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1. Introduction

Real algebraic K-theory, KR, is an invariant of a ring (spectrum) with anti
involution [15]. It is a generalization of Karoubi’s Hermitian K-theory [22], and an 
analogue of Atiyah’s topological K-theory with reality [2]. Real topological Hochschild 
homology, THR(A), is an O(2)-equivariant spectrum that receives a trace map from 
Real algebraic K-theory [15,6,21]. Just as topological Hochschild homology is essential 
to the trace method approach to algebraic K-theory, THR is useful for computing Real 
algebraic K-theory.

In Hill, Hopkins, and Ravenel’s solution to the Kervaire invariant one problem [17], 
they developed the theory of a multiplicative norm functor NG

H from H-spectra to G
spectra, for H ≤ G finite groups. In the case of nonfinite compact Lie groups, however, 
norms are currently only accessible in a few specific cases. In [1], the authors extend the 
norm construction to the circle group T , defining the equivariant norm NT

e (R) for an 
associative ring spectrum R. They further show that this equivariant norm is a model 
for topological Hochschild homology. In the present paper, we extend the norm con
struction to an equivariant norm from D2 to O(2), using the dihedral bar construction, 
demonstrating that this norm is a model for Real topological Hochschild homology.

Before defining the norm, we introduce some notation. We write Bdi
• (A) for the dihe

dral bar construction on A (cf. Section 2). Let 𝒰 denote a complete O(2)-universe, and 
let 𝒱 be the complete D2-universe constructed by restricting 𝒰 to D2. We write ˜︁𝒱 for the 
O(2)-universe associated to 𝒱 by inflation along the determinant homomorphism. The 
input for Real topological Hochschild homology is a ring spectrum with anti-involution, 
(A,ω). Ring spectra with anti-involution can be alternatively described as algebras in 
D2-spectra over an Eσ-operad, where σ is the sign representation of D2, the cyclic group 
of order 2. We refer the reader to [18] for more details.

Definition 1.1. We define the functor

N
O(2)
D2

: Assocσ(SpD2
𝒱 ) −→ SpO(2)

𝒰

as the composite ℐ𝒰˜︁𝒱 |Bdi
• (−)|. Here ℐ𝒰˜︁𝒱 denotes the change of universe functor.

We then prove that this functor satisfies one of the fundamental properties of equiv
ariant norms: in the commutative setting it is left adjoint to restriction. Let ℛ denote 
the family of subgroups of O(2) which intersect T trivially, and let SpO(2),ℛ

𝒰 denote the 
ℛ-model structure on genuine O(2)-spectra [17, Appendix B] (cf. [1, Theorems 2.26, 
2.29]).

Theorem 1.2. The restriction

N
O(2)
D2

: Comm(SpD2
𝒱 )→ Comm(SpO(2),ℛ

𝒰 )
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of the norm functor NO(2)
D2

to genuine commutative D2-ring spectra is left Quillen adjoint 
to the restriction functor ι∗D2

.

This equivariant norm, NO(2)
D2

A, is a model for Real topological Hochschild homology, 
THR(A).

In [8], the authors prove that for a flat ring spectrum with anti-involution (R,ω) in 
the sense of [8, Definition 2.6], there is a stable equivalence of D2-spectra

ι∗D2
THR(R) ≃ R ∧L

N
D2
e ι∗eR

R.

We generalize this result by proving a multiplicative double coset formula for the norm 
N

O(2)
D2

.

Theorem 1.3 (Multiplicative Double Coset Formula). Let ζ denote the 2m-th root of unity 
e2πi/2m. When R is a flat Eσ-ring and m is a positive integer, there is a stable equivalence 
of D2m-spectra

ι∗D2m
N

O(2)
D2

R ≃ ND2m
D2

R ∧L
N

D2m
e ι∗eR

ND2m
ζD2ζ−1cζR.

Ordinary topological Hochschild homology is the topological analogue of classical 
Hochschild homology of algebras. The two theories are related by a linearization map.

πk THH(R)→ HHk(π0R),

which is an isomorphism in degree 0, where R is a (−1)-connected ring spectrum. It 
is natural to ask, then, what is the algebraic analogue of Real topological Hochschild 
homology? In this paper, we define such an analogue: a theory of Real Hochschild ho
mology for rings with anti-involution, or more generally for discrete Eσ-rings. A discrete 
Eσ-ring is a type of D2-Mackey functor that arises as the algebraic analogue of Eσ-rings 
in spectra (cf. Definition 4.7). Indeed, if R is an Eσ-ring in spectra, πD2

0 (R) is a discrete 
Eσ-ring.

Definition 1.4. The Real D2m-Hochschild homology of a discrete Eσ-ring M is the graded 
D2m-Mackey functor

HRD2m∗ (M) = H∗
(︂
HRD2m• (M)

)︂
,

where

HRD2m• (M) = B•(ND2m
D2

M,ND2m
e ι∗eM,ND2m

ζD2ζ−1cζM).

This theory of Real Hochschild homology is computable using homological algebra 
for Mackey functors. We prove that Real topological Hochschild homology and Real 
Hochschild homology are related by a linearization map.
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Proposition 1.5. For any (−1)-connected Eσ-ring A, we have a natural homomorphism

πD2m
k THR(A) −→ HRD2m

k (πD2
0 A),

which is an isomorphism when k = 0.

This relationship facilitates the computation of Real topological Hochschild homology. 
As an example, we compute the degree zero D2m-Mackey functor homotopy groups 
of THR(HZ), for odd m. When restricted to πD2

0 (THR(HZ)D2pk ), this computation 
recovers a computation of [9], proven by different methods.

As part of this computation, we do some of the first calculations to appear in the 
literature of dihedral norms for Mackey functors. In doing so, we establish a Tambara 
reciprocity formula for sums for general finite groups.

Theorem 1.6 (Tambara reciprocity for sums). Let G be a finite group and H a subgroup, 
and let R be a G-Tambara functor. For each F ∈ MapH

(︁
G, {a, b})︁, let KF be the stabi

lizer of F . Then for any a, b ∈ R(G/H), we have

NG
H (a + b)

=
∑︂

[F ]∈MapH(G,{a,b})/G
trGKF

⎛⎝ ∏︂
[γ]∈KF \G/H

NKF

KF∩(γ−1Hγ)

(︂
γresHH∩(γKγ−1)

(︁
F (γ−1)

)︁)︂⎞⎠
In the case of dihedral groups, this leads to a very explicit formula for Tambara 

reciprocity for sums (cf. Lemma 6.11), facilitating the computation of dihedral norms.
Our definition of Real Hochschild homology also leads to a definition of Witt vectors 

for rings with anti-involution. Classically, Witt vectors are closely related to topological 
Hochschild homology. Indeed, in [14] Hesselholt and Madsen show that for a commutative 
ring R

π0(THH(R)Cpn ) ∼ = Wn+1(R; p),

where Wn+1(R; p) denotes the length n+ 1 p-typical Witt vectors of R. Further, in [13], 
Hesselholt generalized the theory of Witt vectors to non-commutative rings and showed 
that for any associative ring R there is a relationship between Witt vectors and topo
logical cyclic homology,

TC−1(R; p) ∼ = W(R; p)F .

Here W (R)F denotes the coinvariants of the Frobenius endomorphism on the p-typical 
Witt vectors W (R; p).

In our work, we prove analogous results for rings with anti-involution. We provide 
a Real cyclotomic structure on Real Hochschild homology, and use this to define Witt 
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vectors of rings with anti-involution R, denoted W (R; p), (cf. Definition 5.10). As a 
consequence of this work, we show that π−1 TCR(R) can be described purely in terms 
of equivariant homological algebra.

Theorem 1.7. Let A be an Eσ-ring and assume R1 limk π
C2
1 THR(A)μpk = 0. There is 

an isomorphism

π−1 TCR(A; p) ∼ = W (πD2
0 A; p)F ,

where W (A; p)F is the coinvariants of an operator

F : W (πD2
0 A; p) −→W (πD2

0 A; p).

1.1. Conventions

Let Top denote the category of based compactly generated weak Hausdorff spaces. 
We refer to objects in Top as spaces and morphisms in Top as maps of spaces. Let G
be a compact Lie group. Then TopG denotes the category of based G-spaces and based 
G-equivariant maps of spaces. For a G-universe 𝒰 , let SpG𝒰 be the category of orthogonal 
G-spectra indexed on 𝒰 [27, II. 2.6].
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The first author would like to thank V. Boelens, E. Dotto, I. Patchkoria, and H. Reich 
for helpful conversations. The second author would like to thank C. Lewis for helpful 
conversations. The second author was supported by National Science Foundation grants 
DMS-1810575, DMS-2104233, and DMS-2052042. The third author was supported by 
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programme under the Marie Skłodowska-Curie grant agreement No 1010342555. 

2. Real topological Hochschild homology via the norm

Recall that the third author, Hopkins and Ravenel [17] define multiplicative norm 
functors from H-spectra to G-spectra

NG
H : SpH → SpG
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for a finite group G and subgroup H. It is shown in [1] and [5] that one can extend this 
construction to a norm to the circle group, NT

e , on associative ring orthogonal spectra. 
The functor

NT
e : Assoc(Sp)→ SpTU

is defined via the cyclic bar construction, NT
e (R) = ℐUR∞ |Bcyc

∧ R|. It follows from this 
construction of NT

e that topological Hochschild homology can be viewed as a norm from 
the trivial group to T .

In this section, we consider the analogous story for Real topological Hochschild homol
ogy. In particular, we define a norm functor NO(2)

D2
using the dihedral bar construction 

and we prove that the norm satisfies the adjointnesss properties that one would expect 
from an equivariant norm [17]. As Real topological Hochschild homology can be con
structed via the dihedral bar construction [8], this gives a characterization of THR(A)
as an equivariant norm NO(2)

D2
(A).

We begin by fixing some conventions. Let O(2) denote the compact Lie group of 
two-by-two orthogonal matrices. The determinant map determines an extension

1 −→ T −→ O(2) det −→ {−1, 1} −→ 1

of groups. We choose a splitting by sending −1 to the matrix τ := ( 0 1
1 0 ) and write D2

for the subgroup of O(2) generated by τ . We then write μm ⊂ T for the subgroup of 
m-th roots of unity generated by ζm = e2πi/m. Finally, we fix a presentation D2m =
⟨τ, ζm | τ2 = ζmm = (τζm)2 = 1⟩ for the dihedral group of order D2m regarded as a 
subgroup of T ⋉D2 = O(2).

The input for Real topological Hochschild homology is a ring spectrum with anti
involution. These can alternatively be described as Eσ-rings, algebras in D2-spectra over 
an Eσ-operad, where σ is the sign representation (cf. [18] for more details on the theory 
of Eσ-operads). For convenience, we now unpack the definition of an Eσ-ring.

Definition 2.1. By an E1-ring A, we mean an algebra over the associative operad Assoc
in the category of orthogonal spectra Sp. By an E0-A-algebra we mean an A-bimodule 
M equipped with a map A→M of A-bimodules (cf. [26, Rem. 2.1.3.10]).

Corollary 2.2. An Eσ-ring R is exactly a D2-spectrum R such that

(1) the spectrum ι∗eR is an E1-ring with anti-involution, denoted τ : ι∗eR
op −→ ι∗eR, 

given by the action of the generator of the Weyl group,
(2) the spectrum R is an E0-ND2

e ι∗eR-algebra and applying ι∗e to the E0-ND2
e ι∗eR-algebra 

structure map gives ι∗eR the standard E0-ι∗eR ∧ ι∗eR
op-algebra structure.

Example 2.3. Given an E1-ring with anti-involution, regarding R as an object in SpD2
𝒱

produces an Eσ-ring structure on R.
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Example 2.4. If R is in Comm(SpD2
𝒱 ), then R is an Eσ-ring.

For an Eσ-ring A, we now recall the definition of the dihedral bar construction on A.

Definition 2.5. For A an Eσ-ring, the dihedral bar construction Bdi
• (A) has k-simplices

Bdi
k (A) = A ∧A∧k.

It has the same simplicial structure maps and cyclic operator as the cyclic bar construc
tion, Bcy

• (A), with the addition of a levelwise involution ωk acting on the k-simplices. 
To specify the levelwise involution, let k be the D2-set {1, 2, . . . , k} with the generator 
α of D2 acting by α(i) = k− i+ 1 for 1 ≤ i ≤ k. Then we define the action of ωk by the 
composite

ωk : A ∧A∧k id∧Aα

A ∧A∧k τ∧τ∧...∧τ
M ∧A∧k

where Aα is the automorphism of Ak induced by α : k → k. It is straightforward to 
check that the structure maps satisfy the usual simplicial and cyclic identities, together 
with the additional relations

diωk =ωk−1dk−i for 0 ≤ i ≤ k

siωk =ωk+1sk−i for 0 ≤ i ≤ k

ωktk =t−1
k ωk

Therefore, the dihedral bar construction is a dihedral object in the sense of [25], and 
hence by [12, Theorem 5.3] its geometric realization has an action of O(2).

Lemma 2.6. There is a functor |Bdi
• (−)| : Assocσ(SpD2

𝒱 )→ SpO(2)˜︁𝒱 .

Proof. By [12] the realization of a dihedral space has an O(2)-action. Since geometric 
realization in orthogonal spectra is computed level-wise, we know |Bdi

• (A)| has an O(2)
action and this orthogonal O(2)-spectrum is indexed on ˜︁𝒱. This construction is also 
clearly functorial. □

Real topological Hochschild homology can be defined via the dihedral bar construc
tion, as in [8,7].

Definition 2.7. For an Eσ-ring A, the Real topological Hochschild homology of A is

THR(A) = |Bdi
• (A)|.
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By Lemma 2.6, this is an O(2)-spectrum. We now show that it can be viewed as an 
equivariant norm.

We define the norm from D2 to O(2) using the dihedral bar construction.

Definition 2.8. Let A be an Eσ-ring in SpD2
𝒱 . We define

N
O(2)
D2

A = ℐ𝒰˜︁𝒱 |Bdi
• (A)|.

This is functorial for A ∈ Assocσ(SpD2
𝒱 ). This defines a functor

N
O(2)
D2

: Assocσ(SpD2
𝒱 )→ SpO(2)

𝒰 .

Remark 2.9. In particular, we produce a functor

N
O(2)
D2

: Comm(SpD2
𝒱 ) −→ Comm(SpO(2)

𝒰 )

by restriction to the subcategory Comm(SpD2
𝒱 ) ⊂ Assocσ(SpD2

𝒱 ).

Note that the category of commutative monoids in SpD2
𝒱 is tensored over the category 

of D2-sets. This follows because SpD2
𝒱 is tensored over D2-sets and the forgetful functor 

Comm(SpD2
𝒱 )→ SpD2

𝒱 creates all indexed limits and the category Comm(SpD2
𝒱 ) contains 

all TopD2-enriched equalizers, by a generalization of [28, Lem. 2.8]. We simply write ⊗
for this tensoring, viewed as a functor

−⊗− : Comm(SpD2
𝒱 )×D2- Set −→ Comm(SpD2

𝒱 ).

Note that this naturally extends to a functor

−⊗− : Comm(SpD2
𝒱 )× (D2- Set)Δ

op −→ Comm(SpD2
𝒱 ).

Definition 2.10. Consider the minimal simplicial model

D2 D4 D6 . . . . . .

for O(2). Note that D2(•+1) is a dihedral set [25, Lemma 6.3.1]. Therefore sq(D2(•+1)), 
its Segal-Quillen subdivision (as in [29]), is a simplicial D2-set. We define

O(2)• = sq(D2(•+1))

as a simplicial D2-set.
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Definition 2.11. Let A ∈ Comm(SpD2
𝒱 ). Form the coequalizer of the diagram

A⊗D2 ⊗O(2)•
idA ⊗ψ

N⊗idO(2)•

A⊗O(2)•

where N : A ⊗ D2 = ND2
e ι∗eA → A is the E0-ND2

e ι∗eA-algebra structure map and 
ψ : D2 × O(2)• −→ O(2)• is the left D2-action on O(2)•. We define the coequalizer 
in the category of simplicial objects in Comm(SpD2

𝒱 ) to be A ⊗D2 O(2)• and we may 
consider the geometric realization |A ⊗D2 O(2)•| as an object in SpO(2)˜︁𝒱 . We therefore 
make the following definition

A⊗D2 O(2) = ℐ𝒰˜︁𝒱 |A⊗D2 O(2)•|.

We now identify the norm (Definition 2.8) with the tensor (Definition 2.11) in the 
commutative case. Recall that an orthogonal G-spectrum X indexed on a complete 
universe 𝒰 is well-pointed if X(V ) is well-pointed in TopG for all finite dimensional 
orthogonal G-representations V . We say an Eσ-ring in SpD2

𝒱 is very well-pointed if it is 
well-pointed and the unit map S0 → X(R0) is a Hurewicz cofibration in TopD2 .

Proposition 2.12. Let A be an object in Comm(SpD2
𝒱 ) and assume that A is very well

pointed. There is a natural map

N
O(2)
D2

A −→ A⊗D2 O(2),

in Comm(SpO(2)
𝒰 ), which is a weak equivalence after forgetting to SpD2

𝒱 .

Proof. We first prove that there is an equivalence

sq(Bdi
• (A)) ≃ A⊗D2 O(2)•.

We consider the k simplices on each side. On the left, the k-simplices, are A∧A∧2k+1 with 
D4(k+1) = ⟨ω, t|t2(k+1) = ω2 = tωtω = 1⟩ action given by letting t cyclically permute 
the 2k + 2 copies of A, and letting τ act on k = {1, . . . , 2k + 1} by τ(i) = 2k + 1− i+ 1. 
The k-simplices on the right hand side are given by the coequalizer of the diagram

A⊗D2 ⊗D4(k+1)

idA ⊗ψ

N⊗idD4(k+1)

A⊗D4(k+1)

in the category of D4(k+1)-spectra. This is A ⊗D2 D4(k+1) and therefore the result on 
k-simplices follows from the D4(k+1)-equivariant map

A⊗D2 D4(k+1) ≃ A ∧A∧2k+1 ,
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which is clearly an equivalence on underlying commutative D2-spectra. To see that this 
map is D4(k+1)-equivariant, note that D4(k+1)/D2 ∼ = μ2k+2 as D4(k+1)-sets and the 
right-hand-side can also be considered as a tensoring with the D4(k+1)-set μ2k+2. Since 
this map is D4(k+1)-equivariant it is compatible with the automorphisms in the dihedral 
category. It is also easy to check that this is compatible with the face and degeneracy 
maps. Since A is very well-pointed, both sides are good in the sense of [8, Definition 1.5], 
this level equivalence induces an equivalence on geometric realizations in the category of 
D2-spectra by [8, Lemma 1.6]. □
Remark 2.13. Note that in the ℱ-model structure on SpG𝒲 where G is a compact Lie 
group, ℱ is a family of subgroups, and 𝒲 is a universe, the ℱ-equivalences can either be 
taken to be the maps X → Y that induce isomorphisms on homotopy groups π∗(XH) −→
π∗(Y H) for all H ∈ ℱ or the maps that induce isomorphisms π∗(ΦHX) −→ π∗(ΦHY ), 
for all H ∈ ℱ , where ΦH denotes the H-geometric fixed points.

Recall that ℛ denotes the family of subgroups of O(2) which intersect T trivially.

Corollary 2.14. Let A be an object in Comm(SpD2
𝒱 ) and assume that A is very well-pointed 

and flat in the sense of [8, Definition 2.6]). Then there is an ℛ-equivalence

N
O(2)
D2

A ≃ A⊗D2 O(2).

Proof. Since there is a zig-zag of stable equivalences

ΦD2(NO(2)
D2

A) ≃ ΦD2(THR(A))

by [9, Remark 3.6] there is a zig-zag of stable equivalences

ΦD2(NO(2)
D2

A) ≃ ΦD2(A) ∧Lι∗eA ΦD2(A)

where the right-hand-side is the derived smash product. Since ΦD2(−) sends homotopy 
colimits of O(2)-orthogonal spectra indexed on 𝒰 to homotopy colimits of orthogonal 
spectra,1 we can identify ΦD2(A⊗D2 O(2)•) with the homotopy coequalizer of

ΦD2(A⊗D2 ⊗O(2)•) ΦD2(A⊗O(2)•)

which is level-wise equivalent to

ΦD2N
D4(n+1)
D2

(A) ≃ ΦD2

(︄⋀︂
γ

ND2
D2∩γD2γ−1(ι∗D2∩γD2γ−1cγA)

)︄

1 Using the Bousfield–Kan formula for homotopy colimits, we can write any homotopy colimit as the 
geometric realization of a simplicial spectrum and then use the fact that genuine geometric fixed points 
commute with sifted colimits.
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where γ ranges over the representatives of double cosets D2\γ/D2 in the set of double 
cosets D2\D4(n+1)/D2, which in turn is equivalent to

Bn(ΦD2(A), ι∗e(A),ΦD2(A)).

It is tedious, but routine, to check that this equivalence is compatible with the face and 
degeneracy maps. Since both source and target are Reedy cofibrant by our assumptions 
(cf. [8, Definition 1.5, Lemma 1.6]), this produces a stable equivalence

ΦD2(A⊗D2 O(2)) ≃ ΦD2(A) ∧Lι∗eA ΦD2(A)

of orthogonal spectra on geometric realizations. Since all the groups of order 2 in ℛ are 
conjugate in O(2), we have proven the claim. □
Lemma 2.15. Given a stable equivalence of very well-pointed Eσ-rings A → A′ in D2
orthogonal spectra indexed on 𝒱, there is an ℛ-equivalence

N
O(2)
D2

A→ N
O(2)
D2

A′

of O(2)-spectra.

Proof. The induced map NO(2)
D2

A → N
O(2)
D2

A′ is O(2)-equivariant by construction, so 
it suffices to check that after restricting to D2-spectra it is a stable equivalence of D2
spectra. Note that this is independent of the choice of subgroup in ℛ of order 2 because 
all of the subgroups of order two in ℛ are conjugate. After restricting to D2-spectra, 
there is a zigzag of stable equivalences of D2-spectra

ι∗D2
N

O(2)
D2

A ≃ ι∗D2
THR(A) ≃ −→ ι∗D2

THR(A′) ≃ ι∗D2
N

O(2)
D2

A′,

by [8, Theorem 2.20] and this agrees with the restriction of the map induced by A→ A′

by naturality of [9, Remark 3.6]. □
We now show that the norm from D2 to O(2) (cf. Definition 2.8) satisfies the universal 
property that one would expect of a norm. For a group G, let All denote the family of 
all subgroups of G.

Theorem 2.16. The restriction

N
O(2)
D2

: Comm(SpD2
𝒱 )→ Comm(SpO(2),ℛ

𝒰 )

of the norm functor NO(2)
D2

to genuine commutative D2-ring spectra is left Quillen adjoint 
to the restriction functor ι∗D2

where

Comm(SpD2
𝒱 ) and Comm(SpO(2),ℛ

𝒰 )



12 G. Angelini-Knoll et al. / Advances in Mathematics 482 (2025) 110568 

are equipped with the All-model structure and the ℛ-model structure respectively.

Proof. By Corollary 2.14, there is a natural ℛ-equivalence

N
O(2)
D2

(A) ≃ A⊗D2 O(2),

of O(2)-orthogonal spectra. If A → A′ is an 𝒜ℓℓ-equivalence of D2-spectra where both 
source and target are very well-pointed then there is an ℛ-equivalence

N
O(2)
D2

(A) ≃ N
O(2)
D2

(A′)

of O(2)-spectra by Lemma 2.15. In particular, if A and A′ are cofibrant in the positive 
complete stable model structure on Assocσ(SpD2

𝒱 ), then they are in particular very well
pointed. This shows that both the functors NO(2)

D2
(−) and (−) ⊗D2 O(2) induce well

defined functors between the homotopy categories

N
O(2)
D2

: Ho
(︂
Comm(SpD2

𝒱 )
)︂
→ Ho

(︂
Comm(SpO(2),ℛ

𝒰 )
)︂

and

−⊗D2 O(2) : Ho
(︂
Comm(SpD2

𝒱 )
)︂
→ Ho

(︂
Comm(SpO(2),ℛ

𝒰 )
)︂

and they are naturally isomorphic on the homotopy categories. It is clear that −⊗D2O(2)
is left adjoint to the restriction functor

ι∗D2
: Ho

(︂
Comm(SpO(2),ℛ

𝒰 )
)︂
→ Ho

(︂
Comm(SpD2

𝒱 )
)︂
.

Moreover, the restriction functor sends cofibrations and weak equivalences to cofibrations 
and weak equivalences by definition of the stable ℛ-equivalences and the positive stable 
ℛ-cofibrations. Consequently it also preserves all fibrations and acyclic fibrations. □
3. A multiplicative double coset formula

The multiplicative double coset formula for finite groups gives an explicit formula for 
the restriction to K of the norm from H to G where H and K are subgroups of G. For 
compact Lie groups, no such multiplicative double coset formula is known in general. In 
this section, we present a multiplicative double coset formula for the restriction to D2m
of the norm from D2 to O(2).

Conventions 3.1. When the integer m is understood from context, let

ζ = ζ2m = e2iπ/2m ∈ T ⊂ O(2).

We consider the element ζ as a lift of the element −1 along
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D2m\O(2)/D2 ∼ = μm\T ∼ = T .

We make this choice of homeomorphism simply so that the formula for ζ can be cho
sen consistently for all m independent of whether m is odd or even. We observe that 
ζD2ζ

−1 = ⟨ζmτ⟩.
Fix total orders on the D2m-sets D2m/e, D2m/D2, and D2m/ζD2ζ

−1. Let

D2m/e = {1 ≤ ζmτ ≤ ζm ≤ ζ2
mτ ≤ ζ2

m ≤ · · · ≤ ζm−1
m ≤ τ},

D2m/D2 = {D2 ≤ ζmD2 ≤ · · · ≤ ζm−1
m D2},

D2m/ζD2ζ
−1 = {ζD2ζ

−1 ≤ ζm · ζD2ζ
−1 ≤ · · · ≤ ζm−1

m · ζD2ζ
−1}.

These choices of total orderings on the D2m-sets D2m/e, D2m/D2, and D2m/ζD2ζ
−1

also fix group homomorphisms

λe : D2m → Σ2m,

λD2 : D2m → Σm ≀D2

λζD2ζ−1 : D2m → Σm ≀ ζD2ζ
−1.

Denote the associated norms by ND2m
e , ND2m

D2
and ND2m

ζD2ζ−1 respectively.2

Remark 3.2. Any finite subset F of T ⊂ C can be equipped with a total order by 
considering 1 ≤ e2iπθ ≤ e2iπθ′ for all 0 ≤ θ ≤ θ′ < 1. In particular, the subset of m-th 
roots of unity μm in T can be equipped with a total order.

Lemma 3.3. There is an isomorphism of totally ordered D2m-sets

fm,k : μ2m(k+1) ∼ = D2m/D2 ⨿D⨿k
2m ⨿D2m/ζD2ζ

−1

where ζ = ζ2m, the D2m-sets on the right have the total orders from Convention 3.1, 
and μ2m(k+1) is equipped with a total order by Remark 3.2.

Proof. Without the total ordering this isomorphism is clear. The total ordering in Con
vention 3.1 was chosen so that this lemma would be true. □
Remark 3.4. We will also write fm,k for the underlying map of totally ordered sets from 
Lemma 3.3 after forgetting the D2m-set structure.

Given an Eσ-ring R, then ι∗eR is an E1-ring and R is a ND2
e ι∗eR-bimodule with right 

action

2 The choice of ordering does not matter for our norm functors up to canonical natural isomorphism, but 
remembering the choice of ordering clarifies our constructions later.
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ψR : R ∧ND2
e ι∗eR −→ R

and left action

ψL : ND2
e ι∗eR ∧R −→ R.

We also note that there is an equivalence of categories

cζ : SpD2 −→ SpζD2ζ
−1

which is symmetric monoidal and therefore sends Eσ-rings in SpD2 to Eσ-rings in 
SpζD2ζ

−1
. In particular, cζR is a left N ζD2ζ

−1

e ι∗eR-module with

cζ(ψL) : N ζD2ζ
−1

e ι∗eR ∧ cζR −→ cζR.

Definition 3.5. Let R be an Eσ-ring. We define a right ND2m
e ι∗eR-module structure on 

ND2m
D2

R as the composite

ψR : ND2m
D2

R ∧ND2m
e ι∗eR

∼ = 
ND2m

D2
(R ∧ND2

e ι∗eR)
N

D2m
D2

(ψ̄R)
ND2m

D2
R.

We define a left ND2m
e ι∗eR-module structure on ND2m

ζD2ζ−1cζR

ψL : ND2m
e ι∗eR ∧ND2m

ζD2ζ−1cζR −→ ND2m
ζD2ζ−1cζR

as the composite of the isomorphism

ND2m
e ι∗eR ∧ND2m

ζD2ζ−1cζR
∼ = 

ND2m
ζD2ζ−1

(︂
N ζD2ζ

−1

e ι∗eR ∧ cζR
)︂

with the map

ND2m
ζD2ζ−1(N ζD2ζ

−1

e ι∗eR ∧ cζR)
N

D2m
ζD2ζ−1 (cζ(ψ̄L))

ND2m
ζD2ζ−1cζR.

Example 3.6. When m = 2, we note that ζ4D2ζ
−1
4 in D8 can be identified with the 

diagonal subgroup △ of D4. In this case, △ and D2 are conjugate in D8 even though 
they are not conjugate in D4. We still define a left ND4

e ι∗eR-module structure on ND4
△ cζR

by composing the map

ND4
e ι∗eR ∧ND4

△ cζR
∼ = 

ND4
△

(︁
N△

e ι∗eR ∧ cζR
)︁

with the map
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ND4
△ (N△

e ι∗eR ∧ cζR)
N

D4
△ (cζ(ψ̄L))

ND4
△ cζR.

Remark 3.7. Note that there is an isomorphism of simplicial D2m-sets

μ2m(•+1) → D2m/D2 ⨿D⨿•
2m ⨿D2m/ζD2ζ

−1

which is given by the isomorphism fm,k of totally ordered D2m-sets of Lemma 3.3 on 
k-simplices. The simplicial maps on the left are given by the simplicial maps in the 
simplicial set sdD2mS1

• where S1
• is the minimal model of S1 as a simplicial set. On the 

right, the face maps

D2m/D2 ⨿D⨿k
2m ⨿D2m/ζD2ζ

−1 → D2m/D2 ⨿D⨿k−1
2m ⨿D2m/ζD2ζ

−1

are given by the canonical quotient composed with the fold map

D2m/D2 ⨿D2m
D2m/D2⨿q−→ D2m/D2 ⨿D2m/D2

∇ −→ D2m/D2

for the first face map, the fold map

D2m ⨿D2m
∇ −→ D2m

for the middle maps, and for the last face map it is given by the composite

D2m ⨿D2m/ζD2ζ
−1 q⨿1 −→ D2m/ζD2ζ

−1 ⨿D2m/ζD2ζ
−1 ∇ −→ D2m/ζD2ζ

−1.

The degeneracy maps are given by the canonical inclusions.

Proposition 3.8. Suppose R is an Eσ-ring in D2-spectra indexed on the complete universe 
𝒱 = ι∗D2

𝒰 where 𝒰 is a fixed complete O(2)-universe. More generally, let 𝒱n = ι∗D2n
𝒰

for n ≥ 1. There is an isomorphism of simplicial D2m-spectra

ℐ𝒱m˜︁𝒱 (sdD2m Bdi
• (R)) ∼ = B•

(︂
ND2m

D2
R,ND2m

e ι∗eR,ND2m
ζD2ζ−1cζR

)︂
,

where we write ˜︁𝒱 for the D2-universe 𝒱 regarded as a D2m-universe via inflation along 
the canonical quotient D2m −→ D2.

Proof. When R is an Eσ-ring, we explicitly define the simplicial map

ℐ𝒱m˜︁𝒱 sdD2m Bdi
• (R)→ B•(ND2m

D2
R,ND2m

e ι∗eR,ND2m
ζD2ζ−1cζR))

on k-simplices. There is an isomorphism given by composition of two maps. The first 
map
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fm,k : R∧μ2m(k+1) R∧m ∧ (R∧m ∧ (Rop)∧m)∧k ∧ (Rop)∧m

is the isomorphism induced by fm,k of Remark 3.4 regarded simply as a map of totally 
ordered sets. The second map is

R∧m ∧ ((R ∧Rop)∧m)∧k ∧ (Rop)∧m

1∧m∧(1∧τ)∧mk∧τ∧m

ND2m
D2

R ∧ (ND2m
e R)∧k ∧ND2m

ζD2ζ−1cζR,

where we use Convention 3.1. This is a D2m-equivariant isomorphism on k-simplices 
essentially because it comes from the isomorphism of ordered D2m-sets of Lemma 3.3. It 
follows that the map is compatible with the simplicial structure maps by comparing the 
structure maps in the isomorphism of simplicial D2m-sets in Remark 3.7 to the structure 
maps on either side. □
Consequently, for a flat Eσ-ring in the sense of [8, Definition 2.6]), we have the following 
multiplicative double coset formula. This generalizes the m = 1 case appearing in [8].

Theorem 3.9 (Multiplicative Double Coset Formula). When R is a flat Eσ-ring and m >

0, there is a stable equivalence of D2m-spectra

ι∗D2m
N

O(2)
D2

R ≃ ND2m
D2

R ∧L
N

D2m
e ι∗eR

ND2m
ζD2ζ−1cζR.

Proof. By Proposition 3.8, we know there is an equivalence

ℐ𝒱n˜︁𝒱 (sdD2m Bdi
• (R)) ∼ = B•(ND2m

D2
R,ND2m

e ι∗eR,ND2m
ζD2ζ−1cζR).

When R is a flat Eσ-algebra in D2-spectra in the sense of [8, Definition 2.6]), then 
ND2m

D2
R is a flat ND2m

e ι∗eR-module by [30, Theorem 3.4.22-23] and [5] and therefore we 
may identify

ND2m
D2

R ∧L
N

D2m
e ι∗eR

ND2m
ζD2ζ−1cζR

with the realization of the bar resolution of ND2m
D2

R by free ND2m
e ι∗eR-modules then 

smashed with the right ND2m
e ι∗eR-module ND2m

ζD2ζ−1cζR. This is exactly the realization of 
the simplicial spectrum

B•(ND2m
D2

R,ND2m
e ι∗eR,ND2m

ζD2ζ−1R). □
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4. Real Hochschild homology

In this section we address the question: What is the algebraic analogue of THR? We 
do this by defining a theory of Real Hochschild homology for discrete Eσ-rings. We then 
show how this leads to a theory of Witt vectors for rings with anti-involution.

To begin, we recall some basic terminology in the theory of Mackey functors, we define 
norms in the category of Mackey functors, and Eσ-algebras in D2-Mackey functors, which 
we call discrete Eσ-rings.

4.1. Mackey functors and norms

See [3, §2] for a more thorough review of the theory of Mackey functors. Here we simply 
recall the contructions and notation we use in the present paper. Let G be a finite group. 
Write 𝒜 for the Burnside category of G. For a finite G-set X, AG

X := 𝒜(X,−) denotes the 
representable G-Mackey functor represented by X. This construction forms a co-Mackey 
functor object in Mackey functors, by viewing it also as a functor in the variable X, so 
in particular

AG
X⨿Y = 𝒜(X ⨿ Y,−) = 𝒜(X,−)⊕𝒜(Y,−) = AG

X ⊕AG
Y .

Write AG for the Burnside Mackey functor associated to G, which can be identified with 
AG

∗ where ∗ = G/G. This Mackey functor has the property that AG(G/H) = A(H)
where A(H) denotes the Burnside ring for a finite group H. Recall that as an abelian 
group A(H) is free with basis {[H/K]} where K ranges over all conjugacy classes of 
subgroups K ≤ H. When K = H we simply write 1 = [H/H] and when K is the trivial 
group we simply write [H] = [H/{e}]. The transfer and restriction maps in AG are given 
by induction and restriction maps on finite sets.

Example 4.1. The Burnside Mackey functor AD2 can be described by the following dia
gram.

1 [D2] MD2(D2/D2) = Z⟨1, [D2]⟩
resD2

e

[D2]

1 2 MD2(D2/∗) = Z⟨1⟩

trD2
e

1

Given a finite group G, a subgroup H ≤ G, and a H-set X we write MapH(G,X) for the 
G-set of H-equivariant maps from G to X, which is a functor in the variable X known 
as coinduction.

Recall that these categories SpG𝒰 of G-spectra indexed on a complete universe 𝒰 and 
MackG of G-Mackey functors are both symmetric monoidal, and the symmetric monoidal 
structures are compatible in the following sense.
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Proposition 4.2. [24] For X and Y cofibrant, (-1)-connected orthogonal G-spectra, there 
is a natural isomorphism

π0(X ∧ Y ) ∼ = π0X□π0Y.

A G-Mackey functor M has an associated Eilenberg–MacLane G-spectrum, HM . The 
defining property of this spectrum is that

πG
k (HM) ∼ = 

{︄
M if k = 0
0 if k ̸= 0.

It then follows from Proposition 4.2 above that the box product of Mackey functors has 
a homotopical description:

M□N ∼ = π0(HM ∧HN).

The category SpG𝒰 has an equivariant enrichment of the symmetric monoidal product, 
a G-symmetric monoidal category structure [17,16]. Such a G-symmetric monoidal struc
ture requires multiplicative norms for all subgroups H ≤ G. In SpG𝒰 these are given by 
the Hill–Hopkins--Ravenel norm. The G-symmetric monoidal structure on SpG𝒰 induces 
such a structure on MackG as well. In particular, one can define norms for G-Mackey 
functors.

Definition 4.3 (cf. [16]). Given a finite group G with subgroup H and an H-Mackey 
functor M , the norm in Mackey functors is defined by

NG
HM = πG

0 N
G
HHM.

These Mackey functor norms also appear under a different guise in earlier work of 
Bouc [4].

The following lemma is immediate.

Lemma 4.4. The norm in Mackey functors commutes with sifted colimits.

4.2. Discrete Eσ-rings

In Section 2, we discussed Eσ-rings in D2-spectra, which serve as the input for Real 
topological Hochschild homology. We now define their algebraic analogues, discrete Eσ
rings. These discrete Eσ-rings will be the input for our construction of Real Hochschild 
homology.

Definition 4.5. Let V be a finite dimensional representation of a finite group G. An EV
algebra in G-Mackey functors is a 𝒫V -algebra in G-Mackey functors, where 𝒫V is the 
monad
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𝒫V (−) =
⨁︂
n≥0

πG
0 (((EV,n)+ ∧Σn

H(−)∧n)

and H(−) is the Eilenberg–MacLane funtor.

When V = σ, this monad is particularly simple, since the spaces in the Eσ-operad are 
homotopy discrete.

Proposition 4.6. For D2-Mackey functors, the monad 𝒫σ is given by

𝒫σ(M) = T
(︁
ND2

e i∗eM)□(A⊕M),

where T (−) is the free associative algebra functor.

Proof. Recall that we have an equivariant equivalence

Eσ,n ≃ (D2 × Σn)/Γn.

If n is even, then we have natural isomorphisms

π0
(︁
((Eσ,n)+ ∧Σn

HM∧n
)︁ ∼ = π0

(︁
(ND2

e ι∗eHM)∧n/2)︁ ∼ = (ND2
e ι∗eM)□n/2.

If n is odd, then since fixed points contribute a box-factor of M itself:

π0
(︁
((Eσ,n)+ ∧Σn

HM∧n
)︁ ∼ = (ND2

e ι∗eM)□⌊n/2⌋□M.

The result follows from grouping the terms according to the number of box-factors in
volving the norm. □
Definition 4.7. By a discrete Eσ-ring, we mean an algebra over the monad 𝒫σ in the 
category of D2-Mackey functors.

We can further unpack this structure to describe the monoids.

Lemma 4.8. A discrete Eσ-ring is the following data:

(1) A D2-Mackey functor M , together with an associative product on M(D2/e) for which 
the Weyl action is an anti-homomorphism,

(2) a ND2
e ι∗eM -bimodule structure on M that restricts to the standard action of 

M(D2/e)⊗M(D2/e)op on M(D2/e).
(3) an element 1 ∈M(D2/D2) that restricts to the element 1 ∈M(D2/e).
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Remark 4.9. These conditions are almost those of a Hermitian Mackey functor in the 
sense of [10]: the only difference is that a discrete Eσ-ring includes the additional as
sumption that there is a fixed unit element 1 ∈ M(D2/D2), or in other words, an 
E0-ND2

e ι∗eM(D2/e)-ring structure on M .

Example 4.10. Given an Eσ-ring R it is clear that πD2
0 (R) is a discrete Eσ-ring. In fact, 

this does not depend on our choice of Eσ-operad. By Example 2.4, we also conclude that 
if R is a commutative monoid in SpD2

𝒱 , then πD2
0 R is a discrete Eσ-ring.

Example 4.11 (Rings with anti-involution). Let R be a discrete ring with anti-involution 
τ : Rop → R, regarded as the action of the generator of D2. Then there is an associated 
Mackey functor M with M(D2/e) = R and M(D2/D2) = RC2 . The restriction map 
resD2

e is the inclusion of fixed points, the transfer trD2
e is the map 1 + τ , and the Weyl 

group action of D2 on M(D2/e) = R is defined on the generator of D2 by the anti
involution τ : Rop −→ R. Since Rop → R is a ring map, there is an element 1 ∈ RC2 that 
restricts to the multiplicative unit in 1 ∈ R. This specifies a discrete Eσ-ring structure 
on the Mackey functor M .

4.3. Real Hochschild homology of discrete Eσ-rings

In this section, we define the Real Hochschild homology HRD2m∗ (M) of a discrete Eσ
ring M , which takes values in graded D2m-Mackey functors. We first need to specify a 
right ND2m

e ι∗eM -action on ND2m
D2

M , and a left ND2m
e ι∗eM -action on ND2m

ζD2ζ−1cζM . Here 
cζ is the symmetric monoidal equivalence of categories

cζ : MackD2 → MackζD2ζ−1 .

For M a discrete Eσ-ring, ι∗eM is an (associative unital) ring so ND2m
e ι∗eM is an asso

ciative Green functor. By Lemma 4.8, there is a left action

ψL : ND2
e ι∗eM□M →M

and a right action

ψR : M□ND2
e ι∗eM →M.

Definition 4.12. We define a right ND2m
e ι∗eM -module structure on ND2m

D2
M as the com

posite

ψR : ND2m
D2

M□ND2m
e ι∗eM

∼ = 
ND2m

D2
(M□ND2

e ι∗eM)
N

D2m
D2

(ψR)
ND2m

D2
M.

We define a left ND2m
e ι∗eM -module structure ψL on ND2m

ζD2ζ−1cζM as the composite of the 
map
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ND2m
e ι∗eM□ND2m

ζD2ζ−1cζM
∼ = 

ND2m
ζD2ζ−1(N ζD2ζ

−1

e ι∗eM□cζM)

with the map

ND2m
ζD2ζ−1(N ζD2ζ

−1

e ι∗eM□cζM)
N

D2m
ζD2ζ−1 (cζ(ψL))

ND2m
ζD2ζ−1cζM,

where cζ(ψL) is the left action of N ζD2ζ
−1

e ι∗eM on cζM coming from the fact that cζ is 
symmetric monoidal and therefore sends Eσ-rings in MackD2 to Eσ-rings in MackζD2ζ−1 .

Definition 4.13. Given Mackey functors R, M , and N where R is an associative Green 
functor, N is a right R-module and N is a left R-module, we define the two-sided bar 
construction B•(M,R,N) with k-simplices

Bk(M,R,N) = M□R□k□N

and the usual face and degeneracy maps.

Definition 4.14. The Real D2m-Hochschild homology of a discrete Eσ-ring M is defined 
to be the graded D2m-Mackey functor

HRD2m∗ (M) = H∗
(︂
HRD2m• (M)

)︂
,

where

HRD2m• (M) = B•(ND2m
D2

M,ND2m
e ι∗eM,ND2m

ζD2ζ−1cζM).

Remark 4.15. Given a right ND2m
e i∗eM -module N , we can also define Real Hochschild 

homology with coefficients

HRD2m
0 (M ;N) = H∗(B•(N,ND2m

e i∗eM,ND2m
ζD2ζ−1cζM).

Recall that the homology of a simplicial Mackey functor is defined to be the homology 
of the associated normalized dg Mackey functor, as in [3].

Lemma 4.16. If M is a D2-Tambara functor, then HRD2m
0 (M) is a D2m-Tambara functor.

Proof. Reflexive coequalizers in the category of Tambara functors are computed as the 
reflexive coequalizer of the underlying Mackey functors [31]. □
Proposition 4.17. There is an isomorphism of D2m-Mackey functors

HRD2m
0 (M) ∼ = ND2m

D2
M□

N
D2m
e ι∗eM

ND2m
ζD2ζ−1cζM.
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Proof. Both sides are given by the coequalizer

ND2m
D2

M□ND2m
ζD2ζ−1cζM ND2m

D2
M□ND2m

e ι∗eM□ND2m
ζD2ζ−1cζM.

ψR□ id

id□ψL □

Definition 4.18. We say that a Mackey functor M is flat if the derived functors of the 
functor M□− vanish.

Proposition 4.19. For any discrete Eσ-ring M that can be written as a filtered colimit of 
representable D2-Mackey functors, there is an isomorphism

HRD2m∗ (M) = TorN
D2m
e ι∗eM∗ (ND2m

D2
M,ND2m

ζD2ζ−1cζM).

Proof. Norms send representable D2-Mackey functors to representable D2m-Mackey 
functors by [3, Proposition 3.7]. Norms also commute with sifted colimits. Filtered col
imits of representable D2m-Mackey functors are flat. □
4.4. Comparison between Real Hochschild homology and THR

We now show Real topological Hochschild homology and Real Hochschild homology 
are related by a linearization map which is an isomorphism in degree 0.

Theorem 4.20. For any (−1)-connected Eσ-ring A, we have a natural homomorphism

πD2m
k THR(A) −→ HRD2m

k (πD2
0 A),

which is an isomorphism when k = 0.

Proof. By [11, X.2.9], there is a spectral sequence

E2
p,q = Hp(πq(X•)) =⇒ πp+q(|X•|),

from filtering by skeleta. The same proof yields an equivariant version of this spectral 
sequence. By Proposition 3.8, there is a weak equivalence

ι∗D2m
THR(A) ≃ |B•(ND2m

D2
A,ND2m

e ι∗eA,ND2m
ζD2ζ−1cζA)|,

so the spectral sequence in this case will be of the form:

E2
p,q = Hp(πD2m

q (ND2m
D2

A ∧ND2m
e ι∗eA

∧• ∧ND2m
ζD2ζ−1cζA))⇒ πD2m

p+q (THR(A)).

The edge homomorphism of this spectral sequence is a map

πD2m
p (THR(A))→ Hp(πD2m

0 (ND2m
D2

A ∧ND2m
e ι∗eA

∧• ∧ND2m
ζD2ζ−1cζA)).
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We can identify the right hand side as

Hp

(︂
πD2m

0 ND2m
D2

A□(πD2m
0 ND2m

e ι∗eA)□•□πD2m
0 (ND2m

ζD2ζ−1cζA)
)︂
, (1)

using the collapse of the Künneth spectral sequence [24] in degree 0. By Definition 4.3, 
there are isomorphisms of D2m-Mackey functors

πD2m
0 (ND2m

e ι∗eA) ∼ = ND2m
e ι∗eπ

D2
0 (A),

πD2m
0 (ND2m

ζD2ζ−1cζA) ∼ = ND2m
ζD2ζ−1cζπ

D2
0 (A),

πD2m
0 (ND2m

D2
A) ∼ = ND2m

D2
πD2

0 (A).

We can therefore identify (1) as

Hp

(︂
ND2m

D2
πD2

0 A□(ND2m
e ι∗eπ

D2
0 A)□•□ND2m

ζD2ζ−1cζπ
D2
0 A

)︂
,

and hence the edge homomorphism gives a linearization map

πD2m
p (THR(A)) −→ HRD2m

p (πD2
0 A) .

To prove the claim that this map is an isomorphism in degree zero, we note that the 
only contribution to t + s = 0 is

E2
0,0
∼ = ND2m

D2
πD2

0 A□
N

D2m
e ι∗eπ

D2
0 A

ND2m
ζD2ζ−1cζπ

D2
0 A

concentrated in degree s = t = 0. By Proposition 4.17 this is HRD2m
0 (πD2

0 A). Since this 
is a first quadrant spectral sequence, we observe that

E2
0,0
∼ = E∞

0,0
∼ = πD2m

0 THR(A). □
Remark 4.21. In [23], Chloe Lewis constructs a Bökstedt spectral sequence for Real 
topological Hochschild homology, which computes the equivariant homology of THR(A). 
The E2-term of this spectral sequence is described by Real Hochschild homology, further 
justifying that HR is the algebraic analogue of THR.

5. Witt vectors of rings with anti-involution

Hesselholt–Madsen [14] proved that for a commutative ring A,

π
μpn

0 (THH(A))(μpn/μpn) ∼ = Wn+1(A; p).

This was extended to associative rings in [13]. Recall that topological Hochschild homol
ogy is a cyclotomic spectrum, which yields restriction maps
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Rn : THH(A)μpn → THH(A)μpn−1 .

One can then define TR(A; p) = limn,Rn
THH(A)μpn , and it follows from the Hesselholt--

Madsen result above that

π0 TR(A; p) ∼ = W(A; p) ,

where W(A; p) denotes the p-typical Witt vectors of A. This was then extended by 
Hesselholt to non-commutative Witt vectors. From [13, Theorem A], for an associative 
ring A there is an isomorphism

TC−1(A; p) ∼ = W(A; p)F .

Here W (A; p) denotes the non-commutative p-typical Witt vectors of A, and

W(A; p)F = coker (1− F : W(A; p) −→W(A; p)) ,

where F is the Frobenius map. Analogously, one would like to have a notion of 
(non-commutative) Witt vectors for discrete Eσ-rings, such that for an Eσ-ring A, 
πD2m

0 THR(A) is closely related to the Witt vectors of πD2
0 A. In this section, we de

fine such a notion of Witt vectors.
Real topological Hochschild homology also has restriction maps

Rn : THR(A)μpn → THR(A)μpn−1 .

We want to understand the algebraic analogue of these restriction maps, which requires 
defining a Real cyclotomic structure on Real Hochschild homology. To do this, we first 
recall from [3] the definition of geometric fixed points for Mackey functors. Let G be a 
finite group and let A be the Burnside Mackey functor for the group G. For N a normal 
subgroup of G, let ℱ [N ] denote the family of subgroups of G such that N ̸⊂ H.

Definition 5.1. Fix a finite group G and let N ≤ G be a normal subgroup. Let E ℱ [N ](A)
be the subMackey functor of the Burnside Mackey functor A for G generated by A(G/H)
for all subgroups H such that H does not contain N . Then define

˜︁E ℱ [N ](A) = A/(E ℱ [N ](A)).

If M is a G-Mackey functor and N is a normal subgroup of G, then

E ℱ [N ](M) := M□E ℱ [N ](A), and ˜︁E ℱ [N ](M) := M□ ˜︁E ℱ [N ](A).

More generally, if M• is a dg-G-Mackey functor we define



G. Angelini-Knoll et al. / Advances in Mathematics 482 (2025) 110568 25

(E ℱ [N ](M•))n := E ℱ [N ](Mn).

Note that the G-Mackey functor ˜︁E ℱ [N ](A) has the property that

˜︁E ℱ [N ](A)(G/H) =
{︄

0 N ̸⊂ H

A((G/N)/(N/H)) N ⊂ H

which is desired for isotropy separation; i.e. there is an exact sequence

E ℱ [N ](A)→ A→ ˜︁E ℱ [N ](A) 

which models the isotropy separation sequence.
We now recall the definition of geometric fixed points for Mackey functors, as 

in [3]. Let M be a D2m-Mackey functor. By [3, Proposition 5.8], we know ˜︁E ℱ [μd](M)
is in the image of π∗

d, the pullback functor from D2m/μd-Mackey functors to D2m
Mackey functors. Consequently, we may produce a D2m/μd

∼ = D2m/d-Mackey functor 
(π∗

d)−1( ˜︁E ℱ [μd](M)).

Definition 5.2 (Definition   5.10   [3]). Let M be a D2m-Mackey functor. We define the 
D2m/d-Mackey functor of Φμd-geometric fixed points to be

Φμd(M) := (π∗
d)−1( ˜︁E ℱ [μd]M).

We now provide Real Hochschild homology with a Real cyclotomic structure.

Proposition 5.3. Given D2 ⊂ D2m ⊂ O(2), μd a normal subgroup of D2m where d | m
and M a discrete Eσ-ring, there is a natural isomorphism

Φμd(HRD2m• (M)) ∼ = HRD2m/d
• (M)

of simplicial D2m/d-Mackey functors and consequently an isomorphism

Φμd

(︂
HRD2m∗ (M)

)︂ ∼ = HRD2m/d
∗ (M)

of D2m/d-Mackey functors.

Proof. We apply Φμd level-wise to the bar construction

(HRD2m(M))• = B•(ND2m
D2

M,ND2m
e ι∗eM,ND2m

ζ2mD2ζ
−1
2m

cζ2mM).

By [3, Proposition 5.13], Φμd is strong symmetric monoidal so
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Φμd

(︂
(HRD2m(M))k

)︂
∼ = Φμd

(︂
ND2m

D2
M

)︂
□
(︁
Φμd

(︁
ND2m

e ι∗eM
)︁)︁□k □Φμd

(︂
ND2m

ζ2mD2ζ
−1
2m

cζ2mM
)︂
. (2)

The interaction of the geometric fixed points and the norm is described in [3, Theo
rem 5.15]. It follows that

Φμd

(︂
HRD2m(M)k

)︂ ∼ = N
D2m/d

D2
M□

(︂
N

D2m/d
e ι∗eM

)︂□k

□N
D2m/d

ζ2m/dD2ζ
−1
2m/d

cζ2m/d
M (3)

where we use the fact that D2m/μd
∼ = D2m/d by an isomorphism sending ζm to ζm/d and 

τ to τ . Similarly,

(ζ2mD2ζ2m · μd)/μd
∼ = ζ2m/dD2ζ2m/d,

since ζ2mD2ζ
−1
2m = ⟨ζmτ⟩ and the isomorphism sends ζmτ to ζm/dτ . It therefore suffices 

to check that the simplicial structure maps commute with the isomorphisms (2) and (3). 
Consider the isomorphism

μ2m(•+1) −→ D2m/D2 ⨿D⨿•
2m ⨿D2m/ζ2mD2ζ

−1
2m

from Lemma 3.3. We observe that these maps form an isomorphism of simplicial D2m-sets 
(cf. Remark 3.7). Applying μd-orbits, we have

μ2m(•+1)/d −→ D2m/d/D2 ⨿D⨿•
2m/d ⨿D2m/d/ζ2m/dD2ζ

−1
2m/d. (4)

If M is the restriction of a D2m-Mackey functor then the isomorphism is simply 
induced by tensoring with the isomorphism (4) of simplicial D2m/d-sets. To see this, 
note that given a finite group G with normal subgroup N ≤ G, the geometric fixed 
points ΦN of the norm NT of a G-set T is given by taking the norm NT/N of the orbits 
T/N . The more general statement also holds since we described the isomorphism level
wise and the compatibility with the face and degeneracy maps can be described on each 
box product factor indexing by the isomorphism of simplicial D2m/d-sets (4) and using 
the compatibility of that isomorphism with the face and degeneracy maps. □
Definition 5.4. Given a normal subgroup N in G we define a functor

(−)N : MackG → MackG/N

as the composite πG/N
0

(︁
(H(−))N

)︁
.

Given a D2m-Mackey functor M , the D2-Mackey functor Mμm is the data

M(D2m/D2m) M(D2m/μm)
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regarded as a D2-Mackey functor with the action of the Weyl group WD2(e) = D2 given 
by the action of the Weyl group WD2m(μm) = D2m/μm

∼ = D2.

Remark 5.5. This Mackey ``fixed points'' functor is the functor denoted q∗ in [20], where 
it was shown to preserve Green and Tambara functors.

These fixed points in Mackey functors relate to categorical fixed points.

Proposition 5.6. For a G-spectrum E and for all integers k, we have

π
G/N
k

(︁
EN

)︁ ∼ = 
(︁
πG
k (E)

)︁
.

Remark 5.7. This gives an alternate characterization of the geometric fixed points ΦμdM

of a D2m-Mackey functor M for d|m as

ΦμdM ∼ = ( ˜︁E ℱ [μd]M)μd

since it is clear in this case that there is a natural isomorphism

( ˜︁E ℱ [μd](M))μd ∼ = 
(︁
π∗
μd

)︁−1 ( ˜︁E ℱ [μd](M)).

Construction 5.8. Given a simplicial D2pk -Mackey functor M• there is a natural map

M• → ˜︁E ℱ [μp](M•)

and then an induced natural map

((M•)
μp)μpk−1 →

(︂(︂ ˜︁E ℱ [μp](M•)
)︂μp

)︂μ
pk−1

.

Note that we can identify

((M•)
μp)μpk−1 = (M•)

μ
pk

by unraveling the definition. So, there is a natural transformation

Rk : (−)μpk −→ (Φμp(−))μpk−1
.

We give this map the name Rk because in our case of interest, where M• =
HR

D2pk• (πD2
0 A) for an Eσ-ring A, it is an algebraic analogue of the restriction map Rk

on THR(A).

Construction 5.9. If M is a discrete Eσ-ring, it follows from Proposition 5.3 that there 
is an isomorphism of D2pk−1-Mackey functors
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Φμp HR
D2pk
n (M) ∼ = HR

D2pk−1
n (M).

The above construction therefore produces restriction maps

Rk :
(︂
HR

D2pk
n (M)

)︂μ
pk →

(︂
HR

D2pk−1
n (M)

)︂μ
pk−1

,

which are maps of D2-Mackey functors. The maps Rk can be described explicitly on 
Lewis diagrams by

HR
D2pk
n (M)(D2pk/D2pk) HR

D2pk−1
n (M)(D2pk−1/D2pk−1)

HR
D2pk
n (M)(D2pk/μpk) HR

D2pk−1
n (M)(D2pk−1/μpk−1).

Rk

Rk

Definition 5.10. Given a discrete Eσ-ring M , we define the truncated p-typical Real Witt 
vectors of M by the formula

W k+1(M ; p) = HR
D2pk
0 (M)μpk

and the p-typical Real Witt vectors of M as

W (M ; p) := lim
k,Rk

HR
D2pk
0 (M)μpk

where the limit is computed in D2-Mackey functors. This is functorial in M by naturality 
of the restriction maps R so we produce a functor

W (−; p) : Algσ(MackD2) −→ MackD2 .

Remark 5.11. If M is a D2-Tambara functor, then by Lemma 4.16 and [20, Prop 5.16], 
HRD2pn

0 (M)μpn is a D2-Tambara functor and we produce

W (−; p) : TambD2 −→ TambD2 .

We now consider how the p-typical Real Witt vectors are related to Real topological 
Hochschild homology. Let A be an Eσ-ring. Since the family ℛ does not contain μpk and 
the family ℱ [μp] does not contain μpk for any k ≥ 1, on μpk fixed points, we do not need 
to distinguish between these two.

Recall that Real topological restriction homology is defined as

TRR(A; p) = holim
k,Rk

THR(A)μpk

in the category SpD2
𝒱 [21, Definition 3.6.].
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Theorem 5.12. Let A be an Eσ-ring and M = πD2
0 A. There is an isomorphism of D2

Mackey functors

πD2
0 TRR(A; p) ∼ = W (M ; p)

whenever R1 limk π
D2
1 THR(A)μpk = 0.

Proof. We note that there is an isomorphism

π
D2pk
0 THR(A) ∼ = HR

D2pk
0 (M)

of D2pk -Mackey functors by Theorem 4.20 and consequently a natural isomorphism of 
D2-Mackey functors

πD2
0 (THR(A)μpk ) ∼ = (HR

D2pk
0 (M))μpk . (5)

By construction, the diagram

πD2
0 THR(−)μpk

Rk

∼ = 

πD2
0 THR(−)μpk−1

∼ = (︂
HR

D2pk
0 (πD2

0 (−))
)︂μ

pk Rk
(︂
HR

D2pk−1
0 (πD2

0 (−))
)︂μ

pk−1

commutes. To see this, we note that the edge homomorphism in the spectral sequence as
sociated to the skeletal filtration of a simplicial spectrum (cf. Proof of 4.20) is compatible 
with the restriction maps Rk. Consequently,

πD2
0 TRR(A; p) ∼ = lim

R
πD2

0 THR(A)μpk

∼ = lim
R

(︂
HR

D2pk
0 (πD2

0 A)
)︂μ

pk

=W (πD2
0 A; p)

where the first isomorphism holds by our assumption that

R1 lim
k

πD2
1 THR(A)μpk = 0. □

Construction 5.13. We now define a Frobenius map

F : W (M ; p)→W (M ; p).

The restriction maps res
μ
pk

μ
pk−1 and res

D2pk

D2pk−1
on the Mackey functor HR

D2pk
0 (M) induce 

a map of D2-Mackey functors
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(︂
HR

D2pk
0 (M)

)︂μ
pk (D2/D2)

(︂
HR

D2pk
0 (M)

)︂μ
pk−1

(D2p/D2)

(︂
HR

D2pk
0 (M)

)︂μ
pk (D2/e)

(︂
HR

D2pk
0 (M)

)︂μ
pk−1

(D2p/e)

that we call F . Observe that the target of this map can be identified with the D2-Mackey 

functor 
(︂
HR

D2pk−1
0 (M)

)︂μ
pk−1

, so we simply write

Fk :
(︂
HR

D2pk
0 (M)

)︂μ
pk −→

(︂
HR

D2pk−1
0 (M)

)︂μ
pk−1

for this map. Note that this is natural so we can apply it to the map

HR
D2pk
0 (M) −→ ˜︁E ℱ [μp]

(︂
HR

D2pk
0 (M)

)︂
.

Therefore, by construction and Proposition 5.3 this map is compatible with the restric
tion maps in the sense that there are commutative diagrams

(︂
HR

D2pk
0 (M)

)︂μ
pk

(︂
HR

D2pk−1
0 (M)

)︂μ
pk−1

(︂
HR

D2pk−1
0 (M)

)︂μ
pk−1 (︂

HR
D2pk−2
0 (M)

)︂μ
pk−2

Fk

Rk Rk

Fk

Therefore, we have an induced map

Fk : W (M ; p) −→W (M ; p).

Remark 5.14. We can also define a Verschiebung operator

V : W (M ; p) −→W (M ; p)

in exactly the same way as in Construction 5.13 by replacing the restriction maps in the 
Mackey functor with the transfer maps in the Mackey functor.

There are also topological analogues of the maps F , V and R on THR(A)μpk when 
A is an Eσ-ring, which satisfy certain relations (cf. [21, §3]). In particular, Rk and Fk

are compatible in the sense that Rk−1 ◦ Fk = Fk−1 ◦ Rk. The cokernel of the map 
idW (A;p)−F is defined to be the coinvariants W (A; p)F . As a consequence, we have the 
following refinement of [13, Theorem A].

Theorem 5.15. Let A be an Eσ-ring, and suppose that

R1 lim
k

πD2
1 THR(A)μpk = 0.
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Then there is an isomorphism

π−1 TCR(A; p) ∼ = W (πD2
0 (A); p)F .

Proof. We compute the homotopy fiber of the topological map id−F by the long ex
act sequence in homotopy groups. By Theorem 5.12, we can identify π0 TRR(A). By 
inspection, the topological map F : TRR(A) → TRR(A) induces the algebraic map 
F : W (π0A; p) −→ W (π0A; p) and therefore π−1 TCR(A; p) is the cokernel of the alge
braic map id−F . □
6. Computations

In this section, we use the new algebraic framework from Section 4.3 to do some con
crete calculations. In particular, we compute the D2m-Mackey functor πD2m

0 THR(HZ)
where m ≥ 1 is an odd integer and Z is the constant Mackey functor. This computation 
has essentially already appeared in [9, Theorem 3.15], but we include it to illustrate 
how our approach can be done entirely in the setting of homological algebra for Mackey 
functors and is therefore, in a sense, algorithmic. The first step in this computation is a 
Tambara reciprocity formula for sums, which we present for a general finite group and 
may be of independent interest.

6.1. The Tambara reciprocity formulae

The most difficult relations in Tambara functors tend to be the interchange describing 
how to write the norm of a transfer as a transfer of norms of restrictions. These are 
described by the condition that if

U T U ×S

∏︁
g(T )

S
∏︁

g(T )

g

h f ′

g′

h′

is an exponential diagram, then we have

Ng ◦ Th = Th′ ◦Ng′ ◦Rf ′ .

The formulae called ``Tambara reciprocity'' unpack this in two basic cases: g : G/H →
G/K is a map of orbits and

(1) h : G/H ⨿G/H → G/H is the fold map or
(2) h : G/J → G/H is a map of orbits.
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Fig. 1. Unpacking the exponential diagram on orbits. 

These respectively describe universal formulae for

NK
H (a + b) and NK

H trHJ (a).

In general, these can be tricky to specify, since we have to understand the general form 
of the dependent product (or equivalently here, coinduction).

Lemma 6.1 ([19, Proposition 2.3]). If h : T → G/H is a morphism of finite G-sets, with 
T0 = h−1(eH) the corresponding finite H-set, and if g : G/H → G/K is the quotient 
map corresponding to an inclusion H ⊂ K, then we have an isomorphism of G-sets∏︂

g

(T ) ∼ = G×K MapH(K,T0).

This entire argument is induced up from K to G, so it suffices to study the case 
K = G. In this formulation, the map f ′ along which we restrict is the map

G/H ×MapH(G,T0)→ G×H T0

given by

(gH, F ) ↦→ [︁
g, F (g)

]︁
.

Since the transfer along the fold map is the sum, we can understand the exponential 
diagram by further pulling back along the inclusions of orbits in MapH(G,T ). Let F ∈
MapH(G,T0) be an element, let G·F be the orbit, and let K = Stab(F ) be the stabilizer. 
We can now unpack the orbit decomposition of G/H ×G/K and the maps to T and to 
G/K ∼ = G · F . We depict the exponential diagram, together with the pullback along the 
inclusion of the orbit G · F and orbit decompositions of the relevant pieces in Fig. 1.

The map labeled ∇K,H is the coproduct of the canonical projection maps

G/(K ∩ γ−1Hγ)→ G/K,

and the norm along this is, by definition

N∇K,H
=

∏︂
[γ]∈K\G/H

NK
K∩γ−1Hγ .



G. Angelini-Knoll et al. / Advances in Mathematics 482 (2025) 110568 33

Also by definition, the restriction along 
∏︁

cγ is

∏︂
[γ]∈H\G/K

M
(︁
G/(H ∩ γKγ−1)

)︁ ∏︁
[γ]∈K\G/H γ −−−−−−−−−→

∏︂
[γ]∈K\G/H

M
(︁
G/(K ∩ γ−1Hγ)

)︁
for a Mackey or Tambara functor M , where γ here is the Weyl action. These give all the 
tools needed to understand the Tambara reciprocity formulae. We spell out the formula 
for a norm of a sum in general; we will not need the formula for the norm of a transfer 
here.

Theorem 6.2. Let G be a finite group and H a subgroup, and let R be a G-Tambara 
functor. For each F ∈ MapH

(︁
G, {a, b})︁, let KF be the stabilizer of F . Then for any 

a, b ∈ R(G/H), we have

NG
H (a + b)

=
∑︂

[F ]∈MapH(G,{a,b})/G
trGKF

⎛⎝ ∏︂
[γ]∈KF \G/H

NKF

KF∩(γ−1Hγ)

(︂
γresHH∩(γKγ−1)

(︁
F (γ−1)

)︁)︂⎞⎠
Proof. This follows immediately from the proceeding discussion. The only step to check 
is the identification of the restriction. This follows from the identification of the map 
f ′ with the evaluation map. In the case T0 = {a, b}, where here we blur the distinction 
between a and b as elements of R(G/H) and as dummy variables, the map

G/
(︁
H ∩ (γKγ−1)

)︁→ G/H × {a, b}

coincides with the canonical quotient onto the summand specified by evaluating F at 
γ−1. □

Here we only need the Tambara reciprocity formulae for dihedral groups, so we now 
restrict attention to these cases.

6.2. Formulae for dihedral groups

We use the following two lemmas to describe the coinductions needed for the Tambara 
reciprocity formulae for

ND2n
D2m

(a + b) and ND2n
D2m

trD2m
μm

(a),

where n/m is an odd prime.

Lemma 6.3. Let H,K be subgroups of a finite group G and T be a G-set. Then there is 
a natural bijection
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MapH(G,T )K ∼ = 
∏︂

KγH∈K\G/H

MapH(KγH, T )K ∼ = 
∏︂

KγH∈K\G/H

T (γ−1Kγ∩H).

When T has trivial action this simplifies to

MapH(G,T )K ∼ = 
∏︂

KγH∈K\G/H

T.

Proof. Regarding G as a K ×Hop-space, there is an isomorphism

ι∗K×HopG ∼ = 
∐︂
γ

KγH

where γ ranges over representatives for double cosets KγH in K\G/H. The K fixed 
points of coinduction up from H to G are the same as the K ×Hopfixed points of just 
the set of maps out of G. This gives a natural (in T ) bijection

MapH(G,T )K ∼ = MapH

⎛⎝ ∐︂
K\G/H

KγH, T

⎞⎠K

∼ = 
∏︂

K\G/H

MapH(KγH, T )K

as desired.
To understand each individual factor, we use the quotient map πK : K ×H −→ H to 

rewrite the fixed points:(︁
MapH(KγH, T )

)︁K ∼ = MapK×H(KγH, π∗
KT ).

Since by definition of the pullback, K acts trivially on T , the map factors through the 
orbits K\KγH, which is an H-orbit. The classical double coset formula identifies this 
with H/(H ∩ γ−1Kγ), and the result follows.

The simplification follows from the action being trivial, and hence all points being 
fixed. □
Lemma 6.4. Let p be an odd prime. There are isomorphisms of D2p-sets

MapD2(D2p, {a, b}) ∼ = ∗ ⨿ ∗ ⨿
2(p+1)/2−2∐︂

i=1 
D2p/D2 ⨿

((2p−1−1)/p)+1−2(p−1)/2∐︂
i=1 

D2p.

Proof. We observe that the only fixed points with respect to μp and any subgroup of 
D2p containing μp are the constant maps fa and fb sending D2p to a or D2p to b, respec
tively. This gives the first two summands. The D2fixed points are given by a product 
of (p + 1)/2 = |D2\D2p/D2| copies of {a, b} with an additional copy corresponding to 
the constant maps. Combining this information, we have 2(p+1)/2 − 2 copies of D2p/D2
each contributing one D2fixed point. The remaining summands must be given by copies 
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of the D2p-set D2p and examining the cardinality the number of copies of D2p must be 
((2p−1 − 1)/p) + 1− 2(p−1)/2. □
Remark 6.5. There is a geometric interpretation of this. The D2p-set MapD2(D2p, {a, b})
can be thought of as the ways to label the vertices of the regular p-gon with labels a or 
b. The stabilizer of a function is the collection of those rigid motions which preserve the 
labeling. Those with stabilizer D2 are the ones that are symmetric with respect to the 
reflection through some fixed vertex and passing through the center. These then depend 
only on the label at the chosen vertex, and then p−1

2 labels for the next vertices, moving 
either clockwise or counterclockwise from that vertex. Of these, there are two that are 
special: the two where everything has a fixed label.

Notation 6.6. For an odd prime p, let

cp = 2
p−1
2 − 1 and dp = 2p−1 − 1

p 
− cp.

Lemma 6.7. Let p be an odd prime. We have an isomorphism of D2p-sets

MapD2(D2p, D2) ∼ = D2p/μp ⨿
dp+cp∐︂

D2p.

Proof. Since D2 is a free D2-set, there are no D2pfixed points, by the universal prop
erty of coinduction. On the other hand, D2 as a D2-set is actually in the image of the 
restriction from D2p-sets via the quotient map D2p → D2, and this is compatible with 
the inclusion of D2 into D2p. This allows us to rewrite our D2p-set as

MapD2(D2p, D2) ∼ = Map(D2p/D2, D2p/μp).

Since μp acts trivially in the target, the μpfixed points are

Map(D2p/D2, D2p/μp)μp = Map(D2p/μpD2, D2p/μp) ∼ = D2p/μp.

Finally, since D2-acts freely in the target, there are no D2fixed points (and hence for 
any of the conjugates). Counting gives the desired answer. □

We need two much more general versions of these identifications, both of which follow 
from the preceding lemmas.

Lemma 6.8. If N ⊂ H ⊂ G with N a normal subgroup of G, then for any H-set T with 
T = TN , we have a natural bijection of G-sets

MapH(G,T ) ∼ = MapH/N (G/N, T ).
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Proof. Since N is a normal subgroup of G, for any g ∈ G, n ∈ N , and f ∈ MapH(G,T ), 
we have

f(gn) = f(cg(n)g) = cg(n)f(g) = f(g),

where the first equality is by normality of N , the second is by H-equivariance of f , and 
the third is by the condition that TN = T . □
Corollary 6.9. Let p be an odd prime. For any m ≥ 1, there are isomorphisms of D2pm
sets

MapD2m(D2pm, {a, b}) ∼ = {fa, fb} ⨿
2cp∐︂
i=1

D2pm/D2m ⨿
dp∐︂
i=1

D2pm/μm,

and

MapD2m(D2pm, D2m/μm) ∼ = D2pm/μpm ⨿
dp+cp∐︂

D2pm/μm.

Proof. This follows from Lemma 6.8. The subgroup N = μm. The quotient D2m/μm is 
D2; the quotient D2pm/μm is D2p, and the result follows from the previous lemmas. □

We will now produce a Tambara reciprocity formula for sums for the group D2p when 
p is an odd prime.

Notation 6.10. Let

X =
(︂

MapD2
(︁
D2p, {a, b}

)︁)︂D2 − {fa, fb}

be a set of representatives for the D2fixed points. For a point x ∈ X, let xi = x(ζip). Let

Y =
(︂

MapD2
(︁
D2p, {a, b}

)︁−D2p ·X
)︂
/D2p

be the set of free orbits in MapD2
(︁
D2p, {a, b}

)︁
, and for an equivalence class [y] ∈ Y , let 

yi = y(ζip).

Lemma 6.11 (Tambara reciprocity for sums for dihedral groups). Let D2p be the dihedral 
group where p is an odd prime, with a generator τ of order 2 and ζp of order p, and let 
D2 be the cyclic subgroup generated by τ . Let S be a D2p-Tambara functor. Then for all 
a and b in S(D2p/D2)

N
D2p
D2

(aD2 + bD2) =N
D2p
D2

(a) + N
D2p
D2

(b)
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+
∑︂
x∈X

trD2p
D2

⎛⎝x0

(p−1)/2∏︂
i=1 

ND2
e (ζip resD2

e (xi))

⎞⎠
+

∑︂
[y]∈Y

trD2p
e

(︄
p ∏︂

i=1
ζip resD2

e (yi)
)︄

where X and Y are as in Notation 6.10.

Proof. This follows from Theorem 6.2, using the identification of coinduction given by 
Lemma 6.4. □
Example 6.12. Explicitly, in the case of p = 3, we have the formula

ND6
D2

(a + b) =ND6
D2

(aD2) + ND6
D2

(bD2)

+ trD6
D2

(bD2 ·ND2
e (ζ5 · resD2

e (aD2)))

+ trD6
D2

(aD2 ·ND2
e (ζ5 · resD2

e (bD2))),

because in this case the set Y is empty. When p = 7, abbreviating ae = resD2
e a and 

be = resD2
e b there is a summand

trD14
e

(︁
ξ7be · ξ2

7be · ξ3
7ae · ξ4

7be · ξ5
7ae · ξ6

7ae · ξ7
7ae

)︁
.

6.3. Truncated p-typical Real Witt vectors of Z

For p an odd prime, we compute the D2pk-Tambara functor π
D2pk
0 THR(HZ), using 

the formula

π
D2pk
0 THR(HZ) ∼ = N

D2pk

D2
Z□

N
D2pk
e ι∗eZ

N
D2pk

ζD2ζ−1cζZ

from Theorem 4.20 and Proposition 4.17. We therefore begin by computing the Mackey 

functor norm, N
D2pk

D2
Z.

Since we will be working both with dihedral groups as groups and with them as 
representatives of isomorphism classes of D2m-sets in the corresponding Burnside ring, 
we will use distinct notation to keep track.

Notation 6.13. If T is a finite G-set, then let [T ] denote the isomorphism class of T as 
an element of the Burnside ring. When T = G/G, we will also simply write this as 1.

We also need some notation for generation of a Mackey functor, especially repre
sentable ones.
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Notation 6.14. If T is a finite G-set, let AT · f be AT , with the canonical element T = ←−
T

=−→ T named f .

Lemma 6.15. Let p be an odd prime. There is an isomorphism of D2p-Tambara functors

N
D2p
D2

(Z) ∼ = AD2p/
(︁
2− [D2p/μp]

)︁
.

Proof. The constant Mackey functor Z for D2 is the quotient of AD2 by the element 
2−[D2] ∈ AD2(D2/D2) using the conventions of Section 4.1. Equivalently, we can rewrite 
this as a coequalizer of maps, both of which are represented by multiplication by a fixed 
D2-set:

AD2 AD2 .
2

D2

Extend this to a reflexive coequalizer by formally putting in the zeroth degeneracy. This 
represents Z as a sifted colimit of free Mackey functors:

AD2 · a⊕AD2 · b AD2 Z,
d0

d1
s0

where s0(1) = b, and where

d0(b) = d1(b) = 1 and di(a) =
{︄

[D2] i = 0
2 i = 1.

The norm commutes with sifted colimits, so we deduce that we have a reflexive coequal
izer diagram

N
D2p
D2

(AD2 · a⊕AD2 · b) N
D2p
D2

(AD2) N
D2p
D2

(Z).
N(d1)

N(d0)

N(s0)

The norm is defined by the left Kan extension of coinduction, so we have a canonical 
isomorphism for representable functors:

N
D2p
D2

(︁
AD2 ⊕AD2

)︁ ∼ = N
D2p
D2

(︁
AD2

{a,b}
)︁ ∼ = AMapD2 (D2p,{a,b}),

and the norm of the Burnside Mackey functor for D2 is the Burnside Mackey functor for 
D2p. Here and from now on we simply write AT for AD2p

T . Lemma 6.4 determines the 
D2p-set we see here:

MapD2
(︁
D2p, {a, b}

)︁
= {fa} ⨿ {fb} ⨿

∐︂
x∈X

D2p/D2 · x⨿
∐︂

[y]∈Y

D2p · [y].
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This decomposition gives a decomposition of the representable:

AMapD2 (D2p,{a,b})
∼ = A · fa ⊕A · fb ⊕

⨁︂
x∈X

AD2p/D2
· x⊕

⨁︂
[y]∈Y

AD2p
· y.

Since the direct sum is the coproduct in Mackey functors, we can view each summand in 
the coequalizer as independently introducing a relation on A. We can therefore work one 
summand at a time, keeping track of the added relations. By the Yoneda Lemma, maps 
from a representable Mackey functor AT · f to A are in bijective correspondence with 
elements of A(T ), and the bijection is given by evaluating a map of Mackey functors 
on the canonical element f . To determine these, we work directly, using the definition 
of the representables. For a general summand parameterized by the orbit of a function 
D2p/D2 → {a, b}, the value of the corresponding face map is built out of the functions 
values at the points of D2p/D2. The slogan here is that this is simply a ``decategorifica
tion'' of the Tambara reciprocity formula we already described.

The first case is the constant functions. Here, we have

di(f∗) = N
D2p
D2

(︁
di(∗)

)︁
,

for ∗ = a, b. Both d0 and d1 agree on b with value 1, so the summand A · fb contributes 
no relation. For the summand A · fa, we use that the norms in the Burnside Tambara 
functor are given by coinduction:

d0(fa) = N
D2p
D2

(︁
[D2]

)︁
= [D2p/μp] + (dp + cp)[D2p] and

d1(fa) = N
D2p
D2

(2) = 2 + 2cp[D2p/D2] + dp[D2p],

where

cp = 2
p−1
2 − 1 and dp = 2p−1 − 1

p 
− cp

are as defined in Notation 6.6. Coequalizing these two maps introduces a relation

2 + 2cp[D2p/D2] + dp[D2p]−
(︁
[D2p/μp] + (dp + cp)[D2p]

)︁
,

which simplifies to (︁
2− [D2p/μp]

)︁
+ cp

(︁
2[D2p/D2]− [D2p]

)︁
in A(D2p/D2p.

The second case we consider is the easiest one: the summands parameterized by Y . 
Maps from AD2p

· y to A are in bijection with elements of A(D2p/e) = Z. The explicit 
value is the corresponding summand from the Tambara reciprocity formula:
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di(y) =
p ∏︂

j=0
resD2

e

(︁
di(yj)

)︁
,

since the Weyl action on the underlying abelian group in the Burnside Mackey functor 
is trivial. Since d0(b) = d1(b) = 1 and since

resD2
e

(︁
d0(a)

)︁
= resD2

e

(︁
d1(a)

)︁
= 2,

both face maps always agree on these summands, with value given by

di(y) = 2|y
−1(a)|.

Finally, the trickiest summands are the ones parameterized by X. Since we are map
ping out of

AD2p/D2
∼ = IndD2p

D2
AD2 ,

by the induction-restriction adjunction, it suffices to understand instead the restriction 
to D2 of the target. Here we use the multiplicative double coset formula: for a general 
D2-Mackey functor M , we have

i∗D2
N

D2p
D2

M ∼ = M□ □
D2\D2p/D2−D2eD2

ND2
e i∗eM.

For the Burnside Mackey functor, there is a confusing collision: every Mackey functor 
in this expression is the Burnside Mackey functor, so we cannot distinguish between 
AD2 as itself or as ND2

e Z. Writing things in terms of the actual norms of a generic 
Mackey functor, helps disambiguate. To a function x with stabilizer D2, we have the 
corresponding summand from the Tambara reciprocity formula:

di(x) = di(x0) ·
(p−1)/2∏︂

j=1 
ND2

e

(︁
res∗e di(xj)

)︁
where again, the triviality of the Weyl group allows us to ignore it. Note also that with 
the exception of x0, we actually only see the restriction of di(xj). As we saw in the 
second case, the two face maps here always agree, with value 1 if xj = b and with value 
2 if xj = a.

If x0 = b, then d0(x) = d1(x), since the product factors always agreed.
If x0 = a, then we have

di(f) = di(a) ·
(p−1)/2∏︂

j=1 
ND2

e res∗e di(xj) = dj(a)(2 + [D2])k,
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where k is the number of j between 1 and (p − 1)/2 such that xj = 1. The coequalizer 
therefore induces the relation (︁

2− [D2]
)︁ · (︁2 + [D2]

)︁k
.

Since these are multiples of the case i = 0, so we deduce that all of these summands 
contribute exactly one relation:

2− [D2] ∈ A(D2p/D2).

Summarizing, we have that the norm ND2p
D2

Z is

A/
(︂(︁

2[D2p/D2p]− [D2p/μp]
)︁

+ cp
(︁
2[D2p/D2]− [D2p]

)︁
,
(︁
2[D2/D2]− [D2]

)︁)︂
,

where to help the reader keep track of where in the Mackey functor the relations are 
born, we replace 1 ∈ A(G/H) with H/H.

This simplifies in several ways, however. Since transfers in the Burnside Mackey func
tor are given by induction,

cp
(︁
2[D2p/D2]− [D2p]

)︁
= cptr

D2p
D2

(︁
2[D2/D2]− [D2]

)︁
,

so we can remove this from the first relations with impunity, giving

A/
(︂
2[D2p/D2p]− [D2p/μp], 2[D2/D2]− [D2]

)︂
.

We also have

res
D2p
D2

(︁
2[D2p/D2p]− [D2p/μp]

)︁
= 2[D2/D2]− [D2],

so we can now drop the second relation. This yields

N
D2p
D2

Z ∼ = A/
(︁
2− [D2p/μp]

)︁
.

Since Z is a Tambara functor, ND2p
D2

Z is, and as a quotient of A, it has a unique Tambara 
functor structure. □

This has a somewhat surprising consequence: the form of the norm is the same as 
what we started with, in that we are coequalizing two maps represented by G-sets of 
cardinality 2. Induction gives the following generalization.

Theorem 6.16. For any odd integer m ≥ 1, we have an isomorphism of D2m-Tambara 
functors

ND2m
D2

Z ∼ = AD2m/(2− [D2m/μm]).
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6.4. Unpacking the norm

We pause here to unpack this definition some, since the quotient of Mackey functors 
by a congruence relation might be less familiar than the abelian group case.

Definition 6.17. For any odd natural number m, let

Rm = ND2m
D2

Z.

Lemma 6.18. For any k dividing m, we have

i∗D2k
Rm
∼ = Rk,

and

i∗μk
Rm
∼ = Aμk .

Proof. Theorem 6.16 writes the norm Rm as the coequalizer of

AD2m AD2m .
2

[D2m/μm]

Since the restriction functor on Mackey functors is exact, for any subgroup H, the 
restriction of the norm is the coequalizer of 2 and

resD2m
H [D2m/μm] = [i∗HD2m/μm].

When H = D2k, we have

i∗D2k
D2m/μm = D2k/μk,

since there is a single double coset and D2k ∩ μm = μk. This gives the first part.
When H = μm, we have

i∗μm
D2m/μm = 2μm/μm,

since μm is normal. This implies that the restriction to μm is Aμm , and hence the 
restriction to μk is Aμk . □

Since we are coequalizing two maps from the Burnside Mackey functor to itself, the 
value at D2m/D2m can also be readily computed. We need a small lemma about the 
products of certain D2m-orbits.
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Proposition 6.19. Let m be an odd natural number. Let H ⊂ D2m be a subgroup, and let 
ℓ = gcd(m, |H|). Then we have

D2m/H ×D2m/μm
∼ = 

{︄
D2m/μℓ |H| even,
D2m/H ⨿D2m/H |H| odd.

Proof. Since m is odd, any subgroup H is conjugate to either D2k or μk, for k dividing 
m, and the two cases are distinguished by the parity of the cardinality. Hence D2m/H is 
isomorphic to either D2m/D2k or to D2m/μk in exactly the two cases in the statement. 
The result follows from the isomorphism

D2m/H ×D2m/μm
∼ = D2m ×

H
i∗HD2m/μm,

and our earlier analysis of the restrictions. □
Corollary 6.20. For any odd m, Rm(∗) is a free abelian group:

Rm(∗) ∼ = Z
{︁
[D2m/D2k] | k|m

}︁
.

The image of [D2m/D2k] ∈ AD2m(∗) is [D2m/D2k], while the image of [D2m/μk] ∈
AD2m(∗) is 2[D2m/D2k].

Proof. Proposition 6.19 describes the effect of the two maps on the standard basis for 
the Burnside ring. We see that

(︁
2− [D2m/μm]

)︁ · [D2m/μk] = 0,

while

(︁
2− [D2m/μm]

)︁ · [D2m/D2k] = 2[D2m/D2k]− [D2m/μk].

This gives both the additive result and the images. □
Lemma 6.18 shows then that the same statement is essentially true for the values at 

dihedral subgroups.

Corollary 6.21. For any odd m and any k dividing m, we have an isomorphism

Rm(D2m/D2k) ∼ = Z
{︁
[D2k/D2j ] | j|k

}︁
.

We can also spell out the restriction and transfer maps here. The restriction and 
transfer to the odd order cyclic subgroups is easier, since there is a unique maximal one.
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Proposition 6.22. The restriction map

Rm(∗)→ Rm(D2m/μm) ∼ = Aμm(μm/μm)

is given by

[D2m/D2k] ↦→ [μm/μk].

The transfer map is given by

[μm/μk] ↦→ 2[D2m/D2k].

Proof. These follow from the restriction and induction in D2m-sets, together with the 
relation

[D2m/μk] = 2[D2m/D2k]

in Rm. □
For the restrictions and transfers to dihedral subgroups, we consider a maximal proper 

divisor. Let p be a prime dividing m, and let k = m/p.

Proposition 6.23. The restriction map

Rm(∗)→ Rk(∗)

is given by

[D2m/D2j ] ↦→ pℓ

j
[D2k/D2ℓ],

where ℓ = gcd(k, j). The transfer maps are given by

[D2k/D2j ] ↦→ [D2m/D2j ].

Proof. The transfer maps are immediate. For the restriction, since m is odd, the normal
izer of any dihedral subgroup is itself. The intersection of D2k with D2j is the dihedral 
group D2ℓ, while the intersection of D2k with any conjugate of D2j is just the intersection 
μj ∩ μk = μℓ. This means that it suffices to count cardinalities. This gives

i∗D2k
D2m/D2j = D2k/D2ℓ ⨿

a ∐︂
D2k/μℓ,

where a = pℓ−j
2j . Since [D2k/μℓ] = 2[D2k/D2ℓ], the result follows. □
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Theorem 6.24. Let m ≥ 1 be an odd integer. There is an isomorphism of D2m-Mackey 
functors

πD2m
0 THR(HZ) ∼ = AD2m/(2− [D2m/μm]),

where (2 − [D2m/μm]) is the ideal generated by 2 − [D2m/μm] in the Tambara functor 
AD2m .

Proof. By Proposition 4.17 and Theorem 4.20, it suffices to compute the coequalizer

ND2m
D2

Z□ND2m
e Z□ND2m

ζD2ζ−1cζZ ND2m
D2

Z□ND2m
ζD2ζ−1cζZ.

For any G, NG
e Z is the Burnside Mackey functor, the symmetric monoidal unit. The 

E0-structure map here is just the unit

AD2m → ND2m
D2

Z.

By Theorem 6.16, this is surjective, so ND2m
D2

Z is a ``solid'' Green functor in the sense 
that the multiplication map is an isomorphism. Finally, note that the argument we gave 
to identify ND2m

D2
Z did not depend on the choice of D2 inside D2m, so we have an 

isomorphism

ND2m
D2

Z ∼ = ND2m
ζD2ζ−1Z

of Tambara functors. We deduce that all pieces in the coequalizer diagram are just 
ND2m

D2
Z. □

When restricted to πD2
0 (THR(HZ)D2pk ), our computation recovers the computation 

in [9].

Corollary 6.25. Let p be an odd prime. Then there are isomorphisms of abelian groups

π
D2pk
0 (THR(HZ))(D2pk/D2pk) ∼ = π

D2pk
0 (THR(HZ))(D2pk/μpk) ∼ = Wk+1(Z; p).

Since we computed the restriction and transfer maps, we have the following compu
tation.

Corollary 6.26. There is an isomorphism of Mackey functors

Wk(Z; p) = Wk(Z; p)

for odd primes p.



46 G. Angelini-Knoll et al. / Advances in Mathematics 482 (2025) 110568 

Declaration of competing interest

Michael A. Hill (M.A.H.) became the Managing Editor of Advances in Mathematics 
on 15th May 2025, while this manuscript was pending a final decision. M.A.H. declares 
that he was not involved in the editorial review or decision-making process for this 
submission. The manuscript was handled independently by editors with no affiliation 
to the authors or their institution, in accordance with the journal’s policy to ensure 
unbiased peer review.

References

[1] V. Angeltveit, A.J. Blumberg, T. Gerhardt, M.A. Hill, T. Lawson, M.A. Mandell, Topological cyclic 
homology via the norm, Doc. Math. 23 (2018) 2101--2163.

[2] M.F. Atiyah, K-theory and reality, Q. J. Math. Oxf. Ser. (2) 17 (1966) 367--386.
[3] A.J. Blumberg, T. Gerhardt, M.A. Hill, T. Lawson, The Witt vectors for Green functors, J. Algebra 

537 (2019) 197--244.
[4] S. Bouc, Non-additive exact functors and tensor induction for Mackey functors, Mem. Am. Math. 

Soc. 144 (683) (2000), viii+74.
[5] M. Brun, B. Dundas, M. Stolz, Equivariant structure on smash powers, e-prints, arXiv:1604.05939, 

2018.
[6] E. Dotto, Stable real K-theory and real topological Hochschild homology, Ph.D. thesis, University 

of Copenhagen, 2012.
[7] E. Dotto, K. Moi, I. Patchkoria, On the geometric fixed points of real topological cyclic homology, 

J. Lond. Math. Soc. (2) 109 (2) (2024) e12862.
[8] E. Dotto, K. Moi, I. Patchkoria, S.P. Reeh, Real topological Hochschild homology, J. Eur. Math. 

Soc. 23 (1) (2021) 63--152.
[9] E. Dotto, K.J. Moi, I. Patchkoria, Witt vectors, polynomial maps, and real topological Hochschild 

homology, Ann. Sci. Éc. Norm. Supér. (4) 55 (2) (2022) 473--535.
[10] E. Dotto, C. Ogle, K-theory of Hermitian Mackey functors, real traces, and assembly, Ann. K-Theory 

4 (2) (2019) 243--316.
[11] A.D. Elmendorf, I. Kriz, M.A. Mandell, J.P. May, Rings, Modules, and Algebras in Stable Ho

motopy Theory, Mathematical Surveys and Monographs, vol. 47, American Mathematical Society, 
Providence, RI, 1997. With an appendix by M. Cole.

[12] Z. Fiedorowicz, J.-L. Loday, Crossed simplicial groups and their associated homology, Trans. Am. 
Math. Soc. 326 (1) (1991) 57--87.

[13] L. Hesselholt, Witt vectors of non-commutative rings and topological cyclic homology, Acta Math. 
178 (1) (1997) 109--141.

[14] L. Hesselholt, I. Madsen, On the K-theory of finite algebras over Witt vectors of perfect fields, 
Topology 36 (1) (1997) 29--101.

[15] L. Hesselholt, I. Madsen, Real algebraic K-theory, Available at https://web.math.ku.dk/~larsh/
papers/s05/book.pdf, 2015.

[16] M.A. Hill, M.J. Hopkins, Equivariant symmetric monoidal structures, arXiv:1610.03114, 2016.
[17] M.A. Hill, M.J. Hopkins, D.C. Ravenel, On the nonexistence of elements of Kervaire invariant one, 

Ann. Math. (2) 184 (1) (2016) 1--262.
[18] M.A. Hill, On the algebras over equivariant little disks, J. Pure Appl. Algebra 226 (10) (2022) 

107052.
[19] M.A. Hill, K. Mazur, An equivariant tensor product on Mackey functors, J. Pure Appl. Algebra 

223 (12) (2019) 5310--5345.
[20] M.A. Hill, D. Mehrle, J.D. Quigley, Free incomplete Tambara functors are almost never flat, Int. 

Math. Res. Not. 5 (2023) 4225--4291.
[21] A. Høgenhaven, Real topological cyclic homology of spherical group rings, e-prints, arXiv:1611.

01204, 2016.
[22] M. Karoubi, Périodicité de la K-théorie hermitienne, in: Algebraic K-Theory, III: Hermitian K

Theory and Geometric Applications, Proc. Conf., Battelle Memorial Inst., Seattle, Wash., 1972, in: 
Lecture Notes in Math., vol. 343, 1973, pp. 301--411.

http://refhub.elsevier.com/S0001-8708(25)00466-9/bib0C28334A2E4917A5D3148CD1A5C505ACs1
http://refhub.elsevier.com/S0001-8708(25)00466-9/bib0C28334A2E4917A5D3148CD1A5C505ACs1
http://refhub.elsevier.com/S0001-8708(25)00466-9/bibAF89E4488C90B0B72D11C6D7A9EAA12Fs1
http://refhub.elsevier.com/S0001-8708(25)00466-9/bibD52E8A5EEAE92C9985FC3FCCCF4FF07Bs1
http://refhub.elsevier.com/S0001-8708(25)00466-9/bibD52E8A5EEAE92C9985FC3FCCCF4FF07Bs1
http://refhub.elsevier.com/S0001-8708(25)00466-9/bibB4B7769B90D7DED1538BFEAA6975F892s1
http://refhub.elsevier.com/S0001-8708(25)00466-9/bibB4B7769B90D7DED1538BFEAA6975F892s1
http://refhub.elsevier.com/S0001-8708(25)00466-9/bib4C61653E6553B3C21D73208F8AA17667s1
http://refhub.elsevier.com/S0001-8708(25)00466-9/bib4C61653E6553B3C21D73208F8AA17667s1
http://refhub.elsevier.com/S0001-8708(25)00466-9/bib294FB107B98E973F3512B850255EB369s1
http://refhub.elsevier.com/S0001-8708(25)00466-9/bib294FB107B98E973F3512B850255EB369s1
http://refhub.elsevier.com/S0001-8708(25)00466-9/bib644762896CAA6955555134C2D8F0DA13s1
http://refhub.elsevier.com/S0001-8708(25)00466-9/bib644762896CAA6955555134C2D8F0DA13s1
http://refhub.elsevier.com/S0001-8708(25)00466-9/bib6A6DD159E76A48A3A7C53A8810D404DDs1
http://refhub.elsevier.com/S0001-8708(25)00466-9/bib6A6DD159E76A48A3A7C53A8810D404DDs1
http://refhub.elsevier.com/S0001-8708(25)00466-9/bib7425AAEC7945EB1B26A7201A9D7E8150s1
http://refhub.elsevier.com/S0001-8708(25)00466-9/bib7425AAEC7945EB1B26A7201A9D7E8150s1
http://refhub.elsevier.com/S0001-8708(25)00466-9/bib0FE62542B1B59388F22327119BE5D860s1
http://refhub.elsevier.com/S0001-8708(25)00466-9/bib0FE62542B1B59388F22327119BE5D860s1
http://refhub.elsevier.com/S0001-8708(25)00466-9/bib648F6037416E0D9118A96FD291793924s1
http://refhub.elsevier.com/S0001-8708(25)00466-9/bib648F6037416E0D9118A96FD291793924s1
http://refhub.elsevier.com/S0001-8708(25)00466-9/bib648F6037416E0D9118A96FD291793924s1
http://refhub.elsevier.com/S0001-8708(25)00466-9/bib33C487DB98462241E2991A54E19E7321s1
http://refhub.elsevier.com/S0001-8708(25)00466-9/bib33C487DB98462241E2991A54E19E7321s1
http://refhub.elsevier.com/S0001-8708(25)00466-9/bib90257763283E40C72E01C23318AA21E2s1
http://refhub.elsevier.com/S0001-8708(25)00466-9/bib90257763283E40C72E01C23318AA21E2s1
http://refhub.elsevier.com/S0001-8708(25)00466-9/bibB54A83F0412257703FB84107043C7697s1
http://refhub.elsevier.com/S0001-8708(25)00466-9/bibB54A83F0412257703FB84107043C7697s1
https://web.math.ku.dk/~larsh/papers/s05/book.pdf
https://web.math.ku.dk/~larsh/papers/s05/book.pdf
http://refhub.elsevier.com/S0001-8708(25)00466-9/bib5B217550D40E21BF3C629AC930602CB9s1
http://refhub.elsevier.com/S0001-8708(25)00466-9/bibAD4FA32C51CC00B4EEA494746FD476F1s1
http://refhub.elsevier.com/S0001-8708(25)00466-9/bibAD4FA32C51CC00B4EEA494746FD476F1s1
http://refhub.elsevier.com/S0001-8708(25)00466-9/bib3DCF9C44E61776EF26BAC227F41741A8s1
http://refhub.elsevier.com/S0001-8708(25)00466-9/bib3DCF9C44E61776EF26BAC227F41741A8s1
http://refhub.elsevier.com/S0001-8708(25)00466-9/bib8580AA092B2C429B46C0270ADDC53613s1
http://refhub.elsevier.com/S0001-8708(25)00466-9/bib8580AA092B2C429B46C0270ADDC53613s1
http://refhub.elsevier.com/S0001-8708(25)00466-9/bib397272C9671CDA0E4AE61A1AFC915279s1
http://refhub.elsevier.com/S0001-8708(25)00466-9/bib397272C9671CDA0E4AE61A1AFC915279s1
http://refhub.elsevier.com/S0001-8708(25)00466-9/bib007AEC262691DC9CD371CDEFA3D4D2EDs1
http://refhub.elsevier.com/S0001-8708(25)00466-9/bib007AEC262691DC9CD371CDEFA3D4D2EDs1
http://refhub.elsevier.com/S0001-8708(25)00466-9/bib48AAB056427E085B305E6D0D18EBB289s1
http://refhub.elsevier.com/S0001-8708(25)00466-9/bib48AAB056427E085B305E6D0D18EBB289s1
http://refhub.elsevier.com/S0001-8708(25)00466-9/bib48AAB056427E085B305E6D0D18EBB289s1


G. Angelini-Knoll et al. / Advances in Mathematics 482 (2025) 110568 47

[23] C. Lewis, Computational tools for Real topological Hochschild homology, arXiv:2408.07188, 2024.
[24] L.G. Lewis Jr., M.A. Mandell, Equivariant universal coefficient and Künneth spectral sequences, 

Proc. Lond. Math. Soc. (3) 92 (2) (2006) 505--544.
[25] J.-L. Loday, Cyclic Homology, second edition, Grundlehren der Mathematischen Wissenschaften 

(Fundamental Principles of Mathematical Sciences), vol. 301, Springer-Verlag, Berlin, 1998, Ap
pendix E by María O. Ronco, Chapter 13 by the author in collaboration with Teimuraz Pirashvili.

[26] J. Lurie, Higher algebra, Available at http://people.math.harvard.edu/~lurie/papers/HA.pdf, 2017.
[27] M.A. Mandell, J.P. May, Equivariant orthogonal spectra and S-modules, Mem. Am. Math. Soc. 

159 (755) (2002), x+108.
[28] J. McClure, R. Schwänzl, R. Vogt, THH(R) ∼ = R⊗ S1 for E∞ ring spectra, J. Pure Appl. Algebra 

121 (2) (1997) 137--159.
[29] G. Segal, Configuration-spaces and iterated loop-spaces, Invent. Math. 21 (1973) 213--221.
[30] M. Stolz, Equivariant structure on smash powers of commutative ring spectra, 2011.
[31] N. Strickland, Tambara functors, e-prints, arXiv:1205.2516, May 2012.

http://refhub.elsevier.com/S0001-8708(25)00466-9/bib6DCEA1B5DBA72C047AEC6EA1A62F752As1
http://refhub.elsevier.com/S0001-8708(25)00466-9/bibD40F14F725B431571A85BE85EA188A26s1
http://refhub.elsevier.com/S0001-8708(25)00466-9/bibD40F14F725B431571A85BE85EA188A26s1
http://refhub.elsevier.com/S0001-8708(25)00466-9/bibC956144BE24F5E391556772C6531E7F8s1
http://refhub.elsevier.com/S0001-8708(25)00466-9/bibC956144BE24F5E391556772C6531E7F8s1
http://refhub.elsevier.com/S0001-8708(25)00466-9/bibC956144BE24F5E391556772C6531E7F8s1
http://people.math.harvard.edu/~lurie/papers/HA.pdf
http://refhub.elsevier.com/S0001-8708(25)00466-9/bib9BE258886A522321C105E777FE426B25s1
http://refhub.elsevier.com/S0001-8708(25)00466-9/bib9BE258886A522321C105E777FE426B25s1
http://refhub.elsevier.com/S0001-8708(25)00466-9/bib63367008B1C4CBFA65183A56FC1155F0s1
http://refhub.elsevier.com/S0001-8708(25)00466-9/bib63367008B1C4CBFA65183A56FC1155F0s1
http://refhub.elsevier.com/S0001-8708(25)00466-9/bibD6BDE5B2FE1666A98FF555B93E8C3D15s1
http://refhub.elsevier.com/S0001-8708(25)00466-9/bibA883AC9D76C5B7B7F94033BE08467443s1
http://refhub.elsevier.com/S0001-8708(25)00466-9/bib3B6702A641641CFADFBC26CEB90028C9s1

	Real topological Hochschild homology via the norm and Real Witt vectors
	1 Introduction
	1.1 Conventions
	1.2 Acknowledgments

	2 Real topological Hochschild homology via the norm
	3 A multiplicative double coset formula
	4 Real Hochschild homology
	4.1 Mackey functors and norms
	4.2 Discrete Eσ-rings
	4.3 Real Hochschild homology of discrete Eσ-rings
	4.4 Comparison between Real Hochschild homology and THR

	5 Witt vectors of rings with anti-involution
	6 Computations
	6.1 The Tambara reciprocity formulae
	6.2 Formulae for dihedral groups
	6.3 Truncated p-typical Real Witt vectors of Z
	6.4 Unpacking the norm

	Declaration of competing interest
	References


