THH(Z) AND THE IMAGE OF J

SANATH K. DEVALAPURKAR AND ARPON RAKSIT

ABSTRACT. Let p be an odd prime number and j, the p-complete connective image of
J spectrum. We establish an equivalence of cyclotomic Eeo-rings THH(Z);, ~ s,h(j;,riV

and an equivalence of Eco-rings TP(Z)j =~ j;sl. We also record a few applications of
this: a new perspective, with some new information, on the description of TC(Z);
as a spectrum; height 1 analogues of the fiber squares of Antieau—Mathew—Morrow—
Nikolaus, resulting in new calculations in K(1)-localized algebraic K-theory; and a
proof of a slight refinement of the noncommutative crystalline-de Rham comparison

result of Petrov—Vologodsky.
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§0. INTRODUCTION

§0.1. Background and main result. Let p be a prime number. Many of the recent developments
concerning topological Hochschild homology and algebraic K-theory rest on a calculation due to
Bokstedt [15] for the finite field F,, which establishes an isomorphism of graded rings

T (THH([FP)) = IFP[U‘L

where u has degree 2. In the same work, Bokstedt also established isomorphisms

V4 if x=0
7. (THH(Z)) ~{Z/n if*=2n-1(neZs)
0 otherwise;

this second calculation has been revisited by Franjou—Pirashvili [26], Lindenstrauss—Madsen [412],
Krause-Nikolaus [37], Liu-Wang [13], and Bhatt-Lurie [8].

In [52], Nikolaus—Scholze refined Bokstedt’s calculation of 7, (THH(F,)) to a description of
THH(F,) as a cyclotomic Eo-ring. To state this result, let us recall from their work two constructions,
other than topological Hochschild homology, that produce cyclotomic spectra (the details of which
will be reviewed in the main text below):

(1) A spectrum X determines a “trivial” cyclotomic spectrum X'V, with underlying spectrum X.

(2) A connective cyclotomic spectrum Y can be “shifted” to obtain another cyclotomic spectrum
sh(Y"), with underlying spectrum 7s0(Y*“r). Moreover, there is a canonical map of cyclotomic
spectra Y — sh(Y").

Both of these constructions are compatible with E.-ring structures, so for A a connective Eqo-
ring, A" and sh(A") are naturally cyclotomic E-rings, and there is a natural map of such
A"V — sh(A™V). The Nikolaus-Scholze description of THH(F,) can now be stated as follows:



Theorem 0.1.1. [Nikolaus—Scholze 52] There is a canonical equivalence of cyclotomic Ee-rings
THH(F,) = sh(Z}™).

In addition, the canonical map Z;fi" - sh(ZgiV) becomes an equivalence upon applying (—)tCP and
hence upon applying (=) . In particular, there is a canonical equivalence of Es-rings

TP(F,) = 75"

One can see in Theorem 0.1.1 a rather precise instance of the “redshift” and “blueshift”
phenomena of chromatic homotopy theory, as well as their interaction: [, has chromatic height -1,
while Z,, has chromatic height 0. The central result of this paper is a description of THH(Z), for p
odd, analogous to Theorem 0.1.1, but taking place at one chromatic height higher.

Notation 0.1.2. Assume that p is odd. We define E-rings
Jp = LK(l)S, jp = TZQ(JP).

Here Lk(1)S denotes the K(1)-local sphere spectrum at the prime p, which we recall may be
described as follows. Let KU, denote the p-completed complex K-theory spectrum. Recall that
KU, admits a unique E.-ring structure and that, as an E.-ring, it admits a canonical action of
the group of p-adic units Z;. Let I' ¢ Z be the subgroup generated by the (p - 1)-st roots of unity
and the element 1+ p, so I'~F} x Z. Then we have an equivalence of Ee-rings

Jp = KU

Remark 0.1.3. The spectra J, and j, are traditional objects of algebraic topology, arising originally
from work of Milnor [51], Adams [1], and Mahowald [46] on the image of the J-homomorphism.
The precise relationship is as follows. Letting U := colim,y U(n) be the infinite unitary group and
S the sphere spectrum, the classical J-homomorphism construction of Whitehead [64] provides a
map of graded abelian groups J, : m,(U) - 7.(S). The unit map S — j, induces an isomorphism
im(J.); = 7« (jp) in degrees * > 1, so that j, is an Eco-ring whose positive degree homotopy groups
encode the p-primary image of the J-homomorphism in the stable homotopy groups of spheres.

Theorem 0.1.4. Assume that p is odd. Then there is a canonical equivalence of cyclotomic E o -1ings
THH(Z))) ~ sh(i™).

In addition, the canom’cal1 map jgiv - sh(jgiv) becomes an equivalence upon applying (=)*°» and
hence upon applying (=) . In particular, there is a canonical equivalence of Ee-rings

TP(Z)) =¥

The proof of Theorem 0.1.4 is the subject of §1. The main ingredients are a calculation of the
homotopy groups of j;,Cp and a few important, known facts about THH(Z), namely the calculation
of the homotopy groups of THH(Z)'“» and forms of the Segal conjecture for THH(Z), and
Lichtenbaum—Quillen conjecture for TC(Z),. These facts about THH(Z) are all originally due to
Bokstedt—-Madsen [17, 18]; they have also since been understood anew from other perspectives.

Remark 0.1.5. In future work, the first author will use Theorem 0.1.4 to provide a similar
calculation of the relative topological Hochschild homology THH(Z,[(,]/S[q - 1]); as sh(ku;riv),
following an argument suggested by Lurie. That an equivalence of this form holds at the level of
Sl-equivariant E;-rings was first communicated to us by Nikolaus, and though this does not play
a logical role in this paper, it was part of the basis on which we found Theorem 0.1.4. We note
that these ideas are also central to the recent work of Meyer—Wagner [50] on ¢—de Rham/Hodge
cohomology.

§0.2. Application: revisiting TC(Z). As was just indicated, the cyclotomic structure of
THH(Z), was studied thoroughly in the work of Békstedt-Madsen [17, 18]. Moreover, the K(1)-



local sphere spectrum plays a key role in their analysis. Theorem 0.1.4 gives a more structured
articulation to some of their ideas.

Bokstedt—Madsen’s study culminates in the following calculation of the spectrum TC(Z)Q.1

h X
Notation 0.2.1. For p odd, we let £, := TZ()(KUP[FP ) be the connective, p-complete Adams summand
(here F; is acting as the group of (p - 1)-st roots of unity in Z;; see Notation 0.1.2).

Theorem 0.2.2. [Bokstedt—-Madsen 17, 18] Assume that p is odd. Then there exists an equivalence
of spectra

TC(Z)Q ~jp ®jp[1] @ D b2k = 1].
0<k<p,k¢{1,p-1}

This calculation is relevant to studying the algebraic K-theory of S via the Dundas—Goodwillie-
McCarthy theorem, as done in work of Klein-Rognes [36], Madsen—Schlichtkrull [15, Corollary 1.2],
Rognes [58, (0], and Blumberg-Mandell [13]. More precisely, that involves the map TC(S);, —
TC(Z);\ induced by the unit map S - Z, and so it is of interest how the description of Theorem 0.2.2
interacts with the following description of TC(S)j.

Theorem 0.2.3. [Bokstedt—Hsiang—Madsen 16] Assume that p is odd. Then there is a canonical
equivalence of spectra

TC(S), =S, @S,[1]eY,,
where Y denotes the fiber of the reduced S*-transfer map tr: L°*1BS! » S .2

Understanding the compatibility between the above two results is intertwined with understanding

inclusions of the summands j, and j,[1], and indeed they are induced by the maps from the
summands S, and S,[1] of TC(S);, but the proof does not make canonical the inclusion and
identification of the remainder. A posteriori, though, one can calculate that the retractions of these
maps in from j, and j,[1] are unique up to homotopy, giving a canonical decomposition of TC(Z);,
into these two summands and a third that is noncanonically equivalent to @o<x<p r¢{1,p-1} 0p[2k-1];
these calculations appear in the work of Blumberg—Mandell [13]. Subsequent work of Blumberg—
Mandell [12] gives a canonical description of the third summand (see Remark 0.2.7 for more on this
matter).

With these canonical decompositions in mind, we may ponder the diagonalizability of the map
TC(S), —» TC(Z);,. The remaining question is the behavior of the map on the summand Y of the
source. As of [13], this question has not been completely settled: the compatibility of the projection
maps TC(Z); - jp, and TC(S), = S, was left open there.

In §2, we explain a new method for describing the spectrum TC(Z);,, using Theorem 0.1.4 as a
starting point. It proves the following refinement of Theorem 0.2.2, resolving the above open end
from [13]. Moreover, what we learn along the way helps us make new calculations of the K(1)-local
K-theory of certain ring spectra, discussed in §0.4.

Theorem 0.2.4. Assume that p is odd. Then:

(1) There is a canonical equivalence of spectra
TC(Z), ~jp ®jp[1] @ X,

where X is a spectrum that is noncanonically equivalent to @o<k<p ke{1,p-1} €p[2k —1].

ITechnically, it is only the connective cover of the spectrum that they address, and TC(Z)j is (~1)-connective
but not connective. We are assured however that this was a matter of culture/exposition at the time of their writing.
A written account of the relevant analysis in degree —1 may be found in work of Rognes [58, Proof of Proposition 3.3].

2The canonicity of this equivalence seems to not be fully justified in [16], but see the review by Rognes [60, §1.12],
as well as the treatment of Nikolaus—Scholze [52, §IV.3]. It will be recalled from the latter point of view in the proof
of Theorem 2.1.21 here.



(2) With respect to the equivalences in (1) and Theorem (0.2.3, the map TC(S);, - TC(Z),
induced by the unit map S — Z is canonically equivalent to the direct sum of the unit map
Sp = jp, the suspension thereof Sp[1] - jp[1], and a certain map Y, - X.

Remark 0.2.5. As indicated in the preceding discussion, statement (1) of Theorem 0.2.4 is not
new to this paper. However, our proof is new, and furthermore establishes (2).

Remark 0.2.6. Theorem (.1.4 describes THH(Z);, as a cyclotomic E-ring, so it is possible that
it could be used to study the E-ring structure of TC(Z);. We do not attempt to do so in this

paper.

Remark 0.2.7. As mentioned above in [12], Blumberg-Mandell give a canonical description of
the spectrum called X in Theorem 0.2.4; their description has a Galois-theoretic nature (building
on work of Soulé [61], Thomason [62], and Dwyer—Mitchell [25]). The proof of Theorem 0.2.4 here
gives a different, homotopy-theoretic characterization of X. There is presumably something to be
learned by comparing the two perspectives.

Remark 0.2.8. Rognes [57, 59] has analyzed the structure of the spectrum TC(Z)5: it is similar
to but more complicated than that of TC(Z); for p odd. While a certain analogue of the spectrum
jp does feature in that result, it seems to us that there is not an analogue of j, that is related to
THH(Z)} precisely as in Theorem 0.1.4. See Remark 0.5.3 for a concrete warning to this effect,
and see Remark 0.6.1 for a more posmve perspective.

§0.3. A technical but useful refinement of the main result. Let us return to the following
assertion contained in Theorem 0.1.1: there is a map of cyclotomic E-rings

70 - sh(zZy™) ~ THH(F,)

satisfying the property that it becomes an equivalence upon applying (—)tsl /p. In [2], Antieau—
Mathew—Morrow—Nikolaus observed that the same property holds for the induced map Z;ri" ®X -
THH(F,) ® X, where X is any Sl-equivariant spectrum; more precisely, they showed that the fiber
of the canonical map Z;ﬂv - sh(Z;fi") is “nilpotent” as an S'-equivariant spectrum. They then
applied this observation to prove certain results concerning rationalized p-adic topological cyclic
homology and algebraic K-theory (we will come to this application in §0.4).

Now, Theorem 0.1.4 contains the parallel assertion that, for p odd, there is a map of cyclotomic
Eoo-rings

J;)I“IV N Sh(JtrW) THH(Z);/D\
that becomes an equivalence upon applying (—)tS /p. In the applications to be discussed in §§0.4-0.5
we will use the following refinement of this assertion, analogous to the observation of Antieau—
Mathew—Morrow—Nikolaus stated above. This refinement is proved in §3 (where we also review the
notion of nilpotence appearing here), by direct calculations with j,, independent of the theory of

topological Hochschild homology.

Notation 0.3.1. Recall that, for p odd, there is a canonical element vy € m2,-2(S/p). We will only
really be using the image of 1thls element in mo,_2(jp/p). It is uniquely characterized by its image in
map—2(KU,/p), which is B", where B e w2 (KU, /p) is the residue of the Bott class 8 € m3(KU,).

striv

Theorem 0.3.2. Assume that p is odd. Let Ktrlv denote the fiber of the canonical map j,
sh(Jt“V) Then the S'-equivariant spectrum Kmv/(p7 v1) s nilpotent. In particular, for any S1
equivariant spectrum X, the canonical map Jtr“’ ® X — sh(j t“V) ® X becomes an equivalence upon

applying (=)' [(p,v1).

§0.4. Application: K(1)-local TC and K-theory. As alluded to at the beginning of §0.3, the
fact that there is a map of cyclotomic E.-rings Z““’ — THH(F,) that becomes an equivalence
upon applying (X ® — )tS /p for any S'-equivariant spectrum X is an ingredient in the proof of the



following result (inspired by earlier work of Bloch-Esnault—Kerz [11] and Beilinson [4]):

Theorem 0.4.1. [Antieau-Mathew—Morrow—Nikolaus 2] For R a ring, there is a natural fiber
square of spectra

Q® TC(R)), —— Q& TC(R/pR))

l l

Q®HC™(R); Q® HP(R),

in which the upper horizontal map is induced by the reduction map R — R/pR and the lower
horizontal and left vertical maps are the canonical ones. In particular, there is a natural equivalence
between the fiber of the upper horizontal map with

Q® HC(R);,\[I].
If R is commutative and henselian along (p), then the induced square
Qe K(R), Q® K(R/pR),

l l

Q®HC(R)) Q®HP(R))

1s also cartesian; in particular, the fiber of the upper horizontal map here has the same description
as above.

In §4, we apply arguments from [2] together with our Theorems 0.1.4 and 0.3.2 to prove the
following variant of Theorem 0.4.1, for K(1)-localized topological cyclic homology and algebraic
K-theory of connective ring spectra.

Theorem 0.4.2. Assume that p is odd. Then for R a connective Eq-ring, there are natural fiber
squares of spectra

LK(l)TC(R) - > LK(I)TC(WO(R))

| l

TC™ (Lx)R), TP(Lx)R),

and

Lx1)K(R) LiyK(mo(R)[1/p])

| l

TC™ (L) R); TP(LkyR);

in which the upper horizontal maps are induced by the truncation map R — mo(R) and the localization
map wo(R) = mo(R)[1/p] and the lower horizontal maps are the canonical one. In particular, there
are natural equivalences between the fibers of these upper horizontal maps with

(THH(Lk (1) R)nst)p[1]-

Note in Theorem 0.4.2 that the lower rows of the fiber squares (and hence the horizontal fibers)
depend only on the K(1)-localization of R. In particular, Theorem 0.4.2 implies that, for p odd,
K(1)-local K-theory is a truncating invariant on K(1)-acyclic, connective E;-rings; this fact was
already proved by Land-Mathew—Meier—Tamme in [39] (where it is proved also for p = 2). We
note however that our proof of Theorem 0.4.2 uses as input the fact that K(1)-local K-theory is a
truncating invariant on connective E;-Z-algebras; for this, we may appeal to [39] or to the work of
Bhatt-Clausen-Mathew [7].



In any case, what is more novel about Theorem 0.4.2 is that it precisely measures the discrepancy
of K(1)-local K-theory from being a truncating invariant on connective E;-rings in general. In §4.3,
we use the result to calculate the K(1)-local K-theory of several E;-rings that are not K(1)-acyclic,
summarized in the following statement.

Theorem 0.4.3. Assume that p is odd. Then:
(1) the canonical maps Li1)K(Sp) = Lk1)K(jp) = Lr1)K(Jp) are equivalences;

(2) there are canonical equivalences of spectra
Li1yK(ku,) = Ly K(Z,) @ KU,[BS'])[1],
L 1)K(KU,) = Lg1)K(ku,) @ Lk 1yK(Z,)[1].

Remark 0.4.4. We have explicit descriptions of all the spectra appearing in Theorem 0.4.3. First,
the K(1)-localized cyclotomic trace map Lk 1)K(Z,) - Lk 1)TC(Z,) is an equivalence, and the
Dundas-Goodwillie-McCarthy theorem then implies that the same is true when Z, is replaced by
Sp. Next, Theorem 0.2.4 gives an equivalence L1y TC(Z,) ~ J,®Jp[1]®X’, where X’ is a spectrum
noncanonically equivalent to KUp,[-1] (establishing this equivalence is in fact the penultimate
step in the proof of Theorem 0.2.4; see Theorem 2.1.21). Finally, our analysis in §2 also affords a
description of Li1yTC(S,) as a spectrum: there is a canonical equivalence

L) TC(Sy) = J, @ J,[1]e ( D KUp[l])g oY,

neZso

where Y’ is another spectrum noncanonically equivalent to KU,[-1]; see Corollary 2.3.18.

§0.5. Application: revisiting noncommutative crystalline-de Rham comparison. Finally,
in §5, we apply Theorems 0.1.4 and 0.3.2 to give a new proof of a result of Petrov—Vologodsky [53]
on the comparison between the classical periodic cyclic homology of a stable Z,-linear co-category
and the topological periodic cyclic homology of its mod p reduction, again for p odd. This result can
be regarded as a noncommutative analogue of the comparison between the de Rham cohomology of
a Zp-scheme and the crystalline/prismatic cohomology of its special fiber.

Theorem 0.5.1. [cf. Petrov—Vologodsky 53] Assume that p is odd. Then for C a dualizable stable
Zp-linear oo-category, there is a natural equivalence

TP(C®, F,)) = HP(€/Z,)),

which is lax symmetric monoidal and which recovers the equivalence TP(F,) ~ Z;Sl ~HP(Z,/2,)
of Theorem (.1.1 in the case € = Modz,.

Remark 0.5.2. Theorem 0.5.1 is a slight strengthening of the result of [53] due to its last clause,
establishing Z;)S -linearity (in particular Z,-linearity) of the equivalence here.

Remark 0.5.3. The conclusion of Theorem 0.5.1 is false when p = 2: as noted in [53, Remark
2.8], there is no ring homomorphism 7o (HP(F2/Z2)) — Z2 (because the divided powers of 2 do not
converge to 0 in Zs), while the multiplication map F; ®7, F2 - Fy induces a ring homomorphism
mo(TP(F2 ®27, F2)) = mo(TP(F2)) ~ Z5. Any analogue of Theorems 0.1.4 and 0.3.2 for p = 2 must
tend to this issue (again, see Remark 0.6.1 for indication of one such analogue).

§0.6. Future work: relation to prismatization. Let us end this introduction by indicating one
more perspective on Theorem 0.1.4, which will be addressed in detail in forthcoming joint work of
the authors with Jeremy Hahn and Allen Yuan.

The theory of “prismatization”, due to Drinfeld [23] and Bhatt-Lurie [6, 8], associates to Z, a
collection of stacks

)

Conj HT Nyg
z$e, 728z, 7

Syn
) P ) Zp )



each equipped with a line bundle denoted O{1}. On the one hand, these objects are a part of
arithmetic geometry and number theory, e.g. there is a relation between quasicoherent sheaves on
Zgy“ and crystalline representations of the absolute Galois group of Q,. At the same time, they
are closely connected to the cyclotomic Es-ring THH(Z)p, by virtue of the motivic filtrations
introduced by Bhatt-Morrow-Scholze [10]: for example, we have filtrations fil},,, THH(Z); and
TC(Z),, with associated graded objects given by

mot

17, THH(Z)) = RD(Z5™; 0{n})[2n],  grfh, TC(Z)) = RT(ZS™; 0{n})[2n],

where O{n} denotes O{1}®", for n € Z.

In fact, the latter connection is even stronger than just stated. In the aforementioned forthcoming
work with Hahn and Yuan, we give new constructions of the above stacks directly in terms of
the cyclotomic Eg.-ring THH(Z);,\, by elaborating on the “even filtration” construction of [27].
Combining this with Theorem 0.1.4 gives, for p odd, a procedure that begins with the E.-ring
jp, produces the cyclotomic Ee-ring THH(Z)/‘ and ends with the stack ZSV“ The even filtration
may also be applied directly to j,, and in fact this recovers a certain stack F; SY0 that has been
introduced by Lurie (in work yet to be published).

Remark 0.6.1. In contrast to our negative comments in Remarks 0.2.8 and 0.5.3 about the case
p = 2, Lurie has noted that there is a sensible definition of the stack [FSy " for p =2, and he has also
proved an analogue of Theorem 0.1.4 at the level of stacks, for all p. With Hahn and Yuan, we will

use this to formulate variants of other results of this paper as well, at the level of stacks/motivic
associated graded objects, for all p.
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§0.8. Conventions.

(1) For the remainder of the paper, p denotes an odd prime number.

(2) We let Spc denote the co-category of spaces, Spt the co-category of spectra, and CAlg the
oo-category of [E..-rings.

(3) We let Spt, and CAlg, denote the full subcategories of Spt and CAlg spanned by the
p-complete objects, and we let (-);, denote the p-completion functor. We write S,, for Sp.

(4) We let SptK(l) denote the full subcategory of Spt spanned by the K(1)-local spectra (at the
fixed prlme p), and we let Lk ;) denote the K(1)-localization functor. As in Notation 0.1.2,
we let Jp, := Lk (1)S and j, := 750(Jp), and we let KU, be the p-complete complex K-theory
spectrum. We will often use without comment the fact that K(1)-localization is “p-completely
smashing”, i.e. that for any spectrum X, we have a natural equivalence

(Jp ® X);\ = LK(l)Xv
or equivalently that for any J,-module Y, we have a natural equivalence Y s LY.
(5) Let R be an Es-ring. We let Modg denote the oo-category of R-modules in Spt. We let



R[-] : Spc = Modg denote the unique colimit preserving functor sending * — R, so that
R[X] ~ R® XX, and we let RC) : Spc®® — Mody denote the unique limit preserving
functor sending * — R. (Note that we also use the similar notation R[n] to denote the n-fold
suspension of R.) In addition, for X a space, we set R{X} := fib(R[X] - R), where the map
is induced by the projection map X — *; a choice of basepoint of X induces an equivalence
R{X}~R®XY*X and a splitting R[X]~ Re& R{X}.

In this paper, by S-equivariant spectrum we mean a functor BS! — Spt. By cyclotomic spectrum
we mean an S'-equivariant spectrum X together with an S'-equivariant map ¢: X — XtC»,
The latter is what is referred to as a p-typical cyclotomic spectrum in [3], and in general differs
slightly from the notion introduced by Nikolaus—Scholze [52, Definition II.1.1]. However, the
cyclotomic spectra of primary interest in this paper are p-complete and connective, so there is
practically no difference [52, Remark I11.1.3]. Notationally, we generally identify a cyclotomic
spectrum with its underlying S'-equivariant spectrum; and we refer to the map ¢ as the
Frobenius map. We let CycSpt denote the oo-category of cyclotomic spectra.

As in Notation 0.1.2, T ¢ Z7 will denote the subgroup generated by the (p - 1)-st roots of
unity and the element 1+ p. We furthermore let I'g € I' denote the subgroup generated just by
the element 1+ p (so that I'g = Z), and we make the standard identification T" ~ Fy xTo.

We will often use the simple observation that the functor of homotopy I'-fixed points
commutes with limits and colimits of p-complete spectra. Indeed, this is true for homotopy
I'o-fixed points (even without p-completion), because it is a finite (co)limit. It is also true for
homotopy F,-fixed points, because the assumption of p-completeness implies that the norm
map induces an equivalence between homotopy [F;-orbits and homotopy [ -fixed points, and
the former preserves colimits while the latter preserves limits.

For example, for X an S'-equivariant spectrum with T'-action, we have a natural equivalence
(XhT)S ~ (XS (and similarly for (=)' replaced by (-)'C#). This follows from the
above, since homotopy I'-fixed points commutes with homotopy S!-orbits and homotopy
S!-fixed points (and similarly for S replaced by C,).

§1. PROOF OF THE MAIN THEOREM

In this section, we will prove Theorem 0.1.4, describing THH(Z)Q in terms of j,. We begin with some

preliminary material in in §1.1 and §1.2: in the former, we review the constructions of cyclotomic

spectra that feature in the statement of Theorem 0.1.4, and in the latter, we calculate the homotopy
C) N,

groups of j, *. We then come to the proof in §1.3.

§1.1. Constructions of cyclotomic spectra. Here we recall the constructions (=) and sh(-)
in the setting of cyclotomic spectra, following Nikolaus—Scholze.

Construction 1.1.1. [52, Proposition IV.4.14] As CycSpt is a stable, presentable symmetric
monoidal co-category, there is a unique colimit preserving symmetric monoidal functor Spt — CycSpt;
we denote it by (=)™, Concretely, for a spectrum X, the cyclotomic spectrum X "'V can be described
as follows:

— the underlying S'-equivariant spectrum is X with the trivial S'-action;

— the Frobenius map ¢yuiv : X - X is the composition

X > XBCP ~ Xth Cd_n> Xth’

where the first map is induced by the projection to the point, BC, — %, and can denotes
the canonical map from homotopy fixed points to the Tate construction (each of these maps
carrying a canonical S'-equivariant structure).

Remark 1.1.2. The functor (=)™ : Spt - CycSpt defined above admits a right adjoint, namely



the functor TC : CycSpt — Spt, given by
TC(X) = Mape, ey (S, X) = fib(¢ — can : XBS" - (X*Cr)iShy;

here ¢ : xbst (XtCr )hSl is obtained by applying (- )][IS to the Frobenius map ¢x : X — XtCr
and can : X" & (XCr )hS is given by applying (- )hS to the canonical map can : XP¢r — X*tCr
and precomposing with the canonical equivalence X hst (X hCP)]“S

Construction 1.1.3. [52, Construction IV.4.15] Let X be a connective cyclotomic spectrum. Then
the cyclotomic spectrum sh(X) is defined as follows:
— the underlying S!-equivariant spectrum is 75 (X tCI’) with the residual S!-action;

— the Frobenius map ¢g(x) : 70(X"?) = (750 (X)) is the composition

(Ts0(¢x))*CP

TZO(Xth) N Xth (TZO(XtC,J))th’

where the first map the connective cover map and 75o(dx ) : X = 7o0(X) = 7o (XC?) is the
connective cover of the Frobenius map of X.
Furthermore, we define the map of cyclotomic spectra ¢% : X — sh(X) to consist of the S'-
equivariant map 7so(¢x ) : X — 750(X'C?) together with the evidently commutative diagram
X ¢X Xtcp
Tzo(¢>X)l l(‘rzowX))th
oo (X10) 2B (7 (X100 O,

Remark 1.1.4. Let CycSpt,y ¢ CycSpt denote the full subcategory spanned by connective cy-
clotomic spectra. Using that the Tate construction (-)!“» and connective cover 7so(-) define
lax symmetric monoidal endofunctors on the co-category of S'-equivariant spectra, we see that
Construction 1.1.3 defines a lax symmetric monoidal functor sh : CycSpt,, - CycSpt,, and a lax
symmetric monoidal transformation ¢° : id — sh.

§1.2. The homotopy groups of j:,c”

Notation 1.2.1. Let ku, := m0(KU,). We let 8 € ma(ku,) denote the Bott element, so that
Bott periodicity gives us a graded ring isomorphism m,(ku,) ~ Z,[]. We let ¢ € m_ Q(kuBS )
denote the standard complex orientation, and we set ¢ := St +1¢€ Wo(kuBS ) Recall that the map
ku Z]?S ~ kuhS - ku is a localization at the class t; we set u:=t"1 ¢ 7r2(ku )

Notation 1.2.2. Recall that £, ~ kup " s the connective, p-complete Adams summand. We choose
a complex orientation tg € w_ 2(€BS ) and set ug =ty € o (Ets ).

Notation 1.2.3. For any symbol z, we let Z,[x — 1] denote the (p,z — 1)-completion of the
polynomial ring Z[x].

Notation 1.2.4. We use the notation
¢" -1
[plq =

- L+q+-+¢" e Z[q]
and set Z,[Cp] = Z,[q]/([plq) = Zplq - 1]/([p]q), with {, denoting the residue of ¢ in the quotient,
a primitive p-th root of unity.

Proposition 1.2.5. We have the following identifications of graded rings:

m () 2 Z,[g-1][8,6)/(Bt - (g - 1)) m(ku'S) = Z,[q - 1][u*"]
me(u'C) = Z, [t ] m(60) 2 Z,[u'] m(ZC) 2 Fyut),



Moreover, the map
T (¢)ku;ri") FTy (kup) - Ty (kugc”)
sends B~ (- 1)u.

Proof. The identifications follow from Bott periodicity, the identification of the Quillen formal
group law associated to ku, (with its complex orientation t) with the law x +y + Szy, and standard
facts about complex oriented ring spectra. The claim about the map ¢ku§7riv tku, —» ku'“» follows
from its factorization as the composition

1
ku, - kuBS'  kubS o k' o kutr,

(each map being the canonical one) the relation 8t =¢ -1 in m (ku ), the definition v = ¢! in
7T2(kutS ), and the fact that the last map sends ¢ ~ (. O

Notation 1.2.6. We use the standard notation ¢ for the action of g € Z7

on ku, and on £,, and
we will use the formulas ¥9(q) = ¢9 € mg (kuhS ) and ¥9(B) = gf € ma(kuy).

P

Lemma 1.2.7. For each n € Z, the actions of )**P on ﬂgn(kugc”) and ﬂ'gn(E;,Cp) are both given by
multiplication by (1 +p)™.

Proof. The map é - ku P is equivariant with respect to ¢!*P and injective on homotopy
groups, so it suﬂices to show the statement for Wgn(kup ). Furthermore, by Proposition 1.2.5
and multiplicativity of ¥!*P, it suffices to show that z/;”p(Cp) = (p and 1/)1+p(u) = (1 +p)u. The
former follows from the fact that ¢¥!*?(q) = ¢**? in mg (kuhS ). For the latter, we use that the map
qbkumv ku, — ku ? is equivariant with respect to Y1*P. Let B € 7r2(kut ?) denote the image of
B e 7r2(kup) under this map. Since 1/'*?(3) = (1 + p)f3, we have that w“”(ﬁ’) (1+p)A’, and from

Proposition 1.2.5 we have the relation 8’ = ({, — 1)u. Combining what we have said so far, we find
(G = DY (u) = TP ((G = Du) =1 P(B") = (1L +p)B" = (1+p) (¢ - D,
which implies ¢! (u) = (1 + p)u. O

For the next statement we recall that, since p is odd, S/p admits an A,-ring structure, i.e.
a unital multiplication. Hence, an Ag-ring structure (in particular an E.-ring structure) on a
spectrum R induces an As-ring structure on R/p, further inducing a unital multiplication on the
mod p homotopy groups 7, (R/p).

Proposition 1.2.8. (1) There are isomorphisms of abelian groups

Z, if *=0
(i) 212, InZ, if +=2n-1 (neZ)
0 otherwise.

(2) There are isomorphisms of abelian groups

( o Ip) = [Fp if *=2pm or x=2pm -1 (meZ)
T s
o IP otherwise,

and the map , (j;cp/p) = Ty (6;,0”/]9) is an isomorphism in degrees divisible by 2p.

(3) There is an isomorphism of graded rings

(i ) = Fpluit, w]/ (w?),

where uy has degree 2p and w has degree —1.

Proof. By definition of j, and the triviality of the action of Z; on mo(ku,) = mo(4,) = Z,, we have
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a cartesian square of E.-rings

. hl
Jp gp

|

hlo
z, —> Zh%o.

Applying (-)'Cr to this diagram and commuting (-)*“» with the finite limit ()"0, we obtain a

cartesian square

o ()

l |

Zy" —— (2 ).

Passing to the associated long exact sequence of homotopy groups and using Proposition 1.2.5 and
Lemma 1.2.7 to compute the homotopy groups of (E;,Cp)hro, Z;,C”, and (Z;JCP)]”‘FO7 as well as the
maps among them, we obtain the following:

— For nonzero n € Z, we have an exact sequence
Zy/(L+ )™ =1)Zy = Fy > man(j ") = Fp = Fy > T (577) = Zp/ (L +9)" = 1)Z, > Fy

in which the first and last maps are the reduction maps and the map [F, - F, is the identity.
Together with the fact that (1+p)™ -1 and pn have equal p-adic valuation (here we use that p

is odd), this gives the desired calculation of =, (j;,Cp) for degrees * other than 0 and -1.

— We have an exact sequence
Zy/((L+p)-1)Z, > Fp ~ 7"'O(J.;;Cp) - Zp®Fy, > F, > W—l(j;,Cp) -2y~

in which the first map is the obvious isomorphism, the last map is the reduction map, and the

map Z, ® F, - F, is the sum of the reduction map and the identity map. This gives the desired

calculation of (j;,c”) for = € {0,-1}.
This analysis proves (1) and (2). For (3), we note that (2), together with Proposition 1.2.5, gives
us an isomorphism of graded rings mop. (j;,c”/p) ~ Fp[ut'] (where u; maps to uf € 7r2p(€;7 ?[p)).
Multiplication by u; must then give isomorphisms ngm_l(jz,cp/p) ~ 7r2p(m+1)_1(jz,c"/p), so it
remains only to observe that a generator w in degree —1 must satisfy w? = 0, as the group in degree
-2 is zero. O

§1.3. The proof.

Lemma 1.3.1. Let 0 < n < oo and let A be a p-complete E,-ring such that the canonical map
Tm(A) = Tm (L 1y A) is an isomorphism for m > 2. Then there is a unique map of E,-rings j, - A.

Proof. Since j, is connective, a map of E,-rings j, - A is equivalent to a map of E,-rings
jp = 70(A). The hypothesis on A implies that the commutative square of E,-rings

Ts0(A) Ts0(Lk(1)A)

l l

Te1(720(A)) —— 7<1(750(Lk1)4))

is cartesian. It thus suffices to show that there is a unique map of E,-rings from j, to each of the
other three objects in the square:

— A mapj, - 70 (LK(l)A) is equivalent to a map j, - Li(1)A. To see that such a map is unique,
it suffices to see that the unit map S — j, is a K(1)-local equivalence. Since the unit map
S — J, is by definition a K(1)-local equivalence, it furthermore suffices to see that that the
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connective cover map j, — J, is a K(1)-local equivalence; this is true because its fiber is
coconnective and hence K(1)-acyclic.

— Similarly, for any 1-truncated, connective, p-complete E-ring B, there is a unique map j, - B
because the unit map S, — j, induces an equivalence on 7<1(—). O]

Proposition 1.3.2. There is a unique map of cyclotomic Eo-rings o :j;riv - THH(Z)j,.

Proof. Maps of cyclotomic E.-rings j;fi" - THH(Z);, are equivalent to maps of E.-rings j, -
TC(Z);‘, so it suffices to show that there is a unique map of the latter sort. This follows from
Lemma 1.3.1, as the canonical map m,,(TC(Z);) - mm(Lk1)TC(Z);) is an isomorphism for
m > 2—this is a TC-theoretic Lichtenbaum—Quillen statement, due originally to Bokstedt—Madsen
[18] and revisited by Hesselholt—-Madsen [31, 30], Mathew [48, §4], and Liu—Wang [43, Remark 1.7];
it may also be deduced from the work of Bhatt—Morrow—Scholze [10] and Bhatt—Lurie [6, 8] on
syntomic cohomology (cf. [5, Remark 2.21]). O

Remark 1.3.3. Proposition 1.3.2 can be compared to the fact that there is a unique map of
cyclotomic Ee-rings @ : Zi™ — THH(F,), which follows from the computation of TC(F,), as
discussed in [52, §IV.4]. In fact, there is precise comparison to make: the diagram of cyclotomic
Eoo-rings

jriv 2 THH(Z))

l l

zv —2— THH(F,)

is commutative; here the left vertical map is induced by the truncation map j, - Z, and the right
vertical map is induced by the reduction map Z, — [F,, and the commutativity is again immediate
from the computation of TC(F,).

Proof of Theorem 0.1.4. Let :j;fi" — THH(Z), be as in Proposition 1.3.2, and consider the
resulting commutative diagram of cyclotomic E..-rings

juiv 2 THH(Z))

/| |

sh(itriv) 2O sh(THH(Z))).

The right vertical map is an equivalence—this is the Segal conjecture for THH(Z);‘, proved first by
Bokstedt—Madsen [18, Lemma 6.5] and treated again by Mathew [48, §5] and Hahn—Wilson [28,
§4]; it follows also from the work of Bhatt—Morrow—Scholze [10] and Bhatt—Lurie [8] on motivic
filtrations and prismatic cohomology, cf. [9, Construction 2.4]. To finish the proof, it will suffice to
show that the map atC» : j;,c” - THH(Z)'C? is an equivalence (which also implies that the bottom
horizontal map sh(a) is an equivalence, by definition of sh(-)).

By p-completeness, it suffices to prove that the map of spectra otr /p :j;,c”/p - THH(Z)tCP /pis
an equivalence. We will show that it induces isomorphisms on homotopy groups. By Proposition 1.2.8,
we have an isomorphism of graded rings

(i ) = Bplui" w]/ (w?),

and moreover the p-Bockstein map pr(j;,Cp /p) = ﬂgp,l(j;,Cp /p) is an isomorphism. The same
description applies to m, (THH(Z)'» /p), by the work of Bokstedt [15] and Bokstedt-Madsen [18]
(again, in place of the latter, one may alternatively appeal to the work of Bhatt—Morrow—Scholze [10]
and Bhatt-Lurie [8]). It is immediate from the ring structures that 7. (a'C?/p) is an isomorphism
in degrees divisible by 2p. The p-Bockstein relation then implies it is also an isomorphism in degree
2p — 1, and hence in all other degrees. O
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§2. TC(2)

In this section, we use Theorem 0.1.4 to analyze TC(Z);, our goal being to prove Theorem 0.2.4.
The full analysis requires some digression into background material, so we present the main steps
of the argument in §2.1 while deferring a couple of proofs to the subsequent subsections.

§2.1. The main argument. The bulk of our analysis will concern the K(1)-localization of TC(Z).
We begin by introducing a few key constructions.

Notation 2.1.1. For any Ee-ring R, we let [p]* : RBS" RBS" and [p]. : R[BS'] - R[BS'] denote
the maps induced by the p-fold covering map [p] : S' - S. For R e {j,, J,, ku,, KU, }, we implicitly
regard R as equipped with trivial S!-action, and we freely make the canonical identifications
Rpgt = R[BS'] and RS ~ RBS',

Remark 2.1.2. Let us note something about the map [p]. : R[BS'] — R[BS'] that will be used a
couple of times later in this subsection: it is the filtered colimit of maps [p]. . : R[CP"] - R[CP"]
for n € Z5p, where we have [p]. o ~ id and commutative diagrams

R[CP"] —— R[CP"*'] —— R[2n +2]

l[p]*vn l[P]*m,ﬂ lpml

R[CP"] —— R[CP™"'] —— R[2n +2]

in which the rows are cofiber sequences and the rightmost vertical map denotes multiplication by
p"*t. See [52, Lemma IV.3.5] for similar discussion.

Lemma 2.1.3. There is a unique I'-equivariant map of Ee-KU,-algebras ® : (KUtS ) (KUtS )
making the following diagram of I'-equivariant Eo-KU, algebms commute:

hs! [p]*
KU,

Canl lcan

St ) st
(KUP )g — (KUp );\

Proof. The map can: KUhS UtS is a locahzatlon of Eoo-rings, at the element ¢ € 7_ Q(KUhS ),
or equivalently at the element qg-1=pte 7TO(KUhS ) (for these elements see Notation 1.2.1). Thus,
what we need to check is that [p]*: KU]rl - KUhS sends ¢ — 1 to a unit. It sends ¢ -1+~ ¢ -1,
and the congruence ¢ -1=(¢g-1)P modulo P unphes that ¢P — 1 is invertible in the p- complete
ring 7o (KU )3) = 7, (g - 1)) O

Construction 2.1.4. Let & (KUtS )b (KU;DS )2 be as in Lemma 2.1.3. Taking fixed points for
the action of ', we obtain a map of Eoo-rings ¢ : (J;; h )h— (JtS )p makmg the following diagram of
Eo-rings commute:

p

ghst __[PI" | gns?
(2.1.5) canl lcan
1 1
(37 —— (13-
We now explain how the preceding constructions are relevant to understanding Ly 1)yTC(Z).

Theorem 2.1.6. Let ¢ : (J;Sl); - (J;}Sl)l’) be as in Construction 2.1./. Then there are canonical
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equivalences of Ee-rings
. 1 1
Lk TC(Z) = fib(id - ¢ (J;7 )} = (7)),
Lk (1)TC(S) = fib(can - can o [p]”* : Jgsl - (J;Sl o)
under which the map Ly )TC(S) - Lk 1)TC(Z) induced by the unit map S - Z canonically
identifies with the map induced by can : J;‘Sl - (J;Sl)f7 and the commutativity of (2.1.5).

Remark 2.1.7. The spectrum (J;Sl)fJ was studied by Hesselholt-Madsen [32]. The introduction of
that paper states that it was motivated partially by the connection between this object and TC(Z)
suggested by the work of Bokstedt—-Madsen [18], though no precise connection was known to them.
Theorem 2.1.6 now gives a precise connection.

Our proof of Theorem 2.1.6 will repeatedly use the following fact.

Lemma 2.1.8. Let ¢ : X - Y be a map of S'-equivariant spectra with coconnective fiber. Then 1)
as well as the induced maps

Unst : Xpst = Yigt, 2/}hs1 . xhs' Yhsl7 ¢tsl C xSt L ytst
are K(1)-local equivalences.

Proof. The claim for ¢ and ¢hsl follows from the fact that coconnective spectra are K(1)-acyclic.

Since K(1)-local equivalences are stable under colimits, we deduce the claim for g1 and then for
1

th . ]

Proof of Theorem 2.1.6. We have equivalences of cyclotomic E.-rings THH(S) ~ SV and
THH(Z)) = sh(ji™), the former being inverse to the unit map and the latter being that of
Theorem 0.1.4. The proof will proceed by analyzing the commutative diagram of cyclotomic
Eoo-rings

Striv J;})I‘IV Sh(j;riv)
kutriv Sh(kutrlv )

the upper left map being the unit map, the other horizontal maps being the maps ¢° of Construc-
tion 1.1.3, and the vertical maps being induced by the canonical map j, - ku,,.

Note first that the map TC(S™") - TC(j5™) is a K(1)-local equivalence. Indeed, by [2, Remark
2.4], it identifies after p-completion with the map TC(S) - j, ® TC(S) induced by the unit map
S, = jp, so it suffices to see that this unit map is a K(1)-local equivalence. As explained in the
proof of Lemma 1.3.1, this follows from Lemma 2.1.8.

Next, the map j;,ri" - sh(j;fi") induces commutative diagrams of E.,-rings

1 . 1
ip —— (m0(jp ST s (mo(p))PS

(2.1.9) canl lcan Cano[p]*l % ldJ

.St .tC 1 +ql 1
P —— (mo(p PN, i —— (mo(p "))

tCp ))hS1

here the map ¢’ is induced by the connective cover map 7sg (Jp P) - Jp Cr (see Construction 1.1. i) By
Theorem 0.1.4, the lower horizontal map is an equivalence and can : (7x (‘]pc”))hS - (150(jp p))ts

is a K(1)-local equivalence: for the latter, note that its fiber identifies with (THH(Z)p)hS1[ 1,
which is a colimit of Z-modules, hence is K(l) acyclic. We define ¢y : (JtS )p = (JtS ), to be the
map corresponding to the composition

Liccty (720GE97))™") 20 Lic s (70 GEC)™SY) S Ly (720(EC7))S")
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under the zig-zag of equivalences
. 1 . 1 ~ 1
LK(1)((Tzo(J;c”))ts ) < LK(I)(J;)S ) = (Jgtgs )2
where the second map is an equivalence by Lemma 2.1.8. That is, (¢ is the composition

can™!

1 ql A 1 A 1. ¢ +ql 1
(J;;S )2 = LK(I)(J;)S )~ LK(1)((720(J;>CP))tS ) —— LK(l)(('rzO(J;;Cp))hS ) — LK(l)(J;@S ) = (J;tqs );Ao

By the preceding discussion, the commutative squares (2.1.9) identify upon K(1)-localization
with commutative squares

1 can 1 1 can 1

e e 'y e gy

(2110) Canl lid cano[p]*l lsoo
1 i 1 1 i 1

L U3y = (),

the left hand one being the tautological one. Recalling the definition of TC and the equivalence
Lk1)TC(S) = LK(l)TC(j;riV) from above, all that remains to be shown is that the map g and
the commutativity of the right hand square in (2.1.10) are equivalent to the map ¢ and the
commutativity of the square (2.1.5) of Construction 2.1.4.

To prove this last assertion, we consider the map ku}toriV - sh(ku;riv)‘ As in the discussion with
jp above, this induces commutative diagrams of E..-rings

kugSl —— (Tzo(ku;q"))hs1 kugy - (TzO(ku;)Cp))hS1
Canl lcan CanO[P]*l % l(ﬁ
k' —— (o (kuiCr))s", k¥ —— (o))",

Here the lower horizontal maps are not equivalences, but can : (s (ku;)c”))hsl - (7'20(ku;Cp))tS1
is again a K(1)-local equivalence, as Tzo(ku;,C”) is an algebra over 7s(j, *) and hence also a
Z-module. We may the}refore replicalte the second description of the map ¢y above to define a map
of Eoo-rings Py : (KU;S )p (KU;,S )y, namely the composition
st h ¢ !
(KUS ) = Licry (kul® ) = Ligery (o0 (kul?)) ™)
n~t 1 ¢7I 1 !
ca_) LK(I)((Tzo(ku;Cp))hS ) —> LK(l)(ku;S ) o~ (KU;S );,

the first and last equivalences again coming from Lemma 2.1.8. The preceding commutative diagrams
induce a commutative square

KU};Sl can (KU;SI );)\
(2111) cano[p]*l lq’o
(KU )y 4 (KU,

identifying ®¢ with the map ® of Lemma 2.1.3 and the commuting of (2.1.11) with that of the
square there. Finally, it follows from the compatibility of the constructions of ¢y and @y with
respect to the I'-equivariant map j, - ku,, that the right hand square in (2.1.10) may be recovered
by applying I'-fixed points to (2.1.11), which finishes the proof. O

To be able to use Theorem 2.1.6 to calculate Lk 1)TC(Z), we must better understand the map
¢ of Construction 2.1.4. The proof of Theorem 2.1.6 included a second construction of ¢, and
in §2.2, we will give a third, invoking the K(1)-local ambidexterity of the space BC, and some
generalities on the Tate construction. There we will use this third perspective, together with work
of Carmeli—Schlank—Yanovski, to prove Lemma 2.1.16 below; to state this, we first recall a basic
result in K(1)-local stable homotopy theory.
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Notation 2.1.12. The class ¢ = 8t + 1 € g (KUI]?SI) is represented by a map of K(1)-local spectra
Jp[le]g — KU, unique up to homotopy; we will denote this map also by g.

Proposition 2.1.13. [Westerland 63] The map of K(1)-local spectra

(l+):J,[BS']) ~ J,[BS']) @ KU,
s an equivalence.
Proof. It suffices to check that the map induces an isomorphism on KU ,-cohomology. The KU,-
cohomology of J,,[BSl];‘ is the KU,-cohomology of BS*, which is even periodic and given in degree
zero by Z,[q - 1]. The KUp-cohomology of KU, is also even periodic, and given in degree zero by

the completed group ring Z,[Z;]. Rewriting Z,[q - 1] as the completed group ring Z,[Z,] (see
Notation 3.3.3), the map in degree zero KU,-cohomology identifies with the map of abelian groups

Z,[Z,] x ZPHZ;] ~Zp[Z,1 Z;ﬂ > Z,[Z,]
induced by the isomorphism of profinite sets Z, u Z; - Z, given by multiplication by p on the Z,

summand and the inclusion on the Z; summand. O

Remark 2.1.14. The analysis of J,[BS']} ~ Lk (1)(S[BS']) goes back to Ravenel’s original work
[56, §9]. Results of a similar form to Proposition 2.1.13 above and Proposition 2.1.17 below may
also be found in work of Hansen [29] and Hesselholt—-Madsen [32].

Notation 2.1.15. In light of Proposition 2.1.13, we let v : J,[BS']} — J,[BS']} be the unique
such map of spectra with identifications [p]. o v ~id and gov =0, and we let £ : KU, — J,[BS'])
be the unique such map of spectra with identifications [p], o€ ~0 and go ¢ ~id.

Lemma 2.1.16. The map of spectra J,[BS'])[1] - J,[BS']}[1] obtained by taking vertical fibers
in (2.1.5) is canonically equivalent to the suspension of the map v of Notation 2.1.15.

It will be helpful to also record the following reformulation of Proposition 2.1.13.

Proposition 2.1.17. Let c, :Jp[le]g - J, be the map induced by the projection map c: BS! - x,
and recall that J,{BS'}}) denotes the fiber of c. (§0.8(5)). Then there is a canonical nullhomotopy
of c. o : KU, — Jp,, and the induced map

(Eov ™ ez, ( @ KUP) - Jp{le};\

A
neZso p

s an equivalence.

Proof. We have a canonical homotopy ¢, =~ ¢, o [p]«, inducing the desired nullhomotopy of ¢, o &.
Next, we consider the following commutative diagram:

(ia)

0 KU, KU, ® KU,
0 00
(ia) [p] 0 (1(()1 i(c)i)
() (5 3)
J,[BS']) ~—= J,[BS']) @ KU, ~8"7,[BS']) @ KU, KU, —> -

id (id 0) (id00)

Cx Cx Cx
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The vertical maps between the first three rows form a fiber sequence, and all the horizontal maps
in the second row are equivalences (induced by that of Proposition 2.1.13). The claim now follows
from taking p-completed colimits of the rows, noting that the map from the third row to the fourth
induces an equivalence on p-completed colimits by Remark 2.1.2. O

The last ingredients we will need in our calculation of Lk (1)TC(Z) concern the St-transfer map.
Let us recall one description of it, which is how it will arise in the arguments below.

Notation 2.1.18. Let R be an E-ring. We let b, : R — R[BSl] and b* : RBS‘1 — R denote the maps
induced by the basepoint b: * — BS!. The S!-transfer map tr: R[BS'][1] = R is the composition
R[BS'[1] X gBS' Y R,

where Nm is the S'-norm map, i.e. the map whose cofiber is R'S". The reduced S!-transfer map
tr: R{BS'}[1] = R (appearing in Theorem 0.2.3) is the restriction of tr (recall from §0.3(5) that
R{BS!'} = fib(R[BS!] - R)).

In §2.3, we will review the S'-norm and -transfer maps in more detail and prove Lemma 2.1.20
below.

Notation 2.1.19. We define 7 : KU, - J,[-1] to be the composition

KU, % 1,[BS']) > J,[-1],
where £ is as in Notation 2.1.15 and tr is the S'-transfer map of Notation 2.1.18.

Lemma 2.1.20. Suppose given a nullhomotopy of the composition J, 4 KU, 5 Jp[-1], where 1
denotes the unit map and T is as in Notation 2.1.19, inducing a map 7' : KU, /J, - J,[-1]. Then
there exists (noncanonically) an equivalence cofib(7") ~ KU,[-1].

We now put together the results above to obtain the following description of Lk 1)TC(Z).
Theorem 2.1.21. (1) There is a canonical equivalence of spectra
LK(l)TC(Z) ~ Jp 52} Jp[l] 52} Xl,
where X' ~ cofib(7") for ' a map as in Lemma 2.1.20 (so that X' is noncanonically equivalent
to KU,[-1]).
(2) With respect to the equivalence in (1) and the equivalence
LK(l)TC(S) ~ Jp D Jp[].] 2 LK(l)Y

determined by Theorem 0.2.3, the map L 1)TC(S) = Lk1)TC(Z) induced by the unit map
S - Z is canonically equivalent to the direct sum of the identity maps on J, and J,[1] with a
certain map Li1)Y — X'

Proof. We consider the commutative diagrams

0 —— J[BS'J5[1] Jp[BS'p[1] =% J,[BS']5[1]

l le le le

gt id-[p]* gl gl id-[p]* gl
(2.1.22) ghst ., B gt %, b

of Jea e Jea

Bt can—canc[p]” ryg1 st id—¢ s
o e
p p p p

where the columns are fiber sequences, ¢ is as in Construction 2.1.4; and v is as in Notation 2.1.15
and Lemma 2.1.16. By Theorem 2.1.6, the fibers of the bottom rows are canonically equivalent
to Lk (1)TC(S) and Lk (1)TC(Z), respectively, and moreover the map Ly 1)TC(S) - Lk 1)TC(Z)
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induced by the unit map S — Z corresponds under these identifications to the map induced by the
canonical map from the left hand diagram to the right hand diagram. We will understand these
bottom fibers (and the map between them) by analyzing the fibers of the upper two rows (and the
maps among them).

Regarding the common middle rows in (2.1.22), it follows from Remark 2.1.2 that the commuta-
tive squares

g, —% 7, gBst id-lPl] ipst

lb* lb* lb* lb*

id-[p]«
3,[Bs'] 7k g, [BS1), 3, -0y

(the right square being dual to the left) are cartesian. This identifies the fibers of the middle rows
n (2.1.22) with J, @ J,[-1].
Let us now analyze the left hand diagram in (2.1.22); this is simply a review of the identification
of Lk (1)TC(S) stated in (2). The composition

J,[BS']) A Bt B g,

is the S'-transfer map tr, so taking horizontal fibers in the left hand diagram in (2.1.22) gives a
cofiber sequence

11A (‘8")
(2.1.23) Jp[BS']) —= Jp @ Jp[-1] = Lk 1) TC(S).
Invoking the splitting J,[BS'] ~ J, ® J,{BS'} induced by the basepoint, and using that the
restriction of the transfer map along b, : J, - J,[BS!] is the Hopf map n (Remark 2.3.4), which
is canonically null because p is odd, the preceding cofiber sequence may be rewritten as a cofiber
sequence

00
Jp® J,{BS'}) M Jp @ Jp[-1] = Lg 1y TC(S).
This recovers the splitting Lk 1)TC(S) ~ J, ® Jp[l] @ Lk Y.
We now move to the right hand diagram in (2.1.22). Using the splitting J,[BS'] ~ J, @ J,{BS'}
and Proposition 2.1.17, we obtain an equivalence

(be (€r"™nezse ) 1 Ty @ ( D KU ) Jp[BS']).

neZso

This identification carries the map id - v : J,[BS']} - J,[BS']} to the map

(812 Jp @ ( © KU o), = dre( @ KU,
neZso neZso
where 6 : J, > @,ez,, KU, is the composition of the unit map 1:J, - KU, with the inclusion
of the factor indexed by 0 and ¢ : @pez,, KU, = @pez., KU, is the shift operator sending the
factor indexed by n to the factor indexed by n + 1 by the identity map; the description for the first
column of the matrix here comes from the canonical homotopies [p]. o b, ~ b, and g o b, ~ 1, which
determine a homotopy b, = v ob, +£ o1 and hence a homotopy (id — v) o b, ~ £ o 1. The cofiber
of the above map identifies in an evident manner with J, ® KU,/J,. Considering now all of the
horizontal fibers in the right hand diagram in (2.1.22), we obtain a cofiber sequence
(o)

J,®KU,/J, —>J @ Jp[-1] » Lg1)TC(2Z).
Here the nullhomotopy of the upper left entry of the matrix follows from the construction; the
nullhomotopies of the lower left and upper right entries use the vanishing of the composition tro b,
as in the previous paragraph; and the map 7' : KU, /J, - J,[-1] is a map as in Lemma 2.1.20. This
gives (1). We then see (2) by comparing the analyses in this paragraph and the previous one. [J
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Finally, after recalling one more general fact, we may deduce the main result of the section, on
TC(2);, before K(1)-localization.

Lemma 2.1.24. [22, Lemma 2.5 or Remark 2.14] Let M be a connective, p-complete cyclotomic
spectrum. Then TC(M) is (-1)-connective.

Proof of Theorem 0.2.4. By Lemma 2.1.24, the spectra TC(S); ~ TC(THH(S);) and TC(Z); =~
TC(THH(Z),) are (-1)-connective. Moreover, since the map THH(S); — THH(Z); is (2p - 3)-
connective, the map TC(S); - TC(Z); is (2p - 4)-connective. We thus obtain a commutative
diagram

TC(S), TC(2), 7>-1(Lk 1) TC(Z))

l l l

1 (TC(S)p) —— m(TC(2);) — a1 (Lk)TC(2)),

where the lower left horizontal map is an equivalence by the preceding connectivity assertion, and
the right hand square is induced by the K(1)-localization map TC(Z); — Li1)TC(Z). As discussed
in the proof of Proposition 1.3.2; this localization map induces isomorphisms on homotopy groups
in degrees > 2, i.e. the induced map on vertical fibers in the right hand square is an equivalence,
and hence that square is cartesian.

Applying Theorems 0.2.3 and 2.1.21, the outer rectangle in the above diagram identifies
canonically with a diagram

s, 8S,[1]8Y) 11 (3,) ® 71 (3,[1]) @ o1 (X7)
(2.1.25) l l
Zp@Zp[].] @Zp[_].] e TSszfl(Jp) GBTSsz*l(Jp[]-]) @Tsszfl(X,).
Here Y denotes the fiber of the reduced S!-transfer map tr: S{BS!}[1] - S and X’ is a spectrum

noncanonically equivalent to KU,[-1]; in the lower left hand corner, we have applied the canonical
identifications

T<1(Sp) 2 Zp, T (Sp[1]) = Z,[1], Tsl(Y;A)) ~ Z,[-1];

and all the maps in the diagram are diagonal with respect to the written direct sum decompositions,
with the first two factors of the horizontal maps being induced by the unit map S, — J,,.
Putting together the previous two paragraphs, we obtain an identification

TC(Z), ~jp®jp[1] X,
where X is the spectrum defined by the pullback diagram
X m>-1(X)

l |

Zp[-1] —— 1 (1-1(X"))

arising from the third factors in (2.1.25), and we also obtain the decomposition of the map
TC(S), - TC(Z), as described in the theorem statement.

To finish the proof, we give a noncanonical description of X. Choosing an equivalence X’ =~
KU,[-1] gives us a pullback diagram

X ku,[-1]

| |

Zp[-1] —— 7a(kuy[-1]).
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We claim that the horizontal maps here are isomorphisms on 7_;. Once this is established, it is
straightforward to use the decomposition ku, ~ @gcr<p-2 £p[2k] to obtain the desired equivalence
X = @o<kep,ke{1,p-1} £p[2k—1]. On 7_y, the horizontal maps give an endomorphism of Z,, so it suffices
to check that this is nonzero modulo p. For this, since the upper horizontal map is an isomorphism
on Tap-3, it suffices to check that v; acts nontrivially on m_; (X/p). This is verified by Rognes [58,
Proof of Proposition 3.3], by comparison with 7_; (Y/p). Alternatively, that 7. (TC(Z)/p) is a free
F,[v1]-module is also proved by Liu-Wang [43, Theorem 1.1]. O

§2.2. Ambidexterity. Our aim in this subsection is to prove Lemma 2.1.16, which amounts
to a description of the map ¢: (J;Sl)g - (J;Sl)g of Construction 2.1.4. In light of the diagram
(2.1.5), we may think of ¢ as expressing a functoriality of the Tate construction 1vvith respect to
the map of groups [p]:S! — S!. The same can be said about the map @ : (KU]tgS )y~ (KU;DS )n
of Construction 2.1.4. What we will discuss in this subsection is that this functoriality in fact
canonically exists for all K(1)-local spectra with S*-action, by virtue of the map [p] : BS! - BS!
being ambidextrous for the co-category Spty ) of K(1)-local spectra.
Let us begin by reviewing a more basic instance of this phenomenon.

Remark 2.2.1. Let f: H - G be a map of finite groups and let X be a spectrum with G-action.
Then the standard functoriality of limits and colimits gives natural maps f* : X?¢ » X" and
f+ : Xng = Xnag, and the former natural transformation is canonically lax symmetric monoidal.
Assuming that f is injective, there is a canonical lax symmetric monoidal transformation f* :
Xt¢ o X*H making the diagram

xhG ST xnm
(2.2.2) Canl lcan
XtG £ XtH
commute.
Ignoring lax symmetric monoidal structures, we may rephrase this by taking vertical fibers:

under the assumption that f is injective, there is a “wrong way” map on orbits f*: Xy,¢ - Xnn
making the diagram

Xna AN Xum
(2.2.3) chl leH
XhG £ xhH

commute. This can be understood as follows. Recall that the norm map Nmg¢ is induced by the
endomorphism of X given by the following composition:

XL[[X=PXSX,
G G

with § the diagonal map, € the summation map, and the middle equivalence given by the (inverse
to the) canonical map @¢ X — [I¢ X (an equivalence because G is finite); the same goes for Nmy.
With this in mind, pondering the diagram (2.2.3) suggests what the above wrong way map is: it is
also a kind of norm map, over the set of orbits G/H. More precisely, it is given by applying (-)na
to the composition

5
X - H X~ P X.
G/H G/H
Again, the crucial mechanism here is the identification between finite coproducts and finite products
of spectra.

Now, we could define the map f*: Xy — Xug as in the previous paragraph and then check
that the diagram (2.2.3) commutes. Taking vertical cofibers in that diagram, we would obtain the
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map f*: Xt » Xt however, from this perspective, the lax symmetric monoidal structure on this
map is unclear. Of course, the lax symmetric monoidal structure on the Tate construction itself is
unclear from its definition as the cofiber of the norm map.

So, for the matter of lax symmetric monoidal structures, another perspective is needed. One
account can be found in the work of Nikolaus—Scholze [52, §1.3]; there, the canonical map can :
XPG o XtC is characterized by a universal property, or rather two universal properties: one with
lax symmetric monoidal structure and one without. These universal properties can be used to check
that there is fact a unique natural transformation f* : X*¢ — X*# making the diagram (2.2.2)
commute, and that it carries a unique lax symmetric monoidal structure making that commutative
diagram one of lax symmetric monoidal functors. The first uniqueness assertion implies that the
wrong way map on orbits described above is the unique such map making (2.2.3) commute.

Here we are interested not in an injective map of finite groups but in the finite covering map
[p] : S! — SL. If we tried to run through the discussion in Remark 2.2.1 in this case, then in place
of the the finite orbit set G/H we would find the classifying space BC,, this being the fiber of the
induced map on classifying spaces [p] : BS' - BS!. And so where we identified a product over
G/H with a coproduct over G/H, we would need to identify a limit over BC,, with a colimit over
BC,, i.e. homotopy C,-fixed points with orbits. This is not something we can do generally in the
oo-category of spectra, but we can after K(1)-localization:

Theorem 2.2.4. [Hovey—Sadofsky 34] Let G be a finite group and let X be a K(1)-local spectrum
with G-action. Then the norm map Nme : Xpa - XPC is a K(1)-local equivalence.

Remark 2.2.5. Theorem 2.2.4 has several generalizations. First, the cited work of Hovey—Sadofsky
in fact proves the same result with K(1) replaced by K(n) for any n > 1. Second, work of Kuhn [38]
strengthens the theorem to apply with K(n) replaced by T(n). Third, work of Hopkins—Lurie [33]
generalizes the result in a different direction, replacing the finite group G, or rather its classifying
space BG, with an arbitrary m-finite space; they also introduce the term ambidezterity for this
phenomenon. And finally, work of Carmeli-Schlank—Yanovski [20] gives a common generalization of
all of these results.

Theorem 2.2.4 allows us to adapt the explicit construction of the wrong way map on orbits in
Remark 2.2.1 to our setting:

Construction 2.2.6. Let X be a K(1)-local S'-equivariant spectrum. We define the map [p]* :
(Xnst)p = (Xust), to be that obtained by applying ((~)nst); to the composition

l’ncp

N
X - XBCP o~ (XBCP);J\,
where the first map is induced by the projection map BC, — *.

Example 2.2.7. Taking X = J,, in Construction 2.2.6, we obtain a map [p]* : J,[BS']} - J,[BS']7.
By work of Carmeli-Schlank—Yanovski [19, Propositions 2.2.5 and 4.3.4] (see also the remarks below
[21, Proposition 4.5]), this recovers the map v of Notation 2.1.15.

In the forthcoming note [55], the results of Nikolaus—Scholze mentioned at the end of Remark 2.2.1
are abstracted into a form applicable to the present situation, giving the following result.

Proposition 2.2.8. [55] (1) There is a unique natural transformation [p]* : ((—)tsl)g - ((—)tsl)f7
of functors Sptﬁ?l) — Sptk (1) such that the diagram

(-yist P, st

e | Jesn
() 2 ('

of such functors commutes.
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(2) The natural transformation [p]* : ((—)tsl);} - ((—)tsl);\ of (1) carries a unique lax symmetric
monoidal structure making the above commutative diagram one of lax symmetric monoidal
functors.

(3) The natural transformation ((=)nst), = ((-)ns1), obtained by taking vertical fibers in the
diagram of (1) canonically identifies with the map [p]* of Construction 2.2.0.

We may now complete the task of this subsection.

Proof of Lemma 2.1.16. Let [p]*: ((—)tsl)g - ((—)tsl ) be as in Proposition 2.2.8. As this map is
natural and lax symmetric Ilnonoidal, applying it to the I'-equivariant K(1)-local Ec-ring KU, must
recover the map @ : (KU;S )p (KU;S );, of Lemma 2.1.3, by virtue og the uniqueness assertion
in that statement. Again by naturality, it follows that the map ¢ : (J;S )p (J;S );, obtained by
applying I'-fixed points also identifies with [p]*. It thus follows from Proposition 2.2.8(3) that the
map J,[BS']5 — J,[BS']} obtained by taking vertical fibers in the diagram (2.1.5) identifies with
the map [p]* of Construction 2.2.6, and hence with the map v by Example 2.2.7. O

§2.3. The S'-transfer. In this subsection we will review one construction of the S*-norm and
-transfer maps in the co-category of spectra, along with their relation to the theory of complex
orientations, and then we will give a description of the K(1)-localized S!-transfer map, in particular
proving Lemma 2.1.20.

Notation 2.3.1. In this subsection, for R an E.-ring and X an R-module, we will write X" for
the dual module Mapy; 4, (X, R) (the base I to be understood from context).

Construction 2.3.2. The basepoint of S! induces a decomposition S[S*] ~S @ S{S'} ~S e S[1];
let us denote by ¢:S[S'] - S and d: S[S'] » S[1] the associated projection maps. The latter is
adjoint to a map S — S[S!]V[1], which extends uniquely to an S'-equivariant map

e:S[S'] - S[S']V[1].
Said differently, e is adjoint to the composition
S[S']® S[$'] = S[S' x S'] 2 S[S!] % s[1],

where m is induced by the multiplication map S! x S* — S*.

The map e is an equivalence. Indeed, the equivalence S[S!] ~ S @ S[1] induces an equivalence
S[S*] e S[S'] ~Se S[1] ® S[1] ® S[2], under which the composition d o m above identifies with
the map

ses[1]eS[1] e s[2] 19, spq,

where 17 denotes the Hopf map; and thus, under the induced equivalence S[S']V[1] ~ (S@S[-1])[1] =
S[1] @ S, the map e identifies with the map

0 id
SeS[1] Gay) s[1]es,
which is an equivalence.

Construction 2.3.3. As in Construction 2.3.2, let ¢: S[S!] - S be map induced by the projection
map S! — *; note that this is canonically S'-equivariant. Applying duality and the equivalence e of
Construction 2.3.2, we obtain the composition of S'-equivariant maps

Vv 6_1
S = S[s']Y — s[s'][-1];
let us denote the composite map by f:S — S[S'][-1].

Now, recalling that S'-equivariant spectra may be identified with modules over the group algebra
S[S'], we may consider, for any S!-equivariant spectrum X, the composition

/
thl[l] ~ X ®s[s1] S[l] - X ®s[s1] S[Sl] ~ X,
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We denote this composite map by tr : Xugi1[1] — X; this is the S'-transfer map. It comes by
construction as an S'-equivariant map, where the source has trivial action, and so it factors uniquely
through a map Nm : Xy,g1[1] - XS, this is the S'-norm map.

Remark 2.3.4. Let R be an E.-ring. Equipping it with the trivial S'-action and specializing
Construction 2.3.3 to this case, we obtain the norm map Nm : R[BS!][1] - RBS" and the
transfer map tr : R[BS'][1] » R appearing in Notation 2.1.18. We note that the discussion in
Construction 2.3.2 implies that the composition

R[1] % RBS[1] % R

canonically identifies with the Hopf map 7 (recall that b, denotes the map induced by the basepoint
of BSY).

We now explain the relation of the S'-transfer map to complex orientations.

Notation 2.3.5. We let £ denote the tautological representation of S* on C, which we regard as a
vector bundle on BS'. We let S* denote the associated stable sphere bundle, an S'-equivariant
spectrum with underlying spectrum S[2]. And we let Thgg:(£) denote the associated Thom
spectrum, given by (S*)yg1. Replacing £ by its virtual negative —£ gives rise similarly to S~ and
Thpg (-£).

Remark 2.3.6. Recall that we have a cofiber sequence of S'-equivariant spectra
S[S'] 5 S - S,
sometimes called the Fuler sequence. Applying (-)pgt, we obtain a cofiber sequence

S % S[BS'] > Thps: (£).

This gives an equivalence Thpg: (£) =~ S{BS'}, under which the quotient map S* — Thpg:1 (L)
identifies (non-equivariantly) with the map S[2] ~ S{S?} - S{BS'} induced by the map of pointed
spaces S% ~ ¥S! - BS! adjoint to the unit equivalence S' = QBS?.

Definition 2.3.7. Let R be an E.-ring and let X be an R-module. A complex orientation of X
over R is an equivalence of S*-equivariant R-modules X ® S* ~ X[2]; in light of Remark 2.3.6, this
is equivalent to a map of R-modules X ®p R{BS'} - X[2] extending the canonical equivalence
X ®p R{S?*} = X[2]. We say that X is complex orientable over R if it admits a complex orientation
over R.

Remark 2.3.8. In the situation of Definition 2.3.7, suppose that X is equipped with an As-algebra
structure in Modpg, i.e. maps of R-modules v: R - X and w: X ® g X - X and a commutative
diagram

X 1% X opX

b

X.

Then a complex orientation of X over R is equivalent to a map of R-modules R{BS'} - X[2]
extending the map R{S?} ~ R[2] = X[2]. This is a more standard notion of complex orientation.
Note that it does not actually depend on R.

Proposition 2.3.9. Let R be an Eo-ring and let X be an R-module. Then a nullhomotopy of the
transfer map tr: X ® g R[BS*][1] - X is equivalent to an equivalence of S*-equivariant R-modules
X®S™*~X[-2]

Proof. Dual to the discussion in Remark 2.3.6, we have a fiber sequence S;L s S[S'[-1],
which upon applying (-)ug: gives a fiber sequence Thpgi (-£) - S[BS'] = S[-1], where the
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boundary map S[-2] - Thpg:1(-£) is the quotient map (regarding S[-2] as the underlying
spectrum of S™¢). Tensoring with X and rotating, we have a fiber sequence

tr

X og R[BS'][-1] = X[-2] - X ® Thgg: (-£),

Giving a nullhomotopy of the first map is equivalent to giving a splitting X ® Thgg1 (-£) — X[-2]
of the second map. As stated above, the second map is the quotient map, so such a splitting is
equivalent to an equivalence of S'-equivariant R-modules X ® S™ ~ X[-2]. O

Corollary 2.3.10. Let R be an E-ring and let X be an R-module. Then:
(1) there are canonical maps from the space of nullhomotopies of the transfer map
tr: X ®g R[BS'][1] - X

to the space of complex orientations of XV over R and from the space of complex orientations
of X over R to the space of nullhomotopies of the transfer map

tr: XV or R[BS'][1] - XV;
(2) if X is a reflexive R-module, the two maps in (1) are equivalences.

Proof. This follows from comparing Definition 2.3.7 and Proposition 2.3.9, the maps in the claim
being given by R-linear duality. O

Remark 2.3.11. We make a parallel to Remark 2.3.8 in the situation of Proposition 2.3.9: supposing
that X is equipped with an As-algebra structure in Modg, a nullhomotopy of the transfer map
tr: X ®g R[BS'][1] - X is equivalent to a nullhomotopy of the composite

RBS'[1] SR> X
(the second map being the unit of the As-algebra structure).

Our goal for the remainder of the subsection is to analyze the K(1)-local transfer map which
featured in §2.1.

Notation 2.3.12. A choice of generator g of I' gives a fiber sequence
9-id
J, 5 KU, 2% Ku,.

This determines an equivalence pg : KU, /J, ~ KU, and a boundary map 9, : KU, - J,[1]. We let
0:KU,/J, - Jp[1] denote the tautological boundary map, so that 9y ~ J o p;l.

Remark 2.3.13. By applying (-)XU» to the fiber sequence of Notation 2.3.12, one finds that the
map of KU,-modules KU,[-1] - J?U” classifying 0, is an equivalence. More concretely, we have
that W*(J‘EUP) is concentrated in odd degrees, with Wgn_l(J? Up) being a free Z,-module of rank
one for each n € Z, generated by the class corresponding to the composition

n o
KU, 25 KU, [-2n] 2% J,[-2n + 1].

We will use the following consequence of this calculation below: if X is a spectrum equivalent

(noncanonically) to KU, and x : X — J,[-1] is a map that is not divisible by p, then x is homotopic

to the composition of an equivalence X - KU,[-2] with 9, : KU,[-2] — J,[-1], and hence cofib(x)

is equivalent (noncanonically) to KU,[-1].

Lemma 2.3.14. The composition J,[BS*][1] 1, Jp = Jp/p (the second map being the tautological
one) is nonzero.

Proof. (We will implicitly invoke Remarks 2.3.8 and 2.3.11 here, noting that S/p admits an
A,-ring structure, as p is odd.) Suppose that it were zero. Applying Corollary 2.3.10 with R = J,
and X = J,/p, we deduce that (J,/p)" is complex orientable over J,. Since (J,/p)Y =~ J,/p[-1],
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this implies that J,/p is complex orientable over J,. But this is false: there are no nonzero
maps J,{BS'} - J,/p[2], by virtue of Proposition 2.1.17 and the fact that m_o((J,/p)¥Y7) ~0
(Remark 2.3.13). O

Lemma 2.3.15. Let v: J,[BS']) — J,[BS']) be as in Notation 2.1.15. Then there is a canonical
homotopy trov = tr: J,[BS']3[1] > J,,.

Proof. Consider the diagram

Jp[BSp[1] —— J,[BS']}[1]

o [

BS! [p]” Bs!
Jp JP
b*l lb*

The top square commutes by Lemma 2.1.16, and the bottom square commutes evidently. The
resulting commutativity of the outer rectangle gives the claim. O

Theorem 2.3.16. Under the equivalence (of Proposition 2.1.17)
(£ V™ )nezsy : ( ) KUp) = JP{BSI};@»

A
neZso p
the reduced S'-transfer map tr : J,{BS'}} — J,[-1] identifies with the composition

A (id)nezzo T

KU, — J,[-1],

(2.3.17) ( 6 KU,)

neZso p

where T =tro & (Notation 2.1.19). Moreover, T is not divisible by p.

Proof. The first statement is immediate from Lemma 2.3.15. We deduce that if 7 were divisible by p,
then the reduced transfer map tr would be too. In fact, then the full transfer map tr : J,[BS'][1] = J,,
would be divisible by p, since the restriction of tr along the basepoint b, : J, - J,[BS'] is zero (by
Remark 2.3.4, it is given by the Hopf map 7, which is zero here since p is odd). But we know that
this is not the case by Lemma 2.3.14. O

Proof of Lemma 2.1.20. By Remark 2.3.13, it suffices to show that the map 7' : KU,/J, - J,[-1]
is not divisible by p. If it were, then so too would 7, contradicting Theorem 2.3.16. O

Corollary 2.3.18. As in Theorem 0.2.5, let Y denote the fiber of the reduced S'-transfer map
tr: S{BS'}[1] - S. Then there is canonical equivalence

LxY = ( @ KU,[1]) @Y/,

neZso

where Y' is a spectrum noncanonically equivalent to KU,[-1].

Proof. By the identification (2.3.17) in Theorem 2.3.16 of the K(1)-localization of tr, we have a
fiber sequence
(@ KU1 > Ly - V.
neZso

where Y’ is defined to be fib(7: KU,[1] = J,) (equivalently cofib(7: KU, - J,[-1])) and the first
term comes from the fiber sequence

id-o (id)nezzo
( ) KUP);\d—)( D KUP); KU,,

neZso neZso

where o is the shift operator as in the proof of Theorem 2.1.21. Theorem 2.3.16 also tells us that 7
is not divisible by p, so from Remark 2.3.13 we know that Y’ is equivalent to KU,[-1]. A splitting
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of the first fiber sequence above is induced by a splitting of the second, a canonical one being given
by taking the inclusion of the zeroth factor KU, = @,,cz,, KU, as a section of the summation map
®nez., KU, - KU, O

Corollary 2.3.19. Let X be a K(1)-local Ag-ring. Then the unit map v:J, > X extends to a map
of spectra v' : KU, > X if and only if X is complex orientable.

Proof. By Corollary 2.3.10 and Remark 3.11, a complex orientation of X is equivalent to a
nullhomotopy of the composite J,[BS']) — J [ 1] % X[-1]. And by Theorem 2.3.16 and Re-
mark 2.3.13, such a nullhomotopy exists 1f and only if there exists a nullhomotopy of the composite
KU,/J,[-1] 2 1, % X. 0

§3. THE CANONICAL MAP ji™V — sh(j5")

In this section, we prove Theorem 0.3.2, which will be put to use in tandem with Theorem 0.1.4
in the next two sections of the paper. We prepare in §3.1 and §3.2 by reviewing the notion of
“nilpotence” for S!-equivariant spectra and setting a bit of notation that will be used in the remainder
of the section; in §3.3, we analyze the canonical map ¢ : ku;rlv - sh(ku“er and in §3.4, we finally
deduce the desired result about the canonical map ¢° : j mv — sh(j t’“")

§3.1. Nilpotence. Here we follow Mathew [47, §4], though the discussion there is in the context
of a finite group G rather than the circle group S'.

Notation 3.1.1. Consider the S'-equivariant spectrum S[S!]. For any S!-equivariant Eo.-ring R,
1
we set R[S']:= R® S[S'] e Modz(Spt®S").

Definition 3.1.2. Let R be an S'-equivariant E.-ring. We say that an Sl-equivariant R-module
X is nilpotent if it is contained in the thick tensor ideal of ModR(SptB ) generated by R[S'], i.e
the thick subcategory generated by objects of the form R[S']®r Y for Y e ModR(SptBS ).

Remark 3.1.3. Let R— R bea map of S'-equivariant E.-rings. Then both the base change func—
tor ModR(SptBS ) —> ModRr(SptBS ) and the forgetful functor Mode(SptBS ) —> ModR(SptBS )
preserve nilpotent objects.

Proposition 3.1.4. 1Let R be an St-equivariant Ee-ring and let X be a nilpotent S*-equivariant
R-module. Then X = 0.

Proof. By Remark 3.1.3, we may assume R =S (with trivial S!-action). The result is then due to
Klein [35, Corollary 10.2] (or see [54, §2.4]). O

Prop051t10n 3.1.5. [cf. 47, Theorem 4.15] Let R be an Eo,-ring equipped with a complex orientation
tem Q(RBS ), and let X be an St-equivariant R-module. Then X is nilpotent if and only if the
action of t on Xbs' s nilpotent.

Proof. This follows from the fact that the fixed points construction (—)hSl defines an equivalence
of symmetric monoidal co-categories Mod%S - (Mod ggs1 )7, sending R[S'] to the suspension of
R~ RBSl/t (see also [19, Theorem 7.43]). O

Remark 3.1.6. Let X be an S'-equivariant spectrum. If X/(p,v;) is nilpotent, then by Proposi-
tion 3.1.4, we have

XS J(poor) = (X (pv1)'S 20 = (X)), 20

where (=)(, ,, ) denotes Bousfield localization with respect to S/(p,v1). In the following sections,
we will want to know that in fact (X 8! )p = 0. To this end, let us note that certain hypotheses on
X imply that the canonical map

1 1
(th )1/9\ - (th )?p,m)
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is an equivalence. This holds if and only if thl/p is local with respect to S/(p,v1), which is
equivalent to the vanishing of the limit of the diagram

- X p[3(2p-2)] 2 XS p[2(2p - 2)] 2 XS p[2p - 2] 2 XS p.
This vanishing occurs in particular when:

(1) X admits the structure of S'-equivariant Z-module, as then the maps in the above diagram
are null;

(2) X is bounded below, as the terms in the diagram
> X/[p[3(2p-2)] = X/p[2(2p-2)] = X /p[2p-2] = X/p

. . . . . . 1 . .
are increasing in connectivity, and applying (=)' to such a diagram results in one whose
limit vanishes.

§3.2. Some notation. We will make some use in this section of the following elaboration on the
map ¢% of Construction 1.1.3.

Notation 3.2.1. For X a cyclotomic spectrum, we define
Ox = Toa(Px) i T2u(X) — TZ*(Xth)a Kx = coﬁb(¢9< 1 Te0(X) — Tzo(XtC”)),
the former a map of filtered S!'-equivariant spectra and the latter an S'-equivariant spectrum.

Remark 3.2.2. The construction X — ¢% above determines a lax symmetric monoidal func-
tor CycSpt — F‘11n(A1,FiISptBSl ), where FilSpt denotes the co-category Fun(Z°P,Spt) of filtered
spectra, equipped with the Day convolution symmetric monoidal structure. In particular, for R
a cyclotomic E-ring, the map ¢% : 7o0(R) = 7o0(R'“?) is a map of S'-equivariant E-rings, Kr
is an S'-equivariant module over 75o(R), and for X an R-module and n any integer, the map
% Ton(X) = Ton (XC7) is linear over ¢%.

§3.3. On ku;,riv. Tate constructions are especially calculable in the setting of complex oriented
ring spectra. In this subsection, we make some calculations concerning connective complex K-theory,
from which we will then bootstrap in our analysis of j, in the next subsection.

Notations 1.2.1, 1.2.3, and 1.2.4 will be used again here, and sometimes the symbol ¢’ will be

used in place of ¢, for reasons that will become clear below.

Proposition 3.3.1. We have the following identifications of graded rings:

. (kulS) 2 Z,[g - 1][8,8)/(Bt - (- 1)) m(ku'®) = Z,[q - 1][u*"]

ma (kuiC?) = Z,[G ] [u*!] m ((kulC)S"y & 7, [¢ ~ 1] [u*!]
(o0 (ki 7)) = Z, [, ][] (0 (k)" = 7, [~ 1][u, 8]/ (ut - [ply)

Moreover, the map
(@) £ 72 () > 72 (0 (ki)
sends B+~ ({, — 1)u and the map
T (D)) 1 e (k™ ) > (720 (kupC7 )™
sendst—t, g~ (¢")?, and B~ (¢' —1)u.

Proof. This is partially a repetition of and partially an elaboration on Proposition 1.2.5; it follows
from the same facts cited in the proof there. O

Proposition 3.3.2. The map

Toa(kuy) ®y, Tzo(ku;cp) - Too (732 (ku,) )
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induced by the linear structure of the map ¢T>2(ku yoriv : 7o (k) = 7o (7e2(ku,)tC?) over the map
(bkumv tkuy - Tzo(kup *) (see Remark 5.2.2) is an equivalence.
P

Proof. The map m(ku;cp) - W*(Z; ) induced by the truncation map ku, — Z, identifies
with the map Z,[(,][t*'] = Fp[t*!] sending ¢ — t and (, ~ 1. From this and the fiber sequence
mso(ku,) - ku, - Z,, we deduce that the map . (7o2(7s2(ku,)t?)) - ﬂ*(rzo(ku;cp)) induced by
the map 7so(kuy) - kup is an injection, with image in degree 2n given as follows: it is 0 for n =0,

and it is (¢, — 1)u” - Z,[(,] for n > 1. The claim follows from putting this together with the fact,
from Proposition 3.3.1, that the map 7, (ku,) — 7. (70 (kut 7)) induced by ¢ v identifies with
the map Z,[8] - Z [Cp][ ] sending 8~ ({, — 1)u. O

Notation 3.3.3. Let R be a p-complete Eo-ring. For any symbol z, we let R[x] denote the
monoid Ee-ring R[N] with identification mo(R[z]) ~ mo(R)[z], and we let R[z — 1] denote the
(p,z — 1)-completion of R[x]. We note that there is a natural identification of E..-R-algebras

Rlz-1]=~ li]£n R[Z/p"]

(e.g. by [44, Proposition 2.2.12]); this induces an R-linear action of Z; on R[z~1], with the induced
action of u € Z; on mo(R[x ~1]) = mo(R)[x - 1] sending = - z*.

Below, we regard R[q’] as an Es-algebra over R[q] via the map of Ee-rings R[N] - R[N]
induced by the map of monoids N — N given by multiplication by p, and we similarly regard
R[q" - 1] as an E-algebra over R[q - 1], compatible with Z-actions.

Proposition 3.3.4. [Lurie] There is an equivalence of Ee-rings with Z,-action
Sl
KU® ~KU,[q-1];

here the Zgj-action on the left is induced by that on KU,, and the Z;-action on the right is
the dmgonal action determined by the action on KU, and the KU, lmear action dzscussed mn
Notation 3.3.5. Moreover, under this equivalence, the ZX -equivariant map KUBS UBS induced
by the p-fold cover map S* — S' identifies with the map KUp[q - 1] - KU [q -1].

Proof. This follows from Lurie’s reinterpretation of Snaith’s theorem, saying that KU, is the

orientation classifier of the formal multiplicative group over S, [44, §6.5]. (We note that the
comparison map here arises from the fact that the Bott class 8 € mo(KU,) is a “strict unit” class,
i.e. lifts to a class in m3(Gn, (KU,)).) O

Remark 3.3.5. The equivalencle of Proposition 3.3.4 is related via bar-cobar duality to an equiva-
lence of E-KU,-algebras KU[S) ~ KU,[S'].

Construction 3.3.6. We construct a commutative diagram of Eco-rings with Z; x St-action

Splg-1] —— Splg’ - 1]

l l ,
o g
¢kutrw

ku, ——— 7’>0(kut ?)

in which the upper horizontal map is equipped with trivial S'-equivariant structure.
The composition

Sylg-1] - KU, [g-1] ~ KUBS ~ KU,
where the first equivalence is that of Proposition 3.3.4, corresponds to a map of Es-rings with
Zx x S'-action S,[q - 1] - KU, where the source is equipped with the trivial S*-action. As the
source is connective, this is furthermore equivalent to a map of Ee-rings with Z; x Sl-action
0 :Sp[q—1] - ku,. The remainder of the commutative diagram can be constructed similarly, using
the definition of qﬁﬁumv in terms of the composition
P

can

BC, . 1...hC, tC,
ku, — kup ~ kup kup

)
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the identification of the map ku (kuBC’“)hS with the map kuBS - kup 8t 1nduced by the
p-fold cover S' - S!, and the 1dent1ﬁcat10n from Proposition 3.3.4 of the map KUBS UBS
induced by the p-fold cover S! — S* with the map KU,[q-1] - KU,[¢ - 1].

Notation 3.3.7. Let <25kumv ku, ®s,[4-1] Spld’ — 1] > 750(ku"“") denote the map of Eeo-rings with
ZX x Sl_action induced by the commutative diagram of Construction 3.3.6 and let Kk triv denote
the cofiber of ¢kumv

Proposition 3.3.8. The S'-equivariant ku,-module Kl,(utriv/(p,/B) is nilpotent.

Proof. We use the mlpotence criterion of Proposition 3.1.5. By Proposition 3.3.1, the map obtained
by applying 7. ((- )hS ) to ¢} v identifies with the map of graded Z,[q" — 1][¢ ] algebras
p

Zylq" = 108,81/ (Bt = (¢ - 1)) > Zp[q" = 1][u, t]/ (ut - [pl4)

(where ¢ = (¢")?) sending 5 — (¢’ — 1)u. It follows that the map obtained by applying m((—)hsl) to
qb{{u;riv /(p, B) identifies with the map of F,-algebras

[Fp[q,’ t]/(q - 1) - [Fp[q,a uvt]/((q, - 1)u7ut - [p]q’)-
Calculating the cofiber of this map, we identify ﬂ-x—((K{(utr;v/(p,/B))hS1) with
P
{w.v?,.. 3 B[/ (d - D).
The action of ¢ on this F,-module is zero, due to the relation ut = [p], = (¢’ = 1)P"! (mod p),

proving in particular the desired nilpotence. O

§3.4. On _]t“" In thlS subsection, we prove the result we are after concerning the map ¢° :j t“V -

sh(Jt“V) Theorem 3.2. It will be technically convement to perform our calculations Wlth the
followmg variant of jp and then deduce the result for Jp

Notation 3.4.1. We define an E.-ring j, 0 = Tz()(KUl; ). It has homotopy groups given by

Z, if =0
Te(jp,0) 2 {12Zp/(pn)Z, if x=2n-1 (neZy)
0 otherwise,

and moreover the boundary map m2(KU,) — m2(jp0) is the canonical surjection Z, - Z,/pZ,.
Noting that the canonical map ma(j,0/p) = 72(KU,/p) is an isomorphism, we let 3 € m2(jp.0/p)
denote the unique preimage under this map of the reduction of the Bott class 3. The class § is
classified by a map of j, o-modules j, 0/p[2] = jp.o/p, which we will also denote by 3. For n a
positive integer, we set

ipol(p,B") = cofib(B" : iy.0/p[20] = ipo/p),
and for X a jpo-module, we set X/(p,gn) =X ®j,, jp,o/(p,gn).
Lemma 3.4.2. For X a j, 0-module, the spectrum X/(p, B) naturally admits an Fp-module structure.

Proof. It follows from the description of 7. (j,0) above that ip.0o/(p, B) is 1-truncated, so that the
jp,o-module structure on j, o/(p, ) is canonically restricted from a 7<i(jp,0)-module structure. It
follows that

X/(p,B) = X ®,,ip0/(0,8) = (X &, , 7<1(ip.0)) ®r.1(5p0) Ip0/ (P: B)

naturally admits a 7<; (jp,0)-module structure. Next observe that, as p is odd, Tgl(jp’())h[F; ~Z,, s0
that consequently X/(p, 8) naturally admits a Z,-module structure. Again using that p is odd, we

3The convenience of this object (for different but closely related purposes) was indicated to us by Lurie.
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know that the action of p on X/p, and hence on X/(p, 8), is naturally zero, so that the Z,-module
structure naturally factors through an F,-module structure. O

Notation 3.4.3. As in Notation 1.2.6, we will denote the action of an element g € Z7 on ku,, by
19; we will denote its action on S,[¢—1] and S,[¢' — 1] by ¥9.

Construction 3.4.4. We construct a commutative diagram of S'-equivariant jp,0o-modules

Do
. iy Cy
.]p,O T>0 (Jp 0 )
l |
kuy, —————— ku, ®s, 1517 Spld’ - 1] A 70 (kuy, )
lwgﬁv l(wup@q,up)a l ;:p

7o (kup triv
To2(kup) ——— ma(kuy) ®s,[4-1] Spla’ - 1] el A T2 (To2(ku, ) *Cr)

in which the left and right columns are fiber sequences. (The top rectangle is in fact a pushout of
Eoo-rings, but we will not prove this here.)
The map 7,/1§+p is the unique map lifting the endomorphism '*? —id of ku,, along the canonical
map Tx2(ku,) — ku,,. Both existence and uniqueness follow from the fiber sequence 72 (ku, ) - ku, -
Z,, and the fact that ¥'*? induces the identity map on m(ku,) ~ Z,. The maps (17 @ ¥!*P),
and ¥&i? are defined similarly, the former arising from the endomorphlsm PP @ WitP —id of
kuy, ®s 14-1] Sp[¢’ — 1] and the latter arising from the map 7o (ku;,C”) - Too(722(ku,)C?) induced

by s .
The map gbk triv is as defined in Notation 3.3.7 and the map ¢’

Tan ()i is defined similarly, i.e.
by using the map ¢T>2(ku yeriv + To2(kup ) — 7—>2(7—>2(kup)tc

») and its linearity over o triv (see §3.2).

Remark 3.4.5. Concerning the maps (bk iy and ¢T>2(ku i in Construction 3.4.4: it follows
from their definitions and Proposition 3.3. 2"that ¢T (kv 102 be identified with the two-fold
suspension of ¢ku"w'

P

Lemma 3.4.6. Let K be the total cofiber of the commutative square of S'-equivariant j, o-modules
ku, ————— ku, ®s 14-1] Splq’ — 1]
ld}ol+p l(wl-#p@\pl-#p)o

Tea(ku,) —— 7a(kuy,) ®s,[q-1] Spld’ - 1]

contained in the commutative diagram of Construction 5././. Then K/(p,B) is nilpotent.

Proof. By Lemma 3.4.2, K/(p,3) admits an S'-equivariant F,-module structure. We may thus
use the nilpotence criterion of Proposition 3.1.5.
By Proposition 3.3.1, we have an identification

me (k) = 7, [g - 1][8,1]/(Bt - (g - 1))

where ¢ denotes the standard complex orientation; 7. ((ku, ®s 14-1] Splq’ - lﬂ)hsl) then identifies
with the base change of this along Z,[¢ - 1] - Z,[¢' - 1]. The canonical map

7 (ran (k) BS') > 7, (kDS

is an injection, with image in degree 2n given as follows: for n <0, it is (¢ —1)¢" - Z,[¢ - 1], and for
n>1,itis /- Zy[q-1]; the map

1 1
me(re2(kup) s, 1g-17 Splad’ = 11)P°) = m ((kwy @, gg-17 Spld’ - 11)P°)
has the same description, but tensored up along Z,[¢—-1] - Z,[q' - 1].
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In terms of these identifications, applying (—)hSl to the square in the statement and reducing
modulo (p, ) results in the commutative square of F,-modules

Fp(t] Fpld'st]/(q-1)
lw;w l(¢l+p®‘1’1+p)o

BeFpo ({612} CEHA) —— 8. [¢)/(g- Do ({t,%,.. .} - L),

1
Let us calculate the behavior of the vertical maps. On m(kugs ), we have

PUP(B)=(1+p)f=F (modp),  P"P(g)=¢""
Using the relation St = ¢ — 1, we deduce that
1+p _ 1

1+p _q _ q1+p—q _ p-1 _ 2
Y P(t) = t:( +1)t:(q(q—1) +1)t=t (modp,(¢g—1)°)
q-1 q-1

(since p— 1> 2, as p is odd). Combining this with the formula W'*?(¢") = (¢')'*? = ¢'q, we find
(YT @ U)o (8" (¢')™) = PO ((¢)™) ~ 1" (¢)™
=t"(¢)"q" ~t"(¢)" (mod p,(q-1)*)
=t"(¢)"(¢" - 1) (modp,(q-1)*).
Note that ¢"™ — 1 is nonzero in % for 1 <m < p-1. We may now compute the total cofiber

of the above square of F,-modules, taking horizontal cofibers first and then the vertical cofiber, and
we obtain

{561,7 ey B(ql)p_l} . [Fp7

concentrated in a single degree, on which ¢ evidently acts by zero. O
Proposition 3.4.7. The S'-equivariant j, o-module ijov/(p,ﬁ) (Notation 3.2.1) is nilpotent.
P

Proof. Using the commutative diagram of Construction 3.4.4, the claim follows from combining
Proposition 3.3.8, Remark 3.4.5, and Lemma 3.4.6. O]

Proof of Theorem 0.3.2. In 7, (j,0) we have vy = (8)P~1. It thus follows from Proposition 3.4.7
and a devissage that ijov /(p,v1) is nilpotent. The claim follows from this and the fact that

hF*
Ky = K,,2
p

RO

which is a retract of K ke (here we have used that p—1 = |F| acts invertibly on jj 0, 750 (j;%’), and

Kjusiv, as they are p-complete). O
p,

§4. K(1)-LocaL TC aND K-THEORY

In this section, we discuss some implications of Theorems 0.1.4 and 0.3.2 on the behavior of
topological cyclic homology and algebraic K-theory after K(1)-localization. As described in §0.4,
these implications comprise a height 1 analogue of the height 0 results of Antieau-Mathew—Morrow—
Nikolaus [2]; the general results and arguments in §§4.1-4.2 are straightforward adaptations of
theirs. In §4.3, we spell out some specific examples of these results, obtaining new calculations in
K(1)-local TC and K-theory.

§4.1. TC of cyclotomic spectra. We first formulate a result for the topological cyclic homology
of general bounded below cyclotomic spectra.

Notation 4.1.1. Recall from Proposition 1.3.2 that there is a unique map of cyclotomic E..-rings
a:jV -~ THH(Z)).
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Lemma 4.1.2. For X a bounded below S*-equivariant spectrum, ((X ® fib(a))tS' )p = 0.
Proof. Combine Theorems 0.1.4 and 0.3.2 and Remark 3.1.6. O

Theorem 4.1.3. For X a bounded bflow cylclotomic spectrum, there is a natural map of spectra
TC(X ® THH(Z)))) - ((X ®jiV)'S")2 making the square
striv
TC(X ®j,™)p TC(X @ THH(Z),);
(4.1.4) l l

striv L striv L
(X ®jp™)™ ), (X ®jp™)*™ ),

commute, the upper horizontal map being induced by o and the left vertical and lower horizontal
maps being the canonical ones. Moreover, upon K(1)-localization, this square becomes cartesian and
the map TC(X)) - TC(X ® j;V)5 induced by the unit map S — ji¥™ becomes an equivalence.

Proof. The map and commutative square are obtained immediately from the commutative diagram
TC(X ® ™)y —*— TC(X ® THH(Z))))

l |

(4.1.5) (X @juv)hshyr 2 (X @ THH(Z)))*S"))

canl lcan

(X @j™)™)) —*— (X @ THH(2)})" )}

and the fact that the lowest horizontal map is an equivalence (Lemma 4.1.2).

The cartesianness claim follows from two observations about the diagram (4.1.5):

— The upper square is cartesian. This follows from considering the variant of (4.1.5) in which
the can maps are replaced by can — ¢; there the columns are fiber sequences, and the lowest
horizontal map remains an equivalence.

— The map can : (X ® THH(Z)IA))hSl - (X® THH(Z);;)tsl is a K(1)-local equivalence. Indeed,
the fiber identifies with a shift of (X ® THH(Z);)ns1, which is a colimit of Z-modules, hence
vanishes K(1)-locally.

That the map TC(X)) -~ TC(X ® i) is a K(1)-local equivalence follows from the canonical
map TC(X)) ®j, > TC(X ®ji™); being a p-complete equivalence [2, Remark 2.4] and the unit

map S — j, being a K(1)-local equivalence. O

Corollary 4.1.6. For X a bounded below cyclotomic spectrum, there is a natural fiber sequence of
spectra

LK(l)(thl )[1] — LK(l)TC(X) — LK(l)TC(X ® THH(Z)S)
in which the second map is induced by the unit of THH(Z)s.

§4.2. TC and K-theory of ring spectra. We now apply Theorem 4.1.3 to the study of K(1)-
localized TC and K-theory of ring spectra. We begin with the following result for j,-algebras,
parallel to the result [2, Theorem 2.12] for Z-algebras.

Theorem 4.2.1. For R a connective E;-j,-algebra, there is a natural commutative square of spectra

TC(R)) TC(R®s 7))

l l

TC (R/jp)s TP(R/jp)p
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in which all maps but the right vertical one are the canonical ones. Moreover, this square becomes
cartesian upon K(1)-localization.

Proof. This follows from combining Theorem 4.1.3 (applied to X = THH(R)) with the commutative
diagram

-triv\hS?! can striv)tS?
((THH(R) ®j, V)" ), = ((THH(R) ®j,/)"> ),

l l

TC (R/jp)) can TP(R/ip);

induced by the canonical S*-equivariant map THH(R) ® j©"V — THH(R/j,) and noting that this
square becomes cartesian after K(1)-localization. The last claim follows from considering the map
induced on horizontal fibers, as the aforementioned S!-equivariant map is a K(1)-local equivalence,
and hence so too is the map obtained from this by applying (-)ust- O

Next, we prove our result for general connective E;-rings, Theorem 0.4.2. The proof will rely on
the following prior result on the K(1)-local K-theory of Z-algebras.

Theorem 4.2.2. [Bhatt—Clausen—Mathew 7; Land-Meier-Mathew—Tamme 39] For A a connective
E1-Z-algebra, the canonical maps

Lg1)K(A) = Lg)K(mo(A)) - LgyK(mo(A)[1/p])
are equivalences.

Proof. See [7, Theorem 1.1] and [39, Corollary 4.23]. O

that the statement holds for A any connective, K(1)-acyclic E;-ring. As alluded to in §0.4, this
more general statement can alternatively be deduced from Theorem 0.4.2 (under our assumption
that p is odd), but we are certainly using the statement for E;-Z-algebras as an input to our proof
of the latter.

Lemma 4.2.4. For X an S'-equivariant spectrum, there is a natural fiber square of spectra

L (X @ji)"S) —— Lga) (X @)

l |

1 1
(LX) ((LgnyX)™ )

in which the horizontal maps are the canonical ones.

Proof. The square is induced by the localization map X ®jgi" - Lga)(X ®j§,“") ~ Lg ()X, and
it is cartesian because the map on horizontal fibers is an equivalence. O

Proof of Theorem 0.4.2. The claim follows from considering the commutative diagram

Lk1yK(R) L) K(R®s Z) —> Lg1yK(mo(R)) —> Lk qyK(mo(R)[1/p])

l | l

LK(I)TC(R) LK(l)TC(R ®s Z) — LK(l)TC(ﬂ'o(R))

l |

Lk ((THH(R) ® ji™)"S") — L1y ((THH(R) ® ji™)'S")

1 |

TC_(LK(I)R);)\ TP(LK(I)R)S

which can be described as follows:
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— In the first two rows, the horizontal maps are induced by the canonical maps of E;-rings (noting
that mo(R®sZ) ~ mo(R)) and the vertical maps are given by the cyclotomic trace. By the Dundas—
Goodwillie-McCarthy theorem [24], the two squares formed by these rows are cartesian. By
Theorem 4.2.2, the second and third maps in the first row are equivalences, and by cartesianness
it follows that the second map in the second row is also an equivalence.

— The square formed by the second and third rows is the fiber square of Theorem 4.1.3 (applied to
X =THH(R)).

— The square formed by the third and fourth rows is the fiber square of Lemma 4.2.4 (applied to
X =THH(R)), noting that we have a natural equivalence

§4.3. Examples. The general results above give us tools for accessing the K(1)-local TC and
K-theory of a ring spectrum R even when R is not K(1)-acyclic. Here we demonstrate this with a
few specific calculations, which together prove in particular Theorem 0.4.3.

Remark 4.3.1. Note that for any connective E;-ring R such that mo(R) is commutative and
p-complete, the K(1)-localized cyclotomic trace map Lk 1)K(R) — Lk 1)TC(R) is an equivalence.
Indeed, the Dundas—Goodwillie-McCarthy theorem reduces the claim to the case where R is discrete,
in which case it follows from the rigidity theorem of Clausen—-Mathew—Morrow [22]; cf. [7, Proof of
Theorem 2.17]. This applies in particular for R € {S,,jp, ku,, Z,}, examples to be further discussed
below.

Example 4.3.2. Applying Theorem 0.4.2 in the case R =S, we obtain a fiber sequence
Jp[BS'Ip[1] = L1y TC(S) - L1y TC(Z);
for the fiber term here, we have used the canonical equivalence
THH(Lk(1)S)) = THH(J,)p = J™,

coming from the fact that J, is an idempotent algebra in Sptg.

This fiber sequence was in fact present implicitly in the discussion of §2; let us make it completely
explicit. Comparing its construction with the proof of Theorem 2.1.21, we see that it fits into a
commutative diagram

J,,[BSl];} v J,,[BSl];,‘ cofib(id — v : Jp[le]f7 - J,,[BSl];,‘)
l le le
: * . 1 1 id . % . 1 1
1) ———— fib(id - [p]* : JP5 > IB5 ) —— fib(id - [p]* : JJ° - JD%)
Jp[BS']5[1] Lk TC(S) Lx1yTC(2),

in which each row and column is a fiber sequence. The results of §2 (namely Theorems 2.1.21
and 2.3.16 and Corollary 2.3.18) identify this commutative diagram with the following one:

0 0 i i
(9 ld—a) Jp ® (@nezza KUP);\ ( (m) 120)

l j(g ) (22)

0 I, @ J,[-1] id Jp@J,[-1]

- I

To[1]@ (@nez,, KU[1])) —= Ty @ Jy[1] @ (@pez,, KU,[1])) @Y’

Jp ® (@nez., KUp)'

J, @ KU,/J,

cococo
ocp oo
cocoga
cogo
ococoo

coco
~—

3

JyeJ[1]eX.
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Here 0 : @,cz,, KUy = @z, KU, is the shift operator, as in the proof of Theorem 2.1.21; 7 :
KU, — J,[-1] is as in Notation 2.1.19 and Y' = cofib(7) as in Corollary 2.3.18; 7" : KU, /J,, > J,[-1]
and X' = cofib(7") are as in the proof of Theorem 2.1.21; and 7 : KU, - KU, /J,, is the tautological
map and 7' : Y’ — X’ the map induced by .

From the above we may identify the boundary map Ly 1)TC(Z) — J,[BS']5[2] of our fiber
sequence: it is given by the composition

LK(l)TC(Z) - X' - KUp/Jp[l] - JP[Q] - Jp[le]Q[QL
the first map being the projection, the second and third being the tautological boundary maps, and
the fourth induced by the basepoint of BS*.

Example 4.3.3. The unit map S — j, induces equivalences upon applying mo(-), and Lx)(-),
so it follows from Theorem 0.4.2 that it also induces an equivalence upon applying Lk 1)TC(-).

Example 4.3.4. Following Levy [11], we write j, ¢ = kugr. As a spectrum, this is equivalent
to 7>-1(Jp). In particular, it is (-1)-connective, from which it follows that THH(j, ) is (-1)-
connective (e.g. by considering the skeletal filtration on the cyclic bar construction). We may thus
apply Corollary 4.1.6, and we obtain a fiber sequence

Jp[BS'15[1] = L1y TC(ip¢) = L1y TC(jp,c ®s 2).
We claim that the following maps induce equivalences on K(1)-local TC:
ipc®sZ = (ku,®s 2)" > 20, 7, -7},

here the first map is induced by the truncation map ku, ®s Z - Z,,, and I' acts trivially on Z,,
which gives the second map. Note that this claim implies that the connective cover map j, = jp ¢
induces an equivalence on K(1)-local TC, by comparison of the associated fiber sequences. Moreover,
we deduce from [41, Theorem A] that the maps

Lk 1yK(p) = Lx1)K(p,¢c) = Lr1)yK(Jp)
are equivalences.
Let us justify the claim:
(1) For the map (ku, ®s Z)"" — ZII}F, we apply [41, Theorem BJ, noting that Ly )TC(-) is
truncating on connective Eq-Z-algebras [7, 39, 48].
(2) For the map Z, - Z;}F , the pullback square

TC(zZ)") TC(Z,)

l l

TC(ZP) - TC(Zp[a:])

of Land—-Tamme [40, Theorem 4.1] reduces us to checking that the map of rings Z,, - Z,[z]
induces an equivalence on K(1)-local TC. This follows from purity equivalence Lg1)TC(R) =~
Li1)K(R[1/p]) for these rings R [7, 39].

Example 4.3.5. The unit map S — ku,, induces a commutative diagram

Jp[BS']p[1] ——— Lk)TC(S) Lx1)TC(2)

| l I

KU,[BS']3[1] — Li(1)TC(kup) —— Li1)TC(Z,),

the rows being the fiber sequences supplied by Theorem 0.4.2. The upper row is as in Example 4.3.2,
and the fiber term in the lower row comes from the equivalence

THH(Li(1yku, )} = THH(KU,), ~ KUJ™,
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which holds because KU, is a 0-cotruncated object in CAlgy,, i.e. Mapga(KUy, A) is discrete for
any p-complete Eo-ring A (see [44, Theorem 5.0.2]).

The description of the boundary map for the upper row in Example 4.3.2 shows that the
boundary map of the lower row is canonically null, i.e. the lower row canonically splits, giving an
equivalence

L1y TC(ku,) ~ Li1)TC(Z) ® KU, [BS']5[1].

Remark 4.3.6. Let R be a complex orientable, connective E;-ring such that mo(R), =~ Z, (e.g.
R =MU). By the same logic as in Example 4.3.5, combined with Corollary 2.3.19, the fiber sequence

(THH(Lk (1) R)nst )p[1] = L) TC(R) - Lk (1) TC(mo(R))
of Theorem 0.4.2 admits a splitting.

Example 4.3.7. Consider the K(1)-localized localization fiber sequence
Lk1)K(Z,) = Lx1yK(ku,) » Lk 1) K(KU,)

of Blumberg-Mandell [14]. Here the first map is the (K(1)-localized) transfer map in K-theory,
induced by restriction along ku, - Z,,. We claim that this first map is canonically null, giving an
equivalence

LK(l)K(KUP) ~ LK(I)K(kup) @ LK(l)K(Zp)[l]

Indeed, from Example 4.3.5 we know that the map Lk 1)K(ku,) - Lg(1)K(Z,) canonically splits,
so it suffices to see that the composition

Lk)K(kup) - Li1)K(Z,) — L) K(kuy)
is canonically null. This is true even before K(1)-localization: it is given by multiplication by the

class [Z,] € K(kuy,), which identifies with zero by virtue of the cofiber sequence of ku,-modules

ku,[2] L ku, - Z,.

§5. NONCOMMUTATIVE CRYSTALLINE-DE RHAM COMPARISON

In this section, we will prove Theorem 0.5.1, most of which, we note again, was proved earlier
and in a different manner by Petrov—Vologodsky [53]. We begin in §5.1 with some further general
discussion of nilpotence, continuing from §3.1. The proof of the theorem is then given in §5.2.

§5.1. Nilpotence continued.

Definition 5.1.1. Let R be an S'-equivariant Fo-ring. Let Jx C ModR(SptBSI) denote the full
subcategory spanned by those S!-equivariant R-modules X such that X/(p,v;) is nilpotent. We
define

(ModS" )1, = Modr(Spt™ ) /I
to be the Verdier quotient; since Jx is a thick tensor ideal, this and the associated quotient functor
carry canonical symmetric monoidal structures.

Lemma 5.1.2. Let R be an S'-equivariant E.-ring. Then the laz symmetric monoidal functor

() )pron) : Modr(Spt™ ) - Spt

A

factors uniquely through the symmetric monoidal quotient functor ModR(Sptle) - (Modg.t@Sl )(p,vl)‘

Proof. This follows from the definition of (Modg’l)@) vp) and Remark 3.1.0. O

Construction 5.1.3. Let R — 11%’ be a map of Sll—equivariant Ee-rings. By Remark 3.1.3, the
base change functor Modg(Spt®® ) - Mod g/ (Spt®S" ) carries I into g and the forgetful functor
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ModR/(SptBSI) - ModR(Sptle) carries Jg/ into Jg. It follows that there is an induced adjunction
(5.1.4) (Mod®? )(p oy 2 (Modf, )(p o)

Lemma 5.1.5. Let v: R — R’ be a map of S*-equivariant Eo.-rings. Suppose that fib(vy) € Jg. Then
the adjunction (5.1./) is an equivalence.

Proof. For X an S'-equivariant R-module, the fiber of the unit map X - R’ ® g X is equivalent
to fib(y) ®g X, which by our hypothesis lies in Jg. This implies that the unit transformation of
(5.1.4) is an equivalence.

We now address the counit transformation. For X’ an S'-equivariant R’-module, the counit map
R'®r X' » X’ may be rewritten as (R'®g R') ® g X' > R’ ® g X'. Thus, similarly to the previous
paragraph, it suffices to check that the fiber of the map R’ ® g R’ - R’ lies in Jg/, in other words
that the counit transformation of (5.1.1) is an equivalence on the image of R’ in (Mod' )(p 1)
But this object is in the image of the left adjoint functor, so the claim follows from the previous
paragraph. O

§5.2. The proof. Recall from Proposition 1.3.2 and Remark 1.3.3 that there are unique maps of
cyclotomic Eee-rings v : ji" - THH(Z)), and @: Z§™ — THH(FF,).

Proposition 5.2.1. Consider the diagram of S'-equivariant Eo-j,-algebras

juiv —2 THH(Z))

L

Zy —=— THH(F,),
where the left hand vertical map and diagonal map are the truncation maps and the right hand
vertical map is induced by the reduction map Z — [F,. After applying the quotient functor
BS'
Modjyv (Spt™® ) - (Modt v ) (prvn )
the maps a and « become equivalences and this diagram commutes.

Proof. That « is inverted by the quotient functor follows from Theorems 0.1.4 and 0.3.2; and for
it follows from the analogous result that fib(@)/p is mlpotent (see [2, Construction 2. 6 and Lemma
2.7]). The upper triangle evidently commutes in CAlgP® | and, as discussed in Remark 1.3.3, so
too does the outer square. It follows immediately then that the image of the lower triangle under
the quotient functor also commutes. O

Corollary 5.2.2. For M an S'-equivariant THH(Z);\—module, there is a natural equivalence
((M ®Tnm(z)) va)ts )y = (M ®THH(Z)A THH(F,))" -

which is lax symmetric monoidal and which in the case M = THH(Z); recovers the equivalence
Zts ~ TP(F,) induced by the map @.

Proof. Combining Lemma 5.1.5 and Proposition 5.2.1, vlle see that o defines an equivalence
between the images of Zi™¥ and THH(F,) in CAlg((ModTHH(Z)A) (pop))- The claim then follows
from Lemma 5.1.2 and Remark 3.1.6. O

Proof of Theorem 0.5.1. We apply Corollary 5.2.2 to M = THH(C)j,. O
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