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1. Introduction

In [7], Ausoni-Rognes laid out an ambitious collection of conjectures about how the arithmetic of associa-
tive ring spectra can be understood using telescopically localized algebraic K-theory.! One of the essential
features of these conjectures is that algebraic K-theory should increase chromatic complexity by one. For
example, we say a spectrum X has height n if K(n),X # 0and K(n+k).X = 0 for k > 0, where K () is the i-
th Morava K-theory at a fixed prime p. It is now known by celebrated work of Burklund—Schlank—Yuan [17]
that for commutative ring spectra algebraic K-theory increases height by exactly one.

In the case of more general associative ring spectra, additional subtleties arise. For example, if R is an
associative ring spectrum, but not a more structured ring spectrum, then the algebraic K-theory of R is
not a ring spectrum. More generally, all of the invariants that are commonly used to compute algebraic
K-theory through trace methods, such as topological Hochschild homology (THH), topological negative
cyclic homology (TC™), topological periodic cyclic homology (TP), and topological cyclic homology (TC),
are not rings when applied to associative ring spectra without additional structure. Additionally, when the
homotopy ring 7, R of an associative ring spectrum is not completely understood, this further complicates
the study of its algebraic K-theory. In this paper, we demonstrate a homological approach to understanding
the chromatic complexity of algebraic K-theory, building on ideas of Bruner-Rognes [16] and Lunge-Nielsen—
Rognes [39], which can overcome these hurdles.

We consider a family of 2-primary associative ring spectra

S=y(0) = y(l) = — y(oo) = HF,
originally defined by Mahowald [41]. Proposition 2.22 (cf. [47] for odd primes) implies that

n = minfm : K(m).(y(n)) # 0},

so y(n) may be considered type n (even though it is not a finite spectrum).

We are interested in understanding K (m).K(y(n)), but our main theorem is about an approximation
to it. The Dundas—Goodwillie-McCarthy theorem [22] and a result of Nikolaus—Scholze [49] reduce us to
studying topological periodic and negative cyclic homology, TP(y(n)) and TC™ (y(n)), instead of algebraic
K-theory K(y(n)). Specifically, by [22, Theorem 7.3.1.8] there is a fiber sequence

K(y(n))s — TC(y(n))s — S HZ,

and by [49, Corollary 1.5] there is a fiber sequence

can —

TC(y(n))2 — TC™ (y(n))2 "' TP(y(n))2 .

If TP(y(n)) and TC™ (y(n)) are K (m)-acyclic, then the algebraic K-theory K(y(n)) is also K (m)-acyclic. On
the other hand, to show that (periodic) Morava K-theory K (m).X vanishes, it suffices to show that connec-

1 In this introduction and the abstract, we refer to Eq ring spectra as associative ring spectra and E, ring spectra as commutative
ring spectra.
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tive Morava K-theory k(m).X is v,,-torsion. This reduces us to understanding v,,-torsion in k(m). TP(y(n))
and k(m). TC™ (y(n)).

Recall that for any associative ring spectrum R, TP(R) (resp. TC™ (R)) is the inverse limit of its Greenlees
(resp. skeletal) filtration [25]. If F is a generalized homology theory, the continuous E-homology ES TP(R)
is obtained by taking the inverse limit of the E-homology of this filtration. Note that in full generality,
continuous FE-homology does not agree with E-homology, but in some cases this difficulty can be overcome
(compare with the work of the first author and Salch [8]).

Our main theorem is the following:

Theorem A (Theorem 6.9). The k(m).-module k(m)<(TP(y(n))) is simple v,,-torsion for all 0 < m < n.
Moreover, the k(m).-module k(m)5(TC™ (y(n))) is simple v, -torsion for each 0 < m < n.

Analogous to [16], one might hope to approach 7, TP(y(n))% and 7, TC™ (y(n))5 using the inverse-limit
k(n)-based Adams spectral sequences, constructed as in [40]. However, usually it is difficult to identify the
Es-page of the k(n)-based Adams spectral sequence. A consequence of our main theorem and work of [15,
Theorem 5.4] is that the Eg-page of this spectral sequence is computable in terms of homological algebra of
quiver representations.

As stated before, this paper overcomes two technical hurdles: working with ring spectra whose homotopy
rings are not understood and working with associative ring spectra. The first hurdle is overcome by working
with homology and Margolis homology in order to understand k(n)-homology. Much of our technical work
involves computing the homology of the topological Hochschild homology of y(n), the continuous homology
of TC™ and TP of y(n), and associated Margolis homology groups. Our work suggests for example that
TP of y(n) has an interpretation in terms of the T-Tate construction of a Thom spectrum of higher height,
z(n) /vy, which we construct during our analysis. Here T C C denotes the circle regarded as a topological
group with the usual topology.

In order to execute these computations, we must overcome the second hurdle of working with an associa-
tive ring spectrum. This is overcome by a careful understanding of the map THH(y(n)) — THH(F2) to an
E, ring spectrum. After this paper appeared in preprint form, similar techniques have been employed in
work of the first author, Hahn, and Wilson in order to study the algebraic K-theory of Morava K-theory [4].
As part of our technical tool set, we also produce a new inverse-limit May—Ravenel spectral sequence, which
may be of independent interest.

Remark 1.2. Unfortunately, Theorem A does not directly imply that K(m).K(y(n)) =0 for 0 < m < n
as desired. See Remark 6.10 for more details about the relationship between the two. Nevertheless, work
of Land—Mathew—Meier—Tamme [37] proves directly that K(m).K(y(n)) = 0 for 0 < m < n, without
appealing to trace methods. The approach in their paper is entirely complementary to the approach in our
work and we present these results as an alternative that can also shed light on the chromatic complexity
of topological periodic cyclic homology, which is closely related to prismatic cohomology [12,10,28]. For
example, these methods are used in [8] to prove K(m).F(BP(n)) =0 for F € {K, TC™, TP} and m > n+2
under some conditions on BP(n). We also point out the relevant work of Keenan—McCandless [32] on
K (m)-acyclicity of topological restriction homology TR.

Remark 1.3. As mentioned above, the idea of “homological trace methods” was introduced in Bruner—
Rognes [16] and studied by Lunge-Nielsen [38] and Lunge-Nielsen—Rognes [39,40]. What distinguishes our
results from the results in [16,38-40] is the absence of multiplicative structure on THH(y(n)), as well as the
additional step of passing from continuous mod p homology to continuous connective Morava K-theory. We
also note that the use of homology to study algebraic K-theory predates trace methods altogether, such as
in the seminal work of Quillen [50] and Charney [19].
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1.1. Outline

In Section 2, we recall the construction and basic properties of the spectra y(n). We show the vanishing
of certain Morava K-theory of y(n) using Margolis homology and the localized Adams spectral sequence. We
also construct Thom spectra z(n) which are integral analogs of y(n), i.e. they are spectra which interpolate
between the sphere spectrum S and the integral Eilenberg—MacLane spectrum HZ. We show that the
spectra z(n) have a self-map v, and, again using Margolis homology, we compute vanishing of Morava K-
theory of z(n) and the cofiber z(n) /v, of this self-map. We believe that the spectra z(n) are of independent
interest, for example see [21,37].

In Section 3, we analyze the Bokstedt spectral sequence converging to the mod two homology of
THH(y(n)). We also prove a key technical proposition (Proposition 3.8) about the map H,(THH(y(n))) —
H,(THH(HTF,)) which we use in subsequent sections.

In Section 4, we analyze the topological periodic cyclic homology TP(y(n)) := THH(y(n))*T. The key
tool is the homological Tate spectral sequence constructed by Bruner—Rognes [16]. In Section 5, we carry
out a similar analysis for topological negative cyclic homology TC™ (y(n)) := THH(y(n))"T.

In Section 6, we prove the main theorem. Our proof uses a new spectral sequence, the inverse limit May—
Ravenel spectral sequence, to resolve hidden extensions which arise in the study of continuous homology
using the homological Tate spectral sequence and the homological homotopy fixed point spectral sequence
(cf. Remark 6.8).

1.2. Conventions

We fix p = 2 throughout. We write H,(X) (resp. H*(X)) for homology (resp. cohomology) of a space or
spectrum X with coefficients in Fs.

We write A := H*(HF2) for the (2-primary) Steenrod algebra, which is a Hopf algebra with genera-
tors qui in degree 2i and relations given by the Adem relations. The dual of the Steenrod algebra will be
denoted AV := H,(HFy) and it is isomorphic to P(&; | i > 1) where & := x(&) in degree 2/ —1 is the image of
the usual Milnor generators under the antipode x of the Hopf algebra A" . The coproduct ¢: AV — AV @AY
is given by the formula

vE) = > L& (1)

itj=h

Let E(n) := E(Qo, - . ., Q) denote the subalgebra of the Steenrod algebra generated by the first n+1 Milnor
primitives, where Q; is in degree 2! — 1. We let £ := E(Q; : i > 0) denote the subalgebra generated by all
of the Milnor primitives. We write E(n)Y and £V for the Fa-linear duals of these subalgebras, respectively.

When referring to modules over a graded polynomial ring P(x) with || = 2k for some integer k, we say
that an element in a P(x)-module m € M is simple z-torsion if z-m = 0. We will say that a P(x)-module M
is simple x-torsion if every element in M is simple z-torsion.

We use lowercase letters, e.g., ‘fil’ when discussing filtered spectra, and capitalize the first letter, e.g.,
‘Fil” or ‘Gr’, when discussing the associated filtration or associated graded on homology.

1.8. Acknowledgments

The authors thank Vigleik Angeltveit, Mark Behrens, Teena Gerhardt, Mike Hill, John Rognes, Andrew
Salch, and Sean Tilson for helpful discussions. The authors further thank John Rognes and anonymous ref-
erees for helpful comments on previous versions. The second author was partially supported by NSF grants
DMS-1547292, DMS-2039316, and DMS-2414922, an AMS-Simons Travel Grant, and the Max Planck Insti-
tute for Mathematics in Bonn. This project has received funding from the European Union’s Horizon 2020
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2. Families of Thom spectra

In this section, we recall the Thom spectra y(n) which interpolate between the sphere spectrum and
the mod two Eilenberg—MacLane spectrum. We also introduce a family of spectra z(n) which interpolate
between the sphere spectrum and the integral Eilenberg-MacLane spectrum. Basic properties of both fam-
ilies, such as their homology and multiplicative structure, are discussed in Section 2.1. In Section 2.2, we
recall Margolis homology and the localized Adams spectral sequence, and in Section 2.3, we apply them to
compute the chromatic complexity of the spectra y(n), z(n), and z(n) /v, (Proposition 2.22). Though some
of the arguments in this section have been improved, the results remain essentially unchanged from the first
version of this paper to appear in pre-print form.

2.1. Construction of the Thom spectra y(n) and z(n)

We begin with Mahowald’s construction of HFy and HZ as Thom spectra [41]. Let f = Q%w: Q253 —
Q2B30 ~ BO be the two-fold looping of the generator w: S3 — B30 of m3(B30) = m(0) = Z /2. Recall
that for an E, ring spectrum R, one can construct the group-like E, space GL; R [1,44]. When R =S is
the sphere spectrum, its delooping B GL; S is a model for the classifying space of stable spherical fibrations.
The classical J homomorphism then gives a map of group-like E, spaces J: O — GL; S. In [41, Sec. 2.6],
Mahowald showed that

HF, ~ Th (9253 1 Bo 2% BaL, S) 2)

where Th(—) is the Thom spectrum construction. We refer the reader to [2] for a modern treatment of the
Thom spectrum construction.
Similarly, Mahowald [41, Prop. 2.8] proved that

HZ ~Th (QZ(S3<3>) - 025 L Bo B4 BaL, S)

where S3(3) is the fiber of the map S — K(Z,3) and ¢: S3(3) — S® is the inclusion of the fiber.

We now produce the spectra y(n) following [41, Sec. 4.5]. The James splitting gives an equiva-
lence OX5?% ~ J 5% where JoX is the James construction of the space X [30], so we can rewrite (2)
as HFy ~ Th(QJ,S%? — BGL;S). By truncating the James construction, one can define spectra J;S?,
and there is an obvious inclusion iy : JiS? < JoS2. Taking k = 2™ — 1, one defines

y(n) = Th (e 152 2% BGL, S)

where f, = BJ o f o Qign_;. (Note that one needs to p-localize in order to construct y(n) at odd primes,
but this is not necessary at the prime 2.)

The fiber sequence Jon_15% — Q53 — Q52" +1 implies that the map Jon_152 — Q53 is (271 — 1)-
connected, cf. [31]. Thus there is a map Jon 152 — K(Z,2) given by truncating homotopy groups which is
compatible with the map J.,S? — K(Z,2).

Construction 2.1. Let n > 1. Write Jon_15%(2) for the fiber of the map Jon_15% — K(Z,2) given by
truncating homotopy groups. Define



6 G. Angelini-Knoll, J.D. Quigley / Journal of Pure and Applied Algebra 229 (2025) 108027

z(n) := Th(Q(Jon_15%(2)) 2% BGL, S)

where g, = BJ o f o Qign_1 0 Qugn_1 with 1x: JiS?(2) — JpS? is the inclusion of the fiber. There is a
commutative diagram

Qjon 1

Q(Jgn_1$2<2>) E— 9253<3>

[

O(Jan_182) 222t 268 1 L go _BL, BQL, S

! |

st s

where the left two columns are fiber sequences, all the maps in the upper right triangle are 2-fold loop maps,
and all the maps in the upper left square are 1-fold loop maps.

After our paper appeared in preprint form, this family of E; ring spectra has also been considered in
work of Devalapurkar [21] and Land—Meier—-Mathew—Tamme [37].

Lemma 2.2. The spectra z(n) are E1 ring spectra and the diagram

Th(QLG_l)l J{Th(b)

Th Q n__
y(n) ThSion 1), HF,
18 a commutative diagram in the category of E1 ring spectra for n > 1.
Proof. This immediately follows from Lewis’s theorem [24, Ch. IX] and Construction 2.1. O

The homology of the spectra y(n) interpolate between the homology of the sphere spectrum S ~ y(0)
and the homology of the mod 2 Eilenberg—MacLane spectrum HIFy ~ y(o0). Similarly, the homology of the
spectra z(n) interpolate between the homology of z(1) and the homology of the integral Eilenberg—MacLane
spectrum z(oco) = HZ. More generally, we have the following ladder of interpolations between the sphere
spectrum and the mod 2 and integral Eilenberg—MacLane spectra:

z(1) 2(2) e z(c0) = HZ
] l
S =y(0) y(1) y(2) S y(oo) = HEF;.

Note that the structure of AV as an AY-comodule is given by the coproduct %, and more generally, the
coaction on any sub-Hopf algebra of AV is defined to be the restriction of the coproduct.

Lemma 2.3. The maps Th(Qian_1) and Th(Qjan_1) from Construction 2.1 induce isomorphisms onto their
image in H,(HF3) and H.(HZ) respectively,

H*(y(’fl)) = P(glag%- .. 7§n);
H*(Z(TL)) = P(g%7527' . 7571)’
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for each 1 < n < oo, where |&;| = 2" — 1 and |€3| = 2. The map Th(Quan_1): z(n) — y(n) also induces the
evident inclusion in homology as a map of AV -comodules.

Proof. By the Thom isomorphism, there are isomorphisms
H.(y(n)) = H,(QJyn_15%) and H,(2(n)) = H.(Q(Jon_15%(2))).
The Serre spectral sequence arising from the path-loops fibration has signature

E2, = H,(Jon_1S8% Hy(QJan_15%)) = Hp i (PJan_15%) = Fa{1} (3)

P,q

and there is a map of Serre spectral sequences from this spectral sequence to
E2 = Hp(Q5% Hy(Q°5%)) = H,pyo(PQS?) = Fo{1}. (4)

The latter computation, along with its AY-coaction, follows by [20, Thm. 4] and the map of spectral
sequences is a map of 4Y-comodules on the Eo-page

P2n71($) ® H*(QJanlsg) — P(%) ® H*(QQS?’)

which must be a monomorphism by direct inspection of the differentials forced by the triviality
of the abutment. The result then follows by naturality of the Thom isomorphism applied to the
map Th(Qign_1).: H.(y(n)) - H.(HF3). The remaining statements are proven in exactly the same way,
so we omit the proof. O

Recall that a finite 2-local spectrum F has type m + 1 if K(m + 1).F # 0 and K(m).F = 0 (which
implies K (s).F =0 for 0 < s < m — 1 since F is finite). Following [46], we say that a 2-complete spectrum
X has fp type m if there exists a finite 2-local spectrum F' of type m + 1 such that 7z F ® X is a finite
abelian group for each integer k and only nontrivial for finitely many integers k.

Corollary 2.4. The spectra y(n)y and z(n)y are not fp type m for any finite m.

Proof. The cokernels of the inclusions H,(y(n)5) — AY and H.(z(n)}) — A" are not finitely generated as
AVY-comodules, so H.(y(n)}) and H.(z(n)%) are not finitely presented as comodules over the dual Steenrod
algebra. The result then follows by [46, Prop. 3.2]. O

From the homology calculation above, we can also determine that y(n) and z(n) are not highly structured
ring spectra in the following sense.

Corollary 2.5. The Eq algebra structure on y(n) and z(n) cannot be extended to an Eo algebra structure.

Proof. We give the proof for y(n); the proof for z(n) is similar. An extension of the E; algebra structure
to an Eq algebra structure implies an extension of the H; algebra structure to an Hy algebra structure. If
the E; algebra structure on y(n) can be extended to an E, algebra structure on y(n), then the operation
Q®1*1(x) on H,(y(n)) is well-defined by [11, IT1.3.1, T11.3.2, T11.3.3] (cf. [34, Thm. 5.2]). We will show that
this leads to a contradiction.

Suppose the E; algebra structure of y(n) extends to an Es algebra structure. Then we may form a
Postnikov truncation in the category of Eo algebras to produce a map y(n) — Hmo(y(n)) = HFy. This
map induces an inclusion H,(y(n)) < A and therefore sends &, € Han_1(y(n)) to &, € AY. This inclusion
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must be compatible with Q*I+1. However, we know that QI¢1+1(£,) = &,,1 in H.(HF3) by [11, Thm.
2.2], but &, 1 is not in the image of the inclusion. We can conclude that the E; algebra structure of y(n)
cannot be extended to an Es algebra structure. For z(n), the argument is the same except that we consider
the Postnikov truncation in Ey algebras z(n) — Hm(z(n)) = HZ, which also induces an inclusion in
homology H.(z(n)) — (A//E(Qo))+ and the rest of the argument is the same. O

The fact that y(n) is not an E ring spectrum will play a key role in Section 3.
Convention 2.6. We will often use the unit map S — y(n) as well as the map
Th(Qign_1): y(n) — HF,

induced by the inclusion Jon_15% — J,0S5% ~ Q83. From this point on, any map y(n) — HF, without
decoration refers to the latter. From this point on we also write y(n) for the 2-completion of y(n) and z(n)
for the 2-completion of z(n).

Lemma 2.7. The map y(n) — HFy is (2" — 2)-connected.

Proof. The Adams spectral sequence converging to y(n), has the form
Ext% (F2, P(&1,&, .., €n)) = y(n)i—s
and the Adams spectral sequence converging to (HFs), has the form
Ext’0 (Fa, P(&1,2,...)) 2 Fy = (HF>), = Fa.

Let Co(n) denote the Ej-page of the Adams spectral sequence for y(n) and let Cq(00) denote the Eq-page
for the Adams spectral sequence for HFs. These two Ei-pages differ only in stems above the degree of
Ens1. Since |€,41| = 2"*! — 1, the resulting Ey-pages agree up to stem 2! — 2. Since the second spectral
sequence collapses at the Eq-page, we conclude that the map m;(y(n)3) — m;(HF2) is an isomorphism for
i < 2"t — 2 and surjective when i = 2"+t! — 2. O

2.2. The localized Adams spectral sequence

In this section, we recall the localized Adams spectral sequence [47,45] and discuss its applications to
the study of chromatic complexity. Recall that the m-th connective Morava K-theory k(m) has homol-
ogy H.(k(m)) = AVDE(ETR+1)]F2 where &, 41 is dual to the m-th Milnor primitive Q,,. The Adams spectral
sequence converging to k(m).(X) has the form

it it

E; = EthE(ngrl) (FQ, H, (X)) - k(m)t,s(X)

by the Kiinneth isomorphism and the change-of-rings isomorphism. The spectral sequence collapses for

degree reasons when X is the sphere spectrum to show that k(m). & P(v,,) with |v,,| = 2™+ — 2.
Morava K-theory K (m) with K (m). = Fa[vt!] can then be constructed as the telescope

—

K(m) = k(m) = hocolim (k:(m) Ly 3=

27n+1

“Dk(m) L ) .

Since smash product commutes with filtered colimits, the spectrum K(m) A X is the telescope of the
self-map v,, Aidx on k(m) A X.
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The homotopy groups of a telescope can sometimes be computed using the localized Adams spectral
sequence introduced in [45]. Our recollection follows [47].

Construction 2.8. Let Y be a spectrum with a v,, self-map f: Y — 379, let Y be the telescope of f, and
let

be an Adams resolution of Y. Suppose there is a lifting f : ¥ — ¥-4Y,, for some s¢ > 0. This lifting induces
maps f : Y, — ©79Y,,, for each Y, in the Adams resolution (5). Iterate these maps to define telescopes Y
for s > 0 and set Y; =Y for s < 0 to produce a tower

RUDEE S AR DRI
The resulting conditionally convergent full plane spectral sequence
v ExtS (R, Ho(Y)) = m_s(Y)
is the localized Adams spectral sequence.

Theorem 2.9 ([/7, Thm. 2.13]). For a spectrum Y equipped with maps f and f as above, in the localized
Adams spectral sequence for m.(Y) we have

e The homotopy colimit hocolim }A/_s is the telescope Y.
S

o The homotopy limit holimz is contractible if the original (unlocalized) Adams spectral sequence has a
S

vanishing line of slope ¢ at E, for some finite r, i.e. if there are constants ¢ and r such that

E3'=0  for s>c+(t—s)(so/d).

(In this case, we say f has a parallel lifting f.)
o If f has a parallel lifting, this localized Adams spectral sequence strongly converges to m(Y').

Proof. Note that although Mahowald—Ravenel-Shick work at odd primes, the proof of the result [47,
Thm. 2.13] does not depend on the prime and therefore carries over mutatis mutandis. We spell this out as
follows. First,

colim, Y, ~ colim, colim; E_‘“YS“SO ~ colim; colimg E_dleﬂ-So ~ colim; ™%y ~ Y.

Letting ES*(Y) be the E,-page of the Adams spectral sequence for Y and E$*(Y) be the localized Adam
spectral sequence, we note that

E(Y) = im Byt (y)

so the vanishing line for the localized Adams spectral sequence follows from the vanishing line for the
unlocalized Adams spectral sequence.

Let g : Yy — Ys_,41 be the structure map in the Adams resolution (5) for Y. The vanishing line
implies 7,,(g) = 0 for m < (sd + ¢)/so. Compatibility of g with the map Y, — %79V, ; implies that
g: )2 — }A/s+7._1 has the same property. Therefore, fixing m and s, the map
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~

TomYi — T Vs (6)
is trivial for large enough 7 and the image of lim; ﬂ'*}/}i — W*EA/S is trivial for each s, so lim; mffi = 0. The
description of the map (6) above implies that for each m the sequence {7,,Y;} satisfies the Mittag—Leffler
condition and consequently R!lim; 7.Y; is zero. We can then apply [13, Lemma 8.1], to determine that the
spectral sequence strongly converges by [13, Theorem 8.2]. O

Remark 2.10. Mahowald-Ravenel-Shick compute v, 'E5 for the localized Adams spectral sequence converg-
ing to m.(y(n)) in [47, Sec. 2.3]. Their computations show that the localized Adams spectral sequence for
7« (y(n)) strongly converges.

As suggested by the notation, the Eo-page of the localized Adams spectral sequence can be computed by
inverting v, at the level of Ext-groups as in [47, Sec. 2.5] and [23].

We now specialize to the case Y = k(m) A X and f = v, Aidx so that Y ~ K(m) A X. Note that f lifts
to f:Y — E_2m+1+2Y1 since v,, has Adams filtration one; indeed, we may take so = 1 with f := 0, Aidx
where 0, is a lift of v,,,. By applying the Kiinneth isomorphism and a change-of-rings isomorphism, we see
that the localized Adams spectral sequence takes the form

'U;/LIEQ = U;nl Ethz(SEmH)(FZ’ H*(X)) - K(m)t_s(X) (7)

Note that we have only used the vy, self-map on k(m), so there is no decoration on X.

In order to compute v,,'Es, we will use Margolis homology [42, Ch. 19] which encodes the action of the
Milnor primitive @,, on H,(X).

Definition 2.11. Let M be a module over E(Q,,). Since Q2, = 0, we obtain a complex

D9 g @ g O

The homology

H(M, Qm) = ker(Qm)/ lm(Qm)
is the Margolis homology of M with respect to Q..

Lemma 2.12. Suppose H.(X) is bounded below and finite type. There is an isomorphism

EXth‘gmH)(FZaH*(X)) Y HH(X);Qm) @ Ploym)@®T

where |vy,| = (1,21 — 1) and T is a simple vy, -torsion module concentrated in bidegrees (0,t) with
t > min{i : H;(X) # 0}.

Proof. Since E(&,,,1) is a finite dimensional connected Hopf algebra, the category of E(&,,1)-comodules
has enough projectives [36, Thm. 10]. To compute

Bxtyr,  (Fa, Ha(X))

we therefore consider the minimal projective resolution of Fy in the category of E(&,,41)-comodules

Fy < E(Emt1) < E(Ent1)
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where the first map is the canonical quotient and the remaining maps are all given by multiplication by

&m+1. Truncating and applying Hom (=, H.(X)) produces the sequence

Emi1)

0— H(X)— H(X) — ... (8)

where all the maps are induced by the E(¢,,,)-coaction on H,(X). Note that the dual E(,, ;)" =
Homp, (E(E,, 1), Fp) can be identified with E(Q,,) and we can regard a left E(Q,,)-comodule M with
coaction v(m) = Zf:o mio®m; 1 as a (right) E(Q,,)-module with (right) action ¢(m® f) = Zf:o f(mio)-
mi 1, see [18, Ch. 1 4.1(1)]. In fact, the category of E(¢,, ,)-comodules is equivalent to the category of
E(Qu,)-modules by [18, Ch. 1 4.7(e)], so we can view this sequence as a sequence of E(Q.,)-modules.

Therefore, we can identify

Ext;z‘émm(FQ,H*(X)) >~ H(H,(X): Qm)

when s > 0 and Ext(])s’z‘g- oy F2, Ho(X)) = ker(Qn: Hi(X) — Ho(X)). Recalling that

Bxtyee (Fa,Fa) = P(vy,)

with |v,,| = (27T —1,1), we see that the P(v,,)-module structure on Extngg-mﬂ)(]Fg, H,(X)) is induced by
the Yoneda pairing in Ext, i.e., by pairing the chain complex (8) for H.(X) as in the lemma statement with
the same chain complex where X is the sphere spectrum. This pairing evidently induces the isomorphism
of P(vp,)-modules described in the statement of the lemma where T' consists of elements in the kernel of

Qn: H.(X) — H.(X). O

Corollary 2.13. Let m > 1 and suppose X is a bounded below spectrum and H,.(X) is finite type. The
following statements hold:

(1) If HH.(X); Qm) =0, then v,,'Ey = 0.

(2) The Eg page of (7), denoted v,,'Eq, has a vanishing line of slope 1/|v,,].

(3) The localized Adams spectral sequence associated to k(m) A X with the self-map v, A idx strongly
converges to K(m).(X).

Proof. Parts (1) and (2) are clear from Lemma 2.12. Statement (3) follows by applying Theorem 2.9. O

Remark 2.14. When all the hypotheses for Corollary 2.13 hold including H(H,(X); Q) = 0 then it is a
consequence that K (m).X = 0.

2.8. Chromatic complezity of y(n), z(n), and z(n)/v,

We now apply the localized Adams spectral sequence to determine the chromatic complexity of y(n),
z(n), and a spectrum we define in this section z(n)/vy,.

The action of @Q,, on the generator &, € AV can be computed using the coproduct ¢: AY — AV @ AY
defined in (1). In particular, we have

Fom +1

Qm(gk) = { hom=l hzmt L (9)

0 else,

where 5_0 = 1. This action can be extended to all of AV using the fact that @Q,, acts as a derivation.
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As a warm-up for later computations, we compute the Margolis homology of the dual Steenrod algebra.
The chain complexes defined in the proof will be used in our computation of H(H,.(y(n)); Q) below.

Lemma 2.15. The Margolis homology of the dual Steenrod algebra H(AY; Qm), or equivalently the Margolis
homology of HFF5, vanishes for all m > 0.

Proof. This is [42, Ch. 19, Prop. 1], but our proof is modeled after [3, Lem. 16.9]. We begin with H(AY; Qo),
which is somewhat exceptional. Express AV as the tensor product of the chain complexes (with differen-

tial QQ)

(eo) Fafl} « Fo{&i},

(cr) Fo{l, &}  Fo{&rp1, &} Fo €26, 11,60} ¢ P16, 41,60 -+,
where r > 1. Each chain complex (¢,) has homology Fo{1} and the chain complex (e) has vanishing homol-
ogy, so by the Kiinneth isomorphism for Margolis homology [42, Ch. 19, Prop. 18], we have H(AY;Qq) = 0.

Now we compute H(AY; Q7). Decompose AV as the tensor product of the chain complexes (with differ-
ential (1)

(e0) Fafl} + Faf&o},
(CT> [F2{17£_7{L} <~ F2{5T+2?§_§} <~ ]F2{£_;lg7‘+2’5}2} — F2{578‘€_7‘+27g}6} ey,
(dl) F2{1751a£%75%}7
(dS) ]FQ{]-v EE} )
where r > 1 and s > 2. The chain complex (eg) has vanishing homology, so by the Kiinneth isomorphism
we have H(AY; Q1) = 0.
The computation of H(AY;Q,,) for m > 2 is similar. Decompose A" into chain complexes as above; the
chain complex

(eo) Fa{l} ¢ Fof&mir}
has vanishing homology, so H(AY;Q,,) =0. O

Corollary 2.16. The Margolis homology of (//E(0))Y = Fy[£3, &, .. ], or equivalently the Margolis homology
of HZ, is given by

FQ m:O,

0 else.

H(H.(HZ); Qm) g{

Proof. We begin with m = 0. The only difference between this computation and the computation for
H,(HF2,Qo), is that we omit the chain complex (ep). Since the homology of the remaining complexes (¢;.)
is Fy in each case, H.(HZ, Qo) = Fs.

For m > 0, we can use the same complexes as in the previous proof after replacing (d;) by the chain
complex Fo{1,£7}. O

We compute the Margolis homology of y(n) and z(n) by modifying these complexes further.

Lemma 2.17. The Margolis homology of P(&1,...,&,), or equivalently the Margolis homology of y(n), is
given by
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0 f0<m<n-—1,

H(H.(y(n)); Qm) = {H (y(n)) fm>n

Proof. When m = 0, the first 7 for which the complex (c,) cannot be defined is (¢, ) since &,41 ¢ H.(y(n)).
Therefore we replace (¢,,) by the complex

() Fofl} « Fo{E} < Fof&}  Fo{E0} -

Then H.(y(n)) decomposes as the tensor product of the complexes (eg), (¢ )1<r<n—1, and (c},). The homol-
ogy of (c},) is nontrivial but the homology of (eg) vanishes, so H(H.(y(n)); Qo) = 0.
When 1 < m < n — 1, we make a similar change. We end up with redefined chain complexes (c.) for
n—m < r < n. Since we still tensor with the acyclic complex (eg), we still have H(H.(y(n)); Qm) = 0.
When m > n, we no longer include the chain complex (eq) since &,41 ¢ H.(y(n)). Since @, (&) = 0 for
all 1 <i < n, we see that H,(y(n)) is generated by cycles and obtain the desired isomorphism. O

The same techniques adapted to the complexes used to compute H(H,(HZ); Q) give the following:

Corollary 2.18. The Margolis homology of P(£3,&s,. .., &), or equivalently the Margolis homology of z(n),
is given by

P(ggl) ifm=20,
H(H.(2(n)); Qm) =40 fl<m<n-1,
H.(2(n)) ifm>mn.

Proof. We do the same alterations to Lemma 2.17 as we did to produce the proof of Corollary 2.16 from
Lemma 2.15, so we will just describe the case m = 0. We use the same chain complexes as in Lemma 2.17
except we omit the acyclic complex (eg). Thus, the Margohs homology is a tensor product of copies of Fy
with the homology of (c,). Thus, H(H.(z(n)); Qo) = P(¢2). O

The following lemma will be useful for further describing the chromatic complexity of z(n).
Lemma 2.19. The spectrum z(n) has a self map
U B 722(n) = 2(n)

that induces the zero map on K(m). for 1 < m < n and the zero map on mod 2 homology H.. Moreover,
we have an isomorphism of A -comodules

H,(2(n)/vn) = Hi(2(n)) ® E(§ps1) -
Proof. We analyze the Adams spectral sequence for z(n) in a range. First we describe the input of the Adams

spectral sequence. Following [47], write B(n), for the quotient Hopf algebra B(n), = AY/(&1,...,&,) such
that

H.(y(n)) = A'Op(n),Fa.
Let C(n), denote the quotient Hopf algebra C(n). = AY/(£2,...&,) such that
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There is a Hopf algebra extension
B(n), — C(n). — E(él)
and an associated Cartan—Eilenberg spectral sequence

Ext ). (F2, Extiy ) (F2,F2)) & Ext,), (F2, P(ho):) = Extgy ) (F2,F2)
where we write P(hg); for the degree t part of the graded ring P(hg). The Cartan—Eilenberg spectral
sequence collapses to the (s, 0)-line because |hg| = |€1] —1 = 0. Since there are no classes in Ext%(n)* (Fa, Fy)
in adjacent degrees for k < 2"*! and the Adams spectral sequence for y(n) collapses in this range by [47,
Lem. 3.5], the Adams spectral sequence for z(n) also collapses in this range. Again, by [47, Lem. 3.5] there
is an element v,, in Adams filtration one in Extg’?n)* (F2,F3) and we observe that it supports an hg-tower.
Consequently, there is an element v,, € man+1_5(2(n)) generating the 2-adic integers Z5.
Since z(n) is an E; ring spectrum we can produce a self map as the composite

Un /\idz(n)
-

S22 A (n) 2(n) A z(n)y = z(n) .

This is also the map obtained by taking the adjoint to wvy,: 521 2(n)5 in the category of (right)
z(n)-modules. By Corollary 2.18, this map induces the zero map on K(m), for 1 < m < n, since it implies

that the source and target of the map

K(m)* Un

0=K(m).X?"~22(n) K(m).z(n) =0

are zero using Corollary 2.13 and therefore it can only be the zero map. This will be explained in more detail
in Proposition 2.22. It also induces the zero map on H, because v, is detected by an element in Adams
filtration one.

Therefore we have an extension

0 — H.(2(n)) = He(z(n)/vn) — EQnH*lH*(z(n)) =0
of AV comodules. The group of possible AY-comodule extensions is given by
Bxtly (5% 7 Ha(2(n)), Ha(2(n)) & Extgyg (827 7 Ha(2(n), Fa),

using a change of rings isomorphism and the isomorphism H,(z(n)) = AYOc(y,), Fa.
We are therefore reduced to examining the possible C'(n).-comodule extensions

0Ty — E— ¥ "1H, (2(n)) =0,

but all such extensions of C(n).-comodules are trivial by examination of the grading preserving coaction.
This implies H.(z(n)/v,) & Hi(2(n)) ® E(x) where |z| = 2"t — 1.

We now use the Adams spectral sequence to determine the AY-coaction on z. Note that z(n)/v, was
obtained by coning off the element in homotopy detected by the permanent cycle &, ® 1 in the Adams
spectral sequence with

Eg = Ethz(n)* (Fg, E(CC)) .

The only element that can kill £, ® 1 is z, so we have
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dl(x) = En-i-l ®1.

On the other hand, the dj-differentials in the Adams spectral sequence can be calculated using the formula
for differentials in the cobar complex, so di(z) = 1 ® z — ¥, (z) where 9, (z) is the coaction of z in
H.(z(n)/vy). We therefore see that

Yn(x) = Eny1 ® 14 1@ + (di-boundaries) .

Finally, since the composite E2n+1*22(n) ™ 2(n) — z(co) = HZ is nullhomotopic, there is a
map z(n)/v, — HZ. This map sends &,,; ® 1 to the class with the same name in the cobar complex
for HZ. In the latter cobar complex, &,41 ® 1 is killed by a differential on &,,1 € H, (HZ). Therefore x
maps to &,41 under the map of spectral sequences. Since the map H,(z(n)/v,) — H.(HZ) is a map of
AY-comodules, the coaction on x coincides with the coaction on 5n+1. Note also that there is no room for
hidden comodule extensions because |z| > |y| for all generators y of H.(z(n)/v,). O

Remark 2.20. In fact, the spectrum z(n)/v,, may be constructed as the Thom spectrum of the map
S2P" =1 s BGLy(2(n))

adjoint to vy, € mopn_2(GL1(2(n))) = mapn_2(2(n)). The first author would like to thank Jeremy Hahn for
pointing this out.

We now determine the chromatic complexity of z(n)/v,.

Corollary 2.21. The Margolis homology of P(£3,&s,...,6,) @ E(€,41), or equivalently the Margolis homology
of z(n) /vy, is given by

]FQ zfsz,
ifl1<m<n,

H(H.(2(n)/vn); Qm) = 4 0

H,(z(n)/vy,) fm>n+1.

Proof. The proof in the case m = n follows by tensoring the complexes from the previous corollary with
the complex

Fo{1} ¢ Fo{&nyi1}-

Since this complex is Qn-acyclic, we observe that H(H.(z(n)/v,);Qn) = 0. For m = 0, we make the
following adjustment. Rather than replacing (c,,) with (¢),) as in Lemma 2.17, we keep the complex (c;,)
and remove (c,) for r > n. This has the consequence that H,(z(n)/vn, Qo) = Fa. In the case 0 < m < n, we
only replace (¢,) with (c..) for n—m < r < n. The Margolis homology is still trivial because we are tensoring
with the acyclic complex Fo{1} ¢ Fo{&,,}. The case m > n is exactly the same as in Lemma 2.17 0O

We can assemble these Margolis homology computations to study K(m).(X) for X = y(n), z(n),
and z(n)/uvy,.

Proposition 2.22. The chromatic complexity of y(n), z(n) and z(n)/v, may be described as follows:

e The spectrum y(n) is K(m)-acyclic for 0 <m <n —1, and K(n).(y(n)) # 0.
o The spectrum z(n) is K(m)-acyclic for 1 <m <n —1, and K(m).(z(n)) # 0 for m = 0,n.
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o The spectrum z(n) /v, is K(m)-acyclic for 1 <m < n, and K(0).(z(n)/v,) # 0.

Proof. We begin with showing K (m)-acyclicity. First, note that moy(n) = F, so the homotopy groups of y(n)
are torsion and therefore K (0).y(n) = 0. Let R € {y(n), z(n), 2(n) /v, }. Since R is connective, the localized
Adams spectral sequence converges to K(m).(R) by Corollary 2.13 for m > 1. By the same corollary, we
have

U;1E2 = v;ll EXtE&mH)(FQ’ H, (R)) =0
whenever H(H,(R);Q,,) vanishes. Lemma 2.17 and Corollaries 2.18 and 2.21 prove that these Margolis
homology groups vanish for the claimed ranges of m.

We now argue that K(0).(z(n)) and K(0).(z(n)/v,) are nonzero. Recalling that K(0) = HQ is rational
homology, it suffices to produce a torsion-free summand in the homotopy groups of z(n) and z(n)/v,.
The z(n)-analogue of Lemma 2.7 implies that the map z(n) — HZs induces an isomorphism on g, so
mo(z(n)) = Zs and thus K(0).(z(n)) # 0. Similarly, considering the Adams spectral sequences converging
to the map z(n) — z(n)/v, shows that mo(z(n)) = mo(z(n)/vy), so K(0).(z(n)/v,) # 0.

Finally, we argue that for R € {y(n),z(n)} that K(n).(R) # 0. Since K(n) and R are both E; ring
spectra, the Atiyah—Hirzebruch spectral sequence

Eit = Hy,(R; K(n);) = K(n)s1t(R)

is multiplicative, with multiplicative generators all either on the zero line or the zero column (using homo-
logical Serre grading). Since we are using the homological Serre grading the differentials are of the form
dr : E{y — E{_ ;1. 1. The spectral sequence is a right half-plane spectral sequence, so the generators on
the zero column cannot support differentials. By Lemma 2.3, the algebra generators in the zero line are all
in degrees less than or equal to 2" — 1. Since |v,| = 2" — 2 and v,,, the E?>-page is isomorphic to the

E2n+1’1—page and thus the spectral sequence collapses. Consequently, there is an isomorphism

K(n).(R) 2 K(n). ® H,(R)#0. O
3. Homology of topological Hochschild homology of y(n)

We now turn to the study of the topological Hochschild homology of y(n). We begin by computing
H,.(THH(y(n))) using the Bokstedt spectral sequence [14]. We then analyze the map ¢,, : H,(THH(y(n))) —
H,(THH(HF,)).

Remark 3.1. The calculations in this section and the sequel are complicated by the fact that the spec-
trum THH(y(n)) does not admit a ring structure since y(n) is an E; ring spectrum, but not an Es ring
spectrum. Therefore we will only prove additive isomorphisms throughout the remaining sections since there
is no multiplicative structure on H,(THH(y(n))).

We will use the map (¢y,)s : H.(THH(y(n))) — H,(THH(HF2)) to name the classes in H,(THH(y(n))).
This map can be understood modulo intermediary filtration in the sense of Remark 3.2. We thank an
anonymous referee for sharing this remark, which helps to clarify many of our later arguments.

Remark 3.2. Recall that for any E; ring spectrum R, we have THH(R) ~ |B¢Y“(R)|, where B¥“ is the cyclic
bar construction. The Békstedt filtration defines a filtered spectrum Fy THH(R), which is obtained by setting
F, THH(R) := |sk,(Bs’“R)| where sk,, is the n-skeleton functor. The homology of this filtered spectrum is
then a filtered graded abelian group, with F,, H.(THH(R)) = im(H.(F,, THH(R)) — H.(THH(R))). Let
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Fo CF C F, C--- C H,(THH(F,)) (10)

denote this filtration in the case R = HF3. The map (¢,). : H.(THH(y(n))) — H.(THH(HF;)) is an
injective map of filtered graded abelian groups. We will name a class in H,(THH(y(n))) which maps non-
trivially to the complement F} \ Fy_1 by its name in the quotient F}/Fy_;. Therefore, by definition, a
class x € H.(THH(y(n))) maps to the class with the same name in H,(THH(HF,)), modulo lower Bokst-
edt filtration.

In fact, we can say slightly more. Since HIF3 is an E ring spectrum, the 0-simplices of Be”“(HTF) split
off, and we can rewrite the filtration (10) as

FRECRhoF CFhoF C- - C H(THH(HF,)).

Therefore, any class z € H,(THH(y(n))) mapping to the complement Fj, \ Fy_; has a well-defined image
in Fy & Fy/Fi_1. In this sense, we understand classes in H,(THH(y(n))) modulo intermediary filtration.

In particular, classes in Bokstedt filtrations 0 and 1 of H.(THH(y(n))) have no indeterminacy modulo
intermediary filtration. Further, we obtain a homomorphism

fo: H{(THH(y(n))) — Fo = A’
which can be used to access the AY-comodule structure of H,(THH(y(n))) as we discuss next.
The AV-coaction on H,(THH(y(n))) will be denoted

v HL(THH(y(n))) — A" © H.(THH(y(n)))
for 0 < n < co with the convention that y(co) = HF,.
Proposition 3.3. There is an isomorphism of graded left AV -comodules

H.(THH(y(n))) = Hi(y(n)) ® E(01, 06, ... 0&),

|o&;| = 2¢, where the coaction

vn: H,(THH(y(n))) = A ® H,(THH(y(n)))

on elements x € H,(y(n)) is determined by the restriction of the coproduct on A" to H.(y(n)) C AV, the
coaction on o&; is determined by the formula v,(c&;) = (1 ® 0)v, (&), and the coaction on classes of the
form xy is determined by vy (xy) = vy (z)vy(y).

Proof. The Es-page of the Bokstedt spectral sequence
E;" = HH,(H.(y(n))) = P&, ... ,&) ® E(0&i, ..., 06,)

maps injectively to the Eo-page of the Bokstedt spectral sequence for HIF5. The latter spectral sequence
is multiplicative and all the algebra generators are concentrated in Bokstedt filtration zero and one. Con-
sequently, the Bokstedt spectral sequence for HIFy collapses and the injective map of spectral sequences
implies that the Bokstedt spectral sequence for y(n) also collapses.

The Bokstedt spectral sequence is a spectral sequence of AY-comodules and the formula v,(cx) =
(1 ® o)vy(z) holds because the operator o is induced by a map of spectra T AR — THH(R) (see e.g. [6,
Eq. 5.11]) and this determines the .AY-coaction modulo lower Bokstedt filtration. Here T C C denotes the
circle regarded as a topological group with the subspace topology. O
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We will use the fact that the Bokstedt spectral sequence computing H,.(THH(y(n))) agrees with the
Bokstedt spectral sequence computing H,(THH(HTF,)) up until degree 2"t! — 2 = |£,,1| — 1. We will also
frequently use the map

¢n: THH(y(n)) — THH(HF,)

induced by the map y(n) — HIFsy. The rest of this section is dedicated to studying the induced map on
homology

(¢n)«: H(THH(y(n))) — H.(THH(HF,)).

Remark 3.4. The spectrum THH(y(n)) has a canonical circle action T ATHH(y(n)) — THH(y(n)) com-
patible with a structure map o: T Ay(n) — THH(y(n)). Though the spectrum THH(y(n)) is not a ring
spectrum, we can refer to ‘products’ in H,(THH(y(n)) since the classes in H,(THH(y(n))) are named by
their image in the ring H.(THH(HF3)) (cf. Remark 3.2). With this convention, the map o acts as though
it were a derivation on H.(THH(y(n))) as in [48, Prop. 3.2]. Indeed, the proof of [48, Prop. 3.2] only relies
on R being an E; ring spectrum. This behavior will be important for our analysis in the next section since
the structure map o determines the d?-differentials in the homological T-Tate spectral sequence.

If « € H.(THH(y(n))) satisfies o(x) = 0, we will refer to x as a o-cycle. If x = o(y) for some y €
H.(THH(y(n))), we will refer to z as a o-boundary.

We are now ready to prove the main result of this section, Proposition 3.8. Before that, we include the
following example to illustrate some subtleties in understanding (¢, ).

Example 3.5. We will fully describe the map

@ HL(THH(HF,)) = P(&,&,...) ® P(of)

P(&) ® B(of) = H.(THH(y(1)))
induced by the map ¢;: THH(y(1)) — THH(HTF;) as a map of E(c)-modules in the category of AY-
comodules. We first describe this map as map of E(o)-modules.

By Remark 3.2, we have (¢1).(€}) = & since £ € H;(THH(y(1))) has Bokstedt filtration zero. As noted
already, the map (¢1). sends classes in H,(THH(y(n))) in Bokstedt filtration zero to the classes with the
same name in H,(THH(HF3)).

Moving on to Bokstedt filtration one, we know that either

(¢1)«(0&1) = 0&1 or (¢1)4(0&1) = 0& + &

for degree reasons. If the latter formula holds, we may simply change our basis for the vector
space Hy(THH(y(1))) = Fo{o€1,£7} to account for this, so we may assume the former.

We now analyze the key case. Consider the class £;0&; € Hs(THH(y(1))). We claim that (¢1).(£&10€1) #
&0&;. In fact, we know that o(&0€;) = 0 in H,(THH(y(1))) and therefore & o€, must map to a o-cycle in
H,(THH(HTF,)). By Remark 3.2, we know that £;0¢; maps to the class of the same name modulo classes
in lower Bokstedt filtration. We also know that in H,(THH(HTF,)), the equality o(&0&;) = o0& holds.
Therefore, there is an equality (¢1).(£10€1) = €10€1 + y where ¥ is in Bokstedt filtration zero and there is
an equality oy = 0. The only such element in H,(THH(HTF,)) with these properties is & itself. Thus,

(¢1)«(&10&1) = G081 + &
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We then claim that (¢1).(£F0&1) = £7%0€,. We know that o(£750€&;) = 0 in both the source and target.
Therefore, the only possibility is that we add o-cycles in either the source or target of the map. Since this
does not affect the map up to isomorphism of E(c)-modules, we may assume (¢1).(50&1) = £3r0y.

We also claim that (¢1). (72k+10§71) = Elge + k¢, Again, we know o(£Tlo€) = 0 in
H,(THH(y(1))) whereas §2k+1£1 k5, in H,(THH(HT,)). Therefore, we must add a term y in Bokstedt
filtration zero such that oy = 052 and the only possibility is flkfg This completely determines the map

up to isomorphism of E(U)—modules.
We now describe the map as a map of E(c)-modules in the category of AY-comodules up to some
indeterminacy. First, note that there are no o-cycles in the degree of §2k+1a£1 in lower Bokstedt filtration

2k+1
1

and thus we know the answer for o0& completely as a map of AV-comodules. This also forces the

AY-comodule structure on these elements. For example, since

G ol+1®86)* T (1®ok)+
E*1+108M(EHEO1+6 08 +108)
EO1+1®E6)* (1 ®0)+ @1+ 6 0GR+
2kl @ £2 4 £ @ E2H2 L 2k @ €, + 1 ® £28,,

Voo (€T 061 + E1M6) =

we know that

n(EMtol) = (Gel+1e&)* (1och) + 6ol +6H e
2l @ 2 L 6 QM2 L 2R @6 + 10630, .

In the case of £¥0&;, adding o-cycles of the form é{ does not affect the comodule structure on the source
up to a change of basis, since 5{ is also in the target. However, if we add a o-cycle in H,(THH(HF>))
that is not in the source, then this affects the comodule structure on the source. We therefore determine
¢, up to this indeterminacy. In summary, £2*0&; maps to £2¢0€; up to o-cycles in H,(THH(HF,)) that
are not in the image of H,(THH(y(1))). In Proposition 3.8, we will describe (¢, ). up to the same type of
indeterminacy.

Remark 3.6. In fact, we can actually avoid indeterminacy in the previous example because f_fkaf_l is a

¢2F+1 maps to the element of the same name, we see that £2¥¢¢;, must

o-boundary. Since we know that &;
map to the element of the same name without any indeterminacy. This argument no longer applies when

studying (¢, )« for n > 2 since there will typically be additional elements in lower Bokstedt filtration.

We may choose a basis of H,(THH(y(n))) so that ¢ behaves as a derivation at the level of symbols, i.e.
there is an equality up to lower Bokstedt filtration o(zy) = o(x)y + zo(y) for x,y € H.(y(n)). Indeed,
we may apply [48, Prop. 3.2] to see that the class o(zy) is detected by o.(zy) in the Es-page of the
Bokstedt spectral sequence (where o,: H.(y(n)) — HH.(H.(y(n))) is defined by z — 1 ® z). We have
o«(xy) = ox(x)y + xo.(y) since o, is a derivation in Hochschild homology of the graded commutative
ring H.(y(n)) [48, p. 7], and o.(x)y + xo.(y) detects the element we call o(x)y + zo(y) in H,(THH(y(n))).

The coaction on o€, is given by

(o) =(1®0) | Y. @&

it+j=k

Since o is a derivation (in the sense of Remark 3.4), we see that the only term that is nontrivial in the
formula for v, () is 1 ® o€;. We therefore conclude that o€}, is a comodule primitive for all k.

We now proceed to the main result of this section. We thank Vigleik Angeltveit for discussions which led
to a simplification of the proof of Proposition 3.8; we use some notation from [5, Prop. 4.12]. We also note
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once and for all that elements in H,(THH(y(n))) are only well-defined up to lower Bokstedt filtration as
in [5, Sec. 5.

Definition 3.7. Let bfilt(x) be the Bokstedt filtration of an element z. Define
Jn, = (x € H,(THH(HF3)) \ im(¢,, ) : bfilt(z) < n and o(x) = 0)

to be the ideal generated by all o-cycles « in H,(THH(HT5)) in Bokstedt filtration less than or equal to n
that are not in the image of (¢,,).. We refer to these elements as the complementary o-cycles in the proof
of the following proposition.

Proposition 3.8. Let z; = 0,061 ...0&,. The map
(én)+: H.(THH(y(n))) — H.(THH(HF))
is determined modulo intermediary filtration and complementary o-cycles by the following:

(a) We may find a representative of £x; so that
(n)«(Eii) = &mi + Enia

modulo intermediary filtration and complementary o-cycles.
(b) We may choose representatives for y € H,(y(n)) ory € E(céy,0&,,...,0&,) such that

modulo intermediary filtration and complementary o-cycles. That is, we can find representatives so that
fo: H(THH(y(n))) — AY sends y to zero modulo complementary o-cycles.

(¢) For all remaining products in H,(THH(y(n))), we may choose representatives so the map (¢n)s is
multiplicative modulo intermediary filtration and complementary o-cycles.

Proof. We begin with the proof of Item (a). We will proceed by downward induction on 4, starting with
the case i = n. Observe that in H,(THH(HTF,)), we have o(&x;) = 0&,41 for all i < n. Since 0&,41 ¢
H,(THH(y(n))), we must have that &,0¢, € H.(THH(y(n))) maps to &,0&, + 2z € H,(THH(HF,)) with
2 # 0 some element in lower Bokstedt filtration such that o(&x; + 2) = 0. In particular, o(z) = 0&, 1. The
only element z € H,(THH(HTF;)) in lower Bokstedt filtration such that oz = 0&, 1 is &u41.

Suppose now that Item (a) holds for all n > j > 4, i.e. ijj maps to f_jxj + §n+1 modulo intermediary
filtration for all j > i. By the same argument as above, the class &z; maps to &x; + 2z where z # 0 is
some element in lower filtration such that o(&x; + 2z) = 0. Examining H,(THH(HTF,)), we have that either

z=~E&41 O

S {Enxny §n71$n71, e a€i+133i+1}

up to o-cycles in H,(THH(y(n))). If the former holds, then we are done. If the latter holds, then we can
add z to the source and we know that &x; + 2 maps to &x; + &,41, modulo intermediary filtration, by the
inductive hypothesis. This completes the proof of (a).

We now turn to Item (b). For y € H,.(y(n)) it is clear that (¢,,)«(y) = y because all such y are in Bokstedt
filtration zero. For y € E(c&;,0&s,...,0&,), we know that after a possible change of basis, each of these
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elements y is a comodule primitive in H,(THH(y(n))) and therefore each such y maps to the element of the
same name in H,(THH(HF,)).

We now prove Item (c). By our naming conventions, a product z -y € H.(THH(y(n))) maps to z -y +
z € H.(THH(HF3)), where z is some (possibly trivial) element in lower Bokstedt filtration. Since we are
only concerned with describing z modulo intermediary filtration and complementary o-cycles, it suffices
to describe fo(z - y) € AY modulo complementary o-cycles. Since there is no indeterminacy in filtration
zero, we have fo(z -y) = fo(x) - fo(y) modulo complementary o-cycles. Thus, (¢,)«(z - y) = x - y modulo
intermediary filtration and complementary o-cycles, as claimed. 0O

We now note that (¢,,)« is also a map of E(co)-modules in AY-comodules. Since (¢, ). is exotic in some
cases, there is an exotic AY-coaction on some elements in H,(THH(y(n))).

Corollary 3.9. Modulo intermediary filtration and o-cycles in H.(THH(y(n))), the EY-coaction on
H.(THH(y(n))) is determined by the formula

n+1
Zgn+1

v (§ixi) = Zgj ® gfisz + Z & @& (11)
=0 =1

for x; = 0&0&i41...0&, and 1 < i < n, the usual coaction on the £Y-comodule H,(y(n)), and primitivity
of the coaction on the £V -comodule E(c€y, ..., 0&,).

Proof. By Proposition 3.8, this follows from the commutative diagram

H,(THH(y(n))) —— AY @ H.(THH(y(n)))

l(m)* lid ®(6n)s

H,(THH(F,)) —=— AY @ H,(THH(F,))

and the coaction of the dual Steenrod algebra on H,(THH(F3)), see [6, Thm. 5.12(3)]. The fact that elements
in E(c&,...,0&,) are primitive as £Y-comodules follows because E(c&1,...,0&,) is concentrated in even
degrees. O

4. Continuous mod 2 homology of TP(y(n))

In many classical trace methods computations, topological periodic cyclic homology is understood using
the homotopical Tate spectral sequence described by Greenlees—-May [25]. In Section 4.1, we explain why
this method of understanding TP(R) is not tractable when R = y(n) for n < oo. In Section 4.2, we apply
an alternative approach to understanding TP(R) inspired by foundational work of Bruner—Rognes [16], the
homological Tate spectral sequence. We analyze this spectral sequence to compute the continuous homology
HE(TP(y(n))) in Proposition 4.5.

4.1. Limitations of the homotopical Tate spectral sequence

Let R be an E; ring spectrum. The topological periodic cyclic homology spectrum TP(R) arises in many
classical trace methods computations, and it is now part of the definition of topological cyclic homology as
the fiber

can —

TC(R); — TC (R); ‘257 TP(R),
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after work of [49]. For example, when p is an odd prime, the spectrum TP(HT,) appears in Hesselholt and
Madsen’s computation of the algebraic K-theory of finite algebras over the Witt vectors of perfect fields [27].
Similarly, it plays an important role in the computation of TC(Z3)/2 by Rognes [52]. In both cases, they
analyze the mod p homotopical Tate spectral sequence

E? = H™*(T;m.(THH(R)/p)) = m.(TP(R)/p)

defined in [25]. We will review the filtration used to define this spectral sequence when we define the
homological Tate spectral sequence in Subsection 4.2.

When R = y(oco) = HF5, this spectral sequence is fairly simple. By Bokstedt periodicity [14], there is
an isomorphism 7, (THH(HF2)) = P(u) with |u| = 2, so one has a familiar checkerboard pattern on the
E2-page and the spectral sequence collapses. On the other hand, when R = y(n) for n < oo, this spectral

sequence appears to be intractable.
Example 4.1. We have y(0) = S and THH(S) ~ S as T-spectra. There is an equivalence of spectra
TP(S) ~ X2C P>,

by [25, Thm. 16.1]. The homotopy groups of CP>_ are less well understood than the stable homotopy
groups of spheres (cf. [53]).

Moreover, [9, Thm. 1] implies that
THH(y(n)) ~ Th(L"(Bf))

where f : QJan_1(S%) — BGL; S is the map defining y(n) as Th(f) = y(n) and Th(L"7(Bf)) is the Thom
spectrum of the composite map L7(Bf) defined as

BOLi&xn p a1, S x BGL,S — BGL, S.

LB 1 (5%) 20 LB2F ~ BGL, S x B2GL, S
This spectrum has homotopy groups at least as complicated as 7. (y(n)), which are only known in a finite
range. Since we want to understand large-scale phenomena in these homotopy groups, we will adopt a
different approach.

4.2. Homological Tate spectral sequence for THH(y(n))

In notes from a talk by Rognes [54], it is shown using the homological homotopy fixed point spectral
sequence and the inverse limit Adams spectral sequence [35] that there is an isomorphism of graded abelian
groups

m.(TC™ (HFy)) = [[ %2,
i€Z

We recall this calculation in Proposition 5.1. A similar argument shows that there is an isomorphism of
graded abelian groups

m.(TP(HF2)) = [[ 2¥Z>.
i€Z
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Definition 4.2 (Homological Tate spectral sequence [16]). Let R be an Eq ring spectrum. The homological
Tate spectral sequence has the form

E?, = H~*(T; H.(THH(R))) — H{(TP(R)).

It arises from the Greenlees filtration of TP(R) = THH(R)'T = [F(ET ., THH(R)) A ET]T defined by
setting (cf. [16, Sec. 2])

TP(R)[i] := [F(ET,, THH(R)) AET/ET;|T

where ﬁl is the cofiber of the map F Tgﬁ) — 5% where ET () is the i-th skeleton of E T, ifi > 0 and ﬁfl
is the Spanier—Whitehead dual of ET _;_; if ¢ < 0 [26, p. 437]. The limit

HE(TP(R)) = lim H.(TP(R)[i]
7
is called the continuous homology of TP(R). For 0 < n < oo, we will denote the E"-page of the homological

Tate spectral sequence converging to H(TP(y(n))) by Er(n) Note that there is also an eventually constant
filtration of TP(R)[i] defined by

TP(R)[i] if j < i

filg, TP(R)[i] = {TP(R)U] if j >4

whose associated spectral sequence we call the approximate homological Tate spectral sequence. We write
Fil, H.(TP(R)[i])) = H.(fil};,, TP(R)[:]) for the associated filtration of H,(TP(R)[i]) and we write

Grtye, Ho(TP(R)[i]) = Filgy,, H.(TP(R)[i])) /Filgsre Ha(TP(R)[])) -
Lemma 4.3. There is an additive isomorphism
E%(n) = P(t,t7) @ H.(THH(y(n))) = P(t,t ™) @ P(£1,&, ..., &) © B(0&y,. .., 0&,)
where [t| = (—2,0), |&] = (0,2" — 1), and |o&;| = (0,27).
In [16, Prop. 3.2], Bruner and Rognes show that d*(z) = t-o(z) in the homological Tate spectral sequence.
Therefore, in order to compute E3(n), we need to understand the T-action on H,(THH(y(n))). This can be

understood using Proposition 3.8 and the relation (¢,)«(0(z)) = o((¢n)«(x)) which follows from naturality
of 0.

Definition 4.4. [16, Prop. 6.1.(a)] Let k > 1. Define &, , € H,(THH(HF3)) by
52+1 = &1 + ko .
Proposition 4.5. There is an isomorphism of graded Fo-vector spaces
H(TP(y(n))) = P(t,t™") ® P(§,&, .- -,&,) ® E(§.06n)

with |t| = (=2,0), |&] = (0,2° — 1), and |0&] = (0,2%).
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Proof. First, note that Ef*(n) was computed in Lemma 4.3. The homological Tate spectral sequence is
not a multiplicative spectral sequence since THH(y(n)) is not a ring spectrum, but it is a module over the
spectral sequence for the sphere {E;*(O)}T. Consequently, the equality d"(t) = 0 holds and the differentials
are t-linear. We have differentials d?(&;) = to€, and thus d?(t"&) = t" 16, for m € Z by t-linearity.

Recall that z; = 0&; - - - 0&,. Any class of the form y&;x;, where y is a o-cycle, is a d?-cycle in the homo-
logical Tate spectral sequence converging to HS(TP(y(n))). Many of these classes are also d?>-homologous;
in particular,

d? (ygignagi T Ugn—l) = tyf_ixi + tygnxn .

Using these relations and the fact that this spectral sequence is a module over the spectral sequence for
the sphere, we obtain an additive isomorphism (cf. [16, Prop. 6.1])

E3,(n) 2 P(t,t7) ® P(&3,€.,},...) ® E(£,05,).

To see that there are no further differentials, we use the map of spectral sequences induced by the
T-equivariant map THH(y(n)) — THH(HFs). The homological Tate spectral sequence converging to
HS¢(TP(HT3)) has E3-page

B2 (00) & P(t,t ™) @ P(€2,&,8,...).

All of the generators are permanent cycles by [16, Thm. 5.1], so there are no further differentials. The
map Ei’*(n) — Ei,*(oo) is injective by Proposition 3.8 so we can conclude that there is also an isomor-
phism Eg(n) ~ Foo (n). O

A similar proof can be used to compute the homology of the spectra TP(y(n))[¢] which were used to
define the filtration of TP(y(n)) giving rise to the homological Tate spectral sequence. Indeed, one may
truncate the homological Tate spectral sequence to obtain a spectral sequence which converges strongly to

H.(TP(y(n))[i])-

Notation 4.6. When computing the truncated homological Tate spectral sequence or the truncated homo-
logical homotopy fixed point spectral sequence, we denote the left-most column (using Serre grading) by

L(i) = (H.(THH(y(n)),/ im(d5>") ) (1)
where the integer n is understood from the context.
Corollary 4.7. There is an isomorphism of graded Fs-vector spaces
H.(TP(y(n))[d]) = [Pt} @ P(&, &, ... &) ® E(€n0&n)] @ L(0)

with |t| = (—2,0), |&] = (0,28 — 1), |0&| = (0,2%), and P(t~1){t'"'} is viewed as a P(t~')-submodule of
P(t,t7h).

If X = lim; X; is the homotopy limit of bounded below spectra X; of finite type, then the inverse limit
Adams spectral sequence

Ey" = Ext0 (Fg, H{ (X)) = m.(X)
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arises from the filtration of X obtained by taking the inverse limit of compatible Adams filtrations of the
spectra X;, where the left-hand side is computed using the continuous AY-coaction on HS(X). For details,
see [40, Sec. 2]. Taking X = TP(y(n)) gives a method for calculating 7.(TP(y(n))). In view of Rognes’
computation of 7, (TC™ (HFz)) [54], one might suspect that the inverse limit Adams spectral sequence could
be used to compute the homotopy groups 7. (TP (y(n))) directly. However, this approach is significantly less
tractable for n < oo since AV coacts nontrivially on P(t,t=1) C H(TP(y(n))). This problem is avoided
when n = oo as follows. There is an AY-comodule isomorphism

HE(TP(HF,)) = P(t,t™ ) ® H,(HZy) = P(t,t 1) ® (A//E(0)). .
A change-of-rings isomorphism then gives

Ey* = Extgz‘gl)(]Fg,P(t,t—l)) :

Since £, is in an odd degree and P(t,t1) is concentrated in even degrees, the F(€;)-coaction on P(t,t~1)
is trivial. Therefore

E;’* >~ P(t,t_l) ® EXt*E’,zgl)(FQ,FQ)

and the spectral sequence collapses for degree reasons. The key simplification in the next section is that
we can replace the functor Ext’;0 (Fa, —) by the functor Ext";  (Fs2, —) if we compute connective Morava

E(én)
K-theory instead of stable homotopy because of the change of rings isomorphism.

4.3. Interpretation in terms of z(n) /vy,

To determine the chromatic complexity of TP(y(n)), we need to compute K(m).(TP(y(n))). We can
identify a piece of the continuous homology HS(TP(y(n))) computed in Proposition 4.5 with the homol-
ogy H.(z(n)/vy). Our identification may not hold as .AY-comodules due to the possibility of complementary
o-cycles in the image of (¢, )., but if we restrict to a smaller sub-Hopf-algebra of AV, it does. Recall the
definition of £Y from Section 1.2.

Proposition 4.8. There is an isomorphism of graded Fo-modules
H{(TP(y(n))) = P(t,t™") @ Hu(2(n)/va) .- (12)

Moreover, the associated graded Gri,.(HS(TP(y(n)))) of the Greenlees filtration on the continuous EV -
comodule HE(TP(y(n))) can be identified with P(t,t~') ® H,(z(n)/v,) as a continuous £ -comodule.

Proof. First, note that the £V-coaction on P(t,t~') = HS(TP(S)) is trivial because |t| = —2 and each &;
is in an odd degree for all ¢ > 0. We also know that HS(TP(y(n))) is a HS(T'P(S)))-module. The desired

isomorphism is therefore given by a map
P(EF,....6) ® B(&, ..., &) ® B(6n0&n) — Hu(z(n)/vn)
which is determined by
&£, é; = gja £n0ln > Ent

for 1 <i <nand2 < j<n. This is clearly an additive isomorphism, so it only remains to calculate the
action of @,, for each m > 0.
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We wish to show that the £Y-coaction on the elements in Grg,.(HS(TP(y(n)))) coincides with the £Y-
coaction on their images in Grg,, HS(TP(F2)). Since the coaction on

Grgyo(HE(TP(F2))) = P(t,t™") @ H.(HZ)

is determined from a subquotient of the coaction on AY using the module structure over the homological
Tate spectral sequence for the sphere spectrum, we will compute the continuous .A"Y-coaction

Vit Grgye HI(TP(y(n))) — AY® Grye HI(TP(y(n)))
by comparison with the known coaction
Veo: Griy, HE(TP(HF,)) — AV® Gy, HS(TP(HFy))
using the map on continuous homology induced by the map
(én)« : Ho(THH(y(n))) — H.(THH(HF2))

studied in Proposition 3.8. Therefore we will observe that the coaction on Grgy,, HS(TP(y(n))) is determined
from the coaction on H.(THH(y(n)) from Corollary 3.9 after passing to a subquotient.

For x € P(£2,...,£2), we have (¢,,)«(z) = x since bfilt(z) = 0, s0 v,,() = Voo ().

We calculate v,(€]) as follows. We have (¢,).(&)) = & + y where y is a o-cycle with bfilt(y) = 0. If
y ¢ J,, then we have v, (£}) = v (€)) modulo intermediary filtration. If y € .J,,, then y is divisible by £2 iy
or 0,1, for 7 > 1. In both cases, v (y) does not contain any terms of the form &,, ® z for any m, so Q,
acts trivially on y for all m and the action of Q; on &, is unaffected by y. Thus v, (&]) agrees with vu(&;).

We have (¢n)«(En0&n) = £,0&, + €nq1 modulo intermediary filtration and complementary o-cycles.
Therefore, the equality

n+1 )
Vn(€n0€n) = Voo (§00€n) + Z & ® 5721;1—1'

i=1

holds modulo intermediate filtration and complementary o-cycles so as before we can argue that

Qm(gno'gn) = Qm(77/1+1) fOI‘ all m.
Finally, we use Proposition 3.8(c) and the discussion above to determine the coaction on symbolic prod-
ucts of classes. O

Remark 4.9. If the map (12) can be upgraded to a map of AY-comodules induced by an T-equivariant map
z(n)/v, — THH(y(n)), then this would imply an equivalence

((2(n)/va)")2 = TP(y(n))2 -
Corollary 4.10. There is an identification
lim Bty (F>, Grésy, H (TP(y(n))[4])) = 0
for 0 <m <n.

Proof. This follows from the proof of Proposition 4.8 and Corollary 2.21, together with the fact that the
unit map S — y(n) makes this limit into a module over

lim Extyy e ) (Fs, Griyee Ho(TP(S)[K]) = Pon)[t,t7]. D
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5. Continuous mod 2 homology of TC™ (y(n))

In this section, we mimic the analysis from Section 4 in order to study the (continuous) Morava K-theory
of the topological negative cyclic homology of y(n).

5.1. Homological T -homotopy fized point spectral sequence for THH(y(n))

We now analyze the homological homotopy fixed point spectral sequence converging to the continuous
homology of topological negative cyclic homology of y(n). This spectral sequence has the form

E?(n) := H*(T; H.(THH(y(n)))) = H{(TC™ (y(n)))
where

H{(TC (y(n))) = lim H.(TC™ (y(n))[])

and TC™ (y(n))[i] = F(ET@,THH(y(n)))T so that lim TC™ (y(n))[i] = TC™ (y(n)). Note that there is

also an approximate homological homotopy fixed point spectral sequence associated to the filtered object

TC (y(n)li] ifj>i
fily, TC™ (y(n))[i] = { TC™ (y(n)lj]] f0<i<y
0 if j <0.

We write
Fil H.(TC™ (y(n))[i]) = H.(fil}, TC™ (y(n)))
and
Gl H.(TC™ (y(n))[d]) = Fill H.(TC™ (y(n))[{]) /Fil " Hu(TC™ (y(n))[d]) -

We will first discuss the case n = oco. This computation is entirely contained in [54], but we review it
here and fill in some details for later use.

Proposition 5.1 (c¢f. [5/]). There is an equivalence

TC™ (HF,)y ~ [[ S*HZ, .
i€EZ

Proof. The input of the homological homotopy fixed point spectral sequence is
E%(00) 2 P(t) ® AY @ P(0€;),

where [t| = (—2,0) and an element x from AY ® P(c&;) of degree d is in (0,d). As in the homological
Tate spectral sequence, the differentials are t-linear and are determined by those of the form d?(z) = tox
given by [16, Prop. 3.2]. Since 7 is trivial in THH, (HF3), o is a derivation and therefore the only nontrivial
differentials are d2(¢;) = to&;. Recall that (0€1)?" = 0&;41. Then E3(c0) is isomorphic to

P(t) @ P(€1,&,...) ® P(§,&, .. ){(06)" |k > 1} = P(€7,&,...) ® [P(t) ® Fa{(0€1)" [k > 1}]
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and the spectral sequence then collapses by [16, Thm. 5.1].
There is an isomorphism of AY-comodules

P(&,&,...) @ [P(t) @ F2{(0&1)"[k > 1}] = H.(HZ) @ [P(t) ® F2{(c&1)"|k > 1}]
defined by sending {?j to ?j + (&) for all j >0, & to & for i > 2, and t¢ to t¢ for all £ > 0, and (0&;)"

to (c&;)* for all k > 0.
The inverse limit Adams spectral sequence then has FEo-page

Ext’{0 (Fo, H (HZ) ® [P(t) ® Fo{(0&1)" |k > 1}]) = Extg&l)*(Fg,P(t) @ Fo{(c&)*|k > 1}).

Since ¢ and ¢&; are in even degrees, the Qo-action is trivial and we see that this Eq-page is isomorphic to
P(vg) ® P(t) @ Fo{(c&1)*|k > 1}.
The usual calculation for resolving extensions in this spectral sequence produces an isomorphism

m.(TC™ (HF3)p) ~ [[ 7. (S¥ HZ,) .
1€Z

The result then follows from the fact that TC™ (HF3)s is a commutative K(Fy)s ~ HZs-algebra. O

Remark 5.2. In the case n = 0, the map THH(S) — S induced by collapsing T to a point is a T-equivariant
equivalence and consequently the T-action on THH(S) ~ S is trivial. This implies that

TC(S) ~ F(CP®,S)

Therefore, we expect TC™ (y(n))2 to interpolate between the 2-completion of the Spanier—Whitehead dual
of CP$° and [];.z %?Z5. Our computations are consistent with this expectation.

Proposition 5.3. There is an isomorphism of graded Fo-vector spaces
H{(TC™ (y(n))) =H.(2(n)/vn) @ P(t) & T

with T the simple t-torsion module

i=1

T := H.(z(n)) ® Fy {H(Ué)“ 1€ €10, 1},261' > 1} ,

where |t| = (—2,0), |&] = (0,2° — 1), and |0&;| = (0,2°). Moreover, there is an isomorphism of continuous
EV-comodules

lim Grgy H (TC™ (y(n))[i]) = Ha(2(n)/va) @ P() © T

where the EY-comodule action on H.(z(n)) and H.(z(n)/v,) was described in Corollaries 2.18 and 2.21
and the £ -comodule action on Fao {I]}_, (0&)% : & € {0,1},3€; > 1} and P(t) is trivial.

Proof. We will use the homological homotopy fixed point spectral sequence. Before we give the details, we
note that the somewhat mysterious summand T above will appear as the kernel of the d?-differential of the
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homological homotopy fixed point spectral sequence in bidegrees (0, x), i.e. it consists of the kernel of d?
along one edge of the spectral sequence.? The other summand will be the homology of the d-differentials
in the remaining bidegrees.

The homological homotopy fixed point spectral sequence has E2-page

E2(n) = H*(T; H.(THH(y(n)))) = P(t) ® P(&1, ..., &) ® B(0&1, ..., 0&)

where |t| = (—2,0), |&] = (0,2 — 1) and |0&] = (0,2°). As in the Tate case, E*(n) is a module over
E2(0) = P(t). Therefore d"(t) = 0 for all r > 1 and all differentials are ¢-linear.

The d?-differentials in the homological homotopy fixed point spectral sequence are of the form d?(z) = tox
by [16, Prop. 3.2], and o acts as a derivation as in the Tate case. We therefore obtain an additive isomorphism

kerd® = P(t) ® P(£1,&,....&,) & T

where T := P(£2,&,...,&) ® Ty and

To=Fo{[[ ol 1 e € {0,1},> e > 1}. (13)
=1 [

The summand T can be identified with a summand in H,(THH(y(n))), up to intermediary filtration, by
sending a ® b € T to ab € H,(THH(HF5)); the product ab has a unique lift up to intermediary filtration in
H.(THH(y(n))) by the computations above.

We therefore just need to compute imd? C ker d? to identify E3(n). First, note that to&; is in im d? for
all 1 <14 < n since d?(&;) = to&;. Also, no element of the form z € P(t) ® P(&2,...,£2) ® P(€),...,£) is in
im d2. Finally, observe that t£;z; + t£;2; € imd? for 1 < i < j < n as in the proof of Proposition 4.5. We
conclude that

imd* = [P(t) ® E(c&i,...,0&,) @Fo{y - & + y&z; 1 1 < i< j <nandy € kerd’}] {t}.

Thus, up to a change of basis, the class t€,x,, survives to the E3(n)-page. We can therefore identify the
E3-page as

E.(n) = P(E,&,...6,) ® B(uan) @ P(t) & T

with T := P(£3,&,...,€.) ® Tg and Ty defined in (13).

To see that there are no further differentials, we use the map of homological T-homotopy fixed point
spectral sequences induced by the T-equivariant map THH(y(n)) — THH(HTFz). The homological homotopy
fixed point spectral sequence converging to the graded Fa-vector spaces HS(TC™ (HFz)) has E3-page

E*(c0) X P(t) @ P(E1,€4, i > 1)@ P(§,E 1 11> 1) @Fo{(0&)" : k> 1}.

By Proposition 3.8 and the fact that all d>-differentials in the source also occur in the target, the map
is injective on E3-pages. Since there is an isomorphism E?(co0) = E*(0o) by [16, Thm. 5.1], there are
isomorphisms E3(n) = E*(n) for all n > 0.

As in the proof of Proposition 4.8, we can identify

P(&,&, ... &) ® B(€.0&s) © P(t) = Hi(2(n)/va) ® P(t)

2 Similar “edge terms” appear in the computations of Bruner—-Rognes [16, Prop. 6.1].
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and
T = H.(2(n) ® ]FQ{H(ag})ﬂ rei €{0,1},) e >1}

as continuous &£Y-comodules and consequently, we also identify
Créye H(TCT (y(n))) = Ha(2(n) /vn) @ P(t) ® He(2(n)) ® Fo{ [ [ (0€) s i € {0,1},) e > 1}
i=1

as £V-comodules. O
Corollary 5.4. There is an identification

lim Extyyr; | (Fa, Gréye Ho(TC™ (y(n))[k]: F2)) = 0

for s > 0.
Proof. The analogue of the last display equation in the proof of Proposition 5.3 implies that
Gr*Gre H* (T07 (y(n)) [k]7 ]F2)

can be expressed in terms of H.(z(n)/v,) and H,(z(n)) (tensored with appropriate comodules). The relevant
Margolis homology groups then vanish for all k£ in view of Corollaries 2.18 and 2.21, so the limit under
consideration is a limit of trivial groups and thus vanishes. O

6. The inverse limit May—Ravenel spectral sequence

In this section, we pass from continuous homology to continuous Morava K-theory using inverse limit
Adams spectral sequences [39]. The main technical difficulty of this approach is computing the Es-pages of
these spectral sequences, which boils down to resolving hidden £V-comodule extensions in the homological
homotopy fixed point and Tate spectral sequences. We do this using a new technical tool, the “inverse
limit May—Ravenel spectral sequence,” which we develop in Section 6.1. We apply the spectral sequence to
complete the proof of the main theorem in Section 6.2.

6.1. The inverse limit May—Ravenel spectral sequence

In foundational work of May [43], he constructs a spectral sequence associated to a filtered Hopf algebra.
This is generalized in work of Ravenel [51]. Here we give a further generalization that may be of independent
interest.

Throughout this section, let (Fp,I') be a graded commutative, connective, flat Hopf algebroid such that
I' is a finite type graded Fp-module. We write T = coker(n) for the cokernel of the left unit. In the
following construction, we will work in the abelian category Ch(F,,I") of chain complexes of graded I'-
comodules, where we write CoMod(F,,I") for the abelian category of graded I'-comodules and simply
Cotor(p, r)(X,—) for the derived functors of the cotensor XU— : CoMod(F,,I') — Ab where Ab de-
notes the category of abelian groups. We also abbreviate and write Pro(F,,I") := Pro(Comod(F,,I")) and

3 The spectral sequence from [51] generalizing [43] is called the Ravenel-May spectral sequence in [55] and Ravenel spectral
sequence in [29]. We prefer to give credit to both authors and use alphabetical order.
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Ind(F,, T) := Ind(Comod(F,,T')). We write Pro(F,, )" for the full subcategory of Pro(F,,T') spanned by
those pro-objects in (IF,,,I") that are object-wise finite type. We note that this forms an abelian category.

Construction 6.1. Let {M;} be in Pro(F,, I')ft. Let {Fil* M, } be a decreasingly filtered object in Pro(F,, ')+
such that all the structure maps {Fil*M;} — {Fil* *M;} are level maps of pro-objects, lim,{Fil°*M;} =
{M,}, and colim¢{Fil*M,} = 0. For each fixed i, we write D{(M;) and CR(M;), following the convention in
[51, Definition A1.2.11], and we further consider

Fil*{Dp(M,)} := {T @p, T " @p, Fil*M,}
and
Fil*{C2 (M)} == {F,Or (T @F, T "° @, Fil*M;)} (14)

as filtered objects in Pro(Ch(F,,T")). We also write

Gr*{Dp(M;)} := Fil*{DR(M;)}/Fil*  { D}(M;) }
and

Gr*{CP(M;)} = Fil*{C}(M;)}/FI" O (M)} - (15)
We call the spectral sequence produced by applying homology to the filtered chain complex of abelian groups

li;m Fil*{Cp(M;)}

the inverse limit May—Ravenel spectral sequence.
Lemma 6.2. Suppose that {N;} is in Pro(F,, ). Then there is an isomorphism

Cotorp,o(r, ry(Fp, {Ni}) = lim Cotor g, ry(Fp, Vi) - (16)

Proof. Note that I ®F, I ®f, N; is a relative injective I'-comodule for each ¢, and ¢ and the levelwise
cotensor [F,[J— is exact on levelwise relative injective pro-objects in I'-comodules. The composite lim(F,0—)
is exact on objects in Pro(F,, )" that are object-wise relative injective. The isomorphism then holds by
using the fact that Pro(Ch(F,,I')) = Ind(Ch(F,,I')°?)°? and the analogue of [33, Corollary 15.3.9] for
pro-objects where we replace Homp,qg(cy(X, —) : Ind(C) — Ab with the composite functor

lim(F,0—) : Pro(F,, )" — Ab.

Now, observe that the functor F,[0— sends relative injective finite type (F,,I')-comodules to lim-acyclic
(F,,I')-comodules since all levelwise finite type pro-objects in (F,,I")-comodules are lim-acyclic (cf. [56,
Lemma 15.16]). Since Pro(F,,I')*" is an abelian category, we can therefore consider the Grothendieck
spectral sequence for the composite

lim(F,00—) : Pro(F,, )" — Ab.

This Grothendieck spectral sequence collapses to the line given by lim Cotor(g, r)(F,, —), again since all
finite type (I, I')-comodules are lim-acyclic, yielding the desired isomorphism. 0O
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Proposition 6.3. We can identify the Eo-page of the spectral sequence from Construction 6.1 with
lilm Cotor(g, ry(Fp, Gr™ M;)
whenever M; is a finite type Fp-module for each 1.

Proof. Since kernels and cokernels (and consequently images) of level maps are computed levelwise, we
observe that the Eq-page from Construction 6.1 satisfies

E;* = H,(lim;Gr*{C(M;)}) .
We then determine that

H,(lim;Gr*{Cp(M;)}) = Cotor;ro(FmF) (Fp, {Gr*M;}) (17)
= lign Cotor (g, ry(Fp, Gr" M;) (18)
where we write Cotorp,,g, r)(Fp, {Gr*M;}) for the derived functors of the functor
lim(F,0-) : Pro(F,,T)* — Ab.
The isomorphism (17) then holds because I' ®, T ®r, Fil*M; and T ®F, T @r, Gr*M; are relative
injective I'-comodules for each x, o, and k and the levelwise cotensor F,[1— is exact on levelwise relative
injective pro-objects in I'-comodules. Moreover, the composite lim(F,00—) is exact on objects in Pro(IFp, I)fe

that are object-wise relative injective I'-comodules, such as I' ®F, o ®r, Gr*M;. The isomorphism (18)
then holds by Lemma 6.2. O

Proposition 6.4. Suppose {M;} is in Pro(F,, )" and the filtered objects Fil M; in Pro(F,, ) from
Construction 6.1 are eventually constant for each v and satisfy

lim (FilY (CR(M,)}) = CR(M))

for each i. Then the inverse limit May—Ravenel spectral sequence conditionally converges to

lilm Cotor(y, 1y (Fp, M;) .
Proof. Since

colim ¢ {Fil/ M;} =0,

we know that

colim Fil/ {CR(M;)} = 0
so the result follows because passing to homology commutes with filtered colimits. Moreover, we note that

H. (B (FV (CE))) ) & Cotorpyu, o (Fy, (M) (19

= lilr_n Cotor(g, ry(Fp, M;). (20)
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Here the isomorphism (19) holds because Fil/ M; is eventually constant for each i and the isomorphism (20)
holds by Lemma 6.2. Therefore, the inverse limit May—Ravenel spectral sequence conditionally converges to
the limit in the sense of [13, Definition 5.10] under the stated hypotheses. O

Proposition 6.5. Set I' = F(&,,) and suppose Fil*M; from Construction 6.1 is eventually constant as s —
—o0 for each i. Suppose the inverse limit May—Ravenel spectral sequence has a horizontal vanishing line of
slope zero and positive y-intercept. Further, assume that M; is a finite type I'-comodule for each i. Then the
inverse limit May—Ravenel spectral sequence has Es-page

3" = lim Cotor(p, e, ) (Fp, Gr' M),
differential

dstu Estu_>Es+1t U

)

and strongly converges to

hm Cotor F,, M;)

(]FmE(Em))(

whenever M; is a bounded below for each i.
Proof. Conditional convergence to

hm Cotor(FwE(Em)) (Fp, M;)

follows from Proposition 6.4 since
lim (Fil/{G(M,)} ) = G (M)

holds whenever Fil/ M; is eventually constant as f — —oo for each 7 and we know that CE(Gr'M;) and
C3(M;) are in Pro(F,, E(E,,))" for each s and ¢ under our finite type and bounded below hypotheses.
The horizontal vanishing line and the finite type hypothesis also imply that the obstruction W from [13,
Lem. 8.5] vanishes by [13, Lem. 8.1]. The vanishing line also implies that Z2 from [13, p. 63] is eventually
constant and therefore RE., = 0 by definition (cf. [13, Sec. 5, Eq. (51)]). Consequently, strong convergence
follows from [13, Theorem 8.2]. O

Remark 6.6. Note that by [51, Corollary A1.2.12], we can identify
COtOI‘ (F,p E(Em))(F M) EXt*E(fm)(]FP?M) .
6.2. Final computation

We now specialize back to homological trace methods for y(n). As a consequence of the results in the
previous subsection, we have the following.

Proposition 6.7. There are strongly convergent inverse limit May—Ravenel spectral sequences

hmExtE(5 )(IE‘Q,Gr:kH*(TC_(y(n))[i])) = hmExtE(E )(IFQ,H*(TC_(y(n))[i]))
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and

hmExtE(E )(IFQ,GrareH*(TP(y(n))[i]) = hmExtE(E )(FQ,H*(TP(y(n))[Z])}

where Gri H.(TC™ (y(n))[i]) denotes the Ex-page of the approximate homological homotopy fixed point
spectral sequence and Gri,H.(TC™ (y(n))[i]) denotes the Ex-page of the approzimate homological Tate
spectral sequence.

Proof. By Proposition 6.5, it suffices to check that H.(TC™ (y(n))[i]) and H.(TP(y(n))[i]) are finite type,
bounded below, and the filtrations

FilG H.(TC™ (y(n))[i]) and  Filg, H.(TP(y(n))[i)

are eventually constant, all of which are clear from the definitions and the computations in the proofs of
Propositions 4.8 and 5.3. O

Remark 6.8. The existence of the spectral sequence from Proposition 6.7 allows us to resolve hidden £V-
module extensions in the homological Tate spectral sequence and the homological homotopy fixed point
spectral sequence, as we summarize in the following result. See [38] and [8] for related results.

Theorem 6.9. The k(m).-module k(m)¢(TP(y(n))) is simple vy, -torsion for all 0 < m < n. Moreover, the
k(m).-module k(m)¢(TC™ (y(n))) is simple vy, -torsion for each 0 < m < n.

Proof. It suffices to show that the Eo-page of the inverse limit Adams spectral sequence
lim Ext’§% (Fa, H, (k(m) @ TP(y(n))[i:F2)) = k(m); TP(y(n))
vanishes for s > 0 and 0 < m < n and
lim Ext iy (F, H. (k(m) @ TC™ (y(n))[i]; F2)) = k(m)ITC™ (y(n))

vanishes for s > 0 and 0 < m < n. By change-of-rings, it suffices to show that there is an isomorphism

hm ExtE(£ )(]F27 H.(TP(y(n))[i];F2)) =0
for s > 0 and 0 < m < n and there is an isomorphism

lim Extz&m)(lﬁ‘g, H.(TC™ (y(n))[i];F2)) =0

for s > 0 and 0 < m < n. By Proposition 6.7, the relevant inverse limit May—Ravenel spectral sequences
strongly converge, so it suffices to observe that by Corollary 4.10, the input

hm EXtE({ )(IFQ, Gréye He (TP(y(n))[i]; Fa))

is zero for s > 0 for all 0 < m < n and by Corollary 5.4, the input
hm Ext®* (]Fg, Grée Ho(TC™ (y(n))[i];F2))

E(fm

iszerofor s >0forall0<m<n. O
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Remark 6.10. Let F' € {TC™,TP}. By Adams’ theorem [3, Theorem III.15.2], there is an equivalence
lm k(m) A >0 F(y(n))[i] =~ k(m) Alim 7, F(y(n))]i]
for each integer w. Note that since the poset (Z, <) is a 1-category, we can write this homotopy limit as a
fiber between infinite products (using the Bousfield-Kan formula for the homotopy limit) and it suffices to
commute k(n) with these infinite products, which is the content of [3, Theorem III.15.2]. Since a sequential
limit of uniformly bounded above spectra is bounded above and bounded above spectra are K (m)-acyclic,
we know that
K (m). lim7<y,—1 F(y(n))[i] = 0

for each integer w. Therefore, there are equivalences
vy i k(m) A 720 F(y(n))[i] = K(m) Alim 7> F(y(n))[i]
=~ K(m) Alim F(y(n))li]
~ K(m) A F(y(n))
for each integer w. Consequently, there are long exact sequences
= vt R(m)SF (y(n) = v k(m)$(T<w F(y(n)) = K (m)s1 Fy(n) — ..
relating v,,'k(m)<F(y(n)) to K(m)s11F(y(n)) for F € {TC™, TP}. Here we write
Uy R(m)SF (y(n)) = vy, lim k(m) s F(y(n))[i]
and
U k(m)S(r<w F(y(n) = v, im k(m) s (r<w F (y(n))[i]) -
Note that by [49], there is a long exact sequence
= K(m). TC(y(n)) — K(m). TC™ (y(n)) = K(m). TP(y(n)) = ---
for all m > 1 and by [22,27] the trace map
K(m).« K(y(n)) = K(m). TC(y(n))
is an isomorphism for m > 1. So vanishing of K(m).TC™ (y(n)) and K(m). TP(y(n)) for m > 1 implies
vanishing of K(m), K(y(n)) for m > 1.
Since the first version of this paper appeared in preprint form, work of [37] independently showed that
K(m).K(y(n)) =0
for 0 < m < n. This suggests that

U k(M) (<0 TP(y(n))) = vy, k(m)S(r<w TC™ (y(n))) = 0
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for 0 < m < n. In joint work with Salch [8], the first author worked towards proving this, but unfortunately
in the course of revising [8] an additional hypothesis was deemed necessary, which we have not been able
to verify in the case of y(n).
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