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Abstract. In this paper, we introduce the concept of R-Eulerian sequences
for any N∞-ring spectrum R with finite orientation order. We show that each
R-Eulerian sequence corresponds to a stable R-cohomology operation. More-
over, we show that the collection of R-Eulerian sequences admits an additive
and a multiplicative structure that are linear over a coefficient ring. It remains
an open question whether operations coming from Eulerian sequences gener-
ate the algebra of all stable R-cohomology operations. Finally, we apply our
theory to equivariant ordinary cohomology with coefficients in finite fields to
produce genuine equivariant lifts of the classical Steenrod operations for all
finite groups.
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1. Introduction
In the 1950s, stable homotopy theory underwent a period of rapid development,
driven by profound applications in geometry [SW51, Tho53, Tho54]. Key break-
throughs included Steenrod and Whitehead’s work on the vector fields on spheres
problem [SW51, Ste62], the calculation of cobordism rings [Tho53, Tho54, Mil60],
the resolution of the Hopf invariant one problem [Ada60], among many others.
These results relied crucially on Steenrod operations, which Norman Steenrod in-
troduced in 1947 [Ste47]. The usefulness of Steenrod operations extends to differ-
ential topology via Wu’s reformulation of Stiefel-Whitney classes [Wu50], and in
homotopy theory through the Adams spectral sequence [Ada58]. Over the years,
the applications of Steenrod operations have only expanded, establishing them as
one of the most formidable tools in current homotopy theory research.
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Equivariant homotopy theory is an extension of classical homotopy theory that is
sensitive to symmetries. In 1967, Bredon introduced an equivariant cohomology
theory that refines Borel cohomology by incorporating fixed-point data for all sub-
groups [Bre67]. The coefficients for Bredon cohomology are provided by Mackey
functors, which Dress introduced [Dre71]. In 1981, Lewis-May-McClure [LMM81]
extended the indexing system of a G-equivariant Bredon cohomology from integers
to the real representation ring, usually denoted by RO(G), for any compact Lie
group G. Equivariant stable homotopy theory was developed in the 1980s to address
problems in equivariant geometry. However, despite a few striking applications
[tD70, HK01, KW08, HHR16, HLSX22], its geometric utility has remained limited
and sporadic. This constraint is largely due to the fact that equivariant Steenrod
operations are not known beyond the group of order 2 [HK01, Voe03].

The RO(G)-graded Bredon cohomology with coefficients in Fp (the constant Tam-
bara functor at the field of order p) is represented by a genuine G-equivariant
EG
∞-ring spectrum HFp. The G-equivariant mod p Steenrod algebra is defined

as the stable homotopy class of G-equivariant self-maps of HFp:

A⋆
G,p := [HFp,HFp]

G
−⋆.

This Steenrod algebra is a module over its coefficient ring, the RO(G)-graded
cohomology of a point:

MG
p := H⋆

G(pt+;Fp)
∼= πG

−⋆HFp.

The calculation of this coefficient ring is a notoriously difficult problem. After
Stong’s calculation of RO(C2)-graded cohomology of a point (see [Lew88, §2]),
progress was stalled for many years. However, a series of recent breakthroughs have
revitalized the field: In 2017, Holler and Kriz [HK17] calculated the coefficient ring
for G = C×n

2 , soon after the third author identified the coefficient ring for G = Cp2

[Zen], G. Yan [Yanb] for G = C2n , and Kriz-Lu [KL20] and G. Yan [Yana] for the
dihedral groups.

In 2001, Hu and Kriz, in their seminal work [HK01], determined the structure of
C2-equivariant dual Steenrod algebra. This was followed in 2003 by Voevodsky
[Voe03], who determined the R-motivic Steenrod algebra, whose Betti realization
provided a complete description of the C2-equivariant Steenrod algebra. The case
G = C2 (as well as the nonequivariant case) is often considered special, as its
Steenrod algebra is free over its coefficient ring, a property that is crucial for its
determination. In fact, recent work by Wilson-Sarkar [SW22] as well as Hu-Kriz-
Somberg-Zou [HKSZ] determines the Cp-equivariant mod p dual Steenrod algebra
as a module over the coefficient ring and shows that it is not free. This non-freeness
may explain why the methods in [Ste47, HK01, Voe03] did not adapt to identify
the equivariant Steenrod algebra for other groups (also see [HKSZ]).

In this paper, we introduce a general theoretical framework to construct G-equivariant
Steenrod operations for G-equivariant cohomology theories. This framework re-
quires the following assumptions:

• G is a finite group.

• The cohomology theory is represented by a homotopy O-ring R (as in (6.8)),
for some N∞ G-operad O (in the sense of [BH15]).
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• The G-equivariant vector bundle of (3.2) admits an R-orientation (in the
sense of [BZ24]).

Building on these conditions, we introduce the concept of a V-stable R-Eulerian
sequence (see (4.12)), where V is a finite orthogonal G-representation. Our main
result is the following theorem:

Main Theorem 1 ((4.18)). For every V-stable R-Eulerian sequence χ, there exists
an R-cohomology operation

Sχ : R⋆(−) R⋆+∥χ∥(−),

of degree ∥χ∥ (see (4.12)), where ⋆ ∈ RO(G,V) (see (1.7)), which commutes with
the V-suspension isomorphism

(1.1) σV : R⋆(−)
∼=−→ R⋆+V(ΣV(−)),

i.e., σV(S
χ(x)) = Sχ(σV(x)) for any R-cohomology class x.

Definition 1.2. For a G-spectrum R, we say an R-cohomology operation is gen-
uine stable if it commutes with σρ, where ρ is the real regular representation of
G.

In the nonequivariant case, when G is the trivial group and R is HF2—the ordinary
cohomology with F2-coefficients, the vector bundle (3.2) can be chosen to be the
tautological line bundle over BΣ2 ≃ RP∞. We recall the graded module structure
on the mod 2 homology of the classifying space:

H∗((BΣ2)+;F2) ∼= F2{b0,b1, . . . },
where bi are generators is degree i. As shown in (4.3), the HF2-Eulerian se-
quences

β[k] = (

k︷ ︸︸ ︷
0, . . . , 0,b0,b1, . . . )

generate the classical k-th Steenrod squaring operation Sqk by Main Theorem 1.
We also show that our framework recovers all classical odd primary Steenrod op-
erations as well as C2-equivariant Steenrod operations, as detailed in (4.3) and
(4.5). In Section 7, we demonstrate the strength of our theory by constructing new
G-equivariant Steenrod operations for all finite group G:

Main Theorem 2. Suppose G is a finite group. Then for every k ∈ N there exist
genuine stable cohomology operations:

SqkρG

λ : H⋆
G(−;F2) H⋆+kρG

G (−;F2)

SqkρG+1 : H⋆
G(−;F2) H⋆+kρG+1

G (−;F2)

where λ ∈ Irr1(G)—the isomorphism classes of 1-dimensional orthogonal G-representation.

When p is an odd prime, there exist genuine stable cohomology operations:

P2ϵkρG

λ : H⋆
G(−;Fp) H⋆+2ϵkρG

G (−;Fp)

P2ϵkρG+1 : H⋆
G(−;Fp) H⋆+2ϵkρG+1

G (−;Fp)
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where k ∈ N, λ ∈ Ĩrr1(G)—the isomorphism classes of complex 1-dimensional
orthogonal G-representation whose character factors through Cp ⊂ S1 ⊂ C×, and

ϵ =

{
(p− 1)/2 if |G| is even
(p− 1) if |G| is odd.

Remark 1.3. When G is the trivial subgroup e in Main Theorem 2, then the
operations Sqkρe

1 , Sqkρe+1, P2ϵkρe

1 , P2ϵρe+1 are the classical Steenrod operations
Sqk, Sqk+1, Pk, βPk in the notation of [Ste62], respectively.

An R-Eulerian sequence χ is a sequence of homology classes. By restricting the
action to a subgroup K ⊂ G, we define its restriction ιK(χ), which is an ιKR-
Eulerian sequence (see (4.25)). The stable ιKR-cohomology operation SιK(χ) is
then the restriction of the Sχ (see (4.29)). From this we notice that the underlying
nonequivariant operations of the equivariant operations from Main Theorem 2 are
precisely the classical Steenrod operations:

Main Theorem 3. Suppose K is a subgroup of a finite group G, and let x ∈
H⋆

G(X;Fp) denote an arbitrary cohomology class for a G-space (or G-spectrum) X.
Then:

(1) When p = 2

(a) ιK∗(Sq
kρG

λ (x)) = Sq
|G/K|kρK

ιKλ (ιK∗(x)).

(b) ιK∗(Sq
kρG+1(x)) = Sq|G/K|kρK+1(ιK∗(x)).

(2) When p is odd

(a) ιK∗(P
2ϵkρG

λ (x)) = P
2ϵ|G/K|kρK

ιKλ (ιK∗(x)).

(b) ιK∗(P
2ϵkρG+1(x)) = P2ϵ|G/K|kρK+1(ιK∗(x)).

Notation 1.4. Given a subgroup K of G, we let N(K) denote the normalizer
subgroup of K, and W(K) = N(K)/K denote the Weyl group of K.

In (4.27), we define geometric fixed-points φK(χ) of an R-Eulerian sequences χ. In
(4.29), we show that the geometric fixed-point of Sχ on a given cohomology class
is equal to SφK

(χ) on the geometric fixed-point of that class. While this result is
satisfying, it does not quite compare the operations introduced in Main Theorem 2
across geometric fixed-point functors. This is because K-geometric fixed-point of
HFp ∈ SpG, denote it by ΦK(HFp), is not equivalent to HFp ∈ SpW(K). However,
HFp is a split summand of ΦK(HFp) as an EW(K)

∞ -ring spectrum. This leads us to
consider a modified K-geometric fixed-point functor:

φ̃K : HG
⋆ (−;Fp) H

W(K)
⋆ (−;Fp).

In (4.30), we define the modified geometric K-fixed-point φ̃K(χ) of an HFp-Eulerian
sequence χ. We summarize the relation between Sχ and Sφ̃K(χ) in (4.33). From
this result we conclude:

Main Theorem 4. Let K be a subgroup of a finite group G. For a G-space (or
G-spectrum) X, let x ∈ H⋆

G(X;Fp) be a cohomology class. Then:
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(1) φ̃K
(
SqkρG

λ (x)
)
= Sq

k|G/N(K)|ρW(K)

λK

(
φ̃K(x)

)
when p = 2

(2) φ̃K
(
P2ϵkρG

λ (x)
)
= P

2ϵk|G/N(K)|ρW(K)

λK

(
φ̃K(x)

)
when p is odd

where it is assumed that SqkρW(K)

λK and P
2ϵkρW(K)

λK are trivial operations when λK = 0.

The operations in Main Theorem 2 are derived from HFp-Eulerian sequences in
the homology of BGΣp. Calculation of HG

⋆ (BGΣp;Fp) is an extremely difficult
problem and is largely unsolved for groups larger than C2. The technical part of
this paper identifies infinite families of homology classes in HG

⋆ (BGΣp;Fp) that are
specifically designed to form HFp-Eulerian sequences. These homology classes can
be tracked along restrictions and geometric fixed-points which leads to the results
in Main Theorem 3 and Main Theorem 4. When G = C2, the homology groups
HC2

⋆ (BC2
Σ2;F2) are fully known [HK01] (also see (3.12) and (4.5)) and we show

that our list of HF2-Eulerian sequences in HC2
⋆ (BC2Σ2;F2) is complete. However,

recent unpublished calculations of HC4
⋆ (BC4Σ2;F2) [Geo] reveal that our list of

HF2-Eulerian sequences for G = C4 is far from complete. Consequently, we do not
expect the cohomology operations of Main Theorem 2 to generate the full set of
G-equivariant Steenrod operations for groups larger than C2.

The structural properties of classical and C2-equivariant Steenrod
operations—namely, the Cartan formula, the Adem relations, and the total squar-
ing operation—make them a potent tool. Given the difficult nature of calculating
HG

⋆ (BGΣp;Fp), our strategy is to pursue an abstract formulation of the Cartan
formula and Adem relations solely through the Eulerian sequence framework. This
will ensure that any new G-equivariant Eulerian sequence that is discovered will
provide direct insight into the structural properties of the G-equivariant Steenrod
algebra.

In (5.8), we establish a generalized Cartan formula for Eulerian sequences that
remains applicable even without a Künneth isomorphism. Furthermore, we develop
the framework for defining Adem relations purely in terms of Eulerian sequences.
Our (4.12) provides a very general definition for Eulerian sequences, which, among
other applications, allows us to define Eulerian sequences in HG

⋆ (BGΣn;Fp) for all
n ∈ N. We refer to these as ρG-stable HFp-Eulerian sequences of weight n, and let
E(n)
G,p denote their collection. We then define a strictly associative product

⊙ : E(n)
G,p × E(m)

G,p E(nm)
G,p

and show that Sχ1⊙χ2 = Sχ1 ◦ Sχ2 (see (6.54)). This product thus realizes the
composition of genuine stable HFp-cohomology operations. The Adem relations
arise from the fact that the map

Σn × Σn Σn ≀ Σn Σn2

and its composition with the twist map on Σn×Σn are conjugates. We are currently
investigating if we can use this fact to describe Adem relations abstractly in terms
of Eulerian sequences avoiding explicit calculations of HG

⋆ (BGΣn;Fp).
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Our theory, which is sensitive to N∞-ring structures, applies to a wide range of
equivariant and nonequivariant cohomology theories. Nonequivariantly, it is appli-
cable to any cohomology theory represented by an E∞-ring spectrum with finite
orientation order (as defined in [BC22]). This includes complex oriented theories
such as HZ, ku and Morava E-theory, along with real K-theory, topological modular
forms, Johnson-Wilson theories and EO-theories. While we do not know if every
stable cohomology operation for an N∞-ring R can be obtained from an R-Eulerian
sequence using Main Theorem 1, this is the case for HFp when G = e and G = C2.
We therefore conjecture:

Conjecture 1.5. The collection of genuine stable ρG-stable cohomology operations

SG,p := {Sχ : χ ∈
⊔
i

E(pi)
G,p }

generate A⋆
G,p for all finite group G at all prime p.

One can formulate a stronger version of this conjecture. First, note that the classical
Steenrod algebra A∗

p and the C2-equivariant Steenrod algebra A⋆
C2,p

are multiplica-
tively generated over the coefficient ring by the stable cohomology operations arising
from E(p)

G,p. This motivates the following question for future investigation:

Question 1.6. Does there exist an n ∈ N such that

SG,p⟨n⟩ := {Sχ : χ ∈
n⊔

i=1

E(pi)
G,p }

generate the algebra A⋆
G,p for all finite group G?

Notation 1.7. Throughout this paper:

• G is a finite group,

• ρG is the regular representation of G (we drop the subscript when the
underlying group is clear from the context),

• τn and τ̃n denote the permutation and the standard representations of Σn

respectively,

• UG denotes the complete G-universe,

• V denotes an orthogonal G-representation which contains the trivial sub-
representation R,

• UG,V denotes the sub G-universe generated by the G-representation V,

• SpG be a category of orthogonal G spectra in the universe UG,

• ιK : SpG −→ SpK will denote the restriction functor for the subgroup K,

• ΦK : SpG −→ SpW(K) denote the geometric fixed point functor for the
subgroup K, where W(K) denotes the Weyl group of K in G,

• RO(G,V) denote the subring of RO(G) generated by UG,V.
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Convention. Throughout this paper, all G-spaces will be assumed to have a base-
point. We denote the reduced Bredon homology and cohomology with coefficients
in the Mackey functor A by

HG
⋆ (−; A) and H⋆

G(−; A),

respectively. Unreduced versions will be indicated by adding a disjoint basepoint.

Acknowledgement This paper have benefitted from conversations with Samik
Basu, Hood Chatham, Bert Guillou, Mike Hill, Tyler Lawson, Ang Li, Guchuan Li,
and Mike Mandell.

This research is supported by NSF grant DMS-2305016.

Organization of the paper In Section 2, we introduce equivariant power oper-
ations. In Section 3, we use orientations of certain equivariant bundles to define
shifted power operations.

In Section 4, we introduce the theory of Eulerian sequences and prove Main The-
orem 1. We also introduce restrictions, geometric fixed-points , and modified geo-
metric fixed-points of Eulerian sequences. We discuss Cartan formula for Eulerian
sequences in Section 5.

In Section 6, we introduce the notion of V-shifted homotopy N∞-rings and use it
define composition of Eulerian sequences.

In Section 7, we identify new HFp-Eulerian sequences and prove Main Theorem 2,
Main Theorem 3, and Main Theorem 4.

2. Power operations associated to N∞ ring spectra
Classical Steenrod operations are constructed from power operations, which are
defined using the E∞-structure of HF2. In equivariant homotopy theory, N∞-
operads generalize their nonequivariant E∞-operad counterparts. First studied in
[BH15], these operads differ from their nonequivariant counterparts in that there
can be multiple distinct homotopy classes for a given finite group G (see [Rub21],
[GW18], [BP21]).

In this section, we first generalize the extended power construction (see (2.3)) to
equivariant settings. We then use the multiplicative N∞-structure of a ring spec-
trum R to define equivariant generalizations of the classical power operations (see
(2.12)). We also study the interaction of equivariant power operations with re-
striction, fixed-points, geometric fixed-points, and modified geometric fixed-points.
First, we recall some standard definitions from equivariant homotopy theory.

Definition 2.1. A collection of subgroups F of a group Γ is called a family if it
is closed with respect to subgroups up to conjugation. We will call a family F of
Γ = G×Π a G-closed family if it contains all subgroups of the form K× {e}.
Notation 2.2. For every family F of Γ, let EF denote the universal Γ-space
satisfying

(EF )H ≃
{

∗ H ∈ F
∅ otherwise.

When F consists of all subgroups G × Π such that its intersection with 1 × Π is
the trivial group, then we use EGΠ to denote EF .
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2.1. Extended powers and power operations

Definition 2.3. Let X be a G-space or a G-spectrum, and let T be a finite Π-set.
For a (G × Π)-family F , the (F ,T)-th extended power of X is defined as the
G-space (or G-spectrum) given by the formula:

DF
T (X) := (EF )+ ∧Π (X∧T)

where the G-action is the diagonal action.

Remark 2.4. When X is a G-spectrum, the object X∧T is regarded as a (G×Π)-
spectrum. The defining feature is that its underlying G-spectrum is genuine, while
its Π-spectrum structure is naive. Specifically, the universe of X∧T is generated
by finite-dimensional orthogonal representations of the form α ⊗ ϵ, where α is a
G-representation and ϵ is a trivial representation of Π.

Since the diagonal map

∆ : EF E(F × F ) EF × EF

is G×Π-equivariant, we get the following lemma.

Lemma 2.5. Given a Π-set T, there exists a G-equivariant natural map

(2.6) �F
T : DF

T (X ∧Y) DF
T (X) ∧DF

T (Y)

for any pair of G-spaces (or G- spectra) X and Y that satisfies the external asso-
ciativity condition. This means that the diagram

(2.7)
DF

T (X ∧Y ∧ Z) DF
T (X ∧Y) ∧DF

T (Z)

DF
T (X ∧Y) ∧DF

T (Z) DF
T (X) ∧DF

T (Y) ∧DF
T (Z)

commutes for any triplet (X,Y,Z).

Proof. The map �F
T , which is defined as the composite map

DF
T (X ∧Y) := EF+ ∧Π (X ∧Y)∧T

(EF × EF )+ ∧Π (X ∧Y)∧T

(EF+ ∧Π X∧T) ∧ (EF+ ∧Π Y∧T) =: DF
T (X) ∧DF

T (Y),

∆∧ΠId

satisfies (2.7) as the diagonal map ∆ satisfies an external associativity condition. □

Notation 2.8. Suppose O is an N∞-operad. Let Fn(O) denote the G-closed
family of G× Σn such that EFn(O) is equivalent to O(n), the n-th space of O.

The collection {Fn(O)}n∈N must satisfy certain compatibility criteria, which gives
rise to the operadic structure maps of O:

(2.9) µ : O(k)× (O(n1)× · · · × O(nk)) O(n1 + · · ·+ nk),
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where O(i) denotes the i-th space of O. This compatibility is encoded using a sym-
metric monoidal coefficient system C(O), called the indexing system of O.

Notation 2.10. Let n denote the set {1, 2, . . . , n} on which Σn acts by permutation.
For an N∞ G-operad O, we will use the abbreviation DO

n (X) := D
Fn(O)
n (X).

Let R ∈ SpG be a spectrum. We call R an N∞-ring if it is an algebra over
some N∞G-operad O. By definition, an O-algebra R ∈ SpG is equipped with a
compatible family of G-equivariant structure maps:

θRn : DO
n (R) R

for each n ∈ N.

Given a group homomorphism κ : Π −→ Σn, one obtains a G × Π-family (1 ×
κ)∗(Fn(O)) by pulling back the G × Σn-family Fn(O) along the map 1 × κ. For
any sub-family F of (1× κ)∗(Fn(O)), we define a composite map

(2.11) θRF ,κ : DF
κ∗n(R) DO

n (R) R,
θR
n

whose initial map is induced by the sequence of maps

EF E((1× κ)∗Fn(O)) EFn(O)

combined with the Π-equivariant map R∧κ∗n −→ R∧n.

Definition 2.12. Let O be an N∞ G-operad, κ : Π → Σn denote a group homo-
morphism and F be a sub-family of the G×Π-family (1× κ)∗(Fn(O)). Then the
F -th power operation of an O-ring R is the natural map

PF : R0(−) R0(DF
κ∗n(−))

which sends x : X → R to the composite

(2.13) PF (x) : DF
κ∗n(X) DF

κ∗n(R) R
DF

κ∗n(x) θR
F,κ

in Ho(SpG).

2.2. Restrictions and fixed points of power operations

Suppose F is a G-closed family of G×Π and K a subgroup of G. The restriction
of F to K, defined as

ιKF := {F ∩ (K×Π) : F ∈ F}
is an K-closed family of K×Π. The K-fixed point family of F is given by

FK := {(F ∩ (N(K)×Π)) /(K× {1}) : K× {1} ⊂ F ∈ F}
and is a W(K)-closed family. These constructions lead to the following equiva-
lences:

– E(ιKF ) ≃ ιK(EF ) as (K×Π)-spaces.

– (EF )K ≃ E(FK) as W(K)×Π-spaces.

Therefore, for an N∞ G-operad O, the collections
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– ιKO := {ιKO(n)}n∈N

– OK := {O(n)K}n∈N

form an N∞ K-operad and an N∞ W(K)-operad, respectively.

Suppose R is an O-ring in SpG. Then its restriction ιKR is an ιKO-ring in SpK
with structure maps

θιKR
n : DιKO

n (ιKR) ∼= ιKD
O
n (R) ιKR,

ιK(θR
n )

and its K-fixed points RK is an OK-ring in SpW(K) with structure maps

θR
K

n : DOK

n (RK) DO
n (R)

K RK,λ (θR
n )K

where n ∈ N and λ is the map defined in (2.15).

Remark 2.14. For any space with an action of K × Σn its Σn-orbits of K-fixed
points is a subspace of K-fixed points of Σn-orbits. Thus, there is a natural map of
the form

(2.15) λ : DFK

n ([−]K) [DF
n (−)]K

in T opW(K)
∗ . This natural map extends to SpG because the K-fixed points functor

is lax monoidal.

Notation 2.16. For x ∈ R0
G(X) ∼= [X,R]G, let

ιK∗(x) : ιKX ιKR ∈ R0
K(ιKX) = [ιKX, ιKR]

K

denote the restriction of x to the subgroup K, and

xK : XK RK ∈ (RK)0W(K)(X
K)

is the map induced by x on K-fixed points.

Assumption 1. Let

• O be an N∞-operad,

• R an O-ring,

• κ : Π → Σn a group homomorphism, and

• F a sub (G×Π)-family of (1× κ)∗Fn(O).

Lemma 2.17. Suppose R, κ, F are as in Assumption 1 and K be a subgroup of
G. Then for any X ∈ SpG and x ∈ R0

G(X)

(1) ιK∗(PF (x)) = PιKF (ιK∗(x)),

(2) λ∗(PF (x)K) = PFK

(xK),

where λ is the natural map of (2.14).

Proof. The claim (1) follows from the fact that there is a natural equivalence

DιKF
κ∗n (ιK(−)) ιK

(
DF

κ∗n(−)
)
.≃
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Whereas, (2) follows from the naturality of λ (see (2.14)) in that we have a com-
mutative diagram

(2.18)
DFK

κ∗n(X
K) DFK

κ∗n(R
K)

DF
κ∗n(X)K DF

κ∗n(R)
K RK

λ

DFK

κ∗n (x
K)

λ
θRK

FK,κ

DF
κ∗n(x)

K (θR
F,κ)

K

in which the composition of red arrows represents λ∗(PF (x)K) and the composition
of blue arrows represents PFK

(xK). □

2.3. Power operations and geometric fixed-points.

In equivariant homotopy theory, the K-fixed points functor does not commute with
Σ∞

G : T opG∗ → SpG and the error term is explained by the tom Dieck splitting.
One of the summands of (Σ∞

G X)K is defined using the K-geometric fixed point
functor

ΦK : SpG SpW(K),

which is given by the formula (also see (2.19))

ΦK(R) :=
(
ẼPK ∧ ιN(K)R

)K

,

where PK is the N(K)-family consisting of those subgroups which do not contain
K. The functor ΦK is a symmetric monoidal functor and commutes with Σ∞

G ,
i.e.,

ΦK(Σ∞
G X) ≃ Σ∞

W(K)(X
K)

for any G-space X.

Notation 2.19. Let ẼF denote the cofiber of the G-equivariant map EF+ −→ S0.

Notation 2.20. For x ∈ R0
G(X) ∼= [X,R]G, let

φK(x) : ΦK(X) ΦK(R) ∈ [ΦK(X),ΦK(R)]W(K)

denote the map induced by x on the geometric fixed points with respect to K.

Using the connecting map S0 −→ ẼPK one gets a lax monoidal natural transfor-
mation (see [BH15, Appendix B])

(2.21) ηK : (−)K ΦK(−)

from the K-fixed point functor to the K-geometric fixed point functor. Conse-
quently, for any family F of G × Π and Π-set T, we have a commutative dia-
gram

(2.22)
DFK

T ((−)K) (DF
T (−))K

DFK

T (ΦK(−)) ΦK(DF
T (−)),

DFK

n (ηK)

λ

ηK

λ̂
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in Ho(SpW(K)), where the map λ̂ is the map defined using λ and the fact that

ẼPK ∧ ẼPK is equivalent to ẼPK.

When R is an O-ring in SpG then ΦK(R) is an OK-ring with structure maps

θ
ΦK(R)
n : DOK

n (ΦK(R)) ΦK(DO
n (R)) ΦK(R),λ̂ φK(θR

n )

and ηK of (2.21) is a map of OK-rings. Thus, we get the following result.

Lemma 2.23. Suppose R, κ, F are as in Assumption 1 and K be a subgroup of
G. Then, for X ∈ SpG and x ∈ R0

G(X)

(1) λ̂∗
(
φK

(
PF (x)

))
= PFK (

φK(x)
)

(2) DFK

n (ηK)∗

(
PFK

(xK)
)
= PFK

(ηK∗(x
K)) = PFK

(φK(x)).

Proof. It is easy to check the commutativity of the diagram

R0
G(X) R0

G(D
F
κ∗n(X))

(RK)0W(K)(X
K) (RK)0W(K)(D

FK

κ∗n(X
K)) (RK)0W(K)(D

F
κ∗n(X)K)

(ΦKR)0W(K)(Φ
K(X)) (ΦKR)0W(K)(D

FK

κ∗n(Φ
KX)) (ΦKR)0W(K)(D

F
κ∗n(X)K).

φK( )

( )K

PF

( )K

φK( )

ηK∗

PFK

DFK

n (ηK)∗

λ∗

ηK∗

PFK
λ̂∗

Then (1) follows from the commutativity of the outer square and (2) follows from
the commutativity of the lower left square. □

Notation 2.24. We call a G-operad O an EG
∞-operad if its n-th space is equivalent

to EGΣn, the total space of the universal principal G-equivariant Σn-bundle. By
definition

EGΣn := EAℓℓn,

where Aℓℓn is the G-family consisting of all subgroups of Γ of G × Σn whose
intersection with Σn is trivial.

In this paper, we consider the special case when R = HFp, which is an EG
∞-ring in

SpG. For a subgroup K ⊂ G, the K-fixed points of HFp is HFp at the Weyl group
W(K), however, the K-geometric fixed points need not be Eilenberg MacLane1.
Nevertheless, there exists an EW(K)

∞ -ring map

π : ΦK(HFp) HFp,

as the zeroth Postnikov tower is a lax monoidal functor. Consequently, the power
operations (as in (2.12)) commute with the “modified” K-geometric fixed point

1When G = C2 then ΦC2 (HF2) ≃
∨

n∈N ΣnHF2 (see [HK01]).
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functor

(2.25) φ̃K : H⋆
G(−;F2) H⋆

W(K)(Φ
K(−);F2)

which sends a class x to φ̃K(x) := π∗φK(x):

Lemma 2.26. Suppose R, κ, F are as in Assumption 1 and K be a subgroup of
G. Then

λ̂∗
(
PFK

(φ̃K(x))
)
= φ̃K

(
PF (x)

)
for any x ∈ H0

G(X;Fp), where X ∈ SpG.

3. Equivariant orientations and shifted power operations
In nonequivariant stable homotopy theory, shifted power operations are a feature
of the Hd

∞-ring structures introduced in [BMMS86]. The main purpose of this
section is twofold: first, to generalize this concept to the equivariant setting, and
second, to extend (2.12) to define power operations on classes in nonzero degrees.
As demonstrated in [BMMS86, VII], an Hd

∞-structure is equivalent to existence of
a certain compatible family of orientations. To develop the equivariant analog of
these results, we consider the following equivariant bundles:

Notation 3.1. Given an N∞ G-operad O, a group homomorphism κ : Π → Σn

and a sub-family F of (1× κ)∗Fn(O), define the G-equivariant vector bundle:

(3.2) γF
V :=

(EF )×Π (V ⊗ κ∗τn)

BF := (EF )×Π 0

where V is a finite dimensional real G-representation and τn is the permutation
representation of Σn, i.e., the orthogonal Σn-representation generated by the set
n = {1, . . . , n}.

Remark 3.3. The (F , κ∗n)-th extended power (as in (2.3)) of the representation
sphere SkV is G-equivariantly homeomorphic to the Thom space of the bundle

γF
kV

∼= γF
V ⊕ · · · ⊕ γF

V︸ ︷︷ ︸
k-fold

,

the k-fold direct sum of γF
V . In other words,

DF
κ∗n(S

kV) ∼= Th(γF
kV)

for all k ∈ N.

Remark 3.4. In this section, we examine the relationship between the shifted
power operations across restriction and geometric fixed-point functors. Our com-
parison result, (3.8), hinges on the fact that the restriction and the geometric fixed-
point functors on the category of G-spectra are strictly monoidal. Consequently,
our arguments do not compare these shifted power operations across categorical
fixed-point functors, as they are not strictly monoidal functors.

Assumption 2. Suppose R, κ, F are as in Assumption 1 such that γF
V is R-

orientable.
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If γF
kV is R-orientable in the sense of [BZ24, Definition 2.26], then an R-Thom class

exists:

(3.5) ukV ∈ RnkV(Th(γF
kV)).

We utilize this class to extend (2.12) in the following manner.

Definition 3.6. Under Assumption 2, define the F -th power operation of R as
the natural map

PF
V : RkV(−) RnkV(DF

κ∗n(−))

which sends x : X → ΣkVR to the composite
(3.7)

DF
κ∗n(X) DF

κ∗n(Σ
kVR)

DF
κ∗n(S

kV) ∧DF
κ∗n(R) Th(γF

kV) ∧DF
κ∗n(R)

ΣnkVR ∧ R ΣnkVR

DF
κ∗n(x)

�κ∗n

∼=
ukV∧θR

F,κ

µR

in Ho(SpG) for all k ∈ N.

Theorem 3.8. The F -th power operation of (3.6) satisfies

(1) PιKF
ιKV (ιK(x)) = ιK(PF

V (x))

(2) PFK

VK (φK(x)) = λ̂∗(φK(PF
V (x)))

for any subgroup K ⊂ G.

Proof. Since the restriction of a R-Thom class of γF
V is an ιK(R)-Thom class of

γιKF
ιKV

uιKV = ιK∗(uV),

statement (1) follows simply from applying the restriction functor.

To prove statement (2) we first observe that the geometric K-fixed points of an
R-Thom class of γF

V composed with

λ̂ : Σ∞
W(K)D

FK

κ∗n(S
kVK

) ΦK
(
Σ∞

G DF
κ∗n(S

kV)
)

Σ∞
W(K) Th(γ

FK

VK ) ΦK(Σ∞
G Th(γF

V ))

∼= ∼=
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is an ΦK(R)-Thom class of γFK

VK . Then we have a homotopy commutative diagram

DFK

κ∗n(Φ
K(X)) ΦK(DF

κ∗n(X))

DFK

κ∗n(Φ
K(ΣkVR)) ΦK(DF

κ∗n(Σ
kVR))

DFK

κ∗n(S
kVK

) ∧DFK

κ∗n(Φ
K(R)) ΦK(DF

κ∗n(S
kV)) ∧ ΦK(DF

κ∗n(R))

Th(γFK

VK ) ∧DFK

κ∗n(Φ
K(R)) ΦK(Th(γF

V )) ∧ ΦK(DF
κ∗n(R))

ΣkVK

ΦK(R) ∧ ΦK(R) ΣkVK

ΦK(R) ∧ ΦK(R)

ΣkVK

ΦK(R) ΣkVK

ΦK(R)

λ̂

DFK

κ∗n (φ
K(x)) φK(DF

κ∗n(x))

�FK

κ∗n

λ̂

φK(�F
κ∗n)

λ̂∧λ̂

∼= ∼=

λ̂∗φK(uV)∧θΦK(R)
n

φK(uV)∧φK(θR
n )

µΦK(R) µΦK(R)

using the naturality of λ̂, �FK

κ∗n and �F
κ∗n (defined in (2.6)), as well as the strong

symmetric monoidal property of ΦK. Now observe that the composition of the blue
arrows and the red arrows represent the left hand side and the right hand side of
(2) respectively. Hence, the result. □

Consider a G-space X as a G × Π-space with the trivial action of Π. Then the
diagonal

∆ : X X∧T

is (G×Π)-equivariant for any finite Π-set T, and it induces the following map:

(3.9) δ : BF ×X ≃ EF+ ∧Π X EF+ ∧Π X∧T ≃ DF
T (X).

1EF+
∧Π(∆)

(specifically, under the conditions of Assumption 2), we use the induced map δ to
obtain a class

δ∗PF
kV(x) ∈ RnkV

G (BF ×X)+

which is crucial to the construction of Steenrod operations.

3.1. Known examples of equivariant Steenrod operations

Steenrod operations have been constructed nonequivariantly for HFp-cohomology
for all primes [Ste62], and for HF2-cohomology when G = C2 [HK01, Voe03].

We begin by discussing the case p = 2. In the following discussion, we simplify our
notation by letting

P : HkρG

G (−;F2) H2kρG

G (DAℓℓ2
2 (−);F2)

denote the Aℓℓ2-th power operation for all k ∈ N.

When G is trivial, the coefficient ring is the field F2, and we therefore have a
Künneth isomorphism. Consequently, for any X ∈ T op

(3.10) H∗((BΣ2 ×X)+;F2) ∼= H∗(X)Je1K,
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where e1 ∈ H1(BΣ2;F2) is the HF2-Euler class of the tautological line bundle.
Under the identification (3.10), we have the formula

(3.11) δ∗P(x) =

k∑
i=0

Sqi(x)ek−i
1

which defines the classical Steenrod operations.

When G = C2, the coefficient ring MC2
2 := πC2

⋆ (HF2) is not a field. Therefore, a
Künneth isomorphism should not be expected to hold in general. However, Hu and
Kriz [HK01] showed that

(3.12) H⋆
C2

((BGΣ2)+;F2)
∼= MC2

2 Jy, eρK/(y2 = ay + ueρ),

where eρ is the HF2-Euler class of a ρ-dimensional C2-equivariant vector bundle
γ as in [BGL22, pg 17] (also see (4.8)), and a and u are specific elements in the
coefficient ring. Importantly, H⋆

C2
(BGΣ2;F2) is free as over MC2

2 , and there is a
Künneth isomorphism. Under this isomorphism, we have the formula:

(3.13) δ∗P(x) =

k∑
i=0

Sq2i(x)ek−i
ρ +

k−1∑
i=0

Sq2i+1(x)yek−i−1
ρ

for any x in degree kρ. This formula defines the C2-equivariant Steenrod operations
[BGL22, §3].

Remark 3.14. The above definition of C2-equivariant Steenrod operations may
not generalize to an arbitrary group G because the Künneth map

(3.15) K : R⋆
G(BF+)⊗πG

⋆ R R⋆
G(X+) R⋆

G(BF+ ∧X+)

is not always an isomorphism2. In Section 4, we will introduce the theory of Eulerian
sequence to circumvent this failure of the Künneth map to be an isomorphism.

In the classical case, i.e., when G is the trivial group, Epstein and Steenrod (see
[Ste62, Chapter VII]) use the inclusion of Π = Cp

(3.16) κ : Cp Σp

to identify odd primary Steenrod operations. In this case, they consider the power
operation Pκ∗Aℓℓp

k(p−1) , which will be denote by

P : H
k(p−1)
G (−;Fp) H

pk(p−1)
G (D

κ∗Aℓℓp
κ∗p (−);Fp)

for all k ∈ N to alleviate notation. Note that

H∗((BCp)+;Fp) ∼= ΛFp
(y)JuK,

where |y| = 1 and |u| = 2. Then they utilize the Künneth isomorphism to note
that
(3.17)

ν(k(p− 1)) δ∗P(x) =

k∑
i=0

(−1)iPi(x)u(k−i)(p−1) +

k−1∑
i=0

(−1)iβPi(x)yu(k−i)(p−1)−1

2In the unpublished work [Geo], Nick Georgakopoulus showed that the RO(C4)-graded coho-
mology of BC4

Σ2 is not free over its coefficient ring.
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where x ∈ Hk(p−1)(X+;Fp), β is the Bockstein homomorphism, and

ν(q) =

((
p− 1

2

)
!

)q

(−1)(p−1)(q2+q)/4.

The above equation can be used to define mod p Steenrod operations.

Remark 3.18. If x is a cohomology class in a degree which is not a multiple of
p− 1 then one can use the suspension isomorphism

(3.19) σ : H∗(X+;Fp) ∼= H∗+1(ΣX+;Fp)

to define the mod p Steenrod operations on x

βϵPi(x) = σ−n(βϵPi(σn(x))),

where n is a positive integer such that n + |x| is a multiple of p − 1. This is well-
defined as Epstein and Steenrod have shown that the mod p Steenrod operations are
stable, i.e., the operations Pi and β commutes with the suspension isomorphism.

Remark 3.20. It is possible to define odd primary Steenrod operations using the
power operation

P := PAℓℓp
k(p−1) : H

k(p−1)
G (−;F2) H

pk(p−1)
G (D

Aℓℓp
p (−);F2)

avoiding the group homomorphism κ of (3.16). To see this we first note that the
map

Bκ∗ : H∗((BΣp)+;Fp) ∼= ΛFp
(v)JeK H∗((BCp)+;Fp)

sends v 7→ yup−2 and e 7→ up−1, and therefore,

(3.21) ν(k(p− 1)) δ∗P(x) =

k∑
i=0

(−1)iPi(x)e(k−i) +

k−1∑
i=0

(−1)iβPi(x)vek−i−1

for any x in degree k(p− 1).

4. Eulerian sequences and stable cohomology operations
In this section, we introduce the concept of Eulerian sequences. These sequences
are designed to resolve the problem posed in (3.14)—the definition of Steenrod op-
erations in the absence of a Künneth isomorphism. We then prove the fundamental
result of this paper, (4.18), which establishes that a stable cohomology operation
exists corresponding to every such sequence.

To motivate this definition, we first observe that the known Steenrod operations
(described in Section 3.1) can be defined using the slant product (see (4.3) and
(4.5) below), thereby avoiding the need for a Künneth isomorphism

Notation 4.1. For any R ∈ SpG, define the RO(G)-graded slant product as
the pairing

(4.2) ( )|( ) : R
W
G (BF+ ∧X)⊗ RG

V(BF+) RV−W
G (X),

where x|b is the homotopy class of the composite

x|b : SV ∧X R ∧ BF+ ∧X R ∧ ΣWR ΣWR
b∧1X 1R∧x ΣWµR
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for any x ∈ RW
G (BF+ ∧X) and b ∈ RG

V(BF+).

Remark 4.3. In the classical case, we note that the Steenrod squaring operations
(as in (3.11)) can be equivalently defined as

(4.4) Sqi(x) := δ∗P(x)|bk−i

whenever |x| = k, where bk−i ∈ Hk−i((BΣ2)+;F2) is the class dual to ek−i
1 ∈

Hk−i((BΣ2)+;F2). Likewise, at an odd prime p, one may also define Pi of (3.17)
using the slant product:

Pi(x) := (−1)iν(k(p− 1)) δ∗P(x)|bk−i

βPi(x) := (−1)iν(k(p− 1)) δ∗P(x)|ck−i

whenever |x| = k(p − 1), where bk−i, ck−i ∈ H∗((BΣp)+;Fp) are elements which
satisfy

⟨u(k−i)(p−1),bk−i⟩ = 1 = ⟨yu(k−i)(p−1)−1, ck−i⟩
where ⟨ , ⟩ is the Kronecker product [Ada95, III.9].

Remark 4.5. Note that HF2-homology and HF2-cohomology of BC2Σ2 are MC2
2 -

linear dual to each other, as they are free over the coefficient ring MC2
2 . Let

bkρ, ckρ+σ ∈ HC2
⋆ ((BC2

Σ2)+;F2)

denote the elements MC2
2 -linear dual to ekρ and yekρ (described in (3.12)), respec-

tively. Then the C2-equivariant Steenrod operations of (3.13) can be defined as

Sq2i(x) := δ∗P(x)|b(k−i)ρ
and Sq2i+1(x) := δ∗P(x)|c(k−i)ρ+σ

whenever |x| = kρ.

Notation 4.6. For a ring spectrum R ∈ SpG, the RO(G)-graded cap product

− ⌢ − : RG
W(X)× RV

G(X) RG
W−V(X)

is defined for any G-space X by sending the pair b ∈ RG
W(X) and e ∈ RV

G(X) to the
composite

SW X ∧ R X ∧X ∧ R X ∧ ΣVR ∧ R ΣVX ∧ R,b ∆∧1R 1X∧e∧1R 1X∧µR

where ∆ is the diagonal map of X.

Note, in (4.4), the definition of the i-th Steenrod operation depends on the degree
of the class x. Thus one may ask why the Steenrod squaring operations are stable,
i.e.,

σ(δ∗P(x)|bk−i
) = σ(Sqi(x)) = Sqi(σ(x)) = δ∗P(σ(x))|bk+1−i

where σ is the suspension isomorphism of (3.19). We observe that this is a conse-
quence of the relation

bk+1 ⌢ e1 = bk,

where ‘⌢’ denotes the cap product and e1 is the Euler class of the tautological line
bundle over BΣ2 ≃ RP∞. This leads us to the notion of Eulerian sequences.
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4.1. The theory of Eulerian sequences

A G-equivariant Eulerian sequence is defined using an Euler class of certain G-
equivariant vector bundles. To describe these bundles consider τn—the orthogonal
permutation representation of Σn (see (3.1)), and let τ̃n denote the orthogonal
complement of the 1-dimensional trivial subrepresentation of τn (spanned by the
sum of all elements in n).

For any finite orthogonal G-representation V, let γ̃F
V denote the (n−1)V-dimensional

G-equivariant vector bundle

(4.7) γ̃F
V :=

(EF )×Π (V ⊗ κ∗τ̃n)

BF .

Note that γ̃F
V ⊕ ϵV ∼= γF

V , and consequently, ΣV Th(γ̃F
V ) ≃ Th(γF

V ).

Remark 4.8. Recall the G-closed family Aℓℓn of G × Σn from (2.24). When G
is the trivial group, then γ̃Aℓℓ2

ρ is the tautological line bundle over BΣ2. When
G = C2, γ̃Aℓℓ2

ρ is the ρ-dimensional bundle γ described in [BGL22], which is used
in the construction of the C2-equivariant Steenrod operations.

Notation 4.9. Let R ∈ SpG be a ring spectrum. If γ̃F
ρ admits and is equipped

with an R-orientation (in the sense of [BZ24]), then we let

ũV ∈ R
(n−1)V
G (Th(γ̃F

V ))

denote the corresponding R-Thom class. Let

ζ : BF+ Th(γ̃F
V )

denote the zero section of the G-equivariant vector bundle γ̃F
V . When γ̃F

V is R-
orientable then its R-Euler class

(4.10) ẽV := ζ∗(ũV) ∈ R
(n−1)V
G (BF+)

is the pullback of its R-Thom class along the zero section.

Remark 4.11. If γ̃F
ρ is R-orientable, then γF

V
∼= γ̃F

V ⊕ ϵV is also R-orientable,
and we set

uV := σV(ũV)

as the R-Thom class of γF
V in (3.5).

Definition 4.12. Suppose R, κ,O,F be as in Assumption 2. Then a V-stable
R-Eulerian sequence is a sequence

χ = (x0, x1, . . . )

such that

• |xi| ∈ RO(G,V) is non-virtual for all i ∈ N,

• xi+1 ⌢ ẽV = xi,

• x0 ⌢ ẽV = 0,
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where ẽV is an R-Euler class of γ̃F
V . Since ẽV has degree (n− 1)V

∥χ∥ := t(n− 1)V − |xt| ∈ RO(G,V)

is independent of t. We call ∥χ∥ the degree of χ, and n the weight of χ.

Remark 4.13. The requirement that |xi| is required to define composition of Euler-
ian sequences (see (6.48)).

Notation 4.14. For a G-representation V and R ∈ SpG, let

σV : R⋆
G(−) R⋆+V

G (ΣV(−))
∼=

denote the V-th suspension isomorphism. We will simply use σ when V is the
1-dimensional trivial representation.

Definition 4.15. Given a V-stable R-Eulerian sequence χ := (x0, x1, . . . ) of weight
n, define the RO(G,V)-graded χ-th Steenrod operation

Sχ : R⋆
G(−) R

⋆+∥χ∥
G (−)

as follows:

• If x ∈ RtV
G (X) where X is a G-space , t ∈ N, then let

(4.16) Sχ(x) := δ∗PF
tV(x)|xt .

• If x ∈ RW
G (X) for some W ⊂

finite
UG,V, then choose W′ such that W⊕W′ = tṼ

for some t ∈ N and define

(4.17) Sχ(x) := σ−1
W′S

χ(σW′(x)).

Our next result, (4.18), demonstrates that the operation Sχ commutes with the
V-th suspension σV. This simultaneously implies two key points:

- the equation (4.17) is well-defined, i.e., independent of the choice of W′,

- the operation Sχ is stable in the universe UG,V, and therefore extends to
classes of degrees contained in RO(G,V).

Theorem 4.18. Let X be a G-space and let R, κ,O,F be as in Assumption 2.
Given a V-stable R-Eulerian sequence

χ = (x0, x1, . . . ),

the χ-th Steenrod operation defined in (4.16) satisfies the naturality condition with
respect to suspension:

Sχ(σV(x)) = σV(S
χ(x))

for any x ∈ RtV
G (X) for any t ∈ N.

Proof. Consider the diagram (4.20) in which the map

(1) is the composition

S|xt+1| ∧ ΣVX Σ(n−1)VBF+ ∧ R ∧ ΣX

ΣnVBF+ ∧X ∧ R,

σ(n−1)V(xt∧1ΣV)

∼=
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(2) is the composition

S|xt+1| BF+ ∧ R ∧ ΣVX BF+ ∧ ΣVX ∧ R,
xt+1∧1ΣVX ∼=

(3) is induced by the diagonal map ∆ : BF −→ BF × BF ,

(4) is 1BF+ ∧ ẽV ∧ 1ΣVX∧R,

(5) is induced by the multiplication of R,

(6) is the natural map δ of (3.9),

(7) is the composition

BF+ ∧ BF+ ∧ ΣVX ∧ R

(BF+ ∧ SV) ∧ (BF+ ∧X) ∧ R DF
κ∗n(S

V) ∧DF
κ∗n(X) ∧ R,

∼=

δ∧δ∧1R

(8) is the composition

BF+ ∧ Σ(n−1)VR ∧ ΣVX ∧ R

ΣnVR ∧ (BF+ ∧X) ∧ R ΣnVR ∧DF
κ∗n(X) ∧ R,

∼=
σnV(1R∧δ∧1R)

(9) is σnV(δ ∧ 1R),

(10) is �F
κ∗n ∧ 1R,

(11) is σV(ũV) ∧ 1DF
κ∗n

(X) ∧ 1R,

(12) is induced by the multiplication of R,

(13) is DF
κ∗n(σV(x)) ∧ 1R,

(14) is 1DF
κ∗n

(SV) ∧DF
κ∗n(x) ∧ 1R,

(15) is σnV(1R ∧DF
κ∗n(x) ∧ 1R),

(16) is σnV(D
F
κ∗n(x) ∧ 1R),

(17) is �F
κ∗n ∧ 1R,

(18) is σV(ũV) ∧ 1DF
κ∗n

(ΣtVR) ∧ 1R,

(19) is induced by the multiplication of R,

(20) is �F
κ∗n ∧ 1R,

(21) is 1DF
κ∗n

(SV) ∧ �F
κ∗n ∧ 1R,

(22) is σnV(1R ∧ ∂F
κ∗n ∧ 1R),

(23) is σnV(∂
F
κ∗n ∧ 1R),

(24) is �F
κ∗n ∧ 1DF

κ∗n
∧ 1R,



22

(25) is σV(ũV) ∧ 1DF
κ∗n

(StV) ∧ 1DF
κ∗n

(R) ∧ 1R,

(26) is induced by the multiplication of R,

(27) is σ(t+1)V(ũ(t+1)V) ∧ θRF ,κ ∧ 1R,

(28) is σV(ũV) ∧ σtV(ũtV) ∧ θRF ,κ ∧ 1R,

(29) is σnV(1R ∧ σtV(ũtV) ∧ θRF ,κ ∧ 1R),

(30) is σnV(σtV(ũtV) ∧ θRF ,κ ∧ 1R),

(31) is induced by the multiplication of R,

(32) is induced by the multiplication of R.

We will now argue that (4.20) commutes up to homotopy by showing that squares
(S1) through (S16) commutes up to homotopy.

The square (S1) commutes because xt+1 ⌢ ẽV = xt. The square (S2) commutes
as the definition of the map �F

κ∗n involves the diagonal map of BF . The square
(S3) commutes because the map

δ : BF+ ∧ SV −→ DF
κ∗n(S

V) ≃ ΣV Th(γ̃V)

is equivalent to σV(ζ), where ζ is the zero section of γ̃V, and the fact that ẽV =
ζ∗(ũV).

The squares (S5), (S8), (9), (10) commutes from the naturality of �F
κ∗n. The

square (S11) commutes because ũ(t+1)V = ω∗(ũV × ũtV) (see (5.1)) as
(4.19)

Th(γ̃F
(t+1)V) Σ(t+1)(n−1)VR

Th(γ̃F
V ) ∧ Th(γ̃F

tV) Σ(n−1)VR ∧ Σt(n−1)VR Σ(t+1)(n−1)VR,

ω

ũ(t+1)V

ũV∧ũtV

ũV×ũtV

µR

where ω is the natural map from the Thom space of the Whitney sum to Thom
space of the product of two vector bundles. The remaining squares, i.e. (S4), (S4),
(S6), (S7), (S12), (S13), (S14), (S15), (S16) commutes trivially.
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Therefore, the class represented by the composition of blue arrows in (4.20)

[(34) ◦ (27) ◦ (20) ◦ (13) ◦ (6) ◦ (2)] = Sχ(σV(x)) ∈ R
tV+∥χ∥
G (X)

must equal the class represented by the composition of red arrows

[(36) ◦ (30) ◦ (23) ◦ (16) ◦ (9) ◦ (1)] = σV(S
χ(x)) ∈ R

tV+∥χ∥
G (X),

and hence, the result. □

Remark 4.21. Observe that if χ is a V-stable R-Eulerian sequence then its k-th
shift

χ[k] = (

k-fold︷ ︸︸ ︷
0, . . . , 0, x0, x1, x2, . . . )

is also a V-stable R-Eulerian sequence. Note that

∥χ[k]∥ = ∥χ∥+ k(n− 1)V

if χ has weight n.

Example 4.22. In the classical case H∗((BΣ2)+;F2) = F2{b0,b1,b2, . . . }, where
bi is the element dual to ei1 as in (4.3). Then

β = (b0,b1, . . . )

and its shifts accounts for all HF2-stable Eulerian sequences of weight 2. It follows
form (4.3) that Sβ[k] = Sqk for all k ∈ N.

Example 4.23. When G = C2, let

biρ, ciρ+σ ∈ HC2
⋆ ((BC2

Σ2)+;F2)

be the generators discussed in (4.5). Then
β = (b0,bρ,b2ρ, . . . )

ζ = (0, cσ, cρ+σ, . . . )

and their shifts are ρ-stable Eulerian sequence of weight 2 such that

Sβ[k] = Sq2k and Sζ[k] = Sq2k+1

for all k ∈ N.

Remark 4.24. Given an V-stable R-Eulerian sequence χ = (x0, x1, x2, . . . ) of
weight n, we get a kV-stable R-Eulerian sequence

tk(χ) = (x0, xk, x2k, . . . )

of weight n. This is because

• ẽkV = ẽV ⌣ · · · ⌣ ẽV︸ ︷︷ ︸
k

is an R-Euler class of γ̃F
kV = (γ̃F

V )⊕k, and,

• x(i+1)k ⌢ ẽkV = xik.

It follows immediately from (4.18) that Sχ = Stkχ.
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4.2. Restrictions and geometric fixed points of Eulerian sequences

Suppose K ⊂ G. The cap product (as in (4.6)) is well-behaved with restrictions
and fixed points:

• ιK∗(x ⌢ e) = ιK∗(x) ⌢ ιK∗(e)

• φK(x ⌢ e) = φK(x) ⌢ φK(e).

Definition 4.25. Suppose χ = (x0, x1, x2, . . . ), where xi ∈ RG
⋆ (BF+), is a V-stable

R-Eulerian sequence. Then ιK∗xi ∈ RG
⋆ (BιKF+), and

ιK(χ) := (ιK∗x0, ιK∗x1, ιK∗x2, . . . )

is a ιKV-stable ιKR-Eulerian sequence, which we will call the restriction of χ to
the subgroup K.

Defining the geometric fixed points of an Eulerian sequence is somewhat subtle as
the natural map

λ̂ : B(FK)+ (BF )K+

is not generally an equivalence. However, B(FK) is a path component of BFK

[LM86, Theorem 10] (also see [BZ24, Theorem 2.13]). Therefore, there exists a
natural collapse map

(4.26) c : (BF )K+ −→ B(FK)+

which is identity on B(FK) and maps the elements from other components to the
disjoint basepoint. Moreover, an argument similar to [BZ24, Lemma 2.18] reveals
that the pullback of the the K-fixed point of the bundle γ̃F

V along λ̂ is isomorphic
to γ̃FK

VK :

λ̂∗
(
(γ̃F

V )K
) ∼= γ̃FK

VK

Consequently, λ̂∗(ẽV) (where ẽV as defined in (4.10)) is an ΦK(R)-Euler class of
γ̃FK

V . This motivates the following definition:

Definition 4.27. Suppose χ = (x0, x1, x2, . . . ), where xi ∈ RG
⋆ (BF+), is a V-stable

R-Eulerian sequence. Then c∗φ
K(xi) ∈ R

W(K)
⋆ (BFK

+ ) and

φK(χ) := (c∗φ
K(x0), c∗φ

K(x1), c∗φ
K(x2), . . . )

is a VK-stable ΦK(R)-Eulerian sequence, which we will call the K-geometric fixed
points of χ.

The fact that φK(χ) in (4.27) is a VK-stable ΦK(R)-Eulerian sequence follows
from:

Lemma 4.28. Suppose x ∈ RG
⋆ (BF+) and e ∈ R⋆

G(BF+), then

c∗φ
K(x) ⌢ λ̂∗(e) = c∗φ

K(x ⌢ e).
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Proof. The result follows from the commutative diagram:

SV
K

B(FK)+ ∧ ΦK(R) (BFK)+ ∧ ΦK(R)

B(FK)+ ∧ B(FK)+ ∧ ΦK(R) (BFK)+ ∧ (BFK)+ ∧ ΦK(R)

B(FK)+ ∧ ΣWK

ΦK(R) ∧ ΦK(R) (BFK)+ ∧ ΦK(ΣWR) ∧ ΦK(R)

B(FK)+ ∧ ΣWK

ΦK(R)

c∗φ
K(x)

φK(x)

λ̂∧1

∆∧1 ∆∧1

λ̂∧λ̂∧1

1∧λ̂∗(e)∧1 1∧e∧1

λ̂∧1∧1

1∧µR

c∧µR

where the composition of the red arrows is the left hand side and the composition
of the blue arrows is the right hand side. □

Theorem 4.29. Suppose χ = (x0, x1, . . . ) in an V-stable R-Eulerian sequence.
Then

(1) ιK∗S
χ(−) = SιK(χ)(ιK∗(−))

(2) φK(Sχ(−)) = SφK(χ)(φK(−))

for all RO(G,V)-graded cohomology classes.

Proof. By (4.18), it is enough to show that (1) and (2) hold for any R-cohomology
class x ∈ RtV

G (X), where t ∈ N.

From (3.8)(1) and the definition of slant product (see (4.1))

ιK∗S
χ(x) = ιK∗(δ

∗PF
tV(x)|xt)

= δ∗ιK∗(PF
tV(x))|ιK∗(xt)

= δ∗PιKF
tιK∗V

(ιK(x))|ιK∗(xt)

= SιK(χ)(ιK∗(x)).

To prove (2), we first observe that there is a commutative diagram

B(FK)+ ∧ ΦK(X) DFK

κ∗n(Φ
K(X))

ΦK(BF+ ∧X) ∼= (BF )K+ ∧ ΦK(X) ΦK(DF
κ∗n(X)).

δ

λ̂∧1 λ̂

ΦK(δ)
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Combining this with (3.8)(2) and the fact that c ◦ λ̂ is identity, we get

SφK(χ)(φK(x)) = δ∗PFK

tVK(φK(x))|c∗φK(xt)

= δ∗λ̂∗φK(PF
tV(x))|c∗φK(xt)

= (̂λ ∧ 1)∗ΦK(δ)∗φK(PF
tV(x))|c∗φK(xt)

= φK
(
δ∗PF

tV(x)|xt
)

= φK(Sχ(xt))

as desired. □

4.3. Modified geometric fixed-point of HFp-Eulerian Sequence

In Section 7, we demonstrate that γ̃Aℓℓn
ρG

(as defined in (3.1)) is HFp-orientable when
|G| is even. Furthermore, we show that 2γ̃Aℓℓn

ρG
is always HFp-orientable for all

finite groups G. We then proceed to identify the ρG-stable HFp-Eulerian sequence.
The primary purpose of this subsection is to lay the foundation for analyzing the
modified geometric fixed-points of the corresponding cohomology operations.

Recall that the modified geometric fixed-point map of (2.25) is the composition:

φ̃K(−) := π∗φ
K(−)

where
π : ΦK(HFp) HFp,

is the EW(K)
∞ -ring map from the K-geometric fixed-point of the G-Eilenberg MacLane

spectrum HFp to the W(K)-Eilenberg MacLane spectrum HFp, induced by the ze-
roth Postnikov approximation.

Definition 4.30. For a kρG-stable HFp-Eulerian sequence χ = (x0, x1, x2, . . . ) such
that xi ∈ HG

⋆ (BGΣn;Fp), we define its modified geometric fixed-point as

(4.31) φ̃K(χ) := π∗φ
K(χ) = (π∗c∗φ

K(x0),π∗c∗φ
K(x1),π∗c∗φ

K(x2), . . . ).

Remark 4.32. Since c∗ and π∗ commute, we may rewrite (4.31)

φ̃K(χ) = (c∗φ̃
K(x0), c∗φ̃

K(x1), c∗φ̃
K(x2), . . . ).

Note φ̃K sends the HFp-Euler class of kγ̃Aℓℓn
ρG

, denote it by ẽG,p, to ẽW(K),p, the
HFp-Euler class of kγ̃Aℓℓn

ρW(K)
. This along with the fact that

φ̃K(x ⌢ e) = φ̃K(x) ⌢ φ̃K(e)

implies that φ̃K(χ) is a kρW(K)-stable HFp-Eulerian sequence.

Combining (4.29) with the fact that π is an EW(K)
∞ -ring map, we conclude:

Theorem 4.33. Any kρG-stable HFp-Eulerian sequence χ = (x1, x2, . . . ) satisfies:

(4.34) φ̃K(Sχ(−)) = Sφ̃K(χ)(φ̃(−))

for any subgroup K of G.
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Proof. Applying π∗ to (4.29) (2), we get

φ̃K(Sχ(−)) = π∗
(
φK(Sχ(−))

)
= π∗

(
SφK(χ)(φK(−))

)
= π∗

(
δ∗PFK

tVK(φK(−))|c∗φK(xt)

)
= δ∗PFK

tVK(π∗φ
K(−))|π∗(c∗φK(xt))

= δ∗PFK

tVK(φ̃K(−))|c∗φ̃K(xt)

= Sφ̃K(χ)(φ̃(−))

as desired. □

5. Generalized Cartan formula
The classical Cartan formula encodes the relationship between Steenrod operations
and the external product. The standard formulation, however, relies on the Kün-
neth isomorphism, which does not hold for most equivariant cohomology theories
satisfying Assumption 2. In this section, we overcome this challenge by introducing
the diagonal of an Eulerian sequence and formulating a generalization of the Cartan
formula (see (5.8)).

Recall that any multiplicative R-cohomology theory admits a natural external prod-
uct pairing:

(−)× (−) : R⋆
G(X)× R⋆

G(Y) R⋆
G(X ∧Y)

This pairing sends elements x ∈ R⋆
G(X) and y ∈ R⋆

G(Y) to the composite map

(5.1) x× y : X ∧Y Σ|x|R ∧ Σ|y|R Σ|x|+|y|R.
x∧y µR

The first step toward establishing the Cartan formula is to examine the following
relationship between power operations and the external product:

Theorem 5.2. Suppose R, κ,F satisfy the condition of Assumption 2. For ele-
ments x ∈ Ri1V

G (X) and y ∈ Ri2V
G (Y) with i1, i2 ∈ N the formula

(5.3) PF
iV(x× y) = (�F

κ∗n)
∗ (PF

i1V(x)× PF
i2V(y)

)
,

where i = i1 + i2, relates power operations with external products.

Proof. For simplicity, let τRk denote the composite

τRi : DF
κ∗n(Σ

iVR) DF
κ∗n(S

iV) ∧DF
κ∗n(R) ΣinVR ∧ R ΣinVR,

�F
κ∗n uiV∧θR

n µR

where uiV be an R-Thom class of γF
iV (as in (3.5)). These R-Thom classes are

compatible as i varies, in the sense that the diagram

(5.4)
Th(γF

iV) Th(γF
i1V

) ∧ Th(γF
i2V

) Σi1VR ∧ Σi2VR

ΣiVR

�κ∗n

uiV

ui1V∧ui2V

µR
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commutes whenever i = i1 + i2. Consequently, we have a commutative diagram

DF
κ∗n(X ∧Y) DF

κ∗n(X) ∧DF
κ∗n(Y)

DF
κ∗n(Σ

i1VR ∧ Σi2VR) DF
κ∗n(Σ

i1VR) ∧DF
κ∗n(Σ

i2VR)

Σi1nVR ∧ Σi2nVR

DF
κ∗n(Σ

iVR) ΣinVR

�κ∗n

DF
κ∗n(x∧y) DF

κ∗n(x)∧DF
κ∗n(y)

�κ∗n

DF
κ∗n(µR)

τi1
∧τi2

µR

τR
i

,

where the top square commutes because of naturality �F
κ∗n and bottom square

commutes because of (5.4). In the above diagram, the composition of the blue
arrows is the left hand side and composition of the red arrows is the right hand side
of (5.3), hence the result. □

Now notice, there is a commutative diagram
(5.5)

BF+ ∧X1 ∧ . . . ∧Xk

k-fold︷ ︸︸ ︷
BF+ ∧ . . . ∧ BF+ ∧X1 ∧ . . . ∧Xk

BF+ ∧X1 ∧ . . . ∧ BF+ ∧Xk

DF
κ∗n(X1 ∧ . . . ∧Xk) DF

κ∗n(X1) ∧ . . . ∧DF
κ∗n(Xk),

∆k∧1X1∧...∧Xk

δ

∼=

δ(k)

δ∧...∧δ

�F
κ∗n

where

∆k : BF

k-fold︷ ︸︸ ︷
BF × · · · × BF

is the k-fold diagonal map.

Since the pullback of γ̃F
V × · · · × γ̃F

V along ∆k is kγ̃F
V , we make the following

definition.

Definition 5.6. For a V-stable R-Eulerian sequence χ = (x0, x1, x2, . . . ), the se-
quence

∆k(χ) := (∆k∗x0,∆k∗xk,∆k∗x2k, . . . )

is defined as the diagonal of χ.

This sequence exhibits Eulerian like properties with respect to the R-Euler class
ẽ×k
V of the bundle (γ̃F

V )×k. Indeed, the naturality of cap product implies:

(∆k∗xik) ⌢ ẽ×k
V = ∆k∗

(
xik ⌢ ∆∗

k(ẽ
×k
V )

)
= ∆k∗ (xik ⌢ ẽkV)

= ∆k∗x(i−1)k.
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However, it is not an Eulerian sequence according to (4.12), as (γ̃F
V )×k is not of

the form (3.2). This is because the Σn × · · · × Σn-representation τ̃n × · · · × τ̃n is
not a pullback of τ̃d for any d ∈ N.

We call a sequence χ̂ = (x̂0, x̂1, . . . ) a pseudo R-Eulerian sequence if:

• x̂i ∈ RG
⋆ (

k-fold︷ ︸︸ ︷
BF+ ∧ . . . ∧ BF+)

• x̂i+1 ⌢ ẽ×k
V = x̂i

• x̂0 ⌢ ẽ×k
V = 0.

Given a pseudo R-Eulerian sequence χ̂ = (x̂0, x̂1, . . . ), define the cohomology oper-
ation

Sχ̂ : Rt1V
G (X1)× · · · × RtkV

G (Xk) RtV
G (X1 ∧ . . . ∧Xk).

by setting

(5.7) Sχ̂(x1, . . . , xn) = (δ(k))∗
(
PF
t1V(x1)× · · · × PF

t1V(xk)
)
|̂xt ,

where t = t1 + · · · + tk,. A diagram chase similar to (4.20) shows that above
operation is stable, i.e.,

Sχ̂ (σV(x1), . . . ,σV(xk)) = σkV

(
Sχ̂(x1, . . . , xk)

)

and extends to RO(G,V)-graded cohomology classes.

For any R-Eulerian sequence χ = (x0, x1, . . . ), ∆k(χ) is a pseudo R-Eulerian se-
quence and the corresponding stable R-cohmology operation satisfies the following
relation:

Theorem 5.8 (Generalized Cartan formula). For any R-Eulerian sequence χ

Sχ(x1 × · · · × xk) = S∆k(χ)(x1, . . . , xk),

where xj, for each 1 ≤ j ≤ k, is an RO(G,V)-cohomology class.
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Proof. It is enough to establish the result when xi ∈ RtiV
G (BF+) for some ti ∈ N

for each j ∈ {1, . . . , k}. In the diagram

S|xik| ∧
(∧k

j=1 Xj

)

BF+ ∧
(∧k

j=1 Xj

)
∧ R BF×k

+ ∧
(∧k

j=1 Xj

)
∧ R

DF
κ∗n

(∧k
j=1 Xj

)
∧ R

(∧k
j=1 D

F
κ∗n(Xj)

)
∧ R

ΣtVR ∧ R
(∧k

j=1 Σ
tjVR

)
∧ R

ΣtVR,

xik

∆k∗xik

(I)

∆k∧1

δ∧1R (II) δ(k)∧1R

�F
κ∗n∧1R

PF
tV(x1×···×xk)∧1R

(III)

(
∧

PF
tiV

(xj))∧1R

µR

µR

it is easy to see (I) and (II) commutes, and (III) commutes because of (5.2). Since
the composition of blue arrows is the left hand side and the composition of the red
arrows is the right hand side, the result follows. □

In the following remark, we show that (5.8) recovers the standard Cartan formula
in the classical setting where the Künneth isomorphism holds.

Remark 5.9. Recall that Sqk = Sχ[k] where χ[k] = (

k-fold︷ ︸︸ ︷
0, . . . , 0,b0,b1, . . . ) and that

∆2(bl) = bl ⊗ b0 + bl−1 ⊗ b1 + · · ·+ b0 ⊗ bl.

Suppose, x ∈ Hi(X;F2) and y ∈ Hj(Y;F2) such that i+j is an even number greater
than k. Set l = i+ j − k. By (5.8)

Sqk(x⊗ y) = (δ ∧ δ)∗(Pi(x)⊗ Pj(y))|∆2(bl)

= (δ∗(Pi(x))⊗ δ∗(Pj(x))) |∑
l′+l′′=l bl′⊗bl′′

=
∑

l′+l′′=l

δ∗(Pi(x))|bl′ ⊗ δ∗(Pj(y))|bl′′

=
∑

l′+l′′=l

Sqi−l′(x)⊗ Sqj−l′′(y)

which is equivalent to the classical Cartan formula after implementing the unstable
conditions.
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6. Homotopy N∞ rings and the composition law
The main goal of this section is to establish a product law for R-Eulerian sequences
in a way that emulates the composition of their corresponding stable cohomology
operations. We note that this product law does not require the strict commutativity
among the structure maps of an N∞-ring R; instead we need these diagrams to
commute up to a homotopy. However, we require certain compatibility among the
R-Euler classes of (4.10) across all n ∈ N. In the classical case, this requirement
is precisely the Hd

∞-ring structures introduced in [BMMS86]. We generalize this
to equivariant settings to introduce shifted homotopy N∞-rings before establishing
the composition law. We also identify the shift degree of the homotopy EG

∞-ring
structures for Eilenberg MacLane spectra.

Suppose O is an N∞ G-operad. Let Fn denote the G-closed family of (G × Σn)
(see (2.1)) such that the n-th space O(n) is equivalent to the universal space EFn.
Since Fn is G-closed, the G-fixed point space of O(n) is contractible. Consequently,
there is a contractible choice of G-equivariant maps

(6.1) ιn : ∗ O(n).

This gives rise to a diagram of G-equivariant maps

(6.2)
∗ × (∗ × · · · × ∗) O(n)×O(i1)× · · · × O(in)

∗ O(i1 + · · ·+ in)

ιn×(ιi1×···×ιik )

ιi1+···+in

which commutes up to a G-equivariant homotopy for all n, i1, . . . , in ∈ N.

Remark 6.3. When n = 1, we choose ι1 such that it maps ∗ to the distinguished
element 1 ∈ O(1). Since, G× Σ1 has exactly one G-closed family, ι1 of (6.1) is an
equivalence.

By combining ιn of (6.1) with the structure map (2.9) of the operad O, we obtain
a map

O(i1)× · · · × O(in) O(i1 + · · ·+ in).

This gives rise to a natural G-equivariant map

αi1,...,ik : DO
i1
(X) ∧ . . . ∧DO

in
(X) DO

i1+···+in
(X)

which satisfies the following property:

Lemma 6.4. For all i, j, k ∈ N,

αi+j,k ◦ (αi,j ∧ 1) ≃ αi,j,k ≃ αi,j+k ◦ (1 ∧ αj,k).
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Proof. To abbreviate notations, let O(i1, . . . , in) := O(i1)× · · · × O(in). Consider
the commutative diagram:

∗ × (∗ × ∗)×O(i, j, k) ∗ × O(i, j, k) ∗ × (∗ × ∗)×O(i, j, k)

O(2)×O(2, 1)×O(i, j, k) O(3)×O(i, j, k) O(2)×O(1, 2)×O(i, j, k)

O(2)×O(i+ j, k) O(i+ j + k) O(2)×O(i+ j, k)

In this diagram, the lower squares commute by the usual compatibility of the evident
structure maps of O. The upper squares commute up to homotopy due to (6.2).
The result follows immediately from the homotopy commutativity of the entire
diagram above. □

If R is an O-ring, one can readily verify the existence of the following diagrams,
which commute in the homotopy category Ho(SpG) for all i, j ∈ N:

(6.5)

DO
i (R) ∧DO

j (R) DO
i+j(R)

R ∧ R DO
2 (R) R

αi,j

(6.6)

DO
i D

O
j (R) DO

ij (R)

DO
i (R) R

DO
i (θR

j )

βi,j

θR
ij

θR
i

where the map βi,j is induced by the inclusion map Σj ≀Σi := Σ×i
j ⋊Σi ↪→ Σij .

Remark 6.7. As a consequence of (6.4), the diagram of (6.5) implies the homotopy
commutativity of the general diagram

DO
i1
(R) ∧ . . . ∧DO

in
(R) DO

i1+···+in
(R)

R∧n DO
n (R) R.

αi1,...,in

θR
i1
∧...∧θR

in
θR
i1+···+in

α1,...,1 θR
n

The details are left to the reader to verify.

However, the commutativity of diagrams (6.5) and (6.6) does not guarantee an
O-ring structure on R. For example, in the nonequivariant case [Noe14] gave an
example of an H∞ rings which is not E∞.

Definition 6.8. Let O be an N∞-operad. An R ∈ SpG is a homotopy O-ring
(or simply an Oh-ring) if for all n ∈ N, there exists a map

θRn : DO
n (R) R
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such that

(1) θR1 = 1R, and

(2) the diagrams in (6.5) and (6.6) commutes for all i, j ∈ N

in Ho(SpG).
Remark 6.9. When G is the trivial group and O is an E∞-operad then (6.8)
recovers the classical definition of H∞ ring spectra [BMMS86, I.3.1].

Remark 6.10. It is easy to check that the unit map e = θR0 : S → R along with
the composition

µR : R ∧ R DO
2 (R) R

α1,1 θR
2

gives R the structure of a homotopy commutative G-ring, i.e. the diagrams

S ∧ R R ∧ R R ∧ S

R

e∧1

µR

1∧e R ∧ R ∧ R R ∧ R

R ∧ R R

1∧µR

µR∧1 µR

µR

R ∧ R

R

R ∧ R

τ

µR

µR

in which τ is the shuffle map, commutes up to G-equivariant homotopies.

6.1. Shifted N∞-rings

The definition of F -th power operation (as in (2.12)) applies to any Oh-ring R.
Consequently, the results of Section 2.2 and Section 2.3 generalize directly to Oh-
ring spectra. To extend the notion of shifted power operations (as in Section 3) to
a broader class of equivariant ring spectra, we introduce the equivariant analog of
Hd

∞-rings [BMMS86, I.4.1]:

Definition 6.11. Suppose O is an N∞ G-operad and V is a finite G-representation.
We say that R is a V-shifted homotopy O-ring (or simply an Oh

[V]-ring) if there
are maps

(6.12) θRi,t : D
O
i (Σ

tVR) ΣitVR

for each i, t ∈ N, such that θR1,t is equivalent to the identity map 1ΣtVR, and the
diagrams

(6.13)

DO
i (Σ

tVR) ∧DO
j (Σ

tVR) DO
i+j(Σ

tVR)

ΣitVR ∧ ΣjtVR Σ(i+j)tR

αi,j

θR
i,t∧θR

j,t θR
i+j,t

µ

(6.14)

DO
i

(
DO

j (Σ
tVR)

)
DO

ij (Σ
tVR)

DO
i (Σ

jtVR) ΣijtVR

DO
i (θR

j,t)

βi,j

θR
ij,t

θR
i,jt
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(6.15)

DO
i (Σ

sVR ∧ ΣtVR) DO
i (Σ

(s+t)VR)

DO
i (Σ

sVR) ∧DO
i (Σ

tVR)

ΣisVR ∧ ΣitVR Σi(s+t)VR

DO
i (µ)

θR
i,s+t

θR
i,s∧θR

i,t

µR

commute for all i, j, s, t ∈ N in Ho(SpG).

Remark 6.16. When O is a nonequivariant E∞-operad and V = Rd then (6.11)
recovers the classical definition of Hd

∞-rings [BMMS86, I.4.1].

Remark 6.17. When i = 0, we have DO
i (Σ

tVR) ≃ S and the map θRi,t of (6.12) is
the same map for all t ∈ N. This map serves as the unit map of R which we will
denoted by θR0 .

Remark 6.18. The diagrams (6.13) and (6.14) restricted to t = 0 implies that any
Oh

[V]-ring spectrum is automatically an Oh-ring spectrum.

Notation 6.19. For brevity, we set γ(i)
V := γ

Fi(O)
V , γ̃(i)

V := γ̃
Fi(O)
V and �i = �Fi(O)

i

with Fi(O) as given in (2.8).

Using the unit map of R, we get a map

(6.20) u
(i)
tV : Th(γ

(i)
tV) ≃ DO

i (S
tV) DO

i (Σ
tVR) ΣitVR

which serves as an R-Thom class of the bundle γFi

tV . Since γ
(i)
tV

∼= γ̃
(i)
tV ⊕ ϵtV, we

also get an R-Thom class

ũ
(i)
tV ∈ R(i−1)tV Th(γ̃

(i)
tV).

We arrange these Thom classes so that

(6.21) u
(i)
tV = σtV(ũ

(i)
tV)

for all i ≥ 2 and t ∈ N.

The diagrams in (6.13), (6.14) and (6.15) forces certain relationships between these
R-Thom classes defined in (6.20). These relations are nothing but the equivariant
analogs of those in [BMMS86, VII].

Proposition 6.22. The family {u(i)
tV : i, t ∈ N} of R-Thom classes satisfy

(6.23) u
(i)
(s+t)V = �∗i (u

(i)
sV × u

(i)
tV),

where �Fi

i is the natural map defined in (2.6).

Proof. The result follows from the diagram

DO
i (S

(s+t)V) DO
i (Σ

sVR ∧ ΣtVR) DO
i (Σ

(s+t)VR)

DO
i (Σ

sV) ∧DO
i (Σ

tV) DO
i (Σ

sVR) ∧DO
i (Σ

tVR) Σ(s+t)iVR

(A)

�i

DO
i (µ)

�i θR
i,s+t

(B) µR(θR
i,s∧θR

i,t)
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where (A) = DO
i (e ∧ e) and (B) = DO

i (e) ∧ DO
i (e), which commutes due to (6.15)

and the naturality of �Fi

i . □

Corollary 6.24. The family {ũ(i)
tV : i, t ∈ N} of R-Thom classes satisfy

ũ
(i)
(s+t)V = �∗i (ũ

(i)
sV × ũ

(i)
tV),

where �Fi

i is the natural map defined in (2.6).

Likewise, using the diagram (6.13) and naturality of αi,j we get:

Proposition 6.25. The family {u(i)
tV : i, t ∈ N} of R-Thom classes satisfy

(6.26) α∗
i,ju

(i+j)
tV = u

(i)
tV × u

(j)
tV ,

for all i, j, t ∈ N.

Corollary 6.27. The family {ũ(i)
tV : i, t ∈ N} of R-Thom classes satisfy

α∗
i,jũ

(i+j)
tV = σtV(ũ

(i)
tV × ũ

(j)
tV ),

for all i, j, t ∈ N.

Now we discuss the consequence of (6.14) which will be crucial in defining com-
position of Eulerian sequences. Using unit map of R and (6.14), we get the dia-
gram

DO
i

(
DO

j (S
tV)

)
DO

ij (S
tV)

DO
i (Σ

jtVR)

DO
i (S

jtV) ∧DO
i (R) ΣijtVR ∧ R ΣijtVR

DO
i (u

(j)
tV )

βi,j

u
(ij)
tV

�i

θR
i,jt

u
(i)
jtV∧θR

i
µR

which implies:

Proposition 6.28. The system {ũ(i)
tV : i, t ∈ N} of R-Thom classes satisfy

(6.29) µR
(
u
(i)
jtV ∧ θRi

)
◦ �i ◦DO

i (u
(j)
tV ) = u

(ij)
tV ◦ βi,j

for all i, j, t ∈ N.

Corollary 6.30. The family {ũ(i)
tV : i, t ∈ N} of R-Thom classes satisfy

µR
(
σjtV(ũ

(i)
jtV) ∧ θRi

)
◦ �i ◦DO

i (σtV(ũ
(j)
tV )) = σtV(ũ

(ij)
tV ) ◦ βi,j

for all i, j, t ∈ N.

Conversely:

Proposition 6.31. If R is an Oh-ring spectrum such that there exists a family of
R-Thom classes {u(i)

V : i ∈ N} satisfying (6.26) and (6.29), then R is an Oh
[V]-ring

spectrum.
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Remark 6.32. Note that u(i)
tV, for t ≥ 2 can be defined inductively from u

(i)
V using

the formula in (6.23). This will satisfy both (6.26) and (6.23) as long as the initial
family {u(i)

V : i ∈ N} does. This consistency allows us to omit the R-Thom classes
for t ≥ 2 in the family of R-Thom classes considered in (6.31).

The proof of (6.31) is identical to the arguments provided in [BMMS86, VII.5,VII.6]
(in particular see [BMMS86, VII, Proposition 6.2]) which covers the nonequivariant
case. Hence, we leave the details to the readers. Also note:

Lemma 6.33. Suppose R is an Oh
[V]-ring and suppose have a map of Oh-rings

f : R −→ S,

then S is also an Oh
[V]-ring.

Proof. By assumption, we have a family {u(i)
V : i ∈ N} of R-Thom classes satisfying

(6.26) and (6.29). Since f is a homotopy O-ring map, the family

{f∗u(i)
V : i ∈ N}

of T-Thom classes also satisfies (6.26) and (6.29). Therefore, S is an Oh
[V]-ring. □

6.2. Norms and geometric fixed points of V-shifted EG
∞-rings

In [BMMS86], the authors demonstrate that HFp is an Hd
∞-ring, where d = 1 when

p = 2 and d = 2 when p is odd. The primary goal of this subsection is to leverage
this result by employing the norm (introduced in [HHR16]) and geometric fixed-
point functors to identify V for which HFp admits a V-shifted homotopy EG

∞-ring
structure.

Suppose K is a subgroup of G. Then for a pointed K-space X its norm is nothing
but the G-space NG

K(X) := MapH(G+,X). In [HHR16], the authors introduced a
spectrum level norm

NG
K : SpK SpG,

which is

— strong symmetric monoidal,

— commutes with sifted colimits,

— and NG
K(Σ

∞
K X) ≃ Σ∞

G (NG
K(X)).

In particular, NG
K(Σ

VSK) ≃ ΣIndVSG, where IndV := R[G]⊗R[H] V for any orthog-
onal K-representation V.

The smash product serves as the coproduct in the category of EG
∞ rings. The

norm NG
K is constructed inductively from the smash product. Since NG

K is strong
symmetric monoidal, it lifts to a functor from the category of (homotopy) EK

∞-rings
to the homotopy category of (homotopy) EG

∞-rings. We will now show that:

Proposition 6.34. If R is a V-shifted homotopy EK
∞-ring spectrum, then NG

KR is
an IndV-shifted homotopy EG

∞-ring spectrum.
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Notation 6.35. In this subsection, we simplify the notation of (3.1) by writing
γ
(i)
V as an abbreviation for γAℓℓi

V , where Aℓℓi denotes the G × Σi family defined
in (2.24). The notation implicitly indicates that γ

(i)
V is a G-equivariant bundle, a

property that follows from V being a G-representation.

Suppose R is a V-shifted homotopy EK
∞-ring for some orthogonal K-representation

V. Then there exist a R-Thom class u(i)V of the bundle γ
(i)
V such that the collection

{u(i)
V : i ∈ N} satisfies (6.26) and (6.29). It is easy to see

NG
K Th(γ

(i)
V ) ∼= Th(NG

K(γ
(i)
V )).

An R-Thom class, restricted to (G-orbit of) a point of the base space is a unit in the
homotopy group of R. Since norms are strong symmetric monoidal they preserve
units. Thus:

Lemma 6.36. The class NG
Ku

(i)
V is an NG

KR-Thom class for NG
K(γ

(i)
V )).

The non-basepointed space-level restriction-coinduction adjunction yields a natural
unit map

η : X MapK(G,X)

for any G-space X. Because G is a finite group, we have a G-equivariant homeo-
morphism

MapK(G,X)+ ∼= NG
K(X+).

Using this homeomorphism, we identify η∗NG
K(γ

(i)
V ) ∼= γ

(i)
IndV. Thus,

u
(i)
IndV := η∗NG

Ku
(i)
V

is an NG
e R-Thom class for γ

(i)
IndV.

Proof of (6.34). Since {u(i)
V : i ∈ N} satisfy the conditions of (6.31), the family

{u(i)
IndV : i ∈ N}

also satisfies those conditions (see (6.37) below). This immediately implies the
result. □

Lemma 6.37. The family {u(i)IndV : i ∈ N} of NG
K(R) satisfies (6.26) and (6.29).

Proof. Consider the diagram:

D
EG
∞

i (Sn IndV) ∧D
EG
∞

j (Sn IndV) D
EG
∞

i+j (S
n IndV)

NG
K(D

EK
∞

i SnV) ∧NG
K(D

EK
∞

j SnV) NG
KD

EK
∞

i+j S
nV

Σin IndVNG
KR ∧ Σjn IndVNG

KR Σ(i+j)n IndVNG
KR

u
(i)
IndV∧u

(j)
IndV

αi,j

u
(i)
IndVNG

K(αi,j)

NG
Ku

(i)
V ∧NG

Ku
(j)
V

NG
Ku

(i+j)
V

NG
G(µR)

where the top vertical arrows are induced from the unit map η for EGΣ(−). Thus,
the top square commutes due to the naturality of η. The bottom square commutes
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because it is the norm of (6.26) for the family {u(i)V : i ∈ N}. Consequently, the
entire diagram commutes which shows that the family {u(i)IndV : i ∈ N} also satisfies
the condition specified in (6.26).

Next, we consider the diagram:

D
EG
∞

i D
EG
∞

j Sn IndV D
EG
∞

ij Sn IndV

D
EG
∞

i Σjn IndVNG
KR NG

KD
EK
∞

i D
EK
∞

j SnV NG
KD

EK
∞

ij SnV

NG
KD

EK
∞

i ΣjnR Σijn IndVNG
KR

βi,j

Diu
(j)
IndV

u
(ij)
IndVβi,j

Diu
(j)
V u

(ij)
V

NG
K(θR

i,j)

where the unlabelled arrows in the top square are induced from the unit map η for
EGΣ(−). It is straightforward to check that this diagram commutes, and therefore
the family {u(i)IndV : i ∈ N} satisfies (6.29). □

Rephrasing the result [BMMS86, Proposition I.4.5] in our language we conclude
that HFp is an Rd-shifted homotopy E∞-ring, where d = 1 when p = 2 and d = 2
when p is odd. Using the counit of the norm-restriction adjunction, we have an
EG
∞-ring map

NG
e HFp HFp.

Therefore, from (6.33) we get:

Theorem 6.38. The spectrum HFp admits a functorial dρ-shifted homotopy EG
∞-

ring structure, where d = 1 when p = 2 and d = 2 when p is odd.

Proposition 6.39. If R is a V-shifted homotopy EG
∞ ring, then ΦKR is a VK-

shifted homotopy EK
∞-ring.

Proof. Let {u(i)V : i ∈ N} denote the family R-Thom classes satisfying (6.26) and
(6.29) that determine the V-shifted homotopy ring structure of R. Define u

(i)
VK to

be the composite

u
(i)
VK : D

EK
∞

i (SV
K

) ΦKD
EG
∞

i (SV) ΦKΣiVR ΣiVK

ΦKRλ̂ φK(u
(i)
V ) ∼= ,

where λ̂ is the natural map defined in (2.22). It is easy to see u
(i)
VK is a ΦKR-Thom

class of γ(i)
VK . A straightforward diagram chase shows that the family {u(i)

VK : i ∈ N}
also satisfies (6.26) and (6.29). Hence, the result. □

Theorem 6.40. When p is odd, HFp does not admit a ρ-shifted homotopy EG
∞-ring

structure.

Proof. Assume, for the sake of contradiction, HFp admits such a structure. Then,
by (6.39), its geometric fixed points ΦGHFp would admit an R-shifted homotopy
E∞-ring structure. Since the zeroth Postnikov approximation provides an E∞-ring
map

ΦGHFp HFp
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which implies that HFp itself admits an R-shifted homotopy E∞-ring structure (by
(6.33)). This, however, contradicts [BMMS86, Proposition I.4.5]. □

6.3. Composition of Eulerian sequences

Let E(n)
R,V denote the collection of V-stable R-Eulerian sequence of weight n for a

V-shifted homotopy O-ring R, where O is an N∞-operad. Our goal is to define a
strictly associative pairing

⊙ : E(n)
R,V × E(m)

R,V E(nm)
R,V

and prove (6.54).

Since R is an Oh
[V]-ring, γ̃(i)

V admits an R-Thom class ũ(i)
V for all i ∈ N such that the

family {u(i)
V : i ∈ N} satisfies the conditions of (6.26) and (6.29). Let ẽ

(i)
V denote

the corresponding Euler class.

Notation 6.41. We introduce a slight abuse of notation for a non-basepointed
G-space X, defining its F -th extended power as:

DF
n (X) := EF ×Σn X×n

This notation is consistent with the basepointed case, as there is a canonical home-
omorphism DF

n (X+) ∼= DF
n (X)+.

We now consider the standard inclusion of the wreath product

i : Σm ≀ Σn
∼= Σ×n

m ⋊ Σn Σmn.

The pullback of τmn along this inclusion is isomorphic to the representation

τ×n
m := Map(n, τm),

where Σn acts on n = {1, . . . , n} by permutation. The action of the element
((s1, . . . , sn), σ

−1) ∈ Σm ≀ Σn on τ×n
m is given by the formula

((s1, . . . , sn), σ) · (v1, . . . , vn) = (sσ(1) · vσ(1), . . . , sσ(n) · vσ(n)).

Thus, the pullback of τ̃mn along i decomposes into a direct sum of the form

i∗τ̃mn
∼= τ̂n ⊕ τ̃×n

m ,

where τ̂n is the pullback of τ̃n along the quotient map Σm ≀ Σn ↠ Σn.

Notation 6.42. Let Bn denote the G-space BFn(O) = O(n)×Σn ∗.

The map i also results in the map

(6.43) ι : DO
n (Bm) ∼= O(n)×Σn

(Bm)×n Bmn.

The pullback of γ(mn)
V along ι is the bundle

(O(n)× (O(m)×n)×Σm≀Σn
((V ⊗ (τ×n

m ))

DO
n (Bm).
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The above bundle is isomorphic to DO
n (γ

(m)
V ), which is obtained by applying DO

n (−)

to both the total space and the base space of γ(m)
V . Likewise,

ι∗γ̃
(mn)
V

∼=
(O(n)× (O(m)×n)×Σm≀Σn

((V ⊗ (τ̂n ⊕ τ̃×n
m ))

DO
n (Bm).

is isomorphic to the direct sum q∗γ̃
(n)
V ⊕Dn(γ̃

(m)
V ), where

q : DO
n (Bm) Bn

is map induced by the quotient Σm ≀ Σn ↠ Σn. This enables us to express the
R-Euler class of ι∗γ̃(mn)

V in terms of the R-Euler class of γ̃(m)
V and γ̃

(n)
V .

Now fix two R-Eulerian sequence

χ(1) = (x0, x1, x2, . . . ) ∈ E(n)
R,V and χ(2) = (y0, y1, y2, . . . ) ∈ E(m)

R,V

of weight m and n respectively.

Notation 6.44. For convenience, we introduce the notations:

• ex := ẽ
(n)
V ∈ R(n−1)V ((Bn)+).

• ey := ẽ
(m)
V ∈ R(m−1)V ((Bm)+).

Let
exy ∈ R(mn−1)V(DO

n (Bm)+)

denote the class represented by the following composite map:

exy : DO
n (Bm)+ DO

n (Σ
(m−1)VR)

DO
n (S

(m−1)V) ∧DO
n (R)

DO
n (S

(m−1)V) ∧ R

Σ(m−1)nVBn+ ∧ R Σ(nm−1)VR

DO
n (ey)

�n

1∧θR
n

≃

Tm−1

ex

Here Tk is the R-Thom isomorphism

(6.45) Tk : DO
n (S

kV) ∧ R ≃ ΣknVBn+ ∧ R

defined using the R-Thom class u(n)
kV (via the Thom diagonal) and the identification

DO
n (S

kV) ∼= Th(kγ
(mn)
V ). Note that the R-Euler class of the bundle DO

n (γ
(m)
V ) and

q∗γ̃
(n)
V are given by the following composites, respectively:

DO
n (Bm)+ DO

n (Σ
(m−1)VR) Σn(m−1)VR

DO
n (ey) θR

n,m−1
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DO
n (Bm)+ Bn+ Σ(n−1)VR

q ex

The class exy is their cup product. This is implicit in the diagram in the following
lemma:

Lemma 6.46. The class exy is the pullback of the R-Euler class ẽ(mn)
V of the bundle

γ̃
(mn)
V along the map ι define in (6.43).

Proof. Let ζ̃
(k)
tV and ζ

(k)
tV denote the zero sections of tγ̃

(k)
V and tγ

(k)
V , respectively.

Using the identification DO
k (S

tV) ∼= Th(tγ
(k)
V ), we construct the following diagram:

ΣVDO
n (Bm+) ΣVBmn

ΣVDO
n (Th(γ̃

(m)
V )) DO

n (D
O
m(S

V)) DO
mn(S

V)

ΣVDO
n (Σ

(m−1)VR) DO
n (Σ

mVR)

ΣVDO
n (S

(m−1)V) ∧ R DO
n (S

mV) ∧ R

ΣVBn ∧DO
n (S

(m−1)V) ∧ R DO
n (S

V) ∧DO
n (S

(m−1)V) ∧ R ΣmnR

σVDO
n (ζ̃

(m)
V )

ι

σV

(
ζ̃
(mn)
V

)

σVDO
n

(
ũ

(m)
V

)
∆1 βn,m

DO
n

(
u

(m)
V

)

u
(i)
V

∆2

Θ1 Θ2

∆3

D �n

Um

σV(ζ̃
(n)
V )∧1 U1,m−1

The constituent maps are defined as follows: D is induced by the Thom diagonal
map for Th((m − 1)γ

(n)
V ), Θi uses �n and θRn : Dn(R) → R, Um uses the R-Thom

class u(n)
mV, U1,m−1 uses un

V ×un
(m−1)V, and ∆i are all induced by the diagonal map

∆V : SV SV ∧ · · · ∧ SV ∼= SnV.

The naturality of these diagonal maps, along with (4.19), and (6.28), shows that
the diagram commutes.

From, (6.21), and the property that the zero section composed with the Thom class
yields the Euler class, we conclude that compositions of blue arrows and red arrows
are exy and ι∗ẽ

(mn)
V , respectively. This establishes the result. □

As a necessary precursor to defining the product χ(1) ⊙ χ(2), we first define the
class

xmk ◦ yk ∈ RG
|xkm|+|yk|(D

O
n (Bm)+)
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as the following composition:
(6.47)

S|xmk|+|yk| Σ|yk|Bn+ ∧ R

DO
n (S

|yk|) ∧ R

DO
n (Bm+ ∧ R) ∧ R

DO
n (Bm+) ∧DO

n (R) ∧ R DO
n (Bm+) ∧ R

σ|yk|(xmk)

∆′
k∧1R

DO
n (yk)∧1R

�n∧1

1∧µR(θR
n ∧1)

Remark 6.48. Here, we make use of the fact that |yk| = kV+|y0| is an isomorphism
class of a non-virtual G-representation. This condition allows for the existence of
a diagonal map S|yk| −→ Sn|yk| which induces ∆′

k in the diagram above. Note that
the map ∆′

k is nothing but a suspension of the zero section of the bundle γ̃
(n)
|yk|.

Lemma 6.49. For all k ∈ N, we have:

(6.50) (xm(k+1) ◦ yk+1) ⌢ exy = xmk ◦ yk

Proof. We will prove this result by showing that the diagram in (6.51) commutes.
In this diagram, the map labeled

(1) is induced by ∆ : Bn −→ Bn × Bn;

(2) is the composite map:

Σ|yk+1|Bn+ ∧ Bn+ ∧ R

Σ|yk|Bn+ ∧ Σ(n−1)VBn+ ∧ R

Σ(n−1)VDO
n (S

yk) ∧ Σ(m−1)(n−1)VBn+ ∧ R ∧ R

Σ(n−1)VDO
n (S

yk) ∧ Σ(m−1)(n−1)VBn+ ∧ R

Σm(n−1)VDO
n (S

yk) ∧ Bn+ ∧ R

∆′
k∧em−1

y ∧1R

1∧µ

∼=

(3) is σ(mn−1)V(∆
′
k) ∧ 1R;

(4) is induced by Tm−1 in (6.45);

(5) is induced by µ(ey ∧ 1) : Bn+ ∧ R → Σ(n−1)VR ∧ R → Σ(n−1)VR;
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(6) is induced by the composition:

DO
n (Bn+ ∧ R)

DO
n (Bn+) ∧DO

n (R)

DO
n (Bn+ ∧ Bn+) ∧ R

DO
n (Bn+) ∧DO

n (Bn+) ∧ R

DO
n (Bn+) ∧DO

n (S
(m−1)V) ∧ R;

�Rn ∧1R

DO
n (∆)∧θR

n

�n∧1R

1∧ζ
(n)

(m−1)V
∧1R

(7) is the composition of the last two maps in (6.47);

(8) is the composition:

DO
n (Bn+) ∧ R

DO
n (Bn+ ∧ Bn+) ∧ R

DO
n (Bn+) ∧DO

n (Bn+) ∧ R

DO
n (Bn+) ∧DO

n (S
(m−1)V) ∧ R

DO
n (∆)

�n

1∧ζ
(n)

(m−1)V
∧1R

Now observe that:

(S1) commutes because ym(k+1) ⌢ emy = ymk (Eulerian of χ2);

(S2) commutes by inspection;

(S3) commutes by the relation between Euler class and Thom class;

(S4) commutes because ey ⌣ em−1
y = emy ;

(S5) commutes because DO
n (xk ⌢ ex) = DO

n (xk−1) (Eulerian of χ1);

(S6)− (S10) commute by naturality. The composition of the blue arrows and the
red arrows yields the two sides of (6.50), proving the result.
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(6
.5

1)
S
|x
k
+

1
m

|+
|y
(
k
+

1
)
|

Σ
(
m

n
−

1
)
V
S
|x
m

k
|+

|y
k
|

Σ
|y

k
+

1
| B

n
+

∧
R

Σ
|y

k
+

1
| B

n
+

∧
B

n
+

∧
R

Σ
|y

k
+

1
| B

n
+

∧
Σ

m
(
n
−

1
)
V
R

∧
R

Σ
(
m

n
−

1
)
V
Σ

|y
k
| B

n
+

∧
R

D
O n
(S

|y
k
+

1
| )

∧
R

D
O n
(S

|y
k
| )

∧
D

O n
(S

(
m

−
1
)
V
)
∧

R
D

O n
(S

|y
k
| )

∧
Σ

n
(
m

−
1
)
V

B
n
+

∧
R

Σ
(
m

n
−

1
)
V
D

O n
(S

|y
k
| )

∧
R

D
O n
(B

m
+

∧
R
)
∧

R
D

O n
(B

m
+

∧
R
)
∧

D
O n
(S

(
m

−
1
)
V
)
∧

R
D

O n
(B

m
+

∧
R
)
∧

Σ
n
(
m

−
1
)
V

B
n
+

∧
R

Σ
(
m

n
−

1
)
V
D

O n
(B

m
+

∧
R
)
∧

R

D
O n
(B

m
+
)
∧

R
D

O n
(B

m
+
)
∧

D
O n
(S

(
m

−
1
)
V
)
∧

R
D

O n
(B

m
+
)
∧

Σ
n
(
m

−
1
)
V

B
n
+

∧
R

Σ
(
m

n
−

1
)
V
D

O n
(B

m
+
)
∧

R

x m
(
k
+

1
)

=

(S
1)

σ
(
m

n
−

1
)
V
(x

m
k
)

(1
)

∆
′ k
+

1
(S

2)

1
∧
e
m y
∧
1

(2
)

(3
)

1
∧
µ

(S
4)

σ
(
m

n
−

1
)
V
(∆

′ k
)∧

1
R

D
O n
(y

k
+

1
)∧

1

� n
∧
1
R (S
5)

(4
)

(S
3
)

D
O n
(y

k
)∧

1
(S

6)

(5
)

D
O n
(y

k
)∧

1
(S

7)
D

O n
(y

k
)∧

1

(7
)

(6
) (S

8)

(4
)

(7
)

(S
9)

(5
)

(7
)

(S
10

)
(7

)

(8
)

(4
)

(5
)

□
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Definition 6.52 (Product Law). Suppose V is an orthogonal G-representation
that contains a trivial subrepresentation. We define a product operation

(6.53) ⊙ : E(n)
R,V × E(m)

R,V E(nm)
R,V

for n,m ≥ 2 as follows: Given V-stable R-Eulerian sequences χ(1) = (x1, x2, . . . ) ∈
E(n)
R,V and χ(2) = (y1, y2, . . . ) ∈ E(m)

R,V define

χ(1) ⊙ χ(2) = (z0, z1, . . . ) := (ι∗(x0 ◦ y0), ι∗(xm ◦ y1), ι∗(x2m ◦ y2), · · · ).
From (6.46) and (6.49), we conclude that χ(1) ⊙ χ(2) is a V-stable R-Eulerian se-
quence of weight nm.

Theorem 6.54. Let χ(1) and χ(2) be V-stable R-Eulerian sequences of weight m
and n, respectively. Then, χ(1) ⊙ χ(2) is an Eulerian sequence of weight mn such
that

Sχ(1)⊙χ(2)

= Sχ(1)

◦Sχ(2)

.

Proof. The result follows from a direct inspection using (4.15) and (6.47). □

Remark 6.55. We may extend the definition of V-stable R-Eulerian sequence to
weight 1 using τ̃1 = 0 in (4.7), thereby setting γ̃

(1)
V as the 0-dimensional bundle

over B1 ≃ ∗. Then the R-Euler class of γ̃(1)
V is the identity element 1 ∈ πG

0 (R)
∼=

R0(B1+). Thus, for any a ∈ πG
V(R), where V is a non-virtual,

a = (a, a, . . . )

is an R-Eulerian sequence of weight 1. We extend the product ⊙ in (6.52) by
allowing n and m to equal 1. Under such pairing the weight 1 Eulerian sequence

1 = (1, 1, . . . )

satisfies the identity condition namely 1⊙ χ = χ = χ⊙ 1.

Remark 6.56. It is easy to see that the point-wise sum turns E(n)
R,V into an Abelian

group for each n and the product law ⊙ gives the collection

ER,V =
⊔
n≥1

E(n)
R,V

a structure of a ring. In fact, it is a bimodule over the ring πG
⋆ (R), where ⋆ varies

over non-virtual orthogonal G-representations. Further, by (6.54) we get a ring
homomorphism

S(−) : ER,V [R,R]G−⋆.

Thus it is natural to ask if the image of S(−) generate the collection of all stable
R-cohomology operation in the universe generated by V. We expect this to be the
case when R = HFp and V = ρG as outlined in (1.5).
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7. New equivariant cohomology operations
In this section, we construct genuine stable HFp-cohomology operations by identi-
fying ρG-stable Eulerian sequences in HG

⋆

(
(BGΣp)+;Fp

)
for all finite G and primes

p.

To find HFp-Eulerian sequences, first we need to fix an HFp-Euler class of the n-fold
sum of the G-vector bundle (see (4.24))

γ̃G,p :=

EGΣp ×Σp
(ρG ⊗ τ̃p)

BGΣp

for some nonzero n ∈ N.

Remark 7.1. The G-bundle γ̃G,p is nothing but γ̃
Aℓℓp
ρG according to (3.1).

Notation 7.2. When underlying group G is clear from the context, we will simply
use γ̃p to denote γ̃G,p.

By [BZ24, Theorem 1.12], γ̃G,p is a homogeneous bundle, therefore, we use the
equivariant first Steifel Whitney class (as in [BZ24, Definition 3.2]) to detect orien-
tation. When p = 2, any homogeneous bundle is HF2-orientable as F×

2 is the trivial
group. In particular, γ̃G,2 is HF2-orientable.

Proposition 7.3. When p > 2, γ̃G,p is HZ-orientable if and only if |G| is even.

Proof. In this proof, we subscribe to (7.2) and write γ̃p as γ̃G,p. The obstruction
to γ̃G,p being HZ-orientable is the first equivariant Stiefel-Whitney class

w
HZ
1 (γ̃G,p) ∈ H1(BGΣp;F2)

according to [BZ24, Theorem 1.15]. Since the restriction of γ̃G,p to the trivial group
is |G|γ̃e,p, we conclude

resGe (w
HZ
1 (γ̃G,p)) = |G|wHZ

1 (γ̃e,p),

which is nonzero when |G| is odd.

Conversely, suppose |G| is even and fix K ⊂ G of order 2. Using [BZ24, Theorem
3.14] and the fact that γ̃G,p is induced up from γ̃e,p (as in [BZ24, Notation 3.13]),
we conclude

w
HZ
1 (γ̃G,p) = trGe wHZ

1 (γ̃e,p) = trGK trKe wHZ
1 (γ̃e,p).

It is a standard fact that wHZ
1 (γ̃e,p) is nonzero and can be written as sgn∗(ι), where

sgn∗ : Z/2⟨ι⟩ ∼= H1(BΣ2+;F2) H1(BΣp+;F2)
∼=

is the isomorphism induced by the sign homomorphism sgn : Σp → Σ2 and ι is the
generator as indicated. Thus,

trKe wHZ
1 (γ̃e,p) = trKe sgn∗(ι)

= sgn∗ trKe (ι)

= 0

as H1
K(BKΣ2+;F2) = 0 by [HK01]. □
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Remark 7.4. The proposition above, combined with the fact that the ring Z → Fp

induce an injection on units
Z× F×

p

when p is odd, shows that γ̃G,p is not HFp-orientable when p and |G| are odd.
However, the 2-fold sum of γ̃G,p is HFp-orientable for all G by [BZ24, Theorem
1.19]). Thus, when p and |G| are odd, we will work with of 2γ̃G,p.

Notation 7.5. For the rest of the section we fix a finite group G and a prime p,
and let

• ϵ = [1 + (|G| mod 2)](p− 1)/2, i.e.,

ϵ =

{
(p− 1)/2 if |G| is even
(p− 1) if |G| is odd,

• ũG,2 denote an HF2-Thom class of γ̃G,2,

• ũG,p denote an HFp-Thom class of (1 + |G| mod 2)γ̃G,p when p ̸= 2,

• ẽG,p denote the HFp-Euler class corresponding to ũG,p at all prime p.

Remark 7.6. Note that ẽG ∈ H
ϵ(p−1)ρG

G (BGΣp;Fp) is a nonzero class as its image
under the restriction map to trivial group is nonzero.

At the prime 2, we filter BGΣ2 as

(7.7) ∗ P(ρ) P(2ρ) P(3ρ) · · · BGΣ2,

where
P(−) := S(−⊗ τ̃2)×Σ2 ∗

denotes the G-equivariant projective space as a functor of G-representations. This
results in an Atiyah-Hirzebruch like spectral sequence

(7.8) E1
∗,V :=

∞⊕
n∈N

HG
V(P((n+ 1)ρ)/P(nρ);F2) HG

V(BGΣ2+;F2)

calculating the homology of HG
V(BGΣ2+;F2).

Notation 7.9. Fix an injection κ : Cp ↪→ Σp and let

(7.10) κ : BGCp BGΣp

denote the map induced by κ on the classifying spaces. Note that the map κ, up
to homotopy, is independent of the choice of the injection κ. This is because all
injections from Cp to Σp are conjugates of each other.

When p is odd, we focus on identifying HFp-Eulerian sequence in HG
⋆ (BGCp;Fp)

defined using the Euler class κ∗ẽG,p of the bundle ϵκ∗γ̃G,p. This is because if
χ = (x0, x1, . . . ) is a HFp-Eulerian sequence in HG

⋆ (BGCp;Fp) then

κ∗χ = (κ∗x0, κ∗x1, . . . )

is a HFp-Eulerian sequence in HG
⋆ (BGΣp;Fp) as

κ∗(xi+1) ⌢ ẽG,p = κ∗(xi+1 ⌢ κ∗ẽG,p) = κ∗(xi).
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Notation 7.11. Let ρG,C denote the complex regular representation of G. We will
simply use ρC to denote ρG,C when the group G is clear from the context.

Similar to (7.7), BGCp admits a filtration
(7.12)

∗ Lp(ϵρC) Lp(2ϵρC) Lp(3ϵρC) · · · BGCp,

where
Lp(−) := S(−⊗C r2π/p)×Cp

∗
denotes the G-equivariant lens space as a functor of complex G-representations
defined using r2π/p, the rotation by 2π/p representation of Cp. This yields an
Atiyah-Hirzebruch like spectral sequence

(7.13) E1
∗,V :=

∞⊕
n∈N

HG
V(Lp(ϵ(n+ 1)ρC)/Lp(ϵnρC);Fp) HG

V(BGCp+;Fp)

calculating the homology groups of BGCp.

To identify classes in first pages of (7.8) and (7.13) we pause briefly to discuss the
equivariant analogs of some of the classical results of Atiyah [Ati61] on projective
spaces.

7.1. Some equivariant analogs of Atiyah’s result

In 1961, Atiyah proved that the quotient RPn+k/RPn is the Thom complex of
the n-fold sum of the tautological bundle over RPk [Ati61, Proposition 4.3]. The
equivariant analog of this result takes the following form.

Proposition 7.14. There exist a G-equivariant homeomorphism

Th
(
n γ̃

(k)
G,2

)
∼= P((n+ k)ρ)/P(nρ)

for all n, k ∈ N, where γ̃
(k)
G,2 is the pullback of γ̃G,2 along P(kρ) ↪→ BGΣ2.

Proof. We first note that γ̃
(k)
G,2 can be explicitly described as

γ̃
(k)
G,2 :=

S(kρ⊗ τ̃2)×Σ2
(ρ⊗ τ̃2)

P(kρ),

where S(V) is the space of subspace of unit length vectors in V. Let

D(V) := {v ∈ V : ∥v∥ ≤ 1}

denote the subspace of V consisting of vectors of length less than or equal to 1. Note
than when V is an orthogonal representation then both S(V) and D(V) inherits the
action of the ambient group. Thus, S(kρ⊗ τ̃2) and D(kρ⊗ τ̃2) are G× Σ2-spaces.

Now notice that the G× Σ2-equivariant map

f : S(kρ⊗ τ̃2)×D(nρ⊗ τ̃2) → S((n+ k)ρ⊗ τ̃2)
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defined by the formula f(v, w) =
(
w, v

√
1− ∥w∥2

)
, restricts to an equivariant

homeomorphism

S(kρ⊗ τ̃2)× (D(nρ⊗ τ̃2)− S(nρ⊗ τ̃2)) → S((n+ k)ρ⊗ τ̃2)− S(nρ⊗ τ̃2).

Taking Σ2-orbits, we get a G-equivariant homeomorphism

D
(
nγ̃

(k)
2

)
− S

(
nγ̃

(k)
2

)
→ P((n+ k)ρ)− P(nρ),

where D(−) and S(−) on the left hand side are the unit disk bundle and the unit
sphere bundle functors. By one-point compactifying the map above, we get the
desired homeomorphism. □

Thus, we have the following HF2-Thom isomorphism.

Corollary 7.15. For any finite group G

HG
V+nρ(P(n+ 1)ρ)/P(nρ);F2)

∼= HG
V(P(ρ)+;F2).

An analogous result can be obtained for equivariant lens spaces using the bun-
dle

(7.16) ω̃
(k)
G,p :=

S(kρC ⊗C r2π/p)×Cp
(ρC ⊗C r2π/p)

Lp(kρ),

where ρC is the complex regular representation of G.

Remark 7.17. For a complex G×Cp-representation V, let u(V) denote its under-
lying real representation. Then

u(ρC ⊗C r2π/p) ∼= u
(
(ρ⊗ C)⊗C r2π/p

) ∼= u
(
ρ⊗ (C⊗C r2π/p)

) ∼= ρ⊗ u(r2π/p).

Thus ω̃
(k)
G,p is a bundle of rank 2ρ in the sense of [BZ24].

Proposition 7.18. There exist a G-equivariant homeomorphism

Th
(
n ω̃

(k)
G,p

)
∼= Lp((n+ k)ρC)/Lp(nρC)

for all n, k ∈ N, where ω̃
(k)
G,p is the pullback of ω̃G,p as in (7.16).

Proof. Notice that the G× Cp-equivariant map

f : S(kρC ⊗C r2π/p)×D(nρC ⊗C r2π/p) S((n+ k)ρC ⊗C r2π/p)

defined by the formula f(v, w) =
(
w, v

√
1− ∥w∥2

)
, restricts to an equivariant

homeomorphism

S(kρC ⊗C r2π/p)×
(
D(nρC ⊗C r2π/p

)
− S(nρC ⊗C r2π/p))

S((n+ k)ρC ⊗C r2π/p)− S(nρC ⊗C r2π/p).

Taking Cp-orbits, we get a G-equivariant homeomorphism

D
(
nω̃

(k)
2

)
− S

(
nω̃

(k)
2

)
L((n+ k)ρC)− L(nρC).
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By one-point compactifying the map above, we get the desired homeomorphism. □

Since 2ω̃
(k)
G,p is HFp-orientable by (7.4), we conclude:

Corollary 7.19. For any finite group G

HG
V+4nρ

(
Lp((2n+ k)ρC)/Lp(2nρC);Fp

) ∼= HG
V(Lp(kρC)+;Fp).

Using (7.15), we may rewrite the spectral sequence (7.8) as

(7.20) E1
∗,V :=

∞⊕
k∈N

HG
V(Σ

kρP(ρ)+;F2) HG
V(BGΣ2+;F2).

Likewise, we use (7.19) to rewrite (7.13) as

(7.21) E1
∗,V :=

∞⊕
k∈N

HG
V(Σ

2ϵkρLp(ϵρC)+;Fp) HG
V(BGCp+;Fp)

when p is an odd prime.

Atiyah showed that [Ati61, Lemma 4.5] the sum of the tangent bundle TRPn−1

of RPn−1 := P(Rn) and a 1-dimensional trivial bundle is isomorphic to the n-fold
Whitney sum nγ̃

(n)
2 of the tautological line bundle. Using this and Atiyah duality

[Ati61, Proposition 3.2], one can reproduce Poincaré duality

Hk((RPn−1)+;F2) ∼= H−k(Th(−TRPn−1);F2)

∼= H−k(Th(−nγ̃
(n)
2 + ϵ1);F2)

∼= H−k(Σ
1−n(RPn−1)+;F2)

∼= Hn−1−k((RPn−1)+;F2),

where the third isomorphism is the evident HF2-Thom isomorphism.

We would now like to establish an equivariant analog of [Ati61, Lemma 4.5] to
establish the equivariant Poincaré duality results for P(nρ) and Lp(nρ).

Lemma 7.22. The following are isomorphisms of G-equivariant vector bundles:

(1) TP(kρ)⊕ ϵ1 ∼= kγ̃
(k)
2 .

(2) TLp(kρ)⊕ ϵ1 ∼= kω̃
(k)
p when p is odd.

Proof. Note that the normal bundle of S(kρ ⊗ τ̃2) ↪→ kρ ⊗ τ̃2 is isomorphic to ϵ1,
the trivial 1-dimensional real (G×Σ2)- vector bundle. Therefore, we get (G×Σ2)-
equivariant isomorphism

TS(kρ⊗ τ̃2)⊕ ϵ1 ∼= S(kρ⊗ τ̃2)× (kρ⊗ τ̃2)

of (G× Σ2)-vector bundle. By taking Σ2-orbit, we get (1).

Similarly, the homeomorphism of (2) is the map on the Cp-orbits of the (G×Cp)-
isomorphism

TS(kρC ⊗C r2π/p)⊕ ϵ1 ∼= S(kρC ⊗C r2π/p)× (kρC ⊗C r2π/p),

where ϵ1 is the trivial 1 dimensional real (G× Cp)-representation. □

Lemma 7.23 (Poincaré duality). Let G be a finite group. Then there are isomor-
phisms of Abelian groups
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(1) H⋆
G(P(kρ)+;F2)

∼= HG
kρ−1−⋆(P(kρ)+;F2)

(2) HG
⋆ (Lp(ϵkρC)+;Fp)

∼= H2ϵkρ−1−⋆
G (Lp(ϵkρC)+;Fp)

for all k ∈ N.

Proof. Since the tangent bundle of P(kρ) is homogeneous [BZ24, Lemma 2.21], we
may combine equivariant Atiyah duality [May96, XV1§8] with (7.22) to obtain

H⋆
G(P(kρ)+;F2)

∼= HG
−⋆(Th(−TP(kρ));F2)

∼= HG
−⋆(Th(−kγ̃

(k)
G,2 + ϵ1);F2)

∼= HG
kρ−1−⋆(P(kρ)+);F2).

Likewise, when p is odd, we have

H⋆
G(Lp(ϵkρC)+;Fp)

∼= HG
−⋆(Th(−TLp(ϵkρC));Fp)

∼= HG
−⋆(Th(−ϵkω̃

(k)
G,p + ϵ1);Fp)

∼= HG
2ϵkρ−1−⋆(Lp(ϵkρC)+);Fp),

where the last isomorphism is an HFp-Thom isomorphism which holds because ϵ is
an even number when |G| and p are odd (see (7.3) and (7.4)). □

7.2. Identifying HFp-Eulerian sequences

In this subsection, we begin by analyzing the path components of P(kρ)G and
Lp(kρC)

G. This will lead us to a calculation of HG
0 (P(ρ)+;F2) as well as

HG
0 (L(ϵρC)+;Fp), and consequently, new elements in the E1-page of (7.20) and

(7.21). We then show that these elements are nonzero permanent cycles resulting
in identification of HFp-Eulerian sequences.

Notation 7.24. For a finite real or complex G-representation V and an irreducible
G-representation λ, we let Vλ be the subrepresentation of V such that V/Vλ does
not contain an irreducible sub-representation isomorphic to λ.

The fixed-points of P(kρG) and Lp(kρG) have been studied and described explicitly
in [KL24]. We simply state their conclusion.

Lemma 7.25. Let Irr1(G) is the set of isomorphism classes of 1-dimensional irre-
ducible representations. Then

P(V)G =
∐

λ∈Irr1(G)

P(Vλ).

For p > 2,
Lp(V)G =

∐
[λ]∈Ĩrr1(G)

Lp(Vλ),

where Ĩrr1(G) is the set of isomorphism classes of complex 1-dimensional irreducible
representations whose character factors through Cp.

For each λ ∈ Irr1(G), we consider a based map

bλ : S0 P(ρλ)+ P(ρ)+,
b′λ i
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where b′λ sends the non-basepoint of S0 to a point in P(ωλ) and i is the inclusion
along the G-fixed points. By (7.25), such a map is unique up to a contractible
choice and determines a unique class in [bλ] ∈ πG

0 (P(ρ)+).

Remark 7.26. The HF2-Hurewicz image of [bλ] ∈ πG
0 (P(ρ)+), denote it by

bλ ∈ HG
0 (P(ρ)+;F2),

is nonzero because its underlying nonequivariant Hurewicz image is nonzero.

Remark 7.27. Moreover, bλ = bλ′ if and only if λ = λ′ in Irr1(G). This is because
images of bλ and bλ′ under modified geometric fixed-point functor

φ̃G : HG
0 (P(ρ)+;F2)

⊕
λ∈Irr1(G) H0(P(λ)+;F2)

are different classes when λ ̸= λ′.

The classes bλ leads to a nonzero element

bkρ,λ ∈ E1
k,kρ

for each k ∈ N in the E1-page of (7.20).

Remark 7.28 (When p is odd). In this case, for each λ ∈ Ĩrr1(G), we consider a
basepoint-preserving map:

bλ : S0 Lp((ϵρC)λ)+ Lp(ϵρC)+.
b′λ i

Here, b
′

λ sends the non-basepoint of S0 to a point in Lp((ϵρC)λ). The Hurewicz
image, bλ ∈ HG

0 (Lp((ϵρC)λ)+;Fp), is a nonzero class because its restriction is also
nonzero. This results in the element

b2ϵkρ,λ ∈ E1
k,2ϵkρ

in the (7.21) for each k ∈ N and λ ∈ Ĩrr1(G).

Our next goal is to prove (7.33), where we show that bkρ,λ in (7.20) are nonzero
permanent cycles. We will need the following two lemmas.

Lemma 7.29. Suppose r is an integer. Then

HG
rρ−1(P(ρ)+;F2)

∼=
{

F2 when r = 1,
0 otherwise.

Moreover, the restriction map

(7.30) ιe∗ : HG
ρ−1(P(ρ)+;F2) H|G|−1(RP|G|−1;F2)

is an isomorphism.

Proof. When r ≤ 0, then

HG
rρ−1(P(ρ)+;F2)

∼= HG
r−1(Σ

−r(ρ−1)P(ρ)+;F2)
∼= 0

as negative Bredon homology groups of any G-space is trivial.
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When r > 1, we use (7.23) (Poincaré duality) to conclude that

HG
rρ−1(P(ρ)+;F2)

∼= H
(1−r)ρ
G (P(ρ)+;F2)

∼= H
(1−r)
G

(
Σ(r−1)(ρ−1)P(ρ)+;F2

)
∼= 0

as negative Bredon cohomology of G-spaces are trivial.

When r = 1, we use Poincaré duality and the fact that the action of G on HFp is
trivial to relate the (ρ− 1)-th Bredon homology group

HG
ρ−1(P(ρ)+;F2)

∼= H0
G

(
Σ(r−1)(ρ−1)P(ρ)+;F2

)
∼= H0

(
OrbG(Σ

(r−1)(ρ−1)P(ρ))+;F2

)
with the zeroth ordinary cohomology of the space of G-orbits of Σ(r−1)(ρ−1)P(ρ).
Since the underlying space of Σ(r−1)(ρ−1)P(ρ) is path connected, its G-orbits also
form a path connected space, and therefore, HG

ρ−1(P(ρ);F2)
∼= F2.

Note that the nonzero element c ∈ HG
ρ−1(P(ρ)+;F2) is Poincaré dual to

1 ∈ H0
G(P(ρ)+;F2)

whose restriction is 1 ∈ H0
G(RP

|G|−1
+ ;F2). Since Poincaré duality isomorphism (PD)

commutes with restriction

HG
ρ−1(P(ρ)+;F2) H|G|−1(RP|G|−1;F2)

H0
G(P(ρ)+;F2) H0(RP|G|−1;F2),

ιe∗

PD PD

∼=
ιe∗

it follows that (7.30) is also an isomorphism. □

Remark 7.31. The element c ∈ HG
ρ−1(P(ρ)+;F2) in the proof of the Lemma above

maps to b|G|−1 ∈ HG
|G|−1(RP

|G|−1;F2) (in the notation of (4.22)) under restriction.

Lemma 7.32. Suppose r is an integer. Then

F2{bλ : λ ∈ Irr1(G)} ⊂ HG
0 (P(ρ)+;F2)

and HG
rρ(P(ρ)+;F2) = 0 for r ̸= 0.

Proof. An argument similar to (7.29) establishes HG
rρ(P(ρ)+;F2)

∼= 0 for all integers
r ̸= 0. From (7.27), we conclude that

F2{bλ : λ ∈ Irr1(G)} ⊂ HG
0 (P(ρ)+;F2).

The above inclusion may not be an isomorphism. This is a consequence of (7.57)
and (7.60). □

Proposition 7.33. The element bkρ,λ in (7.20) is a nonzero permanent cycle for
all k ∈ N.

Proof. By (7.29)

dr(bkρ,λ) ∈ Er
k−r,kρ−1

∼= HG
kρ−1(Σ

(k−r)ρP(ρ)+;F2)
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is trivial for r ≥ 2. Thus, to establish bkρ,λ as a permanent cycle we must show
that it is a d1-cycle.

By (7.29), there is a unique F2-generator

(7.34) ckρ−1 ∈ E1
k−1,kρ−1

which can be a potential target of a d1-differential on bkρ,λ. In other words,

d1(bkρ,λ) = tckρ−1

where t ∈ {0, 1}. We will now show that t must equal 0.

In contrary, suppose this differential is nontrivial, i.e. t = 1, it would imply a
nontrivial differential in the spectral sequence

(7.35) E1
∗,V :=

k+r⊕
n=0

HG
V(Σ

nρP(ρ)+;F2) HG
V(P((k + r)ρ)+;F2)

for all k ≥ 1, and consequently,

Hkρ
G (P((k + r)ρ)+;F2)

∼= HG
kρ−1(P((k + r)ρ)+;F2)

∼= 0

by Poincare duality (see (7.23)). It would follow that HF2-Euler class of kγ̃(k+r)
G,2

and hence its restrictions, must be zero. However, this is a contradiction as the
restriction of kγ̃(k+r)

G,2

ιe

(
kγ̃

(k+r)
G,2

)
= k|G|γ̃(k+r)

e,2

is the k|G|-fold sum of the tautological bundle over RP(k+r)|G|−1, whose HF2-Euler
class is nontrivial.

To show that bkρ,λ is nonzero in the E∞-page, we consider the map of spectral
sequences

(7.36)

⊕
n∈N

HG
⋆ (Σ

nρP(ρ)+;F2) HG
⋆ (BGΣ2+;F2)

⊕
n∈N

H∗(Σ
nρRP|G|−1

+ ;F2) H∗(RP∞
+ ;F2)

ιe∗
ιe∗

induced by the restriction to trivial group. Note that the bottom spectral sequence
collapses at the E1-page. Since, the image of bnρ,λ under restriction is a nonzero
permanent cycle (follows from (7.26)), it follows that bnρ,λ cannot be a target of a
differential, thus nonzero in the E∞-page. □

Proposition 7.37. The elements ckρ−1 defined in (7.34) is nonzero permanent
cycle for all k ≥ 0 in the spectral sequence (7.20).

Proof. If ckρ−1 supports or is a target of a differential in (7.20) then the same will
hold in the spectral sequence (7.35) for some r ≫ 0. Then, by Poincaré duality, i.e.
(7.23),

Hrρ
G (P((k + r)ρ)+;F2)

∼= HG
kρ−1(P((k + r)ρ)+;F2)

∼= 0

which contradicts the fact that HF2-Euler class of kγ̃(k+r)
G,2 is nonzero. □
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By (7.29) and (7.32), the nonzero permanent cycles bkρ,λ and ckρ−1 determine
unique elements in HG

⋆ (BGΣ2;F2) with no indeterminacies.

Notation 7.38. When G is nontrivial, let bkρ,λ ∈ HG
kρ((BGΣ2)+;F2) denote the

element detected by bkρ,λ in (7.20). Likewise, we let ckρ−1 ∈ HG
kρ−1(BGΣ2)+;F2)

denote the element detected by ckρ−1 of (7.34). Using these elements, we define
the sequences

βλ,(2) := (b0,λ,bρ,λ,b2ρ,λ, . . . )

ζ(2) := (0, cρ−1, c2ρ−1, . . . )

which are candidates for ρ-stable HF2-Eulerian sequences.

Theorem 7.39. The sequence ζ(2) is a ρ-stable HF2-Eulerian sequence.

Proof. We must verify that ζ(2) satisfies the condition of (4.12). Firstly note,

cρ ⌢ ẽG,2 = 0

as HG
−1(BGΣ2;F2)

∼= 0. Now notice that

ιe∗(ẽG,2) = ẽ
|G|
e,2

as the underlying nonequivariant bundle of γ̃G,2 is the |G|-fold sum of the tautolog-
ical line bundle γ̃e,2 over BΣ2. It follows from the arguments in the proof of (7.33)
that

HG
kρ−1(BGΣ2;F2)

∼= F2

generated by ckρ−1. Further, the diagram in (7.36) implies that the restriction map

ιe∗ : HG
kρ−1(BGΣ2;F2) Hk|G|−1(BΣ2;F2)

is an isomorphism for all k ≥ 1 sending ckρ−1 to bk|G|−1 following the notations of
(4.22). Since, b(k+1)|G|−1 ⌢ ẽ

|G|
e,2 = bkρ−1, we conclude that

c(k+1)ρ−1 ⌢ ẽG,2 = ckρ−1

for all k ≥ 1. Thus, ζ(2) is a ρ-stable HF2-Eulerian sequences. □

Notation 7.40. Let SqkρG+1 to denote the genuine stable cohomology operation
Sζ(2)[k] corresponding to the k-shift of ζ(2).

Theorem 7.41. The genuine stable cohomology operation Sqkρ+1
G is a nonzero

element in [HF2,HF2]
kρ+1
G as its restriction

ιe∗(Sq
kρG+1) = Sqk|G|+1

is the classical (k|G|+ 1)-th classical mod 2 Steenrod squaring operation.

Proof. Since ιe∗(ckρ−1) = bk|G|−1 (see proof of (7.39)), we get

ιe∗(ζ(2)[k]) = t|G|(β1[k|G|+ 1])

and the result follows from (4.22) and (4.24). □

In fact, we can make a much more general statement. First notice that, for all
subgroups K ⊂ G, all the restriction maps involved in

ιe∗ : HG
kρG−1(BGΣ2;F2) HK

k|G/K|ρK−1(BKΣ2;F2) Hk|G|−1(BΣ2;F2)
ιK∗ ιKe∗

are isomorphisms. Consequently, ιK∗(ckρG
− 1) = ck|G/K|ρK−1 and we get:
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Theorem 7.42. Suppose K ⊂ G. Then

ιK∗(Sq
kρG+1(x)) = Sqk|G/K|ρK+1(ιK∗(x))

for any HF2-cohomology class x.

Remark 7.43. We leave the identification of the G-geometric fixed point of ζ (as
defined in (4.27)) for the future, as our methods do not identify the elements

c∗φ̃
K(ckρ−1) ∈ Hk−1(BKΣ2;F2),

where c is the collapse map of (4.26) and φ̃K is as in modified geometric fixed-point
functor of (2.25), in general.

Remark 7.44. Whether the sequence βλ,(2) satisfy the Eulerian criteria of (4.12)
is the subject of Section 7.3.

The odd primary analog of (7.29) is the following lemma:

Lemma 7.45. Let G be any finite group and r be an integer. Then

HG
2rϵρ−1(Lp(ϵρC)+;Fp)

∼=
{

Fp when r = 1
0 otherwise.

Moreover, the restriction map

(7.46) ιe∗ : HG
2ϵρ−1(Lp(ϵρC)+;Fp) H2ϵ|G|−1(Lp(Cϵ|G|)+;F2)

is an isomorphism.

Proof. The proof is identical to that of (7.29), so we leave it to the readers. □

From (7.45), we conclude E1
k,2kϵρ−1

∼= Fp in (7.21).

Lemma 7.47. Any nonzero element in E1
k,2kϵρ−1

∼= Fp in the spectral sequence
(7.21) is a nonzero permanent cycle.

Proof. We consider a truncated version (7.21) along with its restriction to trivial
group

(7.48)

n=k+r⊕
n=0

HG
⋆ (Σ

2nϵρLp(ϵρC)+;Fp) HG
⋆ (Lp((k + r)ϵρC)+;Fp)

n=k+r⊕
n=0

H∗(Σ
kρLp(Cϵ|G|)+;Fp) H∗(Lp(C(k+r)ϵ|G|)+;Fp)

ιe∗ ιe∗

where the bottom spectral sequence collapses at the E1-page. Thus, a nonzero
element c ∈ E1

k,2kϵρ−1 cannot be the target of a differential.

Suppose c supports a differential, then this differential will appear in the top spectral
sequence of (7.48). This, along with (7.45) and (7.23) (Poincaré duality), would
imply

H2kϵρ
G (Lp(ϵ(k + r)ρC)+;Fp)

∼= 0

and hence, the HFp-Euler class of ϵkω̃
ϵ(k+r)
G,p must be zero. However, this is a

contradiction as its restriction is the HFp-Euler class of

ιe(ϵkω̃
(ϵ(k+r))
G,p ) = ϵk|G|ω̃(ϵ(k+r)|G|)

e,p ,
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which is nonzero. □

The proof above reveals that not only HG
2ϵkρ−1 ((BGCp)+;F2)

∼= Fp, but also that
the restriction map

(7.49) ιe∗ : HG
2ϵkρ−1

(
(BGCp)+;Fp

)
H2ϵk|G|−1((BCp)+;Fp)

is an isomorphism. The mod p cohomology of BCp is isomorphic to

H∗((BCp)+;Fp) ∼= ΛFp(y)JuK,

where |a| = 1 and b can be chosen to be HFp-Euler class of the real 2-dimensional
bundle

Rk :=

ECp ×Cp

(
r2πk/p

)
BCp

for any k ∈ {1, . . . , p − 1} (these Euler classes differ up to a multiple of unit). An
element dual to yuϵk|G|−1 generates H2ϵk|G|−1((BCp)+;Fp).

Recall κ and κ from (7.9). The pullback τ̃p along κ is isomorphic to

κ∗τ̃p ∼=
(p−1)/2⊕

k=1

r 2kπ
p

and therefore,
κ∗γ̃e,p

∼= R1 ⊕ · · · ⊕R(p−1)/2.

Consequently, HFp-Euler class of (1 + |G| mod 2)κ∗γ̃e,p is nonzero, in fact it is a
unit multiple of uϵ. Since,

• the underlying nonequivariant bundle of κ∗γ̃G,p is |G|-fold sum of κ∗γ̃e,p,

• capping with uϵ

− ⌢ uϵ : H2ϵ(k+1)−1 ((BCp)+;Fp) H2ϵk−1 ((BCp)+;Fp)

is an isomorphism,

• the restricted class ιe∗(ẽG,p) is a unit multiple of uϵ|G|, and

• the restriction map (7.49) is an isomorphism,

we conclude that:

Lemma 7.50. For any finite group G, the map

− ⌢ κ∗ẽG,p : HG
2ϵ(k+1)ρ−1 ((BGCp)+;F2) HG

2ϵkρ−1 ((BGCp)+;F2)

is an isomorphism.

Notation 7.51. Give a finite group G and a prime p, choose a generator cρ−1 ∈
HG

2ϵρ−1((BGCp)+;Fp). Using (7.50), we define the elements

ckρ−1 ∈ HG
2ϵkρ−1((BGCp)+;Fp)

so that c(k+1)ρ−1 ⌢ κ∗ẽG,p = ckρ−1.
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Now define the sequence

ζ(p) := (0, cρ−1, c2ρ−1, . . . )

which is a ρ-stable HFp-Eulerian sequence by construction. Invoking (4.18), we let
PkρG+1 denote the genuine stable HFp-cohomology operation induced by ζ(p)[k].
Then:

Theorem 7.52. The genuine stable cohomology operation P2ϵkρG+1 is a nonzero
element in [HFp,HFp]

2ϵkρ+1
G as its restriction is the classical odd primary classical

Steenrod operation
ιe∗P

2ϵkρG+1 = βP2k|G|

in the notation of [Ste62].

Proof. This follows from the fact that ιe∗(ckρ−1) is the element dual to yuϵk|G|−1

under Kronecker product, (3.17) and (4.3). □

An argument identical to that of (7.42), shows that:

Theorem 7.53. Suppose K ⊂ G. Then

ιK∗(P
2ϵkρG+1(x)) = P2ϵ|G/K|kρK+1(ιK∗(x))

for any HFp-cohomology class x.

Another important consequence of (7.45) is that the odd primary classes b2ϵkρ,λ
from (7.28) are immune to all differentials:

Corollary 7.54. The class b2ϵkρ,λ of (7.21) is a nonzero permanent cycle for all
k ∈ N.

Proof. By (7.29), b2ϵkρ,λ can only possibly support a d1-differential. However,
(7.45) shows that the potential targets of any such permanent d1-differential are
already nonzero permanent cycles. Consequently, b2ϵkρ,λ must also be permanent
cycles.

Furthermore, by construction, as detailed in (7.28)), the restriction of b2ϵkρ,λ in
(7.48) are nonzero permanent cycles. Therefore, b2ϵkρ,λ cannot be the target of a
differential. Hence, the result. □

Arguing exactly the same way as (7.32), we get:

Lemma 7.55. Suppose r is an integer. Then

F2{bλ : λ ∈ Ĩrr1(G)} ⊂ HG
0 (Lp(ϵρC)+;F2),

and HG
rρ(Lp(ϵρC)+;F2) = 0 when r ̸= 0.

Notation 7.56. As a consequence of (7.55), b2ϵkρ,λ detects a unique class, denote
it by b2ϵkρ,λ, in HG

2ϵkρ((BGCp)+;Fp).

Next, we will show that the elements in H2ϵkρ
G ((BGCp)+;Fp) detected by b2ϵkρ,λ

can be arranged to give rise to HFp-Eulerian sequences which we will denote by
βλ,(p).
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7.3. The Eulerian sequence βλ,(p).

We now establish the main technical result for this subsection:

Lemma 7.57. Suppose X path-connected space with an action of G. Then the
kernel of the map

(7.58) HG
0 (X+;Fp) HG

0 (ẼG ∧X+;Fp)

is the image of the trGe : H0(ιeX+;Fp) −→ HG
0 (X+;Fp). Moreover, if the transfer is

nontrivial, then

(7.59) 0 H0(ιeX+) HG
0 (X+) HG

0 (ẼG ∧X+) 0.
trGe

is a short exact sequence of Fp-vector spaces.

Proof. By running the long exact sequence associated to the cofiber sequence EG+ →
S0 → ẼG, and using the fact that negative Bredon homology of any space is trivial,
we notice that the map (7.58) is a surjection whose kernel is the image of map

HG
0 (EG+ ∧X+;Fp) HG

0 (X+;Fp).

Since G+ → EG+ is the zeroth G-equivariant skeletal approximation, the map

HG
0 (G+ ∧X+;Fp) HG

0 (EG+ ∧X+;Fp)

is an isomorphism. Moreover the composite G+ ∧ X+ → EG+ ∧ X+ → S0 ∧ X+

induces the transfer map:

trGe : H0(ιeX+;Fp)
∼= HG

0 (G+ ∧X+;Fp) HG
0 (X+;Fp).

The claim regarding the short exact sequence holds because He
0(ιeX+;Fp) is isomor-

phic to Fp, a consequence of ιeX being path connected. Therefore, if the transfer
is nontrivial, it is necessarily an injection. □

Although we do not compute the transfer in (7.59) explicitly, it is not hard to show
that there are many cases where it is nontrivial. For example:

Example 7.60. The map X+ → S0 induces a map of Mackey functors in homology.
The transfer trGe in HG

0 (S
0;F2) is the transfer in the constant Mackey functor F2,

i.e., multiplication by |G|. This is nonzero when |G| is odd. Thus, the inequalities
of (7.32) and (7.55) are often strict.

Remark 7.61. In the case when the transfer is nontrivial, the short exact sequence
(7.59) splits naturally. This is because

HG
0 (X

G
+;Fp) HG

0 (X+;Fp) HG
0 (ẼG ∧X+;Fp)

is an isomorphism. To prove this, we first note that HG
0 (X

G
+;Fp)

∼= H0(X
G;Fp),

which is free Fp-vector space generated by G-connected components of X. We then
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compute the right-hand side as follows:

HG
0 (ẼG ∧X+;Fp)

∼= [S0,HFp ∧ ẼG ∧X+]
G

∼= [S0,ΦGHFp ∧XG
+]

∼= (ΦGHFp)0(X
G
+)

∼= (HFp)0(X
G
+),

where the last isomorphism folows from the fact that ΦGHFp splits as a wedge of
HFp and a 1-connected HFp-module.

Now, we focus on the specific case when X = P(ρ). From (7.60). Let

t = trGe (b0) ∈ HG
0 (P(ρ)+;F2),

where b0 is the generator of H0(RP|G|−1
+ ;F2). Then:

Proposition 7.62. The class trGe (bk|G|) ∈ HG
kρ ((BGΣ2)+;F2) is nonzero iff t = 0,

for all k ∈ N.

Proof. This follows immediately from the study of the transfer map between the
spectral sequences of (7.36). □

Next, we show that:

Theorem 7.63. For all k ≥ 0, the map

− ⌢ ẽG,2 : HG
(k+1)ρ((BGΣ2)+;F2) HG

kρ((BGΣ2)+;F2)

is an isomorphism.

Proof. It follows from the theory of equivariant vector bundle (see [BZ24, Lemma
2.18]) that G-fixed point γ̃G,2 is

(γ̃G,2)
G ∼=

⊔
λ∈Irr1(G)

γ̃e,2.

Thus, the modified G-geometric functor sends the HF2-Euler class ẽG,2 to

φ̃G(ẽG,2) =
∑
λ

ẽλ,

where ẽλ is an Euler class of γ̃e,2 over the component corresponding to λ. Easy to
see that

− ⌢ φ̃G(ẽG,2) :
⊕

λ Hk+1((BΣ2)+;F2)
⊕

λ Hk((BΣ2)+;F2)

is an isomorphism for all k ≥ 0. Since φ̃G satisfies the general formula

φ̃G(b ⌢ e) = φ̃G(b) ⌢ φ̃G(e),

we have a commutative diagram

HG
(k+1)ρ((BGΣ2)+;F2) H(k+1)((BΣ2);F)

HG
kρ((BGΣ2)+;F2) Hk((BΣ2);F),

φ̃G

−⌢ẽG,2 −⌢φ̃G(ẽG,2)

φ̃G
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where the right vertical arrow is an isomorphism for all k ≥ 0. When t = 0,
(7.57) and (7.61) implies that the horizontal arrows in the diagram above are also
isomorphisms. Consequently, the left vertical arrow, which is capping with ẽG,2 is
an isomorphism for all k ≥ 0, as desired.

When t ̸= 0, we consider the diagram

H(k+1)|G|((BΣ2)+;F2) HG
(k+1)ρ((BGΣ2)+;F2)

⊕
λ H(k+1)((BΣ2);F)

Hk|G|((BΣ2)+;F2) HG
kρ((BGΣ2)+;F2)

⊕
λ Hk((BΣ2);F)

trGe

−⌢ẽ
|G|
e,2

φ̃G

−⌢ẽG,2 −⌢φ̃G(ẽG,2)

trGe φ̃G

where the rows are short exact sequences (follows from (7.57) and (7.62)) and the
left square commutes because of (7.65). Since the left and the right vertical arrows
are isomorphism, it follows that the middle vertical arrow is also an isomorphism
as desired. □

A nearly identical argument yields the odd primary analog of the above result:

Theorem 7.64. For all k ≥ 0, the map

− ⌢ κ∗ẽG,p : HG
2ϵ(k+1)ρ((BGCp)+;Fp) HG

2ϵkρ((BGCp)+;Fp)

is an isomorphism.

Lemma 7.65. Suppose X is a G-space, t ∈ H⋆
G(X+;Fp) a RO(G)-graded cohomol-

ogy class, and x ∈ H∗(ιeX+;Fp) a homology class of the underlying nonequivariant
space. Then:

trGe (x) ⌢ t = trGe (x ⌢ rese(t))).

Proof. We first observe that the quotient map π : G −→ G/G ∼= e induces the
transfer

trGe = π∗ : H|V|(ιeX+;Fp) ∼= HG
V(G+ ∧X+;Fp) HG

V(X+;Fp)

in homology, and the restriction map

rese = π∗ : HW(X+;Fp) HW
G (G+ ∧X+;Fp)

∼= H
|W|
G (X+;Fp)

in cohomology, for any V,W ∈ RO(G),. Then the result follows from the natural
relation

π∗(x) ⌢ t = π∗(x ⌢ π∗(t))

satisfied by the cap product. □

Using the isomorphisms of (7.63) and (7.64) we define the HFp-Eulerian sequence

βλ,(p) := (b̂0,λ, b̂1,λ, . . . )

where b̂0,λ = b0,λ and use induction to define b̂k such that

b̂k+1,λ ⌢ κ∗ẽG,p = b̂k,λ

where κ is the map defined in (7.9) for p odd and identity when p = 2.

Remark 7.66. The elements b̂k,λ may differ from the element of bkρ,λ up to an
element in the image of the transfer map trGe .
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Notation 7.67. Using Main Theorem 1, we obtain a genuine stable HFp-cohomology
operation corresponding to βλ,(p) and its k-shifts. When p = 2, we set

SqkρG

λ := Sβλ,(2)[k].

Further, when λ = 1 ∈ Irr1(G), we simply use the notation SqkρG . When p is odd,
we set

P2ϵkρG

λ := Sβλ,(p)[k]

and drop the subscript when λ = 1 ∈ Ĩrr1(G).

Proof of Main Theorem 3. Since restriction of the class b0,λ to a subgroup K
is

b0,ιKλ ∈ HK
0 ((BKCp)+;Fp),

and restriction of the Euler class ẽG,p to K is ẽ
|G/K|
K,p , we conclude that

ιK(βλ,(p)) = t|G/K|βιKλ,(p).

This, combined with (4.29), (7.42) and (7.53) completes the proof. □

Proof of Main Theorem 4. First, assume that K is a normal subgroup of G.
In this case, the Weyl group is W(K) = G/K. We observe that the modified
K-geometric fixed-point of the class b0,λ is

b0,λK ∈ HK
0 ((BKCp)+;Fp),

where we set b0,λK = 0 when λK = 0. Furthermore, note c∗φ̃
K(ẽG,p) = ẽG/K,p.

Therefore, using (7.64) and the commutativity of the diagram

HG
2ϵ(k+1)ρG

((BGCp)+;Fp) HG
2ϵkρG

((BGCp)+;Fp)

HG
2ϵ(k+1)ρW(K)

((BW(K)Cp)+;Fp) HG
2ϵkρG

((BW(K)Cp)+;Fp)

c∗φ̃
K(−)

−⌢κ∗ẽG,p

∼=

c∗φ̃
K(−)

−⌢κ∗ẽW(K),p

∼=

we conclude that
φK(βλ,(p)) = βλK,(p).

Thus, the result follows from (4.33).

When K is not a normal subgroup, then we first restrict to the normalizer sub-
group N(K) before calculating modified K-geometric fixed-points. In this case, the
arguments above, combined with Main Theorem 3, yields the stated results. □
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