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PREFACE 

The three sections of this book represent courses of lectures 

which J delivered at the University of Chicago in 1967, 1970 and 197] 

respectively; and the three sections are of slightly different characters. 

The 1967 lectures dealt with part of Novikov's work on complex cobord- 

ism while that work was still new~-they were prepared before IJ had 

access to a translation of Novikov's full-length paper, Izvestija 

Akademii Nauk SSSR, Serija Matematiteskaja 3] (1967) 855-951. They 

were delivered as seminars to an audience assumed to be familiar with 

algebraic topology. The 1970 lectures also assumed familiarity, but 

were a longer series attempting a more complete exposition; I aimed to 

cover Quillen's work on formal groups and complex cobordism. Finally, 

the 197] lectures were a full-length ten-week course, aiming to begin at 

the beginning and cover many of the things a graduate student needs to 

know in the area of stable homotopy and generalised homology theories. 

They form two-thirds of the present book. 

No attempt has been made to rewrite the three sections to impose 

uniformity, whether of notation or of anything else. Each section has its 

own introduction, where the reader may find more details of the topics 

considered. Each section has its own system of references; in Part I the 

references are given where they are needed; in Part II the references 

1x 



are collected at the end, with Part las reference [2]; in Part III the 

references are again at the end, with Part Ilas reference [2]. However, 

the page numbers given in references to (2] refer--I hope-- to pages in 

the present book. 

Although I have not tried to impose uniformity by rewriting, a 

certain unity of theme is present. Among the notions with which familiar- 

ity is assumed near the beginning of Part I, I note the following: spectra, 

products, and the derived functor of the inverse limit. All these matters 

are treated in Part Ill-~in sections 2-3, 9 and 8. Similarly, near the 

beginning of Fart II] ] assume it known that a spectrum determines a 

generalised homology theory and a generalised cohomology theory; this 

is set out in Part II], section 6. Again, at the end of Part I, section 2 

(page 7) the reader is referred to the literature for information on 

7 (MU); he could equally well go to Part I], section 8 (page 75). Perhaps 

one should infer that in my choice of material, methods and results for 

my later courses, I] was influenced by the applications J] had already 

lectured on, as well as others I] knew. 

Iam conscious of other places where the three parts of this book 

overlap, but perhaps the reader can profit by analysing these overlaps 

for himself; and certainly he should feel free to read the parts in an 

order reflecting his own taste. I need hardly direct the expert; a new- 

comer to the subject would probably do best to begin by taking what he 

needs from the first ten sections of Part III. 

I would like to express my thanks to my hosts in the University 

of Chicago, and to R. Ming for taking the original notes of Part III. 



PARTI 

S. P. NOVIKOV'S WORK ON 

OPERATIONS ON COMPLEX COBORDISM 





1, INTRODUCTION 

The work of S.P. Novikov which is in question was presented at 

the International Congress of Mathematicians, Moscow, 1966, ina half- 

hour lecture, in a seminar and in private conversations, It has also 

been announced in the Doklady of the Academy of Sciences of the USSR, 

vol. 172 (1967) pp. 33-36. Some of Novikov's results have been obtained 

independently by F.S, Landweber (to appear in the Transactions of the 

AMS). 

The object of these seminar notes is to give an exposition of that 

part of Novikov's work which deals with operations on complex 

cobordism. I hope that this will be useful, because I believe that the 

cohomology functor provided by complex cobordism is now ripe for 

exploitation. I therefore aim to present the material in sufficient detail, 

so that a reader who has a concrete application in mind can make his 

own calculations. In particular, I will give certain formulae which are 

not made explicit in the sources cited above. 

These notes will not deal with any of the other topics which are 

mentioned in the sources cited above. These include the following. 

(i) Generalizations of the Adams spectral sequence in which 

ordinary Cohomology is replaced by generalized (extraordinary) coho- 

mology. 



{ii) Connections between these studies for complex cobordism 

Q(X, ¥) and the corresponding studies for complex K-theory K" (X,Y). 

(iii) The cohomology functor A(X, ¥)® Q, (where Q, is the 

ring of rational numbers a/b with b prime to p); and the splitting of 

this functor into direct summands, 

2. COBORDISM GROUPS 

Let — bea U(n)-bundle over the CW-complex X. Let E and 

Eo be the total spaces of the associated bundles whose fibers are 

respectively the unit disc EM CTM and the unit sphere s2h-le c”. 

Then the Thom complex is by definition the quotient space E/E; it is 

a CW-complex with base point. In particular, if we take 5 to be the 

universal U(n)-bundle over BU(n), then the resulting Thom complex 

M(§) is written MU(n). 

Example 2,1, There is a homotopy equivalence MU(1} ~ BU()). 

Proof, Since E isa bundle with contractible fibers, the pro- 

jection p:E -+ BU(1) and the zero cross-section s.:BU(1) > E are 

mutually inverse equivalences. Since s} = U(1) and BE, is the total 

space of the universal U(1)-bundle over BU()), fee is contractible, 

and the quotient map E ~+ E/E, is a homotopy equivalence. 

We have an obvious map S*MU(n) ny MU(n+1). In this way 
the sequence of spaces 

(MU(0), MU(1),MU(2), ... ,MU(n), ... ) 

and maps in becomes a Spectrum. Associated with this spectrum we 

have a cohomology functor, as in G.W. Whitehead, Generalized 
homology theories,'' Trans. Amer. Math. Soc. 102 (1962), pp 227-283, 



The groups of this cohomology functor are written AIX ¥), and called 

complex cobordism groups. For other accounts, see M.F. Atiyah, 

''Bordism and Cobordism,'' Proc, Camb. Fhil. Soc. 57 (1961) pp 200-208, 

and P,E. Conner and E.E, Floyd, ''The Relation of Cobordism to 

K-Theories,'' Springer, Lecture Notes in Mathematics No, 28, 1966, 

pp 25-28. 

We will generally suppose that this cohomology functor is defined 

on some category of spectra or stable objects. This assumption can 

easily be removed, if the reader wishes, at the cost of making some of 

the proofs more complicated; one would have to replace the appropriate 

spectra by sequences of complexes approximating to them. 

Next we wish to discuss the cup-products in this cohomology 

theory. We therefore wish to introduce the product map 

p:MU an MU + MU. 

Here ",A'' means the smash product, and we assume that MUa MU 

can be formed in our stable category. We further assume that MU a MU 

has skeletons (MUaA Mu)?, in a suitable sense, so that we have a short 

exact sequence 

o> Lim [S(MUAMU) 3%, MU] + [MUAMU, MU] > Lim°[(MU~ MU)4, MU] ~ ©. 
q q 

1 means the first derived (Here Lim°® means the inverse limit, Lim 

functor of the inverse limit, and [X,Y] means the group of stable 

homotopy classes of maps from X to Y in our stable category.) In 

this exact sequence, the group Lim [S(MU ,MU)2,MU] is zero. (This 

follows from the facts that H (MUA MU) = 0 for r odd and 

m(MU) = 0 for r odd--see below. Thus the spectral sequence 



H’(MU A MU, w,(MU)) ==> [MU~MU, MU] 

has all its differentials zero.) It will therefore be sufficient to give an 

element of Lim® [MU » MU), MU]. 

Now, we have a map 

BU(n) X BU(m) > BU(n+m), 

namely the classifying map for the Whitney sum of the universal 

bundles over BU(n) and BU(m). Over this map we have a map 

By m?MU(n) MU(m) > MU(n+m). 

The maps p, |, yieldan element of Lim°[(MU « MU)?, MU], and 

therefore they yield a unique homotopy class of maps 

p:eMU ~ MU > MU. 

The map yp is commutative and associative (up to homotopy). 

Using the map p, one introduces products in cobordism. More 

precisely, one has a product 

Qt "Ux yp OKAY) 
q r 

Ny(X) @ Ay”) -~ 

where X and Y are spectra, and therefore a similar product for the 
st 

nw 

reduced groups) & u where X and Y are spaces, For spaces we 

have also an external product 

r +r atx, a) @aty,B) + a@*ixxy, AxYuX xB) 
U U U 

and an internal product 

22 (x,A) @27(x,B) > 227 x, AuB). 
U U U 

The products satisfy the axioms which products should satisfy, that is, 

naturality, associativity, anticommutativity, existence of a unit, and 

behavior with respect to suspension or coboundary,. 

Next we must mention the Thom isomorphism, For each 

U(n)-bundle § over X the classifying map for § induces a map 



yiM(é) + MU(n). 

The map y represents a canonical element g in OME, EY, We de- 

fine the Thom isomorphism 

gt2n y (E,E*) y: aX) + 2 

by (x) = (p <g, as usual, (See A. Dold, "Relations between 

Ordinary and Extraordinary Cohomology,'' Colloquium on Algebraic 

Topology, Aarhus 1962.) 

Only one thing remains before we have a fair grasp on the 

cohomology functor Qiy3 we need to know the coefficient groups 

aylP), where P isa point. In fact QP) is a polynomial ring 

Z[x 2X2, re ee 1 

where x, « a5 (P). A good grasp on oP) is provided by the 

following authors: J. Milnor, "'Onthe Cobordism Ring * anda 

Complex Analogue,'' Amer. Jour. Math. 82 (1960) pp 505-521; 

R. Stong, "Relations among Characteristic Numbers, I,'' Topology 4 

(1965) pp 267-281; A, Hattori, "Integral characteristic numbers for 

weakly almost complex manifolds, '' Topology 5 (1966) pp 259-280. 

3. HOMOLOGY 

The Novikov operations are closely related to certain polynomials 

in the Conner-Floyd Chern classes, (These classes may be found in 

P.E. Conner and E,E. Floyd, lec. cit. pp 48-52.) It is convenient to 

begin by introducing the corresponding polynomials in the ordinary 

Chern classes, 

The Whitney sum map BU(n) X BU(m) + BU(n+m) defines 

products in H,(BU). We have BU(1)= CPTM, so H (BU(1)) hasa 



Z-base consisting of elements 1,x, x2, x, --- , Where x ¢€ H“(BU(1)) 

is the generator . Take the dual base in H,(BU({1)) and call it 

bo»b),bz,b3, ... . The injection BU(1) > BU maps these elements 

into H,{BU), where they can be multiplied, H,.(BU) has a Z-baseé con- 

sisting of the monomials 

Vv v2 V3 
1 = by bo b, see {b_ = 1). 

ce] 

Take the dual base in H” (BU) and call its elements c) ; here the index 

y runs through sequences of integers 

ve (ever Va> ee.) 

in which all but a finite number of terms are zero. We have 

c € uM ey, where 

lV] = vy t2vo4+3vgteee- 

If we take y= (i,0,0, ... ), we obtain the classical jth Chern class ce 

We have thus given a base of H’(BU) which is well related to the 

Whitney sum map. This is obviously profitable in considering MU, be- 

cause in H*(MU) we have a Whitney sum map but not a cup-product map. 

For later use, we describe H,(MU), which is defined by 

H>,;(MU) = tim H (MU(n)). n 2n4+2i 

The Whitney sum map MU(n) A MU(m) ~ MU(n+m) defines products in 

H,.(MU). The Thom isomorphism 

“1d q+2n g:HUBU(n)) + HISTM MU(n)) 

passes to the limit and gives an isomorphism 

y:H (BU) > H4(MU), 
and similarly for homology. In particular, we have a ''Thom isomorphism!"! 

gH, (BU) ~ H,,.(MU) » 



which commutes with the products. Thus the ring H,(MU) isa poly- 

nomial ring on generators bi bye by, ... , corresponding to 

b),b5,b3, ... under the Thom isomorphism. It is equivalent, of course, 

to describe these generators as follows: take the generators 

b, € H(BU(1)), take their images by e Hp;,2(MU(1)) under the Thom 

isomorphism, and apply the injection 

Hi 2(MU(1)) —> H,.(MU). 

Under the equivalence MU(1) ~ BU(1), the class bi € Ho; 42(MU(1)) 

corresponds to bey € Ho;,2(BU(1)). 

4. THE CONNER-FLOYD CHERN CLASSES 

Conner and Floyd take a U(n)-bundle ¢€ over a CW-complex X, 

and undertake to assign to it characteristic classes which lie, not in 

%e 7 
ordinary cohomology H (X), but in Ny). 

THEOREM 4.1. Toeach € over X and each qa = (0) ,G5r049+++) 

2 |a| we can assign classes chle de Qy (X), called the Conner-Floyd Chern 

classes, with the following properties: 

(i) cfo(e) = 1, 
we x 

(ii) Naturality: cf (g ¢) =g cf (¢). 
a ? a? 

(iii) Whitney sum formula: cf (€@ n) = > (cf e)(cf n). 
ptyzo FY 

(iv) Let & bea U(1)-bundle over X, classified by a map 

. f xy BU(1), and let the composite K —-» BU(1)—+» MU(1) represent 
2 

the element w ¢2 (X). Then 

cf (Q)= > (ce bw. 
oc" tb FF % 

Explanations. In (ili), the addition of the sequences B and y 
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is done term-by-term; that is, if 

B= (BB o>B3> wee) 

Y = CY) Yo? Y3? wee)s 

then 

Bry = (By + yy B+ Yo) Bat Ya: +s ). 

The multiplication of (cf. 8) and (cf n) is done in the ring OX), 
- Y 

In (iv), the map BU(1) —» MU(1) is the equivalence provided by 

Example 2.1. The integer (c,+b,) is defined by the Kronecker pairing 

ox 
of H (BU) and H,(BU) to Z. The sum over i is illusory; a non-zero 

contribution can arise only for i= |a|. The formula merely means that 

cf,(e) is wl ag a has the form (0,0,0,...) or 
(0,0, ... ,0,1,0, ...), and otherwise zero, The use of coefficients 

like (cb) is however convenient for doing algebra, and saves 

dividing cases, 

Sketch proof of Theorem 4.1. The Grothendieck method for 

defining the ordinary Chern classes works just as well in generalized 

cohomology, and defines cf, , cf, cf,, ... . {See Conner and Floyd, 

loc, cit.}. Of course, Conner and Floyd restrict their spaces to be 

finite CW-complexes (although their arguments apply unchanged to 

finite-dimensional CW-complexes.) It is therefore necessary to argue 

that 

lym! OT (BU(A))Y) = 0, 
U 

so that cf, defines an element of 07 (BU(n) (or of (BU), if 

required), Therefore cf; is defined on all U(n)-bundles, by 

naturality. The same means is employed to extend the scope of 

conclusions (iii) and (iv) beyond the case considered by Conner and Floyd. 
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It works because the appropriate Lim! groups for BU(n) x BU(m) and 

BU(1) are zero. 

So far we have only considered the classes cf), cfo, cf,, 

Now, each element in H’ (BU) can be written as a unique polynomial in 

the ordinary Chern classes Cy2Co1Cg, eee 5G Say 

c = Filey» a9 ee 

; that is, Define cf to be the same polynomial in cf, cf>, cf 
GC 

1 zene 

ef = Pi (ctf, cz, cfs, eee de 

Of course, one of the advantages claimed for the treatment above 

is that it avoids mentioning the algebra of symmetric polynomials. At 

the insistence of my friends, I explain the connection of the P with 
a. 

symmetric polynomials. Let T11 Ts Sr ses be the elementary 

symmetric functions in a sufficiency of variables XpeXQr vee 5 then 

m) ma, mo, 

P (565; Gaee-) = x 2X , af 1%? Bere) 2% %) n 

where the sum runs over n-tuples (mj,mpo, .». »m_) Such that Oy of 
n 

the m's are l, a> of the m's are 2, and so on, while the rest of 

the m's are 0. 

Both for practical calculation and conceptual work I recommend the 

study of the dual rings H,(BU) and H’ (BU) above the study of symmetric 

polynomials, 

Now that we have defined the classes cf , the Whitney sum 
a 

formula (iii) is deduced from the special case 

cf(g@n) = D> f(g) f(y) 
i+j-k 

by pure algebra, and similarly the behavior on line bundles (iv) is 

deduced by pure algebra from the special case 
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l (i = 0) 

cf. (€) = Ww (i = 1) 

0 {i> 1). 

5. THE NOVIKOV OPERATIONS 

The basic analogy which Novikov follows is now: as the Steenrod 

squares are to the Stiefel-Whitney classes, so the Novikov operations 

- are to-the Connexr-Floyd characteristic classes, This will be made 

precise in Theorem 5,1 (vii) below. 

THEOREM 5.1, (S.P. Novikov): For each as (101039 ses 

there exists an operation 

q qt2 [a . > 2 x s 1 My (% Y) U (X,Y) 

with the following properties; 

(i) syri, the identity operation. 

bd sk 

(ii) Ss. is natural: sf =f sy: 

(iii) s_ is stable: s 6=6s_. 
a a a 

(iv) 5) is additive: s (x+y) =(s x) +8 y)- 

(v) Cartan formula: 

s (xy) = >> (s,*)(5 y)- 
° B+Y=0 y 

(vi) Suppose that an element Ww e€ (x) is represented by a map 

x-8s MU(1). Then 
i+] 

sw) = = (co bid . 

(vii) Suppose that € is an U(n)-bundle over X, and consider the 

following diagram. 
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S 
2n a. 2n+2 la] QTE, E,) => 2 (E,E,) 

o| > y| = 

° aja 
2 (8) Dy (X) 

(Here the pair E,E) isasin §2, and y is the Thom isomorphism 

for & ,.) Then we have 

-] 
c£h(§) = Y s, #1. 

Explanations: In (v), the addition of the sequences B and y is 

done term-by-term. The cup-product xy may be taken in any one of 

the three senses explained above, and then the cup-product (s,x)(s y) is 

to be taken in the same sense. 

For the coefficient (c »b;) in (vi), see the note on Theorem 4,1 (iv). 

Sketch proof. We take (vii) as our guide, We have a Thom 

isomorphism 

X nye 
g:Q (BU(n)) + © (MU(n)). 

U U 
. ~ an42 || . Consider the elements pct —e Q U (MU(n)). They yield a 

2 . unique element s ¢ Q lve (the Lim?! argument again). This 
a 

od 

element defines an operation on the cohomology theory Vy : 

Property (vii) results immediately from the definition, and 

properties (ii), (iii) and (iv) are trivial. For example, if 

x,y:X —- MU are maps, and if we represent s by a map 
a 

2a 2a 
s:MU -- S MU, then the maps s(x+y) and (sx)+(sy):X ~ S MU are 

homotopic, since we are working in a Stable category, 

Properties (i), (v) and (vi) are deduced from the corresponding 

properties (i), (iii) and (iv) of the Conner-Floyd classes (Theorem 4. 1) 

by using appropriate properties of the Thom isomorphism ¥%,. For 
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example: in proving (v), it is sufficient to consider the case in which x 

and y are both the identity map i:MU ~~ MU, sothat xy is the 

product map p:MU AMU +> MU. Using the Lim! argument again, it is 

sufficient to consider the case in which x and y are the generators for 

Sen ~2m . ; 
y (MU{n)), Qy (MU(m)). Now we use the fact thatif ¢ isa 

U(n)-bundle over X and yn is a U(m)-bundleover Y the following 

diagram is commutative, 

n 2 ~qQqt2 nw AR Maley) @ As M(m) Preduct _,. GPeatens2movcey q Min) 

» 2 #Or,, aprasent MMi e x y)) 

Pen 
d OPA) @ nity) product - ab x x Y) 

The application, of course, is with & the universal bundle over BU(n) 

and n the universal bundle over BU(m). 

For (vi) we need to know that for the universal U(1)-~bundle over 

BU(1), the homomorphism 

2i w2i+2 2i+2 ; 
> = M OG (BU(1)) Qn (MU(1)) QF (MU(1)) (i > 0) 

. ~i -i41 — ; . . 2 carries g to @ °. (Here © is the universal element in 2 (BUC) 

2 
or Q (MU(])).) 

U 

Since s is a homotopy class of maps 

mu = so! uu, 
it induces a homomorphism 

‘H_(MU) > H MU). sy q! ) q-2 ln | ) 

It is reasonable to ask for this homomorphism to be made explicit. Since 

we have seen in §3 that H,(MU) is a polynomial ring, itis reasonable 

to ask (i) how Sy acts on products, and (ii) how Sy acts on the 
roe) 

generators bi Set b= > b. ; then it is sufficient to know s(b'), 
i=0 , 
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since one can separate the components again, 

THEOREM 5.2. (i) If x,y e€H,(MU), then 

s (xy) * wae ; (85 x)(S. y)- 

- 1 - NS b! i+] y 
(ii) s(b )= < So? Pall ) : 

Sketch proof. Part(i). By Theorem 5.1 (v), we have the following 

commutative diagram. 

MU A MU P > MU 
SAS 

Btyta BY $5 

V 578 lua s7l¥lu_B _-p > simu 
B+yFa 

Pass to induced maps of homology. 

Part (ii). Since the generators be come from MU(]), we can 

make use of Theorem 5,1 (vi). If w is the canonical element of 

27(MU(4)), we wish to compute the effect on homology of the element 
wil, Q7it 2 MUI 1)), that is, the effect of the following composite map, 

Mu(1) —4 —s MU(1) A MU(1) A... AMU(1) (i41 factors) 

| : 
MU(i+1) 

Now, the diagonal map 

BU(1) 4s BU(1) x BU(1)x... X BU(1) 

induces a map of cohomology given by 
u Us u,Fuyt...#u x ] ] : A* (x @Qx *@.. .@ x “iH 4° 2 i+] . 

therefore it induces a map of homology given by 

Ab, = > b Ob, @...@b, 
WU) tot... +U, =t 1 2 idl 



n 

The map of H, induced by 

BU(1) 4» BU(1) A BU(I)A... ABU(1) 

is given by the same formula, provided we now interpret bo as 0. Next 

recall that bi in MU(1) corresponds to b,,, in BU(1). We deduce that 

~ 1 A ,,b! = >. | 8 1,8 OP 
uytuste. otus Ft 1 

and 

- ‘ wt 4 py dyb! = > BE bE eee BE 
U.tu_+ ...tU, =t-i 1 2 i+] 

1 2 it] 

Adding, we see that 

i+] pdb! = (bt. 
By Theorem 5.1 (vi), we have the following commutative diagram. 

s*MU 

ca ~ w a 

2 |al+2 
~ MU 

fag 
MW) 

(grb | 

Pass to induced maps of homology. 

COROLLARY 5.3, s :H°(MU) + HPl(MuU) is given by 
s, Pl = YC) - 

Proof. By Theorem 5,2 (ii), 

0 if i<|a| (trivially) 
s,(b:) = 

(c ,b)] ifie lal. 
a i 

Using Theorem 5,2 (i) we have 

1 ‘ 1 = Ss 1 ' s {bi bi +b! ) > (Ss, bi Sq b: ).+ (8, b ). 
1 “2 r B,+B,+... +B =a@ "1 11 22 ror 

1 *2 r 

If we assume that i,+in+... +i, = | a|, then the only terms which can 

contribute to this sum are those with 

IBy| = i;, IB2| =i2; aoe »B i eiL, 



17 

and we obtain 

(c » db. }(c ,b, )...(c 1b, ) l a a aT Bo +2 6, tr 
where the sum runs over such £8 By ey This of course yields 

We have shown that 

s, (gx) = (c,,x)1 

for x ¢H (BU). Transposing to cohomology, we obtain 
2 |r| 

Sy vl Fee, - 

6. THE ALGEBRA OF ALL OPERATIONS 

Next we need to consider a much more trivial sort of operation. 

Let x bea fixed element in OF (P). Let X,Y bea pair, and let 

c:X - F be the constant map; thus cx) € oF (x). For each 

y € atts, ¥), we define 

Hy) = (e xy e PX, ¥), 
This defines a cohomology operation 

Ax yy) = oP Fix y), 
U U 

In fact, we can say that ABP) acts on all our groups OXY), 
acting on the left. 

Now suppose that we fix a dimension d (positive, negative or zero), 

and for each index a = (9 7 Ap Agees .) we choose an element 

d-2}; | 
xe ee (P). 

(We do not require that all but a finite number of the x are zero; they 
a 

may all be non-zero if they wish.) For each x, we have a corresponding 

operation 
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t: PAI x yy = 9F4(x, yy a’ ou ’ U yer 

We now consider the infinite sum 

. q _ g+d tOSy! 2 (XY) aoe (X,Y). 

(Here we are assuming, as usual that X,Y is a CW-pair of finite 

homological dimension.) 

THEOREM 6.1 (Novikov). 

{i) This sum converges, in the sense that all but a finite number 

of the terms t,s, yield zero, 

{ii) This sum defines a cohomology operation on Oy which is 

natural and stable. 

(iii) Every cohomology operation on which is natural and 
% 

Qy 
stable can be written in this form. 

Hs 

Qy is unique; {iv) This way of writing a cohomology operation on 

if 
t o:at(x,x) + tx, y) 

U U a Sa* 

for all K,Y and q, then x =0 forall gq. 
a 

eye woo, q+2a : 
Sketch proof, Part (i) is trivial: the group 2G (X,Y) is zero 

if |a| is large compared with the homological dimension of the pair 

X,Y. Part (ii) is also trivial. 

For parts (iii) and (iv), consider the spectral sequence 

HUMU, 9 (P))==> 2 (MU) , ==> ° 
U U 

It follows from Corollary 5,3 that the elements suf 0,(MU) con Stitute 
ak 

an a (P) base for the E, term of this spectral sequence. 

There is an alternative method of proving part (iv), as follows, 

Remark 6.2 (Novikov), The operations = a g, are 

distinguished by their values on the classes 
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2m cp" x CPX ...X CP” Wee EY ( aoe ) 

{where m and n run over all positive integers), 

Sketch proof, It is easily seen that Oy(CP” x cp’ x see XCP”) 
by. x 

is free over OP), with an Oy(P)-base consisting of the monomials 
1 i, ion 

wy ttt ey 

with O <i <n for all rj; the remaining monomials are zero. We have 

itl 1541 in?! 
= . BD. weed woe . atte wi) = = (c., b, >, ‘ Mw wy we 

pinseceri 1 2 m 1’ °2 m 
i 

This will of course be zero if 0 + Co, + 0, +.e.>m orif a.>0O for 
i 

S$ (ww 
a ) 

any i with i+] >n; but the remaining elements s () Wy» oe ui) are 

linearly independent over QU(P). 

Note, With the foundations indicated above, the use of cp” 

instead of CPTM gives no trouble, 

Next we need to know how to compute the composite of two 

operations t,s,, tigSa- This breaks up into three problems, 

B 
. oes 1: ; . (i) We need to write stig in the form > ty - Thys reduces 

Y 
to computing the action of Sy on Qy(P), for 

ye we 

syle Oy) = DB (sge xNs_y) = D> (ce syxi(s y). 
. Y RY B+y=a R+y5o 

This writes the operation in the required form. 

Now we have QAP) = mT (MU), and by Milnor (loc. cit.) the 

Hurewicz homomorphism 

w,(MU + H,(MU) 

is monomorphic. Therefore, in principle it is sufficient to know the 

action of s on H,(MU), which has been given in Theorem 5,2, 

We will return later to the action of S, on QP). 
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(ii) We need to compute the composite tt . This is trivial; just 

%% 
multiply the corresponding elements of Ny(P). 

(iii) We need to compute the composite 5, Sp This is done by the 

following theorem. 

THEOREM 6.3. The set S of Z-linear combinations of the s. 

is closed under composition. The ring S is a Hopf algebra over Z, 

whose dual S, is the polynomial algebra on generators by. by, by. eee > 

Wy = bo " Ios . where (s,,b"') =(cy,b,). Set b'! » bi where be 1; then the 

diagonal in S, is given by 

Abit = > (pyit] ® bi . 
i220 

Explanation. By separating this formula into components we 

obtain the value of Abi; this determines the diagonal on the whole of 

S,» and hence determines the product in S, The situation is similar to 

that arising in Milnor's work on the dual of the Steenrod algebra, 

Theorem 6.3 is due to Novikov, except that he does not give the 

explicit formula for the diagonal in S,. 

ca n n n 
Sketch proof. In Qy(CP x CF x . - x CP ), 81H 4y., .) 

2 i 

is a Z-linear combination of monomials wy "we, ree and hence 
ip iy 

§ 8g (w1 ¥2 . ru) isa Z-linear combination of monomials Wy Wyre Ws 

By the proof following Remark 6.2, SS is a Z-linear combination of 

operations Sys 

We next wish to calculate Abt, that is, to find s. Sq (4) for each 

. . 2 co 
o» 8 Where «4 is the generator in Q(CP ), We have 

sg = Dils., iui) 
i 

and therefore 
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4) +jit+...4j, 41 
s se = = (sb bY ...bY (soy 1 # i+] 

2 os : a J) Je J; i 
i,j ap joree ood. ] i+] 

1 °2 1+] 

We conclude that 

Ab! = Ps by bi... bit @ bi 
fos, - 8 Jo : i Mj titee tiyy k “1 i+] 

Summing over b, we obtain the formula given. 

Note, Now that we have introduced the dual Hopf algebra Sy. we 

can reformulate Theorem 5.2, Recali that S acts on H, (MU), acting 

xE 
on the left; therefore it acts on the right on H (MU); thatis, we havea 

product map 

* ** 
p:H (MU) QS > H (MU). 

Transposing again, we have a coproduct map 

A:H,(MU) + H,(MU) @ S,. 

This is related to the original action of S on H,({MU) as follows: if 

Ah= 2. h,® 5; 
then 

h= h i’ sh = = (8, 8) 
1 

forall s ¢ S. The map 

A:H,(MU) > H,(MU)® S,, 

may be described as follows, 

PROPOSITION 6.4. Q preserves products, and 

Abts SS wy t@ or. 
i>0 * 

This is a trivial reformulation of Theorem 5.2, 

The analogy between this formula and that in Theorem 6.3 should 

be noted. 

At this point we possess a firm grasp of the algebra of operations 
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on 2 

7. SCHOLIUM ON NOVIKOV'S EXPOSITION 

In Moscow, Novikov made a careful distinction, which is main- 

tained in his Doklady note, between 5,2 (P) > al) and a 

certain homomorphism c an(P) > aylP). It is necessary to 

observe that they coincide, and for this purpose it is necessary to 

analyse Theorem 3 of Novikov's Doklady note. 

First observe that in Novikov's Doklady note, My and 2 are 

different names for the same thing, since both are defined to be oU(P) 

(p. 33 line 4 of Section II; p. 35 line 8). Next recall that Novikov writes 

au for the algebra of ope rations, and observe that the isomorphism 

Hom (AU M A) => 2 
AV 

which he has in mind is precisely the standard isomorphism @ given by 

U 

O(h) = h(1). 

U Next consider Novikov's map d:ATM = Av, Since it is asserted to 

induce a map 

x U d*:Hom (AY,M,) + Hom ((A%,M,,), 
U U U U 

A A 

it is implicit that d must be a map of left A-modules. Since itis 

asserted to satisfy d(l) = Sy) it must be given by 

dja)= as. 

Now consider the following diagram. 

* 

Hom (4 My) oy Hom (AM ) 
A A U 

Q Q 

x > 2 

Qy 
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It is trivial to check that it is commutative if we define x by x{y) = S$ y. 

bid 

But Novikov asserts that it is commutative if we define x tobe ¢ 
we 

* 

Therefore oy) = Sy. 

8. COMPLEX MANIFOLDS 

Next it is necessary to recall] that a stably almost-complex mani- 

fold MTM defines an element [M"] of QP). If we are given such 

a stably almost-complex manifold M”, it is natural to ask for the value 

of Sy [M"]. It is especially reasonable to ask this for the manifolds 

CpTM, since these manifolds are familiar and are known to provide a set 

of generators for the polynomial ring QU) © Q (where Q is the 

ring of rational numbers). 

THEOREM 8. 1. s [CPTM] = (c, so?) cpTM 141] where 

8 
=

 

"l
 

o
.*

 

“
 

Explanation, Since the element b is a formal series with first 

term ], itis invertible. The integer (c),b7P 1) is the Kronecker 

2\a| product of an element in H (BU) and an element in TT H (BU). 
q 

This time we have used the algebra in §3 to write down a coefficient 

which isn't necessarily 0 or 1. 

Theorem 8.1 is due to Novikov, except that he does not give the 

a-bl explicit formula for the coefficient of [CP 

Sketch Proof, To preserve the character of the arguments, we 

will show how to deduce this from Theorem 5.2 by pure algebra. 

The letter X will always mean the canonical anti-automorphism 
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of the relevant Hopf algebra. In Cp”, the tangent bundle 7 satisfies 

t+ @1=(n+l1)€ , and so for the normal bundle y we have 

cy) = (Xeg)e 
tv

 

(Le )((n+1) €) 

= > (Yc ,b. b.. +b. )x 
1 

Vetoes eta) 1 “2 n+] 

i,tij,+ee. ti 
1 n+1 = > (c_, X{b. b. ...b. ))x . 

i i i on am lo nal 
1’?°2’?°"" onde] 

The terms with i + i, +... ¢i 4172 give the normal characteristic 
n 

numbers of CP", Therefore the class of [CPTM] in H, (MU) is 
~ n 

e >> x(b; bo s,,b, ) 
tHe am 1 12 n+] 

n+1) 
= px(b n , 

where the subscript n means the 2n-dimensional component, But since 

n+l -n-~] v7! and X(b y= b . We conclude Ab=b@b, wehave Yb = 

that the class of [cP”} in H, (MU) is 

-n-1 ((bt) 9") 
n 

Now by 5,2 (ii) we have the formuia 

sy(b') = > (eb (bN TE 
i>d 

From this we will deduce 

(Formula 8,2) s(b!)” — (c a Xe Mey 
Jj 

It is easy to see that this checks; for it yields 
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iT
 tern nit g,(dI (BN) = DL (eg Be, kB}b") 

gtr =a 

150, jo0 

= > (c.,b,.xb.)(bt)** 
i2zd,jz0% * J 

{c. , b,) 1, 

as it should. But this manipulation allows one to prove the formula for 

Ss ((b!) 7) 4 by double induction over | a.| and d, starting from the 
a 

trivial cases |a| =0 and d=0, 

From (8,2) we deduce that 

~n- -n-1 s (bt) ) = > (cy r AB, By eee Bs (bY) lol-mo}) 
a i tijt...t1 = |q| 12 n+] 1 2 n+l 

n-|g|" 

This is the class of (cp laly in Hw? lal uy, up toa factor 
(c ped), Now the result follows from the fact that the Hurewicz 

homomorphism 

T(MU) + H, (MU) 

is monomorphic. 

From a geometrical point of view the proof just given is uncouth 

and perverse; Theorem 8,] should be deduced from an elegant formula 

of Novikov. Before starting this, we will recall some material from 

ordinary cohomology. 

Let M,N be oriented manifolds of dimension m,n, and let 

f; M > N_ bea continuous map. The 'Umkehrunghomomorphismus"! 

or "forward homomorphism!" 

f.:HYM) - HE TM TUN) 

is defined to be the following composite, 



HM) HTM-TM+ Fny 

zy d|* 

f,. 

HY g(TM) a) 

Here d is the Poincare duality isomorphism. 

A similar construction may be given in which H” is replaced by 

2, provided we assume that M and N are stably almost-complex 

manifolds and replace d by the Atiyah duality isomorphism 

D: oF (M) > aN gi 

Here 2 a means complex bordism; see Atiyah, loc, cit., for real 

bordism and the corresponding duality theorem, 

We shall in fact only have to apply the homomorphism f, in the 

case when N isa point P and f is the constant map c:M —~ P, It 

will make both the proof and the exposition easier if we give an 

alternative definition of Cc, which does not require the introduction of 

bordism. 

Suppose that we embed the manifold M ina high-dimensional 

2 Sphere gTMt P with unitary normal bundie y . Define Cc, to be the 

following composite. 

q gQ-m Oy) Oy (P) 

ole 
g+2p E = 

Qi P(E, E) 

* wR - 
+2 J 2p.m4+2 142 ay Pism’?, C Int E) > ag Ase? pen?) 

Here ¥ is the Thom isomorphism; E and ES refer to the normal 

bundle ,y of M; and C Int E is the complement of the interior of E, 

q+2p m+2p 
(If one wished one could replace Ny (S » C Int E) by 



27 

2 ogre (sTM* P C M); this would make it clearer that this group is 

standing in for a bordism group of M, via Alexander duality or 

+2 S-duality.) Further, D> is a small disc contained in C Int E, and 

the right-hand vertical arrow is the usual iterated suspension; this may 

be viewed as the analogue of the left-hand column, with M replaced by P, 

We will accept this composite as our definition of Cc) If any reader 

who is familiar with bordism prefers a different definition, we may leave 

it to him to reconcile his definition with this one. 

Now we come to Novikov's formula. Takea stably almost 

complex manifold MTM, representing an element [MTM Je a (P). Let 
be i . 2|o| m v e its stable normal bundle; thus cf (vy) € a (M’") and 

2\q1-m ccf (vem emp), 

THEOREM 8.3 (Novikov). s [Mo] = © cf (y)- 

This result follows easily from the definition of sy in §5, by 

naturality. 





PART Il 

QUILLEN'S WORK ON FORMAL GROUPS 

AND COMFLEX COBORDISM 





0. INTRODUCTION 

These notes derive from a series of lectures which] gave in 

Chicago in April 1970. It is a pleasure to thank my hosts for an enjoy- 

able and stimulating visit, 

In §1-8, I have tried to give a connected account, beginning 

from first principles and working up to Milnor's calculation of 7, (MU) 

(8.1) and Quillen's theorem that 4,(MU) is isomorphic to Lazard's 

universal ring L (8.2). The structure of L is obtained from first 

principles (7.1). This is done by relating the notion of a formal group 

to the notion of a Hopf algebra. The material has been so arranged 

that algebraists who are interested in the subject can obtain a fairly 

self-contained account by reading §$1,3,5,7. 

The remaining sections deal with related matters, In {3, Lecture 3], 

I have shown that for suitable spectra E, E,(E) can be given the 

structure of a Hopf algebra analogous to the dual of the Steenrod algebra, 

The structure of this Hopf algebra is described for the spectrum MU in 

$11, for the BU-Spectrum in $13, and for the Brown-Peterson spectrum 

in $16. Sections 15 and 16 are devoted to Quillen's work on the Brown- 

Peterson spectrum [14]. 814 is devoted to the Hattori-Stong theorem. 

34 
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1, FORMAL GROUPS 

We may understand formal groups by an analogy. Let G bea 

real Lie group of dim enSion J]. By choosing a chart, we may identify a 

neighborhood of the unit in G with a neighborhood of zero in R}, so 

that the unit in G corresponds to zero. The product in G is then given 

by a power-series: 

(1.2) pooy) = SS az aty). 
ipo 7 

This power-series is convergent for small x and y, and satisfies the 

following conditions. 

(1.2) H(x,0) = x, plO,y) = y. 

(1. 3) B(x, ply, z)) = p(plx, y), z). 

Now let R be any commutative ring with unit. Thena "formal 

product" (over R) is a formal power-~series of the form (1.1), but with 

coefficients aij in R, satisfying (1.2) and (1. 3). 

We have two trivial examples. 

(1. 4) p(x,y) = x+y. 

(1.5) M(x, y) = xX + y + xy. 

For example, suppose that we consider the Lie group G of positive real 

numbers under multiplication, and use the chart under which x ¢ R! 

corresponds to (1 +x) ¢ G; we obtain formula (1.5), 

Let us return to the general case; there are a few obvious 

comments, Condition (1.2) is equivalent to: 
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i (i= 2) 
4:0 = 

0 (i # 1) 
(1.6) 

1 (j=) 
a... 

93 0 (j #1) 
So we may write our formal power~series in the following form. 

a 

(1. 7) poy) =x+yt+ SS a x'y’. 
i,jol 1 

Condition (1.3) involves substituting one formal power~series in another, 

but this involves no difficulty since our formal power-series have their 

constant terms zero, 

We observe that so far we are only discussing the case of 

dimension 1. That is, in the general case one would start from a Lie 

group of dimension n, and proceed by analogy. 

Given a formal product p, a formal inverse . isa formal 

power-series 

(1. 8) x= > aly) 
jel? 

(with coefficients as in our ring R) such that 

(1.9) pix, tx) = 0, p( ux,x) = 0, 

LEMMA 1.10. Given any formal product yp, there is a forma} 

imverse t , and itis unique. 

The proof is trivial. 

We have two examples; with the ''additive product" of (1.4) we have 

u(x) = -x, 

and with the ''multiplicative product" of (1,5) we have 

3 4 2 
(x) = -x 4x° -X” 4X 2... 

So far, a "formal product" is like a grin without a Cheshire cat 



34 

behind it. A "formal group'' must, of course, be a group object ina 

suitable category; I take this notion as known. If X is to be a group 

object in the category G, then Cartesian products such as x” must 

existin C for n=0,1,2,3; and X must be provided with structure 

maps in the category C, namely a product map m:xX* > XX, aunit map 
ex > X and aninverse map i:X¥ +> X. These maps must satisfy 
the obvious conditions, For example, consider the category of smooth 

manifolds and smooth maps; a group in this category is a Lie group. 

Again, consider the category of commutative rings and homomorphisms 

of rings, and let C be the opposite category; with a little goodwill C 

may be regarded as the category of affine algebraic varieties. A group 

in this category is an "algebraic group". 

Now consider the category in which the objects are filtered 

commutative algebras over R, which are complete and Hausdorff for the 

filtration topology; the morphisms are filtration-preserving homomorph- 

isms. Let C be the opposite category. The ring of formal power-series 

R{[x,, XQr eee x J) 
with the obvious filtration, is an objectin C., The objects 

R[x, .%5> was xd] and R{ly,>Y¥>> vee ry have a Cartesian product 

in C, namely 

R[[x,. x2, wen XV Yo? «ee ry i 

. 2 
Let X be the object R[[x]] in C; thena map m:X + X in C isa 

filtration-preserving homomorphism 

miR(&]] + [be .x,I]: 

such a map m is determined by giving m(x), which is a formal power- 

series px,» x2) with zero constant term. It is now easy to check that 
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each "formal product"' pp determines a structure map m which makes 

R{{x J] into a group object, and conversely. ( The unit map e:R[fx]] > R 

i . is defined by e( > C5x ) = C4) inverse maps come free of charge by 
i>o 

Lemma 1,10). It is now clear how to proceed in dimension n; we have 

to consider the object R[[x) +o: eee xd and study the ways of making 

it into a group-object in C. A "formal group", then, is a group-object 

in the category C, whose underlying object is R[x)» %5) ene XX lI. 
n 

We now revert to the case of dimension 1. Let 0:R > S bea 

homomorphism of rings with unit. Then @ induces a map 

O4:R[[x).x> J] > S{[x,.x> 1} 

which carries any formal product pp over R into a formal product 

0, over S. However, this is not the definition of a homomorphism 

between formal groups. Such a homomorphism is, of course, a map in 

our category, with the obvious property. Thatis, if G isa formal 

group (R{[x]],p), and H isa formal group (Rf{[y]], ), then a homo- 

morphism 0:G ~ H isa forrnal power-series 

> cx" 
i>l , 

{with coefficients c. in R) such that 

viE(x 5)» £0%5)) = fal, x5) « 

The analogy with the case of a Lie group is obvious. If the coeffieient 

-] 
c, is invertible in R, then f exists, and f is a isomorphism. 

In our applications we are interested only in the case of dimension 1, 

and moreover only in commutative formal groups. That is, our formal 

products will satisfy 

(1.11) p(x, y) = ply, x), 
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or equivalently 

(1. 12) a..> a... 

Our applications arise in algebraic topology. 

2, EXAMPLES FROM ALGEBRAIC TOPOLOGY 

In this section we will explain how examples of formal products 

arise in studying generalized cohomology theories, According to [17], 

generalized cohomology theories are closely connected with stable 

homotopy theory and the study of spectra. For convenience we will 

suppose that we are working ina suitable category of spectra, suchas 

that constructed by Boardman [5,6], so that we can form smash-products 

of spectra, A ring-spectrum is a spectrum E provided with a product 

map piE, E+ E, All our ring-spectra will be associative and 

commutative up to homotopy, and will be provided with a map 

i:S° > E which acts as a unit up to homotopy. We shall suppose 

known the work of G.W. Whitehead [17], according to which a ring- 

spectrum determines a generalized homology theory E, anda 

generalized cohomology theory E*, These theories admit all the 

usual products. The coefficient groups for these two theories are givenby 

E""(pt) = E (pt) = a (E) = [SE] 

Initially we are interested in three examples. First, the 

Eilenberg-Mac Lane spectrum for the group of integers, Since the 

corresponding homology and cohomology theories are universally 

written H, and H, we will write H for this spectrum, Secondly, the 

BU-spectrum; since the corresponding homology and cohomology theories 

* 

are called K-theory, and written K,,K (and since we have just dis- 
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pensed with the use of K for the Eilenberg-Mac Lane spectrum) we will 

write K for the BU-spectrum, (Note that we would anyway have to find 

different notation for the BU-space and the BU-spectrum, since we have 

to distinguish between them.) Thirdly, the Milnor spectrum 12} this is 

always written MU; the corresponding homology and cohomology theories 

are complex bordism and complex cobordism., 

We do not need homology and cohomology with coefficients until 

$15, but it seems best to deal with the matter now. Let G bean 

abelian group; then we can Construct a Moore spectrum M = M(G) so that 

7(M) = 0 for r<0 

ig(M) = G 

H(M) = 0 for r>0. 

We define a ''spectrum with coefficients" by 

EG=E AM, 

For example, HG is an Eilenberg-Mac Lane spectrum for the group G. 

The homology and cohomology theories associated with EG are written 

xe 

EG,,EG . 

We will study spectra E which are provided with "orientations", 

in the following sense (which owes much toa seminar by A. Dold). 

wk 
(2. 1) There is given an element x ¢ E (cCp®) such that 

wk E'(cp}) is a free module over w,(E) on the generator 
hd . 1 co . . . jx, where i:CP°—~> Cp is the inclusion map. 

1 2 
We know, of course that CP may be identified with S , and that 

ae ; os M22 E (S ) is free over w,.(E) on one generator y, which lies in E“(S), 

0 
and is represented by the unit map S —~> E; but we do not insist that 

% nN i x is this generator, or even that it lies in E2(s*), Our assumption 
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Says only that i” =uy , where u is aninvertible element in 7,(E). 

If we have more than one spectrum in sight, we write x for the 

generator in E'(cp®), and a for u. 

We make a blanket assumption that the objects to be studied are 

pairs (E,x*); any E which appears in what follows is supposed to be 

provided witha class x 

Examples. (2,2). E=H, Wetake x ¢ H7(CP®) to be the 

usual] generator. 

(2.3). E=K. We identify CPTM with BU(1), we take £ tobe 

the universal line bundle over BU(1), and we take 

mas =€-le K°cPTM), 
Notes. It is justifiable to take x in KCcPTM) instead of 

K*(CP®), because it makes the 'n-th Chern class in K-cohomology"! 
lie in dimension 0 instead of dimension 2n, so that it is more conven- 

iently related to bundles and representation-theory. Also we get a better 

formula at (2.9) below, The unit us is the usual generator in a5(K); 

this provides some justification for writing i*x = uy rather that 

VY =ul xX. 

(2.4). E=MU. We havea canonical homotopy equivalence 

a) :CPP_» MU(1). In fact, MU(1) is a quotient space formed from a 

disc-bundle over BU(1) by identifying to one point a subbundle whose 

fibers are circles. This sSubbundle is the universal U(1)-bundle, so it 

is contractible, and the quotient map is a homotopy equivalence, The 

disc-bundle is clearly equivalent to BU(1) under the projection, 

MU foe) We take x € MuU“(CP ) to be the class of w. 
Let us return to the general case. By using the projections of 
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cp’x CPTM onto its two factors, we obtain two elements 
x x.,x,e £ (CP@x cp%), 1’ 2 

LEMMA 2.5. (i) The spectral sequences 

H(CP"; 7 (E)) => E (CP*) 

H*(CP®; x,(E)) => E(CPTM) 

H(CPTM x CPTM; 4,(E)) => E (CPTM x Cp”) 

H(CPTM x CPTM.7,(E))=5 E (CPx cp®) 

are trivial, 

i) E (CP) is the ring of polynomials w,(E) [x ] modulo the 

ideal generated by xntl 

E(cpTM) is the ring of formal power-series 7,(E)[[x]]}. 

E“(CpTM x cpTM’) is the ring of polynomials +, (E) [x, x9] modulo 
m+] n+1 

the ideal generated by x) and Xo 

* ioe) ao, ., . 4 E (CP X CP ) is the ring of formal power-series w,(E)[[x), x2 J]. 

Proof, Consider each spectral sequence of part (i); the relevant 

powers x or xix) 
] 2 

give a 1, (E)-base for the E,-term on which all 

differentials qd. vanish. Since the differentials d_ are linear over 

r,(E), they vanish on everything. 

We know that CPTM is an Eilenberg-Mac Lane space of type (Z, 2); 

in particular it is an H-space, and its product map 

m:CP. x CPTM~—> cpTM 

is unique up to homotopy. One way to decribe m is to say that it is the 

classifying map for the tensor-product 6&2 of the two line-bundles over 

cpeTM’x cp”; in other words, m'é = & 85° 
In general, we can form mx, and by Lemma 2.5 it is a formal 
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power-series in two variables: 

* . Adj _ (2.6) mE Pr) = Dea (ye ROE. 

LEMMA 2,7. This formal power-series is a commutative formal 

product, in the sense of $1, over the ring 7 (&). 

The proof is easy. 

If we have more than one spectrum E in sight, we write p for 

E oe . E and cat for the coefficients-in 7,(E). 

Examples. (2.8). E=H. We have 

* H__H H 
mx =x +x . 

] 2 

We get the "additive formal product" of (1. 4). 

(2.9). E=K. We have 

that is, 

m (1 +x) =(1 +x )(1 + x,) 

xe 

mo xe *) + Xo + XX s 

We get the 'multiplicative formal product" of (1.5). 

(2.10). We see that there is a formal product defined over 

r,,(MU), with 

455 © Taqiaj-1!MO - 
In this way we get a lot of useful elements in wr, (MU). 

(2.11). Let n:CPTM@—> CPTM be the map which classifies the line 

bundle et inverse to € in the sense of the tensor-product, 

(Alternatively, n is the map of classifying spaces induced by the 

homomorphism z—> zi Z:U(1) —> U(1).) Then we have 
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n*yMY - Ss at O95 

jz0 

where Ss alx! is the 'formal inverse'' corresponding to the formal 
jal ? 

product pTM (see (1.8)-(1. 10). 

Next a remark on naturality. Suppose given a homomorphism 

E sk f:E —> F of ring-spectra. If x is as above, then i ie = ua”, Ee So 

E i*(f,x”) = (f,.u yy"; here fun is invertible in 4, (F), so we can take 
E . . £,.x as a generator xf, With this choice of generator we have 

at = faé , or in other words pe = fp 
x 4j ay 

E 

More usually, however, both E and F have given generators 

x ,x . Inthis case we have 

E Fi {,.x = >. C(x y, 
i>l 

where the c, are coefficients in 7F_(F) and 

(2. 12) fury ecu, 

Let us set 

r; 

Dg be) = Be") 5 
i>l 

then we have the following result. 

F,F UF _ E F ¥F 
LEMMA 2,13. g(p (x) 1%, )) = (fp Malx) )s glx, )). 

The proof is immediate, by naturality. 

This lemma states that the power-series g is an isomorphism 

from the formal group with product yp to the formal group with 
E 

product f,p 

Examples: (i) We will seein §4 that we havea map f:MU —> H 

U H such that £,xMU ~ x4 then f,a,, 50 if iz and jzl. 

ii) We will seein §4 that we have a ma :MU —> K_ Such that P g 
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gx - yk, Then 8,2, =u and B4(2; 5) =O if i>1 or j>l. 
] 

Many calculations which are familiar for ordinary homology and 

cohomology can be carried overto E, 

LEMMA 2.14. (i) The spectral sequences 

n n 
H.(CP"; + (E))==> E,(CP ) 

roe) H,(CPTM; i, (E}) —> E,(CP”) 

H(CP" x CPTM; m,(E)) => E,(CPTM x CPTM) 
foe) H,(CPTMx CPTM; 4, (E)) ==> E,(CPTM x CPTM) 

are trivial. 

* n n , 
(ii) E (CP ) and E,(CP ) are dual finitely-generated free 

modules over 1, (©). 

(iii) There is a unique element B € E(CP") such that 

. 1 (i = n) 
<x'18 >= 

n . 6) (if#n) . 

We can then consider the image of B in E (cPTM) for m>n andin 
n 

E,(CPTM); these images we also write Po - 

. n . (iv) E,(Cp ) is free over Tr, &) on generators Bo»By> eee Bi: 

E,(CPTM) is free over m,(E) on generators By Byres e Bo? vas 

E,(CPTM x cpTM) is free over 7,(E) with a base consisting of 

the external products BS; for O<ign, O0<j<m. 

E,(CPTM x cpTM) is free over ar, (E) with a base consisting 

of the external products B. B; . 

{v) The external product 

E,(CPTM) ® E,(CPTM) —> E,(CP x CP”) 
7 ,.(E) 

is an isomorphism, 

The proof of part (i) is easy, by considering the pairing of these 
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spectral sequences with those of (2.5)(i). (Compare [3, p. 21], where 

however one is arguing in the opposite direction.) This leads 

immediately to parts (ii) and (iii). We see that in part (i), the Eterm 

of each Spectral sequence hasa 7,,(E)-base consisting of the 

appropriate elements p. or RR. This leads to parts (iv) and (v). 

If we have more than one spectrum E in sight, we write Bs 

for the generators in E(CPTM), If we have a homomorphism f: E —>F 

of ring-spectra, and if we choose xF 5 fx” {as above), then we have 

ey = fA More usually, however, both E and F have given 

generators xix? In this case we have 
E Fi F Ee DS teh) e eo), 

i > ] 

E F 
where the Cc. are coefficients in 7y4F) and f,.u = cyu ; 2S above. In 

this case the appropriate move is to invert the power-series and get 

xF = gtx) = > (fx )4 ; 
i 

passing to powers, we get 

GPP = SS ate,x*) 
i 

for some coefficients d? € w,(F). Then we have: 
i 

E j. F 
LEMMA 2.15. fp. = > dp, 

J 

The proof is immediate, by exploiting the pairing between 

generalized homology and cohomology. 

Examples. (2.16). We will see in $4 that we have a map 
U H MU f{:MU —~> H such that fx =x. Thus we have fs. = e, 

(2.17). We will seein §4 that we havea map g:MU —>K_ such 
- MU - 

that ox =u 1K Thus we have gf. =< usp 
Ps 5 
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COROLLARY 2.18, The diagonal map 

fo) foo) foo) 
A :CP —> CPTMxX CP 

gives E, (CF) the structure of a coalgebra, whose coproduct map is 

given by 

VB i = ey Fi O83 

This follows immediately from (2.14). It suggests that we regard 

E (CPTM) as a Hopf algebra, with product induced by 

m:CPTM x CPM —> CpTM 

and coproduct as in (2,18). We note that if we do this we shall have 

By 
k m,(,@B;) = ey me 

where the sum runs over k <i+j; for by cellular approximation we can 

suppose that m maps cp! x cp! into ce’), of course, the 

formulae which hold here can be written down in the general abstract 

case, and we will now indicate this. 

3, REFORMULATION 

In this section we will interpret a formal group over R asa group 

in the category of coalgebras over R. 

The results of the previous section suggest that the algebra of 

formal power series R{[x]], which arose in §1, is actually the dual of 

the object which should be considered. Let F be an R-module which is 

free on generators By»By> vee Boo -.. . Wemake F intoa coalgebra 

over R by setting 

(3.1) vB B@B, 
i+j = 

The dual of F, given by FF’ = Hom, (F,R), is then an algebra over R, anid 
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it can be identified with R[[x]]; the pairing between R[[x]] and F is 

given by 

(3.2) i> cB) zc. 
i>o 

(Here the coefficients c, lie in R.) 

The analogy with the case of a Lie group confirms that this proced- 

. ‘ ‘ i ure is reasonable. Instead of looking at analytic functions SS c.x on 
i>0 0* 

G, we look at differential operators, because functions are contra- 

variant and differential operators are covariant. More precisely, we 

n 

interpret §_ as the differential operator = a » evaluated at P “nm P n! n 
ax 

x =0, The result of applying this operator to the analytic function 

S* cx’ is indeed c. The coproduct in F corresponds to Leibniz! ay j n 
i>o 

formula 

— 
k!, k . < i! i 

Since differential operators are covariant, it is reasonable that the pro- 

duct in G should induce a product of differential operators. 

To continue, let F be as above; then we can form FOF , and 

its dual, Hom (F@pF, R), may be identified with the algebra R[x) 1x, |]. 

The pairing between R[Tx).x, J] and F @. F is given by 

3.3 co xixd , > #¢ . °°) <> ip 12" PS Bg Pq 
Each R-map 

: — mF ® RF F 

induces a dual map 

WK 
m :RETx ]] — R[[x,.x, J] . 

This induces a 1-] correspondence between maps m,, which are 

: . . : . x : 
filtration-preserving (in a Suitable sense) and maps m_~ which are 
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filtration-preserving; corresponding maps are given by the following 

formulae, 

(3. 4) m, ( = > aX . *% B® p) ~ Kay ijPe 

x k jj (3.5) mike DS abd. 
ig>k 4 

- os . os 1 (Here the coefficients ais lie in our ring R. The coefficients a’ are 
q 

7% 

the coefficients a_. of $1.) The map m isa map of algebras if and 
4 

only-if the map m, is a map of coalgebras. It is now easy to check 

that the relevant conditions on m, (such as associativity and 

* 
commutativity) are equivalent to the corresponding conditions on m . 

The map e:R{[x]]—> R, which was introduced asa unit mapin $1 and 

. i . defined by e( > cx) =c , now has the alternative name Bo} we take 
i>o + ° 

Bo as our unitin F, 

* 

It is clear, of course, thatif m is a map of algebras, then 

m xk is determined by mx, So in this case, the coefficients af are 

determined by the an = 45° For example, we easily obtain the following 

formula, 

(3. 6) ak = -=ka_, . 
lj l,jt1l-k 

Exercise, Obtain a formula for as, . 

We conclude that there is a precise equivalence between group- 

object structures on R {[x J], in the sense of $1, and suitable Hopf- 

algebra structures on F. A formal group is therefore also a group- 

object ina suitable category of coalgebras. 

4, CALCULATIONS IN E-HOMOLOGY AND COHOMOLOGY 

In this section we continue the programme of taking results which 

are familiar for ordinary homology and cohomology, and carrying them 
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over to E. First we compute the E-homology of the spaces BU(n) and 

BU. The space BU is an H-space; its product corresponds to addition 

in K-cohomology; in particular, we have the following homotopy- 

commutative diagram, in which the upper arrow is the Whitney sum map. 

BU(n} X BU(m) ———————> BU(n+m) 

BU X BU —» BU 

This diagram gives rise to the following diagram of products. 

E,(BU(n)) @., (E) E,,(BU(m))————> E_ (BU(n+m)) 
ok 

BU >E E,(BU@, ip) E, (BU) (BU) 

By using the injection BU({1)— > BU, the classes B. € E,(CPTM) give 

classes in E, (BU); we write B, for these classes also, The element 

B, acts asa unit for the products, 

LEMMA 4.1. (i) The spectral sequences 

H,(BU(n); 7,(E)) —> E,(BU(n)) 

H,({BU; 7,(E)) == E,(BU) 

are trivial. 

(ii) E,.(BU(n)) is free over a,(E£), with a base consisting of the 

monomials 

such that iy > 0, ip >0,..., i, >0, 0 <re<n. (The monomial with 

r=0Q is interpretedas 1.) 

E,(BU) is a polynomial algebra 

AE) (B Bo, vee Bur eee ]: 

(ili) The coproduct in E,(BU(n)) and E,(BU) is given by 
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i+j= 

where By =} 
* 

The proof of parts (i) and (ii) is easy, because the monomials 

givea 7 ,(E)-base for the E-term on which all differentials d_ 

vanish, Since the differentials are linear over T(E), they vanish on 

everything. Part (iii) comes from (2,18). 

We now introduce a general lemma. 

LEMMA 4,2, Let X bea space (ora spectrum provided that 

WX) = 0 for r<-N, some N.). Suppose that H,(X; 7,(E)) is free 

over w,(E) and that the spectral sequence H,(X; 7,(E) ==> E A(X) is 

trivial. Let F bea module-spectrum over the ring-spectrum E, Then 

the Spectral sequences 

H,(X5 1,(F)) => F(X) 

H"(X; q,(F)) ==> F"(X) 

are trivial, and the maps 

E(%) & 7 (E) Ts.) ——> F(X) 

F"(X) —> Hom Eyl Pad) , 7,,(F)) ud 
are isomorphisms, 

The proof is a routine exercise on pairings and spectral sequences 

(compare [3], p. 20, Proposition 17). 

In particular, if E isasin $2, the lemma applies to X = CPTM, 

BU(n) and BU. We will also see that it applies to X = MU --see (4.5). 

Although it is quite unnecessary for our main purposes, we pause 

to observe that Chern classes behave as expected in E~-cohomology. 
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ok 

LEMMA 4,3. (i) E (BU) contains a unique element Cc; such that 

c., { y} =] <Cys By >= 

and 

<C;,m> = 0 

i i, i . 
when m is any monomial 6B oo eae BS * distinct from (A). We have 

c =i. 
° 

(ii) The restriction of c, to BU(1) is x, the generator given 
1 

in $2, 

(iii) The restriction of c. ; to BU{n) is zero for i>n. (Other- 

wise, the image of Cc; in E“(BU(n)) will also be written c.,) 
1 

bag 

(iv) E (BU(n)) is the ring of formal power-series 

1,.(E) (fc), fo soe > ch 

and E*(BU) is the ring of formal power-series 

az(E) [[e > Cos see 7 Co see TI. 

(v) We have 

Hye D> @ cy. i¢jek 

Proof, The definition of c. in (i) is legitimate by (4.2) applied 

to X = BU, F =E. We easily check thatthe unit 1 ¢ E.(BU) plays the 

role laid down for Cy: Part {ii) is trivial; part (iii) follows easily from 

(4. 1)(ii) plus (4.2) applied to X = BU(n). We turn to part (iv). 

Let m be a monomial 

1, i i 
m = pL Py ee. Re” in E,(BU); 

let the image of m under the iterated diagonal, which is determined by 

(4, 1){ili), be 

ET mj_ Sm, Omg, | 
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Then 

<c. CC. oe Cy 
J, Jo Je 

= > <c; ms je <c, mo? 

and this is a well-determined integer independent of the spectrum E. In 

particular this integer is the Same as inthe case E =H. We conclude that 

that in the spectral sequence 

H(BU(n); 7,(E))—=> E"(BU(n)), or 
H (BU; 7,(E)) ==> E*(BU) 

the E, term hasa 7,(E)-base consisting of the appropriate monomials 

C. C, se. CL 

J} J2 Js 

This leads to part (iv). Part (v) follows by duality from the definition in 

part {i). 

The classes c. are of course the generalized Chern classes in 

E-cohomology. If required they may be constructed as characteristic 

classes for U(n)-bundles over appropriate spaces by the method of 

Grothendieck, and then pulled back to BU(n) and BU by limiting 

arguments. (Compare [2, pp. 8-9],) In the case E = MU we get the 

Conner-Floyd Chern classes, 

If we have more than one spectrum in sight we write RS a 
jf we are given a map f:E—»F of ring-spectra, and choose 

xF = fx", asin $2, then we have 
oa = Enc, 

The reader may carry over (2,15) to cohomology, but it is not necessary 

for our purposes. 

For the next lemma, we note that E,(MU) isa ring, and that the 
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"inclusion" of MU(1) in MU induces a homomorphism 

E (mu(1)) —> E,_, (Mv). 

Following the analogy of ordinary homology, we take the element 

E_E 

u Bia § E,(MU(1)) (2 0) 
: E “pa: . E . and write b. for its image in E, (MU). The factor u (see §2) is intro- 

. E . duced in order to ensure that by =] in E (Mv). 

Suppose given a map f:E —> F of ring-spectra. Then it is clear 

that Lemma 2.15 carries over; with the notation of (2.15), we have the 

following result. 

E . Jt op (4.4) fb, = cP) dy be 
J 

In particular, as soon as we obtain the canonical map {: MU —> H, it will 

MU H . . : 
send b. to b. 3; as soon as we obtain the canonical map g: MU —> K, it 

i 

MU i, K will send b, to wb, , where u= uk w(K). 

With an eye to later applications (§15) we include a little spare 

generality in the next two lemmas, Let R be a subring of the rational 

numbers Q; the reader interested only in the immediate applications may 

take R= Z. We recall from §2 that MUR is the representing spectrum 

for complex bordism and cobordism with coefficients in R, 

We assume that for each integer d invertible in R, the groups 

,(E) have no d-torsion. This assumption is certainly vacuous if R=Z. 

LEMMA 4.5, (i) The spectral sequences 

H,,(MUR; 1 (E)) =—_> E,, (MUR) 

H, (MURAMUR;17,(E)) => E,(MURAMUR) 

are trivial, so that Lemma 4. 2 applies. 

(ii) E,(MUR) is the polynomial ring 

(7,,(E)® R)by Byres Drees]. grrr? 
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Proof. For (i), in the case of MUR we note that the monomials 

in the b. form a , (E)@ R-base for the E,-term on which all differentials 

qe. vanish. The differentials a. are linear over w,(E), and by using 

the assumption on 1, (E) we see they are linear over R. So the differ- 

entials ds vanish on everything. Similarly for MURAMUR, using ex- 

terior products of such monomials. This proves (i) and (ii). 

For the next lemma, let R be again a subring of the rational num- 

bers Q, andlet E bea ring-spectrum, with a as in §2, such that 

r,(E) > 1, (E)®R 

is iso. (For example, we might have E= FR.) 

LEMMA 4.6. Suppose given a formal power-series 

E Evitl 72 oe) f(x) = >> d(x) « E*(CPTM) 
ido * 

. E . with ud =1, Then there is one and (up to homotopy) only one map of 

ring-spectra 
g: MUR—> E 

E such that gx =f{(x ). 
M Notes. (i) By abuse of language, we have written x U also for 

2 the image of MU. fu ( oS 

cpTM) in MUR“(CPTM), 

(ii) The necessity of the condition ud, =1 is shown by (2,12). 

Proof. We check that the conditions of Lemma 4.2 apply to 

X= MUR, F=E. We certainly have 

H,(MUR;7,(E)) © H,(MU;7,(E)@R) & H,(MU3 1, (E)) 

(by the assumption on E), so H (MUR; 7, (E)) is free over 1,(E). 

Similarly 

& 
nS 

E, (MUR) = (7,(E)@R)[b),b5,-..,b,,...] = w(E)[b),b,,...,b,,-.-]. 
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lf T(E) —_> 7, (E)@ R is iso, then 7, (E) has no d-torsion for any 

integer d invertible in R, and Lemma 4,5 shows that the spectral 

sequence 

H,(MUR; 7,(E))==> E,,(MUR) 

is trivial. So Lemma 4,2 shows that there is a (1-1) correspondence 

between homotopy classes of maps 

g:MUR —+E 

and maps 

Q0:E, (MUR) —> 7, (E) 

which are linear over w,(E) , and of degree zero. Similarly for maps 

h:MUR A MUR —> E ; 

and this allows us to check whether a map g:MUR —> E makes the 

following diagram homotopy-commutative. 

MURA MUR ——&48 s EAE 

| 
MUR & >E . 

We find by diagram-chasing that for this, it is necessary and sufficient 

that the map @ corresponding to g should be a map of algebras over 

7,(E). Now the condition 

gaxM¥ - > a(x)" 

i>0 

is equivalent to 

0(b;) = ura, (i>0) . 

Provided that uF | = 1, there is one and only one map @ of .(E) - 

algebras which satisfies this condition. This proves Lemma 4.6. 

Examples. (4.7). There is one and only one map f:MU—»>H 

of ring-spectra such that 
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MU __H 
=x fx 

This is of course a trivial example. 

(4.8). There is one and only one map g:MU —> K of ring-spectra 

such that 

g,xMU = (ais) “1.8 . 

This map is, of course, the usual one, which provides a K-orientation 

for complex bundles, 

We can also use Lemma 4,6 to construct multiplicative cohomology 

operations from MU” to MU’, following Novikov [ 13}. 

We can also use Lemma 4,6 to obtain Hirzebruch's theory of 

"multiplicative Sequences of polynomials" in the (ordinary) Chern classes, 

If we think for a moment about the gradings in Hirzebruch's formulae, 

we see that for this purpose we need to take E to be a product of 

Eilenberg-Mac Lane spectra, having homotopy groups 

Q for r even 

W(E) = 
0 for r odd. 

A suitable candidate is the spectrum HaK, which has the required 

properties. 

Some readers may perhaps be uSed to thinking of "multiplicative 

sequences of polynomials!! as elements of the cohomology of the space 

BU (elements of (H AK) (BU), in fact); and they may perhaps be 

surprised to see them treated as maps of MU. On this point several 

comments are in order. 

(a) Lemma 4.6 provides us with all the Thom classes we need, so 

we have a Thom isomorphism 

(H 4K) (BU) 2 (H »K)*(MU). 
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(b) "Multiplicative sequences of polynomials" carry the Whitney 

sum in BU into the product in cohomology. The Whitney sum in BU 

corresponds to the product in MU, so itis more convenient to describe 

the behavior on products by saying that we have a map of ring-spectra 

defined in the spectrum MU. 

(c) "Multiplicative sequences of polynomials" are intended for use 

on manifolds, so that we actually require their values on elements of 

w,(MU). For this reason, their definition in terms of MU may be more 

transparent than their expression in terms of ordinary Chern classes in 

BU. For example, consider the map of ring-Spectra 

MU-S—s K 7S°AK —> Hak, 

where the map g:MU —»> K is that mentioned above. 

Exercise, Follow up these hints. 

Lemma 4,6 shows that if we consider pairs (E, x”), as above, and 

such that ue = 1, then among them the pair (Mu, xMY) has a universal 

property; for any other pair (E,x*), there isa map g:MU——>E such 

that gexM¥ = x”, In particular, for any such (E, x*) we have a 
homomorphism of rings g,: 1, (MU) —> 7,,(E) such that gp Us pe 

(see §2); thatis, g, carries the one formal product into the other, 

We will see in the next section that there is a ring L, with a formal 

product defined over it, which enjoys a similar universal property ina 

purely algebraic setting. It is known that 7,(MU) is a polynomial 

algebra, over Z, on generators of dimension 2,4,6,8, ... . The ring 

L can be made into a graded ring, and it is known thatit is then a 

polynomial algebra, over Z, on generators of dimension 2,4,6,8, ... 

Following Quillen, we regard these as plausibility arguments, to 
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introduce the theorem that the canonical mapfrom L to 7,(MU) is an 

isomorphism. 

5, LAZARD'S UNIVERSAL RING 

In this section we introduce Lazard's universal ring. Following 

Frohlich (81, we call this ring L (for Lazard). 

THEOREM 5.1. There is a commutative ring L with unit, anda 

commutative formal product ph defined over L, such that for any 

commutative ring R with unit and any commutative formal product p 

defined over R there is one and only one homomorphism @:L—-_>R 

such that 

L R 
Op =p 

Proof, We define L by generators and relations; that is, we 

define L as the quotient of a polynomial ring F by anideal J, Take 

formal symbols aij for i>1, j>1, and set 

Pp = Z (a, )+4) 2°42) heey asi wee 

Form the formal power-series 

(5. 2) p(x,y)=x+y4+ >> ay? 
i, j>l 

and set 

(5. 3) po, ply, 2) - plplx, y),2) = Ds. xtyJek, 
ijk ijk 

Then each coefficient b., 
1 
jk is a well-defined polynomial in the a5 5: Take 

I to be the ideal in P generated by the elements Bie and a.-a,.., It 
ij ji 

is trivial to check that L = P/I has the required properties, 

We note that we can make L into a graded ring if we wish, In 

fact, we assignto x,y and p(x, y) the degree -2; then 255 has degree 
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2(i4+j-1); and » sk is a homogeneous polynomial of degree 2(i4}+k-1). 

It follows that I is a graded ideal and P/] isa graded ring. 

We note that the structure of L isin principle computable, For 

example, 

L =Z, generated by 1, 

L, = Z, generated by 4 
2 11’ 

L, > Z@Z, generated by a and a 
4 12’ 

L, 7Z02Z6Z, generated by a? 6 117744312 2nd 422-8 13° 

(Exercise: obtain the relation which allows one to write ag, and a3, 

in terms of the three generators given.) 

The structure of L will be described in more detail in our next 

algebraic section, 97. 

In order to obtain the structure of L, we use algebraic arguments 

which are openly obtained by analogy with the situation in algebraic 

topology. 

6. MORE CALCULATIONS IN E-HOMOLOGY 

The element a... in * MU) can be represented by a ij 2143-1) M7) red 
weakly almost-complex manifold; we might well be asked to compute the 

(normal) characteristic numbers of this manifold, It is equivalent to ask 

for the image of a5 under the Hurewicz homomorphism 

a,({MU)——> H,(MU). 

It is the object of this section to answer this question. 

To do so we introduce the Boardman homomorphism, which is 

slightly more general than the Hurewicz homomorphism, Let E bea 

(commutative) ring-spectrum; then for any (space or spectrum) Y we 
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can consider the map 

ys Soa; yiAl . EANY; 

composition with this map induces a homomorphism 

X.Y, — 
We recover the Hurewicz homomorphism by setting X = s°, E=H, 

> IX,EAY,- 

The Boardman homomorphism is more or less guaranteed to be 

useful when E =H, because of the following lemma. 

LEMMA 6.1. HAY is equivalent (though not canonically, in 

general) to a product of Eilenberg-Mac Lane spectra, whose homotopy 

groups are the groups 

7 (A AY) = HAY). 

It follows that 

k.HaYL® [7 H°7(x;H (y)) 
n n 

(not canonically); so the groups [X,E ay are computable for E=H, 

Proof of (6.1): For each n, we can construct a Moore Spectrum 

M(G,,n) for the group G = wy (HAY) in dimension n, and construct 
n n 

a map 

f :M(G_,n) ~*~ HaY 
nh n 

which induces an isomorphism 

. aS (fat a, (M(G,, n)) 7 (HAY). 

We can then construct the map 

Inf, pal 
HA M(G,,n) ——> HaAHAY ~~ sHay, 

where HAM(G ,n) is an Eilenberg-Mac Lane spectrum for the group 
n 

Go in dimension n. We can then form the map 

V HAM(G ,n) —> HAY 
n 

whose n-th component is the map (pA1)(14f_) just constructed; we 
n 
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observe that it is a homotopy equivalence by Whitehead's Theorem {in the 

category of spectra). Let TT H AM(G ,n) be the product in the 
n 

categorical sense; then there is a map 

\/ Ha M(G ,n) —___ > TT A M(G_,n), 
n 

and this too is a homotopy equivalence by Whitehead's Theorem. This 

proves Lemma 6.1, 

Returning to the general case, since EAY is at least a module- 

spectrum over the ring-spectrum E, we may hope to obtain information 

about [X,E AY], (E AY)7"(X) from E,(X); for example, we may have 

available a universal coefficient theorem. 

LEMMA 6.2, We have the following commutative diagram. 

[X.¥]}, > [X, EayhL — Le 
Hom r,(E) (E,(X), E,(Y)) 

Here a@ is defined by 

a(f) = f,:E,(X) ——> E,(¥), 

while p is the homomorphism of the universal coefficient theorem, de-~ 

fined by 

(p(h))(k) = <h,k> ¢ T(E AY). Tx 

In the last formula we have h ¢ (En Y)*(X), ke E (X), and the 

Kronecker product <h,k> is defined using the obvious pairing of Ea Y 

and E to EAY. 

The proof of the lemma from the definitions is easy diagram- 

chasing. The lemma is of course mainly useful when p is an iSomorph- 

ism; but since Ea Y is a module-spectrum over E, Lemma 4,2 shows 

that p is an isomorphism when E isasin §2, and X = = cpTM , BU, MU, 
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Let E bea ring-Spectrum which satisfies the assumptions made 

in $2. Then we can consider the following two maps. 

EE” S°——SE amu 

MU Son E— EAMU. 

Both are of course maps of ring-spectra. The generators xe and MU 
will yield two generators in (E AMU) (CPTM), and these generators may 

well be different, In order to remember which is which, we call them 

x” and MU also (abusing notation to avoid complicating it). Our next 

task is to compare xE and xMU 

LEMMA 6.3. In (EA MU)*(CPTM) we have 
xMU . Ss (uF) be P(x Ey) 

i> 0 

“LE... Note that the coefficients (uTM) y, lie in 7,(E MU). 

Proof. Apply Lemma 6,2 to the case X = cp®, Y-=MU. Since 
MU MU 

x is a reduced class, sois Bx . By definition, we have 

MU,, E_E E 
u = (ox Ma Be) = 

But we also have 

(pix) (oF) = 
0) (i # 3) 

The result follows by comparing these formulae, since p is an 

isomorphism. 

In order to exploit this result, let e(x*) be the formal power- 
series 

(6.4) atx) -> (ae) EEE 

i>0d . 

with coefficients in a, (EE AMU), and let go} be the inverse power- 
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series, so that 

E -l1 MU 
x =g x . 

COROLLARY 6.5. After applying the homomorphisms 

w,,(£) ——> T(E AMU) 

T,(MU) — > 7,(E A MU) 

the formal products pEpMU are related by 
MU U E, -}) MU _-} MU 

} )=e(p (g > ))- 

The proof is immediate from Lemma 2.13; or directly, the map 

m:CP”x cp? —> cp®TM yields an induced homomorphism m”TM which 

commutes with products and limits, so that 

mTM g(x") = gmx). 
One just rewrites this equation. 

COROLLARY 6.6, Take E=H. Then after applying the homo- 

morphism 74,(MU) —> a,,(H AMU) we have 

MU ) = ex Hilo H. 1 H Pp (*,,*,) = exp & x + log x)), 

where 

H . 

exp (x) = > bx}, 
i>o 

b. ¢ H,,(MU) are the usual generators coming from H5542(MU(1)), and 
1 

log! is the formal power-series inverse to exp 

This is immediate from (6.5), using (2. 8). 

This corollary yields a method of calculating the image of as; in 

aritee 1 (MU), in terms of the usual base in H,(MU). For example, we 

have 

a ——»2 11 by 
2 —> - 219 3b5 2b) 
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a3 —> 4b, - 8b jb + 4b 
2 

aon > 6b, - 6b b + 2b 
3 2 

3 
1 

; etc, 

COROLLARY 6.7. Take E=K. Then after applying the homo- 

morphism a, (MU) —> @a,(K AMU), we have 

MU - -] -1 - (X15%9) Sele x, +8 %) 4 (go Me x,)), 2 

where 

a(x) = > ub xi*! , 

i>0 , 
ue m(K), b, € K (MU) are the generators defined above, and gt is 

the formal power-series inverse to g. 

This is immediate from (6.5), using (2.9). 

This corollary yields a method of calculating the image of a.. in 
i 

Koo, (MU), in terms of the base in K,(MU). For example, we have 
2(it+j~1) 7s 

a —> ull + 2b)) 
1} 

2 2 —> u-(b 4 3b. - 2b 712 wie) + $b, ? 
3 2 

2 - aig { bs 2b) + 4b, 2 
3 

-~ 8b b, + 4b ) 
1 ] 

a,,—> wb. 4 6b, - 3b” + 6b, - 6b. by 4 2b° 22 u 1, + Obs - j 37 yP2 + > etc, 

We can also use the same method to calculate the Hurewicz homo- 

morphism 

%,(MU)—» MU,(MU) . 

For this purpose we need to distinguish between the two copies of MU. 

We borrow the notation of [3], and write 

Ny Agi 7,(MU)—» MU (MU) 

for the homomorphisms induced by the maps 

re) lai 
MU ~ MUa S~ ——>MUa MU 

Mu ~s°x MU +81 SS MUAMU. 

The Hurewicz homomorphism is Np The usual action of Tix{ MU) on 
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MU,{X), which works for any X, is given for X = MU by r . 

COROLLARY 6.8. The value of NR on the generators a. is given 
1) 

by 
R L, -1 -1 

x = p (),x,) = ep (6 *),g %,) 

where 

R a ij 
pO) 2a las Pe 

1,] 

L _ 1 lj } (%) 1%) = > rater : 
1,j 

MU i41 
g(x) = >) bi x , 

i>O0 
MU . . . -l , b: € MU, (MU) is the generator described in 64, and g is the 

power-series inverse to g. 

This corollary is strictly on the same footing as the preceding two. 

This yields a method of calculating Qr(a..)- For example, we find 
qJ 

el?) =2b 4a 
i 1] 

Ir! 52) = (3b, - 2b °) + a1, + a> 

Np(@ 13) 7 (4b, - 8b,b, +4b>) + a (2b, -2b4) +a, 

Np l#59) = (6b, - 6b b5+ 2b7) + a, (6b,-3b~) 

+ (2a, 44+ a‘ )b, + aAz>: 

From these formulae for the images of the oe under the Hurewicz 

homomorphism 

1,,({MU)—> MU_ (MU) 

one can of course deduce the formulae for the images of the a5 under 

the Hurewicz homomorphisms 

T,(MU)—> H,(MU) 

r,.(MU) —_ K, (MU). 

One just applies the maps MU —*> H, MU—»>K. In fact, the map 
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MU H 
MU—~> H sends b; to b., and sends 355 to 0 for i>l, j>l. i cal 2 

MU 4, K 
The map MU-~> K sends b, to ub , ay to u, and a to 0 

i i 

if i>l or j>l. 

7. THE STRUCTURE OF LAZARD'S UNIVERSAL RING L 

We propose to prove: 

THEOREM 7.1. The graded ring L is a polynomial algebra over 

Z on generators of dimension 2,4,6,8, .... 

In order to prove this, we will use a faithful representation of L, 

Its construction is suggested by the results of the last section. Asa 

matter of pure algebra, we define a (graded) commutative ring R by 

R= Z[b),b3, --. sb: wee | 

whe re b. is assigned degree 2i; bo is interpreted as 1] if it arises, 

The generator b. is to be distinguished from the generator R_ in $3. 

We define a formal power-series 

exply) ¢ R{Ty ]] 

by 

(7.2) exply) = >> byt ; 
i>od 

and we define log{x) to be the power-series inverse to exp, so that 

u
 

*
 

exp log(x) 

(7. 3) 

log exp(y) =y. 

For later use, we make the log series more explicit. Let its 

coefficients be 

Z b ? b > vee » b > ene r m, eZ [bib n i 
so that 

i+ (7. 4) log x = SS mx } 
i>o 
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If S is aninhomogeneous sum, let us write S, for the component of S 

of dimension 2i. Then we have: 
foe) 

] -n- PROPOSITION 7.5. msm Spy 
n izQ 727 

© n-] 
b. =— m . n +] (a Dn 

Examples. m= -b) 

2 
=2b.-b ms 1° 72 

3 
= -5 b - m., bo +5 Po b3 etc 

Proof. if 

i 

we SS Syd, 
1, > -N 

define resw tobe c . the residue of w at y=Q0. This definition 

of the residue is purely algebraic, and the property of the residue which 

we shall use can be established purely algebraically. Set 

_ > byt 

SO 

y« > m:xit! , 
: J 
j>0 

‘ -—Ne . i -ne Then ( > b.) 1 is the coefficient of y? in ( > by ) n 1 that is, 
i> 0 i>0d 

the coefficient of y) in > by ye, So we have 
i>0 

-n-l -n- (by = res(x"" lay) 
i>0d 

res(x “n-t ax) 

res[x?- li > m (j41)*) ax] 
joo 2 

u
 (n+1)m) . 

Of course, the relation between the coefficients b, and m. of the 
1 

two inverse series is symmetric. 
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In the future, whenever symbols b. and m, appear in various 
i 

contexts, they will be related as in (7.5). 

Remark 7.6. Suppose that instead of Z we have in sighta 

ring U, that we replace R by 

Uf), bo, ++. by wee ]s 

and that we replace our series exp by 

x: uw) Ss byt! 
1 

i>o 

where u is invertible in U. (An application is givenin (6.3), (6.7).) 

Then we have 

j+l j41 ye Qomuw x, 
j>o 3 

by substituting ux for x in our previous work. 

Let us return to formal groups. We define a formal product over 

R= Z[b,, bp, .+. »bi, «+ J by 

(7. 7) p(x x,) = exp(log x, + log x.). 
2 1 2 

It is easy to check that this does define a formal product, We have simply 

taken the additive formal product, (1.4), and made a change of variables; 

but the change of variables is of a fairly general nature. The topologist 

who has read $6 knows that this piece of pure algebra is read off from 

the structure of H,(MU); the algebraist doesn't have to worry. 

According to $5, there is one and only one homomorphism 

8:L—+R 

. . L , R 
which carries the formal product > into p . We propose to prove: 

THEOREM 7.8. The map @ is monomorphic, 

This theorem shows that we have made the ring R big enough to 

provide a faithful representation of L. The proof will require various 
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intermediate results. 

We first recall that the augmentation ideal of a connected graded 

ring A is defined by 

I= DAL. 
n>O0 

The elements of 12 are often called "decomposable elements''. The 

"indecomposable quotient"’ Q,(A) is defined by 

2 
Q,(A) = 1/1. 

We can often use Q,(A) to get a hold on A. 

It is clear that Qh) and Q fF) are both zero unless m = 2n, 

n>0, In this case we have Q, (R) = Z, generated by the coset [b_ |. 

LEMMA 7.9. (i) log(x) = > mx**?, where m= 1 and 
is0O 

mM, = ~b, mod 1° for i> 1, 

.. (i+j)! 2 . 
=——— b. . f » Jj . (ii) oa, ,) aT i4j-1 MOA I or i>, j>l 

(iii) The image of Qo (9) :Qo,(L)—> Q,,(R) consists of the 

multiples of d[b 1], where 

p if n+l = r, p prime, f> 1] 

1 otherwise . 

Proof, Part (i) is immediate. Part (ii) follows from (7.7) by 

an easy calculation, ignoring coefficients in 1°, Since L is gene rated 
as a ring by the wth Q, fh) is certainly generated as an abelian group 

by the aij with i4j =n4l, i> 1, j> 1. To prove part (iii) we need 

only show that the highest common factor of the binomial coefficients 

(i+j)! oa . 
tr jr Gi +3 n+i, 1 > 1, J > 1) 

is the integer d defined in the enunciation. 

f 
It is well known, and easy to see, thatif n+] =p all these 
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binomial coefficients are divisible by p, and that if n+l #p at least 

one of them is not divisible by p. One has only to add that if n+l =p’, 
{- then the binomial coefficient with i = Ap : , f-l . 

» j=pp ~ is 

2 
Atul! mod p 

and it is divisible by p but not by p 

Topologists will note that this calculation is exactly the same as 

one which Milnor made in the topological case, He was, of course, com- 

puting the image of 

Q,,,(7,.(MU))—> Q, (HH, (MU). 

The ''Milnor genus"! may be regarded as the projection 

H, (MU)—»>Q, (H,(MU)), 
2n én %* 

and the "hypersurfaces of type (1,1) in CPx CP!" are related to the 

elements a. ¢ w (MU) {see Corollary 10.9). 
ij * 

In order to obtain the structure of Q,(L), we propose to consider 

formal groups defined over graded rings S of a particular form. Given 

an abelian group A, andaninteger n>0O, we can make Z@A into 

a graded ring so that 

S,= 4 

Ss,7A 

S.=0 for r#0, 2n. 

LEMMA 7.10. Among formal groups defined over such rings S, 

the obvious formal group defined over Z@Q,,(L) is universal. 

The proof is immediate; any homomorphism of rings 

L—sZ@A 

factors to give the following diagram. 
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L———_>s=Z@A 

\ a 
a 4 

Z@9Q, (L) 

We can now reformulate the main lemma used by Lazard and by 

Frohlich. Let Th be the image of Q,(9):Qo(L)—> Q5,(R), described 

in (7.9). 

LEMMA 7.11. (After Lazard and Frohlich). For any 

(commutative) formal group defined over a ring Z@A, the homo- 

morphism 

Z@Q. (L)~7 ZOA 
2n 

factors through the quotient map 

—_ Z@Q, (L) Z@T,- 

The main results of this section follow very easily from this 

lemma; but we will defer the proofs until we have proved Lemma 7.11. 

Proof, We recall the reformulation of $3. A formal group 

defined over Z@A is a Hopf algebra structure ona certain coalgebra 

F; the coalgebra F is free over Z@A on generators Bor By ree sPireee o 

and the coaction is given by 

vB = >) 8, @8;- 
i+tj=k 

Inspecting the formulae in §3 again, we see that now our rings are 

graded, F can be graded sothat p. has degree 2i, 
i 

In our case, part of the product structure is determined by the 

coproduct structure; we must have 

(i+j)! k (7, 12) B.A ij . ._ 7 i! jt i4j é 

rye J k=i+j-n >0 
Here the aX are coefficients in A, which have to be determined, and 

ay 
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we are interested in their values for k=]. More precisely, let d be 

i+j)! the highest common factor of the binomial coefficients G iy over 
i! j! 

i+j = n+], i>1, j>1, asin (7.9); we wish to show that 

al = J (i+j)! 
ij od Gl j! 

(7. 13) 

for some fixed element a € A; for then the required map g from T 
n 

to A wijl be defined b o(d =a. fo) will be defined by y( fm) 

We emphasize that the product BB. is known, from (7.12), if 

i+) <n+l, We now divide cases, 

Case (i), A = Z; let us write as if A =Z, We have 

n+) a 
= 1 +5 (By) (n+) 8.) +58) 

for some a€ Q. When i+j = n+l, we have 

+1 yn 

} 
(318 )GIR) = (@)8) * OB 

3]
 (GASB, + 3B). 

Comparing this with (7.9) we have 

a} . Gist a 
ij i:jr d 

. ; (i4j}i a. ; Here a isa rational number such that inj: q isan integer for 

i4j =n4l, i>l, j>1. The highest common factor of the numbers 

iti)! Cent 1, so a is aninteger, and we have obtained the required 
i! j! 

result (7. 13) in this case, 

Case (ii), A ®Z , Take i,j Such that i4j =n41, i>l, j>l Pp z 2 

and write 

2 i= At AP + »»P teas + \p > 

. 2 r 
J= PS +RYP +R P tes) + PLP; 

where 0 < 4, <p, O<p, <P foreach i, Then 
—_ 1 —_— 

6 m2 
pRB te BTR, 

Pp Pp Pp 
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Pp. PR, PR p oo,’ j 2 r 
8, B one Bo = cB. 

] P p- > J 

where the coefficients c' and c'! are non-zero mod p; in fact, 

ts ; che AGtA Haat... AL! mod p 

ct = POR, Ro! +) B,! mod p, 

Then we have 

A4))- + a! = B.B — Ao*Po A\*P A,Py 
i! j! B a3 ijPa i 3 c'c!! j Pp “ee r ° 

Pp 

At this point we separate cases further, 

Case (a): Suppose that n+} # p and a. +u,>p for some i. 
po 

Then we have pte n+l, and since n+) # pt we actually have 
i i+j) ! pb? <n+l; so (Rf yP = 0 by (7.12) and al =Q. Since G 3) 

1 
, is also 

Pp 
13 

0 mod p, the required formula (7. 13) will be true in this case whatever 

choice of a we make later. 

Case (b). Suppose that n+} = > and a. +u.>P for some 

i¢f-2, Then the same argument applies, except that we have to remark 

1 {i+j)! 
1 

that “ae is 0 mod p. (I am willing to assume that the reader 
pi. : 

knows or can work out all the required results on binomial coefficients.) 

Case (c). Suppose n+l 4 pe and d, +B, <p forall i. If we 

write 

_ 2 r 
n+l = vot vyP + v2P + wee + VIP > 

with 0 < Vi <p for each i, we must have 

A; + P; = Mi ° 

But we can set, once for all, 

Yo vy V2 B 
8, B B._..- B 

1 P pf p 
r 

r 
= c(B + aB)) 

where the coefficient c is non-zero mod p; in fact, 
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ij c'c!! a 

_ (443)! 
“ail j! 

£ 
So the required formula (7.13) holds if n+i#p-.- 

Case (d). The only remaining case is that in which 

n+] = ps ize \ p-}, je hop In this case we can set, once for 
{-l 

all, 

P = - 8 ey? €6 4) + (P 1) !ap 

where age A, Then we have 

1 (p-1)! 
a... -\. om, 1? 

JS Ag Pee! 

= 1 (i4j)! 
pit j! 

f 
So the required formula (7.13) holds if n+l] =p. This completes case (ii). 

Case (iii)h A ®Z _. We first remark that a homomorphism of 

Pp 

graded rings Z@A—=+sZ @A' is equivalent to a homomorphism of 

abelian groups A—»>A!', We now proceed by induction over f, and 

assume the result true for f-l. Suppose given a homomorphism 

Q 
Qaqlh) ——— 2 i 

Pp 
and form the following diagram. 

Q 
Q, (2) Zz; 

--7 PP 
q Bo 7 q' 

_ ~ 

- 

ao HL -> Z 
n Pp 

By case {ii) the homomorphism q'Q factors in the form qq. Since T 

is free, we can factor g inthe form q'8 . Then q'(O0 -8q) « 0, and 
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so 6 - Rg mapsinto Z f-1" By the inductive hypothesis, @ - 8q 

p 
factors in the form yq. Therefore 9 =(gf+y)q. This completes the 

induction, and finishes case (iii). 

Case (iv). A is any finitely-generated abelian group. Then A 

can be written as a direct sum of groups Z and Z Fa The result 
Pp 

follows from cases (i) and (iii). 

Case (v). A is any abelian group. Let 0:0, (L)—> A bea 

homomorphism. Since Q, fb) is finitely-generated, so is the image 

of @. The result follows from case (iv). 

This completes the proof of Lemma 7.11. 

COROLLARY 7.14. The quotient map 

Qo (8) :Qay(L) —_> TL 

of (7.9) and (7.11) is an isomorphism. 

Proof. Of course, the quotient map is an epimorphism. Consider 

the following diagram. 

Z@Q,(L) >Z@Q, (L) 

1 @Q, (0) “ 

By Lemma 7.11, the identity map of Q5(L) factors through Q,_ (9). 

Therefore Q, (@) iS monomorphic, 
n 

We now prove Theorems 7.1 and 7.8. Choose in Lon an 

element t_ which projects to the generator of To We immediately 

obtain a map 

By Corollary 7. 14, Q, {a} is an isomorphism for each n, and there- 
n 
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fore q is anepimorphism. But it is obvious that the composite map 

a Q 
Zit_,t., eee pty eee) COseLe sR Zlob yb [tty n ] > [b, gree bi, woe | 

is monomorphic, since Oct is a non-zero multiple of bo modulo 

decomposables, Therefore q is an isomorphism and @ is a mono- 

morphism. This proves (7.1) and (7. 8). 

COROLLARY 7.15. Let » be any formal product defined over 
a ring S containing the rational numbers Q. Then the formal group 

with formal product 2 is isomorphic to the additive formal group (1. 4). 

Proof, We have a homomorphism 0:L -—> S carrying yh 

into p. Since S DQ, QO extends to give a homomorphism 

0:L® Q-> S. Let R be as above; then we may identify L@Q with 

R @Q,. Then the power-series 

i+] 
exply) = >> (0b.)y 

i>0d 2 

log(x) = > (Om,)x°*? 
i>0 

give the required isomorphism. 

Of course, this result is much easier than the proof we have given 

of it; and it does not need the hypothesis that the formal product 2 is 

commutative (as we are always assuming.) We have given the result to 

stress that in what follows, log and exp will always be as in the proof 

of (7,15). 
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8, QUILLEN'S THEOREM 

By Theorem 5.1 we have a map 

O':L ——> f,(MU). 

The object of this section is to prove the following results, 

THEOREM 8.1. (Milnor) F,(MU) is a polynomial algebra over 

Z on generators of dimension 2,4,6,8, .... 

THEOREM 8,2. (Quillen) The map 

O':L —> 7,,(MU) 

is an isomorphism, 

Following Milnor, we base our calculation of 7, (MU) on the 

spectral sequence 

S,t _* s 

(8. 3) Ext, (H (MU;Z ),2) => 7, _,(MU). 

Here A is the mod p Steenrod algebra, 

LEMMA 8,4, H'(MU; 4) is a free module over A/(A8A), where 

ApA is the two-sided ideal generated by the BokStein boundary 6 = Bo . 

This lemma is an absolutely standard consequence of the following 

facts. (i) A/(ABA) acts freely on the Thom class u € HO(MUZ, ). 

(ii) H(MU;Z ) is a coalgebra over A/(ABA), 

Unfortunately, we do not only need to know that H'(MU;Z,) is free 

over A/(ARA); we need to know about its base; or more precisely, we 

need the following result. 

LEMMA 8.5, Hom ,(H"(MU;Z ), zy which can be identified with 

the set of primitive elements in the comodule H,(MU;Z )), is a polynomial 

algebra on generators of dimension 2n for n>0O, n # pi-l. 

We prove (8,4) and (8.5) together, following Liulevicius. More 

precisely, let A, be the dual of A/(ABA); it is a polynomial algebra 



76 

2 16> Ea: vee Eps eee] 

with Ee of dimension 2(pt-1). Let N, be a polynomial algebra 

Z Ips % > eae 22? py’ wee | 

with one generator x, of dimension 2i whenver i # pi-l. Define a 

homomorphism 

atH,(MU;2 ) —>N,, 

by 
; f 

x, (i # p -1) 
afb.) = f 

0 (izp-l). 

Define a homomorphism from H,(MU;Z_) to A,@ N, by 
p * cas 

] H,(MU;Z,) —#. A® H,(MU3Z 1@e, ALQN, , 
where Y isthe coproduct map. Make A,®Nx intoa comodule over 

A, by giving it the coproduct map 

1 A,@N, $24 a, QA, @N,) 

Then (1Qa)w is a homomorphism of rings and a homomorphism of 

comodules over A_. 

Now, in BU(1) we have 

. Pp ¥B = FOB) + Ge OB +--+. + 1OP y- 
Pp Pp 

Soin MU we have 

@irer @b +... +1@b, 
p-l 

b “ y f E 
p-l 

We see that the map 

Ql Wa}y): QH,(MU5Z, )) > Q(A,@N,) 

is given by 

1 @x, mod 7 (i # p-1) 
QA(IBa)Wb. = ; : 

, §, @ 1 mod I (i =p -)). 
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So Q((1@ a)y) is an isomorphism, and (1@a)Y is anepimorphism. 

By counting dimensions, (1@a)¥ must be an isomorphism, 

Since the dual of A, @ N, is free, we have proved (8.4). Since 

the set of primitive elements in A, @N, is precisely N,, we have ae? 

proved (8.5) too. 

COROLLARY 8.6. In the spectral sequence (8.3), the E,-term 

s,t og 
Ext (H (MU;Z ),Z m pZp) 

js a polynomial algebra on generators x one 0,1,2,3, ... of bidegree 

s=0, t=2n (n # pi-1) 
f s=], t= 2n4] (n= p-l). 

This follows from (8.4), (8.5) by standard methods; see [12], 

It follows from (8.6) that the spectral sequence (8.3) has non- 

zero groups only in even dimensions; so the Spectra] sequence is trivial. 

In order to deduce the required results on w,(MU), we need a 

technical lemma on the convergence of the spectral sequence (8. 3). 

LEMMA 8,7. Suppose given a connected spectrum X, such that 

na (X) is finitely generated for each r and zero for r<0O, Suppose 
r 

given integers m,e. Then there exists s = s(m,e) such that any 

element in mr (%) of filtration >s inthe spectral sequence 

ext?’ "(n"(K:Z_),Z.) Sasa (X) 
A pp Ths 

is divisible by p* in om (X). 

This may be proved by the method given in my original paper [1]. 

COROLLARY 8.8. 

Zz for m=2n, n>0O 
Q (1,{MU))@z 2 P 

m * p O otherwise 

Proof, When m # 2n (n> 0) the result is trivial, so we 
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assume m-=2n, n>O. There are of course many ways of seeing that 

Q, (7, (MU)) (029) 2 has dimension at least one over Z for example, 

Q,(7,(MU)) @ Q = QMO) @Q@QFQ, 

We need to prove that Q, {t,(MU)) 8 Zo has dimension at most l. 

Let t. € 7, (MU) be an element whose class in the E,-term is 

the generator x, of (8.6). I claim that Q, ftz(MU)) @ 2. is gen- 

erated by the image of ti. in fact, let y be any element in 1, (MU), 

and let s be as in(8,7), taking m = 2n, e = 1; then (by induction over 

the filtration) we can find a polynomial ato otys eae rt) such that 

y - q(tyst p eee rt) has filtration > Ss, and so 
1 

y = Q(t rt sees at Ze oy wtP 

Since (MU) = Z, the coefficient of t| (which a priori is a poly~- 

nomial in t) must be aninteger c. We deduce that 

_ 2 
y = ct, mod I’ + pa, (MU), 

where I= ¥) (MU), That is, Q, (1,(MU)) ® Z_ is generated by 
i>0 Pp 

the image of ti This proves (8.8). 

COROLLARY 8.9. 

Zz for m =2n, n>O 
Q_r,(MU)) 2 

0 otherwise 

Proof. Q a,(MU)) isa finitely generated abelian group; use 
——_—_ ak m! 

the structure theorem for finitely generated abelian groups, plus (8. 8). 

We now consider the following diagram. 
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t 

L > (MU) 

a) h 

Z[bysbyr eee rbys eee J= H,(MU) 

Here 9 has been carefully defined so that the diagram is commutative, 

as we see by Comparing (6.6) with (7.2), (7.7). The behavior of 9 has 

been Studied in $7. 

LEMMA 8,10. The image of 

Q, (h):25,(7,(MU)) —> Q, (H,(MU)) 

is the same as the image of Q, (8) (which has been described in (7.9)). 

Proof, It is clear that Im Qo (9) c Im Q, fh): we have to prove 

{£ 
Im Q, Ch) C Im Q,n{9)- If nyl # p there is nothing to prove, If 

n+l = >, consider the canonical map 

MU —» H —-» HZ ; 
P 

call it g. The induced homomorphism 

a,cH,(MU —> (HZ_),(HZ ) 
p Pp 

clearly annihilates the image of A (M0). On the other hand, it carries 

b into the Milnor generator Er in (HZ ) (HZ ) (since both come 
n Pp Pp 

from MU(1) = BU(1)). The class €¢ remains non-zero when we pass to 

Qo, (HZ .).(HZ) = Zo So the image of Q, fh) consists at most of the 

multiples of plb |. This proves (8.10), 

Exercise, See if you can refrain from translating this proof into 

cohomology. 

We proceed to prove (8.1) and (8,2), Recall our diagram, 
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It follows from (8.9) and (8. 10) that 

Qo fh) :Q5(7,,(MU)) ——> Im QO) 

is iso. Using (7.14), we see that 

2, (OQ, (L) —> Q,(1,(MU)) 

is iso. Therefore 

O':L ——> 1,(MU) 

is epi. But by (7.8), the map 9 = hQ9' is mono; so 9! is mono, and Q 

is anisomorphism,. This proves (8.2),and (8.1) follows from (7.1). 

Taking a last look at our diagram, we conclude that the homo- 

morphism 9 studied in $7 was, up to isomorphism, the Hurewicz 

homomorphism 

h: 7,.(MU) —-> H,{(MU). 

COROLLARY 8.11. The Hurewicz homomorphism 

h: 1, (MU) —> H,.(MU) 

is @ monomorphism. 

Exercise, Deduce (8.1) directly from (8.6). 

9. COROLLARIES 

In this section we will record various results which follow from 

the results in $8, or supplement them, and are needed later. 

Recall] that the complex manifold Cp” defines an element 

[CPTM] ¢ 7 (MU). 
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LEMMA 9.1. With the notation of $7, the image of [cP”) in 

Ho ,(Mv) is (n+1)m). 

Proof. Algebraic topologists will instantly recognize the formula 

ee) 

( Sb yn} 
——, “i'n 
i= 0 

n 
of (7.5) as giving the normal Chern numbers of CP . 

We know from §8 that the map 

Tx(MU)—> 7,(MU)@ Q 

is aninjection, and we may identify 7,(MU) @Q with H,(MU) ® Q. It 

is often convenient to workin w,(MU) ® Q, and we now know that we 

lose nothing by doing so. In what follows, then, we will often regard 
n 

__H [CP"] mi =mie H, (MU) as the element nal of 7, (MU) @ Q.. If we do 

so, we have the following result. 

COROLLARY 9.2. (Miséenko [13, Appendix 1}) The logarithmic 

; MU ; 
series for the formal product yp may be written 

H MU n log x = > cP (xM0)0+1 . 
n> 0 n+1 

LEMMA 9.3. Suppose that RCS are subrings of the rationals, 

Then a map 

f:MUR —> MUS 

is determined up to homotopy by 

£2 %(MUR)—> 7,,(MUS). 

Proof, There are many variants possible; we argue as follows, 

Applying (4,2) as in the proof of (4.6), we see that { is determined up to 

homotopy by 

f£,:MUR,(MUR)—> MUR,(MUS). 

Since (MU) is torsion-free by (8.1), we see that the vertical arrows 
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of the following commutative diagram are monomorphisms, 

f,. 

MUR_ (MUR) —————> MUR, (MUS) 

MUR, (MUR)@Q ——> MUR,(MUS)®Q 

ko awe, 
T,.(MUQ)® (MUR) ———_» 7,(MUQ) @7,(MUS) 

So f is determined by ft 7,,( MUR) —> ay(MUS). This proves the 

lermma. 

Next we go back to the work of (6.8). We now know that the 

Hurewicz homomorphism 

Np! Ty,{MU)—> MU, (MU) 

is adequately described by giving 

NR@i: 1, (MU) @Q —>MU, (MU) @®e, 

and this can be done by giving its effect on the generators 

m. = m, € (MU) @Q. For this purpose we propose the following 

formula, We write M; for the generator m0 € MU, (MU), to 
H distinguish it from m= m,; 

PROPOSITION 9.4. 

; ] . . > (nam,)x - > m,( >> Mx? YT 

i>0 i>0 j>0 

Proof, Consider again the two maps 

npiMU 2 MUA S°743 5 MU a MU 
° ial 

, >MU ¥S AMU——> MUAMU 

; MU 
of (6.8). Applying them to x » we obtain two generators in 

2 (MUA MU) (cP); we call these generators xh, FR (We no longer need 

L for the Lazard ring.) Applying Lemma 6.3, we find 

(9. 5) xe = 2 pM hit} . 
i> 0 
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Passing to the inverse power-series, we find 

(9. 6) ee DD mM KAT 2 DO M (2 Ry i+), 
i> 0 j>0 

Now our log series are 

H L i+] x = loghxTM = >> (Q m.)(x”) 
: Li i>od 

H R.. R xh log x = SS (name)? 
i> 0 

So we obtain 

> (nam dix yh SS (am 2 M (x Ryn 
i> 0 i>dd 

This proves the proposition, 

10. VARIOUS FORMULAE IN 77,(MU) 

In this section we will derive various relations between different 

elements lying in 7 (MU) or 7,,(MU) ® Q. In particular, we will 

give the relationship between the coefficients 25 and Milnor's hyper- 

surfaces of type (1,1) in cp} x cp! (10.6). 

To begin with we try to anSwer various questions that might arise 

in practical] calculations, 

{) To write the coefficients m, in the log! series in terms of 

the coefficients b, in the exp! series. See (7.5). 

(ii) To write the coefficients b. in the exp! series in terms of 

the coefficients m, in the log! series. See (7.5). 

(iii) To write the coefficients 25 in terms of the b. or m. re- 

garded as elements of = 7,,(MU) ®Q. See (6.6). 

(iv) To write the b. or m,, regarded as elements of 7,(MU) @ Q, 

in terms of the a... The most convenient formula is the following. 
1j 
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-] n) = = (10. 1) [CPTM] = (n+1)m, (Cz aon 
i>d 

COROLLARY 10.2. If n>1 we have [CP"] = -a , mod decom- 
— n 

posablesin 7,(MU). 

Proof of (10.1): Take the equation 
1 . 

J) log(x + >, a x = log x + log x5 
i>V, j>l 

and equate coefficients of Xo. We obtain 

n. 1, _ (> (n+1)m_x,)( Zar) =]. 

Following Lemma 9.1, it is plausible to observe that the injection 

. n foe) . . 00 i iCP —» CP defines an element [iJ MU, (CP), and to relate 
n 

this element to those we have already studied. The element [i_] is not 
n 

MU oO . equalto 8 , because the constant map c:CP —>pt sends [i | to 
n “n 

n MU . . . . . [cp ] and 8 to 0. The required relation will be given in (10.5). 
n 

LEMMA 10.3. If n>J1, we have 

MU ; . . rere) x 0) [i ]- | in MU2 (,-1)(CP ). 

This is the sort of result which should obviously be proved 

geometrically. However, since we are proceeding homologically and not 

assuming much familiarity with the geometric approach, we check the re- 

sult by applying the homomorphism 

MU,(CPTM) —> (H MU), (CP), 

which we know to be monomorphic by (2.14), (8.11). 

The image of i] in (HA MU), (CPpTM) is 
n 

° -n-1 
> (> bd, @ p 

ptq=n_ k-«0 q 
H MU 2 where b, = b Py 7 8y: The image of x in (H AMU) (CP%) 

H Soe, 
r 
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by (6.3). The cap product of these two classes is 

Spy ta > ( > xp r @R 
ptgq=n k=0 

r 

Set q-r-1 = s; we obtain 

oe) -n-1 oo - 

varie n-] (2 °y)p °,8 Re ° 2 (2) Pi) ® 6 
This is the same as the image of [i ij 

n- 

COROLLARY 10.4. 

M ioe (r<n) 
Ur . (x yn fi] = 

0 (r>n ). 

This follows immediately, by induction over r, 

COROLLARY 10.5. 

MU 
fi j= >> [cpl in MU, (CP°). 
" rts=n s 

Proof, 

oN), Baye = 0 (eM)? LD). 
If s>n we obtain 0;if s <n we obtain aan 5! = [cpTM-*] . 

We are now ready to explain the connection between the coefficients 

25 of (2,10) and Milnor's hypersurfaces A. of type (1,1) in CP’ xcCp’, 

PROPOSITION 10.6. fH, g]= 2, a, ,[CP][CP’} 
P r+uep , 

S$4+V=q 

(I understand this formula was also obtained by Boardman.) 

COROLLARY 10.7. If ps1 and qv» 1, we have 

H za mod decomposables in 7 (MU). p> ql pP-q 
Proof of (10. 6). The construction of H > yields the following 

formula. 

[HL gl? cx (mx) Ni x fig) - 
Here c:CPTM XCP“_s pt is the constant map, and m:CPTMx cpe_scp® 
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is the product map of §2; we have 

m xMU . mu*{cpTMx cp®) 

and 

. . co ©. fx fg] € M9 1q)'OP x CPTM). 

This yields 

* MU . 
[H =<m x Pps x hi . pa PS Lg l> 

But here we have 

* MU MU,r,. MU\s 
x = x m > a (* ) ( ) 3 1 2 , 

Bi= >> joptye?, 
Ps rtu=p r 

.q= >> cep”. 
q* S4V=q s 

The result follows immediately. 

COROLLARY 10.8. 7,(MU) is generated by the elements [cPTM] 

for n>1 together with the elements Hyg! for p>l, Q>l. 

Proof. By (8. 2}, 71, (MU) is generated by the 253 but by 

(10,2) and (10.7) these coincide with the [CP”] and MH a modulo 

decomposables, 

11. MU,(MU) 

It is shown in [3, Lecture 3, pp. 56-76] that MU,(MU) may be 

considered as a Hopf algebra. We may think of MU (MU), the Novikov 

algebra of operations on MU-cohomology, as analogous to the Steenrod 

algebra; if we do so, we should think of MU,(MU) as analogous to the 

dual of the Steenrod algebra, which was studied by Milnor 11]. There is 

only one point at which we need to take care in generalizing from the 

classical case to the case of generalized homology; the Hopf algebra 
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MU, (MU) = 4,(MU AMU) is a bimodule over the ring of coefficients 

1f,({MU), because we can act either on the left-hand factor of MUAMU or 

on the right-hand factor, On this point, see [3, Lecture 3, pp. 59-60]. 

I would now advance the thesis that instead of considering MU (X) 
as a (topologised) module over the (topologised) ring MU’ (MU), we 
should consider MU, (X) as a comodule with respect to the Hopf algebra 

MU,(MU). For this purpose I propose to record the structure of MU, (MU) 

as a Hopf algebra. I would like to regard this account as superseding, to 

a large extent, the account which I gavein my earlier Chicago notes [2]. 

At this point I pause to insert various remarks intended to make 

the spectrum MUAMU seem more familiar. Some may like to think of 

it as the representing spectrum for U x U-bordism; that is, we consider 

manifolds mM”, which are given embedded in a sphere gntepted and 
whose normal bundle is given the structure of a U(p) X U(q)-bundle -- 

sayas y = Ov, With this interpretation, some of the structure 

maps to be considered are obvious ones, For example, we shall consider 

a conjugation map or canonical anti-automorphism 

c:MU,,(MU)}—> MU, (M0); 

this is induced by the usual switch map 

T:MU *MU —» MU a MU, 

which interchanges the two factors, The effect of c on M" is to leave 

the manifold alone and take the new vy to be the old and vice V2 

versa, We can easily construct Ux U-manifolds, for example, by taking 

CPTM and taking the stable classes of Vy? to be p&,qé&, where v2 

p+q =-(n+1). However, we will make no further use of this approach. 

Ialso remark that MU ”*MU is homotopy-equivalent to a wedge- 
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sum of suitable suspensions of MU. This follows from the following 

lemma, plus (4.5). 

LEMMA 11.1, Let E bea ring-spectrum. In order that E a X 

be equivalent, as a module-spectrum over E, toa wedge-sum 

V Ea gna) it is necessary and sufficient that 7 AE A X) should be a 
a 

free module over WAE). 

Proof, TA V Ea ghia), 2 > a, (E A nla), is indeed a free 
a a 

module over 7,(E). Soif E a X is equivalent, as a module-spectrum 

over E, to VJ Eso then T(E A X) is also free, 
a 

Conversely, assume that 7 (E AX) is free over 7 (E), witha 

base of elements b (E AX). Represent b by amap 
a 

eT 
a n(a) 

f .onla) 
a ——>EA X, 

and consider the map 

nq. f; \V/ Ens a EaxX 
a 

whose q-th component is 

laf pal 
na) eg Eenx SS eax, Eas 

Then f is clearly a map of module-spectra over E, and f induces an 

isomorphism of homotopy groups; sof is a homotopy equivalence, by 

Whitehead's Theorem (in the category of spectra,) 

Let us return to the structure of MU,{MU). Recall from (4. 5) that 

MU,(MU) is free as a left module over 1, (MU), with a base consisting 

of the monomials in the generators b, = an € MU,.(MU). 
Recall also from (3, p- 61] that the structure maps to be con- 

sidered are as follows. 

(i) A product map 
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Y:MU,.(MU) ® MU,(MU) —> MU,(MU). 

This is the same product in MU, (MU) that we have been using all along, 

and we do not need to give any formulae for it, because MU,(MU) is 

described in terms of this product. 

{ii) Two unit maps 

NNR? 7 .{ MU) ——> MU,(MU). 

These are induced by the maps 

MU = MUA S® —) 5 wu a MU, 
mu vs? a MU —S)_s MU AMU 

respectively, They are introduced so that left multiplication by 

a €*,(MU) is multiplication by n, (4), and right multiplication by 

a ¢ 7,(MU) is multiplication by Np (a). The map 7 sends 

a é€7,(MU) to a.1, and we do not need to give any other formula for it. 

The map Ne is essentially the Hurewicz homomorphism 

¥,,(MU) —> MU, (MU). 

It figures in the next result; to motivate it, we recall that one should 

describe the action of cohomology operations h ¢€ MU*(MU) on the ring 

of coefficients r,,(MU); compare (2, p. 19; Theorem 8,1, p. 23], 

PROPOSITION 11.2, Let E be asin [3, Lecture 3], and let 

h € E’(E). Then the effect of the cohomology operation h on the element 

» €7.(E) is given by 

hy = <HinprA>. 

This may be proved either directly from the definitions by diagram- 

chasing, or by substituting X =S°, w= (2, 4) @1 in [3, Proposition 2, 

p. 72]. 

We return to listing the structure maps to be considered, 
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(iii) A counit map 

€:MU, (MU) —_ (MU). 

This is induced by the product map 

piMU «MU —> MU. 

{iv) A canonical anti-automorphism, or conjugation map 

c:MU,(MU) —> MU,(MU). 

This is induced by the switch map 

t:MU sAMU—> MU AMU, 

as remarked above, 

(v) A diagonal or coproduct map 

y:MU, (MU) —> MU, (MU) ® 
1,.(MU) 

The maps which have not been discussed already are given by the 

MU,(MU). 

following result, 

THEOREM 11.3. (i) The homomorphism Ne is calculated in 

§6, $9, 

(ii) The map € isa map of algebras which are bimodules over 

w,(MU); it satisfies 

€(1) = 1 

£(b,) = 0 for i> l. 

(iii) The map c isa map of rings; it satisfies 

c(n, a) =n a 
L Rt (ae -a,(MU)) 

c(7 2) = Q 

and 

c{b.) =m, 
1 1 

where b. and m, are related asin (7.5). 
1 1 

(iv) The coproduct map ¥ isa map of bimodules over 7,,(MU). 
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jt is given by 

Wo StS by Bb, i+} =k h>O 

(Compare [2, p. 20, Theorem 6.3}.) 

Proof. We begin with part (ii). The formal properties of € 

are givenin [3], Instead of saying that € is induced by 

p:MU , MU —-—> MU, we may proceedas follows, Let x ¢€ MU,(MU), 

let le MU° (MU) be the class of the identity map 1:MU—> MU, and 

let <l1,x> € “i,.{MU) be their Kronecker product; then 

e(x) =< 1,x>. 

Applying the naturality of the Kronecker product to the map MU(1)—->MvU, 

we find that 

MU 
<l,b, >t <x , 8 > 

1 i+] 

0 for i>QO. 

We turn to part (iii) of (11.3). The formal properties of c are 

givenin [3]. By (9.5) we have 

L i+] xR Sy MOT 

Applying c, we find 

So cb = mv, 

We turn to part {iv) of (11.3). The formal properties of W are 

given in [3]. We begin work by determining the coproduct map 

yiMU,(CPTM)—» MU,(MU)®@ MU,(CPTM). 
7 y(MU) 

By definition, this coproduct map is the following composite: 
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MU,(CPTM) ——> (MU » MU), (CP) 
~y 

MU,,(MU) @ MU,(CP~). 
hr, (MU) 

Here the first factor can be described by adopting the notation of the 

proof of (9.4); it maps R ¢ MU, (CPTM) into e e (MU AMU), (CP), 
i i i 

The isomorphism maps the element 1@_ in the tensor-product into 
i 

Re e (MUn MU), (CPTM). By (9.5) we have 
1 

M LV i+] xe MU x) 
i>d. ? 

and therefore 

j MU,j , Lij+k (OR) = Sy bey bey 
k i>0 

Dualizing, we find 

L MU j R p= ( QU bx 7p OR 
O<j<i k>O J 

that is, 

MU j 
(11. 4) ve. = > ( >, ) 

0 < j<i k j-5 © 8; 
(Note that this formula determines the coaction map 

YiMU, (BU) —> MU,(MU) ® MU (BU) 
7,(MU) 

for the space BU.) Transferring (11.4) to MU by the 'inclusion" 

CP® = MU(1)-——> MU, we find 

j eae > S bli; © bey ; 
O< j-1<i-l 430 

wb 

which is equivalent to the result given. This completes the proof of (11.3). 

Note. Consider the subalgebra 

= Z[byibys eee by wee] 

(compare [2, p. 20, Theorem 6.3),) The product map y , diagonal 

map W and conjugation c all carry this subalgebra to itself; the counit 

restricts to give a map 
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€:S, >» Z 

such that e{i) =, e(b.) = 0 for i>1,. We conclude that the 
i 2 

restriction of c to this subalgebra must coincide with the conjugation it 

would have if considered in its own right as a Hopf algebra over Z. 

42. BEHAVIOUR OF THE BOTT MAP 

We recall that in the spectrum K, every even term is the space 

BU, and the maps between them are all the same; each is the map 

2 
B:S A BU—>BU 

adjoint to the Bott equivalence 

2 
B':BU * N BU. 

(Here 0° means the component of the base-point in the double loop- 
°o 

space 0*.) 

In order to compute E_ (BU), itis therefore desirable to compute 

B,:E (BU) —> E a2'BU): 

This will be done in (12.5), (12.6). 

We first describe the primitive elements in E,.(BU). 

We have seen that 

E,(BU) = mr (E)[R, > Bo wee Poy eee | 

with coproduct 

YR. = 2, R@R, - 

As usual, we define the Newton polynomial ox so that 
n 

k ok k_ Ak, 
Kp HX tere FH FOL o ys or wee om), 

where vv; is the i-th elementary symmetric function of XyprXge vee o& 

ok is independent of n for n>k, and then we write Qk for Qk ‘ 
~~ n 

n 
a 
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We define elements Sy e E,(BU) for k>1 by 

k $= Q (By) >P,. one »By)- 

Examples. $, = Py 

2 
- ae _2 so =F) oR, 

3 
$3 = 8) - 3B) PR, + 383 > 

PROPOSITION 12.1. The primitive elements in E,{BU) forma 

free module over 7 (E), with a base consisting of the elements 

$1) 8218ar ree - 

The proof goes precisely as in ordinary homology. 

We need two formulas about the S:. 

. n-] (12,2) S$. - PS.) +o, 2 tees + (-1) BO " 0 -lj) n = 0, 18,4! ) BO 

This is well-known. 

foo) ; foe) fo) , 

(12. 3) (Docs y= ¢ 258 2B) 
n=] s=] t=0 t 

Proof, Write (12.2) in the form 

n-] n-2 
- - s wee b = nb (-1) *n * By 1) n-] + * nel] * n 

and add over n-> ]; we find 

CO n-] co ©o 
(SD D's.) (5) 8) =D 88): 

n=] t=0 $=] 

This yields (12. 3). 

We next consider the tensor product map. We recall that the map 

BU(n) X BU(m) —-—> BU(nm) 

which classifies the ordinary tensor product of bundles does not behave 

well under the inclusion of BU{n) in BU(n+1); it is necessary to con- 

sider the product on reduced K-theory defined by the ''tensor product 

of virtual bundles of virtual dimension zero"; this is represented by a map 

t:BU an BU—»BU. 
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We calculate 

t,,:E,,(BU)® E,(BU)—> E,(BU) 

at least on the elements 6.@ B, . 

PROPOSITION 12.4. If i>0, j>0O we have 

co 

tAA.@B) = ak p (DR) (By Wh @E Z, pq k ne 0 4! 3-9 
q <3} 

k < p44 

Proof. The restriction of t to BU(l1)A BU(1) corresponds to the 

element 

(€)-e,-1) = £6, - €) - 82 +) 

in BU°(BU(1) x BU(1)). We therefore introduce the following maps. 

BU(1) X BU(1)-—_-» BU(1)-—--» BU, corresponding to a 
T 

BU(1)X BU(1) > BU(1) —» BU, corresponding to €, 
7. 

BU(1) X BU(1)-—-> BU(1) —> BU, corresponding to E> 

BU(1) x BU{(1) ss BU(1) ——» BU, corresponding to 1. 

Here % is projection onto the first factor, TM, is projection onto the 

second factor, and c is the constant map. The required element of 

BU°(BU(1) x BU(1)) can therefore be represented in the following form. 

(BU(1) x BU(1)) 4—» (BU(1) x BU)" 
£ 

BU" 
\§ 

put t_sBu, 

Here A is the iterated diagonal map; f is the map whose four com- 

ponents are the four maps given above; g is a map whose four com- 

ponents represent 1, -1, -1 and 1; and p is the iterated product map. 

We have 
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A:(8.@e .) = R&R. OB. B. Rg. 8. . Rk, B. j j 5 si At «i 1 18 i,® i,® {88 @ i® J4 
5,43, 43343, = 5 

k malP OB; ) = 2, a, + By 
k<ij4j, *V) 

4) (j, > 9) 

(72) 4(P; @B5,) “48, (i, = 0) 
0 (i, > 0) 

cla. @p;)2{ 1 iy =ig= " i@F;, 4 4 
0 (otherwise). 

and 

fee) oO -] 
(D0 > 8) -( Se). ma t k= * 

So we obtain 

= k ©O -] fee) -] 

tip@s)- 2, a. bi >*B,) ( SoA). eS ete FV Ke Li, 23 “53 
Jy43, 75 

k<ij+), 

This proves (12.4). 

PROPOSITION 12.5. The map 

B,:E(BU)-—_> EB 42(BYU) 

annihilates decomposable elements. 

Proof, We have the following.commutative diagram. 

vu ~ 2 
E (BU) cs :£ (S A BU) 

n n+2 

2 2 

E (9 BU) ——> E._(BU) 

Here the bottom horizontal map of is the appropriate double suspension; 
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and it is well-known that it annihilates products, providing the products 

in 2 (ngBU) are those induced by the loop-space product; the proof for 
ordinary homology goes over. But BU is an H-space, so the loop- 

space product Be on a(BU) is homotopic to the product Pay induced 

from the H-space product in BU. Now the periodicity isomorphism 

BUX) 2 BUS” AX) 

is an isomorphism of additive groups; this says that under 

B':BU —> 2° BU the H-space productin BU corresponds to the 
product Pas in Q *BU. So op, annihilates elements which are de- 

composable in the usual sense, 

PROPOSITION 12.6. If j>0 we have 

E t-] B,(B.) = > ui @ (-l) “Ss 
J . lr t 

rtt= jt) 
t >0 

Fo > ava tB, mod decomposables, 
r r+t = jtl : 

t> 0 

Proof. The second line follows from the first by (12.2), so we 

need only prove the first. 

~ 2 
Recall] that B, is not the canonica] generator in E_(S ); the latter 

oe E we . . ye is given by u 8, € E(S ). Since the Bott map B is the restriction of 

t to s* A BU, we have 
E . B,.(B JF tu R ® 8.) for j>0O. 

j ° 1") 
We apply (12.4), and find that the sum in (12.4) can be divided into two 

parts, one with p=] and one ‘with p =0. Inthe latter, we use the fact 

that 

1 if k=q 

oq 0 if k#q 
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We find 

E B(p) =v DB (Se, )) q+s=j “aq R,,! A= 0 
k 

E Sel 
+u - Ayo M 2ZB 

j 2=0 

The second sum is zero unless j = 0, So we can forgetit. In the first 

sum, we have 

k 
a = ka 

1q I gt] -k 

by (3.6). Writing r for q+i-k, we find 

E © -] 
B,@)=u 2D a tka MDB). 

J r+s+k=j+} g=0 ° § 

Using (12.3), we find 

E t-] B (8) =u > a. (-12) 5° 
r4t=j+] Ir 

t>0 

This proves (12.6). 

13. K,(K) 

In this section we compute the Hopf algebra K,(K). The results 

represent joint work with Mr. A.S. Harris. 

We recall from [4} that —7,(K) is the ring of finite Laurent series 

Zfuyu 1, where u ¢ 71,(K) is the element introduced in §2, By (4.1), 

K,{BU) is torsion-free. Passing to the limit along the BU-spectrum K, 

we see that K,(K) is torsion-free. Therefore the map 

K,(K) — > K,,{K)@Q 

is a monomorphism. But K,(K)@Q is the ring of finite Laurent series 

Qfuyutyv,v41, where we have written u for Ny v for Rpr- We 

propose to describe K, (K) asa subring of Qfuyu vy). It is 

sufficient to describe K(K) asa subring of K,(K)@Q = Q\u- Muy 1, 
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but we will work in full generality. 

We first observe that the operation y was originally introduced 

as an unstable operation; to make it a stable operation we need to intro- 

duce coefficients z(=). (Here z{-] is the ring of rational numbers of 

the form n/kTM.) Crudely Speaking, we cannot define a map of spectra 

K —»K by taking each component map to be y*:Bu — > BU, because 
the following diagram does not commute. 

s* a BU _*_, BU 
k 

lay k Y 
Vv 

s*, BU_2»__s BU 
We have to take the (2n)-th component of our map to be 

y*:Bu —» Buztl}. 
k k 

Here the space BuUz(z] is constructed by taking the spectrum KzZ(2] 

representing K-theory with coefficients in z{=] (see 82), converting 

itinto an Q -spectrum, and taking the (2n)-th space of this Q-spectrum, 

For any element h ¢ K, (K) we can form 

k ] < YS,h> é 1,(K) @Z[=] (k # 0). 

But if we identify h with a finite Laurent series f(u,v), as above, then 

we have 

k 
(13.1) <y ,h> = f(u,ku). 

COROLLARY 13.2. A necessary condition that a finite Laurent 

series f(u,v) lie in the image of K,(K) is 

] (13.3) f(u, ku) ¢ 7,(K) @ ZF] for k>O. 

THEOREM 13.4. (i) K_(K) may be identified with the set of 

finite Laurent series f(u,v) which satisfy (13.3). 

(ii) The product in K,(K) is the product of Laurent series. 
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(iii) The unit maps are given by 

u qf) 

iy
 

Vv. Tp 

(iv) The counit map is given by 

e({u) =u 

e(v) =u 

é(uvty) = 

eluv*) = 1, 

(v) The conjugation map is given by 

c(u) =v 

e(v) su 

c(u7ty) = uve! 

cluv7}) sully, 

(vi) The coproduct map is given by 

yAu) = u@l1 

(v) = 1@v 

yam 4) = uy lv@uly 

uv 4) = uve uv . 

The proof of (13.4) will be built up in stages. 

LEMMA 13.5. The Bott map 

K K (BU B,:K (BU) —> Ke! ) 

annihilates decomposables, and is given by 

B_B. = ul(j+1)8 + 38.) mod decomposables. nr ((j+1) jel iB.) P 

Proof. Immediate from (12.5) and (12.6); the values of the 

coefficients a come from (2.9). 

We observe that the generator in “Ty (BU) gives an element in 
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n K, (BU); we write the latter element w” (noting that the multiplication 

involved is in the sense of the tensor-~product map t:BUABU —» BU, 

and is not to be confused with our usual multiplication, which comes 

from the Whitney sum map BU X BU —— > BU.) If we regard BU as the 

2m-th term of the spectrum K, then the image of w' in Ko (BU) 
n-m 

is v'"-TM (assuming n>). 

LEMMA 13.6, In K, (BU) ® Q we have 
n 

ul wiutw-1), - (uv wen) 
P 1-2-.,.+n 

modulo decomposables in the sense of Whitney sum, where the product 

is taken in the sense of the tensor- product, 

Proof, By induction over n; for n=1 we have B = uv’ lw. 

Suppose the result true for n. Since Biw" = wt] we have 

3 ow wlut wea) oe. (uw - nay 
x(B ) ~ 1-2: .. "DO 

By (13.5) we have 

-_} -1 Boa) 7 nel (u BB o7 ng) mod decomposables 

_u wut w-1). os (uv lwen41)(u7lw-n) 
1+2+ ... ene (n+l) 

mod decomposables, 

This completes the induction and proves (13.6). 

LEMMA 13.7, The image of K.i(K) in K,(K)® Q is generated 

] over Z[u,uTM vive] by the elements 

wt vqu7 yaa) eee (ut yens1) (n = 1,2,3 ) 
1-2: ... <n vere 

-] 
Proof. Immediate, since itis generated over Z{u,u ] by the 

images of the elements 8 inthe 2m-th term of the spectrum K 
n 

(n= 1,2,3, ...3 m= 0,1,2,...). 

LEMMA 13.8. A polynomial {(x) f OX] can be written as an | 
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integral linear combination of the binomial polynomials 

x(x-1) ... (x-n+1) . 

a 
if and only if it takes integer values for x =1,2,3, .... 

The proof is a piece of standard algebra, which can be left to the 

reader, 

Proof of Theorem 13.4. The substantial part is part (i). First, 

take an element of K,(K); its image in K,(K)@Q isa finite Laurent 

series of the type described in (13.7), and f(u,ku) ¢ Z{u,u7!, 1/k] 

by (13.8). 

Conversely, take a finite Laurent series f{u,v) which satisfies 

(13.3); without loss of generality we may suppose that f is homogeneous, 

say f(u,v) = vt g(umtyy, where g(k) ¢€ z{2] for k = 1,2,3, .... The 

power to which 27! occurs in g(z) iS bounded, say by N. Also g(z) 

contains only a finite number of coefficients in Q; their denominators 

contain only a finite number of prime factors p, and each prime p 

occurs to a power which is bounded, say by M (independent of p). Then 

h(2) = 2M g(2) 
has the property that h(k) e¢ Z for k=1,2,3, ... . Infact, each prime 

p dividing k cannot occur in the denominator of h({k), by construction; 

nor can any other prime, by assumption. By Lemma 13,8, h(u~ !v) is 

an integral linear combination of binomial polynomials 

av yar ty-1) eae (a7! v-n+1) 
1-2* ... ¢n 

(n> 0). 

So f(u,v) = ud(uv-1NtM h(u7 /v) is a linear combination over Zfuutyv ty 

of these polynomials. We do not need the polynomial for n+-=0O (namely 

1) since it is a multiple over Z[uyv] of the polynomial for n= 1 
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(namely u-!v), By Lemma 13.7, f(u,v) lies in the image of K,(K). 

This proves (13. 4)(i). 

The remaining parts of (13.4) are easy. It is only necessary to 

comment on one point. In (vi), the fact that Y is a map of bimodules 

gives 

-ly oe] 
Yuo“v) =u “@v; 

but in K,(K) &®. K,(K) we have 
T,.{K) 

-1 _ cl -1 u @v=u v@u v, 

since the tensor product is taken over 7,(K) and v = Npu- Similarly 

for YAuv 1, 

14. THE HATTORI-STONG THEOREM 

In this section I will present a slight reformulation of the result 

of Hattori and Stong. (Stong proved it first, but his name creeps to the 

back for reasons of euphony--it brings a phrase or sentence to sucha 

resounuing end,) This reformulation has been used by L. Smith fis]. 

Recall from [3, Lecture 3] that for suitable spectra E, suchas 

E=K, E,(X) iS a comodule over the Hopf algebra E(E). We say that 

an element x ina comodule is primitive if Yx =1@x; we write 

PE,(X) for the subgroup of primitive elements in E,(X). One can see 

directly from the definition of wy that the Hurewicz homomorphism in 

E-homology, 

hi a ,(X)——> E,.(X), 

maps into PE (X). 

THEOREM 14.1] (after Stong [16] and Hattori (9]). The Hurewicz 

homomorphism in K-homology gives an isomorphism 
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h: -1,(MU) = PK, (MU). 

Remark. AS Soon as one knows that ,,(MU) is torsion-free, it 

is easy to show that this Hurewicz homomorphism is a monomorphism. 

For example, consider the following commutative diagram. 

1,(MU) i K,,(MU) 

h®1 
Ta(MU)® Q ———»> K,,(MU)®Q 

We have K,(MU)@Q* 7,(K) © 7,(MU) @Q; so the bottom horizontal 

map and the left-hand vertical map are both monomorphisms, 

The essential content of the theorem, then, is that it identifies the 

images of h, 

Proof of (14.1). For lack of time in writing out these notes to 

work out a direct proof, J will deduce this result from the formulation 

given by Hattori. (After all, Hattori's proof is very elegant.) Hattori 

proves precisely that if x € K,(MU) and nx € Imh for some integer 

n #0, then x eImh, It is rather easy to see that any primitive in 

K,,(MU)®@ Q lies in the image of h@1. So suppose x e€ PK,(MU); then 

by preceding sentence, x lies in Im(h@®1); that is, for some integer 

n#0O wehave nx €Imh. So by Hattori's form of the result, x €Imh, 

This proves (14. 1). 

Exercise. Deduce Hattori's form of the result from (14.1). 

15. QUILLEN'S IDEMPOTENT COHOMOLOGY OPERATIONS 

Suppose given a spectrum E and an abelian group G, It may 

happen that when we form the spectrum EG, asin §2, it splits as a sum 

or product. Examples are given in {3, Lecture 4}. In such cases, itis 
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highly desirable to have a splitting which is canonical and doesn't depend 

on any choices. I have developed this point in [3, Lecture 4]. In 

particular, I have made the rather obvious point that one should look for 

canonical idempotent cohomology ope rations, that is, idempotent maps 

€:EG —> EG. 

An important special case is that in which E = MU and G = Q) 

the integers localized at p (that is, the ring of rational numbers n/m 

with m primeto p.) In this case the possibility of splitting MUQ , was 

proved by Brown and Peterson [7], and again by Novikov [13]; but both 

methods involved choice. 

Quillen has succeeded in giving canonical idempotents 

€:MUQ —s> MUQ , {one for each p). This is profitable in two ways, 

Firstly, it means that we no longer have to construct the Brown-Peterson 

spectrum by synthesis, building it up from its homotopy groups and 

k-invariants; we can construct it by taking MUR and splitting off the 

piece we want. Secondly, we obtain a very precise hold on the Brown- 

Peterson spectrum, and can obtain information about it by passing to the 

quotient from MUQ.. This process yields good, explicit formulae. 

THEOREM 15.1. Let d>1 be aninteger, andlet RC Q bea 

subring of the rationals containing d-!, Then there isa unique map of 

ring-spectra 

e = e ;MUR—> MUR 

satisfying the following conditions. 

(i) e is idempotent: e“ =e, 

(ii) e has the following effect on w,,(MUR). 
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0 if n=-J] modd 
e[CP"] = 

[CPTM] if n# -1 mod 4d, 

Two such idempotents ey & commute, 

THEOREM 15.2. (D, Quillen [14]) Let p bea prime. Then 

there is @ unique map of ring-spectra 

&é= ¢ :MUQ __s MUQ 
Pp Pp Pp 

satisfying the following conditions, 

. os 2 
(i) £& is idempotent: € =& , 

(ii) ¢ has the following effect on 1,(MUQ)). 

n . f [CP ] if n=p-1 for some f 
e[CPTM] e 

0 otherwise, 

Proof of (15.2) from (15.1), Take 

€= |] e& 
q 

where the product ranges over all primes q # p, observing that the 

product is convergent in the filtration topology on MUQ (MU ), which 

is complete and Hausdorff. 

We turn to consider the proof of (15.1). We know from Lemma 4,5 

that so long as 1,,(E) —> 1,,(E) ® R is iso (which is certainly true 

for E = MUR), maps of ring-spectra g:MUR-—»E are in (1-1) 

correspondence with power-series 

MU E Evi+] g(x) = x) = DD dfx) 
i>0 

E with wea | <1, 4, € ={E), Assume for simplicity that uw = 1, which 
i f 

is the case in the applications. All we have to dois pick the right power- 

series, Let us consider how the choice of f will affect 

Sx: Ty(MUR)— > W,(E). 



Let us take the primitive elements 

. i 

logMUMU = > m,(xMUyi+1 m, = {cP é H,,(MU) ® Q 
. 1 i i+] * i> 0 

EE Ej log x = >, v(x )**!, say, ne 7,(E)@Q, n =). 
i>o ? 1 * ° 

. - MU 
Let us define the modified log series by 

MU MU i+ mogx = >> (aym)oc yt, 
i> 0 

E 
so that it serves to store the coefficients g,.m,. Let exp be the series 

E 
inverse to log . 

PROPOSITION 15.3. The elements gm, € T(E) ®Q are given 

by 

mog(ix®) = logTMxTM 

or equivalently 

-1 mog z = log (£ Zz). 

For our applications we need to know how to construct f given the co- 

efficients g,m,;, and the appropriate formula is as follows. 

- E COROLLARY 15.4. f'z = exp mog 2. 

Proof of (15.3), (15.4). The element 

MU_MU _ MU,i+1 log =x = mi(x -) 

o
O

 

I
 

is primitive. Therefore 

MU_MU E,i+] E Blog ox” = D> (gym,)(fx) > = mog(fx”) 
i>0 

is primitive. But the primitive elements in EQ"(cpTM) form a free 
. ELE 

module over -7 (EQ), with one generator log “x; and we check that 

mog( fx”) has first term x», so 

mog(ix”) = log’ x” . 

This proves (15. 3) and (15, 4). 
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Next suppose given a formal product p, over a ring R, and consider 

formal power-series, with zero constant term, over R. We can make 

these formal power-series into an abelian group by defining 

G +t = po,T). 

Subtraction in this abelian group will be written - . If our ring R also 

contains d7', we can divide by d in this abelian group; we write 

for the solution of 

Ts Te To wert TF (d summands), 
# p p 

If our ring R contains Q, we can write 

v +0 = exp(log o + log T). 

where expand log are as in §7. 

Proof of (15.1), Our proposal is to take 

(15.5) mog z = log z - 5 (log sb + log 5? +... + log 5 42). 

Here ae j,. tae 3 are the complex d-th roots of 1, and 

_ i+] _ [CP3] log z = > m,;2 TE 
i>o i+] 

as it Should be for MU or MUR, Itis easy to see that this power-series 

(15.5) has the coefficients g.(m.) givenin (15. 1)(ii). A priori the co- 

efficients of mogz lie in 7,(MU)®MQexp 2mi/d}. 

Applying exp to(15.5), we get 

-l_. i 
(15.6) f zee Qo? 52? aan + 5g?) 

For any Biba) weg Za we can consider 

+ eae fy p 22” *y + 5a? 

as a formal power-series with coefficients in 

TAMU) X ZED sdye eee Sa) 
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The coefficients are clearly polynomials symmetric in Se oe seed oe 

so we can write them in terms of the elementary symmetric functions 

Gs 3 eae > g;- When we substitute for Be wee Z, the complex d-th 

roots of 1, we have 

a, = 0, Tv -l d 
1 een 9 q-] 7 0 a =(-1) 

We obtain a power-series with coefficients in T.({MU). 

So (15.6) shows that cl, and hence fz, has coefficients in 

B24 MU) @ z[=]. This proves the existence of a map e:MUR-~—> MUR 

of ring-Spectra satisfying (15. 1)(ii). 

The fact that ey is idempotent follows from the fact that its effect 

on (MUR) is obviously idempotent, by Lemma 9. 3, The fact that 

two such idempotents € gr ds commute is proved in the same way. 

16. THE BROWN-PETERSON SPECTRUM 

In this section we introduce the Brown-Peterson spectrum, and 

discuss its properties, In particular, we prove the homology analogue of 

Quillen's result on the algebra BP (BP) of cohomology operations. 

We keepa prime p fixed throughout. Forany X, consider 

£.,:MUQ_(X) —> MUQTM(X), 

where €= € isasin 915, The image of é€, is a natural direct 

summand of MUQTM(X), so itis a functor turning cofibrations into exact 

sequences, It also satisfies the wedge axiom, so (by Brown's theorem in 

the category of spectra) it is a representable functor. We write BP for 

its representing spectrum, after Brown and Peterson [7], The map €& 

is a map of ring-sSpectra, so the image of &, is a cohomology functor 

with (external) products. Therefore BP is a ring-spectrurn. We have 



140 

canonical maps of ring-sSpectra which make up the following commutative 

diagram, 

MUQ, ——£__s muQ 
Pp 

ee a 
BP 

We have TW = 1:BP—-» BP. 

P 

If we were to follow Quillen's line [14], we would now copy the 

work of §15, taking E = BP, to construct a whole family of cohomology 

operations from MUQ to BP, and prove that they factor through the 

canonical projections 7 :MUQ, —» BP. 

To construct the different operations of the family, Quillen 

introduces into his work formal variables tet wee pt, ee. and con- 
n 

structs an operation 

ry MUQ —> BP(Z[t sty, «+. ot, ...]). 
n 

He then takes the components of this operation; for any sequence 

a = (O1,09+ toe 1» ...) Such that a; = Q for all but a finite number of 
a} a2 On 

i, he takes the operation r_ to be the coefficient of ty t. oo ot in ve 
a n 

it would not really give us any trouble to afflict BP with 

coefficients Z[t),to, eae rts toe iF we could construct a Moore space 

M for the graded ring Z{t,.t ,t_, ... ] by taking a wedge of grree at 

spheres of suitable dimensions, and giving it a suitable product; and then 

we could form BPAM. But since we are only trying to explain the 

direction of Quillen's work, we won't labor these details. 

. BP . . 
We give BP aclass x by using the canonical maps 

MU —> MUQ, _"_5sBP, The log function for BP is obtained by 

naturality from that for MU. Let us recall that 
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cp? - CPL. amy @ Q, i i+] 

and that m:MUQ,> BP annihilates m, unless i= pf-l. Letus 

write 

m m m etc -]’ ? 3 , 2 

P p -l p -l 
for the images of these surviving generators in T, (BP)®Q. Then we 

have 

B 2 3 

logy? x = x4m xP tm 5 xP am , xP a, 
p-1 p-l p -1 

In our present language, Quillen's method is to construct v by 

taking its modified log series to be 
2 3 

mog2z=2Z2+m zP? 4m zP +m 3 2 
pol pe-1 p-1 

2 2 3 
+ t 2? +m tPzP 4m tP zP 

1 p- 2 ) 1 
p- 

p° Pp p> + tz +m C Zz nee 

3 

+ t3 zP 

(Note how one can read off the effect of Fon 7,,(BP) @ Q from this 

display.) The reason that the coefficients in the display are introduced is 

that they represent the cheapest way to get the corresponding formal 

power-series defined over -7,,(BP); for we have 

cl, expBP mog z 
2 3 

~24 tz>4 t2P 4 t2P 4 00. 
Pol YP 2 BR 3 RB 

Here p means pPP the formal product defined over 7,(BP). 

From our present point of view, however, Quillen's formal var- 

iables t, are crying out to be located in BP, (BP). That is: for any 

element 

a 

ue Hom, (Z[t,,t,, ...], 7,(BP)) 



n : 
(say assigning the value Ww to t,t_°... t ) Quillen constructs a 

n 

cohomology operation 

> ur - 
oan: 

He then obtains each operation once and once only [14, Theorem 5{i) |, 
. . ok . 2c 

so he is asserting BP (BP) Hom, (Z[t),tz, --e], 1 ,,(BP)) 

BAS 

= Hom, (ppy'%(BP) [ty tz: eee ], n,(BP)). 

But we know we should have 

we a 
BP) =H : BP (BP) OM (BP)'BPs(BP) 1,(BP)). 

We therefore try to copy Quillen's work in homology. 

THEOREM 16.1. (i) There is a unique system of classes 

t; e BP . (BP) 
2(p'-1) 

such that te =] andin BPQ,(BP) we have 

i 

nam )2 Dom, (ty, 
p-l isj=k p-l? 

{i1) We have 

BP,,(BP) = 7,(BP)(t sto, weal] 

(This describes the product map ¥y and the map Vp? OF the structure 

asa left module over 7,(BP); the map NR oF the structureasa 

right module over 7,(BP), is given by (i).) 

(iii) The counit map is given by 

e(1) = 1 

g(t) =0 for i>. 

(iv) The conjugation is given by the following inductive formula. 
h h+i 

> mo (t,)P (ct.)P =m, . 
htitj=k p-l J p -l 

(v) The coproduct is given by the following inductive formula. 
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i pt phd 
> m : (yt yP = >» ma (t.) tae (t) . 
isje-k p-1l J htitj=k p -l 

The formula in part (i) restates that in Quillen's Theorem 4(iii) 

[14], and the formula in part (v) restates that in Quillen’s Theorem 5 

(iv) [14]. 

As for the formulae which are claimed as "inductive'', we note 

that (iv) does indeed contain the leading term ct, (take h-=0, i-=0) and 
k 

otherwise contains terms in ct; with j <k; and similarly, (v) contains 

the leading term yt (take i = 0) and otherwise contains terms in Wt. 
J 

with j<k. 

Proof of (16.1). We first prove the uniqueness clause of part (i). 

The formula 

Pp Np (m ) = > m. ({t,) 
R pe] i¢j-k p -1 J 

contains the leading term t (take i= 0) and otherwise contains terms 

in t, with j <k; So by induction, it determines the image of te in 

BPQ,(BP). But the map 

BP,,(BP) ——> BPQ, (BP) 

iS monomorphic, so the formula of part (i) characterises the tee 

The essential part is the existence clause of part (i). We first re- 

cal] the following equation from the proof of (9. 4): 

Rv i+] R 1 (16. 2) > Agim.) (x )* my ( > M, (x rd . 
1 j20 

cri Here m. = {cry € Ti, (MU) QQ, 
HRim.) ¢ MU,(MU) @Q, 

M; é MU,,(MU) is as in Proposition (9. 4), 

and the equation takes place in (MUA MUQ)_(CP~). 
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To this equation we apply the homomorphism induced by the map 

7 A T:MUAMU—>BPABP. If, for the moment, we write N, for the 

image of M; in BP, (BP), we obtain the following equation in 
i 

(BP 4 BPQ),(CPTM), 
{ . f 

(16.3) SS ngim ¢ WMP = Dim, DN GRP, 
i p-1 { p-1 joo ) 

Use the equation of (16.1)(i)., namely 

i 

ARM, F >. m 5 (t.yP 
p-l isjzk p-1/ 

to define t. (inductively) as an element of BPQ,(BP). Substituting in 

(16.3) we get 
i i4j . f 

R R,j+ Dom (t)P (x®)P = Blom , (22 N(x) 1)? 
— iL J f A J i,j p-l P-] j>0 

That is, 

BP Ro Rj Slog’ (t(x )P) = 1ogPP( SSN (x It? 
i J j>0 

BP 
Apply exp. We get 

2 3 
R Rp R,p R, p (16. 4) x *y tx ) + to(x ) +y t a(x ) 

R j+ -S Noy. 
j>0 

Here p means per, the formal product defined over 7,(BP). 

Suppose, as an inductive hypothesis, that we have shown 

t. e BP,(BP) for i>k. (The induction starts, since ty = 1.) Extract 

k 
R from (16. 4) the coefficient of (x yP . We obtain 

16.5 {(t pease gt = (1-5) tM ty K-17 N 
v pe 

Here N k lies in BP (BP); and f(t) sto, eae rt) is a polynomial in 
p -l 

tyoty, aoe toy with coefficients in T,(BP), So it liesin BP, (BP) by 

the inductive hypothesis. Therefore t liesin BP,(BP). This completes 

the induction, and proves part (i). 



We notice that (16.4) answers the obvious question: how do the 

homology generators in MU, (MU) map into BP (BP)? Thatis, the image 

Ryj+1 N, of M. in BP (BP) is the coefficient of (x in the left-hand 
j ae 

J 

side of (16.4), and this coefficient is a definite polynomial in t 1°? ene eo 

We turn to part (ii). It is clear that BP (BP) is the image under 

(7A T)y of MU,,.(MU); so itis generated, over 7, (BP), by the classes 

Nj Using the last paragraph, this means that itis generated by the 

classes te Similarly, H,(BP) is the image under 7, of H,(MU), and 

so itis 

Consider the spectral sequence 

H,(BP; 7,(BP))—> BP_(BP). 

It is trivial, because itis a direct summand of the corresponding 

k 

* 

sequence for MUQ (MUQ ); and in the E,-term, t. is equal to m 
Pp Pp p -l 

modulo decomposables, by (16.5). Therefore 

BP (BP) = n,(BP)[t),t,, wee je 

This proves part (ii). 

We turn to part (iii). It is one of the formal properties of the counit 

that €1= 1. Suppose, as an inductive hypothesis, that we have proved 

Et; =0 forO<i<k. Apply the counit € tothe formula in (16. 1){i). 

Using the fact that & Qpils and the inductive hypothesis, we find that 

m _, =m + Et . k 
p -l p -l k 

So € te 0. This completes the induction and proves part (iii). 

We turn to part (iv). Apply the conjugation map c to the formula 

in (16. 1)(i). Since Np = Hp and Co = Tp, we obtain the following 
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result, 

_ 

mF > (ARM 5 Net.) 
p-l f4j+k p-l 

Substituting for Rpm ¢ from (16. 1)(i), we find 
p-i 

h4i 

m 
pop KF De my (tb)? (ct) 

p-l h+itjsk p-l J 

This proves part (iv), 

We turn to part (v), Take the formula in (16, 1){i), and apply the 

coproduct map ¥. Taking the right-hand side first, we have 

i 

> m ; (Hey? =1® Qaim ). 
i4j=k p -l pei 

Substituting for Qaim ) from (16. 1)(i), we have 

pr-1 
f 3 

P _ Pp = m, (yt)° =1®@ = m + (t) . 
i¢j=k p-1 J t+j=k p-l 

Since the tensor-product is taken over T.(BP), acting on the left of the 

right-hand factor and on the right of the left-hand factor, this gives 

pi f 

Som, iy = DS iam, @lty?. 
itj=k p-1 ? {tj=k p-l 

Substituting for nym £ frorn (16. 1)(i), we find 
p-l 

i h 

> om, (pty? = Do my, (ty? cry? 
igjsk p-1 J htitj=k p-1 ? J 

h+i 

This proves part (v), and completes the proof of Theorem 16,1. 

17, KO,(KO) (Added May 1970) 

The results of 813 carry over to real K-theory. The material 

which follows represents joint work with R.M. Switzer. 

We write KO for the BO-spectrum. The groups KO, (KO) are 

torsion-free, so the map 



KO,,(KO)—> KO, (KO) @ Q 

is a monomorphism. By means of the complexification map 

KO —> K 

we can identify 2, KO , (KO) @®Q with a subalgebra of K_(K) QQ, 
2 - -2 namely (with the notation of §13) Qfu 2U 2 vey ]. 

THEOREM 17.1]. The map 

2 KO (KO)—> K,(K)@ Q 
4n ** n 

gives an isomorphism between 2, KO, (KO) and the set of finite Laurent 
n 

series f(u,v) which satisfy the following conditions. 

(17.2) f(-u,v) =f(wv), f(u,-v) = f(u,v). 

(17, 3) For any pair of non-zero integers h,k we have 

4 .4 2 1 f(ht, kt) e Zt ,t , 2t bk I 

Notes. (17.4). It is clear from the above that any f in the image 

of KO. (KO) satisfies (17.2). > an' KO) (17.2) 

(17.5). By using the operatim pk, as in $13, one easily 

proves that suchan f satisfies (17. 3). 

(17.6). Condition (17.3) has been written with two integers 

h,k in order to emphasize that it is invariant under the switch map 

t:KO a KO —» KO A KO, which interchanges u and v. It would 

actually be sufficient to use the special case of (17.3) in which h = l, 

Similarly, in $13 we could replace (13.3) by 

f(ht,kt) ¢ Z[t city > ? hk . 

The proof of Theorem 17.1] is similar to thatin §13, 

Since KO, (X) is a left module over 7,({KO), we have a product map 
% 

Fpp(KO) @, KO,(KO) —> KO, (KO). 
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THEOREM 17.7. This map 

Thy, KO) @, KO (KO) —_ KO _,(KO) 

iS an isomorphism, 

Thus we have 

1,2 mod 8) . Z, @, KO (KO) {m 
KO (KO) = 

0 (m = 3,5,6,7 mod 8) 

At the risk of laboring the obvious, we make the following result 

explicit. 

PROPOSITION 17.8. An element of KO (KO) lies in the kernel of 

KO (KO)—> Z, ®, KO (KO) 

if and only if the corresponding Laurent series f(u,v) satisfies the 

following condition, 

(17.9) For any pair of odd integers h,k we have 

f(h,k) ¢€ 22] . 
1 

By (17.1), this is the condition for xf to lie in the image of 

KO (KO). ) 
° 

Asin §13, the structure of KO,(KO) as a Hopf algebra is 

determined by this representation. We need the following extra information, 

PROPOSITION 17.10. The generator ge 7, (KO) satisfies 

This is immediate, since g lies in the image of 

Let 1 (S°)—> +7, (KO). 
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PART Il 

STABLE HOMOTOPY AND GENERALISED HOMOLOGY 





1. INTRODUCTION 

These notes, prepared by R. Ming, are based ona course ] gave 

at the University of Chicago in the spring of 1971. I propose to construct 

a stable homotopy category equivalent to Boardman's, but whose con- 

struction will be accessible to those without a specialized knowledge of 

category theory. I will then formulate a number of classical topics in 

this framework, and finally present some new applications. 

First I have to explain the meaning of the word "stable" in alge- 

braic topology. We say that some phenomenon is stable, if it can occur 

in any dimension, or in any sufficiently large dimension, and if it occurs 

in essentially the same way independent of dimension, provided perhaps 

that the dimension is sufficiently large. 

Example (a). We can consider the homotopy groups of spheres, 

Ty (S"). We have the suspension homomorphism. 
nvr 

n n+1 
» —— . E: eS) ) TT {5 ) 

The Freudenthal suspension theorem says that this homomorphism is an 

Le rr . 
isomorphism for n>rt+i, For example, mae } is isomorphic to 

n 
Z5 for n>2, The groups T Oar (S.) {n> r+1) are called the stable 

homotopy groups of spheres. 

123 
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More generally, let K and Y be two CW-complexes with base- 

point. When we mention a CW-complex with base-point, we will always 

assume that the base-point is a O-cell. By [X,Y] we will mean the set 

of homotopy classes of maps from X to Y; here maps and homotopies 

are required to preserve the base-point. The product W x X of two 

CW-complexes will always be taken with the CW-topology. The smash- 

product Wa X of two CW-complexes with base-point is defined, as 

usual, by 

WAX =Wx X/Wv X. 

The suspension SX of a CW-complex with base-point is to be the 

reduced suspension, either sth X or Xa s}, whichever suits our sign 

conventions better when we come to use it. Of course the two are 

homeomorphic, If f:X —> Y is a map between CW-complexes with 

base-point, its suspension Sf is to be la fs! AxX—> s} A Y (or 

fAMKA 5} — > Ya 5}, Suspension defines a function 

s:[x, y] —~> [sx,Sy]. 

Theorem 1.1. Suppose that Y is (n-])-connected. Then S is 

onto if dim X < 2n-] andisa 1-1 correspondence if dim X <2n-1. 

({14], p. 458). 

Under these circumstances we call an element of Ix, y] a stable 

homotopy class of maps. 

Example (b). We consider the notion of a cohomology operation. 

Such an operation is a natural transformation 

~:H (X, Yjn) —> HW” (X, Y;G). 

Here n,m,7 and G are fixed. In other words, 94 is a function de- 
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fined on HX, Y37) and taking values in HTM (x, Y;G), subject to one 

axiom only: if f:X,Y —> X',Y' and heH'(X', Y';n) then 

@f h) = £ (gh). 
By contrast, a stable cohomology operation is a collection of coho- 

mology operations, say 

tH (X, Yi) —> HX, YG). 

Here n runs over Z, while d,TM and G are fixed. Each 9, is 

required to be a natural, as above. But also we require that the follow- 

ing diagram be commutative for each n, 

6 HTM(Y, Z3n) > lx, y5n) 
vo Mn+] 

6 Hy 2;G) > HOtdtlix vig) 

That is, we require » to commute with 6 as wellas a 

For an example, take TTM=G= Zo, and let Po be the Steenrod 

square sq’. 

So a stable cohomology operation is something which can be applied 

in any dimension. Given a cohomology operation 

p:HTM(X, Yin) —> HTM(X, Y;G) 

it need not appear as the n-th term of any stable cohomology operation. 

(For more on cohomology operations, see for example f11], [15] 

and [14] pp. 429-430.) 

To do algebraic topology, it is rather important to be able to dis- 

tinguish between unstable problems, which arise in some definite 

dimension, and stable problems, which arise in any sufficiently large 

dimension. We have actually come quite a long way since Eilenberg said, 

"We can distinguish two cases--the stable case andthe interesting case." 
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Sometimes we solve an unstable problem first and uSe the result to 

solve a stable problem. For example, one might begin by proving 

7,(S) = Z (unstable) and then go on to deduce that m4 (8) = Zz, for 

n>2 (stable). More usually, however, we face some geometrical 

problem which looks like an unstable problem, but we reduce it toa 

stable problem and then solve the stable problem. 

-1 For example, we might consider the problem, "Is s” an 

H-space?"' Examples: for n=4, s? is an H-space; for n=6, s° 

is not. This problem is unstable. However, one way to solve the 

problem is to reduce it to the following one. "Assuming m >n, is there 

a complex X= Ss” U enTM in which 

Sq: (XiZ,) > H"(%GZ,,) 
is non-zero?" This problem is stable; fora given n the answer is 

independent of m, provided m>n. But this problem is equivalent to 

the former one. 

Another case arises in cobordism theory. Here, for example, one 

might want to take compact oriented smooth manifolds, of dimension n, 

without boundary, and classify them under a certain equivalence relation 

to get a group QO The problem would be to find the structure of 1. 

The problem as stated is not yet in the form of a homotopy problem, but 

it appears to be unstable--there is one problem for each n. However, 

René Thom reduced the problem to a homotopy problem, and found it 

was a problem of stable homotopy theory. More precisely, he intro- 

duced the Thom complex MSO(n), and he gave an important construction 

which yields an isomorphism 

2. = 7 4 (MSO(n)) (n> r#1). 
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The computation of T 4p MSO(n)) is a stable problem, which was begun 

by Thom, continued by Milnor and completed by Wall. (A suitable refer- 

ence on cobordism is Stong 16].) 

Now of course to solve stable problems, or to compute groups such 

as x,y] or Tey (MSO(n)), we need computable invariants. In the 

first instance this means homology and cohomology, but we could certain- 

ly agree to go as far as generalized homology and cohomology theories. 

I will suppose it known that a generalized homology or cohomology theory 

isa functor Ky, or K* which satisfies the first six axioms of 

Filenberg-Steenrod [6], but not necessarily the seventh, the dimension 

axiom. I will suppose it known that the material in Eilenberg-Steenrod 

Chapter ] carries over to this situation. For example, if X is a space 

with base-point one can define reduced groups K, (3), K(x); and one 

can define a suspension isomorphism 

K (x) #4) (SX) 

K(x) 2K isx). 

This already tells us that the study of generalized homology and 

cohomology is part of stable homotopy theory. At least, what I said is 

true if you consider K,(X) or K(x) as an additive group; if you 

started to use products, or unstable cohomology operations, you would 

get outside the realm of stable homotopy theory. 

To go on with Eilenberg-Steenrod Chapter 1, we have Mayer- 

Vietoris sequences 

see > KY(UNV) —> K,(U) @ K,(V) —> K,(UUV) —... 

2. > K"(U UV) K (U) @K (vy) > K*(UNW)—... . 

Also we have the Atiyah-Hirzebruch spectral sequence, which was really 
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invented by G.W. Whitehead but not published by him: 

H,(X5K, (pt. )) => K,(X) 

H”(X;K (pt.)) => K(X) . 

This spectral sequence replaces the Eilenberg-Steenrod uniqueness 

theorem when we go from the ordinary to the generalized case. The 

Atiyah-Hirzebruch spectral sequence emphasizes that before computing, 

we need to know the coefficient groups K,(pt.) and K' (pt. ). 

At this point I should give some motivation for some of the topics 

to be considered. One of these we will treat in some detail is that of 

products; they may not be part of stable homotopy theory, but they have 

numerous applications. For example, suppose we wanted to take the 

classical results on duality in manifolds, and carry them over to the 

generalized case. We would proceed like this, 

"Let X bea topological manifold; I don't care whether it is com- 

pact or not, but let us assume it has no boundary." (If it starts witha 

boundary I add an open collar, which doesn't change the homology and 

gives a non-compact manifold without boundary.) ''Suppose that X is 

orientable with respect to E, where E isa ring-spectrum. Let K,L 

be a compact pair in X, and assume that F is a module-spectrurr over 

E. Then a certain homomorphism (which has to be described) is an 

isomorphism 

F ACL, CK) —> F'"(K,L), 

where n is the dimension of the orientation class.'' (The homology on 

the left is the singular homology associated with F, the cohomology on 

the right is of the Cech type.) 
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Theorems of this sort were introduced by G. W. Whitehead in his 

well-known paper on generalized homology theories [17], but unfortun- 

ately he did not go quite as far as the result I have stated. To prove 

this result one follows a simple recipe: take the treatment in Spanier 

and do it all over again, with ordinary homology replaced by generalized 

homology. 

For this purpose, of course, one needs products, asinthe ordinary 

case. Indeed, the duality map is defined by a product. There are four 

basic external products: an external product in homology, an external 

product in cohomology, and two slant products. Frorr this one gets two 

internal products, the cup product and the cap product. There is also 

the Kronecker product, which can be obtained as a special case of either 

slant product or the cap product. 

Of course one needs to know the formal properties of the products. 

For example, the four external products satisfy eight associativity 

formulae. I do not know a good source in print where they are collected 

and numbered 1 to 8. Again, when you prove the duality theorem for 

manifolds, you need to know that the duality homomorphism commutes 

{up to sign) with boundary maps, So you need to know the properties of the 

products with respect to boundary maps. Again] know of no good 

source in print; Eilenberg-Steenrod volume I] is not out yet. 

Once you have all the material about duality in manifolds, you can 

have a certain amount of fun. For example, there is a formula for 

computing the index of a compact oriented manifold. It says that you take 

a certain characteristic class of the tangent bundle 7 and evaluate it 

on the fundamental homology class. Now, you may think 1 mean 
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Hirzebruch's formula in ordinary homology, but I don't; I mean the 

analogue in complex K-theory. If M is an almost-complex manifold, it 

has a fundamental class [M]. in K-homology, and its tangent bundle 7 

has a characteristic class P3(P) in K-cohomology, and we can form 

their Kronecker product <p2(7), [M] > . Then we have 

Index (M) = <p,(7),[M] > - 

In ordinary cohomology, one uses not only products, but also coho- 

mology operations. For example, suppose that X and Y are finite com- 

plexes, and that we want to study the stable groups 

Lim [s®tTMx,s"y]. 
n-—>oo 

There is a recipe which goes as follows. Form ATOZ) and AM (Yiz 
and consider them as modules over the mod p Steenrod algebra A, that 

is, the algebra of stable operations on mod p cohomology. Form 

Ext, (AH (Viz ), AMZ, )) . 

Then there is a spectral sequence with this E ,-term and converging to 

the stable group above, at least if one ignores q-torsion for q prime 

to p. People seem to call this the Adams spectral sequence, sol 

suppose I had better do so too. This was the way Milnor computed n,(MU). 

At one time I used to make the point that one ought to take this 

spectral sequence and replace mod p cohomology by a generalized coho- 

mology theory; but the first person to do so successfully was Novikov, 

who took complex cobordism, MU”. In these notes I have developed the 

spectral sequence in sufficient generality so as to include spectral se- 

quences constructed from a number of commonly used theories, using 

homology instead of cohomology for reasons which will become apparent 
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in $16. 

Recently Anderson has been considering the Adams spectral se- 

quence (for computing stable homotopy groups of spheres) based on bu, 

the connective BU-spectrum, and Mahowald has proved various results, 

including one on the image of the J-homomorphism, by considering a 

similar construction based on bo, the connective BO-spectrum. J have 

reproved some of their results. The calculations to be given here give 

a sample application of the Adams spectral sequence, as well as giving 

some of the information needed to use these spectral sequences based 

on bu and bo, 

2. SPECTRA 

The notion of a spectrum is due to Lima [7]. It is generally 

supposed that G.W. Whitehead also had something to do with it, but the 

latter takes a modest attitude about that. 

By definition, a spectrum E is a sequence of spaces ED with 

basepoint, provided with structure maps, either 

€,:SE,—> E+] 

f. €,:E, > QE n+] . 

Of course giving a map €, is equivalent to giving a map ey as S and 

Q are adjoint. There is one other variant; if we choose to work with 

connected spaces, then EL will automatically map into Noe n+l? where 

Q. is the component of the base-point in 9; we might prefer to write 
° 

t. eve OOF +H . 
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The index n may run over the integers or over {0,1,2,3, ...f. 

Examples will appear in a moment. 

The notion of a spectrum is very natural if one starts from coho- 

a 

mology theory. Let K bea generalized cohomology theory, defined 

on CW pairs. We have 

n n K(X) = K"(X, pt.) + K (pt), 
rn Bd : : and so define K(X) = K"(X, pt. ). Weassume that K Satisfies the 

wedge axiom of Milnor and Brown. More precisely, let xe (a € A) be 

CW-complexes with base-point, and let 1 ka Vx be the inclusion 
of one summand in the wedge-sum. This induces 

* nA V Dey 
iy 1K ( ¥ %q)—> K ale 

Let 

mn mh aK Vx )—> TT K%X,) 
a % aeA * 

6 
be the homomorphism with components i,. We assume that @ is an 

isomorphism (for all choices of {xf and n.) 

We can now apply the representability theorem of E.H. Brown 

[4]. We see that there exist connected CW-complexes BE. with base- 

point and natural equivalences 

K(x) 2 {x, BE). 

(Here X runs over connected CW-complexes with base-point.) So we 

obtain a collection of spaces E, (mn eZ). However, a cohomology 

theory does not consist only of functors K"; they are connected by co- 

boundary maps. If we divert attention from the relative groups K(X, Y)} 

to reduced groups K(X), we should divert attention from the coboundary 
maps 4 to the suspension isomorphisms 
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~— ~ 

ok = > KP Fl gy), 
Here SX is considered as the union of two cones CX and C'X over 

the same copy of X. The suspension isomorphism is defined as 

K(X, pt.) ——> KTM* cx, x) 
Tlie excision 

g KTM*isx, Cx) 

{IR (C'X contractible) 
KTM* 1 sx, pt.) 

The map 6 is the coboundary for the exact sequence of the triple 

(CX,X,pt.}). The vertical isomorphism is also induced by the collapsing 

map (CX,X) —~> (SX,pt.). 

We now observe that we have the following natural equivalences, at 

least if X is connected. 

[x, E,] 2 K(x) & K7*)(Sx) 

N
e (sx, E41] % (X,0,,E,4,]. 

This natural equivalence must be induced by a weak equivalence 

tr. c,' ad QE a4] ‘. 
So our sequence of spaces becomes a spectrum, 

It is usual to make the following definition. A spectrum E is an 

- - . 1. 1 1 O-spectrum (resp. A -spectrum) if e): EB OE 4] (resp.. QE 

is a weak equivalence for each n. So we have constructed an 27 

spectrum. 

These considerations also show us how to construct a CW-complex 

FO (with base-point) and a natural equivalence [x, F. 1} = KTM(X) valid 

whether X is connected or not. In fact, we have only to take Fo 

weakly equivalent to ME.,). Then we have 
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co. 
+1 ~ K(x) 2K" (sx) ¥ [sx,E.,)] "

 

[x,0E, J 2 oF . ie
 

As before, we have the following natural equivalences. 

¥ onl n ~ (x,F ] #K (x) =K (SX) 

= |SxX,F = 1X,OF [ nt [ nat] 
This time we conclude that this natural equivalence must be induced by 

a weak homotopy equivalence 

Py’ Fy —_? OF +1 ° 
We have constructed an Q-spectrum. 

Sr 

Example 2.1. Take K to be ordinary cohomology; 

KTM(X, Y) = HTMX,Y;n). The corresponding spectrum E is the Eilenberg- 
th . . 

Mac.Lane spectrum for the group 1; then space is the Eilenberg- 

Mac Lane space of type (",n). Thatis, we have 
qT {r =n) ne,) = (5%.2,] 2st = | S 

ron n 0 (r#n). 

* 
Example 2.2. Take K_ to be complex K-theory. The corresponding 

spectrum is called the BU-spectrum. Each even term Eon is the space 

BU, or ZX BU, depending on whether you choose to work with connected 

spaces or not. Each odd term Font+] is the space U. 

Similarly, we can take KTM to be real K-theory. The correspond- 

ing spectrum is called the BO-spectrum. Every eighthterm Eg, is the 

space BO, or ZX BO, depending on whether you choose to work with 

connected spaces or not. Eachterm E is the space BSp. 
8n+4 

Of course, not all spectra are (!-spectra, 
n 

S xX {n > 0) 

Example 2.3. Given a CW-complex X, let E = with 
pt {n <0) 
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the obvious maps. We might define a spectrum F to be a suspension 

spectrum or S-spectrum if 

9: SF! Fis) 

is a weak homotopy equivalence for n sufficiently large. Then this 

spectrum E would be an S-spectrum, but usually not an {-spectrum. 

E is called the suspension spectrum of X. In particular, the sphere 

spectrum S is the suspension spectrum of S°; it has nh term §" for 

n>0, 

Example 2.4. Let MO({n) be the Thom complex of the universal n-plane 

bundle Bn over BO(n). Then the Whitney sum a ®1 admits a bundle 

map to endl (Here 1] means the trivial line bundle.) The Thom 

complex of Bh ®1 is MO(n)a s! and the Thom complex of Sat] is 

MO(n41); so we get a map MO(n) rn Si—> MO(n+1). The Thom spectrum 

MO is the spectrum in which the nth Space is MO(n) and the maps are 

the ones just indicated. 

Similar remarks apply to the Thom spectra MSO, MSpin, MU, 

MSU and MSp. However, MU(n) is the 2n" term of the spectrum 

MU, the (2n41)th term being MUj(n) a s} (because in the complex case 

we have M(1l) = s*%) Similarly for MSU. For MSp, the term Eante 

is MSp(n), S° for ¢€=0,1,2,3. 

These spectra arise in cobordism theory, as 1 said before. 

We now define the homotopy groups of a spectrum. These are 

really stable homotopy groups. We have the following homomorphisms. 

(e,)» 
(Ey) —> typ 4)(SEqey) “h+r ntr+)(En4+)) 

We define 

T(E) * Po MtrlEy)i 
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here the homomorphisms of the direct system are those displayed above. 

If E isan Q-spectrum or an {Q,-spectrum, then the homomorphism 

Trl Ey) —> Tort) !Eney) 
is an isomorphism for n+r >]; the direct limit is attained, and we have 

mE) = 7 len) for ntr> 1. 

Thus, in Example 2.],. The Eilenberg-Mac Lanespectrum, we have 

nm (r=0) 

TOA E) = 

0 (r#0) 

In Example 2.2, the BU-spectrum, we have 

Z {r even) 

7 (E) = 
0 (r odd) 

by the Bott periodicity theorem. For the BO-spectrum we have 

r=0Q ] 2 3 4 5 6 7 8 mod 8 

i N
 

N
 

N
 

m7 (E) o 2 0 0 0 Z 

by Bott periodicty again. 

In Example 2.3 we have 

s"X (n> 0) 
E = 

” pt. (n<0), 

so that 

(S°X) . 7 (E) = Je “ht 
The limit is attained for n>r+l. The homotopy groups of E are the 

stable homotopy groups of X,. 

In Example 2.4 the homotopy groups of the spectrum MO are pre- 

cisely those which arise in Thom's work, namely 

1 (MO) = BE Th 47(MO(n)) . 

The limit is attained for n> r+]. Similarly for the other Thom spectra. 
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In general, there is no reason why the limit lim m_, (E_) should 
n—>o ntr'-n 

be attained. Exercise: Construct a counterexample. 

Similarly, of course, we can define relative homotopy groups. To 

do so we need subobjects. Let X bea spectrum; then a subspectrum 

A of X consists of subspaces ALS xo such that the structure map 

ay SxX_—> Xe} maps SA, into AL Of course we take En ISA, as +)" 

the structure map a, for A. And if we think in terms of maps 

hes _> y i Q E n: x. OX ep? we ask that §& n Maps AL into Ane 

In fact we want to define not only relative homotopy groups, but 

also boundary homomorphisms. For this purpose we want the exact 

homotopy sequences of the pairs (x AL) and (Xp Aney) to fit into 

the following commutative diagram. 

: : a : 

vee Pa lAy) Thr '% y) Tarl% Ay) " 
| | | 

—_ > 
eee TM ee Ant) > Marg (Rpt) > srg Sng Ape) > Mn rlAna) > 

tra jlAn) 

But here we must be careful of the signs. If gE TM= gm then with the 
usual conventions, 

a(sta ETM) = -Stn aETM ana a(eTMa sly =sTM), g), 

So at this point we prefer to interpret SX n 38 XWA s}, as is done in 

Puppe's paper on stable homotopy theory. With this convention, the 

ladder diagram commutes; we can define 

T(X, A) = am TharlSn Ay) . 
and we obtain our exact homotopy sequence 

oe. > 1,,(A) ——> 1, (X)—> 1, {%,A)—> 1, (A)—> ... - 

We have seen how to associate a spectrum to a generalised coho- 

mology theory. The converse is also possible withany Spectrum E we 
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can associate a generalized homology theory and a generalized cohomol- 

ogy theory. This is due to G.W. Whitehead, ina celebrated paper [17]. 

I'll get back to this later. If we have a spectrum E, it is very conven- 

ient to write E, and E* for this associated homology and cohomology 

theories. I will also reverse this. Ordinary homology and cohomology 

(with Z coefficients) are always written H H"; therefore, H will * 

mean the Eilenberg-MacLane spectrum for the group Z. (For coeffic- 

ients ina group G, we write HG.) This frees the letter K for other 

uses. Classical complex K-theory is always written K"; therefore, K 

will mean the BU-spectrum. This is fine, because I would anyway need 

notation to distinguish the space BU from the BU-spectrum. Similarly, 

we write KO for the BO-spectrum. 

The coefficient groups of the theories E,, E will be given by 

E (pt) = EB“ (pt) = 7(E). 

I take it that in Chicago ] need not make propaganda for taking 

spectra as the objects of a category. For one thing only, I would like to 

define the E~cohomology of the spectrum X, in dimension 0, to be 

E(x) =[x,E], 

the set of morphisms from X to E in our category. (Morphisms will 

correspond to homotopy classes of maps.) In fact J would like to go 

further and construct a graded category, so that we can define 

E'(x) = [X,E]_, 

(morphisms which lower dimension by 1). 

Next I must explain why one would want to introduce smash products 

of spectra. First, we would like to define the E-~homology of the 

spectrum X to be 
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E (X) =n (EaX)=|S,EaxX]. 
r r r 

Secondly, we would like to introduce products, for example, cup-products 

in cohomology. In order to define cup-products in ordinary cohomology, 

say 

HTM(X;A) @ HTM(X;B) —> H” TM(x;c) 
we needa pairing A @®B-— > C. George Whitehead wanted to introduce 

cup-products in generalized cohomology 

E'(X) OFX) —> GTMTMx) 
and he found he needed a pairing of spectra from E and F to G. Now 

it would be very nice if a pairing of spectra were just a morphism 

p: EnaF —>G 

in our category. Thirdly, for example, we might want to restate a 

result of R. Wood inthe form KO a cp* > K. 
When we come to undertake a complicated piece of work, the con- 

venience of having available smash products of spectra is so great that 

I, for one, would hate to do without it. 

Now let me get on and define my category. 

Isay E is a CW-spectrum if 

{i) the terms ED are CW-complexes with base-point, and 

{ii) each map €,! SE, —> Ent] is an isomorphism from SE. to a sub- 

complex of Eval 

Notes. (i) There is no essential loss of generality in restricting 

to CW-spectra. (See the exercise after 3.12 or the discussion of the 

telescope functor in $4.) 

(ii) An isomorphism between CW-complexes is a homeomorphism 

h such that h and h7) are cellular. The CW structure on SE. is the 
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Obvious one on ELA s}, where s! is regarded as a CW-complex with 

one Q-cell and one ]-cell. Thus SE. has a base~point and one cell Sc, 

for each cell c of E, other than the base~-point. 
a 

{ii1) It would be possible to identify SE, with its image under en 

and so suppose SE c Eat): Sometimes it may be convenient to speak 

in this way. On the whole, it seems best to leave the definition as I've 

given it. 

The ideas which come next are introduced to help in defining the 

morphisms of our category. 

A subspectrum A ofa CW-spectrum E will be a subspectrum as 

defined above, with the added condition that AL Cc xy be a subcomplex 

for each n. 

Let E bea CW-spectrum, E!' a subspectrum of E. We say E'! 

is cofinal in E (Boardman says dense) if for each n and each finite sub-~ 

complex KCE, there is an m (depending on n and K) such that 

STMK maps into EB ntn under the obvious map 

m see m-1l e +n-] SE ~————-> Ss" “E ..—>...-—?SE minis pb 
n n+) m+t+n-] m +n’ 

The essential point is that each cell in each ED gets into E! after 

enough suspensions. I said that m depends on n and K, but there is 

no need to suppose that it does so in any particular way. 

The construction of our category is in several steps. In particular, 

we will distinguish between ''functions'', ''maps'' and "morphisms". 

A function f{ from one spectrum E to another F, and of degree 

r, is a sequence of maps f iad Per such that the following 

diagrams are strictly commutative for each n. 
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En n 

SEO El ED POEL 
Sf [fon or equivalently { Of) 

Sher ener 
SPuer n-rtl Puer OF ert) 

Notes. {i) The diagrams are to be strcitly commutative. If we 

allowed the diagrams to be commutative up to homotopy, then to make 

any further construction we would need to know what the homotopies were, 

so we would have to take the homotopies as part of the given structure of 

a function. It seems better to proceed as I said. 

{i1) Composition of functions is done in the obvious way, and we 

have identity functions. 

(iii) If E' is a subspectrum of E, the injection i of E' in E 

is a function in good standing, Restriction of functions from E to E' 

is the same as composition with i. 

{iv) For graded functions, it is convenient if n runs over Z. 

{v) The details of the grading are cooked up so that in the end we 

get 7 (F) = [s,F]. . 

If E isa CW-spectrum and F is anQ-spectrum, then the 

functions from E to F are usable as they stand. Butis is convenient 

to deal with spectra which are not Q-spectra, and then there are examples 

to show that there are not enough functions todo what we want. 

For one example, consider the Hopf map sil» s*. We would 

like to have a corresponding function S—>S of degree 1. But there 

are no candidates for the maps sli—> s°, or S*—> st required to 

make a function. 

For another example, take two spectra with 
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nN 

Fo=S . 
n 

We would like to have a function from E to F whose component from 

n+4k-l to Ss” isa generator for the image of J inthe stable (4k-1)- S 

stem. But there is no single value of n for which all the requisite maps 

exist as maps into S"; we have to concede that for the different cells of 

E the maps come into existence for different values of n, 

So we need the following construction. Let E be a CW-spectrum 

and F a spectrum. Take all cofinal subspectra E'C E and all 

functions f': E'—> F. Say that two functions f': E'—>F and 

f': E'!' —» F are equivalent if there is a cofinal subspectrum E''' con- 

tained in E' and E" such that the restrictions of f' and f!' to E!"! 

coincide. (Check that this is an equivalence relation.) 

Definition. A mapfrom E to F is an equivalence class of such 

functions. 

This amounts to saying that if you have a cell c in Eo a map 

need not be defined on it at once; you can wait till E,4, before defining 
n 

the map on Sc, The slogan is, "cells now--maps later." 

Notes. (i) In order to prove that the relation is an equivalence 

relation, we use the following lemma. 

Lemma 2.5. If E’ and E'' are cofinal subspectra of E, then so 

is E'nN E"" 

The proof is trivial. 

(ii) It would amount to the same to say that two functions 

f{': E'—> F, f': E''—~F are equivalent if their restrictions to 

E'fM E*' coincide. This comes from the following fact: if g,h: K—L 
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Let E,F,G be spectra, of which E and F are CW-spectra. 

Then we define composition of maps by composition of representatives, 

choosing representatives for which composition is defined. For this 

purpose we need the followmg lemma. 

Lemma 2.6. (i) Let f: E—»F bea function, and F' a cofinal 

subspectrum of F. Then there is a cofinal subspectrum E' of E such 

that { maps E' into F'. 

{ii) If E' is a cofinal subspectrum of E, and E"' is a cofinal 

subspectrum of E', then E' is a cofinal subspectrum of E. 

The proof is trivial. 

Restriction of maps is done by cOmposition with the inclusion map, 

which is the class of the inclusion function, 

We can piece maps together in the usual way. Let E be a CW- 

spectrum, and U,V subspectra of E. 

Lemma 2.7. Let u:U-—*»F, v:V—~>F be maps whose re- 

strictions to UV are equal. Then there exists one and only one map 

w: UU V->F whose restrictions to U and V are u and v 

respectively. 

The proof is easy. 

A morphism in our category will be a homotopy class of maps, and 

a "homotopy" will be a map of a cylinder, just as in ordinary topology. 

So we begin by defining cylinders. Let a be the union of the unit inter- 

val and a disjoint base-point. If E is a spectrum, we define the 

cylinder spectrum Cyl({E) to have terms 

(CyM(E)) =D AE 
n 
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and maps 

lae 
+ ] n + 

———_—————_> (I AE DAS Tak. 1° 

The cylinder spectrum is a functor: a map f: E—>F induces a map 

Cyl(f): Cyl(E) —> Cyl(F) in the obvious way. We have obvious injection 

functions 

iii ory? E> Cyl) , 

corresponding to the two ends of the cylinder, These are natural for 

maps of E, The other properties of the cylinder are as usual, and they 

are too obvious to list. 

We say that two maps 

{,,f.: E—?> F 
0’*)] 

are homotopic if there is a map 

h: Cyl{E)—> F 

such that fo = hig, fy = hi). 

Homotopy is an equivalent relation. If E,F are spectra, with E 

a CW-spectrum, we write [E,F] for the set of homotopy classes of 

maps of degree r from E to F., Composition passes to homotopy 

classes, as in the usual case. 

The category in which we propose to work is as follows. The 

objects are the CW-spectra. The morphisms of degree r are homotopy 

classes of maps of degree r. 

Notes. (i) Let X be a CW-spectrum consisting of xX neZ. 

xo (n > 0) 
Define X' by xi = - Then X! is cofinalin X, and 

pt. {(n <0) 

therefore equivalent to X in our category. For this reason it doesn't 

really make any difference whether we consider spectra indexed with 
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neZ or with ne {0,1,2, »e ef . 

(ii) Since we have our objects and maps open to direct inspection, 

we have no trouble elaborating these definitions. For example, suppose 

given a CW-spectrum X witha subspectrum A, and another spectrum 

Y with a subspectrum B. Then I have no trouble in defining 

[X,A;Y,B]. 

To define maps f: X,A—>Y,B we consider functions f': X',A'——> Y,B 

where X' is cofinalin X, A'C X! and A! is cofinalin A. Two such, 

£-X', A'—+> Y,B and f': X", A'' —> Y,B are defined to be equivalent 

if there exist X'", A'' such that f'kK', ATM=f"[kK"', A", A map 

f: X,A—~>Y,B is an equivalence class of such functions. I can define 

homotopies 

Cyl(X), Cyl{A)—~> Y,B 

andthe elements of [X,A;Y,B] are homotopy classes of maps. 

As long as we deal entirely with CW-spectra we can restrict 

attention to functions whose components ti ET? Fer are cellular 

maps. A construction in these terms leads to the same sets [E, Fl. 

The proof is left as an exercise. 

In order to validate our category we give one small result. Let K 

be a finite CW-complex, and let E be its suspension spectrum, so that 

be = S§"K for n>0. Let F be any spectrum. 

Proposition 2.8. We have 

_ jy: n+r [E, F] = jim Is K,F J . 

In particular, 

[s,F] = nF). 



146 

+ 

Proof. For any map f: se tK > Fa we can define a corres~ 

ponding map between spectra by taking its component on Eetr to be 

+ f: s" K—> Fi the higher components are then forced. In fact, they are 
mtntr,, Sf | om 

S K 2S f > F 
n mtn 
+ 

Suppose two maps f: ght "kK —> Fu gis *K-> Fn give the same 

element of the direct limit. Then for some p, the maps 

ptr sP7 Pf p-n 
Ss K ——~> 5 rid Fr 

+ p-m - 

Pp 

are homotopic. This homotopy yields a homotopy between the corres- 

ponding maps of spectra. This shows we have a function 

; n+r 8 lim [s""*K,r ]—>[gE,F]_ . 
n—> n r 

foe) 

Now every map from E to F arises inthe way we have mentioned: 

this shows @ is onto. Also every homotopy arises in the way we have 

mentioned: this shows that 8 is a 1-1] correspondence. 

3. ELEMENTARY PROPERTIES OF THE CATEGORY 

OF CW-SPECTRA 

We want to show that CW-spectra can be manipulated very much 

like CW-complexes. The standard way to make constructions for 

CW-complexes is by induction over the cells. Now we can define "stable 

cells" for CW-spectra. Let C, be the set of cells in ET other than 

the base-point. Then we get a function 

CL. Cat1 bY Cqg7 > e (Seq) : 

This function is an injection. Let C be the direct limit 

lim C_; 
n—>o TM 

an element of C may be calleda "stable cell. '' Unwrapping the 
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definition, a stable cell is an equivalence class of cells; for each n such 

an equivalence class contains at most one cell in EW Take two cells, 

c¢, in E, and cg in E Oo , and suppose without loss of generality 
m 

n<m; then a and Cg are equivalent if 

Cy Cn4 ree > CL 

maps Cy into cys 

Example. E'C E is cofinal if and only if C'—*>C is a bijection. 

I said that the standard way to make constructions for CW-com- 

plexes is by induction over the cells. Itis usual to order the cells of a 

CW-complex by dimension; first we take the cells of dimension 0, then 

the cells of dimension 1, and so on, For a CW-~-spectrum we can order 

the stable cells by "stable dimension,'' but this ordering is not inductive 

in general, because we can have stable cells of arbitrarily large negative 

stable dimension, Nevertheless we can perform inductive proofs, be- 

cause each stable cell is attached to only a finite number of predecessors, 

More formally, we have: 

Lemma 3.1. Let E bea CW-spectrum, and G a subspectrum 

of E which is not cofinal. Then E has a subspectrum F such that 

EDF DG and F contains just one more stable cell than G. 

Proof. G is not cofinal, so there exists a stable cell c in E 

notin G, It has a representative Cy which is contained ina finite sub- 

complex KC E. So there exist finite subcomplexes K containing re- 

presentatives for stable cells in E notin G. Among such K, choose 

one with fewest cells. Let K=Lvu e, where e is a top-dimensional 

cell of K. Then L fails to satisfy the conditions, for it has fewer cells 

than K. So all the stable cells in L represent stable cells in G. Then 
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there exists m suchthat STML gives a finite subcomplex of Goin: 

Form F by adjoining Se to Goar for r>m, 

We illustrate the use of this lemma by proving the homotopy ex- 

tension theorem. Actually we prove something slightly more general. 

Lemma 3.2. Let X,A bea pair of CW-spectra, and Y,B a 

pair of spectra such that 1,(Y,B) = 0. Suppose givena map f: X—> Y 

and a homotopy h: Cyl{A)-——> Y from f|A toa map g: A—>B. Then 

the homotopy can be extended over Cyl{X) soastodeform f toa map 

X —> B. 

The homotopy extension theorem is the special case B= Y. 

Proof. Work at the level of functions. Suppose f is represented 

by a function f': X'——> Y, and h by a function h': Cyl{(A')—~> Y, 

where X'DA!', X! is cofinalin X and A' is cofinalin A. We make 

our induction using Zorn's Lemma. The objects to be ordered are pairs 

(U,k') where A'C U CX’ and k!: Cyl{U)—~ Y isa function which de- 

forms f'| U toa function into B. The set of such pairs is non-empty 

Since (A',h') qualifies; and it is clearly inductive. So we can choose a 

maximal element (U,k'). J claim the maximal element has U cofinal 

in X'. If not, then by 3.1 we can find UCV CX! where V contains 

just one more stable cell than U, say Vn =U,y e. Then the maps 

ft |0 ae: 0One-—> Yu 
~-r 

+ + 
ki lL ate: Tase, larse—>Y¥, BL 

define an element of m_{Y B ). Now TL (Y,B) = 0, so that this mf n-r’ “n-r 
element vanishes after sufficiently many suspensions. So on passing to 

= mtp ' Vitp = Untp ve ,» we can extend tp to a map 

+ 

ki+p? | ae, lae—> Yotn-r’? Botner? 
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Then define Kita for q>p by suspension. This extension of k' shows 

that (U,k') is not maximal, a contradiction. This contradiction shows 

that U is cofinalin X', i.e., U is cofinal in X. This gives the re- 

quired map of Cyl{X). 

A generalized version of 3,2 works when the inclusion B— > Y is 

replaced by a general function. 

Lemma 3.2'. Let X,A bea pair of CW-spectra and $: B—>Y 

a function of spectra such that 0. n,,(B) —> 1,(Y) is an isomorphism, 

Suppose given maps f{: X—> Y and g: A —*>B and a homotopy 

h: Cyl{A)-—> Y from f|A to Og. Then we can extend g over X and 

h over Cyl{X) so that h becomes a homotopy from f to #g: X—>yY. 

The proof is similar to that of 3,2, except that we order triples 

(U,k',g') where g': U —>B and KM, =@g'. The element 

+ + 
k! [DA te: I n de —PY 

n n-r 

can be patched together with a contracting homotopy for f|de to define 

an element of Ty (O yds say ki which under the hypotheses must van- 

ish on passing to @ for some p. 
ptn-r 

For later use J also record: 

Lemma 3.3. Suppose that m.(Y)=0, and X,A isa pair of 

CW-spectra. Thenany map f: A——>Y can be extended over X. 

Proof. Exercise. Either copy the proof of 3.2 or else quote the 

result of 3.2. 

Theorem 3,4. Let f: E—~>F bea function between spectra such 

that f,: T,(E) —>1,(F) is an isomorphism, Then for any CW-spectrum 

x, 

f,: [X,E],— (x, F], 



isa (1-1) correspondence. 

I emphasize that E and F are not assumed to be CW-spectra. 

By analogy with the case of CW-complexes, a function f: E—> F 

between spectra such that (x, E],—t> (xX, F], is a 1-1] correspondence 
for all CW-spectra X would be called a weak equivalence. 

Proof of 3.4. (First argument). Without loss of generality we 

can suppose that f is an inclusion; for if not, replace F by the 

spectrum M in which M,, is the mapping cylinder of fo Then 

Tx(F,E) = 0 by the exact sequence. Now we see that f, is an epi- 

morphism by applying 3.2, taking the pair X mod A to be X mod pt. 

Similarly, we see that f, is a monomorphism by applying 3,2, taking 

the pair X mod A to be Cyl(X) mod its ends. 

(Second argument). Instead of using the mapping cylinder spectrum, 

use Lemma 3,2' in the above argument. 

Corollary 3.5, (Compare the theorem of J.H.C. Whitehead.) Let 

f: E —>F bea morphism between CW~-spectra such that 

f,.: ty(E) —> 1,(F) 

is anisomorphism. Then f is an equivalence in our category. 

The deduction of 3.5 from 3.4 is a triviality, valid in any category. 

Example. Let f: E— > F bea function such that { EE,” Fo isa 

homotopy equivalence for each n. Then f is an equivalence in our 

category. 

Exercise. Use (3.5) to show that any CW-spectrum Y is 

equivalent in our category to an O)- spectrum. 

Hint: Construct a functor T) from CW-complexes to 

spectra by 
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s*- 2X for r>n 
(T_X) = 
n’r 

pt. for r<n 

Form the set of morphisms in our category 

[T x, ¥],, 

and check that itis a representable functor, represented say by Za 

Observe that the Zo give the components of an Qg-spectrum Z; con- 

struct a function Y —>Z and apply 3.5. 

Now I must reveal that we would really like a relative form of the 

theorem of J.H.C. Whitehead. If X is a spectrum, let Cone(X) be 

the spectrum whose nth 
} lane, 

(Ia Xa S) 7 Tak, 

termis J a Xo with maps 

41° (We take the base-point in I to be 0.) 

We have an obvious inclusion function i: X —*> Cone{X) (use the end of 

the cone). 

Theorem 3.6. Let f: E,A—>F,B be a function between pairs 

of spectra such that 

f,: 7,(E,A) —> n,(F, B) 

is an isomorphism, Then for any CW-spectrum X, 

£,:[Cone(X), X;E,4],—> [Cone(X), XsF, BJ, 

is a l~l] correspondence, 

Sketch proof. Construct a new spectrum R (for relative) with 

RO = L(E,, A,) {the space of paths in E, starting at the base-~point and 

finishing in A.) and structure maps fp, given by 
Le 

n ~ 

where the 9 is written on the right to keep the "loops" coordinate out of 

the way of the path coordinate. Similarly, construct S (not, for the 

moment, the sphere spectrum) with Ss. = L(F,,B)). Then f inducesa 
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function of spectra R-—->S, inducing an isomorphism of absolute 

homotopy groups. By 3.4, 

(x, R],— [x,s], 

is a 1-1 correspondence. Unwrapping this, it says 

f,,:(Cone(X), X;E, Al,—> [Cone(X), X;F,B],. 

is a 1-1 correspondence. 

This application shows why I specified that E and F in 3.4 need 

not be CW-spectra. 

Now for any spectrum X, we will define Susp(X) so that its nth 

term is st, x and its structure maps are (sha x.) n site shy | 
Susp is obviously a functor. 

Theorem 3.7. Susp: [X, Y],—»> [Susp(X), Susp(Y)],, is a 1-1 

correspondence. 

This theorem assures us that in some sense we did succeed in 

getting into a stable situation. 

Proof. We have the following commutative diagram. 

ix, v], Cone > [Cone(X),X; Cone(¥), ¥] 

Susp | 
> [Cone(X),X; Susp(Y), pt. J, [Susp(X), Susp(¥) J, 

Now the map "'Cone'' is clearly injective (since restriction gives 

an inverse for it) and surjective {by 3.3). Also i" is clearly a 1-1 

correspondence. The proof will be complete as soon as we show that j,, 

is a 1-1 correspondence, by quoting 3.6 and proving: 

Lemma 3.8. jy: 7,,{Cone(Y), Y)—~> ty{(Susp(Y), pt.) isa 1-1 

correspondence, 

Consider the following commutative diagram, 
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mya (AY 

+r | 1 (-1)" Tx ] 
Any Tea lYyr® ) Treg (8 9 YQ) 

\O,). | 
(LAY Y ytisn (Y ) stay s}) Mosrga nay? tng)! SZ ntrt]'*n4+1 Thtrt2iS - Ya 

bap | So } Ed 
] 

Trtrt2'Pnp*5 ) PT 47 42(S 4 Yi 4)) 

T,,(Cone(Y), Y) is the direct limit of the left-hand column, and the 

diagram shows it is isomorphic to ny nt! Yn) my(Susp(Y), pt.) is 

the direct limit of the right-hand column, and the diagram shows that it 

is isomorphic to the direct limit of the system in which the groups are 

Totrt 1? y% s!) and the maps are the vertical arrows in the center 

column, But the center column shows that these two direct limits are the 

same. This proves Lemma 3.8, which proves Theorem 3,7. 

Now we can remark that [Susp(X),Z] is obviously a group, be- 

cause in Susp(X) we have a spare suspension coordinate out in front to 

manipulate. And for the same reason, [Susp“(X), z] is an abelian 

group. But now we can give [x, y] the structure of an abelian group, 

because [X,Y] is in 1-1] correspondence with [Susp“(X), Susp“(¥) ], 

and we pull back the group structure on that. So now our sets of 

morphisms [x, y] are abelian groups, and it's easy to see that com- 

position is bilinear. 

Actually there is a unique way to give each set of morphisms [x, y] 

the structure of an abelian group so that composition is bilinear; this is 

standard once I've said the usual categorical things about sums and 
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products, 

Well, now I would like to say that I have an additive category. The 

existence of a trivial object is easy: we take the spectrum ED = pt. for 

all n. Then |X,pt. |=0, and [pt. x) =0. 

I claim this category has arbitrary sums (= coproducts). In fact, 

given spectra Ky for aeA, we form X =\/Xq by X= VX), with 

the obvious structure maps 

XS =( VK) aS) = V (xq) a8! 2 Vener: 
This obviously has the required property: 

(V xq, ¥J—> TT {x,.¥1. 
Now I must talk about cofiberings. Suppose given a map f: X-~> Y 

between CW-spectra. Itis represented bya function f': X'——>Y, where 

X!' is a cofinal subspectrum, Without loss of generality I can suppose f! 

is cellular, i.e., fr is a cellular map of CW-complexes for each n. 

We form the mapping cone Y Ua CX as follows: its nth term is 

Yu a (IAX}) and the structure maps are the obvious ones. lf we re- 

place X' by a smaller cofinal subspectrum X'', we get Y Yeu Cx"! 

which is smaller than Y Ue CX', but cofinal in it, and so equivalent. So 

the construct depends essentially only on the map f, and we can write it 

Y oF CX. If we vary f by ahomotopy, Y “Eo CX and Y “ty CX are 

equivalent, but the equivalence depends on the choice of homotopy. 

Let X bea CW-spectrum, A a subspectrum. I will say A is 

closed if for every finite subcomplex KCX_, STMK CALL implies 

KC Aj: That is, if a cell gets into A later, I putit into A to start 

with, It is equivalent to saying that AC BCX, A cofinalin B implies 

that A=B. 
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Suppose that i: K"——> Y is the inclusion of a closed subspectrum. 

th Then we can form Y/X, with n°” term Y /X): In this case there is 

a map 

r: Yu. CX—> Y/X 
2 

with components 

— a 4. CX Y/%: 

The map r is an equivalence, by 3.5. 

Let's return to the general case. We have morphisms 

f i 
K-——> Y— > Y “s CX. 

Proposition 3.9. For each Z the sequence 
» 

Ix,z] et [y,z] et [y uy cx,z] 
is exact. 

The proof is the same as for CW-complexes, and is trivial, because 

homotopies were defined in terms of maps of cylinders. 

The sequence X — Y =e Y \Yy CX, or anything equivalent to it, 

is called a cofibre sequence or Puppe sequence. We can extend co- 

fiberings to the right, by taking 

xicsytsy % CX —> (Y¥ up CX) u, CY. 
The last spectrum is equivalent to (Y Y% CX)/Y = Susp(X). If we 

continue the sequence further, we get 

xis yi» Y uy cx. Susp(x) SP fs Susp(Y), 
as for CW-complexes. It follows that the exact sequence of 

Proposition 3.9 can also be extended to the right. 

Proposition 3.10. The sequence 
f,, iy 

(w,x]— > (w,y]—-~Iw,y 4 cx | 
is exact. 
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In other words, in our category cofiberings are the same as 

fiberings,. 

Proof. Since if ~0, i,f, = 0. Suppose given g: W—> Y such 

that ig~ 0. Then we can construct the following diagram of cofiberings. 

f x -—> y—-5y Ug cx ies Susp(X) ~Susp i, Susp(Y) 
A A | h | Susp g 

~1 w——> w—_scw—2--> Susp(W) ——-—> Susp(W) 

(The homotopy ig ~ 0 gives us h, and the rest follows automatically.) 

Now by Theorem 3.7 we have k=Suspf forsome /e[w,x], 

and 

(-Susp f)(Susp / ) ¥ (Susp g)(-2) 

1.€., 

(Susp(f/) * Susp g 

so using Theorem 3,7 again, we have {?*%g. This proves Proposition 

3.10. 

Proposition 3.11. Finite sums are products. 

In fact, 

xXx—>xXvY-~7yY 

is clearly a cofibering, because (Xv Y)u CX * Y. Soby 3.10, 

[w,x]—~ [w,x vy]-~ [wy] 

is exact; but it is clearly split short exact, so [w,XvY]= [w,x]e [w, y] 

and Xv Y is also the product of X and Y. 

Now I know that my category is an additive category. 

Theorem 3,12. The Representability Theorem of E.H. Brown is 

valid in the category of CW-spectra and morphisms of degree 0. 

The proof is as usual, but arrange the induction right. 
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Exercise. Use 3.12 to show that any spectrum Y is weakly 

equivalent toa CW-spectrum, (Consider the functor [x, ¥Jo+) 

Proposiition 3.13. The stable category has arbitrary products. 

Proof. The functor of X given by 

X,Y Tested, 
satisfies the data of Brown's theorem, soit is representable. Now we 

see that this representing object works for maps of degree r as well. 

Note next that for any collection of Xe we have a morphism 

Vx,.—>T]) xX, - g *a a) o 
Namely, for each a and BB I have to give a component which is a map 

X > Xgi Itake ittobe 1 if a=B, 0 if a #8. 

Proposition 3.14. (This form is due to Boardman). Suppose that 

for each n, T (XQ) = 0 forall but a finite number of a. Then the map 

Vx,—> TTx 
a & a o 

is an equivalence. 

Proof. First note that 

T(X) v X2) = my (Ky) © my(Xz) 

under the obvious maps. (See 3.11.) (Exercise. Prove this directly 

from the definitions of 1, and X,v X, -) By induction, we have 

m 

mM (X)¥...¥ Xi) = S Tm (X;) 
i=) 

for finite wedges. Now we have 

nal Yo) FE tt 
by passing to direct limits. Also 

mI 1] Xa) = Ty (Xoo by definition. 

Now the data was chosen precisely so that 2 TM(X,) —> Ty aa) is an 
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isomorphism. Therefore Vx,—> [I x, is an equivalence, by 3.5. 

Remark, If we use the direct proof that 

m (Xv X2) = 7 (K)) On (X)) 

this gives a proof that finite sums are products, independently of 3.7, 

but depending on Brown's theorem. This can be used, in a way which is 

familiar to Categorists , to define an addition in the sets |x, y]; this 

way of introducing the addition is independent of 3.7. Of course you have 

to show that the addition makes the sets [X,Y] into abelian groups; the 

main point is to establish the existence of inverses. I recommend making 

use of an argument which is standard for H-~spaces, as follows. Since 

Xv X is both a sum and product, you can make a map 

Xv X——PKVX 

11 
]. Check that it satisfies the hypotheses of 3.5, with components Uo 1 

lv 
so it has aninverse. The inverse has the form [ 01 }. But you know 

11 1 -) the inverse of [ 01 is [ ]; so youuse y for inversion and it 
0 ol 

works. 

4. SMASH PRODUCTS 

In this section we will construct smash products of spectra. More 

precisely, we will construct from any two CW-spectra X and Y a 

CW-spectrum X,Y, so as to have the properties stated in the following 

theorem, among other properties. 

Theorem 4.1. (a) XaY is a functor of two variables, with 

arguments and values in the (graded) stable homotopy category. 

(b) The smash-product is associative, commutative, and has the 

sphere-spectrum S asa unit, up to coherent natural equivalences. 
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We explain that statement (a) is to be taken in the graded sense. 

That is, if 

t f¢ Lx,x 1. » ge ty,y'], 

then 

fage[XaY, X'aY'] 

and besides lal= 1, we have 

be 
(£4 g)(hak) = (-1) (fh) a(gk) 

if fe(xx"] , he[x,x'], ge [yy], kefy,y’],. 

We explain statement (b). It claims that there are the following 

equivalences in our category. 

a=a(X,Y,Z) : (Ka Y)aZ—>XAYAZ) , 

e= ec(X,Y) :X a0 Y ——-—-> YaXx, 

f= A(Y) : Sa ¥——-=> Y, 

r= r(X) :Xa S ——>X. 

They are all of degree 0. They are all naturalas X,Y, and Z vary 

over the stable category; in the case of c this means that the diagram 

c 
Xan Y —— > Xr Y 

[ive |e af 
c 

x VA yi ——____ > y! n x! 

is commutative up to a sign (~1)P9, if fe [x,x'], ge [y,¥'].. The 

other naturality conditions are the obvious ones and don't involve signs, 

The equivalences make the following diagrams commute in our category. 

(If one thinks in terms of representative maps, one says that these 

diagrams are homotopy-commutative. ) 
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(Wa X) al(YaZ) 

{i) ((WaAX)aAY)aZ W A(X a(Ya Z)) 

aX, a, as 
(Wa (XA Y))aZ _ 4 iy WallXa Y)a Z) 

Here a, = a(Wa xX,Y,Z) a, = a(W,X a Y,Z) 

a, = a(W,X, Ya Z) a, = a(X,Y, 2) 

age a(W,X,Y). 

Yax 

(13) of \e 
Xa y —_1—_> x a Y 

Here cy = c(X, Y) 

co = c(Y,X) 

(iii) YaX)anZ 

cal Ne 
(KX a Y)a Yan(X- Z) 

| ac 

KX a(YanZ) Ya (Zn X) 
Ne a 

(YaraZ)anxX 

Here the morphisms can be made precise, as in (i) and (ii). 

(iv) (SA¥)nZ—=—> SAY Z) 

(v) (Xa 8)aZ ———> Xa(SaZ) 
ral af 

XanZ 
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(vi) (Xa Y)aS oe 

(vii) Sa Y——> Yn S X,S——-> SaX 

NA NS 
(These are equivalent, in view of (iii).) 

Cc 

a 
(viii) SaaS SaS 

Ne 

1 

It follows from these properties that every other diagram con- 

structed from a,c, #, and r which you might conceivably wish to 

prove commutative, is commutative; see Mac Lane fs]. 

The properties stated in this theorem are not intended to bea 

complete list. We also want our smash-products to be compatible with 

those which we already have for CW-complexes. We can take itasa 

guiding idea thatif X is a CW-spectrum with terms xo and Y isa 

CW-spectrum with terms Yn then we want XaY to be the thing to 

which xa Yn tends as n and m tend toinfinity. Itis therefore 

tempting to define a product spectrum FP so that 

Pp *ntp)* ¥mn(p) * 
where n(p) and m(p) are fixed functions such that n(p) + m(p) = 

while n(p)——> o and m(p)-~>o as p—>oo. This approach gives 

the "handicrafted smash products" (in later versions, ‘naive smash 

products") of Boardman. Of course, there are many different ways of 

choosing the functions n(p) and m{(p), and these give rise to different 
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"handicrafted smash products"; it is obviously desirable to prove that 

these different products are related by natural equivalences. For later 

work it is also desirable to have a notation more convenient than that of 

functions n(p) and mi(p); it is for this purpose that we introduce the de- 

tails which follow next. 

Let A bean ordered set, isomorphic to the ordered set 

$ 0,1, 2,3, .. J. (The reason that we do not take A to be the ordered 

set fo, 1,2,3, .. 3 is that we will later want to take A to be a subset 

of fo, 1,2,3, .. $.) Let B bea subset of A; then we define a 

corresponding function 

8: A—> {0,1,2,3, ..3 

as follows: B(a} is the number of elements beéB suchthat b<a., 

Then 8 is monotonic, and BIB is an order-preserving isomorphism 

between B and some initial segment of fo, 1,2,3,.. 3. The notation 

B emphasizes the dependence of B on B rather than on A; this is 

legitimate, for if we have BCACA', then the function By defined on 

A is the restriction to A of the function Bas defined in A’, 

Next suppose given a partition of A into two subsets B and C, so 

that A=BUC, BNC#=. A suitable illustration is obtained by taking 

A= §0,1,2,3, ...8 

B= {0,2,4,6, ...f 

C= {1,3,5,7, ..4 

but there are many other equally suitable choices. Then we define a 

smash-product functor which assigns to any two CW-spectra X and Y 

a CW-spectrum X ABC Y. Itis convenient to display only B and C in 

the notation, but of course the product depends on the ordering of BUC. 
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The terms of the product spectrum 

P=Xa Y 

are given by 

P =X Y . a(a) ~ “B(a)” “y(a) 
Note that @ is an isomorphism from the ordered set A=BUC to 

$0, 1,2,3, .. § and 6,Y are monotonic functions from A=BuC to 

the set fo, 1,2,3, .. & such that B{a) + Y(a) = a(a). 

The maps of the product spectrum are defined as follows. We have 

Pp s'—> x Y s} a(a)* B(a)* “y(a)*? ° 
} Here it is convenient to regard S as R? compactified by adding a 

point at infinity, which becomes the base-point. This allows us to define 

1 1 
a map of degree -1 from S to S by thk~>-t. 

if aeB, then 

Patajtl = Xgcay4i* * ya) 
and we define the map 

Ta(a)' SPaay > Pajay+i 
by 

= Y(a) Taayleryvr t) = Sea) Al-}) thay. 

If aec, then 

Pola) ~ *aay® Yyfa)+l 
and we define the map 

"ata)’ Pata) Pula) 
by 

Maa yat) =x Nia)? t). 

Here 

xE Xp), yey teS , Y(a)’ 
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and 

] 1 
: —> Sa(ay*ata)*® —* *e ta) , *y(a) Yviay?? Yala)+ 

are the appropriate maps from the spectra X,Y. The sign (-1)¥@) is 
introduced, of course, because we have moved s} across Ya)’ 

It is clearthat P=Xa is functorial for functions of X and Y BC” 
of degree 0. Next we point out that we have not assumed that the sets B 

and C.are infinite. In the obvious applications they are infinite, so 

that B(a) —->o and y(a)— > oo; but it is convenient to allow B and C 

to be finite. For example, let s’ be the suspension spectrum of s}, 
then Sin, A Y= Susp(Y). If B is infinite, and X!' is a cofinal sub- 

Spectrum of X, then X'! ABC Y isa cofinal subspectrum X ABC Y. So 

in this case X Bc Y is natural for maps of Y of degree 0. Next we 

observe that (Cyl{X) BC Y and X BC (Cyl(Y)) can be identified with 

Cyl(X “pc Y)- It follows that the homotopy class of f ‘ac & depends 

only on the homotopy class of f (if B is infinite) or g (if C is infinite). 

We propose to construct Xa Y to have the properties stated in the 

following theorem. 

THEOREM 4.2. For each choice of B,C there is a morphism 

eden: XAnc Y—aXaAyY (of degree 0) 

with the following properties. 

(i) If B is infinite and f: X—>X' is a morphism of degree 0, 

then the following diagram is commutative, 

eq BC 
ee X pe X ay 

fa 7 [s 
BC enc 

Xl a Y > X'AY 
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(ii) If C is infinite and g: Y——> Y' is a morphism of degree 0, 

then the following diagram is commutative. 

4 BC Y SBC XaAY 
Vasc ‘ eq os 

x ‘ec Y' BC > Xa! 

(iii) The morphism €Wac: x Agc Y—> XaY is an equivalence if 

any one of the following conditions is satisfied. 

(a) B and C are infinite. 

(b) B is finite, say with d elements, and 5. SX __—> X oy) 

is an isomorphism for r>d. 

(c) C is finite, say with d elements, and n SY —> Yt] 

is an isomorphism for r>d. 

Let me show how Theorem 4, 2 will help to prove Theorem 4. }(b). 

Consider first the associativity. The point is that the "handicrafted 

smash products" are actually associative if you pick the right product at 

each point. More precisely, take a set A and partition it into three dis- 

joint subsets B,C, and D, such that BUC and CwD are infinite. Let 

X,Y, and Z be CW-spectra. Then we can form the spectra 

(x Z and XxX ) {Ya Z). Y “Bc *’“Buc,D “B,CuD*' “cD 
(Now one begins to see the purpose for which the notation was designed.) 

These two spectra are actually the same spectrum. For the terms of 

each are given by 

Poca) = *eyay* ¥ yay *7 b(a) * 
The maps of each are described in the same way as before. We have 

= A aA A 1 SPoiay = Bia) *Y yay*7 ba) °S * 
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If aeB, then 

Polajtl = 2Blayt1 > * ylay® ~ 8¢a) ” 
and we have 

8 yixrynzat) = Ba (aye nL) (a)s) 
TT 

ala 

If aec then 

Foa)t1 = X62) * Yvaj+i* Zz 8(a) 
and we have 

a) Toa) eaynzat) = xARY a (lyr (-}) (a) thaz. 

If aeD then 

Pa(a)tl = XB(ay*¥ yay 2 b(a)41 

and we have 

Toyayimryrzat) = xXay 3 eraylZ at). 

1 
Here, of course, we have x ¢€X » ye Yvtay? Zz CZ gray? teS 

B (a) 

AYAZ. 

and 

$8 (a)? Ny(a)? 3&3) are the appropriate maps of the spectra X,Y,Z. 

We will arrange our construction to have the following property. 

THEOREM 4.3. The equivalence 

a=a(X,VY,Z): (Xa VY)aZ— > Xal(YaZ) 

makes the following diagram commutative for each choice of B,C,D. 

(Xa YyaZ > XalYr Z) wa — WA = 
(XAY)0. C, p= ‘3 ¢ Ye Ka (Yan 

Vv ©45 Cc mel ia D “48, fo Cup°* 
g—+>x “BUC,D “B CuD 

{(YaZ) 
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Note that the squares are commutative by the naturality of eq; we 

can apply 4.2 (i) and (ii) since BuC and CuD are infinite. 

Let us now show how to check the commutativity of diagram (i) in 

Theorem 4.1(b) (the pentagon diagram). Take a set A and partition it 

into four infinite subsets B,C,D and E. Then by Theorems 4,2 and 

4.3, all we have to dois check that the following diagram is commutative, 

(Wa Ya Z) X)}a ( 
“uw BC BuC DYE DE \ 

l 

Ya Z)) Y) Zz Wa (Xa ( BvC,D “BuCuD,E B,CuDLE C,DLE DE 

\ was 
1 

((X Y)a Z) W x Y Z—>w (Wen cop” “cp” *Beced,E “B,CuDLvE. “CD “CuD,E 

(Way Xa 

This diagram is commutative as a diagram of functions before we pass 

to homotopy classes. 

Similarly, the "handicrafted smash products" are commutative if 

you pick the right product at each point. It is tempting to partition A 

as BuC, and consider Xa Y and YA X. Corresponding terms 
BC CB 

of these spectra are isomorphic; it is tempting to define 

Cala): XB (a) -Y¥ ya) > Yv(a)* Xe ca) 

by 

c (xay) =yax. 
a(a) 

However, these components do not give a function between spectra, be- 

cause the relevant diagrams do not commute. We should have inserted 

a sign (-1)P (ad Yla) | and we do not have a spare suspension coordinate. to 

reverse, The answer is easy; we need only consider partitions 

Az=BvuC such that B{a)y(a) is always even. This amounts to the 

following condition. Elements number 0 and ]in A must be either two 
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elements of B, or else two elements of C, Similarly for elements 

number 2 and 3, and similarly for elements number 2r and 2r+) for 

each r, 

Now that we realize we can restrict the choice of partition in this way, 

we see that it is easy and useful to go further. In fact, we now introduce 

the following restriction on the partition A = BuC, 

Condition (4. 4). Elements number 0,1,2, and 3 in A are either 

four elements of B, or else four elements of C; similarly for elements 

number 4,5,6 and 7 in A, and similarly for elements number 4r, 

4r+l, 4r+2 and 4r+3 for each r. 

With this restriction, we define an isomorphism 

C= CLC X pe ¥—> Yao, X 

in the manner suggested: 

ci(xay) = ynx. 

This is clearly natural for functions of X and Y. Jt is also natura? for 

maps of X if B is infinite; similarly for Y if C is infinite. 

We will arrange our constructions to have the following property. 

THEOREM 4,5. The equivalence c=c(X,Y): Xa Y— > YaX makes 

the following diagram commutative for each choice of B,C satisfying 

(4. 4). 

XayY ¢ —> YAX 
iN 

r3c| “dcp 
c 
BC 

> x x ve Y Y CR 

Let us now show how to check the commutativity of diagram (iii) in 

Theorem 4. 1(b) (the hexagon diagram). Take a set A and partition it 

into three infinite subsets B,C and D satisfying the obvious analogue 
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of condition 4.4. Then by Theorems 4.2, 4.3 and 4.5, all we have to do 

is to check that the following diagram is commutative. 

(Yao p*)*cup p* 

i 
BuC,D 

Y Zz Y Xa Zz (Sone )*auc.p “c, pup” *B,p 7! 
i | | “Cc DuB * 

A Zz x B,Cup'. “c,d”? ‘c, pus '% “pp *) 
c ] 

(Ya0 py) *cup,B * 
This diagram is commutative as a diagram of functions. 

Similarly, suppose we wish to check the commutativity of diagram 

(ii) in Theorem 4.1(b). By Theorems 4.2 and 4.5, all we have todo is 

check that the following diagram is commutative. 

“ao LBC x ApA -_i, x Ap 
This diagram, too, is commutative as a hiapren of functions. 

Similarly, the "handicrafted smash products" have S as a unit if 

you pick the right product at each point. More precisely, suppose we 

partition A as $vuA. This is a legitimate partition satisfying the 

condition (4.4); this was the reason that we allowed the set B to be finite 

We can form the spectrum SAG 5 Y, and itis isomorphic to Y; the 

obvious isomorphism has as its components the isomorphisms 

Sony = vu This isomorphism is natural for morphisms of degree 0. 

We can now define 

£: SaY— > Y 
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to be the composite 

eqdg A 

SAY <————- Sa Y=Y. 
OA 

Here [dg a is an equivalence by 4. 2{iii}(b). Similarly, we can form the 

spectrum X Ang S, and it is isomorphic to X; the obvious isomorphism 

. . . ° has as its components the isomorphisms Xias 2 X,- As before, this 

isomorphism is natural for morphisms of degree 0. We now define 

rsXaS—> xX 

to be the composite 

“dag 
XaS <——Xa Ag S2xX. 

Here eq is an equivalence by 4. 2(iii)(c). 
AG 

To check the commutativity of diagrams (iv), (v), (vi) and (vii) in 

Theorem 4.1(b), we have only to check that the following diagrams are 

commutative. 

Sgn”) A wy 6,Buc’ *BC2) 

(X S) Z } > xX (S Z) ” A A “BC BC ABC 

2 ] = “BC \ /'se 
X A Zz 

—_—_—_—__> (Xx BC YAR uc,g° Kane (Yay S) 

= la 4 
BC 

BC 



c 
Sao Y——# ¥a 98 Ag OA 

\ Lf Sf pS) 
Y Xx 

These diagrams are all commutative as diagrams of functions. 

Finally, we comment on part (viii) of Theorem 4, 1{b). If you believe 

any of these results you must believe that SaS is equivalent to S. So 

[S.S,SaS]_, a [s,s], =Z, Soall we have to dois check that 

e:S$aS —> SaS has degree 1]; but we shall make all our constructions to 

have the obvious effect on orientations. 

We now turn to the constructions necessary to prove Theorems 4.1, 

4,2, 4.3 and 4.5. First we give a simple construction which is used in 

proving Theorem 4.2; this is the telescope functor. If fix, Yo 

is a sequence of maps of CW-complexes, we can form the iterated 

mapping cylinder, or telescope. If the f are taken to be cellular, the 

telescope is a CW-complex. We apply this construction to the terms of 

a spectrum of certain form, Let X bea spectrum consisting of CW- 

complexes x with base-point and cellular maps Ent X aS > Xe. 

we need not even assume that Sn is an isomorphism from x s} toa 

subcomplex of xO ; the telescope functor Tel will convert a spectrum 
+] 

X which does not have this property into one which does. 

We take the half-line i>0 and divide it into 0-cells [i] and 

l-cells [i,iti] for i=0,1,2, ... . We define the nt term of Tel(X) 

as a quotient space of the following wedge-sum: 
n-] . n . 

+ n-1 + n-t 
(Vo Uist] axas yu V Gi) ’.x,as). 

i=0 i=0 

TM compactified by adding a Here it is convenient to regard & as R 
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point at infinity, which becomes the base-point. In this way the 

m+n n isomorphism RTMx RU —»>R gives an isomorphism STM, sh» st 

which is convenient for later use. The following identifications are to 

be made. Identify the point 

+ n-i 
inxat e [i,i+l ] AX, AS 

with the point 

+ n-i inxate [i] AX aS. 
1 

Identify the point 

+ 1 -i-] (i¢l)axataue [i,itl] aX aS ag’ 
1 

with the point 

+ -i- G4t1)a€(xat)aue [iti] ax, astet 
i it] 

We give Tel(X) the obvious structure as a CW-complex. 

The nth map of the spectrum Tel(X) is obtained by passing to 

quotients from the obvious isomorphism of 
n . n-1 : 

FOV LaTex as? vc Lisisr ds x, ns P 4 a sh 
i=0 3=0 

with 

n-i n-it) 
n 4 n-1 + 

(V G&] AX AS Thy (i,i+1] aX aS 
i=0 i=0 i 

There is an obvious homotopy equivalence r Tel(X) x, 

(collapse the telescope to its right-hand end [n]*, Xs’) These 

equivalences give the components of a function r: Tel(X)——>X. This 

function is a weak equivalence, by 3.4. 

We pause to observe that this construction is functorial. It is clear 

that a function f: X —> Y induces Tel(f): Tel(X)——> Tel(¥). If X' is 

a subspectrum of X, then Tel(X’) is a subspectrum of Tel(X). Un- 

fortunately, if K is a CW-spectrum and X' is cofinal in X, it does not 

follow that Tel(X') is cofinal in Tel(X). So we avoid saying that a map 



173 

of X induces a mapof Tel(X). However, the injection 

Tel(X') —> Tel(X) is a homotopy equivalence, as we see using Theorem 

3.5. Moreover, we can identify Tel(Cyl(X)) with Cyl{Tel(X)). It 

follows that a homotopy class of maps of X induces a homotopy class of 

maps of Tel(X). We can now remark that r is a natural transformation, 

These facts are, of course, fairly trivial, but we need to cite this 

passage later; it is for this reason that I have avoided a short-cut--one 

could define Tel on morphisms by requiring that r be natural. 

We propose to arrange for Theorem 4,2 to be true by constructing 

Xa Y so that it contains a copy of Tel(Xa Y) for each choice of B 
BC 

and C. The morphism 

dpc: anc Y—> Kay 

will be defined as the following composite: 

Xape¥ <—— Tel{X rpc Y) > Kay. 

The construction of KaY (call it P) is asa ''double telescope, "' 

That is, just as the parts of Tel(X) corresponded to the cells of a cell- 

decomposition of the half-line i>0, so here we make a similar use of 

the quarter-plane i>0, j>0. We divide the half-line i>0 with 

O-cells [i] and i-cells [i,it+)], i=0,1,2,3.... We divide the half- 

line j>0 similarly, and we divide the quarter-plane i>0, j>0 into 

the products of these cells. Thus we have four cells ° 55 with 

bottom left-hand corner at {i,j): 

the 0-cell [i] x fj] 

the l-cells [i,i¢1]xlj] ana [i] fj, j+1] 

and the 2-cell [i,it1]x[j,j+1]. 

To construct P_ we use those cells €5j which lie entirely in the 
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part of the quarter-plane given by x+y <n. The condition for this is 

at 4 di 
itj dim(e, 5) <n 

Let us start from 

. 2Vy\t n-i-j 
VV (GI xGi))"a*, aya 

itj<n J 

and attach 

+ tate 

Ver AX ay aSinse is} 
dj ij 

where e., runs over the l-cells Gi,itil]lx [5] and LiJxLj,j+1J such that 
qj 

i+j+] <n. The identifications are obvious. The point 

+ 1 on-i-j-1 (i,jJaxayasat in e5 AX AY aS as J 

is to be identified with 

4+ ac 
(i, j)axaya(sat) in (Li]x{j) AK AY 080 1-j 

The point 

n-i-j-1 ey: + ] (i4],j)axayasat in (Li, i¢d 1x 05]) aX n¥ins as 

is to be identified with 

; oy -i-j-1 (41, j)a8,0¢4(-1)'s)ayat in (Lit1] x [j]) Xn ¥jasTM a 

The point 

_ Tore ea ht } on-i-j-1 (i, jtl)axayasat in (fi) «fj, 541]) AX aY aS aS 
1 J 

is to be identified with 

n-i-j-l (i, jAl)axantyas)at in (Cidx Lisi)" x, a¥,, 10 

Consider now a cell e= (i,i+1 Jx[j, j4)] such that i+j+2 <n. We have 

just described the subcomplex of Po corresponding to de. Moreover, 
2. gn-i-j-2 

it contains a family of subspaces x. “¥,4 Sas parametrized by 

the points of ee. Unfortunately, this family is not a product family, 

at least, not in a completely trivial way. Let us start from the point 

-j-j-2 (i, j)axayasatau in (Li]<))*.x, ay_as’a Ss? J . 
J 
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If we first increase i and then increase j, we get first to 

(itl, j)a §.(x A-l)Js)ayatau and then to (i+],j+l)a §. (x al- 1 s)anjlyat)a u. 

If we first increase j and then increase i, we get first to 

Ls . . jt) (i, jtl)a xanilya s)atau and then to (i+], j+1) A §. (x a(-1) Hangly AS)AU. 

If I wanted to turn the first formula into the second I would have to 

substitute s for t, -t for s. 

We conclude, then, that the family of subspaces we have considered 

is best described as 

n-i-j-2 
Xin ¥ aM(z) aS ’ 

Here M(+) is the Thom complex of a certain 2-plane bundle 7 over 

de; more precisely, +t is obtained from I x Rr? by identifying the two 
-l 3): So 7 is an SO(2)-bundle ends under the homeomorphism ' 

over Re= s!; it can be extended toa bundle over e. Of course there 
are different ways of extending t toa bundle over e, since 

7, (SO(2)) =Z. But 7 is essentially independent of n,i,j,X and Y; 

this follows from the description given above; or else one can use 

coordinates to write down explicit isomorphisms which increase i by 1 

or j by 1. (The isomorphisms start from the identity map of R over 

filx Cd, and each suspension coordinate is either preserved or reversed 

according to the demands of the signs.) All that is essential is that we 

choose an extension of 7? whichis similarly independent of n,i, j ,X 

and Y. For example, with the description of t given above, we can 

trivialize + by using a geodesic path of length n/2 in SO(2). 

We take the part of Po corresponding to e= ej to be 

AY aM(r)aset J"? 

where tT now refers to the bundle as extended over ej The 
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identification with the part of PL already constructed is automatic. 

This completes the construction of Po =(XaY). The structure 
n 

maps are obvious. 

To summarize, we have constructed (X AY) as a quotient space of 

n-i-j-d VX. AY. AM(z,) aS 
1 j d 

Here the sum runs over cells °5j such that it+j + dim(e: ;) <n, and 

d=dim(e..), and T_ is a suitable d-plane bundle over ej {For d=0 
1 

and d=1, T, was introduced as an explicitly trivialized bundle.) The 
d 

] 
identifications are obvious: we regard X.as as embedded in Keay 

1 

XaS'a¥ nM(t)aSe 97S 

as 

Xi A¥ nM(1 © 7 yasnr dns ; 
and similarly for Ys Also we regard 

Kj aYjaM(z)AS" 4 gn-i-j-d-1 

as 

Kya ¥jaM(r @1yase 97S 

The discussion of the functoriality of K~Y goes exactly as for the 

telescope functor. More precisely, suppose X' is cofinal in X, and we 

are given a function f:X'——>Z. Then X'AY is not cofinal in XayY, but 

we have the following functions. 

X any Zay 

vn] 
fal] 

X'ay 

When we pass to morphisms, i'al is an equivalence, by 3.5, so we ob- 

tain a morphism from XaY to ZaY. Since cylinders work right, we 

conclude that this morphism depends only on the homotopy class of f. 



It is clear how one embeds Tel(X a Y) in XaY. The functions 
BC 

Ba, yam! give a function 

f0,1,2,3, ...$ ——> 30,1,2,3, ...§ x §0,1,2,3, ...§. In other words, 

they give the corners of a stepwise path in the quarter-plane i>0, j>o. 

We extend it to a function 8: Sk > of —_ hi > of x 45 > of so that if 

aecB, 

e[a(a),o(a) + 1]C [B(a), A(a)+1]x[y(a)] 

andif aeéC, 

@[a(a),o(a)+1}c (B(a)] x Cy(a), yas]. 

The choice of 8 is immaterial; two choices are homotopic through maps 

@ satisfying the same restrictions. 

is A typical part of Tel(X “BC Y) 

+ -k- [k, k+1] nXaY, 0505” k-1 

where i= Ba7 lk, j= yo" kk, We take the point 

taxayauryv 

and map it to 

+ -1-j- O(t)axayauav in e AX.AY.nSiaSTM i-j-} 
iJ rsd 

+ ~k where ej is the appropriate l-cell. Similarly for [x] A x, AY AS 

It is clear that changing the choice of ® only changes the resulting 

function 

Tel(X Y)—~> XayY el Bo ¥) * 
by a homotopy. For any choice of ®, the function Tel(Ka Y)—> XaY 

BC 

is natural for functions of X and Y of degree 0. From this one has 

no difficulty in obtaining the naturality properties of enc in Theorem 

4.2, 
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We now prove Theorem 4, 2(iii). First we consider case (a). So we 

suppose that B and C are infinite. Wedefine a subspectrum Q of P 

as follows. Let Qy be the subcomplex of Para) corresponding to 
(a) 

the cells ei in the part of the quarter-plane given by i'<f(a), j' < y(a). 

Qata) admits a deformation retraction on Xe tay Yay’ and 

Tel(X a admits a deformation retraction on X BC TM ata) Blay* * y(a)* 
Hence, in the diagram 

Tel(X “Bc Yaa) 

~ s N 
*e (a) ¥ y(a) * Qaiay 

le
 

the two inclusions marked induce isomorphisms of homotopy groups, so 

the third one does also; passing to direct limits and applying 3.5, the 

inclusion 

Tel(X a Y)—> Q 
BC 

is an equivalence. 

It remains to consider cases (b) and (c), which are similar. Let us 

consider case (b), so that B is finite with d members, and 

ae SX rT X rH] 

is an isomorphism for r>d. We now make a small change in the 

definition of Q. for "a'' such that B(a) >d. For such a, we define 
{a) 

Qata) to be the subcomplex of Pata) corresponding to the cells ej; in 

the part of the quarter-plane given by i' + j'<af{a), j'<y(a). Then 

Q still admits a deformation retraction onto X since the a(a) Bla)” ya)" 
relevant map 

n-d-~e xX ay. astTMt—s x ayas (e >0) 
d Jj dt+e 8) _ 

is an isomorphism. Also Q is cofinal in P, so the proof carries over. 
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We now turn to the proof of Theorem 4,5. 

LEMMA 4.6. There is a spectrum Q with homotopy equivalences 

ig: XaAY—>Q, i: YaX% —>Q so that the following diagram is 

commutative for each choice of B and C satisfying condition 4. 4. 

je ° i Xa Y YaX 

T i} 
1 Tel(X “BC Y) Tel(Y ACR X) 

c ' BC 
> Y Xx x ABC Y “cp 

This will certainly prove Theorem 4.5; we have only to define c to be 

iis. Note that we do not have to discuss the naturality of ii it 
follows from that of the other morphisms in 4, 6. 

To construct Q, we begin by taking a copy of KaY anda copy of 

YaX. The remainder of the construction will be indexed over the product 

of the quarter-plane i>0, j>0 andthe interval I. The endpoint 0 of 

I will correspond to XaY andthe endpoint 1 of I will correspond to 

YaX. 

First we observe that we can make a construction over the following 

cells: 

(lilx Gixp* =(] «fir (i or j even) 

(iis) x Gy] xp” (j even) 

(Lil Cijndxn’ (i even) . 
The n® term of the construction consists in taking the appropriate part 

+ 

of (X AY) al , identifying the end 0 of the cylinder with the appropriate 

part of (Xx AY) attaching the end 1] of the cylinder to the appropriate 

part of (YaX), by the following map: the point 
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+ -i-ji- {(s,t}axayauav in es; AX nY n Soa S® i-j-d 
J 

is to be identified with 

da -j-j- (t, S)ayax auav in e FAY 9X08 as” i-j-d . 
ji 

These identifications are consistent. 

Consider now a cell e = [2i,2i+2]x [2j,2j+2]xI. We have just 

described the part of Q. corresponding to the boundary de of e. 

Moreover, it contains a subcomplex of the following form: 

n-2i-2j-4 
LAM(t!')aS X anY 21 2; 

Here 7?! is a certain 4-plane bundle over %3e. This 4-plane bundle 

depends only on the permutations and signs in our construction and on the 

extension 7 chosen in the construction of XAY; it does not depend on 

n,i,j,X or Y. Itis classified by an element 

ae 71, (SO) =Z. 
2 

Suppose now that we consider the four cells, like the cell e just 

considered, which make up the cell 

e! = [4i,4i+4] x [4j, 4j+4] x1. 

Call them €),€5,€3 and ey The part of Q so far constructed, corres- 

ponding to these cells, has a subcomplex of the form 

n-4i-4j- S 8 M(o") Ax. AY 
41 4° 

Here M(7"') is the Thom complex of a certain 8-plane bundle over 

ee, 7 2e, Y Be Vv 2, Over each de; it restricts to the Whitney sum 

of the previous bundle 7? anda trivial 4-plane bundle. Therefore the 

restriction of 7!'' to de! is classified by 4a=0. Therefore '' can 

be extended over e’. 

From the previous construction, we now retain only XaY, YaX, and 

the parts of the cylinder (XaY), sl with i divisible by 4 or j divisible 



divisible by 4. We now add 

X gin Yigg nM riya sn 4-8 

for each i,j, and n such that n>4i+4j}+8. This completes the con- 

struction of Q. 

The injections of XaY and YaX into Q are clearly homotopy 

equivalences, by 3.5. It is also clear that the diagram of Lemma 4.6 is 

commutative, because the relevant part of the cylinder Cyl(KaY) was 

put in for that purpose. 

This completes the proof of Lemma 4.6 and, therefore, of Theorem 

4.5, 

We now turn to the proof of Theorem 4.3. The constructions 

(XaY)aZ and Xa(YaZ) are "quadruple telescopes,'' indexed by a cell- 

decomposition of the positive cone in 4-space. We arrange to replace 

(XaY)aZ by an equivalent construction P', and Xa(YaZ) by an equi- 

valent construction PP", so that both P' and P" are ''triple telescopes, 

indexed by a cell-decomposition of the positive cone in 3-space. It will 

then be apparent that P' and P" are equivalent. More formally, we 

have the following lemma. 

LEMMA 4.7. There isa spectrum FP! anda homotopy equivalence 

i':P'—> (XaY)anZ (both independent of B,C and D) such that the 

following diagram is commutative for each choice of B,C and D. 

] (X age Y)AZ a (pet(x a ¥)) nz 2H —s (x ayyaz 
BC 

f / if 
Tel((Xrg6 Y) “3 Uc,p 2) —__> Pp! 

i 
(KAgeC Y Buc p Zz 
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Similarly for KXa(YaZ) with i',j',k’ and P!' replaced by i", j",k", 

and PP". Moreover, there is a homotopy equivalence P'—>P" such 

that the following diagram is commutative. 

Pp? e >» Pp! 

k! kk!" 

Tel{((X a Z)=— Tel{Xa ( BC Y)4BUc,D B,CuUD Ya op 2) 
Proof. By definition, the n'} term of (Xa Y)aZ is a union 

~h-k-6 LJ (KAY), ZAM zp) sTM 
“hk 

where the union extends over cells e such that 
hk 

h +k + di < dime <n , 

6 = dim enk and T. is a §-plane bundle. Thatis, it is a union 

h-i-j-d n-h-k-6 
KAY; AM(7 5) 05 AZ, aM(7,)aS 

ij’ “hk 

where e.. runs over cells with 
1) 

i+j+dime; <h ; 

d= dim (e;5) and T is a d-plane bundle. We rearrange this as 

h-i-j-d on-h-k-6 
N LJ Xya¥pnZyaM(ry® 7)aS S . 

*i 3? &hk 

Thus the construction is indexed over a cell-decomposition of the positive 

- . . . 4 3 
cone i>0, j>0, h>0, k>0O in 4-space. Call this cone C. Let C 

be the positive cone i>0, j>0, k>O in 3-space, and divide c3 into 

cells in the obvious way, so that the cells are r-cubes of side 1 for 

r=0,1,2,3. 

3 to We construct P!' by giving a suitable cellular map @ from C 

c* and "pulling back" the bundles and complexes we have associated 

with the parts of ct, Actually we construct 9 to preserve the k-coord- 
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inate, so itis only necessary to construct a map g from the positive 

cone i>0O, j>0 tothe positive cone i>0, j>0, h>0O. 

Our idea in defining @ and @ is to use only cells e.-& en, such 
J 

that 

it+j+dime.=h; 
J 

firstly because the other parts of (KAY)aZ are redundant, and secondly 

. h-i-j-d_ <0 . . . . 
because by keeping S =S we avoid suspension coordinates in the 

wrong place. 

We first indicate into which subcomplexes the cells are to be mapped. 

eli] x f= fi] x Gl « fi+s] 

o@Ci,itt]x (j]) c (Li) x G5] « bits, i454+1]) 

U({i,it1] x 03] x fisj+1)) 

ot Li] x Cj,5+1)) c (Le) x C5] « [is i4j41]) 

U(Li] x (5, 34] « [itj+1 J) 

oli itl] x Cj, j+1]) cfil x Lil x [isy,itj+1]) 
(Lis it1] x [5] x [i+jt1, itj+2]) 
Uli] x Cjejtal x [itjt1, +542) 
U({i,itl] x Cj, 541] x [i+j+2]). 

In each case the proposed subcomplex is contractible, so the construction 

of » is possible and unique up to homotopy. In each case, the image of 

@ must be the whole subcomplex given, so we can refer to the subcom- 

plex as we). Similarly for Plein). 

We next note that for each cell e.., such that i+j+k4+dim(e.. ijk )<n, 
ijk— 

the part of ((XaY)aZ) associated with Ble, 5.) contains a subcomplex 
n 

of the form 
neicickea 

KAY AZ aM(z4) a8 J 

where d= dim(e; 5.) and Te is a d-plane bundle over Bless). We de- 



184 

fine the corresponding part of P' to be 

n-i-j-k-d XK 
X ny aZ aM(@ cv jaS > 
ij d k 

where et, is the induced bundle over e. The map i’ on this part 
jk" 

of P' is induced by the map of bundles eee tT, over the map @ of 

spaces. The identifications to be made in assembling P' are automatic; 

one just pulls back the identifications in (KaY)a Z. 

We make the structure of P' more explicit. Corresponding to the 

O-cells e.. we have 
ijk 

+ -i-j- Xa¥.aZ,a(Lilx[j]x[e)) a stack 
itj+k<n J 

Corresponding to the 1-cells we have 

4 -i-j-k- ei jk nXAYjaZ aS 0 gute) l . 
itj+k+] <n 

Here the attaching maps are the obvious ones, involving the obvious Signs. 

For each 2-cell e=e., the bundle @ t over e is exactly as 
ijk’ 

described in the construction of KaY. 

For each 3-cell e= * , there is only one bundle over e extending 

the given bundle er over de, since 13(BSO(3)) = 7,(SO(3)) =0. So 

we need not worry which bundle arises. 

On the other hand, the description of P'' is exactly the same as the 

description we have just givenfor F'. This provides the map e: P'—>P", 

The map 

k': Tel((X a ) Z)—> P' A 

BvC,D 
-1 -1l -1 . . 

is basically obvious. The functions Bo , ya , 6a give a function 

Y 
BC 

3 
6'; f0,1,2,3, ...§ — > }0,1,2,3, ...§7. We extend it toa function @" 

mapping each cell of c} {the positive half-line with ourusual cell 
3 

structure) into the obvious cell of CC”. Now we construct the map k' as 
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we constructed the map Tel{X “BC Y) —> XaY. 

We now observe that the function 

ki: Tel((Xa Y)a BC B,D Z)——> (XaY)aZ actually maps into 

(Tel(X BC Y))aZ; this defines the function 

ji: Tel{X a Y))a BC Z —>(Tel{X a Y))aZ. 
BvC,D BC 

The function (ral)j' satisfies the definition for i. (Some of the 

cylinders spend some of their time stationary and the rest hurrying to 

make up for it, but this is allowed.) 

This completes the proof of Lemma 4.7, which completes the proof 

of 4.3, which completes the proof of Theorem 4.1 so far as it refers to 

maps of degree 0. 

We now propose to go back and recover the properties of our con- 

structions with respect to maps of non-zero degree. 

First we introduce sphere-~spectra of different stable dimensions. 

Let us define the spectrum s by 

+] s" (nti > 0) 
(S$) = 
~ n . 

pt. (n+i <Q) 

PROPOSITION48, We have an equivalence s A si £ > s *3 such that 

the following diagrams are commutative. 
oy 

(SS))aS = > sia(Sas') 
hea |: 

siti, s* ss) 
INN, sititk _—- 
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w
n

 

>
 Vv
 

ike
a)

 
>

 

[m
M

 

. . i jo. Proofs. (i) Any handicrafted smash-product of S and SJ gives a 

. itj . 
spectrum which has the same terms as S from some point onwards. 

We just take care to pick an equivalence which is orientation-preserving. 

Gi) [s',s']} = lim [sTM?, 57] 
a n—->o 

= Z; soto check the commutativity 

of any such diagram, we have only to check the degree of a map. We have 

been careful to make all our constructions so as to do the right thing on 

orientations. 

Proposition 4.9. We have equivalences 

Yy~: X—> SAX (of degree r) 

with the following properties. 

(i) v- is natural for maps of X of degree 0. (This is all we can 

ask, because we have not yet made we. functorial for maps of non- 

zero degree.) 

-1 
(ii) Y= fo, 

{iii) The following diagram is commutative for each r and s, 



+ 1 sven x — (Sa S )aX 
iN |e 

r Ss 
Vite $7, (S°nX) 

y | * X Ss > s°nX 

Proof. Clearly if we take Y= (}, it is natural for maps of X of 

degree 0, Consider now 

1] son xX and Sa . 
= “1,{2,3, ..3 — $,41,2,3, 6.8 

On the left, the nth term is sla X33 on the right, the (n-1)-st term is 

sta x elt The structure maps are the same in both cases. So the 

identity maps sta Xe] —_ s x -} give the components of an equi- 
valence of degree +1 

sonX —>S AX, 

It is clearly natural for maps of X of degree 0. Composing with Lo}, 
we obtain an equivalence Yy 

Note that at this point I have essentially picked up the Puppe 

Desuspension Theorem, without restrictive hypotheses, 

Now I define y, for all other values of s by induction upwards and 

downwards over s, making the following diagram commutative. 

sits, X eal (St, 8*)aX 

J ' 

{a 
] Yas S$’ (S°aX) 

[ y 

1 
Ys ) 

x > s ax 

One has to check that this is consistent for s=0. Note also that Vies 

or y,, whichever is being defined, is natural for maps of X of degree 
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0, because all the ingredients of its definition are so. 

We now prove the commutativity of the diagram 

+ eal s 
sé *, X ~ (S'S )aX 

2 
r Ss 

Vets STM(S'4X) 

Ys s 
X 8°,X 

by induction upwards and downwards over r. Here we start from the 

cases r=0 (which is a trivial verification) and r= 1 (which holds by 

the construction of Ys) The inductive step is diagram-chasing. 

We are now ready to replace our original graded category by one 

which appears slightly different. In the new category, the objects are 

the CW-spectra just as before; but the morphisms of degree r are 

given by 

[s’aX, Y1, 

in the old category. Composition is done as follows. Suppose given 

stax S5y , siny—S—>z 

of degree 0; take their composite to be 

sot x <2th (58, 57) ,.x 2s n(S*ax)— > 8, y Zz, 
One has to check that composition is associative, and that 

f: s°nX—>X is an identity map. This is easy. 
FROPOSITION 410. The new graded category is isomorphic to the 

old, under the isomorphism sending 

Sa x fs Y {in the new category) 

to 

f xr sTM)x——s (in the old category) . 
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Proof. Since Y. is an equivalence in the old category, it is clear 

that this gives a 1-1] correspondence between [s*ax,¥], {that is, the 

set of morphisms of degree r inthe new category) and Lx, yd]. 

(morphisms of degree r inthe old category). It remains only to check 

that this 1-1 correspondence preserves composition and identity maps. 

But this is immediate from the properties of Y. in Proposition 4.9. 

If you want to see what you are doing with maps of degree r, I really 

recommend considering them as maps S*n X—> Y of degree 0. In 

particular, it is easy to see how to make XaY functorial on the new 

category. More precisely, suppose given morphisms in the new category 

sxX 2x! , s§,y-8 > y'. 

Then we define their smash-product to be 

ST x ay —SAeL sasha x ny tet s sTaxns8ay—ths xa¥!, 
To prove that this has all the properties mentioned in Theorem 4.1 is now 

a routine exercise in diagram-chasing. At the same time, we check that 

we have not altered the definition of fag if f and g happen to be of 

degree 0. 

This completes the proof of Theorem 4.1. 

Exercise. Show that the naturality of Y, with respect to maps of 

degree s is as follows: the diagram 

Y 
xX r > Sn X 

‘| (-1)7° |e 
>STAY Y Y, Son 

is commutative up toa sign of (-1)"§ if fe [x,y]. . 
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PROPOSITION 411. The smash-product is distributive over the 

wedge-sum. Let X= VV Xqi let ig: X,—~> x bea typical inclusion, 
a 

Then the morphism 

V font VX yaY ——_—____> a (X44 Y¥) (v A 

is an equivalence. 

Proof. Use a suitable handicrafted snash-product, 
f . 

PROPOSITION 4.12. Let X-——>»Y—4->Z bea cofibering {it is 

sufficient to consider morphisms of degree zero). Then 

laf Lai 
WaX ——> Wal —— WAZ 

is also a cofibering. 

Proof. It suffices to check for the case in which f: X—>Y is the 

inclusion of a closed subspectrum, i:Y——>Z is the projection 

y—>y/x and As AL. 
BC 

5. SPANIER-WHITEHEAD DUALITY 

Suppose I have a compact subset KC s’, say X#%, X# Ss". Then I 

know that the homology of the complement (xX of X is determined by 

the cohomology of X. This is given by the Alexander duality theorem: 

TM 

HTM(X) = A(X, pt.) 7H (0 pt., CX) =H (CX, pt.) SA (CX). n-r-} n-r-l 

However, the homotopy type of €X is clearly not determined by X; it 

depends on the embedding. For example, take X = s} n= 3; we can em- 

bed Ss! in S$? as a knotted circle or an unknotted circle, and make 

m4 (CX) different in the two cases. It would be reasonable to ask the 

following question. Suppose X isa good subset, e.g., a finite 

n+1 
simplicial complex linearly embedded in 25° ~. (We make this 

assumption to avoid pathologies.) How far does X determine anything 
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about (X beyond its bare homology groups? 

It was proved by Spanier and Whitehead that X does determine the 

stable homotopy type of CX; even the stable homotopy type of X suffices 

to do this. This may easily be seen as follows. First, suppose that I 

take X CS". Now embed s” as an equatorial sphere in ght and 
. +} a embed the suspension SX of X in s" by joining to the two poles. 

+ Then the complement of SX in s” i is homotopy-equivalent to the com- 

plement of X in S", So if somebody gives me XC 8S", YCSTM anda 

homotopy equivalence f: s’x—~» sty, 1 may as well embed sPx in 
n+p mt+q and S?Y in S$ , because I can do so without changing the com- S 

t 

plements. So without loss of generality 1 can suppose] have X'C s", 
m! 

Y'ICS and a homotopy equivalence {; X'—> Y', I can even suppose 

that f is PL. 

I 1 

Now suppose we take X!C S”" and embed §” as an equatorial 
1 t 

sphere in S"*! without changing X'. Then the complement of X' sus- 
n+] 

pends; more precisely, the complement of X' in S is the suspension 

i] t t 

of thatin S”. So now consider S$" *S . In this sphere we can embed 

the mapping-cylinder M of f'. In this sphere we have 

gmanith xe gmitlign’ _ yy 

omen yc galtlcm! yy 
and two maps 

gmt yg eh cmiintd _y B mind oy | 
But the injections 

x —> M < Y 

induce isomorphisms of cohomology. The Alexander duality isomorphism 

is natural for inclusion maps, and therefore f and g induce iso- 
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morphisms of homology. But now I can suspend further if necessary to 

make everything simply-connected. So f and g are stable homotopy 

equivalences, and we have proved the result. 

With a little more attention to detail we can show that the passage 

from X tothe stable homotopy type of its complement in a sphere is 

essentially functorial; a map f:X—> Y induces a stable class of maps 

: Cy—> CX. The functor is contravariant, as we would expect. 

The next step was taken by Spanier, and it was to eliminate the em- 

bedding in S". More precisely, suppose I have two finite simplicial com- 

plexes K and L embeddedin S” soas tobe disjoint. Iam really in- 

terested in the case when the inclusions L—> (€K, K—»> CL are 

homotopy equivalences, but this is not necessary for the construction. 

Run a PL path from some point in K to some point in L; without loss of 

generality we can suppose the first point is the only point where it meets 

K, and the last point is the only point where it meets L. Without loss of 

generality we can suppose these points are vertices and take them as the 

base-points in K and L, writing bpt. for either. Take some point in 

the middle of the path as the point at oo. Then we have an embedding of 

K and L in RTM. Define a map 

B: KxL—»>st} 

by _ 

k-¢ 

[k -4 1 
The maps ulKxbpt. and R lbpt. x L are null homotopic, so we get a map 

pk, £) = 

pr Kab —>sTMt, 

Spanier's essential step was to realize that everything could be said in 

n- 1 
terms of this map pp. To begin with he considered maps p: KaL—>S 
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whose homological behavior was such as you would expect. Jn order to 

explain what you woud expect, I need slant products, which I have not 

done yet. 

So we use the framework we already have. Let X be a CW-Spectrum 

Then we can form 

[wax,S], . 

With X fixed this is a contravariant functor of W, and it satisfies the 

axioms of E.H. Brown. So itis representable; there is a Spectrum x” 

and a natural isomorphism 

[Wax,S], <t [w,x"],. 

Taking W= x” and 1: X°—> x" on the right, we see that there is a 

map 

esX~X—>S. 

Using the fact that T is natural, we see that T carries 

{:w—> x" 

into waxttt> x". x25 
Of course, this prescription defines 

tT: [w,x"],_—> [wax,s]_, 

and by applying the canonical isomorphism to a different choice of W we 
see that 

T: [W,x" ] —» [Wax,s]_ 

is an isomorphism also, 

We think of this as being like duality for vector-spaces over a field 

K. In that case we have 

* 

Vv = Hom, (VK); 

there is a canonical evaluation map 



eV) @V—>K; 

and there is a 1-1 correspondence 

Hom .(U @ V,K) <— Hom, (U, Hom, (V,K)) . 

The dual X”* is a contravariant functor of X. For if we take a map 

g: X —~> Y, it induces a natural transformation 
Xx 

[wax,S], <1*8)_ [way,s]y 

| | 
a we 

[w,x ], [w,y"], 

and this natural transformation must be induced by a unique map 

eo’: Y'—>x., 

(We go through the usual argument of substituting W = y” and 

l: y* _—_> y* on the right.) In terms of maps e, the relation between 

g and e is that the following diagram commutes. 

Y"aX Ing >", Y 
\a eo3] i 

ad e 
xn X x >s 

Let Z bea third spectrum; we can make a map 

(w,zax*]_— > [Wax,Z], 

as follows, Given 

wt—> zx" 

we take 

fal 2 lae 
Wax OS 20K aX FZ 

T is clearly a natural transformation if we vary Z. 

Remark 5.1. T is anisomorphism if Z is the spectrum s", 

{The case n=0 has already been considered, and changing n just 

changes the degrees.) 
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Remark 5.2. Suppose given a cofibering 

Z,-? Z,—> z,> Z4-> Z, . If T is an isomorphism for 

Z,,Z2 Z,andZ Zo) , then it is an isomorphism for Zz. 
5 

Proof. Use the five lemma, 

me 36 we oe TM [w,Z)-x ],—> (W.2,.x J, [w, 23x ] > (W,240%"] > [W, Zax") 

| | | | 
[Wax,Z,] [WaX,Z,]_ —>[w aX, Z,] —> [Wa X,Z,] > [WaX,Z.] 

Remark 5.3. T is anisomorphism if Z is any finite spectrum. 

This is immediate by induction, using 5.1 and 5.2, 

PROPOSITION 54 If W and X are finite spectra, then 

T: [w,Z.x"] —> [wax,Z]_ 

is an isomorphism for any spectrum Z, 

Proof, Pass to direct limits from the case of finite spectra. 

LEMMA 5.5. If X isa finite spectrum, then X is equivalent to 

a finite spectrum. 

The proof is postponed until section 6, for a reason which will 

appear. 

PROPOSITION 5.6. Let X bea finite spectrum, Y any spectrum. 

Then we have an equivalence (X AY) b> x,y" which makes the 
following diagram commute. 

% °X AY (KAY) AX ay * >S 

na Jextey 
a 2 Yoox lacal : x RY AK AY oo XA KAY AY 

* . 
Proof. By 5.5 we canassume that X isa finite spectrum. By 

5.3, 

Ka 7d T a [w,x",¥'] > [way,x"] 
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is an isomorphism for any spectrum W, and sois 

% Ty [WaY,X ]._—_> [WAY ax, S}. 

by the original property of x’, applied to the spectrum WaY. This 

state of affairs reveals x, Y" as the dual of YaX, with 

Ty. x = Ty Ty. Writing this equation in terms of maps e, we obtain the 

diagram given by a little diagram-chasing. 

I should perhaps emphasize that I have only done what I need later. 

In particular, J have not proved that S-duality converts a cofibering of 

finite spectra into another cofibering. This is true, but it needs a 

slightly more precise argument, given in Spanier's exercises. Also, I 

have only talked about maps into x" or Zax. Once we have the result 

on cofiberings we can talk about maps from x", at least when X isa 
* #3 

finite spectrum, and so prove X ¥xX. 

6. HOMOLOGY AND COHOMOLOGY 

Suppose given a spectrum E. Then we define the E~homology and 

E-cohomology of other spectra X as follows. 

(i) E(x) = [S, Ex]. 

(ii) E'(X) I [x,e]_. 

These definitions are due to G.W. Whitehead [17] . 

In order to convince ourselves these functors do deserve the name 

of generalized homology and cohomology, let's list their trivial properties. 

Proposition 6.1. (i) E,(X) is a covariant functor of two variables 

E,X in our category, and with values in the category of graded abelian 

groups. 
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(Note: A morphism {: X—> Y of degree r induces 

ft E(x) —> Eva) etc.) 

The same is true for E*(X), except that itis covariant in E and 

contravariantin X. 

(ii) If we vary E or X along a cofibering, we obtain an exact se- 

quence, That is, if 

xtisyBsz 

is a cofiber sequence, then 

£ Bx 
E (%) ——> EY)——> EZ) 

and 
et * 

BTMx) <— Env) <—S& — ez) 

are exact; if E+—> F+-35G isa cofiber sequence, then 
ix Ju 

E_(X) ——> F_(%) —~ G_(X) 
n n n 

and 

7 js 
BUX) > F(x) ~ > 6x) 

are exact. 

(iii) There are natural isomorphisms 

E(x) & Ey (Sa) 

E(x) 2 Enis! x). 

(iv) E(s)=E “(S) = 7 (E). 

The proofs are mostly easy. Part (ii) uses 4.12, 3.9 and 3.10. 

Part (iii) uses 4,9-~-the fact that we have an equivalence X——> s} AX of 

degree 1. 

These statements give the analogues for a theory defined on spectra 

of the Eilenberg- Steenrod axioms. 
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Once we have defined homology and cohomology of spectra, of course 

we can define homology and cohomology of CW-complexes. That is, if 

L isa CW-complex, we define EL) to be Eo applied to the suspension 

spectrum of the complex L, and similarly for ED, The theory on com- 

plexes satisfies the same axioms. 

For example, let Hn bean Eilenberg-MacLane spectrum with a 

single non-vanishing homotopy group 1 in dimension 0; then (Hn), is 

a homology theory defined on spectra with a single non-vanishing co- 

efficient group, mT in dimension 0, Apply (Hn), to the suspension 

spectrum of a complex LL; it must coincide with the ordinary homology 

theory of L. If one happens to have seen the ordinary homology groups 

of a spectrum defined before, then (Hm), is the same thing, as we see 

by passing to limits. 

THEOREM 6.2. (G.W. Whitehead). EX) *X (£). 

Proof, EnX-——> XsE_ is an equivalence, so 

[s,Eox] = [s,xaE],. 

COROLLARY 6.3. (Hn), (HG) = (HG) (Hn) . 

This was found empirically by Cartan, but it is non-trivial to prove 

directly. G.W. Whitehead's discovery of the proof just given was 

probably an important step in his thinking about the connection between 

spectra and homology theories, / 

PROPOSITION 64 If X is a finite spectrum, E(x) = E-TM(X) . 
Proof, [s, Eax"] > [x,E]. is an isomorphism by 5.4, 

This shows that generalized homology and cohomology behave 

correctly under S-duality. 
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Proof of 5.5: that is, if X is a finite spectrum, then x” is 

equivalent to a finite spectrum. 

Let X bea finite spectrum. Then [s,x"] = [x,s] , and the right- 

hand side is zeroif n is negative with sufficiently large absolute value. 

But Hx’) = HTM"(X), which is finitely generated in each dimension and 

zero outside a finite range of dimensions. Therefore X is equivalent to 

a finite spectrum. 

Remark 6,5. Every generalized homology or cohomology theory 

defined on the category of CW-complexes arises by G.W. Whitehead’s 

construction from some spectrum E, 

In order to have a proper statement, it is necessary to spell out the 

assumptions we make on the homology or cohomology of infinite complexes. 

In the case of homology we assume that 

lim E_(L,) > E (1) 
a 

is an isomorphism, where L, runs over the finite subcomplexes of L. 

In the case of cohomology we assume the Wedge Axiom of Milnor and 

Brown, that is, 
rw. 

EY Vu n 
a 

o) > TT EB Ly) 
a. 

is an isomorphism. 

I propose to omit the proof of Remark 6.5. In the case of cohom- 

ology the results is fairly easily deduced from E.H. Brown's theorem in 

the category of CW-complexes, and this was done in G,W. Whitehead's 

original paper [17]. The argument is essentially that given in section 2. 

In the case of homology we first obtain a homology theory on spectra in 

an Obvious way. One then converts one's homology theory into a cohom- 
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ology theory defined only on finite spectra, by the definition 

go 
ze 

X) = Ex ). 

(So one only needs the homology theory on finite spectra, in which case 

it is trivial to define it.) One then has a contravariant functor defined 

on finite spectra or finite complexes, and we have the task of represent- 

ing it. I have proved the required result (Topology 10 (1971) pp. 185- 

198). 

We now consider generalized homology and cohomology groups with 

coefficients. Let G be an abelian group. We can take a resolution 

0—> R—> F-> G> 0 by free Z-modules (a subgroup of a free abelian 

groupis free). Take V S, \/ S, such that 
acA BeB 

m4 aA S)=R 

S)=F. Tol ave ) 
Take a map f: VV 5s-—> V S inducing i. Form 

OeA BeB 

M = ( V 5S) u. C( V S); this is a Moore spectrum of type G. Thatis, we 
BeB { aeA 

have 

m7 (M) =0 for r<0Q 

T)(M) = Hy(M)=G, 

HM) = 0 for r>0O, 

Now for any spectrum E, we define the corresponding spectrum with 

coefficients in G by 

EG=EaM. 

Example. SG means SAM=M, soa Moore spectrum of type G 

may be written SG. 

PROPOSITION 66, (i) There exists an exact sequence 
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0—> 1 (E£)® G—> (EG) —> Tors (n ,/E), G) —> 0. 
Nne- 

(This need not split, e.g., take E= KO, G=Z,_,) > 

(ii) More generally, there exist exact sequences 

0—> E MX) @ Ga-> (EG) (xX)—> Tors (E,_\(X),G)—> 0 
and (if X is a finite spectrum or G is finitely generated) 

o—> E(x) @ G—> (EG) (X)-—> Tor (E (X),G)—> 0. 

Proof. Vv s— ys —>M is a cofibering, hence the top row of 

EV §) —> EnV S) —> EaM 

| 
VE E 
a D

W
 

is a cofibering. Similarly 

Ea(V S)aX ——> Ea 4 S), X ——> ExMaX 

| | 
Ve EBax V Bax 
a 8 

is a cofibering. Therefore we get exact sequences 

—> nV BE) V ge) 1 (EAM) ——> 
a 

R @n_(E) 1@l oF @n_(E) 

and more generally, 

_ [s, V Eax], ——>[s, v Enx] > [S,EaMax] —> 

R e[s, Ex] ~*8 > F@(S,Enx] 

—> [x, V EB] os [x, V E] ——> [x,E,M]_——> 

| ; | . 

R@[X, E] _———> F@(x,E] | gcc om, 

ie
d 

U
e 

@1 
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To get the isomorphisms in the last case we assume either that X isa 

finite spectrum or that a and BP run over finite sets, which we can 

arrange if G is finitely generated. Now the cokerne}l and kernel of 

i@l are, according to the case, 

Z 
G @u (E) and Tor, (G,n1_(E)) 

n 1 n 

G @E (x) and Tor” (G, E_(X)) 
n 1 n 

Z G @E (x) and Tor, (G,E'(X)) . 

Example. If H means an Eilenberg-Mac Lane spectrum of type Z, 

then HZ does indeed mean the Eilenberg-Mac Lane spectrum of type G. 

Proof, The Tor termis zero in 

0—> Z®G-—-> t,.(HG) _—_> Tor, (Z,G) —> 0. 
PROPOSITION 6,7. If G is torsion-free, then 

T(E) ® G —> n,(EG) 

and 

E,(X) @ G —> (EG) (X) 

are isomorphisms, andif X is finite or G finitely generated, 

E(x) @ G —> (EG)"(x) 
is an isomorphism. 

Z 
Proof. Tor, (7,.(E),G) = 0 

Z 
Tor, (E,(X),G) = 0 

Z mk 
and Tor (E (X),G=0 . 

1 

Example. Take G=Q, and take a map i:S —>H representing a 

generator of T)(H) = Z. Then i induces an equivalence SQ ——_ HQ, 

i.e., the Moore spectrum for Q is the same as the Eilenberg-Mac Lane 

Spectrum. 
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Proof, In the diagram 

7 (8) @Q——> nm (SQ) 

i,® 1 

7 (A) 8 Q—-—~> 7 ( HQ) 

the top and bottom rows are isomorphisms by 6.7. But by a theorem of 

Serre, T (5) @Q=0 for n4+0; and for n=0, iy! TM) (S) > 1) (H) is 

an isomorphism. 

Example. The map i: S ——H induces 

T14(X) @ Q —> H(X) GQ, 

that is, rational stable homotopy is the same as rational homology. 

Proof. T,.(X) = S,(X). Again by 6.7 the top and bottom rows of the 

following diagram are isomorphisms. 

S,{X) @ Q-_ > SQ,.{X) 

{| 
A(X) @ Q——~* HQ, {X) 

By the previous example SQ ——*>HQ is an equivalence, so the right- 

hand arrow is an isomorphism. 

Now we give a checklist of the standard spectra corresponding to the 

usual generalized homology and cohomology theories. 

(i) HG, the Eilenberg-Mac Lane spectrum for the group G, so that 

G (n=0) 

7 (HG) = 
0 (n#0) 

The theories (HQ),,, (HG)* are ordinary homology and cohomology with 

coefficients in G. 

For greater interest, let G, be a graded group, and define 

H(G,,) = V H(G_,n) =T7 H(G_, n); the second map is an equivalence by 
n n 
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3.14. Then by the first form 

H(G,,) (X) = > H_p(XsG,) 

and by the second 

H(G_) (X) = TT HT KG), 
* n n 

(ii) S, the sphere spectrum. The corresponding homology and coho- 

mology theories are stable homotopy and stable cohomotopy. With all due 

respect to anyone who is interested in them, the coefficient groups m7 (S) 

are amess. There is a lot of detailed information known about them, but 

I won't try to summarize it. 

(iii) K, the classical BU-spectrum. This is an Q- or Qy7 spectrum; 

each even term is the space BU or Zx BU; each odd term is the space 

U. 

The corresponding homology and cohomology theories are complex 

K-homology and K-cohomology. In fact itis rather easy to see that for 

a finite-dimensional CW-complex X, [x,zZ x BU] agrees with the 

Atiyah-Hirzebruch definition of K(X) or K(X) in terms of complex 

vector-bundles over X. (Here we have to take K(X) if [x,Z Xx BU] 

means homotopy classes of maps preserving the base-point, or K(X) if 

we work without base-points.) This shows that our definition of K"(X) 

agrees with the Atiyah-Hirzebruch definition if X is a finite-dimensional 

CW-complex. For infinite-dimensional complexes our K(X) is the 

variant called ''representable K-theory", i-e., we take [x,z x Bu] as 

the definition. 

The coefficient groups are given by the Bott periodicity theorem: 

Zz (n even) 
TT (kK) = 

nm 0 (n odd). 
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We havea map K*SaK cl 5 HAK —> H(7,(K) @ Q). This map is 

the universal Chern character. 

(iv) K-theory with coefficients. Suppose we are willing to localize 

Z atthe prime p; i.e., let Q,, be the ring of fractions a/b with b 

prime to p. Then we can form KQ): It splits as the sum or product of 

(p-1) Similar spectra E. The typical one has 

Q (n = 0 mod 2(p-i)) 
m1 (®) = 

8) otherwise 

Of course you may just want to split K into the sum or product of d 

similar spectra, so that a typical one has 

R {n = 0 mod 2d) 
1 = fF) 0 otherwise , 

where R .is a subring of Q. In this case one need only invert those 

primes p suchthat p#1 mod d. For example, for d=2 take 

R=Z11/2]. See [1]. 

(v) Connective K-theory. bu is a spectrum having a map bu——> K 

such that 

T (bu) — m7 (K) is an isomorphism for r 2 0, and 

Tm (bu) = 0 for r <0, 

We may take the 0-th term of bu to be ZX BU and the second term to 

be BU. If X is a complex, we have 

bu (x) = K(X), 

but the groups bu'(X) and K"(X) are different in general for n>0O. 

(vi) Similarly, one can consider connective K-theory with coefficients, 

(vii) KO, the classical BO-spectrum. This is an f- or Q- 

spectrum; every term E is the space BO or Zx BO; every term 
8r 
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Eo i4 is the space BSp or ZX BSp. The other terms are the ones 

which come in Bott's periodicity theorem for the real case: 

O, O/U, U/Sp,BSp, Sp, Sp/, U/O, BO. 

The corresponding homology and cohomology theories are real 

K-homology and rea] K-cohomology. In fact {as for the complex case) 

for a finite-dimensional CW-complex X, (X,Z x BO | agrees with the 

Atiyah-Hirzebruch definition of KO(X) or KO(X) in terms of real 

vector-bundles over X. So our definition of KO" (x) agrees with Atiyah 

and Hirzebruch if X is a finite-dimensional CW-complex. 

The coefficient groups are given by the Bott periodicity theorem: 

5
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(viii) KO-theory with coefficients. The quickest thing to say is 

) 2, ~ 0 2 
that by a theorem of Reg Wood, KOa(S Uy, e )7*K. Here §S Uy e 

means the suspension spectrum whose second term is cp’. The attach- 
al ing map y is stably of order 2. So sz[1/2] 1s sz[1/2] factors 

through is? U, e!yz 1/2], which is contractible. So 

Kz(1/2] + KOA(S°U, e)z[1/2] 

ir
a KOn(Sev §2)Z[1/2] 

KOz[1/2](s°v 8”) . W
 

So the two summands into which KZ[1/2] splits are actually copies of 

KOzZ[1/2]. It follows that if you introduce a ring of coefficients contain- 

ing 1/2, K cannot be distinguished from two copies of KO. Of course 

this is classical, by a more direct proof. 

(ix) Connective real K-theory. bo is a spectrum having a map 

bo —*> KO with properties like those of bu—>K. 
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(x) KSC, the self-conjugate K-theory of Anderson and Green. The 

quickest way to say itis this. To each bundle § we have its complex 

conjugate € which has the same underlying space but a new C-module 

structure on each fiber; the new action of z is the old action of z. 

Stably, this is induced by a map Z x BU fi, ZX BU. We can define a 
map of spectra T: K—-—> K which has components t in dimensions 

divisible by 4, and -t in dimensions of the form 4r+2. Now take KSC 

to be the fiber of 

Kitte,. 

You can read its homotopy groups off from the exact sequence of this 

fibering: we have 

HW
 

N
 

N
 

o
 

N
 

N
 

TT, (KSC) 

(xi) MO, the Thom spectrum for the group O. The corresponding 

theories are unoriented bordism and cobordism. To connect our definition 

of MO,(X) with a geometrical definition in terms of manifolds one has to 

make use of a transversality theorem at some point; see e.g., [5]. 

We have 

MO * H(tr,.(MO)) . 

m,,(MO) is a polynomial algebra over Z, with one generator in every 

dimension d>0Q suchthat d+ 1 is not a power of 2, The decomposition 

of MO as a wedge of copies of HZ, shows that the theories MO, and 

MO" are not very powerful, but they are good for studying unoriented 

manifolds. 

(xii) MSO. The corresponding theories are oriented bordism and 

cobordism. We have 
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MSO * H(1,,(MSO)) . 

T,(MSO) is a direct sum of copies of Z and 25: It is known, but 

somewhat complicated to describe. 

(xiii) MU. The corresponding theories are complex bordism and 

cobordism. 1,(MU) is a polynomial algebra over Z with generators of 

dimension 2,4,6,8.... Thereisa very good map MU->K due to 

Atiyah-Hirzebruch, Conner-Floyd [3], [5]. The theories MU,,, MU 

are powerful. 

(xiv) MU _ with coefficients. If one takes MUQ | it splits as a sum 

of suspensions of similar spectra. A typical one is BP, the Brown- 

Peterson spectrum. 1,(BP) is a polynomial algebra over Q5 on gen- 

erators of dimension 2(p'-1) for f=1,2,... 

(xv) MSpin, MSU, MSp. T(MSpin) and ny(MSU) are known, 

but 1,(MSp) is not yet known. 

For a general reference on bordism and cobordism, I suggest 

Stong [16]. 

We now consider the elementary additive properties of generalized 

homology and cohomology theories. 

Recall that I had my theories E,,E" defined on spectra, and then I 

defined them on CW-complexes with base-point by saying 

E,(L) = E,(L) 
oe 

BE (L)=E (L), 

where L is the suspenSion spectrum of L. I should say how one defines 
* 

relative groups E,(X,A), E (X,A). This is well enough known. One 

defines X/A to be the quotient complex in which A is identified toa 

new point, which becomes the base-point. In particular, X/@=Xvw pt., 
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also written x7, Alternatively, one constructs the unreduced cone CA 

and forms Xw CA, taking the base-point at the vertex. This happens to 
+ 

be the same as the reduced cone x*U CA . Then one has a map 

XUCA— > X/A, which is a homotopy equivalence. Then one defines 

E,(%,A) = E,(Xu CA) = E,(X/A) , 

using the isomorphism r, to identify the last two groups. Sirrilarly, 

% “St os 
E'(X,A) = E (X VCA)=E (X/A). 

Note that E,(X, pt.) = E,(X), as it should be, and similarly for 
ok ~r 

E (X,pt.) = E (X). 

The induced homomorphisms are obvious: a map f:X,A—~>Y,B 

induces 

X/A > Y/B 

and we take the induced homomorphisms of E, or E. 

Excision is now obvious. Suppose a CW-complex is the union of two 

subcomplexes U,V. Then 

u/UN Vv — > U UV/V 

is actually a homeomorphism, so it surely induces an isomorphism of Ew. 

and EB’. Homotopy is equally obvious. Now we would like to have 
boundary maps and exactness, Given an inclusion X—>Y, we have a 

cofibe ring 

xtils yttis ytyx* 2 yte cx = sxts sy*-s.... 
TMN 

So applying E, we have the following exact sequence. 
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jx ~~ Si, ~ E,(Y¥,X) ——>E, (sx) +> E (sy*)—.. 

| 
ix 

E,(X) ——~ E,(Y) 

N
e 

M
e 

+ ix ~ + 
2 E,-% ) Ely 

foo | 
lok 

E-) ———— Eo.) 

IfI define 3 to be the composite indicated, the sequence will be exact. 

So in order to fix the boundary map and have it natural I simply want to 

. . . ~~ + ~ and ] + 
make some quite explicit choice of isomorphism Ex )= E+ tS ax), 

Let's reca)] that almost the last thing I did in section 4 was to make 

the smash-product a functor of maps of degrees other than zero. Sol 

look at the sphere-spectrum 
0 21 22 

S=(S ,8 ,S5,...) 

3 and the s spectrum st = s! 5? 1S), eee) 

and J] make a map from one to the other by taking the identity map from 

Ss", the nth component of S, to s*, the (n-1l)-st component of si, This 

gives mea morphism of degree 1, say ¢:5 —*S. (This is actually 

yy for the spectrum S, but you are allowed to have forgotten about vy 

by now.) ©& is clearly an equivalence. Since J have smash-products of 

morphisms of nonzero degree, I am entitled to form 

x ~Sax—*t> shrx, 

This is an equivalence too. (Of course, the smash-product of morphisms 

of nonzero degree was defined in terms of the maps y,, and if you go 

back to the definition and unwrap it, you find that this is just the map vy) 

for the spectrum X.) I now Say that this map 

X gol, si AX 

is the one to be used in inducing 

= | 
———> EX) Ei yiS 4%) 
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ETM(X) <__ Emig! xy, 

This gets my suspension isomorphism in a form convenient for later 

work, and makes the boundary and coboundary quite precise. 

Now we would like to assure ourselves that all the contents of 

Eilenberg-Steenrod, Chapter J, gothrough. But we can also put the 

question in this form: is there anything in Eilenberg-Steenrod Chapter I 

which can't be derived from our constructions? The grand conclusion 

should be that the homology groups of spheres are the right thing, and we 

already know that 

Nn nN, n ES) [s .E]. 

H
e 0) [s.£]_ 

_v = Tol?) . 

The only problem is to compute 1,(E) for a given E. So what about the 

other things in Eilenberg-Steenrod Chapter I? One very useful thing is 

the exact sequence of a triple. Suppose we have CW-complexes 

XDYDZ . We would like to know that the following sequence is exact. 

ix jx A 
E,(Y,Z)——> E,(X,Z) ——> E\(X, Y) “> EL _j(Y,Z)-——> ... 

Here A_ is the composite 

E(X,¥) 22 EB (yy) > n! »Y) n-1! ) EL )(%2Z) ‘. 
No special proof is needed, We know that the following is a.cofibering: 

+ og +, + + + +, + + + 
y /Z —>x /Z —>x /Y —> SY /Z )—> S(X /Z). 

Therefore I know that J] have an exact sequence 

E ix jx 2 ix 
n( ¥> Z)——> E,(X,Z) —> E(X,¥) > EB, (Y,Z)—> E(x, 2) 

provided that 3 is induced by the top line of the following commutative 

diagram. 
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xy ex 72 \uci /2) 4 sv7/2") 

Jf: 
X UCY J > sy” 

The rest of the diagram shows that @ isthe sameas A 

There is however a moral to be drawn. We know how to display the 

various groups and homomorphisms involved here ina sine wave diagram, 
a 

ye To 
E,(Z) E,(X) E,(X,¥) E,(Y,Z) 

E,(Y) E.(X,Z) E, (Y) E(x, 2) 

BAY, Z) E, (2) F(X) 
P) 

It is useful to know that we can obtain this whole diagram from a diagram 

of cofiberings. 

LEMMA 6.8. Suppose given a commutative diagram 

of CW-complexes with base-point. Then there exists the following 

rome diagram of cofiber ee 

Be 

iy, > va \ Ava ON CZ) WN Ne a 
Here g' is induced from g, etc. If the original diagram is only homo- 

topy-commutative, then by choosing a homotopy you can reduce to the 

case in which it is commutative. 
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This is sometimes known as Verdier's axiom. The proof is ele- 

mentary. One way to say it is this: you can assume without loss of gen- 

erality that f and g areinclusions, and then J have told you everything 

necessary already. Since the constructions are elementary, they com- 

mute with suspensions on the right and carry over to spectra. So the 

corresponding lemma is true for spectra. In a fully Bourbakized treat- 

ment this lemma would go in section 3. 

The next thing we would like to know is the Mayer-Vietoris sequence. 

This needs no special proof either. Suppose that we have a CW-complex 

which is the union of two subcomplexes U and V. We wish to know the 

relationship of E,(UvV),E,(U), E.(V),E.(U NV), We may replace these 

+ + + + 
by E,(S(U U V) ), etc. Sowe take S(UnV) and S(U vV) and makea 

+ + 
map from one to the other by taking i,-ig, where i :(UNV) —— > U and 

+ 

i (UNV) ——> v* are the inclusions. Now let me form the cofiber 

sequence 

+ + + + + + 2 + 
S(UN V) > S(U v~V ) -> S(U VV bu i CS(UNV) —>S (UnV) —..... 

“172 
The third term is the same as 

+ + + 
SU v SV UCyl{S(UNV) ), 

+ 

where the (reduced) cylinder is attached by i} to SU and i, to sv". 
+ 

But this clearly has the same homotopy type as S(UvV) . So we geta 

cofibering 
i,-i 

+ + + + 2 S(UNV) eS S(U v V ) —> S(UvV) —>S (UNV) +—>.... 
Here the third map can be written either as 

+ = 2 + 
S(UUV) > S(UYV/V) <— S(U/UnV) —> S (UNV) 

or as minus 

s(Uuv) —> S(U UV /U)<— s(v/UNV) —> s*(unv) : 
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So we get the following long exact sequence. 

(iy xs ~i2x) (3, x2 Sox) . A 
E_(UuNV) E (U) ®E (Vv) ———~> E _(UUv)— 7 E (UN V)~—.., 

n n n n n-l ° 

Here the boundary map is given by 

E, (UUV) —> E (UUV, Vv) <— E(u, UNV) 2s (av) 
n ne 

or minus 

EB, (UUV) —* E (UUV, U) <— E (Vv, UAV) 255 (uav) 
n- 

We proceed similarly in cohomology. 

Of course this construction also carries over to spectra. In fact for 

spectra we need not bother about writing the suspension, because up to 

equivalence everything is a suspension. We obtain: 

LEMMA 6.9. Suppose a CWspectrum is the union of two closed sub- 

spectra U,V. Then there is a cofibering 

UNV —> Uv v ——> UUV —-> Susp(UNv)—* ... 

in which the third morphism is 

x 

UvvV —> Uev/v <— U/UNV —= Susp(UNV) 

or minus 

UvV—> Uev/U <—v/UNV —> Susp(U nV). 

We may call this the Mayer-Vietoris cofibering. 

7. THE ATIYAH-HIRZEBRUCH SPECTRAL SEQUENCE 

In this section we study the machine which plays the same role in the 

study of generalized homology theories as the Eilenberg-Steenrod unique- 

ness theorem plays for ordinary homology theories. Let us suppose for 

convenience that X is a finite-dimensional CW-complex. 

THEOREM. For each CW-spectrum F there exist spectral 

sequences 
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H (X30 2 —_- 23 pking F) S> Fg) 
+ 

BP(Xing(F) ==> FPUAX) 

These spectral sequences were probably first invented by G.W. 

Whitehead, but he got them just after he wrote the paper [18] in which 

they ought to have appeared. They then became a folk-theorem and were 

eventually published by Atiyah and Hirzebruch, who needed them for the 

case F=kK,. 

It is probably desirable to give the first part of the construction in 

greater generality. Suppose Ihave a CW-complex X with a finite 

filtration by subcormplexes, 

$=X jCX)CK,CX,C...CXK =X. -l 0 1 2 n 

To get the Atiyah-Hirzebruch spectral sequence you take Xx, = xt, the 

r-skeleton; but other choices of filtration are possible, and sometimes 

useful. If we then apply a functor F, or F” to all the available pairs 

and triples, we get a maze of interlocking exact sequences. The spectral 

sequence helps us to find our way through this maze and to distill out the 

essential information. 

There are two ways to present the distillation. The first is due to 

Massey, and it is the method of exact couples. We observe that we have 

an exact sequence, which we write in a triangle like this. 

x —_—_——_> F,.{ p-1) F(X) 

) Jx 

F(X ,X_) 
P p-l 

If we add over p, we obtain 
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Dd Ful ye FX) 

PUN UY, 
> Fy(X.X__,) . 
> p’ p-l 

Here we interpret F(X ) as 0 for p<0O andas F(X) for p> n, 

Now we have a triangle of the following form. 

Aya 

A >A 

I vA 
C 

Massey called such a triangle an exact couple, and he showed that from 

such an exact couple you could obtain a derived exact couple 

A! > A! 
NN ; 

For example you define dy = j,,.3: C —> C anddefine C'= Ker d,/Im di. 

Iterating this procedure, you obtain at C',C",C''' etc, all the terms 

of the spectral sequence. A suitable reference is Massey 9]. 

The second method probably goes back to Eilenberg, and it is 

essentially equivalent; it consists simply of writing down explicit 

definitions of the desired groups and homomorphisms, For example, we 

define 

zz" =Ker jF_. (x )—2 > F(x x Pq pq’ p’ *y- 1 j ptq-l p-l p-r 
=] X_,X ———_>F (x ,x , m | Fota pr Xp_ yl ptqTMp p-1)$ 

BY =Im {F (x xX) > F(x x 
Pq ptqt]TM ptr-lTM p- ptq p p-l 

1 x = Ker {F X ,xX —_*—>F xX. ,X ; i pt! Pp p-1) pia! ptr-l »-s 
r 

check B. CZ, and define 
pa “p,q 2 



We define the boundary maps ds. by passing to the quotient from boundary 

r+] maps 2% inan appropriate way. We prove Ker d,/Im dn Eo Q by 

r 

diagram-chasing. For r sufficiently largethe groups Z q’ B q and 

E" become independent of r, and may be written Ze , Bo and 
pPsq pq Pq 

EO. 
P.q 

We filter the groups FtX) by taking the images of the maps 

FF (X_)—> F_(X); 
mp m 

the image of Fut.) is the whole of Flt) the image of FinlS _1) 

is zero, and the quotients of the successive filtration subgroups are iso- 

morphic to the groups Fg for p+q=m, as one sees with a little 

diagram-chasing. 

So .one gets a spectral sequence with 

1 
E =F X_,xX = F Xx). pa *ptq'*p?*p-1) Pp pig | 

A similar construction works in cohomology. 

Now we revert to the case in which we take the skeleton filtration on 

X, so that X =x" and x=x", Then we have 

_ P yp-l E =F xX" ,X P.q ptq! 
co 

=F 
p+q 

=F ( V sy 
pt+q a 

xxPyxP7}) 

= 2 1,{F) a 4 

= C A(X img (F)) , the cellular chains of X 

with coefficients in m1Q{F)- 

Now we need to know that we have the following commutative 

diagram. 



Ee! & © (X;n (F)) 
Pq Pp q 

‘| . 
rl ¥ C ((X:n (F)) 

p-l,q p-l q 

2 If so, then we have E ¥ H (Xin (FY). For this purpose there are two 

alternative methods of proceeding. 

(i) Suppose we know that m(S*) =Z. Then we argue that we simply 

have to find one component of our map 2, say 

Tv (Ff) ———~ T(E Ey En 
| [> 

7 (EF F q'F) ml F) 

One sees by diagram~-chasing that this is the homomorphism of 

F (sP7}) induced by the following map. 
ptq~i 

- -)] - - - - sP-1—> xP7l_—ayPrljsP-? = \/sP-1_» Po} 
B 

Here the first map is the attaching map for the cell indexed by a, and the 

last is the projection to that indexed by 8. This composite map has to 

: <—“ - have a degree vy, and the homomorphism of F eget) ) which it in- 

duces is multiplication by v. But then v is also the incidence number 

p-1 P and e 
B 

between the cells er which figures in the definition of 

3: C A(X 5G) —_> C5 ~1 (85) e 

(ii) If you deny me the knowledge that m(S*) = Z, then I have to be- 

gin by assuming that X isa finite simplicial complex. In this case 

: C_(X;G) —> C X3G d2 CL(X5G) p-1' ) 

is given by a combinatorial formula. I arrange the proof that 

P yP-l) wy . EF XX )2C (Xin (F ptq' P a! ) 
with slightly more care and diagram-~chasing, so as to incorporate a 
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proof that the isomorphism takes qd) onto the boundary 2 given by the 

combinatorial formula. This is essentially as in Eilenberg-Steenrod, 

where they prove the uniqueness theorem. It issues in the result that 

when X is a finite simplicial complex, you can take the H in 

H (Xi (F)) ==> F(X) 
P q p ptq 

to mean finite simplicial homology. Of course this form of the result is 

the one which includes the Eilenberg-Steenrod uniqueness theorem: for 

a finite simplicial complex, any ordinary homology theory agrees with 

finite simplicial homology with the same coefficients, 

Example. Take F=K, the classical BU-spectrum, and XK = cP”. 

We have 

Zz p even, 0 <p< 2n, q even 
HP(XiT_(K)) = 

0 otherwise 

The E,-term is illustrated as follows. 

q 
nN 

v
 

Since the terms with either grading odd are zero, the spectra] 

sequence collapses, and 

2m n n 
K (CP )=)> Z. 

0 
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The Atiyah-Hirzebruch spectral sequence works for infinite com- 

plexes, but we need the discussion of limits in the following section, 

The spectral sequence also works for spectra X, provided they are 

bounded below, i.e., there exists y such that TAX) =0 for r<y. 

For spectra which are not bounded below you can still formally set up the 

Spectral sequence, but the convergence is so bad that the spectral 

sequence is unusable in practice. 

8. THE INVERSE LIMIT AND ITS DERIVED FUNCTORS 

Let I bea partially ordered set of indices a. Weassume I is 

directad, thatis, for any a,8 thereisa y with a<v and f<y. An 

inverse system G of abelian groups indexed over I consists of abelian 

groups G, (one for each a ¢€1I1) and homomorphisms Eqg' Gy <— Gg 

{one for each pair of indices with a<f in I). Such inverse systems 

form the objects of a category; a morphism 6: G ——>H in this category 

is a list 163 of homomorphisms 84: Gy > Hy such that 

8 =h .@ whenever a<B. Wedefine LimG to be the subgroupof 
< afap ~ “apo 

Te, consisting of lists ix, Xq € Gg, which satisfy Xq = Eap*p for 

all a <8. The functor Lim is representable in this category; for let 

Z be the integers, and let Z be the inverse system in which Z,=Z 

and z_,=1; then Hom(Z,G) = Lim G. Moreover, this category has af fo al 

enough injectives. In fact, let I be an injective abelian group; let Vy 

be the inverse system in which 

I if y<a 1 if y<a 
Gl= g = 

0 otherwise ; as 0 otherwise 
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Then YY is injective, and we get enough injectives by taking products of 

objects like Ly . Wecan therefore do homological algebra; in particular, 

we have the functors 

Lim’ G = Ext'(Z,G). 
0 

We have Lim G= Lim G 

Frequently we have I= {1,2,3, ...$. In this case we have an 

alternative construction of Lim. Given G, define a cochain complex 
<—\— 

C by 
fe) 

Co=e,= 1G,, 
i b{x § = fx -g x .€ for \x f eC. 

C =0 for r>1, n n n,ntl n+l n 0 
r 

Let H’ be the jth cohomology group of C. Thenit is immediate that 

H? =LimG. To show that y 2 Lim’ G , it is sufficient to make the im 
<— 

following remarks. 

(i) Let 0 —>G' +> G 1+> G' —> O be a sequence which is exact 
met joy 

in the category of inverse systems, thatis, 0-— > GG, > Gy? Gi 0 

is exact for each a. Then we obtain an exact sequence of chain 

complexes 

0—> C!'—-> C —* C''—_ > 0, 

and hence an exact cohomology sequence 

0 0 —> yy? —> 9° —s HH? — > } 1s yl yni_o, 

(ii) We have constructed enough injectives with the property that all 

their maps ae are epi. If all the maps Bog are epi, it follows that H} 

is zero. So y} vanishes on enough injectives. 
i ~ yy . . . i . It follows that Lim) G 2H’, and in particular Lim G=0 for i> 2, 

e — <_—_ — _ 

assuming I= 41,2,3, .. .§. Fora general I we would not have this. 
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Exercise (i). Let I= $1,2,3, ...5, and let G bean inverse 

system in which the maps Bom are mono; thus we may regard G, as 

a topological group, topologized by giving the decreasing sequence of sub- 

groups Im f° Then Lim? G = 0 if and only if G) is Hausdorff; 

Lim’ G= 0 if and only if G, is complete. (Here we use words so that 
"complete" does not imply ''Hausdorff"; it means that each Cauchy 

sequence has a limit, perhaps not unique.) 

Exercise (ii). Let I= {1,2,3, ...§. We say that G satisfies the 

Mittag-Leffler condition if for each n, there exists m such that 

Img. =Im Sam for p> m; thatis, Im Bap converges. Show that if 
np 

G satisfies the Mittag-Leffler condition then Lim! G=0. pal al 

The cochain complex used above is due to Milnor, "On axiomatic 

homology theory", Pacific J. Math. 12(1962), 337-341. He made the 

following use of it. Let E bea generalized cohomology theory satis~ 

fying the wedge axiom; this axiom says that the canonical map 

rng wo*k 

E( \Vx.)—> TT EX) 
a a a 

a eb is an isomorphism. (One can use E” instead of E if one uses the dis- 

joint union instead of the wedge.) Suppose given an increasing sequence 

of CW-pairs (X_» AL), and set 

x= UX, A=UA 

PROPOSITION 8.1 (Milnor). There is an exact sequence 

. 1 .q-l q . O14 0-—> Lim E (X ,A )—> E (X,A)—* Lim E’(X A )})-— 0. 
<— non <— non 

Sketch proof. First consider the absolute case. Replace X by the 

telescope Ula nt] xX . Set U= len, 2ne1] *Xo0 

V= U) [2n4], 2n+2 | x x, , sothat U consists of the even-numbered 
n +] 

n 
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cylinders, V of the odd-numbered cylinders. Using the wedge axiom, 

show that the part 

E%(u) @ E*(v) —> EX UN Vv) 

of the Mayer~-Vietoris sequence coincides, up to isomorphism, with the 

cochain complex 
fee) ree) 
TTEMX ) —> TT EXx ) 

n n 
] ] 

considered above. When you have a sound proof for the absolute case, 

relativize it. 

Proposition 8.1 is evidently valid for spectra as well as spaces, 

Sketch of applications. It may happen that we wish to construct a 

morphism f:X — > E, and can construct morphisms ad E, where 

{x 3 is an increasing sequence of subspectra whose union is X. Suppose 

that £ IX i] = fuel Then 8.1] assures us that there is a morphism 

£{:X —~>E whose restriction to each xo is tr (In fact, so much is 

easy to prove directly by using the homotopy extension property.) How- 

ever, it is difficult to check that morphisms constructed in this way have 

any good properties, unless one has a uniqueness statement; one needs to 

know that f is determined by giving {|X forall n. By 8.1, it is 

sufficient to prove that Lim" (x, Ej, =0. 

For some applications it is important to know how inverse limits 

work in spectral sequences. Suppose, for example, that we take a 

generalized cohomology theory E* satisfying the wedge axiom anda 

CW-complex X containing an increasing sequence of subcomplexes 

d= X_)CXyOX -++CX C...CX. Suppose also that 

Lim? E*(x,X_)=0, Lim E(x, )}=0. (For example, we might have 
<— n <— n 

* . X= Ux)). Applying E , we obtain a half-plane spectral sequence 
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). In what sense does this spectral whose term EP’4 is EPTUX x i 

sequence converge? We may be interested in three conditions. 

(i) Observe that EP’ — EP’4 is mono for r>p. So we canask 
r 

that the map EP?d_ es Lim EP? should be iso. 
ee) <= Fr 

] , (ii) Similarly, we can ask that Lim EP _ 
r 

+ 

(iii) Let rP?4d be the filtration quotients of EP Fx), so that we 

0. 

have exact sequences 

1 so o—> EP og ped os pp-l.at 
ree) 

and F7}>4=0. We canaskthat the map E"(x) —> Lim® FP? n-P 

should be iso. 

THEOREM 8.2. Condition (ii) is equivalent to (i) plus (iii). 

In practice we verify condition (ii) (see exercise {i)). We then use 

8.2 to deduce that conditions (i) and (iii) hold. 

We can also generalize 8.1. For convenience J consider the 

absolute case. Let X be any CW-complex which is the union of a dir- 

ected set of subcomplexes Xue Then we have a spectral sequence 

LimP EUX => EPt4x) , 
a 

This spectral sequence is convergent in the sense that 8.2 holds, 

9. PRODUCTS 

There are four external products we need: an external product in 

homology, an external product in cohomology and two slant products. 

Perhaps I should give some motivation for the slant products. The first 

thing to say is that I need one of them for the duality theorems. The 

second is to point to the case of ordinary homology. There the 

Eilenberg~Zilber theorem gives one chain equivalences 
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Ci (%) @ Cyl ¥) > C,(X x ¥) > €,(X) @ C,(¥) . 

So if we have a cycle u in X anda cycle v in Y, then p gives usa 

cycle p(u@v) on XxX Y, whence the external homology product 

H,(X) @ H,(Y) ~2-> HLIx x ¥) . 

Also we can dualize 4: if u is a cocycle in X and v is a cocyclein 

Y, then d*(u @v) is a cocycle in KX x Y, whence the external product in 

cohomology 
* 

H’(X)@ H'(Y) S> H"(x x Y) 

But you could also consider p(x®@y) asa function of x with y fixed, 

and then dualize it, so as to get 

c"(x x Y) —> C"(X) depending on y, 

that is, 

C(x x Y)@C,(¥) —> C(x), 

whence 

H'(X x Y)® H,.(Y) - > H (X) . 

Similarly, if we had a cocycle C(x) > Z, we could form 

C,(X x ¥)--> C,¢x) @c,(y) BES4s cy) , 

and so get 

H’(X) @ H, (x x¥) > H,(Y¥). 

If anything, these products are even more Obvious with spectra. Suppose 

I want to define products in generalized theories, say 

E*(X) @ F*(Y) > G (Xa) 

where X and Y are spectra, or 

~ ~“* ~% 
E(X)@ F (Y¥)——* G (X,Y) 

where X and Y are complexes with base-point. Then I should assume 

given a pairing, i.e., a map p:EnF— >G_ of spectra. But then I 
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might as well consider the case G= EaF, because everything follows 

from it by naturality. 

(i} The external product in cohomology is a map 

EP(X) @ FUY) —> (EaF)P*Ux ay) 

defined as follows. If 

feEPQ)=[X 5]. ge FUyy=[yFl, 

then 

tinge [Xa¥,EaF]_) y= (EnFyP"Ux ay). 

The result is written fag to distinguish it from the external product in 

homology. 

(ii) The external product in homology is a map 

E(X)® Fyl®) —_> (BaF) 4qi% aY). 

To define it, suppose 

fe E,(X) = [S, Enx], » ge F(¥)= [s,Fa¥], , 

and form 

g £28 —> EnXaFay 22241 > EQFAKAY. 

This gives 

fage (EAP) ag'® aY), 

the external product in homology. 

In order to see the slant products, one way is to suppose X and Y 

are finite complexes. Suppose given an element of E"(X aY), represented 

by a map 

S~7-> E A(X a¥)" = EaX ay” , 
and suppose given an element of F(Y), represented by a map 

gs FAY, 

Then we can form 
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¥ % al 1 g ft> BAK AY A Pay t6oet> EB APA(x AY ay AAAS. Ear x ; 
this gives an element of (E,F)"(X). Similarly, suppose given an element 
of E*(X), represented by a map 

S fi, B ax 

and an element of F,(X « Y), represented by a map 

SS > FAK AY. 

Then we get 

5 ESES BAX FAX Ys En B axe Ky ee EF ay: 
this gives an element of (EaF),(Y). 

It follows from $5 that these constructions are equivalent to the 

following ones, which work whether KX and Y are finite or not, 

(i) The first slant product is a map 

EP(XaY) @F (¥)—> (En F)P"Uxy , 

If f:X¥.Y—*E represents an element of EP(XaY) and g:S——> FaY 

represents an element of F qi) we form 

x lebsy ray leox, yarttl> Ear. 
The result is written f/g. 

(ii) The second slant product 

EP(X)@ F_ (Xa¥Y)——>(EaF)__| (Y) 
q ~prq 

is defined by taking 

xtseE and Ss >FAXaY 

and forming 

o> Fax AY My AFA Y falaly EaF ay. 
The result is written f\g. 

Note: The following conventions are helpful. 

(i) Fractions have the same variance as the numerator, and the 
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opposite variance from the denominator. 

(ii) Pay strict attention to the order of writing things on the page. 

(a) Keep the cohomology variables (which are like functions) on 

the left of the homology variables (which are like arguments). That 
way both f/g and f\g mean composites in which you first apply g 

and afterwards apply f. 

(b) If you have a class in E (X»¥) and wart to "divide off'' a 

homology class on one factor, by (a) you put the homology class on 

the right, so let it be a class in F,(¥) rather than F(X). If you 

have a class in F(X AY) and you want to divide it into a cohomology 

class on one factor, then by (a) you want to put the cohomology class 

Ed a 
on the left,so let it be a class in E (X) rather than E (Y). 

Of course, once we have the external products for spectra, we get 

them for CW-complexes with base-point by specializing to suspension 

spectra. We then get them for relative groups by turning the handle. 

Note thatif X,A and Y,B are pairs, then 

X/A «Y¥/B=X xY/{(AxYuX xB). 

So for the relative groups we have the following products: 

x EP(x, A) @ FU(Y, B)——> (EaF)P*Ux x Y, Ax YUX XB), 

E_(X,A)@F (CY, B) > (£ nF) (X x¥, Ax Yu Xx B), Pp q p+q 
EP(Xx Y, Ax YUX xB) @F(¥,B) > (EaF)P"Ux, A) , 

\ EP(K,A) @F (Xx ¥, AXYUX x B)——®> (En F)_nag!¥ BD - 

These products have various properties, of which we consider first 

naturality. I will do this for the case of spectra, because there we have 

to provide for maps of degree r. But first we need a remark about in- 

duced homomorphisms in cohomology. Let f:X——~> Y be a morphism 
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of degree -p, andlet g: Y —->E bea morphism of degree -q, i.e., 

an element of EX y), Then the obvious thing to do is to define 

f': E%(y)—> EP*4x) 

by 

(g)f = gf. 
But we usually write a on the left, and so we take care to introduce the 

proper sign: 

f(g) = (-1)PUe¢ . 

For the next proposition assume for parts (i) to (iv) that we have 

morphisms 

f: X —*>X' and g: Y—~>yY', 

PROPOSITION 9.1. (i) If ue E (X'), ve F '(y’), then 
cyl 3B vi] ok 

uf Aa vg (uxv)(f ag)” = 

or equivalently 

yylael tal (£42) *(urv) = (- (cu) Ke") 

(ii) If ue E,(X), ve F,(Y) then 

cykl lal, (fa g),(uav) = fu) a (gv) . 

ee 
(iii) If ue E (X'aY'), ve F.(Y) then 

Ly lle + beb (ulfag) )/v = ( (u/g_ v)f 
or equivalently 

lg| lu | (fa g)*a)/v = (-1) f (u/g,v) . 
ne 

(iv) If ue E (X'), ve F,(XayY) then 

lg (jul + leh Wiag)ay = (-1) g,,((uf v) 
or equivalently 

lel lul+ lel el + Ie} lel u\(fag)v = (1) g,((f w)\v) . 

(v) With respect to morphisms of E and F, all the naturality 
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statements are the same. Suppose given morphisms e:E-—> E£', 

f:F —+ F!. Then 

fe ngta v= ley itn, 
where the absence of a product symbol indicates that any of the four 

products may be used. 

The proofs are elementary diagram-chasing. 

PROPOSITION 9.2, All these products are biadditive. 

We have two commutativity statements. 

PROPOSITION 9.3. (i) Suppose ue EP(X), ve FUXY). Then 

vAu = (-1)P4e 6 (u Av). 

(ii) Suppose ue E,(X), ve Fi): Then 

vaAUus= (-1)P%c Ac),(u av). 

Of course, if we are going toapply maps pu: En F—>G and 

p': Fn, E—>G such that 

FaAE 

is a commutative diagram, then this absorbs the effect of 

ctEa F— Fak, 

We have eight associativity statements. The first statement is 

obvious: suppose 

ue EP(X), ve FUY), weG (Zz). 

Then we have 

~ 8 -) = ptqtr 
(UAV) AwWSuUuA(VAw) €(EaF aG) (X ~AYaZ). 

If we were using pairings of spectra, we would suppose that they made 

the following diagram commutative. 
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EaFa cs sh aG 
Lap | |» 

E, K————> L 

(Here, of course, H,K, and L are some spectra fitting into such a 

diagram.) Then we would obtain 

{ur v)Aw = uaAl(vaw) € Prey yy AZ). 

The associativity law for the external homology product is entirely 

similar. With our conventions, the other six appear as very natural 

rules for manipulating fractions. For example, suppose 

ak Bg 

xe€E (X), ve F (YaZ), 2€G,(Z). 

Then xave(E nF) (X AY aZ), (xav)/z e(EaF nG) (X a Y). 

On the other hand, v/ze(Fa G)'(¥), xA(v/z) €E (Ea F a G) "(x aAY). We 
have (xAv)/z=x vn (v/z). 

THEOREM 9. 4. 

(i) If x e EP(X), ye Fy), ze GZ) 

then 

(x Ry) Ree x Aly hz) (Ea FaG) 2? (XA Ya Z). 
(ii) If x e EX), we FU¥aZ), 2€G (2) 

then 

x x (u/z) = (x Au)/2z € (En Fa GPU (X AY). 

(iii) If ve EP(X AZ), ye FUY), weG (yn 2Z) 

then 

v/ (iu) = [a (way) Vu ee (Enka GPx) , 
(iv) If te EP(X a YZ), ze F(Z), y € G,(¥) 

then 

(t/z)/y = t/ley(z ay) e (ExF a G)P 3 "(xy . 
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(v) If ye EMy), xe FUK), teG (Kn ¥aZ) 

then 

y\xXt) = ley ax) e(Ea Fa o) (Z). 
-qtr 

(vi) If we EP(X AY), ye FA(Y), ve G(X » Z) 

then 

(w/yd\v = wW[le a Daly av) ] ¢ (Ea Fa G) (Z) 
-ptqtr 

(vii) If x ¢e EP(X), we F(x s¥), 2€G (Z) 

then 

(x\w) a 2 = x\(waz) € (Ea Fa GS) ager!® AZ). 

(viii) If x € EX(X), ye F(¥), 2 € G (2) 

then 

(xayln z= xaly az) €(Es FAG) 0. (k Yn Z), 

The proofs, as usual, are done by diagram-~chasing. 

Now we recall that the sphere spectrum S acts as a unit for the 

smash~-product. It follows that we can identify 

ES) Ls, E],, 

with 

EPs) [s,E].. 

PROPOSITION 9.5. Suppose s is of this sort, say s¢ [S, E].,, 

and y eF,(Y). Then 

s\y=saye(E AF) CY) . 

Suppose t is of this sort, say te [s, FJ, and xe E"(X). Then 

x/t=xAate(EaF)"(X). 

Suppose the result is of this sort, say x ¢€ E'(X), yéF,(X). Then 

x\y = x/y e [S,EaF], . 
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The proof is trivial diagram-chasing. The third case gives the 

Kronecker product <x,y>. The explicit definition is as follows. Suppose 

given —. E, S Y>F,X. Form 

stor,xsx,Fttsepr. 

The naturality properties of the Kronecker product are obvious and 

well known. 

PROPOSITION 9. 6. Suppose given f{: X-——>X' (of any degree), 

xe E(X'), yeF,(X). Then 

<x'f', y> =<«x', fy, 

or equivalently 

we if cf ef"x!, y>= (-1)| | le x',fry>. 

We know that in the classical case the two slant products are obtained 

from the two more usual products by dualizing; in other words, they are 

related to them by the Kronecker product. We now State this for the 

generalized case. 

PROPOSITION 9.7. (i) Suppose ue EP(X AY), ye FA(Y), 

x € G(X). Then 

<u/y,x> = <u,e,(yax)>e [S,Ea Fa G] gtr . 

(ii) Suppose y ¢ EP(y), x ¢€ G2(X), ue G(X ay¥), Then 

<y,x\u>=<c ly xx),u> e[S,En Fa GJ gtr . 

Proof. <u/y,x> may be viewed as either (u/y)/x or (u/y\\x. So 

part (i) follows by substituting into the appropriate associativity relation, 

number (iv) or (vi) on the list. Similarly for part (ii), using (v) or (iii). 

These formulae are useful as a heuristic guide. For example, 

suppose you know some formula for the product yax, and want to know 

the corresponding formula for the product x\u. I really have in mind 
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something like a cobaundary formula, but I haven't yet done quite enough 

to use this case as an illustration, so let me consider a naturality 

formula. It's rather trivial, but it will do as an illustration of the 

method. Suppose y ¢€ EP(y), x ¢ F(X), ue Gag! aY'), g: Y'—+y, 

f: X'—>X. We write down 
eo <(yAxlgat) s cyu> 2 (eal lel cye a xt, cup 

%K x4 cay Elle yas, cx(f a g) a > (ary PI gle. »xf\a > 

(-1) | Ble ta 8), a > (-1) be | ig | <v,g,(xf Wp) >, 

* 

If we knew that pairing with y were non-singular, we would have 

Ix| Ig| g, (bef \w) (-1) EI ie! x\(f ag),a= (-1) 
But this argument is indeed a valid proof, because we can take 

y=1le yy). 

PROPOSITION 9.8. Suppose x* ¢ EP(X), y” e FUY), x, € G(X), 

Yy € HY). Then 

KR yy xR yar = (“DU (Lac al)<x yxy ><y sy, >. 

Here lacal: EaGaFaH—PWE aFaGakH. 

Proof. Apply 9.7, commutativity, and associativity law (ii) or (wii). 

Now we would like to write down the properties of our products for 

boundary and coboundary maps. One of them is immediate, that for the 

Kronecker product. We simply observe that the boundary or coboundary 

is induced by a map 

X/A— >A (of degree -1) ; 

we have a naturality formula for the Kronecker product valid for 

morphisms of any degree, so we get the follawing formula. 
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If ac EP(A), ve F (XA) then <a, du>= <ad,u>=(-1)P<6a,u>, 

where we make the same sign conventions as before about "a. 

in order to see what to expect in the other cases, let's go back to the 

classical case, and suppose given 

Ue_E C, A(X), Jue CL {A); Ve CLAY), ive C,(B) . 

Then we expect to have 

(uv) = (au)v + (-1) | u(dv) Ee C.(AxYUXxXB). 

However, the separate terms (du)v and u(dv) do not define elements of 

H(A x Yu XX B), so we have to work instead in 

H(AX YUXxXB,AXxB)=H,(A x Y, Ax B) @ (Xx xB,AxB). 

Here (du)v defines an element in the first summand and u(dv) in the 

second, 

Additional motivation can be obtained if we consider the possibility 

of arguments using the five lemma. We have the exact sequence 

E _(A)—~> E (X)——~ E (X,A)-—7 E (A). 
P P P p-l 

If we tensor it with Fl? B) we get the left-hand column of the following 

diagram, 

x 
E (A)@F_ (Y,B)—(EaF AXY,AX*B 2 p(A) @Fgl¥s BY > (Ea F) a ) x 

(E OE) aight X YER B, XxB) 
I x 

E (X)@ F_(Y,B)—(EaF XxY, Xx B)* p! 1@ q! ) (Ea ) o+q! l ) 

E (X % (EaF) ) ,A) @F (Y,B)-—> XxY,AXYUXXB p' gi" ®) 2) tq! i" 
u pe (EaF) qui bh *¥UXx B, XxB) 

pt 

x x E => ae p-1'4) @F (YB) (BaF) 9 (A*YAxB) 

The oblique isomorphisms identify the second column with the exact 

sequence of a triple. The section of the diagram labeled I is commutat- 
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tive by the naturality of x , and we would like to know that the section 

labeled II is also commutative. So we wish to obtain commutative 

diagrams of the following form. 

E (X,A)@F_(Y,B) 2&5 (A) @F (Y,B) 
p q p-l q 

|x 
Xx (E aF) (A x Y,A x B) 

ptq-l 
nw 

(Ea F) (XxY,AXYUXxB) > (Ea F) (AX YUXx B,X x B) 
ptq ptq-1 

1®a 
EX AOE (YB) FE (X,A)@F ,{B) 

x 

x (E nF) gh B,Ax B) 

. > 
(En F) i yg(Xx¥, AxYUXXB)?> (En F) 0 (Ax YUXXB,AX ¥) 

Here we need a convention about signs. If 6: G—>G' and o: H—>H! 

are homomorphisms of graded groups, their tensor product is defined by 

¢l lg! (8@alg@b) = (-1)| Og @ogh. 
In particular, 1@2 is defined by (1®d)(u@v) = (-1) hI u ® dv. 

Of course we propose to obtain our commutative diagrams by apply- 

ing the results we already have to geometrical diagrams. 

LEMMA 9.9. The following diagrams are commutative. 

(i) 

AanaYuXanB > 2A xa Y J. AaAYuXanB 
XaB Xa B 7 AAYOXAB ~ XaB 

= AnaY 
AaB 

>
|

 ><
 

>
 

b
il
 

>
 

>
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(ii) 

An YvuXaB Xa Y \ Xa Y J! AnaYoXKaB 
AnY , AnB “AnYOXanB ? Any 

= XAB 
AaB 

te
 

La j 

Notes. The diagrams are valid as they stand for spectra. The maps 

B 

> 
I>

 
>

 

w
e

a
 

e
s 

\
 

w
il
x

<
 

J,j,J',j’ are the appropriate maps from the cofibre sequences, and they 

have degree -l. They may be replaced by maps of degree zero into the 

Ss 2 , etc. 2 e h appropria e term S 2 ? R xcep a nN 

in (ii) has to be replaced by 

>
 I

d
 

>
 

t
y
r
 

daj' _» X cl, picAl 5 ol Xn 

A A 

With this interpretation the diagrams are valid if X,Y, etc. are CW- 

complexes. For the case of spectra, the two ways of writing the diagrams 

are equivalent, because we have the canonical equivalence Z ~ sla Z of 

degree l. 

It is sufficient to prove the commutativity of one of the diagrams, say 

the first; the other then follows by applying c (and checking that J 

corresponds to J‘). But it is trivial to check the first diagram for CW- 

complexes by constructing the appropriate maps of (KUCA) a(Y UCB). 

The construction commutes with suspension on the right, and so passes 

to CW-spectra. 

We now get the following eight commutative diagrams by applying 

Proposition 9.1 to the diagrams in Lemma 9.9. The morphisms J,j 

and sign conventions are as above. 



238 

The following diagrams are commutative THEOREM 9.10. 
oe 

Yj @1 41. X Y EP(A)@ FU =) > EP Sy @Py es) B A B 

i A 

+ +1 X yore Maa S) (E,F)P"4 (Sea) 

K 
ptq An YuXaB J ptqtl KaY 

E >(EaF (Ea Ey SB? (EF) (any AB) 

P,x q 1@j ~ Ps qt+1,¥ EPS @ FB) EMS )@FU MS) 
A A 

4+q X t+q4] (En FYE AB) ea (En) 
=| “ 

ptq,AnYvXaB ~ ptqtl Xa Y 
(EaFy (ay > (E nF) (Any uxkas) 

AnYvXaB y JQ! ptl XnY Y Eno aT VAS” — > E F (= ( Xa Be PF ls) (anyoxns) ® q's 
=e] 

Pp Y Yy ptl XY, v 

“bong i sax (En F)P (A) —+4—> (Ea FPO (Sy 

x 
pAayuXnB Y, J°@1) , ppt X AY Y E F (= E A= F (= 7 ( Aan 1® q'B? lAxnyoxn B® q'B? 

an Y pt+1,X yl Y ball F (= A — E (~ 9 B)® q'B E (KB) @Fy(g) 

1@ ji, / 
/ -q+1 x >(EnF)P (5) Px , EP BOF, (8 
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Xay 1@I« ~ Pp AaYuX aB EMA) OF (ATS XAB) > BA@F, (SS 
| 162 

P X,Y Pp rs EP(AVOF (555) EPA@F_ (AH) 

j@! \ 
ptl x F _ Y \ A Y ¥ EP “( %)® alah B >(E FY pq-1'B) 

1@Ix 
p Xa Y * _> p, X, Anza YuXaB EPO F (ge) E( DOF, (Ate *) 

1@= 

Pp, x xX AYU p, % x EMS) @F (RB) E(QIOF, _(R* 8) 

| \ 
EAF)Y | (= as > (EF) (B (BAF) eq’ a? 7 8 FD tg 1) 

x Y jx ®@l . Y 
E (SOF (Z) eins 

‘| * 
xX Y Y 

A _—A EaF — (Ea F) 4q'A 3) ( )ntq- 1% a) 

| XaY Jy _ FF AnaYvX¥aB 
(EF) sqlan Yoox a B! > (EF) gil x. B 

x Y 18) ae. E,(Z) @F (3) > EA) OF. (8) 

: x ¥ b (ENF) (at p) (BaF) (RB) 

| XaY J. _ 7 AnrYvXaB 
(Ea Fy aglhan YoX AD (Ea F)otqg-1o— aay 

By an immediate translation, we obtain commutative diagrams for 

the boundary and coboundary in relative groups of pairs, 

THEOREM 9.11. The following diagrams are commutative. 
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} Q EP(A) @ FUY, B) '@! > EP (x A)@ F (Y,B) 
x 

(Ea F)P Ua x Y,A x B) x 
n_ 

+ 8 tq+} (EB AF)P*UA x Y UX XB, XxX B)——> (En FP (xx Y, AXYUXxB) 

5 +] EP(x,A)@ F1B) 1e —>EP(x, A) @ F4 (Y,B) 
* x 

aL 

(EB, F)P°S(x x B, Ax B) 

6 +qtl] (Ea F)P*UA x YUX XB,AX Y) ——> (Ea FPP TU x xy, Ax YuX xB) 

EPIAx Yu X xB, Xx B)@F(Y,B) Sl, ePtlix xy, AxYuXxB)® FYB 
= @1 

/ 
EP(A x Y,A XB) F (YB) 

/\ pP-4q 5 p-qtl (E a F) (A) > (Ea F) (X, A) 

EPiAxYUXxB,A xY) OF (y,B)—St> EPtlixxy, AxYUXx B)® FY, B) 
2@1| 

EP(xX x B,A x B) @F,(Y, B) / 
19] 

-qtl EPIX xB,AxB)@F,_,(B) > (Ear)? T(x, a) 

P ; 1@3 P EMA) @F (Xx Y,A xYvX xB) "> E(A)@F,_ (Ax Y¥uXx B, Xx B) 

hee 
5@1 

EP(A)® Fo_\(A X¥,A xB) 

ee) EPTMX, A) @ F(X x YA KY UX XB) > (EA F) og (¥,B) 
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EPIX, AJOF (Xx ¥,AxYuX x p) 1@25 EP(X,A) @F,_|(AxYUXxB, Ax Y) 

hes 
\ EP(X,A)@F (Xx B, Ax B) 

(Es F)_4g(¥5B) P(E SF) foi (B) 

3@1 ~ 
E(X, A) @F(¥,B) > E,_(A)® FY, B) 

x 

x (En F) 4g .\(AX YA XB) 

: {* (Ea F) (Xx Y,AX YuvXx B)——~ (Ea F) (Ax YvXxB,Xx B) 
ptq pt+q-1 

1@>d 
E (X,A)@F (Y,B >E(X,A)@F_ (B o(X A) @F (YB) p(X A@F,_\(B) 

x 

bas (E » F) (X x B,A xB) 
ptq-1 , 

: fF | (Ea F) (Xx ¥,Ax YeXx B)—2—S(En F) (AK YUXXB,AX Y) 

Unfortunately, we need still more diagrams. Let's return to our 

original formula in the classical case, 

a(uv) = (du)v + (-1) ha u(Qdv). 
We have written a relation between 2%uv) and (dsu)v by working ina 

group where we can ignore u(3v), anda relation between (uv) and 

u(3v) by working in a group where we canignore (du)v. It remains to 

write a relation between 

(®u)v and u(dv) 

by working in a group where we can ignore d{uv). Andin this case the 

answer is obvious. We have to say that the following diagram commutes 

up toa sign -l. 
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H_(X,A H (Y,B se) pO AVOH YB) 

H (X,A)@H {) H {A)@H (Y,B) 
-] q 

Pp 

- | 7 |: 
(A xY,A xB) Aig 1% % B,A x B) 

pren TM, wey Away H 
ptq-1 

H 

We can easily prove such a result for the generalised case. Consider 

the following diagram. 

E (X,A)@F(Y,B)_ 
2@1_-* ?P a ~_1@3 

Pan ° ~ 3s x x 

E,-(A)® EY, B) EPA OE, (8 

j 

! 
i 

t 

t 

{ 

vw j 

(EaF) | (X x¥,AxYuXxB) { 
) ptq 

a _e 
») EaF {Ea )otq-1 (AX YUXXB,AxY) 

2 
\ 

x \ (EAP) ig '4 YuXxB, Xa B) 

\ NN | a 'x 
x \ 
~ (EaF) (Ax YUXxB, Ax B) ~ i} 

\ z ptq-1 ' 
\ , ! 

a 4 
(EaF) 9 (xB, AXxB) 

4 

(EaF) (AxY,AxB) ix 
ptq-1 UN J — 

(EaF) (XxY, AxB) 
ptq-1 

The diagram displays 

(E aF) tq-A XY vXxB,Ax B) 

as the direct sum 

(E AF) 4q-1!4 x¥,AXB) @(E aF) j+q-1'% xB,Ax B). 

The composite i,, a is zero, so the two paths from 

(EAP) (Xx Y,AXYUX XB) to (Ea FP). (Xx Y,AXxB) around the 
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outside of the lower hexagon gives maps whose sum is zero. This is the 

Eilenberg-Steenrod hexagon lemma. Of course, we know the result geo- 

metrically by 6.9. Now fill in the rest of the diagram by 9.11. 

Proceeding in this way for the four products we obtain four more dia- 

grams listed in the following theorem. 

THEOREM 9.12. (i) The following diagram is commutative up toa 

sign -l. 

EP(A) @ FB) 
6@) 19 6 

+] EP tlix, ay@ F4(B) EPA) @F7" (y, B) 
x | x 

+q+] Ue a F)P*O x x BLA x B) (-1) (E aF)P 2 "(aA x ¥,A x B) 

+qt1 (en F)P*U a x UX x B,A x Y) (EAF)P o (ax YoXxB, X XB) 
_— 

+q+ (EA F)P Toa yy UX xB) 

(ii) 
/ _ 

EP(A x Y,Ax B)®F (Y,B) ———> (BaF)? Ya) 
oe 27 
1.7 l 
~ 

- i EP(x x Y,A x B) ° ® ~ xe . ' 

J ~ 
A v - EP(x x BPA x B)® F,_\(B) fos (eX FP Ux, ay 

i uc EP(XxY,AxB) and y e F(¥,B), then 

5((i*u)/y) = (-1)P7 1G *uy/ey) . 
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(iii) 

(EaF)_oyg(¥,B) EMA) @F (A x ¥,A xB)“ “> F (Ax YUXXB, XxB) 
| 4 tv 

\ 

‘8 
N 

\ 

Flax Yu x x B) 

i 

I 
t 

| 7 
7 | y) l “¢ | 

Vv “om 
xX, A)@F(XxB,A xB)--> F (Ax YUXxB,A x ¥) 

& 

| aN ptl (En FP) _oag-1!B) <—— E ( 

If a ¢ EP(A) -and- u-e Fy(Ax YX x B) then 

WA(Ou)) = -(SaN(gu) . 

(iv) The following diagram is commutative up toa sign -l. 

EDX A) @ FY, B) 

»1® @d 

EA) @F (YB) E(x, 4) @F,_,(8) 

x (-1) = 

(EAP) g-1(Ax Ys AxB) (EAP) ag 1% BA & B) 

Near ceva 

ptq-1 

Internal Products 

Following the idea of Lefschetz, these products are introduced by 

considering the diagonal map 

OQ xX—-——> XxX. 

Here X is a CW-complex, Given u € EP(x,A), ve F4(x, B) we have 

defined 

= ptq uxveé(EaF) (X xX,Ax*XvX x B) 

and we can define 

udJv= A" (u ¥ v) € (Ea F)P*9xX, Aw B), 
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Similarly, given ue EP(x,A), ve F(X, Av B), we can form 

Ayy € Fy(X x X,Ax Xu X * B) 

and define 

unve thay € (EF) 1, ((X.B). 

Conversely, the xk and\ products can be recovered from VU and”n. 

Let pj? XX Y—>xX, p,:X X Y — +> Y be the projections on the two 

factors. 

PROPOSITION 9.13. If u¢ EP(X,A), v ¢e F%(Y,8B) then 

uXve (pu) v (ppv) e (Ex F)P Ux x y,Ax YUXxB). 

If uc EM(X,A), ve Fy(Xx YAXYUXx B) then 

- *a)av) e(EAF Y,B). w= Pp (ppv) eB a FY (YB 

The proof is immediate, by naturality. 

Since we can recover the Kronecker product from either slant pro- 

duct, we can recover it from the cap product. 

PROPOSITION 9.14, If ue EP(X,A), ve F(X,A) then 

<u,v>= €,f{u nv) e T pq! aF), 

where €: X ——> pt. is the constant map. 

All the properties of the internal products can be deduced from 

those of the external ones, by naturality. The list of associativity 

properties, however, will look less symmetrical than in the case of the 

external products, 
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10. DUALITY IN MANIFOLDS 

In the classical case, to have a duality theorem relating H(M3A) 

and HTM>~F(M;A) we need to assume M is orientable, and then we can 

take A to be any abelian group. Otherwise, we can suppose that M is 

non-orientable; then either we must use twisted coefficients, or we must 

suppose that A is a module over 24. The point is that an orientable 

manifold has classes in Z-homology and cohomology which enter into the 

statements and the proofs; and even a non-orientable manifold has such 

classes if we use homology and cohomology with coefficients in Z>- 

To generalize this situation, G.W. Whitehead introduced the notion 

of a ring-spectrum anda module-spectrum. The ideais thatif M is 

orientable with respect to E, and E*, where E is a ring-spectrum, 

then the duality theorem will hold for F, and FE", where F is any 

module-spectrum over E. 

Examples: To illustrate the situation above, take 

E-+7]TH, F=HA for any abelian group A; 

E= HZ,, F=HA for any Z,-module A. 

A spectrum E is said to be a ring-spectrum if it has given maps 

pi En E—>E, gy S—> E of degree 0 such that the following diagrams 

commute, 

1 1 ~ EnEnsES* SEE SaE—U sear 
|2 ; dn 

lap B E ————_> E 
I Ty j EaE B >E Ex,ss—“2- Ss EAE 
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Let E bea ring-spectrum. We saya spectrum F is a module- 

spectrum over E if it has givena map v: ExnF —>F of degree 0 such 

that the following diagrams commute. 

pal nal 
Ea E «a F ———PEaF Sa F——— > EaF 

1 Vv I? |» 
EaF v >F py —l sf 

A ring-spectrum E is said to be commutative if the following 

diagram commutes. 

E,E—Y_»>»E 

Cc 
Rp 

EaE 

If E is a ring-spectrum, we can use the product map p:EaE—>E 

to obtain products with values in E, or E* instead of (Ea EF), or 

(E « FE)". For example, we obtain a cup-product 

EP(xX, A) @ EX, B) —> EP*4x, A UB). 

Similarly for an action map vy: En F —>F. 

Practically all the examples of spectra which I have mentioned are, 

in fact, ring-spectra. I will only illustrate the case E=H. We have 

oO (r<0) 

T (H« H) = H(A) = 2 re) 

so that by the Hurewicz theorem, 

Hy(Ha H=Z. 

Alternatively, by the Kunneth theorem 

H(H« H) = H(H)® H)(H) = 28222. 

By the universal coefficient theorem, 
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Ho (Hn H) = Hom(Z,Z)=2Z. 

Therefore I can take a map yp: Ha H——>H realizing the product map 

Z®@2Z—>Z of Ty: 

Alternatively, realize HaH with no stable cells of dimension dq <9o 

map the cells of dimension 0 in the indicated way, and similarly for the 

cells of dimension 1. Now the map extends over the higher stable cells 

of HaH, because the higher homotopy groups of H are zero. For the 

Same reason, the map is unique up to homotopy. 

For similar reasons, if R is a ring then HR isa ring-spectrum; 

if M is an R-module then HM is a module-spectrum over HR, 

So far our generalised homology and cohomology theories have been 

defined on CW-pairs K,A. Now we would like to extend them to other 

categories of pairs. 

We begin with the singular extension of E, and E*. Take any pair 

X,A andlet X',A' bea weakly equivalent CW~pair. Define the sing- 

ular E-~homology and E-cohomology groups of K,A to be 

E,(X% A) = E (XA), 

E(x, A) = EP(x!', A"). 

The result is independent of the choice of K',A', up to a canonical iso- 

morphism. 

All the properties of E, and EP carry over very well, except for 

excision. Here one has to be careful. Let UwV bea space which 

comes as the union of two subspaces U and V intersecting in UnV. 

Then we can certainly take a CW-complex W!' equipped with a weak 

equivalence 

Wi UAV, 
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and we can enlarge W' on the one hand toa CW-complex U!' admitting 

a weak equivalence 

Uu'——> U 

extending w, and on the other hand toa CW-complex V' admitting a 

weak equivalence 

vit—sv 

also extending w. Then we can put them together to get 

U! Us vi — Ue. 

But this map is not a weak equivalence in general. For example, take 

subsets of the real numbers; let U=Q, V=R-Q;then W’ will be 

empty, U' will be a countable discrete space, V!' will be an uncountable 

discrete space, and U' Uy V' will be an uncountable discrete space, 

which is not weakly equivalent to R. 

However, if we assume that Int UUInt V= U ~V, then 

UU vV' ——> UvV is a weak equivalence, and all is well. So the 
w! 

excision axiom holds with this extra hypothesis, which is actually the 

standard one for ordinary (singular) homology and cohomology. 

I must also comment on the behaviour of singular homology for limits. 

Let X,Y bea pair containing a directed family of subpairs Xy%y- Then 

we can form 

— > pa 
Li E_(X Y,) > EX, ¥) 
a 

PROPOSITION 10.1. In order that this map be an isomorphism, it 

is sufficient that for any compact pair K,LCX,Y wecanfindan a such 

that xy »Yq JK,L. 

The proof is easy. 
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Now I want to define a Cech-type cohomology theory for compact 

pairs K,L which happen to come embedded in some topological manifolg 

M, possibly not compact, possibly with boundary. The definition is as 

follows. Let U,V run over open pairs in M with UDK, VDL. These 

form a directed set; if USK, v,> L for i=1,2 then wn U,5K, 

vin VOL. So I define 

E*(K,L) = Lim E' (U,V). 
(u,v) 

(The notation E’, when applied to an arbitrary topological pair X,A 

will mean singular E-cohomology.) Of course we always have a map 

E (U,V) —> E'(K,L); 

this passes to the limit, and gives up a map 

£*(K,L) —> E“(K,L) . 

In general this map need not be an isomorphism. However, there are 

cases when it is. 

Example (i). Suppose M is a compact topological manifold, 

possibly with boundary. Then 

£"(m) —> E '(M) 

is an isomorphism. 

In fact, the pair M,@ qualifies as an open pair containing the com- 

pact pair M,#@, and is terminal. 

Example (ii). Suppose K isa point x. Then 

E(x) —> E"(x) 

is an isomorphism. 

In fact, any point x lies in a coordinate neighborhood, so we can 

choose a cofinal system of open pairs Uy) $>x, @# with U, contract- 



ible. Then 

% 

E'(U,) —> E (x) 

is anisomorphism for all a. 

vo 
Next I would like to know that E (K,L) is a topological invariant of 

the pair (K,L), and does not depend on the embedding in M. 

LEMMA 10.2 (i). Suppose given compact pairs K Lc M, and 
1 

KL,€0 Ud, Vy C M,, where U,, Vv, is an open pair, and a continuous 

map 

f: Kiely —?> K,,L, . 

Then f can be extended so as to map some open pair UV) D KL, 

in M. into U_,V 
1 2 2 

(ii) Suppose given a homotopy 

h: I1XK ,IxL, —>K_,L_, yi ] 2 2 
; 0 0 ] ] . . . 

and extensions f of h , { of h° which map (possibly different) open 

. 0 ,,0 l yl . . pairs U,V and U,V” into an open pair U,,V,9K,,L,. Then 

0 ] 0 there exists an open pair U,V with K Lc u,VaunNn ul,v Nv 
] 

and a homotopy 

h:I1xU,IxV — U,V 
2 2 

0 ] extending f |U,V, £ |U,V and h. 

Proof. Standard but repeated use of compactness, plus the Tietze 

extension theorem; we rely heavily on the fact that M, is a manifold. 

COROLLARY 10.3. A map f: K,),L,—>K,,L, induces 

x vik vx 
£1E (K,,L,) —>E (K),L)) depending only on the homotopy class of f, 

ok x x OK 

and satisfying 1 =1, (fg) =gi. 

vor 
The exactness properties of E are fine, since direct limits pre- 

serve exactness. 
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Example. Let M,aM bea pair consisting of a compact topological 

manifold with boundary and its boundary. Then 

vo ae 
E {(M,2M) —~> E’(M, aM) 

is an isomorphism. 

Proof. Consider the following commutative diagram. 

—s> £*(m, 9m) —> £*(M) —> E£"(om) 2 > (Mm, »M) —>... 

ae eee 
L 1K BS oK c —> E"(M, 2M) —>E (M)——> E (3M) —> E (M,aM)——>... 

The rows are exact, and the two arrows marked are isomorphisms by a 

previous example. The result follows by the 5-lemma. 

N.B. This way of saying things relies on the previous proof that 

E*(3M) is independent of the embedding of 3M in M, but it does not 

2M inside M. need the construction of a collar for 

oe 
vi 

are excellent, because E was de- 
Nv 

The excision properties of E 

fined using only open pairs in M, 

PROPOSITION 10.4. If U,V are any compact sets in M, then 

E*(u Uv, V) —> E(u, un) 

is an isomorphism. 

This follows from the definitions by a bit of general topology (com- 

pact Hausdorff spaces again.) 

I also have to comment on the behaviour of E for limits. 

PROPOSITION 10.5. Let Kyo Ly be a downward-directed set of 

compact pairs in M, with intersection K,L. Then 

. vx v AE 
ng E (Ky Lg) —> E (K,L) 

is an isomorphism. 



Again, this is easy modulo a bit of general topology. One must show 

that given any open pair U,V DK,L thereisan a with Ky bye U,V. 

Experience in Manchester and Cambridge suggests ] had better give 

some exposition about orientations. Suppose EP »B8 isan n-plane 

bundle and Fo is the complement of the zero cross-section. Then for 
-1 0 each point x € B, I have the fibre E =P x; let EU= ENE » Iocan 

form 

0. 
H(E_,E_) =Z 

n x x 

n Oo. wn 
H(E ,E) =Z. 

x x 

Now since EPS B isa bundle, locally it is a product; andif x and y 
) 

are close together we can easily tell which element in HAE, E,) cor- 

0 . . 
responds to which in HAE, E,)- That is, we get a bundle over B, with 

fibre Z, and with structure group 25 acting on Z by n —*=en. A 

similar situation occurs in cohomology. 

One may say that the original n-plane bundle was orientable if the 

fe) von . 
Z-bundle (JH (E ,E ) is trivial. The definition may be given equally 

x n xX X 

well in terms of homology or cohomology; we have 

HYE , 5° = Hom(H (E.,E°),z) x? x nx? x??? , 

so the two bundles are trivial or non-trivial together, 

If we are given orientations consistently on each fibre, that amounts 

to saying there is given a continuous section 

0 
412B— UH (E,E) 

x n x x 

which assigns to each point x € B a generator 

a H(E.,E°)2z (x) € n! x! x) _ . 

The same goes for cohomology. But I would like a statement more global 

than that. In this case it is clear that cohomology rather than homology 



is required. Suppose, for example, that B had an infinity of path- 

components; then a singular homology class could only have a non-zero 

component in a finite number of them, but this difficulty does not arise in 

cohomology. We can ask if there is an element 

n 0 
WeH (E,E ) 

such that for each x ¢ B, the induced homomorphism 

* 0 ) i':H(E,E)—>HE ,E) 
x x x 

2 
has i’ = A(x) for any given section A. 

Now in ordinary homology, theansweris yes: if youare givena 

Esa 

Section , there exists a cohomology class w such that i,w = A(x) for 

each x, and w is unique. However, the proof makes essential use of 

the dimension axiom. Fora generalised cohomology theory the 

corresponding result is not true. There is an n-plane bundle E—>B 

0 and a section 4: B —~> iw) KOUE,, E,,) such that there exists no 
x 

0 . .* we KO (E,E’) with i,w = (x) for all x; in another such example the 

required © exists but is not unique. 

it seems best to choose our definitions so as to avoid the difficulty. 

First I consider the meaning to be assigned to the word "generator." 

. n n ~ on 
Let F bea ring-spectrum; then F,({R ,R_ - 0) =F,(S') and 

* non we) on . 
F(R ,R -0)=F (S ) are modules over 1,(F). In fact each is a free 

module on one generator, because we have canonical classes 

v,€F (RR -0) , ye R"(RTM-0). 
. * on pn . . . I will say that pe F (R',R - 0) is a generator if f oof isa n,(F)-base 

* on on . : . n . 
for F (R',R -0). o» isa generator if and only if p= uy, where u is 

i, non —n 
aunitin n,(F). o need not liein F (R_,R - 0), because we may have 

units of non-zero degree in m,(F); e.g., this occursif F=K. 



The property which I need of generators is the following. Let G be 

a module-spectrum over F. Then the map 

G,(R",RTM- 0) —>1,(G) 

given by 

y > <g,y> 

is an isomorphism. In fact, it is trivially so if p= y, and the general 

case differs only by a unit in T,(F). 

We say we F (E,E°) is an orientation for E if 

ive €F (E,, ES) 

is a generator for each x eB. 

Of course, the question of constructing an orientation for a vector- 

bundle, or of constructing orientations for some class of bundles, is 

non-trivial. However it can be done in several cases which are import- 

ant in the applications. For example, complex n-plane bundles can be 

oriented over kK" or MU’; Spin bundles can be oriented over KO’; and 

so on. I will not give the constructions here. 

We have defined orientations as they apply to n-plane bundles; but we 

want the notion as well for topological manifolds, which might not have a 

tangent bundle in the same sense as smooth manifolds. But it is well 

known what one substitutes for the tangent bundle. That is, one replaces 

E by MxM, where M is a topological manifold, say without boundary. 

One replaces oa by the complement of the diagonal, MxM- A. One 

replaces the fibres EB. by the fibres x*XM _ of the projection 

Py? MxM-=-—~>M. One replaces ro by xX*M-xxXx, Since M isa 

topological manifold without boundary, x has aneighborhood U in M 

which is homeomorphic to a neighborhood of 0 in R”, by a homeo- 
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morphism mapping x onto 0. Then F (M, M-x) = Fu, U-x) by 

excision and so is isomorphic to F(R", R”- 0). 

By an orientation over F* for the tangent bundle of a topological 

manifold M, we will therefore mean a class we F'(M x*M,MxTMM -A) 

such that 

ive € F (x x M,x x M = x x x) 

is a generator for each x. 

If M happens to have a boundary, there are two things we can do. 

The first starts from the observation that for a smooth manifold M, the 

tangent bundle to M contains over %&M tangent vectors which point out, 

as well as tangent vectors which point in. To copy this in the topological 

case, one adds an open collar on the boundary; that is, one forms 

M'=Mu[0,1) X 3M. 

This is a topological manifold without boundary, and it has a fully 

satisfactory topological] tangent bundle, and one can ask for an orientation, 

The other thing we can do is to use the same form of words as before, 

and ask for a class 

F'(MXM,MXM-A) , 

but only demand that ive be a generator for x €M- 3M. 

Evidently the first sort of orientation restricts to the second, but I 

will not go into the relations between them. 

Having completed the discussion of bundles, we go back to using E 

for a ring-spectrum. 

Suppose given an orientation class 

w e E1(MxXM,MXM -A), 

where E is a ring-Spectrum., Let F be a module-spectrum over E. 
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We define a duality map, which ultimately will be a map of the following 

form. Let K,L bea compact pairin M. Then M -L, M -K isan 

open pairin M. The duality map will be a homomorphism 

D: FM - L,M - K) —> F4"Piw, 1) 

where the left-hand side, as before, indicates singular F~homology. 

We will define the map D ina number of steps. Let U,V DK,L be 

an open pairin M and V',U' another open pair with UM U'=@, 

VOV'=9. Then we have 

Ux U'CMxM- A&A 

VxVICMxM- 4, 

Therefore we can form 

Mw eE(UxV', UKUl eV xv). 

So given x € PM U') we can form 

D(x) = (iw )/x ¢ FA-P(U, Vv) . 

I claim D is natural for inclusion maps. First, suppose U'CU, 

V'CvV, Then surely U"NU'=9, V'Nv'=%. The following diagram 

“a 
Fo-Pry, v) > PIP yy 

commutes. 

FE (vi,u'y 

P 

Next suppose V"TM,U''C Vv',U'. Again U'MNU=6, VUNAVE®. 

The following diagram commutes. 

F (vTM, ul") SS UE EEEEEEEIEEEEEEEEEeeee cane piv U') 

NS 
F¢-P(U, V) 

Both facts are immediate from 9.1. 
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Again, I claim that D commutes with boundary maps, up toa suit~- 

able sign. More precisely, suppose we have 

UDVIW u'c vic w! 

with UNU'=¢@, VOAV'=¢, WOAW'=4, Then the diagram 

> 
F (W',V') >F i(v',vU') 

P p-l 
d+ (-197) 

D D 

- & Ft-P(v, w) > Fd-ptliy, yy 
. d+] . commutes up to the sign (-}) . For we can easily reduce it to the case 

W=96, U'=9, by the following diagram. 

F (W', Vv!) —*?__»F _(v',6) ———_» Fo vu 

va \ - \, 
Foy, w) ——sF?-Prv, g) —_6 5 pd-pt} (U,V) 

Now since w ¢ EX(M xX M,MXM-~- A) and VOV'=@, the class w 
comes via Eu xW',VXV'), and by 9.12(i1i1) we have 

B((i wo) /x) = (-1) A ay/ax « 

Now we can start to pass to limits. Let us take a compact pair 

K,LC M and consider the complementary open pair M-L, M-K. We 

vary the pair U,V over open pairs containing K,L. Wevary V,U'! 

over open pairs contained in M-L,M-K, of course arranging that 

uNU'=6, VaAvV'=%. Now F'(K,L) = Lim, F'(U, V), so with a class 
in E* vu, V) for any U,V we get an image in F"(K,L). Now I claim 

that for any xe Five ui), its image in Bo-P, L) is independent of 

the choice of the pair U,V, provided, of course, that there exists a pair 

U,VIK,L with UNU'=6, VOV'=§. And this is immediate, by the 

following diagram. 
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F t 1 piv) 

L 
U,; move 

EF (Un u"',VvavV"') 

a-p 

So now we have a well defined furction 

D: Futv U') ——> #4-P(K, L) 

which of course gives 

. yd-p 
D: Lim F_(v',U') —?F (K,L). 

—> 52) 

(v', U') 

(In fact, if V''',U''c V',U' and there exists a pair U,V with UNU'=@, 

VOV'= @, then the following diagram commutes.) 

F (vu) > FF (v',U') 

J 
Fe-P(U, V) 

But I claim we have 

Lim F_(V',U') = F_(M-L,M-R). 
—_> Pp Pp 
(v', U') 

For this we need only check, by general topology, that the available 

pairs {V',U') satisfy 10.1. 

At this stage, then, we have a transformation 

D: F_(M-L, M-K) —> F*-P(K,L) 
P 

which is natural in the sense that it commutes with the homomorphisms 

. . ; . d+l induced by inclusion maps, and, up toa sign (-1) , with the boundary 

maps. 

THEOREM 10.6. D is an isomorphism if K MNaMCL. 
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We build up the proof by stages, We always assume our pairs K,L 

have KNAMCL. 

Remark 10.7. D is anisomorphism if K isa point x, and 

L=¢@. 

Proof. Our assumptionis x NaMCL=%4, so x ¢d 3M. I claim 

the following diagram is commutative. 

F (M, M-x) —2-——-> F4- P(x) 

FOP (x) 
Here g{y) = <ivwyy>. Our assumption is that iw is a generator, so 

the Kronecker product with it is an isomorphism. 

The commutativity of the diagram follows easily from naturality. We 

can begin by supposing that we start from a class in FIM, M-x) which 

comes from y € F(M, M-B), where B is a small closed ball ina 

coordinate neighborhood. (This uses ]0.1.) If we apply D and the map 

into Fe P(xy, we obtain 

H(i w)/y) , 

where j: x — > Int B is the injection. We have 

"(i w)/y) = (jy x1) ie) /y = i” wy = <inw,y> . 

Remark 10.8. Suppose K isa rectilinear simplex in a coordinate 

neighborhood and L is one face of K (which may be K but must not be 

$). Then D is an isomorphism between groups which are zero. 

Note: coordinate neighborhoods near 3M are supposed to map »M 

. . n n-] 
into a linear subspace of R , e.g., R . 

Proof. (i) F"(K,L) = 0. Infact, we can even show this without 

appealing to the homotopy invariance of x, just surround K,L bya co- 
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final system of open convex neighborhoods U,V, for which F"(U, Vv) = 0. 

(ii) Also F,(M-L,M-K)=0. This is seen geometrically; see the 

accompanying figure. We can write K asthe join K=LxK'. If K'=49, 

K=L then the result is trivially true. Since K'N3M=$%, we can draw 

L a slightly largersimplex K' slightly 

K farther away from L sothat LxK" is 

K’ n-dimensional and contains LxK!', while 

Kn LeK' A 3(LeK")=L. 

Then (L¥K") - L is homeomorphic to L*x(0,1]xK"UK": 

Now clearly L*K'" - L#K'——> LxK'" - L is a homotopy equivalence, 

by maps and homotopies keeping %(L*K") - L fixed throughout. These 

maps and homotopies extend over M by keeping everything fixed outside 

LxK"'" 

Remark 10.9. Suppose K is a rectilinear simplex in a coordinate 

neighborhood and L= 9. Then D is an isomorphism. 

Proof. Since L=4, we have KNdM=9@. Let x be one vertex 

of K. Then we have the following commutative diagram, 

O= F(M-x, M-§) —> F (M,M-K)—~> FM, M-x)-—> BO (M-x, M-K) = 0 

0 = FO-P(K, x) —— > FA-P(qK) > #4-P(x) ——_» FF-PT Kx) = 0 

The four groups marked zero are so by 10.8. The map marked as an 

isomorphism is so by 10,7. 
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Remark J0, 10. Suppose K)L, and K,,L, are Compact pairs in 

M with K,;N saMCcL 1 P Ky eaMCL,, and K NL,=L,OK,. If D is 
] 

an isomorphism for (KL), (K,,L>) and (K)OK,,LiNL), then it is 

an isomorphism for (Ky K,, Lyy L.). 

Proof. Consider the diagram of Mayer-Vietoris sequences on the 

following page. The Mayer-Vietoris sequences are slightly more general 

than those considered in Eilenberg and Steenrod but none the worse for 

that. The second row works because KA L, = LN K,3 this is the 

condition that the Mayer-Vietoris sequence may be replaced by one in 

which the subspaces remain fixed (namely at Liv LL»), The first row 

works for the dual reason that 

(M-K))u (M-L,) = (M-L)u(M-K,); 

this is the condition that the Mayer-Vietoris sequence may be replaced by 

one in which the total spaces remain fixed (namely at (M-L)A(M-L.)) 

and the subspaces vary. We have the excision necessary for the first row 

because all the subspaces are open, and for the second because excision 

always holds for Cech F-cohomology on compact spaces. 

The result follows from the five lemma. 

Remark 10.11. Suppose K,L is a finite simplicial pair linearly 

embedded in a coordinate neighborhood. Then D is an isomorphism. 

Proof. By barycentric subdivision we can suppose that for each 

simplex ¢ of K, ©f/O\L iseither 0 or ] faces of ¢ . For such 

pairs we argue by induction over the number of simplices in K. If this 

number is zero the result is trivial;if this number is one it is true by 

10.8 and 10.9. The inductive step is immediate from 10.10. 
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Remark 10.12. Suppose K,L is any compact pair ina single 

coordinate neighbourhood. Then D is an isomorphism. 

Proof. Pass to direct limits from finite simplicial neighbourhoods 

U,V. 

Proof of Theorem 10.6. Each point of K is in the interior ofa 

compact neighbourhood which is in a single coordinate neighbourhood. 

Hence, K can be covered by finitely many such subsets. Now argue by 

induction on the number of such subsets; if the number is one, 10.12 gives 

us the result: the inductive stepis immediate from 10.10. 

COROLLARY 10.13. (Poincaré duality). Let M be a compact top- 

ological manifold without boundary, oriented over E Then we have an 

isomorphism 

D: F(M) —> Fo-Pim) 

which may be given by 

Diy) = w/y. 

Now we observe that we can make E*(M) act on F(M) via the cap 

product, and on F'(M) via the cup product. We could like to know that 

D isa map of modules, up to sign, provided that E is a commutative 

ring-spectrum. Actually this is not quite general enough for what follows; 

in any case, it helps to keep the details in order if we assume our spectra 

are distinct as long as we can. So] suppose given two module-spectra 

G,G' over E, anda pairing pi: F~ G —*G', where F is not necessar- 

ily a module-spectrum over E. J also assume the pairing is right-linear 

over E, in the sense that the following diagram is commutative. 
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BaFaG — lek sp ogs y! >G! 

cot | ir 
FaBaG —1tY_s pzg ——_ 36: 

Example. Take E and F to be E; take G and G' to be F; and 

assume E isa commutative ring-spectrum. 

PROPOSITION 10.14. If ue FPim), the following diagram is 

commutative up to a sign (-1)°P, 
G,(M) nO > Gt ogiM) 

D (-1)9P D 
G8-4 x4) uVU > GITFP- Fay) 

That is, D(unv) =(-1)*Puu(Dv), ve G,(M). 

Proof. D(un v) = w&/(unv) 

uu(Dv)= uvuu(e/v) 

using the pairings from the first and second rows of the diagram. Now 

we want the following associativity formulae. 

LEMMA 10,15. If 

we EUXx Y, Ax YUXxB), ueFPy,c), v e GY, BC) 

then 

wi(unv) = {wu Py u)/v € (BE. Fa G)OP"U x, ay. 
If 

ueF?(X,A), we E°(x x Y, BXYUXxC), v e Go(¥, C) 

then 

* +d- uu(w/v) = { Pp uvw)/v e (FAEAG)P d Ux,AUB). 

The proof is immediate from the associativity formulae we have, by 

naturality. 

This gives 
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Diunv) = Ww upzal/v 

uv (Dv)= (Py u vw)/v 

where we are Still using the pairing from the second row of the diagram 

for the second formula. However, because the diagram of pairings jg 

commutative we can write 

dp K 
uv (Dv) = (-1) “Wop, u)/v 

using the pairing from the top row of the diagram. Now it is sufficient 

to prove 

: bd _ ; * 
we Py us ww P2 ui, 

Consider the maps 

P: MxM-—>M 

Po; MXM—>M. 

They have the same restrictionto 4 ; a fortiori they are homotopic on 

4. By 10.2(ii) there is an open neighborhood U of A in M anda 

homotopy h: U—>M_ between p,!u and p> | U. Hence, if we apply 

i :FP(M x M) —> FP(u), 

we have 

x * i pu = i p,ue FP(u) . 

But by excision, 

d+ d+ (EnF) P(MxXM,M*M - 4) >(EaF)” P(u,u - 4) 

is anisomorphism. The classes 

; 7% , * wy py) » Www P> u 

restrict to 

ok ee aa * (Copy pou) » Gey’ ppu) , 

thatis, they restrict to the same thing. Therefore they already were 

equal in 
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(EaF)o*P(M x M,M x M- d), 

This proves 10. 14. 

Applying 10.13 to the case F = E, we see that there is a class 

[Mle E,(M) such that 

pi[m]) = 1 € £°(M). 

This is called the fundamental class of M (corresponding to the given 

orientation). 

The usual way to present the Poincaré duality isomorphism is to say 

that it is the homomorphism 

P FY(M) > Fa) 

given by x b> xn [mM]. Of course the pairing being considered is 

FAE—>E,FY?F 

PROPOSITION 10. 16. This homomorphism is the inverse of D, up 

toa sign (-1)9P; it is therefore an isomorphism. 

Proof, In 10,14, take E and G tobe E; take F and G'! tobe F, 

The resulting diagram is commutative even without the assumption that 

E is a commutative ring-spectrum. Then 

p(un [ MJ) = (-1)*Puu D({m]) = (-1)9Pu. 
The relative version of Poincaré duality is called Lefschetz duality. 

It asserts that we have the following diagram, commutative up to sign. 

F (3M) > F (M) ——> Fm, 9M) SF (8M) —>... 
P 

+ 2| + | + =| 
5 Ft-!-Pry My > Ft-PiM, 9m) —> Fo-P(M) —> Fo°P(3 Mm) —>... 

I will omit the proof. It involves discussing the relation between an 

orientation on M and one on 3M, and also manipulation of collars. 
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11. APPLICATIONS IN K- THEORY 

The material presented so far may have seemed rather theoretical. 

But topologists also like to do sums and see how things work out in con-~ 

crete cases, sol ought to show you sore examples. I choose to present 

some examples from complex K-theory. 

First we recall some facts we need about complex K-theory. This 

has a geometric interpretation; a complex vector-bundle € over X re- 

presents an element of K°(X). (See $6.) Similarly, a formal linear 

combination of bundles, suchas §-n, gives an element of K(X). The 
Whitney sum of bundles gives addition in K(X); the tensor product of 
bundles gives multiplication in K(X). 

We need to know the K-cohomology of a few simple spaces. Over 

© we have the universal U(1)-bundle, which gives a line~ BU(1l) = CP 

bundle, i.e., a complex vector bundle with fibres of dimension 1. Call 

~0 this line bundle &. Define x=E-1leK (cPTM), Use the same symbol 

x for the restriction of this class to CP”. 

PROPOSITION 11.1. (Atiyah and Todd). K (CP’) is free over 
. + gs 2 n n+] T,(K) with a base consisting of 1,x,xTM, ... ,x (x = 0). 

br co 

K (CPTM) = 7,(K){[x]]. 

We need a cohomology operation in K-theory. 

PROPOSITION 11.2. There exists a function 

v2 K(x) —> K(x) 

such that 

. 2. 
(i) W° is natural, 

(ii) vy is a homomorphism of rings, and 

(iii) if mn is a line bundle, then wv (n) =n’. 
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Now I have said something about orientations for particular vector- 

bundles. If we construct orientations for a whole class of vector-bundles, 

we would like them to have various properties. First, the orientations 

should be natural for maps of vector-bundles. Secondly, we would like 

good behaviour on Whitney sums. Suppose given two bundles §',§"' over 

X; form their Whitney sum €=€'@®E". Let the total spaces be E,E', 

E" and the complements of the zero cross-sections Eo: Elo Eo 

respectively. Then we have maps p': E—>E', p'':E-~> E"; over each 

x €X one projects the sum of two fibres onto either summand. Then 

Eq = (lp) Ey)e ((p") EB"). 
Let we F"(E, EQ) wl € F'(E',E'), w € FUE", E') be the three 

orientations. We would like them to satisfy 

w = ((p)*e!) vip)". 

Thirdly, we have a normalisation axiom. Consider the canonical line 

bundle — over BU(1). I claimits Thom complex MU(1) is equivalent 

to BU(l). In fact, we have to consider the associated pair of bundles 

with fibres p* and 5}, But 5) = U(1); the associated S!_pundle is the 

universal s!-bundle, so itis contractible. Thus, when we form a Thom 

complex by collapsing it to a point, we do not change anything. But p* 

is contractible and the associated p*-bundle is equivalent to BU{(1). 
Hence, MU({1) ~ BU(1). 

PROPOSITION 11.3. There is an orientation w for each complex 

vector-bundle § which satisfies the following axioms. 

{i) Naturality. 

(ii) The axiom on Whitney sums. 
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(iii) Normalization; for the universal bundle, we Ko imu(.)) 

corresponds under the equivalence to x ¢€ £°(Bu(i)). 

Now we can construct various characteristic classes. The easiest 

is the Euler class. Suppose we have an orientation w in F-cohomology 

for some class of bundles; let 7:X—~>E be the zero cross-section. We 

define the Euler class of § by 

XE) = Ze, 
Its formal properties are: naturality (if w is natural); 

Xe(S' + 6") = XQ(ENX AE"), 

(if w satisfies the axiom on Whitney sums); and normalisation (if w 

satisfies the nomalisation axiom). For example, in the case of complex 

K-theory we have 

KIN) =n-1 where n isa line bundle. 

PROPOSITION 11.4. Suppose the bundle in question is the tangent 

bundle T of a compact smooth manifold M”, orientable for ordinary 

homology. Then 

X (7) = ire. 

Here i*y is the restriction of the orientation w to one fibre, so that it 

lies in 

F*(RTM,R"-0) = F (st) , 

and f:M"—>S isa map of degree X(M), this being the ordinary 

Euler characteristic for M. 

Proof. By a result going back to Hopf, we can construct on M a 

field Y of tangent vectors with non-degenerate singularities, so that the 

number of singularities, when counted with appropriate signs, is X(M). 

But now the zero section Z:M — > E(z) is homotopic to a section Aj, 
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which crosses the zero-section transversely a total of X(M) times. So 

ok aK . . . 
Z w =)h w. But here the contribution comes from many small discs, 

. JF 
each of which contributes +31 &. 

Given an orientation, we can also construct a Thom isomorphism. 

This allows us to copy Thom's treatment of the Stiefel-Whitney classes. 

We consider the following diagram. 
2 

K(E, Ep) > K(E,E,) 

ed Jes 
K(x) K(x) 

We define 

-l 2 
PAS) = Oe wl). 

PROPOSITION 11.5. 74(5) € K(x) is a characteristic class with 

the following properties. 

(i) Naturality. 

(11) P(E @ ny) = (8) P(N) 

(iii) If my is a line bundle, 

ain=l+n. 

PROPOSITION 11.6. P> extends to a function 

Pt K(x) —> KK (5). 
We need the denominators because f>(1) = 2, so P(-1) = 5 . 

Now we are ready to study the following problem. In terms of our 

knowledge of K (CP"), what is the fundamental class in K,(CP")? If 

we look at our account of duality, it appears we should ask a prior 

question. Take CP"x CP” and embed CP” inthe diagonal A. We 

have an orientation 

we K(CP x CP", CPTMx CPTM- A). 
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What is its image in K(CP" x CP")? Of course we require our answer 
in terms of the base we know in K (CP” x CP’). 

PROPOSITION 11.7. K (CP x CP”) is free over 1,,(K) witha 

base consisting of the products xix, for O<i<n, O<j<n 
n+] n+] 

(x =0, x = 0). Here x and x, are the generators for the two 
1 2 

factors--see ll.1. 

The difficulty is that the construction of w refers to a tubular 

neighbourhood of the diagonal, and it is not clear how to relate that to the 

whole of MxM. 

LEMMA 11.8. Consider 

we OR x n j:K (CPx CP',CP"x CP” - &)—*>K'(CP x CP’), 

If keIm i, then xk = X5k . 

See the proof of 10.14. 

0 n n 
LEMMA 11.9. The subgroup of elements k ¢K (CP x CP) such 

that (x, - x>5)k = QO has a Z-base Po? Pye v++ oP where 

- ij P.= > x) X> - 
itj=ntr 

The proof is a trivial calculation. 

LEMMA 11.10. We have 

Je = lV py +4) Py) +4,P, +--+ +a Pi. a, eZ. 

Proof. By Lemmas 11.8 and 11.9 we have 

je = ) ap. 
i 

Now consider the restriction of j" to the diagonal. Po restricts to 
tk 

(nt ])x 5 p. restricts to 0 for i>Q. But j& restricts to the Euler 
i 

class; X(CP”) = (n+l), and the orientation was chosen so that 

liw =xTM, So ag =i. 
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LEMMA 11.11. jw satisfies 
2) 0% 7% 

WAG O) = (pi 8) 
] n+] 

where p,(7) = 3l2 + x) . 

Proof. The first equation is immediate from the definition of Po" 

For the second, 

T+1]1= (n + IE 

p (8) = 1+8= 24x, 

p2(1) = 23 

so 

l n+} 
P2(t) = 32 + x) . 

LEMMA 11.12. jw is uniquely determined by 11.10 and 11.11. 

Proof. Suppose as an inductive hypothesis that ay 

determined. Then 

2 nti 
= 2 + w (a;P;) apt Ty)» l 

where T, isa sum of terms in p. |, ...,p 3 80 
] i+] n 

2,.% nti 
wije)=T,+2 a.p,+T ; 

where T, is a sum of known terms and T, ig a sum of terms in 

poaee »P is Similarly, (e,7 G9) is the sum of known terms, terms 
in P14 we. »PL and the term 2" a.P,. So we can find a. by equating 

the coefficients of P.- 

LEMMA 11.13. We have 

21 +x) (p.) = (2+ x)" x = . ¥ {Po “Pg 
. . 0 fo) (oe) 

Proof. Calculating in K (CP x CP) we have 

bx _ ont] _ ntl 

17 *2)Po =*, = XQ 
therefore 

2 ¥ _ 2 ntl 2 nt} 
Pp (x) > Xo Po = ¥ ] 7 BX ’ 
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l.e., 

2 2.2 | 2.n+] 2.n+1 
(2x +x) - 2x, - x ,)¥ Py = (2x) +x) ~ (2x, + x) 

n+1)! i +14) +14) =D Far Moh) i¢j=n+l] ~~ 

ee . . Ls . 0 foe) foe) 
Dividing by ast - X>, which is nota zero-divisor in K (CP x CP), we 

have 

2 (n+])! i (2 +x +x )w P, = > . - . 
} 2 0 itjent] i! j? j 

0 Now restricting to K (CP' x CP"), we get 
2 t ij _ wv (n+])! 51.) 

2(1 + x)¥ Pyo= 2 
n+] 

Try 7% Pg = (24x) Py 

This proves ]1.13. 

It follows that 

ae 14x) a = S02 oD + x) vy ((1 x)P) —_ { x) y Po - 2 Po . 

We conclude that the solution to our problem is: 

THEOREM 11.14, 

* 

jx =(i+x)p = 
0° fF 

ij 
x, * 

+j=n itj= ntl 

i 
x . 1"2 

Asa corollary, we obtain the relation between the fundamental class 

[cp"] in K-homology and our base xf . 

THEOREM 11.15. <x', [CPM] >= (-1)"". 

Proof. Suppose we choose a base ibs3 in K,(CP") such that 

<x',b. >= $6... Then 
J 1 

i eJ pb >a xls ij _ oi 
xx / bd), =X) <x +B), jk ° 

Thus 

Aas je/b =1t+x, ; 

-y)=%yr* 
we . 
j w/b. 



rd 
j Ww) =x 

os /b 
bu = J 97 * 

n oie n 

We require the class [cp Nye such that j w/({cP le = 1. Clearly the 

answer is 

n n LOPh] c= by Pyey t Oniz - Ppig ee #(-1)"b, 

This proves the result. 

THEOREM 11. 16. If M is a weakly almost complex manifold, 

then 

= <pile > Index(M) = <p,(7), [M],>. 

Proof. The index is a homomorphism of rings from the cobordism 

ring of weakly almost complex manifolds, thatis, m,(MU). It is there- 

fore sufficient to prove the result for a set of generators of the Q- 

algebra m,(MU)@Q. But the complex projective spaces CP” are such 

generators. For CP" we have 
] n+] 

p26t) = 72 +x) . 

So 

n+] ] n 
< x2+x) [cP ]> 

l (n+1)! 
2 i! j? 

n <e,(r), [cP ].> 

2<xJ [cpTM] > 
itj=n+] K 

1 +1)! 53 -j a de + yr 2-1") +1] 
jen] 

Sf (-1y2-y*) 4 1] 

Sli + (-1)] 
(’ (n=O (2)) 

0 (n= 1 (2)) 

Index (CPTM) 
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12. THE STEENROD ALGEBRA AND ITS DUAL 

One knows that in order to perform calculations in ordinary cohom. 

ology, it is very useful to have operations like the Steenrod squares. 

In the general case, let E be a spectrum. Then to every element 

of E (E) we can associate a natural transformation E (x) —_ E (X) de- 

fined for all spectra X. Namely, given 

x+>E and EXE, 

we form x E. This gives a ]-1 correspondence between 

elements of E"(E) and such natural transformations (consider the case 

X = E). 

Now E*(E) is of course a group; addition in it corresponds to adding 

operations 

(g, + go)f = (g,f) + (eof) . 

But E*(E) is in fact a ring; multiplication in its corresponds to compos- 

ing operations, 

(gg )f=8 (e5f) . 

Example. Suppose givena prime p; take E=HZ . Then 
TT P 

A" = (42 )"(H2 is the mod p Steenrod algebra, the algebra of stable 

cohomology operations on ordinary cohomology with an coefficients. 

That it is an algebra over 25 is clear from the fact that it contains Z 

It is a fact that A” is generated by the Steenrod operations. If 

p= 2 these are the Steenrod squares 

Sq): HX, Y3Z,)—> HT x, YiZ,). 

If p>2 these are the Steenrod powers 

+ -l PX, ax, y;z ) —> Hot2klP x2) 
p 

together with the Bockstein boundary 
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8: Hx, Y;Z )—> wx, yz ). 
Pp Pp P 

The fact that A” is generated by the Steenrod operations is not obvious, 

and should not be taken as a definition; it comes from the calculation of 

(HZ )"(HZ_), which is due to Serre for p= 2, and to Cartanfor p>2. 

Actually A. has more structure than just the structure of an 

algebra. Before going into this, I want to comment on the work of 

Milnor [10]. Milnor showed that it is also good to look at the dual of the 

Steenrod algebra, 

Ax = (HZ ).(H2Z ) : 

Here A, and A’ are dual graded vector spaces over a Of course, 

if we did not know that A, is finite-dimensional over 25 in each degree 

we would only say 

n 
ATM = Homy (Ay zo): 

but of course we do know it. 

Now HZ. is a ring-spectrum; we have a map 

: HZ nx _ > p p AZ, HZ, 

So we get 

A,,® A, = (HZ_)..(HZ_) @ (HZ_),(HZ ~@ Ax = ( ps! >) ( p al 2) 
A 

—> (HZ_),(HZ_»HZ_) px P P 
> (HZ) (HZ) =A,,. p a Pp ae 

So A, also is an algebra. 

The dual of the product map 9:A, A, A,. is of course a coproduct 

x ok x ac 

map WY=9:A —*>A ®A. The interpretation of this coproduct is as 

follows. Suppose 

b (a) = > a @a . 
1 
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Then 

Jan. lx| 
a(x%y) = 2_(-1) 

1 

(aix) x(a! y) (Cartan formula) . 

There exists one and bnly one element > a'@a'' such that this formula 
= 1 1 
i 

is true for all x and y. Of course the formula is then true for x x y 

and xvy. For example, 

k i i Sqe(xy)= > (Sq’x)(Sa’y) » 
itj=k 

so that 

ysq*= >. sq’ ® Sq . 
itj=k 

It can easily be shown that in this way A becomes a Hopf algebra, 

Dually, A, becomes a Hopf algebra; its coproduct is the dual of the 

a 

composition product in A. 

More generally, let X bea space such that (HZ 0) (%) is finite- 

od k 

dimensional in each degree. Then (HZ) (X) is a module over A . The 

action is given by a map 

A ®(HZ_) (X) —> (HZ_) (X). 
Pp Pp 

The dual of this map is a coaction map 

(HZ_),(X) —> A, @(HZ_),(X) . 
p * p "i 

Thus (HZ) (8) becomes a comodule over the coalgebra A,. The 

assumption that (HZ 1) (8) is locally finite-dimensional is in fact 

unnecessary, since the coaction map can be defined directly, as will be 

done below in a more general setting. 

It turns out that the structure of A, is very much easier to describe 

* 
than the structure of A . One reason is that the product in A, is com- 

x mutative, whereas thatin A is not (sq'sq? # sq7sq}), 
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We give a description for the case p= 2. We start from RP® 

which is an Eilenberg-Mac Lane space of type (Z,, 1). We have 

(HZ ») (RPTM) = Z,|x], a polynomial algebra on one generator x of 

dimension 1 (the fundamental class}. We may take in (HZ (RPTM) a 2) 
base of elements b. € (HZ,) (RPTM) such that 

1 
<x ,b.>= 6... 

J 1) 

Since RP© is term 1 in the HZ, spectrum, b yields some element in 

(HZ 5);_\(8 Zo) = Aj. ,: It can easily be shown that this element is zero 

unless j is a power of 2. We define E,, to be the image of b in 
2n 

A . The element F. turns out to be the unit 1 ¢€ A,. 
20_y 0 0 

THEOREM 12.1] (Serre-Milnor). If p=2, 

A, = z,[6,,& wed. 

The proof is non-trivial, and is omitted here. 

The construction of $3 yields the following description of E. as 

a linear function on A" 
. % ] oO, , 

PROPOSITION 12.2. The action of a e€éA on (HZ) (RP) is 

given by 

ai 
= > ax 2 <a,§. x”. 

i>0 
. . foe) 

For x is a morphism from the suspension spectrum of RP to 

Hz, of degree -1, and 

0 if j 42° for some r 
<ax,b,> = <x'a,b,>= <a,xb.>= 

md Ka, > if j= 27 

From this it is rather easy to work out the effect of a on x’, x4, 

etc. We get: 
itj 

PROPOSITION 12, 3. a(x” ‘y= S_ <a, gS "> x 
j29 



280 

It now becomes easy to work out the effect of a composite ba on x, 

which gives us <ba, &, > and therefore 5. 

PROPOSITION 12.4. f= 5 @ E- 
itj=k 

We would now like to carry over some of this work to generalised 

homology theories, Let E bea ring-spectrum with multiplication yp, 

Then obviously the appropriate generalisation of A, is E,(E). It turns 

out that this works quite well even in various cases where E'(E) works 

horribly badly. However, one needs an assumption and one must give a 

warning. The warning is that in the classical case A, is an algebra 

over Zo but in the generalised case E,(E) is a bimodule over T(E), 

There are two actions of 1,(E) on E,(E), and one has to remember that 

they are different, The left action n,(E)®E,(E)—~ E,(E) is obtained 

by using the morphism EaEsE 4*!»£,€; the right action 

E,(E) @1,(E) —> E,(E) is obtained by using the morphism 

E.E,E—*# Ss Ex, 

The assumption we have to make is that E,(E) is flat as a right 

module over m,(E). I say "as a right module", but if E is commutative, 

which is the usual case, it is equivalent to say that E.(E) is flatasa 

left module; this is seen by using c: ExE-> EaE to interchange the 

two sides. 

The assumption is satisfied for the following cases: E= KO, K, MO, 

MU, MSp, S, and HZ. See [1], Lemma 28, p. 45. 

With this assumption, we have the following lemma. Consider the 

morphism 

la (EnE)a(E ax) t4*! sb Bax, 



It induces a product map 

E,(E)@_ E,(X) —> LS, E.E.x],. 
x(E) 

LEMMA 12.5. This product map is an isomorphism. 

Proof, (i) If X= sP the result is trivial, 

(ii) If we have a cofibering 

xX FX > XXX 
] 2 3 4 5 

and the result is true for Xi »X5%,> and Xo: then it is true for x, (by 

the 5-lemma). 

(iii) The result is true if X is any finite spectrum, by induction on 

the number of cells, using (i) and (ii). 

(iv) The result is true if X is any spectrum, by passing to direct 

limits. 

We can now define the coaction map we want. Consider the morphism 

laial EaX % EaSaX —— > EnEak. 

This induces 
(laial),, 

E,(X) —————> [S, EsEax], . 

Composing this with the inverse of the isomorphism in Lemma 12.5, we 

obtain a homomorphism 

wy x? Ex(X) —> E.(E) @ E.(X) . 
4(E) 

Specialising to the case KX = E, we obtain the homomorphism 

Ye: E,(E) —> E(E)@ |. E,(E). 
x(E) 

We also define a counit map 

e: E,(E)—> n,(E) , 

which is simply the homomorphism induced by the product morphism 

PB: E,sE—*E. 
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THEOREM 12.6. (i) E,(E) is a coalgebra with vo as a coproduct 

map and € as a counit map. 

(ii) E,(%) isa comodule over E,(E) with h as the coaction map, 

(iii) If B= HZ. then oe YE and ¢€ become the structure maps 

classically considered. 

To give a complete proof of 12.6, one has to introduce a few more 

structure maps, which is very easy, and check their properties by dia- 

gram chasing. See fi], chapter 3. 

13. A UNIVERSAL COEFFICIENT THEOREM 

The theme for the next part of the course is the following. Let E be 

a fixed ring-spectrum. Suppose given E,(X) and E,{Y); what can be 

said about [x,y],? In other words, given homological information, 

what can we say about homotopy? 

I propose to treat this problem under a restrictive hypothesis; that 

is, I will assume that E(%) is projective over T(E). I do know how to 

avoid this hypothesis, but it involves extra work; one has to resolve both 

X and Y and mix the resolutions geometrically, The present hypothesis 

is sufficient for the applications to be given here. To see that the 

hypothesis is reasonable, consider two examples. 

Example (i). Let X =S. Initially most people need to compute 

stable homotopy, thatis, [s, Yd, Of course E,(5) is projective over 

7,(E) for any ring-spectrum E; in fact it is free on one generator, 

(ii). Let E= HZ In this case 1,(E) is the field 20 so any 

module over it is projective; in particular, (HZ 3) (%) is projective over 

Z_ forany X%, 
P 
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All the same, the correct level of generality will probably turn outto 

be the maximum level, so ultimately we will probably want to go beyond 

the case in which E,(X) is projective over T(E). 

To handle even this case, we need some results of the general type 

of universal coefficient theorems, The reader interested only in the case 

X =S may without loss omit this section. 

In the situation of the universal coefficient theorem, E is the ring- 

spectrum and F is a module-spectrum over E. E,(X) is given and 

the aim is to find information about F(X) and F(x). 

LEMMA 13.1. Let E bea ring-spectrum, F a module~spectrum 

over E, and X any spectrum. If E,(X) = 0, then F(X) = 0 and 

F(X) =0. 

Proof. E,(X) = 0 is equivalent to T(E. X) =0O, i.e., EaX is 

contractible. Now any morphism 

Ss) is FaX 
can be factored as 

islal 
SaFaX ——@ > En FanX 

int] [va 
S > EFrxX , 

and of course EaFaX * Fa(EaX), soitis contractible; hence f=0. 

Similarly, any morphism xis F can be factored as 
laf 

EnaX —> EAF 

in] [> 
x f > ¥F 

so {= 0. 
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Now observe that for any element x" € F" (x) we get a homomorph~ 

ism 

E(x) —> 1,(F) . 

One way to say it is that this map is 

Xy,--——> <x", x, > 

where we use the pairing 

FAE <>E,FY-5F. 
e 

Another way to say it is that if — F, we form 

(x), Vix 
E,(X) ———> E,(F) —> 1, (F) . 

In any case, we get a homomorphism 

bs ; 

F (X) 3 Hom, (E)'Px(%), T,.(F)) 

We will be interested in spectra X which satisfy the following condition. 

xe xe 
Condition 13.2. F (X)-——~ Hom Ty ( EB)! (%)> TAF) is an isomor- 

phism for all module-spectra F over E. 

I now introduce a condition on E, 

Condition 13.3. E is the direct limit of finite spectra Eo for 

which E,(DE,) is projective over 1,(E) and DEY satisfies 13.2, 

Here DE, means the S-dual of Ey: 

PROPOSITION 13.4. Condition 13.3 is satisfied by the following 

spectra E: 

S, HZ MO, MU,MSp,K,KO . 

For the moment I postpone the proof of this proposition; it will be 

outlined below. Evidently one needs a lemma to say that DE, satisfies 

13.2, but one can impose very restrictive condition on DE, . 

The result we want is as follows. 
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PROPOSITION 13.5. Suppose E satisfies Condition 13.3 (e.g., 

E may be one of the examples listed in 13.4). Suppose E,(X) is pro- 

jective over 1, (E). Then 13.2 holds, i.e., 

xX ae 

F (X)—>H E, (X) om (py ee) (ED 

is an isomorphism for all module-spectra F over E, 

This is a special case of a more general result. 

THEOREM 13.6. Suppose E satisfies Condition 13.3. Then there 

is a spectral sequence 

Pp, od ae 
Ext (E,(X),71,(F)) => F (X) ".(E) * * Pp 

whose edge-homomorphism is the homomorphism 

* * 
F*(x) —> Hom (E,(X), 7,,(F)) 

T(E) 7 ~ 

considered above, and convergent in the sense that Theorem 8.2 holds. 

Proof of 13.5 from 13.6. If E,(X) is projective over m,(E), then 

Exth py (EatX) Ml ED) 

is zerofor p>O. Hence, the spectral sequence collapses to its edge- 

homomorphism. Note that we have enough convergence; condition (ii) of 

Theorem 8.2 is trivially satisfied, so (i) and (iii) of 8.2 hold. 

We now prove some intermediate results necessary to prove 

Theorem 13.6. 

The force of Condition 13.3 is that it allows us to make resolutions 

of the sort used by Atiyah in his paper on a Kiinneth theorem for K-theory. 

Recall that E is the direct limit of finite spectra Ey The injection 

al E corresponds to a cohomology class Le € EE) ortoa 

homology class By € E,)(DE,). 

LEMMA 13.7. For any spectrum X and any class e ¢ EI) 

there is an E, anda morphism f: DE, > X of degree p such that 
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e= f,(g.)- 

Proof. Takea class e€ E(%). Then there is a finite subspectrum 

xX! dx anda class e'eé E(%') such that i,(E') =e. We may interpret 

e' as amorphism DX!'—-> E of degree p; here I need the fact (not 

proved in $5) that Dy *Y. By assumption, this morphism factors 

through some Ey so that 

DX'——> E 

NA a 

Ey 

and iy =e! considered as an element of E P(DX'). Dualising back, 

(DY), =e'e E LX") . 

Take f to be 

DE,—*> x!-+>x. 

LEMMA 13.8. For any spectrum X there exists a spectrum of 

the form 

w= V/ sP(F) ADE 
8 a(B) 

and amorphism g:W—>X (of degree 0) such that 

£2 E,(W)—> E,(X) 

is an epimorphism. 

Proof. Immediate from 13.7, by allowing the class e in 13.7 to 

run over a set of generators for E,(X). 

Note that W= 4 sP(P), DEB) inherits from its factors the 
properties that E.(W) is projective and 13.2 holds, that is 

F'(W)—> Hom. | (E,(W),7,(F)) 
Tt,.(B) 

is an isomorphism for all module-spectra F over E. 
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Proof of 13.6. We will construct a resolution of the following form, 

with the properties listed below, 
x X5 X =X) —2>x hex, —->x, 

\Z VA \¢ 
(i) The triangles 

are cofibre triangles. 

(il) For each r, 

: —_ Oe EAR) Ba ay) 
1s zero, 

{iii) For each r, E,,(W,) is projective over 1, (E). 

(iv) For each r, the map 

—2>H F'(W ) om. (EAC) MLE) 
is an isomorphism. 

Let Xp =X. Assume x. is constructed. By 13.8, there exists a 

spectrum W anda morphism 
r 

g,? W, x, 
as described in 13.8, Form a cofibering 

ey 
wx —S xX — > W 

r r r+] r 

where the last morphism has degree -1. Without any essential loss of 

generality we may suppose by using a telescope that RC XC XC cee 5 

let Boo be their union. Since 

E,(W) —> E,(X,) 
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is an epimorphism, 

E(X_) > Ex(X,)) +) 

is zero. Therefore 

E,(X 5) = Lin E,(X_) = 0 

By Lemma 13.1, we have F(X 0) = 0, 

By applying F’, we get a spectral sequence, convergent in the sense 
* ? that Theorem 8,2 holds. lt is convergentto F (K )2 F(X) and 

0 

has BE -term 

EP? * F (W ). 
} P 

Now we have arranged that 

xx 

F (Ww) = Hom, (E) (E.(W)), TT. F)) 

and 

0 <— E,(X) <— E,(Wo) <— E,(W,) <— E,(W,) 

is a resolution of E,(%) by projective mcdules over 7, (E). Moreover, 

the boundary d, in the spectral sequence is that induced by the boundary 

in this resolution. Therefore 

p,* p,* E = Ext 
2 T,.(E) (E

,(X), 7, (F)), 

as claimed. 

It can be checked that the edge-homomorphism is the obvious map. 

Now we start work on the proof of Froposition 13.4. We need the 

following lemma. 

LEMMA 13.9. Suppose (i) X isa finite spectrum, 

(ii) the spectral sequence 

H,(X51,(E)) ==> E_ (X) 

is trivial, i.e., its differentials are zero, and 
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(iii) for each p, Hin (EN is projective as a left module 

over m1,(E). 

Then E (X) is projective and X satisfies Condition 13.2, i.e., 

* 

F"(X) > Hom, (e) 
* 

(E,(%). 0, (F)) 

is an isomorphism for all module-spectra F over E. 

(The condition that X is finite is not essential, but is satisfied in 

the applications.) 

In order to apply Lemma 13.9 to DEY, we simply have to check that 

(i) the spectral sequence 

2 * 
H(Eqin,(E)) —> E (E,) 

is trivial, and 

(ii) for each p, HME sn, (E)) is projective over 1,(E). 

Proof of 13.9 (from fail, Lecture 1, Prop. 17). Let ET q!°) and 
P> 

EP? 4(2) be respectively the spectral sequences 

H (X57, (E)) => E(x) 
H”(X3n,,(F)) => F(X) . 

It follows immediately from the assumptions on the spectral sequence 

E. 6) that EL (X) is projective. 

The Kronecker product yields a homomorphism 

fc 

EP" (2) —> Hom, (p)'8p (0), 1,(F)) . 

This homomorphism sends da. into (aty*, (This assertion needs 

detailed proof from the definitions of the spectral sequences, but it can 

be done using only formal properties of the product and the fact that Hom 

is left exact.) Because of the assumption that the spectral sequence 

Xe 

E, .(0) is trivial, which is used here, the groups Hom (E" (0),7 (FY), 
ok ok T(E) p* ok 

equipped with the boundaries (a7) " {which happen to be zero) forma 
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(trivial) spectral sequence EP? 44), We now have a map of spectral 

sequences 

EP? 42) —> EP 94), 
r 

For r=2 it becomes the obvious map 

oe Pp H* (xX; F)) 3? H ( TTA )) om (E) (A (Xin (E)), 1, (F)) . 
Pp v 

Since we are assuming Hy (% i, CE) is projective over m1, {E), a theorem 

on ordinary homology shows that for r= 2 the map is an isomorphism. 

Therefore it is an isomorphism for all finite r, and the spectral 

sequence EP?9(2) is trivial. Since X is a finite spectrum, it is easy 

to deduce that the map 

2 xe x co E*’ (2)—> Hom" (ETM (0), 0, (F)) foo) Ty{E) px % 

is an isomorphism, because the limit is attained for some finite value of 

r. 

Let us now introduce notation for the filtration quotient groups, say 

G, (0) = Im(E, (xP) —> E,(X)) 

% . * *k GP *(2) = Coim(F (KX) -—> F (XP)). 

The Kronecker product yields a homomorphism 

GP *(2) —> Hom* wg E) Gp xl) (FN: 

(Again, the verification uses formal properties of the product and the fact 

that Hom is left exact.) Consider the following diagram. 

0 0 
L ; 1 

px *« c 
Ef (2) > Hom, (EG (0) Mal FD) 

| 
ae GP*(2) ——_———_» Hom G__(0),7_(F) ] 7, (E)! Spx (O) (FD) 

p-l»x % 

, Hon e)(Cp-1 sO) mal F) 
0 0 
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The second column is exact because E~ (0) iS projective. Induction over 
p* 

p, using the short five lemma, now shows that 

GP *(2) —> Hom, ..(G__(0),7,{F)) 
T(E) pan 

is anisomorphism. Since X is a finite spectrum, ina finite number of 

steps we obtain the result that 

te 

F(X) —> Hom, (py (E,(X),7,(F)) 
xe 

is an isomorphism. 

We now sketch the proof of 13.4. (See 1], pp. 29-30) 

(i) E=S, the sphere spectrum. Take EL = S; then 13,3 may be 

verified directly. 

(ii) E= HZ The hypotheses of 13.9 are satisfied by any X, and it 

is sufficient to let on run over any system of finite spectra whose limit 

is HZ 
P 

(iii) E= MO, It is well known that 

Mo # \/ sez. 2 Ts uz, ; 
i i 

The hypotheses of 13.9 are satisfied by any X, and it is sufficient to let 

Ey run over any system of finite spectra whose limitis MO, 

(iv) E= MU. We have HP(MUsT,(MU)) =0 unless p and q are 

even. Therefore the spectral sequence 

x a 
H (MU;r_(MU))=> MU (MU) 

is trivial. Again, HP(MU;T, (MU)) is free over nm, (MU). It is sufficient 

to let Ey run over a system of finite spectra which approximate MU in 

the sense that 

i :H (E_)—~> i. p! a) H (Mv) 

is an isomorphism for p<n, while HOE) =0 for p>n. 
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(v) E=MSp. A simple adaptation of the method of S.P. Novikov 

(32, 13 | from the unitary to the symplectic case shows that the spectral 

sequence 

H’(MSpsm, (MSp))—=> MSp (MSp) 
is trivial, Again, H?(MSp;n,(MSp)) is free over m,(MSp). The rest of 

the argument is as in (iv). 

(vi) E=K. Recall that in the spectrum K every even term is the 

space BU, We have 
HP(BUsn,(K)) =0Q unless p and q are even, 

Therefore the spectral sequence 

H"(BU3n, (K)) => K (BU) 

is trivial. Again, H?(BU; 1, (K)) is free over v1 (K). It is sufficient to 

let EY run over a system of finite spectra which approximate, as in (iv), 

the different spaces BU of the spectrum K. 

(vii) E= KO, Recall that in the spectrum KO, every eighth term is 

the space BSp. I claim that the spectral sequence 

H’ (BSp;1,,(KO))—=> KO" (BSp) 

is trivial. In fact, for each class he H°P(BSp(m)) we can constructa 

real representation of Sp(m) whose Chern character begins with h; for 

each class he oP * 4 BSp(m)) we can construct a symplectic represent- 
ation of Sp(m) whose Chern character begins with h. The rest of the 

argument is as for (vi). 
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14, A CATEGORY OF FRACTIONS 

We recall that our general object in these sections is to answer the 

following question. Suppose given E(%) and EL(Y). What can we say 

about [X,¥],? 

Now it is clear that we cannot say everything. For example, 

suppose E= HZ,3 given (HZ 5),(%) and (HZ 4), ¥) there is no hope of 

finding out anything about the odd torsion in (x,v],- 

More generally, we will say that a morphism f: KX—>X' is an 

E-equivalence if the induced homomorphism 

fy: E,(X) ——> E,(X') 

is an isomorphism. This can happen without f being an equivalence; for 

example, take E=HZ,, X =HZ,, X'= pt. Then it is clear that methods 2’ 3 

based on E-homology cannot tell X and X! apart. 

It therefore seems best to introduce a new category in which one does 

not attempt to tell X and X' apart. In technical terms I have to start 

from the stable category and define a category of fractions. 

(Added later.) I owe to A. K. Bousfield the remark that the procedure 

below involves very serious set-theoretical difficulties. Therefore it 

will be best to interpret this section not asa set of theorems, butasa 

programme, that is, as a guide to what one might wish to prove. 

Let C be the stable category already constructed, 

THEOREM 14.1. There exists a category F, called the category 

of fractions, and a functor 

T: C -—>F 

with the following properties. 
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(i) If e:X—~> Y is an E-equivalence in C, then T(e) is an actual 

equivalence in F, i.e., it has an inverse tle). 

{ii) T is universal with respect to this property; givena category G 

and a functor U: C —>G such that e an E-equivalence implies U(e) 

is an equivalence in G, then there exists one and only one functor 

V: F—>G suchthat U= VT. 

T 
Cc -——> 

U Vv 

F 
t 

! 

1 

! 

vy 

G 

(iii) The objects of F are the same as the objects of C, and T is 

the identity on objects. 

{iv) Every morphism in F from X to Y can be written 

1 T(e) T(f), where f:X—~> Y' and e: Y —>yY' arein C and e is 

ar 
x Y 

an E-equivalence, 

We have Tle)" T(E) = Tle,)” T(f,) in F if and only if there exists 

a diagram of the following form in C. | x yo 1 > y! 
e f, NN ae 

2 
-] 

(v}) Every morphism in F from X to Y can be written T(f)T(e) 

where f:X'——> Y and e: X'——>X arein C and e isan 

E-equivalence. 



x 
oA 7Y 
Zt 

x! 

-] -1 
We have T(f))Tle)) = T(f£,) Tle.) in F if and only if there 

exists a diagram of the following form in C. 

oO SS, 
a 

If one takes only parts (i), (ii), and (iii) the theorem is almost empty; 

such a category of fractions exists under negligible assumptions. (Added 

later : unfortunately there is no reason why the result should be a small 

category.) Our object, of course, is to construct F in sucha way that 

we obtain a good hold on it. Parts (iv) and (v) essentially describe two 

ways of constructing F. We shall write [x.y] to mean the 
morphisms from X to Y inthe category F. Besides constructing F, 

we must also give results calculating (x, yJ* in various Cases which 

arise in the applications. When we construct the Adams spectral 

sequence, based on the homology theory E, we will try to prove that it 

converges to [x, y]* . 

Before proving 14,1, 1 will finish stating some results which help to 

show what F is. 

We propose to get a hold on [x, y]® by showing that if we keep Y 

fixed and vary X, then we get a functor of X whichis representable in 

C, Then we give means for recognizing the representing object, and 

finally we construct the representing object in an elementary way in 

special cases. 
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PROPOSITION 14.2. The following conditions on Y are equivalent, 

(Gi) T: Lx, yj, [x,y]e is an isomorphism for all &. 
(ii) If E,(X)=0, then [x,y], =0. 

If these equivalent conditions hold, we say that Y is E-complete, 

This term can be justified by inspecting the special case E= HZ which 

will be considered later. 

As an example, we give: 

COROLLARY 14.3. If Y is an E-module spectrum, then Y is 

E-complete and 

T: [x , Y],—> [x, sal is an isomorphism, 

Proof. (from 14.2). Condition (ii) of 14.2 holds by 13.1. 

THEOREM 14.4. (i) For any spectrum Y there is an 

E-equivalence e:Y —>Z suchthat Z is E-complete. 

(ii) Such an E-equivalence is universal. That is, given any other 

E-equivalence e': Y—~Z', there exists a unique f:Z'—->Z such that 

fe'=e, 

e' , Z' —_——— f 
oS 

Y 
v 

Zz 

(iii) Therefore, Z is unique up to canonical equivalence. 

(iv) For sucha Z we have an isomorphism 

[x,z],—> [x,¥]* ; 

given by f F-> Tle)! T(f). 

Notes, (iii) follows immediately from (ii). Since Z is defined up 

to canonical equivalence by Y, we may write it as a function of Y; we 

E 
choose the notation Z= Y , so that 

[x,y"],=([x,v]F. 
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We will call y® the E-completion of Y. Again, the term can be 

justified by considering the special case E=HZ . Note that 
Pp 

E (Y yE E 
Y~, so that the term "completion" is justified. 

We say that X is connective if there exists ny € Z such that 

Tm (X) =O for r< Ny: 

PROPOSITION 14.5. Suppose that E is a commutative ring- 

spectrum and m1 {E) =0 for r <0; suppose also that Y is connective, 

E . Then [x,y], depends only on the ring M)(E). 

For example, [x,v]® is the same whether E=MUQ or 
* Pp 

E= buQ,. The idea is that under these hypotheses, the difference 

between [x,y], and [x,y], is essentially arithmetical. 

For the next result, we assume that E is a commutative ring- 

spectrum, that T(E) =0 for r<0O, and Y is connective. 

THEOREM 14.6. (i) Suppose m1) (E) is a subring R of the 

rationals. Then 

E 
Y =YR. 

(ii) Suppose m1 {©) =Z_ and m7 (Y) is finitely generated forall r. 

Then 

E 
Y =YI_ , 

m 

where I] is the ring of m-adic integers, Lim Z . 
m <—T m= 

(iii) Suppose mF) = fon and the identity morphism 1: Y—~>yY 

satisfies m°:]=0. Then 

y+ yY. 

. E 
Examples. (ia) Suppose m1 (E) =Z, then Y = Y and 

E 
T: [x, ¥],, —_> [x,y], is an isomorphism, 
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(ib) Suppose T(E) isa sSubring R of the rationals and X ig a 

finite spectrum, Then 

[x,y] = (x, yr], = [x.y], @R by 6.7. 
(iia) Suppose 1)(E)=Z_, T(Y) is finitely generated for all r 

and X isa finite spectrum. Then 

(x, y]P= (x, v1 J,=([x,y],@1 by 67, 
(iib) Take m to bea prime p, andtake X =Y=S. Then 

0 (r<0) 

[s,s]¥= 44 (r=0) 
r P 

the p-component of [S, S|. if r>0. 

It is very plausible that the classical Adams spectral sequence should 

converge to these groups. 

Warnings, (3) We have assumed that T(E) =0O for r<0. If we 

do not have this, the relationship between [x, YJ, and ix, yJ]® may be 

much more distant. For example, take E = K; it can be shown that 

[s,s] #0 for infinitely many negative values of r. 

(ii) Consider parts (ii) and (iii) of the theorem, in which T(E) = Zon 

Results of the form given do require some assumption on Y beyond the 

fact that it is connective. For example, take Y = S(Q/Z). It can be 

shown that 

[s,y],=0 andso [S,y]@I_ =0, but [s,y]P=1 . 
1 lm 1 m 

If one takes m to be a prime p and checks the behaviour of the class- 

ical Adams spectral sequence based on E = HZ one sees that it con- 

verges to is, y]* , aS indeed it must do by the theorem to be proved in 

the next section. So something which was previously a counterexample 

can now be used as evidence to Support the theory. 
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The proof of Theorem 14.1 requires two lemmas. 

LEMMA 14.7 (i) Suppose given a diagram 

f 
x ———— Xx! 

Y 

in which e is an E-equivalence. Then we can complete it toa 

commutative diagram 

f 
X——_———_ > x! 

Y __§ sys 

in which e!' is an E-equivalence. If f is also an E-equivalence, so is 

g- 

(ii) Suppose given a diagram 

x! 

y—___= + y' 

in which e' is an E-equivalence. Then we can complete it toa 

commutative diagram 

in which e is an E-equivalence. If g is also an E-equivalence, so is 

Proof. (i) Let W be the fibre of K— >X', andlet Y' be the 

cofibre of W-—* Y. The morphism e' is an E-equivalence by the five 

lemma. Part (ii) is similar. 



LEMMA 14.8. (i) Suppose given 

e f 
X'—> xX 3 Y 

& 

where e is an E-equivalence and fe = ge. Then we can construct 

t 

xy sy! 
& 

with e' an E-equivalence and e'f = e'g. 

(ii) Suppose given 

{ e! 
X 3 YY! 

g 

where e' is an E-equivalence and e'f=e'g. Then we can construct 

e f 
xX'—> X¥ TTY 

8 

with e an E-equivalence and fe = ge. 

Proof. The proof is a manipulation with cofiberings using Verdier's 

axiom (6. 8) and is left as an exercise. 

Now, to construct F, let the objects of F be the same as the 

. E 
objects of C. To define morphisms in F, say [x,y] » oné makesa 

preliminary construction. Fix Y, and consider the category in which the 

| 

objects are E-equivalences y= y' and morphisms are diagrams of 

the following form. aa 

<, 

Then 14.7 and 14.8 say that we get a directed category in the sense of 

Grothendieck. Thatis, given two objects A and B, there exists 

a Cc , 
B 

f fs, h 
given two morphisms A ———3B, there exists A ~B—-— Cc 

& g 

where hf = hg. 
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E We define ix, YJ] = Lim [x,y] , where the direct limit takes 
2 > xe 

place over this directed category. An element of Lim [x, y)] is an 
—> 

equivalence class of diagrams 

y' 

— [Je 
x Y 

in which e! is an E-equivalence. Two such diagrams are equivalent if 

and only if there exists a diagram of the following form. 

SS 

ée 

Y 
] 

1 

Y 2 
2 

Ce 
a ae 

This is essentially the construction presented in (iv). To check that this 

is an equivalence relation one uses 14.7 (1). 

To define composition in the category, suppose given the two diagram 

diagrams shown below with undotted arrows, 

X Y 

Add the dotted arrows by 14.7 (i). We get a diagram representing a 

morphism from X to Z in the new category. We check that the 

equivalence class of this diagram depends only on the equivalence classes 

of the factors, not on the choice of parallelogram (use 14.7 (i), 14.8 {i)). 

We check the associativity law and the existence of identity 

morphisms. We now havea category F. Wedefine T: C —>F as 
a ewe 

follows: if f: KX —>Y, let T(f) be the class ofjthé following diagrarh ws ° 
a » v uit ~ Meee Be , 



302 

af 
X Y 

One checks that this is a functor, It is now almost trivial to verify 

properties (i)-(iv) of the theorem, 

On the other hand, precisely the dual construction works using 

14,7 (ii) and 14.8 (ii) to show that one can construct F soas to have 

properties (i)-(iii) and (v). But of course F is characterised by 

(i)-(iii), so it must have both properties (iv) and (v). 

Now we turn to Proposition 14.2, First, suppose E,(X)=0. Then 

it is clear that the morphism pt.——>X is cofinal among E-equivalences 

e': X'—> X. So we have [x, Yl, =0Q. If we assume that 

t: (x, vy], —~ [x, v}.= 0 is an isomorphism, then clearly we deduce 
that [x,y], = 0. So condition {i) of 14.2 implies condition (ii). The 

proof that (ii) implies (1) will be given together with the proof of part of 

Theorem 14.4 to be considered below. This requires three lemmas, 

numbered 14.9, 14.10, and 14.11. 

LEMMA 14,9. Let A—>B—>C bea cofibering. Then 

[a,y]e <— [B,y]P<— I[c,y]® 
and 

[xa]? —>[x, BJP —> [x,c]= 
are exact, 

Proof. Forany Y', the sequence 

[a,y'].<— [s,y'],<— [c,y'], 

is exact. The given sequence is obtained from such sequences by passing 

toa direct limit. But direct limits over a directed category preserve 
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exactness. The same form of argument holds for the second sequence, 

. E using the fact that we can also define (x, pal by taking a direct limit of 

(x', ¥],, as we vary X', 

LEMMA 14.10. The canonical map 

E E 
(Vx ,yJ,— TT [x,y] 

a a * a a ** 

is an isomorphism. 

E Proof. (i) Suppose given an element in TTIx,.¥] 3; each of its 
a 

components is represented by a diagram 

x Y 
e a 

108 fie
 

a 

Then we can form the diagram 

V & %a Vos ag 
Y 

V x! . 
a a 

This gives an element of [V Xu YJ, which maps in the required way. 
for 

- ; V E (ii) Suppose given an element of [ v Xoo yl", say represented by 

Vx Y 
qa 

“f f 
e 

w' 

; ; . E . Suppose it restricts to zero in each (x). y]= . This says that for each 

o we have a commutative diagram of the following form; 
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and moreover, fi, = 0. Then consider the following diagram. 

Vx 
a a 

Ve | 
a a Ww! 

V x! 
on 

Y 

a 

This shows that the diagram 

V x Y 
a a 

e/ f 
Ww! 

gives the zero element of { Vx] . 

Now we start the proof of 14.4. Consider [x,y]? - Hold Y fixed 

and vary X. By 14.9 and 14.10, we have the data for E.H. Brown's 

Theorem, and we deduce that [x,y]® is a representable functor of X. 
That is, there is a spectrum Z anda natural transformation 

U: [x,2],—> [x,y]”. 
Here Z satisfies condition (ii) of 14.2. For suppose E,,(X) = 0; then 

Ix, ¥]* = 0, as we have remarked; so [Ix.z], =0, since U is aniso- 

morphism. 

Now consider le {z,z] and U(l) e¢ (z,y]®. The latter is repre- 
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x 

Then by naturality U(f)=f U(1)=0. Since U is a monomorphism, 

f=0. Therefore the morphism Z—~ Y' is equivalent to the injection 

Z—~> Zv Susp(X); we can replace the representative for U(1) by the 

following diagram. 

Z v Susp(X) 

AT 

Zz Y 

Now consider 1 e LY, ai ; there exists e: Y——>Z such that 
Ufe)=le [y,v]*. That is, we have the following commutative diagram. 

Z v Susp(X) 

pe FS 
ONS 

We conclude that i,: E,(Z)-—> E,(Zv Susp(X)) is an epimorphism. 

Therefore E,(Susp(X)) = 0. Hence, i,: E,(Z) —> E,(Z v Susp(X)) and 

E,(Y)—~ E,(Z) are isomorphisms. 

Since we now know that e:Y— > Z is an E-equivalence, we allow 

ourselves to change its name to e: Y-—> Z. We have proved that any 



306 

spectrum Y admits an E~equivalence e: Y—>Z, where E.(%) =0 

implies [x,z], =0. 

We will now forget everything about Z except these two properties. 

LEMMA 14.11. Suppose e: Y—>Z is an E-equivalence, and 

E,(X) = 0 implies (x, ZI]. = 0. Then 14.4 (ii) and (iv) hold. 

This will complete the proof of Proposition 14.2; for we take 

e: Y —>Z tobe 1:Y -Y, and deduce that 

t:(x,v],—>lx, yJ]E 

is an isomorphism. Moreover, it will obviously complete the proof of 

14. 4, 

Proof of 14.11. We have to show that e:Y —>Z is universal, 

Suppose given an E-equivalence e': Y—>Z'. Then up to equivalence we 

have Z'=YUCA for some g: A—> Y; and here E, (A) = 0, by the 

g 1 
exact sequence of the cofibering A—>Y ~>7z', 

Y—s——> _-Z {(j has degree -1l). 

Then eg=0 by the assumed property of Z, so e extends over Y 4 CA 

and there is a map f:Z'—*>Z with fe'=e. Also f is unique, because 

two choices differ by an element of ja, ZJ.: and (a, Zz], =0 by the 

assumed property of Z. 

This shows that e: Y —*>Z is universal. Then clearly the single 

object y—» Z is cofinal in the directed category used to construct 
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E 
[x, yJi3 so we have an isomorphism 

E 
[x,z],—> Ix, yy], 

given by assigning toa morphism f:X——>Z the class of the diagram 

Zz 

Xx Y 

. -1 ,4E . i.e., the element Tie) Tif) € [x,¥]) + This completes the proof of 

14.2, 14.3, and 14. 4, 

Now we start working toward the proof of 14.5. 

LEMMA 14.12. Suppose 7 (E) =0 for r<0O. Supposea 

morphism f:X—~> Y induces an isomorphism E,(X)——> EY). Then 

it induces an isomorphism H,(%,7)(E)) _> AAA Ysm1)(E)). 

Proof. First a remark. Let E be any spectrum, not necessarily 

a ring-spectrum, and not necessarily connective; then I claim 

HxEx VS A.HG., 
H i 

where G = AE). In fact, for each i we can construct a Moore 
i 

spectrum sic ; then we can construct a morphism 
i 

. a. 

sig —+>HaE 
i 

inducing the identity map 

i 
G =n (SG.)—Fn(HaAE)=HG.. 

i i i i i 

Now we can form 

i Tana, 1 H a(S G.) ——*-> HaHa EF 2 HE. 
i 

Finally we form 
$( a1)(laa.y 

VHA(S'G.) >HAE. 
H 

This induces an isomorphism of homotopy groups, s0 it is an equivalence 

by the theorem of J.H.C. Whitehead. 
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Now we return to the lemma. Form the cofibering xt> Y->2Z., 
Then we have E (2) = 0 and it is sufficient to deduce that 

H,.(Zi 7) (E)) =O. Since m,(Ea Z)=0, EaZ is contractible. Therefore 

HaEa~ Z is contractible. Now T(E) =0 for r<0, so by the 

Hurewicz theorem Go = H(£) = Tg (E). We have just shown that HG, is 

a direct Ssummand in Ha E, so (HG >) a Z is contractible; that is, 

H, (Zs )(E)) = 0. This proves the lemma. 

LEMMA 14.13, Suppose E is a commutative ring-spectrum and 

T(E) =0 for r<0Q. Suppose X and Y are connective and f: ¥—>y 

induces an isomorphism H,.(X 37) (E)) —> HAY, m1) (E)). Then it induces 

an isomorphism E,(X)—> E,(Y). 

Proof. As before, we form the cofibering xis Y —~*Z. Then 
Z is connective; we have H,.(Zi1)(E)) = 0, and it is sufficient to prove 

E,(Z) = 0. 

Since T(E) is a commutative ring and T(E) is a module over 

T(E), we have the universal coefficient theorem in the form of the 

spectral sequence 

T(E) 
Tor (C257 (ED) 8 (EN) H,(Zi7 (E)) . 

sk 
* 

This is a quarter-plane spectral sequence convergent in the naive sense, 

We see that H, (257 (E)) = 0. We now consider the Atiyah-Hirzebruch 

spectral sequence 

H (231 (E)) == E | {Z) . Pp q Pp ptq 

This is a quarter-plane spectral sequence convergent in the naive sense. 

We conclude that FE, A(Z) = 0, 



309 

Warning. This condition that X and Y are connective cannot be 

omitted (take E= bu, X = pt., Y= Buz, or vice versa). 

Proof of 14.5. Recall that we wish to show thatif E isa 

commutative ring-spectrum and mE) =0 for + <0, then for any 

E connective spectrum Y, x,y], depends only on ml*). More pre- 
E E! 

cisely, we show that x,y], = [x,¥]) » where E—!' = Hn (E). 

(i) By 14.12, we have that any morphism f: Y——>Y!' which induces 

an isomorphism in E-homology also induces an isomorphism in 

E'-homology. 

(ii) Consider the directed category used in the construction of 

E'! 

(x, yJ. . I claim that morphisms f: Y—> Y' which induce an 

isomorphism in E-homology are cofinal in those which induce an 

isomorphism in E'-homology. Once this is proved, 14.5 follows. We 

need a lemma. 

LEMMA 14.14. Let Y bea connective spectrum, X any spectrum. 

Then any morphism f: X—~> Y factors as 

x ¥ 
\. 

SHA(X) (r 2N) 
where X!' is connective and HX") for some 

0 (r <N) HH
 

N eZ depending only on Y. 

Proof. Let N be such that 7 AY) =0 for r<N+1. Then we can 

N-1 . . 
factor { through X/X ; this spectrum is connective. However, it 

need not have the desired properties in homology. We have 



N-1l 
H(x/X) 2 HX) (r >N) 

HAX/XN}) = 0 (x <N), 
and in dimension N we have an exact sequence 

0o— A(X) — Hyg /X F->0, 
N-1 

where F is free since it is a subgroup of Hy {&% ). By the 

Hurewicz theorem, we have 

N-l, x N-1 
Ty X/XO TY SH K/X) 

Chooge a set of elements 

N-1 
oy E MH (X/X ) 

which project téa base of F, and form 

x'=x/xN-l y, csN 
a 

X' is connective, and x/xN-t_sy factors through X'. We have 
H(X) 9 (r>N) 

H(X") 
=0 (r <N). 

Returning to (ii) above, suppose f: Y —> Y' induces an 

isomorphism in E'-homology. Form a cofibre sequence 

a—>ytisy—->.., . 

Here (Asm (E)) = 0, and so by the ordinary universal coefficient 

theorem, 

H_(A) @_ 7 (E) =0 Tor? (H (A), TM(E)) = 0 
r Z 0 , lor’ go 

By 14.14, we can factor A—> Y inthe form 

A ——> Y , 

NZ 
B 

where B is connective and 
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H(A) ——> H(B) for r>N 
HB) = 0 for r<N. 

Then 

H(B)®, "(E)=0, Tor (H (A), m(E)) = 0 

and so 

HB; T(E) = 0 

for all r. Now we can form the following diagram of cofiberings. 

| 
Set ——_ ——_» Y' -——-. ..... 

1 

Here Y" is connective, and Y—~> Y'! is an E'-equivalence, so it is an 

> Y'——>.., 

E-equivalence by 14.13. This completes the proof of (iii) above, and so 

completes the proof of (14.5). 

Now we turn to Theorem 14.6. We have to take YR, or YI or Y, 

according to the case, and show that it satisfies the conditions in 14.4. 

We have already shown that it will be sufficient to check 14,4 (i), that is 

to say that these spectra are E-equivalent to Y, under the hypotheses 

given for each case, and E-complete. 

Consider the first condition. In case (i), suppose T(E) is a sub- 

ring R of the rationals Z. Consider the product 

SRaS(R/Z) . 

By the Kiinneth theorem we have 

H,(SR S(R/Z)) = 0; 

for R ®, (R/Z) =0, Tors (R, R/Z) =0, The spectrum is connective, 

so SRaS(R/Z) is contractible by the theorem of J.H.C. Whitehead. 



Now we have a cofibering 

Y—~> YR—~> Ya S(R/Z). 

Here we have 

HR, (Ya S(R/Z)) = 1, {HaSRaYa S(R/Z)) = 0, 

for HaSRaAY«S(R/Z) is contractible. So 

(HR), (Y) — > (AR), (YR) 

is an isomorphism. 

We proceed similarly for case (ii), starting from the fact that 

SZ s(I_/2) is contractible. 

In case (iii) it is trivial that yt> Y is an E-equivalence. 
Now we have to check the other condition of 14.4, namely that 

E,(X)=0 implies [X,yR],=0, or [x,vI_J,=0, or [x,¥],=0 

according to the case. 

First suppose that we are in case (i), so that nm) (E) = R. Suppose 

that £: XX» YR isa map, and suppose I have already deformed it 

until all the stable n-cells map to the base-point. (The induction starts, 

because YR is connective.) I wish to keep it fixed on the (n-1)-cells 

and deform it until the n-cells and (n+1)-cells map to the base-point. 

There is an obstruction, and it lies in HTM (x3. (YR). But R isa 

principal ideal ring, and 74 (YR) is a module over R, so the ordinary 

universal coefficient theorem applies; we know H(%5R) = 0, so we can 

deduce 

HO (YR) = 0. 

So I can deform f as required. I continue by induction and conclude 

that f= 0. This shows that [xX,YR], =0. 
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Evidently the obstruction-theory argument will work just as well in 

case (ii), provided we prove that 

n+1,.,. 
HP Toxsn (YT) = 0. 

Here we have (YI) = m4) @1 by 6.7, and TT {(Y) isa 
n+l +] 

finitely-generated group. And in this case we start by knowing that 

H (X32) = 0. 

The exact sequence 0 —>Z a> Ll 2a 7 9 induces a long exact 
m 

sequence in homology; it follows that H,(X)——> H,(X) is an 
t 

isomorphism, hence H,(X)———> H,(X%) is an isomorphism. Now 

consider 

1 
J» Ext (H(x),2 ). 

m mM 

Hom, (H (X),Z 

On the one hand multiplication by m’ is an isomorphism; on the other 

hand itis zero. Hence the groups must be zero. So by the ordinary 

universal coefficient theorem, 

HTM(X3Z =o. 
m 

Now we have an exact sequence 

)-> 0 
1 * 0s O—>Lim (H (X32 )—>H (X31 )—>Lim (H (x;z 

— mt m << m t 

x 

Hence we have H (X3I })=0. Finally, let G be any finitely-generated 
m 

abelian group. We havea resolution 

0—* Fi > Fy > G0 

with Fo and Fy finitely~generated free. Therefore we have an exact 

sequence 

r s 

o—> TT1 —>T1— 1,8 G0. 
i 1 

This yields an exact cohomology sequence, from which we conclude that 

aK 

H (X;I_ ® G=0. 
m 
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We conclude that 

ntl]... _ 
Ho (X57 (YE) = 0, 

the obstruction-theory argument works, and 

[x,y1 J, =0- 

Finally we consider case (ili), Let f:X ——~> Y be a morphism. 

By Lemma 14.14, we can factor f as 

x ——~Y 

x! 

where X! is connective; HX!) = HX), r>N, and H(X') = 0 for 

r<N, for some NeZ. 

As above, 

m: H,(X) —> H(X) 

is an isomorphism; clearly the same is true for X', Since X!' is 

connective, the theorem of J.H.C. Whitehead shows that m:X¥'——~ x! 

. . . . -] . . 
is an equivalence; so ithas aninverse m -. Consider the following 

diagram. 

] f! 
Xx! > X! > Y 

m®© (m=?) |e 
x! ——_-_—-_—_> Y 

Since m*°: Mv Y—~ Y is the zero morphism, we conclude f'=0. Thus 

[x', YJ. = 0. This completes the proof of 14.6. 

Now we have some short lemmas which will be needed in the next 

section. 

LEMMA 14.15. Suppose 



is a cofibre triangle and two of A,B,C are E-complete; then so is the 

third. 

Proof. Suppose EL (X) = 0. We have an exact sequence 

(x, A], —> (x, B],— [x,c], ~ [x,a],—.. 

Two out of every three groups are zero, so the third must be zero also, 

LEMMA 14. 16. If f:X——>xX' and g: Y—~>Y' are 

E-equivalences, sois 

fag: Xa, Y— > X'a Y' 

This lemma says that smash products pass to the category of 

fractions. 

. laf lag 
Proof. Weare given that EaxK ———> EnxX! and E,Y —~ EayY 

are equivalences. Then 

lafal 
EaX ay!) —— > EnX'ayY'! 

and 

lal ag 
EaX aY —— > EaXay'! 

are equivalences; hence so is their composite; that is, 

fag 
Xa Y > XY! 

is an E-equivalence, 

Now we introduce some arithmetical considerations. Let E bea 

commutative ring-spectrum such that T(E) =0 for r<0O, and let 

6: Z—> m1 (E) be the unique homomorphism of rings. Let SCZ be the 

set of n such that @(n) is invertible in nm (*). Then S is multi- 

plicatively closed. Let RCQ be the localization of Z at S, i.e., the 
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set of fractions n/m with mesS. Then there exists a unique extension 

of @ to 

6: R-—~;> m1) (E). 

PROPOSITION 14.17. If Y is E-complete, then m (Y) is an 

R-module. More generally, [x,y]. is an R-module for any X. 

Proof. Let m¢S; then m gives a morphism Y——>Y, which 

must be an E-equivalence, since the induced map E (Y)—> E,(Y) is 

multiplication by m, which is an invertible element of )(E)- So in 

LY, v1y the morphism m has aninverse. Therefore the canonical 

map 

E 
g: Z —> Ly, an 

extends to give 

E 
oe: R—> ty,y]. 

0 
E 

So R acts on (x, y]y forany X. If Y is E-complete, we have 
Er 

x,y] ={(x yl, - 

15. THE ADAMS SPECTRAL SEQUENCE 

Suppose given a ring-spectrum E and two spectra X,Y such that 

EX) is projective over T(E). Our object in this section is to prove 

the following theorem. 

THEOREM 15.1. Assume that X,Y and E satisfy the 

assumptions listed below. Then 

(i) there exists a spectral sequence with the properties which follow 

(ii) its E, term is given by 

Ps* _ py P* E = Ext E,(X),E , 2 te (E) A): EQ), and 
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(iii) the spectral sequence converges to Lx, YJ" in the sense that a 

suitable analogue of Theorem 8.2 holds. More precisely, it may be 

E obtained by applying the functor [x, J to a decreasing filtration 

Yry vee tee 9? ¥, 9 ¥,9°,7 9 ¥,° 

such that 

0 E 
Lim [X,Y _]"=0 
<— p”* 

E Lim (x,y J’=u. 
<_ p * 

Pp 

Notes. In (ii), Ext means Ext of comodules over the coalgebra 

E,(E). The rules for its calculation will be explained in due course. 

List of assumptions. For part (i), none; no extra data is needed 

to construct the spectral sequence. 

For part (ii), two assumptions. 

(a) Either X =S, or E Satisfies 13.3. 

(b) E,(E) is flatas a right module over 1,(E). 

Both are satisfied for E=S, HZ MO, MU, MSp,K,KO. 

Of course the spectral sequence may be usable even if (ii) does not 

apply, if we can calculate the E, or E, term some other way. 

For part (iii), three assumptions. 

(a) Y is connective; that is, there exists ny € Z such that 

mY) =0O for r <No: 

({b) T(E) =0 for r<0O, and 

Hig! T(E) ® z. 7) (©) —_ T1)(E) 

is an isomorphism. (Examples: T(E) = Zn Tig(E) is a subring of the 

rationals. ) 



Before proceeding, we observe that H,(E) is a ring, so HAE) isa 

module over H{®) = nm (=)- Let the subring R of the rationals Q be 

as in 14.17, so that we have a homomorphism 6:R—-> T(E); thus 

H AE) becomes an R-module. 

(c) HE) is finitely-generated over R forall r. 

Examples. E=S, H, HZ, MO,MU,MSp,bu,bo satisfy (b) and (c); 

indeed HE) is finitely-generated over Z. However, we might also 

wish to introduce suitable coefficients. For example, we might prefer 

some account of the Brown~Peterson spectrum in which Mole) is Qn 

the integers localised at p. Then R= Q, and the groups H (E) are 

finitely-generated over R but not over Z. 

The basic construction is very easy. We start with Yo = Y. 

Suppose yo has been constructed. Let Wo =Ea Yy: Then we can 

form the morphism 

Y @tSGay isl , EaY =W 
P P P 

Construct a cofibering 

—>y -— > —> Yat Y> Wy Y ot] 

where wy Y has degree -1. This completes the induction and 
pt 

constructs the following diagram. 

Y=Y, <——Y ,<— Y.,.<— Y,<— Y 
0 ] A 2 3 4 Ny fo 7% S / \ / 

Wo Wy Ww, OWS 

lf we wish we may use a telescope construction to replace Yo by an 

equivalent spectrum so that the morphisms actually become inclusions 

Yy Yq OY, Y, D.-- 3 

but this is not necessary. 
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E 
Suppose we now apply the functor [x, ] 

OK 
Using 14.9 we geta 

spectral sequence, and this is the spectral sequence required. 

We can also write the spectra Yow, Slightly differently. Let us 

form the cofibering 

E—>s + ».E— >= 

where E-—>E has degree -l. Let 

EP = EaEa... aE (p factors). 

Smashing with EPAY, we obtaina cofibering 

ptl pet) y —> BPAY —> EakPay— > EP AY 

where again the last morphism shown has degree ~]. So we may take 

y =EPAY, W = EabPay. 
P Pp 

This makes it trivial that a morphism f: Y—~>Y' induces 

morphisms of the whole construction, and induces a homomorphism from 

the spectral sequence for Y tothat for Y’'. 

Suppose now that f: Y—> Y' is an E-equivalence. Then all the 

induced morphisms Yo? Yo wi We are also E-equivalences 

(by 14.16) and induce isomorphisms of [x, IP. Thus an 

E-equivalence f: Y —> Y' induces an isomorphism of the whole 

spectral sequence. 

It follows that we may suppose without loss of generality that Y is 

E-complete; for if not, replace it by its E-completion y®. 
If Y is E-complete, then we easily see by induction over p that 

YS is E-complete; for w, is E-complete since it is an E-module 

spectrum, and we use 14.15. So inthis case everything in the 

construction is E-complete, and we could have used [x, j, instead of 
1 

[x, J, 



Now I had better proceed to part (ii) of the theorem, the calculation 

of the E, term. I ought to begin by recalling some facts from algebra, 
2 

or perhaps from "coalgebra". 

Let A be analgebra with multiplication p overa ground-ring R, 

and let N bean R-module. Then we can construct A@®_ N, and it is 
R 

an A-module with action map 

@} A®_(A®_N)+——>a®e Nn. 
R R R 

The most usual case is thatin which N is R-free; then A @, N is 

A-~free. In general A o. N is called an extended module, and it 

possesses the following important property, which generalises the 

characteristic property of a free module. Let M be an A-module with 

action map yY. Then we have an isomorphism 

6 
Hom (A @®_ N,M)———*Hom _(N,M)}. 

A R R 

It is given as follows. Suppose given 

A® Nt>mM; 
R 

then @f is 

® N2R @, NS i A® N+>M 
where y is the unit map R— >A. Suppose given N&> M; then et, 

is 

18 Ae@® N—®%>ae M—>M. 
R R 

In particular, if N is projective over R, then A ®. N is project- 

ive over A. 

We also have the dual situation. Let C bea coalgebra with 

diagonal ¥ over a ground-ring R. I emphasize that R is allowed to 

act differently on the two sides of C. Let N bean R-module. Then we 

can construct 



321 

can construct C e. N, and it is a C-comodule with coaction map 

b@l 
SS Cc . Ce, N @, ( ®» N) 

It is called an extended comodule. It has the following property. Let M 

be a C-comodule with coaction map y. Then we have an isomorphism 

) 
——> Ho . Hom .(M, C @p N) m (M,N) 

It is given as follows. Suppose given 

f 
M—>C®, N; 

then 6f is 

M> Ce, N=°*>RO NEN, 
where € is the augmentation C-—>R. Suppose given M-—5—> N; then 

el, is 

n> c@, n-*8sce@ Nn. 
R R 

In particular, if N is injective over R, then C @p N is injective 

over C, 

There is a prescription of homological algebra for computing 

Ext (Ls M), where L and M are comodules over the coalgebra C. 

However, it does not demand that we resolve M by absolute injectives. 

So long as L is projective over R it will be sufficient if we resolve M 

by relative injectives. More precisely, if L is projective over R we 

have to make a resolution 

0—* MM, * M, — 7 M, 

where each M,. is an extended comodule, Then we form 
i 

H —H L,M,)—>H L,M.)—~... om .{L, My) om » om >) 

and the cohomology groups of this cochain complex are 

oie 

t_(L,M). Ext. ( ) 
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With this in mind, let us return to consider our geometrical 

situation. We have 

W =Eay 
Pp Pp 

So of course we have 

E,(W)) = E(E~ Y,) = E,(E) ® E(Y)) ; 
T(E) 

this is by Lemma 12.5. Itis rather trivial to check that this 

isomorphism throws the coaction map by onto 4 .@ 1; so E(E aY } 
~ Pp 

Pp 
is an extended comodule.- 

Again, consider our cofibering 

Ym EaY —-7yY 
Pp P pt 

has degree -l1. When we smash with E we where En Y —>yY 4 
P ptl 

have 

As) 
Ea Y >E E.Y — > EaY — Pr tee 

P Tai ‘ P ptl 
But pal isa left inverse for lai, so we have the following short exact 

sequence, split as a sequence of modules over T(E). 

0-> BAY) —? E,(EaY_)—> EY ay) —>0 

E,(W_) 
Pp 

Hence, the sequence 

0 —> E,(¥) —> E,(W,) —> E,(W)) —> E,(W,)—>... 

is indeed a resolution of E,(Y) by extended comodules over E(E). 

Now I] recall that the Ey term of our spectral sequence is given by 

ed EP 

] 

E 
x,w ]- [x.w J 

[x,Eay ]” 
po 

[x, EBay], (since EaY_ is E-complete). 
P 

The boundary d, is induced by the morphism 
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-_—> Wi Yoel Wot] 

where Wo Yp+1 has degree -1. We have the following commutative 

diagram. 

a * [X,Eay ] OP Hom gy (Eal¥)) Ey (E4¥ DI 

B |= 
ae 

Hom, (py(Ex(X), E,(¥)) 

Here a(f) = fi The isomorphism @ comes because E, (Ea ¥,) is an 

extended comodule. The spectrum Bay, 1s a module-spectrum over 

E, and 8 is precisely the map which is asserted to be an isomorphism 

by 13.5, if we have the data for that, or trivially if K =S. We conclude 

that a is an isomorphism. 

Now we have the following commutative diagram, in which the 

horizontal maps are induced by the morphisms Ww,” Wo+] {of degree 

~1), and Hom is Hom (E)’ ; 

1 1 > »W ———_——_——_—_> ,W [x, ye [x pia [x W atid 

W
R 

Ww 

| | | 
Hom(E,.(X), E,(W 4) —> Hom(E, (X), E,(W )) > Hom(E,,(X), BAW 43) 

The cohomology groups of the top row are EP* and those of the bottom 
2 

row are 

px 

Bae E) 
Ext (E,(X), EY) . 

This proves part (ii) of 15.1. 

We now start work on part (iii). I recall we have assumed that 

T(E) @, 1(E)>#> n (z) 0 Zz O 0 

is an isomorphism. I claim it follows that for any module M over TOE), 

Vv 
T(E) eo M—>TMM 



324 

is an isomorphism. In fact, this follows from the following commutative 

diagram. 

r
a

t
) <
 

T1)(E) ®, T(E) Pn (E) M > 1 (E) @> M 

vai [a iF 
5 ME) On ey M 7 M 

Ne
] 

<
 

Now I undertake to prove by induction over p that TEs EP) =0 

for r<0Q,. This is surely true for p=0, by assumption. Suppose it 

true for p, and consider the following cofibering. 

laial E,S,EP ts EL EAE? pt —»>p, RPT! 

=p ptl 
Here ExExaE —? EE has degree -1. As we have already re- 

marked, we have a left inverse for laial, given by 

Bal: EaE,EP— EnEP. So the exact homotopy sequence of this co- 

fibering is split short exact. By the inductive hypothesis and the Kiinneth 

theorem, the first non-zero homotopy group of EEE? is 

T(E xEnE*) = T(E) ®7 n(EaE). 
=ptl =ptl, . . Therefore T (EAE )=0 for r<-}, and m7 (Eak ) is isomorphic 

to the kernel} of 

mE) @5 1. (EaB) —> 1 (EaE) . 
0 Z 0 0 

But this ‘map is an isomorphism by the remarks above, so its kernel is 

—pt zero, and m (EAE? 1) = 0 for r<0Q. This completes the induction, 

We have also assumed mY) =0 for r< No: Since we may take 

W = EaE AY, we have n (W_)=0 for r<n,, 
p r p 0 

Now I undertake to prove by induction over p that TAY )=0 for 

r< Ny - 1. This is immediate, from the following exact sequence. 

oe > CW) > LY) TY) Pe 
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-] such that So at this stage we have established a uniform bound Ny 

mT (Y5) =0 for r <n - i. 

Next we need to construct a spectrum Yoo? the E-homotopy inverse 

limit of the Y> The construction is easy. First we observe that we 

can assume without loss of generality that Y is E-complete, and there- 

fore that all the Y,, are E-complete. This requires a word of 

justification; we have to see that when we replace Y by y®, we do not 

sacrifice the property that Y is connective. Recall that by the proof of 

(14.5), we can find a uniform bound vy anda cofinal set of 

E-equivalences e: Y— > Y' such that 7 (¥') =0O for r<y. This 

E E shows that (s,y]. =0 for r<y and m(¥)=0 for r<v. 

Assume then that all the Y are E-complete. Then we can form the 
P foe) 

categorical product TT Y. in C, anditis E-complete; for if E,(W) =0, 
co i=0 * 

and f: W —> TT Y; is a map, then all the components p, ft wW-—> Y; are 
1=0 foe) 

zero, and so f is zero. It follows that TT Y, is the categorical product 
i=0 

not only in C, but also in the category of fractions F. 
foe) roe) 

Now we construct a map f: TT Y;——> TT yy ; the jth component of f 
1=0 1=0 

is to be the difference of two maps, that is, 

co Pp. 

(TT Y,)—+y, 
1=0 

minus 

~ Pit] (TT Y.) ——> Y54; > Y; 1 
1=0 

We define Yoo so that we have the following cofibre sequence, 
fos) co = f 

y —> || y.—> JT y.—> 
[e9) . 1 : 1 [oe] 

i=0 i=0 

. . E It follows from 14,15 that Y oo is E-complete. Applying Lx, in » we 

see that for any X we have the following short exact sequence. 
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E E E 0 —> Lim’ [x,¥.] —> [x,y ] —> Lim? [x,¥.] —> 0. 
<< 17> rt] wor <T 1 ’r 

Now J need to quote the following result, which I will prove later. 

THEOREM 15.2. Let R bea subring of the rationals Q. Suppose 

Yu E are spectra such that 

" for some ny independent of a, (i) nm (Y_)=0 for r<n 
r @ 

(ii) mY) is an R-module forall r,qa, 

(iii) T(E) =0O for r <n,, for some n, € Z, and 

(iv) H (E) is a finitely-generated R-module forall r., 
r 

Then the canonical morphism 

Ea( TTY.) —> TTB¥)) 
a a 

is an equivalence. 

The canonical morphism is of course the one with components 
lap 

£a( TT ¥,) —S- EBay, . 
a 

It can be shown by examples that the behaviour of a with respect to 

T] is in general very bad; one cannot hope for a much stronger theorem, 

Now 14.17 shows that mY.) is an R-module, where R is asin 

14.17. So 15.2 applies and shows that 
[o @) [o @) 

Ex( TT Y¥,)—> IT (Ex Y,) 
i=0 i=0 

is an equivalence. This shows that 
Le @) Le @) oo ao 

E,( TTY) =n, (Ea( TT ¥)) 20,077 (Exy)® TT E,fy.) 
i=o ? i=0 i=0 * i=0 , 

under the obvious homomorphism. It follows that we have the following 

short exact sequence, 

_ 1 ._0 
0—> Lim’ £,(Y) +> £,(Y .) > Lim” E,(¥,) —> 0 

1 . 1 

But by the construction the maps EY.) —> E,(Y.) are zero. It 
K i 1 
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follows immediately that Lim? E,(Y,) = 0. It also follows that 
“SO 

] . . a 
Lim E,AY.) = 0 (see Section 8, exercise (ii).) Therefore E,(Y.) = 0, 

F i 

It follows that (x, vou U. Using the exact sequence above, we have 
E Lim? [x, y.]~ = 

<< i” * 
1 

- 1 E iim xX, ¥],= 
1 

This proves 15,1 (iii). It remains to prove Theorem 15,2. 

LEMMA 15.3. Suppose that R is a subring of the rationals, the 

Gq are R-modules and F is a finitely-generated R-module. Then 

F@, (TTS) > Tee, G) 
a 

and 

R a or. (F, 11G_) —>T] Tor® (Fig ) 
1 a a o l a 

are isomorphisms. 

Proof. R isa principal ideal ring. Take a resolution of F of the 

form 

n d m 

0o—> R— >>) R-—>F-—>0. 
1 1 

Form the ees diagram, 

d@1 —> Tor, (F, TT, \—> om R)@11G ey RIO TG, > FellGg ->0 
ll 
Tits, TIT, 
la 1a 

| 
n TT 

TT TT, NTT G, 
a 4d a j 

} | I y 
0 TMizory GG) > |Tho R)@G )—— Tw Rec a? II(F@G,)>0 

CG a jl Maen) a ] a 
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The result follows, 

LEMMA 15.4. Suppose that R isa subring of the rationals, E 

is such that HE) is a finitely-generated R-module for all R, and the 

Gy are R-modules. Then 

HE; 11G )—> ITH (E:G ) 
a a 

is an isomorphism. 

Proof. First observe that since R is torsion-free, the ordinary 

universal coefficient theorem gives H(E;R) 7 HE) e, R; and since * 

R e, R—>R is isomorphism, and H(E) is an R-module, the argu- 

ment given in 15.1 (iii) (applied to R rather than Tm) (E)) shows that 

HE) ®, R—-~ H(E) is an isomorphism, So H (EIR) is finitely- 

generated over R. Now consider the following diagram. 

0 >H (E;:R) @ ]]G —H (E; ||G )—> Tor® (Hn (E;R), |]G.)—>0 n n a ] n-1l a 

dee orate te. 
0>]7H (E;R)@_G —>|]TH (E;G.)—*]] Tor (H ((E;R),G )—>0 

a 2 R a2 o n a O ] n-1 a 

The two vertical arrows marked are isomorphisms by15.3. The rows 

are exact by the ordinary universal coefficient theorem. The result 

follows by the short five lemma. 

COROLLARY 15.5. (of Lemma 15,4). Theorem 15,2 is true in the 

special case in which the Yo are all Eilenberg-MacLane spectra with 

homotopy groups in the same dimension q. 

Proof. Let Gy be the R-module Mg(¥Q): Then TTY is an 

Eilenberg-MacLane spectrum with homotopy group sie: in dimension 
a 

q. We have the following commutative diagram. 
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m (EalT ¥Q) mT (TT EaYg) 
ios a” 

2 x 

H {(E;|1G) TH (5G) 
“doa o a ra 

By 15.4 the lower horizontal arrow is an isomorphism. The result 

follows immediately from the theorem of J.H.C. Whitehead. 

LEMMA 15.6. Suppose Ay > By Cy—> Ag > Ba isa 

cofibering for each a, where Cc, Ay has degree -1l. Then 

TTA, —> 118, ITC, —> 11a, > 173, 
fel a a a a 

is a cofibering. 

Proof, Construct a cofibering 

(Ag TT Bg i Ay? j By: 

Then it admits the following map. 

—»>]// Bp —->pD-—-~ — TT a> TTB, pT] 4,17 8, 

Pal Py | Pa Py | 
v v 

A.———> B_—* C_— > A_———>B 
a a a a a 

So we can construct the following diagram. 

TTA, —> ITB,—> D—>]/Aa_—> TTB 
el a a oO o ] | ] | | 
_ oo. aw 

[Ta —> ITs, Tie 1 A, TT8, 
ao a a a a 

Now the five lemma shows that the map D —> IIc, induces an iso- 
caf 

morphism of homotopy, and the theorem of J.H.C. Whitehead shows 

that it is an equivalence. Since the upper line of the diagram is a co- 

fibering, it follows that the lower line is a cofibering. This proves 15.6. 
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Proof of Theorem 15.2. We wish to show that 

nm (Ea TT ¥,) —>r(1TE “Y) 
a a 

is an isomorphism, and we do this by induction over r - n) - Ny. The 

result is trivial if r - n)- 1g < 0. Suppose as an inductive hypothesis 

that the result is true for smaller values of r - n, - no. We can con- 

struct a cofibering 

KT Wy YG KT Wy 

in which K_ —*»W_ has degree -l, m (W.)=0 for r<n_+1 and K 
a a r a ] a 

is an Eilenberg-Mac Lane spectrum for the R-module Th (YQ in 
1 

dimension ne Using (15.6), we see that 

Eal||K.-2>E alT WwW, —> Es]]Y,—> Esl K,—> Ea T Wy 
a * a. a a a 

and 

TT (£4K,) > Te.w) —> TMEay) —> TEsK,) —>TTlrz Wy) 
a a a a a 

are also cofiberings. Now consider the following diagram, 

—_ ] 
mo IK) ——* a1 TIE ay) 

2 n (ExTTW) o T(E sw) 
| a a 

3 
7 (Eal] ¥,)}———> a (TE ¥,)) 

\ a a 

n (ETT K,) n (TT (EK) 
| a a | 

5 
mE TT Wy) FT (Ea) 

a a 

Maps 1 and 4 are isomorphisms by (15.5); maps 2 and 5 are 

isomorphisms by the inductive hypothesis. So map 3 is an isomorphism 

by the five lemma. This completes the induction and proves Theore 15.2 
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16. APPLICATIONS TO 7,(buaX); MODULES OVER K[x,y] 

I would like to present some applications of the spectral sequence of 

$15, in which we can do the algebra without too much trouble. For this 

purpose I will consider the calculation of n,(buaX) for various spectra 

X. Of course, Iam really interested in 1,(boaX); however, it seems 

best if I do things for the most elementary case, whichis the case bu, 

but undertake to use only methods which extend to the case bo. Fora 

similar reason I will consider mostly the prime 2, but I will try to say 

only things which can also be said for the prime p. 

If we apply the spectral sequence of §15 to compute 7,(buaX), using 

say E=HZ we obtain a spectral sequence of the following form. 

HZ, 
t Ay (Z,.(HZ,),,(buaX)) => [S, bu ax], . 

2’ 

ext?’ 

However, in this case the Ext group simplifies very greatly. To explain 

how it simplifies, recall that in A, we have a base consisting of the 

r. or r 

monomials gS ee 5 n The dual base in A is written 
n 

TiToeeet rQ... 0 
Sq ] n This is consistent because Sq is Steenrod's 

1 Sq’. In particular, sq° is the element of this dual base corresponding 
. 01 1. 2 2.1 

to the monomial b>: We have Sq =Sq Sq +Sq Sq. The elements 

sq? and sq?! generate an exterior subalgebra of A; we write B for 

this exterior subalgebra. It is a Hopf subalgebra. The algebra B is of 

course dual toa quotient B, of A,, namely the quotient of A,, by the 

. 2 2 
ideal generated by 6 So S4 weeny ow eae» Just as we can consider 

x 

(HZ ,) (X) as a module over B, we can consider (HZ 5),(%) asa co- 

module over Bo 



For the case of an odd prime, the analogues of sq! and sq°} are 

the Milnor elements Q, and Q These are the elements of the Milnor 

base for A corresponding to % and ¢ in A). We have Q,=8 
] 

1 Q, =p B, - 8 p. B is then the exterior subalgebra of A generated by 

> 

Q5 and Qa B, is a quotient of A, andis an exterior algebra 

generated by % and 7. 

PROPOSITION 16.1. Assume X is connective. Then we havea 

Spectral sequence 

HZ 
2 Ext$’'(Z>,(HZ,),(X))=> [S,buax] ". 

Bu “ Ss t -s 

For the case of an odd prime we should take the precaution of 

splitting ane into (p-1l) similar summands and using only one of them 

on the right-hand side. 

I will finish stating the results I need before I start to prove anything. 

In order to use this spectral sequence to the best advantage we have 

to know something about the structure-theory of comodules over B,. As 

long as our comodules are locally finite-dimensional we may as well 

dualise and consider the structure-theory of modules over B. Evenif 

our comodules are not locally finite-dimensional, we can considera 

B,.-comodule M as a B-module by the following construction: if 

* qm = bi@mi"', b eB, 

set 

% * 

. = \ , b! " bm > <cb , 7 mis 
1 

where c is the canonical anti-automorphism of B. 

The structure-theory works perfectly well for modules over the 

exterior algebra Klx, y] on two generators x and y of distinct 



dimension. Here K is supposed to be a field; for some theorems one 

wants K to be a finite field, but not for anything in these lectures. We 

assume that the degrees of x and y are odd unless K has character- 

istic 2; in other words, we want Kix, yJ to be a Hopf algebra, with x 

and y primitive. 

Some of the ideas of the structure-theory work for a finite-dimension- 

al Hopf algebra A, more general than K[x, y]. Let M and N be left 

A-modules. We say they are stably isomorphic if there exists free 

modules F and G suchthat MOF2N@®OG. This is an equivalence 

relation. For s>0Q the groups 

, Ext’’" (M,K) 
A 

depend only on the stable isomorphism class of M; this is one reason 

why it is often sufficient to know only the stable isomorphism class of M. 

We can form the sum and the tensor product of two modules. Here 

we give M@N the diagonal action, using the fact that A is a Hopf 

algebra. The sum and product pass to stable isomorphism classes. The 

product has a unit, namely the module 1 with K indegree 0Q. 

We say that a stable class P is invertible if there is a stable class 

Q such that PQ * 1. 

We define £ to be the module with K indegree 1. 2X is clearly 

invertible; its inverse is the module =o} with K indegree -l. 

We define I to be the augmentation ideal of A. 

LEMMA 16.2. If A is a connected finite-dimensional Hopf algebra, 

then I is invertible. 
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We now return to the case A = K[x,y]. We observe that a.module 

M_ has two very useful invariants: 

H,(M;x) = Ker x/Im x 

H,(Miy) = Ker y/Imy . 

These are defined on stable isomorphism classes, and send sums to 

sums, products to products. The latter follows from the Kunneth 

theorem. 

THEOREM 16.3. Let M bea finite-dimensional module over 

K{x, y ] such that H,(M;x) and H(M;y) both have dimension 1 over 

K. Then 

(i) M is invertible, 

(ii) the stable class of M is 21> for unique a,beZ. 

Notice how one proves uniqueness, We have 

K in degree a + bl x] =c, say 
a_b 

H (2 15x) 
° 0 otherwise 

K indegree at bly| =d, say 

Wt
 ab 

Hi( 2 I sy) 
0 otherwise 

Since |x| # iy|, c and d determine a and b. 

If we are to use Proposition 16. 1 to compute T,(bUAX), we need to 

know (HZ). (%) as a comodule over Bi: or equivalently, (HZ) (x) as 
a module over B. In particular, if we want to compute 

T,.(bu abua...abu) (n+] factors), we need this information for 

X = buabua...abu (n factors). 

PROPOSITION 16.4. (i) The stable class of (HZ) (bu), asa 
module over B, is 
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Q+ e¢%14+ Sna+ S97)... Us pe 41 ,2°-1, 
(ii) Let (bu)TM = buabua...Abu (n factors). Then the stable class 

of (HZ) ((ba)"), as a module over B, is 
{l + ya + S7n7a + 5°)" vee 

Of course part (ii) follows immediately from part (i). 

For the next section, we need one last fact about bu. Recall that 

m, (bu) 2Z; let te TM (bu) be the generator. The homotopy ring 1,(bu) 

is the polynomial ring Z(t]. We may identify te TM,(bu) with its image 

in H, (bu) or (HQ) (bu). The homology ring (HQ). (bu) is the polynom- 

ial ring alt]. We define a numerical function m(r) by 
a” r 

L -] 
m(r)= TTp ? 

Pp 

Here p runs over prime numbers, and [x] means the integral part of 

x. For example, 

if r= 1 2 3 4, 

m(r)= 2 12 24 720 

PROPOSITION 16.5. The image of Hi (bu) in (HQ) (bu) is the 

Z-submodule generated by the elements 

r 

_ r=0,1,2,.... 
m(r) 

This completes the statement of results. Now I turn to the proofs. 

Let A once more denote the mod 2 Steenrod algebra, 

PROPOSITION 16.6. As an A-module, we have 

* ~ 1 0] 
(HZ_) (bu) = A/A(Sq +ASq )=AQ®@® Z, 

2 B 2 

For the case of an odd prime, we either write 

~ -1 (HZ ) (bu) a AIAQ, + AQ), 
Pp 1 
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or we split buQ_ into (p-1) similar summands and take one of them. 
P 

For the case of bo, we have 

a w ] 2 
(HZ) (bo) = A/(ASq +ASq). 

Proof of 16.6. First we obtain information onthe first k-invariant 

oe gd a 2 of bu, which lies in H’(H), which is Z, generated by $584 - The 

2 
k-invariant must be 0 or Sq . We wish to find out which; and of 

course we do it by looking at the terms in the bu-spectrum. For each 

term in the bu-spectrum, the first k-invariant is given by the same 

stable operation. We choose to look at the third term of the bu-spectrum, 

which happens to be the first place where we can get the required 

information. The third term of the bu-spectrum is the space SU. Now 

2 . 6 6 . 
§Sq #0 in H (Z,3), but H (SU) = 0. We conclude that the first 

2 
k-invariant of bu is 6,S4 rather than 0. 

Now the Bott periodicity theorem gives us the following cofibering. 

2 i j 
S abu — > bu 7 > H 

This leads toa long exact sequence 
ws %e 

n n 3 <— (HZ,)"(bu) ai (HZ) (H) <——(HZ,) (S” bu) <— ... 

Let £9 be the fundamental class in (HZ) ° CH); then we have 
(HZ) (H) = A/ASq’, under the map which takes a to af’. The class 
je is the fundamental class in (HZ)°(bu); therefore we obtain a funda- 

3. 3, 3 . . . . 
mental class f in (HZ) (S abu). The information on the k-invariant 

says that 

% 3 2 Oj a8) k f =B_Sq = Sq i 
2. 1,0 1, 0 01, .* 0 

(since Sq Sq f{ =0). Thus Sq (j f)=0 and Sq (jf )=0. So 

certainly we get a homomorphism 
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1 01 * 
A/(ASq + ASq )—> (HZ) (bu) 

defined by 

* 0 
at >alj f). 

We recall that sq! and sq?! generate the exterior subalgebra 

BCA, and A is free as a right module over B. So we have the 

following short exact sequence. 

1 0] 1 ] 0] 
0 <—A/(ASq + ASq’) <— A/(ASq") <—A/(ASq” +ASq_") <—— 0 

Here the map on the right takes 

01 
cls x —— > cls «Sq 

Indeed, we have the following diagram. 

0] ] 0} 0 oO [A/(ASq/+ASq )], <—[aliasa) J, <— [A/(ASq +ASq_ )] a tee 

| .. | ; 
—— (HZ ,)"(bu) <—____(Hz..) "(H) <—— _(Hz_)"¢S°a bu) <— 2) 2) 

Suppose as an inductive hypothesis that 

[A/(ASa + Asa) ]_ —> (HZ) (bu) 
is an isomorphism for r<n, Then for (HZ) "(SA bu) the same thing 
holds for r<n+3. Now the five lemma shows that 

[A/{Asq’ + ASq”’) ]— (HZ) (bu) 
is an isomorphism for r=n. Tnis completes the induction and proves 

16. 6. 

Proof of 16.1. We have a spectral sequence 
HZ 

s,t Ext . (Z.,,(HZ,),,(buaX)) => [S,buax] 
ve 
* 

2 

Suppose to begin with that (HZ 5) ,.(buaX) is locally finite-dimensional 

over Z.. Then Ext of comodules over A. is the same as Ext of 
2 

modules over A: 
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Ss 
t 

>t * A (HZ) {bu aX), Z,) . Ext” "(251 (HZ.,),(buaX)) = Ex 

The latter is the classical way of writing the BE, term. Now of course 

the Kunneth theorem gives us an isomorphism 

* nw * * 
(HZ ,) {bua X) = (HZ) (bu) ®, (HZ) (X). 

2 

This is an isomorphism of A-modules, provided we make A act on the 

right-hand side by the diagonal action: 

- ~S ' tt a(u @ v) Z_ (230) 8 (av) 

where 

= ] WW pa 2 a. ® a. 

(The isomorphism is A-linear by the Cartan formula.) By 16.6 this 

gives 

3 a 

bu aX) = (A @ (HZ,) (bu aX) = ( B Z,)® (HZ,) (X) 

where the right-hand side is again furnished with the diagonal action. On 

the other hand, if M is an S-module, then A acts on A@M by the left 

action 

a'(a®m) = a'a@m 

and on (A S., Zz.) @M by the diagonal action. We have an isomorphism 

A®_M-——*(A®_ Z_)@M B ( B 2) 
given by 

a@®m—>> a'@a''m. a8 6 am 
2 

So we find 

me % 
HZ busxX) ZA ® : (HZ) (burX) pm (HZ) (X) 

Now by a change-of-rings theorem we have 
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s,t % 
Ext’ (({HZ bu aX), Z A ({ >) (bu ax) >) 

If
e

 Ext®! biA a, (HZ..)"(X),Z,) 
* 2 Exte’* (HZ) (%).Z,) « 

Finally, the assumption of local finite-dimensionality is unnecessary, 

provided we dualise the argument and work in homology the whole time. 

Using the corresponding lemmas for comodules and the "'cotheorem" to 

the change-of-rings theorem, we find 

Ss; t 
(25,(HZ,),(X)) » Ext’? "(z_,(HZ_). (buaX)) & Ext 

Ay 2 2) % By 

This proves 16.1. 

The structure -theory for modules I defer for the moment, so the 

next thing is to prove 16.4, assuming the results of the structure-theory. 

I need one more result not yet stated. 

LEMMA 16.7. (Adams and Margolis). Let M and N be modules 

over K(x, y] which are connective (bounded below), i.e., there exists 

Ny € Z such that M_=0 and N= 0 for r <n5: Alternatively, let M 

and N be bounded above, i.e., M. and No are zero for r greater 

than some No: Let f:M---> N bea map of modules such that 

{,.¢ H,(Mjx) —> H, (Nix) 

and 

{2 Hi(Miy) —> H,(Niy) 

are isomorphisms. Then M and N are stably isomorphic, 

Now we can continue to study bu. In 16.6 we said that by using the 
0 19; 

morphism bu 1» HZ x 
2 we can regard (HZ ,) {bu) as a quotient of 

sk 

(HZ) (HZ) =A. Dually, we can regard (HZ ,),,(bu) as a subobject of 

(HZ 4), (HZ 5) =A,. In fact, for calculation it is usually convenient to 
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apply the canonical anti-automorphism of A,; in other words, instead of 

looking at the morphism 
0. 

laf HZ,» bu wv HZ nHZ5, 

and taking the induced map of homotopy, we look at 

6°; al 
bu sHZ,———_> HZ,aHZ> 

and take the induced map of homotopy. 

LEMMA 16.8, (jal), identifies m,,(bu sHZ 5) with the 

subalgebra of A, generated by 

6.6.8, € 1” 2’ 3’ 74? owe 

This is immediately equivalent to 16.6; Im(f°j a1), is the annihilator of 

sqla + sq°la. 

Similarly, one would identify 7,,(bo AHZ) with the subalgebra of A,, 

tedy b es e° Eg enerate ? »>S_> ? g y by 1727 37 q 

x 

In order to prove 16.4, on the structure of (HZ (bu) asa B- 2) 
7 % 

module, an obvious move is to compute the homology of (HZ) (bu) for 

01 the boundaries Sq! and Sq {acting on the left). It is equivalent to 
] compute the homology of m,,(bu n HZ ,) for the boundaries Sq and sq? 

(acting on the right); these boundaries may be calculated as follows. 

Regard m,(bu HZ ,) as a subalgebra of AL let 

= ' ito. pa 2_a;@ ay 

then 

aSq- - SN a! <&q! alls 

Ol : 01 = < t > aSq 24! Sq yal : 

These boundaries are derivations. 
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1 
LEMMA 16.9 (i) The homology for Sq isa polynomial algebra 

2 
on one generator S . 

(ii) The homology for sq?! is an exterior algebra on generators 
2 2 2 
re 

1 °2 

Proof. (i) Decompose T (bus HZ.) as the tensor product of the 

following chain complexes. 

1) 1 ee et e® €8 
oe 

i
 

i
 

o
O

o
 

D
>

 

4 
ge <— 5 5 

r 
(7) 1,65 <— €, ope]? 

r 
& +)? i er 

(r > 2). 

Each chain complex (r) has homology Za) generated by [i]. By the 

Kunneth theorem, the homology of the tensor-product is the homology of 

{1). A similar proof works for {ii). 

Proof of 16.4. We show that T,(bu aHZ ,) contains a finite- 

] 
dimensional submodule M.. such that H(M 3Sq ) is Zo generated by 

r 
0 . 2 . , and H(M 354 ) 1S Z5) generated by Se It is sufficient to indicate 

the first few modules. 

2 
1 (1) 5) ; e2 <4 

a é ] : Sq 
(2) €, 

e* a ee? e° 

3 2 2°] ] 

4 2°3 “103 

Since 7, (bua HZ.) is an algebra over B, we obtaina map 

(1+ M))(1 +M,) ... —> 1, (buaHZ,) 

. . . . ] 01 
which induces an isomorphism of H( ;Sq ) and H{ ;Sq _ ), so that the 

two sides are stably isomorphic by 16.7. Dualising, we obtain the stable 
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y class of (HZ) (bu) as 
a Ke He 

(l+M )(l1+M_)...(1+M).... 
1 2 r 

om 

Here M. satisfies the hypotheses of Theorem 16.3, which allows one to 

. ,a_b , 
express itintheform 2 I. This proves 16. 4, 

All this work carries over to bo. 

We now turn to the proof of 16.5. This is done essentially by the 

Bockstein spectral sequence, although I will not assume any knowledge of 

that. We recall that the Bockstein boundary 

: —> b 8: (HZ,), (bu) —> (HZ) __ (bu) 

is the boundary sq! of 16.9. 

Proof of 16.5. We separate the primes p. Let a be the local- 

isation of Z at p, thatis, the subring of fractions a/b with b prime 

to p. We wish to prove that the image of (HQ) (bu) in (AQ) (bu) is 

the Q,,7 subalgebra generated by t and Pol yp, Of course I give the 
proof for the case p= 2; the case of an odd prime is similar. 

The spectrum bu has a(stable) cell-decomposition of the form 

bu = s°yy eU 
n 

where n is the generator for the stable l1-stem, and the cells omitted 

have (stable) dimension > 4, It follows that the Hurewicz homomorphism 

Ze m,(bu) > H, (bu) £Z 

is multiplication by 2; that is, H,, (bu) is generated by t/2=T, say. It 

follows immediately that the image of H,(bu) —~> (HQ), (bu) contains 

T’ = (t/2)", We wish to prove a result in the opposite direction. 

The image of H, -(bu) —_ (HQ), (bu) is a finitely-generated abelian 

group, and since it is non-zero, it is isomorphic to Z; let he A, (bu) 

map toa generator. Let us write h, T for the images of h,T in 
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(HZ |) ,,(bu). Then we have 

2 By 16.9, (Ker B_/Im 8.) is generated by & * So we have 
2 2° 2r 1 

2r 
R= RE + k 1 B, 

where } €Z and k e (HZ (bu). That is, 2ort] 
h-.TT + 6k , 

where 6, = (HZ , (bu) -_> H, (bu) is the integral Bockstein. This art 
gives 

b=AT + 65k + 2L 

where Le H, (bu). For the images in (HQ), (bu) we have 
r 

h = X(t/2)" + 2ph 

where p € Z; thatis, 

— » xr h = yay lt/2) 

x 
where 1-2p € Q,. This proves the result for the prime 2. 

Now we turn to the structure-theory. 

Proof of 16.2. Recall that A is a connected finite-dimensional 

Hopf algebra. Soif M is an A-module, we can make its dual 

M = Hom’ (M, K) into an A-module. Also A’ is free on one generator. 

Recall also that I is the augmentation ideal of A, so that we have the 

following exact sequence. 

0o—PI—-sAa-t 170 

Dualising, we have the following exact sequence. 

0 —>1—> a> I 0 

Tensoring the first sequence with I, we have 
3 ote 0 —>1@I —>A@Il —I"—> o , 
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Here A” and ASL are free. By Schanuel's lemma, we have 

(I@1)+A2#1+(A@r"), 

so 1@1 is stably isomorphic to 1, and I is invertible. This proves 

16.2. 

To prove 16.3 (i) I need 16.7, the lemma of Adams and Margolis. 

First one proves a special case. 

LEMMA 16.10. Let M be a module over Kx, y | which is con- 

nective, i.e., bounded below; alternatively, let M be bounded above. 

Assume H,.(M3x) = 0, H, (My) = 0. Then M is free. 

Proof of 16.10. Since H,(M3x) = 0, we have a short exact sequence 

0—> M/xM—> M2> M/xM—> 0 

in which i({m)} =xm and j is the quotient map. This leads to a long 

exact sequence of homology for the boundary y, namely 

H (My) — H (M/xMiy) —_ He (M/xM;y) —~> A (M;y). 
+lyl-|x| +ly| 

Since H,(M;y) = 0, we have 

H (M/xMGy) =H (M/xM;y) . r+ ly |- [x | 
Since M is bounded either below or above, we have H (M/xM;y) = 0 

r 

either for r <ny or forr> ny: Since ly| - | x | #0, we can use the 

isomorphism 

H (M/xMiy) 2H (M/xMs;y) 
r+ ly |= || 

to prove by induction over r that 

H(M/xM3y) = 0 

for all r. 

It is now immediate that M/xM is free over Kl[y]. That is, let 

b. be elements in M whose images form a K-base in 
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M/xM 
y(M/xM) 

then the images of be yb, form a K-base in M/xM. It follows that the 

elements bo yb, xby. xyb, form a K-base in M. This proves 16.10. 

Proof of 16.7. Let f: M—~> N bea map of modules, say bounded 

below, such that 

£3 H,(M3x) ——> H,(N3x) 

and 

f.: H(Msy) ——? H, (Ny) 

are isomorphisms. By adding to M a free module F bounded below, we 

can extend f to f{'=(f,g): M@F—>N which is onto and also induces 

an isomorphism of H,,( >x)}, H,, ;y). Consider Ker f'; this is bounded 

below, and by the exact homology sequence we have H, (Ker f';x) = 0, 

H,(Ker f{';y)=0. So Kerf! is free by 16.10. But over K[x,y] the 

free modules are injective, so we have 

M@®F -N @ Ker f'! 

and M is stably isomorphic to N. This proves 16.7. 

Proof of 16.3 (i). Let M be a finite-dimensional module over 

KLx, y] such that H,(M;x) and H,(Msy) have dimension 1] over K. 

Then the same holds for M*, Consider the evaluation map M6 M—~1. 

This is a map of modules over KI x, yl], and (using the Ktinneth theorem) 

it induces an isomorphism of H,.( 5x), H,.( sy). By 16.7, M'® M and 

1 are stably isomorphic; so M is invertible. This proves 16.3 {i). 

To prove 16.3 {ii} we need some more structure theory. First we 

put in evidence several examples of graded modules over K[x,y]. The 

first is called the lightning-flash. It has generators g. in dimension 



_ . as lati - (ly | x |ji (ie Z) and relations ye, Xgi4ye 

-O <—— ... y x x wee 7S +0 

We can bring the lightning-flash to an end on the left either by taking the 

submodule generated by the 8; for i>vy, or by taking a quotient module, 

factoring out the g, for i<y. 

x y —_=+oa 

y x sae ——_ + oO 

In the latter case *8 = YE) = 0. Similarly, we can bring the light - 

ning - flash to an end on the right, either by taking the submodule gen- 

erated by the g; for i<vy, or by taking a quotient module, factoring out 

the g. for i>yv. 

- co <— x y. 

- © <— y x 

In the latter case = x =0., y8,, B+] 

It we want finite-dimensional modules, we can end the lightning- 

flash two ways on the left and two ways on the right, giving four sorts of 

module. Of course, for modules of one sort we can alter the length, 

€.8s; 
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Also we might alter the grading, e.g., we might put the generator By in 

degree 1 instead of degree 0. 

We add to these four sorts of modules the free modules on one 

generator. 

THEOREM 16.11. Let M bea module over K[{x,y] which is 

finite-dimensional over K. Then M isa (finite) direct sum of modules 

of these five types. 

First step. Suppose xyM#0. Then M is the direct sum of some 

module N and a free module on one generator. 

Proof. Take my) € M. such that ym #0. Then there is a linear 

functional 6: M os be| + yl K such that &(xym)) = 1. Let F be free 

on one generator f of degree r. Define maps of modules 

ptsyisp 

by a(f) = my » 

Btmdyi mee Merkel + byl 
@(xm)yf (meM ly y 

B(m) = (-@(ym)xf (meMiy i) 

@(xym)f (méM,) 

0 (otherwise) . 

This shows M = (Ker 8) @F. 
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Second step. M2N®@F, where F is free and N is annihilated 

by xy. 

Proof. Choose a K-base for xyM. Let my be elements in M 

such that the elements xym are the chosen K-base in xyM. Either 

proceed as in the first step, or remark that this gives an injection 

F —>M and F is injective. 

In what.follows, then, we can.assume that M is annihilated by xy, 

and we have to prove that M is a (finite) direct sum of modules of the 

four types. 

By a base for a graded module, we mean a K-base of homogeneous 

elements. 

We will say that a base fos for M is good if it satisfies the 

following conditions. 

(i) For each vector by in the base, xby is either zero or a vector 

in the base; and xb, = xbg #0 implies a= 8. 

(ii) For each vector by in the base, yb. is either zero or a vector 

in the base; and yby = ybe #0 implies a= 8. 

LEMMA 16.12. If xyM=0O and M has a good base, then the con- 

clusion of Theorem 16.11 follows. 

Proof. Suppose M has a good base 1b, 3 . Take the indices a 

as the vertices of a graph. It is a finite graph, since we are assuming 

M finite-dimensional over K. For each relation xb, = bp introduce 

one directed edge marked ‘'x'' and running from a to $B. For each 

relation yb. = be introduce one directed edge marked "y" and 

running from a to —. Divide the graph into connected components. It 

is clear that a vector cannot have edges arriving and departing, since 
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xx,xy,yx and yy actas zero on M. By the definition of a "good base", 

a vector cannot have more than two edges arriving (one x and one y), 

and of course it cannot have more than two edges departing (one x and 

one y). The connected components of the graph are therefore zigzags. 

(A zigzag cannot join up into a closed polygon, because we assume 

deg x # deg y.) Each connected component of the graph gives a 

submodule of M, which is of. one of the 4 types described above; and 

M is their direct sum. This proves 16.12. 

We define the indecomposable quotient Q(M) of M by 

Q(M} = M/(xM + yM). Over K we can if we wish choose a direct sum 

splitting 

M = (Q(M) @ (xM + yM). 

Both x and y map xM+yM to 0, since we assume xyM = 0; they 

also map Q(M) to (xM + yM). 

Let V bea finite-dimensional vector space over K, and let 

OO VIC VZC oer CV =V 

be a filtration of V bya finite increasing sequence of vector subspaces. 

We say that a K-base ibs for V is adapted to the filtration if, for 

every i, those bE which lie in Vv. form a base for Vv. . 

LEMMA 16.13. Let M bea module over K[x,y] such that 

(i) xyM=0 and (ii) Q(M) | =0O for r<a andfor r>c, Then there 

are filtrations of yM. for c-6<r<c with the following property. For 

each r inthe range c-6<r<c let ib_3 be a base of yM . which is 

adapted to the filtration; then the set of elements bn can be extended to 

a good base of M. 
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Note, It is assumed that deg y >deg x, and & has been written 

for deg y - deg x. 

Note. In the range c-§8<r<c we have xM 45 = 0, and therefore 
a 

= r 

yM =xM +yM . Sothe vector space being filtered is the whole of 
r r r+6 

the decomposable subspace of M in the dimension concerned. 

COROLLARY 16.14. If M is as in 16.13, it has a good base. 

Proof, Any. filtered vector space 

oc v,c VUC ee CV_=V 
] 2 n 

has at least one adapted base; for one begins by choosing a base for Vip 

extends it toa base for Vo> and so on by induction. So 16.13 provides 

a good base for M. 

Proof of 16.13. The proof is essentially by induction over c - a; 

the result is true if c<a, forthen M=0, 

Choose a direct sum splitting M = Q(M) ®(xM+yM). Let N be the 

submodule of M generated by Q(M) | for a<r<c. The relations 

between N and M areas follows. We have Q(N) = Q(M) | except for 

r= c, in which case Q(N) | = 0. Thus we have xN = xM and 

yN. = yM. except for r= c; thatis, 

(xN + yN). = (xM + yM) | 

except for r=c+d and r=c+e, where d =degx, e=deg y. In the 

first case we have 

> yYNoLg = xN. + yN gC MO + yM 5 

and in the second case we have 

O= xN +yN M +yM =yM., * x+6 y of * ct+6 y c y Cc 
We assume, as our inductive hypothesis, that the lemma is true for N. 
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Then there are filtrations of yN. for c-6<r<c which have the 

property stated in the lemma. In particular, let the filtration of 

yN = yM be 
c-§ c-6 

O=V)>CV,CV,C ... CV =yM_,. 

Adjoin to it the further subgroup 

Viel = xM,. + yM._s . 

We have a map xX: Q(M) | —_> xM | + yM 3 sO we can filter the vector 
Cc ~6 

space Q(M) | by the counterimages 

-1 -1 -1 -1 oC x ViCx Vi.C ... Cx VCx iv =Q(M) . 
0 1 n nt] c 

We also have a map y: Q(M) | —_ yM.. We filter yM. by taking the 

images 

-] - - - oc yx vic yx vic... Cyx lv Cyx ly sym. 
0 i n n+l c 

We now have filtrations on yM, for c-6<r<c; those for 

c-&8 <r<c arise from the inductive hypothesis, and that for r= c has 

just been constructed. Suppose given bases tb in yM . for 

c-§ <r <c, adpated to the filtrations. We leave the bases as they are 

for c-6<r<c, and start work on the base {bof for yM. . 

In Q(M)_ we may choose elements b'. such that yb' =b and 
c a a ca 

-] ~1 
b' ex V_ ifandonly if b ¢ yx V_. We may also choose elements 

a m ca m 

b'’ in Q(M)_ forming a base adapted to the following filtration. 
c B 

OC Ker yx Voc Ker yx VC . .CKerynx !V CKer yx Vay 
n 

The elements be and be together form a base of Q(M) | adapted to 

the filtration 

-1 -1 -1 ~l _ 
ocx Vy Cx vic ee OX vic V ap 7 2M). - 

From among the elements be and bt, let us for the moment omit 
B 
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. -1 -1 those which lie in x Vo = Ker x and those which donotliein x V. 
n 

Then the remaining xb’ and xb form a base of yN._g compatible oO - 

with its filtration. By the inductive hypothesis, the basesin yN for 
r 

c-6<r<c form part of a good base for N. We now adjoin to this base 

for N the elements b’ and b!! in Q(M)_, the elements yb! = b in 
a B c a ca. 

-1 
yM_, and the elements xb!', xb'! for which b!,b'! donotliein x V, 

c a B a’ B n 

We obtain a good base for M, containing the given elements b a This 
r 

completes the induction, and proves 16. 13. 

This therefore completes the proof of 16.14. Theorem 16.11 

follows from 16,14 and 16.12, so this completes the proof of 16.11. 

Proof of 16.3 (ii). Let M bea finite-dimensional module over 

K(x, y] such that H,(M;x) and H,(M;y) both have dimension 1] over K, 

Then by 16.1] it is a sum of modules of the types considered above. By 

inspecting H,,(Mj;x) and H,(M;y), it can have only one summand which is 

not free, and this summand can only lie in two out of the four types. By 

the same argument applied to 2A, each such summand is stably 
b equivalent to some S71 , 

17. STRUCTURE OF 17, (bua bu) 

Mahowald and others have been using methods which rely 

essentially on a calculation of 1, (bos boa... abo), where we take (n+l) 

factors bo. I would like to give an introduction to this calculation; it 

seems best if I do things for the most elementary case, which is the 

case of bu, but undertake to use only methods which extend to the case 

bo. For similar reasons I will mostly consider the case of two factors 

buabu; the case of (n+l) factors is similar. Again, I will consider 
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mostly the prime 2, but try to make only statements which can also be 

made for the prime p. 

Some things can be said for a fairly general connective spectrum X. 

My standing hypotheses on X will be as follows. First, assume that for 

each fr, H (x) is a finitely generated group. This may be unnecessary 

for some purposes, but it is convenient. Secondly, for each prime p, 

consider (HZ )"(%) asa module over B= Z [25,2,], and assume that 
a(i, p), (3, P) 

its stable class is Oz where b{i,p)>0O and 
: _ 

a(i, p) + b{i, p) = 0 mod 2, 

Example. Let X= buabua...nbu (n factors). We have checked 

the condition at the prime 2 by 16.4. We have not checked the condition 

at the prime p> 2, butI believe it holds. In any case, the results at the 

prime 2 follow from the assumptions at the prime 2. 

Our assumptions on X have obvious consequences for the homology 

of X with integral coefficients. 

LEMMA 17.1. (i} H, (%) is a direct sum of groups Z, and Zz 

and groups Z in even degree. 

(ii) The same holds for H,,(buaX). 

Proof. (i) The argument is essentially by the Bockstein spectral 

sequence, but we do not need to assume any knowledge of that. By 

assumption, HX) is finitely-generated abelian group; so it is a direct 

sum of groups Z f and Z. A group Z £ with £>2 will introduce into 
P Pp 

Ker B fim BS two groups Z in consecutive degrees, which is 

impossible; we have assumed Ker 8 ,/Im By has one summand Z in 
Pp 

each degree a(i,p) + b(i, p), and that a(i,p) + b(i,p) is always even. A 



group Z indegree r will introduce into Ker B /im BO a group 2 in 

degree r, whichis possible only if r is even. 

{ii) The spectrum buaX satisfies the assumptions made on X. 

Of course we propose to obtain essential information on T (bua X) 

from the spectral sequence 16.1. The two results which we obtain this 

way are as follows. 

PROPOSITION 17.2. Assume that X is as above, 

{i) The Hurewicz homomorphism 

h: 7, (bunx) —> H,,(buax) 

is a monomorphism. 

(ii) The Hurewicz homomorphism 

h: 7, (Ka X) —_> H, (Ka X) 

is a monomorphism. 

(iii) The homomorphism 

1 (KaX)—> 71 (Ka X)®Q 

is a monomorphism. 

Part (ii) follows immediately from part (i), by passing to direct 

limits. 

Part (iii) follows from part (ii); we have H,,(K) z m1, (K) ®Q, and 

the refore H, (Ka X) = 71, (Ke X)@®Q., 

Given this proposition, one obviously tries to get a hold on TL (Ka X) 

by describing its image in TM,(K -X)®Q, It is also very reasonable to try 

to get a hold on 7,,(buaX) by describing its image in (bu 4X%)@Q; the 

kernel of 
TT. (bua X) —> T,.(buaX) ®Q) 

2. as 
may contain elements of order p, but no elements of order p ; this 

follows of course from 17.1 and 17.2. The p-torsion subgroup of 
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T,,(buaX) maps monomorphically to (HZ )A*) 
Pp 

We shall also need another result. Consider the following diagram. 

—_____> TT (bua X) H,(buaX) 

| | 
m1, (Ka X) id H,.(KaX) = 7 (KaX) ® Q 

THEOREM 17. 3. Let X be as above. Suppose an element 

he H, (Ka X) lies both in the image of H,(buaX) and in the image of 

my(KaX). Then it lies in the image of 7,(bunX). 

The usefulness of this result will appear later. 

I said it was reasonable to try to get a hold on 1,(KaX) by 

describing its image in 1,(KaX)®Q, and to try to get a hold on 1, (buaX) 

by describing its image in T,(bunX)®Q. In the case X = bu we see 

that 7, (buabu)@Q is the polynomial algebra Qluv], where ue m7, (bu) 

and ve TM (bu) are the generators for the two factors. Similarly, we 

have 

T (Ka bu) ®Q= Qfu,a tv] . 

We wish to describe the images of the maps 

m, (K abu) —> 7,(Kabu) @Q = ofa tv] 
7, (bus bu) —> 71, (bua bu) ® Q = Qlu,v]. 

THEOREM 17.4. In order that a finite Laurent series 

f(u,v) € Olu iv] lie in the image of T,(Kabu), it is necessary and 

sufficient that it satisfy the following condition. 

Condition (1): for all k# 0, 4#0 in Z we have 
~io-l = 

f(t, ft) e z[t,t yk, FD. 
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THEOREM 17.5. In order that a polynomial f(u,v) ¢ Q[u,v] lie 

in the image of TM,(bubu), it is necessary and sufficient that it satisfy 

the following two conditions. 

Condition (1): as in 17.4. 

Condition (2); it lies in the subgroup additively generated by 

the monomials 

-- - i j 
u v 

m(i) = -m{()) 
= 

Here m({r) = TT p , as in section 16, Of course, the subgroup 
P 

specified is actually a subring. 

It is very easy to prove that the conditions given in 17.4 and 17.5 

are necessary, SoI will do that now. 

Proof that Condition (1) is necessary. Consider the following com- 

mutative diagram. 

m1 (Ka bu) > T (Ka bu) ®@ Q= afu,u?, v] 

v*@y v@v! 

-1 ,-1 T,.(Ka bu)@ Z[k f°] T (Ka bu) ®Q 

| : 
. -1 y-l TAK) @Z[k 0, O ] > (K)@Q 

! | 
-i .-l oe . 

z(t,t yk, 271) oft. 177] 

Tue right-hand vertical arrow carries f(u,v) into f(kt, ft). This proves 

that Condition (1) is necessary. 

Proof that Condition 2 is necessary. Consider the following com- 

mutative diagram. 
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v
 

7 (bua bu) {bua bu) 8 Q 

H, (bua bu) > H, (bua bu) @ Q 
Here H,(buAbu) is described by the Kunneth theorem, and the terms 

Tor, (H; (bu), (bu) map to zero in H, (bus bu) @Q, so the image of 

H, (bus bu) in H,(bu \bu)@Q is the same as the image of H, (bu) ®@ H,,(bu). 

By 16.5, this is the subgroup additively generated by the monomials 

ut v 
m(i) —m(j) 

This proves that Condition (2) is necessary. 

Proof of 17.5 from 17.3 and 17.4. Suppose a polynomial f(u, v) 

satisfies Conditions (1) and (2). Consider f as an element of 

efusuv] = 7 (Kabu)® Q= H,(Kabu). According to the proof we have 
just given, Condition (2) ensures that f lies in the image of H,, (bua bu), 

By 17.4, Condition (1) ensures that f lies in the image of m,(Kabu). 

Now 17.3 shows that it lies in the image of 7, (buabu). This proves 17.5. 

Remarks. When we replace bu by bo, we replace Qlu,v] by 

ofa’, v7] and efuu tiv] by Q[u?,u7?, v7; that is, we only use 
functions which are even in both variables. We also replace the ring 

] -1 -l 4- - -1 z{t,t ,k ,¢ 1 by m,(KO)@ z{k ,¢ ]; since we only need the com- 

ponents of degree congruent to 0 mod 4, this is essentially 

an ae Condition (2) is unchanged, 2 4 zl2t“,t .t 

In order to do calculations it is often desirable to know exactly what 

functions do satisfy the condition given. In such calculations it is 

usually convenient to separate the primes and consider the images of 
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TT, (KA bu) ® oar T,.(K abu) @Q 

T,,(bu a bu) eo. m7, (bu 4 bu) @Q. 

Of course I consider the prime 2. The analogue of Condition (1) reads 

as follows. 

{1') For each pair of odd integers, k,#, f{kt,¢t) € Qtr]. 

The analogue of Condition (2) reads as follows. 

(2') f(u,v) € Q,[u/2,v/2] . 

PROPOSITION 17.6. (i) The subring of finite Laurent series 

-l which satisfy (1') is free over Qluu ] on generators 

, vou (v-u)(v-3u) (v-u)(v-3u)(v-5u) 
7 3-1 7 (5=1)(5-3) 7% (7-1)(7-3)(7-5) 

(ii) The subring of polynomials which satisfy (1') and (2') is free 

over Q, on the following generators, 

4 u*(v-u) u?(v-u)(v-3u) ui(v-u)... (v-5u) u(v-u)...(v-7u) 
u, ~~? , 3 » of ’ ot eee 

uw u-(v-u) u?(v-u)(v-3u) w(v-u), .»(v-5u) ur(v-u). .»(v-7u) 
2 >? >4 >! . 

2 a’(v-u) u“(v-u)(v-3u) u?(v-u)... (v-5u) u“(v-u)...(v-7u) 
u 3 2 3 3 , 4 3 6 ees 

2 2 2 

u(v-u) u(v-u)(v-3u) u(v-u)...(v-5u) u(v-u)...(v-7u) 
u, > ; 3 ) 4 , 5 ose 

2 2 2 

1 vr-u (v-u)(v-3u) (vu) (v~3u)(v~5u) (v~u)(v-3u)(v-5u)(v-7u) 
me 52 , 33 34 7 

The principle in part (ii) is that one takes each product 

(v-u)(v-3u)...(v-(2n-1)u), multiplies it by u, and then divides it by the 

greatest power of 2 which will still leave it satisfying (1') and (2'). The 



greatest power of 2 which leaves it satisfying (1') is read off from (1), 

and is the 2-primary factor of 2M int). The greatest power of 2 which 

leaves it satisfying (2') is gnv 

Remark, Foran odd prime p we replace the arithmetic progress 

progression 1,3,5,7, of 17.6 by the sequence of positive integers prime 

to p. Alternatively, if one takes the precaution of splitting buQ,, into 

{p-1) similar summands and taking one of them, one replaces 

(veu)(v-3u)(v-Su)eee by (ver euPyiyPoE (pa ryaP (Pe (apeiyeP ye 
When one replaces bu by bo, one replaces (v-u)(v-3u)(v-5u)... by 

Poa atta Yaa tate ae 2.4. oe 
The proof of 17,6 is straight algebra, and will be given later. 

We begin the proof of these results with a simple result on the 

homology of X, essentially comparable with 17,1, 

LEMMA 17.7. Let X be asin 17.1-17.3, and let {c,} be any 

Z.,-base for the subquotient Ker 8,/Im Bo of (HZ 5)5(%) (e.g. arising 

a{i, 2) b(i, from our assumed decomposition (HZ,) (X) =oer 2) Let 

h. € Hy (X) be any element whose image in (HZ 5), (x) is c,. Then the 

elements h, yield a Q.-base for the image of (HQ.),_(X) in (HQ). {X). 
i 2 2°2r 2r 

Proof. Let a be a Z-base for Hy (x) mod torsion; then in 

H, (%) mod torsion we can write h; = 245i) where a5 €Z. When we 

t HZ i - pass to ( 2)5,(%), both the h. and the K yield a Zz, base for 

Ker B/Im B.. So the h, and k, are equal in number, and det(a..) is 
1} 

odd. The result follows. 

Next J recall some results of homological algebra over K(x, y]. 

Consider the following short exact sequences. 
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yKlx, y] 

0 —> sll y> Kooy] 5) so 
xK[x, y | 

They represent elements 

1, k| Be Ext”! | (K,K) , 
K\x, y] 

| ne Ext yl a ay 
[x.y 

tc LEMMA 17.8. Ext” (K, K) is the polynomial algebra K(€,n]. 
K[x, y] 

This is a completely standard calculation. 

LEMMA 17.9. We have an epimorphism 

s,t stl,t 
Ext (I1@ M,K)—~ Ext (M, K) 

K x,y] K[x, y] 

which is an isomorphism for s>0. 

This is trivial, since we have an exact sequence 

0— > 1@M —*A®M—>M —0 

with A @M free. 

Now observe that as a matter of formal algebra, I can construct a 

free module over K[E,x] on various generators, where I may assign 

bidegrees to the generators at will, In particular, given M asa 

locally-finite sum M= 2 = att) (3) with b(i)>0, I take F to bea 

free module over K with generators a; of bidegrees s = -b(i), t = afi). 

LEMMA 17.10. In degrees s>0O we have an epimorphism 

Ext** (M,Z) —> F 
K[x,y 

which is an isomorphism in degrees s>0O. 
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The case of one factor & ayb follows immediately from 17.8 and 

17.9; the factor 2 a causes a trivial shift in the t-grading. Then one 

passes to sums. 

Now I specialise to the case p=2, Kix, y] = B, a(i) = afi, 2), 

b(i) = b(i, 2). Then Lemma 17.10 computes for us the E,-term of the 

spectral sequence 16.1, which converges to T, (bu aX) at the prime 2. 

stt, t+] LEMMA 17.11] (i) There is a homomorphism Ee’ t_» E 
r r 

of the spectral sequence 16.1 which for r=2 is multiplication by §& and 

for r= ao is obtained by passing to quotients from multiplication by 2 

in 7, (bua X). 

Sst], t+3 

r 
(ii) There is a homomorphism E°’'—> E of the spectral 

r 

sequence 16.1 which for r=2 is multiplication by yn and for r=oo 

is obtained by passing to quotients from multiplication by the generator 

t € 7,(bu) in m,(buaxX). 

. -l.. - For an odd prime we use tP in part (ii), For bo we use the 
. . 4,12 

generator in 7,(bo), and replace yn by the generator in Ext, (Z,, Z 4). 
1 

Part (i) is absolutely standard, For part (ii), consider the 

morphism s*Abu —> bu which corresponds to multiplication by the 

generator te 7 (bu), consider its effect on the spectral sequence 15.1, 

and chase that effect through the change-of-rings theorem. 

LEMMA 17.12. Let X beasin1?7.1-17.3,. Then the spectral 

sequence of 16.1 has all its differentials zero. 

Proof. From 17.10 and our assumption that a(i}) + b(i) = 0 mod 2, 

it follows that ES’ =0 for s>0O and t-s = 1 mod 2; therefore the 

same holds for E* t . Soitis sufficient to consider d {e), where 
r r 



362 

t eer’ and s=0, t-s=1mod 2. 
r 

We suppose, as an inductive hypothesis, that d =0 for m<vr, 
m 

so that 

+
 

T
e

 

ty
 m

M
 

In
e s,t 

Ext’ ({HZ_)#(X),Z_). xt. ({ >) ) >) 

Argument (i). 

Ed _(e) = d (Ee) = 0, 

but multiplication by § is a monomorphism on Ext> for s>O, there- 
s,t 

fore on E », so a (e)=0, 
r r 

Argument (ii). 

nd_(e) = dine) = 0, 

but multiplication by n is a monomorphism on Ext’ for s>0, there- 

fore on get so d(e)=0. 
r r 

This completes the induction, and proves 17.12. 

Remark. Argument {ii) becomes better than argument (i) when we 

replace bu by bo. 

Proof of 17,2 (i). Let aem,(buaX) be an element in the kernel 

of the Hurewicz homomorphism. Then certainly a4 maps to zero in 

(HZ |) (bu aX), ie., a has filtration at least 1 in the spectral sequence 

16.1, and similarly for odd primes p. Also a@ maps to zeroin 

(HQ) , (buaX) = Tr. (bua X) @Q, so a isa torsion element. But by 17.10, 

17.1 and 17.12 multiplication by 2 induces a monomorphism 

s+],ttl s,t > E —>E for s>0O, i.e., multiplication by 2 is a mono- 

morphism on the subgroup of elements of filtration at least 1; and 

similarly for odd primes p. Therefore a=0. This proves 17.2 (i). 



363 

Remark. If we tried to compute bu (X) by using the Atiyah- 

Hirzebruch spectral sequence 

H,(%57,,(bu)) == bu, (X) 

we would encounter non-trivial extensions; it would not be obvious how 

multiplication by 2 acts in bu,(X). 

In order to prove 17.3, we pursue the proof of 17,2 a bit further. 

Let Y bea connective spectrum; then we may filter 7, (Y) by the 

filtration subgroups F of 15,1 (with E= HZ,). Also we may filter 

H, (Y) by the subgroups FS = 2°H,(Y¥). 

LEMMA 17.13 (i) The Hurewicz homomorphism 

h: 7(Y) —~> H,,(Y) 

maps F_ into FY, . 

(ii) oo h- Fi =F, 

Proof of (i). Let Y be as in 15, a € mY 2) Suppose as an 

we have h(a) = 2", for some inductive hypothesis thatin Y 
s 

k, € TAY The map 

Y — > Y 
s-o $-¢-] 

induces the zero homomorphism (H25),(Y ), so 
s-F 

) PUAZ AY oy 

k, maps to zero in (H2Z5),(% 50) and in HAY oy) we have 

+ k =2k ., h(a)=2? k_... This completes the induction and shows 
o T+] c+] 

that in H.(Y) = H,(Y.) we have h(a) = 2°k 
% "0 s 

Proof (ii). Suppose h(a) ¢ Fie Then a maps to zero in (HZ) (¥), 

so ae Fie This proves 17.13. 

LEMMA 17.14, Take Y= buaX, where X is as above. Then 

(i) Ee = FO/F oa) hs FE 41 is a monomorphism for all s. 
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(ii) FP = hE; in other words, the filtration in m1 (bu AX) is 

obtained exactly by pulling back the filtration in H(buaX), 

Proof. First we show that (ii) follows from (i). Suppose (i) true, 

and let dem (buaX), ha ¢€ Fi Suppose, as an inductive hypothesis, 

h 
—> FL/F! We that a e F. for some o¢o<s, Consider F_/F . 

T Ce +] 1 

are assuming that this homomorphism is a monomorphism; it maps a 

to zero, so ae Foal: This completes the induction, and shows that if 

ha ¢€ Fo then Qe Fo This proves part (ii). 

We note that part (i) is true for s=0, by 17.13 (ii). It is therefore 

sufficient to prove it for s> 1. It will now do no harm to replace FY 

by the image of 2°(HQ,),.(bu aX) in (HQ) (bu aX); for this does not alter 

t t Fes F ay for s>l, by 17.1. 

We now divide the proof into three parts. First we exhibit a base 

for F /F S43 secondly, we exhibit a base for Fes bay thirdly we show 

that with respect to these bases h is given by a non-Singular triangular 

matrix, 

The base for Fi/F, is easy; if s>1, then E’* hasa Z_,-base 
- roe) 

m, n, 

consisting of the elements € oe tg with m +n =s + bli), by 17.10 
i i i 

+) 

and 17.12. We turn to the base for FA Foy . . 

Take an element Y, em,{buaX) representing E ‘g,: We can con- 

sider its image in H,(buaX); we see that there is an element 

h. € H,{%) such that the images of Y; in (HQ),(bu«X) and 

(HZ ,),,(burx) both have the form 

h(y,) = 18 h, mod lower terms 

where "lower terms'' means terms 
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ar € (HQ) | (bu) or (HZ (bu), deg b; >0, 2) 
x; € (HQ),(X) or (HZ2),(X), |x, | <|h |. 

Now by construction, the image of h; in (HZ>),(%) is the jth ba Sis 

element for Ker R,/im B,. By 17.7, the elements h. forma Q, -base 

for the image of (HQ,),(X) in (HQ),(X). Let t/2 be the generator for 

J I - . . H,(bu) as above. Then FE a] hasa Zz, base consisting of the 

elements 

2°(t/2)“h. (v > 0). 
m,n, 

I claim that if m. + n= s + b(i), then the image of & n g, in 
1 1 

Pes 4 is 

ae 2°(t/2) h._ mod lower terms. 
i 

Here "lower terms" means terms 2°(t/2)Yh. with vy > n., deg h_ <deg h. 
J 1 

b(i woo . By construction, Y, represents §€ ( en and its image in (HQ), (buaX) 
m, b. 

i i 
is he mod lower terms of filtration >0. So 2 t v. represents 

b(ijtm, 4; my 
ra 8, and its image in (HQ) (busX) is 2 (t/2) “h. mod 

3 
2 

i 

lower terms of filtration 71, + TMm.. Now multiplication by §€ or 2 isa 
m. 7. 

monomorphism on E/E and on FO Fay So the image of § *n *g. 
s+} 

n. 

is 2°(t/2) *h. mod lower terms of filtration >s. This proves 17.14. 
i = 

COROLLARY 17.15. (ofthe proof}: Suppose a € m,(buaX)® Q, has 

filtration > q and its image in (HQ), (bu AX) lies in 

oe se 

> (HQ), (bu) ® (HQ),(X). Then the class of a in E, can be divided 
i>q * 
by Qi. 
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P roof. The result is empty for q=0, so we may assume q > 1, 

Then the class of @ in Ee is a linear combination of the basis 

elements 

gE “n g. . 

I claim that every element appearing with a non-zero coefficient has 

n. >q. For let the highest terms appearing be 
1 — 

mi 

& 

where not all the r. are zero; then in (HQ)"*(buaX), a maps to 

> A,2°(t/2)"h, 
— i i 
1 

st] 
mod 2 (HQ) , (buaX) and lower terms, and hence v >q. 

Since a has filtration >q, each term 

m. n, 
ii 

gn é. 

which appears has m, +n, > b(i) +q, and there is an element of Em 

mapping onto ein 4g. Therefore the class of a in ES. can be 
divided by n?. This proves 17.15. 

LEMMA 17.16. Let a@ em, (buaX) @Q,, and suppose 

(i) @ has filtration >q, 

(ii) the image of a in (HQ), (burX) lies in 

2_ (HQ), ,(bu) @ (HQ), (X). 
i>q 

Then a= 4g for some 6 € 7,,(buaX) @Q,- 

Proof, Consider the subgroup of a which satisfy (ii), modulo the 

subgroup t4n,. (bu aX) ® Q,- The quotient is evidently finite in each 

degree, for when we tensor with Q the result is zero. In particular, 

for each degree there is a filtration s such that all elements of 
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filtration > s in ,(buax)®@ Q, which satisfy (ii) lie in ttn, (bu AX)@ Q, 

Now we argue by downward induction over the filtration of a. Suppose 

the result is true for elements a' of filtration >, and a has filtration 

T>q. Then by 17.15 the class of @ in EC can be divided by nf; 

thatis, Q=a' + 4g", where a' has filtration > g+1 and 

Ble m,,(buaX) @Q,. Here a’ also satisfies (ii), so by the inductive 

hypothesis, a'= t?8', Then a= tF(B'+ B''). This completes the 

induction and proves 17.16. 

Proof of 17.3. Suppose an element h € H,(KaxX) lies both in the 

image of H,,(busX) and in the image of 7 (K AX). Then it comes from 

an element 

Qenm,(K(-2n, ... ,@)aX) 

for some sufficiently large value of n. The image of @ in H,(KaX) 

lies in the image of H,(buaX). Now Hy,(K(-2n, ... ,@)anZ)—> H, (KaX) 

is not a monomorphism, but the image of 

H,,(K(-2n, eee > O)a X) —> H,.(K(-2n-2, .2+ ,00)aX) does map mono- 

morphically to H,(K»X). So by replacing 2n with 2n+2 if necessary, 

we may assume that the image of @ in H,(K(-2n, ... ,co)sX) lies in 

the image of H,(buaX). 

Now K(-2n, ... ,oo) 2S7""abu. By 17.14, the element 

aem,(K(-2n, ... ,o)aX) has filtration > n. Also its image in 

(HQ), (K(-2n, .+» ,0)aX) lies in the image of HOQ,(buaX). Now 17.16 

applies to show that a= t"8, thatis, a lies inthe image of 

T,(bUAX)@Q,. We proceed similarly for the odd primes. Therefore a 

lies in the image of 1,(buaX). This proves 17.3. 
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To prove 17.4, we give means independent of the Adams spectral 

sequence for constructing elements in 1, (Ka bu). Consider CPTM, We 

have a canonical map from CP® to BU, which we can consider as 

2 foe) 
term 2 of the bu-spectrum. We get an element x e€ bu (CP ). Then the 

Atiyah-Hirzebruch spectral sequence shows that bu, (CPTM) is free over 

m,(bu) on generators BB, ¢ bu, (CPTM) such that 
" 1 

i = 

Consider again the canonical map from cp© to BU, considered as 

term 2 of the bu-spectrum. Applying this to Bia we obtain an element 

b. € bu, (bu) . 

For more detail see 2]. 

LEMMA 17.17 (Adams, Harris and Switzer). The image of db in 

T, (bua bu) @Q is 

(v-u)(v-2u)...(v-nu) 
(n+1)! 

The proof is essentially that of [2], Lemma 13.6, except for 

changes of detail, 

Proof of 17.4. Separating components, we can assume that f is 

homogeneous, say of degree d. On multiplying f(u,v) by a sufficiently 

high power of u, we can ensure that 

g(u,v) = weu, v) 

is a polynomial which has the following property: 

g(k, il) eZ forall keZ. 

The argument is essentially given in [2], p-102, but add one more power 

of u to take care of the case k=0. Thenitis elementary that g(u,v) 

can be written as a Z-linear combination of the polynomials 
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u(u-v)(u-2v)...(u-nv) d+N-n-1 
(n+l)! v ’ 

Take Lemma 17.5 and apply c: buabu~—> bu-~bu; we see that 

(u-v)(u-2v)... (u-nv) 
(n+l)! 

: . . d+N-n-1l |, lies in the image of m7, (bus bu). Clearly also u and v lie in 

the image of m,(buabu). Therefore g(u,v) lies in the image of 

og N Loo ; 
7,.(bua bu). Dividing by u_ , we see that f(u,v) lies in the image of 

tT,.(KAbu). This completes the proof of 17.4, which therefore completes 

the proof of 17.5. 

Proof of 17,6 (i), First I claim that the given polynomials do 

satisfy (1'), Consider the special case f=1. Let f£ be the given 

product of degree n; then 

pn (2) (2k-2)(2k~4). « . (2-242) 
£((2k + 1)t, t) (2n)(2n-2)(2n-4)...2 

n k(k-1)(k-2)...(k-n+l) 
=t 1*2-3*,..°n 

which lie in Z[t]. Now consider {(kt,/t) with k and # odd. The 

denominator of f contains only a finite number of powers of 2, say 2TM, 

so we may solve £4 = 1 mod 2TM; then 

A" (E(t, £t) = £(kAt, Ct) = £(kAc, t) mod Q,[t], so this lies in Q[t] by 

the special case }=1. Hence f(kt,@t) lies in Q,[t] and f satisfies 

(1'). 

It is now clear that Q, (u,u?]-linear combinations of the given 

polynomials also satisfy (1'). 

Conversely, let f(u,v) e ofau iv] satisfy (1'). We wish to write 
itasa Q, [u,u‘]-linear combination of the given polynomials. By 

separating homogeneous components, it is sufficient to consider the case 
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in which f(u,v) is homogeneous, say of degree n. Then we may write 

f(u,v) asa Q-linear combination 

n n-lv-u n-2 (v-u)(v-3u) 
= +} — +i ead A Rallies SE Huy) = Agu * Aya sry 7 28 rh (5=3) 

Suppose as an inductive hypothesis that hoe hie waa , lie in Q,. 

Then the sum of the remaining terms 

n-r (v-u)... (v-(2r-1)u) 

((2r+])-1),..((2r+l)-(2r-1)) 707" rv) =a g(u, v) a 

satisfies (1'). We may find d. by substituting v = (2r+1)t, u=t; we 

see that 

r 

g((2rtl)t,th=A t. 

and A ¢ Q.: This completes the induction and proves 17, 6 (i). 
r 

Proof of 17.6 (ii), We first observe that the given polynomials do 

satisfy (1') and (2'), and so do Q,-linear combinations of them. 

Conversely, let f(u,v) € Q[u,v] satisfy (1') and (2'); we wish to 

write itasa Q,-lnear combination of the given polynomials. By 

separating homogeneous components, it is sufficient to consider the case 

in which f(u,v) is homogeneous, say of degree n. Then we may write 

f(u,v) as a Q-linear combination 

x xy x2 2 fu, v) = ee a + ve) $M v-u)(v-3u) +... 
2° 2 22 

qy 
where dX ¢ Q,- Here 2 divides r!2r by part (i); we wish to prove 

r 

it also divides 2”. Suppose, as an inductive hypothesis, that this is true 

for r'>r, Then the sum of the remaining terms 

rN nN 
g(u,v) = _2 a +... ¢—2 uP *(veu).. »(v-(2r-1)u) 

30 27 
x 

also satisfies (1') and (2'). But now ~ is the coefficient of ur Fy, 
T 



so q. <n. This completes the induction, and proves 17,6 (ii). 
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