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Abstract. Let p be an odd prime number and jp the p-complete connective image of
J spectrum. We establish an equivalence of cyclotomic E∞-rings THH(Z)∧p ≃ sh(jtriv

p )
and an equivalence of E∞-rings TP(Z)∧p ≃ jtS1

p . We also record a few applications of
this: a new perspective, with some new information, on the description of TC(Z)∧p
as a spectrum; height 1 analogues of the fiber squares of Antieau–Mathew–Morrow–
Nikolaus, resulting in new calculations in K(1)-localized algebraic K-theory; and a
proof of a slight refinement of the noncommutative crystalline–de Rham comparison
result of Petrov–Vologodsky.
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§0. Introduction

§0.1. Background and main result. Let p be a prime number. Many of the recent developments
concerning topological Hochschild homology and algebraic K-theory rest on a calculation due to
Bökstedt [15] for the finite field Fp, which establishes an isomorphism of graded rings

π∗(THH(Fp)) ≃ Fp[u],

where u has degree 2. In the same work, Bökstedt also established isomorphisms

π∗(THH(Z)) ≃
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

Z if ∗ = 0
Z/n if ∗ = 2n − 1 (n ∈ Z≥1)
0 otherwise;

this second calculation has been revisited by Franjou–Pirashvili [26], Lindenstrauss–Madsen [42],
Krause–Nikolaus [37], Liu–Wang [43], and Bhatt–Lurie [8].

In [52], Nikolaus–Scholze refined Bökstedt’s calculation of π∗(THH(Fp)) to a description of
THH(Fp) as a cyclotomic E∞-ring. To state this result, let us recall from their work two constructions,
other than topological Hochschild homology, that produce cyclotomic spectra (the details of which
will be reviewed in the main text below):
(1) A spectrum X determines a “trivial” cyclotomic spectrum Xtriv, with underlying spectrum X.
(2) A connective cyclotomic spectrum Y can be “shifted” to obtain another cyclotomic spectrum

sh(Y ), with underlying spectrum τ≥0(Y tCp). Moreover, there is a canonical map of cyclotomic
spectra Y → sh(Y ).

Both of these constructions are compatible with E∞-ring structures, so for A a connective E∞-
ring, Atriv and sh(Atriv) are naturally cyclotomic E∞-rings, and there is a natural map of such
Atriv → sh(Atriv). The Nikolaus–Scholze description of THH(Fp) can now be stated as follows:
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Theorem 0.1.1. [Nikolaus–Scholze 52] There is a canonical equivalence of cyclotomic E∞-rings

THH(Fp) ≃ sh(Ztriv
p ).

In addition, the canonical map Ztriv
p → sh(Ztriv

p ) becomes an equivalence upon applying (−)tCp and
hence upon applying (−)tS1

. In particular, there is a canonical equivalence of E∞-rings

TP(Fp) ≃ ZtS1

p .

One can see in Theorem 0.1.1 a rather precise instance of the “redshift” and “blueshift”
phenomena of chromatic homotopy theory, as well as their interaction: Fp has chromatic height −1,
while Zp has chromatic height 0. The central result of this paper is a description of THH(Z)∧p for p
odd, analogous to Theorem 0.1.1, but taking place at one chromatic height higher.

Notation 0.1.2. Assume that p is odd. We define E∞-rings

Jp ∶= LK(1)S, jp ∶= τ≥0(Jp).

Here LK(1)S denotes the K(1)-local sphere spectrum at the prime p, which we recall may be
described as follows. Let KUp denote the p-completed complex K-theory spectrum. Recall that
KUp admits a unique E∞-ring structure and that, as an E∞-ring, it admits a canonical action of
the group of p-adic units Z×p . Let Γ ⊆ Z×p be the subgroup generated by the (p − 1)-st roots of unity
and the element 1 + p, so Γ ≃ F ×p ×Z. Then we have an equivalence of E∞-rings

Jp ≃ KUhΓ
p .

Remark 0.1.3. The spectra Jp and jp are traditional objects of algebraic topology, arising originally
from work of Milnor [51], Adams [1], and Mahowald [46] on the image of the J-homomorphism.
The precise relationship is as follows. Letting U ∶= colimn∈N U(n) be the infinite unitary group and
S the sphere spectrum, the classical J-homomorphism construction of Whitehead [64] provides a
map of graded abelian groups J∗ ∶ π∗(U) → π∗(S). The unit map S → jp induces an isomorphism
im(J∗)∧p → π∗(jp) in degrees ∗ ≥ 1, so that jp is an E∞-ring whose positive degree homotopy groups
encode the p-primary image of the J-homomorphism in the stable homotopy groups of spheres.

Theorem 0.1.4. Assume that p is odd. Then there is a canonical equivalence of cyclotomic E∞-rings

THH(Z)∧p ≃ sh(jtriv
p ).

In addition, the canonical map jtriv
p → sh(jtriv

p ) becomes an equivalence upon applying (−)tCp and
hence upon applying (−)tS1

. In particular, there is a canonical equivalence of E∞-rings

TP(Z)∧p ≃ jtS1

p .

The proof of Theorem 0.1.4 is the subject of §1. The main ingredients are a calculation of the
homotopy groups of jtCp

p and a few important, known facts about THH(Z), namely the calculation
of the homotopy groups of THH(Z)tCp and forms of the Segal conjecture for THH(Z)∧p and
Lichtenbaum–Quillen conjecture for TC(Z)∧p . These facts about THH(Z) are all originally due to
Bökstedt–Madsen [17, 18]; they have also since been understood anew from other perspectives.

Remark 0.1.5. In future work, the first author will use Theorem 0.1.4 to provide a similar
calculation of the relative topological Hochschild homology THH(Zp[ζp]/S⟦q − 1⟧)∧p as sh(kutriv

p ),
following an argument suggested by Lurie. That an equivalence of this form holds at the level of
S1-equivariant E1-rings was first communicated to us by Nikolaus, and though this does not play
a logical role in this paper, it was part of the basis on which we found Theorem 0.1.4. We note
that these ideas are also central to the recent work of Meyer–Wagner [50] on q–de Rham/Hodge
cohomology.

§0.2. Application: revisiting TC(Z). As was just indicated, the cyclotomic structure of
THH(Z)∧p was studied thoroughly in the work of Bökstedt–Madsen [17, 18]. Moreover, the K(1)-
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local sphere spectrum plays a key role in their analysis. Theorem 0.1.4 gives a more structured
articulation to some of their ideas.

Bökstedt–Madsen’s study culminates in the following calculation of the spectrum TC(Z)∧p .1

Notation 0.2.1. For p odd, we let ℓp ∶= τ≥0(KUhF×p
p ) be the connective, p-complete Adams summand

(here F ×p is acting as the group of (p − 1)-st roots of unity in Z×p ; see Notation 0.1.2).

Theorem 0.2.2. [Bökstedt–Madsen 17, 18] Assume that p is odd. Then there exists an equivalence
of spectra

TC(Z)∧p ≃ jp ⊕ jp[1] ⊕ ⊕
0≤k≤p,k∉{1,p−1}

ℓp[2k − 1].

This calculation is relevant to studying the algebraic K-theory of S via the Dundas–Goodwillie–
McCarthy theorem, as done in work of Klein–Rognes [36], Madsen–Schlichtkrull [45, Corollary 1.2],
Rognes [58, 60], and Blumberg–Mandell [13]. More precisely, that involves the map TC(S)∧p →
TC(Z)∧p induced by the unit map S → Z, and so it is of interest how the description of Theorem 0.2.2
interacts with the following description of TC(S)∧p .

Theorem 0.2.3. [Bökstedt–Hsiang–Madsen 16] Assume that p is odd. Then there is a canonical
equivalence of spectra

TC(S)∧p ≃ Sp ⊕ Sp[1] ⊕Y∧p ,

where Y denotes the fiber of the reduced S1-transfer map tr ∶ Σ∞+1BS1 → S.2

Understanding the compatibility between the above two results is intertwined with understanding
the canonicity of the equivalence in Theorem 0.2.2. The proof of Bökstedt–Madsen specifies the
inclusions of the summands jp and jp[1], and indeed they are induced by the maps from the
summands Sp and Sp[1] of TC(S)∧p , but the proof does not make canonical the inclusion and
identification of the remainder. A posteriori, though, one can calculate that the retractions of these
maps in from jp and jp[1] are unique up to homotopy, giving a canonical decomposition of TC(Z)∧p
into these two summands and a third that is noncanonically equivalent to ⊕0≤k≤p,k∉{1,p−1} ℓp[2k−1];
these calculations appear in the work of Blumberg–Mandell [13]. Subsequent work of Blumberg–
Mandell [12] gives a canonical description of the third summand (see Remark 0.2.7 for more on this
matter).

With these canonical decompositions in mind, we may ponder the diagonalizability of the map
TC(S)∧p → TC(Z)∧p . The remaining question is the behavior of the map on the summand Y∧p of the
source. As of [13], this question has not been completely settled: the compatibility of the projection
maps TC(Z)∧p → jp and TC(S)∧p → Sp was left open there.

In §2, we explain a new method for describing the spectrum TC(Z)∧p , using Theorem 0.1.4 as a
starting point. It proves the following refinement of Theorem 0.2.2, resolving the above open end
from [13]. Moreover, what we learn along the way helps us make new calculations of the K(1)-local
K-theory of certain ring spectra, discussed in §0.4.

Theorem 0.2.4. Assume that p is odd. Then:
(1) There is a canonical equivalence of spectra

TC(Z)∧p ≃ jp ⊕ jp[1] ⊕X,

where X is a spectrum that is noncanonically equivalent to ⊕0≤k≤p,k∉{1,p−1} ℓp[2k − 1].

1Technically, it is only the connective cover of the spectrum that they address, and TC(Z)∧p is (−1)-connective
but not connective. We are assured however that this was a matter of culture/exposition at the time of their writing.
A written account of the relevant analysis in degree −1 may be found in work of Rognes [58, Proof of Proposition 3.3].

2The canonicity of this equivalence seems to not be fully justified in [16], but see the review by Rognes [60, §1.12],
as well as the treatment of Nikolaus–Scholze [52, §IV.3]. It will be recalled from the latter point of view in the proof
of Theorem 2.1.21 here.
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(2) With respect to the equivalences in (1) and Theorem 0.2.3, the map TC(S)∧p → TC(Z)∧p
induced by the unit map S → Z is canonically equivalent to the direct sum of the unit map
Sp → jp, the suspension thereof Sp[1] → jp[1], and a certain map Y∧p → X.

Remark 0.2.5. As indicated in the preceding discussion, statement (1) of Theorem 0.2.4 is not
new to this paper. However, our proof is new, and furthermore establishes (2).

Remark 0.2.6. Theorem 0.1.4 describes THH(Z)∧p as a cyclotomic E∞-ring, so it is possible that
it could be used to study the E∞-ring structure of TC(Z)∧p . We do not attempt to do so in this
paper.

Remark 0.2.7. As mentioned above, in [12], Blumberg–Mandell give a canonical description of
the spectrum called X in Theorem 0.2.4; their description has a Galois-theoretic nature (building
on work of Soulé [61], Thomason [62], and Dwyer–Mitchell [25]). The proof of Theorem 0.2.4 here
gives a different, homotopy-theoretic characterization of X. There is presumably something to be
learned by comparing the two perspectives.

Remark 0.2.8. Rognes [57, 59] has analyzed the structure of the spectrum TC(Z)∧2 : it is similar
to but more complicated than that of TC(Z)∧p for p odd. While a certain analogue of the spectrum
jp does feature in that result, it seems to us that there is not an analogue of jp that is related to
THH(Z)∧2 precisely as in Theorem 0.1.4. See Remark 0.5.3 for a concrete warning to this effect,
and see Remark 0.6.1 for a more positive perspective.

§0.3. A technical but useful refinement of the main result. Let us return to the following
assertion contained in Theorem 0.1.1: there is a map of cyclotomic E∞-rings

Ztriv
p → sh(Ztriv

p ) ≃ THH(Fp)

satisfying the property that it becomes an equivalence upon applying (−)tS1/p. In [2], Antieau–
Mathew–Morrow–Nikolaus observed that the same property holds for the induced map Ztriv

p ⊗X →
THH(Fp) ⊗X, where X is any S1-equivariant spectrum; more precisely, they showed that the fiber
of the canonical map Ztriv

p → sh(Ztriv
p ) is “nilpotent” as an S1-equivariant spectrum. They then

applied this observation to prove certain results concerning rationalized p-adic topological cyclic
homology and algebraic K-theory (we will come to this application in §0.4).

Now, Theorem 0.1.4 contains the parallel assertion that, for p odd, there is a map of cyclotomic
E∞-rings

jtriv
p → sh(jtriv

p ) ≃ THH(Z)∧p
that becomes an equivalence upon applying (−)tS1/p. In the applications to be discussed in §§0.4–0.5,
we will use the following refinement of this assertion, analogous to the observation of Antieau–
Mathew–Morrow–Nikolaus stated above. This refinement is proved in §3 (where we also review the
notion of nilpotence appearing here), by direct calculations with jp, independent of the theory of
topological Hochschild homology.

Notation 0.3.1. Recall that, for p odd, there is a canonical element v1 ∈ π2p−2(S/p). We will only
really be using the image of this element in π2p−2(jp/p). It is uniquely characterized by its image in
π2p−2(KUp/p), which is βp−1, where β ∈ π2(KUp/p) is the residue of the Bott class β ∈ π2(KUp).

Theorem 0.3.2. Assume that p is odd. Let Kjtriv
p

denote the fiber of the canonical map jtriv
p →

sh(jtriv
p ). Then the S1-equivariant spectrum Kjtriv

p
/(p, v1) is nilpotent. In particular, for any S1-

equivariant spectrum X, the canonical map jtriv
p ⊗X → sh(jtriv

p ) ⊗X becomes an equivalence upon
applying (−)tS1/(p, v1).

§0.4. Application: K(1)-local TC and K-theory. As alluded to at the beginning of §0.3, the
fact that there is a map of cyclotomic E∞-rings Ztriv

p → THH(Fp) that becomes an equivalence
upon applying (X ⊗ −)tS1/p for any S1-equivariant spectrum X is an ingredient in the proof of the
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following result (inspired by earlier work of Bloch–Esnault–Kerz [11] and Beilinson [4]):

Theorem 0.4.1. [Antieau–Mathew–Morrow–Nikolaus 2] For R a ring, there is a natural fiber
square of spectra

Q⊗TC(R)∧p Q⊗TC(R/pR)∧p

Q⊗HC−(R)∧p Q⊗HP(R)∧p
in which the upper horizontal map is induced by the reduction map R → R/pR and the lower
horizontal and left vertical maps are the canonical ones. In particular, there is a natural equivalence
between the fiber of the upper horizontal map with

Q⊗HC(R)∧p[1].

If R is commutative and henselian along (p), then the induced square

Q⊗K(R)∧p Q⊗K(R/pR)∧p

Q⊗HC−(R)∧p Q⊗HP(R)∧p

is also cartesian; in particular, the fiber of the upper horizontal map here has the same description
as above.

In §4, we apply arguments from [2] together with our Theorems 0.1.4 and 0.3.2 to prove the
following variant of Theorem 0.4.1, for K(1)-localized topological cyclic homology and algebraic
K-theory of connective ring spectra.

Theorem 0.4.2. Assume that p is odd. Then for R a connective E1-ring, there are natural fiber
squares of spectra

LK(1)TC(R) LK(1)TC(π0(R))

TC−(LK(1)R)∧p TP(LK(1)R)∧p
and

LK(1)K(R) LK(1)K(π0(R)[1/p])

TC−(LK(1)R)∧p TP(LK(1)R)∧p
in which the upper horizontal maps are induced by the truncation map R → π0(R) and the localization
map π0(R) → π0(R)[1/p] and the lower horizontal maps are the canonical one. In particular, there
are natural equivalences between the fibers of these upper horizontal maps with

(THH(LK(1)R)hS1)∧p[1].

Note in Theorem 0.4.2 that the lower rows of the fiber squares (and hence the horizontal fibers)
depend only on the K(1)-localization of R. In particular, Theorem 0.4.2 implies that, for p odd,
K(1)-local K-theory is a truncating invariant on K(1)-acyclic, connective E1-rings; this fact was
already proved by Land–Mathew–Meier–Tamme in [39] (where it is proved also for p = 2). We
note however that our proof of Theorem 0.4.2 uses as input the fact that K(1)-local K-theory is a
truncating invariant on connective E1-Z-algebras; for this, we may appeal to [39] or to the work of
Bhatt–Clausen–Mathew [7].
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In any case, what is more novel about Theorem 0.4.2 is that it precisely measures the discrepancy
of K(1)-local K-theory from being a truncating invariant on connective E1-rings in general. In §4.3,
we use the result to calculate the K(1)-local K-theory of several E1-rings that are not K(1)-acyclic,
summarized in the following statement.

Theorem 0.4.3. Assume that p is odd. Then:
(1) the canonical maps LK(1)K(Sp) → LK(1)K(jp) → LK(1)K(Jp) are equivalences;
(2) there are canonical equivalences of spectra

LK(1)K(kup) ≃ LK(1)K(Zp) ⊕KUp[BS1]∧p[1],
LK(1)K(KUp) ≃ LK(1)K(kup) ⊕ LK(1)K(Zp)[1].

Remark 0.4.4. We have explicit descriptions of all the spectra appearing in Theorem 0.4.3. First,
the K(1)-localized cyclotomic trace map LK(1)K(Zp) → LK(1)TC(Zp) is an equivalence, and the
Dundas–Goodwillie–McCarthy theorem then implies that the same is true when Zp is replaced by
Sp. Next, Theorem 0.2.4 gives an equivalence LK(1)TC(Zp) ≃ Jp⊕Jp[1]⊕X′, where X′ is a spectrum
noncanonically equivalent to KUp[−1] (establishing this equivalence is in fact the penultimate
step in the proof of Theorem 0.2.4; see Theorem 2.1.21). Finally, our analysis in §2 also affords a
description of LK(1)TC(Sp) as a spectrum: there is a canonical equivalence

LK(1)TC(Sp) ≃ Jp ⊕ Jp[1] ⊕ ( ⊕
n∈Z≥0

KUp[1])
∧
p
⊕Y′,

where Y′ is another spectrum noncanonically equivalent to KUp[−1]; see Corollary 2.3.18.

§0.5. Application: revisiting noncommutative crystalline–de Rham comparison. Finally,
in §5, we apply Theorems 0.1.4 and 0.3.2 to give a new proof of a result of Petrov–Vologodsky [53]
on the comparison between the classical periodic cyclic homology of a stable Zp-linear ∞-category
and the topological periodic cyclic homology of its mod p reduction, again for p odd. This result can
be regarded as a noncommutative analogue of the comparison between the de Rham cohomology of
a Zp-scheme and the crystalline/prismatic cohomology of its special fiber.

Theorem 0.5.1. [cf. Petrov–Vologodsky 53] Assume that p is odd. Then for C a dualizable stable
Zp-linear ∞-category, there is a natural equivalence

TP(C⊗Zp Fp)∧p ≃ HP(C/Zp)∧p ,

which is lax symmetric monoidal and which recovers the equivalence TP(Fp) ≃ ZtS1

p ≃ HP(Zp/Zp)
of Theorem 0.1.1 in the case C =ModZp .

Remark 0.5.2. Theorem 0.5.1 is a slight strengthening of the result of [53] due to its last clause,
establishing ZtS1

p -linearity (in particular Zp-linearity) of the equivalence here.

Remark 0.5.3. The conclusion of Theorem 0.5.1 is false when p = 2: as noted in [53, Remark
2.8], there is no ring homomorphism π0(HP(F2/Z2)) → Z2 (because the divided powers of 2 do not
converge to 0 in Z2), while the multiplication map F2 ⊗Z2 F2 → F2 induces a ring homomorphism
π0(TP(F2 ⊗Z2 F2)) → π0(TP(F2)) ≃ Z2. Any analogue of Theorems 0.1.4 and 0.3.2 for p = 2 must
tend to this issue (again, see Remark 0.6.1 for indication of one such analogue).

§0.6. Future work: relation to prismatization. Let us end this introduction by indicating one
more perspective on Theorem 0.1.4, which will be addressed in detail in forthcoming joint work of
the authors with Jeremy Hahn and Allen Yuan.

The theory of “prismatization”, due to Drinfeld [23] and Bhatt–Lurie [6, 8], associates to Zp a
collection of stacks

ZConj
p , ZHT

p , Z∆
p , ZNyg

p , ZSyn
p ,
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each equipped with a line bundle denoted O{1}. On the one hand, these objects are a part of
arithmetic geometry and number theory, e.g. there is a relation between quasicoherent sheaves on
ZSyn
p and crystalline representations of the absolute Galois group of Qp. At the same time, they

are closely connected to the cyclotomic E∞-ring THH(Z)∧p , by virtue of the motivic filtrations
introduced by Bhatt–Morrow–Scholze [10]: for example, we have filtrations fil∗mot THH(Z)∧p and
fil∗mot TC(Z)∧p with associated graded objects given by

grnmot THH(Z)∧p ≃ RΓ(ZConj
p ;O{n})[2n], grnmot TC(Z)∧p ≃ RΓ(ZSyn

p ;O{n})[2n],

where O{n} denotes O{1}⊗n, for n ∈ Z.
In fact, the latter connection is even stronger than just stated. In the aforementioned forthcoming

work with Hahn and Yuan, we give new constructions of the above stacks directly in terms of
the cyclotomic E∞-ring THH(Z)∧p , by elaborating on the “even filtration” construction of [27].
Combining this with Theorem 0.1.4 gives, for p odd, a procedure that begins with the E∞-ring
jp, produces the cyclotomic E∞-ring THH(Z)∧p , and ends with the stack ZSyn

p . The even filtration
may also be applied directly to jp, and in fact this recovers a certain stack F

Syn
1 that has been

introduced by Lurie (in work yet to be published).

Remark 0.6.1. In contrast to our negative comments in Remarks 0.2.8 and 0.5.3 about the case
p = 2, Lurie has noted that there is a sensible definition of the stack F

Syn
1 for p = 2, and he has also

proved an analogue of Theorem 0.1.4 at the level of stacks, for all p. With Hahn and Yuan, we will
use this to formulate variants of other results of this paper as well, at the level of stacks/motivic
associated graded objects, for all p.
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§0.8. Conventions.
(1) For the remainder of the paper, p denotes an odd prime number.
(2) We let Spc denote the ∞-category of spaces, Spt the ∞-category of spectra, and CAlg the
∞-category of E∞-rings.

(3) We let Spt∧p and CAlg∧p denote the full subcategories of Spt and CAlg spanned by the
p-complete objects, and we let (−)∧p denote the p-completion functor. We write Sp for S∧p .

(4) We let SptK(1) denote the full subcategory of Spt spanned by the K(1)-local spectra (at the
fixed prime p), and we let LK(1) denote the K(1)-localization functor. As in Notation 0.1.2,
we let Jp ∶= LK(1)S and jp ∶= τ≥0(Jp), and we let KUp be the p-complete complex K-theory
spectrum. We will often use without comment the fact that K(1)-localization is “p-completely
smashing”, i.e. that for any spectrum X, we have a natural equivalence

(Jp ⊗X)∧p
∼Ð→ LK(1)X,

or equivalently that for any Jp-module Y , we have a natural equivalence Y ∧p
∼Ð→ LK(1)Y .

(5) Let R be an E∞-ring. We let ModR denote the ∞-category of R-modules in Spt. We let
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R[−] ∶ Spc → ModR denote the unique colimit preserving functor sending ∗ ↦ R, so that
R[X] ≃ R ⊗ Σ∞+ X, and we let R(−) ∶ Spcop → ModR denote the unique limit preserving
functor sending ∗ ↦ R. (Note that we also use the similar notation R[n] to denote the n-fold
suspension of R.) In addition, for X a space, we set R{X} ∶= fib(R[X] → R), where the map
is induced by the projection map X → ∗; a choice of basepoint of X induces an equivalence
R{X} ≃ R⊗Σ∞X and a splitting R[X] ≃ R⊕R{X}.

(6) In this paper, by S1-equivariant spectrum we mean a functor BS1 → Spt. By cyclotomic spectrum
we mean an S1-equivariant spectrum X together with an S1-equivariant map ϕ ∶X →XtCp .
The latter is what is referred to as a p-typical cyclotomic spectrum in [3], and in general differs
slightly from the notion introduced by Nikolaus–Scholze [52, Definition II.1.1]. However, the
cyclotomic spectra of primary interest in this paper are p-complete and connective, so there is
practically no difference [52, Remark II.1.3]. Notationally, we generally identify a cyclotomic
spectrum with its underlying S1-equivariant spectrum; and we refer to the map ϕ as the
Frobenius map. We let CycSpt denote the ∞-category of cyclotomic spectra.

(7) As in Notation 0.1.2, Γ ⊆ Z×p will denote the subgroup generated by the (p − 1)-st roots of
unity and the element 1+ p. We furthermore let Γ0 ⊆ Γ denote the subgroup generated just by
the element 1 + p (so that Γ0 ≅ Z), and we make the standard identification Γ ≃ F ×p × Γ0.

We will often use the simple observation that the functor of homotopy Γ-fixed points
commutes with limits and colimits of p-complete spectra. Indeed, this is true for homotopy
Γ0-fixed points (even without p-completion), because it is a finite (co)limit. It is also true for
homotopy F ×p -fixed points, because the assumption of p-completeness implies that the norm
map induces an equivalence between homotopy F ×p -orbits and homotopy F ×p -fixed points, and
the former preserves colimits while the latter preserves limits.

For example, for X an S1-equivariant spectrum with Γ-action, we have a natural equivalence
(XhΓ)tS1 ≃ (XtS1)hΓ (and similarly for (−)tS1

replaced by (−)tCp). This follows from the
above, since homotopy Γ-fixed points commutes with homotopy S1-orbits and homotopy
S1-fixed points (and similarly for S1 replaced by Cp).

§1. Proof of the main theorem

In this section, we will prove Theorem 0.1.4, describing THH(Z)∧p in terms of jp. We begin with some
preliminary material in in §1.1 and §1.2: in the former, we review the constructions of cyclotomic
spectra that feature in the statement of Theorem 0.1.4, and in the latter, we calculate the homotopy
groups of jtCp

p . We then come to the proof in §1.3.

§1.1. Constructions of cyclotomic spectra. Here we recall the constructions (−)triv and sh(−)
in the setting of cyclotomic spectra, following Nikolaus–Scholze.

Construction 1.1.1. [52, Proposition IV.4.14] As CycSpt is a stable, presentable symmetric
monoidal∞-category, there is a unique colimit preserving symmetric monoidal functor Spt→ CycSpt;
we denote it by (−)triv. Concretely, for a spectrum X, the cyclotomic spectrum Xtriv can be described
as follows:

– the underlying S1-equivariant spectrum is X with the trivial S1-action;
– the Frobenius map ϕXtriv ∶X →XtCp is the composition

X →XBCp ≃XhCp
canÐÐ→XtCp ,

where the first map is induced by the projection to the point, BCp → ∗, and can denotes
the canonical map from homotopy fixed points to the Tate construction (each of these maps
carrying a canonical S1-equivariant structure).

Remark 1.1.2. The functor (−)triv ∶ Spt→ CycSpt defined above admits a right adjoint, namely

8



the functor TC ∶ CycSpt→ Spt, given by

TC(X) ≃MapCycSpt(Striv,X) ≃ fib(ϕ − can ∶XhS1
→ (XtCp)hS1

);

here ϕ ∶ XhS1 → (XtCp)hS1
is obtained by applying (−)hS1

to the Frobenius map ϕX ∶ X → XtCp

and can ∶XhS1 → (XtCp)hS1
is given by applying (−)hS1

to the canonical map can ∶XhCp →XtCp

and precomposing with the canonical equivalence XhS1 ≃ (XhCp)hS1
.

Construction 1.1.3. [52, Construction IV.4.15] Let X be a connective cyclotomic spectrum. Then
the cyclotomic spectrum sh(X) is defined as follows:

– the underlying S1-equivariant spectrum is τ≥0(XtCp) with the residual S1-action;
– the Frobenius map ϕsh(X) ∶ τ≥0(XtCp) → (τ≥0(XtCp))tCp is the composition

τ≥0(XtCp) →XtCp
(τ≥0(ϕX))tCp

ÐÐÐÐÐÐÐ→ (τ≥0(XtCp))tCp ,

where the first map the connective cover map and τ≥0(ϕX) ∶X ≃ τ≥0(X) → τ≥0(XtCp) is the
connective cover of the Frobenius map of X.

Furthermore, we define the map of cyclotomic spectra ϕ0
X ∶ X → sh(X) to consist of the S1-

equivariant map τ≥0(ϕX) ∶X → τ≥0(XtCp) together with the evidently commutative diagram

X XtCp

τ≥0(XtCp) (τ≥0(XtCp))tCp .

ϕX

τ≥0(ϕX) (τ≥0(ϕX))tCp

ϕsh(X)

Remark 1.1.4. Let CycSpt≥0 ⊆ CycSpt denote the full subcategory spanned by connective cy-
clotomic spectra. Using that the Tate construction (−)tCp and connective cover τ≥0(−) define
lax symmetric monoidal endofunctors on the ∞-category of S1-equivariant spectra, we see that
Construction 1.1.3 defines a lax symmetric monoidal functor sh ∶ CycSpt≥0 → CycSpt≥0 and a lax
symmetric monoidal transformation ϕ0 ∶ id→ sh.

§1.2. The homotopy groups of jtCp

p .

Notation 1.2.1. Let kup ∶= τ≥0(KUp). We let β ∈ π2(kup) denote the Bott element, so that
Bott periodicity gives us a graded ring isomorphism π∗(kup) ≃ Zp[β]. We let t ∈ π−2(kuBS1

p )
denote the standard complex orientation, and we set q ∶= βt + 1 ∈ π0(kuBS1

p ). Recall that the map
kuBS1

p ≃ kuhS1

p → kutS1

p is a localization at the class t; we set u ∶= t−1 ∈ π2(kutS1

p ).

Notation 1.2.2. Recall that ℓp ≃ kuhF×p
p is the connective, p-complete Adams summand. We choose

a complex orientation t0 ∈ π−2(ℓBS1

p ) and set u0 ∶= t−1
0 ∈ π2(ℓtS1

p ).

Notation 1.2.3. For any symbol x, we let Zp⟦x − 1⟧ denote the (p, x − 1)-completion of the
polynomial ring Z[x].

Notation 1.2.4. We use the notation

[p]q ∶=
qp − 1
q − 1

= 1 + q +⋯ + qp−1 ∈ Z[q]

and set Zp[ζp] ∶= Zp[q]/([p]q) ≃ Zp⟦q − 1⟧/([p]q), with ζp denoting the residue of q in the quotient,
a primitive p-th root of unity.

Proposition 1.2.5. We have the following identifications of graded rings:

π∗(kuhS1

p ) ≃ Zp⟦q − 1⟧[β, t]/(βt − (q − 1)) π∗(kutS1

p ) ≃ Zp⟦q − 1⟧[u±1]
π∗(kutCp

p ) ≃ Zp[ζp][u±1] π∗(ℓtCp
p ) ≃ Zp[u±1

0 ] π∗(ZtCp
p ) ≃ Fp[u±1].
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Moreover, the map
π∗(ϕkutriv

p
) ∶ π∗(kup) → π∗(kutCp

p )
sends β ↦ (ζp − 1)u.

Proof. The identifications follow from Bott periodicity, the identification of the Quillen formal
group law associated to kup (with its complex orientation t) with the law x+ y +βxy, and standard
facts about complex oriented ring spectra. The claim about the map ϕkutriv

p
∶ kup → kutCp follows

from its factorization as the composition

kup → kuBS1

p ≃ kuhS1

p → kutS1

p → kutCp
p ,

(each map being the canonical one), the relation βt = q − 1 in π0(kuhS1

p ), the definition u = t−1 in
π2(kutS1

p ), and the fact that the last map sends q ↦ ζp.

Notation 1.2.6. We use the standard notation ψg for the action of g ∈ Z×p on kup and on ℓp, and
we will use the formulas ψg(q) = qg ∈ π0(kuhS1

p ) and ψg(β) = gβ ∈ π2(kup).

Lemma 1.2.7. For each n ∈ Z, the actions of ψ1+p on π2n(kutCp
p ) and π2n(ℓtCp

p ) are both given by
multiplication by (1 + p)n.

Proof. The map ℓ
tCp
p → kutCp

p is equivariant with respect to ψ1+p and injective on homotopy
groups, so it suffices to show the statement for π2n(kutCp

p ). Furthermore, by Proposition 1.2.5
and multiplicativity of ψ1+p, it suffices to show that ψ1+p(ζp) = ζp and ψ1+p(u) = (1 + p)u. The
former follows from the fact that ψ1+p(q) = q1+p in π0(kuhS1

p ). For the latter, we use that the map
ϕkutriv

p
∶ kup → kutCp

p is equivariant with respect to ψ1+p. Let β′ ∈ π2(kutCp
p ) denote the image of

β ∈ π2(kup) under this map. Since ψ1+p(β) = (1 + p)β, we have that ψ1+p(β′) = (1 + p)β′, and from
Proposition 1.2.5 we have the relation β′ = (ζp − 1)u. Combining what we have said so far, we find

(ζp − 1)ψ1+p(u) = ψ1+p((ζp − 1)u) = ψ1+p(β′) = (1 + p)β′ = (1 + p)(ζp − 1)u,

which implies ψ1+p(u) = (1 + p)u.

For the next statement we recall that, since p is odd, S/p admits an A2-ring structure, i.e.
a unital multiplication. Hence, an A2-ring structure (in particular an E∞-ring structure) on a
spectrum R induces an A2-ring structure on R/p, further inducing a unital multiplication on the
mod p homotopy groups π∗(R/p).

Proposition 1.2.8. (1) There are isomorphisms of abelian groups

π∗(jtCp
p ) ≃

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

Zp if ∗ = 0
Zp/nZp if ∗ = 2n − 1 (n ∈ Z)
0 otherwise.

(2) There are isomorphisms of abelian groups

π∗(jtCp
p /p) ≃

⎧⎪⎪⎨⎪⎪⎩

Fp if ∗ = 2pm or ∗ = 2pm − 1 (m ∈ Z)
0 otherwise,

and the map π∗(jtCp
p /p) → π∗(ℓtCp

p /p) is an isomorphism in degrees divisible by 2p.
(3) There is an isomorphism of graded rings

π∗(jtCp
p /p) ≃ Fp[u±1

1 ,w]/(w2),

where u1 has degree 2p and w has degree −1.

Proof. By definition of jp and the triviality of the action of Z×p on π0(kup) ≃ π0(ℓp) ≃ Zp, we have
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a cartesian square of E∞-rings

jp ℓhΓ0
p

Zp ZhΓ0
p .

Applying (−)tCp to this diagram and commuting (−)tCp with the finite limit (−)hΓ0 , we obtain a
cartesian square

jtCp
p (ℓtCp

p )hΓ0

Z
tCp
p (ZtCp

p )hΓ0 .

Passing to the associated long exact sequence of homotopy groups and using Proposition 1.2.5 and
Lemma 1.2.7 to compute the homotopy groups of (ℓtCp

p )hΓ0 , ZtCp
p , and (ZtCp

p )hΓ0 , as well as the
maps among them, we obtain the following:
– For nonzero n ∈ Z, we have an exact sequence

Zp/((1 + p)n+1 − 1)Zp → Fp → π2n(jtCp
p ) → Fp → Fp → π2n−1(jtCp

p ) → Zp/((1 + p)n − 1)Zp → Fp

in which the first and last maps are the reduction maps and the map Fp → Fp is the identity.
Together with the fact that (1 + p)n − 1 and pn have equal p-adic valuation (here we use that p
is odd), this gives the desired calculation of π∗(jtCp

p ) for degrees ∗ other than 0 and −1.
– We have an exact sequence

Zp/((1 + p) − 1)Zp → Fp → π0(jtCp
p ) → Zp ⊕ Fp → Fp → π−1(jtCp

p ) → Zp → Fp

in which the first map is the obvious isomorphism, the last map is the reduction map, and the
map Zp ⊕ Fp → Fp is the sum of the reduction map and the identity map. This gives the desired
calculation of π∗(jtCp

p ) for ∗ ∈ {0,−1}.
This analysis proves (1) and (2). For (3), we note that (2), together with Proposition 1.2.5, gives
us an isomorphism of graded rings π2p∗(jtCp

p /p) ≃ Fp[u±1
1 ] (where u1 maps to up0 ∈ π2p(ℓtCp

p /p)).
Multiplication by u1 must then give isomorphisms π2pm−1(jtCp

p /p) ≃ π2p(m+1)−1(jtCp
p /p), so it

remains only to observe that a generator w in degree −1 must satisfy w2 = 0, as the group in degree
−2 is zero.

§1.3. The proof.

Lemma 1.3.1. Let 0 ≤ n ≤ ∞ and let A be a p-complete En-ring such that the canonical map
πm(A) → πm(LK(1)A) is an isomorphism for m ≥ 2. Then there is a unique map of En-rings jp → A.

Proof. Since jp is connective, a map of En-rings jp → A is equivalent to a map of En-rings
jp → τ≥0(A). The hypothesis on A implies that the commutative square of En-rings

τ≥0(A) τ≥0(LK(1)A)

τ≤1(τ≥0(A)) τ≤1(τ≥0(LK(1)A))

is cartesian. It thus suffices to show that there is a unique map of En-rings from jp to each of the
other three objects in the square:

– A map jp → τ≥0(LK(1)A) is equivalent to a map jp → LK(1)A. To see that such a map is unique,
it suffices to see that the unit map S → jp is a K(1)-local equivalence. Since the unit map
S → Jp is by definition a K(1)-local equivalence, it furthermore suffices to see that that the
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connective cover map jp → Jp is a K(1)-local equivalence; this is true because its fiber is
coconnective and hence K(1)-acyclic.

– Similarly, for any 1-truncated, connective, p-complete E∞-ring B, there is a unique map jp → B
because the unit map Sp → jp induces an equivalence on τ≤1(−).

Proposition 1.3.2. There is a unique map of cyclotomic E∞-rings α ∶ jtriv
p → THH(Z)∧p .

Proof. Maps of cyclotomic E∞-rings jtriv
p → THH(Z)∧p are equivalent to maps of E∞-rings jp →

TC(Z)∧p , so it suffices to show that there is a unique map of the latter sort. This follows from
Lemma 1.3.1, as the canonical map πm(TC(Z)∧p) → πm(LK(1)TC(Z)∧p) is an isomorphism for
m ≥ 2—this is a TC-theoretic Lichtenbaum–Quillen statement, due originally to Bökstedt–Madsen
[18] and revisited by Hesselholt–Madsen [31, 30], Mathew [48, §4], and Liu–Wang [43, Remark 1.7];
it may also be deduced from the work of Bhatt–Morrow–Scholze [10] and Bhatt–Lurie [6, 8] on
syntomic cohomology (cf. [5, Remark 2.21]).

Remark 1.3.3. Proposition 1.3.2 can be compared to the fact that there is a unique map of
cyclotomic E∞-rings α ∶ Ztriv

p → THH(Fp), which follows from the computation of TC(Fp), as
discussed in [52, §IV.4]. In fact, there is precise comparison to make: the diagram of cyclotomic
E∞-rings

jtriv
p THH(Z)∧p

Ztriv
p THH(Fp)

α

α

is commutative; here the left vertical map is induced by the truncation map jp → Zp and the right
vertical map is induced by the reduction map Zp → Fp, and the commutativity is again immediate
from the computation of TC(Fp).

Proof of Theorem 0.1.4. Let α ∶ jtriv
p → THH(Z)∧p be as in Proposition 1.3.2, and consider the

resulting commutative diagram of cyclotomic E∞-rings

jtriv
p THH(Z)∧p

sh(jtriv
p ) sh(THH(Z)∧p).

α

ϕ0
ϕ0

sh(α)

The right vertical map is an equivalence—this is the Segal conjecture for THH(Z)∧p , proved first by
Bökstedt–Madsen [18, Lemma 6.5] and treated again by Mathew [48, §5] and Hahn–Wilson [28,
§4]; it follows also from the work of Bhatt–Morrow–Scholze [10] and Bhatt–Lurie [8] on motivic
filtrations and prismatic cohomology, cf. [9, Construction 2.4]. To finish the proof, it will suffice to
show that the map αtCp ∶ jtCp

p → THH(Z)tCp is an equivalence (which also implies that the bottom
horizontal map sh(α) is an equivalence, by definition of sh(−)).

By p-completeness, it suffices to prove that the map of spectra αtCp/p ∶ jtCp
p /p→ THH(Z)tCp/p is

an equivalence. We will show that it induces isomorphisms on homotopy groups. By Proposition 1.2.8,
we have an isomorphism of graded rings

π∗(jtCp
p /p) ≃ Fp[u±1

1 ,w]/(w2),

and moreover the p-Bockstein map π2p(jtCp
p /p) → π2p−1(jtCp

p /p) is an isomorphism. The same
description applies to π∗(THH(Z)tCp/p), by the work of Bökstedt [15] and Bökstedt–Madsen [18]
(again, in place of the latter, one may alternatively appeal to the work of Bhatt–Morrow–Scholze [10]
and Bhatt–Lurie [8]). It is immediate from the ring structures that π∗(αtCp/p) is an isomorphism
in degrees divisible by 2p. The p-Bockstein relation then implies it is also an isomorphism in degree
2p − 1, and hence in all other degrees.
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§2. TC(Z)

In this section, we use Theorem 0.1.4 to analyze TC(Z)∧p , our goal being to prove Theorem 0.2.4.
The full analysis requires some digression into background material, so we present the main steps
of the argument in §2.1 while deferring a couple of proofs to the subsequent subsections.

§2.1. The main argument. The bulk of our analysis will concern the K(1)-localization of TC(Z).
We begin by introducing a few key constructions.

Notation 2.1.1. For any E∞-ring R, we let [p]∗ ∶ RBS1 → RBS1
and [p]∗ ∶ R[BS1] → R[BS1] denote

the maps induced by the p-fold covering map [p] ∶ S1 → S1. For R ∈ {jp,Jp,kup,KUp}, we implicitly
regard R as equipped with trivial S1-action, and we freely make the canonical identifications
RhS1 ≃ R[BS1] and RhS1 ≃ RBS1

.

Remark 2.1.2. Let us note something about the map [p]∗ ∶ R[BS1] → R[BS1] that will be used a
couple of times later in this subsection: it is the filtered colimit of maps [p]∗,n ∶ R[CPn] → R[CPn]
for n ∈ Z≥0, where we have [p]∗,0 ≃ id and commutative diagrams

R[CPn] R[CPn+1] R[2n + 2]

R[CPn] R[CPn+1] R[2n + 2]

[p]∗,n [p]∗,n+1 pn+1

in which the rows are cofiber sequences and the rightmost vertical map denotes multiplication by
pn+1. See [52, Lemma IV.3.5] for similar discussion.

Lemma 2.1.3. There is a unique Γ-equivariant map of E∞-KUp-algebras Φ ∶ (KUtS1

p )∧p → (KUtS1

p )∧p
making the following diagram of Γ-equivariant E∞-KUp-algebras commute:

KUhS1

p KUhS1

p

(KUtS1

p )∧p (KUtS1

p )∧p .

[p]∗

can can

Φ

Proof. The map can ∶ KUhS1

p → KUtS1

p is a localization of E∞-rings, at the element t ∈ π−2(KUhS1

p ),
or equivalently at the element q − 1 = βt ∈ π0(KUhS1

p ) (for these elements see Notation 1.2.1). Thus,
what we need to check is that [p]∗ ∶ KUhS1

p → KUhS1

p sends q − 1 to a unit. It sends q − 1↦ qp − 1,
and the congruence qp − 1 ≡ (q − 1)p modulo p implies that qp − 1 is invertible in the p-complete
ring π0((KUtS1

p )∧p) ≃ Zp((q − 1))∧p .

Construction 2.1.4. Let Φ ∶ (KUtS1

p )∧p → (KUtS1

p )∧p be as in Lemma 2.1.3. Taking fixed points for
the action of Γ, we obtain a map of E∞-rings φ ∶ (JtS1

p )∧p → (JtS1

p )∧p making the following diagram of
E∞-rings commute:

(2.1.5)
JhS1

p JhS1

p

(JtS1

p )∧p (JtS1

p )∧p .

[p]∗

can can

φ

We now explain how the preceding constructions are relevant to understanding LK(1)TC(Z).

Theorem 2.1.6. Let φ ∶ (JtS1

p )∧p → (JtS1

p )∧p be as in Construction 2.1.4. Then there are canonical
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equivalences of E∞-rings

LK(1)TC(Z) ≃ fib(id − φ ∶ (JtS1

p )∧p → (JtS1

p )∧p),

LK(1)TC(S) ≃ fib(can − can ○ [p]∗ ∶ JhS1

p → (JtS1

p )∧p),

under which the map LK(1)TC(S) → LK(1)TC(Z) induced by the unit map S → Z canonically
identifies with the map induced by can ∶ JhS1

p → (JtS1

p )∧p and the commutativity of (2.1.5).

Remark 2.1.7. The spectrum (JtS1

p )∧p was studied by Hesselholt–Madsen [32]. The introduction of
that paper states that it was motivated partially by the connection between this object and TC(Z)
suggested by the work of Bökstedt–Madsen [18], though no precise connection was known to them.
Theorem 2.1.6 now gives a precise connection.

Our proof of Theorem 2.1.6 will repeatedly use the following fact.

Lemma 2.1.8. Let ψ ∶X → Y be a map of S1-equivariant spectra with coconnective fiber. Then ψ
as well as the induced maps

ψhS1 ∶XhS1 → YhS1 , ψhS1
∶XhS1

→ Y hS1
, ψtS1

∶XtS1
→ Y tS1

are K(1)-local equivalences.

Proof. The claim for ψ and ψhS1
follows from the fact that coconnective spectra are K(1)-acyclic.

Since K(1)-local equivalences are stable under colimits, we deduce the claim for ψhS1 and then for
ψtS1

.

Proof of Theorem 2.1.6. We have equivalences of cyclotomic E∞-rings THH(S) ≃ Striv and
THH(Z)∧p ≃ sh(jtriv

p ), the former being inverse to the unit map and the latter being that of
Theorem 0.1.4. The proof will proceed by analyzing the commutative diagram of cyclotomic
E∞-rings

Striv jtriv
p sh(jtriv

p )

kutriv
p sh(kutriv

p ),

the upper left map being the unit map, the other horizontal maps being the maps ϕ0 of Construc-
tion 1.1.3, and the vertical maps being induced by the canonical map jp → kup.

Note first that the map TC(Striv) → TC(jtriv
p ) is a K(1)-local equivalence. Indeed, by [2, Remark

2.4], it identifies after p-completion with the map TC(S) → jp ⊗TC(S) induced by the unit map
Sp → jp, so it suffices to see that this unit map is a K(1)-local equivalence. As explained in the
proof of Lemma 1.3.1, this follows from Lemma 2.1.8.

Next, the map jtriv
p → sh(jtriv

p ) induces commutative diagrams of E∞-rings

(2.1.9)
jhS1

p (τ≥0(jtCp
p ))hS1

jtS1

p (τ≥0(jtCp
p ))tS1

,

can can

jhS1

p (τ≥0(jtCp
p ))hS1

jtS1

p (τ≥0(jtCp
p ))tS1

;

can○[p]∗ ϕϕ′

here the map ϕ′ is induced by the connective cover map τ≥0(jtCp
p ) → jtCp

p (see Construction 1.1.3). By
Theorem 0.1.4, the lower horizontal map is an equivalence and can ∶ (τ≥0(jtCp

p ))hS1 → (τ≥0(jtCp
p ))tS1

is a K(1)-local equivalence: for the latter, note that its fiber identifies with (THH(Z)∧p)hS1[1],
which is a colimit of Z-modules, hence is K(1)-acyclic. We define φ0 ∶ (JtS1

p )∧p → (JtS1

p )∧p to be the
map corresponding to the composition

LK(1)((τ≥0(jtCp
p ))tS1

) can−1

ÐÐÐ→ LK(1)((τ≥0(jtCp
p ))hS1

) ϕÐ→ LK(1)((τ≥0(jtCp
p ))tS1

)
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under the zig-zag of equivalences

LK(1)((τ≥0(jtCp
p ))tS1

) ← LK(1)(jtS1

p )
∼Ð→ (JtS1

p )∧p
where the second map is an equivalence by Lemma 2.1.8. That is, φ0 is the composition

(JtS1

p )∧p ≃ LK(1)(jtS1

p ) → LK(1)((τ≥0(jtCp
p ))tS1

) can−1

ÐÐÐ→ LK(1)((τ≥0(jtCp
p ))hS1

) ϕ
′
Ð→ LK(1)(jtS1

p ) ≃ (JtS1

p )∧p .

By the preceding discussion, the commutative squares (2.1.9) identify upon K(1)-localization
with commutative squares

(2.1.10)
JhS1

p (JtS1

p )∧p

(JtS1

p )∧p (JtS1

p )∧p ,

can

can id

id

JhS1

p (JtS1

p )∧p

(JtS1

p )∧p (JtS1

p )∧p ,

can

can○[p]∗ φ0

id

the left hand one being the tautological one. Recalling the definition of TC and the equivalence
LK(1)TC(S) ≃ LK(1)TC(jtriv

p ) from above, all that remains to be shown is that the map φ0 and
the commutativity of the right hand square in (2.1.10) are equivalent to the map φ and the
commutativity of the square (2.1.5) of Construction 2.1.4.

To prove this last assertion, we consider the map kutriv
p → sh(kutriv

p ). As in the discussion with
jp above, this induces commutative diagrams of E∞-rings

kuhS1

p (τ≥0(kutCp
p ))hS1

kutS1

p (τ≥0(kutCp
p ))tS1

,

can can

kuhS1

p (τ≥0(kutCp
p ))hS1

kutS1

p (τ≥0(kutCp
p ))tS1

.

can○[p]∗ ϕ
ϕ′

Here the lower horizontal maps are not equivalences, but can ∶ (τ≥0(kutCp
p ))hS1 → (τ≥0(kutCp

p ))tS1

is again a K(1)-local equivalence, as τ≥0(kutCp
p ) is an algebra over τ≥0(jtCp

p ) and hence also a
Z-module. We may therefore replicate the second description of the map φ0 above to define a map
of E∞-rings Φ0 ∶ (KUtS1

p )∧p → (KUtS1

p )∧p , namely the composition

(KUtS1

p )∧p ≃ LK(1)(kutS1

p ) → LK(1)((τ≥0(kutCp
p ))tS1

)
can−1

ÐÐÐ→ LK(1)((τ≥0(kutCp
p ))hS1

) ϕ
′
Ð→ LK(1)(kutS1

p ) ≃ (KUtS1

p )∧p ,

the first and last equivalences again coming from Lemma 2.1.8. The preceding commutative diagrams
induce a commutative square

(2.1.11)
KUhS1

p (KUtS1

p )∧p

(KUtS1

p )∧p (KUtS1

p )∧p ,

can

can○[p]∗ Φ0

id

identifying Φ0 with the map Φ of Lemma 2.1.3 and the commuting of (2.1.11) with that of the
square there. Finally, it follows from the compatibility of the constructions of φ0 and Φ0 with
respect to the Γ-equivariant map jp → kup that the right hand square in (2.1.10) may be recovered
by applying Γ–fixed points to (2.1.11), which finishes the proof.

To be able to use Theorem 2.1.6 to calculate LK(1)TC(Z), we must better understand the map
φ of Construction 2.1.4. The proof of Theorem 2.1.6 included a second construction of φ, and
in §2.2, we will give a third, invoking the K(1)-local ambidexterity of the space BCp and some
generalities on the Tate construction. There we will use this third perspective, together with work
of Carmeli–Schlank–Yanovski, to prove Lemma 2.1.16 below; to state this, we first recall a basic
result in K(1)-local stable homotopy theory.
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Notation 2.1.12. The class q = βt + 1 ∈ π0(KUBS1

p ) is represented by a map of K(1)-local spectra
Jp[BS1]∧p → KUp, unique up to homotopy; we will denote this map also by q.

Proposition 2.1.13. [Westerland 63] The map of K(1)-local spectra

( [p]∗q ) ∶ Jp[BS1]∧p ≃ Jp[BS1]∧p ⊕KUp

is an equivalence.

Proof. It suffices to check that the map induces an isomorphism on KUp-cohomology. The KUp-
cohomology of Jp[BS1]∧p is the KUp-cohomology of BS1, which is even periodic and given in degree
zero by Zp⟦q − 1⟧. The KUp-cohomology of KUp is also even periodic, and given in degree zero by
the completed group ring Zp⟦Z×p⟧. Rewriting Zp⟦q − 1⟧ as the completed group ring Zp⟦Zp⟧ (see
Notation 3.3.3), the map in degree zero KUp-cohomology identifies with the map of abelian groups

Zp⟦Zp⟧ ×Zp⟦Z×p⟧ ≃ Zp⟦Zp ∐Z×p⟧ → Zp⟦Zp⟧
induced by the isomorphism of profinite sets Zp ∐Z×p → Zp given by multiplication by p on the Zp
summand and the inclusion on the Z×p summand.

Remark 2.1.14. The analysis of Jp[BS1]∧p ≃ LK(1)(S[BS1]) goes back to Ravenel’s original work
[56, §9]. Results of a similar form to Proposition 2.1.13 above and Proposition 2.1.17 below may
also be found in work of Hansen [29] and Hesselholt–Madsen [32].

Notation 2.1.15. In light of Proposition 2.1.13, we let ν ∶ Jp[BS1]∧p → Jp[BS1]∧p be the unique
such map of spectra with identifications [p]∗ ○ ν ≃ id and q ○ ν ≃ 0, and we let ξ ∶ KUp → Jp[BS1]∧p
be the unique such map of spectra with identifications [p]∗ ○ ξ ≃ 0 and q ○ ξ ≃ id.

Lemma 2.1.16. The map of spectra Jp[BS1]∧p[1] → Jp[BS1]∧p[1] obtained by taking vertical fibers
in (2.1.5) is canonically equivalent to the suspension of the map ν of Notation 2.1.15.

It will be helpful to also record the following reformulation of Proposition 2.1.13.

Proposition 2.1.17. Let c∗ ∶ Jp[BS1]∧p → Jp be the map induced by the projection map c ∶ BS1 → ∗,
and recall that Jp{BS1}∧p denotes the fiber of c∗ (§0.8(5)). Then there is a canonical nullhomotopy
of c∗ ○ ξ ∶ KUp → Jp, and the induced map

(ξ ○ ν○n)n∈Z≥0 ∶ ( ⊕
n∈Z≥0

KUp)
∧
p
→ Jp{BS1}∧p

is an equivalence.

Proof. We have a canonical homotopy c∗ ≃ c∗ ○ [p]∗, inducing the desired nullhomotopy of c∗ ○ ξ.
Next, we consider the following commutative diagram:

0 KUp KUp ⊕KUp ⋯

Jp[BS1]∧p Jp[BS1]∧p ⊕KUp Jp[BS1]∧p ⊕KUp ⊕KUp ⋯

Jp[BS1]∧p Jp[BS1]∧p Jp[BS1]∧p ⋯

Jp Jp Jp ⋯

( 0
id )

( 0
id ) ( 0 0

id 0
0 id

)

( [p]∗q )

id

⎛
⎝
[p]∗ 0
q 0
0 id

⎞
⎠

( id 0 ) ( id 0 0 )

[p]∗

c∗

[p]∗

c∗ c∗

id id
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The vertical maps between the first three rows form a fiber sequence, and all the horizontal maps
in the second row are equivalences (induced by that of Proposition 2.1.13). The claim now follows
from taking p-completed colimits of the rows, noting that the map from the third row to the fourth
induces an equivalence on p-completed colimits by Remark 2.1.2.

The last ingredients we will need in our calculation of LK(1)TC(Z) concern the S1-transfer map.
Let us recall one description of it, which is how it will arise in the arguments below.

Notation 2.1.18. Let R be an E∞-ring. We let b∗ ∶ R → R[BS1] and b∗ ∶ RBS1 → R denote the maps
induced by the basepoint b ∶ ∗ → BS1. The S1-transfer map tr ∶ R[BS1][1] → R is the composition

R[BS1][1] NmÐÐ→ RBS1 b∗Ð→ R,

where Nm is the S1-norm map, i.e. the map whose cofiber is RtS1
. The reduced S1-transfer map

tr ∶ R{BS1}[1] → R (appearing in Theorem 0.2.3) is the restriction of tr (recall from §0.8(5) that
R{BS1} = fib(R[BS1] → R)).

In §2.3, we will review the S1-norm and -transfer maps in more detail and prove Lemma 2.1.20
below.

Notation 2.1.19. We define τ ∶ KUp → Jp[−1] to be the composition

KUp
ξÐ→ Jp[BS1]∧p

trÐ→ Jp[−1],

where ξ is as in Notation 2.1.15 and tr is the S1-transfer map of Notation 2.1.18.

Lemma 2.1.20. Suppose given a nullhomotopy of the composition Jp
1Ð→ KUp

τÐ→ Jp[−1], where 1
denotes the unit map and τ is as in Notation 2.1.19, inducing a map τ ′ ∶ KUp/Jp → Jp[−1]. Then
there exists (noncanonically) an equivalence cofib(τ ′) ≃ KUp[−1].

We now put together the results above to obtain the following description of LK(1)TC(Z).

Theorem 2.1.21. (1) There is a canonical equivalence of spectra

LK(1)TC(Z) ≃ Jp ⊕ Jp[1] ⊕X′,

where X′ ≃ cofib(τ ′) for τ ′ a map as in Lemma 2.1.20 (so that X′ is noncanonically equivalent
to KUp[−1]).

(2) With respect to the equivalence in (1) and the equivalence

LK(1)TC(S) ≃ Jp ⊕ Jp[1] ⊕ LK(1)Y

determined by Theorem 0.2.3, the map LK(1)TC(S) → LK(1)TC(Z) induced by the unit map
S → Z is canonically equivalent to the direct sum of the identity maps on Jp and Jp[1] with a
certain map LK(1)Y → X′.

Proof. We consider the commutative diagrams

(2.1.22)

0 Jp[BS1]∧p[1]

JBS1

p JBS1

p

JBS1

p JtS1

p ,

Nm

id−[p]∗

id can

can−can○[p]∗

Jp[BS1]∧p[1] Jp[BS1]∧p[1]

JBS1

p JBS1

p

JtS1

p JtS1

p ,

id−ν

Nm Nm

id−[p]∗

can can

id−φ

where the columns are fiber sequences, φ is as in Construction 2.1.4, and ν is as in Notation 2.1.15
and Lemma 2.1.16. By Theorem 2.1.6, the fibers of the bottom rows are canonically equivalent
to LK(1)TC(S) and LK(1)TC(Z), respectively, and moreover the map LK(1)TC(S) → LK(1)TC(Z)
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induced by the unit map S → Z corresponds under these identifications to the map induced by the
canonical map from the left hand diagram to the right hand diagram. We will understand these
bottom fibers (and the map between them) by analyzing the fibers of the upper two rows (and the
maps among them).

Regarding the common middle rows in (2.1.22), it follows from Remark 2.1.2 that the commuta-
tive squares

Jp Jp

Jp[BS1] Jp[BS1],

0

b∗ b∗

id−[p]∗

JBS1

p JBS1

p

Jp Jp

id−[p]∗

b∗ b∗

0

(the right square being dual to the left) are cartesian. This identifies the fibers of the middle rows
in (2.1.22) with Jp ⊕ Jp[−1].

Let us now analyze the left hand diagram in (2.1.22); this is simply a review of the identification
of LK(1)TC(S) stated in (2). The composition

Jp[BS1]∧p
NmÐÐ→ JBS1

p

b∗Ð→ Jp
is the S1-transfer map tr, so taking horizontal fibers in the left hand diagram in (2.1.22) gives a
cofiber sequence

(2.1.23) Jp[BS1]∧p
( 0

tr )ÐÐ→ Jp ⊕ Jp[−1] → LK(1)TC(S).

Invoking the splitting Jp[BS1] ≃ Jp ⊕ Jp{BS1} induced by the basepoint, and using that the
restriction of the transfer map along b∗ ∶ Jp → Jp[BS1] is the Hopf map η (Remark 2.3.4), which
is canonically null because p is odd, the preceding cofiber sequence may be rewritten as a cofiber
sequence

Jp ⊕ Jp{BS1}∧p
(0 0

0 tr )ÐÐÐ→ Jp ⊕ Jp[−1] → LK(1)TC(S).
This recovers the splitting LK(1)TC(S) ≃ Jp ⊕ Jp[1] ⊕ LK(1)Y.

We now move to the right hand diagram in (2.1.22). Using the splitting Jp[BS1] ≃ Jp ⊕ Jp{BS1}
and Proposition 2.1.17, we obtain an equivalence

( b∗ (ξ○ν○n)n∈Z≥0 ) ∶ Jp ⊕ ( ⊕
n∈Z≥0

KUp)
∧
p

∼Ð→ Jp[BS1]∧p .

This identification carries the map id − ν ∶ Jp[BS1]∧p → Jp[BS1]∧p to the map

( 0 0
θ id−σ ) ∶ Jp ⊕ ( ⊕

n∈Z≥0

KUp)
∧
p
→ Jp ⊕ ( ⊕

n∈Z≥0

KUp)
∧
p
,

where θ ∶ Jp → ⊕n∈Z≥0 KUp is the composition of the unit map 1 ∶ Jp → KUp with the inclusion
of the factor indexed by 0 and σ ∶ ⊕n∈Z≥0 KUp → ⊕n∈Z≥0 KUp is the shift operator sending the
factor indexed by n to the factor indexed by n + 1 by the identity map; the description for the first
column of the matrix here comes from the canonical homotopies [p]∗ ○ b∗ ≃ b∗ and q ○ b∗ ≃ 1, which
determine a homotopy b∗ = ν ○ b∗ + ξ ○ 1 and hence a homotopy (id − ν) ○ b∗ ≃ ξ ○ 1. The cofiber
of the above map identifies in an evident manner with Jp ⊕KUp/Jp. Considering now all of the
horizontal fibers in the right hand diagram in (2.1.22), we obtain a cofiber sequence

Jp ⊕KUp/Jp
(0 0

0 τ ′ )ÐÐÐÐ→ Jp ⊕ Jp[−1] → LK(1)TC(Z).

Here the nullhomotopy of the upper left entry of the matrix follows from the construction; the
nullhomotopies of the lower left and upper right entries use the vanishing of the composition tr ○ b∗,
as in the previous paragraph; and the map τ ′ ∶ KUp/Jp → Jp[−1] is a map as in Lemma 2.1.20. This
gives (1). We then see (2) by comparing the analyses in this paragraph and the previous one.
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Finally, after recalling one more general fact, we may deduce the main result of the section, on
TC(Z)∧p before K(1)-localization.

Lemma 2.1.24. [22, Lemma 2.5 or Remark 2.14] Let M be a connective, p-complete cyclotomic
spectrum. Then TC(M) is (−1)-connective.

Proof of Theorem 0.2.4. By Lemma 2.1.24, the spectra TC(S)∧p ≃ TC(THH(S)∧p) and TC(Z)∧p ≃
TC(THH(Z)∧p) are (−1)-connective. Moreover, since the map THH(S)∧p → THH(Z)∧p is (2p − 3)-
connective, the map TC(S)∧p → TC(Z)∧p is (2p − 4)-connective. We thus obtain a commutative
diagram

TC(S)∧p TC(Z)∧p τ≥−1(LK(1)TC(Z))

τ≤1(TC(S)∧p) τ≤1(TC(Z)∧p) τ≤1τ≥−1(LK(1)TC(Z)),∼

where the lower left horizontal map is an equivalence by the preceding connectivity assertion, and
the right hand square is induced by the K(1)-localization map TC(Z)∧p → LK(1)TC(Z). As discussed
in the proof of Proposition 1.3.2, this localization map induces isomorphisms on homotopy groups
in degrees ≥ 2, i.e. the induced map on vertical fibers in the right hand square is an equivalence,
and hence that square is cartesian.

Applying Theorems 0.2.3 and 2.1.21, the outer rectangle in the above diagram identifies
canonically with a diagram

(2.1.25)
Sp ⊕ Sp[1] ⊕Y∧p τ≥−1(Jp) ⊕ τ≥−1(Jp[1]) ⊕ τ≥−1(X′)

Zp ⊕Zp[1] ⊕Zp[−1] τ≤1τ≥−1(Jp) ⊕ τ≤1τ≥−1(Jp[1]) ⊕ τ≤1τ≥−1(X′).

Here Y denotes the fiber of the reduced S1-transfer map tr ∶ S{BS1}[1] → S and X′ is a spectrum
noncanonically equivalent to KUp[−1]; in the lower left hand corner, we have applied the canonical
identifications

τ≤1(Sp) ≃ Zp, τ≤1(Sp[1]) ≃ Zp[1], τ≤1(Y∧p) ≃ Zp[−1];
and all the maps in the diagram are diagonal with respect to the written direct sum decompositions,
with the first two factors of the horizontal maps being induced by the unit map Sp → Jp.

Putting together the previous two paragraphs, we obtain an identification

TC(Z)∧p ≃ jp ⊕ jp[1] ⊕X,

where X is the spectrum defined by the pullback diagram

X τ≥−1(X′)

Zp[−1] τ≤1(τ≥−1(X′))

arising from the third factors in (2.1.25), and we also obtain the decomposition of the map
TC(S)∧p → TC(Z)∧p as described in the theorem statement.

To finish the proof, we give a noncanonical description of X. Choosing an equivalence X′ ≃
KUp[−1] gives us a pullback diagram

X kup[−1]

Zp[−1] τ≤1(kup[−1]).
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We claim that the horizontal maps here are isomorphisms on π−1. Once this is established, it is
straightforward to use the decomposition kup ≃ ⊕0≤k≤p−2 ℓp[2k] to obtain the desired equivalence
X ≃ ⊕0≤k≤p,k∉{1,p−1} ℓp[2k−1]. On π−1, the horizontal maps give an endomorphism of Zp, so it suffices
to check that this is nonzero modulo p. For this, since the upper horizontal map is an isomorphism
on π2p−3, it suffices to check that v1 acts nontrivially on π−1(X/p). This is verified by Rognes [58,
Proof of Proposition 3.3], by comparison with π−1(Y/p). Alternatively, that π∗(TC(Z)/p) is a free
Fp[v1]-module is also proved by Liu–Wang [43, Theorem 1.1].

§2.2. Ambidexterity. Our aim in this subsection is to prove Lemma 2.1.16, which amounts
to a description of the map φ ∶ (JtS1

p )∧p → (JtS1

p )∧p of Construction 2.1.4. In light of the diagram
(2.1.5), we may think of φ as expressing a functoriality of the Tate construction with respect to
the map of groups [p] ∶ S1 → S1. The same can be said about the map Φ ∶ (KUtS1

p )∧p → (KUtS1

p )∧p
of Construction 2.1.4. What we will discuss in this subsection is that this functoriality in fact
canonically exists for all K(1)-local spectra with S1-action, by virtue of the map [p] ∶ BS1 → BS1

being ambidextrous for the ∞-category SptK(1) of K(1)-local spectra.
Let us begin by reviewing a more basic instance of this phenomenon.

Remark 2.2.1. Let f ∶H → G be a map of finite groups and let X be a spectrum with G-action.
Then the standard functoriality of limits and colimits gives natural maps f∗ ∶ XhG → XhH and
f∗ ∶ XhH → XhG, and the former natural transformation is canonically lax symmetric monoidal.
Assuming that f is injective, there is a canonical lax symmetric monoidal transformation f∗ ∶
XtG →XtH making the diagram

(2.2.2)
XhG XhH

XtG XtH

f∗

can can

f∗

commute.
Ignoring lax symmetric monoidal structures, we may rephrase this by taking vertical fibers:

under the assumption that f is injective, there is a “wrong way” map on orbits f∗ ∶XhG →XhH
making the diagram

(2.2.3)
XhG XhH

XhG XhH

f∗

NmG NmH

f∗

commute. This can be understood as follows. Recall that the norm map NmG is induced by the
endomorphism of X given by the following composition:

X
δÐ→∏

G

X ≃⊕
G

X
ϵÐ→X,

with δ the diagonal map, ϵ the summation map, and the middle equivalence given by the (inverse
to the) canonical map ⊕GX →∏GX (an equivalence because G is finite); the same goes for NmH .
With this in mind, pondering the diagram (2.2.3) suggests what the above wrong way map is: it is
also a kind of norm map, over the set of orbits G/H. More precisely, it is given by applying (−)hG
to the composition

X
δÐ→ ∏
G/H

X ≃ ⊕
G/H

X.

Again, the crucial mechanism here is the identification between finite coproducts and finite products
of spectra.

Now, we could define the map f∗ ∶ XhG → XhH as in the previous paragraph and then check
that the diagram (2.2.3) commutes. Taking vertical cofibers in that diagram, we would obtain the
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map f∗ ∶XtG →XtH ; however, from this perspective, the lax symmetric monoidal structure on this
map is unclear. Of course, the lax symmetric monoidal structure on the Tate construction itself is
unclear from its definition as the cofiber of the norm map.

So, for the matter of lax symmetric monoidal structures, another perspective is needed. One
account can be found in the work of Nikolaus–Scholze [52, §I.3]; there, the canonical map can ∶
XhG →XtG is characterized by a universal property, or rather two universal properties: one with
lax symmetric monoidal structure and one without. These universal properties can be used to check
that there is fact a unique natural transformation f∗ ∶ XtG → XtH making the diagram (2.2.2)
commute, and that it carries a unique lax symmetric monoidal structure making that commutative
diagram one of lax symmetric monoidal functors. The first uniqueness assertion implies that the
wrong way map on orbits described above is the unique such map making (2.2.3) commute.

Here we are interested not in an injective map of finite groups but in the finite covering map
[p] ∶ S1 → S1. If we tried to run through the discussion in Remark 2.2.1 in this case, then in place
of the the finite orbit set G/H we would find the classifying space BCp, this being the fiber of the
induced map on classifying spaces [p] ∶ BS1 → BS1. And so where we identified a product over
G/H with a coproduct over G/H, we would need to identify a limit over BCp with a colimit over
BCp, i.e. homotopy Cp-fixed points with orbits. This is not something we can do generally in the
∞-category of spectra, but we can after K(1)-localization:

Theorem 2.2.4. [Hovey–Sadofsky 34] Let G be a finite group and let X be a K(1)-local spectrum
with G-action. Then the norm map NmG ∶XhG →XhG is a K(1)-local equivalence.

Remark 2.2.5. Theorem 2.2.4 has several generalizations. First, the cited work of Hovey–Sadofsky
in fact proves the same result with K(1) replaced by K(n) for any n ≥ 1. Second, work of Kuhn [38]
strengthens the theorem to apply with K(n) replaced by T(n). Third, work of Hopkins–Lurie [33]
generalizes the result in a different direction, replacing the finite group G, or rather its classifying
space BG, with an arbitrary π-finite space; they also introduce the term ambidexterity for this
phenomenon. And finally, work of Carmeli–Schlank–Yanovski [20] gives a common generalization of
all of these results.

Theorem 2.2.4 allows us to adapt the explicit construction of the wrong way map on orbits in
Remark 2.2.1 to our setting:

Construction 2.2.6. Let X be a K(1)-local S1-equivariant spectrum. We define the map [p]∗ ∶
(XhS1)∧p → (XhS1)∧p to be that obtained by applying ((−)hS1)∧p to the composition

X →XBCp
NmCp≃ (XBCp)∧p ,

where the first map is induced by the projection map BCp → ∗.

Example 2.2.7. Taking X = Jp in Construction 2.2.6, we obtain a map [p]∗ ∶ Jp[BS1]∧p → Jp[BS1]∧p .
By work of Carmeli–Schlank–Yanovski [19, Propositions 2.2.5 and 4.3.4] (see also the remarks below
[21, Proposition 4.5]), this recovers the map ν of Notation 2.1.15.

In the forthcoming note [55], the results of Nikolaus–Scholze mentioned at the end of Remark 2.2.1
are abstracted into a form applicable to the present situation, giving the following result.

Proposition 2.2.8. [55] (1) There is a unique natural transformation [p]∗ ∶ ((−)tS1)∧p → ((−)tS1)∧p
of functors SptBS1

K(1) → SptK(1) such that the diagram

(−)hS1 (−)hS1

((−)tS1)∧p ((−)tS1)∧p

[p]∗

can can

[p]∗

of such functors commutes.
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(2) The natural transformation [p]∗ ∶ ((−)tS1)∧p → ((−)tS1)∧p of (1) carries a unique lax symmetric
monoidal structure making the above commutative diagram one of lax symmetric monoidal
functors.

(3) The natural transformation ((−)hS1)∧p → ((−)hS1)∧p obtained by taking vertical fibers in the
diagram of (1) canonically identifies with the map [p]∗ of Construction 2.2.6.

We may now complete the task of this subsection.

Proof of Lemma 2.1.16. Let [p]∗ ∶ ((−)tS1)∧p → ((−)tS1)∧p be as in Proposition 2.2.8. As this map is
natural and lax symmetric monoidal, applying it to the Γ-equivariant K(1)-local E∞-ring KUp must
recover the map Φ ∶ (KUtS1

p )∧p → (KUtS1

p )∧p of Lemma 2.1.3, by virtue of the uniqueness assertion
in that statement. Again by naturality, it follows that the map φ ∶ (JtS1

p )∧p → (JtS1

p )∧p obtained by
applying Γ-fixed points also identifies with [p]∗. It thus follows from Proposition 2.2.8(3) that the
map Jp[BS1]∧p → Jp[BS1]∧p obtained by taking vertical fibers in the diagram (2.1.5) identifies with
the map [p]∗ of Construction 2.2.6, and hence with the map ν by Example 2.2.7.

§2.3. The S1-transfer. In this subsection we will review one construction of the S1-norm and
-transfer maps in the ∞-category of spectra, along with their relation to the theory of complex
orientations, and then we will give a description of the K(1)-localized S1-transfer map, in particular
proving Lemma 2.1.20.

Notation 2.3.1. In this subsection, for R an E∞-ring and X an R-module, we will write X∨ for
the dual module MapModR

(X,R) (the base R to be understood from context).

Construction 2.3.2. The basepoint of S1 induces a decomposition S[S1] ≃ S ⊕ S{S1} ≃ S ⊕ S[1];
let us denote by c ∶ S[S1] → S and d ∶ S[S1] → S[1] the associated projection maps. The latter is
adjoint to a map S → S[S1]∨[1], which extends uniquely to an S1-equivariant map

e ∶ S[S1] → S[S1]∨[1].
Said differently, e is adjoint to the composition

S[S1] ⊗ S[S1] ≃ S[S1 × S1] mÐ→ S[S1] dÐ→ S[1],
where m is induced by the multiplication map S1 × S1 → S1.

The map e is an equivalence. Indeed, the equivalence S[S1] ≃ S ⊕ S[1] induces an equivalence
S[S1] ⊗ S[S1] ≃ S ⊕ S[1] ⊕ S[1] ⊕ S[2], under which the composition d ○m above identifies with
the map

S ⊕ S[1] ⊕ S[1] ⊕ S[2] (0 id id η )ÐÐÐÐÐÐ→ S[1],
where η denotes the Hopf map; and thus, under the induced equivalence S[S1]∨[1] ≃ (S⊕S[−1])[1] ≃
S[1] ⊕ S, the map e identifies with the map

S ⊕ S[1]
( 0 id

id η )ÐÐÐÐ→ S[1] ⊕ S,

which is an equivalence.

Construction 2.3.3. As in Construction 2.3.2, let c ∶ S[S1] → S be map induced by the projection
map S1 → ∗; note that this is canonically S1-equivariant. Applying duality and the equivalence e of
Construction 2.3.2, we obtain the composition of S1-equivariant maps

S
c∨Ð→ S[S1]∨ e−1

ÐÐ→ S[S1][−1];
let us denote the composite map by f ∶ S → S[S1][−1].

Now, recalling that S1-equivariant spectra may be identified with modules over the group algebra
S[S1], we may consider, for any S1-equivariant spectrum X, the composition

XhS1[1] ≃X ⊗S[S1] S[1]
fÐ→X ⊗S[S1] S[S1] ≃X.
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We denote this composite map by tr ∶ XhS1[1] → X; this is the S1-transfer map. It comes by
construction as an S1-equivariant map, where the source has trivial action, and so it factors uniquely
through a map Nm ∶XhS1[1] →XhS1

; this is the S1-norm map.

Remark 2.3.4. Let R be an E∞-ring. Equipping it with the trivial S1-action and specializing
Construction 2.3.3 to this case, we obtain the norm map Nm ∶ R[BS1][1] → RBS1

and the
transfer map tr ∶ R[BS1][1] → R appearing in Notation 2.1.18. We note that the discussion in
Construction 2.3.2 implies that the composition

R[1] b∗Ð→ R[BS1][1] trÐ→ R

canonically identifies with the Hopf map η (recall that b∗ denotes the map induced by the basepoint
of BS1).

We now explain the relation of the S1-transfer map to complex orientations.

Notation 2.3.5. We let L denote the tautological representation of S1 on C, which we regard as a
vector bundle on BS1. We let SL denote the associated stable sphere bundle, an S1-equivariant
spectrum with underlying spectrum S[2]. And we let ThBS1(L) denote the associated Thom
spectrum, given by (SL)hS1 . Replacing L by its virtual negative −L gives rise similarly to S−L and
ThBS1(−L).

Remark 2.3.6. Recall that we have a cofiber sequence of S1-equivariant spectra

S[S1] cÐ→ S → SL,

sometimes called the Euler sequence. Applying (−)hS1 , we obtain a cofiber sequence

S
b∗Ð→ S[BS1] → ThBS1(L).

This gives an equivalence ThBS1(L) ≃ S{BS1}, under which the quotient map SL → ThBS1(L)
identifies (non-equivariantly) with the map S[2] ≃ S{S2} → S{BS1} induced by the map of pointed
spaces S2 ≃ ΣS1 → BS1 adjoint to the unit equivalence S1 ∼Ð→ ΩBS1.

Definition 2.3.7. Let R be an E∞-ring and let X be an R-module. A complex orientation of X
over R is an equivalence of S1-equivariant R-modules X ⊗SL ≃X[2]; in light of Remark 2.3.6, this
is equivalent to a map of R-modules X ⊗R R{BS1} → X[2] extending the canonical equivalence
X⊗RR{S2} ∼Ð→X[2]. We say that X is complex orientable over R if it admits a complex orientation
over R.

Remark 2.3.8. In the situation of Definition 2.3.7, suppose that X is equipped with an A2-algebra
structure in ModR, i.e. maps of R-modules v ∶ R → X and w ∶ X ⊗R X → X and a commutative
diagram

X X ⊗R X

X.

id⊗v

id
w

Then a complex orientation of X over R is equivalent to a map of R-modules R{BS1} → X[2]
extending the map R{S2} ≃ R[2] vÐ→X[2]. This is a more standard notion of complex orientation.
Note that it does not actually depend on R.

Proposition 2.3.9. Let R be an E∞-ring and let X be an R-module. Then a nullhomotopy of the
transfer map tr ∶X ⊗R R[BS1][1] →X is equivalent to an equivalence of S1-equivariant R-modules
X ⊗ S−L ≃X[−2].

Proof. Dual to the discussion in Remark 2.3.6, we have a fiber sequence S−L → S
fÐ→ S[S1][−1],

which upon applying (−)hS1 gives a fiber sequence ThBS1(−L) → S[BS1] trÐ→ S[−1], where the
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boundary map S[−2] → ThBS1(−L) is the quotient map (regarding S[−2] as the underlying
spectrum of S−L). Tensoring with X and rotating, we have a fiber sequence

X ⊗R R[BS1][−1] trÐ→X[−2] →X ⊗ThBS1(−L),

Giving a nullhomotopy of the first map is equivalent to giving a splitting X ⊗ThBS1(−L) →X[−2]
of the second map. As stated above, the second map is the quotient map, so such a splitting is
equivalent to an equivalence of S1-equivariant R-modules X ⊗ S−L ≃X[−2].

Corollary 2.3.10. Let R be an E∞-ring and let X be an R-module. Then:
(1) there are canonical maps from the space of nullhomotopies of the transfer map

tr ∶X ⊗R R[BS1][1] →X

to the space of complex orientations of X∨ over R and from the space of complex orientations
of X over R to the space of nullhomotopies of the transfer map

tr ∶X∨ ⊗R R[BS1][1] →X∨;

(2) if X is a reflexive R-module, the two maps in (1) are equivalences.

Proof. This follows from comparing Definition 2.3.7 and Proposition 2.3.9, the maps in the claim
being given by R-linear duality.

Remark 2.3.11. We make a parallel to Remark 2.3.8 in the situation of Proposition 2.3.9: supposing
that X is equipped with an A2-algebra structure in ModR, a nullhomotopy of the transfer map
tr ∶X ⊗R R[BS1][1] →X is equivalent to a nullhomotopy of the composite

R[BS1][1] trÐ→ R →X

(the second map being the unit of the A2-algebra structure).

Our goal for the remainder of the subsection is to analyze the K(1)-local transfer map which
featured in §2.1.

Notation 2.3.12. A choice of generator g of Γ gives a fiber sequence

Jp
1Ð→ KUp

ψg−idÐÐÐ→ KUp.

This determines an equivalence ρg ∶ KUp/Jp ≃ KUp and a boundary map ∂g ∶ KUp → Jp[1]. We let
∂ ∶ KUp/Jp → Jp[1] denote the tautological boundary map, so that ∂g ≃ ∂ ○ ρ−1

g .

Remark 2.3.13. By applying (−)KUp to the fiber sequence of Notation 2.3.12, one finds that the
map of KUp-modules KUp[−1] → JKUp

p classifying ∂g is an equivalence. More concretely, we have
that π∗(JKUp

p ) is concentrated in odd degrees, with π2n−1(JKUp
p ) being a free Zp-module of rank

one for each n ∈ Z, generated by the class corresponding to the composition

KUp
βn

Ð→ KUp[−2n]
∂gÐ→ Jp[−2n + 1].

We will use the following consequence of this calculation below: if X is a spectrum equivalent
(noncanonically) to KUp and χ ∶X → Jp[−1] is a map that is not divisible by p, then χ is homotopic
to the composition of an equivalence X → KUp[−2] with ∂g ∶ KUp[−2] → Jp[−1], and hence cofib(χ)
is equivalent (noncanonically) to KUp[−1].

Lemma 2.3.14. The composition Jp[BS1][1] trÐ→ Jp → Jp/p (the second map being the tautological
one) is nonzero.

Proof. (We will implicitly invoke Remarks 2.3.8 and 2.3.11 here, noting that S/p admits an
A2-ring structure, as p is odd.) Suppose that it were zero. Applying Corollary 2.3.10 with R = Jp
and X = Jp/p, we deduce that (Jp/p)∨ is complex orientable over Jp. Since (Jp/p)∨ ≃ Jp/p[−1],
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this implies that Jp/p is complex orientable over Jp. But this is false: there are no nonzero
maps Jp{BS1} → Jp/p[2], by virtue of Proposition 2.1.17 and the fact that π−2((Jp/p)KUp) ≃ 0
(Remark 2.3.13).

Lemma 2.3.15. Let ν ∶ Jp[BS1]∧p → Jp[BS1]∧p be as in Notation 2.1.15. Then there is a canonical
homotopy tr ○ ν ≃ tr ∶ Jp[BS1]∧p[1] → Jp.

Proof. Consider the diagram

Jp[BS1]∧p[1] Jp[BS1]∧p[1]

JBS1

p JBS1

p

Jp Jp.

ν

Nm Nm

[p]∗

b∗ b∗

id

The top square commutes by Lemma 2.1.16, and the bottom square commutes evidently. The
resulting commutativity of the outer rectangle gives the claim.

Theorem 2.3.16. Under the equivalence (of Proposition 2.1.17)

(ξ ○ ν○n)n∈Z≥0 ∶ ( ⊕
n∈Z≥0

KUp)
∧
p

∼Ð→ Jp{BS1}∧p ,

the reduced S1-transfer map tr ∶ Jp{BS1}∧p → Jp[−1] identifies with the composition

(2.3.17) ( ⊕
n∈Z≥0

KUp)
∧
p

(id)n∈Z≥0ÐÐÐÐÐ→ KUp
τÐ→ Jp[−1],

where τ = tr ○ ξ (Notation 2.1.19). Moreover, τ is not divisible by p.

Proof. The first statement is immediate from Lemma 2.3.15. We deduce that if τ were divisible by p,
then the reduced transfer map tr would be too. In fact, then the full transfer map tr ∶ Jp[BS1][1] → Jp
would be divisible by p, since the restriction of tr along the basepoint b∗ ∶ Jp → Jp[BS1] is zero (by
Remark 2.3.4, it is given by the Hopf map η, which is zero here since p is odd). But we know that
this is not the case by Lemma 2.3.14.

Proof of Lemma 2.1.20. By Remark 2.3.13, it suffices to show that the map τ ′ ∶ KUp/Jp → Jp[−1]
is not divisible by p. If it were, then so too would τ , contradicting Theorem 2.3.16.

Corollary 2.3.18. As in Theorem 0.2.3, let Y denote the fiber of the reduced S1-transfer map
tr ∶ S{BS1}[1] → S. Then there is canonical equivalence

LK(1)Y ≃ ( ⊕
n∈Z≥0

KUp[1])
∧
p
⊕Y′,

where Y′ is a spectrum noncanonically equivalent to KUp[−1].

Proof. By the identification (2.3.17) in Theorem 2.3.16 of the K(1)-localization of tr, we have a
fiber sequence

( ⊕
n∈Z≥0

KUp[1])
∧
p
→ LK(1)Y → Y′,

where Y′ is defined to be fib(τ ∶ KUp[1] → Jp) (equivalently cofib(τ ∶ KUp → Jp[−1])) and the first
term comes from the fiber sequence

( ⊕
n∈Z≥0

KUp)
∧
p

id−σÐÐ→ ( ⊕
n∈Z≥0

KUp)
∧
p

(id)n∈Z≥0ÐÐÐÐÐ→ KUp,

where σ is the shift operator as in the proof of Theorem 2.1.21. Theorem 2.3.16 also tells us that τ
is not divisible by p, so from Remark 2.3.13 we know that Y′ is equivalent to KUp[−1]. A splitting
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of the first fiber sequence above is induced by a splitting of the second, a canonical one being given
by taking the inclusion of the zeroth factor KUp →⊕n∈Z≥0 KUp as a section of the summation map
⊕n∈Z≥0 KUp → KUp.

Corollary 2.3.19. Let X be a K(1)-local A2-ring. Then the unit map v ∶ Jp →X extends to a map
of spectra v′ ∶ KUp →X if and only if X is complex orientable.

Proof. By Corollary 2.3.10 and Remark 2.3.11, a complex orientation of X is equivalent to a
nullhomotopy of the composite Jp[BS1]∧p

trÐ→ Jp[−1] vÐ→X[−1]. And by Theorem 2.3.16 and Re-
mark 2.3.13, such a nullhomotopy exists if and only if there exists a nullhomotopy of the composite
KUp/Jp[−1] ∂Ð→ Jp

vÐ→X.

§3. The canonical map jtriv
p → sh(jtriv

p )

In this section, we prove Theorem 0.3.2, which will be put to use in tandem with Theorem 0.1.4
in the next two sections of the paper. We prepare in §3.1 and §3.2 by reviewing the notion of
“nilpotence” for S1-equivariant spectra and setting a bit of notation that will be used in the remainder
of the section; in §3.3, we analyze the canonical map ϕ0 ∶ kutriv

p → sh(kutriv
p ); and in §3.4, we finally

deduce the desired result about the canonical map ϕ0 ∶ jtriv
p → sh(jtriv

p ).

§3.1. Nilpotence. Here we follow Mathew [47, §4], though the discussion there is in the context
of a finite group G rather than the circle group S1.

Notation 3.1.1. Consider the S1-equivariant spectrum S[S1]. For any S1-equivariant E∞-ring R,
we set R[S1] ∶= R⊗ S[S1] ∈ModR(SptBS1

).

Definition 3.1.2. Let R be an S1-equivariant E∞-ring. We say that an S1-equivariant R-module
X is nilpotent if it is contained in the thick tensor ideal of ModR(SptBS1

) generated by R[S1], i.e.
the thick subcategory generated by objects of the form R[S1] ⊗R Y for Y ∈ModR(SptBS1

).

Remark 3.1.3. Let R → R′ be a map of S1-equivariant E∞-rings. Then both the base change func-
tor ModR(SptBS1

) →ModR′(SptBS1
) and the forgetful functor ModR′(SptBS1

) →ModR(SptBS1
)

preserve nilpotent objects.

Proposition 3.1.4. Let R be an S1-equivariant E∞-ring and let X be a nilpotent S1-equivariant
R-module. Then XtS1 ≃ 0.

Proof. By Remark 3.1.3, we may assume R = S (with trivial S1-action). The result is then due to
Klein [35, Corollary 10.2] (or see [54, §2.4]).

Proposition 3.1.5. [cf. 47, Theorem 4.15] Let R be an E∞-ring equipped with a complex orientation
t ∈ π−2(RBS1), and let X be an S1-equivariant R-module. Then X is nilpotent if and only if the
action of t on XhS1

is nilpotent.

Proof. This follows from the fact that the fixed points construction (−)hS1
defines an equivalence

of symmetric monoidal ∞-categories ModBS1

R → (ModRBS1 )∧t , sending R[S1] to the suspension of
R ≃ RBS1/t (see also [49, Theorem 7.43]).

Remark 3.1.6. Let X be an S1-equivariant spectrum. If X/(p, v1) is nilpotent, then by Proposi-
tion 3.1.4, we have

XtS1
/(p, v1) ≃ (X/(p, v1))tS1

≃ 0 Ô⇒ (XtS1
)∧(p,v1) ≃ 0,

where (−)∧(p,v1) denotes Bousfield localization with respect to S/(p, v1). In the following sections,
we will want to know that in fact (XtS1)∧p ≃ 0. To this end, let us note that certain hypotheses on
X imply that the canonical map

(XtS1
)∧p → (XtS1

)∧(p,v1)
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is an equivalence. This holds if and only if XtS1/p is local with respect to S/(p, v1), which is
equivalent to the vanishing of the limit of the diagram

⋯ →XtS1
/p[3(2p − 2)] v1Ð→XtS1

/p[2(2p − 2)] v1Ð→XtS1
/p[2p − 2] v1Ð→XtS1

/p.

This vanishing occurs in particular when:
(1) X admits the structure of S1-equivariant Z-module, as then the maps in the above diagram

are null;
(2) X is bounded below, as the terms in the diagram

⋯ →X/p[3(2p − 2)] v1Ð→X/p[2(2p − 2)] v1Ð→X/p[2p − 2] v1Ð→X/p

are increasing in connectivity, and applying (−)tS1
to such a diagram results in one whose

limit vanishes.

§3.2. Some notation. We will make some use in this section of the following elaboration on the
map ϕ0

X of Construction 1.1.3.

Notation 3.2.1. For X a cyclotomic spectrum, we define

ϕ∗X ∶= τ≥∗(ϕX) ∶ τ≥∗(X) → τ≥∗(XtCp), KX ∶= cofib(ϕ0
X ∶ τ≥0(X) → τ≥0(XtCp)),

the former a map of filtered S1-equivariant spectra and the latter an S1-equivariant spectrum.

Remark 3.2.2. The construction X ↦ ϕ∗X above determines a lax symmetric monoidal func-
tor CycSpt→ Fun(∆1,FilSptBS1

), where FilSpt denotes the ∞-category Fun(Zop,Spt) of filtered
spectra, equipped with the Day convolution symmetric monoidal structure. In particular, for R
a cyclotomic E∞-ring, the map ϕ0

R ∶ τ≥0(R) → τ≥0(RtCp) is a map of S1-equivariant E∞-rings, KR

is an S1-equivariant module over τ≥0(R), and for X an R-module and n any integer, the map
ϕnX ∶ τ≥n(X) → τ≥n(XtCp) is linear over ϕ0

R.

§3.3. On kutriv
p . Tate constructions are especially calculable in the setting of complex oriented

ring spectra. In this subsection, we make some calculations concerning connective complex K-theory,
from which we will then bootstrap in our analysis of jp in the next subsection.

Notations 1.2.1, 1.2.3, and 1.2.4 will be used again here, and sometimes the symbol q′ will be
used in place of q, for reasons that will become clear below.

Proposition 3.3.1. We have the following identifications of graded rings:

π∗(kuhS1

p ) ≃ Zp⟦q − 1⟧[β, t]/(βt − (q − 1)) π∗(kutS1

p ) ≃ Zp⟦q − 1⟧[u±1]

π∗(kutCp
p ) ≃ Zp[ζp][u±1] π∗((kutCp

p )hS1
) ≃ Zp⟦q′ − 1⟧[u±1]

π∗(τ≥0(kutCp
p )) ≃ Zp[ζp][u] π∗((τ≥0(kutCp

p ))hS1
) ≃ Zp⟦q′ − 1⟧[u, t]/(ut − [p]q′)

Moreover, the map
π∗(ϕ0

kutriv
p
) ∶ π∗(kup) → π∗(τ≥0(kutCp

p ))

sends β ↦ (ζp − 1)u and the map

π∗((ϕ0
kutriv

p
)hS1
) ∶ π∗(kuhS1

p ) → π∗((τ≥0(kutCp
p ))hS1

)

sends t↦ t, q ↦ (q′)p, and β ↦ (q′ − 1)u.

Proof. This is partially a repetition of and partially an elaboration on Proposition 1.2.5; it follows
from the same facts cited in the proof there.

Proposition 3.3.2. The map

τ≥2(kup) ⊗kup τ≥0(kutCp
p ) → τ≥2(τ≥2(kup)tCp)
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induced by the linear structure of the map ϕ2
τ≥2(kup)triv ∶ τ≥2(kup) → τ≥2(τ≥2(kup)tCp) over the map

ϕ0
kutriv

p
∶ kup → τ≥0(kutCp

p ) (see Remark 3.2.2) is an equivalence.

Proof. The map π∗(kutCp
p ) → π∗(ZtCp

p ) induced by the truncation map kup → Zp identifies
with the map Zp[ζp][t±1] → Fp[t±1] sending t ↦ t and ζp ↦ 1. From this and the fiber sequence
τ≥2(kup) → kup → Zp, we deduce that the map π∗(τ≥2(τ≥2(kup)tCp)) → π∗(τ≥0(kutCp

p )) induced by
the map τ≥2(kup) → kup is an injection, with image in degree 2n given as follows: it is 0 for n = 0,
and it is (ζp − 1)un ⋅Zp[ζp] for n ≥ 1. The claim follows from putting this together with the fact,
from Proposition 3.3.1, that the map π∗(kup) → π∗(τ≥0(kutCp

p )) induced by ϕ0
kutriv

p
identifies with

the map Zp[β] → Zp[ζp][u] sending β ↦ (ζp − 1)u.

Notation 3.3.3. Let R be a p-complete E∞-ring. For any symbol x, we let R[x] denote the
monoid E∞-ring R[N] with identification π0(R[x]) ≃ π0(R)[x], and we let R⟦x − 1⟧ denote the
(p, x − 1)-completion of R[x]. We note that there is a natural identification of E∞-R-algebras

R⟦x − 1⟧ ≃ lim
k
R[Z/pk]

(e.g. by [44, Proposition 2.2.12]); this induces an R-linear action of Z×p on R⟦x−1⟧, with the induced
action of u ∈ Z×p on π0(R⟦x − 1⟧) ≃ π0(R)⟦x − 1⟧ sending x↦ xu.

Below, we regard R[q′] as an E∞-algebra over R[q] via the map of E∞-rings R[N] → R[N]
induced by the map of monoids N → N given by multiplication by p, and we similarly regard
R⟦q′ − 1⟧ as an E∞-algebra over R⟦q − 1⟧, compatible with Z×p-actions.

Proposition 3.3.4. [Lurie] There is an equivalence of E∞-rings with Z×p-action

KUBS1

p ≃ KUp⟦q − 1⟧;
here the Z×p-action on the left is induced by that on KUp, and the Z×p-action on the right is
the diagonal action determined by the action on KUp and the KUp-linear action discussed in
Notation 3.3.3. Moreover, under this equivalence, the Z×p-equivariant map KUBS1

p → KUBS1

p induced
by the p-fold cover map S1 → S1 identifies with the map KUp⟦q − 1⟧ → KUp⟦q′ − 1⟧.

Proof. This follows from Lurie’s reinterpretation of Snaith’s theorem, saying that KUp is the
orientation classifier of the formal multiplicative group over Sp [44, §6.5]. (We note that the
comparison map here arises from the fact that the Bott class β ∈ π2(KUp) is a “strict unit” class,
i.e. lifts to a class in π2(Gm(KUp)).)

Remark 3.3.5. The equivalence of Proposition 3.3.4 is related via bar-cobar duality to an equiva-
lence of E∞-KUp-algebras KUS1

p ≃ KUp[S1].

Construction 3.3.6. We construct a commutative diagram of E∞-rings with Z×p × S1-action

Sp⟦q − 1⟧ Sp⟦q′ − 1⟧

kup τ≥0(kutCp
p )

σ σ′

ϕ0
kutriv

p

in which the upper horizontal map is equipped with trivial S1-equivariant structure.
The composition

Sp⟦q − 1⟧ → KUp⟦q − 1⟧ ≃ KUBS1

p ≃ KUhS1

p ,

where the first equivalence is that of Proposition 3.3.4, corresponds to a map of E∞-rings with
Z×p × S1-action Sp⟦q − 1⟧ → KUp, where the source is equipped with the trivial S1-action. As the
source is connective, this is furthermore equivalent to a map of E∞-rings with Z×p × S1-action
σ ∶ Sp⟦q − 1⟧ → kup. The remainder of the commutative diagram can be constructed similarly, using
the definition of ϕ0

kutriv
p

in terms of the composition

kup → kuBCp
p ≃ kuhCp

p

canÐÐ→ kutCp
p ,
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the identification of the map kuhS1

p → (kuBCp
p )hS1

with the map kuBS1

p → kuBS1

p induced by the
p-fold cover S1 → S1, and the identification from Proposition 3.3.4 of the map KUBS1

p → KUBS1

p

induced by the p-fold cover S1 → S1 with the map KUp⟦q − 1⟧ → KUp⟦q′ − 1⟧.

Notation 3.3.7. Let ϕ′kutriv
p
∶ kup⊗Sp⟦q−1⟧Sp⟦q′ −1⟧ → τ≥0(kutCp) denote the map of E∞-rings with

Z×p × S1-action induced by the commutative diagram of Construction 3.3.6 and let K ′kutriv
p

denote
the cofiber of ϕ′kutriv

p
.

Proposition 3.3.8. The S1-equivariant kup-module K ′kutriv
p
/(p, β) is nilpotent.

Proof. We use the nilpotence criterion of Proposition 3.1.5. By Proposition 3.3.1, the map obtained
by applying π∗((−)hS1) to ϕ′kutriv

p
identifies with the map of graded Zp⟦q′ − 1⟧[t]-algebras

Zp⟦q′ − 1⟧[β, t]/(βt − (q − 1)) → Zp⟦q′ − 1⟧[u, t]/(ut − [p]q′)

(where q = (q′)p) sending β ↦ (q′ − 1)u. It follows that the map obtained by applying π∗((−)hS1) to
ϕ′kutriv

p
/(p, β) identifies with the map of Fp-algebras

Fp[q′, t]/(q − 1) → Fp[q′, u, t]/((q′ − 1)u,ut − [p]q′).

Calculating the cofiber of this map, we identify π∗((K ′kutriv
p
/(p, β))hS1) with

{u,u2, . . .} ⋅ Fp[q′]/(q′ − 1).

The action of t on this Fp-module is zero, due to the relation ut = [p]q′ ≡ (q′ − 1)p−1 (mod p),
proving in particular the desired nilpotence.

§3.4. On jtriv
p . In this subsection, we prove the result we are after concerning the map ϕ0 ∶ jtriv

p →
sh(jtriv

p ), Theorem 0.3.2. It will be technically convenient to perform our calculations with the
following variant of jp and then deduce the result for jp.3

Notation 3.4.1. We define an E∞-ring jp,0 ∶= τ≥0(KUhΓ0
p ). It has homotopy groups given by

π∗(jp,0) ≃
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

Zp if ∗ = 0
Zp/(pn)Zp if ∗ = 2n − 1 (n ∈ Z≥1)
0 otherwise,

and moreover the boundary map π2(KUp) → π2(jp,0) is the canonical surjection Zp → Zp/pZp.
Noting that the canonical map π2(jp,0/p) → π2(KUp/p) is an isomorphism, we let β ∈ π2(jp,0/p)
denote the unique preimage under this map of the reduction of the Bott class β. The class β is
classified by a map of jp,0-modules jp,0/p[2] → jp,0/p, which we will also denote by β. For n a
positive integer, we set

jp,0/(p, β
n) ∶= cofib(βn ∶ jp,0/p[2n] → jp,0/p),

and for X a jp,0-module, we set X/(p, βn) ∶=X ⊗jp,0 jp,0/(p, β
n).

Lemma 3.4.2. For X a jp,0-module, the spectrum X/(p, β) naturally admits an Fp-module structure.

Proof. It follows from the description of π∗(jp,0) above that jp,0/(p, β) is 1-truncated, so that the
jp,0-module structure on jp,0/(p, β) is canonically restricted from a τ≤1(jp,0)-module structure. It
follows that

X/(p, β) =X ⊗jp,0 jp,0/(p, β) ≃ (X ⊗jp,0 τ≤1(jp,0)) ⊗τ≤1(jp,0) jp,0/(p, β)

naturally admits a τ≤1(jp,0)-module structure. Next observe that, as p is odd, τ≤1(jp,0)hF
×
p ≃ Zp, so

that consequently X/(p, β) naturally admits a Zp-module structure. Again using that p is odd, we

3The convenience of this object (for different but closely related purposes) was indicated to us by Lurie.
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know that the action of p on X/p, and hence on X/(p, β), is naturally zero, so that the Zp-module
structure naturally factors through an Fp-module structure.

Notation 3.4.3. As in Notation 1.2.6, we will denote the action of an element g ∈ Z×p on kup by
ψg; we will denote its action on Sp⟦q − 1⟧ and Sp⟦q′ − 1⟧ by Ψg.

Construction 3.4.4. We construct a commutative diagram of S1-equivariant jp,0-modules

jp,0 τ≥0(jtCp

p,0 )

kup kup ⊗Sp⟦q−1⟧ Sp⟦q′ − 1⟧ τ≥0(kutCp
p )

τ≥2(kup) τ≥2(kup) ⊗Sp⟦q−1⟧ Sp⟦q′ − 1⟧ τ≥2(τ≥2(kup)tCp)

ϕ0
jtriv
p,0

ψ1+p
○

ϕ′kutriv
p

(ψ1+p⊗Ψ1+p)○ ψ1+p
○○

ϕ′
τ≥2(kup)triv

in which the left and right columns are fiber sequences. (The top rectangle is in fact a pushout of
E∞-rings, but we will not prove this here.)

The map ψ1+p
○ is the unique map lifting the endomorphism ψ1+p − id of kup along the canonical

map τ≥2(kup) → kup. Both existence and uniqueness follow from the fiber sequence τ≥2(kup) → kup →
Zp, and the fact that ψ1+p induces the identity map on π0(kup) ≃ Zp. The maps (ψ1+p ⊗Ψ1+p)○
and ψ1+p

○○ are defined similarly, the former arising from the endomorphism ψ1+p ⊗ Ψ1+p − id of
kup ⊗Sp⟦q−1⟧ Sp⟦q′ − 1⟧ and the latter arising from the map τ≥0(kutCp

p ) → τ≥0(τ≥2(kup)tCp) induced
by ψ1+p

○ .
The map ϕ′kutriv

p
is as defined in Notation 3.3.7 and the map ϕ′τ≥2(kup)triv is defined similarly, i.e.

by using the map ϕ2
τ≥2(kup)triv ∶ τ≥2(kup) → τ≥2(τ≥2(kup)tCp) and its linearity over ϕ0

kutriv
p

(see §3.2).

Remark 3.4.5. Concerning the maps ϕ′kutriv
p

and ϕ′τ≥2(kup)triv in Construction 3.4.4: it follows
from their definitions and Proposition 3.3.2 that ϕ′τ≥2(kup)triv may be identified with the two-fold
suspension of ϕ′kutriv

p
.

Lemma 3.4.6. Let K be the total cofiber of the commutative square of S1-equivariant jp,0-modules

kup kup ⊗Sp⟦q−1⟧ Sp⟦q′ − 1⟧

τ≥2(kup) τ≥2(kup) ⊗Sp⟦q−1⟧ Sp⟦q′ − 1⟧

ψ1+p
○ (ψ1+p⊗Ψ1+p)○

contained in the commutative diagram of Construction 3.4.4. Then K/(p, β) is nilpotent.

Proof. By Lemma 3.4.2, K/(p, β) admits an S1-equivariant Fp-module structure. We may thus
use the nilpotence criterion of Proposition 3.1.5.

By Proposition 3.3.1, we have an identification

π∗(kuhS1

p ) ≃ Zp⟦q − 1⟧[β, t]/(βt − (q − 1))

where t denotes the standard complex orientation; π∗((kup ⊗Sp⟦q−1⟧ Sp⟦q′ − 1⟧)hS1) then identifies
with the base change of this along Zp⟦q − 1⟧ → Zp⟦q′ − 1⟧. The canonical map

π∗(τ≥2(kup)BS1
) → π∗(kuBS1

p )
is an injection, with image in degree 2n given as follows: for n ≤ 0, it is (q − 1)tn ⋅Zp⟦q − 1⟧, and for
n ≥ 1, it is βn ⋅Zp⟦q − 1⟧; the map

π∗((τ≥2(kup) ⊗Sp⟦q−1⟧ Sp⟦q′ − 1⟧)BS1
) → π∗((kup ⊗Sp⟦q−1⟧ Sp⟦q′ − 1⟧)BS1

)
has the same description, but tensored up along Zp⟦q − 1⟧ → Zp⟦q′ − 1⟧.
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In terms of these identifications, applying (−)hS1
to the square in the statement and reducing

modulo (p, β) results in the commutative square of Fp-modules

Fp[t] Fp[q′, t]/(q − 1)

β ⋅ Fp ⊕ ({t, t2, . . .} ⋅ (q−1)Fp[q]
(q−1)2 ) β ⋅ Fp[q′]/(q − 1) ⊕ ({t, t2, . . .} ⋅ (q−1)Fp[q′]

(q−1)2 ) .

ψ1+p
○ (ψ1+p⊗Ψ1+p)○

Let us calculate the behavior of the vertical maps. On π∗(kuhS1

p ), we have

ψ1+p(β) = (1 + p)β ≡ β (mod p), ψ1+p(q) = q1+p.

Using the relation βt = q − 1, we deduce that

ψ1+p(t) ≡ q
1+p − 1
q − 1

t ≡ (q
1+p − q
q − 1

+ 1) t ≡ (q(q − 1)p−1 + 1)t ≡ t (mod p, (q − 1)2)

(since p − 1 ≥ 2, as p is odd). Combining this with the formula Ψ1+p(q′) = (q′)1+p = q′q, we find

(ψ1+p ⊗Ψ1+p)○(tn(q′)m) = ψ1+p(tn)Ψ1+p((q′)m) − tn(q′)m

≡ tn(q′)mqm − tn(q′)m (mod p, (q − 1)2)
≡ tn(q′)m(qm − 1) (mod p, (q − 1)2).

Note that qm − 1 is nonzero in (q−1)Fp[q′]
(q−1)2 for 1 ≤m ≤ p − 1. We may now compute the total cofiber

of the above square of Fp-modules, taking horizontal cofibers first and then the vertical cofiber, and
we obtain

{βq′, . . . , β(q′)p−1} ⋅ Fp,
concentrated in a single degree, on which t evidently acts by zero.

Proposition 3.4.7. The S1-equivariant jp,0-module Kjtriv
p,0
/(p, β) (Notation 3.2.1) is nilpotent.

Proof. Using the commutative diagram of Construction 3.4.4, the claim follows from combining
Proposition 3.3.8, Remark 3.4.5, and Lemma 3.4.6.

Proof of Theorem 0.3.2. In π∗(jp,0) we have v1 = (β)p−1. It thus follows from Proposition 3.4.7
and a devissage that Kjtriv

p,0
/(p, v1) is nilpotent. The claim follows from this and the fact that

Kjtriv
p
≃KhF×p

jtriv
p,0
,

which is a retract of Kjtriv
p,0

(here we have used that p− 1 = ∣F ×p ∣ acts invertibly on jp,0, τ≥0(jtCp

p,0 ), and
Kjtriv

p,0
, as they are p-complete).

§4. K(1)-local TC and K-theory

In this section, we discuss some implications of Theorems 0.1.4 and 0.3.2 on the behavior of
topological cyclic homology and algebraic K-theory after K(1)-localization. As described in §0.4,
these implications comprise a height 1 analogue of the height 0 results of Antieau–Mathew–Morrow–
Nikolaus [2]; the general results and arguments in §§4.1–4.2 are straightforward adaptations of
theirs. In §4.3, we spell out some specific examples of these results, obtaining new calculations in
K(1)-local TC and K-theory.

§4.1. TC of cyclotomic spectra. We first formulate a result for the topological cyclic homology
of general bounded below cyclotomic spectra.

Notation 4.1.1. Recall from Proposition 1.3.2 that there is a unique map of cyclotomic E∞-rings
α ∶ jtriv

p → THH(Z)∧p .
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Lemma 4.1.2. For X a bounded below S1-equivariant spectrum, ((X ⊗ fib(α))tS1)∧p ≃ 0.

Proof. Combine Theorems 0.1.4 and 0.3.2 and Remark 3.1.6.

Theorem 4.1.3. For X a bounded below cylclotomic spectrum, there is a natural map of spectra
TC(X ⊗THH(Z)∧p)∧p → ((X ⊗ jtriv

p )tS1)∧p making the square

(4.1.4)

TC(X ⊗ jtriv
p )∧p TC(X ⊗THH(Z)∧p)∧p

((X ⊗ jtriv
p )hS1)∧p ((X ⊗ jtriv

p )tS1)∧p

commute, the upper horizontal map being induced by α and the left vertical and lower horizontal
maps being the canonical ones. Moreover, upon K(1)-localization, this square becomes cartesian and
the map TC(X)∧p → TC(X ⊗ jtriv

p )∧p induced by the unit map S → jtriv
p becomes an equivalence.

Proof. The map and commutative square are obtained immediately from the commutative diagram

(4.1.5)

TC(X ⊗ jtriv
p )∧p TC(X ⊗THH(Z)∧p)∧p

((X ⊗ jtriv
p )hS1)∧p ((X ⊗THH(Z)∧p)hS1)∧p

((X ⊗ jtriv
p )tS1)∧p ((X ⊗THH(Z)∧p)tS1)∧p

α

α

can can

α

and the fact that the lowest horizontal map is an equivalence (Lemma 4.1.2).
The cartesianness claim follows from two observations about the diagram (4.1.5):

– The upper square is cartesian. This follows from considering the variant of (4.1.5) in which
the can maps are replaced by can − ϕ; there the columns are fiber sequences, and the lowest
horizontal map remains an equivalence.

– The map can ∶ (X ⊗ THH(Z)∧p)hS1 → (X ⊗ THH(Z)∧p)tS1
is a K(1)-local equivalence. Indeed,

the fiber identifies with a shift of (X ⊗THH(Z)∧p)hS1 , which is a colimit of Z-modules, hence
vanishes K(1)-locally.
That the map TC(X)∧p → TC(X ⊗ jtriv

p )∧p is a K(1)-local equivalence follows from the canonical
map TC(X)∧p ⊗ jp → TC(X ⊗ jtriv

p )∧p being a p-complete equivalence [2, Remark 2.4] and the unit
map S → jp being a K(1)-local equivalence.

Corollary 4.1.6. For X a bounded below cyclotomic spectrum, there is a natural fiber sequence of
spectra

LK(1)(XhS1)[1] → LK(1)TC(X) → LK(1)TC(X ⊗THH(Z)∧p)
in which the second map is induced by the unit of THH(Z)∧p .

§4.2. TC and K-theory of ring spectra. We now apply Theorem 4.1.3 to the study of K(1)-
localized TC and K-theory of ring spectra. We begin with the following result for jp-algebras,
parallel to the result [2, Theorem 2.12] for Z-algebras.

Theorem 4.2.1. For R a connective E1-jp-algebra, there is a natural commutative square of spectra

TC(R)∧p TC(R⊗S Z)∧p

TC−(R/jp)∧p TP(R/jp)∧p
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in which all maps but the right vertical one are the canonical ones. Moreover, this square becomes
cartesian upon K(1)-localization.

Proof. This follows from combining Theorem 4.1.3 (applied to X = THH(R)) with the commutative
diagram

((THH(R) ⊗ jtriv
p )hS1)∧p ((THH(R) ⊗ jtriv

p )tS1)∧p

TC−(R/jp)∧p TP(R/jp)∧p

can

can

induced by the canonical S1-equivariant map THH(R) ⊗ jtriv
p → THH(R/jp) and noting that this

square becomes cartesian after K(1)-localization. The last claim follows from considering the map
induced on horizontal fibers, as the aforementioned S1-equivariant map is a K(1)-local equivalence,
and hence so too is the map obtained from this by applying (−)hS1 .

Next, we prove our result for general connective E1-rings, Theorem 0.4.2. The proof will rely on
the following prior result on the K(1)-local K-theory of Z-algebras.

Theorem 4.2.2. [Bhatt–Clausen–Mathew 7; Land–Meier–Mathew–Tamme 39] For A a connective
E1-Z-algebra, the canonical maps

LK(1)K(A) → LK(1)K(π0(A)) → LK(1)K(π0(A)[1/p])

are equivalences.

Proof. See [7, Theorem 1.1] and [39, Corollary 4.23].

Remark 4.2.3. In fact, [39, Corollary 4.23] is more general than Theorem 4.2.2: it is shown there
that the statement holds for A any connective, K(1)-acyclic E1-ring. As alluded to in §0.4, this
more general statement can alternatively be deduced from Theorem 0.4.2 (under our assumption
that p is odd), but we are certainly using the statement for E1-Z-algebras as an input to our proof
of the latter.

Lemma 4.2.4. For X an S1-equivariant spectrum, there is a natural fiber square of spectra

LK(1)((X ⊗ jtriv
p )hS1) LK(1)((X ⊗ jtriv

p )tS1)

(LK(1)X)hS1 ((LK(1)X)tS1)∧p

in which the horizontal maps are the canonical ones.

Proof. The square is induced by the localization map X ⊗ jtriv
p → LK(1)(X ⊗ jtriv

p ) ≃ LK(1)X, and
it is cartesian because the map on horizontal fibers is an equivalence.

Proof of Theorem 0.4.2. The claim follows from considering the commutative diagram

LK(1)K(R) LK(1)K(R⊗S Z) LK(1)K(π0(R)) LK(1)K(π0(R)[1/p])

LK(1)TC(R) LK(1)TC(R⊗S Z) LK(1)TC(π0(R))

LK(1)((THH(R) ⊗ jtriv
p )

hS1
) LK(1)((THH(R) ⊗ jtriv

p )
tS1
)

TC−(LK(1)R)∧p TP(LK(1)R)∧p

which can be described as follows:
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– In the first two rows, the horizontal maps are induced by the canonical maps of E1-rings (noting
that π0(R⊗SZ) ≃ π0(R)) and the vertical maps are given by the cyclotomic trace. By the Dundas–
Goodwillie–McCarthy theorem [24], the two squares formed by these rows are cartesian. By
Theorem 4.2.2, the second and third maps in the first row are equivalences, and by cartesianness
it follows that the second map in the second row is also an equivalence.

– The square formed by the second and third rows is the fiber square of Theorem 4.1.3 (applied to
X = THH(R)).

– The square formed by the third and fourth rows is the fiber square of Lemma 4.2.4 (applied to
X = THH(R)), noting that we have a natural equivalence

LK(1)THH(R) ≃ THH(LK(1)R)∧p .

§4.3. Examples. The general results above give us tools for accessing the K(1)-local TC and
K-theory of a ring spectrum R even when R is not K(1)-acyclic. Here we demonstrate this with a
few specific calculations, which together prove in particular Theorem 0.4.3.

Remark 4.3.1. Note that for any connective E1-ring R such that π0(R) is commutative and
p-complete, the K(1)-localized cyclotomic trace map LK(1)K(R) → LK(1)TC(R) is an equivalence.
Indeed, the Dundas–Goodwillie–McCarthy theorem reduces the claim to the case where R is discrete,
in which case it follows from the rigidity theorem of Clausen–Mathew–Morrow [22]; cf. [7, Proof of
Theorem 2.17]. This applies in particular for R ∈ {Sp, jp,kup,Zp}, examples to be further discussed
below.

Example 4.3.2. Applying Theorem 0.4.2 in the case R = S, we obtain a fiber sequence

Jp[BS1]∧p[1] → LK(1)TC(S) → LK(1)TC(Z);
for the fiber term here, we have used the canonical equivalence

THH(LK(1)S)∧p = THH(Jp)∧p ≃ Jtriv
p ,

coming from the fact that Jp is an idempotent algebra in Spt∧p .
This fiber sequence was in fact present implicitly in the discussion of §2; let us make it completely

explicit. Comparing its construction with the proof of Theorem 2.1.21, we see that it fits into a
commutative diagram

Jp[BS1]∧p Jp[BS1]∧p cofib(id − ν ∶ Jp[BS1]∧p → Jp[BS1]∧p)

0 fib(id − [p]∗ ∶ JBS1

p → JBS1

p ) fib(id − [p]∗ ∶ JBS1

p → JBS1

p )

Jp[BS1]∧p[1] LK(1)TC(S) LK(1)TC(Z),

id−ν

Nm Nm

id

in which each row and column is a fiber sequence. The results of §2 (namely Theorems 2.1.21
and 2.3.16 and Corollary 2.3.18) identify this commutative diagram with the following one:

Jp ⊕ (⊕n∈Z≥0 KUp)
∧
p

Jp ⊕ (⊕n∈Z≥0 KUp)
∧
p

Jp ⊕KUp/Jp

0 Jp ⊕ Jp[−1] Jp ⊕ Jp[−1]

Jp[1] ⊕ (⊕n∈Z≥0 KUp[1])
∧
p

Jp ⊕ Jp[1] ⊕ (⊕n∈Z≥0 KUp[1])
∧
p
⊕Y′ Jp ⊕ Jp[1] ⊕X′.

( 0 0
θ id−σ ) ( id 0

θ (π)n∈Z≥0
)

( 0 0
0 (τ)n∈Z≥0

) ( 0 0
0 τ ′ )

id

⎛
⎝

0 0
0 0
0 id
0 0

⎞
⎠

⎛
⎜
⎝

id 0 0 0
0 id 0 0
0 0 0 0
0 0 0 π′

⎞
⎟
⎠
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Here σ ∶ ⊕n∈Z≥0 KUp → ⊕n∈Z≥0 KUp is the shift operator, as in the proof of Theorem 2.1.21; τ ∶
KUp → Jp[−1] is as in Notation 2.1.19 and Y′ = cofib(τ) as in Corollary 2.3.18; τ ′ ∶ KUp/Jp → Jp[−1]
and X′ = cofib(τ ′) are as in the proof of Theorem 2.1.21; and π ∶ KUp → KUp/Jp is the tautological
map and π′ ∶ Y′ → X′ the map induced by π.

From the above we may identify the boundary map LK(1)TC(Z) → Jp[BS1]∧p[2] of our fiber
sequence: it is given by the composition

LK(1)TC(Z) → X′ → KUp/Jp[1] → Jp[2] → Jp[BS1]∧p[2],

the first map being the projection, the second and third being the tautological boundary maps, and
the fourth induced by the basepoint of BS1.

Example 4.3.3. The unit map S → jp induces equivalences upon applying π0(−)∧p and LK(1)(−),
so it follows from Theorem 0.4.2 that it also induces an equivalence upon applying LK(1)TC(−).

Example 4.3.4. Following Levy [41], we write jp,ζ ∶= kuhΓ
p . As a spectrum, this is equivalent

to τ≥−1(Jp). In particular, it is (−1)-connective, from which it follows that THH(jp,ζ) is (−1)-
connective (e.g. by considering the skeletal filtration on the cyclic bar construction). We may thus
apply Corollary 4.1.6, and we obtain a fiber sequence

Jp[BS1]∧p[1] → LK(1)TC(jp,ζ) → LK(1)TC(jp,ζ ⊗S Z).

We claim that the following maps induce equivalences on K(1)-local TC:

jp,ζ ⊗S Z ≃ (kup ⊗S Z)hΓ → ZhΓ
p , Zp → ZhΓ

p ;

here the first map is induced by the truncation map kup ⊗S Z → Zp, and Γ acts trivially on Zp,
which gives the second map. Note that this claim implies that the connective cover map jp → jp,ζ
induces an equivalence on K(1)-local TC, by comparison of the associated fiber sequences. Moreover,
we deduce from [41, Theorem A] that the maps

LK(1)K(jp) → LK(1)K(jp,ζ) → LK(1)K(Jp)

are equivalences.
Let us justify the claim:

(1) For the map (kup ⊗S Z)hΓ → ZhΓ
p , we apply [41, Theorem B], noting that LK(1)TC(−) is

truncating on connective E1-Z-algebras [7, 39, 48].
(2) For the map Zp → ZhΓ

p , the pullback square

TC(ZhΓ
p ) TC(Zp)

TC(Zp) TC(Zp[x])

of Land–Tamme [40, Theorem 4.1] reduces us to checking that the map of rings Zp → Zp[x]
induces an equivalence on K(1)-local TC. This follows from purity equivalence LK(1)TC(R) ≃
LK(1)K(R[1/p]) for these rings R [7, 39].

Example 4.3.5. The unit map S → kup induces a commutative diagram

Jp[BS1]∧p[1] LK(1)TC(S) LK(1)TC(Z)

KUp[BS1]∧p[1] LK(1)TC(kup) LK(1)TC(Zp),

∼

the rows being the fiber sequences supplied by Theorem 0.4.2. The upper row is as in Example 4.3.2,
and the fiber term in the lower row comes from the equivalence

THH(LK(1)kup)∧p ≃ THH(KUp)∧p ≃ KUtriv
p ,
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which holds because KUp is a 0-cotruncated object in CAlg∧p , i.e. MapCAlg(KUp,A) is discrete for
any p-complete E∞-ring A (see [44, Theorem 5.0.2]).

The description of the boundary map for the upper row in Example 4.3.2 shows that the
boundary map of the lower row is canonically null, i.e. the lower row canonically splits, giving an
equivalence

LK(1)TC(kup) ≃ LK(1)TC(Z) ⊕KUp[BS1]∧p[1].

Remark 4.3.6. Let R be a complex orientable, connective E1-ring such that π0(R)∧p ≃ Zp (e.g.
R =MU). By the same logic as in Example 4.3.5, combined with Corollary 2.3.19, the fiber sequence

(THH(LK(1)R)hS1)∧p[1] → LK(1)TC(R) → LK(1)TC(π0(R))

of Theorem 0.4.2 admits a splitting.

Example 4.3.7. Consider the K(1)-localized localization fiber sequence

LK(1)K(Zp) → LK(1)K(kup) → LK(1)K(KUp)

of Blumberg–Mandell [14]. Here the first map is the (K(1)-localized) transfer map in K-theory,
induced by restriction along kup → Zp. We claim that this first map is canonically null, giving an
equivalence

LK(1)K(KUp) ≃ LK(1)K(kup) ⊕ LK(1)K(Zp)[1].
Indeed, from Example 4.3.5 we know that the map LK(1)K(kup) → LK(1)K(Zp) canonically splits,
so it suffices to see that the composition

LK(1)K(kup) → LK(1)K(Zp) → LK(1)K(kup)

is canonically null. This is true even before K(1)-localization: it is given by multiplication by the
class [Zp] ∈ K(kup), which identifies with zero by virtue of the cofiber sequence of kup-modules

kup[2]
βÐ→ kup → Zp.

§5. Noncommutative crystalline–de Rham comparison

In this section, we will prove Theorem 0.5.1, most of which, we note again, was proved earlier
and in a different manner by Petrov–Vologodsky [53]. We begin in §5.1 with some further general
discussion of nilpotence, continuing from §3.1. The proof of the theorem is then given in §5.2.

§5.1. Nilpotence continued.

Definition 5.1.1. Let R be an S1-equivariant E∞-ring. Let IR ⊆ModR(SptBS1
) denote the full

subcategory spanned by those S1-equivariant R-modules X such that X/(p, v1) is nilpotent. We
define

(ModtS1

R )∧(p,v1) ∶=ModR(SptBS1
)/IR

to be the Verdier quotient; since IR is a thick tensor ideal, this and the associated quotient functor
carry canonical symmetric monoidal structures.

Lemma 5.1.2. Let R be an S1-equivariant E∞-ring. Then the lax symmetric monoidal functor

((−)tS1
)∧(p,v1) ∶ModR(SptBS1

) → Spt

factors uniquely through the symmetric monoidal quotient functor ModR(SptBS1
) → (ModtS1

R )∧(p,v1).

Proof. This follows from the definition of (ModtS1

R )∧(p,v1) and Remark 3.1.6.

Construction 5.1.3. Let R → R′ be a map of S1-equivariant E∞-rings. By Remark 3.1.3, the
base change functor ModR(SptBS1

) →ModR′(SptBS1
) carries IR into IR′ and the forgetful functor
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ModR′(SptBS1
) →ModR(SptBS1

) carries IR′ into IR. It follows that there is an induced adjunction

(5.1.4) (ModtS1

R )∧(p,v1) ⇄ (ModtS1

R′ )∧(p,v1).

Lemma 5.1.5. Let γ ∶ R → R′ be a map of S1-equivariant E∞-rings. Suppose that fib(γ) ∈ IR. Then
the adjunction (5.1.4) is an equivalence.

Proof. For X an S1-equivariant R-module, the fiber of the unit map X → R′ ⊗R X is equivalent
to fib(γ) ⊗R X, which by our hypothesis lies in IR. This implies that the unit transformation of
(5.1.4) is an equivalence.

We now address the counit transformation. For X ′ an S1-equivariant R′-module, the counit map
R′ ⊗RX ′ →X ′ may be rewritten as (R′ ⊗RR′)⊗R′ X ′ → R′ ⊗R′ X ′. Thus, similarly to the previous
paragraph, it suffices to check that the fiber of the map R′ ⊗R R′ → R′ lies in IR′ , in other words
that the counit transformation of (5.1.4) is an equivalence on the image of R′ in (ModtS1

R′ )∧(p,v1).
But this object is in the image of the left adjoint functor, so the claim follows from the previous
paragraph.

§5.2. The proof. Recall from Proposition 1.3.2 and Remark 1.3.3 that there are unique maps of
cyclotomic E∞-rings α ∶ jtriv

p → THH(Z)∧p and α ∶ Ztriv
p → THH(Fp).

Proposition 5.2.1. Consider the diagram of S1-equivariant E∞-jp-algebras

jtriv
p THH(Z)∧p

Ztriv
p THH(Fp),

α

α

where the left hand vertical map and diagonal map are the truncation maps and the right hand
vertical map is induced by the reduction map Z→ Fp. After applying the quotient functor

Modjtriv
p
(SptBS1

) → (ModtS1

jtriv
p
)∧(p,v1),

the maps α and α become equivalences and this diagram commutes.

Proof. That α is inverted by the quotient functor follows from Theorems 0.1.4 and 0.3.2; and for α
it follows from the analogous result that fib(α)/p is nilpotent (see [2, Construction 2.6 and Lemma
2.7]). The upper triangle evidently commutes in CAlgBS1

, and, as discussed in Remark 1.3.3, so
too does the outer square. It follows immediately then that the image of the lower triangle under
the quotient functor also commutes.

Corollary 5.2.2. For M an S1-equivariant THH(Z)∧p-module, there is a natural equivalence

((M ⊗THH(Z)∧p Ztriv
p )tS1

)∧p ≃ ((M ⊗THH(Z)∧p THH(Fp))tS1
)∧p ,

which is lax symmetric monoidal and which in the case M = THH(Z)∧p recovers the equivalence
ZtS1

p ≃ TP(Fp) induced by the map α.

Proof. Combining Lemma 5.1.5 and Proposition 5.2.1, we see that α defines an equivalence
between the images of Ztriv

p and THH(Fp) in CAlg((ModtS1

THH(Z)∧p)
∧
(p,v1)). The claim then follows

from Lemma 5.1.2 and Remark 3.1.6.

Proof of Theorem 0.5.1. We apply Corollary 5.2.2 to M = THH(C)∧p .
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