is 1-homogeneous. The left vertical map is an
equivalence by the inductive hypothesis, and it is therefore sufficient to show that the
right vertical map is an equivalence. This map decomposes as

BSHONS"TPAK, — (K )AS™T — B(S"TAKY)

where the first map is an equivalence by the same argument used in the zero-dimensional
case above. The second map is an equivalence by an easy induction on n, using that &
is 1-homogeneous. 0O

Proposition 3.29. Let ®: Top, — Sp? be a sSet-enriched finitary strongly J-homo-
geneous homotopy functor. There is a natural equivalence

B(X) ~ ((ern®)(S°,..., 8 A X )5

n

for every object X € Top, (J).

Proof. Consider the commutative diagram

cry,
—_—

H,;(Top,,Sp5) —_____ Lins(X,1Top)",SpT)

\L A;E" \L
cry

Hn(TOPf7 Sp?) Linn(zn ! (Topf) xn, Sp?)

B ———
*
Ars,

where the vertical maps are inclusions of subcategories by 2.15. The fundamental prop-
erty of the category of spectra allowing Goodwillie’s classification of n-homogeneous
functors Top, — Sp is that Sp is a stable model category. Since the category of
J-spectra Sp? is also stable, the proof of [17, 3.5] shows that any strongly J-homogeneous
®: Top, — SpG is of the form

D(X) ~ (er,®)(X,... X)ps
for every pointed G-space X. By Lemma 3.28 this decomposes further as

(I)(X) = ((Crnq))(sov LR SO) A X/\n)hZ

n

if X belongs to Top,(J). O

Proof of 3.26. Let ®: Top* — Top* be a ﬁmtary sSet-enriched strongly J-homogeneous
homotopy functor, and let d: Top, — Sp§ 7 be the lift constructed in 3.2. By 3.29 there
is a natural equivalence
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B(X) ~ Q7 D(X) ~ Q7 ((crn®)(ASY) A X ) ps

Xn

for every X € Top,(J). Here A: Top, — Top," is the diagonal functor. We need to
show that (cr, ®)(AS?) is equivalent to the J-spectrum with ¥,-action Eg defined in
level k by

(Bg)i = @V rer, &(AS*)

where V,, is the reduced standard representation of ¥,,. These two spectra are equal in
spectrum level 0, and since ® has fibrant values the spectrum (cr,,®)(AS?) is fibrant in
Sp5. Hence it is sufficient to show that Fg is fibrant. Its value at the G-set k.J is

(Ba)rs = Q"Vrer, d(ASH)

where kJV, = R[kJ] ® V,. We need to show that the map ox: (Eg)rs —
0/ (Es)(k+1)s is an equivalence of G-spaces, for every integer k£ > 0. The isomorphism
of G-representations

R[J]® R[(E+1)J]@V,) ZRnJ] @ (RkJ] @ V,)

defines a commutative triangle

QkJVnCrn(I,(AskJ) Tk QJQ(k—O—l)JVnCT”@(AS(k+1)J)'

\ l:

QkJVn QnJCTn(I)(AS(kJ"l)J)

Since the cross-effect functor is J-multilinear it is in particular J-linear in each variable,
and the diagonal map is an equivalence, proving that Fg is fibrant.
It remains to show that every F € En—Sp§ is equivalent to

E~crp((EA(=)"")1s,)(ASY).
This follows from the first part of the proof of [17, 3.5], using that Sp§ is stable. O
4. Generalized Tom Dieck-splittings

Let J be a finite G-set, and let ®&: Top, — Topf be a homotopy functor which
commutes with fixed-points, in the sense of Definition 2.36. We show that the fixed
points of the differential D;® decompose as a product, whose factors depend on the
differentials D ;, 5 ® for normal subgroups H of G. Here J/H is always seen as a G-set.
This decomposition is intimately related to the Tom Dieck-splitting for the identity
functor, when J = G (see 4.2 and 4.4).
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If H<G is a normal subgroup, there is a G-equivariant projection map pygr: J — J/H
which is a bijection on G-orbits. Let p% ;1 Pj/p® — P;® be the induced map on excisive
approximations constructed in §2.4. This map has a retraction on G-fixed-points which
is constructed in a way similar to the one in the proof of 2.38, as follows. There is a
G-equivariant map

res (np)f{
T;®(c))H holim ® (A7 (c))H holim  ®(A7/H (c)H
(Ty®(c))” ——— pichm | (A () =——— pichim | ( ()

= (Tyua®(c)".

The first map is the fixed-points restriction (1) from §1.2, induced by the preimage of
p,u- The second map is induced by the natural transformation 7, ,, : Aé//g(c) — A (c)
of §2.4, and it is an isomorphism because ® commutes with fixed-points. By iterating

Ty and taking G-fixed points this map gives a retraction
rou: (Pr®)¢ — (Pyy®)©

for the map p7 (Pyp®)¢ — (P;®)¢. A construction similar to the one at the end of
§3.1 lifts these maps to the level of differentials 7z : (D;®)¢ — (D5 ®)°.

Theorem 4.1. Let ®: Top, — Topf be a homotopy functor which commutes with fized-
points. For every finite G-set J there is a natural equivalence of functors Top*G — Top,

G e} : G
(D;®) le;[Ghof (D ®) — holim (D;/,®)°)

where the product runs over the mormal subgroups of G, and the limit over the re-
tractions ry/p 1t (Dy/p®)% — (D ®)¢. In particular (D;®(X))C always splits off
(DJ/G<I>(X))G = DJ/G<I>(XG)G as a factor.

Before proving this result we describe the summands of this splitting for the identity
functor in more familiar terms, recovering the Tom Dieck-splitting. For any subgroup H
of G, we let Fg/H: SpG — Sp be the G-fixed points functor for the universe defined by
the permutation representation of G/H. It sends a G-spectrum FE to the spectrum with
level k space

F§u(E) = (" By )
Corollary 4.2. Let ®: Top, — Topf be an enriched reduced homotopy functor which

commutes with fixed-points, and let (S A X) be the G-spectrum defined by the spaces
{®(5™ A X)}n>0- The G-fized points spectrum of ®(S A X) splits naturally as
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G o G . G
B(S A X)C =~ H\/G hof (Fg/H (@(SA X)) > holim FEc(®(S A X)))
<

for every pointed G-space X. When ®: Top, — Topf is the inclusion and G is Abelian,
this is the Tom Dieck-splitting

(*X)C ~ \/ DD ¢/
H<G

of [32], for every pointed G-space X .

Remark 4.3. If @ is G-excisive, the G-spectra ®(S A X) are fibrant with respect to the
complete G-universe, and the fixed point spectra Fg / H(@(S AN X )) are equivalent for
every H. The splitting of 4.2 is in this case trivial.

Proof of 4.2. For every transitive G-set T, Example 2.22 gives an equivalence
(Dr®(X))¢ ~ (TP(R>T X)) ¥ 2 QX EID(S A X).

The splitting follows from Theorem 4.1.
Now suppose that ®: Top, — Topf is the inclusion functor. We need to identify

G o) : G S)
hof () (£ X) — holim Fg) (S X))

with the suspension spectrum of X fG JH> for every subgroup H of G. The various fixed
points spectra satisfy the identities

F§/uE=Fg/a F&GE FSE = PG FEE

for every G-spectrum FE. In particular

00 G/H 00 G/H /oo
FS u(5%X) = Fg/ Fl (3% X) = Fg/f (5= X ™).

Let EFp be a classifying space for the family of subgroups of G which do not contain H,
and let EF g be the cofiber of (EFy); — S°. The H-geometric fixed points of XX
are

FH(EFy AS®X) ~ 5o xH

(see [23, 10.2]). Combining this equivalence with the identities above we obtain a natural
equivalence

FS u(3°X) ~ Fg/ff (5 X ™) ~ FG/HFE(BEFu NS X) ~ F§(EFu AS*X) (7)
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for every subgroup H of G. It remains to identify

hof (FS(EFu AS®X) — holim FS(EFg NE°X))
<
with XX fG JH By commuting the constructions appropriately we rewrite this homo-
topy fiber as

FG(Z°X A holim hof (EF iy — EFk)).

For every subgroup L of G, the L-fixed-points of hof(E’\./F H — EF k) are contractible
if L is a subgroup of K or if L is not a subgroup of H, and they are equivalent to S°
otherwise. The maps induced by inclusions K — K’ of subgroups containing H are either
identities or basepoint inclusions. It follows that the fixed-points of the homotopy limit
over K are contractible unless all the spaces in the diagram are S°, that is

S0 | if H<Land K is not a
I};)EII? hof(EF g — EF k)" ~ subgroup of L, for all H < K
%, otherwise

)5S JiftH=L

| * , otherwise
(for the last identification we are using that every subgroup of G is normal, see 4.4
below). Another space which is characterized by this property is EF gy A EG/H. Tt
follows that the H-summand of the splitting is equivalent to

FG(S®X NEFu NEG/H) ~) Fo/[ (S X" NEG/H, ) ~ S X[L, 4

where the last equivalence is the Adams isomorphism. O

Remark 4.4. If G has a subgroup which is not normal, the decomposition of 4.2 is still
part of the Tom Dieck-splitting, in the sense that each H-summand of 4.2 splits further.
In trying to identify the summands of the decomposition, the argument of the proof of
4.2 applies until the equivalence

S0 | if H < L is the largest normal
ho}(imG hof (EF g — E]-'K)L ~ subgroup of G contained in L
<K<

x , otherwise

where now K only runs through the normal subgroups of G which contain H as a
proper subgroup. Smashing this space with X°°X and taking fixed-points, we obtain a
decomposition of the H-summand of 4.2 into V/ g, ¥ X2 s- Here (S) runs through the
conjugacy classes of subgroups of G such that H < S is the largest normal subgroup of
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G contained in S. Since every conjugacy class has a unique maximal subgroup (which is
not necessarily proper) the set of pairs (H <1 G, (5)) as above is in bijection with the set
of conjugacy classes of subgroups of G, and this is the full Tom Dieck-splitting.

The proof of 4.1 is based on the following lemma.
Lemma 4.5. Let I be a finite poset with coproducts and with an initial object (), and let
P: I — D be a functor to a stable model category D. Suppose that every map in the
diagram P has a section, and that these sections assemble into a diagram S: I°P — D

such that for every i < j,k in I the diagram

P(i<k)

P By
s(i<) T T S(h<g1Ik)
P, P,
T

commutes, where 11 is the coproduct in I. Then the initial vertex Py decomposes as

Py~ \/ hotf (P; - holim pj).
i€l

Proof. Let the degree of 7 be the length of the longest sequence of non-identity morphisms
starting at ¢. We prove by induction on the degree that

P~ \/ hof (P; — hgii;rn Py).

jzi

Let us write M; = hof (Pj — holimy ; Pk). If ¢ has degree zero there are no non-identity
maps out of 7, and the decomposition holds:

\/ M; = M; = hof (P, — holim(f))) = P;.

Jj=i

Now suppose that we proved the decomposition for the vertices of degree smaller or equal
to d, and let i have degree d + 1. The collection of maps

P(j<10k) S(k<jllk)
pj————s Py — = B

for the objects ¢ < j, k induces a map

¢: hocolim S — holim P.
(5>1)°p J>i
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Because D is stable, a straightforward induction on the degree shows that this map is in
fact an equivalence. Moreover by our assumption on the compatibility of P and S the
triangle

Pz' — > holimi<j Pj

Sl

hOCOhHl(i<j)op Sj

commutes, giving a decomposition P; ~ M;Vholim;; P;. We need to identify holim;; P;
with \/ j>i Mj. By the inductive hypothesis the homotopy limit decomposes as

holim P; ~ holi M.
olim Py = holim \/ My

k>j
For vertices j > ¢ with j of degree d, the k = j summand of the wedge decomposition
Vis j M, does not receive any map, and it is collapsed by the maps out of j. Therefore
these summands commute with the homotopy limits

Vk>j My, y deg(j) = d,
d

holim P; =~ holim VMe~( /) M) \/holim{ .
I k> o

J>i v J>i
Jj>t
deg(j)=d

We are left with determining the right-hand homotopy limit. Each summand of \/ k> M,
for j’ of degree smaller than d — 1 is hit by a summand of \/, - ; M}, with j of degree d.
Moreover any common summand of \/,; My and \/, 5, M for j and [ of degree d
maps to \/;~ ; My for some j’ of degree smaller than d — 1. It follows that the limit is
determined by the decompositions of the vertices of degree d, without repetitions:

) Vs M, deg(j) =d
holim >7 ~ M;,.
G>i { Vie, M, deg(j) <d—1 VoV

i>i k>j
deg(j)=d

Combining these splittings we obtain the decomposition

r~Mv( /) M)v( ) VM)=\VM. o
i>i > k>j j>i
deg(j)=d deg(j)=d
Example 4.6. Given two conjugacy classes (K) and (H) of subgroups of G, we write
(K) < (H) if K is a subconjugate of H. Let Cz) be the family of subgroups of G
subconjugate to H, and let ECp) be a functorial classifying space for this family. Given
a pointed G-space X, the assignment (H) — (X A (EC())+)“ defines a functor
from the poset of conjugacy classes of subgroups of G to spectra. For (H) < (K), the
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map (5°X A (EC))+)¢ = (X A (EC(k))+)¢ is a split monomorphism [23, 2.1]. It
follows by 4.5 that the value at (G) decomposes as

(%X A (EC) )¢ = (3°X)% ~ \/ hof (Z°X A (EC(1))+)¢
(H)
— holim (E*X A (EC <.
(K)<(H)( (EC(x))+)°)
The homotopy fiber in the H-summand is equivalent to (3°°X A (E(g))), where the
G-space
hof (EF(m))+ = (EF(x))+)

(K)<(H)

has L-fixed points equivalent to SV if (L) = (H), and contractible otherwise. The fixed-
points spectrum (XX A E H))G is then equivalent to £° X and the decomposition
of Lemma 4.5 is the Tom Dieck-splitting.

The challenge in achieving the splitting of Theorem 4.1 is to lift the maps
pPiu: Dyyg® — D;® and their retractions to a suitable category of spectra, in order
to reduce the problem to the decomposition criterion of 4.5. Let SpLC,’v be the cate-
gory of J-spectra introduced in §3.2. By the delooping Theorem 3.12 the respectively
J-homogeneous and .J/H-homogeneous functors D ;® and D ;/z® deloop equivariantly
as

D;® ~ Q"D ;® Dyp®~Q=/1D,; d

for functors ﬁJCD: Top, — Sp(j and ﬁJ/HCD: Top, — Spg/H. We need to understand
the functoriality of these extensions with respect to the maps Pl i and rj g. The category
Sp? has fixed points functors (—) : Sp(j — Sp for every subgroup H of G, defined by

(B, = (QF B )"
The category Sp% g has similar fixed point functors.

Proposition 4.7. Let ®: Top, — Topf be a homotopy functor which commutes with
fized-points, and let H be a normal subgroup of G. The map p: J — J/H induces a split
monomorphism

T

T

(Dyyn®)” ——= (Ds2)°

of functors Topf — Sp.
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Proof. For every G-orbit o in J/G and every homotopy functor ¥: Top, — Topf, let

R,¥ = hocolim holim ¥(A7*)
k Al

be the construction of §3.2. We recall that when V¥ is J-homogeneous this defines an
o-delooping

Q°R, ¥ = hocolim _holim holim W(A”*) <= PyU(A"F) = @
WePy(o4) Ao+

of W. Let us also recall that the value of the J-spectrum U at the G-set J was defined
formally as a certain homotopy limit with the purpose of fixing the direction of the wrong-
way pointing equivalence in the delooping above. To this end, let us denote

Q’R;U :=hocolim  holim  holim...  holim  holim ¥(A”")
ko WiePo((o1)1) Ak, Wn€Po((on)4) Ak,

for a chosen order on the orbits set. Next, we need to describe how to extract the reduced
loop space Q7 R ;¥ from the new loop space model Q7 R;¥. Given any finite G-set I there
is a left-cofinal functor

F: 'Po(lJr) X Po([) — Po([+)

that sends (1,U) to U, (+,U) to + and (1,,U) to U,. If X is a pointed G-space, the
homotopy limit of the I,-cube w! X with terminal vertex X and points everywhere else
is homeomorphic to 9/ X, and there is a commutative diagram

IR

holimp ;. ) WX ———= QfX

F*l: =3

holimp, () holimp, 1) F*w’ X ——= Q07X

This shows that the reduced loop space Q'R 7Y can be obtained by restricting Q7 R;U
along the inclusions P(0) — P(o4) which send U to U,. That is, we define

Q7R;V :=hocolim holim holim ... holim holim W(A”7"¥).
k W1€7)0(01)A(W )4 Wnepo(on) 'AECWnH,

By naturality of the lifts D 7P and D 7,u® it is going to be sufficient to define a splitting

T

/—\
(QJ/HRJ/HDJ/HCI))G (Q'R;D ;)

p*
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The map p* is the restriction on G-fixed-points of a G-equivariant map which is defined
in the following manner, similar to the definition of the map p*: P;/ g ® — P;®. Observe
that the image functor p: Po(J4)¥ — Po(J/H )" restricts to a functor p: AY, — A’;(W)
for every W € Py(o4) and every orbit o of J. The monomorphism of the splitting is the

map
Q/HR, yD; g® — hocolim holim holim ... holim holim D,z ®(p*A7/ ")
J/‘H J/H R o) Ao WPt A (» )
p* | ln
y
Q'R;D;® Q'RsDy u®

The top horizontal map is the restriction map on homotopy limits induced by the image
functors p: AY, — .A];(W) and p: Py(0) = Po(p(0)). The map n is induced by the natural
transformation of diagrams n,: p*A?/H — A7 from §2.4. The bottom horizontal map is
induced by the map D;/p® — D;® from §3.1.

Let us define the retraction r. Observe that the isomorphism P(J; )% = P(J/H,)
induces an isomorphism (A% )H = A’;(W)+ for every W € Py(o4) and every orbit o €

J/G. Hence the fixed-points restriction map (1) from §1.2 defines a G-map

(Q’R;D;®)" —s hocolim  holim  holim ...  holim  holim (DJ‘I)(AJ’M))H'
ko ViePo(p(o1)) Afy,y,  Va€Po(plon)) Afy, )

The retraction r is defined by composing this map with the map induced by
Jnk\\H Jnk\WH ~ J/H,nk\\H
(D@L N — (Dyya®AL™)" = (D a®A5™))

for U € Py(J)H, and restricting on G-fixed-points. In this last composition the first map
is (D;®)7 — (DJ/H@)H defined at the beginning of the section, and the second map is
an isomorphism because D ;g ® commutes with H-fixed-points. 0O

Proof of 4.1. This is now immediate if we can prove that the splittings of Theorem 4.7
satisfy the conditions of Lemma 4.5. The poset of normal subgroups of G clearly admits
coproducts. We need to show that for every triple of normal subgroups N < H, K of G,
the diagram

(Dyyn®)" ———— (Dyyx®)®

”*T Tp*

(Dyyu®)® (Dysr®)°
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commutes, where L is the subgroup generated by H and K. By naturality of the lifts
it is sufficient to prove that the analogous square commutes for the T'; constructions.

Consider the diagram

G U
holi oAy <——————— (T @
pholim (P )" )) = ( /K )

LB Ml 1y T s

¢ (r")" a My fe.
holi LO(ATH ——— ( holi Dy pLh (A7) < — = — ( holi rd(AT/E
L) (hofim @) i @(17/) (hotim pio’s)

(TJ/N‘b) G (") (

1R

A
2% P | 123
I

(TJ/H4’>G BE—— (P?(c}l}ﬂ)(pil)*¢’(AJ/H))G %l (TJ/L<I>)
L

where 7, denotes the natural transformations of §2.4 used in the definition of our re-
tractions, and the other functors are the image and preimage induced by the projection

maps

J/N o JIK
. l lm
JJH — J/L

Our goal is to show that the outer square commutes. All the squares commute because
of the way natural transformations and restrictions along functors interact on homotopy
limits, provided we can fill in the dashed arrows. For this to be possible, we need to show

that the diagram of posets

PolIINy) ~—5 Py(IJK )
Po(J/H) - Po(J/L+)

commutes. Let us think of Py(J/K;) as K-invariant subsets of Jy. Then the lower
composite sends a K-invariant subset U to the H-invariant subset L-U = (H - K)-U =
H - U, and so does the upper composite. O
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5. The equivariant derivatives of equivariant homotopy theory

Let G be a finite group and let I: Top, — Topf be the inclusion of pointed spaces
with the trivial G-action, which extends to the identity functor on pointed G-spaces. We
proved in 2.38 that for every pointed G-space X the canonical map

holim P,1(X) — holim P,qI(X)

is a G-equivalence. In particular if all the fixed-points of X are nilpotent, the left-hand
limit is G-equivalent to X . Thus the collection of nG-excisive approximations provides a
tower of weaker and weaker “genuine homology theories” that converges to X. The aim
of this section is to understand its layers D,gI = hof (Pngf — P(n—l)GI)~

Let T} be the k-partition complex of [2], with its usual ¥ -action. We recall that the
p-simplices of T}, are defined to be a point if p = 0, two points *, if p = 1, and for
larger p they are the (p — 2)-simplices of the nerve of the poset of unordered partitions
of k ={1,...,k}, ordered by refinement, with a disjoint base-point. We consider T}, as
a G x Xg-space on which G acts trivially.

We recall that Fj, is the family of graphs of group homomorphisms p: H — Xy, for
subgroups H < @. Following the notation of 3.6 we let Fj(n) be the subset of Fj, of the
graphs whose corresponding H-set has n — 1 orbits, for k& > n. For k = n we let F,,(n) be
the set of graphs whose corresponding H-set is either trivial or it has n — 1 orbits. For
any orthogonal G x ¥y-spectrum C we let Cj, 7, (n) denote the corresponding homotopy
orbits, the orthogonal G-spectrum

Chri(n) = C As, EFi(n),

where EF}(n) is a pointed universal space for the interval of subgroups Fj(n), as defined
in §2.7.

Theorem 5.1. For every pointed G-space X and positive integer n, there is a natural
G-equivalence

n|G|
DnI(X) =~ 0% (\/ Map.(Tx,Sa A X"¥)r ()

k=n
where Sg denotes G-equivariant sphere spectrum.
Explicitly, the infinite loops space above is the homotopy colimit
n|G|

h li QmG M . T mG X/\k
OﬁgNlm ( \/ apy(Tx, S A )h}'k(n))

k=n
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where ¥, acts on X\* by permuting the smash components, and it acts trivially on the
permutation representation sphere S™¢ of the G-set mG.

Remark 5.2. By the decomposition formula 2.43 the derivative D, ¢I(X) is the infinite
loop space of a genuine G-spectrum whose geometric H-fixed-points are equivalent to

\/ O Map, (Tr,Sa A X)) hautge -

[(H G K]
K/H=n—1 O K=n

The wedge runs over the isomorphism classes of finite H-sets K whose corresponding
group homomorphism pg belongs to Fi(n), where k& = |K|. The subscript (—)nAutx
denotes the homotopy orbits of the action of the group Autg of equivariant automor-
phisms of K, which acts as a subgroup of Y. Finally Tk is the partition complex of k
on which H acts via pg. This H-space is built from the partitions of K where H acts
by taking the image of the partitioning sets by the H-action.

Remark 5.3. Upon the existence of a classification theorem for nG-homogeneous functor
suggested in 3.27(iv), this theorem would say that the nG-derivative of the identity
functor on pointed G-spaces is a Spanier—Whitehead dual of the partition complex of
the H-sets with n — 1 orbits, parametrized by the families Fy(n).

Before proving Theorem 5.1 we identify the terms of the splitting of (D,,¢1(X))% given
by Theorem 4.1. For every normal subgroup H <IG we let Qi be the family of subgroups
of G x ¥ which are the graphs of H-invariant group homomorphisms p: L — ¥ for
subgroups H < L < @, such that H is maximal among the normal subgroups of G
contained in L on which p is invariant. That is to say H is the largest subgroup of L
normal in G which acts trivially on the corresponding L-set. We write Q m(n) for the
subset of graphs with the orbit condition of 3.6, and (=)no, ,(n) = (=) As, EQku(n)
for the corresponding homotopy orbits functor.

Corollary 5.4 (Higher Tom Dieck-splitting). For every pointed G-space X there is a weak

equivalence
n|G| G/H
(DaaI(X) = T TT (2" Map. (T, Sapm A (X)), )
H<G k=n

where Sq /g is the G/ H-sphere spectrum.

Proof. We identify the terms of the splitting Theorem 4.1. By Theorem 5.1 the G-fixed-
points space of D,/ I(X), for a normal subgroup H of G, is equivalent to the infinite
loop space
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n|G|
O FG) (/) Map. (T, 8 1 X

k=n

h]:kyH(n))

where S is the sphere spectrum, Fg H is the G-fixed-points spectrum with respect to
the universe @, R[G/H], and Fj g is the family of graphs of group homomorphisms
S — X, for subgroups S < G/H. We let G x ¥ act on F}"Mq via the projection
map to G/H x Y. As a G x X, space, E]—';%H is a classifying space for the family of
subgroups of G x ¥ which are graphs of group homomorphisms p: L — ¥ where L is
a subgroup of G and p(H N L) = 1. Let us simplify the notation and write M (X) for
the G-spectrum

My(X) := Map. (T, S A X"F).

Since H acts trivially both on EFy g(n) and T}, there are G/H-equivariant isomor-
phisms

M (M(X)nr wn)) = FIN(Me(X)hz n(n) = Mi(X )0z (-

The argument used in the proof of 4.2 (7) shows that there is an equivalence
FE i (Me(X)nr, an) = FG(Mp(X) A EF 0)nFe 1(n))

where Fp is the family of subgroups of G that do not contain H and EF g is the cofiber
of the map (EFg); — SO, with the trivial ¥j-action. The G x Sj-space EFy g (n)AEF g
is characterized by the following property

S0 if T is the graph of an H-invariant group
homomorphism p: L — ¥, for a subgroup H < L <G,
and I' € Fi(n),

*  otherwise.

(E]—'k,H(n)/\E?'H)F =

Let us denote this G x Xj-space by Zy g (n), and we write the equivalence above as

F& uMi(X)nr, ) ~ FE (Mg(X) Ay, Ti.u (n)).

The H-factor of the splitting 4.1 is thus equivalent to the infinite loop space of

n|G|
\/ hof (F§ (Mi(X) As, Tim(n)) — Jholim FS(My(X) As, Tr.x (1))
k=n -

By commuting the constructions appropriately this is equivalent to

n|G|
\ F§ (Mi(X) Az, Jholim hof (T 11 (n) — Ty i (n))).

k=n
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Let us show that the inner homotopy limit satisfies the fixed-points condition of the space
EQk u(n) of 5.4. If T < G x ¥y, is not in Fy(n) the [-fixed-points of the homotopy limit
are clearly contractible. Let T € Fj(n) be the graph of p: L — %, for some subgroup L
of G. The I'-fixed-points of the homotopy fiber are

SO ifH<L, p is H-invariant and
hof (Zy, i (n) — I;M((n))F o~ either K £ L or p is not K-invariant,
*  otherwise.

and the maps induced by an inclusion K < K’ are either an identity or the base-point
inclusion * — S°. Thus the only possibility for the I'-fixed-points of the homotopy limit
over K to be equivalent to S is if all the spaces in the diagram are S°. This is the case
precisely when H < L is maximal among the normal subgroups of G over which p is
H-invariant. This is precisely the condition defining Qj g (n). Thus the H-term of the
splitting Theorem 4.1 is the infinite loop space of the wedge of the spectra

FE (Mi(X)no, in))-

Observe that the map EQkH(n) — EQkH(n) A E7—'H induced by the G-fixed point
of EF g different than the base-point is a G x ¥g-equivalence. Thus the term above is
equivalent to

FE (Mi(X)nsm) = Foo g @ (Mi(X gy m)-

Since H acts trivially on EQk, m(n) and on T, the inner geometric fixed-points spectrum
is equivalent to My (X ) hQy.s(n)> and this concludes the proof. O

Our proof of Theorem 5.1 is an analysis of the iterated equivariant Snaith-splitting
similar to [1]. We let

Qa = Q2 >¢: Top¢ — Top?

be stable equivariant homotopy. We recall from [24] that the stable Snaith-splitting on
the complete G-universe is the G-equivariant decomposition

Qo) = Qe \/ X1k

k=1

where we denoted (—)nz, = (=) As, (EFk)+, and i acts on X\¥ by permuting the
smash factors. Iterations of the Snaith-splitting give the following formula. It already
appears in [8], and in [1] for the trivial group.
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Lemma 5.5. For every pointed G-space X and every p > 1, there is a G-equivalence

<3

QUHX ~ QG< (TP A X““)h;k)

k

1

where T} is the set of p-simplices of Ty. In particular for every n > 0 there is an
equivalence

n|G]|

DnGQZC);rl(X) = QOOG( \/ Map*(T]f7SG A XAk)h]:k(n))
k=n

where Fi(n) is the family of subgroups of G x ¥y, determined by the H-sets with n — 1-
orbits (see 3.6).

Proof. The case p =1 is the Snaith splitting. We show the case p = 2. For larger p the
proof is by induction, using an analogous argument.
Applying the Snaith splitting twice we get a decomposition

%X =0o( V (Vx5 ) =o(V ( V Xig nenXi )y, )
The quotient of a wedge of spaces indexed on a G-set J is described by the formula

(VXi)/e= \| Xi/c,

i€l iler/G

where G; is the stabilizer of ¢ in G. The action on the wedge is defined from compatible
maps g: X; = Xg;. This formula for the quotient hF;,, gives a G-equivalence

QX ~Qe(V V(R A AKX AEFL)) ).

m=1[l]e{l1,....lm}/5m

By reordering the terms of the wedge by the sum of the [y,...,[,’s we can rewrite this

expression as

oo n

Ax=~Qa(VV V(5 s, AEFD D) )

S el s,

where both ¥, x --- x ¥, and (X,,); act on X”** via their inclusions in %, determined
by L. On the other hand also the (T2 A X"*);, 7, decompose as
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(? XAk h]-‘) ZQG<<7 \/ (XAk/\(E.F;C)Jr)/(Zk)A)

k=1 [A]EPk/Ek

where P, is the set of unordered partitions of k, so that by definition T2 = (Py)4. It is
therefore sufficient to show that for every k > 1 there is a G-equivalence

k
\V V (Xnf nm, ANEFD)D) 2o~V XA BF) D) 2o

m=1 [L]e{li:; I lnz}/zm [A]ePk/Ek

The sets indexing the wedges are canonically isomorphic, by taking the equivalence class
of a partition to the sizes of its sets. Thus we are left with finding a natural G-equivalence

(XA (BFi, x -+ X BF X BFpn)+) /20, %200 < (XA EF)+)/ 20,

for every m-tuple of positive integers [ = (l1,...,l;) whose components have sum k.
First observe that (X, X ---xX;, )@ (X,,); and (Zg); are equal as subgroups of ¥. For
every subgroup H of G the H-fixed-points of the respective spaces are

( V &MPAEFR, x--xEFR, x EF.){) /s,
P H*)(Zk)L

and

(V  &MTAEFD 0

P H—)(Zk)L

by the decomposition formula of 2.43. Both (EF;, x --- x EF;, x EF,,)" and (EF;,)H
are contractible for every p: H — (3);, and (2;); acts freely on the wedges. Thus both
G-spaces are equivalent to the homotopy orbits space

(V&m0

pr H—=(Zk)

The formula for DnngH( ) now follows easily from Example 3.6. Since D, com-
mutes with the infinite loops space functor, there are G-equivalences

n|G| n|G|
D@4 (X) ~ Qg ( \/ (TP AN X))z ) = Q2 \/ Map, (TF,Sc A X)) nx(n))
k=n k=n

for every n > 0 and every p > 1. The second equivalence is the Wirthmiiller isomorphism
Theorem. 0O
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Remark 5.6. The simplicial structure of the partition complex T} induces by functori-
ality a cosimplicial structure on the G-spectra Map.(T2,Sac A X'F),, Fi(n)- 1t is unclear
from the iterations of the Snaith-splitting if this cosimplicial structure corresponds to
the cosimplicial structure of D,cQ%(X) induced by the monadic cosimplicial structure
of Q&(X), under the equivalence of 5.5. It is a highly non-trivial result of Arone and
Kankaanrinta [1] that for the trivial group at least the co-faces do agree. The construc-
tions of [1] are completely functorial, and they can be generalized equivariantly, showing
that the thick totalizations of D,eQg(X) and Q¢ (/S Map. (T2, Sa A X )4z (m))
are equivalent.

The next step of our calculation is to commute the thick totalization of the cosimplicial
G-space ¢, with D). This is not automatic since D, ¢ commutes in general only with
finite limits, and the thick totalization of a cosimplicial space is an infinite limit. Our
argument is almost identical to the non-equivariant proof of [1, App. A]. The thick
totalization of the cosimplicial G-space Q¢,(X) is the homotopy limit of a tower

TotQg(X) = holim (- = Tot,, Q& (X) I Tt 1QE(X) = - — Qu(X)).

Let ¢y 0 P(m) — A be the functor of [31, 7.2] that sends a subset U of m to m — |U]|.
The homotopy fiber L,, of f,, is G-equivalent to

Ly ~ QT hof (U — Q&) (X))
where T hof denotes the total homotopy fiber of the m-cube. This is proved in [31, 7.3] for
pointed spaces, and it generalizes immediately to pointed G-spaces because fixed-points

commute with homotopy limits.

Lemma 5.7. For every m > 2, there is a natural G-equivalence

Thof (U +— Qg (X)) = Qa( \/ (T A X ")z,
k=m—1

where T]z" is the set of non-degenerate m-simplices of the partition complex T}", together
with a disjoint base-point.

Proof. By Lemma 5.5 the homotopy fiber of a co-degeneracy map o7 : Q’C’;H(X ) —
QF(X) is equivalent to

QWG( \/ Map.(cof (T} = TZ™),Sq A XAk)hfk)-
k=1
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The cofiber of s; is the set of sequences of partitions A € Pp_1 such that A; # Aj41, with
a disjoint base-point. By calculating the total homotopy fiber of the m-cube QC"’(U)(X )
inductively, it is easy to see that it is equivalent to

a(\V (@ A X")ng,).
k=1

Finally, observe that if & < m — 1 the set Tg” must be a point (there are no chains of
strictly increasing partitions of k& — 2 of length longer than k —2). O

Lemma 5.8. The canonical map DypcTotQ(X) — Tot(D,cQ%)(X) is a G-equivalence.

Proof. Recall that L,, is the m-th layer of the tower computing TotQ¢,. By Lemma 5.7
there is an equivalence

o0
DngLm(X) =~ Q™% \/ Dpa((Se A A X)Lz,
k=m—1

This is contractible for m > n|G|, by the calculation of the derivatives of the indexed
symmetric powers of 3.6. It follows that for every fixed n, the tower

.= DpeTotQE(X) — DpgT oty 1Q%(X) — ... — DpeQu(X)

stabilizes, and holim,,, D,,¢Tot,,Q%(X) is equivalent to D,,¢Tot,Q%(X) for every suffi-
ciently large integer q.

We claim that also D¢ holim,, Tot,,,Q&(X) is equivalent to D, ¢Tot,Q%(X) for
a sufficiently large g, which will conclude the proof. We show this by a connectivity
argument. By 5.7 the connectivity of L,, increases with m. It follows that the homotopy
fiber of the restriction map

R,(X): holim Tot,,, Q% (X) — Tot,Qz(X)

is as connected as Lq11. We show that D,cR,(X) is an equivalence for sufficiently large
q by estimating the connectivity of T, Rq(X). By 5.7 the H-fixed-points of Ry (X) are

Conn Ry (X)" = min Conn(T%H A XM —(g+1)

m>q

connected. By the fixed-points formula of [8, 1.4] for (—)nx,,, this connectivity range is

H_ . - H;
Conn R, (X)” = min iy ;/HX (¢+1) (8)
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where H; and m/H are respectively the stabilizer group and the quotient of the H-action
p: H — %,,. We use this connectivity range to show that the connectivity of T, C);R

diverges with [, provided ¢ is sufficiently large. This shows that P,cR, and P, _1)cR,
are equivalences for large g, and therefore so is D,,gR,. This is similar to the statement
that functors which agree to the order n have equivalent n-excisive approximation, from
[17, 1.6]. The connectivity of TT(LZC);Rq (X) on H-fixed-points is

!
min min Conn R, A"Gl K (|U;/K| —1).
K<H Ue(Po(nGy)<1)K ol ; U3/

This expression is obtained from the formula for the connectivity of homotopy limits of
[12, A.1.2]. By substituting (8) we write this expression as

l
nG,l K; _
B8 e oyt iy p R, HEZ/K(AU O~ la-+1) = 210/ K| = 1)

In 2.4 we showed that the homotopy type of AZG’Z(X) is either that of a point, of an
[-fold join by finite sets, or of an iteration of gluﬂlg of suspensions ¢ X . It follows that
the minimum over U is reached either for U = nG*! or for U = (nGy)*!. Thus the
connectivity is

. . . . K; K; .
Jnin min min min { Z (Conn X*™ +1) + 1, Z (Conn X*™* +1|G/K;|)}
[ilem/K lilem/K

—(¢+1)—In|G/K].
This is larger than

c+én§1rérr£1$r;p:éni%m I(m/K —n|G/K]) 9)

for a certain constant c. One can choose ¢ sufficiently large so that m/K > n|G/K| for
every m > g and every K-action on a set with m-elements. For such a ¢, the quantity
(9) diverges with [. O

Proof of 5.1. Since mapping spaces turn realizations into totalizations, there is a natural

equivalence
n|G]| n|G]|
QG (\/ Map.(Tx,Sa A X"¥) 7)) = Tot Q°C(\/ Map.(T3,Sa A X"¥)nrm))-
k=n k=n

By 5.5 the right-hand G-space is equivalent to TotD,,¢Q&(X), and by 5.8 this is equiv-
alent to D,,gTotQ%(X). Since the totalization of Q& (X) is equivalent to the limit of
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the tower of the identity functor (see 2.39), this is equivalent to D,,q holimy PyI. The
map X — holimg P,I(X) is an equivalence on G-spaces which have simply-connected
fixed-points, and in defining T, we evaluate the functors at G-spaces that have this
property. It follows that D, g holimg PiI is equivalent to D, I for every n. O
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Appendix A. Homotopy (co)limits and equivariant covers

We recall that a cover of a category I is a collection of subcategories {I;};jes of I
such that for every subset U C I the set of morphisms Ujey homy, is closed under
composition, and such that I = UjeJ 1;.

Definition A.1. Let G be a finite group and let I be a category with G-action. An
equivariant cover of I is a cover {I;};cs of I indexed on a G-set J, with the property
that for every g in G the automorphism g: I — I restricts to a functor

g:1j = Iy;
for every j € J.

Let F € 6! be a G-diagram in a G-model category ¢, and let {I,;};c; be an equiv-
ariant cover of I. There is a cube X with vertices

Xy = holim F.
uelU “

The maps of the cube are induced by the restriction maps along the inclusions of cat-
egories ;e Ij — ey 1), for V. C U. The G-structure of F' combined with the fact
that {I;};cs is an equivariant cover gives X the structure of a J-cube. The G-structure
maps are the natural transformations

—1y*
Xy = hﬁ)ling (g—)> hﬁ)lin}u Fogt-%s hﬁ)lin}u F =Xy

uweU ueg(U) ueg(U)
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where the first map is the restriction along the functor g~ *': ﬂng(U) I; = ﬂjeU Iy; —
N jev 1j and the second map is from the G-structure of F. The following is an equivariant
version of [16, 1.9, 1.10].

Proposition A.2 (Covering Lemma). Let F € € be a G-diagram, and let {I;};cs be an
equivariant cover of I. The J-cube X € ‘ﬁf(‘]) defined above is homotopy cartesian, that
is the map

holim F =3 holim holim F
1 UePo(J) N 1
JEU

is an equivalence in €. Dually, there is a cocartesian J-cube Y € &r ) with vertices

Yy = hocolim F.
n 1
jeI\U
Proof. We prove the statement about homotopy limits. Consider the G-diagram
I': Po(J)? — Cat defined by the categories I'(U) = (), [u- The G-structure of T’
is induced by the G-action on I, and it is well-defined because the cover is equivariant.
The op-Grothendieck construction of I' is the category Py(J) 1 I' with objects the pairs
(U € Po(J)°P,i € T(U)). The set of morphisms from (U, %) to (U’,4') is the set of maps
i— i inT(U) if U C U’, and the empty-set otherwise. There is a commutative diagram

holim F ———~ holim holim F
Po (JNT UEP(J) N I

T

holim F'
T

where I is the functor that sends (U, i) to F(i). The top horizontal map is a G-equivalence
by the Fubini theorem for homotopy limits. A proof of this statement for the trivial group
can be found in [9, 31.5], and the equivariant version for the dual statement in terms
of homotopy colimits is proved in [13, 2.26]. The vertical map is restriction along the
projection p: Po(J)1 T — I sending (U, i) to i. Thus X is cartesian if we can show that
p is left G-cofinal, that is if the categories p/; are G;-contractible for every object i of I.
For every object k € I and every morphism « € I define

Uk:{je‘]|k€]j} Ua:{j€J|Oé€Ij}.

These are non-empty subsets of J, as the categories I; cover I. We define a zigzag of
functors between the identity on p/; and the constant functor that sends every object
to (U;,4,id;) € p/;. Consider the functors ¥, x: p/; — p/; that send a triple (U, k €
L(U),(a: k — i) € I) respectively to
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\II(Ua kva) = (Ukvk,a) X(U7 kva) = (Ua; kva)’

These are well defined because k belongs to I'(Uy) by definition, and because I'(Uy) is a
subcategory of I'(U,,) (since U, C Uy). There are inclusions U C Uy, D U, C U; inducing
a zig-zag of morphisms

(U, k, @) 2 (Up, k, @) <% (Ua, k, @) - (Uy, 1, id;).

This defines a zigzag of G;-equivariant natural transformations id - ¥ < y — *, and a
G;-contraction of p/;. O
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