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EQUIVARIANT STEENROD OPERATIONS

P. BHATTACHARYA, A. WAUGH, M. ZENG, AND F. ZOU

ABSTRACT. In this paper, we introduce the concept of R-Eulerian sequences
for any Noo-ring spectrum R with finite orientation order. We show that each
R-Eulerian sequence corresponds to a stable R-cohomology operation. More-
over, we show that the collection of R-Eulerian sequences admits an additive
and a multiplicative structure that are linear over a coefficient ring. It remains
an open question whether operations coming from Eulerian sequences gener-
ate the algebra of all stable R-cohomology operations. Finally, we apply our
theory to equivariant ordinary cohomology with coefficients in finite fields to
produce genuine equivariant lifts of the classical Steenrod operations for all
finite groups.
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1. Introduction

In the 1950s, stable homotopy theory underwent a period of rapid development,
driven by profound applications in geometry [SW51, Tho53, Tho54]. Key break-
throughs included Steenrod and Whitehead’s work on the vector fields on spheres
problem [SW51, Ste62], the calculation of cobordism rings [Tho53, Tho54, Mil60],
the resolution of the Hopf invariant one problem [Ada60], among many others.
These results relied crucially on Steenrod operations, which Norman Steenrod in-
troduced in 1947 [Ste47]|. The usefulness of Steenrod operations extends to differ-
ential topology via Wu’s reformulation of Stiefel-Whitney classes [Wu50], and in
homotopy theory through the Adams spectral sequence [Ada58]. Over the years,
the applications of Steenrod operations have only expanded, establishing them as
one of the most formidable tools in current homotopy theory research.
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Equivariant homotopy theory is an extension of classical homotopy theory that is
sensitive to symmetries. In 1967, Bredon introduced an equivariant cohomology
theory that refines Borel cohomology by incorporating fixed-point data for all sub-
groups [Bre67]. The coefficients for Bredon cohomology are provided by Mackey
functors, which Dress introduced [Dre71]. In 1981, Lewis-May-McClure [LMMS1]
extended the indexing system of a G-equivariant Bredon cohomology from integers
to the real representation ring, usually denoted by RO(G), for any compact Lie
group G. Equivariant stable homotopy theory was developed in the 1980s to address
problems in equivariant geometry. However, despite a few striking applications
[tD70, HK01, KW08, HHR16, HLSX22], its geometric utility has remained limited
and sporadic. This constraint is largely due to the fact that equivariant Steenrod
operations are not known beyond the group of order 2 [HKO01, Voe03].

The RO(G)-graded Bredon cohomology with coefficients in F,, (the constant Tam-
bara functor at the field of order p) is represented by a genuine G-equivariant
ES -ring spectrum HF,. The G-equivariant mod p Steenrod algebra is defined
as the stable homotopy class of G-equivariant self-maps of HF:

a,p = [HEP’ HEPE’*'

This Steenrod algebra is a module over its coefficient ring, the RO(G)-graded
cohomology of a point:
My = Hg (pty s F,) = 78 HE,,

The calculation of this coefficient ring is a notoriously difficult problem. After
Stong’s calculation of RO(Csq)-graded cohomology of a point (see [LewS88, §2|),
progress was stalled for many years. However, a series of recent breakthroughs have
revitalized the field: In 2017, Holler and Kriz [HK17] calculated the coefficient ring
for G = CJ™, soon after the third author identified the coefficient ring for G = C,2
[Zen], G. Yan [Yanb] for G = Can, and Kriz-Lu [KL20] and G. Yan [Yana] for the
dihedral groups.

In 2001, Hu and Kriz, in their seminal work [HKO01]|, determined the structure of
Cq-equivariant dual Steenrod algebra. This was followed in 2003 by Voevodsky
[Voe03], who determined the R-motivic Steenrod algebra, whose Betti realization
provided a complete description of the Cs-equivariant Steenrod algebra. The case
G = C; (as well as the nonequivariant case) is often considered special, as its
Steenrod algebra is free over its coefficient ring, a property that is crucial for its
determination. In fact, recent work by Wilson-Sarkar [SW22] as well as Hu-Kriz-
Somberg-Zou [HKSZ]| determines the Cp-equivariant mod p dual Steenrod algebra
as a module over the coefficient ring and shows that it is not free. This non-freeness
may explain why the methods in [Sted47, HKO01, Voe03] did not adapt to identify
the equivariant Steenrod algebra for other groups (also see [HKSZ]).

In this paper, we introduce a general theoretical framework to construct G-equivariant
Steenrod operations for G-equivariant cohomology theories. This framework re-
quires the following assumptions:

e G is a finite group.

e The cohomology theory is represented by a homotopy O-ring R (as in (6.8)),
for some N, G-operad O (in the sense of [BH15]).
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e The G-equivariant vector bundle of (3.2) admits an R-orientation (in the
sense of [BZ24]).

Building on these conditions, we introduce the concept of a V-stable R-Eulerian
sequence (see (4.12)), where V is a finite orthogonal G-representation. Our main
result is the following theorem:

Main Theorem 1 ((4.18)). For every V-stable R-Eulerian sequence X, there exists
an R-cohomology operation

GX : R*(—) —— R*Hlxl(—),

of degree ||x|| (see (4.12)), where x € RO(G, V) (see (1.7)), which commutes with
the V-suspension isomorphism

(1.1) ov : R*(—) — R*V(2V(-)),
i.e., oy(6X(x)) = &X(oy(x)) for any R-cohomology class x.

Definition 1.2. For a G-spectrum R, we say an R-cohomology operation is gen-
uine stable if it commutes with o, where p is the real regular representation of

G.

In the nonequivariant case, when G is the trivial group and R is HFy—the ordinary
cohomology with Fa-coefficients, the vector bundle (3.2) can be chosen to be the
tautological line bundle over BX¥s ~ RP>°. We recall the graded module structure
on the mod 2 homology of the classifying space:

H*((B22)+;F2) = Fg{bo,bl, e }7

where b; are generators is degree i. As shown in (4.3), the HFy-Eulerian se-

quences
k

——
B[k] = (0,...,0,bg,by,...)
generate the classical k-th Steenrod squaring operation qu by Main Theorem 1.
We also show that our framework recovers all classical odd primary Steenrod op-
erations as well as Cy-equivariant Steenrod operations, as detailed in (4.3) and
(4.5). In Section 7, we demonstrate the strength of our theory by constructing new
G-equivariant Steenrod operations for all finite group G:

Main Theorem 2. Suppose G is a finite group. Then for every k € N there exist
genuine stable cohomology operations:

k *+k
Sqx"¢ t HE (=5 Fy) —— HGJr G (—Fy)

quPGJrl . Ha(*QEQ) . H*G+kpc+l(7;E2)
where \ € Irrq (G)—the isomorphism classes of 1-dimensional orthogonal G-representation.

When p is an odd prime, there exist genuine stable cohomology operations:

3

PYFPS L H (—F

2ek
p) SN Ha—&- PG(_.EP)

Pp2ekpctl . Ha(_;Ep) Hg—&-Qekpc-ﬁ-l(_;Ep)
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where k € N, \ € IrA}l(G)—the isomorphism classes of compler 1-dimensional
orthogonal G-representation whose character factors through C, C S' ¢ C*, and

c_ (p—1)/2 if|G] is even

B (p—1) if |G| is odd.
Remark 1.3. When G is the trivial subgroup e in Main Theorem 2, then the
operations Sq]fpe7 SqPPett P%ekpe, P2¢Petl are the classical Steenrod operations

Sq¥, Sq" T, P*, BP* in the notation of [Ste62], respectively.

An R-Eulerian sequence x is a sequence of homology classes. By restricting the
action to a subgroup K C G, we define its restriction ik (x), which is an txR-
Eulerian sequence (see (4.25)). The stable txR-cohomology operation &'«<X) is
then the restriction of the &X (see (4.29)). From this we notice that the underlying
nonequivariant operations of the equivariant operations from Main Theorem 2 are
precisely the classical Steenrod operations:

Main Theorem 3. Suppose K is a subgroup of a finite group G, and let x €
HE(XGE,) denote an arbitrary cohomology class for a G-space (or G-spectrum) X.
Then:

(1) When p =2
(0) < (SA5%¢ () = SalF{PX (1. ().
(b) 1k (8PP H () = Sl G/KIkORFL (1 ().
(2) When p is odd

(a) (P3P0 (a)) = P2IF/EIRO (e ().

() tga (PP () = PG/ (1 ().

Notation 1.4. Given a subgroup K of G, we let N(K) denote the normalizer
subgroup of K, and W(K) = N(K)/K denote the Weyl group of K.

In (4.27), we define geometric fixed-points ¥ (x) of an R-Eulerian sequences x. In
(4.29), we show that the geometric fixed-point of &X on a given cohomology class
is equal to G¥" (x) on the geometric fixed-point of that class. While this result is
satisfying, it does not quite compare the operations introduced in Main Theorem 2
across geometric fixed-point functors. This is because K-geometric fixed-point of
HF, € SpY, denote it by (IDK(HEP), is not equivalent to HF, € SpVE) . However,
HF, is a split summand of @K(HEP) as an E\O}.Y(K)—ring spectrum. This leads us to
consider a modified K-geometric fixed-point functor:

FK  HS(—F,) — HYO(F)).

In (4.30), we define the modified geometric K-fixed-point @™ (x) of an HF -Eulerian

sequence . We summarize the relation between &X and &% %) in (4.33). From
this result we conclude:

Main Theorem 4. Let K be a subgroup of a finite group G. For a G-space (or
G-spectrum) X, let x € H5(X;F,) be a cohomology class. Then:



~ E|G/N(K) | pw k) [~
(1) ¢~ (Sq];pG(l‘)) = SQ,\‘K/ Elowe " (@"(x)) when p=2

(2) g¥ (PiekpG (m)) = Pi;kIG/N(K)lpW(K) (@™(2)) when p is odd

p 2ekp
Y and Py

.o k L .
where it is assumed that Sq,x are trivial operations when \¥ = 0.

The operations in Main Theorem 2 are derived from HF -Eulerian sequences in
the homology of Bg,. Calculation of HS’(B(;ZP;EP) is an extremely difficult
problem and is largely unsolved for groups larger than Cy. The technical part of
this paper identifies infinite families of homology classes in HS (BgY,; F,) that are
specifically designed to form HEF,-Eulerian sequences. These homology classes can
be tracked along restrictions and geometric fixed-points which leads to the results
in Main Theorem 3 and Main Theorem 4. When G = C,, the homology groups
HC2 (B, ¥o;F,) are fully known [HKO1] (also see (3.12) and (4.5)) and we show
that our list of HF,-Eulerian sequences in HS? (Bc,Yo;F,) is complete. However,
recent unpublished calculations of HC*(Bg,X2;F,) [Geo| reveal that our list of
HFF,-Eulerian sequences for G = Cy is far from complete. Consequently, we do not
expect the cohomology operations of Main Theorem 2 to generate the full set of
G-equivariant Steenrod operations for groups larger than Cs.

The structural properties of classical and Cs-equivariant  Steenrod
operations—namely, the Cartan formula, the Adem relations, and the total squar-
ing operation—make them a potent tool. Given the difficult nature of calculating
HE(BgX,; F,), our strategy is to pursue an abstract formulation of the Cartan
formula and Adem relations solely through the Eulerian sequence framework. This
will ensure that any new G-equivariant Eulerian sequence that is discovered will
provide direct insight into the structural properties of the G-equivariant Steenrod
algebra.

In (5.8), we establish a generalized Cartan formula for Eulerian sequences that
remains applicable even without a Kiinneth isomorphism. Furthermore, we develop
the framework for defining Adem relations purely in terms of Eulerian sequences.
Our (4.12) provides a very general definition for Eulerian sequences, which, among
other applications, allows us to define Eulerian sequences in HS(BgEn;Ep) for all
n € N. We refer to these as pg-stable HF -Eulerian sequences of weight n, and let

ng denote their collection. We then define a strictly associative product
©: &G x €5 —— g5

and show that GX10X2 = &X1 o GX2 (see (6.54)). This product thus realizes the
composition of genuine stable HF,-cohomology operations. The Adem relations
arise from the fact that the map

Y XYy —— Y1, —— X2

and its composition with the twist map on ¥,, x3,, are conjugates. We are currently
investigating if we can use this fact to describe Adem relations abstractly in terms
of Eulerian sequences avoiding explicit calculations of HS(BgEn;Ep).



Our theory, which is sensitive to N-ring structures, applies to a wide range of
equivariant and nonequivariant cohomology theories. Nonequivariantly, it is appli-
cable to any cohomology theory represented by an E..-ring spectrum with finite
orientation order (as defined in [BC22]). This includes complex oriented theories
such as HZ, ku and Morava E-theory, along with real K-theory, topological modular
forms, Johnson-Wilson theories and EO-theories. While we do not know if every
stable cohomology operation for an NV.-ring R can be obtained from an R-Eulerian
sequence using Main Theorem 1, this is the case for HF, when G = e and G = Cs.
We therefore conjecture:

Conjecture 1.5. The collection of genuine stable pg-stable cohomology operations
Sc,=1{6%:xe| |4)}
generate Ag, . for all finite group G at all prime p.

One can formulate a stronger version of this conjecture. First, note that the classical
Steenrod algebra A and the Ca-equivariant Steenrod algebra A, , are multiplica-

tively generated over the coefficient ring by the stable cohomology operations arising
)

from Eg - This motivates the following question for future investigation:

Question 1.6. Does there exist an n € N such that

Scp(n) == {6%:xe| |&4)}

i=1
generate the algebra Agﬁp for all finite group G?
Notation 1.7. Throughout this paper:

e G is a finite group,

e pg is the regular representation of G (we drop the subscript when the
underlying group is clear from the context),

e T, and T, denote the permutation and the standard representations of 3,
respectively,

e Ug denotes the complete G-universe,

e V denotes an orthogonal G-representation which contains the trivial sub-
representation R,

e Ug v denotes the sub G-universe generated by the G-representation V,
e Spe be a category of orthogonal G spectra in the universe Ug,
o 1k : Spe — Spk will denote the restriction functor for the subgroup K,

o &K : Sp, — Spw (k) denote the geometric fixed point functor for the
subgroup K, where W(K) denotes the Weyl group of K in G,

¢ RO(G,V) denote the subring of RO(G) generated by Uq v.



Convention. Throughout this paper, all G-spaces will be assumed to have a base-
point. We denote the reduced Bredon homology and cohomology with coefficients
in the Mackey functor A by

HY (—;A) and Hg(—; A),

respectively. Unreduced versions will be indicated by adding a disjoint basepoint.
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Organization of the paper In Section 2, we introduce equivariant power oper-
ations. In Section 3, we use orientations of certain equivariant bundles to define
shifted power operations.

In Section 4, we introduce the theory of Eulerian sequences and prove Main The-
orem 1. We also introduce restrictions, geometric fixed-points , and modified geo-
metric fixed-points of Eulerian sequences. We discuss Cartan formula for Eulerian
sequences in Section 5.

In Section 6, we introduce the notion of V-shifted homotopy N.-rings and use it
define composition of Eulerian sequences.

In Section 7, we identify new HF -Eulerian sequences and prove Main Theorem 2,
Main Theorem 3, and Main Theorem 4.

2. Power operations associated to N, ring spectra

Classical Steenrod operations are constructed from power operations, which are
defined using the E..-structure of HF,. In equivariant homotopy theory, Nyo-
operads generalize their nonequivariant E..-operad counterparts. First studied in
[BH15], these operads differ from their nonequivariant counterparts in that there
can be multiple distinct homotopy classes for a given finite group G (see [Rub21],
[GW18], [BP21]).

In this section, we first generalize the extended power construction (see (2.3)) to
equivariant settings. We then use the multiplicative Ny, -structure of a ring spec-
trum R to define equivariant generalizations of the classical power operations (see
(2.12)). We also study the interaction of equivariant power operations with re-
striction, fixed-points, geometric fixed-points, and modified geometric fixed-points.
First, we recall some standard definitions from equivariant homotopy theory.

Definition 2.1. A collection of subgroups .% of a group I is called a family if it
is closed with respect to subgroups up to conjugation. We will call a family % of
I' = G x II a G-closed family if it contains all subgroups of the form K x {e}.

Notation 2.2. For every family % of I', let E# denote the universal I'-space
satisfying

(BF)" =~ { 0 otherwise.
When Z consists of all subgroups G x II such that its intersection with 1 x II is
the trivial group, then we use EgII to denote E.%.
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2.1. Extended powers and power operations

Definition 2.3. Let X be a G-space or a G-spectrum, and let T be a finite II-set.
For a (G x II)-family .%, the (%, T)-th extended power of X is defined as the
G-space (or G-spectrum) given by the formula:

D (X) i= (EZ); An (X'T)
where the G-action is the diagonal action.

Remark 2.4. When X is a G-spectrum, the object X" is regarded as a (G x II)-
spectrum. The defining feature is that its underlying G-spectrum is genuine, while
its II-spectrum structure is naive. Specifically, the universe of X"T is generated
by finite-dimensional orthogonal representations of the form o ® €, where o is a
G-representation and € is a trivial representation of II.
Since the diagonal map

AEF — E(F xF) —— EF xEF
is G x Il-equivariant, we get the following lemma.
Lemma 2.5. Given a Il-set T, there exists a G-equivariant natural map

(2.6) 0F : DL (XAY) —— DZ(X) ADZ(Y)

for any pair of G-spaces (or G- spectra) X and Y that satisfies the external asso-
ciativity condition. This means that the diagram

DZ(XAYAZ) ——— DE(XAY)ADT (Z)

(2.7) i l

DZ(XAY)ADZ(Z) —— DZ(X) ADZ (Y) ADL (Z)
commutes for any triplet (X,Y,Z).
Proof. The map 07, which is defined as the composite map

DI (XAY):=EZ An (XAY)NT
lA/\nId
(EZ x EZ)y Ap (XAY)NT

(EZy An XN A (BEZL An YNT) = D (X) ADZ(Y),
satisfies (2.7) as the diagonal map A satisfies an external associativity condition. O
Notation 2.8. Suppose O is an N-operad. Let .%,(O) denote the G-closed
family of G x X,, such that E.%,(O) is equivalent to O(n), the n-th space of O.
The collection {#,(O)},en must satisfy certain compatibility criteria, which gives
rise to the operadic structure maps of O:

(2.9) w:Ok) x (O(ng) X --- x O(ng)) —— O(ny + -+ - + ng),
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where O(7) denotes the i-th space of O. This compatibility is encoded using a sym-
metric monoidal coefficient system C(Q), called the indexing system of O.

Notation 2.10. Let n denote the set {1,2,...,n} on which ¥,, acts by permutation.
For an N, G-operad O, we will use the abbreviation DY (X) := D@ (X).

Let R € Spg be a spectrum. We call R an N -ring if it is an algebra over
some N, G-operad O. By definition, an O-algebra R € Sp¢ is equipped with a
compatible family of G-equivariant structure maps:

95 : DnO(R) — R
for each n € N.

Given a group homomorphism k : IT — X,,, one obtains a G x I-family (1 x
K)*(Z,(0)) by pulling back the G x X, -family %#,(0O) along the map 1 x . For
any sub-family .# of (1 x k)*(.%,(0)), we define a composite map

R
en

(2.11) 0%, :DZ,(R) —— DO(R) — R,
whose initial map is induced by the sequence of maps

EZ# —— E((1 x x)*%,(0)) —— EZ,(0)
combined with the IT-equivariant map R " —s R/".

Definition 2.12. Let O be an N, G-operad, k : II — 3, denote a group homo-
morphism and .# be a sub-family of the G x II-family (1 x k)*(.%#,(0)). Then the
Z-th power operation of an O-ring R is the natural map

P7 i RY(-) — RUDZ,(-)
which sends z : X — R to the composite

R
B?K

- DZ,(R) —————— R

(2.13) PZ(z) : DZ.(X)
in Ho(Spg)-

2.2. Restrictions and fixed points of power operations

Suppose .# is a G-closed family of G x IT and K a subgroup of G. The restriction
of .7 to K, defined as

k7 ={FN(KxII):Fe.F}
is an K-closed family of K x II. The K-fixed point family of .# is given by
FE = {(FN(N(K) xII)) /(K x {1}) : K x {1} C F € .7}

and is a W(K)-closed family. These constructions lead to the following equiva-
lences:

- E(ixF) ~ ik (EF) as (K x II)-spaces.
— (EZ)X ~ E(FK) as W(K) x II-spaces.

Therefore, for an N, G-operad O, the collections
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= kO = {O(n) tnen
- OX .= {0(n)%}en
form an N, K-operad and an N, W(K)-operad, respectively.

Suppose R is an O-ring in Spg. Then its restriction (xR is an 1xO-ring in Spk
with structure maps

R o o uc(07)
0k DO (1 R) = 1xDO(R) —— =) (R,

and its K-fixed points R¥ is an O-ring in Spw (k) with structure maps

R\K
oR" - DY (RX) —2 DOR)K —— = RX,

where n € N and A is the map defined in (2.15).

Remark 2.14. For any space with an action of K x ¥, its 3,-orbits of K-fixed
points is a subspace of K-fixed points of X,,-orbits. Thus, there is a natural map of
the form

(2.15) A D7 ([]F) —— DT ()

n

in TopV ™) This natural map extends to Spg because the K-fixed points functor
is lax monoidal.

Notation 2.16. For z € R (X) = [X,R]Y, let
e (7) kX —— kR € Rt (i X) = kX, R]¥
denote the restriction of x to the subgroup K, and
ok XK —— RK e (R®){y ) (X5)

is the map induced by x on K-fixed points.
Assumption 1. Let

e O be an N-operad,

e R an O-ring,

e k:II — X, a group homomorphism, and

o 7 asub (G x II)-family of (1 x k)*%,(0).

Lemma 2.17. Suppose R, x, F are as in Assumption 1 and K be a subgroup of
G. Then for any X € Spg and z € RY(X)

(1) w:(P7 (2)) = P (uca (),
(2) M (P7(2)) = P7" (),
where N is the natural map of (2.14).

Proof. The claim (1) follows from the fact that there is a natural equivalence

DT (1(—)) —= uc (DZ,(-)) -
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Whereas, (2) follows from the naturality of A (see (2.14)) in that we have a com-
mutative diagram

D, (2¥)

Df;}:1 (XK —=r 2y DZ" (RK)

(2.18) | A \
g F K

in which the composition of red arrows represents A* (P (x)X) and the composition
of blue arrows represents P (2%). O

2.3. Power operations and geometric fixed-points.

In equivariant homotopy theory, the K-fixed points functor does not commute with
NE Topf — Spe and the error term is explained by the tom Dieck splitting.
One of the summands of (£FX)¥ is defined using the K-geometric fixed point
functor

which is given by the formula (also see (2.19))
K e K
OX(R) = (EZx A waoR)

where Pk is the N(K)-family consisting of those subgroups which do not contain
K. The functor ®¥ is a symmetric monoidal functor and commutes with X,
ie.,

R (BFX) > B, (XF)
for any G-space X.
Notation 2.19. Let EZ denote the cofiber of the G-equivariant map E.%#, — S°.

Notation 2.20. For z € R (X) = [X, R]Y, let
P (2) 1 OK(X) —— @X(R) € [@5(X), X (R)]V

denote the map induced by x on the geometric fixed points with respect to K.

Using the connecting map S° — EZk one gets a lax monoidal natural transfor-
mation (see [BH15, Appendix BJ)

(2.21) Nk : (—)K —— oK(-)

from the K-fixed point functor to the K-geometric fixed point functor. Conse-
quently, for any family # of G x II and Il-set T, we have a commutative dia-
gram

DT ((—)K) —2—— (D ()X
(2.22) D?Kmml l”“

DF"(8K(-)) ——=—— S¥(DF (),
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in Ho(Spy(k)), where the map A is the map defined using A and the fact that
EZx N EPk is equivalent to EHk.

When R is an O-ring in Spg; then ®¥(R) is an O¥-ring with structure maps
—~ K/aR
o DY (@K (R)) — OK(DY(R) — s @K (R),
and Nk of (2.21) is a map of O¥-rings. Thus, we get the following result.

Lemma 2.23. Suppose R, x, F are as in Assumption 1 and K be a subgroup of
G. Then, for X € Spg and z € R%(X)

(1) A (¢ (P7 (1)) = P7" (¢ ()
(2) D7 (k). (P7"(29)) = P (s (+5)) = P7* (6K ().

Proof. 1t is easy to check the commutativity of the diagram

R, (X) idd RY,(DZ, (X))
O ()*

@ () (RK)%V(K)(XK) P—U@K> (RK)%V(K)(D;?*I:(XK)) — (RK)(\)N(K)(DI?*n(X)K) ¢ ()
MK D7 (k). MK

CIS IR NG q) umm——

7;.9?}(

K
(K) (D7 (P5X)) BTN ((I)KR)%V(K)(DI?M(X)K)-
Then (1) follows from the commutativity of the outer square and (2) follows from
the commutativity of the lower left square. O

Notation 2.24. We call a G-operad O an ES -operad if its n-th space is equivalent
to EgX,, the total space of the universal principal G-equivariant ¥,,-bundle. By
definition

EgX, := EAY,,
where A#(, is the G-family consisting of all subgroups of I' of G x X, whose
intersection with ¥,, is trivial.

In this paper, we consider the special case when R = HF,,, which is an ES -ring in
Spg- For a subgroup K C G, the K-fixed points of HF,, is HF, at the Weyl group
W(K), however, the K-geometric fixed points need not be Eilenberg MacLane'.

Nevertheless, there exists an E&V(K)—ring map

n: ®X(HF,) —— HF,,

as the zeroth Postnikov tower is a lax monoidal functor. Consequently, the power
operations (as in (2.12)) commute with the “modified” K-geometric fixed point

'When G = C; then ®C2(HF,) ~ \/,, .y S"HEF, (see [HKO1]).
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functor

(2.25) P HE (= Fy) —— HQV(K)((I)K(*%EQ)

which sends a class z to ¥ (z) := m*p¥(z):
Lemma 2.26. Suppose R, x, .F are as in Assumption 1 and K be a subgroup of
G. Then
~ K
N (PP (EE @) = 75 (PP ()
for any x € HY(X;F,), where X € Spg.

3. Equivariant orientations and shifted power operations

In nonequivariant stable homotopy theory, shifted power operations are a feature
of the H? -ring structures introduced in [BMMS86]. The main purpose of this
section is twofold: first, to generalize this concept to the equivariant setting, and
second, to extend (2.12) to define power operations on classes in nonzero degrees.
As demonstrated in [BMMS86, VII|, an HY -structure is equivalent to existence of
a certain compatible family of orientations. To develop the equivariant analog of
these results, we consider the following equivariant bundles:

Notation 3.1. Given an N, G-operad O, a group homomorphism k : II — X,
and a sub-family % of (1 x k)*.%,(0), define the G-equivariant vector bundle:
(EZ) x11 (V® k*1y,)
(32) Y = |
BZ .= (EZ)xn0

where V is a finite dimensional real G-representation and T, is the permutation
representation of ¥, i.e., the orthogonal ¥, -representation generated by the set

n={1,...,n}.

Remark 3.3. The (.#, k*n)-th extended power (as in (2.3)) of the representation
sphere S*V is G-equivariantly homeomorphic to the Thom space of the bundle

F o N T F
Yev =Yv & B Vv,
| —

J-fold

the k-fold direct sum of y\‘% . In other words,
D7, (S"™) = Th(viy)
for all £k € N.

Remark 3.4. In this section, we examine the relationship between the shifted
power operations across restriction and geometric fixed-point functors. Our com-
parison result, (3.8), hinges on the fact that the restriction and the geometric fixed-
point functors on the category of G-spectra are strictly monoidal. Consequently,
our arguments do not compare these shifted power operations across categorical
fixed-point functors, as they are not strictly monoidal functors.

Assumption 2. Suppose R, k, % are as in Assumption 1 such that y\"f is R-
orientable.
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If v, is R-orientable in the sense of [BZ24, Definition 2.26], then an R-Thom class
exists:

(3.5) ury € R™V(Th(vik)).
We utilize this class to extend (2.12) in the following manner.

Definition 3.6. Under Assumption 2, define the .#-th power operation of R as
the natural map

Py R (=) —— R™V(DE, ()

which sends 2 : X — L*VR to the composite
(3.7)

D7, (z)
DZ (Z*VR)

Joee

DZ,(S™V)ADZ,(R) = Th(yiy) ADZ,(R)
J/l.lk\//\e_l—;7K

SMVRAR —— BMVR

in Ho(Spg) for all k € N.

Theorem 3.8. The F-th power operation of (3.6) satisfies
(1) P (1 () = w(PY (x)

(2) P (%) = N (e"(PE (2)))
for any subgroup K C G.

Proof. Since the restriction of a R-Thom class of y{ is an tx(R)-Thom class of
K F
’YLEV

v = k«(uy),
statement (1) follows simply from applying the restriction functor.

To prove statement (2) we first observe that the geometric K-fixed points of an
R-Thom class of yg composed with

A E%"}(K)

D7 (SVY) ———— &¥ (2xDZ,(S*V))
12 I

K
Sk Th(vix ) OR(F Th(v{))
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is an ®¥(R)-Thom class of ygf . Then we have a homotopy commutative diagram

DZ., (¥ (X)) 2 (D7, (X))
Dz (W@)l l&(D';in(:v»
DZ (K (SHVR) A PK(DZ, (S*VR))
diifl lyn“(df‘*n)
D7 (SV) ADZH (@K (R)) — A K(DZ, (S*V)) A 8K (DZ, (R))
104 1
Th(y&<) ADZ., (PX(R)) X(Th(y7)) A ©X(DZ,(R))
X*w‘%uv)Ae;‘:K(% lwuva(efﬁ»
SHVEQK(R) A K (R) VS HK(R) A DK (R)
“«LK(R)l l“‘er)
nEVE PK(R) EVE PK(R)

using the naturality of A, 07 and 97 (defined in (2.6)), as well as the strong

K*n
symmetric monoidal property of ®¥. Now observe that the composition of the blue
arrows and the red arrows represent the left hand side and the right hand side of
(2) respectively. Hence, the result. O

Consider a G-space X as a G x Il-space with the trivial action of II. Then the
diagonal

A:X —— X/T
is (G xII)-equivariant for any finite IT-set T, and it induces the following map:

lE.g+ A (A)

(39) §:BF xX~EZF, ApX EZ, A XAT ~ D (X).

(specifically, under the conditions of Assumption 2), we use the induced map & to
obtain a class
§* P (z) € REFV(BF x X)),
which is crucial to the construction of Steenrod operations.
3.1. Known examples of equivariant Steenrod operations

Steenrod operations have been constructed nonequivariantly for HF,-cohomology
for all primes [Ste62], and for HF,-cohomology when G = Co [HKO01, Voe03].

We begin by discussing the case p = 2. In the following discussion, we simplify our
notation by letting

P HEPO (= Fy) ——— HEP (D (-);Fy)
denote the Afll>-th power operation for all £ € N.

When G is trivial, the coefficient ring is the field Fo, and we therefore have a
Kiinneth isomorphism. Consequently, for any X € Top

(3.10) H*((BX2 x X)4;Fo) 2 H*(X)[eq],
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where e; € Hl(BZQ;IFg) is the HFFo-Euler class of the tautological line bundle.
Under the identification (3.10), we have the formula

k
(3.11) §*P(z) =Y Sq'(x)el ™"

i=0
which defines the classical Steenrod operations.

When G = Cy, the coefficient ring MS? := 72 (HF,) is not a field. Therefore, a
Kiinneth isomorphism should not be expected to hold in general. However, Hu and
Kriz [HK01] showed that

(3.12) &, (Baa) 43 Fy) = M52y, e,]/(y* = ay + uep),

where e, is the HF,-Euler class of a p-dimensional Cg-equivariant vector bundle
¥ as in [BGL22, pg 17] (also see (4.8)), and a and u are specific elements in the
coefficient ring. Importantly, Hg, (BgXe;Fy) is free as over Mgb, and there is a
Kiinneth isomorphism. Under this isomorphism, we have the formula:

k k—1
(3.13) O*P(z) = Z Sq%(x)e’;ﬂ‘ + Z quiJrl(:E)yef;*i*1
=0 1=0

for any « in degree kp. This formula defines the Ca-equivariant Steenrod operations
[BGL22, §3].

Remark 3.14. The above definition of Cs-equivariant Steenrod operations may
not generalize to an arbitrary group G because the Kiinneth map

is not always an isomorphism?. In Section 4, we will introduce the theory of Eulerian
sequence to circumvent this failure of the Kiinneth map to be an isomorphism.

In the classical case, i.e., when G is the trivial group, Epstein and Steenrod (see
[Ste62, Chapter VII]) use the inclusion of II = C,,

(3.16) K:Cp —— 3,
to identify odd primary Steenrod operations. In this case, they consider the power
operation P:(p{ef)p , which will be denote by

P - H’é(pfl)(_;E

k(p—1 *ALL, N
L) ———— B PO A (L))

K*p
for all £ € N to alleviate notation. Note that
H*((BCP)+;FP) = Ale (y)[u],

where |y| = 1 and |u| = 2. Then they utilize the Kiinneth isomorphism to note
that
(3.17)
k k—1
v(k(p — 1)) 8" P(a) = Y _(=1)'P(2)u* 0D 13 " (—1)' P! (z)yul-0@-D1
i=0 i=0

2In the unpublished work [Geo|, Nick Georgakopoulus showed that the RO(Cy)-graded coho-
mology of B¢, X2 is not free over its coefficient ring.



17

where z € H*®~1(X;F,), 8 is the Bockstein homomorphism, and

v(q) = ((131) 1>q (_1)(P—1)(q2+q)/4.

The above equation can be used to define mod p Steenrod operations.

Remark 3.18. If x is a cohomology class in a degree which is not a multiple of
p — 1 then one can use the suspension isomorphism
(3.19) o: H*(X;F,) 2 HTHEX;F))
to define the mod p Steenrod operations on =
BP!(x) = 07" (6P (0" (2))),
where n is a positive integer such that n + |z| is a multiple of p — 1. This is well-

defined as Epstein and Steenrod have shown that the mod p Steenrod operations are
stable, i.e., the operations P* and 8 commutes with the suspension isomorphism.

Remark 3.20. It is possible to define odd primary Steenrod operations using the
power operation

Abl,  prk(p=1), . k(p—1) yA%r (.
P = Pk(p_l) .HG(p )(—752) g Hzé (p )(Dp (=) Es)

avoiding the group homomorphism k of (3.16). To see this we first note that the
map

B* : H*((BE,)+:F,) = As, (v)[e] ———— H*((BC,)1:F,)

sends v — yu?~2 and e — u?~!, and therefore,
k k—1
(321)  w(k(p—1))8"P(z) = > (=1)P'(2)e®™ D+ "(~1)'P" (z)ve" !
i=0 i=0
for any x in degree k(p — 1).

4. FEulerian sequences and stable cohomology operations

In this section, we introduce the concept of Eulerian sequences. These sequences
are designed to resolve the problem posed in (3.14)—the definition of Steenrod op-
erations in the absence of a Kiinneth isomorphism. We then prove the fundamental
result of this paper, (4.18), which establishes that a stable cohomology operation
exists corresponding to every such sequence.

To motivate this definition, we first observe that the known Steenrod operations
(described in Section 3.1) can be defined using the slant product (see (4.3) and
(4.5) below), thereby avoiding the need for a Kiinneth isomorphism

Notation 4.1. For any R € Spg, define the RO(G)-graded slant product as
the pairing

(4.2) Ol¢) : RY (B4 AX) ® R§(BF4) — RYV(X),
where x|, is the homotopy class of the composite

AV4 bAlx o 1IrAx W EWHR W
2l SV AX 2% RABZ, AX A% RARWR MR, yWR
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for any z € RY (BZ; AX) and b € R$(BZ,).
Remark 4.3. In the classical case, we note that the Steenrod squaring operations
(as in (3.11)) can be equivalently defined as
(4.4) Sa'(x) = 8" P(2)lb,_,
whenever |z| = k, where by,_; € Hy_;((BX3)4;Fy) is the class dual to ef ™% ¢
H*=%((BX3);Fs). Likewise, at an odd prime p, one may also define P! of (3.17)
using the slant product:
Pl(z) == (=1)'v(k(p = 1)) 8" P(2)lb,._,

AP (x) = (=1)'v(k(p — 1)) 8" P(2)le;_,
whenever |z| = k(p — 1), where by_;,cp—; € H.((BX,)+;F,) are elements which
satisfy

W=D b ) =1 = (u=De-D-1 ¢

where (, ) is the Kronecker product [Ada95, II1.9].

Remark 4.5. Note that HF,-homology and HF,-cohomology of B¢, Yo are Mgz—
linear dual to each other, as they are free over the coefficient ring MgQ. Let

bp, Chpto € HS2((B0222)+§E2)

denote the elements MS2-linear dual to eh and ye¥ (described in (3.12)), respec-
tively. Then the Cy-equivariant Steenrod operations of (3.13) can be defined as
Sq*(z) := 8"P(z)[b,_,,, and Sq* ' (z) := §"P(x)

whenever |z| = kp.

‘C(lc—i)oﬂy

Notation 4.6. For a ring spectrum R € Spg, the RO(G)-graded cap product
-~ = RF(X) x R§(X) —— R{_v(X)

is defined for any G-space X by sending the pair b € R$,(X) and e € R4 (X) to the
composite

IxAeAlr

SW b, X AR 2% X AX AR XASVR AR XM 3 VY AR,

where A is the diagonal map of X.

Note, in (4.4), the definition of the i-th Steenrod operation depends on the degree
of the class . Thus one may ask why the Steenrod squaring operations are stable,
ie.,

0(3"P(z)b,_,) = 0(Sq'(x)) = Sq'(0(x)) = 8"P(0(2)) by 41—,
where o is the suspension isomorphism of (3.19). We observe that this is a conse-
quence of the relation

bi11 —~ e1 = by,

where ‘~’ denotes the cap product and e; is the Euler class of the tautological line
bundle over BXy ~ RIP>. This leads us to the notion of Eulerian sequences.
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4.1. The theory of Eulerian sequences

A G-equivariant Eulerian sequence is defined using an Euler class of certain G-
equivariant vector bundles. To describe these bundles consider T,—the orthogonal
permutation representation of ¥, (see (3.1)), and let T, denote the orthogonal
complement of the 1-dimensional trivial subrepresentation of T, (spanned by the
sum of all elements in n).

For any finite orthogonal G-representation V, let ¥5; denote the (n—1)V-dimensional
G-equivariant vector bundle

(EZ) xu (V®Kk*1y,)
(4.7) V- |
BZ.
Note that ?5 Dey yg, and consequently, 2V Th(?g) ~ Th(yg).

Remark 4.8. Recall the G-closed family A¢/,, of G x %, from (2.24). When G
is the trivial group, then 7;,4”2 is the tautological line bundle over B¥;. When
G = C,, 17;)4“2 is the p-dimensional bundle ¥ described in [BGL22|, which is used
in the construction of the Cs-equivariant Steenrod operations.

Notation 4.9. Let R € Spg be a ring spectrum. If ?f admits and is equipped
with an R-orientation (in the sense of [BZ24]), then we let

dy € RG Y (Th(Y))
denote the corresponding R-Thom class. Let
(:BF, —— Th(¥{)

denote the zero section of the G-equivariant vector bundle 73 . When ?3 is R-
orientable then its R-Euler class

(4.10) ey = (*(ty) e ROV (BZ,)

is the pullback of its R-Thom class along the zero section.

Remark 4.11. If Vﬁz is R-orientable, then vy = V¢ @ ey is also R-orientable,
and we set

uy = Uv(ﬁv)
as the R-Thom class of y{ in (3.5).

Definition 4.12. Suppose R, k,O,.% be as in Assumption 2. Then a V-stable
R-Eulerian sequence is a sequence

X = (X0, X1,.-.)
such that
e |x;| € RO(G,V) is non-virtual for all i € N|
® Xit1 ey =X,

o XOAAéV:Ov
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where @y is an R-Euler class of y¢ . Since €y has degree (n — 1)V
Ix|| :=t(n — 1)V — |x¢] € RO(G, V)
is independent of t. We call ||x|| the degree of x, and n the weight of x.

Remark 4.13. The requirement that |x;| is required to define composition of Euler-
ian sequences (see (6.48)).

Notation 4.14. For a G-representation V and R € Spg, let
ov: Rg(-) —— RGV(ZV(-)
denote the V-th suspension isomorphism. We will simply use o when V is the
1-dimensional trivial representation.
Definition 4.15. Given a V-stable R-Eulerian sequence x := (xg, X1, . .. ) of weight
n, define the RO(G, V)-graded x-th Steenrod operation
&% : Rg(-) — RgM(-)

as follows:

e If 2 € RY(X) where X is a G-space , t € N, then let
(4.16) SX(z) := 8* P ()], -

e Ifz € RY (X) for some W S Ug.v, then choose W’ such that WaW’ = tV
nite
for some ¢t € N and define
(4.17) &X(z) := oy & (ow (7).

Our next result, (4.18), demonstrates that the operation &X commutes with the
V-th suspension oy. This simultaneously implies two key points:

- the equation (4.17) is well-defined, i.e., independent of the choice of W,

- the operation &X is stable in the universe Ug v, and therefore extends to
classes of degrees contained in RO(G, V).

Theorem 4.18. Let X be a G-space and let R,k,O,.F be as in Assumption 2.
Given a V-stable R-Fulerian sequence

X = (Xo,Xl,...),
the x-th Steenrod operation defined in (4.16) satisfies the naturality condition with
respect to suspension:
SX(ov(z)) = ov(6X(x))
for any x € REY (X) for any t € N.

Proof. Consider the diagram (4.20) in which the map
(1)  is the composition

O(n-1)v(xtAlsv)

S\xt+1| A »Vx E(nfl)ij_i_ ARA XX
12

Y"WB.Z, AXAR,
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is the composition

xi+1Algvy
—

Shxtal BZ, ARAYYX =~ BZ, AXVXAR,

is induced by the diagonal map A : B# — B% x B.Z,
is Ipz, Aev A lsvxars
is induced by the multiplication of R,
is the natural map 0 of (3.9),
is the composition
BF. ABFL ASVX AR
12

(BF. ASY)A (BFL AX) AR —20%0In DZ (SY)ADZ (X) AR,
is the composition
BZ, AX~DVRAXVX AR
11
O'-,Lv(lR/\é/\lR)

YPVRA(BZ AX)AR YR ADZ,(X) AR,

is 0,v (0 A 1R),

is 97, A lg,

is oy(uy) Alps (x) Alr,

is induced by the multiplication of R,
is DZ (ov(z)) A 1R,

is 1DLK¢*"(SV) ADZ (z) A 1R,

is 0y (1r A DZ,(2) A 1R),

is o,v (D2, (7) A 1R),

is 07, A 1R,

is ov(ay) A lDin(EWR) A 1R,

is induced by the multiplication of R,
is 37, A 1g,

is 17, (gv) A9y A LR,

is oy (1r AOZ, AlR),

is 0,v (07, AR),

is 3‘,?*" A 1D~'¥* A lg,
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(25) isoy(uy) A Ips, (svy Alpz () Alr,
(26)  is induced by the multiplication of R,
(27)  is opgnyv(Upsnv) A0S Alg,

(28) s oy(Uy) A opy(Tey) A O AR,
(29) is opv (1R A opy (Tpy) A e}K A1R),

(30) is GnV(GtV(ﬁtV) A 6}}“( A 1R),
(31)  is induced by the multiplication of R,
(32)  is induced by the multiplication of R.

We will now argue that (4.20) commutes up to homotopy by showing that squares
(S1) through (S16) commutes up to homotopy.

The square (S1) commutes because x;+1 — €y = x;. The square (S2) commutes
as the definition of the map 97 involves the diagonal map of B.#Z. The square

(S3) commutes because the map
§:BFZ, ASY — DZ (V) ~ 2V Th(¥v)

is equivalent to oy ((), where C is the zero section of Yy, and the fact that ey =

¢ (ay).

The squares (S5), (S8), (9), (10) commutes from the naturality of 7, . The
square (S11) commutes because U1y = W*(Uy X Uzy) (see (5.1)) as
(4.19)

~ U(it1) n—
Th(Vg+1)V) A RE+HH-DVR

|

Th(FZ) A ThFE) —AY |, 5i(n=DVR A t(n-DVR KR, si(t+)(n=DVR

Uy XUsy

where w is the natural map from the Thom space of the Whitney sum to Thom
space of the product of two vector bundles. The remaining squares, i.e. (S4), (S4),
(S6), (S7), (S12), (S13), (S14), (S15), (S16) commutes trivially.
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U (r+nuX U (+9uX HA(+nuX Hp(+9)uX
(9) (91S) (g€) (g18) (ve) (¥18) (ve)
(z€) (1)
(UVUVYp uR) gul ——————— UV UV U uR VU R MVEVYH u&VHpu8 ——————————— UV UV U (1 14)ul
(0%) (g18) (62) (z18) (82) (11S) (22)
U e (92) Ut U (g2) Uy U ups - (72) et e
"V (W"2AV (19) 2T uR —— 4V @)"2AV (18)"2A VAR —— "V @"2AV (5,89)"2aV (,9)'2d +—— "V D" 2aV (,4+nS)"2a
(¢2) (018) (z2) (88) (12) (88) (02)
(61) (81) us (L1)

AV (U ,,R) "0 puR
(91)
V(X)) d 4uR

(6)

VXV £, W8 ————

(4.20)

UV (4,3 A VAW

(28)

(z1)

(¥S)

(9)

(s1)

>

(8)

MV XAZVYU, (1R V T£d

(98)
(1)

(es)

——————— "V @E,,R)pav(,9)"pa

(¥1)

VX)L A VU R ——————— "V (X)"pa v (,9)"pa

(2)

(gs)

(o1)
[

(zs)

S AV R ea

(e1)
"V (X, R)"2a

(9)

—————————— HVX\RVTgdV tgd ¢————— VX, XV tgd

()

(18)

(€)

XAXV 14348
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Therefore, the class represented by the composition of blue arrows in (4.20)
[(34) 0 (27) 0 (20) 0 (13) o (6) 0 (2)] = &% (ov (2)) € R ™ (X)
must equal the class represented by the composition of red arrows
[(36) © (30) 0 (23) 0 (16) o (9) o (1)] = ov(&X(x)) € RGN (X),
and hence, the result. (Il

Remark 4.21. Observe that if x is a V-stable R-Eulerian sequence then its k-th

shift
k-fold

——
X[k] = (07 .. ,O7XO,X1,X2, .. )
is also a V-stable R-Eulerian sequence. Note that
XNl = [Ix[l + k(n — 1)V
if x has weight n.

Example 4.22. In the classical case H.((BX2)+;F2) = Fo{bg, b1, ba, ...}, where
b; is the element dual to e as in (4.3). Then

B = (bo,by,...)

and its shifts accounts for all HF5-stable Eulerian sequences of weight 2. It follows
form (4.3) that GPIF = Sq* for all k € N.

Example 4.23. When G = Cy, let
bip, Cipto € HY?(Bo,Ta) 43 Fy)

be the generators discussed in (4.5). Then

B = (bOabpab2p,' . )

C = (O’ Co, Cp—‘,—o’a .. )
and their shifts are p-stable Eulerian sequence of weight 2 such that

GB[IC] — Sq2k and Gc[k] — Sq2k+1

for all £ € N.

Remark 4.24. Given an V-stable R-Eulerian sequence x = (xg,x1,x%2,...) of
weight n, we get a kV-stable R-Eulerian sequence

(X)) = (X0, Xks X2y - -+ )
of weight n. This is because
e &,y =&y — --- — ey is an R-Euler class of Y, = (y{ )®*, and,
—_—
® X(it1)k ™ €kV = Xik-

It follows immediately from (4.18) that &X = G'X,
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4.2. Restrictions and geometric fixed points of Eulerian sequences

Suppose K C G. The cap product (as in (4.6)) is well-behaved with restrictions
and fixed points:

o (T —~e) = ku() ~ tks(e)
o (@~ ) = (@) ~ (o).

Definition 4.25. Suppose X = (Xg,x1,Xa, ... ), where x; € R¢(B.%,), is a V-stable
R-Eulerian sequence. Then tk.x; € RE(Bu.%y ), and

LK(X) = (LK*X07 UK X1, LKxX2, + « - )

is a g V-stable tx R-Eulerian sequence, which we will call the restriction of x to
the subgroup K.

Defining the geometric fixed points of an Eulerian sequence is somewhat subtle as
the natural map

A:B(FX), —— (BF)K

is not generally an equivalence. However, B(.#X) is a path component of B.FK
[LM86, Theorem 10] (also see [BZ24, Theorem 2.13]). Therefore, there exists a
natural collapse map

(4.26) c: (BF)K — B(F¥),

which is identity on B(.#¥) and maps the elements from other components to the
disjoint basepoint. Moreover, an argument similar to [BZ24, Lemma 2.18] reveals
that the pullback of the the K-fixed point of the bundle 7\9; along A is isomorphic
~yK

to Yk :

A* e ~ ¢ K

A ((Y\%)K) = Y\?K
Consequently, A*(&y) (where &y as defined in (4.10)) is an ®¥(R)-Euler class of
?g . This motivates the following definition:

Definition 4.27. Suppose X = (o, x1,Xa, . .. ), where x; € R¢(B.%,), is a V-stable
R-Eulerian sequence. Then c,o®(x;) € RLN(K)(BQTE) and

PR (X) = (™ (x0), ™ (x1), ™ (x2), - )
is a VE-stable ®¥ (R)-Eulerian sequence, which we will call the K-geometric fixed

points of x.

The fact that ©X(x) in (4.27) is a VE-stable ®¥(R)-Eulerian sequence follows
from:

Lemma 4.28. Suppose z € RE(BF,) and e € RE(BF,), then

co¥(z) ~ X*(e) = .oz ~e).
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Proof. The result follows from the commutative diagram:

¢ (x)

sv*
c*sowj

B(FK), A BK(R) An (BFX), A K(R)

an| [

B(FK), AB(FK), A BK(R) — ML (BFK), A (BFK), A GK(R)

IAX*(G)/\I\L 1Aenl
B(FK) . ATV K(R) A PK(R) —=——— (BFX)L AK(SVR) A K (R)
AIN
CAUR

B(ZK), AV K(R)

Inur

where the composition of the red arrows is the left hand side and the composition
of the blue arrows is the right hand side. O

Theorem 4.29. Suppose X = (Xp,X1,...) in an V-stable R-Eulerian sequence.
Then

(1) w8 (=) = &% (e (—))
(2) PN(&X(-)) = & W (K (-))
for all RO(G, V)-graded cohomology classes.

Proof. By (4.18), it is enough to show that (1) and (2) hold for any R-cohomology
class x € RY (X), where t € N.

From (3.8)(1) and the definition of slant product (see (4.1))

RJ
)lK*uﬂ

e & (2)

LK % (6 PtV (x

6 ny

)
)|
P, V(LK(x))‘LK*(Xt)
= &0 (i, ().

To prove (2), we first observe that there is a commutative diagram

B(FX) 4 A PK(X) 2 D7, (X (X))

XM\L J{X
PK(BZL AX) = (BF)K A PK(X) — ke oK (DZ (X)).
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Combining this with (3.8)(2) and the fact that c o\ is identity, we get
67 (K@) = 5 PE(P5(@))]e ok ix)
= ENOPT(@))]esxer)
= (AN OK(8) K (PT(2)) . k)
o (8"PR (@)h)
= @K(6X(Xt))
as desired. -

4.3. Modified geometric fixed-point of HF -Eulerian Sequence

In Section 7, we demonstrate that Y2 (as defined in (3.1)) is HF,,-orientable when

|G| is even. Furthermore, we show that 2y7%‘ is always HF -orientable for all

finite groups G. We then proceed to identify the pg-stable HF -Eulerian sequence.
The primary purpose of this subsection is to lay the foundation for analyzing the
modified geometric fixed-points of the corresponding cohomology operations.

Recall that the modified geometric fixed-point map of (2.25) is the composition:
(=) =™ (-)
where

. pK
m: ®X(HE,) —— HE,,

is the ]E},Z(K)—ring map from the K-geometric fixed-point of the G-Eilenberg MacLane
spectrum HEF,, to the W(K)-Eilenberg MacLane spectrum HEF,, induced by the ze-
roth Postnikov approximation.

Definition 4.30. For a kpg-stable HF -Eulerian sequence X = (X0,X1,Xa, ... ) such
that x; € HS (BaXy; Fy), we define its modified geometric fixed-point as

(431) P00 = M (0 = (e (x0), e (1), M (x2), ).
Remark 4.32. Since c, and 7, commute, we may rewrite (4.31)

PR (X) = (€@ (x0), e (x1), €8 (x2), .. ).

Note $¥ sends the HF,-Euler class of k?ﬁg", denote it by eq p, to ew(k),p, the
HF ,-Euler class of kyA  This along with the fact that

PW(K) "
Gz ~e) = g% () ~ P (e)
implies that ¥ (x) is a kpw k)-stable HF -Eulerian sequence.

Combining (4.29) with the fact that 7t is an IEXZ(K)—ring map, we conclude:
Theorem 4.33. Any kpg-stable HF,,-Eulerian sequence X = (X1,X2,...) satisfies:
(4.34) P (&%() = 67X (3(-))

for any subgroup K of G.
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Proof. Applying 7. to (4.29) (2), we get
PrEX(-) = m(PN(8*(-))
= m (&7 ()
= 7 (5 PER (D))
= 8" PLx (™ (). e o0
= 8 PL (@ ())le. )

= &7 (@)
as desired. O

5. Generalized Cartan formula

The classical Cartan formula encodes the relationship between Steenrod operations
and the external product. The standard formulation, however, relies on the Kiin-
neth isomorphism, which does not hold for most equivariant cohomology theories
satisfying Assumption 2. In this section, we overcome this challenge by introducing
the diagonal of an Eulerian sequence and formulating a generalization of the Cartan
formula (see (5.8)).

Recall that any multiplicative R-cohomology theory admits a natural external prod-
uct pairing:
(=) x (=) : R&(X) x Rg(Y) —— RG(XAY)
This pairing sends elements z € R (X) and y € RE(Y) to the composite map
(5.1) zxy: XAY 2% slelR A SR —E2 slel+iR,

The first step toward establishing the Cartan formula is to examine the following
relationship between power operations and the external product:

Theorem 5.2. Suppose R, k,.F satisfy the condition of Assumption 2. For ele-
ments x € R3Y (X) and y € R”V( ) with i1,i3 € N the formula

(5-3) Pi(e xy) = (02" (Pilv() x Plv(y) .

where © = i1 + 12, relates power operations with external products.
Proof. For simplicity, let ’tk denote the composite

() W *n uiv/\eff

™ DZ (ZVR) — DZ,(SV) ADZ,(R) SMVRAR — NinVR,

where w;y be an R-Thom class of y%, (as in (3.5)). These R-Thom classes are
compatible as ¢ varies, in the sense that the diagram

Th(vZ) 2% Th(yZy) A Th(yZy) SiVR A SEVR

(5.4) l
SVR

uj; vAU,v
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commutes whenever 7 = i1 + i. Consequently, we have a commutative diagram

72 J*n 72
DZ,(XAY) ———— DZ (X) ADZ,(Y)

D7 (zAy) DY (@)AD 7, ()

DZ, (VR AE2VR) —— DZ (52VR) ADZ, (22VR)

6K*n i
lﬂr;l /\'t,,2
DY, (kr) TanVR A T2"VR
lun,
DZ,(X7VR) : SR

T

where the top square commutes because of naturality 8‘,{01“ and bottom square
commutes because of (5.4). In the above diagram, the composition of the blue
arrows is the left hand side and composition of the red arrows is the right hand side

of (5.3), hence the result. O

Now notice, there is a commutative diagram
(5.5)
k-fold

B, A...ABZ, AX1 A... "X,

ARALX AL AXy,

B9+/\X1/\.../\Xk
1%
5 BZ AXi A ABZFL AKX,

§5(k)
J{é/\.../\é

D7, (Xi A... AXyp) DZ (X)) A ... ADZ (Xp),

k*n

where
k-fold

——
Ap,:B¥% —— B% x ... xBHF
is the k-fold diagonal map.

Since the pullback of y¢ x --- x ¥/ along Ay is kVY,, we make the following
definition.

Definition 5.6. For a V-stable R-Eulerian sequence x = (xg, X1, X2, ... ), the se-
quence

Ak(X) = (Akaxo, ApaXt, ApaXak, - - - )
is defined as the diagonal of x.

This sequence exhibits Eulerian like properties with respect to the R-Euler class
E\X,k of the bundle (¢ )**. Indeed, the naturality of cap product implies:

(Apexin) ~ 838 = Ap (xin ~ ALESM))
= Ape (Xik ™ €xv)

= ApX(i—1)k-
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However, it is not an Eulerian sequence according to (4.12), as (Y¢; )** is not of

the form (3.2). This is because the ¥, X - -+ X X, -representation T, X --+ X T, is
not a pullback of T4 for any d € N.

We call a sequence X = (Xp,X1,...) a pseudo R-Eulerian sequence if:

k-fold

° /)Zi—i-l ~ ’éék :/)Zl

L] S(\O AE\X,kzo

Given a pseudo R-Eulerian sequence X = (Xg,X1, - .. ), define the cohomology oper-
ation

GX:REYV(X)) x - x REV(X)) —— RY (X1 Ao AXy).
by setting
(5.7) SX(21,...,a,) = (88 (P7y(x1) x -+ x Py (ar)) |,

where t = t; + -+ + t,. A diagram chase similar to (4.20) shows that above
operation is stable, i.e.,

&% (ov(@1), ..., ov (@) = ony (6% (@, )

and extends to RO(G, V)-graded cohomology classes.

For any R-Eulerian sequence x = (xg,x1,-..), Ag(X) is a pseudo R-Eulerian se-
quence and the corresponding stable R-cohmology operation satisfies the following
relation:

Theorem 5.8 (Generalized Cartan formula). For any R-Fulerian sequence X
GX(Il X X .Tk) = GAk(X)(l‘l, ceey lik),

where x;, for each 1 < j <k, is an RO(G, V)-cohomology class.
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Proof. Tt is enough to establish the result when z; € R4V (B.#,) for some t; € N
for each j € {1,...,k}. In the diagram

A sXik

skl (NS X5)

| (I)

B A (N Xi) AR —25 s BZXF A (AL X)) AR
| (II) lz,wmn

k
o (w1 X3) AR e (AJL DZG (X)) AR
Pig\zy(xlxmxxk)/\]ﬂj l(/\ Pi;]v(f[}j>)/\1R
SR AR (111 (/\;;1 ZWR) AR
luu
EtVR,
HR

it is easy to see (I) and (II) commutes, and (IIT) commutes because of (5.2). Since
the composition of blue arrows is the left hand side and the composition of the red
arrows is the right hand side, the result follows. O

In the following remark, we show that (5.8) recovers the standard Cartan formula
in the classical setting where the Kiinneth isomorphism holds.
k-fold
k _ ax[k] _ ( N
Remark 5.9. Recall that Sq” = &XI*] where x[k] = (0,...,0,bg,by,...) and that
Ag(bl) =b;®bg+b;_1®b; +---+by®b;.

Suppose, z € H (X;Fy) and y € H7(Y;Fs) such that i+ j is an even number greater
than k. Set l =i+ j — k. By (5.8)

Sa*(@@y) = (A8 (Pilx) @ P;i(y))lasm)
(& (Pi(x)) @ 5*(7’-(9:))) |50 by @by
= > F(Pi@)l, @8 (P;(»))b,
V1=l
= Y s¢(@esd(y)
V1=l

which is equivalent to the classical Cartan formula after implementing the unstable
conditions.
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6. Homotopy N, rings and the composition law

The main goal of this section is to establish a product law for R-Eulerian sequences
in a way that emulates the composition of their corresponding stable cohomology
operations. We note that this product law does not require the strict commutativity
among the structure maps of an N,.-ring R; instead we need these diagrams to
commute up to a homotopy. However, we require certain compatibility among the
R-Euler classes of (4.10) across all n € N. In the classical case, this requirement
is precisely the H< -ring structures introduced in [BMMS86]. We generalize this
to equivariant settings to introduce shifted homotopy N,o-rings before establishing
the composition law. We also identify the shift degree of the homotopy ES -ring
structures for Eilenberg MacLane spectra.

Suppose O is an N, G-operad. Let %, denote the G-closed family of (G x X,,)
(see (2.1)) such that the n-th space O(n) is equivalent to the universal space E.%,.
Since %, is G-closed, the G-fixed point space of O(n) is contractible. Consequently,
there is a contractible choice of G-equivariant maps

(6.1) Ly x —— O(n).

This gives rise to a diagram of G-equivariant maps

L X (Liq X XLy )

* X (kX 0 X k) O(n) x O(i1) x -+ x Oiy)
(6.2) l
* Py O(iy + -+ +in)
which commutes up to a G-equivariant homotopy for all n,4q,...,4, € N.

Remark 6.3. When n = 1, we choose ¢; such that it maps * to the distinguished
element 1 € O(1). Since, G x X has exactly one G-closed family, ¢; of (6.1) is an
equivalence.

By combining ¢,, of (6.1) with the structure map (2.9) of the operad O, we obtain
a map

O(i1) X -+ x O(iy,) —— Oix + -+ +in).
This gives rise to a natural G-equivariant map
Oy, g DI?(X) Ao A DIO(X) — D2+~.-+in (X)
which satisfies the following property:
Lemma 6.4. For alli,j k € N,

Q44 k O (Ozi’j A\ 1) > QG gk 2 Q1) O (1 A\ aj7k).
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Proof. To abbreviate notations, let O(iy,...,i,) := O(i1) X -+ - X O(iy). Consider
the commutative diagram:

5 (%) X Oi, . k) ——— % x O(i, j, k) ——— % x (x x ¥) x O(i,j, k)

| l |

02) x 0(2,1) x O(4,j, k) —— O3) x O(i,4,k) +—— O(2) x O(1,2) x O(i, 4, k)

| l |

O(2) x O(i + j, k) ———— Oli+j+ k) «— O(2) x O(i + j, k)

In this diagram, the lower squares commute by the usual compatibility of the evident
structure maps of O. The upper squares commute up to homotopy due to (6.2).
The result follows immediately from the homotopy commutativity of the entire
diagram above. O

If R is an O-ring, one can readily verify the existence of the following diagrams,
which commute in the homotopy category Ho(Spg) for all 4, j € N:

DE(R) A D (R) D, (R)

o |

(6.5)
RAR — > DS(R) —— R

OPHO Bii , no
DDy’ (R) —— Dy (R)
(6.6) DP(ejR)l le;?
R
DO(R) —— R
where the map $3; ; is induced by the inclusion map ¥;13; := Zj” X Xy

Remark 6.7. As a consequence of (6.4), the diagram of (6.5) implies the homotopy
commutativity of the general diagram

(Xil

DP(R)A...ADP(R)

In

yeesin Di?—‘r"'""i" (R)

earf/\~~-/\9a1:§ 0

The details are left to the reader to verify.

However, the commutativity of diagrams (6.5) and (6.6) does not guarantee an
O-ring structure on R. For example, in the nonequivariant case [Noel4| gave an
example of an H, rings which is not E...

Definition 6.8. Let O be an N-operad. An R € Spg is a homotopy O-ring
(or simply an O"-ring) if for all n € N, there exists a map

oR:DO(R) —— R
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such that

(1) o = 1R, and

(2) the diagrams in (6.5) and (6.6) commutes for all 7,j € N
in Ho(Spg).

Remark 6.9. When G is the trivial group and O is an E.-operad then (6.8)
recovers the classical definition of Ho, ring spectra [BMMSS86, 1.3.1].

Remark 6.10. It is easy to check that the unit map e = 0} : S — R along with
the composition
eR
LR:RAR /4% DO(R) ——> R

gives R the structure of a homotopy commutative G-ring, i.e. the diagrams

RAR
R
SAR L, RAR ¢ RAS RARAR 225 RAR Y
\l”l/ ”le l“R 7 R
R RAR—— R %
uf "
RAR

in which 7 is the shuffle map, commutes up to G-equivariant homotopies.

6.1. Shifted N,,-rings

The definition of .#-th power operation (as in (2.12)) applies to any OP-ring R.
Consequently, the results of Section 2.2 and Section 2.3 generalize directly to O"-
ring spectra. To extend the notion of shifted power operations (as in Section 3) to
a broader class of equivariant ring spectra, we introduce the equivariant analog of
HY_-rings [BMMS86, 1.4.1]:

Definition 6.11. Suppose O is an N, G-operad and V is a finite G-representation.
We say that R is a V-shifted homotopy O-ring (or simply an (’)F\/]—ring) if there
are maps

(6.12) of : DO(XVR) —— XiVR

for each i,t € N, such that Blf,t is equivalent to the identity map lsevg, and the
diagrams

DiO(EtVR) A DjO(ZtVR) — ng(EtVR)
(6.13) ot no o,
TitVR A YIEVR m »+itR

DO (DO(SVR)) —24s DO(SIVR)
(6.14) DF’(@{{&)\L le.‘.‘

ij,t

DP(XVR) ——— ¥IVR

ijt
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DO(SVR A TIVR) — 22 po(n+vR)

l

(6.15) DO (3*VR) A DO (2'VR) of..
ef‘sAeij"i
ZisVR A ZitVR Ei(s-{-t)VR
uR

commute for all ¢, 7,s,t € N in Ho(Spg).

Remark 6.16. When O is a nonequivariant E,-operad and V = RY then (6.11)
recovers the classical definition of HY_-rings [BMMSS6, 1.4.1].

Remark 6.17. When i = 0, we have DP(X*VR) ~ S and the map 6% of (6.12) is
the same map for all ¢ € N. This map serves as the unit map of R which we will
denoted by OF.

Remark 6.18. The diagrams (6.13) and (6.14) restricted to ¢ = 0 implies that any
(’)'[‘V]-ring spectrum is automatically an OP-ring spectrum.

Notation 6.19. For brevity, we set y( RE y\‘? (0) ?( Vo= \%(O) and d; = 8?"(0)

with .%;(O) as given in (2.8).

Using the unit map of R, we get a map

(6.20) ufy : Th(y{y) = DP(S"Y) — DP(EVR) — VR
(1) ~ (0

which serves as an R-Thom class of the bundle yff, Since vy = Yy © €rv, we
also get an R-Thom class

dyy € RV Th().
We arrange these Thom classes so that
(6.21) ul) = oy (al))
for all i > 2 and ¢t € N.

The diagrams in (6.13), (6.14) and (6.15) forces certain relationships between these
R-Thom classes defined in (6.20). These relations are nothing but the equivariant
analogs of those in [BMMS86, VII].

Proposition 6.22. The family {ug; (it € N} of R-Thom classes satisfy

(6.23) ufd gy = 9 (uly x ufy),

where ai’aj is the natural map defined in (2.6).
Proof. The result follows from the diagram

D?(S(s+t)V) L DiO(ESVR/\ EtVR) DiO(E(ert)VR)

ai ai lele-H

O (v sV O vtV O (ysV O (ytV (s+t)iV
DP(EY) ADP ()~ DP(IVR) ADP(SVR) — s ¥ R

DP (w)
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where (A) = DP (e A e) and (B) = DP(e) A DP(e), which commutes due to (6.15)
and the naturality of 6;’@ O

Corollary 6.24. The family {ﬁge :i,t € N} of R-Thom classes satisfy

Gy = O (@Y x ).

where 6;? is the natural map defined in (2.6).

Likewise, using the diagram (6.13) and naturality of «; ; we get:

Proposition 6.25. The family {u(z) i,t € N} of R-Thom classes satisfy
(6.26) o] ]ug,ﬂ) = uie X ui{,),
for alli,j,t € N.

Corollary 6.27. The family {ﬁ(i) :i,t € N} of R-Thom classes satisfy

o) )Jugi,ﬂ) = Uv(ui\; X ui{,))

for alli,j,t € N.

Now we discuss the consequence of (6.14) which will be crucial in defining com-
position of Eulerian sequences. Using unit map of R and (6.14), we get the dia-
gram

O (MO (QtV Bij O (atV
DP (DP(s*Y)) D (™)
D(’)(u(i))l eﬁt
DP(S/VR) i)
i
DO(S"V) ADP(R) 3 SUVRAR —— SUIVR
thV/\G H

which implies:

Proposition 6.28. The system {ﬁ(i) :1,t € N} of R-Thom classes satisfy

(6.29) k(A 6F) 0 6o DO(ul)) = ully o B

for alli,j,t € N.

Corollary 6.30. The family {ﬁt(i; :i,t € N} of R-Thom classes satisfy
b (v (@) A BR) 0 80 DO (o () = o (@) © By

for alli,j,t € N.

Conversely:

Proposition 6.31. IfR is an OM-ring spectrum such that there exists a family of
R-Thom classes {ug,z) : 1 € N} satisfying (6.26) and (6.29), then R is an (’)FV]-ring
spectrum.
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Remark 6.32. Note that ugi;, for ¢ > 2 can be defined inductively from ug) using
the formula in (6.23). This will satisfy both (6.26) and (6.23) as long as the initial

family {ug,i) : ¢ € N} does. This consistency allows us to omit the R-Thom classes
for t > 2 in the family of R-Thom classes considered in (6.31).

The proof of (6.31) is identical to the arguments provided in [BMMS86, VIL.5,VIL6]
(in particular see [BMMS86, VII, Proposition 6.2]) which covers the nonequivariant
case. Hence, we leave the details to the readers. Also note:

Lemma 6.33. Suppose R is an OFV]-ring and suppose have a map of O"-rings
f:R—8S,

then S is also an OFV] -Ting.

Proof. By assumption, we have a family {ug) : 1 € N} of R-Thom classes satisfying
(6.26) and (6.29). Since f is a homotopy O-ring map, the family

{ful? :ieNy
of T-Thom classes also satisfies (6.26) and (6.29). Therefore, S is an (’)FV]—ring. O

6.2. Norms and geometric fixed points of V-shifted ES -rings

In [BMMS86], the authors demonstrate that HF,, is an HZ -ring, where d = 1 when
p =2 and d = 2 when p is odd. The primary goal of this subsection is to leverage
this result by employing the norm (introduced in [HHR16]) and geometric fixed-
point functors to identify V for which HF, admits a V-shifted homotopy ES -ring
structure.

Suppose K is a subgroup of G. Then for a pointed K-space X its norm is nothing
but the G-space N¢(X) := Mapy (G4, X). In [HHRI16], the authors introduced a
spectrum level norm

N§ : Spx — Spg,
which is
— strong symmetric monoidal,
— commutes with sifted colimits,
— and N(I%X) ~ 2¥ (NE(X)).

In particular, N{(2VSk) ~ £™4VSq, where Ind V := R[G] ®g V for any orthog-
onal K-representation V.

The smash product serves as the coproduct in the category of ES rings. The
norm NI% is constructed inductively from the smash product. Since N% is strong
symmetric monoidal, it lifts to a functor from the category of (homotopy) EX -rings
to the homotopy category of (homotopy) ES -rings. We will now show that:

Proposition 6.34. If R is a V-shifted homotopy EX -ring spectrum, then N{R is
an Ind V-shifted homotopy ES -ring spectrum.
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Notation 6.35. In this subsection, we simplify the notation of (3.1) by writing

yg) as an abbreviation for yéui, where Al¢; denotes the G x 3; family defined

in (2.24). The notation implicitly indicates that yg) is a G-equivariant bundle, a

property that follows from V being a G-representation.

Suppose R is a V-shifted homotopy EX -ring for some orthogonal K-representation
V. Then there exist a R-Thom class US) of the bundle ‘yg,z) such that the collection
{uS) : i € N} satisfies (6.26) and (6.29). It is easy to see

NE Th(v) = ThNE())-

An R-Thom class, restricted to (G-orbit of) a point of the base space is a unit in the
homotopy group of R. Since norms are strong symmetric monoidal they preserve
units. Thus:

Lemma 6.36. The class N%ug) is an NGR-Thom class for N%(yg))).

The non-basepointed space-level restriction-coinduction adjunction yields a natural
unit map

n: X —— Mapgk (G, X)
for any G-space X. Because G is a finite group, we have a G-equivariant homeo-
morphism

Mapg (G, X) 4 2= NE(Xy).
Using this homeomorphism, we identify 7*N$ (yi;)) = y&)dv. Thus,

u&)d v = n*N%uS)

is an N¢R-Thom class for ygl)dv.

Proof of (6.34). Since {ugﬁ) : 1 € N} satisfy the conditions of (6.31), the family
{uldyy i €N

also satisfies those conditions (see (6.37) below). This immediately implies the

result. (]

Lemma 6.37. The family {“ﬁ)dv :i € N} of N¢(R) satisfies (6.26) and (6.29).

Proof. Consider the diagram:

ES EC @i ES
Di oo(S’I’LIHdV) A Dj N(Sn Ind V) ] Di+oj'j (Sn Ind V)
CIpe) G (mEsqnV G (mEe qnV N (o)) GpEegnV Uiy
Und v/\Ulnd v NK (Di 8" ) A NK (Dj =Ss" ) NKDH»OJ'o S"
Nﬁuip/\Nﬁui}j)l J{Ngui,prj)
NE (ur)

ZinlndVNgR A Sinlnd VNI%R Z(H‘j)nlndVN%R

where the top vertical arrows are induced from the unit map 7 for Eg¥_). Thus,
the top square commutes due to the naturality of 7. The bottom square commutes
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because it is the norm of (6.26) for the family {ug) : ¢ € N}. Consequently, the

entire diagram commutes which shows that the family {u%fl)dv : i € N} also satisfies
the condition specified in (6.26).

Next, we consider the diagram:

ES NES qnindv _ Pii ES qnInd v
Dl D ~D;~$ — D;~S
EC l l “1(1];1)\/
Di oozjnlndVNI(éR PIGD D oosn\/ NGD oosn\/

\\ lDiU(]) lui,ij)
n ( 'R) ijn In
NGDE=ying ~500) RO i Ind VNGR

where the unlabelled arrows in the top square are induced from the unit map 7 for
EgX . Tt is straightforward to check that this diagram commutes, and therefore

the family {uIndV i € N} satisfies (6.29). O

Rephrasing the result [BMMS86, Proposition 1.4.5] in our language we conclude
that HIF, is an R?-shifted homotopy Es-ring, where d = 1 when p = 2 and d = 2
when p is odd. Using the counit of the norm-restriction adjunction, we have an
ES -ring map

NGHF, —— HF,.
Therefore, from (6.33) we get:

Theorem 6.38. The spectrum HE, admits a functorial dp-shifted homotopy ES -
ring structure, where d =1 when p =2 and d = 2 when p is odd.

Proposition 6.39. If R is a V-shifted homotopy ES ring, then ®¥R is a VK-
shifted homotopy EX -ring.

Proof. Let {ug) : i € N} denote the family R-Thom classes satisfying (6.26) and

(6.29) that determine the V-shifted homotopy ring structure of R. Define USL to
be the composite
X )

ul s DE=(SVY) 2 aKDIx(sV) — 2, GRSIVR = SIVEGKR

where A is the natural map defined in (2.22). It is easy to see USL is a ®XR-Thom
class of y&( A straightforward diagram chase shows that the family {u$2< 11 € N}
also satisfies (6.26) and (6.29). Hence, the result. O

Theorem 6.40. When p is odd, HF,, does not admit a p-shifted homotopy ES -ring
structure.

Proof. Assume, for the sake of contradiction, HF, admits such a structure. Then,
by (6.39), its geometric fixed points @GHEP would admit an R-shifted homotopy
Eoo-ring structure. Since the zeroth Postnikov approximation provides an E.-ring
map

®CHF, —— HF,
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which implies that HF,, itself admits an R-shifted homotopy E.-ring structure (by
(6.33)). This, however, contradicts [BMMS86, Proposition 1.4.5]. O

6.3. Composition of Eulerian sequences

Let 51({?2, denote the collection of V-stable R-Eulerian sequence of weight n for a
V-shifted homotopy O-ring R, where O is an N.-operad. Our goal is to define a
strictly associative pairing

©: ELY x EXY —— &L
and prove (6.54).

Since R is an OFV]—ring, ?g) admits an R-Thom class ﬁg) for all ¢ € N such that the

family {ug) : i € N} satisfies the conditions of (6.26) and (6.29). Let é’g) denote
the corresponding Euler class.

Notation 6.41. We introduce a slight abuse of notation for a non-basepointed
G-space X, defining its .%-th extended power as:

D7 (X) := EZ xy, XX
This notation is consistent with the basepointed case, as there is a canonical home-
omorphism D7 (X, ) = D7 (X),.
We now consider the standard inclusion of the wreath product
1818, ZE XY, —— Y.

The pullback of T,,, along this inclusion is isomorphic to the representation

2" := Map(n, Tp,),
where ¥,, acts on n = {1,...,n} by permutation. The action of the element
((815-+-,8n),07 1) € 8,15, on 1" is given by the formula
((317 L) Sn)v U) : (1)17 s 7””) = (50(1) “Us(1)y -5 8a(n) * va(n))'

Thus, the pullback of T,,, along ¢ decomposes into a direct sum of the form
D Tnn 2T & T,
where 7T, is the pullback of T,, along the quotient map %,, 1 %, — 3,,.

Notation 6.42. Let 4, denote the G-space B.%#,(0) = O(n) X5, *.

The map ¢ also results in the map
(6.43) 1:DO(B) =2 O(n) xx, (B) " —— Bun.
The pullback of y&,m") along ¢ is the bundle

(O(n) x (O(m)*") xs5,.3, (V& (1))
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The above bundle is isomorphic to Dno(yg")), which is obtained by applying DY (—)

to both the total space and the base space of yg,m). Likewise,

(O(n) x (O(m)*™) xz,,5, (Ve (Tn & T,"))
L*ygrm) ) l

is isomorphic to the direct sum q*?gl ) Dn(?g,m)), where

q: D?(%m) — B,

is map induced by the quotient ., ¢ 3, — X,. This enables us to express the

x5y (mn)

R-Euler class of :*yy, " in terms of the R-Euler class of 7&7” and 7&7 ).
Now fix two R-Eulerian sequence

X(l) = (X0,X1,X2,...) € 5&?\)/ and X(2) = (Yo,Y1,¥2,---) € 5;({7\;
of weight m and n respectively.

Notation 6.44. For convenience, we introduce the notations:
e ¢, = Egl) e RV ((8,)4).

o e, =8y € RV ((B,).).

Let
esy € RU"IV(DO (%))

denote the class represented by the following composite map:

DY (ey)

€ay : DY (%) + DY (5(m=DVR)

J
DY (st~ HV) ADP(R)

lmeﬁ

DO(Sm=DV) AR
1R T
nm-bnVg, AR —=— $m-DVR
Here T}, is the R-Thom isomorphism
(6.45) T : DOS*™V)AR~ 2"V %, AR
defined using the R-Thom class ug{,) (via the Thom diagonal) and the identification

DO (S*V) = Th(ky{"™™). Note that the R-Euler class of the bundle D (y{/") and

q*?g," ) are given by the following composites, respectively:

(@] GR
DO(B,)s 2 DO(nm-DVR) —mm=t sm(m-DVR
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DO

(Bm)r —— By —=s R(—DVR

The class e,y is their cup product. This is implicit in the diagram in the following
lemma:

Lemma 6.46. The class e, is the pullback of the R-Euler class e(mn of the bundle
y&, mn) along the map v define in (6.43).

Proof. Let ( ¢™ and (t(f,) denote the zero sections of ty ) and ty , respectively.
Using the identification DY (S*V) = Th(tyg,k )), we construct the following diagram:

SVDO(Z,ny) : 5V Brnn
Do @) ov (3g™™)
SVDO(Th(F{™)) = DODY(SY)) —Lr sy DO (SV)

ovp? (a7) | ngv (™)
SVDE (2(m-DVR) DY (2™VR)

(”)1l J{92 u<vi>

VDO (Sm-DV) AR = DO(S™V) AR I

Dl lan

»VB, ADO(S(mDV) AR ﬁ} DP(SY) ADP(SM DY) AR -— IR
ov(C " l m—1

The constituent maps are defined as follows: D is induced by the Thom diagonal
map for Th((m 1) ) ©; uses d, and OF : D,(R) — R, U,, uses the R-Thom
class ugn\),, Uy ,;m—1 uses ugy X u(m DV and A; are all induced by the diagonal map

Ay:8Y —— SV A ASY =8V,

The naturality of these diagonal maps, along with (4.19), and (6.28), shows that
the diagram commutes.

From, (6.21), and the property that the zero section composed with the Thom class
yields the Euler class, we conclude that compositions of blue arrows and red arrows

are ez, and L*’éﬁ,mn), respectively. This establishes the result. O

As a necessary precursor to defining the product x(V) ® x(?, we first define the
class

Xk © Y € REL 1411 (DY (Zim) 1)
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as the following composition:
(6.47)

o X
G+ Iy ] Gt

vkl B, AR
J{AL_/\lR
DO (S AR
lD?(wc)AlR
D9 (%,,+ NR)AR

anml

DY (#Zm+) NDP(R) AR DY (#m+) AR

1IARR(BFAL)

Remark 6.48. Here, we make use of the fact that |y| = £V+]yo| is an isomorphism
class of a non-virtual G-representation. This condition allows for the existence of

a diagonal map S+l — S”I¥x| which induces AJ, in the diagram above. Note that
(n)

the map Aj, is nothing but a suspension of the zero section of the bundle 7|Yk|.

Lemma 6.49. For all k € N, we have:

(650) (Xm(k+1) © yk+1) ™ €xy = Xmk O Yk

Proof. We will prove this result by showing that the diagram in (6.51) commutes.
In this diagram, the map labeled

(1)  is induced by A : B,, — By, X Bn;

(2) is the composite map:

sl B, A By AR

E‘y’“|,@n+ A E(”I)V«@n+ AR

JA;Ae;’HAlR
$=DVDO(gyr) A nm=D=-HVz  ARAR
ll/\u
n(r=DVDO(Qyr) A R(m-D-DV g AR

1%

Emn=OVDO($9%) A B,y AR

(3) is O-(mnfl)V(A;c) A 1R;
(4)  is induced by T,,—1 in (6.45);

(5) is induced by p(e, A1) : By AR = Z"DVR AR — R~ DVR;
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(6) is induced by the composition:

DO (%, AR)

la?mn

DY (%n+) ADR (R)
J{D?(A)/\Gf‘

DO (Buy AN Bni) AR
lan/\lR

DY (%n+) ADR (%ns) AR

llACEZ?_l)VAlﬁ

DO (%) ADO(S(m=DV) AR;

(7)  is the composition of the last two maps in (6.47);

8 is the composition:
( p

DY (%u+) AR
iD?(A)
(B N Bpny) NR
i
DY (%n+) ADY (Bnt) AR
llACEZ?_l)VAlR

DY (%+) ADP (ST DY) AR

DO

n

Now observe that:
(S1) commutes because yy,(r41) — €' = Ymi (Eulerian of x2);
(S2) commutes by inspection;
(S3) commutes by the relation between Euler class and Thom class;
(S4) commutes because e, — "' = e";

(S5) commutes because D (x;, —~ e,) = D€ (xx_1) (Eulerian of x;);

(S6) — (S10) commute by naturality. The composition of the blue arrows and the
red arrows yields the two sides of (6.50), proving the result.
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bV (F%) SA A (1 —wu)X

(2)
uv (v g

v (k) sa

q Vv (j48) o
M:<3<v>2\::$b
HvVv +:@?§

Aoﬁtxv AT \:va

[4A] -+ 44| S A (1 —ww) &

AF bV %\ (—wy XV (TH%) ga % MV (4 (1—w)S) oa V (T¥&) 5a %
(018) w (68) (2) (8S)
u (9) u gy u o, (D) " gy u o, (9)
)oUa(1—uunyX —— UV % ) _uwyuXV AV T4%) A —— UV (,1-uyS) oAV (U V T¥%) ja
(28) v (0 ga (9s) vga  (gs)
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(vS) e @ (z8)
Rp(—uwu)& —————— YV U (q—w)ywl V % | 1+4a 8 ——————— UV +UFH V T4 1495 K ——F
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(18)
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(L)

—— vV g sa

Z?Tﬁcma

qvVv fjrximv OW_Q
TEWQ

UV TG 14 K

(T+3) wy

[T £ 4 TH1x] S

(159)
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Definition 6.52 (Product Law). Suppose V is an orthogonal G-representation
that contains a trivial subrepresentation. We define a product operation

(6.53) ©: &L x EXY —— &LV

for n,m > 2 as follows: Given V-stable R-Eulerian sequences x(!) = (x1,X2,...) €
51({?\)/ and X = (y1,y2,...) € 51({7\; define

X(l) ®X(2) = (207217~ . ) = (L*(XO OyO),L*(Xm Oy1)7L*(X2m 0}’2),' . )

From (6.46) and (6.49), we conclude that x() ® x(?) is a V-stable R-Eulerian se-
quence of weight nm.

Theorem 6.54. Let XY and x? be V-stable R-Eulerian sequences of weight m
and n, respectively. Then, x) ® x?) is an Eulerian sequence of weight mn such
that

(2)

SxPox® _ gx® o ex®

Proof. The result follows from a direct inspection using (4.15) and (6.47). O

Remark 6.55. We may extend the definition of V-stable R-Eulerian sequence to

weight 1 using T; = 0 in (4.7), thereby setting 78) as the 0-dimensional bundle

over #; ~ . Then the R-Euler class of 78 ) is the identity element 1 € 7§ (R) =
R(%,). Thus, for any a € 7 (R), where V is a non-virtual,
a=(a,a,...)
is an R-Eulerian sequence of weight 1. We extend the product ® in (6.52) by
allowing n and m to equal 1. Under such pairing the weight 1 Eulerian sequence
1=(1,1,...)

satisfies the identity condition namely 1 x =x =x © 1.

Remark 6.56. It is easy to see that the point-wise sum turns 51(%"\), into an Abelian
group for each n and the product law ® gives the collection
Eryv = |_| 5}(:\)/
n>1
a structure of a ring. In fact, it is a bimodule over the ring 7¢(R), where % varies

over non-virtual orthogonal G-representations. Further, by (6.54) we get a ring
homomorphism

6(_) :gR7V E— [R, R]g*
Thus it is natural to ask if the image of G(~) generate the collection of all stable

R-cohomology operation in the universe generated by V. We expect this to be the
case when R = HF,, and V = pg as outlined in (1.5).
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7. New equivariant cohomology operations

In this section, we construct genuine stable HF,-cohomology operations by identi-
fying pg-stable Eulerian sequences in HE ((BG Ep) 43 Ep) for all finite G and primes
p.
To find HF -Eulerian sequences, first we need to fix an HF,,-Euler class of the n-fold
sum of the G-vector bundle (see (4.24))
EcX, x5, (Pa @ Tp)
?G,p = l
BcX,
for some nonzero n € N.

Remark 7.1. The G-bundle Y¢ , is nothing but V;j‘ﬁfp according to (3.1).

Notation 7.2. When underlying group G is clear from the context, we will simply
use Yy, to denote g, p.

By [BZ24, Theorem 1.12], Yg,, is a homogeneous bundle, therefore, we use the
equivariant first Steifel Whitney class (as in [BZ24, Definition 3.2]) to detect orien-
tation. When p = 2, any homogeneous bundle is HF,-orientable as F is the trivial
group. In particular, Yg 2 is HF-orientable.

Proposition 7.3. When p > 2, Y, is HZ-orientable if and only if |G| is even.

Proof. In this proof, we subscribe to (7.2) and write ¥, as Yg,. The obstruction
to Yg,p being HZ-orientable is the first equivariant Stiefel-Whitney class
HZ ~

wi=(Ya,p) € Hl(BGEzﬂEg)
according to [BZ24, Theorem 1.15]. Since the restriction of Y, to the trivial group
is |G[ve,p, we conclude

G, HZ ~ HZ

resg’ (wy~(Ya.p)) = [Glwr™ (Yep),

which is nonzero when |G| is odd.
Conversely, suppose |G| is even and fix K C G of order 2. Using [BZ24, Theorem

3.14] and the fact that yg , is induced up from ye , (as in [BZ24, Notation 3.13]),

we conclude
HZ ~ ~ -
wi~ (Ya,p) = tré Wi (Yep) = trg tre wi” (Yep)-

It is a standard fact that w!?(ye,,) is nonzero and can be written as sgn*(¢), where
sgn* : Z/2(1) = H By ; Fy) —— HY(BE,,;Fy)

is the isomorphism induced by the sign homomorphism sgn : ¥, — 39 and ¢ is the
generator as indicated. Thus,

WS Ty = s
= sgn*trk(0)
0

as Hi (BkXo4;F,) = 0 by [HKO1]. .
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Remark 7.4. The proposition above, combined with the fact that the ring Z — F,
induce an injection on units

7% c—>]F;

when p is odd, shows that yg , is not HEF, -orientable when p and |G| are odd.
However, the 2-fold sum of yg,, is HF ,-orientable for all G by [BZ24, Theorem
1.19]). Thus, when p and |G| are odd, we will work with of 2yg ,.

Notation 7.5. For the rest of the section we fix a finite group G and a prime p,
and let

e e=[1+ (|G| mod 2)](p—1)/2,ie,
_f (p—1)/2 if|G]is even
1 (p-1) if|Glis odd,

e UG > denote an HF,-Thom class of Y 2,

e UG, denote an HF,-Thom class of (1 + |G| mod 2)yg, when p # 2,

e &g denote the HF -Euler class corresponding to Ug,, at all prime p.

Remark 7.6. Note that eg € Hépfl)pG (BG}]p;Ep) is a nonzero class as its image
under the restriction map to trivial group is nonzero.

At the prime 2, we filter BqXs as

(7.7) x —— P(p) —— P(2p) —— P(3p) —— -+ —— B,

where

P(—) :=S(— ® T2) X35, *
denotes the G-equivariant projective space as a functor of G-representations. This
results in an Atiyah-Hirzebruch like spectral sequence

(7.8) By = EBN HG(P((n + 1)p)/P(np); Fy) == H{(BaDa4;Fy)
ne

calculating the homology of H{(BgXay; Fy).

Notation 7.9. Fix an injection s : C, — ¥, and let

(7.10) K : Bch — Bgzp

denote the map induced by k on the classifying spaces. Note that the map «k, up
to homotopy, is independent of the choice of the injection x. This is because all
injections from C, to ¥, are conjugates of each other.

When p is odd, we focus on identifying HIF -Eulerian sequence in HS(Bng;Ep)
defined using the Euler class k*€g, of the bundle ek*yq . This is because if
X = (X0, X1, ..) is a HF -Eulerian sequence in HS(Bng;Ep) then

KX = (K*Xo, KyeX1,y. . )
is a HF -Eulerian sequence in HY (BgX,; F,) as

Ke(Xig1) — €ap = Ku(Xip1 — K'€Gp) = Ku(xi).
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Notation 7.11. Let pg c denote the complex regular representation of G. We will
simply use pc to denote pg,c when the group G is clear from the context.

Similar to (7.7), B¢C, admits a filtration
(7.12)

* —— L,(epc) —— Lp(2epc) —— Ly(3epc) —— -+ —— BeC,y,

where
]Lp(—) = S(— KRc I’Qﬂ./p) X, *
denotes the G-equivariant lens space as a functor of complex G-representations

defined using ry,/p,, the rotation by 2m/p representation of C,. This yields an
Atiyah-Hirzebruch like spectral sequence

(7.13)  Ely:= @ HY(Ly(e(n+1)pc)/Ly(enpc); F,) == H{(BcCpy;F,)
neN
calculating the homology groups of BgC,,.

To identify classes in first pages of (7.8) and (7.13) we pause briefly to discuss the
equivariant analogs of some of the classical results of Atiyah [Ati61] on projective
spaces.

7.1. Some equivariant analogs of Atiyah’s result

In 1961, Atiyah proved that the quotient RP"**/RP" is the Thom complex of
the n-fold sum of the tautological bundle over RP* [Ati61, Proposition 4.3]. The
equivariant analog of this result takes the following form.

Proposition 7.14. There exist a G-equivariant homeomorphism
Th (n9&%) = P((n + K)p) /P(np)

for all n,k € N, where 786)2 is the pullback of Ya,2 along P(kp) — BgXs.

Proof. We first note that 786)2 can be explicitly described as
S(kp ® T2) X3, (P ® T2)
Vo= |
P(kp),
where S(V) is the space of subspace of unit length vectors in V. Let
D(V) :={ve V|| <1}

denote the subspace of V consisting of vectors of length less than or equal to 1. Note
than when V is an orthogonal representation then both S(V) and D(V) inherits the
action of the ambient group. Thus, S(kp ® T2) and D(kp ® T2) are G x Xa-spaces.

Now notice that the G x Ys-equivariant map

f:S(kp®T2) xD(np®@7T2) = S((n+ k)p ®Ta)
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defined by the formula f(v,w) = (w,v 1-— ||wH2)7 restricts to an equivariant

homeomorphism
S(kp®T2) x (D(np ®T2) —S(np®@72)) = S((n+ k)p @ 72) — S(np @ 7).
Taking Yo-orbits, we get a G-equivariant homeomorphism
D (n74") =8 (n74) = P((n + k)p) — P(np),

where D(—) and S(—) on the left hand side are the unit disk bundle and the unit
sphere bundle functors. By one-point compactifying the map above, we get the
desired homeomorphism. O

Thus, we have the following HF,-Thom isomorphism.
Corollary 7.15. For any finite group G
HY 0 (P(n + 1)p) /P(np); Fy) 2 HY (P(p) 15 Fy).
An analogous result can be obtained for equivariant lens spaces using the bun-
dle
S(kpc ®c rar/p) Xc, (Pc ®c r2n/p)
(7.16) o) = l
]Lp(kp)7
where pc is the complex regular representation of G.

Remark 7.17. For a complex G x Cp-representation V, let u(V) denote its under-
lying real representation. Then

u(pe @c rar/p) Zu ((p @ C) @c rar/p) Zu(p @ (C A ransp)) = P @ u(ranp)-
Thus G)g)p is a bundle of rank 2p in the sense of [BZ24].
Proposition 7.18. There exist a G-equivariant homeomorphism
Th (n®),) = Ly ((n + K)pc) /Ly (npc)
for all m, k € N, where @g)p is the pullback of Wg,p as in (7.16).
Proof. Notice that the G x Cp-equivariant map
f :S(kpc ®c rax/p) X D(npc ®c ran/p) — S((n + k)pc @c rax/p)

defined by the formula f(v,w) = (w,v 1- ||wH2), restricts to an equivariant

homeomorphism

S(kpc ®c rax/p) % (D(npc ®c rax/p) — S(npc ®c rar/p))

|

S((n + k)pc ®c ran/p) — S(npe @c ran/p)-

Taking Cp-orbits, we get a G-equivariant homeomorphism

D (n@f?) - 8 (ndy”) —— L((n+ k)pc) - L(npc).
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By one-point compactifying the map above, we get the desired homeomorphism. [

Since 2@(&)1) is HF -orientable by (7.4), we conclude:

Corollary 7.19. For any finite group G

HY 4np (Ly((20 + K)pe) Ly (2npc)i E,) = HG(Ly (kpe) 15, ).
Using (7.15), we may rewrite the spectral sequence (7.8) as
(120 Bly = B HGER()Ey) — H(BaaiFy)
Likewise, we use (7.19) to rewrite (7.13) as
(7.21) B, = % HG (2240 L, (epc) 4 F,) == HG(BgCpyiF,)
when p is an odd prime.

Atiyah showed that [Ati61, Lemma 4.5] the sum of the tangent bundle TRP"~!
of RP"~! := P(R") and a 1-dimensional trivial bundle is isomorphic to the n-fold

Whitney sum n?én) of the tautological line bundle. Using this and Atiyah duality
[Ati61, Proposition 3.2], one can reproduce Poincaré duality

HY((RP" 1) ;Fy) = H_p(Th(—=TRP" 1);Fy)
H_ i (Th(—n¥S + €1); Fa)
= H_ (S (RP"1)4Fy)
= Hn—l—k((RPnil)-ﬂ—;FQ)a

where the third isomorphism is the evident HF;-Thom isomorphism.

1

We would now like to establish an equivariant analog of [Ati61, Lemma 4.5] to
establish the equivariant Poincaré duality results for P(np) and L,(np).

Lemma 7.22. The following are isomorphisms of G-equivariant vector bundles:
(1) TP(kp) @ €1 = ky$.
(2) TL,(kp) @ e1 = k&)](gk) when p is odd.

Proof. Note that the normal bundle of S(kp ® T2) — kp ® Ty is isomorphic to €y,
the trivial 1-dimensional real (G X X3)- vector bundle. Therefore, we get (G x X3)-
equivariant isomorphism

TS(kp ® ’?2) De = S(kp ® "?2) X (k:p ® ’?2)
of (G x Xg)-vector bundle. By taking ¥s-orbit, we get (1).

Similarly, the homeomorphism of (2) is the map on the C,-orbits of the (G x C,)-
isomorphism

TS(kpc ®c ranp) ® €1 = S(kpc ®c rar/p) X (kpc @c rax/p);
where €7 is the trivial 1 dimensional real (G x C,)-representation. O

Lemma 7.23 (Poincaré duality). Let G be a finite group. Then there are isomor-
phisms of Abelian groups
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(1) Hg(P(kp)4:Fy) = ngfp*(lp(kp)HEQ)
(2) HE (L, (ekpc)+:F,) = He P~ " (L (ekpc) 1 F,)
for all k € N.

Proof. Since the tangent bundle of P(kp) is homogeneous [BZ24, Lemma 2.21], we
may combine equivariant Atiyah duality [May96, XV1§8] with (7.22) to obtain

HE (P(kp)s:Fy) = HE, (Th(—TP(kp)); F,)
HE, (Th(—kY&h + €1);Fy)
= Hipo1—.(P(kp)+ ) Fo).

1%

0

Likewise, when p is odd, we have
HE (Ly(ekoc) 45 F,) = HE, (Th(-=TLy(ekpc));E,)
> HE (Th(—ck@l) +e1);E,)
=~ H§ 1. (Lp(ekpc)1); E,),

where the last isomorphism is an HF -Thom isomorphism which holds because € is
an even number when |G| and p are odd (see (7.3) and (7.4)). O

7.2. Identifying HF -Eulerian sequences

In this subsection, we begin by analyzing the path components of P(kp)S and
L,(kpc)®. This will lead us to a calculation of HS(P(p)+;F,) as well as

H(?(L(epC)Jr;Ep), and consequently, new elements in the Ej-page of (7.20) and

(7.21). We then show that these elements are nonzero permanent cycles resulting
in identification of HF -Eulerian sequences.

Notation 7.24. For a finite real or complex G-representation V and an irreducible
G-representation A, we let V be the subrepresentation of V such that V/Vy does
not contain an irreducible sub-representation isomorphic to A.

The fixed-points of P(kpc) and L, (kpc) have been studied and described explicitly
in [KL24]. We simply state their conclusion.

Lemma 7.25. Let Irr1(G) is the set of isomorphism classes of 1-dimensional irre-
ducible representations. Then

PV)¢= ] PB(Va).
Aelrry (G)
Forp> 2,

LP(V)G = H LP(V)\)a
[\J€lrr (G)

where fﬂ{(G) 18 the set of isomorphism classes of complex 1-dimensional irreducible
representations whose character factors through C,.

For each A € Irr; (G), we consider a based map

b i
by 8% —= P(pr)+ —— P(p)+,
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where b, sends the non-basepoint of S° to a point in P(w,) and i is the inclusion
along the G-fixed points. By (7.25), such a map is unique up to a contractible
choice and determines a unique class in [by] € 7§ (P(p)4 ).

Remark 7.26. The HF,-Hurewicz image of [by] € 7§ (P(p)+), denote it by
by € HE (P(p)1;Fy),
is nonzero because its underlying nonequivariant Hurewicz image is nonzero.

Remark 7.27. Moreover, by = by, if and only if A = X in Irr; (G). This is because
images of by and by, under modified geometric fixed-point functor

ge H(C);(]P’(p)_.,_;E2) — @)\elrrl(c) Ho(P(A)+;F2)

are different classes when A # N,

The classes by leads to a nonzero element
bipx € Ellc,kp
for each k € N in the E;-page of (7.20).

Remark 7.28 (When p is odd). In this case, for each A € Irr; (G), we consider a
basepoint-preserving map:

b’ :
bx: 8% —— Ly((epc)r)+ —— Lp(epc)+-

Here, b;\ sends the non-basepoint of SY to a point in L,((epc)r). The Hurewicz
image, by € HF (L, ((epc)a)+:F,), is a nonzero class because its restriction is also
nonzero. This results in the element

bockp x € Ellc,Qekp
in the (7.21) for each k € N and A € I,rvrl(G).
Our next goal is to prove (7.33), where we show that by, » in (7.20) are nonzero
permanent cycles. We will need the following two lemmas.

Lemma 7.29. Suppose r is an integer. Then

Fy whenr=1
G . o~ 2 ’
Hy, 1 (P(p)+; Fy) = { 0  otherwise.

Moreover, the restriction map

(7.30) e : HE_ (P(p) 45 Fs) —— Hjg -1 (RPI®I7Fy)
is an isomorphism.

Proof. When r < 0, then

HE, _ (P(p)4:F,) = HE (277 (P~VP(p),;F,)
0

1

as negative Bredon homology groups of any G-space is trivial.
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When r > 1, we use (7.23) (Poincaré duality) to conclude that

ngfl(P(p)Jr;EQ) = Hgf’”)p(P(p)%Ez)
~ H(Glfr) (2(7-_1)(p—1)P(p)+;F2)
= 0

as negative Bredon cohomology of G-spaces are trivial.

When r = 1, we use Poincaré¢ duality and the fact that the action of G on HF,, is
trivial to relate the (p — 1)-th Bredon homology group

HS 1 (B(p)+iF,) = HY (S07VEVP(p),Fy)
= H (Orba (S IP(p)), F)
with the zeroth ordinary cohomology of the space of G-orbits of ("= (P=1P(p).

Since the underlying space of Z(’"_l)(p_l)]P’(p) is path connected, its G-orbits also
form a path connected space, and therefore, H§ | (P(p); F,) = Fo.

Note that the nonzero element ¢ € HS , (P(p)4;F,) is Poincaré¢ dual to
1 € HG(P(p)4: Fs)

whose restriction is 1 € H%(R}P’lf‘_l; F3). Since Poincaré duality isomorphism (PD)
commutes with restriction

HS | (P(p)+;Fy) — Hig—1(RPICI-LF,)

o) J#

HY (P(p)4;Fy) ——— HO(RPISITLFy),

it follows that (7.30) is also an isomorphism. O

Remark 7.31. The element c € Hg_l(IP’(p)+;E2) in the proof of the Lemma above
maps to bjg|_1 € Hl%‘_l(R]P"G'*l; F3) (in the notation of (4.22)) under restriction.

Lemma 7.32. Suppose r is an integer. Then
Fo{by : A € Irry (Q)} € HS (P(p)4; Fy)
and HS (P(p)4;Fy) = 0 for r #0.

Proof. An argument similar to (7.29) establishes HS, (P(p)4; Fy) = 0 for all integers
r # 0. From (7.27), we conclude that

Fa{by : A € Irry (G)} € HF (P(p)+:Fy).

The above inclusion may not be an isomorphism. This is a consequence of (7.57)
and (7.60). O

Proposition 7.33. The element ka’)\ in (7.20) is a nonzero permanent cycle for
all k € N.

Proof. By (7.29)
dy(brp,p) € Bi_p o1 = Hifp 1 (SF7PP(p) 45 Fy)
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is trivial for » > 2. Thus, to establish by, » as a permanent cycle we must show
that it is a di-cycle.

By (7.29), there is a unique Fy-generator

(7.34) Chp—1 € B kp—1

which can be a potential target of a di-differential on kay)\. In other words,
d1(brp 2) = tChp—1

where t € {0,1}. We will now show that ¢ must equal 0.

In contrary, suppose this differential is nontrivial, i.e. t = 1, it would imply a
nontrivial differential in the spectral sequence

@3) By @ HEOR()E,) — HYF(k+ 1)) E)

for all k£ > 1, and consequently,
Hef (P((k +7)9) 43 F) = Hil, 1 (P((k +7)p) 43 F2) 20

by Poincare duality (see (7.23)). It would follow that HF,-Euler class of ki/gc’;rr)

and hence its restrictions, must be zero. However, this is a contradiction as the

restriction of Icf/gC ;T)

(k7627 = G
is the k|G|-fold sum of the tautological bundle over RP(**7IGI=1 whose HF;-Euler

class is nontrivial.

To show that B;Cpg\ is nonzero in the E..-page, we consider the map of spectral
sequences

@ HE(X"PP(p)+;Fy) == HY(BeXa4iEy)

neN
(7.36) l‘” }*

@ H.(Z"RPETF,) —— H.(RP;F,)

neN
induced by the restriction to trivial group. Note that the bottom spectral sequence
collapses at the Ej-page. Since, the image of Bnp, » under restriction is a nonzero
permanent cycle (follows from (7.26)), it follows that b,,, » cannot be a target of a
differential, thus nonzero in the E,.-page. (I

Proposition 7.37. The elements Crp_1 defined in (7.34) is nonzero permanent
cycle for all k > 0 in the spectral sequence (7.20).

Proof. If €,,_1 supports or is a target of a differential in (7.20) then the same will
hold in the spectral sequence (7.35) for some r > 0. Then, by Poincaré duality, i.e.
(7.23),

HE (P((k +1)p)+3Fy) = HE, 1 (P((k +7)p)43Fp) 20

which contradicts the fact that HF,-Euler class of k?g’y) is nonzero. (]
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By (7.29) and (7.32), the nonzero permanent cycles bgp and Trp—1 determine
unique elements in HE (Bg¥y; Fy) with no indeterminacies.

Notation 7.38. When G is nontrivial, let by, a € ng((Bng)Jr;Ez) denote the
element detected by by, a in (7.20). Likewise, we let cixp_1 € ngil(Bng)_i_;EQ)

denote the element detected by Typ—1 of (7.34). Using these elements, we define
the sequences

Bx2) := (boa, boa, b2, )
C2) = (0,cp-1,C2p1,...)
which are candidates for p-stable HF,-Eulerian sequences.

Theorem 7.39. The sequence (2 is a p-stable HF,-Fulerian sequence.

Proof. We must verify that () satisfies the condition of (4.12). Firstly note,
Cp ™ €G72 =0
as HY (BgX2;F,) = 0. Now notice that

~ ~|G
tex (8 2) = &L

as the underlying nonequivariant bundle of Y 2 is the |G|-fold sum of the tautolog-
ical line bundle Yy, 2 over BXs. It follows from the arguments in the proof of (7.33)
that

ng—l(BGEQ§E2) =F,

generated by cip—1. Further, the diagram in (7.36) implies that the restriction map
tew - HE, 1 (BaXo; Fy) —— Hyja)—1(BX2; Fa)

is an isomorphism for all k¥ > 1 sending cxp—1 to by g|—1 following the notations of
~IG

(4.22). Since, b(xy1)jg|-1 ™ €5 = brp—1, we conclude that
C(k+1)p—1 ™ €G,2 = Ckp_1

for all k > 1. Thus, (o) is a p-stable HFy-Eulerian sequences. O

Notation 7.40. Let Sq*°¢*! to denote the genuine stable cohomology operation
S@k corresponding to the k-shift of C(2)-
Theorem 7.41. The genuine stable cohomology operation Sq’ép+1 1S a monzero
element in [HEQ,HEQ]IE;QH as its restriction
Le>z<(qupG+1) = qu‘GH_l

is the classical (k|G| + 1)-th classical mod 2 Steenrod squaring operation.
Proof. Since tex(Crp—1) = byjg|—1 (see proof of (7.39)), we get

tex (Ci2)[k]) = i (B1[K|G[ + 1])
and the result follows from (4.22) and (4.24). O

In fact, we can make a much more general statement. First notice that, for all
subgroups K C G, all the restriction maps involved in

. s
le t HiE 1 (BaXo Fy) — HE (Bk¥2;Fy) —— Hyjg|-1(B¥2; Fa)

k|G /K|px —1

are isomorphisms. Consequently, tk«(Crpe — 1) = Crja/K|px—1 and we get:



57

Theorem 7.42. Suppose K C G. Then
b (Sq*P ! (2)) = SO/ RIPRF (4 (@)
for any HF,-cohomology class x.

Remark 7.43. We leave the identification of the G-geometric fixed point of ( (as
defined in (4.27)) for the future, as our methods do not identify the elements

. (crp-1) € H* ! (BkTg; Fa),
where c is the collapse map of (4.26) and $¥ is as in modified geometric fixed-point

functor of (2.25), in general.

Remark 7.44. Whether the sequence {35 (o) satisfy the Eulerian criteria of (4.12)
is the subject of Section 7.3.

The odd primary analog of (7.29) is the following lemma:
Lemma 7.45. Let G be any finite group and r be an integer. Then

F, whenr=1
G . ~ p
H2rep—1(H‘P(€pC)+’Ep) - { 0 otherwise.

Moreover, the restriction map

(7.46) tex + H5L o1 (Lp(epc)+3 F,) —— Haeg)-1(Ly(CI9) 15 Fy)

=p
is an tsomorphism.
Proof. The proof is identical to that of (7.29), so we leave it to the readers. O

From (7.45), we conclude E}C,lepfl =T, in (7.21).

Lemma 7.47. Any nonzero element in E,lc’%epi1 = F, in the spectral sequence
(7.21) is a nonzero permanent cycle.

Proof. We consider a truncated version (7.21) along with its restriction to trivial
group
n=k+r

@ HI(Z*PLy(epc)+; E,) == HI(Ly((k +r)epc)+5Fy)

=P
n=0

(7.48) l [

n=k+r
P H.(ZFL,(CI%) ;F,) == H.(L,(CHIC]) Ty
n=0
where the bottom spectral sequence collapses at the Ei-page. Thus, a nonzero
element € € E,lc’%epf1 cannot be the target of a differential.

Suppose € supports a differential, then this differential will appear in the top spectral
sequence of (7.48). This, along with (7.45) and (7.23) (Poincaré duality), would
imply

HE * (Ly(e(k + r)pc)+3E,) 0

and hence, the HF -Euler class of ek&)a(k”) must be zero. However, this is a

contradiction as its restriction is the HIFp—Euler class of

Le(ek@ET)) = ek|Gl@{E(FHIGD,
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which is nonzero. O

The proof above reveals that not only H;}ekpfl ((BeCp)4;Fy) = Ty, but also that
the restriction map

(7.49) tes : HS o1 (BaCp) 45 F,) —— Hoerja—1((BCp) 43 Fyp)

is an isomorphism. The mod p cohomology of BC,, is isomorphic to
H*((BCp)+;Fp) = Ap, (y)[u],

where |a| = 1 and b can be chosen to be HF,-Euler class of the real 2-dimensional
bundle

ECp x¢, (r2ﬂk/p)
R = l
BC,

for any k € {1,...,p — 1} (these Euler classes differ up to a multiple of unit). An
element dual to yu*IGl1=1 generates Haerja-1((BCp) 43 Fp).

Recall x and « from (7.9). The pullback T, along & is isomorphic to

(p—1)/2

K*T, = @ rakx

k=1
and therefore,
KVep ZR B DRy 2.
Consequently, HF,-Euler class of (1 + |G| mod 2)k*y., is nonzero, in fact it is a
unit multiple of u¢. Since,

e the underlying nonequivariant bundle of k*ygq , is |G|-fold sum of k*ye p,
e capping with u®
— ~u: Hyeryny)—1 (BCp)45Fp) —— Haer—1 (BCy) 45 Fy)
is an isomorphism,
e the restricted class te.(€g ) is a unit multiple of u¢/G!; and
e the restriction map (7.49) is an isomorphism,
we conclude that:

Lemma 7.50. For any finite group G, the map
-~ K'egy: Hg;e(k+1)p—1 (BaCp)4:Fy) — H2G€k:p—l ((BaCp)+:Fy)

is an isomorphism.

Notation 7.51. Give a finite group G and a prime p, choose a generator c,_; €
H%pfl((Bng)Jr;Ep). Using (7.50), we define the elements

Crp—1 € ngkp—l((BGCP)-l-;Ep)

so that c(ry1)p—1 ™ K*€g,p = Crp_1.
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Now define the sequence

C(p) = (0, Cp—-1,C2p—1,--- )
which is a p-stable HF -Eulerian sequence by construction. Invoking (4.18), we let

P#Pa+tl denote the genuine stable HF,-cohomology operation induced by () [k].
Then:

Theorem 7.52. The genuine stable cohomology operation P2Pc+1 s o nonzero
element in [HEP, HEp]éEkp+1 as its restriction is the classical odd primary classical

Steenrod operation
Le*P2ekPG+1 — 6P2k|G\

in the notation of [Ste62].

Proof. This follows from the fact that te.(crp—1) is the element dual to yucklGl-1

under Kronecker product, (3.17) and (4.3). O
An argument identical to that of (7.42), shows that:
Theorem 7.53. Suppose K C G. Then

LK*(P26k9G+1($)) — PQe\G/K\ka-&-l(LK*(w))

for any HE,,-cohomology class x.

Another important consequence of (7.45) is that the odd primary classes backp
from (7.28) are immune to all differentials:

Corollary 7.54. The class backpx of (7.21) is a nonzero permanent cycle for all
ke N.

Proof. By (7.29), Bgekp7)\ can only possibly support a dj-differential. However,
(7.45) shows that the potential targets of any such permanent d;-differential are
already nonzero permanent cycles. Consequently, bacip,» must also be permanent
cycles.

Furthermore, by construction, as detailed in (7.28)), the restriction of baegp  in
(7.48) are nonzero permanent cycles. Therefore, Bgekp, » cannot be the target of a
differential. Hence, the result. (Il

Arguing exactly the same way as (7.32), we get:
Lemma 7.55. Suppose r is an integer. Then

Fy{bx : A € Trry (G)} € HE (Ly(epc) +5 Fy),
and HS, (Ly(cpc); Fy) = 0 when £ 0.

Notation 7.56. As a consequence of (7.55), Bgekp7)\ detects a unique class, denote
it by bgékp)\, in ngkp((BGCP)-‘r;Ep)'

Next, we will show that the elements in Hgfkp((Bng)+;Ep) detected by baerp,a
can be arranged to give rise to HEF -Eulerian sequences which we will denote by

B p)-
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7.3. The Eulerian sequence {3, ().
We now establish the main technical result for this subsection:

Lemma 7.57. Suppose X path-connected space with an action of G. Then the
kernel of the map

(7.58) HE(X.:F

p) E— HS;(E\G /\X-HE;D)

is the image of the tr§ : Ho(teXy;F,) — HF (X4 F,). Moreover, if the transfer is
nontrivial, then

G —
(7.59) 0 — Ho(teXy) —— H$(X,) —— HS(EG AX,) — 0.
is a short exact sequence of F,-vector spaces.

Proof. By running the long exact sequence associated to the cofiber sequence EG; —
S% — EG, and using the fact that negative Bredon homology of any space is trivial,
we notice that the map (7.58) is a surjection whose kernel is the image of map

H§ (BG4 A X4 F

p) — HOG(X+7 Ep)

Since G4 — EGy is the zeroth G-equivariant skeletal approximation, the map

HE (G4 A Xy Fy) —— HE (BG4 AXyF))
is an isomorphism. Moreover the composite G, A X, — EGy A X, — SO A X,
induces the transfer map:

tl’eG : HO(LeX+;Ep) = HS(G+ /\X+,Ep) E— H(?(X+’Ep)

The claim regarding the short exact sequence holds because Hf(teX;F,) is isomor-
phic to F,, a consequence of X being path connected. Therefore, if the transfer
is nontrivial, it is necessarily an injection. 0

Although we do not compute the transfer in (7.59) explicitly, it is not hard to show
that there are many cases where it is nontrivial. For example:

Example 7.60. The map X, — S° induces a map of Mackey functors in homology.
The transfer tr$ in HS (S F,) is the transfer in the constant Mackey functor F,,
i.e., multiplication by |G|. This is nonzero when |G| is odd. Thus, the inequalities
of (7.32) and (7.55) are often strict.

Remark 7.61. In the case when the transfer is nontrivial, the short exact sequence
(7.59) splits naturally. This is because

HE (X§:E,) — Hf (X4 E

,) — HG(EG AX;F,)

is an isomorphism. To prove this, we first note that H(?(XE;EP) = HO(XG;IFP),
which is free F)-vector space generated by G-connected components of X. We then
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compute the right-hand side as follows:

HE (EG A X4 F,) = [S°, HF, A EG A X4]¢
:[SO,CI)GH]F A XSG
= (“HF,)o(X§)
= (HF,)o(X9),

where the last isomorphism folows from the fact that @GHEP splits as a wedge of
HFF, and a 1-connected HF,-module.

Now, we focus on the specific case when X = P(p). From (7.60). Let
t = trg' (bo) € Hy (P(p)+:Fy),
where by is the generator of HO(RIP’L?‘_l; Fs). Then:

Proposition 7.62. The class tré (byc|) € ng ((BaX2)+;Fy) is nonzero iff t = 0,
for all k € N.

Proof. This follows immediately from the study of the transfer map between the
spectral sequences of (7.36). (]

Next, we show that:
Theorem 7.63. For all k > 0, the map

— ~ a2t H{ ), ((BaD2) 4 Fy) —— HE ((BaD2)+:Fy)

is an isomorphism.

Proof. Tt follows from the theory of equivariant vector bundle (see [BZ24, Lemma
2.18]) that G-fixed point Y 2 is

(?GQ)G = |_| 7e,2~
XEIrry (G)

Thus, the modified G-geometric functor sends the HF,-Euler class €g 2 to
eG 2 Z €x,

where €, is an Euler class of Ve 2 over the component corresponding to A. Easy to
see that

— ~ ¢%@a,2) : @y His1((BX2)4;F2) —— @y Hi((BX2)4;F2)

is an isomorphism for all & > 0. Since $© satisfies the general formula

PE(b ~e) = %(b) ~ @%(e),

we have a commutative diagram

~G
(k:+1)p<(BG22)+;E2) L> H(k+1)( BZQ) F)

—/‘\’éG,QJ/ J{ A‘P (€G,2)

=G

H (Ba2)+:Fy) ——— Hi((BZ2):F),

HG
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where the right vertical arrow is an isomorphism for all £ > 0. When t = 0,
(7.57) and (7.61) implies that the horizontal arrows in the diagram above are also
isomorphisms. Consequently, the left vertical arrow, which is capping with eq 3 is
an isomorphism for all k£ > 0, as desired.

When t # 0, we consider the diagram

treG 3¢
Hk1)ja|(BE2)1;Fa) —— HG ), (BeT2)1:Fo) —— @y Hiern) (BE2); F)

JuTel ~ —C
*’\el,zi _AeG,Zl i—ﬁwc(ec,z)

Hyjq)((BX2)4;F2) ‘tr—c> ng((BGZ2)+;Ez) T» D, Hi((BX2); F)

where the rows are short exact sequences (follows from (7.57) and (7.62)) and the
left square commutes because of (7.65). Since the left and the right vertical arrows
are isomorphism, it follows that the middle vertical arrow is also an isomorphism
as desired. O

A nearly identical argument yields the odd primary analog of the above result:

Theorem 7.64. For all k > 0, the map
KB tHS 1, (BaCy)4iEy) —— HS,, (BaCy)4sE,)

is an isomorphism.

Lemma 7.65. Suppose X is a G-space, t € Hg(X1;F,) a RO(G)-graded cohomol-
ogy class, and x € H,(1X4;F,) a homology class of the underlying nonequivariant
space. Then:

tré(z) ~t =trS (z ~ rese(t))).

Proof. We first observe that the quotient map 7w : G — G/G = e induces the
transfer

tre = 1 Hyy (X4 Fp) 2 HY (G A X3 Fy) —— HG (X4 F)
in homology, and the restriction map
rese = m* : HW (X3 F,) —— HY (G AXy;F,) = HE' (X Fy)

in cohomology, for any V,W € RO(G),. Then the result follows from the natural
relation

T (x) ~t = (x —~ (1))
satisfied by the cap product. (Il

Using the isomorphisms of (7.63) and (7.64) we define the HF ,-Eulerian sequence
B)\,(p) = (BO,Aa Bl,)n cee )

where BO’ A = bp,x and use induction to define Bk such that
bryia — K*€ap = bya

where « is the map defined in (7.9) for p odd and identity when p = 2.

Remark 7.66. The elements Bk,A may differ from the element of by, » up to an
element in the image of the transfer map tr$.
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Notation 7.67. Using Main Theorem 1, we obtain a genuine stable HF, ,-cohomology
operation corresponding to 3 ) and its k-shifts. When p = 2, we set

Sq’;\PG — GBA,(Z)[]C].

Further, when A = 1 € Irr; (G), we simply use the notation Sq*°¢. When p is odd,

we set

p2eee — GPaw (K]

and drop the subscript when A =1 ¢ ﬂr;rl(G).

Proof of Main Theorem 3. Since restriction of the class by x to a subgroup K
is
bo,ucx € H%)(((BKCP)"F;Ep)?

and restriction of the Euler class eq ) to K is E‘Ig ;K‘7 we conclude that

(B, ) = ta /K Buch,(o)-
This, combined with (4.29), (7.42) and (7.53) completes the proof. O

Proof of Main Theorem 4. First, assume that K is a normal subgroup of G.
In this case, the Weyl group is W(K) = G/K. We observe that the modified
K-geometric fixed-point of the class bg y is

b € HE (BkCyp) 13 F,),

where we set by xx = 0 when MK = 0. Furthermore, note c,.p¥(€g,) = €G /K p-
Therefore, using (7.64) and the commutativity of the diagram

—/-\K*‘écwp

HzGe(kH)pG((BGCp)Jr;Ep) B E— ngekpg((BGCp)+;Ep)

lc*cﬁK(—) lcuﬁ“(f)

(Bw)Cp)+:Fp) _Twmf HE o (BwaCp)+: F,)

2¢ekpc

G
H26(7€+1)9W(K)

we conclude that
P (Baw) = Bax,p)-
Thus, the result follows from (4.33).

When K is not a normal subgroup, then we first restrict to the normalizer sub-
group N(K) before calculating modified K-geometric fixed-points. In this case, the
arguments above, combined with Main Theorem 3, yields the stated results. (]
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