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1. Introduction

Real algebraic K-theory, KR, is an invariant of a ring (spectrum) with anti-
involution [15]. It is a generalization of Karoubi’s Hermitian K-theory [22], and an
analogue of Atiyah’s topological K-theory with reality [2]. Real topological Hochschild
homology, THR(A), is an O(2)-equivariant spectrum that receives a trace map from
Real algebraic K-theory [15,6,21]. Just as topological Hochschild homology is essential
to the trace method approach to algebraic K-theory, THR is useful for computing Real
algebraic K-theory.

In Hill, Hopkins, and Ravenel’s solution to the Kervaire invariant one problem [17],
they developed the theory of a multiplicative norm functor N from H-spectra to G-
spectra, for H < G finite groups. In the case of non-finite compact Lie groups, however,
norms are currently only accessible in a few specific cases. In [1], the authors extend the
norm construction to the circle group T, defining the equivariant norm NI (R) for an
associative ring spectrum R. They further show that this equivariant norm is a model
for topological Hochschild homology. In the present paper, we extend the norm con-
struction to an equivariant norm from Ds to O(2), using the dihedral bar construction,
demonstrating that this norm is a model for Real topological Hochschild homology.

Before defining the norm, we introduce some notation. We write BJ!(A) for the dihe-
dral bar construction on A (cf. Section 2). Let U denote a complete O(2)-universe, and
let V be the complete Dy-universe constructed by restricting U to Ds. We write V for the
O(2)-universe associated to V by inflation along the determinant homomorphism. The
input for Real topological Hochschild homology is a ring spectrum with anti-involution,
(A,w). Ring spectra with anti-involution can be alternatively described as algebras in
Do-spectra over an E,-operad, where ¢ is the sign representation of D5, the cyclic group
of order 2. We refer the reader to [18] for more details.

Definition 1.1. We define the functor
Ngiz): AssocU(Spez) — Spg(z)
as the composite I% |Bdi(—)|. Here I% denotes the change of universe functor.

We then prove that this functor satisfies one of the fundamental properties of equiv-
ariant norms: in the commutative setting it is left adjoint to restriction. Let R denote
the family of subgroups of O(2) which intersect T trivially, and let Sp8(2)’R denote the
R-model structure on genuine O(2)-spectra [17, Appendix B] (cf. [1, Theorems 2.26,

2.29]).
Theorem 1.2. The restriction

Ng2(2): Comm(5p52) — Comm(Spgm)’R)
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(

2
to the restriction functor i}, .
2

of the norm functor N[O) 2 to genuine commutative Do-ring spectra is left Quillen adjoint

This equivariant norm, Ng2(2)A, is a model for Real topological Hochschild homology,
THR(A).

In [8], the authors prove that for a flat ring spectrum with anti-involution (R,w) in
the sense of [8, Definition 2.6], there is a stable equivalence of Dy-spectra

vh, THR(R) ~ R A% R.

D
e 2L2R

We generalize this result by proving a multiplicative double coset formula for the norm
0(2)
Ny~
2

Theorem 1.3 (Multiplicative Double Coset Formula). Let { denote the 2m-th root of unity
e2™/2m  When R is a flat E,-ring and m is a positive integer, there is a stable equivalence
of Doy, -spectra
o(2 Dom p AL Dam
by, Np ( R ~ Npy" RAG Doy Nepe-10c R
Ordinary topological Hochschild homology is the topological analogue of classical
Hochschild homology of algebras. The two theories are related by a linearization map.

Tk THH(R) — HH,, (7TOR),

which is an isomorphism in degree 0, where R is a (—1)-connected ring spectrum. It
is natural to ask, then, what is the algebraic analogue of Real topological Hochschild
homology? In this paper, we define such an analogue: a theory of Real Hochschild ho-
mology for rings with anti-involution, or more generally for discrete E,-rings. A discrete
E,-ring is a type of Dy-Mackey functor that arises as the algebraic analogue of E,-rings
in spectra (cf. Definition 4.7). Indeed, if R is an E,-ring in spectra, 742 (R) is a discrete
E,-ring.

Definition 1.4. The Real Ds,,-Hochschild homology of a discrete E,-ring M is the graded
Ds,,-Mackey functor

HRP>" (M) = H. (HRD*" (M),
where

HRJ*" (M) = Bo(Np2" M, NP#m o2 M, NJBr_ e M).
This theory of Real Hochschild homology is computable using homological algebra
for Mackey functors. We prove that Real topological Hochschild homology and Real
Hochschild homology are related by a linearization map.
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Proposition 1.5. For any (—1)-connected E,-ring A, we have a natural homomorphism
x> THR(A) — HR>™ (g A),
which is an isomorphism when k = 0.

This relationship facilitates the computation of Real topological Hochschild homology.
As an example, we compute the degree zero Ds,,-Mackey functor homotopy groups
of THR(HZ), for odd m. When restricted to m(THR(HZ)"2-*), this computation
recovers a computation of [9], proven by different methods.

As part of this computation, we do some of the first calculations to appear in the
literature of dihedral norms for Mackey functors. In doing so, we establish a Tambara
reciprocity formula for sums for general finite groups.

Theorem 1.6 (Tambara reciprocity for sums). Let G be a finite group and H a subgroup,
and let R be a G-Tambara functor. For each F € MapH (G, {a, b}), let K be the stabi-
lizer of F. Then for any a,b € R(G/H), we have

NS (a+0b)

G K H -1
= Z ke H Ny rat—1) (Wean(yKTl)(F(W’ )))
[F]eMapH (G,{a,b})/G eKr\G/H

In the case of dihedral groups, this leads to a very explicit formula for Tambara
reciprocity for sums (cf. Lemma 6.11), facilitating the computation of dihedral norms.

Our definition of Real Hochschild homology also leads to a definition of Witt vectors
for rings with anti-involution. Classically, Witt vectors are closely related to topological
Hochschild homology. Indeed, in [14] Hesselholt and Madsen show that for a commutative
ring R

mo(THH(R)“"") 2 W41 (R; p),

where W, 11 (R;p) denotes the length n+ 1 p-typical Witt vectors of R. Further, in [13],
Hesselholt generalized the theory of Witt vectors to non-commutative rings and showed
that for any associative ring R there is a relationship between Witt vectors and topo-
logical cyclic homology,

TC_1(R;p) = W(R;p)F.

Here W (R)r denotes the coinvariants of the Frobenius endomorphism on the p-typical
Witt vectors W (R;p).

In our work, we prove analogous results for rings with anti-involution. We provide
a Real cyclotomic structure on Real Hochschild homology, and use this to define Witt
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vectors of rings with anti-involution R, denoted W (R;p), (cf. Definition 5.10). As a
consequence of this work, we show that #_; TCR(R) can be described purely in terms
of equivariant homological algebra.

Theorem 1.7. Let A be an Eq-ring and assume R'limy, 72 THR(A)"»* = 0. There is
an isomorphism

m_ TCR(A;p) = W (x5 A;p)r,
where W (A; p)r is the coinvariants of an operator

F: W(xg?A;p) — W (x5 4; p).
1.1. Conventions

Let Top denote the category of based compactly generated weak Hausdorff spaces.
We refer to objects in Top as spaces and morphisms in Top as maps of spaces. Let G
be a compact Lie group. Then TopG denotes the category of based G-spaces and based
G-equivariant maps of spaces. For a G-universe U, let Spg be the category of orthogonal
G-spectra indexed on U [27, II. 2.6].

1.2. Acknowledgments

The first author would like to thank V. Boelens, E. Dotto, I. Patchkoria, and H. Reich
for helpful conversations. The second author would like to thank C. Lewis for helpful
conversations. The second author was supported by National Science Foundation grants
DMS-1810575, DMS-2104233, and DMS-2052042. The third author was supported by
National Science Foundation grants DMS-2105019 and DMS-2052702. Some of this work
was done while the second author was in residence at the Mathematical Sciences Research
Institute in Berkeley, CA (supported by the National Science Foundation under grant
DMS-1440140) during the Spring 2020 semester. Angelini-Knoll is grateful to Max Planck
Institute for Mathematics in Bonn for its hospitality and financial support. This project
has received funding from the European Union’s Horizon 2020 research and innovation
programme under the Marie Sktodowska-Curie grant agreement No 1010342555.

2. Real topological Hochschild homology via the norm

Recall that the third author, Hopkins and Ravenel [17] define multiplicative norm
functors from H-spectra to G-spectra

N§ : Spff — sp©
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for a finite group G and subgroup H. It is shown in [1] and [5] that one can extend this
construction to a norm to the circle group, NeT , on associative ring orthogonal spectra.
The functor
NI Assoc(Sp) — Spg,

is defined via the cyclic bar construction, NI (R) = ZR..|B°R|. It follows from this
construction of N, gr that topological Hochschild homology can be viewed as a norm from
the trivial group to T.

In this section, we consider the analogous story for Real topological Hochschild homol-

) using the dihedral bar construction

ogy. In particular, we define a norm functor N[O)Q(2
and we prove that the norm satisfies the adjointnesss properties that one would expect
from an equivariant norm [17]. As Real topological Hochschild homology can be con-
structed via the dihedral bar construction [8], this gives a characterization of THR(A)
as an equivariant norm Ngiz) (A).

We begin by fixing some conventions. Let O(2) denote the compact Lie group of
two-by-two orthogonal matrices. The determinant map determines an extension

1—T —002) 25 {-1,1} — 1

of groups. We choose a splitting by sending —1 to the matrix 7 := ({ ) and write Dy
for the subgroup of O(2) generated by 7. We then write p,, C T for the subgroup of
m-th roots of unity generated by ¢, = €>™*/™. Finally, we fix a presentation Ds,, =
(T,Cm | 2 = (™ = (7¢n)? = 1) for the dihedral group of order D, regarded as a
subgroup of T xDy = O(2).

The input for Real topological Hochschild homology is a ring spectrum with anti-
involution. These can alternatively be described as E,-rings, algebras in Ds-spectra over
an E,-operad, where o is the sign representation (cf. [18] for more details on the theory
of E,-operads). For convenience, we now unpack the definition of an E,-ring.

Definition 2.1. By an E;-ring A, we mean an algebra over the associative operad Assoc
in the category of orthogonal spectra Sp. By an FEjy-A-algebra we mean an A-bimodule
M equipped with a map A — M of A-bimodules (cf. [26, Rem. 2.1.3.10]).

Corollary 2.2. An E,-ring R is exactly a Do-spectrum R such that

(1) the spectrum (iR is an Ej-ring with anti-involution, denoted T: t5R°® — 5R,
given by the action of the generator of the Weyl group,

(2) the spectrum R is an Eg-NP21* R-algebra and applying 1 to the Eq-NP2.* R-algebra
structure map gives v; R the standard Eg-u; R A i RP-algebra structure.

Example 2.3. Given an FE;-ring with anti-involution, regarding R as an object in Sp\[,)2
produces an F,-ring structure on R.
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Example 2.4. If R is in Comm(Sp{:,)Q)7 then R is an E,-ring.
For an E,-ring A, we now recall the definition of the dihedral bar construction on A.
Definition 2.5. For A an E,-ring, the dihedral bar construction BJ!(A) has k-simplices
Bi(A) = AN AN,

It has the same simplicial structure maps and cyclic operator as the cyclic bar construc-
tion, Be”(A), with the addition of a levelwise involution wy, acting on the k-simplices.
To specify the levelwise involution, let k be the Do-set {1,2,...,k} with the generator
a of Dy acting by a(i) = k—i+1 for 1 < i < k. Then we define the action of wy by the
composite

id AA® TATA.AT

wr: ANANK AN ANK M A ANK

where A® is the automorphism of A¥ induced by a: k — k. It is straightforward to
check that the structure maps satisfy the usual simplicial and cyclic identities, together
with the additional relations

diwy =wp_1di—; for 0 < <k
Siwk =Wk415k—; for 0 <i <k

wktk :tlzlwk

Therefore, the dihedral bar construction is a dihedral object in the sense of [25], and
hence by [12, Theorem 5.3] its geometric realization has an action of O(2).

Lemma 2.6. There is a functor |[B&(=)|: Assoc,(Spy?) — Spg@).

Proof. By [12] the realization of a dihedral space has an O(2)-action. Since geometric
realization in orthogonal spectra is computed level-wise, we know | Bdi(A)| has an O(2)-
action and this orthogonal O(2)-spectrum is indexed on V. This construction is also

clearly functorial. O

Real topological Hochschild homology can be defined via the dihedral bar construc-
tion, as in [8,7].

Definition 2.7. For an E,-ring A, the Real topological Hochschild homology of A is

THR(A) = | BY (4).
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By Lemma 2.6, this is an O(2)-spectrum. We now show that it can be viewed as an
equivariant norm.
We define the norm from Ds to O(2) using the dihedral bar construction.
Definition 2.8. Let A be an E,-ring in Spe"’. We define
Np VA =T | B (4)].
This is functorial for A € Assoc, (Spy,?). This defines a functor
Ngf): Assoc, (Sph?) — SpZ(Q) .

Remark 2.9. In particular, we produce a functor

Ng2(2) : Comm(Sp%) — Comm(Spg(Z))
by restriction to the subcategory Comm(Spgz) C Assocg(Spf})?).

Note that the category of commutative monoids in Spe ? is tensored over the category

2

of Dy-sets. This follows because Spe is tensored over Ds-sets and the forgetful functor

Comm(Spg 2) — Spe 2 creates all indexed limits and the category Comm(Spe 2) contains

all Top”2-enriched equalizers, by a generalization of [28, Lem. 2.8]. We simply write ®
for this tensoring, viewed as a functor

—® —: Comm(Spy,?) x Da-Set — Comm(Spy?).
Note that this naturally extends to a functor
-® —: Comm(Spez) X (Dao- Set)AOp — Comm(SpSZ).

Definition 2.10. Consider the minimal simplicial model

<
- _—
Dy D, Ds =——= ...
- _—
-

for O(2). Note that Dy (1) is a dihedral set [25, Lemma 6.3.1]. Therefore sq(Dy(e1)),
its Segal-Quillen subdivision (as in [29]), is a simplicial Dy-set. We define

0(2)e = 5q(Da(e+1))

as a simplicial Ds-set.
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Definition 2.11. Let A € Comm(Spe"’). Form the coequalizer of the diagram

ida ®y

A®Dy®0(2), A®0O(2).

N@ido(2),

where N: A ® Dy = NP2,*A — A is the Eyp-NP2.* A-algebra structure map and
: Dy x O(2)e — O(2)s is the left Do-action on O(2),. We define the coequalizer
in the category of simplicial objects in Comm(Sp€2) to be A ®p, O(2)s and we may
consider the geometric realization |A ®p, O(2).| as an object in Spg@). We therefore
make the following definition

A®@p, 0(2) =T%|A®p, O(2).].

We now identify the norm (Definition 2.8) with the tensor (Definition 2.11) in the
commutative case. Recall that an orthogonal G-spectrum X indexed on a complete
universe U is well-pointed if X (V) is well-pointed in Top® for all finite dimensional

2

orthogonal G-representations V. We say an E,-ring in Spe is very well-pointed if it is

well-pointed and the unit map S° — X (R?) is a Hurewicz cofibration in TopD 2.

Proposition 2.12. Let A be an object in Comm(Spez) and assume that A is very well-
pointed. There is a natural map

NP A — Aep, 0(2),
in Comm(Spg(z)), which is a weak equivalence after forgetting to Sp52.
Proof. We first prove that there is an equivalence
sa(BI(A)) ~ A®p, O(2)..

We consider the k simplices on each side. On the left, the k-simplices, are AA AN+ with
Dy(t1) = (w, tt2*+1) = 2 = twtw = 1) action given by letting ¢ cyclically permute
the 2k + 2 copies of A, and letting 7 act on k = {1,...,2k+1} by 7(i) =2k +1—i + 1.
The k-simplices on the right hand side are given by the coequalizer of the diagram

ida ®v¢

A® Dy ® Dygyr) A® Dyrr1)

N@idDy g4y

in the category of Dy(y1)-spectra. This is A ®@p, Dy41) and therefore the result on
k-simplices follows from the Dy 1)-equivariant map

A®D2 D4(k)+1) ~ A A A/\2k+1 5
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which is clearly an equivalence on underlying commutative Ds-spectra. To see that this
map is Dy(x41)-equivariant, note that Dypi1)/D2 = piogr2 as Dygey1)-sets and the
right-hand-side can also be considered as a tensoring with the Dy 1)-set pzpr2. Since
this map is Dy 1)-equivariant it is compatible with the automorphisms in the dihedral
category. It is also easy to check that this is compatible with the face and degeneracy
maps. Since A is very well-pointed, both sides are good in the sense of [8, Definition 1.5],
this level equivalence induces an equivalence on geometric realizations in the category of
Ds-spectra by [8, Lemma 1.6]. O

Remark 2.13. Note that in the F-model structure on Spg\, where GG is a compact Lie
group, F is a family of subgroups, and W is a universe, the F-equivalences can either be
taken to be the maps X — Y that induce isomorphisms on homotopy groups (X ) —
7. (Y1) for all H € F or the maps that induce isomorphisms , (7 X) — 7, (®7Y),
for all H € F, where ® denotes the H-geometric fixed points.

Recall that R denotes the family of subgroups of O(2) which intersect T trivially.

Corollary 2.14. Let A be an object in Comm(Sp€2) and assume that A is very well-pointed
and flat in the sense of [8, Definition 2.6]). Then there is an R-equivalence

No® A~ Awp, 02).
Proof. Since there is a zig-zag of stable equivalences
oP2(Np® 4) ~ oP2(THR(A))
by [9, Remark 3.6] there is a zig-zag of stable equivalences
oP2(Np®) 4) ~ @P2(A) AL, @P2(4)

where the right-hand-side is the derived smash product. Since ®P2(—) sends homotopy
colimits of O(2)-orthogonal spectra indexed on U to homotopy colimits of orthogonal
spectra,’ we can identify ®2(A ®p, O(2).) with the homotopy coequalizer of

PP2(A® Dy ® 0(2)s) —= P2 (AR 0(2),)

which is level-wise equivalent to

Doy arDPa(n D D *
P 2ND;1( +1) (A) ~ &2 (/\ND;mDﬂl(LDw'me167‘4))
¥

! Using the Bousfield-Kan formula for homotopy colimits, we can write any homotopy colimit as the
geometric realization of a simplicial spectrum and then use the fact that genuine geometric fixed points
commute with sifted colimits.
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where v ranges over the representatives of double cosets Dy\y/Ds in the set of double
cosets Do\ Dy(n41)/D2, which in turn is equivalent to

By, (@72(A), 1l (A), ®P2(A)).

It is tedious, but routine, to check that this equivalence is compatible with the face and
degeneracy maps. Since both source and target are Reedy cofibrant by our assumptions
(cf. [8, Definition 1.5, Lemma 1.6]), this produces a stable equivalence

P2 (A@p, O(2)) ~ ®P2(A) Az 4 D72(A)

of orthogonal spectra on geometric realizations. Since all the groups of order 2 in R are
conjugate in O(2), we have proven the claim. O

Lemma 2.15. Given a stable equivalence of very well-pointed E,-rings A — A’ in Ds-
orthogonal spectra indexed on V, there is an R-equivalence

No®P A - Ng® A
of O(2)-spectra.

Proof. The induced map Ngﬁz)A — Ngiz)A’ is O(2)-equivariant by construction, so
it suffices to check that after restricting to Ds-spectra it is a stable equivalence of Ds-
spectra. Note that this is independent of the choice of subgroup in R of order 2 because
all of the subgroups of order two in R are conjugate. After restricting to Ds-spectra,
there is a zigzag of stable equivalences of Ds-spectra

LBZNgQ(Z)A = L*DQ THR(A) i> L*D2 THR(A/) = L*Dz Ngz(Q)Alv

by [8, Theorem 2.20] and this agrees with the restriction of the map induced by A — A’
by naturality of [9, Remark 3.6]. O

We now show that the norm from Ds to O(2) (cf. Definition 2.8) satisfies the universal
property that one would expect of a norm. For a group G, let All denote the family of
all subgroups of G.

Theorem 2.16. The restriction
Ng2(2): Comm(Spy)?) — Comm(SpS(Q)’R)

22) to genuine commutative Do-ring spectra is left Quillen adjoint
to the restriction functor i, where

of the norm functor N[O)(

Comm(Spy)?) and Comm(S pg@)’R)
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are equipped with the All-model structure and the R-model structure respectively.
Proof. By Corollary 2.14, there is a natural R-equivalence
Npy(4) = A®p, 0(2),

of O(2)-orthogonal spectra. If A — A’ is an Aflf-equivalence of Dy-spectra where both
source and target are very well-pointed then there is an R-equivalence

Ny (A) ~ NgP (4"

2

of O(2)-spectra by Lemma 2.15. In particular, if A and A’ are cofibrant in the positive
complete stable model structure on Assoc,, (Spe 2), then they are in particular very well-
pointed. This shows that both the functors Ngiz)(—) and (—) ®p, O(2) induce well-
defined functors between the homotopy categories

Ngf): Ho (Comm(Spgz)) — Ho (COmm(Spg(Q),R)>
and
—®p, O(2): Ho (Comm(SpﬁQ)) — Ho (Comm(Spg(Q)’R))

and they are naturally isomorphic on the homotopy categories. It is clear that —®p, O(2)
is left adjoint to the restriction functor

tp,: Ho (Comm(5p3(2)’R)> — Ho (Comm(Sp%)) .

Moreover, the restriction functor sends cofibrations and weak equivalences to cofibrations
and weak equivalences by definition of the stable R-equivalences and the positive stable
R-cofibrations. Consequently it also preserves all fibrations and acyclic fibrations. O

3. A multiplicative double coset formula

The multiplicative double coset formula for finite groups gives an explicit formula for
the restriction to K of the norm from H to G where H and K are subgroups of G. For
compact Lie groups, no such multiplicative double coset formula is known in general. In
this section, we present a multiplicative double coset formula for the restriction to Da,,
of the norm from Dy to O(2).

Conventions 3.1. When the integer m is understood from context, let
C=Com =eB™2m e T C O2).

We consider the element ¢ as a lift of the element —1 along
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DQm\O(Q)/DQ = /J,m\T =T.

We make this choice of homeomorphism simply so that the formula for ¢ can be cho-
sen consistently for all m independent of whether m is odd or even. We observe that

(D¢~ = (CmT)-
Fix total orders on the Da,,-sets Da,, /€, Day, /Do, and Doy, /¢Do¢ ™ . Let
D2m/6:{1SCmT§CmSC72nT§C72n S SC::;il ST}v
Do /Dy ={Da < (D < - < (7' Do},
Do [¢Da¢ ™ = {CDo( " < G - (Do <o <D

These choices of total orderings on the Da,,-sets Day, /€, Day,/Da, and Day, /Dot
also fix group homomorphisms

)\e: D2m — Z2m;
ADy: Doy — X 0 Do
AcDyc-11 Dam — S 1¢D2C 1

Denote the associated norms by NP2m N g;‘m and N QDDQ;nc—l respectively.?

Remark 3.2. Any finite subset F' of T C C can be equipped with a total order by
considering 1 < e2imd < 270" for all 0 < # < ¢ < 1. In particular, the subset of m-th
roots of unity u,, in T can be equipped with a total order.

Lemma 3.3. There is an isomorphism of totally ordered Dy, -sets
Skt Hom(kt1) = Doy /Do 11 Dyt I Doy /CD2¢

where { = (o, the Doy, -sets on the right have the total orders from Convention 5.1,
and pomk+1) 8 equipped with a total order by Remark 5.2.

Proof. Without the total ordering this isomorphism is clear. The total ordering in Con-
vention 3.1 was chosen so that this lemma would be true. O

Remark 3.4. We will also write f,, ; for the underlying map of totally ordered sets from
Lemma 3.3 after forgetting the Da,,-set structure.

Given an E,-ring R, then (*R is an Ej-ring and R is a NP2, R-bimodule with right
action

2 The choice of ordering does not matter for our norm functors up to canonical natural isomorphism, but
remembering the choice of ordering clarifies our constructions later.
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Y RANP2)R — R
and left action

¥, NP2i*RAR — R.
We also note that there is an equivalence of categories

cet SpPz — SpCDQ(1

which is symmetric monoidal and therefore sends E,-rings in Sp™2 to E,-rings in
-1 —
Sp¢P2¢" In particular, ¢cR is a left N$P>¢" 12 R-module with

cc(¥y): NeCDzC_lLZR ANccR — c¢R.

Definition 3.5. Let R be an E,-ring. We define a right NP2m.* R-module structure on
N g;"’R as the composite

Dzm (¥r)

Yr: NBRANPamzR —= = NP (R A NP2iR) Np;" B

We define a left ND2m 1y R-module structure on NCDZmC R

Yr: NPPiRANIEr_jccR— Nm_iecR

as the composite of the isomorphism
NP2t RANDEn ecR ——= NDzm | (N§D2<‘1L;R A CCR>
with the map

NP2m _ (ee ()
—1 ¢Dg¢— 115
N{Bie-s(NEP2 iR N ecR) NDzmecR.

Example 3.6. When m = 2, we note that C4D2C4_1 in Dg can be identified with the
diagonal subgroup A of Dy. In this case, A and Dy are conjugate in Dg even though
they are not conjugate in Dy. We still define a left NP+ R-module structure on N 24 ccR
by composing the map

NPs*RANPicR ——= NP+ (N2 R A ¢ R)

with the map
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NR*(ce(wr))
NP{(N2,*R A c¢R) = NPic.R.

(&

Remark 3.7. Note that there is an isomorphism of simplicial Ds,,-sets
fiam(e+1) = Dam/Da 11 Dy 1 Doy, [(Do¢

which is given by the isomorphism f,, ; of totally ordered Ds,,-sets of Lemma 3.3 on
k-simplices. The simplicial maps on the left are given by the simplicial maps in the
simplicial set sdp,,, S where S} is the minimal model of S* as a simplicial set. On the
right, the face maps

Do/ Do 11 DEE 11 Dy, /¢ D2¢ ™Y — Do,y /Do T1 DY Dy,,, /¢ D¢}

are given by the canonical quotient composed with the fold map

Do/ D 11 Dy, P2/ B2M

Do/ D2 11 Doy /Do~ Doy /Do
for the first face map, the fold map
v
D2m I D2m — D2m
for the middle maps, and for the last face map it is given by the composite
111
Doy 1 Dy [CD2¢ ™ 55 Dy /CD2¢ ™ T Dy /CD3C ™Y V5 Doy /D¢

The degeneracy maps are given by the canonical inclusions.

Proposition 3.8. Suppose R is an E,-ring in Dy-spectra indexed on the complete universe
V =1p, U where U is a fized complete O(2)-universe. More generally, let V,, = tp,, U
for n > 1. There is an isomorphism of simplicial Da,,-spectra

V7 (sdp,,, BI(R)) = B, (NDMR NPam iR, NDam ICCR> :

where we write V for the Do-universe V regarded as a Day,-universe via inflation along
the canonical quotient Ds,, — Ds.

Proof. When R is an E,-ring, we explicitly define the simplicial map
I¥" sdp,,, By'(R) = Be(Np2m R, NP*" 2R, NJjm ¢ R))

on k-simplices. There is an isomorphism given by composition of two maps. The first
map
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fm,k: R/\,ugm(k+1) R/\m A (R/\m A (Rop)/\m)/\k A (Rop)/\m

is the isomorphism induced by f, » of Remark 3.4 regarded simply as a map of totally
ordered sets. The second map is

RA™ A ((R/\ Rop)/\m)/\k A (Rop)/\m
\L 1/\m/\(1/\7_)/\mk/\7_/\m

Dom . Dam
NBzmR A (NP=m R)M ANDam_ceR,

where we use Convention 3.1. This is a Ds,,-equivariant isomorphism on k-simplices
essentially because it comes from the isomorphism of ordered Ds,,-sets of Lemma 3.3. It
follows that the map is compatible with the simplicial structure maps by comparing the
structure maps in the isomorphism of simplicial Ds,,-sets in Remark 3.7 to the structure
maps on either side. 0O

Consequently, for a flat E,-ring in the sense of [8, Definition 2.6]), we have the following
multiplicative double coset formula. This generalizes the m = 1 case appearing in [8].

Theorem 3.9 (Multiplicative Double Coset Formula). When R is a flat E,-ring and m >
0, there is a stable equivalence of Dayy,-spectra

L*DMNgZ(Q)R ~ Ngij /\]]LV NDzm 1ccR.

gsz;R ¢D2(~

Proof. By Proposition 3.8, we know there is an equivalence

TV (sdp,,, BI(R)) = Bu(NE2" R, NP 2R, NEEr_cc ).
When R is a flat E,-algebra in Ds-spectra in the sense of [8, Definition 2.6]), then
Ng;mR is a flat NP2m.* R-module by [30, Theorem 3.4.22-23] and [5] and therefore we
may identify
NGz R AL

Dam
Pam . g Nepye—r 6t

with the realization of the bar resolution of IV gij by free NP2n.* R-modules then
smashed with the right NP2m.* R-module NP2 _, ¢¢R. This is exactly the realization of

¢D2C~
the simplicial spectrum

Bo(Np2mR, NP> iR, Nfg;c,l R). O
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4. Real Hochschild homology

In this section we address the question: What is the algebraic analogue of THR? We
do this by defining a theory of Real Hochschild homology for discrete E,-rings. We then
show how this leads to a theory of Witt vectors for rings with anti-involution.

To begin, we recall some basic terminology in the theory of Mackey functors, we define
norms in the category of Mackey functors, and E,-algebras in Do-Mackey functors, which
we call discrete F,-rings.

4.1. Mackey functors and norms

See [3, §2] for a more thorough review of the theory of Mackey functors. Here we simply
recall the contructions and notation we use in the present paper. Let G be a finite group.
Write A for the Burnside category of G. For a finite G-set X, A := A(X, —) denotes the
representable G-Mackey functor represented by X. This construction forms a co-Mackey
functor object in Mackey functors, by viewing it also as a functor in the variable X, so
in particular

Ay = AXTTY, —) = A(X, ) ® A(Y, —) = A @ AY.

Write AY for the Burnside Mackey functor associated to G, which can be identified with
AY where * = G/G. This Mackey functor has the property that A%(G/H) = A(H)
where A(H) denotes the Burnside ring for a finite group H. Recall that as an abelian
group A(H) is free with basis {[H/K]|} where K ranges over all conjugacy classes of
subgroups K < H. When K = H we simply write 1 = [H/H| and when K is the trivial
group we simply write [H] = [H/{e}]. The transfer and restriction maps in A® are given
by induction and restriction maps on finite sets.

Example 4.1. The Burnside Mackey functor A”? can be described by the following dia-

gram.
1 [Ds] MP2(Dy/Ds) = Z(1,[Da]) [D-]
1 2 MP2(Dy /%) = 1

Given a finite group G, a subgroup H < G, and a H-set X we write MaupH(G7 X) for the
G-set of H-equivariant maps from G to X, which is a functor in the variable X known
as coinduction.

Recall that these categories Spg of G-spectra indexed on a complete universe U and
Mackq of G-Mackey functors are both symmetric monoidal, and the symmetric monoidal
structures are compatible in the following sense.
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Proposition 4.2. [2/] For X and Y cofibrant, (-1)-connected orthogonal G-spectra, there
is a natural isomorphism

o (X ANY) & 1, X0Oxn,Y.

A G-Mackey functor M has an associated Eilenberg—MacLane G-spectrum, HM. The
defining property of this spectrum is that

M ifk=0

G ~ )M

HM) =

i (HM) {o if & % 0.

It then follows from Proposition 4.2 above that the box product of Mackey functors has
a homotopical description:

MON = w,(HM A HN).

The category Spg has an equivariant enrichment of the symmetric monoidal product,
a G-symmetric monoidal category structure [17,16]. Such a G-symmetric monoidal struc-
ture requires multiplicative norms for all subgroups H < G. In Spg these are given by
the Hill-Hopkins—Ravenel norm. The G-symmetric monoidal structure on Spg induces
such a structure on Mackg as well. In particular, one can define norms for G-Mackey
functors.

Definition 4.3 (¢f. [16]). Given a finite group G with subgroup H and an H-Mackey
functor M, the norm in Mackey functors is defined by

NfM =i NFHM.

These Mackey functor norms also appear under a different guise in earlier work of
Bouc [4].
The following lemma is immediate.

Lemma 4.4. The norm in Mackey functors commutes with sifted colimits.
4.2. Discrete E,-rings

In Section 2, we discussed E,-rings in Ds-spectra, which serve as the input for Real
topological Hochschild homology. We now define their algebraic analogues, discrete F,-
rings. These discrete F,-rings will be the input for our construction of Real Hochschild
homology.

Definition 4.5. Let V' be a finite dimensional representation of a finite group G. An Ey -
algebra in G-Mackey functors is a Py-algebra in G-Mackey functors, where Py, is the
monad
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Pv(=) =Pz (Bvn)y As, H(-)")

n>0

and H(—) is the Eilenberg—MacLane funtor.

When V' = g, this monad is particularly simple, since the spaces in the E,-operad are
homotopy discrete.

Proposition 4.6. For Ds-Mackey functors, the monad P, is given by
Po(M) =T (NP2t M)O(A® M),
where T(—) is the free associative algebra functor.
Proof. Recall that we have an equivariant equivalence
E;p ~ (D3 x ) /T,
If n is even, then we have natural isomorphisms
o ((Bon)+ Ax, HMM) 2 o (NP* HM)NY?) 2= (NP2 M) P72,

If n is odd, then since fixed points contribute a box-factor of M itself:

o (((Eon)+ A, HMM") = (NP2 M)P 2 0M.

The result follows from grouping the terms according to the number of box-factors in-
volving the norm. 0O

Definition 4.7. By a discrete E,-ring, we mean an algebra over the monad P, in the
category of Dy-Mackey functors.

We can further unpack this structure to describe the monoids.
Lemma 4.8. A discrete E,-ring is the following data:

(1) A Ds-Mackey functor M, together with an associative product on M(Dsy/e) for which
the Weyl action is an anti-homomorphism,

(2) a NP2.*M-bimodule structure on M that restricts to the standard action of
M(Dy/e) & M(Dy/e) on M(Ds/e).

(3) an element 1 € M (D2/Ds) that restricts to the element 1 € M(Ds/e).
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Remark 4.9. These conditions are almost those of a Hermitian Mackey functor in the
sense of [10]: the only difference is that a discrete E,-ring includes the additional as-
sumption that there is a fixed unit element 1 € M(D3/D3), or in other words, an
Eo-NP2. M (D, /e)-ring structure on M.

Example 4.10. Given an E,-ring R it is clear that m5?(R) is a discrete E,-ring. In fact,
this does not depend on our choice of F,-operad. By Example 2.4, we also conclude that
if R is a commutative monoid in Spe"’, then EOD"‘R is a discrete F,-ring.

Example 4.11 (Rings with anti-involution). Let R be a discrete ring with anti-involution
7: R°® — R, regarded as the action of the generator of Dy. Then there is an associated
Mackey functor M with M(Ds/e) = R and M(Ds/D2) = R2. The restriction map
resP2 is the inclusion of fixed points, the transfer tr2? is the map 1 + 7, and the Weyl
group action of Dy on M(Dsy/e) = R is defined on the generator of Dy by the anti-
involution 7: R°? — R. Since R°® — R is a ring map, there is an element 1 € R that
restricts to the multiplicative unit in 1 € R. This specifies a discrete E,-ring structure
on the Mackey functor M.

4.8. Real Hochschild homology of discrete E,-rings

In this section, we define the Real Hochschild homology @f’ 2m (M) of a discrete E,-
ring M, which takes values in graded Ds,,-Mackey functors. We first need to specify a

right NP2m* M-action on Ng;mM, and a left NP2m* M-action on NCI)IZ”C*CCM' Here

c¢ is the symmetric monoidal equivalence of categories
c¢c: Mackp, — Mackep,¢-1 -

For M a discrete E,-ring, 1M is an (associative unital) ring so NP2m.* M is an asso-
ciative Green functor. By Lemma 4.8, there is a left action

Yy NP2 MOM — M
and a right action
Yr: MONP2:M — M.

Definition 4.12. We define a right NP2=,* M-module structure on Ng;mM as the com-

posite

Ngjm ¥r)

r: N2 MONPemi: M —> N2 (MONP21: M) Npzm M.

We define a left NCPM ti M-module structure ¢, on NQPS;’&,ICCM as the composite of the
map
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NDQ,”L*MDN 2mC 1CCM = NDzm (NCDzC *MDCgM)
with the map

NP2 (ee(@r)

—1
NDzm (N§P" s MOe M) NG iecM,

where c¢ (1) is the left action of NgDZC*lLZM on ccM coming from the fact that c¢ is
symmetric monoidal and therefore sends E,-rings in Mackp, to E,-rings in Mack¢p,¢-1.

Definition 4.13. Given Mackey functors R, M, and N where R is an associative Green
functor, N is a right R-module and N is a left R-module, we define the two-sided bar
construction Be (M, R, N) with k-simplices

Bi(M,R,N) = MOR™*ON
and the usual face and degeneracy maps.

Definition 4.14. The Real Ds,,-Hochschild homology of a discrete E,-ring M is defined
to be the graded Ds,,-Mackey functor

HRP>" (M) = H. (HRD*" (M),
where
HRJ*™ (M) = Bo(Np2" M, NP0 M, NS ccM).

Remark 4.15. Given a right NP2=i* M-module N, we can also define Real Hochschild
homology with coefficients

HR*" (M; N) = H.(Ba(N, N> it M, NZB7 s ccM).

Recall that the homology of a simplicial Mackey functor is defined to be the homology
of the associated normalized dg Mackey functor, as in [3].

Lemma 4.16. If M is a Do-Tambara functor, then HRDQW( ) is @ Doy, - Tambara functor.

Proof. Reflexive coequalizers in the category of Tambara functors are computed as the
reflexive coequalizer of the underlying Mackey functors [31]. O

Proposition 4.17. There is an isomorphism of Dap,-Mackey functors

HRg™" (M) = Np2" MO o2y, N7 -10c M.
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Proof. Both sides are given by the coequalizer

id Oy,

Npem MON zr M =—— Np2m MONP2mi: MON/Zm ecM. O
¢ YrOid D26

Definition 4.18. We say that a Mackey functor M is flat if the derived functors of the
functor M[J— vanish.

Proposition 4.19. For any discrete E,-ring M that can be written as a filtered colimit of
representable Do-Mackey functors, there is an isomorphism

*

HRP? (M) = TorYe ™" M (N Pov M, Lo cc M),

Proof. Norms send representable Do-Mackey functors to representable Ds,,-Mackey
functors by [3, Proposition 3.7]. Norms also commute with sifted colimits. Filtered col-
imits of representable Ds,,-Mackey functors are flat. 0O

4.4. Comparison between Real Hochschild homology and THR

We now show Real topological Hochschild homology and Real Hochschild homology
are related by a linearization map which is an isomorphism in degree 0.

Theorem 4.20. For any (—1)-connected E,-ring A, we have a natural homomorphism
my > THR(A) — HRP>" (x5 A),

which is an isomorphism when k = 0.

Proof. By [11, X.2.9], there is a spectral sequence
Eg,q = Hy(1g(Xe)) = mpq(|Xel),

from filtering by skeleta. The same proof yields an equivariant version of this spectral
sequence. By Proposition 3.8, there is a weak equivalence

Uby,, THR(A) 2 |Be(Np2m A, NP2 12 A, N cc A,

so the spectral sequence in this case will be of the form:

Ep = Hy(xl* (Np2m AN NP s AN A NBr e A)) = w2 (THR(A)).

The edge homomorphism of this spectral sequence is a map

x> (THR(A)) — Hp(zd”" (NRZm AN NP> AN ANEr e  A)).
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We can identify the right hand side as

Hy (xf Nz AD(mf> NP2 A) O (N3 ecA)) (1)

using the collapse of the Kiinneth spectral sequence [24] in degree 0. By Definition 4.3,
there are isomorphisms of Ds,,-Mackey functors

ng (ND2,,L L*A) NNDQ"LL* ODZ (A_)7

D m ( Ny D2m 2m D
’ (N Dac— 1ccA) = D gflcCﬂo2(A)a

D2m (NDZnLA) NNDZm Z(A)'
We can therefore identify (1) as
H, (Ngjmﬂ(?zAD(NeDszzﬂoDzA)D.DNCDDZHLC 1CCE(?2A) ,
and hence the edge homomorphism gives a linearization map

" (THR(A)) — HR}*" (x* A).

To prove the claim that this map is an isomorphism in degree zero, we note that the
only contribution to t + s =0 is

2 ~ prD2m D2 Do, Do
EO,O*ND2 ury ADNfszZEL?zANCDzC’lCCEO A

concentrated in degree s =t = 0. By Proposition 4.17 this is @ODM (1(?2 A). Since this
is a first quadrant spectral sequence, we observe that

E§o = Eg% 2 np>m THR(A). O

Remark 4.21. In [23], Chloe Lewis constructs a Bokstedt spectral sequence for Real
topological Hochschild homology, which computes the equivariant homology of THR(A).
The F>-term of this spectral sequence is described by Real Hochschild homology, further
justifying that HR is the algebraic analogue of THR.

5. Witt vectors of rings with anti-involution
Hesselholt—Madsen [14] proved that for a commutative ring A,

gpn (THH(A>)<MP" /Np") = Wop1(4;p).

This was extended to associative rings in [13]. Recall that topological Hochschild homol-
ogy is a cyclotomic spectrum, which yields restriction maps
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R,: THH(A)*" — THH(A)"»"1.

One can then define TR(A;p) = lim,, r, THH(A)#»" and it follows from the Hesselholt—
Madsen result above that

7o TR(A;p) = W(4;p),

where W(A;p) denotes the p-typical Witt vectors of A. This was then extended by
Hesselholt to non-commutative Witt vectors. From [13, Theorem A], for an associative
ring A there is an isomorphism

TC_1(A;p) = W(A;p)rp.
Here W (A; p) denotes the non-commutative p-typical Witt vectors of A, and
W(A;p)p = coker (1 — F: W(A;p) — W(4;p)) ,

where F' is the Frobenius map. Analogously, one would like to have a notion of
(non-commutative) Witt vectors for discrete FE,-rings, such that for an E,-ring A,
x>m THR(A) is closely related to the Witt vectors of {2 A. In this section, we de-
fine such a notion of Witt vectors.

Real topological Hochschild homology also has restriction maps

R, : THR(A)"*" — THR(A)"»"~*.

We want to understand the algebraic analogue of these restriction maps, which requires
defining a Real cyclotomic structure on Real Hochschild homology. To do this, we first
recall from [3] the definition of geometric fixed points for Mackey functors. Let G be a
finite group and let A be the Burnside Mackey functor for the group G. For N a normal
subgroup of G, let F[N] denote the family of subgroups of G such that N ¢ H.

Definition 5.1. Fix a finite group G and let N < G be a normal subgroup. Let E F[N](A)
be the subMackey functor of the Burnside Mackey functor A for G generated by A(G/H)
for all subgroups H such that H does not contain N. Then define

E F[N](4) = A/(E FIN](4)).
If M is a G-Mackey functor and N is a normal subgroup of GG, then

E F[N)(M) := MOE F[N](A), and
E FIN|(M) := MOE FIN](A).

More generally, if M, is a dg-G-Mackey functor we define
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(B FIN](M,))n := EF[N|(M,).

—n

Note that the G-Mackey functor E F[N](A) has the property that

0 N¢H

EFINJ(A)(G/H) = {A((G/N)/(N/H)) NCH

which is desired for isotropy separation; i.e. there is an exact sequence
EFIN](4) - A — EF[N](4)
which models the isotropy separation sequence.
We now recall the definition of geometric fixed points for Mackey functors, as
in [3]. Let M be a Da,,-Mackey functor. By [3, Proposition 5.8], we know E Flug|(M)

is in the image of ), the pullback functor from Dy, /nq-Mackey functors to Day,-
Mackey functors. Consequently, we may produce a Doy, /pta = Doy, jq-Mackey functor

()~ (E Flua)(M)).

Definition 5.2 (Definition 5.10 [3]). Let M be a Ds,-Mackey functor. We define the
Dy 4-Mackey functor of ®#-geometric fixed points to be

O (M) = (r3) " (E Flua) M).
We now provide Real Hochschild homology with a Real cyclotomic structure.

Proposition 5.3. Given Dy C Da,, C O(2), pa a normal subgroup of Da,, where d | m
and M a discrete E,-ring, there is a natural isomorphism

@ (HR P (M) = HR. "/ (M)

of simplicial Dy, q-Mackey functors and consequently an isomorphism
@ (HRP>" (M) = HRJ*"/* (M)

of Dap,jq-Mackey functors.

Proof. We apply ®#¢ level-wise to the bar construction

(HRP=" (M))s = Ba(Npz2" M, NPl M ND? ey, M).

By [3, Proposition 5.13], ®#¢ is strong symmetric monoidal so
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or ((HRP*" (M) )

~ Dam Do % 7)) ¥ Do

= (I)'ud (ND; M) D ((I)#d (Ne 2 LeM)) ‘:l(b#d (N421D2C2—”1LC<2mM) . (2)
The interaction of the geometric fixed points and the norm is described in [3, Theo-
rem 5.15]. It follows that

pha (HRDM (M) ) B gty Vim (NDW%*M) 2 O Paa oo M (3)
B 22 )k | = 4V, == € e—= sz/dD2C2_,,1l/d Com/di¥s
where we use the fact that Doy, /g = Day,/q by an isomorphism sending ¢, to ¢, /4 and
7 to 7. Similarly,

(CamD2Cam - pa)/ 1ta = ComyaD2Comyas

since CQmDQCQ_é = ((m7) and the isomorphism sends (;,7 t0 (/47 It therefore suffices
to check that the simplicial structure maps commute with the isomorphisms (2) and (3).
Consider the isomorphism

f12m(et1) — Dam /D 11 D% 1 Doy, /Com Do

from Lemma 3.3. We observe that these maps form an isomorphism of simplicial Ds,,-sets
(cf. Remark 3.7). Applying pg-orbits, we have

[2m(e+1)/d — Damya/D2 11 Dgpy g 11 Dzm/d/C2m/dD2C2_7i/d- (4)

If M is the restriction of a Ds,,-Mackey functor then the isomorphism is simply
induced by tensoring with the isomorphism (4) of simplicial Ds,, 4-sets. To see this,
note that given a finite group G with normal subgroup N < G, the geometric fixed
points ®V of the norm N7 of a G-set T is given by taking the norm NT/N of the orbits
T/N. The more general statement also holds since we described the isomorphism level-
wise and the compatibility with the face and degeneracy maps can be described on each
box product factor indexing by the isomorphism of simplicial Dy, /4-sets (4) and using
the compatibility of that isomorphism with the face and degeneracy maps. O

Definition 5.4. Given a normal subgroup N in G we define a functor
(—)V: Macke — Mackg
as the composite ﬂg/N((H(—))N).
Given a Ds,,,-Mackey functor M, the Do-Mackey functor M*™ is the data

— %
e
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regarded as a Do-Mackey functor with the action of the Weyl group Wp,(e) = D5 given
by the action of the Weyl group Wp,, (tm) = Dam/ttm = Do.

Remark 5.5. This Mackey “fixed points” functor is the functor denoted g, in [20], where
it was shown to preserve Green and Tambara functors.

These fixed points in Mackey functors relate to categorical fixed points.
Proposition 5.6. For a G-spectrum E and for all integers k, we have
G/N ~
M (BY) = (xf ().

Remark 5.7. This gives an alternate characterization of the geometric fixed points ®#4 M
of a Dy,,-Mackey functor M for d|m as

SN = (E Flpa M)"
since it is clear in this case that there is a natural isomorphism

(E Flua) (M) = (x% ) (E Flug)(M)).

ﬂ—ﬂd
Construction 5.8. Given a simplicial Dy,x-Mackey functor M, there is a natural map
M, — E Flup)(M,)

and then an induced natural map

Hpk—1

((ar)) = = ((EFlula.))™)

Note that we can identify

(ML) = ()

by unraveling the definition. So, there is a natural transformation
Rp: (=) — (D2 (=)l

We give this map the name Rj because in our case of interest, where M, =

D
HR. 2pk(1(l)) 2A) for an E,-ring A, it is an algebraic analogue of the restriction map Ry
on THR(A).

Construction 5.9. If M is a discrete E,-ring, it follows from Proposition 5.3 that there
is an isomorphism of Dy,x-1-Mackey functors
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o HR,, (M) = HR,, > (M),

The above construction therefore produces restriction maps

Hok—1

Ry (HRY(0)™" 5 (HRY (0)

which are maps of Ds-Mackey functors. The maps Ry can be described explicitly on
Lewis diagrams by

Dapk R Dy k-1
HRy,*" (M)(Dopr / Dopr) —— HRn ™" (M)(Dapp-1/Dopr-1)

) ()

D,k Ry Dy k-1
HR, ( )(D2pk/:u/p ) —— HR, i (M)(D2pk*1/upk*1)'

Definition 5.10. Given a discrete F,-ring M, we define the truncated p-typical Real Witt
vectors of M by the formula

Wy (M;p) = HRy " (M)
and the p-typical Real Witt vectors of M as

W(M:p) = Jim HRy " (2)"*

where the limit is computed in Dy-Mackey functors. This is functorial in M by naturality
of the restriction maps R so we produce a functor

W(—;p): Alg,(Mackp,) — Mackp, .

Remark 5.11. If M is a Dy-Tambara functor, then by Lemma 4.16 and [20, Prop 5.16],
HRDZ"n (M)"*™ is a Dy-Tambara functor and we produce

W(—;p): Tambp, — Tambp, .

We now consider how the p-typical Real Witt vectors are related to Real topological
Hochschild homology. Let A be an E,-ring. Since the family R does not contain j,x and
the family F[u,] does not contain ju,. for any k > 1, on ju,.-fixed points, we do not need
to distinguish between these two.

Recall that Real topological restriction homology is defined as

TRR(4; p) = holim THR(A)"»*

in the category Spy,> [21, Definition 3.6.].
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Theorem 5.12. Let A be an E,-ring and M = EODQA. There is an isomorphism of Do-
Mackey functors

my* TRR(A;p) = W (M; p)
whenever R'limy, 772 THR(A)"»* = 0.
Proof. We note that there is an isomorphism
7y 7" THR(A) = HRy ™" (M)

of Dypx-Mackey functors by Theorem 4.20 and consequently a natural isomorphism of
Dy-Mackey functors

D2 (THR(A)"*) = (HR, ™" (M))"s* . (5)

By construction, the diagram

EODQ THR(_)Mpk

|- -

(MR (x> ()" = (HRg™" " (xf2(-)))""

commutes. To see this, we note that the edge homomorphism in the spectral sequence as-
sociated to the skeletal filtration of a simplicial spectrum (cf. Proof of 4.20) is compatible
with the restriction maps Rj. Consequently,

7> TRR(4; p) = lim m? THR(A)"#*
lim (HR, ™" (x] QA))W
=W (5" A; p)
where the first isomorphism holds by our assumption that
R! hgllf’? THR(A)"* =0. O
Construction 5.13. We now define a Frobenius map
F: W(M;p) — W(M; p).

D D, i
The restriction maps reszz ., and res sz’;l on the Mackey functor HR,, 2" (M) induce
D
a map of Dy-Mackey functors
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Hpk

(HRG™" (a0))™" (D2/D2) — (HRy™" (a0))""" (Day/D2)

C ) C )

(HRg™" (1)) (Dafe) —— (HRy™" (10))"" " (Dap/e)

that we call F. Observe that the target of this map can be identified with the Dy-Mackey
Hpk—1

Dy ke
functor (@0 2pk=t (M)) , so we simply write

t, . Hph—
F: (@()szk (M)) k . (@OD%I@ 1(M)> k=1
for this map. Note that this is natural so we can apply it to the map
D2 k ~ D2 k
HR, ™" (M) — E Flu,) (HRy™" (M)

Therefore, by construction and Proposition 5.3 this map is compatible with the restric-
tion maps in the sense that there are commutative diagrams

(EOD%’C (M)) Hpk L (EODkafl (M)) Hpk—1

| [

(@ODMA (M))%H Fi (@(f)r)zpkfz (M))%M

Therefore, we have an induced map

Frp: W(M;p) — W(M;p).

Remark 5.14. We can also define a Verschiebung operator
Vi W(M;p) — W(M;p)

in exactly the same way as in Construction 5.13 by replacing the restriction maps in the
Mackey functor with the transfer maps in the Mackey functor.

There are also topological analogues of the maps F, V and R on THR(A)"»* when
A is an E,-ring, which satisfy certain relations (cf. [21, §3]). In particular, Ry and F
are compatible in the sense that Rj_1 o F, = Fjy_1 o Rg. The cokernel of the map
idw (a;p) —F" is defined to be the coinvariants W (A;p)r. As a consequence, we have the
following refinement of [13, Theorem A].

Theorem 5.15. Let A be an E,-ring, and suppose that

R! liingfb THR(A)"»* = 0.
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Then there is an isomorphism

m_ TCR(4;p) = W(xg*(A); p) -
Proof. We compute the homotopy fiber of the topological map id —F by the long ex-
act sequence in homotopy groups. By Theorem 5.12, we can identify 7o TRR(A). By
inspection, the topological map F: TRR(A) — TRR(A) induces the algebraic map
F: W(zmyA;p) — W(myA;p) and therefore 7_; TCR(A;p) is the cokernel of the alge-
braic map id —F. O

6. Computations

In this section, we use the new algebraic framework from Section 4.3 to do some con-
crete calculations. In particular, we compute the Ds,,-Mackey functor EOD 2» THR(HZ)
where m > 1 is an odd integer and Z is the constant Mackey functor. This computation
has essentially already appeared in [9, Theorem 3.15], but we include it to illustrate
how our approach can be done entirely in the setting of homological algebra for Mackey
functors and is therefore, in a sense, algorithmic. The first step in this computation is a
Tambara reciprocity formula for sums, which we present for a general finite group and
may be of independent interest.

6.1. The Tambara reciprocity formulae
The most difficult relations in Tambara functors tend to be the interchange describing

how to write the norm of a transfer as a transfer of norms of restrictions. These are
described by the condition that if

U e 7 LU IT,(T)

b b

S a2 I1,(7)

is an exponential diagram, then we have

Ng OTh = Th/ ONg/ ORf/.

b2

The formulae called “Tambara reciprocity
G/K is a map of orbits and

unpack this in two basic cases: g : G/H —

(1) h: G/HUG/H — G/H is the fold map or
(2) h: G/J — G/H is a map of orbits.
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Upperne/x G- (eH, v+ F) <= yjemeyn G/ (HnyEy™) «<— Upyjearn G/ (K 0y Hy)

)
\g,f‘h"ﬂ“("ﬂ'w ;l l;
G/H +—— Gxy Ty &— G/H xMap™ (G, Ty) +——— G/HxG - F ———= G/H x G|K

7

| 7 ! |

v Map” (G, Ty) G-F GIK

Fig. 1. Unpacking the exponential diagram on orbits.

These respectively describe universal formulae for
NE(a+b) and N5 trf (a).

In general, these can be tricky to specify, since we have to understand the general form
of the dependent product (or equivalently here, coinduction).

Lemma 6.1 ([19, Proposition 2.3]). If h: T — G/H is a morphism of finite G-sets, with
To = h™Y(eH) the corresponding finite H-set, and if g: G/H — G/K is the quotient
map corresponding to an inclusion H C K, then we have an isomorphism of G-sets

[[(1) = G xx Map™ (K, Ty).

g

This entire argument is induced up from K to G, so it suffices to study the case
K = G. In this formulation, the map f’ along which we restrict is the map

G/H x Map™ (G, Ty) — G x5 Tp
given by

(9H,F) — [g,F(g)].

Since the transfer along the fold map is the sum, we can understand the exponential
diagram by further pulling back along the inclusions of orbits in Map® (G,T). Let F €
Map® (G, Ty) be an element, let G- F be the orbit, and let K = Stab(F) be the stabilizer.
We can now unpack the orbit decomposition of G/H x G/K and the maps to T and to
G/K = G- F. We depict the exponential diagram, together with the pullback along the
inclusion of the orbit G - F' and orbit decompositions of the relevant pieces in Fig. 1.

The map labeled Vg g is the coproduct of the canonical projection maps

G/(K N~y 'Hy) = G/K,
and the norm along this is, by definition

NVK.H = H NII((I’W*IH'}/'
[YVIEK\G/H
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Also by definition, the restriction along [] ¢, is

H'yeK H _
[I M(G/(HAyEy ) =9 T M(G/(K Ny Hy))
EH\G/K [vleK\G/H

for a Mackey or Tambara functor M, where - here is the Weyl action. These give all the
tools needed to understand the Tambara reciprocity formulae. We spell out the formula
for a norm of a sum in general; we will not need the formula for the norm of a transfer
here.

Theorem 6.2. Let G be a finite group and H a subgroup, and let R be a G-Tambara
functor. For each F € Map™ (G, {a7b}), let Kp be the stabilizer of F'. Then for any
a,b € R(G/H), we have

NG (a+0b)
G K H —1
=Y ef | I N (et (FO )
[FleMap® (G,{a,b})/G ["]eKr\G/H

Proof. This follows immediately from the proceeding discussion. The only step to check
is the identification of the restriction. This follows from the identification of the map
f" with the evaluation map. In the case Ty = {a, b}, where here we blur the distinction
between a and b as elements of R(G/H) and as dummy variables, the map

G/(HN(vKy™')) = G/H x {a,b}

coincides with the canonical quotient onto the summand specified by evaluating F' at
—1
v . O

Here we only need the Tambara reciprocity formulae for dihedral groups, so we now
restrict attention to these cases.

6.2. Formulae for dihedral groups

We use the following two lemmas to describe the coinductions needed for the Tambara
reciprocity formulae for

Ng2" (a +b) and Ng;;trDzm (a),

2m Hm

where n/m is an odd prime.

Lemma 6.3. Let H, K be subgroups of a finite group G and T be a G-set. Then there is
a natural bijection
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Map (G, 1)K = T[]  Map(KyH,T)K= [ 100D,
KyHeK\G/H KyHeK\G/H

When T has trivial action this simplifies to

MaupH(G7 T)K =~ H T.
KyHeK\G/H

Proof. Regarding G as a K x H°P-space, there is an isomorphism

ViexronG = [[ KvH
ol

where v ranges over representatives for double cosets KvH in K\G/H. The K fixed
points of coinduction up from H to G are the same as the K x H°P-fixed points of just
the set of maps out of G. This gives a natural (in 7') bijection

K

Map™ (G, T)¥ = Map” H K~yH, T = H Map® (KvH, T)¥
K\G/H K\G/H

as desired.
To understand each individual factor, we use the quotient map nx: K x H — H to
rewrite the fixed points:

(Map™ (KyH, T))™ = Map"*" (KyH, 73T).

Since by definition of the pullback, K acts trivially on 7', the map factors through the
orbits K\K~H, which is an H-orbit. The classical double coset formula identifies this
with H/(H N~y~1K~), and the result follows.

The simplification follows from the action being trivial, and hence all points being
fixed. O

Lemma 6.4. Let p be an odd prime. There are isomorphisms of Dap-sets

op+1)/2_o (2271 =1)/p)+1—2(P—D/2
MapDz(DQP’{a’b}) =l 1T H D2p/D2H H Dgp.

i=1 i=1

Proof. We observe that the only fixed points with respect to pu, and any subgroup of
Do), containing ji,, are the constant maps f, and fi, sending Dy, to a or Ds), to b, respec-
tively. This gives the first two summands. The Ds-fixed points are given by a product
of (p +1)/2 = |D3\Doy/Ds| copies of {a,b} with an additional copy corresponding to
the constant maps. Combining this information, we have 2(P*1)/2 — 2 copies of Dy, /Do
each contributing one Ds-fixed point. The remaining summands must be given by copies
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of the Dyp-set D, and examining the cardinality the number of copies of Da, must be
(2 = 1)fp) +1- 2072 o

Remark 6.5. There is a geometric interpretation of this. The Dy,-set Map?2 (Dap, {a,b})
can be thought of as the ways to label the vertices of the regular p-gon with labels a or
b. The stabilizer of a function is the collection of those rigid motions which preserve the
labeling. Those with stabilizer Do are the ones that are symmetric with respect to the
reflection through some fixed vertex and passing through the center. These then depend
only on the label at the chosen vertex, and then prl labels for the next vertices, moving
either clockwise or counterclockwise from that vertex. Of these, there are two that are
special: the two where everything has a fixed label.

Notation 6.6. For an odd prime p, let
cp:2p771—landdp:——cp.

Lemma 6.7. Let p be an odd prime. We have an isomorphism of Dap-sets

dp+cp
Map®? (Dap, Da) = Dap/ptp 1T [ Dap-

Proof. Since D, is a free Dj-set, there are no Dy,-fixed points, by the universal prop-
erty of coinduction. On the other hand, Dy as a Dy-set is actually in the image of the
restriction from Dop-sets via the quotient map D, — D3, and this is compatible with
the inclusion of Dy into Ds,. This allows us to rewrite our Dsp-set as

Map®? (Dzy, Ds) & Map(Dzy/ D2, Dap/1p).
Since u,, acts trivially in the target, the p,-fixed points are

Map(sz/Dg, DQP/:U’P)MP = Map(Dgp/upD% DQ;D/NP) = D2p//‘p’

Finally, since Ds-acts freely in the target, there are no Da-fixed points (and hence for
any of the conjugates). Counting gives the desired answer. 0O

We need two much more general versions of these identifications, both of which follow
from the preceding lemmas.

Lemma 6.8. If N C H C G with N a normal subgroup of G, then for any H-set T with
T =TN, we have a natural bijection of G-sets

Map® (G, T) = Map®/N (G/N, T).
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Proof. Since N is a normal subgroup of G, for any g € G, n € N, and f € MapH(G, T),
we have

flgn) = f(eg(n)g) = co(n) f(9) = f(9),

where the first equality is by normality of N, the second is by H-equivariance of f, and
the third is by the condition that TV =T. O

Corollary 6.9. Let p be an odd prime. For any m > 1, there are isomorphisms of Dapp,-
sets

2¢cp dp
Map?>" (Dayms {0,5) 2 { s o} 11 [ | Dagn/ D 11 ] Dyt
=1 i=1
and
dp+cp

MapDzm (D2p7m DQm/Mm) = DQPW/MPW il H DQW”/NW'

Proof. This follows from Lemma 6.8. The subgroup N = p,,. The quotient Day, /pim, is
Dy; the quotient Doy, /o, is Doy, and the result follows from the previous lemmas. O

We will now produce a Tambara reciprocity formula for sums for the group Ds, when
p is an odd prime.

Notation 6.10. Let
Do
X = (MapD2 (D2p7 {aab})> - {faafb}

be a set of representatives for the Ds-fixed points. For a point € X, let x; = g(%) Let
Y = (Map™ (Dzp.{a,b}) = Dz X ) /Day

be the set of free orbits in Map”? (sz, {a, b})7 and for an equivalence class [y] € Y, let
yi = y(G)-

Lemma 6.11 (Tambara reciprocity for sums for dihedral groups). Let Da, be the dihedral
group where p is an odd prime, with a generator T of order 2 and (, of order p, and let
Dy be the cyclic subgroup generated by 7. Let S be a Daoy-Tambara functor. Then for all
a and b in S(Dap/D2)

Ny (ap, +bp,) =Np2*(a) + Np2* (b)
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(p—1)/2
+ Z trD2” H NP2(¢hresD? (2;))
zeX =1
p
+ Y el <H presg 2(%))
[yleYy i=1

where X and Y are as in Notation 6.10.

Proof. This follows from Theorem 6.2, using the identification of coinduction given by
Lemma 6.4. O

Example 6.12. Explicitly, in the case of p = 3, we have the formula

NpGe(a+b) =Npe(ap,) + Np(bp,)
+ tI‘D2 (sz : *]VeD2 (<5 : I‘eSeD2 (U“DQ)))
+trp¢(ap, - NP2(Gs - resP? (bp,))),

because in this case the set Y is empty. When p = 7, abbreviating a. = res?? a and
be = resP2 b there is a summand

DM (f?b f?b 57% §7b f?ae : 57% 'f;ae) .
6.3. Truncated p-typical Real Witt vectors of Z

For p an odd prime, we compute the D,s-Tambara functor 770 THR(H Z), using
the formula

THR(HZ) 2” ZD D,k » NDzC 1C<Z

from Theorem 4.20 and Proposition 4.17. We therefore begin by computing the Mackey

D,k
functor norm, Np " Z.

Since we will be working both with dihedral groups as groups and with them as
representatives of isomorphism classes of Ds,,-sets in the corresponding Burnside ring,

we will use distinct notation to keep track.

Notation 6.13. If T is a finite G-set, then let [T] denote the isomorphism class of T' as
an element of the Burnside ring. When T'= G/G, we will also simply write this as 1.

We also need some notation for generation of a Mackey functor, especially repre-
sentable ones.
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Notation 6.14. If T is a finite G-set, let Ay - f be A, with the canonical element T’ <—
T = T named f.

Lemma 6.15. Let p be an odd prime. There is an isomorphism of Day-Tambara functors

NP2 (Z) = AP /(2 — Dy, /p1y)).

Proof. The constant Mackey functor Z for D, is the quotient of AP? by the element
2—[Ds,] € AP?(D,/D,) using the conventions of Section 4.1. Equivalently, we can rewrite
this as a coequalizer of maps, both of which are represented by multiplication by a fixed
Do-set:

Do
APz = D2
A 4

Extend this to a reflexive coequalizer by formally putting in the zeroth degeneracy. This
represents Z as a sifted colimit of free Mackey functors:

dy
APz g AP2 ) ﬁZOfADz — 7,
0

where s¢(1) = b, and where

[Do] =0

do(b):dl(b)zland di(a): {2 i1

The norm commutes with sifted colimits, so we deduce that we have a reflexive coequal-
izer diagram

N (do)
Np2r(AP2 - a @ AP? ) « Nso)— Np2(AP?) ——— N (2).
N(dy)

The norm is defined by the left Kan extension of coinduction, so we have a canonical
isomorphism for representable functors:

Np2r (AP @ AP2) = Np? (AL2) = AvtapD2 (D b))

and the norm of the Burnside Mackey functor for Ds is the Burnside Mackey functor for
D,,. Here and from now on we simply write A for A?z”. Lemma 6.4 determines the
Dy,-set we see here:

Map”? (Day, {a,b}) = {fo} L {fp} I H Dap/Dy -z 11 H Doy, - [yl

zeX [yleYy
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This decomposition gives a decomposition of the representable:

Antappa(Dyy iy ZA fa®A-fro D Ap,, ,, z® P Ap,, v
zeX lyleYy

Since the direct sum is the coproduct in Mackey functors, we can view each summand in
the coequalizer as independently introducing a relation on A. We can therefore work one
summand at a time, keeping track of the added relations. By the Yoneda Lemma, maps
from a representable Mackey functor Ay - f to A are in bijective correspondence with
elements of A(T), and the bijection is given by evaluating a map of Mackey functors
on the canonical element f. To determine these, we work directly, using the definition
of the representables. For a general summand parameterized by the orbit of a function
Dy, /Dy — {a,b}, the value of the corresponding face map is built out of the functions
values at the points of Da,/D5. The slogan here is that this is simply a “decategorifica-
tion” of the Tambara reciprocity formula we already described.
The first case is the constant functions. Here, we have

di(f.) = Np* (di(%)),

for * = a,b. Both dy and d; agree on b with value 1, so the summand A - f, contributes
no relation. For the summand A - f,, we use that the norms in the Burnside Tambara
functor are given by coinduction:

do(fa) = Ngf” ([D2]) = [D2p/:“p] + (dp + CP)[DQP] and
di(fa) = Np2*(2) = 24 2¢,[Day/ Do) + dy[ D3],
where
po1 op—1 _q
cp=22 —landd,=— —¢,

are as defined in Notation 6.6. Coequalizing these two maps introduces a relation
2+ 2¢p[Dap/ Do) + dy[Day) — ([D2p/ﬂp] + (dp + Cp)[D2p])7

which simplifies to

(2 = [Dap/1p]) + ¢ (2[D2p/ D2 — [Doy))

in A(Dqp/Dap.

The second case we consider is the easiest one: the summands parameterized by Y.
Maps from Ap, -y to A are in bijection with elements of A(Dsy/e) = Z. The explicit
value is the corresponding summand from the Tambara reciprocity formula:



40 G. Angelini-Knoll et al. / Advances in Mathematics 482 (2025) 110568

P

di(y) = H res?? (di(y5)),

J=0

since the Weyl action on the underlying abelian group in the Burnside Mackey functor
is trivial. Since do(b) = d1(b) = 1 and since

res?? (do(a)) = resD? (dl(a)) =2,
both face maps always agree on these summands, with value given by
dily) = 9ly™H(a)|

Finally, the trickiest summands are the ones parameterized by X. Since we are map-
ping out of

~ D2y 4 Do
Asz/Dz - IndDz A7,

by the induction-restriction adjunction, it suffices to understand instead the restriction
to Do of the target. Here we use the multiplicative double coset formula: for a general
Dy-Mackey functor M, we have

D

ip, Npor M = MO [] NP2t M.

2
DQ\sz/szDQGDZ

For the Burnside Mackey functor, there is a confusing collision: every Mackey functor
in this expression is the Burnside Mackey functor, so we cannot distinguish between
AP2 as itself or as NDP27,. Writing things in terms of the actual norms of a generic
Mackey functor, helps disambiguate. To a function z with stabilizer D5, we have the
corresponding summand from the Tambara reciprocity formula:

(p—1)/2
di(z) = di(zo) - [[ NP2 (res;di(x))
j=1

where again, the triviality of the Weyl group allows us to ignore it. Note also that with
the exception of zy, we actually only see the restriction of d;(x;). As we saw in the
second case, the two face maps here always agree, with value 1 if x; = b and with value
2if z; = a.

If xg = b, then do(z) = di1(z), since the product factors always agreed.

If 9 = a, then we have

(p—1)/2
di(f) =di(a)- [ NP2 restdi(z;) = d;(a)(2+ D))",

Jj=1
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where k is the number of j between 1 and (p — 1)/2 such that z; = 1. The coequalizer
therefore induces the relation

(2-[D2)) - 2+ D))"

Since these are multiples of the case i = 0, so we deduce that all of these summands
contribute exactly one relation:

2 — [Dz] S A(DQP/DQ)

Summarizing, we have that the norm Ngjp Z is

A/((2(D2p/Day] = [Dap/1y]) + e3(2(D2p/ D2 = (D)), 21D/ Ds] ~ [Da]) ),

where to help the reader keep track of where in the Mackey functor the relations are
born, we replace 1 € A(G/H) with H/H.

This simplifies in several ways, however. Since transfers in the Burnside Mackey func-
tor are given by induction,

¢y (21D2p/ Do) = [Dap]) = eptrp?” (21D2/ D] = [D2]),
so we can remove this from the first relations with impunity, giving
A/ (2[D2p/ Doy] = [Day/11y], 21D2/ D] — [Da]).
We also have
respy (2Dap/Day] = [Dap/p]) = 2[Ds/ Do) = [Ds],

so we can now drop the second relation. This yields

Np*Z = A (2~ [Day/np)).

Since Z is a Tambara functor, Ngjp Z is, and as a quotient of A, it has a unique Tambara
functor structure. O

This has a somewhat surprising consequence: the form of the norm is the same as
what we started with, in that we are coequalizing two maps represented by G-sets of
cardinality 2. Induction gives the following generalization.

Theorem 6.16. For any odd integer m > 1, we have an isomorphism of Da,,-Tambara
functors

NpzZ 2 AP /(2 = [Dam /pim)-
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6.4. Unpacking the norm

We pause here to unpack this definition some, since the quotient of Mackey functors
by a congruence relation might be less familiar than the abelian group case.

Definition 6.17. For any odd natural number m, let

R, =Np"L.

Lemma 6.18. For any k dividing m, we have

-k ~
ZDsz = Ek’

2m

and

it Ry, = A

Hi=—m

Proof. Theorem 6.16 writes the norm R, as the coequalizer of

2
AD2m, ” ADQm,

[DZm/Nm]

Since the restriction functor on Mackey functors is exact, for any subgroup H, the
restriction of the norm is the coequalizer of 2 and

resggm [Dam/ tim] = it D2m/ pm]-

When H = Dy, we have

Dy D2m/tm = Dar/ i,

since there is a single double coset and Day N pi, = pg. This gives the first part.
When H = pi,,, we have

Z‘;khnl)QWL/,um, - 2,LLm/,Um,

since [, is normal. This implies that the restriction to p,, is A*™, and hence the
restriction to uy is A"*. O

Since we are coequalizing two maps from the Burnside Mackey functor to itself, the
value at Da,,/Da,, can also be readily computed. We need a small lemma about the
products of certain Ds,,-orbits.
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Proposition 6.19. Let m be an odd natural number. Let H C Do, be a subgroup, and let
¢ =ged(m,|H|). Then we have

Doy /16 |H| even,

Do /H % Doy /i =
2m/ 2m/ {ng/HHDQm/H \H| odd.

Proof. Since m is odd, any subgroup H is conjugate to either Dy or uy, for k dividing
m, and the two cases are distinguished by the parity of the cardinality. Hence Day,,/H is
isomorphic to either Da,, /Doy or to Da,, /uk in exactly the two cases in the statement.
The result follows from the isomorphism

Doy /H X Do/ o = Doy I>1<( 15 Dam/ tom,
and our earlier analysis of the restrictions. O
Corollary 6.20. For any odd m, R, (%) is a free abelian group:
R, (*) =2 Z{[Day/Day] | klm}.

The image of [Dap/Dai] € ADQ”’(*) is [Dam/Dag], while the image of [Dam/pi] €
AP2m (%) is 2[ Dy, / Doy

Proof. Proposition 6.19 describes the effect of the two maps on the standard basis for
the Burnside ring. We see that

(2 = [Dam/ptm]) - [D2m/pr] = 0,
while
(2 = [Dam/ttm)) - [D2m/ Dok = 2[Dam/Dar] — [Dam/ pis]-
This gives both the additive result and the images. O

Lemma 6.18 shows then that the same statement is essentially true for the values at
dihedral subgroups.

Corollary 6.21. For any odd m and any k dividing m, we have an isomorphism
R, (D2 /Dsk) = Z{[Dar/Da;] | jlk}-

We can also spell out the restriction and transfer maps here. The restriction and
transfer to the odd order cyclic subgroups is easier, since there is a unique maximal one.
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Proposition 6.22. The restriction map
R, (*) = B, (Dom/ptm) = A" (pin/ pim )
is given by
[D2m /Dak] = [/ 1ik]-
The transfer map is given by

[tom / pre] = 2[ D2/ Dag].

Proof. These follow from the restriction and induction in Dsy,,-sets, together with the
relation

[Dam/px] = 2[Dam / Dag]

in R O

m*

For the restrictions and transfers to dihedral subgroups, we consider a maximal proper
divisor. Let p be a prime dividing m, and let k = m/p.

Proposition 6.23. The restriction map
R, (¥) = Ry (%)
is given by

[Da2m/ Daj] = ZZ—.E[D%/DM],

where £ = ged(k, 7). The transfer maps are given by

[Dar/Da;] = [Dam /Doyl
Proof. The transfer maps are immediate. For the restriction, since m is odd, the normal-
izer of any dihedral subgroup is itself. The intersection of Dy with Dy; is the dihedral

group Dag, while the intersection of Dy, with any conjugate of Dy; is just the intersection
i O pg, = pe. This means that it suffices to count cardinalities. This gives

i1y Dam/Daj = Dag/ Doy [ | D/

where a = %}j. Since [Day/pe] = 2[Dax/ Day], the result follows. O
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Theorem 6.24. Let m > 1 be an odd integer. There is an isomorphism of Day,-Mackey
functors

g THR(HZ) 2= AP /(2 — [Dam /i),

where (2 — [Dam/pm]) is the ideal generated by 2 — [Dap/pim] in the Tambara functor
AD2m‘

Proof. By Proposition 4.17 and Theorem 4.20, it suffices to compute the coequalizer

NGz ZONLP2m ZONEr_ e ——= NP2 ZONEr_ cc L.

For any G, NYZ is the Burnside Mackey functor, the symmetric monoidal unit. The
FEy-structure map here is just the unit

ADZ'HL N Ng;mz
By Theorem 6.16, this is surjective, so NB;T”Z is a “solid” Green functor in the sense
that the multiplication map is an isomorphism. Finally, note that the argument we gave

to identify N gj’”z did not depend on the choice of Dy inside Ds,,, so we have an
isomorphism

ND2NLZ NCDD2HL< Z

of Tambara functors. We deduce that all pieces in the coequalizer diagram are just
NpmZ
pimZ. O

When restricted to mt? (THR(HZ)"2r*), our computation recovers the computation
in [9].

Corollary 6.25. Let p be an odd prime. Then there are isomorphisms of abelian groups
" (THR(HZ))(Dopr / Dapr) = 1y " (THR(HZ)) (Dapi / i) = Wi 1(Z; p).

Since we computed the restriction and transfer maps, we have the following compu-
tation.

Corollary 6.26. There is an isomorphism of Mackey functors
Wi (Z;p) = Wi(Z; p)

for odd primes p.
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