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_ ABSTRACT 

The starting point is the concept of a monoidal 

* eategory. By formulating the entire theory with respect 
° to a suitable closed category V, the tensor-product functor 

“in a monoidal category may be supposed to earry. a 
: Y-bifunctor structure. : 

First we specialise to the well-known concept of 

a biclosed category which is a monoidal category whose 
= tenscr-product. functor admits right adjoints to both 

variables. Since this biclosed property ean be expressed 
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in terms of the representability of certain functors, a 
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_ biclosed category may be thought of as a "complete" 
monoidal category. : 

in the other direction, we generalise monoidal 
7 eebtegory to the concept of promonoidal category. A . 

promonoidal category is less than a monoidal category in 
that its tensor product and identity can only be expressed 

asa "profunctor" and a "proobject" respectively. This is 

the case with many small categories which occur as model 

categories. While a monoidal structure is a special instance 
of a promonoidal orie, there do exist promonoidal categories 

which are not monoidal. 
a 

Broadly speaking, the thesis provides conditions © 
“under which a promonoidal structure on a category A can be 



extended, along. a-given dense functor ACP > B, to produce 
a biclosed structure on Bs The tensor product, internal 
homs, and so on, for B are then expressed as Kan extensions . 
of the given structure on A. As deseribed in detail in. 
our intreduction, the actual proof of this general result 

‘4s derived from the consideration of two special cases, 

namely, the functor category theorem and the reflection 
theorem. , 

Much of the. thesis is concerned with examples 
and we divide these into varicus types. The first is the - 
functor category type, ineluding such familiar examples 
as the closed category of modules over a commutative ring 
and the. closed category of algebras over a commutative 

theory. The second deals with biclosed structures obtained 

by reflection from larger biciosed. categories; here we 

discuss several cartesian closed categories of topological 

spaces, including that of compactly generated spaces. Lastiy, 

the general constructicn theorem is applied to the 

‘eonsideration of algebraic closed categories generated by 

commutative monads. - “os 
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~ INTRODUCTION 

“The thesis aims to present a theorem which 

underlies the construction of many well-known examples of 
both ordinary closed categories and enriched closed 

categories. We shall approach this theorem through the 
discussion of two special cases. Therefore, by way -of 
introduction, it. seems desirable to. provide a brief -outline 
of the development.,. Some netation and terminology aré also 
introduced here, although we mainly follow that used-in.. 

Section O.2, Terminology 
A monoidal category consists of a category V 

together with. an identity object I « v; a tensor-product 
functor. @ : Vx¥ +. ¥, and natural isomorphisms 2 : I@A #2. A,.: 

ro: AGI 2 A, and a: (A®B)eC = na(n6c), satisfying the 
coherence. axioms: . 

a 

MC1 (ASI) 8B ——-——_> 48 (I6B) 

f 

£8B : - commutes, 



: acl. es a : ae 

MC2 ((A8B)8C)8D ———> (AGB) @{c@D}-———>-a9@(Ba(caD))- 

e
e

 

291 | 18a 

448 (B@C) )@D > f8 ((B@C)@D) 

oO OST — : commutes. 

= 
c
e

p
 

_, This entire structure is often denoted by ‘the single 
‘letter Ve 

As symmetric monoidal category is a monoidal — 
ie category plus a natural isomorphism. ¢..: A®B = BOA 

satisfying the coherence axioms: 
e as 

Mc3 RGB BRA 

fe) 

oO Ne 4 — | i _ eee : ABB oe commutes, ; __ : : : ; 5 
MC4 ueGQ@B }@C ——-_-_> A@(B@C) > (B8C)@4 
e

e

e

 

(BeA}ec-————_—_—> B6(a8c )—_———> B@(C@A) 
: . ° a a : 18¢ : 

wb oo 7 commutes. 

A biclosed category is a. monoidal category V 
for which the endofunctors AG@-.and =-@B both have right 
adjoints: 
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v(AeB,C) = V(A,C/B) = v(B,a\C).. th
 

il 

These right adjoints are called the internal-hom functors 

of V. - ; os : : 

A closed category is a symmetric monoidal 

eategory for which the endofunctor -8B has a right adjoint: 
a - 

a“ 

V(A®B,C) = V(A,[BC]). 

Note that a closed category is essentially a. symmetric 
biclosed category. 

(Only when ¥ is closed do we get a me@bly workable 

theory of categories over V. In order to employ this theory 
efficiently, we may suppose that ¥ is normalised; that is, - 
that a functor Vi: V +S, where § = small sets, is so 

isomorphic to V(AB). ‘Any closed category can: ke mormalised, 

perhaps after replacing it with an isomorph. We will 

suppose that. given closed categories are normalised, but 
“will not bother to provide normalisations for tite elosed 

categories constructed. 

If Wis a given closed category, we aitain the 

concepts of monoidal category over W, closed eategory over 

wy ete., if we use "W-category" in place of "“eategory", 
"W-functor"TM in place of "functor", VeV in place of UxV, 
and so on, in the above definitions. "Coherence" remains 
unaltered, 
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Section 0.2, Closed categories of functors 

Most familiar examples of closed categories 
can be aon-trivially represented as categories of functors 
from A to B for suitable domain and codomain categories 
A and B, These functors may be either ordinary functors, 
or elise V-functors for some closed category V. They may 

comprise the category [A,B] of all functors (or V-functors) —’ 
from A to B, or else a definite full subcategory of this. 

Clearly the latter alternative remains available even 
when A is large; that is, even when [A,B] does not. exist. 
The following table gives some tynical examples. of closed 

functor categories: 

- Functor category A | B. Functors considered ~ 

simplicial sets. BoP, where A sets all functors 

is the 
a + simplicial 

. category 

small categories BoP sets those satisfying the 

eategory axioms 



Functor category A B Functors considered. 

‘quasi- coP, where C | sets those of the form 
topological is compact Garr AG(C,X). for 

spaces hdf. spaces sone quasi-space 
and. cts. X, where Ad(C,X). 

. maps iss the set of 

. admissible maps 
‘fram C to X, Cel 

(real) Banach por where P sets certain functors 5 
spaces is the full . . determined. b:7 the 

subcategory fact that P is 
of Banach dertse in Banach 
spaces _ Spaces 

determined 

by the 

: : Euclidean 
plane R* 

abelian groups 6, where G sets those preserving 
is the theory 

of abelian 

groups 

finite products 



eee 

Functor category ° A B |Funetors 
; rs considered 

Z-graded abelian | the discrete. abelian | all 
groups category of groups | functors 

— : integers Z . 

differential the additive abelian | all additive 
graded abelian category {groups | functors 

" groups generated by 
the totally. : 
ordered category 

| @, with the 9 

relation a? = 0 

modules over a the additive - abelian all additive 
commutative ring category with groups f£unetors 
K one object whose | 

. endomorphism 

ring is K 

sheaves of TOP where T is a |K-modules |. those functors 
K-modules tepology ereating 

certain limits 



“os 

a 

In these and many other examples, the codomain 
B is closed. We therefore choose this as a starting 
point and replace the letter Bboy Via given elosed 
category. 

an The above examples also indicate that. sometimes 

Ais an ordinary category and the functors A + V being 

considered are ordinary functors (e. E. sheaves of 
K-modules), while othertimes A is a V-category and the 
functors A > V are ¥-functors (e.g. differential graded 

abelian groups). However, provided V admits set-indexed 

copowers of its identity object I, the first ease may.be 

included in the second by simply replacing A with the 

| free V-category generated by A . More precisely, V is 

ustially complete enough for the representable functor 
Vo: ¥ + S$ to admit: the left adjoint F : $ + ¥ which sends 

a set X to the copower FX = 5 Tin ¥.. hen, by [11], the 
7 x 

closed functor V.: V+ S nas a closed left adjoint F 

and this induces a 2-funetor Fy : S-fat > U-Cat, 

2S VU, 

There 

then results a canonical bijection between functors A + 

and ¥-functors F,A +.¥, 

, Therefore we suppose throughout that Vis a 
closed category and A is a V-category and that the functors - . 



’ 

Ar vV being considered are V-functors. This means that 
our general theory is developed entirely over V, so we 
stipulate that henceforth (save in specific examples) 

the unqualified words “category, functor, natural 
transformation, adjoint, monoidal category", etc.,. mean 

“ "Y-category, ¥-functor, V-natural transformation, 
V-adjoint , monoidal category over V," ete. The prefix nyn 
is oceasionally retained for emphasis. 

‘Furthermore, it is convenient to use the same 

symbol for. both a V-funetor and its underlying S-functor. - 

In the special case of left represented functors from A 

to .V we shall use A(A-) and LA interchangeably. 
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Section 0.3. ‘Outline of development 

«The. general construction theorem, formulated in- 

-_ : Thapter: 2s Ss derived essentially in terms, of two 
Chpecied tai cases. 

. 

“PFiest we take the case where A ist a small 
tabad 

.eategory and V admits small limits and coliimits, and we 
_gonsider ‘the*category [A,V] of all functors frem A to V 

“Nes"Gone in [5 J)... The structure of [A, Vlas & Weategory 

. is recalled_in Chapter 1. Here we also reemil the Yoneda 

full embedding L ; AP + [A,V] which is the: camenical 
functor-sending A. e AeP to the left represented functor 
LA = ACA-) : A+ V.. The functor L is dense, & fact which 
is essentially contained in the expression 

= f* rasa 
“of each functor T : A+ Vas a colimit in [A,#} of left 

represenced functors. 

We now consider the “possibility off eri ching 
CA, V3 hea, .witlosed category. For this we mote that a 

“Chensor: product 

_CA,VISLA,V] > EA,VI, 
»for which S8- and -8T both admit right adjojlints, is: 

essentially. determined by its values LA@LA" on wepresented 

functors. This is so because SB- and -8T: bystth preserve 

a
p

n
a

 

<ilelimits: 
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-sBr = (f*sae.ayacf*'tatena') N
e

. 
tt

 pRat : stat [fC (SA@TA")@(LABLAt). 

“iting P(AA'~) for the funetor LASLA', we obtain a 

functor Po: AoP APRA > ¥, Conversely, given any functor 
Om 

ma 

CA, vi by means of the expression 

ge °PeA > Vy we can define a tensor product 8 on 

ser = fa’ (SASTA')@P(AA'-). 
Moreover, this.definition of @ is easily seem to provide 

-a@ natural isomorphism LASLA! = P(AAT~) and right adjoints 
to-each of SS- and -8T, . These facts simply express the 

correspondence, to within isomorphisn, of functors 
A°PQA°P. + -[A,V]-to their Kan extensions [A,VI@LA,V1 + [A,V] 

along b8L 2: AP@ASP. » CA,VIBLA,VI.~ | 
An identity object J ¢ fA, va for & 1s just a 

functor J : A.V. Natural isomorphisms &, Fr, 2, 

~completing -8,. J- to -a monoidal structure, are easily seen 

“to translate into natural isomorphisms 
f*sxer(xa-) = LA enable 

ee. 

u
e

 
a

 

N
e eos f'oxer(ax~) = La 

a: PPAR xyeP(xa"-) = [¥P(ataMKpSPCAX-). 
In-turn, the coherence conditions for 2, r, & translate 

into corresponding “coherence conditions" for A, p; a. 
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The main result of Chapter 3 isa bijection 

fat least to within isomorphism) between biclosed 

strictures ‘on the functor category [A,V1, and certain 

~-gtructures (P,J,4,9,a) on A. Given the biclosed structure 

ASP ws “trace” on < [A,V] yields the structure 

“on A; given the structure on A, the biclosed structure on 
[A,V] is ubtained by Kan. extension. 

Such structures on A are called promonoidal, 

because P.: A°P@A°P aA + 4 is what Bénabou has described 

as a "profunctor"’ from A@A to A. It then turns out that 

“each moncidal structure. (8, fT, ...) on A can be identified 

with a corrésponding promonoidal structure whose P and 

are given by. — [ Le cae 

P(AA'-) = ACAGA',-~) 

ge ACE,-); 
In other. words, monoidal structures on A are a special case’ 
of promonoidal- ones. An important feature of the monoidal. 

Jr he opposite category. ACP admits a canonical 

- monoidalsstimmrture (also denoted by A®P) and consequently 

is promonoidal (Bénabou has called A°P the monoidal 

"conjugate" of A). 

With the idea in mind of using promonoidal 

Structures as generalised monoidal ones, we introduce a 

idal functor. This is se done as. to 
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A beteintonioeeie Se wndure the usual concept of monoidal functor whenever 
“oo geome cand codomain categories are actually monoidal. 

B <JRor..any .two promonoidal categories A and B,-the proménoidal 
ar eas osghihwhmciis- of a functor T: A+ B correspond bijectively 

i : 

ode vsiemnival enrichments of the “restrictiomTM funetor 

ABA: IBV CAV, ae 
Morebver, the concept of promonoidal structure 

Jon’ al eatégory A is readily seen to be independent of the 

“asmaliness of A and the completeness of V.. In diefining a 

general premonoidal category we simply insist that the 

“particular. coends needed to write down.the defimition= do 

e
d

 

‘exist in ¥. For instance, any monoidal category is 

promonoida! ; the existence of the “necessary coends boing 
: opieerenbewd “by the representation theorem. Thus we may~ 

““wiew the biclosed structure of [A,V] as a large 

s
e

p
a

r
: 

ig 

f£ the promonoidal structure on a small "compietio 

category As os . ne, ae 

angmsed categories arise, not as tetal 

: 

~ “o““Eeoups on a topology T arise as a.reflective sulrcategory 

of C7°P, AbJuand~abelian groups arise as a reflective 
subcategory of re°P 3) where G denotes the theary of 
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LON 

abelian groups... This brings us to the second construction. 
: Commencing with a biclosed structure 

@ wetsr,8,/,\) on a category B, let @ : C+ Bbe a full 
ading: functor with a left adjoint »: B+ €. Then 

_..thene exists .A biclosed structure (8,1,...) on. €, for 
So ee Say mnt enrichment to a monoidal functor ¥ = (p,b,p°) 

7
 

o
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: 
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e
 

T
e

 
age: 

got 
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a
 

with = > 

¥ 
ae) 

¥ 

““tpemorphisms, if and only if: vas s 

o
e

 pBeyB! + (BB) 
I > pr 

tx) For all Be B and C « C, the ‘objects ‘ec/iz and BY eC 
of B admit isomorphs in ¢, 

The condition (#) has numerous equivalent forms 

obtbiah me ist in Chapter 4. In any given application one 
fans may be. more convenient fo use than the others. In® 

-bartioulan, af the original biclosed category B eontains 
“ua dense subcategory A then the condition (2) becanes: 

~y (8%) For ali 2B e A and f ¢ C, there exist objects H(AC) 
xC(4C) of. C together with isomorphisms 
: C(WA',HCAC)). fl

e C(H(A'BA),C) 

Ih
e C(WCABA') Cc) = C(wat,K(ac)) 

which are natural in A' ¢ A. 

cb
 m

o
m

e
n

 

_ Phe new condition (##} applies non-trivially 
ca . 

Wrshere B = [A,V¥] for a small promonofdal 
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fpkegory Ae Here B contains the dense. subcategory of 

i) Lage represented functors. But to say. that a category C 

AB: a Tull-reflective. subcategory of {A,V] is precisely to 

srhhat.there exists a dense functor Mo: AGH + €, the 

mtiectiun of a functor T « LA, Wi being givem by the 
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~~ poend yr = * pAraema. in C. .In terms of the furnmetor M, the - 
r 

condition °x **) reads: 
ORRERY For all A «A and ¢ € ¢, there exist objects HAC) 

and K(AC) of C, together with isomoryiniisms: 
C(Q(A'A},C) = CCMA H(AC)) 

s
e

h
 

f -C(Q(AA') ,C) = (Mat ,x(Ac)) 
which are natural in A' ve A, where 

8 CRAY) = Pecanenx. 

poe 

ot 7 

a “The last condition (##%). makes no eupliett 
~yeference to the functor category tA, vq as a wine, only 

“oe Sher vePlections QCAAt) inc of the functors Pesat-)o2: Ae V. 
Thus we may. ask whether satisfaction of (wee) guarantees 

Froteeahe “hiclases. structure on a category C when a dense ‘functor 
me pap” Bed. > ¢ is given from the cual of an arbitrary 

~promonoidal category A over an arbitrary groumd category V. 

veo To """Pe answer is yes, provided we postulate the: existence in. 

C of the enends fPraema for certain functors: 'f-: Arv,. 
A 
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More precisely, we require that the coends oe * 

acaa') = f*P(aa'x)emx 
T= f*rxemx 

cect = f**" (ecmx,c)eccux! co") )eq(xx") 
‘exist in C, together with ‘the ends 

tt me cre = fyCC(MX,C) ,H(XC') J 

£,fe(mx,c) ,K(xer) 7. c\c! tt 
In Chapter 5 we establish that the satisfaction 

of condition (%#*), together with the existence of the 

above coends and ends, is sufficient for the existence of | 

| & Biclased structure onc having 8 for tensor: product, 
I for identaty ebject, and / and \. for internal homs.. 
Furthermore, -when A is monoidal, this biclosed- structure 

om €- is characterised, uniguely.to within isomorphism, by 

the existence. of a monoidal enrichment (¢,4, 6°) of the 

functor ¢= OP: A > COP for which both’ ¢ and ¢° 

isomorphisms; an analogous result is true” for A an 
arbitrary promonoidal category. "Conversely, given 2 

i -biclosed structure on C, together with a suitable 
k “ promonoidal enrichment of MOP SA > coP | the required 

coends and ends exist in C€ and condition (x##) 4s satisfied. 

: . These results are collected to form the general construction 

theorem of Section 5.3. 
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The already mentioned biclosed structure of a 
total functor category CA,v] and that of a reflective 

subcategory C « [A,V] may be recovered from the construction 

.. theorem by equating M to L : ASP + CAV] and to 
vp 2oTA,V] + C respectively. An application lying outside 

the. Scope of these two special cases is outlined in 
Section 5. 4 where we take M-to be the inclusion Ven c ue 
of the category Vin of free algebras into the category yt 
of algebras over a "commutative" monad Ton V. Here the 
commutativity of ' provides a canonical monoidal structure 

.oa the large category A = Van? “The © resulting closea 
, structure on. ye is the one we would: normally obtain if we 
‘took, | say, ¥ to be $ and TP to be the - abelian group ‘monad 
on S. 



-° QHAPTER 2 
. PRELIMINARIES.” 

“feain we emphasise that, unless otherwise 

egadteated, concepts are relative to the given normalised 

sic omy PEBEEMC SEE LUPY VJ... For each category A, the underlying 
S-category of A is denoted py Ags as in (91. 

“Section 1.1. Completeness concepts 

We recall the basic aspects of completeness for 

V-categories. - ; : eee as 

Ly ; oe : 
7 i - Definition 1.1.1 An end in B of a functor T : A°PeA + 8 

oa is anatural family O, F B+ TC(AA) in’ 8,4 having the 

boos property that for each B’ ¢ B, any natural family 

By, 1 X > B(BY,T(AA)) in Uy admits a unique factorisation 

of the form ; 

ae a Xx. ——_—_-+>-—_> B(B",T(AA)) 

at ; ; ‘ 

ot ; Ata. lathes X B(1i,%) 

“Se selear. from this definition that an end in V 

+ - of a functor T : A°P@A + ¥ is simply a "universally natural" 
family Oy ¢ X + T{AA). . Thus, by definition, representable 

functors preserve-ends. The concept dual to end is called 
. y . 

coend,. 
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SOE at Sete ow ienever ‘the end of T : APP BA + B exists, it” 

me eMeaE Ly unique to within a unique isomorphism, and 
ebery ou aeemsequently is usually referred to.as "the" end of T in. 

BSS ying tefining a funeter, say, using ends, we shall 

ppeaeume thar a definite choice has been made of them; 

omecatten adopt the notation s, = [,TCAa) + TCAA) for end, 
coamas’ : T(AA) > fPrcaa) for coend, regarding f. and f* 
na 2s ‘well defined operations. 

sePefinition 1.1.2 Let T / A+B be a functor. We say that 
8 is T-tensored if the left represented functor 

TPA = B(TA,-) : B+ V has a left adjoint, denoted 
OTA : Vi> B, for each A ¢.A. We say that B is: tensored 

“4f it is: # Agrtensored eet 
* We note that, by. {11] 83.5, the adjumection 

> B(X®TA,B)..2 [X,B(TA,B)] (1.1.1) 

--ené@ows “eT "with a canonical bifunctor structure 

Teng : V@A-+.8. Dually, B is T-cotensored if each functor 

Bla TaAy: BOP + has a left adjoint. The dual of 

“Ehis..aGjeint is usually denoted [-,vA] : v°P » B, 

The éxistence of ends and of cotensoring in a 

~““particular category 8 are completeness properties. of B. 

In addition, if K is.an S-category then the (inverse) ° 

limit o, : B+ SK in B, of an $-funector S : K + By is 

Jo
o

re
at

s 
pe

ws
 

Per 
8 
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i
r
 called the V-limit of S in B if B(1,a,) : B(B'B) > B(BY, SX) 

is a limit of B(B',S-) in V) for all Bt ¢ 8. 
‘In practice, these completeness concepts may 

overlap considerably. First, if the normalisation Vv vs $8 
admits the closed left adjoint Fo: 8+ V. (see Section 0.2) 
then the V-limit of S : K + B, coincides with the end of 
the (canonical) composite 

a FeeP 5 _ 
F,K°P eR ,K F,K 5 

where S is the ¥-functor lifting S :K + By and 

P: KP aK ~ Kis. projection ento_the second factor (in 
other words, the first variable in this énd is “deaa"). 
Furthermore, when V = 3, a eategory 8 is ‘T-cotensored for 
a functor T:4> B precisely when it admits all products 
of the form RTA where A « A and Xe S.- 

x ee 

Conversely, it has been shown by G.M. Kelly (see - 
[3] and £113) that an end in a V-category can-be constructed 
as the V-limit of a certain diagram involving cotensor 
products. Briefly, let T: A°Pga 3 8B be a functor into a 
cotensored category B. Then the diagram 



Bey 
oe SACRA) : B(T(AA) ,T(AA')) 

oo Oo) ae os B(a, ,1) 

B(T(ATA'D,, {AA')} 
pe ee B(a,, 51) 

expressing the naturality of a family «, :-B > T(AA), 

B(B,T(AA')) 

; >< deans forms under. the cotensor adjunction 
6: Vo(X,B(SB')) = 8)(B, [xB"3) 

_dnto the dlagram 

vag) 

fag} fo)? 
a) rA(aa') 1M) 
on . - o(E(~A')) 

in By. Hence the end of T ean be obtained as the V-limit 

in B of a connected diagram of the. form 



This construction shows, in particular, that small ends” 
exist in any V-category ‘that is cotensored and admits 
small V-limits. . 

“fhe possibility of completing a category with 
respect to these concepts. is discussed by E. Dubuc in [7]. 

. We recall, also from [3] and fil), that a functor 
admitting a left adjoint preserves any ends and cotensor 

products. which happen to exist in.its domain. 
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_. wSeation 1.2. Functor categories 
A primary use of ends is in the. construction of 

. functor ‘categories relative to V. 

Suppose ‘that A and B are categories with the 

‘that the end 

oo E’gp * Sgt J ,B(SA,TA) + B(SA,TA) (1:2.1) 
exists’in V for each pair of.functors S,T : A> B. Then, 

as verified in [3], there exists an essentially unique 

eategory [A,8] whose objects are the functors 
S,T,... : A> B, and whose hom-objects are given by 

[A,BU(S,%) = f,B(SA,7A). ; 
Thus, by construction, we obtain an evaluation functor 

EA 3 -LA,B] >-B for each Ac A, given by EAs = SA and 
ar, is (1.2.1). 

An element « of the set [A,B1,(S;T) = Vf ,8(SA,TA) 

is. seen to correspond, via the projections 

Vs, +.VJ,B(SA,TA) + VB(SA,TA) = By(SA,TA), to a natural 

‘amorphisms a, : SA > TA in the sense of £9). 
A 

Hence the underlying S-category TA,B]p is precisely the 

S-category of all functors from A to B and natural 

' transformations between them. 

“oe Many properties of the ¢odemain. B carry over to 

the functor category [A,B]. In particular, ends and 

cotens ortizs: A,B] are always computed evaluationwise, 



‘ 

so that any choice of these made in B fixes a choice 
(A,B. . somes : fates 

in 
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Section 1.3. Lemmas on induced naturality 

in this section we record some of the 

"“eomputational” aspects of ends and coends. it-is assumed 
that the reader is familiar with the rules governing the 

composition of natural transformations {as generalised in 
Eilenberg-Kelly.[8]).: The results are stated in terms of 

coends because they will be used chiefly in this form. 

Lemma 1.3.1 Let T : A°Peaeg + C€ be a functor and let. 
oan 2 T(AAB) + SB be a coend over A for each Be B, Then 

there exists a unique functor S.: B.sC making the family 

Gap natural in B. 
Proof For each pair B,Bt € 8B consider the. diagram 

Bt . ~~ 

B(BB*) TOT oe ~>" C(SB,SB) 
U(AA-) an, : Dees ce ee fos : Ca,1) 

C(T(AAB) ,T(AAB*)) : C(T(AAB), SB") 
k ; . (1,0) ; 

Because C(a, 1) is an end and C(1,a).T(AA- Jepr is natural 

in A, we can-define Spr to be the unique morphism making 
this diagram commute, The functor axioms VP1' and VF2' 

of [9] are easily verified for this definition of S by 

using the fact that C(a,1) ts an end. § is then the 
a 

unique functor making Sap natural in B. 
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an a typical calculation with ends we have to 
determine whether naturality in any extra variables 

cgurvives the various factorisations.. All our requirements 
may be extracted from. the following lemma. 

Let Tt : A°Peaep°Peg +-y and S : B°PeB + ¥ 
be. functors, let Cappt : S(BB') + T(AABB') be an end over 

: A, natural in B and B', and let Bap + I+ FCAABB) be 

natural in A and B. -Then the induced family Yp? I + S(BB) 

“ois natural in B. 

Peso 
p

b
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ot 
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Proof For each pair. B,B' ¢ B, consider the diagram 

[P(AABB),T(AABB')} 

-T(ABB~) 

coe : {l, } [S(BB), S(2B') 7S £888) 90 TCAABB')] 

a No oy] ty.t}- ome NG 2 Ne io ‘ raat 
(I, S(BB!)] tts T(AABB')] 

fysl)- Cys2] 

[S(B'B'),S(BBt) }7}———-—_>_ [S(B'B'), T(AABB')} 
{i,j 

2S
 a

n
n

e
 

-T(AA-Bt) ge fas1] 
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AABB')] 
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Regions 3. and 4& commute trivially. Regions 5 and 2 . 
commute by the naturality of Gana in Band Bt 
respectively. The exterior commutes by naturality of 

‘Bap = OpR YR in B.. Then, because [1,0] 4s an end, region 

1 commutes as required. , 
Lemma 1.3.3 Let T: A°Peage°Pasac +E, 8: B°Penac +E 
and R: D°Pepsc > £ be functors, let . 
Spprc ? T(AABB'C) + SC(BB'C) be a coend over A, natural in 
B, Bt, and C, and let Bapep : TCAABBC) + R(DDC) be 

natural in. A, B, C, and R.. Thenthe induced family 
Yaop : S(BBC).+ R(DDC) is natural in 5, C, and D. 

--Proof. This is a straightforward consequence of the 
. preceding Lemma 1.3.2 combined with [9] Lemma III.7.8; 

the latter result states -that the three types of 
naturality may be expressed in terms of one, namely, the 
I+ @(AA) form in V.- - . 

The next lemma asserts that coends are preserved 
by coends and.tensor products. The verifications are 

straightforward and shall be omitted, 
Lemma 1.3.4 

8) Let tT : A°PeAgs°Peg > ¢ and s : B°Peg + ¢ be functors; 
let apr t TCAABB') > S(BBY) be a coend over A, 
natural in B and Bl, and let Ban : TCAABB) > C be 



‘ 

natural in A and B. Then the induced family. 
Yp t $(BB) + Cis a Goend over B if and only if , 
Bap is a coend over A and B. 

Let T : A°PeA > € be a funetor inte a tensored 
category ©, and let. a, : (AA) + C be natural in A. 
Then a, is a coend over A‘if and only if 

1@a, : X@T(AA) > X@C is a coend over A for all XeV.— 

= --In some circumstances it is desirable to use a 
simplified notation for coends. Let A be a eategory and 

let T(AA~) be a functor into Vy whose coend : os 
s* : T(AA-) > fPrcaa-) over Ac A exists for all values 
of the extra variables "~", ‘Then, if T(AA-) = S(A-)@R(A-) 

for functors $-and R into y (with différent variances in 
A), ‘we frequently abbreviate the. notation to 

sf: S(A-)@R(A-) + S(A-)8R(A-), leaving the repeated 
aQummy variable A to indicate. the domain of integration. 

By Lemma 1.3.1, S(A- JOR(A~). is (canonically) functorial 
oan its extra variables. 

The following considerations are introduced in 
order to handle expressions formed entirely by the 

‘repeated use of 8. -To each expression N which is. formed 

- by. one or more uses of .@, there corresponds an. expression 

4 
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“tn which each @ is replaced by. @, the dummy variables 
in N becoming repeated variables in N; for example, if 

-N-is (RA@S(4B))8T(BC) for functors R : A+ U; 

Si: : AP eB + Wy, and T : B°Pec + V, then N-is 
meee), Furthermore, there is a canonical 

natural transformation gq = ay N= ON defined, as follows, 

: by induction on the number of occurrences of @inN: If 
N contains no oceurrence of 8 then N = N and dy = 1; 

“otherwise N = N’SN" and Gy is the composite 
NrenT — NteNn" a = Nex", 

o qi@q" — a : s . — 

In the above example, q would be the composite 

(RASS CAB) DoT (Be) > (Rags (4B) JON(BC) > (Rags AB) I9ECEC) 
vd sel : ae 8 

and this is natural in A, B,. and C3 we say that the 
‘variables A and B are "summed out" by q. 

“In faet the path ay? N+ N is a multiple coend 

7 over ali “those “variables in N which are summed out by Gy 
oy bemma - 1.3.5 PF be a functor into-¥ and let fF :NoT. 

be a naturad’“transTormation which is, in ‘particular, 
‘> natural fn all the repeated variables in N which are 

Summed out. by Gy N +N. Then f factors as &+4y for a 

unique natyesel 
va 

formation g : N+ 7. 
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¥x00r” “By induction on the number of occurrences of 9 
in N. If 8 does not occur in N the result is trivial. 

- Otherwise N N. = N'@N" and we can, using Lemma 1.3.4, factor 
: f ‘in ‘three steps: 

q'@l ~ 18g" s 
N'gen? V

. 
Im

 

“Phe naturality of. Ce follows. from Lemma 1. 3. 3.: 
When the transformation f in the preceding 
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Lemma 1.3.5 is of the form q'sn for a path q' :oNt > NT, 

p
e

p
p
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“the induced’ EaN + Nt is, for obvious reasons, denoted. 
shy ne Induced transformations of this form are an 

“Snegsential feature of the definition of promonoidal category; 
we make two important observations in this regard. 

First, if n-: N+ wNt is a natural isomorphism 
m: the coherent data ‘isomorphisms a, ry, 2, °¢ 

é “ 
E ° constructe: 
: pP-Y then nil N>N' 4s a natural isomorphism and is : 

i called an induced coherence isomorphism. in view of the 
“si nd queness assertion of Lemma 1.3.5, and the original 

' Coherence. of.a, r, £, ¢, it is clear that induced coherence 
isomorphisms. are coherent. In other words, the induced U 

Re. 
: 

a 
4 
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“goherence isomorphism n iN +N’ is completely determined 
by the positions. of 8 in the expressions N and Nt; 

aOnsequent ly, such isomorphisms need not be labelled. 

Secondly, when n= h@k : S(A-)@R(A-) + &°(A-)@R"(A-) 

transformations h:S + St and ki: R + R', we > 

write h@k for h®k. This not only makes the symbol 8 

$-functorial insofar as it is defined,’ but also makes the 

coend s* ; S(A-)@R(A-) * S(A-)8R(A-) S-natural in S and R. 
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Seetion 1.4 The representation theorem 

Let M.: A+ 8 and T : B * C be functors. If 

'C is TM-tensored then 

e Twa ,B : B(MA,B) > CC(TMA,TB) 

transforms, under the tensoring adjunction isomorphism 

(1.1.1), toa natural transformation 

¥, A 

‘When the coend. over A of B(MA,B)8TMA exists in B, there 

: B(MA,B)@TMA + TB, 

results an induced morphism 

Be By Po: f'5(ma,Bjerwa +B (1.4.2) 
, which is natural in Be B by Lemma 1. 3. 3.° The letter -z 
will be reserved for. this morphism. 

For this section we consider the case where M 
is the identity. functor 1: B + B. 

-. Bheorem (the higher representation theorem) If To: B+ 

is a functor into a T-tensored category C then the 

transformation 

th: B(BB')@TB > TB, 
obtained by adjunction from Tp,, ? B(BB') + C(TB,TB"), is 

a coend over B, 

Proof This is exactly as in [3] $3.5 where the codomain 
was assumed to be tensored. For each C ¢ C, the 

: > . 

transformation 
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theorem states that 

. 32, 

2 

e(e,2) : C(TB',C) + C(B(BB’ )@TB,C) 
4s an end over'Be B. This follows from the correspondence 
of transformations. 

< + C(B(BB!)@TB,C) 4 

(Bg t X > €B(BBY),C(7B,C)1, 
“py the tensor adjunction, to transformations 

. Yp ? BCBB') + [X,C(TB,C)}, 

by symmetry in v, to morphisms . 
“fr X > c(t ec), 

by the representation theorem (below). . 
In our notation, the bigher representation 

: . 1 Boo. 

¥ “ ¥p pt = an Bt : J B(BB')@TB + TB! (1.4.2) 
isan isomorphism which we cali the Yoneda isomorphism. 

The letter y will be reserved for this isomorphism. 

Theorem (the representation theorem) Let fT :°B > V be 

a functor and let Be B and X « ¥. Then there is a bijection 

b between the class of natural transformations 

a: B(B-)@X + f and the elements f < V(X, TB). 

This result is established by Ellenberg and Kelly 

‘in [9] Proposition II.7-4. The bijection b is given by 
a 



S33, 

tot 2 581 - o 
ae | cl bla) = Xx I9x -B(BB)9x ——-—> TB, 

1 Tel [f,1]81- e 
b "(f). = B(B-)@X ——> [TB,T-]8xX ————> [%,T-]ex-—> 7 

> 

where. e is "evaluation" in V, that is, the transform of 

L2-1TB,T-] > [TB,T-] under the. tensoring adjunction for 
arate : 

V .. We shall refer to.b as the Yoneda correspondence. 
4 \ 



Ba 

A functor M : A+ B is dense if" the 

ormation 

Sigg, + B(BB') > TBCHA, 8), B(MA,B') J (1.5.2) 
is an end over A for all B, Ble B. 

“
c
a

n
e

 

- The terminology (introduced by Ulmer [17] for 

V = abelian groups) is best explained by the case where 
ae ee ‘H-tensored, a vas ; mS 

Lemma,1.5.2 Let M 2 A> B be a functor into an M-tensored - 
‘~“tategory B. Then M is dense if and only if the 
transformation : . ae Doe he: 

bee wie : BCMA, BMA +B, 45.2) 
obtained .b sjonceien from 1: BCMA, B) + BCMA, B)s ie a 
ecoend over A for each B € B. : 

Pie @a-epplying the representation theorem, the diagram 
7 

LMA 
; 

i , ~B(BB!) —————> [B(MA,B),8(MA,B')] 

B(B(MA,B)@MA,B!) 

(ieoseen to commute for all B,B' e B. Then the result 
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follows from the Definition 1.5.1 of "dense" and the 
definition of "coend". . / 

To: say that the transformation (1.5.2) is a eoend 

is, of course, equivalent to saying that 

vse (MA,B)8MA + Bis an isonorphisn. 
“A funetor T : B+ e is called a full embedding 

” af Thar + B(BB') + C(TB,TB') is an isomorphism for all 

'B,BY é B. An important instance of a dense functor is the 

Yoneda (full) embedding: 

B: AP > CAV], Anse La. ro 
Here -we have 

“a: fara, vaca, T)GLA — prasta—~ T 
by the opposite forms of the higher representation theorem. 

The left adjoint toa full embedding provides 
another well-known example of a dense functor. Briefly, 

at a full. embedding T : B > C has a left adjoint S :¢>B 
; then the adjunction counit e : ST + 1 is an isomorphism, 

whence. the composite 

B(BB'). = B(STB,B') tt
 

He
 

» ® J,[B(C,TB),8(SC,B')} by the higher repn. thm. 

{ .(B(SC,B) ,8(SC,B")J by the adjunction, tt
 

isan Asomorphisn; by using the representation theorem, 
this composite is easily seen to be induced by LSC. 
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‘ 

ag to the Definition 1.5.1, the functor 

@2A€+ Bais dense precisely when the resulting fumetor 

B+ CLASP Vv}, Be>B(M-,B) . 
hs “a Tull “eiveaaing, This makes sense even when the 

functor. hee. ASP Vv] does not exist. At the underlying 
“pets level, we have: : : 

"Lemma 1.5.3 If M:A-+B8 is dense then each natural 
“transformation + ‘Oy t ‘B(MA,B) + B(MA 2Br) is of the form 
B(1,f) for a unique feB)(BB'). ann oe eo . 
Proof This is the result of applying v- tvs S$ to the 
end (1.5.1) inv. | . SONS ye Ca 

Thus, on taking v = § ; the concept of dense 
Canctor “is “seen to be equivalent. to the original idea of 
adequate functor" introduced by Isbell c107. 

” Lemma 2.5.4 - 3 ae 

ombere M is dense and Ris right adjoint to S. Then. each. 
natural transformation a: SM.+ TM: A > C- admits a urtave 

2 
* 

“extension to a natural transformation 4: S+fT : Bow €. 



aT. 

proof Let n:1+RS: B+ ‘B be the unit of the 
adjunction. Then the mapping which sends a natural 
transformation 8 = Bp t SB + TB to the composite natural 
transformation ease. ae a 

a 8B ke RSB - se RTB, 
is a bijection. Furthermore, by Lemma.1.5.3. and the 

“density of M, there is a bijection between transformations 
¥ = ¥p: B + RTB and transformations 

Sap? B(MA,B) + B(mA, RTB). Hence, given a natural 
transformation at “SM > 7M 2 A C, we define : 
@:s+ Tr : B + € to be the unique natural transformation 

; making the following diagram commute: 
8G) ; B(1. Ray) 

-B(MA, B) ed BCMA, RSB} ———-—--_-> BCMA, RTB) - 

a BC typo) 

BCRTMA,RTB). —— B(RSMA,RTB). 
B(Ra,,1) 

On applying Vv" m4 + S$ to the diagram, putting B = MA, and 

evaluating both legs,at Jat 8 (MAMA), we obtain 

a = of 

“as required. 
: - 



7 

“Definition 1.5.5 (Kelly) - A class A-of objects. in a 
_ category B As. strongly generating if feB 9 (BB) is an 
isomorphism whenever B(1,f) : B(AB) + B(AB’) is an 

TM“ dsomorphism aa oy for all AeA. a 

a a ates concept is closely related to that of a 
dense functor...If Mi: A+ B isa dense funetor then 

“the class {MA;AcA} is strongly generating in B by Lemma 

1.5.3. In the other direction we-have: 

Proposition 115.6 If M+: AcB is the inclusion ‘of a 
strongly generating class A into an M-tensored category 8, 

and jr’ B(MA! »B)OMA' exists in B and is preserved by B(MA-) 
for. all AeA and BeB, then M is dense, 

‘Proof For each AcA and BeB, consider the Giagram 

fies 
t : - a. 1 . ps B(MA' ,B)@A(AA' ) ——__> s"" ema" By eB (MA,MA') 

ore ; 

7 

4 a (ap Ke 

B(MA, B) <__________ g(a aff “B(Mat ,B)@MA') 
: Bfl,z) 

in which K is the isomorphism asserting that 8(MA,-) 
preserves the given coend. This diagram is verified to 

commute :: “the representation theorem to B. 



ceesemeen, es STL pe an isomorphism. Henee, because AcB is’: - 

strongly generating, z is an isomorphism as required in 

i ekenmea I 5.2fer Mo: AcB to be dense, 
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CHAPTER 2 

PROMONOIDAL STRUCTURES 

Section 2.1 Promonoidal categories 

The concept of a promonoidal category shall be 

interes: by consider ing the outcome of restricting. a 
_ monoidal structure on a category B to a full subcategory 

“A of B. In brief, we seek sufficient conditions on such. 

an embedding in order for the resulting structure on A to 

admit a formulation which makes no explicit reference to 

the monoidal structure on Bh wo 

First, let B be an arbitrary category. Then 

each choice of a functor @ > BSB > 8B, together with an 

object TeB, ‘provides eanonical functors | ; = 

ra
l : BPepPes > y 

c
l 

Bo Vv 

where P(BB'B") = B(B@B' >B") and JB = B(IB); when there is 

no danger: wconfusion we denote 8 and T by @ and I 
xe -mespectively.” "Next, let M: A+B be an arbitrary functor 

ints 8. This enables us to define, by "restriction", 

a Aunctors 

OP, OP _ 
' M°Pgy Pen P 

P : A°PeA°Pga —-—____». B°Pep°Pgg ————> 

sM. a 
ve 
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_ Now consider the exteriors of the following 
fe) Staes ‘diagrams (where 2 = zMOP 

: A a AXBP(XA~) ~ A(A~) 

Mo (8.402) 
B(TY)eB(veNa,! M-) 

sR LISMA, He) B(MA,M-) 
B(R,1).- eet : 

“FXOP (AX-) : — ACh) 

os woe enn T MX) OB (MAQMX , M~) 

| mae oe [pM (2.1.2) 
Zo : B(LY)@B(MA@Y MA) 

B(MA,M-) 
B(r,1) 



Fa
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e
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he, 

1.3). 

. . : TM . a - ; 7 : . 

P(AA'X)@P(XA"-) ——__» P(A'A"X)@P{AX-) - (2, 

B(MA@MA' ,MX)@B(MX@MA",M-) os - BCMA OMA" ,MxX)@8 (MAQMX,M-) a eo mee . co, y 

B(MA@MA' , Y)@B(Y8MA" ,M~) ——= B(MA'@MA", Y)@B(MA@Y,M-) 

B((MAQMA')@MA",M~) = - - BCMAG(MA'@MA') ,M_) 
-B(B,1) Bee Sy 

B, and it
y Ee natural isomorphisms Z :.1@B = B, r : Ber 

@ : (B@B')@B" = Be(B'SB") are provided fér z, I then, in 
order ‘that’ the above diagrams should define natural - 

_ £sonorphisms A, p, and a respectively, it is clearly 
sufficient that M:A+ 8B be a full erbedding and that the 

‘¢Pansformations 

Zz, ? B(I,MX)@8(MX@MA,M~) > B(IGMA,M-) . 

B(I,MX)@B(MAGMX,M-) + BCMAST,M-) 

Z3 : B(MA@MA' ,MX)@B(MX@MA" ,M~). + B((MA@MA1J@MA" ,M-) 
Zy + B(MA'@MA" ,MX)@3(MAGMX,M-—) > B(MA@(MA'@MA") ,M-) 

-be isomorphisms for all A,A',aA"eA. 

£ 
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aASSUMINE that these conditions are satisfied, 
consider the diagrams’ (2. 1.4y and (2.1.5); in order to 
simplify these, we have suppressed the symbol M as much 

ys possible and have assumed that the dummy variables X 

on are paired off from the left unless 

otherwise indicated. If axiom MC1 holds for (B,r,a) then 
the center region of (2.1.4). commutes. Assuming all the 

exhibited coends exist in this diagram, regions 1 and ui 

commute by the lemma in Appendix 1; regions 2, 55 and 10 
commute by the respective definitions of a, A, and.p; 

“. pepdons 2,6, °7;.8, and 9 commute by the naturality ‘of. 
Bp a, and M. | Similarly, if axiom MC2 holds for a then 
the center region: of (2.1. 5) commutes. --Regions 1, 4, 7, 
2, and 13. commute by the lemma in Appendix 1; regions 25 

, ; 5, 8, 11, and 14 commute by definition of a; regions 3, 6, 

9, 12; and 15 commute. by the naturality of z and @, Thus, 
if axioms .M 

Bf (2.1.4). 

na MC2 hold for (%, Yr, B) then the exteriors 

£2.1.5) commute. 

‘To sunmarise, we have that a full embedding 

ao Ms A + B into 3 monoidal category B induces, whenever 

“Zyy cee 9 By are isomorphisms, @ trace. of B on A in the 

sense that the relationships among the P, J; A, 9, @ are 

expressible in terms of A alone. This provokes the 
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“2? ever V consists of 

»Manoidal category B.: In this event we define a symmetry 
“on Po: APE AP, > Voby 

. 

following definition: 

Definition 2:1,1.. A promonoidal category A= {4,P,3,4,9,0) 

a-category A ; - 

a functor P : A°PgA°Pea + y 
1 

-a functor J :A+y¥ 

-and natural isomorphisms 
A= Ay. JX@P(XA-) + LA 

p = Pat JX@P(AX~) > LA 
». 

a= Gaqrqn PCAA'X)@P(XAM~) > P(ATA"X)@P(AX-) 

Sere Teele 
satisfying the following two axioms: © 

PCl. -: The extertor of diagram. (2.1.4) commutes. 
PC2.°° The exterior of diagram (2.1.5) commutes. 

The existence of the required coends in ¥ is taken as part 
of the definition, 

It is possible that A is the trace of a symmetric 
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wathe regions 1 and-2 of diagram (2.1.7) commute by 

&. If exioee ic 

ers ; oo 
» P(AA'~) ——_______s p(arg_) 

| 
S(AGA', ~)———-_———— B(A'@A, -) 

—-B(e,2) 
vormites mere @ is the symmetry on 8, To obtain axioms, 
we’ consider. the following two diagrams. 

a
! 

a
y
 

- PCATA-) oe : a” 
5 me (2.1.7) 

i a eee 
: ‘BCA'@A,=) — aed 

ote 5,2) B(AGA' 5) = — B(A@A’, ~ 
NL 

‘Gefinition of o. In diagram (2.1.8), regions I, 35° and 5 

commute’ by definition of a3. regions 2, 4, and 6. commute 

by definstior ‘oO, together with ‘the naturality of z and 

MOS wand Mc4 held for (@,4) then the center 
~wepions of both diagrams commute whence the exteriors | 

commute. Thus ¢ satisfies conditions which depend only 
“on the trace A. 

(2.1.6) 
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Definition 2.1.2 A symmetry fora promonoidal eategory 
A= (A,P,J,4,0,0) isa natural isomorphism 

‘9 =Opar PCAA'~) > PCAtA-) 
satisfying the following two axioms: 

PC3. The exterior of diagram (2.1.7) commutes {ice. 97 =1), 
PCH. ~The exterior of diagram (2.1.8) commutes. 

A particular consequence of the above arguments 
“is that every monoidal category may be considered to be-a 
promonoidal categéry. More precisely, we have: 

a : : : xX 

2 
: 

at 

" Lemma 2.1.3 “Taking A = Band M to bé the identity, the 
diagrams (2.1.1) to (2.1.5) establish a bijection between 

“os “monoidal completions of the data (8,T) on 8, and promenoidal 
completions of the data (P,J) on-B. Furthermore , diagrams 

(2.1.6): t0 (2.1. 8) provide a bijection between monoidal 
“symmetries and promonoidal symmetries on the respective 
opesulting structures. 
Er oof : In each of the diagrams (2.1.1) to. (2.1.8) the 
~rans formations z become Yoneda. isomerphisms. Hence each 

diagram becomes a diagram-of isomorphisms. The results 
follow: immediately from the representation theorem. 
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Shall see in Section 2.4, however, that not. 

all promonoidal categories are monoidal. 
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" -xSection 2.2 Promonotdal functors, natural transformations 

Let A= (A,P,J,\,p,4) and B = 

@enote arbitrary promonoidal categories. 

pe 

Bereettton 2.2.1 A promonoidal functor 

® = ($,4,6°) : A + B consists of ; 
a functor ¢ : A+B 

and natural transformations 
a 

$= Saar} PCAAT-~) > PCA, 9A", 9-) 
oor I> Te 7 ; 

satisfying the following three axioms (in which 

“PF1. The diagram * commutes: 
/ 5 oe ~ A 

JIX@P (XA- )-—_____> JX@P(XA~} ~——-—___=» A(a-) 

$°RS: : : . I. - a 

ee | . 

© TOXOP (GX 5GA.d-)———_»> TY@P(Y,$A,6-) > B($A,6-) . 
et s¢ = 

x 

PFe. The diagram * commutes: 

Ss . . pe XN TX BPLA Mee orp JX@P(AX~} ———____» A(A-) 

Vee | 

TOXGP( GA, oX,-)——_=> TvaP( $a, ¥,¢-) > 3(¢4,6-) >. 
SO _ r 

iy 



PCAYAYE)OP (AK) 

$86 

| op 
oe |e 

en 
ao 
mx F — - 7 FCAT GA” X) OP pAgro- ) 

:= PONGATY) OF (xEAN 6~ ~)—> F(¢A" OA"Y) OP avg ) 
: . @ : 

Pou 

Definition 2. 2. 2 If promonoidal categories A and 6 are 
equipped with symmetries o and o respectively then a 

/-.¢promonoidal functor 6 = (9,6,6° ) 2 A> B is symmetric if 
it. satisfies the axiom: 

PFA. “fe following diagram commutes: — 

P(AtA-~) 

i
 

k
r
 l
e

o
 

R
R

 
eR

 
R

R
R

 
INO

 
R

M
R
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P($A'$AG-) 

h
e
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o
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IfM: A+ Bis a full embedding into 

cg ~monoidal category B and A is the trace of B along M . 

-then (M151 21) + A + B is promonoidal. -.-. . 

Exot Severn to diagrams (2.1.1), (2.1.2), and (2.1, 3). 
seas 8 promonoidal category (by Lemma 2.1.3), 

“$412 ee appropriate XY, 9, and @ (as shown). By 
_Definition”2-2.1, the upper regions of these diagrams now 
assert that (M,2,1) : A+ B-is a promonoidal functor. 

Furthermore, if B is symmetric monoidal then the diagram 
(2.1.6) asserts that (M,1,1) : A+ B is symmetric (by 

~ Definition’2.2.2). 
For any functor $ a A + 8, _ the representation 

theorem establishes a bijection between the natural 
-“otransformations y : LA + LB.¢ and the elements feB)(B, $A); 

by means of the diagram 

A(A~) ——-—__» B(B, 6-) 

*| te 
eS) . 

“Now suppose that $ :.A > Bis a functor between monoidal 

categories. Then the diagrams 

s
h

e
s
 
a

i
 

a
 

ee
 

e
e

t
 



5a... 

ot 
f 

V“ACABA? ,-) ——-=— B (6 A@GA' ,9-) 

a en | 
B($(AGA') ,g-) ee re 

set up a bijection between promonoidal (respt. symmetric 

(respt. symmetric monoidal) functor structures (6,4, ° ) 

on 6. 

MF2, 

¢ : . 
- sA{I-) BC I,¢-) ; 

. 

B($°,1) 
B($I,¢-) 

“promonoidal) functor structures Ce, $,¢°) and monoidal 

The monoidal functor axioms (taken from [9])--. 
~ ereon > gereay 

ePerp on 

Tegh ——— > 98 . ~ commutes, 

$A@oI eae $(48T) 
104° . ér ; te 

GAST ———_—> 9A ‘commutes, 
r 

(2.2.1) 

(2.2.2) 

(2.2.3) 

(2.2.4) 
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6 ((ABAT saa _* $(A8(AT@A")) 
$ ee | 

i ~ gtaea esa" - a @A09(A'@A") (2.2.5) 

oe Ge ners 
_ (@A8$A')@GA" > 6A0(4A'@GA") commutes, 

a 

MFA, (for symmetry) 

ge 
$(A@At) ———__> (area) * 

$ eee Cee 2 

“@A@GA' "> 941864 commutes, 
2 2 : a 

are precisely the result of substituting (€2:2.1) and (2.2.2) 
into axioms PF1-4. and then applying the representation 

: - theoren.: = 

Finally, returning to general promonoidal 

considerations, there is an appropriate concept of. "2-cell". . 

Definition 2.2.4 A promonoidal natural transformation 
no: ¢6> ¥ : A+ Bis a natural transformation nio7 yp 

satisfying the following two axioms: 



$6. 

“Sellowing diagram commutes: 

JA ——_____> TA 

; TPA. . 

“ PN2. The'fo0llowing diagram commutes: 
n 

4 

a $ a P(AA'T~) - P(GAGA'$~) 

2 en P(1,14n). 

P(yApA'y~) POGAGATY~) 7 . P(n, msl). : : : my 
“The net result is the "2-category” Prom, 

<Promonoidal funetors 6: A+ Band ¥ : B+ C are composed 
“in the obvious. manner, the data of the composite 

promoroeidal functor ¥,4 being (06,06,0'9°), Similarly,. 
one can comnose .promonocidal natural transformations with 

-promonoidad fanetors, and with one another. An 

a Asonorphisn in Prom is readily seen to be a promonoidal 
functor 6 = ($56,6°) whose data’¢, $, and $° are all 

vrisomorphisms.° A natural isomorphism in Paom is a natural 
transformation .all of whose components are isomorphisms. 

“4 
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- The following lemmas. allow us to replace given 
promonoidal structures by suitable isomorphs when 

required. The verifications are straightforward 

computations from the. definitions and shall.be omitted. 

ae 
Lemm mma 2.2.hemma 2-2-5 Given categories A and B and an isomorphism 

-§6.: A + B together with functors 

P : A°PRA°P eA + uv, Fs BoPye Peg + y 
Ti A+v, Ti Bey 

and natural isomorphisms 
a $= bagi : P(AAT-~) > F(OAGAtO- ) : : va 

eo 5+ 74, : . oN 
ML Poss 

v
e

e
 

the axioms PF1-3-for ‘ = (¢, $5 $*) establish a bijection 
between promonoidal completions of the data (P, J) on A 

and the data (P,7) on B. 

Lemma 2.2.6 Given promonoidal categories A and: B together 
with functors o,~ : A> Band a natural isomorphism 

nN: o> ~ 3 AB, the axioms PN1 and PN2 for n establish 

a bijection between promonoidal functor completions of 4 
and of ¥. 



/ Section 2.3 Dualities 
‘Of the two basic dualities available: for 

: “ionoidal sategories (Bénabou {29, 83) only "transpose" 
“Temains available in the general promonoidal setting. 

we shall make much use. of the "comfugate"TM 
; of a monoidal _ category. 

* Proposition and Definition 2.3.1 (Bénabou) ifr 
A = LASB, I, 3. P58) is a monoidal category then. s@-8e its 
conjugate. 4°? = (A°P 8 0°? ret platy : 8 

This duality is a special attribute of tie oategors” of “monoidal categort es and strong monoiday 
a ae 

“Definition 2.3.2 A monoidal functor § = (6,3,4°) : Ao g 
As strong it the transformations 
: 2 PAGGA' > 6 (ABA) 

14 6r 
2 ane _Ssonorphisms . 

“7 Slearly @ strong monoidal functor 

ong) conjugate: 
Ses, fab. 0. d.. VA > B admits a (str 
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go? = (6,3 5-2, 29° -) > ACP + BOP. Strong monoidal 
functors occur quite widely; as shown in Kelly [11]; the 
closed left adjoint of a normal closed functor is always 

; ‘strong. 

Proposition and Definition 2.3.3. If A = (A,P 2J,4,0,0) 4s 

transpose 
1), where P¥ is the composite 

“@ promonoidal category then so is its 
= (A, Pe 2FDsA,a 

281 : oar A°PRAP eA —___,, 49Pg Pg ————>. 
Tt is & simple matter to construct the tran spose 

Of a - Promonoddat functor. Moreover, if a@ promonoidal 
category or functor is sSymmetric then ‘it dis (canonically) 
isomorphic to its own transpose. 
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Section 2.4 Comonoid categories 
Suppose, for the moment, that the ground 

category Vis a cartesian closed category. Then any 

category B which admits. finite .¥-coproducts (ineluding 

. an initial object 6) becomes a monoidal category if we set 

BSB! = B + BY and I.= 6 

‘and take %,P, and Z to be the canonical isomorphisms 

OF BEBE BO 
i
 (B+ Bt) +B" 2B + (Bt + BY), 

Such a structure B might well be called a cocartesian 

monoidal category (ever vy. 
Moe 

Theorem 2.4.1 (¥ cartesian closed} The trace of aw 

cocartesian monoidal category B exists on any full 

_ subcategory of 8B. 
Proof . Let. A be an arbitrary full subcategory of B.. For 

all A,A'tcA and BeB, consider the composite 

} “Xe me 
: B(BX)@B(X + A,A') = f -B(BX)x8(X + A,A‘) 

XeA 7 aan 
5. f B(BX)«(A(XA")xA(AA')) 

: rns XeA aoe 

a = ( f (B(BX)xA(KA'))) *A(AA') 

because -xA(AA') has a right adjoint, 



BCBA')xACAA') 

-by the higher representation theoren, 

= B(B + AJA‘). 

This. composite isomorphism is verified to be 

2 2 BCBX)@B(X6A,A') + B(B@A,A') 
a 

‘by applying the representation theorem to BeB. In 

- particular, Zy se. By are isomorphisms , whence the trace 
of B exists on A, 

Thus, because a full subeategory A of B might 
; not admit finite coproducts (ind), there do exist examples 

‘of promonoidal categories which are not monoidal. To | 
- @@neralise this new type of promonoidal structure, observe 

x Me o “that we have. _ one 
PU AMA) = BAT + aTM,A). 

B(ATA)B(A"A) 
ACATA)XA(ATA) 

ACATA)BACANA), . . 8 (yt 
the final expression being functorial in AeA by virtue of 

the diagonal functor 6 : A > AxA, Similarly, 

: , JA = B(O,A) EI a, (2.48.2) 
is funetorial by virtue of the constant functor ¢.: A +. T, 

If we wish to remove the eartesian restriction 

on V we must ensure that (2. 4. 1) and (2.4.2) remain 

functorial in AeA. This is so if A admits the structure 
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of a comonoid in the "monoidal category" V-Caz.. Such a S 
comonoid comprises a comultiplication functor 6 :-A> ABA: 
and a-.counit functor ¢ : A> I satisfying the following 

- coassociative and. left~and=right..counit laws: 

681 
A®A ——__-—___» (ABA)@A 

A : oo uo - 

Pw = . ~ AGA —+—_--___-s AB( A@A) 
; 186 

~ e@l . ee 2 
IGA - ASA — AST : 

Mp INS Re 

SA : A = —A NS * 

Note. that commutativity of these diagrams implies that 6 
maps.an object. AeA ta the pair CA, A)eAGA, and that the 

morphisms 

é = Saar t ACAA') + ACAA')@ACAAT) 

= : t , € Enar? A(AAt} + 1 

provide a 8-comonoid (that is, an. associative $-coalgebra 

with a counit) structure on each hom-object ACAAY). 

A promonoidal structure is then-defined on A by 

the following data: 
4 



186 Hom( ASA) 
"8A ——> (A°P@a°P gga —___>¥, 

JX8(A(XA)8A(A'A)) 

ACATA) 

(A(XA)@IX)@A(A'A}) ——_—_______» JA@A(A'A), 

léy 

a 

. : _ y@l. . 

a | IXOP(A'XA) - ACATA) i 

. D . TKE(A(A'A)@A(KA)) Abe : 

L A(A'A)@(A(XA)QIX) ——_______> A(A'A) @JA,, 

P(ATANK) @P(KA'TMA) 
ed ae 

PCATANX)O(ALZAIBALATM A)) 

(AURA) OPTA'A"X) }@A{ATTIA) 
oo WSL 

cate iP LATAMA)OA(ATEAY 

I 
{ACA'A)GATA"ADRA CANE A) > 

; y a 

~ PCA"A'X)OP(ATYA) 
a 

PCA"ATM X)Q(A(ATA)BA(KA)) 

I 
ACATA)@(A(XA)@P(A"ATMX)) 

{ * 16y 
ACA A)OP(ATAMEA) 

I 
ACATA)@(ACA"AJ@ACASTA)), 
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timitions of A, p, and a implicitly involve 

the comonoid axioms for e and é. Furthermore, 4if the 
“3 smmmitipl ication 6 is commutative » we can define a 

—mpymmetry o = ¢Taran for Aas 
BES = ACAS AD@ACRYA) em ACRPAYOACATAD = BEA"A'A). 

- ; 

6 Phis o-edeariy satisfies PC3; 3 the. other axioms aire too 
“Some to verify here but they are essentially a resmit of 
the "coherence". of the Yoneda isomorphism y. 

“Remark on symmetry To each assertion that - is made: Sn 
a ; 

“the: sequel, there is a corresponding assertion-with-symnetry. . 
To. avoid restatement, we have omitted it, noting that the 

seerresponding proof-with-symmetry requires ‘nothing that is 
st vessentia: ily new. 



65. 

cand 

oe CHAPTER 3 Bye ici 

THE FUNCTOR CATEGORY THEOREM 
~Section 3.1 The Hem construction ae oe 

cote pom the considerations of the preceeding section, 

apremonoidal category is monoidal. However we 

“SiALL can ask. whether every promonoidal category arises. 

so acai te trace of a monoidal category. For “smali" 

promonoidal categories this can be answered in the 

)- pffirmative by use of the Yoneda embedding. 

3
 

Let A be a category for which the functor 

“@itegory F = [A,¥] exists; in practice this will mean that. 2 

a
sa

 So
ng

ae
ine

sde
d 

<ui
pai

ebi
ge 

“(the ‘set of objects of) A is small and V is complete. 

Further, suppose that there is given a functor 
8 : FEF > F 

with an object 

TeF. 

the..Aiseussion”of Section 2.1, we set B= #°P and 

wh sonf OP | thus obtaining functors 
"Ps A°PBA°PRA > ¥ 

oJ 2 AY 

F(L-~,LASLA') and J = F(L-,T). 

If the given functor @ : FEF + F admits a 

to each variable then diagrams (2.1.1) to, 
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h a bijection between biclosed completions h2e3icS tee stab 

of the data (8,I) on F and promonoidal completions of the 

_.gonstructed data (PJ) off At 

' Proof First we have that By srs Zy are isomorphisms 

because the sae formations 

i)
 

(3.1.1) 

N
 

t
 

i F(LX,S)S@F(LA,LXBLA'). + F(LA,S@LA') 

F(LX,S)@F(LA,LA'@LX) + F(LA,LA'@S) 
are isomorphisms for all SeF. To see this, combine the 

-following three facts: = ; 
(1) For each AeA, the functor F(LA,-).: F.> V has a right 

adjoint Zns(Z,LAJe. ee : 
(2) By hypothesis, the functor cy has a right adjoint to 

each variable. ~ a ee S, 

7 
f 
a 

- 

“{3) “The functor L: ACP + F is dense (Section 1.5). 

In other words, the functors F(LA, “SLA'Y and F(LA,LA'@-) 

ye 
S

A
S

 
W

e
 

é
 

preserve the expression 
eoosS = F(LX,S)8LX ° a _ 

seF, ; 
Then, “because Zy +++ Z, are isomorphisms, the ; 

Se diagrams (2.1.1), (2.1.2), and (2.1.3). provide a bijection 
4 “between natural isomorphisms A, o, and «a for (P,J) and 

natural isomorphisms 2 :-I@LA = LA, F : LA®I = LA, and 

a: (LASLA')@LA® = LA@(LA'@LA") for (8,I), by taking the 



inverses of the ££, r, 2 actually shown in these diagrams; 
in other words, we are looking at the conjugate ‘of B. 

Because (3.1. 1) are isomorphisms for all SeF, the 
Glagrams (2.1.4) and (2.1.5) are also diagrams of 

" isomorphisms. Consequently, axions PCL and PC2 hold for 
A, P, and « if and only if the ‘center regions of (2.1. 4) 
and (2.1.5), respectively, commute. But, by the higher 
representation theorem, F(L- +5) = 8. for all ‘SeF, hence 
these center regions commute. if and only af the diagrams 

> 
. 

ot 

re a : wos (LACI)@LA"——"_ raecrenary Ny 3.1.2) 

nad ve eee ce Nos mag) 

((LA@LA' )@LA")@LAt®—__»- (La@nat 

- Hel 
108. 

(LA@(LA'@LA") JOLAM 

: a 
commute for all A,A',A",ATM an 4, 

Finally, because @ has a right adjoint to each 
variable and L : A°P-+ F as dense, we can use Lemma 1.5.4 
to deduce that’ the transformations FT, 5, 3 admit unique 
extensions to natural isomorphisms 

8 , )8(LA"@LA")-—» LAS (LA'S (LA"@LA')) 

-LA@({LA'@LA" )@LA') 

2 

| 
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Ent J@S.2.8. Fy : sels, and 
“Byqpi (seT)@R = se(TeR),” 

satisfying axioms MC1l and MC? if and only if (2. 2) and ; 
£3-1.3) commute, This completes the proof. 

Theorem’ Sed ‘2 (the functor category theorem) - Let A be a 
.category for ‘which the functor eategory F= [A,Vv] exists, 

“Jet P: APPA BA > ¥ be a functor for which the coend 
p= f**" (saerayer(aat-) 3a) 

exists for all S,TeF, and let JeF. “Then there exists a 
bijection between promonoidal completions -of the data. 

“¢P,7) on A and biclosed completions of. , J)-on F. 
Proof The expression (3.1.4) defines “a ‘(canonital) 

ioe EOD. 8 : FOF > F by. Lemma i. 3.1. Furthermore, 8 has a 
Fight adjoint to each variable: 

F(S8T,R) = {nl (S@T)A",RA"] 

Laat f"*" (saera'yep(aatat) ,RA"] 
idegieeg vl (SABTA*)OP(AATA") RAN] 

FidygegnlSA,[P(AA'A") ,[TAt,RA"]}I 

=f ACSA, Say qu€PCAA'A"), CPA’ RA" IT} 
= f,C8a, (R/T)AI say, 

os FS, R/T) . 

where the isonorphisns are the canonical ones. 
Covet each of 

Assuming 

involved is made’ functortal in its 



6. 

extra variables using Lemma 1.3.1, we have that. the 
composite Lsomorphism is natural in S, fT, and R... Thus 

_ -BT admits a right adjoint ~/t defined by 
| R/T = fargnlP(-A'A) CTA RAMI) (3.1.5) 

for all ReF, Similarly, we -have 

. fw f°*" (oa@sa" )eP(Aa+A") RA" F(TSS,R) 

=f, CSA", fy ynlP(AA'A"), CTA,RA" III 
whence T@- admits a right adjoint T\- defined by 

TAR = fagnfPCA-A"),CTA,RA"I] = (3,2.6) 
for all ReF. : a ‘ oy . 

Now define functors Pt: A°PgaPe, + Vo and 
oy : A> V by esses ae 

PI(AAt-~)- F(L~,LABLAT) 

it
 ote t= F(L-,J). 

Then the Lemma 3.1.1 provides a bijection between 
promonoidal completions of (P',3') on A-and biclosed 
completions of (8,3) on F. Furthermore, the higher oS 
representation theorem provides isomorphisms 

Xt P(AA'~)_—=, pr(qar-y 
~ 

xo: I—sI', 

By Lemma 2.2.5, the promonoidal functor axioms for (1,%,x°) 

establish 2 bijection between promonoidal completions of 

the data (P,J)“and of the data (P',d'). The proof is 
completed by. composing the two bijections. 
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8 

” We. shall eall & promonoidal category "small" 
if its data satisfy the hypothesis of the Theorem 3.1.2, 

Definition 3.1.3 When A is a "small" promonoidal 
"category the biclosed structure provided by Theorem 3.1.2 
on fA: 3v7 Shall be called the Hom of A and ¥ and denoted 

by {ALU}. 

The justification for this terminology lies in 
’ the observation that 

a tA, V}(SBr,R) = SaargrtPQQara), [SA@TA'|RA"]] 
fA; V(S,T)-2 Fag lACAAat), (SA,TAI} 
{4,0} (I,8)-2 [ (IA, (I,SA7, 

These formulas display the F >.Hom, and J of {A,V} as the 
respective "inner products" of those of A and ¥, 

Corollary 3.1.4 Any. "smali" promonoidal category A is 
isomorphic to the trace of a monoidal structure, namely 

“fA, V}O?, 

Proof By the construction of {A,V} in Theorem 3.1.2 



toes! ns Tle. 

: 

‘Corollary 3.1.5 Each biclosed structure on [A,V] is 
isomorphic to one of the form {A,V} for some promonoidal 

structure on A. 

Proof Let (8,J,...)-be a biclosed structure on 

F = [A,V]. Define a functor P': A°PeA°Pea + V with 
JS . 

1 

P(AA'-) = LASLAt (3.127) 

“Define 8' |: FaF + F and Yon + SBT = SOT by the composite 

isomorphism 

’ -s8r = (fAsaetayecs*'TateLa') ih
 

. 

by the higher repn. thrm., 

te
 pe f**" (saera')e(LABLA') 

“because ® has right adjoints, 

N. 
f**"(saeta: er(aa'-) a 

. by (3.1.7) 

= sB'r. a | 
By Lenma 2.2.5, there exists a unique (biclosed) monoidal 
completion of (3';I) making (1,$,1) a monoidal 
isomorphism... Moreover, the Theorem 3.1.2 asserts that 
this is {A,V} for a unique promonoidal completion of the 

data (P,J) for A. 

The net result is a correspondence to within 

isomorphism, between "small" promonoidal structures on a 

. category A and biclosed structures on [A,V]. 
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._ The Hom construction has the interesting, 

though not unexpected, property that it turns certain 
promonoidal functor >s' into algebras: If Aisa "small" 
promonoidal category then a promonoidal functor 6°: A+ y 

is précisely a S-monoid (by which we mean an associative 
@-algebra with a unit) in {A,V}, and a promonoidal 
natural transformation between two such functors ° 
corresponds to a-monoid homomorphism. one immediate 
consequence of this fact is that each functor TiAs+Y 
generates a free promonoidal funetor . _ 

7 tT : A> V where 
n=9 PO : 
T, = J 

"1" "Ayes . 
T= f (TA}@. «OTA, )@(P(A,A,X)@P (KA.X)8...8P(KA_ ~)) 

for n> 1, 

Provided V admits the required colimits. This result 

follows on combining our definition of @ in {A,V}. with 

the free 8-monoid construction for a biclosed category 

which is essentially provided by M. Barr in £1] 82. 
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Section 3.2. Monoidal examples 
Fer special types of promonoidal category. A the 

- formulation of the biclosed “structure {A;V} may be 

“simplified by appitcation of the higher representation 
theorem. In this section-we ‘shali-suppose that 

v ~~ Sel GR eG SU ae . . 
A = (A,8,I,...} is.a-"smallTM category... Then the 

> to “- internal-hom formulas B 

(B/S)A 

t 

Po
ny

 
o

 
O

d
 

a
n

e
 

a
t
 

o
o

, 

S
r 

“oy fgbse, (ae) 1 
and 

(S\T)A = fag hP (BAC), ESB,TCI}~. . 7 
= fool A(BEA,C),CSB,TC]} . 7 

= f,lSB,T(Bea) 1 

respectively. 

If, in addition, the monoidal category A is 

biclosed with 

: os A(A@B,C) = A(A,C/B) = A(B,A\C) 
then the tensor-product. (3.1.4) reduces to either 

a (ser)c = f*®(saers)ep(anc) 
i : = f*®(saerse)ea(a,c/B) 

= f®s(c/sarB 



“TA, 

3 

ose weenie [AP sa07B)9 ACB, AVC) 
= fAsaer(a\c). 

ao kbese.formulas present {A,¥} as a convolution of A and V. 

“tine Following are typical examples of {A,W} 
vivane pessibly biclosed.. For convenience, 

“we Buppose in each example that A is small as a category - 
| that V admits all small limits and eoclimits. 

. Example 3.2.2 Let A be a category with a single object yf, 
Then the endomorphism-object M= A(I,f) admits a canonical 

8-monoid structure in ¥, the multiplication uo: MEM > M . ea 

and identity no: I> M being described by -composition and. 
ie ae 

identity in A respectively. Moreover, every 8-monoid in 

Pasay we 36 obtained, By Ellenberg-Kelly. [9] Propn TIT#.2,_ 
“the data : weer, 2 

Refine 2 ds 
- Bs ABA >A 
df and only 4f°M = (Myu,n) is a commutative 8-monoid.. 

“Thus, ‘on taking each of I, 7, &; and & to be the ideatity 

transformat#en*ef the identity functor on A, we obtain a 
x 



15. 
* oy 

rs 

--»SEmm| hyd cane lal category (A,6,1,2,7,4,¢) whenever 
ds commutative, The resulting closed category {A, ¥} 

is the category of M~modules with the usual tensor-product ~ 

gmnd.internalebem; to see this, note that 

zis), 1(2)1 

= "natural transformations" from S$ to T. 

Example 3.2.2 Suppose that A is a symmetric 

promonoidal category. Then {A, ¥} is closed. Moreover, 
a commutative @-monoid in {A,¥} is precisely.a symmetric 

promonoidal functor ¢@: A+, Thus, ftom the preceding 

example, the category #-Med of $-modules -is closed. 
Se 

, 

sxampie 3.2.3 (V cartesian closed) Take Y= S and let A 

‘be a (finitary) commutative theory in the sense of Linton 

C14). ‘Recall. that A is commutative if, for each m-ary 

operation. weA(m1 us ng 
nebo lowing «diee 

GPF = pM 
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where the isomorphism is the canonical one, By £9] 
Propn III.4.2, this is precisely the condition that the 
rules : : 

nén = nTM 

re ee 
Should define a functor 

Bs AKA © A, 
With this in mind, let us replace S by an 

arbitrary cartesian closed category V¥.° We now define a 
finitary Yotheory to be & V-category A having for objects 
the ‘non-negative integers N= {0, aq; vee gM, 2.5} and 

x : having the property that.o+= 
n= 1" (the n-fold product of 1) in Ags 

Ih
 and A(m,n) A(a,i)" ing, for all myne A. The category 

of A-algebras is the full subcategory of [A,V} determined 

by those functors from A to: ¥ which preserve finite 
products. 

For each mne A, the morphism 

A(n,1)" > A(nTM,1TM), 
defined by the (i=1,...jJm) diagrams 

A(n,1)TM— — ~~ > AcnTM, 17) 
“4 

Py A(1,p,) 

: 

A(n, 1) ———______» Atn® si) 
A(p, 51) Mo 



~ 

: 

of projections, may be composed with the diagonal: function 
6: A(n,l) + A(n,1)TM-to yield a morphism 

ton ¢ A(n,1) + AMRIT) : 

This in turn enables us to define canonical functors 

~ - m6- : A+ Aand -8n: A> A 

with mén = nTM for each myneA. : ; 

By definition, the ¥-theory Ais commutative 

if m6- and ~8n are the partial functors of a bifunctor 

& : AXA > A; 

Assuming this is so, let [= 1, jet i, LF, and a (be the 

appropriate identity isomorphisms, and let €°: nt = ni 
be the canonical non-identity isomorphism. These data 

Pre age 

provide A with the structure of a symmetric monoidal 
category. The resulting closed structure tA, Vi on the 

eategory CA,¥] of all functors from A to V, can be 
restricted to the category of A-algebras. First, it is 

easily verified that the internal hom 

[S,TI] = f [8n,7(n6-)] 
“of Sand T preserves finite products whenever T does, 

More importantly, ifs and T are both A-algebras then so 
E is the tenscr product 

— SBr = fTM (smxrn)xA(mn,-) 

e
e

 

L u
 FP" (sxP) (m,n) xA(mén,-). 

This result follows from combining the Kan extension 

theorem given in Appendix 2, with the fact that 



eserves finite products whenever S and 

“fT Doth do. 

When ¥ = $8, we obtain the usual closed category 
OF algebras over a commutative. theory (Linton £14]). 

Other 3 ard applications are obtained by taking 
v to be the cartesian closed category of compactly 

4 

“cagenerated spaces and continuous set maps (discussed in 
Section 4.3)... For instance, the ordinary (commutative) 

Satheory of abelian groups provides. a (commutative) 
‘ ‘V-theory if we take the Same sets of operations but give 

them the discrete topology. “The resulting category of 
5 compactly generated abelian groups ‘and continuous group 

homomorphisms is closed by the. ‘above procedure. Less 
tert vi allyl, we could consider the category of compactly 
. _ generated modules over, say, the field of real numbers 

with the usual tepology; in this case the sets of 
operations 367 ‘responding theory are non-trivially = 

«.shppologised: Woresver, the theory is commutative and i 
- thus yields .a monoidal? closed categcry of topological 
“vector spaces. 

Example 32.4 Amy: ‘{multiplicative) group G = fg,n,k,...} 
ia 

a may be viewed.as 2,.diser ete biclosed eategory over S by 
: taking . 



ry es eee g8h = gh, s/h sgh, -g\h = g7°h. 

The associated free V-category Acs P,& then has an 

induced. biclosed structure over V. Because G is a discrete 
category, f° reduces to J land I. to Tin ¥) so that the 
resulting biclosed structure . fA, UW} on the category of 
G-eraded objects of Vis given by the familiar formuias 

: _ (8), = dic “8h 
Be 8 

# yx, 7ey.- ff “kn lh 

Syeeees a EE xg, sa
e

 

as 

CA), en k Oy 
ay, = 1 (Xs, gl HP Se Se h 

* 

for all xX = {X,} and ¥ = ti) bin [F,G,V}. Generally this 
biclosed structure is non-symmetric; it is symmetric 
whenever G is an abelian group. 

Example 3.2.5... Another non-symmetric example of {A,V} is” 
obtained by considering the simplicial Category A whose 
objects are the finite totally ordered sets {[0, 1,265 n} 
and whose morphisms are non-decreasing set maps. This 
Category has a non~symmetric monoidal structure obtained by 



Seep licial obj ects in V.. This differs from 
“the usual , Symm mmetric closed structure on simplicial objects; 
“age latter is treated by Example 3.3.3. 

7 

oem vuBgzample 3.2.6 

U- 

Lastly, let us.take A to be the free 

~category on the arrow category o ~ dy together with the 
“symmetric monoidal ‘Structure given by finite products 
dn 0+ I, . In this Simple case, the tensor product and” 2 weds ‘internal hom ‘in {A,V}. can pe easily computed from the 

Sie “construction for coends and ends (outlined in- 
“Sect tion .. 1). The resulting closed structure £A,V}¥ on 

the. category tA, V] of morphisms in V, may be described as 
follows. Let f#°X + Yoand f' : X' + Y' be morphisms in 

WeewiBY* is defined by the diagram. 

‘vex: 

ao “TeX _ freer_— yeyt OM, ome — 
”xeyt 



BLE 

where .0..15..the push-out of (£91,1ef") in Vy, and cf,f'] 
Gs gefined by the diagram ; 

- 0 exxty. 
tf,11 — VA No 

f ? . 7 ° ao . . 

the rep et) op “= EXY'] 
. y. . . : ; 

2 Oo ELEN \ tf,1] 
“s a ~~ LYY} 

where P is the pull-back of (£f,11],[1,f11) in’ Vo. The 

“ov 4dentity T-.is the unique morphism 0+ I, where ©. denotes 

the initial object of Yo: A second closed structure. on 

“end. category will be described in the following section. 
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vay 

_x-Somonoid examples. and general remarks 
woh a Bs 2 te Bites ‘aven A has the structure of a comonoté in 

Jdatet, the tensor product (3.1.4) reduces to a jpointwise 

ISBIS Tn, "8 sneneyep(aze) 
AB =f (SABTB)8(A(AC)8A (BC) ) 

(J8A(ac) 884 @(fPA (Boer) 
SceTC. 

ni
 

ie
 

“oMBhe internai-hom formulas (3.1.5) and G. 1.6) become 
(T/S)A = SpolP (ABC), (SB, TC]] fons oa 

= fpclA (AC) @A (BC) (SB, TCI] 

<8 Ing lA(AC)@A(BC}OSB, TC] oe vege re 
= fgtA(acjesPa(Bc)ess, tc] 

= {tA(ac)esc, Tc] 

sig t(00)00(40),ts8,2001 
ed gESCBA(AC) TC) 

Respectively. 
This ‘type of -biclosed functor” category: arises 

“frequently in practice and some examples are listed. below. 
Again, we sha® eyuppose that A is a small-categomy and 

that Vis complete and cocomplete. 



“Ir Ais a ‘comonoid in VCat with only 
one object then its endomorphism-object isa hopf monoid 

;end “A,V7} is the usual biciosed category of modules 
‘p¥er this.monoid (cf. £9] IV §5). 

. Example 3.3.2 {V cartesian closed). If Vis a cartesian 

“SwGesed category then V-Cat is a cartesian monoidal 
"éategory", hence every V-category A admits a unique 

~€commutative) comonoid structure in V-Cat, with the 
~ @iagonal functor A> AxA as comultiplication and the 
‘unique funetcr. A> I as counit. The reduced tensor-product 

: formula obtained “above shows that {A, vy is cartesian 
desea. 7 

, Eumle eted if Ais an S-category then the comonoid 

in V-Cat on tne Free V-category FA generated by A. Thus 
beet: éegory Oy “gy, whose underlying S-category is 

isomorphic to the S-category [A,¥,] of ordinary. S-functors 
cairem- A to Yo and: S-natural transformations between them, 

always admits a symmetric monoidal closed structure over V. 
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‘A given functor category cA,V] may, of course, 

admit. several distinct biclosed structures. Moreover, 

‘by the functor category theorem, these will correspond 
fo non-isomorphic promonoidal structures on A. - To 

_Allustrate, take the S-category in Example 3.3.3 to be 
y 

the dual of the simplicial category aA. The resulting 
“symmetric closed structure. on the category iF yA°P Sj of 
_simplicial objects. in Vv; differs from the non-symmetric 

: biclosed structure discussed in Example 3.2.5, 
Ls Again, in Example 3.3.3, take A to be the Sree 

“peategory on the arrow category O + 1. ‘The category 
fA,vI of morphisms in v then admits a ‘elosed structure 
with a pointwise tensor product 5 that is, with 

; f 7 ft fert ue “(x se ¥) BCX" Y') = Xex' ——-—_> Fer’, 

< 3.2.6, wnith was constructed from finite products in.O0 > 1. 

‘In fact, the pointwise structure could equally be regarded 
‘as a "monoidal example" by taking the monoidal. structure 
on A to-be that arising from finite coproducts in O.+ 3. 

While a. large number of promonoidal categories 
ean be viewed either as monoidal categories or as 

comonoids (or. both), there do exist other types which we 
have not bothered to elaborate here. For example, consider 

This differs ‘from the tensor product, Giscussed in Example 



_eategory A. This functor category admits a canonical 

_YS(AB) = {,fstee),t(ac)] 

% 

i 
y, 

d 

where R,S,Te[A°P@A,V} and (AB)cA°P@A. This biclosed 

os. 
* 

the category CA°PBA VI of "bimodules" over a small 

biclosed structure for which - aa 

SBT(AB) {°stac)et(cB) = s(ac)er(cB) 

S\T(AB) folS(ca) ,T(CB)] 

T(AB) = A(AB). 
EB: A(AC)8T(CB) ———>-7(aB) 

y . 

F: T(AC)@A(CB) = A(CB)@T(AC) >» T(aB) 
yu. ct 

(R(AC)@S(CD))8T(DB) = R(ac)e(step)er(DBy) a a
e

 

strueture corresponds, by Corollary 3.1.5, to a 
prometoidal structure om A°PeA which, in general, is 
meither monoidal nor a comonoid. 



86. 

“CHAPTER 4 
| PHE REFLECTION THEOREM 

Section 4.1 Reflection of biclosed struétures - 

Many closed eategories arise as full reflective 

subcategories of others that are more "freely" 

constructed. For instance, the cartesian closed eategory 
“of compactly generated spaces arises as a full. reflective 
subcategory of the category of quasi-topological spaces 

introduced by E. Spanier [16], the latter category being 

cartesian closed in a particularly simple manner. -Again, ° : eats = > 

othe closed category of sheaves. of abelian groups, on a 
_ tepology T, isa full reflective subcategory of the 

-¢¥osed functor category {ToP Ab}. 
In’ general, we seek properties of a reflection 

which enable us to conclude that the reflective 
subcategory is closed. The properties we shall discuss 
here are each equivalent to the requirement that the 

reflecting functor admit: enrichment to @ strong monoidal 
functor. ‘This result is compatible with G.M. Kelly's : 
observation (referred to in Section 2.3) that the closed 

left adjcint to any normal closed functor, is strong. 

e
e

 
e

e
 



Theorem 4.1.1 (the reflection theorem) Let B= (8,5 plsese) 
be a biclosed category and let 9:C.> B be a full 
smbedding with left adjoint ¥ (we shall omit the symbol 6 
ana denote the unit of the adjunction by-n: 1 > p: B > B). 

Further, let AcB be a strongly generating class of objects 

in B. ‘Then, in order ‘that there exist. a biclosed structure 
on C for which ¥.:B + C admits enrichment to a strong _ coe 
monoidal functor, it is necessary and sufficient that one 
of the following pairs of morphisms be a pair of 

.
 -dsomorphisms for all AeA, B,B' eB, and Cet: 

~} pee | la) no: e/B + o(c/B). | oes 7 oe - \ : : : oP - 

b) “nr B\C > W(B\C) ac ee : 
2a) nz C/A > (C/A) Soe 
‘b) on: A\C > W(A\C) a 

3a) so m\b : WAC + B\c nan 7 
bb). 1fn.: C/¥B > C/B ; 

‘ fa) y(n81) : p(BeB') + y(yBeB') 
“b) WC8n) + (BTR) > y(Bregs) 
5a) y(n@i) : y(BeA) > v(yBeA) . 
b) W(18n) +. ¥(ABB) > pCAGHB) 

6 nen) + y(BeBt) + y(yReyB"). 
The biclosed structure:on € is then unique to. within 

isomorphism. © 
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a
 

ee
 

Sheet we establish the equivalence of the six 
numbered conditions. These are arranged in transpose 

B
R

S
 

eer ithe Slast being self-—transpose) so that m ~n 

hhenever ma) > na}. We prove 

3 a 3a) = ha) > 5a) = 3a) 
46 1a). 

fe": 2a) because AcB. 

2a) ~ 3a). Consider the following commuting diagram 

ME. 

BCA, ¥B\C) > BCA, B\C) . 
ee oe eet ° 

: Sa Bnd) we 
BC YB C/A): > B(B,C/A) 

aye. ; oe Lea ny 
2B OUB, W(CZA)) B(B, W(C/A)) | 
aaa Abe: B(n1). ; 

“a@here the vertical arrows are isomorphisms by 2a) smd the 

‘bottom arrow an isomorphism by the adjunction w—+é@. 

op-arrew: is an isomorphism for all AcA. ‘This. 
Es sufficient..for, 3a). to: be. an isomorphism because 4 fs 

JUS Sirongly generating. 

Ba) > 4a). Comsider the commuting diagram 
/ 
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€(~(n@1),1) - oe Cp(yBeB') ,¢) — = ¢(y(BeB") ,c) 

B(n@1,1) ee 
“BCYBSB ,C) - — B(B@B',C) 

Ro at 
- BEB", WB\C) — — 8(Bt ,B\C) 

: : , BCi,n\1) : 

-aghere the vertical arrows are isomorphisms from the- 
: adjunction ~y—i6, and the bottom arrow is.an isomorphism 

'. by 3a). Thus, applying the “representation theorem to Cy 
woe we . w(n8l)-: w(BeB") > y(vBeB") 

. is an 1 isomorphism, as required. 

Mai 5a) because AcB , 

Say + 3ah. Consider diagram (4.1.2) with B' = AeA. The oe 
top arrow is now an isomorphism by 5a) hence 

a 

Bsn) . BCA, ¥B\C) > B(A,B\C) 
hss “an 3s morphism Hor all AeA. - Because A is strongly 

generating, this implies: that 3a). isan. isomorphism. 

= 6. This is immediate from the commutativity of 

‘v(pee") PCHBOYB!) 
in6n) 

Pe Auten) 
NZ 

PQBRE) 
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6.9 Ja). It suffices to produce -a left inverse 

v + w(C/B) > C/B to n : C/B + W(C/B). Such av will 

“automatically be right inverse to n because 
anv: (G/B) + w(C/B), being in Cy, is-uniquely determined 

yby composition with the unit. nj; but (nv)n = n€vn) =n 

hence nv = 1. a 

By the appropriate tensor-hom adjunetion, it 

suffices.to find a v: #(C/B)®B > ¢ making 

2. 

¢ ~\ os (C78) 8B 

$(C/B}8B < 
commute, where e is the appropriate evaluation morphism. 

This is achieved by taking J = =.#(n@n)74.n. ten from 
the diagram corneas 

e 

(C/B)@B ¢ 
h or 

1 
nel w((C/B)8B) 

¥(n8n) 

¥(C78)08 ——> o(C/B)@yB —= 9(¥(C/B)@yB) 
. “ ira : . y 

where y(n@n) is an isomorphism by 6, and @ ig the unique 

factorisation of e through the adjunction unit n. 
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When’ these conditions are satisfied they produce 
a biclosed structure on C as follows. First set 

. CBc' = y(cect). 
and ; _ ae ot 

ow Og Onn) 

= Year ¢ ¥BYB' = p(yBeyB’) ———__> y(BeB") 
9 he 4, 7 — aa 

“This § will be biclosed because 

° c(c8c',D) = e(y(cec'),D) a oe 
=) ® B(CeCt,D) by the adjunction y—46 
a = B(C",C\D) _ . . 
Se = B(C',~(C\D)) by 1a) 

Seer,w(CrD)) 
“and, similarly, a ee aes oe 

. e(c8C',D) = c(c,y(D/c")) by 1b). 
But y is dense, being. left adjoint to a full embedding, 

, hence, by Lemma 1.5.4, the monoidal funetor axioms (2.2.3), 
(2.2.4), and (2.2.5) for ¥= (v,b,8°) actually define 
isomorphisms : 

“~ 

Cs PF : COyr = Cc, and 4 : (c&c')8c" = cA(créc") N
e 2: yI6c 

respectively. Furthermore, by Lemma 1.5.4, these. 
isomorphisms satisfy MC1 and Mee ier the centers of the 
diagrams (4.31.2) ana (4.1.3) commute. Butthe exteriors of 
these diagrams .commute by axioms MC1 and MC2 for B, and 



2 

“-pepresentation theorem, the following diagram (of 

Hence n+ C/® = for) is an isomorphism for all BeB, 
“eC, by naturality of nm. Similarly, n : B\C + #(B\C) is 

“always an isomorphism. Thus condition 1 is satisfied, 

- 92.- 

each of the remaining subregions commutes either by 
siefinition of z, Pr, or a, or by the S-naturality of % or 
3. Hence C = {(C, & slyeee) is a-biclosed eategory and 

=.(),,0°) 1s a strong monoidal functor. 

ie) emp 1 ete the proof, ‘suppose that (a, Ty...) 
is’ a given bielosed structure on c, and that Yos = (b,9,y° ) 

“is a strong monoidal enrichment of. we. Then, by the 

isomorphisms) is completed for a unique isomorphism 

fo 3/B + C/WB. 

w
a

e
 

B(n,1) 
B(p(B'@B) ,C) _B(B'@B,C) 

ma ’ 

si} 
“BCYB! @yB,c) ee 7,5) 

ul VS SES } B(1,£) 
: Shee oo twa 8 : , ° ' x : 

BC yB' .C/¥B) —— B(B' ,C/pB) . 
ne : 8{n,1) 
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Section 42 “Additional conditions | 
Throughout this section we suppose that AcB, 

. CcB and p : B+ C are as given in the hypotheses of 
Theorem 4.1.1. Furthermore, we take Dc€ to be a strongly 

cagenerating class in the subcategory c. 
Au 

» Corollary W.2.2 Conditions 1 to 6-are (each) equivalent to: 

Ga) on: D/A > v(D/A) | 
b) no: A\D + pCAyD) 

a@ve.isomorphisms for ali AeA and Ded. 

.
 

Proof 2a) > Ja) because Dec. eeu ee * 

fa) = Sa}. Consider the commuting diagram 

etw(ne1),1) 
e9CYBOA)..D) — > C(y(B@A),D) - 

aa | Binet.) | 
BCeBGL,D) - B(B@A,D) 

a Biagl) IR 
BCpB,D/A} = ———~s> B(B,D/A) 

B(l,n) | ° ne B(1,n) 
OY a B(n,1) 

B(YB,W(D/A)) B(B,W(D/A)) 

where the pottom and unlabelled vertical arrows are 

isomorphisms: by the adjunetion p—o4é@, and the arrows 
. y ; 

B{1,n) are'isomorphisms by 7a}. Then the top arrow is an 



S
e

 a
e

 
S

u
p

 FR
E 

A ae
 A

N R
E

 e
ae

 :
 

Bc 
p

e
ss

ig
e

t 
r
e

 
c
it

e
: 

“ant, | y(nel) 
all AeA and BeB, .as required. 
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. 

isomorphism, whence, because 0 is strongly cogenerating 
¥(B@A) > ¥(WB@A) is an isomorphism for 

Af AcB is dense then conditions 1 to # 

- 8. For each.AgAwand DeD there exist objects H(AD) and 

K(AD) anc, and natural isomorphisms - 
a) —C(¥(-BA),D) = C(p-,H(AD)) 
b) CC Y(AB-) ,D) = CCH-,K(AD)). 

Take-H(AD) Proof 7a) = 8a). = y(D/A) and the * 

dsomorphism to be 

- CCY(A'BA) ,D) = B(A'@A,D) by adjunction 

M
e 

B(A’,D/A) 

B(A',¥(D/A}) by 7a) 

CCYAT ,W(D/A)) by adjunction, 

Ir
 

ie
 

which is natural in A'eA.. 

Bajo a). 
~ B(A',D/A) = B(A'@A,D) 

CCW(AT@A) ,D) by adjunction M
e 

in
 

C(WA',H(AD)) by 8a) 

By +HUAD)) by. adjunction, 
yhoo 

or a unique isomorphism f : D/A = H(AD). 
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) is in C, 7a) is an isomorphism by 

“the naturality of 4. 

A
R

I
 

'. Now. suppose that the given Bis a cartesian 

~ Closed category; this. requires us to. suppose. also that 

y VY is cartesian closed, otherwise finite the ground cabers 

“products in B do not yield a bifunctor 8 on B. If 
v4 

' 
Pp PB 

B BxB? Bt 

denotes a typical product in B, the diagram 

winxn) 
y(BxB") WOBURN) 

“RAY be verified to commute by composing both legs with the 

unit n : BxB' > ¥(BxB').~ This procedure is valid because 

C, being reflective in B, is "closed" under the.formation 

of finite limits 2n.8; in other words. 

@BXyB + v(YBxyB") 
Thus. (nxn) is an isomorphism (condition isan isomorphism. 

6) if and only if (We. is an isomorphism. 

Corollary 4.2. 3 artesian closed) If B is cartesian 

closed then conditions 1 to 8 are equivalent to: 

SOQ. por BS Rog finite products. 
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Section 4.3. A topological application 

For this section we suppose that v= § and 

det Top denote the category of. all topological spaces 
end continuous maps. It is well’ known that Top itself , 
is not cartesian closed... However there exists 4 general 

- process for generating cartesian closed subcategories : . 

of Top. We shai describe this below, making use of 

the reflection theorem, 
Let Abe a full subeategory of Top, containing 

the one paint spece 'F", “Construct categories B and C 

as follows. ' 7 whet DUS es eye att ~ : eS a 5 

“B= "&-simplicial® bases: an object of Bis 

a set B together with, for each AeA, a set Ad(AB) of e
a

t
s
 

_ Ba@missible: set mags from’ A’ to B; these may bé thought of 

as the “simplices” of type Ain B. The sets. Ad(AB) are 

subject to the axioms: 

Ax, All constant maps are admissible 

A2. If geA(AA') and fFeAd(A'B) then fgeAd({AB). 

A morphism f : B + Bf of bases is a set map having the 

b
y
 property that fgeAd(AB'). whenever geAd(AB), AeA, 

It is straightforward to verify that B is 

complete and cocomplete, cartesian closed, and 
7 

(canonically) contains A as a dense full subcategory. The 



dnternal-hom af bases B and BY in B is obtained by taking 
BB'] to be the set B(BB') with feAd(A,{BB']) if and only 

4f-the map AxB > BT, (a,b)m>f(a)(b), isa morphism in B, meee 
“The category Bis thus constructed directly along the 

Lines -pf- the tate 
introduced by E. Spanier [16]; however, we do not require 

n 

spy. of quasi-topological spaces 

Spanier's third and fourth axioms. 

C = A-senerated topological spaces: this is the 

full subcategory of Tep comprising. those spaces X having 

‘the property: oe : - ga eee cay 

A subset Vis open in X if. (and. only if) ely 

is open. in A for all PeTop(AX) and Ache. 
The category C coincides withTM ‘the full subeategory 

MbF “Top: determined by the spaces that are direct limits in 

‘Top of objects of A. The’embedding CcTop admits an | 

“evident right adjoint Wor Top > ¢ 
2 Eeple.g) = (ewe) 4.3.2) 

oadbere Wx hascdge: sanderlying set |as x, but a new 
“iner) vopology'ixen by: ; 

A subset V is open in Wx if and only tf rly 
sores ~~ Ss open in A for all feTep(AX) and AeA. 

In particular, C.is eomplete and cocomplete; however, one 

must be aware that. a product in C is net a topological 



Cy 

: 

product unless the latter already lies in C. 
~The categories B and C are related by.a full 

embedding @ : CeB, given by. So 
6€ = the underlying set of C, with Aa(ac) = Top(AC) for 
each AeA, : , 

with, left adjoint yp: B+ C given by 
UB =cthe! underiying set of B with Voj~B open if and only if 

as “ly is open in A for all feAd(AB) and AeA. 
In brief, Ris the topolegical realisation of the base B. 

We are now in a position to ask whether the 
cartesian. closed: structure on B is reflected into ¢€ by ¥. 

- Before supplying sufficient conditions on A for this to be- 

“$0, we meerll twe important points from Day~Kelly £41. 

Pirsthy, we may define a topology 2(X), on the 
sett Q(X} of apem subsets wf = space X, by taking Hea(X) 
te be open: precicely when it satisfies the conditions 
Ol.. If V,V"eQ(X} with Vc¥' and if VeH then V'teH: 

02. If Vy e2(X) for AeA and if vu, VyeH, then there exists 

a finite subset {A,, aang A,teA such that 

Vy ‘Uwe. u Vy eH. 
1 An _ 

Secondly, if a space X has the property. that 

=-xX; Top + Top preserves topological quotient maps, then 

-amap fo: Y > Q(X) is continuous if and only if the set 



for all YeTop. 

“maps A into the category. C of A-generated spaces, then C 

foe _ L 
161. — 

L(y, x)eYxX -| xef(y)} is open in YxX.- We shall call such 
an. X an Q-compact space... These.spaces are topologically 

characterised in [4] Theorem 3, and it is shown in [4] 

Proposition 5 that a hausdorff space is Q-compact if. and 
‘oaly if it is locally compact. 

Now let D = 2(%); this is the topological space 
Zz 

of two points, one of which is open and the other not 

open. . Then, using the obvious bijection between the open 
subsets of a space X and the elements of Top(XD), we have 
that X is. Q-compact if and only if 

te
 

y
e

e
 

Top(¥*zX,D)} Tep(Y,a(X)) (4.3.2) 

Theorem 4.3.1 Tr AcTep is @ class of Q-compact spaces 

with the property that each functor ~xA 1 Top > Top, AeA, 

fad 

is cartesian’ closed. 

Proof Because each AcA is Q-compact , we have 
. -,.Top(A’xA,B). = Tep(A',a(A)). 

for ali A',AeA, by (4.3.2). Moreover, the hypothesis that 
each -xA : Top + Top maps A to -C ensures that the 
topological product A'txA is the product of Af and A in C. 

Thus we obtain » 
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Sa CCARA,WD) = ecat sWO(A)) 
forall A',AeA, by (4.3.1). Because, In this instance, 

- the dense subcategory AcB actually lies in C, we have 
Jo gast ~established condition 8 in Corollary 4.2.2. Thus 

condstt:nms* al to 9 hold provided wD is a strong cogenerator 
for C. But. it isn't; it only detects open subsets. 

Honever, the adjunction unit no: > 1+ @b is-a bijection 

“since neither @ nor p alters underlying sets. Thus the 
-.Map 

v(nx1) + V(BKA) > y(yBKa), = 
being a tijection for all AeA ‘and BeB, is a homeomorphism 
if and only if C(W(nx1),1) : CCwCyBxA) wD) > ee 

sss ubijection of “open sets". in other words, we still 
~obtain 7a) ~ 5a) in the proof of Corollary 4.2.12. Thuis 

the chain of conditions is complete and the result follows 
from Theorem 4.1.1, _ ~ 

; Thesabove proof tells us that 
ae “the Internal- hom [BC] in B is an A-generated 

topological Space for any base B and A-generated space C, 
oie} the realisation functor ¥ +B + € is Pinite product 

- preserving 

“e) the-adjunetion v—i@ lifts to a homeomorphisn 
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the theorem, choose any class ‘of 
_ Sreompact topological spaces and close. it up under finite 

products if necessary. Then the category of. ali° direct 

«imits of these speres in Top, is cartesian closed. For 

A te be all Q-compact spaces. 

This A is ; already Slosed under finite products and 
~ arbitrary coproduets! “in Tep,. thus: 

Corollary 4.3.2 The category of ail topological quotients 

of 2-compact Spaces, and continuous maps. is a eartesian 

closed category. 

| Similarly: - o oe ENS 

~Meorollary 43.3 The category of all topological quotients 
“oF Locally compact hausdorff spaces, and continuous maps, 

is cartesian closed, 

esory is that of compactly 
vefgenerated spaces (eeerined in a previous thesis (61). 

Another interesting example, which i indirectly owe to 
uoweeces A. Moore, is obtained by taking the objects of A to be the. 

affine Simplices a? > Bens -@lthough this A is not closed 
under finite topological products, each Axa" is a 



ON. 
* 

topological quotient of A's. The resulting category C, 
of all. topological quotients of CW-complexes, is cartesian - 
closed. 

v
e

e
 

£ 
i 
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Section 4.4 Reflection of Hom 
On applying the reflection theorem of Section 

4.1-to the Hom construction of Section 3.1, we immediately 

obtain a set of conditions under which a "smell" 

ame , promonoidal category A generates a biclosed structure ona 

reflective class of functors Cc[A,V]. In particular, 
;eonsider the second condition provided by Theorem 4.1.1 

when B = {A,V} and the strongly generating class in B is ; 

taken to be the sless of left represented functors 

LA: A» VU. Prem the higher representation theorem applied 

to the internal-hom formulas (3.1.5) and (3.1.6), together 

with the maturallity of the adjunction unit n, we need . SAE 
: . . : . % : : ; 

a oe only establish Wheat i 

. S/LE 

EAVS = f pegul Para"), CACAA') ,SA"T] = [yu fP(A-A"), SA", 

J gognEPC-A' A"), CACAAT) SA"I] © fyglP(-AA") SAN] 

a as fumetors from A to ¥,. admit isomorphs in C whenever 

5 AeA and SeC. Furthermore, if the category A is monoidal 
then the higher representation theorem yields 

N
e _S/LA = S(-@A) 

iW
 

LA\S = S(A8-). 

To apply. the preceding criterion to a familiar 

situation, let V be suitably complete and let A be the 

free V-category on the dual of the S-category of open 

subsets of a topological space X, the latter being given 



Loe 

“Bh Sheaf whenever S$ is.one; but this is immediate from the 

_ @-theory with the monoidal structure described in Example 
3.2.3. Assume that the. category c of A-algebras is 

~ 

. 106. ° a fo 

the cartesian closed structure: 
T= X, Vev' = VaV', CVV']-= int (comp vyuv') for open 
subsets V, V' of X. 

Then the V-category of sheaves over x with values in V, is 
a “elosed category provided the functor. S(-nV) : A > ts 

% @efinition of sheaf. Thus conditions 1 to 8 are satisfied, 

“and 9 also holds if V is cartesian closed. 

A sécond application is obtained by taking 

¥ cartesian closed and letting A be a commutative finitary 

refteetive in [A,V¥I3 theareflection » vfA,¥] > € can be 

‘eonstructed if: Ve has small colimits. However, we have 
“already constructed the..tensor product in’ ~ectA,V}, 
regardless of cocompleteness considerations for C (see 

; Example 3.2.3)... The reflection theorem now telis us: that 
“py 2 {A,¥} > C admits enrichment to a strong monoidal 

functor (that is, preserves tensor products) because. each , 
functor -8n : A> A preserves finite products, hence 

-'s(-®8n).: A+ V is.an A-algebra whenever $ is one. 
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” CHAPTER 5 _ 
SE CONSTRUCTION THEOREM 

“Section 5.1 Preliminaries 
We wish to examine the extent to which procedures 

fhapters ¢can be applied to the consideration 

«+. In these. 

-eircumstances the, total functor category [A,V] is no longer 
": available because the end CA,V](ST) = f,CSA,TA] may not 

exist in V for all functors $,T : A+Y, Nevertheless, 
-eertain "reflective subcategories" C of [A,V] do exist in 
the sense that there is given a dense functor M 2 ASP +. 

-In view of this, the promoncidal structure of A may yet 
-Cetermine: a biclosed structure on ¢, without, reference to 
LAV). Before formulating a theorem to this effect, in 

agmection 5.3, we need two-generalised concepts. 

|The concept of. V-natural transformation may be 

extended ‘to describe certain families of morphisms which 

occur between “Kan extensions. First we note that, for 

between tensored categories: B and C, 

an S-natural transformation § : Fo-G is V-natural if and 

owigeaply If the. canonical diagram 
IN

O
S

 d
ia

ri
es

 i
n

l
,
 



= F(xe@B) 

1885 Bxep. 

X8GB G(X@B} 
: To. : 

commutes for all XeV and BeB.. This eriterion for 

WVenaturality is established in Appendix 3 (where we also 

recall the definition of +). 

To generalise, let F,G:: ASP ee be functors into 

@ suitably tensored category ¢, and let SAGFA > Fs and 

SA9GA + GS be a pair of coends over A for each functor 
3: Ae ¥ admitting. such; we. think of Fs and &S as being . 

/ "eunetorial" in-S. Now suppose that we-are given a famity 
Bx H ¥s » GS of morphisms in Cy: indexed by the class: of 

fuirictors S : A+ ¥ for which FS and GS heth exist. 

Definition 5.1.1 .° The given family 8, : Fs » GS ts called 

neonaturai in S if, for all natural transformations 
“¥ 2S > T ana objects Xe¥, the canonical diagrams 

B. . Ss . 

Fs ———_—> fs - - XeFS = © Fixes) 

Fy | Sy 188, Byes 
Fr ——__- . XeGS. = G(xeS) Br 

commute whenever they are defined, 
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Boy. - _ in circumstances where fA, Vi-can be constructed, 

cand th the coends Fs and GS exist. in c for all functors 
S :.A + V, we obtain canonical functors FG: [A,V} > ¢ 

vaby jemma 1.3.1. ° Then a neonatural transformation ; 
2 Fe. E. as precisely | a natural transformation from F to. &, 

But. such a transformation is uniquely determined by its 
represented-functor components. This is true of neonatural 

““‘épansformations in general: 

Lemma 5.1.2 There is a canonical ‘bijection between | 
“neonatural transformations from F to ed and natural.” 

: ‘transformations from F(L-) to O(L~-). 
“Proof By the higher representation theorem, the coends 
(LA) = FA and G(LA) = GA. always exist; they are canonically 

covcs efanetorial in A by Lemma 1.3.1. Again, the higher 

om representation theorem provides a coend 

y+ SABLA+ 8 

for each functor.§. Bel. if FS and GS both-exist we 

“cupbhadh induced ceszds 

Fy : F(SA@LA) > Fs 

Gy.: GCSASLA) + Gs: 

by Lemma 1.3.4. Then, given a natural transformation 

8B : F(L-) > G(L-), we define By : Fs + GS to be the unique 
“aaprphism making .kRe es diagram commutes 



10, nk a 

eae 18, 
- SA@G(LA) (5.2). 

Ca cs : 
G(SA@LA) 

- | &y 

— = &s 
we . : . ae o 5 : ae Ao ‘ . : i 

Siered is straightforward to verify that the resulting family B 
is. neonatural.. Moreover,- the diagram 

. 188, . 
LA' (A)@F(LA) — LA'(A)8G(LA) _ (5.1.2) 

2 ee SI AR : 

F(LA'(A)@LA) ECLA (A)@LA) 

FY oe ees oe By 

F(LAt) — ores GLA) 3] of 

commutes” for all a yAt eA on applying the representation 
theorem. to. At ” Mees . By = Bua for ‘all AeA. It is now 

+ sdmmediate. “thet, sie dagram (5.1.1), which defines =, 

~tePines’ ‘the anique- meonatural transformation whose 
restriction is 8. Conversely, given an arbitrary neonatural 
“transformation B : F + G, the diagram (5.1.2), with By 

replaced by. ‘By 4 seeghout., commutes by neonaturality. 

Thus B, : F(LA) + G{LA) is natural in f by the Lemma 1.3.3 

“Leh induced natarakity.- 



UW : ee 
a 
1 : Z Me 

In practice a neonatural transformation. may 

» gerd se through the use of possibly distinct choices of coend” 
representations for FS and GS. Lemma.5.1.1 and 1.3.1 

guarantee that this choice is irrelevant provided the 

fiiictoriality of Ff 
ae 

tthe chosen. coenrs: 

}) and G(LA) in A is fixed, and that | 

natural in this extra varlable. 

4 pe -An important example of a neonatural transformetion 

: JS" the isomorphism 

(z= ag: [*TA,V1(LA,S)@F(LA) © Fs 

R
E

 

- which ts defined to be the extension of the composite : 
: fAcA,va(La,LAt)@F(LA) — — —» F(LA'). 3 : 

woo Ee a Roo : 
faacatay pay ra 

- y ‘ 

oo sing ‘this definition of z it is clear that the “ccherence" - 
oe dtagrems in Appendix 1 still commute. 

The. second concept to. be generalised is that of 
strong monoidal funeter... We do this by observing that, if. 
b= (6,6, 0°) 

'..premonoidal catepe yA to a g~-cotensored monoidal category 

x promonoidal functor. from a 

.B, then the aatural transformations 

$ : PCAA'X) + B(@A@$A", 6X) 

- 7 2.JX #202, gx) 

transform to “° 



lle. 

PAA > EP(AA’X) 6X] 
I> f3x,eX]7 000 5 

wu - under the cotensoring adjunction. These in turn provide 
tae morphisms : : 7 

pon PRBGAY > F_LPCAANH) OH] (5.1.3) : T+ fyfIX,0x) an 
poe a ; 

Definition 5.1.3 . The promonoidal functor 6: A+ Bis 

strong if the morphisms (5.1.3) are isomorphisms. 

a
a

y
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' 

Section 5.2 The "monoidal" presentation ofa promonoidal 

category 7 

Let A be a promonoidal. category and, for 

*. Punetors S,T.: A+ ¥, let 

ser = f*"eaera jer(aat-) 
F(St} = f,fSA,TAI - 

whenever they exist. The very definition of promonoidal 

category ensures shat certain B-products do exist;.for 
example, J@LA, EAGLA', (LABI)SLA', ((LABLA')SLA")BLaTM, 

Moreover, these expressions are canonically functorial in 

A, At, vce by Lemma 1.3.1. _ : 

" Replace the promonoidal structure on A by the 
‘isonorphic structure determined by the isomorphisms 

" & : BGAA*~) + F(L-,LABLA') 

4 me yw’: de FCL- J). 

amé Lemoa 2.2.5, This modification of A enables us to 

‘produce natural isomorphisms J@LA = LA, -LA8J = LA, and 

(EAGLA' SLA" = LAG(LA'SLA") directly from diagrams (2.1.1); 

(2.1.2), and (2.1.3) respectively. Then, using Lemma 5.1.2 

andthe coend definition of 8, these isomorphisms admit 
neonatural extensions: 
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A

I
 

e
o

 

”
 Re: JS = 8 

Pot seJ = S ° . e, a . . 

Bgaqt : (SBLA)SLA' = S@(LABLA') | 

7 Basar : (LagS)@La' = LAS(S8LA') 

i Baqrg ? (LASLA')@S = LAB(LA'BS). 

Es Now we are able to write down the _“axioms": 
= on _ = 

“o . CEAGE)SLA" ——_____-= LA@(J@LA') 

4 oN Aa 
a - LABLA' 
= 
ae: 3 

boo €QuaS ba VELA") GLav*_ (EABLa')O(LA"OLA' )_» LAB(LA'S(LA"BLAM )) >: 
; ee er . . oh a , ; 

: agi - 7 an 16a. 

ve \ . i 
0. CLABCLA ELA") ERAT LAB((LA'SLA")BLATM) 

2 Phe commutativity-of these diagrams is equivalent to the 

validity of axioms PCl and PC2 for A. To see this, return: 

“to diagrams (2.3.4) and (2.1.5) and observe that the center 

regions commute if and only if the above diagrams do; the 

remaining subregions of. (2.1.4) and’ (2.1.5) commute for the 

"same" reasons. they did so before, namely the definitions of 
%,-P, 2, the neonaturality of I, r, a, z (using Lemma 5.1.2), 



&
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3 

“and the. "coherence" of z (Appendix 1). 
4 | 
‘ 

_ Thus, the promonoidal structure on A may -be 
formally represented by a "partial monoidal" structure on 

““thre*“Left-represented functors. from A to Vv, 
’ 
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Section 5.3 The construction theorem 
faMti 

Theorem 5.3.1 Let A be a promonvidal category and let 

Sos: APP C be a dense functor into a é¢otensored and 
_.Makeavsored.oategory C.. Then, in order for there to exist 

lcwtrueture on ¢ for which M°F: 4+ c°P. admits on p 

-pnrichment to a strong promonoidal functor, it is necessary 

Sad sufficient that the coends and ends. 

a) Q(AA') = f* P(AA'X)@MX 
Pr IXOMX 
r= "Cecmx, CYSC(NX? Ct) )@Q(XX") 

(4). H(AC) = pr c(Q(Xa), C)eMx 
(5) K(AC) = fr e(Q(AX) OMX oo 

cov) fyteaix,c) yH(xe') 
aed) . fxleQM,c) KCK") 

exist in ¢ for all A,A'eA and C,C'eC, and the. resulting 

morphisms : 

(8) c(atxa), c) > (C(MX, H(AC)) 
aay “e(Qcax) o- + > CCMX,K(AC)) 

be isomorphisms. “The biclosed structure on ¢ is then 
=egmque to within isomorphism. 

Proof _of necessity Let C = (C,#,1,...) be a biclosed 

“structure on C-for~tieh MCP : A + ©°P aamits enrichment 
: sf 

See cea strong primon ifunetor. Then, by Definition 
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Ce 

otek the, eoends (1) and (2) are required to exist with 
-sdsomexphisms an 

Q(AA') = f*P(aatx)emx = maéma: 

tit
y . fiaxemx =f, 

“Because 6 admits right adjoints to esch | 

“wins apie, ‘hénee “preserves the density expression 
1 

a 7 “ficou, cyem = c 
asewct-variable. The existence of the coends (#) ama (5), 
and ‘the isomorphisms (8) and (9), follows from the 
Asonorphi sms 

C(Q(XA), C) 
C(Q(AX) ,C) =. C(MASMX,C) = C(MX,MA\C) : 

ie
 

It C(MXGMA,C) =-C(ME,C/MA) 

: a ~ together with the density of M.. Finally; the ends (6) anxt 
ataiuemause the opposites .of the functors 

A MBfe y-AC 20°? + ¢ admit right adjoints, namely -\C and C/-, 
““henre-preserve "the density expression. 

Proof of. sufficiency By Lemma 1.3.1, a eanonical fumetor 

* # trom fat to Cuis.obtained on setting 
oe aoe : pe (C(MK,C)@C(MXt,C*))8Q(Xx") 

fToxem. 
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ec f*" (ccm, cyec(mxr,c') )@a¢(xx") 5D) : -e¢cec';p) 
= fy LOCK ,C)OC(MK' Ct), C(Q(XX") 5D) } 

Faye COOMC)OC(MK' CT), COMK,HCRID)E th
 

~ Of Pia 8ks by. the isomorphism (8), 

fh
e fy LOCK .C) fy LOCH ,C*) , CCMKH(K'D)) 12 

tt
e F_L CCE, C) COM, fy LOUK! 6), H(XIDIII a 

Clon, = e(C,fylC(Mx,c') 5H(XD) J) . 
by the density of M, 

~
 

M
m

. 

e(c, D/C’) say. 

- Similarly c(ce@c! ,D} = c(et, fC C(MK,C) ,K(XD)1) 

o= C€E',C\D) say. 

Furthermore, there exists a natural isomorphism 
MAGMA’ = Q(AA') 5.3.1)" 

: : which can be obtained as follows. The representation 
theorem applied. to CeC in the composite 

eC fF ccmx,MA)@Q(KA),C) = fy LC(MK,MA),C(Q(KAt) ,C)] 
fgh CCM MA) ,CCMX,HCATC)) 1 n

e
 

by the isomorphism (8), 

C(MA,H(A'C)) . 3 m
 

by density of M, 

cC(QCAA'),C) 

B
G

 
ee 

ka
 
e

a
 

N
e 

a : : > by isomorphism (8), 

e
a

e
 



; yields | an, isomorphism Aas. 
: 7 “Pec, MA)@Q(XA*) = Q(AA'). 

b ‘The | transpose argument: yields an’ isomorphism 
goer a) eg(ax) aaa). 

= Qa"). 
co Ef the "reflection" of a functor S : A> V exists 

wan £ then it is denoted by 
oe = fsaema. 

“Bimilariy, the reflection fa natural transformation. 
_ _ S+T 2A + V is denoted by. 

% 

¥(a) = fool : fisaema > fAraema. 
Murtieermere, a transformation . me 

Vg t F(LA,S} > CC HLA, WS) 

is defined steabe the transform, under f° and tersoring in 

ey. of the neonatural transformation 
Ze tg JPPGA,SeuLA + YS. Then V(¥g)(a) = ¥(a) for each 

‘gateedl transformation a : LA + Si A> ¥, 

\ From the definition of %, we have natural 
: — Jus i ghsomorphi sms 

_ VLA = Pacem MA by the higher. repn. thm., 
, 



B
R

 
B

e
 

sy 

Q(AA') by- (5-3-1), 
w(P(AAt-)) 

PCULABLA').,—— 
te

 

2 2 pLaSyiat 

ih
 

tg
 

- where @ is as constructed in Section 5.2. Using Lemma. 
-errl2 and the coend definition of é, _ admits neonatural pos 

Yextensions a : a : 
nn “Goat YSSYLA > ¥CSELA) 

Tag : ¥LAByS > peLASs). 
- We siready have py? : i= Ys by aefinition of 1, Thus we 

are aple to write dom Maxions" for (#,9,¥°) to be ‘a 
- "monoidal functor": - 

* pI@yLA ————> ¥LA LT _ (5.3.2) 

vy UL 

(5.3.3) 



(5.3.4) 

18¢ 

LAG y(LA'SLA"). 

) 3 

WC(LABLA' )@LA")——_____ > y(LAB(LA’ SLA") ) 

“Because pL = My: APs c is dense and & admits right 
Me 

w adjoint s to each variable, the isomorphisms g, By a 

- 

jGefined by the above three diagrams, admit. unique 
“extensions to “natural isomorphisms 2: Fec = 

‘= C, 2: (cec')ec" = ca(c'ec")}, by Lemma 1.5.4, 
For similar reasons, these isomorphisms satisfy the 
monoidal functor axioms MC1 and MC2. To see this, note 

. neonaturality argument using Lemma 5. 1. . Then, 
. Substituting the results into diagrams (4.1.2) and (4.17.3), 

we see that MC1 and MC2>hold for z, Pr, and.@ whenever the 
vertices contain variables all of the form p~LA = MA.> Thus, 

because M is dense, axioms MCl and MC2 hold all the time 
by” Lenima 1.5.47 

ca
si

 si
ra

tb
es

 



oe ygp oe oe Oe 

Me 

Having established the biclosed structure on C, 

: set remain: 3 to show that oP a A> 0%? admits enrichment 
toa strong promonoidal functor. Using Lemma 2.2.6, it~ 

“suffices t 20 + ‘consider strong enrichment of the isomerphic 
Puneber sa tuk, CP, = pLA, with respect to the 

Soepreconoidal structure on.A introduced im 
Section 5.2. 

To aenee the structure, define 

“§ 2 F (DB, LABLA*)—=C(YLB, y(LABLA")) CD oc yan, VLAGYLA') 
ager 2 F(LB,J)— CCB wd). Ba 
Then,.. from the definition of vs a= (4, $367) will ibe 
strong. The promonoidal functor axioms PC1, PC2, ami: Pe3 
for @ are established by transforming the respective Ue BERS 

Smonnide) axioms" (5.3.2), (5.3.3), and (5.3.4) fore 
390°). Briefly, the diagram (5.3.5) (and its tramspose Pe =e 

ifemmd.can. be, checked to commute by first transformime it 

under. the tensoring adjunetion of C, then using the 

neonaturality of bs 



= 

a3, 

ee F(LX,S)@F(LB,LX@LA) a 

F(LX,S)@F(LB,LX@LA) -.. F(LB,S@LA) 

wep v 
Y | . Z 

CCYLX, ¥S)OC(YLB, y(LXBLA) } ~ C(YLB, y(SBLA)) 

t6e(1, 574) fea,e) 
eee . a ye 

CCSLX, WS)OC(WLB, YLX@ULA) CC pLB , pSSyLA} 

- s¢ AY . 
CC¥,WS)@C(WLB,Y8yLB) 

ACAB) - FCLX,J)@F (LB, LXBLA) _ 

8 | (2) _ L 
ae F(1,2) 
F(LB,J@LA) ~ F(LB,LA) 

v (2) — y 
a €(1,92) Y 

C(WLB, y(JSLA)} > C(~LB, LA) 

- €(1,2) . 

This diagram reduces axiom PCl for @ to the following: 

_ C(YLB, yJOyLA) <_—________- C(¥,, pS) 8C (LB, Y8WLB). 

4. 

¥ 



Here the subregions (1), (3), and (4) commute by 
2, and A respectively, while the ‘subregion . - 

“C25 ‘commutes. because ¥gt F(LA,S) + C(WLA,¥S) is S-natural 

jotta 8... Phe memaining axioms PC2 and PC3 for 6 aré 

“cse@gtep ished by the same procedures: 0.0 see6. 
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Section 5.4. Commutative monads 
_ In. conclusion, we outline an application of 

‘Theorem 5.3.1 to the theory of commutative monads. Some 
familiarity with the usual constructions of V-monad theory 
(as given, for example, .in Dubue £7] or Kock [13]) is 
assumed. . Moreover, to permit these constructions, we 

7 suppose throughout this section that has equalisers. 

Notation: 

T= n,n) is a ¥-monad on ¥. . 

pn 0 is the category of T-algebras (C,&°: TC + c), whose hom 
A objets are defined by the equaliser diagrams 

nes [ae TEL) 
€(cb) —-——>- [cD] - CTC ,D] 

we ne a . Top . . 01,81 

: (TC, TD) - 

F3AU: ¢ > y is the associated free~algebra adjunction. 
-K is the Kleisli category of "Pree algebras", where 
obj K =.obj V and K(XY) = (X,TY1. 

J: ¥ > K is the canonical functor that is the identity 

on objects. , 
M: K+ C is the functor that fully embeds "free algebras" 

, 

into the category of algebras. 
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Tt Xery - > T(X8Y) is. the canonical fatural transformation 
associated to T, and tt: TXBY. = - yeTx —*. 7( vex) = 7T(Xey) 
is its transpose. : 

The symbols U and J are usually omitted. 

Definition 5.4.1 (Kock} The monad T= (T,y,n) on V is 

commutative if the legs of the diagram 

tT 
2s TX@TY ——______» T(rxey) 

| 
th oe i we 

g(x@TY) > F° (x6) = T(x6Y) 
oe . . Bt a BO : 

“are equal;.we write T = Ty : TXLOTY + T(X@Y) for their 
common value. 

foe The commutativity condition. on T ts equivalent 
to the condition that the functors : 

XO: K > K and -8Y : K> k, 
Gefined by 

x6Y = xeY, 



“Thus, 

eq) — — OS exer, x02) 

| 
_. CY, TZ] ——____-»> [X@Y,X@TZ] ——_» [Xey,T(X8Z) 3, 

: eee X8- - -E1l,t] 

K(XZ) — ——-. o> =KOXOY, 284) 

£X,1Z] ————= [X@Y,PZ6Y] ——= [XeY,1(Z@Y)] 
-8Y a Cl,tt] . 

should be the partial funetors of a bifunector 

8: KOK + K. OG 
] is commutative then K assumes a (symmetric) . 

monoidal structure for which J: V+ K is a strong 
monoidal functor. 

‘Theorem 5.4.2 If T= (P,u,n)} is a commutative. monad on V 

then, in order for there to exist a. closed structure on C 

for which M :'°K + € admits enrichment to a strong monoidal. 

functor, it is necessary and sufficient that the 

coequaliser of the pair 

2 Be 7? (ceD) T(C@D) 

° «YS ie) 
T(TCSTD) 
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exist in ¢ for all P-algebras C and D. 
Proof In Theorem 5.3.1, take ASP = K and M rK + C as 
given. It is easy to verify that C is cotenscred and 

M-tensored. Furthermore, M is dense by the corollary to 
the monad representation theorem given in Appendix 4.. By 

the higher representation theorem, the coends (1). and (2) 

co 
t
e

 

= in Theorem 5.3.1 become 
kon oo Q(xY) 

. tT 
respectively. On applying the monad representation theorem 

M(X@Y) tt th
e f7K exe, zyenz 

PKerx)emx = Mr 

to the definitions of X8~ and -8Y,,. the coend (3) + 

“(Db = PP? com, c)ec(My, D) )8M(x@Y). oe rs 
reduces. to the Joint. eoegualiser in c of the pairs 

T(CeTD) ot eB C@D) 

TC 18E). (E81) bind Tt! 

: : ar ad : tT? (c@p) ———___»" T(C@D) = #* (cap) 
rm : ” 

‘Moreover, this coincides with the coequaliser in € of the 

Single pair . 

T(ceD} z P(C@D) - BNE = 
on 

Ui a
i
t
e

d
 

na
i 
ia

 
ta

te
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+ : 

‘Thus , the codomain of this coequaliser is the tensor 
product of the algebras C and Din C. To construct. the 

4nternal hom in C, we must first verify that the 

- Lsomorphism 
" ~\ eqx,rvc) = ExC¥e]] = Lxey,c] 2 ¢(F (xe) ,c) 

actually provides an isomorphism 

Foy ‘e(m, ¥c3) = C(M(xex)5C) | (5.4.1) 
that is natural in XeK. This is done simply by applying 

the monad representation theorem, Coend (4) now becomes 

I H(YC} 

wo 
M

e froam,eveiemx by (5.4.2) 
- FFecucxey) ,c emx 

c
o

g
a

e
 

= [YC] by the density of M, 
whence (8) 4s an- isomorphism by 
(6) always exists because U: C 

“already know that oe 
“UC fyLC(MX,C) ,H(XD) 1) N

e 
W

e 

(5.4.1). .Finally, the end 

+» Vereates limits and we 

“fqfe(Mx,c) ,CN,D) I 
eceD) , 

exists in V, by the density of M. This completes the proof, 

Remarks: . The condition of commutativity on a monad T was 
first formulated. by Kock [12] who established, in [13], 

that a commutative monad generates a category C with an 

internal hom (in the original Eilenberg-Kelly {9} sense). 
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any 

the formula we provide ‘in Theorem 5.4.2 for the extra 
monoidal structure of C has also been suggested by 

-Linton £15]... It is not difficult to check that this 
closed structure on C coincides. with the one obtained in. 

"Example 342-3 whenever Tis a commutative "theoretical" 
“monad, that is, a monad obtained by Kan extension: from 

“ss commutative theory. 
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"APPENDICES. 

“Appendix. 1 On the iterated use of z 
We require that the transformation Zz, introduced 

in: Section 4.1, be "coherent". In the absence of a 

“general theorem to this effect, we verify. the following: 

Lemma Let M: A+B, S: BB, Ts: B+ V, and. 

R-: BOB.» V be functors for which the required coerids 

.. exist. Then the exteriors of the following diagrams 
y ot 

““gommute for all B,Ce’. 

“1.B(MX,B)8(B(MY, SNX)STMY). = CBCMX, B)SB(MY, SMX) @TMY 
_— : 2 ao 

z°TM “2, 182 z81 

mA 
~ B(MX,B)@TSMX B(MY, SB) @TMY ee 

2 B(MX, B)@(B(MY, C)@R(MX, MY)) = B(MY,C)e(B(MX, B)OR(MX, MY)) 
TM~ 

oo wo 

18z “ye 182 

~A 
- BCMX,B)@R(MX,C)} B(MY,C)@R(B,MY) 

a 

z z 
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i 

Proof ‘The lower subregions. of both diagrams commute on 

applying the representation theorem to BeB, and using 

the definition (1.4.1) of 2. To verify that the upper 

‘region of diagram 1. commutes, we "expand" the coends a 
present: rr : 

i Se ee ee 
= --B(MX,B)@(B(MY,SMX)8TMY) -(B(MX,B)@8(MY,SMX) )OTMY \ 

18s Pe s@1 
bee ¥ Leas q 

B(MX,B)@(B(MY , SMX )@TMY (B(MX,B)@B (MY, SMX) }OTMY 

© 

5 | ‘ ere wars ets oS s ne 7 

/ giux,B)e(B(MY,SMx)erMY = (B95 DY) 

ZBL cel 

_— B(MY,SB)@TMY B(MY ,SB)@TMY 

Commutativity of the exterior of this diagram follows 
easily from the representation theorem applied to BeB, 

together with coherence of a, r, 2 in ¥. The uncommentea 

subregions commute by,definitions. Thus the diagram (*) 
commutes .because s(1@s) is a coend over X and Y. The 

-upper region of diagram. 2 commutes for similar reasons. 
4 



Appendix 2) A theorem on Kan extensions 
Let V be a cartesian closed category and let A 

be.a V-category with finite V-products, including a 

terminal object I.. Then we say that a functor T: Az Vv 
preserves finite products if the canonical morphisms 

T(AXA') + TAXTA' and -TI + I are isomorphisms for all A,A‘e A. 
= : : . 3 . 

fe 

Theorem (V cartesian closed) Let M : A> B be a functor 

between categories A and 3 which admit finite products. 
Then the Kan extension 

* 

= fiacma, -)xfA tA > U, 
of a finite-product-preserving funetor T : A+ Y along. the 

* functor M, is finite-prodact preserving... 

Proof. From the definition of terminal, the composite 
Y-= AC(AT) ———»> BCMA, ME) B(MA,I) =I 

M B(1,u) 

“4s the identity isomorphism for all AcA. Thus 

TI i fiecma,t) «ta 

th
 fRaCat) «TA 

it
e

 

TI by the higher repn. thm.; 

I because T preserves I by hypothesis. 

~ 
mM

 

Hence T preserves terminal. objects. Secondly, if 

B+ BxC + C is a product of B and C in B, then the 
: v4 

resulting morphism T(BxC) + TBxT¢ is easily shown to be 



7 ee gh 

_., left inverse to the somposite isomorphism 

TBxTc (f*8cux,B)xTx)x({%B (MY, ¢)xTY) 
te

 ae = p(B (x, B) xB (MY, C))x(TXxTY) 
because V is cartesian closed, 

m
 

Ls PaO, B)xB CEC) )<ERxE) 
because T preserves finite products, 

te
 yc = f*© (Bmx, B)xB(MY,C))xf7A(Z,Xx¥)*TZ 

by the higher repn. thm., ; 
f° cece B) BUY C) xf? (AC ZX) A (ZY) x72 ie

 

‘because A(Z~-) preserves ¥-limits, 

te
 12 G® Bem, B) A (2H) x (f°B (MYC) A (ZY) ) TZ 

because V is eartesian closed, 

N
e J? (BQN2 ,B)xB (ME, C) )xTZ 

Gone by the higher repn. thm., 
f?B8(Mz ,Bxc) xTZ M

e 

because B(MZ,-) preserves V-limits, 

nt
 T(Bxc). 

Remark Special cases of this theorem have appeared 

elsewhere; in Ulmer [18] for example. 
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"Appendix 3. A criterion for V-naturality 

Theorem Let F,G : B + C be functors between. tensored 

“eatepories B and C, and let a: F>+@ be an S-natural 
= transformation. Thenais V-natural if and only if the 
— ~ an : : 

: _/eamonical diagram a oS 

Bak oe tT : 
on . XOFB —____-> F (XB) 

_ 180, * | oye 

X8GB ——_—__—_-> G(X@B)} 
; 7 

r
e

a
 

commutes for all XeV and BeB. 

Proof By definition, the family Wy + FB > GB is Y-natural 

if and only if 
a a : 

B(BB') C(FB,FB') 

of et) 

C(GB,GB') —_—_____»>_ C(FB,GB') 
C(a,1) 

“commutes for. all B,B'e8. By the representation theorem 
applied to XeV, this isso if and only. if the center region 

of the following diagram commutes for. all B,BteB and XeV. 

£ 

vt 
i 
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oo watt 1) 
f fBLYOR) FB!) 20 cy (XOFB,FB') 

apy 

i =, 
V(X, CCE, FB')) Cy (1.0) 

" a 73}. Vy G Li >: ion c(i 5) 
(4) 

4 C(BB!)) Vo (xX, CEB, GB')) = fy (X8FR,GB") 

2) > (3) 
v of: G) Vo(1, C(a,1)) 

Vo (X,C(GB, ,GB")) Co (18@,1} 
; 

* 

¢,(G(X8B) GB!) > Cp (K80B,GB") 
Cyt) 

in this. diagram the bijections ‘are ‘those underlying 
“tensoring adjunetions hence subregions (3) and (4) commute 

Subregions (1) and (2). commute 
Ly. ‘the naturality of these. 

_ aby the deTinition of t (recalled from [il] guy. Thus. the 

center commutes if and only if the exterior commutes. But, 
a eh 

by the representation theorem at the. S-level applied ta 
BleBos the extewitor commutes if and only, if the diagram ¥ 

ae ~equired. 
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Appendix 4 The monad representation theorem 

in this appendix we may as well suppose that 

T= (T,u,n) is.a ¥-monad on an arbitrary V-category; in 

“all other respects we shall use the notation given:in 
Section 5.4. For ease of recognition, morphisms in the - 

“Kleisli category K shall be represented by their images 
under the full embedding Mi K€, : 

Theorem Let S : K°P +-¥ be a functor and (C,— 0: TC + Cc) 

be a T-algebra. Then there is a. (eanonical) bijection 

“between. natural ‘transformations. ay. 3 €(MX,C) + SX anid 
4 

elements in the equaliser of 
» VS 

vse ——————> vere 
VS(TE) 

-- Proof We shall establish the (equivalent) higher form of 

a
 

this assertion. First note that the fork on the rieht hand 

side of the diagram 
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J Cex, c) 8x2 
. ww : . . 

a f€¢(1,8),1] 
a“ . 

f= : = 

SC ————-> f [K(XC) SX] ~<-—_—_——_ J [¢ ‘mx, mc) ,sx] 
Soyo est of EM,1I ‘ 

. - ; 

Sy ste J cecayu)a7] | f.ce¢a,26),23 

STC ———_> f [K(X, TC) ,SK] ~<_—_——_——- f [¢(mx,wTc),Sx] 
y_ ° oe J tM,1] . 

is an equaliser diagram in Vans this follows from the 

well-known characteristic. of C that the fork se 
" Cle} ERE) 
“* C(MX, MTC). Sr ee, BC) > C(MX,C) 

c(i, TE) 

is. a coequaliser diagram in V, for all XeK. Beeause the 
two lower regions commute by naturality, we obtain an 

equaliser diagram on the left. hand side {the dotted arrow 

is easily seen to be the composite . 
f Ce(Mx,C) SX] —_ — — _— sc 

f.te(i,é),13} -[2,8C] 

{j,11 

f COCK,MC) SX] a ce(mc Mc) ,sc} ). 
5 7 
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C(TE,1). ‘The resulting isomorphism 

~ 

139. on 

The theorem follows on applying Vii V + § to this 
equaliser. 

- Corollary The functor M : K ~* ¢€ is dense. 
froot In. the higher form of the monad representation 

theorem, take § to be ‘e(M-, D) : K°P + y¥ for some algebra 
- DeC.. We thus obtain. an equaliser diagram 

et) 
ffeCx,c),c(Mx,D)]— = ¢(MC,D) > c(uTC,D) 

e(TE,1) 

for each pair of algebras C,DeC. But the morphism: 
C(E,1).: CCD) > C(MC,D) is the equaliser of C(y,1) and 

~e 

C(cD) = fyfC(Mk,c),C(MK,D)] 

makes M: K + C a dense furcto: by Definition 1.5.1. 
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