Advances in Mathematics 471 (2025) 110270

Contents lists available at ScienceDirect

MATHEMATICS

Advances in Mathematics

journal homepage: www.elsevier.com/locate/aim

Quivers and the Adams spectral sequence

L))

Check for
Updates

Robert Burklund *, Piotr Pstraggowski ™

2 Department of Mathematical Sciences, University of Copenhagen, Denmark
Y Department of Mathematics, Harvard and Institute for Advanced Study, USA

ARTICLE INFO ABSTRACT
Article history: In this paper, we describe a novel way of identifying Adams
Received 25 August 2023 spectral sequence Es-terms in terms of homological algebra

Received in revised form 11 January
2025

Accepted 31 March 2025

Available online 9 April 2025
Communicated by A. Asok

of quiver representations. Our method applies much more
broadly than the standard techniques based on descent-
flatness, bearing on a varied array of ring spectra. In the
particular case of p-local integral homology, we are able to
give a decomposition of the Es-term, describing it completely

Keywords: in terms of the classical Adams spectral sequence. In the
Adams spectral sequence appendix, which can be read independently from the main
Quiver body of the text, we develop functoriality of deformations of
Stable homotopy theory oo-categories of the second author and Patchkoria.

© 2025 The Author(s). Published by Elsevier Inc. This is an
open access article under the CC BY license (http://
creativecommons.org/licenses/by/4.0/).

Contents
1. Introduction . . . . .. . . . 2
2. Quiver homology theories . . ... .. .. . ... . ... 9
3. Synthetic spectra based on a quiver homology theory . ... ....... ... ... ... ... ..... 19
4.  Integral homology . ... ... ... . ... e 28
5. Further examples . . . . . . e 50
Appendix A. Calculus of deformations. . . . ... ... ... . . e 56
References . . . . ... 75

* Corresponding author.
E-mail addresses: rb@math.ku.dk (R. Burklund), pstragowski.piotr@gmail.com (P. Pstragowski).

https://doi.org/10.1016/j.aim.2025.110270
0001-8708/© 2025 The Author(s). Published by Elsevier Inc. This is an open access article under the CC
BY license (http://creativecommons.org/licenses/by/4.0/).


https://doi.org/10.1016/j.aim.2025.110270
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/aim
http://crossmark.crossref.org/dialog/?doi=10.1016/j.aim.2025.110270&domain=pdf
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
mailto:rb@math.ku.dk
mailto:pstragowski.piotr@gmail.com
https://doi.org/10.1016/j.aim.2025.110270
http://creativecommons.org/licenses/by/4.0/

2 R. Burklund, P. Pstrqgowski / Advances in Mathematics 471 (2025) 110270

1. Introduction

Many problems in algebraic geometry and stable homotopy theory can be attacked
using the method of descent. In the case most important to homotopy theorists, one
picks a ring spectrum R and forms the Amitsur resolution of the sphere spectrum:

 —
H <7
S—— R <—R®R—R®R®R---

Associated to this we have the R-based Adams spectral sequence (sometimes called the
descent spectral sequence) which is of signature

EYt = m(R®*H) = 7S,

In practice, the E;i-term above is enormous and a first, crucial, goal is to identify the
Es-term in terms of homological algebra.

The standard assumption that allows one to do this is descent-flatness; that is, asking
that R.R be flat as an R,-module. If this is the case, one can show that the pair
(R«, R«R) becomes a Hopf algebroid in graded commutative rings. We then have a
canonical identification

Ey' = Exty! p(R., R.),

where the Ext-groups are computed in R.R-comodules. It is this identification that
strongly ties homotopy theory to algebraic geometry: the Hopf algebroid presents a
stack and the category of comodules can be identified with quasi-coherent sheaves on
this stack,? relating the homological algebra of the latter to the stable homotopy groups
of spheres.

Perhaps the most important example is given by taking R to be the complex bordism
spectrum MU, for which the associated stack is the moduli stack of formal groups.
This creates a bridge between homotopy theory and arithmetic geometry, leading to the
subject of chromatic homotopy theory.

Unfortunately, the descent-flatness assumption fails in many important examples,
such as topological modular forms, real K-theory, truncated Brown-Peterson spectra
and integral homology. Some of these ring spectra are closer to the sphere than either
MU or F,, so that the corresponding Adams spectral sequence would be very efficient,
yet the lack of a uniform description of the corresponding Fs-term makes large-scale
calculations incredibly complicated.

L To drive our point home, let us quote Ravenel [31]: “The cobar complex [the Eji-term] is so large that
one wants to avoid using it directly at all costs.”.

2 To be more precise, since (R«, R« R) is a Hopf algebroid in graded-commutative rings, the associated
stack is Dirac stack in the sense of [16].
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The standard strategy in these cases is to start the analysis at the Ej-term. While
involved, this is a powerful technique, the famous example being Mahowald’s celebrated
resolution of the telescope conjecture at p = 2 and n = 1 through the use of the ko-based
Adams spectral sequence [24,25]. A similar analysis at odd primes appears in the work
of Gonzalez [12,13]. At height two, tmf-resolutions were studied using this technique in
the work of Beaudry, Behrens, Bhattacharya, Culver and Xu [2,4].

In this paper we give a new method of identifying the Es-terms of these Adams spectral
sequences in terms of homological algebra of quiver representations. For simplicity and
to keep things relatively familiar, in this introduction we will state the results under
the assumption that R is an E-ring spectrum. The main body of the paper is written
only under the assumption that the ring spectrum in question is associative (which is
important, as many examples of interest are not commutative, such as connective Morava
K-theory), but the results are easier to state in the fully commutative case.

Definition 1.1. A multiplicative class of simples P is a symmetric monoidal, full subcate-
gory of compact R-modules closed under finite sums, (de)suspensions, retracts and linear
duals. A representation of P is an additive functor

X:P— Ab

to the category of abelian groups.®>* We say R is Adams-type with respect to P if every
simple S € P can be written S ~ lim S, as a filtered colimit of finite spectra such that
R®4 S, is simple for each a.

The category Rep(?P) of representations of P is a Grothendieck abelian category, and
it inherits a local grading” and a symmetric monoidal structure from that of P. For any
spectrum A its P-homology H(A) is the P-representation given by

H(A)(P) = mo(P @ A).

The classical case is recovered by letting P consist of free R-modules, in which case there
is a canonical equivalence Rep(P) & Modpg, . In general, H(A) is a richer invariant of A
than R,(A), encoding the homology of A with respect to a wider class of R-modules.

Theorem 1.2 (2.18). Let R be P-Adams-type. Then there exists a unique exact, cocontin-
uous comonad Q on Rep(P) such that

Q(H(A)) ~H(R® A)

3 In the main body of the text, we define representations as contravariant functors, rather than covariant,
see Definition 2.5. Since in the introduction we assume that R is commutative and P is closed under taking
duals, covariant and contravariant functors can be identified, see Variant 2.14.

4 Note that since Ab is a 1-category, Rep(P) depends only on the homotopy category of P.

5 A local grading on a category is an action of Z; equivalently, a choice of an automorphism. In the case
of P, the chosen automorphism is given by the suspension functor.
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for any spectrum A. Moreover, for any spectrum A the homology H(A) has a natural
structure of a Q-comodule and there is a canonical identification

RES'(S, A) = Ext3'(H(S), H(A))

between the Es-term of the R-based Adams spectral sequence computing m.A and Ext-
groups in the abelian category of Q-comodules.

Note that the condition that R is P-Adams-type is always satisfied if P is sufficiently
large. However, the power of Theorem 1.2 comes from the fact that it is often possible
to choose a remarkably small P. Once this is done, the representations themselves can
be described in a compact manner, allowing one to make explicit calculations.

The category Rep(P) of quiver representations can be informally thought of as “mod-
ules over a ring with many objects”. Through Morita theory, the cocontinuous functor
Q can be interpreted as tensoring with a P-bimodule, and the comonad multiplication
on Q as endowing the bimodule with the structure of a Hopf algebroid, mimicking the
classical picture. In particular, the category of comodules has a canonical symmetric
monoidal structure for which the forgetful functor into representations is strongly sym-
metric monoidal.

1.1. Integral homology

As a concrete example, let us focus on the case of p-local integral homology. It is well-
known that m.(Z,) ® Z,)) contains torsion, and hence is not flat as a graded abelian
group, dooming the standard approach to identifying its Es-term. On the other hand, the
only torsion which appears is simple p-torsion, suggesting the following class of simples.

Notation 1.3. Let P denote the collection of Z,)-modules which are equivalent to a
finite sum of shifts of Z,) and IF,. This is a multiplicative class of simples in the sense
of Definition 1.1.

Additivity implies that a P-representation X can be identified with a diagram of the
form

where X (Z,)) is a graded abelian group, X (IF,) is a graded IF,, vector space, 7 has degree
0 and ¢ has degree —1, subject to the relation § o 1 = 0. Thus, P-representations are
graded representations of a quiver with relations, which suggests thinking of Rep(?P) as
a category of quiver representations and of H(—) as a multi-object homology theory, or
a homology theory landing in representations of some quiver. The representation theory
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of this particular quiver is well-understood, and arises in various places, for examples as
blocks in representation theory of Schur algebras, sl;(C), or the Virasoro algebra [10,
§6.1], [32].

Concretely, the P-homology of a spectrum X is given by the quiver representation

™

/\
H (X3 Z ) H.(X;F,p)

"\_/

6

where 7 is the reduction mod p map and § is the integral p-Bockstein. In this case
Theorem 1.2 specializes to the statement that any such P-representation has a coaction
of an exact comonad Q° and that we have an identification of the Z,)-Adams FEs-term

Ly Ho(X5Zy))

Lo ESY(S, X) = Exty :
sexEea ) ()
F,  H.(X;F,)

After the Fo-term has been given an identification in the language of homological
algebra it becomes much easier to analyze how various constructions differ and compar-
isons with more classical notions becomes fruitful. In the case of integral homology, this
works remarkably well.

For each spectrum X, the Fp-homology H.(X;[F,) has a coaction of the dual Steenrod
algebra A,, encoding the action of the Steenrod operations. For formal reasons, this
coaction is compatible with the coaction of the comonad Q on H(X) in the sense that
there is a forgetful functor Comodg — Comod,, and the action of o on H(X)(F,)
coincides with the action of the Bockstein, /3, on the Fj-homology of X. Encoding the
action of the Bockstein via the quotient Hopf algebra A(0). we obtain a commuting
square of comparison functors:

Comodg — Comody

l l (1.1)

Rep(P) —— Comod 4 o)

Perhaps surprisingly, this approximation captures all of the structure of a Q-comodule,
even at the derived level.

6 One can show that the comonad Q is given by tensoring with the “quiver integral dual Steenrod algebra”,
which is the representation H.(Z;Z,)) & H.(Z;F,) attached to Z itself. However, to make this precise
one should treat this representation as a P-bimodule, which is probably more trouble than its worth. As
our results show, it is usually easier to work directly with the comonad, omitting the language of Hopf
algebroids.
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Theorem 1.4. The comparison functors in (1.1) induce a fully faithful embedding
Db(eomodg) — @b(Rep((P)) X Db(A(0)) Db(ﬂ)

of the bounded derived category of Comodg into the pullback of the bounded derived
categories of A.-comodules and P-representation over A(0).-comodules.

Associated with this embedding we obtain, for any Q-comodules X, Y, a Mayer—Vietoris
long exact sequence of Ext-groups

0 — Ext3(X,Y) — Ext(X,Y) @ Exty (X, Y) = Exty (X, Y) = Extg(X,Y) = -+ .

As the Z(,)-Adams Ez-term can be identified with Ext-groups in Q-comodules by
Theorem 1.2, the above result gives a concrete way to calculate it in more classical
terms.

The Adams spectral sequence can be categorified using the theory of synthetic spectra
[29], which is a deformation of stable oo-categories whose special fiber can be identified
with the derived oo-category of comodules. In §3 we extend the synthetic construction
to quiver-based homology theories, and show that the embedding of Theorem 1.4 can be
strengthened to an embedding of deformation co-categories.

In more detail, in Construction 4.29 we construct a commutative square of

Syny(Sp) —— S}’HJFP (Sp)

J l (1.2)

Syngy(Modz) —— Syng, (Modz,)

of synthetic oo-categories associated to either P- of F,-homology on spectra and Z-
modules. Each arrow in the square is a symmetric monoidal left adjoint and the square
itself is right adjointable by the general theory developed in Appendix A.

Theorem 1.5 (/.32). The comparison functor

Syny(Sp) < Syng, (SP) Xsyn, (Mody) Syng, (Modz,)
induced by (1.2) is fully faithful.

Stated less formally, Theorem 1.5 says that the Z(,)-Adams spectral sequence for
X is assembled in a straightforward way from the F,-Adams spectral sequence for X,
the F,-Bockstein spectral sequence computing H,(X;Z,), and the integral homology
H* (X, Z(p)) itself.

As consequences of Theorem 1.5 we obtain the following results which illuminate the
relationship between the Z,)-based and [F,-based Adams spectral sequences.
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(4.35) Let X be a spectrum whose integral homology groups are simple p-torsion. Then,
the comparison map

20 By (X) = B B(X)

between the Z,y-based Adams spectral sequence and the F)-based Adams spectral
sequence is an isomorphism for each r > 2.
(4.36) For any spectrum X, the canonical comparison morphism

Z(p)E2(SaX> - ]FPEZ(SvX)

between the Z(p)—based and Fp-based Adams Es-terms computing 7. X fit into a
Mayer—Vietoris long exact sequence

s Lo BYY(X) = Exty (H(X)) @ TP ESY(X) — Bxt®)

A(0)(X)

S ZoESThHX) - .

(4.37) The Es-page of the Z,)-Adams spectral sequence for S is given by

Z(p) t—s=0, s=0
Lo E3'(S) =<0 t—s5=0, s#0
Ext5'(F;Fy) t—s#0

and the comparison map
20 B3 (S) - T E3(9)

between Z,)-based and [F,-based Adams spectral sequences for the sphere is an
isomorphism outside of the 0-stem.

While the differences between the Z ,)-based and F)-based Adams spectral sequences
for the sphere are slight, there are other spectra for which these two spectral sequences
differ substantially. As an illustration of this, in §4.7 we consider the Z,)-based Adams
spectral sequence for BP, the Brown—Peterson spectrum.

This spectral sequence differs from the F,-Adams spectral sequence for BP in two
essential ways: First, since the Hurewicz map m.BP — H.(BP;Z,)) is a monomorphism,
all classes from 7,BP are detected on the 0O-line. Second, unlike its classical counterpart
which collapses on the second page, the Z,)-Adams for BP has non-zero differentials of
arbitrary length.

Despite its somewhat more involved nature, the integral Adams Es-page for BP does
have some advantages over its Fp-counterpart. Recall that the first proof of existence
of this spectrum, due to Brown and Peterson themselves [8], proceeds by an inductive
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construction based on the homology. A natural guess is that their arguments are an
instance of Toda’s obstruction theory for the existence of a spectrum with prescribed
mod p homology [34], but this is not quite the case—the relevant obstruction groups in
fact do not vanish.

In order to overcome this, Brown and Peterson go beyond the mod p homology—they
also maintain control over the integral homology of the spectrum they’re inductively
constructing as well as the relation between the two given by the Bockstein. This is pre-
cisely the information visible from the point of view of the Z,)-Adams spectral sequence.
Inspired by this we show that the Z,)-based obstruction groups do indeed vanish, re-
covering the original proof of Brown and Peterson in a systematic manner.

Proposition 1.6 (4./0). The Zy-based Toda obstruction groups
n+2,n
Exty " (H(BP),H(BP))
to the construction of the Brown-Peterson spectrum vanish for all n > 0.
1.2. Further examples

In §5 we consider some further examples of quiver homology theories for non-Adams-
type ring spectra. In particular, we discuss:

(1) connective Morava K-theory k(n), which similarly to the case of integral homology
admits a class of simples with only two generating modules,

(2) the truncated Brown—Peterson spectra BP(n), where the problem of finding a suit-
able class of simples is closely related to the classical problem of decomposing
BP(n) ® BP(n), as studied by Mahowald, Kane and Tatum [24,18,33].

(3) Bousfield’s united K-theory [7], which is an important historical antecedent to the
current work.

1.8. The calculus of deformations

At its technical heart this paper relies on the theory of deformations of stable oo-
categories along homology theories developed by Patchkoria and the second author in
[27]. In an appendix we provide a review of this theory as well as a further development
of the (00, 2)-categorical functoriality of the constructions from [27].

An outline of the paper
In §2 we set up the basic theory of quiver homology theories. In §3 we construct

categories of synthetic spectra based on quiver homology theories satisfying an Adams-
type condition. In §4 we analyze the quiver homology theory H(—) which enhances
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Z(py-homology, proving Theorem 1.5. In §5 we consider other examples where non-
Adams-type ring spectra can be equipped with an Adams-type quiver homology theory.
In Appendix A develop technical machinery for manipulating deformations of stable
oo-categories, this material is mainly used in §4 where it allows us to give relatively
straightforward proofs.

Acknowledgments

The authors would like to thank Jeremy Hahn, Lars Hesselholt, Pengkun Huang,
Sven van Nigtevecht and Dylan Wilson for helpful conversations. During the course
of this work the first author was supported by NSF grant DMS-2202992 and by the
Danish National Research Foundation through the Copenhagen Centre for Geometry
and Topology (DNRF151). The second author received support from NSF Grant num-
ber DMS-1926686 and Deutsche Forschungsgemeinschaft under Germany’s Excellence
Strategy — EXC-2047/1 — 390685813.

Notations and conventions

Throughout the body of the paper the term category will refer to an oco-category
as developed by Joyal and Lurie. In some places we will use the term 1-category is
shorthand for a 1-truncated category. We will generally assume the read is familiar with
higher algebra as developed in [22].

(1) Our notation for a prestable category will typically use a subscript “> 0” with the
convention that dropping the subscript corresponds to passing to the corresponding
Spanier-Whitehead category. As an example we might write D¢ for a prestable
category and D for its colimit stabilization.

(2) Given an Ej-algebra in category € we will write Modg(C) for the category of left
R-modules in €. When working with right modules we will be explicit about it.

2. Quiver homology theories

In this section we develop the basic theory of classes of simples and their associated
quiver homology theories.

Notation 2.1. Throughout this section, R will denote an E;-algebra in spectra and the
word module will mean a left R-module.

2.1. Quivers of simple modules

In this section, we develop the basic formalism of quiver homology theories on R-
modules.
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Definition 2.2. We say a full subcategory, P, of compact R-modules is a class of simples
if it is closed under finite direct sums, (de)suspensions and retracts.

Example 2.3. The category Mod% of all compact R-modules is a class of simples.

Example 2.4. The category Modg’ of finite projective R-modules; that is, retracts of finite
sums of X" R for varying n, is a class of simples.

Associated to any class of simples we have its category of representations.

Definition 2.5. Let P be a class of simples. A representation of the quiver P is an additive
presheaf

X: PP — Ab.
We denote the category of representations of P and natural transformations by Rep(P).

Construction 2.6. Let P be a class of simples and let M be an R-module. Then, the
associated representation P(M) is defined by

P(M)(S) == moMapr (S, M)

The category Rep(P) of representations has a natural local grading (that is, an action
of Z)

[1]: Rep(P?) — Rep(P)

given by (Q[1])(9) := Q(X71S). The following two remarks now explain how objects of
Rep(?P) can be viewed as quiver representations in graded abelian groups.

Remark 2.7 (Values in graded abelian groups). Since the category of representations of
P has a local grading, for any representation X we can identify X(S) with the internal
degree zero part of the graded abelian group

X(8)y = (X[n])(S) = X(E7"S)

We will often blur the distinction and think of P-reps as taking values in graded abelian
groups. Note that according to this convention, for an R-module M we have

P(M)(S), := mMapg(S, M).

Remark 2.8 (P-reps as quiver representations). As the terminology suggests, P-reps can
be visualized as certain types of quivers representations valued in graded abelian groups.
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To see this, assume that we are in the situation where P is generated under finite direct
sums and (de)suspensions by the simples S7, .59, ..., Sk.

As any P-rep X: P — Ab is by definition additive, it follows that its values are
determined by X(S;), considered as a graded abelian group. Thus, any such X determines
and is uniquely determined by the following data:

(1) for any 4, a graded abelian group X(5;). and
(2) for any i, j, a morphism of graded abelian groups

X(S))« @ mMapg(Si, Sj) = X(5;)x.

The latter morphisms have to be compatible under composition, and identities have to
act by the identity.

As an explicit example, suppose that we have three simples S7, S5, S35 which generate
P. In this case, we can identify any X with quiver representations of the form

[S1,51]

o
TN
/

[53,53/]_N X(S3) B X (S2) /_ELSZ]
- —

In practice, for specific choices of P we can often write down a compact presentation of
the relevant quiver in terms of finitely many generating maps and relations.

Lemma 2.9 (Yoneda lemma). For any simple S € P and any X € Rep(P), we have
Hochp(T) (P(S)7 X) = X(S)

Notation 2.10. We use caligraphic font for quivers and sans serif for representations of
quivers. In the case of the representation associated to an R-module, we think of P as
being a sans serif version of 7, as P(M) is a version of P-indexed homotopy groups.

The category of representations of a quiver has excellent categorical properties, as
we now show. We recall from [27, Definition 2.8] that a homology theory H: € — A
is a functor from a stable category (equipped with a local grading coming from the
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suspension) into a locally graded abelian category, with the property that if ¢ — d — e
is a cofiber sequence, then H(c) — H(d) — H(e) is exact in the middle.

Proposition 2.11. The category Rep(P) is Grothendieck abelian and compactly generated
by objects of the form P(S) where S € P. Moreover, P: Modr — Rep(P) is a homology
theory; that is P(—) is compatible with the local grading in the sense that P(XM) =
P(M)[1].

Proof. Each P(S) for S € P is compact projective by Lemma 2.9, and since Rep(P) is
presentable as a presheaf category it is necessarily Grothendieck abelian. The second
part is clear, as the Yoneda lemma forces the local grading to be of this form on compact
projectives. 0O

Remark 2.12. Since we assume that P is closed under retracts, any compact projective
of Rep(?) is isomorphic to one the form P(S) for a simple S.

We recall from [27, §2.2] that a homology theory H: € — A is called adapted if for
every injective object | € A there exists an object le together with an isomorphism

moMape(—,le) = Homy (H(—), 1) (2.1)

such that the induced counit map H(le) — | is an isomorphism. This is a natural con-
dition (going back to the work of Moss [26]) which allows one to construct an H-based
Adams spectral sequence of signature

Ext"(H(c1), H(ca)) = mi—sMape(ci, c2)
see [27, Construction 2.24]. We have the following standard result:
Proposition 2.13. The homology theory P: Modr — Rep(P) is adapted.

Proof. Since each S € P is compact as an R-module and P preserves arbitrary direct
sums, for any | € Rep(P), the left hand side of (2.1) satisfies the conditions of Brown rep-
resentability, so that the needed R-module lytoq, exists. To verify the counit condition,
we observe that for any S € P we have

I<S) = Hochp(?)(P(S)7 I) = ﬂoMapR(S7 IMOdR) = P(IMOdR)(S>7

where the first equivalence is Lemma 2.9, the second one is the defining property of
Inod, and the last one is the definition of the homology theory P. O

Variant 2.14 (Covariant description of quivers). One can give a covariant description of
P-reps, under which the homology theory P takes the familiar tensor product formula.
If S is a (left) R-module, then its R-linear dual
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DS := Hompg(S, R)
is canonically a right R-module. Restricted to compact objects, this yields an equivalence
(Mod(R)*)°P =2 Mod(RP)“

between the opposite of compact modules over R and the category of compact modules
over the opposite ring. Let us write P’ for the essential image of P under this equivalence;
this is the subcategory of those compact R°P-modules whose linear dual is simple.

Through the above equivalence, we can identify Rep(P) with the category of additive,
covariant functors

X: P — Ab.
Under this description, the homology theory P is given by the familiar formula
P(M)(S") == mo(S" @r M).
The following will be useful later.

Lemma 2.15. Let p: S — S’ be a map of simple R-modules such that P(S) — P(S) is
an epimorphism of P-representations. Then p is a split epimorphism.

Proof. By assumption, ids: € P(S’)(S’) is in the image of P(S)(S") = moMapy,q,, (', S).
A lift gives the required section. O

2.2. Homology operations

In the previous section, we associated to an Ej-algebra R together with a class of
simple modules P an adapted homology theory

P: Modr — Rep(P).

Now suppose that we have a map of E;-algebras f: A — R. By precomposing P with
extension of scalars along f we obtain a homology theory on A-modules

P(R®4 —): Mods — Rep(P). (2.2)

As in the classical case, P-representations of the form P(R®4 X) have additional struc-
ture coming from homology operations. In this section, we describe this additional
structure explicitly using the technology developed in the Appendix A.

For a ring spectrum FE, the usual strategy to encode E-homology operations on spectra
is by giving E.X the structure of an F,FE-comodule. Note that in order to do this we
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must first assume that E.F is flat as an E,-module. We follow an analogous approach
for quiver-based homology theories under a corresponding flatness assumption.

We recall that a map M — N of R-modules is called a P-epimorphism if the induced
map P(M) — P(N) is an epimorphism. As we review in Recollection A.1, as an adapted
homology theory P is completely determined by the associated class of P-epimorphisms.

Definition 2.16. We say that a map f: A — R of Ej-algebras is P-flat if for any P-
epimorphism M — N of R-modules, R®4 M — R®4 N is again a P-epimorphism.

Remark 2.17 (Why “flat”?). Consider the case A =S — R and let P be the collection
of finite projective R-modules, as in Example 2.3, so that we can identify the homology
theory P with the homotopy groups functor

T : Modr — MOdR*.
Rewriting R® M as R® R ®r M we can construct a Kiinneth spectral sequence
Tory' (R.R,m M) = w4y (R® M)

From this we deduce that the unit map S — R is P-flat if and only if R, R is flat as a
right R,-module.

Note that a map of E;-algebras is flat in the sense of Definition 2.16 if and only if the
induced extension /restriction of scalars adjunction

R®4— : Moda &= Modg

is flat in the sense of Definition A.27. This allows us to apply the results of Appendix A.2
and deduce the following:

Theorem 2.18. Let P be a class of simples for R such that f : A — R is P-flat.

(1) The comonad R®4 — on R-modules descends uniquely to an exact comonad Q on
Rep(P). Explicitly, this is the unique exact comonad for which

P(R®a M) = Q(P(M))

naturally in the R-module M .

(2) For any A-module X, the R-module R® 4 X has a canonical structure of a comodule
over the comonad R®4 — on R-modules. It follows that P(R®4 X) has a canonical
structure of a comodule over the comonad Q on Rep(P). Through this we obtain a
homology theory i,P and a map of homology theories
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Mods 2475 Modg

li* P lp

Comodg —— Rep(P).

(3) The homology theory i.P is adapted.
Proof. This follows from Proposition A.28. O
Notation 2.19. When it does not lead to ambiguity we will write P for i,P.

Remark 2.20. Intuitively, the structure of a @-comodule on P(R® 4 M) records the action
of homology operations and the fact that the lift to comodules is adapted tells us that
we have captured all homology operations.

Warning 2.21. The abstract formalism of [27] guarantees that the composite

Mod s — Modr — Rep(P)

has an adapted replacement whose target is a category of comodules for a left exact
comonad on Rep(P), irrespective of any flatness assumptions on A — R.

In practice, when the comonad on Rep(?P) is not exact it becomes exceedingly difficult
to work with this adapted replacement. For a classical homology theory E on spectra
non-exactness of this comonad corresponds to non-flatness of E,FE and a large body
of work exists which analyzes specific examples, see [24,25,12,13,3,2,4,33]. The heart of
Theorem 2.18, and of this paper more generally, lies in the observation that in many
situations where R, R is not flat there is a reasonable class of simples P for which S — R
1s P-flat, allowing one to make explicit calculations.

In the classical case, one usually establishes flatness of R, R by showing that R satisfies
the stronger condition of being Adams-type, see [1, Condition 13.3] and [29, §3.3]. There
is a similarly powerful method for quiver homology theories.

Definition 2.22. We say A — R is P-Adams-type if for every simple S € P, we can write
the underlying right A-module of its R-linear dual D¥(S) := mapg(S, R) as a filtered
colimit

DE(S) = colimDAS,,

of A-linear duals of left A-modules S, with the property that R ® 4 S, is a simple
R-module.
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Lemma 2.23. Let A — R be a P-Adams-type morphism of ring spectra and let M be an R-
module. Then, for any simple S and any filtered colimit presentation DS = colim DA S,
as in Definition 2.22, we have a canonical isomorphism

P(R®a M)(S) = colimP(M)(R®4 Sa)

Proof. Recall that when B is an E;-algebra, mapy denotes morphisms of left B-modules
and map go, denotes morphisms of right B-modules. We have a string of equivalences

P(R®4 M)(S) 2 moMap (S, R @4 M) = moMap 400 (A4, DES @z R @4 M)
>~ moMap 4o (A, DES ®@ 4 M) = moMap 4op (A4, (colimDAS,) @4 M)
> colim moMap 4op (A, DAS, @4 M) 2 colim moMap 4 (S, M)
= colim moMapp(R ®4 Sa, M) = colim P(M)(R®4 Sa). O

Corollary 2.24. If A — R is P-Adams-type, then A — R is P-flat.

Proof. We must verify that if M — N is a P-epimorphism, then so is R @4 M —
R ®4 N. This is immediate from Lemma 2.23, as epimorphism of quivers are levelwise,
and epimorphisms of abelian groups are stable under filtered colimits. O

Remark 2.25. Note that if A — R is P-Adams-type, then for a general P-representation
X we have

(QX)(S) = colim X(R ®4 Sa) = colim Hompepp) (P(R ®4 Sa), X)

where we pick a filtered colimit presentation DS = colimD4S, as in Definition 2.22.
Indeed, both sides define cocontinuous, exact functors of X and agree on projectives by
Lemma 2.23. This gives an explicit formula for the comonad Q.

Lemma 2.26. Let A — R be P-Adams-type, let X be a Q-comodule and let DFS =2
colimDAS,, be a filtered colimit presentation as in Definition 2.22. Then

X(S) = colimHomg (P(R®4 Sa), X).

Proof. We write X as an equalizer X — QX = QOX in Q-comodules. Then, using
Remark 2.25 we have isomorphisms

X(S) 2 eq (Homgep(s) (P(S), @X) = Hompep(r) (P(S), QOX))
2 eq (colim Hompep(p) (P(R ®4 Sa), X) = colim Hompep ) (P(R ®4 Sa), QX))
& colim Homg(P(R®4 S4),X) O
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One useful consequence of the Adams condition is the existence of enough finite spectra
whose homology is projective. This is often used in constructions of synthetic spectra-like
categories.

Corollary 2.27. Let A — R be P-Adams-type. Then Q-comodules of the form H(P), where
P is a compact A-module such that H(P) is projective as a P-rep, generate the category
Comodg under colimits.

Proof. It’s enough to check that if X is a comodule such that
Homg(H(P),X) =0
for each such P, then X = 0. This is immediate from Lemma 2.26. O

2.8. Ind-perfect Q-comodules

As a Grothendieck abelian category, the category of comodules Comodg(Rep(?P)) has
an associated derived category. However, for some applications it is more convenient to
work with a renormalized variant of the derived category first introduced by Hovey [14],
which we recall here.

Definition 2.28. Let us say that an object X € D(Comodg) is relatively perfect if it
belongs to the thick subcategory

D(Comodg) P C D(Comodg)
which contains all objects of
D(Comodg)” = Comodg
whose underlying P-representation is compact projective as an object of Rep(P).

Definition 2.29. Let A — R be P-Adams-type. We define the category of ind-perfect
Q-comodules

IndPerfg := Ind(D(Comodg) " Per),
to be given by the Ind-completion of the category of relative perfect Q-comodules.

Remark 2.30. As a consequence of Corollary 2.27, the subcategory of relative perfects
generates the derived category under colimits. It follows that the inclusion of relative
perfects induces a reflective localization

IndPerfg = D(Comodg).
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Thus, one can think of IndPerfg as a particular decompletion of the derived category,
obtained by forcing all relative perfects to be compact.

Remark 2.31. Let Comodfé) denote the subcategory of those Q-comodules whose under-
lying P-representation is compact projective. Then as a consequence of [29, Theorem
2.58], the inclusion of this subcategory induces an equivalence

Shy(Comody; Ab) = Comodo,

where on the left hand side we have sheaves of abelian groups with respect to the epi-
morphism topology. By [29, Theorem 3.7], this extends to an equivalence

Shy, (Gomodfé’; 8p) = IndPerf g,
between sheaves of spectra and the ind-perfect category of Definition 2.29.
2.4. Monoidal structure on quivers

Let R be an Es-algebra, so that the category Modg of left R-modules has a canonical
monoidal structure given by the tensor product. In this section we explore the induced
additional structure on the category Rep(P) of representations.

Definition 2.32. We say that a class of simples P is multiplicative if it is closed under
tensor products and it contains the monoidal unit, i.e. R € P.

Example 2.33. Both the class of all perfect modules and the class of finite projective
modules of Example 2.4 are multiplicative for any Eq-algebra R.

Proposition 2.34. Let R be an E, -algebra and P a multiplicative class of simples. Then,
Rep(P) has a canonical E,,_1-monoidal structure commuting with colimits separately in
each variable, uniquely specified by the property that

P: Modr — Rep(?P)
is lax E,_1-monoidal and E,,_1-monoidal when restricted to simples.
Proof. This follows from the universal property of Day convolution. O

Remark 2.35. Since Rep(P) is a 1-category, the above can be phrased using more classical
language as saying that the category of representations is canonically:

(a) monoidal if R is Eq,
(b) braided monoidal if R is E3
(¢) symmetric monoidal when R is E,.
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3. Synthetic spectra based on a quiver homology theory

A recent development in stable homotopy theory is the ability to encode various
Adams spectral sequences through categorical deformations, first constructed in the
Adams-type case in [29]. In this section, we generalize this construction to the setting of
quiver homology theories considered in the current work.

While categorical deformations have proven very useful in various analyzing spectral
sequences in general, our primary motivation is to set up ground for the description of
the Adams spectral sequence based on integral homology given in §4. One of our main
results says that the integral Adams spectral sequence can be essentially decomposed in
terms of classical Adams spectral sequences. The appropriate context for making such a
statement precise is a square of deformation categories, see Theorem 4.32. The purpose
of this section is to construct the needed deformations.

This section is somewhat technical and a reader already familiar with synthetic spec-
tra can safely skip it on the first reading. In more detail, in §3.1, we generalize the
construction of synthetic spectra in the following ways:

(1) we allow the Adams-type condition in the setting of quivers, as in Definition 2.22,
(2) we work relative to an arbitrary map A — R of E;-rings, constructing an cate-
gory of R-based synthetic A-modules. The case of synthetic spectra is recovered by

specializing to the unit map S — R.

Both generalizations are mild, as the arguments of [29] go through essentially verbatim.
In §3.2, we compare our construction with the various deformations of [27].

3.1. Construction of synthetic modules

To keep things short, we will assume that the reader is familiar with the main prop-
erties and the broad construction of synthetic spectra in the classical case. The main
reference is [29].

Notation 3.1. Let f: A — R be a map of E;-rings and let P be a class of simples such
that f is P-Adams-type. It follows that we have the push-forward adapted homology
theory

f«P : Mody — Comodg(Rep(P))

whose underlying quiver representation is given by

(f«P)(X)(S) := moMapypq, (S, R ®a X).
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If there is no risk of confusion, we will write P := f,P. Note that with this convention
we can distinguish P: Mod4 — Comodg and P: Modr — Rep(?P) by type-checking; one
is defined on A-modules and the other on R-modules.

Definition 3.2. We say that an A-module M is finite P-projective if it is compact and
R ®4 M is simple. We denote the full subcategory spanned by finite projectives by

(Moda)'? € Moda.

Lemma 3.3. Let M1 — My be a map of finite P-projectives. Then the following two
conditions are equivalent:

(1) P(My) — P(Mz) is an epimorphism in Rep(P).
(2) R®a My — R®a My is a split epimorphism of R-modules.

Proof. The backward implication is clear and the forward one is Lemma 2.15. 0O

Definition 3.4. We say that a morphism M; — M, of finite P-projectives is a covering if
it satisfies the equivalent conditions of Lemma 3.3.

Note that since coverings of Definition 3.4 are stable under base-change, the category
(ModA)gE’ becomes an additive site in the sense of [29, Definition 2.3] with respect to
this class of coverings.

Definition 3.5. A P-based synthetic A-module is an additive sheaf
X: (ModA)g§’°p — 8p
of spectra on finite P-projectives. We denote the category of synthetic A-modules by

Syngp(Mod 4)

Note that by construction, the category of synthetic A-modules is stable and pre-
sentable.

Example 3.6. If M is an A-module, we denote by v(M) the synthetic A-module given by
the sheafification of the presheaf

P T>0IMaP 64 4 (P7 M)v

where the right hand side is the connective part of the mapping spectrum. We call v(M)
the synthetic analogue.
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Remark 3.7. If P is finite projective, the Yoneda lemma shows that for any X €
Synp(Mod 4) we have a canonical equivalence of spectra

map(v(P), X) = X(P).
It follows that synthetic A-modules of the form v(P) generate Syny(Mod4) as a stable,
presentable category. These generators are compact as a consequence of [29, Corollary

2.9).

Construction 3.8 (t-structure). As a subcategory of sheaves of spectra closed under
cofibers, Syny(Mody) inherits a canonical t-structure in which a synthetic A-module
X is coconnective if and only if X (P) € Sp<¢ for all finite P-projectives P.

Construction 3.9 (Local grading and 7). The category of synthetic A-module has a local
grading (that is, an autoequivalence)

[1]: Synyp(Moda) — Synp(Mod,)
defined by
(X[1])(P) :== X(Z~'P).

Note that this is distinct from the categorical suspension, but there is a canonical com-
parison map

7: X — X[1].

As in case of synthetic spectra of [29], the map 7 presents Synp(Moda) as an ap-
propriate categorical deformation, interpolating between A-modules and the category of
ind-perfect Q-comodules introduced in Definition 2.29.

Theorem 3.10 (Special fiber). The category of P-based synthetic A-modules has the fol-
lowing properties:

(1) There emists a canonical equivalence Syngy(Mod )Y = Comodg.

(2) For any M € Mod 4, there is a natural isomorphism ﬁ(?(l/(M)) =~ P(M).

(3) There exists a canonical structure of a monad on the endofunctor of Syny
C7(X) = cofib(t : X — X)

and a fully faithful embedding

Modc(Synyp) — IndPerfg
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into the category of ind-perfect Q-comodules in Rep(P). This embedding becomes an
equivalence of categories after hypercompletion.

Proof. The arguments are the same as in the case of a ring spectrum which is Adams-
type in the classical sense, as in [29, §4.5]. For the convenience of the reader, we sketch
the arguments here. Taking P-homology induces a morphism of sites

(ModA)gf — Gomodg’,

where the target is the category of comodules whose underlying P-representation is
compact projective equipped with the epimorphism topology. This yields an adjunction
between categories of sheaves which by Remark 2.31 we can identify with an adjunction

P*: Synp(Mod4) = IndPerfg: P..

This induces an equivalence on hearts by the argument of [29, Theorem 3.27], which
shows (1) and, after unwrapping the definitions, (2). For (3), we observe that for any
P € (Moda)® we have a cofiber sequence

Yv(P)[-1] = v(P) — P(P)
where the first map is 7 and we consider P(P) as an object of the heart and thus
Cr(v(P)) =2 P,P*v(P)

since P*(v(P)) = P(P) € Comodg by construction. This allows one to identify the monad
P.P* with Cr, giving a cocontinuous functor Mod¢c(Syng) — IndPerfg. This is fully
faithful since both sides are generated under colimits by elements of the heart, and the
functor is an equivalence between the hearts by (1). O

The description of the generic fiber is somewhat more involved, since we need to take
into account that finite projectives need not generate Mod 4 under colimits.

Notation 3.11. We write Modi C Mody for the subcategory of A-modules generated
under colimits by (ModA)g?. We call its objects the P-generated A-modules.

Theorem 3.12 (Generic fiber). The category of P-based synthetic A-modules has the fol-
lowing properties:

(1) the composite 771 (=) ov induces an equivalence Mod®’, = Synp(Moda)™=! between
P-generated A-modules and the subcategory of those synthetic A-modules on which
T acts invertibly,
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(2) the functor v: Mod®%, — Syny(Moda) is fully faithful when restricted to P-generated
A-modules.

Proof. Let Syny(Mod )% denote the subcategory of 7-periodic connective synthetic A-
modules; that is, those X for which the map 7: X X[—1] — X is a 1-connective cover. By
[30, Proposition 2.22], taking connective covers and 7-localization induces an equivalence

Syngp(Moda )%y = Synp(Mod4)™=".
In particular, Syny(Moda)Z7 is stable. Since v factors through an exact functor into
periodic synthetic A-modules, we can prove both (1) and (2) at once by showing that v
induces an equivalence

Mod’) = Synp(Mod )25

By construction, the map is fully faithful on the subcategory of finite projectives. As
both sides are compactly generated by finite projectives, the result follows. O

Example 3.13. If R € P, then Mod%, = Mod4. In practice, this is the most common
situation, in which case in the context of Theorem 3.12 the assumption of P-generation
is superfluous.

Example 3.14. Let E be a Lubin-Tate spectrum, and let P be the class of molecular E-
modules of Hopkins and Lurie [21, Definition 3.6.11]. In this case, the K (n)-completion
functor identifies Mod%, with the subcategory of K (n)-local E-modules. Moreover, we
can identify connective P-based synthetic EF-modules of Definition 3.5 with synthetic
E-modules of [21, §4]. This example is the origin of the word “synthetic” being used to
describe objects of deformation categories.

One main advantage of working with synthetic A-modules as in Definition 3.5 is
the ability to introduce symmetric monoidal structures related to the derived tensor
product, as we now explain. For simplicity, we will work with E..-rings, but the results
have analogs for less structured multiplications.

Construction 3.15 (Tensor product of synthetic A-modules). Let A — R be a map of
E.-rings and assume that P is a multiplicative class of simples.” We will construct a
canonical presentable symmetric monoidal structure on Syng(Mod ).

Observe that since P is multiplicative and for any Py, P> € (Mod A)g? we have

R®4(PL®4aP) = (R®4P)®r (R®a Py),

7 More generally, one can work with E,,-rings, in which case Construction 3.15 will yield a E,, _;-monoidal
structure on Syn.
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(Mod A)fg? C Mod 4 is a symmetric monoidal subcategory. We claim that the symmet-
ric monoidal structure on (Mod A)g‘; induces through left Kan extension a symmetric
monoidal structure on Syn compatible with colimits. Since Syn is defined as the cate-
gory of additive sheaves, to check this, we have to verify that for any P € (Mod A)f??, the

functor
P®a—: (Moda)h — (Moda)p
has the following two properties:

(1) it is additive,
(2) it preserves P-epimorphism.

The first part is clear and the second one follows from Lemma 2.15, since if P, — P is
a P-epimorphism in (ModA)g?, then R®4 P & R ®4 P> admits a section and so will
stay a P-epimorphism after tensoring with an arbitrary R-module.

Proposition 3.16. Let A — R be a map of Eo-rings and let P be multiplicative a class
of simples on R. Then the symmetric monoidal structure on Synyp(Moda) of Construc-
tion 3.15 has the following properties:

(1) the functor v: Moda — Syn is laz symmetric monoidal, and strongly symmet-
ric monoidal when restricted to A-modules which are filtered colimits of objects in
(Mod.a):,

(2) the equivalence Mod;’; >~ Syn"=' induced by T-localization is strongly symmetric
monoidal,

(3) the inclusion Modc(Syn) — IndPerfg is strongly symmetric monoidal.

Proof. This is the same as [29, Lemma 4.4, Lemma 4.24, Theorem 4.37, Theorem
4.46]. O

Remark 3.17. The symmetric monoidal structure on the IndPerf-category appearing in
Proposition 3.16 is the one induced by the tensor product of §2.4. Note that this is the
derived tensor product; that is, the unique one which coincides with the ordinary tensor
product on comodules whose underlying quiver representation is projective and which
preserves colimits in each variable.

3.2. Comparison of deformations
The construction of synthetic spectra given in [29], which requires the homology theory

to be Adams-type, was generalized in the work of Patchkoria and the second author to
cover the case of an arbitrary adapted homology theory [27]. Restricting to the case of
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homology theories on spectra for simplicity, this means that to a ring spectrum R together
with a class of simples P and an associated quiver-based homology theory P: 8p —
Comodg we can associate a variety of closely related deformations, in particular:

(1) D% (Sp) of [27, §5.2], the perfect deformation of Sp along the epimorphism class of
R ® —-split epis, which categorifies the descent spectral sequence based on R,

(2) DE(Sp) [27, §5.2], the perfect deformation of Sp along P-epis, which categorifies the
spectral sequence associated to P-injective resolutions,

(3) Dp(Sp) of [27, §6.4], the (unseparated) Grothendieck deformation of Sp along P-epis,
which categorifies the spectral sequence associated to P-injective resolutions and is
a Grothendieck prestable category in the sense of [23, Appendix C],

(4) Synsp, the category of P-synthetic spectra of Definition 3.5 attached to S — R, which
is a renormalization of 5P(Sp).

Remark 3.18. Note that the second and third deformations depend only on the homology
theory P (equivalently, on the associated epimorphism class on spectra), but the category
of synthetic spectra depends on the class of simples P. In Corollary 3.25, we give a
condition for (3) and (4) to coincide, in which case Syns is also an invariant of P.

Our goal in this section is to describe the relationships between these different de-
formation categories. It will be convenient to use the language of §A.3; in particular,
we recall from Definition A.32 that given a functor F': € — D we say an object X is
F-colocal if

Mape (X,Y) = Mapy, (F(X), F(Y))
is an equivalence for every Y € C.

Construction 3.19. We construct comparison functors between the above deformations:

(1) If a map of R-modules is split epi, then it is in particular P-epi, thus by [27, Thm
5.35] we have a comparison functor

D%(Sp) — Dg(Sp)

which is compatible with v.
(2) The universal property of Dg(Sp) also allows us to construct a comparison functor

D (Sp) — Dp(Sp)

which is compatible with v.
(3) From Theorem 3.10 and the definition of Dp(Sp) we know that

Dp(Sp)? = Comodg Syng.
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In particular we can apply the universal property of [27, Thm 6.40] to the identity
functor on Dp(Sp)¥ together with the enhancement given by v : Sp — (Syny)>o to
produce a t-exact, colimit preserving functor

5P(SP) — Syngp
compatible with v.

In summary, we have comparison functors which fit into the following commutative
diagram

2 S

DY (Sp) —— DE(Sp) —— @p(Sp) — Syngp.

We will not name these comparison functors. Since they only go left to right, this should
not lead to any confusion. We now investigate how close these functors are to being
equivalences; this is a categorified version of study of how the different spectral sequences
interact.

Lemma 3.20. If X is P-finite projective, then vr(X) is colocal for the comparison functor
D%(Sp) — DE(Sp).

Proof. Let i: S — R denote the unit map, y: Modr — A(Modg) the universal homology
theory (cf. [27, Section 2.3]) and P: Modr — Rep(?P) the homology theory valued in
quiver representations.

We will use results on functoriality of deformations from the appendix §A.1 as well as
the corresponding notation. In particular, if H: € — A is an adapted homology theory,
which we can identify with a class of epimorphisms, we will write A(C;H) := A for
its target. Note that in this notation we have A(Modgr,y) = A(Modg), A(Modg, P) =
Rep(P) and A(8p,i.P) = Comodg.

We have a right adjointable square of adapted homology theories of the form

(Sp,isy) ——— (Mod(R),y
(Sp,i.P) —— (Mod(R),P

The comparison functor we wish to study can now be described as the result of applying
D¥(—) to the left vertical arrow i.q.
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We start by using Proposition A.40 to reduce to showing that (i,y)(X) is i.q-
colocal. Next, after applying D°(A(—)) to the right adjointable square above we may
use Lemma A.36 to reduce to showing that y(R® X) is g-colocal. Here we have used the
comonadicity of the (i*,14.) adjunction between A(Sp,i.y) and A(Mod(R),y) to ensure
that D®(A(Sp,i.y)) is cogenerated by the image of i..

Finally, Example A.41 lets us check that y(R® X) is g-colocal by observing that since
X was assumed P-finite projective P(R® X) is a projective object of A(Mod(R),P) and
that there are equivalences

HOInA(Mod(R),(P) (fP(R ® X), T(Y)) = fP(Y)(R ® X) = WoMapMOdR (R ® X, Y) O
Remark 3.21. The comparison functor
Dr(Sp) = Dp(Sp)

produced in Construction 3.19 is exact, therefore the colocality statement of Lemma 3.20
implies that there are equivalences

Ma'pD‘é(Sp) (K Z) - Map’D‘,;’(Sp) (Ya Z)

whenever Y is in the full subcategory of D%(Sp) generated under finite colimits and
desuspensions by objects of the form vpX with X € Spg’f.

Remark 3.22. Reformulating Lemma 3.20 in terms of spectral sequences we learn that
the natural comparison map

REpst(X,Y) — PESN(X,Y)

from the R-based Adams spectral sequence computing calculating m, Map(X,Y") to the
P-based Adams spectral sequence is an equivalence whenever X is P-finite projective.

Lemma 3.23 (/27, Prop. 6.51]). The comparison functor
D (Sp) — Dp(Sp)

1s fully faithful.

Lemma 3.24. The comparison functor

Dp(Sp) — Synp

between the unseparated deformation and synthetic spectra is an equivalence after hyper-
completion. Moreover, vp(X) is colocal for any X which P-finite projective.
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Proof. The first part follows from the argument given in [27, Proposition 6.57], so we
move to the second part. Since X is finite, vp(X) is a compact object in Cbp(Sp). Since
it is P-finite projective, its image in vp(X) in Syn, is also compact. This allows us to
reduce the proof of the lemma to the case of mapping to ve(Y).

Next we observe that in order to show that the comparison of mapping spectra

ma‘p\'ﬁp(sp) (V?(X)7 V?(Y)) — mapSynfp (VT(X)7 V?(Y))

is an equivalence it suffices to show that we have equivalences

mapz, s (vp(X),vp(Y)™=1) = mapgy,, (vp(X), vp(Y)™=1)

and
mapg_ ) (V2 (X), C7(ve(Y))) = mapgy, , (vp(X), C7(ve(Y))).

The former follows from the equivalences. 59>(Sp)721 >~ Sp = Syn% ' For the latter
we use the equivalences C7(vp(Y)) = 5 (V) =2 P(Y) to recognize that C7(vp(Y)) is
hypercomplete, hence in this case the result follows from the first part. O

Corollary 3.25. If every finite spectrum has a finite, P-exact resolution by P-finite pro-
jective spectra, then the comparison map

~

Dp(Sp) — Synyp(Sp)
is an equivalence.

Proof. Observe that bP(Sp) is generated as a stable, presentable category by the col-
lection of objects vp(X) with X € Sp“. Since vp sends finite P-exact resolutions to
resolutions, therefore the given condition implies that f)p(Sp) is generated under colim-
its by the collection of objects vp(X) with X a P-finite projective. From Lemma 3.24
we know that each such vp(X) is colocal for the comparison map. In particular, the
comparison functor is fully faithful. To finish the proof we observe that by construction
Syny is generated under colimits by images of vp(X). O

4. Integral homology

In this section, we will specialize the formalism of quiver homology theories to the
case of integral homology. The two main results are

(1) Proposition 4.23 which identifies the second page of the Z-Adams spectral sequence
in terms of homological algebra of representations of a very explicit quiver, which
we call Bockstein couples,
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(2) Theorem 4.32, which proves that a certain natural square involving synthetic spectra
based on Z- and Fp-homology is a pullback square of co-categories.

Both of these are somewhat abstract statements, and the reader is invited to first look
at §4.6, where we derive concrete calculational consequences, in particular a complete
description of the Z-Adams spectral sequence for the sphere.

Notation 4.1. We work p-locally and we write Z := Z,) for the p-local integers. We will
not distinguish in notation between Z the abelian group and the Eilenberg-MacLane
spectrum Z € 8p©.

4.1. Bockstein couples

It is well-known that 7.(Z ® Z) contains torsion in positive degrees, and so is not
flat as a graded abelian group [9]. Thus, the standard methods of identifying the Adams
E>-term fail. By analyzing the Bockstein spectral sequence, one can show that all of this
torsion is simple p-torsion [19], so that we have an isomorphism

T (ZRL) =L OW

where W is a graded IF,-vector space. Since a Z-module is determined up to equivalence
by its homotopy groups, this isomorphism of graded abelian groups can be lifted to an
equivalence

ZRQL=ZV
of Z-modules, where V' € Modp,, (Sp).

Definition 4.2. We say that a Z-module in spectra is simple if it is equivalent to a finite
sum of (de)suspensions of Z and F,,. We denote the full subcategory of simple Z-modules
by

P C Modgz(8p).
Definition 4.3. A Bockstein couple is a representation of P; that is, an additive functor
X: PP — Ab.
We denote the category of Bockstein couples by Rep(P).
Note that since Z is a commutative algebra, the category of Z-modules has a canonical

symmetric monoidal structure. As Z is the monoidal unit and F, ®z F, = F, ® XF),
which is again simple, P is multiplicative class of simples in the sense of Definition 2.32.
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Moreover, since mapz (F,; Z) = ¥7'F,, P is also closed under taking linear duals, which
gives the following;:

Corollary 4.4. Taking Z-linear duals gives a canonical symmetric monoidal equivalence
P = Ppop,

Convention 4.5. As a consequence of Corollary 4.4, Bockstein couples of Definition 4.3
can be canonically identified with additive covariant functors

X: P — Ab.

As it is somewhat easier to visualize, in what follows we will think of Bockstein couples
as covariant rather than contravariant functors.

The category of Bockstein couples can be described explicitly, as we now explain.
As P is generated under direct sums by (de)suspensions of Z and F), the category of
Bockstein couples is equivalent to the category of Ab,-valued covariant functors out of
the Ab,-enriched category

T Map;p (Z,F))

ﬂ*Map%p(Z7Z)® ° \_/ o @W*Map%p(Fp’FP)

7. Map3P (Fp;Z)

The homotopy groups of these mapping spectra are easy to identify using the cofiber
sequence

7z L7 —"5F, 25 3Z

where § is the connecting homomorphism.

—1] with generator 4.
» 0] with generator 7.
(3) Map%p (Fp,Fp) = F,[0]@®F,[—1] is an F,-exterior algebra with generator § := mo4.

This analysis yields the following result:

Proposition 4.6. A Bockstein couple X : P — Ab determines and is uniquely determined
by the following data:

(1) a graded abelian group A, := X(X*Z),
(2) a graded F,-vector space Vi == X(X~*F,),
(3) an additive morphism 7 : A. — Vi of degree zero and
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(4) an additive morphism § : V, — A, of degree minus one.

This data is subject to the following condition:

(1) dom =0 as an endomorphism of A,.

Convention 4.7. Keeping Proposition 4.6 in mind, we will alternate between thinking of

a Bockstein couple as a covariant functor X or as the associated quadruple (A, V, 7, 4d),
which we will often write as

Definition 4.8. If X = (A = V) is a Bockstein couple, we call the self-map of V' defined
by B = m o d the Bockstein.

Remark 4.9. Since § o m = 0, we have 2 = 0, and so V is a Bockstein module; that is, a
graded vector space with a differential. This motivates the terminology of Definition 4.3:
the graded abelian group A can be thought of as giving a lift of the pair (V,53) to an
exact couple with differential the Bockstein—except that we do not require exactness.
Hence the term “Bockstein couple”.

A prototypical example of a Bockstein couple is one associated to a Z-module.

Example 4.10. Let M be an Z-module in spectra. Then, we have an associated Bockstein

couple given by
P(M)(S) := 7. (S ®z M).

Through Proposition 4.6 we can identify this with the diagram

Bockstein couples are by definition representations of the quiver P, and P(M) can
be identified with the associated quiver of Construction 2.6. Thus, the following is a
summary of Proposition 2.11 and Proposition 2.34 in the present context:

Proposition 4.11. The category Rep(P) of Bockstein couples has the following properties:

(1) It is a Grothendieck abelian category.
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(2) It has a canonical local grading for which
P := Modyz(Sp) — Rep(P)

is a homology theory, explicitly given by (X[1])(S) := X(X.9).

(3) The objects P(Z),P(F,) and their shifts under the local grading are compact projec-
tive generators.

(4) It has a canonical symmetric monoidal structure for which P is lax symmetric
monoidal, and symmetric monoidal when restricted to simples.

As we have an explicit presentation of Bockstein couples given in Proposition 4.6
as certain quiver representations, we can make both the compact generators and the
symmetric monoidal structure quite explicit.

Remark 4.12 (Ezplicit presentation the compact projective generators). The category
Rep(P) is compactly generated by the projective objects P(Z) and P(F,) (and their
shifts). The Bockstein couple P(Z) can be identified with the diagram

s A
Tl m™F, || Z F, |,
%/ Ka/

where 7 is the natural quotient map. By the Yoneda lemma, it is the free Bockstein
couple on an integral variable of degree zero in the sense that

HomRep(g))(P(Z),A = V) = Ao,

for any other Bockstein couple A = V. The other generator, P(F,), can be identified
with the diagram

s

T o H
( m.F, 7. (Fp @7 Fp) ) = ( Fp Fy(B) >

‘\E/

where 7 is injective and 9 is surjective. This P-rep is freely generated in the degree zero
Fp-variable in the sense that we have a canonical isomorphism

HomRep(T)(P(IFp)vA = V) = Vo.

Warning 4.13. Observe that all Bockstein couples of the form P(M), where M is a Z-
module, have the special property that the sequence

. —— P(M)(2) —2—= P(M)(Z) —— P(M)(F,) —>— P(M)(SZ) — ...
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is a long exact sequence of abelian groups. This is not true for all Bockstein couples, as
the property is not stable under taking quotients.

Note that since this sequence is exact for the compact projective generators of Re-
mark 4.12, any Bockstein couple is a quotient of one with this property.

Lemma 4.14. The symmetric monoidal structure on Bockstein couples has the following

properties:

(1) The functor Rep(P) — Vect,(F,) given by

is canonically symmetric monoidal.
(2) The functor Rep(P) — Ab, given by

(A=2V)— A
is canonically lax symmetric monoidal.
Proof. The first functor is cocontinuous, and hence a left Kan extension of the functor
P — Vect.(Fp)
given by
M — 7, (Fp, ®z M)

This is symmetric monoidal by the Kiinneth formula in F,-homology and hence so is its
left Kan extension. The second statement follows from the same argument applied to

M — (M)

which is lax symmetric monoidal when viewed as a functor valued in graded abelian
groups. 0O

Warning 4.15. The integral part of Lemma 4.14 cannot be improved due to the failure
of the Kiinneth isomorphism in integral homology; that is, the association

(A=V)— A
is not (strongly) symmetric monoidal. To see this, note that

(P(Fp) @ P(Ep))(2) = P(F, @ Fp)(Z) = P(F, ® XF,)(Z) = Fp ® Fp[1]



34 R. Burklund, P. Pstrqgowski / Advances in Mathematics 471 (2025) 110270

while on the other hand
Torz,(P(Fy)(Z), P(F,)(Z)) & Tory (Fy; Fy) = F,.
4.2. Integral homology cooperations

As we’ve shown in Proposition 2.13, the homology theory
P: Modz(8p) — Rep(P)

valued in the Bockstein couples is adapted and so leads to an Adams spectral sequence
computing homotopy classes of maps between Z-modules. To instead obtain an adapted
homology theory on spectra, we apply the theory of §2.2.

Definition 4.16. For a spectrum X, we define
P(X):=P(HZ @ X).
This yields a homology theory
P: 8p — Rep(?P)
valued in Bockstein couples of Definition 4.3.

Warning 4.17. Note that the notation of Definition 4.16 is potentially abusive, as we
denote both P: 8p — Rep(P) and P: Modz (Sp) — Rep(P) with the same letter. Usually,
it is possible to distinguish between the two on the basis of whether the object we apply
it to is a Z-module or a spectrum. In the cases where it is useful to disambiguate,
we will distinguish between the two functors using subscripts. We will write Pg;, for
P: 8p — Rep(P) and Pyoa, or Pz for P: Modz(Sp) — Rep(P).

Remark 4.18. Using Proposition 4.6, we see that the Bockstein couple P(X) attached to
a spectrum can be identified with the diagram

and so should be thought of as encoding the integral and mod p homology at the same
time.

To have a good theory of homology cooperations, we need a flatness assumption,
which in this case is easy to verify.
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Lemma 4.19. Let X be a finite spectrum. Then the following are equivalent:

(1) X is P-projective; that is, Z @ X is simple,
(2) H.(X;F,) has only Z and F,, summands.

Proof. This follows from the fact that H.(X;Z) = m.(Z ® X) and that a Z-module in
spectra is determined up to equivalence by its homotopy groups. O

Lemma 4.20. The map S — Z is P-Adams-type.

Proof. By Lemma 4.19, we have to show that we can write both Z and I, as filtered
colimits of finite spectra P with the property that H,(P,Z) has no Z/p® summands
for s > 1. We claim that any connective spectrum X whose integral homology has this
property can be written as a filtered colimit of the needed form. Since both H.(Z,Z)
and H, (F,,Z) have no Z/p® summands for s > 1 [19], the claim will end the argument.

Let Xg C X7 C ... C X be a CW-filtration. Since X = li_n)le, it’s enough to show
that for each k, there are no Z/p® summands inside H, (X%, Z). However, Hy (X}, Z) is
necessarily torsion-free and H, (X, Z) =2 H, (X, Z) for * < k, ending the argument. O

Theorem 4.21. We have that

(1) there exists an exact, cocontinuous comonad Q on Rep(P), uniquely determined by
the property that

Q(Pz(M)) = Pz(Z ® M)
naturally in M € Modyg,

(2) for any spectrum A, the (Z ® —)-comodule structure on Z ® A induces a Q-comodule
structure on Pg,(A) = Pz(Z ® A) and the resulting homology theory

P: 8p — Comodg(Rep(P)) (4.1)
is adapted.
Proof. This is a combination of Theorem 2.18, Corollary 2.24 and Lemma 4.20. O
Since the homology theory of (4.1) is adapted, the second page of the corresponding
Adams spectral sequence (cf. [27, Construction 2.24]) is given by Ext-groups in the target

category:

Corollary 4.22. For any pair of spectra X,Y | the P-Adams spectral sequence is of signa-
ture



36 R. Burklund, P. Pstrqgowski / Advances in Mathematics 471 (2025) 110270

E3" = Extg(P(X),P(Y)) = m_smap(X,Y),
where the left hand side denotes the Ext-groups in the category of Q-comodules.
4.8. Comparison with the Z-Adams spectral sequence
In the previous section, we constructed the homology theory

P: 8p — Comodg
which encodes integral and mod p homology at once as a representation of a quiver,
together with all of the relevant homology operations. This homology theory has an
associated P-Adams spectral sequence as in Corollary 4.22, obtained by mapping into
an P-injective resolution.

The goal of this section is to compare this spectral sequence to the classical Z-Adams
spectral sequence obtained by mapping into

oY =ZeleY S ...,
the Z-based Amitsur resolution. Since the P-based Adams spectral sequence has an Fs-
term given by Ext-groups in Q-comodules, this gives a concrete description of the second

page of the classical Z-based Adams spectral sequence in terms of homological algebra.

Proposition 4.23. Let X, Y be spectra and assume that X is finite and H,(X;Z) is a sum
of copies of Z and F,. Then the canonical comparison map

PENN(X,Y) = PER(X,Y)

from the Z-Adams spectral sequence to the P-Adams spectral sequence is an isomorphism.
In particular,

ZES'(X,Y) 2 Exty (P(X),P(Y)).

Proof. It will be most natural to work with the language of deformations of categories,
as studied in §3 and §A. In these terms,

(1) P-Adams is encoded by the class
P-epi C Fun(A!, 8p)

of maps of spectra which become epimorphisms after applying the functor P,
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(2) the classical Z-Adams spectral sequence is encoded by the class
(Z @ —)-epi C Fun(A', 8p)
of maps of spectra which are split epimorphisms after tensoring with Z.

Any map of the second type is also of the first type, so that applying Construction A.13
to the identity endofunctor of 8p induces a comparison functor

F: D%@—epi(sp) — Dg(sp)7 (42)

between the corresponding derived categories.

We move to the proof of the proposition. As a consequence of Lemma 4.19, the as-
sumptions on X guarantee that it is P-finite projective. By a combination of This is a
combination of Lemma 3.20 and Lemma 3.23, it is colocal for the functor of (4.2), so
that in particular the induced map

TTsIna
s pD%@—epi

(sp) (V(X), v(EY)/7) = mmappy s, (v(X), v(Z'Y) /7)

is an isomorphism for any s,t € Z. Up to reindexing, this can be identified with the
FE>-terms of the corresponding Adams spectral sequences. 0O

4.4. Synthetic spectra as a derived co-category

Since P: 8p — Comodg is Grothendieck, the perfect derived category admits a fully
faithful embedding

DE(8p) — Dp(8p)

into the unseparated Grothendieck derived category of [27, §6.4]. Often, instead of work-
ing with the latter, it is more convenient to work with synthetic spectra constructed in
Section 3, as they are canonically symmetric monoidal. In this short section we show
that in our case the two are equivalent:

Proposition 4.24. The natural comparison map

~

Dp(Sp) — Syny(Sp)

between the unseparated Grothendieck deformation along P and P-synthetic spectra is an
equivalence. In particular, the left hand side inherits a symmetric monoidal structure
from the target.
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Proof. Recall that in Corollary 3.25 we gave the following sufficient conditions for this

comparison map to be an equivalence of categories, namely that every finite spectrum

has a finite, P-exact resolution by P-finite projective spectra. In the case at hand, we

know from Lemma 4.19 that a finite spectrum X is P-finite projective if and only if its

integral homology has only simple p-torsion. Given a finite spectrum X, we construct a

P-exact resolution of X by P-finite projectives in three steps:

(1)

Using the Hurewicz theorem we pick a skeletal filtration of X such that
H.(gr,, (X); Z) = Hp (X5 Z).

As every Z-module in spectra is formal, this filtration becomes split on inducing up
to Modyz. In particular, this filtration is P-exact.

We observe that a finite spectrum whose integral homology is concentrated in a
single degree splits as a sum of spheres, Moore spectra S/m where m is coprime to
p, and Moore spectra S/p*. This splitting and invariance under suspension reduces
the lemma to constructing resolutions for S, S/m and each of S/p*.

We now construct explicit P-exact resolutions of the three types of spectra from the
second step. Note that S, S/m and S/p are already P-finite projective, in the second
case since according to our convention that Z denotes the p-local integers, so that

7Z®S/m=Zpp) @S/m=0.
For S/p* with k > 1, we use the following cofiber sequence as our resolution:
pF1
-1

s~ sas/p

(1 )

S/p".

We claim that this is P-exact. Indeed, on integral homology this cofiber sequence
gives the short exact sequence of graded abelian groups

(")
052 ——5ZaZ/p

(1 »*)

Z/p* — 0,

and on F,-homology this cofiber sequence gives the short exact sequence of graded

[F,-modules
0
(—1) 1 00
0 0 01

0= F, ——F,&F, ®F,[1] ——— F, & F,[1] - 0.

Exactness on integral and mod p homology implies that this is a P-exact resolution
as desired. O
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Remark 4.25. Since every perfect Z-module is a direct sum of (de)suspensions of Z, Z /p*
and Z/m for m coprime to p, the Z-linear analogues of resolutions in Proposition 4.24
show that the natural comparison map

Dop(Modz) — Synp(Modz)

is also an equivalence of categories. This equips the left hand side with a canonical
symmetric monoidal structure.

4.5. A pullback of synthetic categories

In this subsection, which lies at the technical heart of the current work, we compare the
categories of synthetic spectra based on P and F,. This encodes a relationship between
the corresponding Adams spectral sequences, which we will explore in more detail in
§4.6.

Before we begin proving the comparison, it will be convenient to have a description
of the [F,-Adams spectral sequence in terms of quiver representations.

Definition 4.26. We say that a Fp,-module in spectra is JH-simple if it is a direct sum of
(de)suspensions of F,,.

The class of simples determines an induced adapted homology theory
H: Modr, (8p) — Vect.

valued in graded Fp-vector spaces. Since F), is a field, any perfect Fp-module is simple, so
that bothi: S = Fp or j: Z — Fp are H-Adams-type. It follows that we have associated
categories of synthetic spectra and synthetic Z-modules.

Notation 4.27 (Induced homology theory on Z-modules). We will write
Hz : Modz(8p) — Comod 4 o), (Vect.)

for the induced adapted homology theory on Z-modules given by Hz (M) := H(F,®z M).
This homology theory corresponds to the pushforward class of epimorphisms j.H in the
notation of Construction A.20. The target is given by the category of comodules over

A(0)s = Hz(Fp) = 7. (F, ®z Fy)

in graded vector spaces. Since any perfect Z-module is H-projective, by Corollary 3.25
there is a canonical equivalence

Syng(Modz) =2 D, 1(Modyz)
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and the unseparated derived category associated to j.H.
Notation 4.28 (Induced homology theory on spectra). We will write
Hsp: Modz (8p) — Comoda, (Vect,)

for the induced adapted homology theory on spectra. The target is given by the category
of comodules over the dual Steenrod algebra

Ay = Hsp(Fp) = m.(Fp ®s Fp)

in graded vector spaces. Since any finite spectrum of H-projective, by Corollary 3.25
there is a canonical equivalence

Synyc(8p) = Dy u(Sp)

and the unseparated derived category. Here, the left hand side is just the category of
F,-synthetic spectra of [29], and we will denote it simply by Syng (Sp).

In addition to the two homology theories on spectra and Z-modules given above, we
also have the homology theories based on the class of simples P studied in §4.1 and §4.2.
Since any P-epimorphism of Z-modules is an H-epimorphism, we have a map

q: Modgz, P) — (Modgz, j.H)

of adapted homology theories, which induces a comparison square as follows.

Construction 4.29. By Lemma A.29, the pushforward construction of Definition A.22
yields a right adjointable square of adapted Grothendieck homology theories

(Sp,ixP) —"— (Modgz, P) D;.p(Sp) ——— Dp(Modz)
J{i*q J{q li*q lq
(Sp, juixH) —— (Modz, j.H) Di,7.1(Sp) —— Dj.u(Modz)

and an associated right adjointable square of their unseperated derived categories. As
a consequence of Proposition 4.24 and Remark 4.25, we can identify the square on the
right with the square of left adjoints

Syny(8p) ———— Syng, (Sp)

J |

Syny(Modz,) —— Syng, (Modz,)
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between the categories of P- and H-based synthetic spectra and Z-modules. This pro-
motes the square between unseparated derived categories to a square of symmetric
monoidal categories.

Remark 4.30. As a consequence of Lemma A.18, the four derived categories in the square
of Construction 4.29 are compactly generated and that in each case the corresponding
synthetic analogue functor v(—) preserves compactness. Since objects of the form v(X)
with X compact are compact generators for each of these categories, this implies that
all four arrows in the square preserve compactness.

Remark 4.31. Passing to the hearts in the diagram of categories of Construction 4.29,
we obtain a diagram

Comodg(Rep(P)) —— Comod 4 (Vect)

l l . (4.3)

Rep(P) —————— Comod 4y (Vect)

After unwrapping the definitions, we see that the vertical arrows forget the comodule
structure, while the horizontal arrows forget the integral variable in the sense that they
are given by the association

where we visualize representations of P as diagrams as in Proposition 4.6. The A(0)-
comodules structure is given by the Bockstein, and a structure of a Q-comodule upgrades
that to a comodule structure over A.

Theorem 4.32. The natural symmetric monoidal comparison functor from Syns(Sp) to
the pullback (P) displayed below is fully faithful.

Syngp(Sp)
\ (P) J—> Syngp(Modyz )
Syng, (Sp) —— Syng, (Modz,)

Before we can prove the theorem we will need a preliminary lemma.

Lemma 4.33. Given an M € Modg, its synthetic analogue vp(M) € Syny(Modg) =
Dp(Modyz) is (co)local along
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q: Synp(Modz) — Syng, (Modz)
if and only if the homotopy groups of M are simple p-torsion.

Proof. Throughout the proof, we will make use of Appendix A, identifying the categories
of synthetic objects with the unseparated derived categories. First, note that if vp(M)
is either g-colocal or g-local, then we have

momap(vp (M), vp(M)/T) = ﬂ'omap(V]Fp (M), VF, (M)/T)

which using that v(—)/7 is in the heart and the description of hearts given in Remark 4.31
is equivalent to

Homgep(p) (P(M), P(M)) = Homy o) (H(M), H(M))
Since every A(0)-comodule is simple p-torsion, it follows that the identity of
P(M) = (m. (M) = . (M; Fy))

must have order p. In particular, this implies that m.(M) consists of simple p-torsion.

Next we show that vp(IF,) is both ¢-local and g-colocal. Since the functor is symmetric
monoidal, and vp(F,) is dualizable, by applying Lemma A.38 we find that it will suffice
to show that vp(F),) is g-colocal. Using the fact that vp(F,) is compact, Lemma A.39 and
Proposition A.40 imply that it will suffice to show that P(F,) is colocal for the induced
functor

D°(Rep(P)) — D°(Comod (o))

between bounded derived categories.
If we write P, C P for the full subcategory spanned by direct sums of F,, then the
induced functor on the hearts can be identified with the restriction

Rep(P) — Rep(P,).

It follows that the induced functor between unbounded categories can be identified with
the restriction

Funy, (hP?, D(Z)) — Funx (hP,, D(Z)).

This has a fully faithful left adjoint given by left Kan extension along the fully faithful
embedding hP, — hP of homotopy categories and therefore any object in the image of
this adjoint, such as P(F,), is colocal.

We now return to the case of a general M whose homotopy groups are simple p-
torsion. Since any Z-module is formal, any such M is a sum of suspensions of copies
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of F,, and since vp(—) preserves sums and sends suspensions to shifts, vp(M) is a sum
of shifts of copies of vp(F,). Finally, we note since both of the synthetic categories are
compactly-generated and the functors preserve compactness by Remark 4.30, both local
and colocal objects are closed under colimits. As a consequence vp(M), being a sum of
shifts of vp(F,), is g-(co)local. O

Proof (of Theorem 4.32). In order to prove the theorem we have to show that for X, Y €
Synp(Sp), the square of mapping spectra

mapPgyn,, (Sp) (X7 Y) - mapgyn,, (Modz) (X7 Y)

! |

mapSyan (Sp) (X7 Y) B mapSyn]Fp (Modz,) (X’ Y)

is a pullback. Here we slightly abusively write X, Y for their images in the corresponding
categories. We first make a series of reductions:

(1) Using the fact that Syny(Sp) is generated under colimits by dualizable objects and
that our comparison functors are all symmetric monoidal it suffices to prove the
square above is a pullback when X is the unit.

(2) Using the fact that its monoidal unit is compact and that Syny(Sp) is generated
under colimits and desuspensions by objects of the form vp(P), where P € 8p is
finite P-projective, it will suffice to prove the square is a pullback when Y is in the
image of vyp.

(3) Since the vertical arrows in this square are equivalences 7-locally it suffices to prove
the square is a pullback after 7-completion.

(4) In order to prove the square is a pullback after 7-completion we only need to show
that it is a pullback mod 7.

(5) We can write vp(P)/7 as the limit of an injective resolution, therefore it suffices to
argue the square is a pullback when Y is of the form vy (I)/7 where I is a P-injective.

(6) Every P-injective is the underlying spectrum of a Z-module.

With all the reduction steps in place, we’ve now reduced to proving the following: Given
a spectrum M which admits a structure of a Z-module, the diagram of mapping spectra

mapSynﬂ, (Sp) (15 VT<M)> EE— ma'pSyn]Fp (Sp) (17 VF, (M))

! |

mapgyy,,(z) (L, vp(Z @ M)) —— mapgy,, (z)(1,vr,(Z © M))

is a pullback. A choice of a Z-module structure on M, extends this diagram to
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mapSynT(Sp) (]la V'P(M)) B mapSyan (Sp) (17 VF, (M))

i |

mapSyn?(Z)(ﬂay?(Z ®M)) — mapSyn]Fp(Z)( 7V1FP(Z ®M)) ’

l !

mapSynfy(Z) (]17 V?(M)) E— mapSynH;p (Z2) (]1? VF, (M))

where the vertical arrows in the bottom square are given by multiplication. To show that
the top square is a pullback, we will show that the vertical composites are equivalences
and then show that the bottom square is a pullback. The first part follows from the
right-adjointability of the square of Construction 4.29.

In order to show the bottom square is a pullback we examine the induced map between
vertical fibers. We will write J := fib(Z ® Z — Z), which is simple p-torsion by [19].
Using the fact the multiplication Z ® M — M is a split epimorphism of spectra, the
map of vertical fibers takes the form

mapSyny(ModZ)(]l’ v(J ®z M)) — mapSynlﬁ«p(Modz)(ﬂv v(J ®z M)).

As J is simple p-torsion, V @z M is as well, therefore vp(V ®z M) is local by Lemma 4.33,
ending the argument. 0O

4.6. Calculational consequences

In Theorem 4.32, we showed that a certain natural square of synthetic co-categories
is a pullback. In this section, we describe consequences of this statement in concrete
calculational terms, describing the relationship between the various Adams spectral se-
quences. In particular, we give a complete description of the Z-based Adams spectral
sequence for the sphere.

Corollary 4.34. Let X be a spectrum whose integral homology groups are simple p-torsion.
Then, vp(X) is (co)local for

Syny(Sp) — Syng, (Sp).
Proof. This is immediate from Theorem 4.32 and Lemma 4.33. O

Corollary 4.35. Let X be a spectrum whose integral homology groups are simple p-torsion.
Then the canonical comparison maps induce isomorphisms

Zppt(X) = PE(X) = BB (X)

between, respectively, the classical Z-based Adams spectral sequence, the Adams spectral
sequence based on P: 8p — Comodg(Rep(P), and the Fy-based Adams spectral sequence.
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Proof. The first isomorphism is Proposition 4.23. The second comparison map can be
identified up to regrading with

7-‘-Srna‘pSynfP (Sp) (V? (St)7 vy (X)) — ﬂ-SmapSyan (Sp) (V]Fp (St)a UF, (X))
which is an isomorphism since vp(X) is colocal. O

The assumption that H,.(X;Z) is simple p-torsion is quite strong; the following result
shows how to calculate the Es-term in the general case.

Proposition 4.36. For any spectra X,Y, the canonical comparison morphism
PE,(X,Y) = "PE,(X,Y) (4.4)
of Adams spectral sequences and the maps between Ext-groups
Extrep(p) (P(X), P(Y)) = Ext o) (Ha(X;Fp), Ho (Y3 Fp)) (4.5)

induced by the forgetful functor Rep(P) — Comoday fit into a Mayer—Vietoris long
exact sequence of the form

5 PESYXY) - BxtSt o (P(X),P(Y)) @ P E,(X,Y) —

Rep(P)

— Ext}) (Ho(X), Ho(Y)) = PRSI X,Y) = -
In particular, if (4.5) are isomorphisms, then so is (4.4).

Proof. After identifying the Ext-groups with the homotopy of the cofiber of 7, this is
the long exact sequence associated to the pullback diagram

mapSynT(Sp) (V(X)a V(Y)/T) mapSyan (Sp) (V(X)7 V(Y)/T)

! |

mapSynT(ModZ)(V(Z ® X)7 I/(Z ® Y)/T B mapSyn]Fp(ModZ)(V(Z ® X)? V(Z ® Y)/T)

a

The Mayer—Vietoris long exact sequence of Proposition 4.36 is a powerful tool for
computations. For example, we are able to elegantly determine the Es-term of the P-
based Adams spectral sequence for the sphere, which by Proposition 4.23 coincides with
the classical Z-Adams spectral sequence associated to the cobar resolution.
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Theorem 4.37. We have a canonical isomorphism

"E,"(S,8) = Extyl 5 (P(S), P(S)) Xpyyet

A(0)

(F,,Fp) Ethcit (Fp, Fp)

=27 XF, [ho] Etht(Fp,Fp)
Ezxplicitly, we have

Z s—t=0,s=0
PE,*(S,S) =10 s—=t=0,s#0
Ext%'(F,,F,) s—t#0

and the canonical comparison map
PE,(S,S) = T E,Y(S, S)

between P- and [Fy,-Adams spectral sequences is an isomorphism outside of the line s—t =
0.

Proof. We will use the Mayer-Vietoris long exact sequence of Proposition 4.36. Since
A(0). is dual to an exterior algebra, we have

Ethcit(o)(]Fp) = Fplhol,
where |hg| = (1, 1) is the class of the extension
0 — H.(S) = H(S/p) — H.(S*) — 0.

As we presented this short extension as coming from a cofiber sequence of spectra, it
lifts to one of A-comodules, so that the map

Exta(Fp;F,) — Ext 40 (Fp; Fp)

is surjective. It follows that the Mayer-Vietoris long exact sequence of Proposition 4.36
is a collection of short exact sequences.

We are only left with calculating Extp(P(S), P(S)). However, since P(S) is freely
generated as a Bockstein couple in the integral variable by Remark 4.12; the groups
Extp vanish for s > 0 and we have

Ext(P(S),P(S) 2 H,(S;Z) = Z.

This ends the argument. 0O
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4.7. An example: the Brown—Peterson spectrum

The morphism of rings Z — F,, induces a map of spectral sequences from the Z-based
Adams spectral sequence to the F,-based Adams spectral sequence. As Z is closer to
the sphere spectrum than IF,, it is perhaps natural to expect that the integral Adams
spectral sequence is “better behaved” (or at least “more convergent”) than the mod p
one. This is indeed the case in the case of the sphere described in Theorem 4.37, but as
we now explain, it is not the case in general.

Let BP denote the Brown-Peterson spectrum, whose classical Adams spectral sequence
is of signature

Ext’’(F,, H.(BP;F,)) = F,[v, v1,...] = m_BP

with |v;| = (2p* —1,1). Since all of these elements are of even Adams degree, there are no
possible differentials and the spectral sequence collapses on the second page [31, §3.1].
We will show that this is not what happens in the integral case; in fact, we will see that
the Z-based Adams spectral sequence for BP does not collapse on any finite page.

Lemma 4.38. The Es-page of the Z-Adams spectral sequence for the Brown-Peterson
spectrum is given by

Z[tl,tg, .. ] X]Fp[tl,tz,...] Fp s=0
E3"=¢0 s =
coker(Fp[vo, v1,...] = Fplvg, t1,t2,...])s—1,6 s>2

where |v;| = (1,2p* — 1), |t;| = (0,2p" — 2) and v; — vot;. As a consequence:

(1) Eg’* is freely generated as an abelian group by generators 1 and p-ty, where t; Tuns
through all monomials in the t;.

(2) for s > 2, Ey" is an Fy,-vector space with basis given by elements of the form
5(1}8_1 -tr), where tr runs through monomials in the t; of degree at least s.

Proof. Since the sphere is P-finite projective, the Z-Adams is isomorphic to the P-Adams
whose Fs-term is given by Ext-groups in Q-comodules in Rep(P). By Proposition 4.36,
we have a Mayer-Vietoris long exact sequence of the form

0 — Ext(P(BP)) — Exty.,p)(P(BP)) & Ext) (H.(BP; F,))
— ExtY o) (H«(BP;Fy)) — ..., (4.6)

where we have omitted the source of each Ext-group, which is always the homology of
the sphere. The Ext-groups over the Steenrod algebra are well known and we have
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Ext (Fp, Hy(BP; F,)) = Fplvg, v1,v2, .. .]

with |v;| = (1,2p" — 1). Using the fact that H,(BP;[F,) is even we can compute that
Ext 40y (Fp, Hi(BP; Fp)) = Fy[vo, t1, Lo, . . ]

with |vg| = (1,1) and |t;| = (2p*—2,0); this is the Ea-term of the classical Adams spectral

sequence computing H.(BP;Z) = Z[t1, ta,...], with vy detecting p and t; detecting ¢;.
The comparison map

Extg(Fp, Hy(BP;F,)) — Ext 40 (Fp, Hi(BP;Fp)) (4.7)
is determined by
Vg — Vg
and
v; > Vo

for i > 1, see [31, §3.1]. This is an injective ring homomorphism.
Since Z ® BP is a direct sum of Z, by Remark 4.12 P(BP) is projective as a Bockstein
couple and

Extﬁep(?)(P(BP)) ~ H,(BP;Z) = Zlt1, to, . . ],

concentrated in Ext-degree zero. Together with the injectivity from (4.7), the result
follows. O

Remark 4.39 (Differentials in the Z-Adams for BP ). Note that since 7.BP — H,(BP;Z)
is injective, with image the subring generated by p-t;, all elements in the homotopy groups
are of Adams filtration zero, so that none of the positive s-degree elements appearing in
Lemma 4.38 can survive the spectral sequence.

Informally, Fs-page correctly detects that ¢; € H.(BP;Z) itself is not in the image
of the Hurewicz map (only p - ¢; is), but makes the mistake of thinking that p - ¢,
where t; is a monomial of degree at least 2, might be. However, since such an element
is not in the image of the Hurewicz map, it must support a non-trivial differential—the
elements of positive Ext-degree arise as targets of these differentials. One can show that
the differentials are determined by

pk -ty — 8(U§ . t]).

Note that such a differential is of length k—1. In particular, there are non-zero differentials
of arbitrary length.
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We now describe how our calculation of the integral Adams Fs-term for the Brown-
Peterson spectrum is related to the obstruction theory to its existence. In their funda-
mental paper titled “A spectrum whose Z /p-cohomology is the algebra of reduced p-th
powers” [8], Brown and Peterson construct the spectrum we now denote by BP by a vari-
ation on Toda’s method of constructing an Adams resolution of the required spectrum.
This was the first known construction of BP (which is now more commonly constructed
using Quillen’s idempotent on MUj,)) and a major advance in stable homotopy theory
at the time.

Toda’s method, first introduced in [34], gives an obstruction to realizing an A.-
comodule M as a homology of a spectrum. The obstructions are defined inductively
and lie in

0, € Ext, (M, M), (4.8)

where n > 1. One can view Toda’s work as the linear precursor to Goerss-Hopkins
theory, which can more generally give obstructions to existence of spectra with additional
structure, such as E,-multiplication.

Brown and Peterson work using similar methods to those of Toda, and it is natural
to expect their existence statement is an immediate application of Toda’s obstruction
theory. However, as was pointed to out by Dylan Wilson, this is not the case. One can
compute the obstruction groups based on mod p homology and show that they do not
vanish.

The reason Brown and Peterson do not run into the potential non-triviality of this
obstruction is that they also keep track of the integral homology of the spectrum they’re
trying to construct, and its interaction with mod p homology via the Bocksteins, see [8,
Lemma 3.1].

Thus, it is natural to expect that what Brown and Peterson are really doing is setting
up a variant of Toda’s obstruction theory based on integral homology. However, as the
relevant obstructions groups are expected to be the same as those appearing on the
Es-page of the corresponding Adams spectral sequence (as in (4.8) above), and there
was no known general formula for these Fs-pages, their work was never phrased in this
language.

Feeding P-based synthetic spectra of §3 into the general machinery of Goerss-Hopkins
theory [11], [30], one obtains an obstruction theory to the existence of a spectrum with
prescribed integral homology, with obstructions living on an appropriate Es-page of
the P-based Adams spectral sequence. The latter can be identified with Ext-groups in
Q-comodules, which are readily computable.

The following result explains why Brown and Peterson do not run into obstructions
in their proof of the existence of a spectrum with mod p homology isomorphic to H,BP.

Theorem 4.40. The Z-based Toda’s obstruction groups

Extp">"(P(BP), P(BP))
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to the existence of the Brown-Peterson spectrum vanish for all n > 0.

Proof. The idea is to reduce to the case of the groups Extg(P(S),P(BP)), which we
computed in Lemma 4.38. The Q-comodule P(BP), of the form

has a natural increasing filtration where FiP(BP) is a subquiver of elements of internal
degree at most k, in both integral and mod p homology. Each associated graded piece
is concentrated in a single internal degree and can be identified with a direct sum of
homologies of the sphere, indexed by the integral homology of BP. Thus, we can write

gr.P(BP) = H.(BP; Z) @z P(S),

where on the right hand side we have a tensor product of an abelian group with an object
of an abelian category.

Mapping this filtration into P(BP) in the derived category gives a spectral sequence
of signature

Ey"* = Homg (Hy(BP; Z), Ext' (P(S), P(BP))) = Ext®'"*(P(BP),P(BP))  (4.9)

Here, the expression ¢t — k on the right hand side comes from the fact that Hy(BP;Z) is
in internal degree k.

By Lemma 4.38, the groups Extsg’t(P(S), P(BP)) are zero for s > 0 and in even Adams
degree t — s. Since H,(BP;Z) is concentrated in even degree, the same is true for the
first page of (4.9), where the trigraded Adams degree is t — k — s. It follows that the
same is true for Ext®'(P(BP),P(BP)); in particular, these groups vanish for s = n 4+ 2,
t=mnand n > 0, as claimed. 0O

5. Further examples

In this section we explore several examples of homology theories that are not Adams-
type, but do admit a well behaved Adams-type quiver homology theory.

5.1. Connective Morava K -theory

Connective Morava K-theory k(n) is a complex oriented homology theory with co-
efficients k(n), = F,[v,]. The latter is a local ring in a graded sense (that is, it is a
local Dirac ring in the sense of [15, Definition 2.7]) and the Quillen formal group of
k(n) is of infinite height at the special point, corresponding to F,, and of height n at the
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generic point corresponding to periodic Morava K-theory, K (n). In this sense, connective
Morava K-theories are the natural positive height analogue of the p-local integers.

This suggests that a natural way to approach the k(n)-Adams spectral sequence is
through a quiver homology theory with a class of simples analogous to the one we
employed in the integral case.

Definition 5.1. We say that a k(n)-module is simple if it is a finite direct sum of (de)sus-
pensions of k(n) and F,, where we give [, the k(n)-module structure coming from the
isomorphism F,, = 7<ok(n).

Notation 5.2. In this section, we denote the full subcategory of simple k(n)-modules by
P - Modk(n).

A P-representation X for the above class of simples can be readily described analo-
gously to the case of Bockstein couples of §4.1, with the role of p being played by v,,.
P-representations can be visualized as diagrams

where

(1) Ais a graded k(n).-module,
(2) V is a graded F,-vector space,
(3) the maps 7 and ¢,,, satisfy relations 7 o v, =0, v, 0d,, =0 and &, om = 0.

Thus, one could refer to P-reps as “v,-Bockstein couples”.

Proposition 5.3. Connective Morava k-theory k(n) is Adams-type with respect to the class
of simples of Definition 5.1. In particular, it is P-flat.

Proof. We have Mapi?n)(k(n), k(n)) =2 k(n) and Mapil()n)(]Fp, k(n)) & X7179F, as spec-
tra, where ¢ = |v,| = 2p" — 2. Thus, we just have to check that k(n) and F, can be
written as filtered colimits of finite spectra P such that k(n),DP = k(n) *P is a direct
sum of shifts of k(n). and k(n)./(v,). Note that the latter is equivalent to the same
condition on k(n). P, as the coefficient ring is of cohomological dimension one and so the
universal coefficient spectral sequence collapses.

Recall that there exists an isomorphism of k(n).-modules

k(n).k(n) = FaV,
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where F' is a free k(n),-module and where V is a F, = k(n)./(v,)-vector space [35,
Theorem 4.3]. Similarly, since v, acts by zero on F,,, we have

k(n).F, =0V,

where V' is a k(n)./v,-vector space. To complete the proof we will show the following
sub-claim:

e Let X be a connective finite-type spectrum and let
XoCX;C...CX

be a skeletal filtration for X. If k(n).(X) 2 F @ V where F is a free k(n),-module
and V is an Fp-vector space (i.e. v, acts by zero), then the same is true for X}, for
all k > 0.

Suppose by contradiction that there exists a k > 0 and [ > 0 and a class x € k(n); X
such that v,x # 0 but v}z = 0 for some s > 1. Choose the smallest k£ possible. Since

coker(k(n) Xp_1 — k(n).Xg) C k(n)«(Xg/Xr—1)

is torsion-free, x lifts to an element € k(n); Xj_1 where necessarily v3Z # 0 as we chose
k to be the smallest. It follows that v is in the image of a non-v,-divisible element of

k(n)itsq(57 Xi/Xp1)

and thus that k = [ + sq + 1. It follows that k(n).X; — k(n).X is an isomorphism in
degrees * < [+ sq so that we also have v, # 0 and vz = 0 inside k(n).X. The latter
contradicts our assumption about X, ending the argument. O

It follows from Theorem 2.18 that the comonad
k(n)® —: Modk(n) — Modk(n)

descends to a unique exact comonad Q: Rep(P) — Rep(P) on the category of P-reps.
The latter has the property that the homology theory

H: 8p — Rep(P) given by H(X)(S) = moMapy,,, (S, k(n) @ X)

has a canonical, adapted lift to Q-comodules.

By a colocality argument, the H-based Adams spectral sequence coincides with the
classical k(n)-based Adams when the source X is a sphere (or more generally, a spectrum
whose k(n).-homology has only simple v,,-torsion). Thus, we deduce the following:
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Theorem 5.4. Let X be a spectrum whose k(n).-homology has only torsion free and simple
vp-torsion summands. Then, the k(n)-based Adams spectral sequence computing maps
from X toY has Es-page given by

Ey'(X,Y) = Extg' (H(X), H(Y)),

where the Ext-groups are taken in Q-comodules in P-representations with respect to class
of simples of Definition 5.1.

The data of the P-rep associated to the Morava K-theory of a spectrum, which we
depicted in (5.1), is relatively straightforward. Instead, the complexity of the k(n)-based
Adams spectral sequence is encoded in the comonad Q and the associated category of
comodules.

It is natural to ask whether it is possible to describe the category of Q-comodules
directly in terms of familiar structures, similarly to what we have done in the §4.5 in the
case of integral homology. We will not pursue this in this paper, but we believe this is
a natural and interesting question, as this decomposition would naturally describe the
interaction between homotopy of finite spectra and their K (n)-local analogues.

Remark 5.5 (Decomposing the comodule category for connective Morava K -theories).
The category of Q-comodules is the universal target of a homology theory which sends
all k(n).- and H.(—,F,)-surjective maps of spectra to epimorphisms. Since both mod
p homology and non-connective Morava K-theory homology K (n).(—) == v, k(n).(—)
have this property, we deduce that we have exact comparison functors

Comodg — Comod 4,
and
Comodg — Comodk (), K (n)-

These are compatible with the forgetful functors into P-reps, and we deduce that there
is an exact comparison functor

Comodg — Comoda, Xvect,, Rep(P) xvect]Fp S Comodk (n), K (n)> (5.2)

[

encoding that the P-rep
k(n).X S H (X, F,)

associated to a spectrum X has an A,-comodule structure on the right factor and an
K (n)+K (n)-comodule structure on the v,-localization of the left factor and that the
composite o §,, is equal to @), € A.
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However, we do not believe that (5.2) is an equivalence (or at least, we do not believe
that the corresponding functor into the pullback of derived categories is an equivalence,
and that’s what’s truly relevant to the Adams spectral sequence, which concerns Ext-
groups). The reason is that there are further relations which objects of the pullback
category have to satisfy to lift to a structure of a Q-comodule.

For a simple example, suppose that X has only even cells, so that

k(n). X = k(n), ®pp, BP, X

and similarly for K (n)- and F,-homology. In this case, the coactions of K (n).K(n) on
K (n).X and of A, on H,(X,F,) are not independent from each other. In fact, they are
both uniquely determined by the coaction of

(T(TL) = k(n)* ®BP, BP.BP ®BP, k(n)
induced by the unit map S — BP applied to
E(n).X — k(n)«(BP ® X) = 0(n) @), k(n).X

Similar relations necessarily hold in any Q-comodule whose k(n).-module term is free
and concentrated in even degrees, and these relations become even more involved outside
of this case.

5.2. Truncated Brown—Peterson spectra

Let BP(n) denote a truncated Brown-Peterson spectrum with
T.BP(n) 2 Zy[ve, ..., vnl.

The corresponding Adams spectral sequence has been the subject of extensive study, see
[24,5,4,13,12]. By a result of Hahn and Wilson [17], there exists a form of BP(n) which
admits an Ejz-algebra structure (at all primes and heights). It follows that the current
work provides another approach to this spectral sequence based on a (braided monoidal,
by Remark 2.35) category of quiver representations.

To get off the ground, we need to pick an appropriate class of simples P C Modyp (n)?
large enough so that BP(n) is P-Adams-type. This naturally leads to the question of
which BP(n)-modules show up in decompositions of tensor powers of BP(n).

We believe this is an interesting problem, but we will not try choose such a class of
simples here. Instead, let us record that study of decompositions of tensor powers of
BP(n) has a long history in stable homotopy theory. At p = 2, BP(1) is closely related
to connective real K-theory bo, and a decomposition of bo ® bo was constructed by
Mahowald [24]. At p > 2, a decomposition of BP(1) ® BP(1) was given by Kane [18]. At
n =2 and p > 5, we have a recent thesis of Tatum [33].
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These decomposition results are a starting point to the study of the Adams spectral
sequence based on the corresponding homology theory. In [24,25], Mahowald used the
bo-Adams to prove the telescope conjecture at height n = 1 and p = 2. This work was
subsequently extended in [3]. At odd primes, the BP(1)-Adams is studied in detail in the
work of Gonzalez [12,13]. At height two and p = 2, the closely related tmf-resolutions
were studied by Beaudry, Behrens, Bhattacharya, Culver and Xu [2,4].

We believe that it would be interesting to try to understand these results in terms of
the quiver approach outlined in the current work.

5.8. United K-theory and algebraicity at small primes

The quiver method presented in the current work has an important antecedent in
Bousfield’s united K-theory [7]. In this short section, we briefly summarize Bousfield’s
work from our perspective, and suggest a possible generalization to higher heights.

Let KO, KU and KT denote, respectively, (periodic, topological) real K-theory,
complex K-theory and self-conjugate K-theory. In [7, §1], Bousfield considers “CRT-
modules”, which are triples of graded abelian groups

(M0, MY, MET)

with a family of maps between those indexed by homotopy classes of maps of KO-modules
between these three spectra. It is not difficult to see that this notion is equivalent to that
of a P-rep, where P is the class of simple KO-modules generated as an additive category
by shifts of KO, KU and KT.

The association

X e 8pr KSRTX = (KO, X, KU, X, KT, X) (5.3)

defines a homology theory valued in CRT-modules, which can be identified with P-
homology as defined in the current work. Bousfield observes that K¢#T X has a compat-
ible action by Adams operations, which he makes explicit [7, §5].

Bousfield terms CRT-modules with Adams operations “ACRT-modules” and shows
that if we consider (5.3) as valued in ACRT-modules, then the resulting homology theory
is adapted [7, §9]. In the language of the current work, Bousfield’s calculation is the
determination of the comonad Q(—) appearing in the adapted factorization of (5.3). He
then develops the corresponding Adams spectral sequence, universal coefficient theorem,
and obstruction theory.

Bousfield’s ultimate goal is to classify homotopy types of KO-local spectra, general-
izing his classification of KU;)-local spectra for p > 2 given in [6]. The main obstacle
to extending this work to p = 2 is that the category of comodules over the cooperations
algebra KU,KU has finite cohomological dimension 2 when p > 2, but is of infinite
dimension when p = 2 due to the existence of the 2-torsion subgroup Cs C Z (XQ).
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Since KO = KU"®2| Bousfield’s plan of attack is to encode homology groups with
respect to the fixed points as part of the data, in the hope that this leads to more
amenable homological algebra. This is indeed the case, as he shows that ACRT-modules
of the form K¢BTX for X a spectrum are of injective dimension at most 2. He then
applies this observation to prove a variety of realization results for spectra with prescribed
KSET homology [7, §10].

Note that Bousfield’s work at odd primes was generalized to higher chromatic heights
in the thesis of the second author [28] (later improved in joint work with Patchkoria [27])
the main result being that the Bousfield localization of spectra at height n Morava E-
theory admits an algebraic description in terms of E, E-comodules when 2p —2 > n? +n.
The strategy used to prove this fails at smaller primes due to the existence of p-torsion
in the Morava stabilizer group G,. Keeping in mind Bousfield’s work at p = 2, it is
natural to ask if it is possible to prove small prime partial algebraicity results for E-
local spectra by using quivers indexed by E*® | as G runs through finite subgroup of the
Morava stabilizer group.

Appendix A. Calculus of deformations

In this appendix, which can be read independently from the body of the paper, we
collect some material which is complementary to the contents of [27]. In that paper
Patchkoria and the second author constructed categories Dy;(€) which deform a category
C along a homology theory H in a way which categorifies the H-based Adams spectral
sequence.

The unifying theme of this appendix is that whereas in [27], D{j(€C) was primarily
studied internally (that is, through the details of its specific construction), here we study
D (C) externally (that is, through the relationships between the various deformations).
Our aims are:

(1) In §A.1, we develop naturality of deformation co-categories and various related con-
structions, showing that they define functors on an appropriate (0o, 2)-category of
adapted homology theories, see Construction A.13 and Construction A.14.

(2) In §A.2, we study what we call induced homology theories, which are informally ob-
tained by composing a homology theory with an exact functor of stable co-categories.
The main result is Proposition A.28 which describes the target of an induced ho-
mology theory in terms of comodules.

(3) In §A.3, we study (co)local objects for a comparison functor between different oco-
categories. This technical section is used in the main body of the paper to prove
comparison results between various Adams spectral sequences, whose second pages
can be identified with homotopy classes of maps in the appropriate deformations.

The appendix is written at a somewhat high level of generality with an eye towards
future applications. To make it more understandable, before proceeding we give a brief
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reminder of some of the core results of [27] about homology theories and the associated
deformations.

Recollection A.1 (Epimorphism classes and homology theories).

(1) Given a stable category C, an epimorphism class consists of a collection of arrows
& C Fun(A', €) closed under composition, (de)suspensions, pullbacks along arbitrary
morphisms and such that if go f is in € then g is in €.

(2) Given a stable category € and an epimorphism class €& on C, we say that an object
j € € is H-injective if

WOMapC(dv ]) — 7-‘—(Jl\/lape (Ca ])

is injective for every ¢ — d in €. If every object ¢ € C admits a map ¢ — j into
an &-injective such that j — cofib(c — j) is in &, then we say that € has enough
injectives.

(3) A homology theory on a stable category € consists of a locally graded functor H : € —
A into a locally graded abelian category which sends cofiber sequences to sequences
exact in the middle. Here, a local grading on a category is an action of Z, and we
consider C as locally graded through its suspension functor.

(4) We say that a homology theory H has lifts of injectives if A has enough injectives
and for every injective i € A there exists an object ¢; representing the functor
(hC)°P — Ab

¢ — Homy (H(e), 1),
in the homotopy category. We say that H is adapted if moreover the canonical map
H(c;) — ¢ is an isomorphism for any injective i € A.
(5) Any homology theory H determines an epimorphism class
&n =1 f | H(f) is an epimorphism }

If C is idempotent complete,® this yields an equivalence of categories

{ adapted homology theories on C }

= { epimorphism classes with enough injectives },

where the left hand side is the full subcategory of Fun(BZ, Cats)e, spanned by
adapted homology theories and the right hand side is the poset of epimorphism

8 If @ is stable, then any homology theory on € factors uniquely through its idempotent completion, so
that for our purposes we can always assume that C is idempotent-complete.
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classes. In particular, the category of adapted homology theories is equivalent to a
poset.

Notation A.2. Taking into account the correspondence between homology theories and

epimorphism classes, we will usually not distinguish notationally between the two. That

is, if H: € — A is an adapted homology theory, we will usually denote the corresponding

epimorphism class also as H. Conversely, if H is an epimorphism class, we will denote
the target of the associated adapted homology theory by A(C, H).

Recollection A.3 (The deformation associated to a homology theory).

(1)

(2)
(3)

Associated to an adapted homology theory H: € — A there is a prestable category
DY (C)>0, the perfect derived category.

There is a canonical equivalence D¢ (€)Y = A.

The perfect derived category has a canonical local grading

(=)[A]: DE(€)20 = Di(C)=0
Moreover, there is a canonical natural transformation
7: X(=) = ()]

of endofunctors of the perfect derived category.
There is a fully faithful locally graded functor v: € — D§j(€) >, where we consider
C as locally graded using the suspension functor and a natural isomorphism

5 (v(=)) = H(-).

We say that an object X € Dyj(€)>¢ is 7-local if 7: X — QX (1) is an equivalence.
The essential image of v: € — Dj(C)>¢ is the subcategory spanned by 7-local ob-
jects.

The endofunctor C7(X) := cofib(7: XX [—1] — X) admits a canonical structure of a
monad on the perfect derived category and identification between the hearts extends
to an equivalence

Modcr (D (C)50) = DP(A)xo

between the category of modules over this monad and the connective bounded de-
rived category of A.

Let D§(€) denote the Spanier—Whitehead stabilization of D{(€)>¢. Then for any
pair of objects ¢,d € C, the spectral sequence associated to the filtered spectrum

TN mapDﬁ(H)(d, Sv(e)[-1]) — mapDﬁ(H)(d, v(c))
— mapqpe ) (d, S h(e)) — ...



R. Burklund, P. Pstrqgowski / Advances in Mathematics 471 (2025) 110270 59

can be identified with the H-based Adams spectral sequence which is of signature
Ext%'(H(d),H(c)) = m—smape(d, c).
(9) Given a commutative diagram of locally graded categories’
¢
N
A —— s Ay
where Hq, Hy are adapted homology theories, the associated comparison functor
Dy, (€)>0 = D, (€) >0

is a localization.
A.1. Functoriality of deformations

We begin with a discussion of the (oo, 2)-categorical functoriality of the construction
of the deformation associated to an adapted homology theory.

Construction A.4. Let Adp denote the (oo, 2)-category with

o objects given by pairs (C,H) of an idempotent-complete stable category € and an
epimorphism class H on € with enough injectives and
e mapping categories are given by the full subcategory

Map 44, ((€1,H1), (€2,Hz)) € Fun(€y, Co)

spanned by the exact functors that send Hi-epis to He-epis.

Remark A.5. By Recollection A.3, the fiber of the forgetful functor ¢ : Adp — 8t over C
is a poset. Specifically, it is the poset of epimorphism classes with enough injectives.

Lemma A.6. Let H: € — A and H' : C — A’ be adapted homology theories. Then an
ezact functor f: € — €' can be completed to a commutative square

[+ [+ (A1)

9 Note that since adapted homology theories on @ form a poset by Recollection A.3, a locally graded
functor ¢ making this diagram commute is unique when it exists.
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with f an exact, locally graded functor of abelian categories, if and only if f takes H-
epimorphisms to H'-epimorphisms. If the latter is the case, then f can be completed to
such a square in a unique way.

Proof. By the universal property of the Freyd envelope [27, Theorem 2.45], to complete
f to such a commutative square is the same as to complete the induced functor A(f)
between Freyd envelopes to a commutative square

Ae) 25, Ae)

, [

A4>.A’

Since both vertical arrows are localizations by [27, Theorem 2.56], this can be done
precisely when A(f)(ker(H)) C ker(H’), in which case there is a unique way to do so. As
this condition on kernels is equivalent to f taking H-epimorphisms to H’-epimorphisms,
the result follows. O

Remark A.7. As a consequence of Lemma A.6 and [27, Theorem 3.24] the (oo, 2)-category
Adp is equivalent to the (0o, 2)-category whose objects are idempotent-complete stable
categories equipped with an adapted homology theory and whose morphisms are com-
muting squares as in (A.1).

Remark A.8. In view of Remark A.7 we will freely move between the presentation of
Adp in terms of epimorphism classes and the presentation in terms of adapted homology
theories.

Construction A.9. Let us write PSt for the (oo, 2)-category of prestable categories with
finite limits and exact functors. Given an adapted homology theory (C,H) € Adp let

Defﬁ(e)zo : PStT — Catoo

denote the 2-presheaf of categories on (PSt®)°P which sends a prestable category D>q
to the full subcategory

Defﬁ<e>20('DZO) g Fun(e, 'Dzo)
spanned by the left exact functors which preserve H-exact cofiber sequences.

Remark A.10. As observed in [27, Proof of Theorem 5.35], a left exact functor f: € —
D>( sends H-exact cofiber sequences to cofiber sequences if and only if the homological
functor 7<go f: € — DY factors (necessarily uniquely) through A. Thus, f preserves
H-exact cofiber sequences if and only if it can be made into a prestable enhancement of
H in the sense of [27, Notation 4.41].
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Proposition A.11. Precomposition with vy : € — Dy (C)>o induces an equivalence
Def{1(C)>0(—) = Mappgiex (D (€) >0, —)

Proof. Note that vy preserves H-exact cofiber sequences by [27, Proposition 5.34], which
implies that precomposition with vy induces a natural transformation

Mapgggex (D (€) >0, =) = Defit(C)(=)>0

Keeping in mind Remark A.10, to say that this is an natural equivalence is a restatement
of the universal property of D¥(C) of [27, Theorem 5.35]. O

Remark A.12. The universal property of Proposition A.11 has a right exact variant which
we now describe. Let PSt™* denote the (oo, 2)-category of prestable categories and right
exact functors. Given an adapted homology theory (€, H) € Adp let

Def:’rex(e)zoi PStT — Catoo
denote the functor which sends a prestable category D>q to the full subcategory
Def:’rex(e)zo(ﬁzo) - Fun((:’, 'DZ())

spanned by additive functors which preserve H-exact cofiber sequences. Then precompo-
sition with vy : € — Du(C)>o induces an equivalence

Deffy™™(€)20(~) = Mapgsox (D (€)0, )

This is immediate from the definition of D{j(C)> as a localization of the additive finite
colimit completion A% (C) of € studied in [27, §4.2] along H-exact cofiber sequences.

Construction A.13. As a consequence of Proposition A.11 Def}j(€)>o(—) is a repre-
sentable 2-presheaf of categories. Allowing the choice of adapted homology theory to
vary in Construction A.9 we obtain a 2-functor of (oo, 2)-categories

Def? (—)>0: Adp — PSt™.

If f:(C1,H1) — (C2,Hs) is a morphism of adapted homology theories, we denote the
induced exact functor of prestable categories by f: Defyy (C1)>0 — Defy, (C2)>0.

Construction A.14. Using the presentation of Def” (—)>o as a 2-presheaf of categories
on PSt™ (and its right exact variant of Remark A.12) we can construct several natural
transformations out of it. First, we have the two forgetful functors:

(1) Let ¢(—) denote the forgetful functor that sends (€, H) to C.
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(2) Let A(—) denote the functor that sends (€, H) to Defi;(€)".
We then also have the canonical maps into the generic and special fibers:

(3) Let (—)7=! denote the natural transformation
(=)= s Def (=) = u(-)

of [27, Remark 5.47] induced by the exact functor € e
(4) Let (—)7=° denote the natural transformation

(=)™=°: Def? (—) — DP(A(-))
obtained by applying the universal property of Remark A.12 to the composite
(=) = A(=) = D°(A(-)),

where the first arrow is the homology theory and the second one is the inclusion of
the heart. This is left adjoint to the exact functor

DY(A(-)) — Def (—)

which exists by the universal property of the bounded derived category. The resulting
adjunction is monadic and determines the monad C7T ® — of [27, §5.3].

Finally, we have the local grading and the “thread structure” of [27, §5.3]:

(5) The identity functor on Adp has an automorphism given by suspension X: € — C.
This equips Def};(€) with a local grading natural in (C,H) which we denote by

(=) (1)
(6) The canonical map S — Mapgyn(e,e)(Id, 2) induces a natural transformation
7:1d = QId(1)
of functors

Def&(€)=0 — Defs(€)so.

Giving a careful constructing of the natural transformation v with all the desired
functoriality is more delicate and requires a preparatory lemma.

Lemma A.15. If f: (C1,Hy) — (Co,H2) is a morphism of adapted homology theories,
then
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J: Def (€1) — Deffy_(Cs)
sends T-local objects to T-local objects.

Proof. This follows from the naturality of 7 and (—)(1) in the adapted homology theory
together with the fact that f is exact. O

Construction A.16. Using Lemma A.15, we can construct a 2-functor
Def“ (—)Z5" : Adp — Cat

that sends (€, H) to the subcategory of 7-local objects in Def}j(€)>¢ and an associated
natural transformation

Def“_’(—)gzl = Def“ (=)0

which is pointwise fully faithful. From [27, Example 6.25] (where 7-local objects are
referred to as “potential co-stages”) we can read off that the composite

Def* (=)Z5" = Def* (—)0 ~2—s 1(~)
is an equivalence. We let v denote the natural transformation
v:i(—) = Def?(—)>0

obtained by composing the inverse of the natural equivalence above with the inclusion
of the 7-local objects.

Altogether we obtain the following diagram of natural transformations of 2-functors

S T

- , (A.2)
t(—) o= D2 (-) 5= DP(A(-)

Variant A.17. Let AdpP™ be the subcategory of Adp whose objects are the pairs (€, H)
with C presentable and H an adapted Grothendeick homology theory and whose mor-
phisms are the left adjoints which preserve H-epis.

In parallel to the contents of this section the construction of the unseperated derived
category from [27, Theorem 6.40] extends to provide a 2-functor

Defy(€)so: AdpP! — PSthex
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into the (o0,2)-category of Grothendieck prestable categories and exact left adjoints.
Moreover, we have the associated natural transformations v, 7, (—)™=! and (—)7=° as
in Construction A.14 and Construction A.16, all of which preserve filtered colimits.

Recall from [20, 6.10.1] that if H: € — A is Grothendieck and € is compactly-
generated, then the left Kan extension of H along the restricted Yoneda embedding

(yo :==mpoy): € —= Px(C¥; Ab)
induces a localization
Ly: Ps(C¥; Ab) — A.

Moreover, any Grothendieck homology theory on € arises in this way. The follow-
ing statement characterizes under which conditions the associated deformation is also
compactly-generated.

Lemma A.18. Let H : € — A be a Grothendieck adapted homology theory with C compactly
generated. The following conditions are equivalent:

(1) A is compactly generated and H preserves compactness,

(2) the kernel K := ker(Ly) of the localization Pgs(C¥;Ab) — A is generated as a
localizing subcategory by cokernels of H-epimorphisms yo(c) — yo(d), where ¢ — d
is a map of compact objects of C,

(3) BQ’H(G) is compactly generated and vy preserves compactness.

Proof. (1 = 2): Since Px(C¥;Ab) is generated under colimits by representables, any
object k € K can be written as the cokernel coker(yg(a) — yo(b)), where both a,b € C
are direct sums of compact objects. We now need to approximate k by objects of the
form required by (2).

Write b = ®bg as a direct sum of compact objects bg. Let ag be defined by the pullback
square

where the top horizontal arrow is an H-epi as a pullback. If we write

kg = coker(yo(ag) — yo(bp)),
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then since @ yo(bs) — yo(b) is an isomorphism, @ksz — k is an epimorphism. Since
localizing subcategories are closed under direct sums, replacing a — b with ag — bg, we
reduce to the case where a — b is an H-epimorphism with b compact.

We can now write a = lima, as a filtered colimit of compact objects. Since H(b) is
compact by assumption and

lim H(aq) 2 H(a) — H(b)

=

is an epimorphism, there exists an « such that H(a,) — H(b) is also an H-epimorphism.
As

coker(yo(aa) — yo(b)) = k

is an epimorphism, we see that k is a quotient of an object of the required form.
(2 = 3): We begin by recalling from [27, Proposition 6.48] that the unseparated
deformation can be explicitly described as the Gabriel quotient

]Se/fH(C)ZO ~ Pr(C*)/X

where X is the localizing subcategory (in the sense of Grothendieck prestable categories)
generated by K C Pg((i"")@ C Py(C¥). The key point is now that

coker(yo(c) — yo(d)) = cof (Xy(e) — cof (y(c) = y(d)))

where e := fib(¢ — d). From this we can read off using (2) that X is compactly generated
and the inclusion X — Ps(C¥) preserves compactness. It follows that Ps(C¥)/XK is
compactly generated and the localization Py (C¥) — Pg(C¥)/X preserves compactness.
Writing vy as the composite

¢4 Pg(e¥) — Pe(C¥) /K

we see that vy preserves compactness as well.

(3 = 1): The right adjoint to the functor m: ]SQH(Q)ZO — A preserves filtered col-
imits since ]Se/fH is Grothendieck prestable. In particular, my preserves compact objects.
Precomposing with v we see that H preserves compactness. Finally, since A is generated
under colimits by the image of H and H preserves compact objects we see that A is
compactly generated. O

A.2. Induced homology theories

In this section we study a simple, but useful, technique for producing new homology
theories from old: pushforward along an adjunction.
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Convention A.19. We will assume that all stable categories considered in this section
are idempotent-complete. Note that since any abelian category is idempotent-complete,
precomposing with € — Idem(€) yields an equivalence between homology theories on C
and its idempotent completion, so this convention is not really restrictive.

Construction A.20. Let f* : € = D : f, be an adjunction between stable categories
and let H: D — A be an adapted homology theory. Let us say that an arrow ¢y — ¢;
is an H'-epi if f*(cp) — f*(c1) is H-epi. It is not difficult to see that H’-epis form an
epimorphism class on C.

Lemma A.21. The epimorphism class H' of Construction A.20 has enough H’ -injectives
and therefore uniquely determines an adapted homology theory H' : € — A’. Moreover,
c € C is H'-injective if and only if it is a retract of an object of the form f.d where d is
H-injective.

Proof. We start by proving that if d is H-injective, then f.d is H’-injective. Given an
H’-mono ¢; — ¢3 we have a commutative diagram

[027 f*d] — [Clv f*d]

o o

[f*c%d] — [f*clv d}

from which we can read off that f.d is H'-injective.

Next we show that € has enough H’-injectives. Let ¢ € € and pick an H-mono f*c — 4
into an H-injective. The mate of this map, ¢ — f.i, is an H-mono into an H’-injective
since the composite f*c — f* f.i — ¢ is H-mono.

To complete the proof we observe that given an H’-injective ¢ the construction above
provides us with an H’-monomorphism ¢ — f.d where d is H-injective and that c is a
retract of f,d since every H-mono out of H’-injective admits a retraction. O

Definition A.22. We call the adapted homology theory H': € — A’ determined by the
class of H’-epimorphisms the pushforward of H along f.

Example A.23. Let f*: € = D: f, be an adjunction between stable categories. The
universal homology theory y: D — A(D) valued in the Freyd envelope of D is adapted.
In this case Definition A.22 yields an adapted homology theory on € which categorifies
the monadic descent spectral sequence based on f,f*(—), see [27, Example 3.17].

Example A.24. Specializing Example A.23 to the free-forgetful adjunction Sp =
Modr(8p) associated to modules over an E;-ring spectrum R we recover the Adams
spectral sequence based on the Amitsur R-resolution, as in see [27, Example 3.18].
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Remark A.25. Tt follows from [27, Theorem 3.27] that the pushforward homology theory
H': @ — A’ can be identified with the adapted factorization of the composite H o f*.
In particular, by [27, Theorem A.1] the functor f*: A’ — A is an exact, comonadic left
adjoint and this identifies A’ as the category of comodules for a left exact comonad on
A.

Warning A.26. The description of A’ as comodules for a left exact comonad of Re-
mark A.25 is not as useful in practice as one might hope, as in general neither the right
adjoint nor the comonad are exact. In particular, the right adjoint to f* is usually not
£+ in the sense of Lemma A.6; in fact, the latter might not exist as f.: D — € need not
take H-epimorphisms to H’-epimorphisms.

We will now describe a common situation where the induced homology theory is par-
ticularly well-behaved and the resulting comonad is exact, avoiding pathological behavior
of Warning A.26.

Definition A.27. Let f*: € = D: f, be an adjunction between stable categories and let
H: D — A be an adapted homology theory. We say that f* - f, is H-flat if f*f,: D — D
preserves H-epimorphisms.

For an explanation of the origin of the terminology “flat” in this setting see Re-
mark 2.17.

Proposition A.28. Let f*: C = D: f, be an adjunction of stable categories, H: D — A
an adapted homology theory such that f is H-flat and H': € — A’ the induced homology
theory of Definition A.22. Then

(1) f« takes H-epimorphisms to H'-epimorphisms so that f* - f. induces an adjunction
H: €= A)=(H:D— A)

in the (00, 2)-category Adp of adapted homology theories,

(2) the comonad f*f. descends uniquely to an exact comonad @ := ?*?* on A,

(3) there is a canonical equivalence Comodg(A) = A’ which identifies f with the for-
getful functor Comodg(A) — A and f. with the cofree comodule functor A —
Comodg(A).

Proof. Let d; — dy be an H-epimorphism in D. Since f* - f, is H-flat, f* fody — f* fido
is H-epi, so that f*d; — f*ds is an H'-epi by definition, proving (1). By Remark A.7 this
is enough to lift the adjunction f* = f, to an adjunction of adapted homology theories.

Since Q = T*T* is the composition of a left and right adjoint, both of which are
exact, it has a canonical structure of an exact comonad. Moreover, since f*: A’ — A is



68 R. Burklund, P. Pstrqgowski / Advances in Mathematics 471 (2025) 110270

a conservative exact left adjoint, it is comonadic by [27, Theorem A.1], so that the left
and right adjoint can be identified with the forgetful and cofree functors. O

We now verify that the adjunction obtained from Proposition A.28 is functorial in the
epimorphism class.

Lemma A.29. Let f*: C; = Co: fi be an adjunction between stable categories and let
q: Hae — Hop a map of adapted homology theories on Co such that f is both Hoy-flat and
Hop-flat. Let Hy, be the pushforward of Haoy and let Hyp be the pushforward of Hop. Then,
the induced square of adapted homology theories

(€1, Hia) —L (€2, Haa) D (1) —— g, ()
Jq Jq lq lq
(€1, Hy) —L (€, Hay) D (€1) —— D (C,)

and an associated diagram of deformations are both right adjointable.

Proof. The square in Adp and the adjoints to f* are obtained via Proposition A.28. For
the left square, right adjointability follows from the fact that the underlying category
2-functor Adp — PSt given by (€, H) — € is fully faithful on 2-cells and the fact that
the underlying square of stable categories is right adjointable, since the vertical maps are
given by the identity. The associated right adjointable square of deformations is obtained
by applying the 2-functor D¥ (—). O

Corollary A.30. Let H: D — A be an adapted homology theory, let f*: C = D: f, be an
H-flat adjunction of stable categories and let H' : € — A’ be the pushforward of H. Then
the resulting commutative diagram

€ ' Defy(€) ——

S I

D s Defy(D) —— D
is vertically right adjointable.

Proof. By Proposition A.28, f* - f. induces an adjunction of adapted homology the-
ories. Since the construction of deformation categories is functorial at the level of
(00, 2)-categories by Construction A.13 (together with v and 7-localization, by Con-
struction A.14 and Construction A.16), it preserves adjunctions. O

We observe that the pushforward construction of Definition A.22 preserves the prop-
erty of being Grothendieck.
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Lemma A.31. Let f*: €= D: f, be an adjunction between stable presentable categories
and let H: D — A be a Grothendieck adapted homology theory on D. Then, the pushfor-
ward of H along f is also a Grothendieck adapted homology theory.

Proof. In Remark A.25 we identified H': € — A’ can be identified with the adapted
factorization of H(f*—). From [27, Remark 6.45] we know that this adapted factorization
is itself an adapted Grothendieck homology theory. O

A.8. Local and colocal objects

Suppose that we have a stable category € and two adapted homology theories Hj
and Hy on with targets the locally graded abelian categories A; and Ay and a map g of
adapted homology theories. This data fits into a commutative diagram

C
RN
Ay ———— As.
Given objects ¢, d € €, we have a comparison morphism
Ext};7 (Hi(c), Ha(d)) — Ext}7(Ha(c), Ha(d))

and a corresponding comparison between Adams spectral sequences. It is natural to ask
under what conditions these two spectral sequences agree. In this section we set up a
framework for studying this question and prove some technical results which allow us to
streamline our presentation in the body of the paper.

Definition A.32. Given a functor F': € — D we say that an object X € € is F-local if
the map

Mape(Z, X) = Mapy (F(Z), F(X))
induced by F' is an equivalence for every Z € €. Dually, we say that X is F'-colocal if
Mape (X,Y) = Mapy, (F(X), F(Y))
is an equivalence for every Y € C.
Remark A.33. If F' is a cocontinuous, to test of X is F-local it suffices to allow Z to
range over a collection of generators of € under colimits. Dually, if F' is continuous to

check if X is F-colocal it is enough to allow Y to range over a collection of generators
under limits.
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Our interest in local and colocal objects comes from the following example:
Example A.34. Given a map of adapted homology theories
¢
N
A, ——— 5 A,

we obtain a comparison functor between deformations
7: D5, (€) = Diy (€)

which categorifies the natural comparison map from the Hi-based Adams spectral se-
quence to the Ha-based Adams spectral sequence. In particular, if vy, (X) is g-local, then
for every Z € C the natural comparison map of Adams spectral sequences

Mpst(z,X) - MBS (Z,X)

is an isomorphism. Dually, if vy, (X) is g-colocal, then for every Y € C the natural
comparison map of spectral sequences

Hipst(X,Y) - " ESN(X)Y)
is an equivalence.

Lemma A.35. If ' preserves colimits, then colocal objects are closed under colimits. Du-
ally, if F preserves limits, then local objects are closed under limits.

Lemma A.36. Suppose we are given a horizontally right adjointable square

AL
[
(RN

(1) If X € A is h-colocal, then f*X is h-colocal.

(2) If the essential image of f. cogenerates A and f*X is h-colocal, then X is h-colocal.
(3) If Y € B is h-local, then f.Y is h-local.

(4) If the essential image of f* generates B and f.Y is h-local, then Y is h-local.
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Proof. Given X € A and Y € B we have a commuting diagram of mapping spaces

Map 4 (X, f.Y) —— Mape(h(X)

=
=
S
N~—

R

Mapg (f*X,Y) —— Mapg, (h(fX), h(Y)).

Using the fact that the top horizontal arrow is an isomorphism if and only if the bottom
horizontal arrow is an isomorphism we are able to prove (1) and (3). Proving (2) and
(4) requires the additional observation from Remark A.33 that it suffices to restrict to a
generating collection of test objects. O

Corollary A.37. Suppose we are given a symmetric monoidal functor F: € — D and a
dualizable object X € C and an object Y € C. Then

(1) oY is F-colocal, then X ® Y is F-colocal and
(2) ifY is F-local, then X Y is F-local.

Proof. Using the assumption that F' is symmetric monoidal and X is dualizable we can
construct right adjointable squares of the form

—-®X -®XY

C——— ¢ C———— ¢
|# 7 lr |r
@ﬂ@ @ﬂp.

The corollary now follows from Lemma A.36, parts (1) and (3). O
Lemma A.38. Suppose we are given

(1) a stable, presentably symmetric monoidal category C that is compactly generated by
dualizable objects,

(2) a stable, presentably symmetric monoidal category D and

(3) a symmetric monoidal functor F : € — D that preserves colimits and compactness.

Then, a dualizable object X is F-colocal if and only if XV is F-local.



72 R. Burklund, P. Pstrqgowski / Advances in Mathematics 471 (2025) 110270

Proof. Assume XV is F-local. Then we would like to show that for Y € € we have
MapG(X7 Y) = MapD(F(X)7 F(Y))

Using our assumptions on € we can rewrite the monoidal unit 1 and Y as colimits
colim, Z, and colimg Y3 of compact dualizable objects. Then, using our hypotheses on
F and the assumption that XV is F-local we have equivalences

Mape(X,Y) = Mape(X ® cogm Lo, co}gim Ys) = Mape(cogm Zoy XV ® Cogm Y3)
= lim Mape(Za, coEmXV ® Yp) & lim co}gim Mape(Za, XY ® V)
= lién co}gim Mape(Yy @ Za, XV) = liin Cogm Mapq, (F (Y5 ® Za), F(XY))
= lim co1ﬁim Mapq, (F(Yp)" @ F(Zy), F(X)Y)
= lim co}gim Mapqg (F(Za), F(X)Y ® F(Yp))
= Mapy (colim F(Za), F(X)'® cong(Yﬁ)) >~ Map, (F(X) @ F(1), F(Y))
= Mapq, (F(X), F(Y)).

For the reverse direction, assume that X is F-colocal. We must show that

Mape(Z, X) = Mapy, (F(Z), F(X"))

for all Z € C. As above we expand the auxiliary object Z as a colimit colim,, Z, of
compact dualizable objects. Then we have equivalences

Mape(Z, XV) & Mape (colim Z,, XV) 2 lim Mape(Za, X ) = lim Mape (X, Z))
= lim Mapy, (F(X), F(ZY)) 2 lim Mapy (F(Z,), F(X"))
& Map, (colim F(Z,,), F(XY)) & Map, (F(Z), F(XY)). O

Lemma A.39. Suppose we are given a map of adapted Grothendieck homology theories

Diz, (€) —— Dj,(€)

/\ o

Ay ———— A, D, (€) —— Dy, (€)

and the associated square of comparison functors between the perfect and unseperated
Grothendieck deformations along Hy and Ho respectively. Given an object X € C:
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(1) If vu,(X) is g-colocal, both Dy, (X) and Dy, (X) are compact and § preserves com-
pactness, then Dp, (X) is q-colocal.

(2) If vy, (X) is g-local, then Dy, (X) is g-local.

(3) If on, (X) is g-colocal, then vy, (X) is q-colocal.

(4) If oy, (X) is g-local, then vy, (X) is g-local.

Proof. We start by recalling from [27, Thm 6.51] that the vertical maps from the perfect
deformation to the useperated deformation are fully faithful. Parts (3) and (4) of the
lemma follow from this fully faithfulness. For part (1) and (2) it suffices to observe that
5.41(6) is generated under colimits by the image of Djj (€) and that the comparison
map ¢ is a left adjoint between presentable categories. O

Proposition A.40. Suppose we are given a map of adapted homology theories
¢
Ay, — 1 s A,

and an object X € C. Then vy, (X) is G-(co)local if and only if H1(X) € Db(Ay) is
q-(co)local.

Proof. Given two objects X,Y in Djj (€) we have a diagram of mapping spectra

mapDﬁl(e)(Ek’s"'lX, V) —— map,Dﬁl(e)(Zk“gX, Y) — mappg (e) (kX Y/T)

| l |

mapay (¢) (XX, Y) —= mappg (o) ("X, Y) —— mapp, (¢)(E°X,Y/7)

where each row is a cofiber sequence. Using the perfectness of X and Y we know that
Y/7 is bounded and therefore that for s < 0 we have equivalences

[E5 X, Y]og () = [P X, Y]og @) — B XL Y e
This lets us ground an upward induction on s to show that
[E5°X, Y]og ) = [EM°X, Y]ng (o)
is an equivalence for all k, s if and only if
[E5°X,Y/7]og (e) = [EM° X, Y/ (e)

is an equivalence for all k,s. Then, using the homology adjunctions D (€) = Db(A;)
of [27, §5.3]) we obtain isomorphisms
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(24X, Y /7]y () = [B5° X, HoH (V)] (o) 2 [BYH*(X), H*(Y))] o)
which ends the argument. 0O

Example A.41. Given an adapted homology theory H: € — A there is a unique map of
homology theories 1: A(C) — H from the universal adapted homology theory to H. Since
yo(X) € A(C) is injective for all X € € we can use Proposition A.40 to conclude that
the following are equivalent:

(1) vy(X) is n-colocal
(2) H(X) is a projective object of A and the map [X,Y]e — Homy (H(X),H(Y)) is an
isomorphism for any Y.

Note that the second condition is equivalent to saying that X is an H-injective for the
opposite homology theory C°P — A°P.

Lemma A.42. Let f*: C; = Ca: f. be an adjunction between stable categories and let
q: Hoq — Hap a map of adapted homology theories on Co such that f is both Has-flat and
Hop-flat. Let Hy, be the pushforward of Hay and let Hyy be the pushforward of Hap, so
that by Lemma A.29 we have a right adjointable square

D (1) —— g, ()

[ [

D, (€1) —— D, ()

of deformations. Suppose we are given an X € Cy such that one of the following equivalent
conditions

(1) v(f*X) is g-colocal or
(2) Haou(f*X) is colocal for the map DP(A(Ca, Hay)) — DP(A(Cq, Hap))

is satisfied. Then, v(X) is g-colocal.
Proof. Using Proposition A.40 we reduce the lemma to showing that Hi,(X) €

Db(A(C1,Hy,)) is g-colocal. Applying D?(A(—)) to the right adjointable square in Adp
we obtain a right adjointable square

DV (A(C1, Hia)) ——s DP(A(Co,Haa))

[ [

DO(A(C1, Hip)) —L s DO(A(Ca, Hap))
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where the horizontal adjunctions are comonadic by Proposition A.28. In particular,
comonadicity implies that the image of f. cogenerates D’(A(C1,H1,)). Now we may
use Lemma A.36 to conclude that it will suffice to show that Ha,(f*X) is g-colocal.
Applying Proposition A.40 again if necessary we find that we are left with our given
hypothesis on X. O
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