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1. Introduction
1.1. Overview

Motivic homotopy theory, developed by Voevodsky and Morel (e.g. [40]), was famously
used as a tool to attack the Milnor conjecture and the Bloch—Kato conjecture, as well
as other deep problems in number theory and algebraic geometry. It became useful
in stable homotopy theory for a different reason: the “Betti realization” functor from
the C-motivic homotopy category to the stable homotopy category makes computations
of stable homotopy groups of spheres more accessible [31]. The R-motivic homotopy
category is also equipped with a Betti realization functor to the Cy-equivariant stable
homotopy category; Guillou and Isaksen [15] use this to aid computing Cy-equivariant
stable homotopy groups. It is natural to ask whether there is a related category that
supports an analogous Betti realization functor to G-equivariant spectra for other finite
groups G. However, we do not expect such a comparison category to come from motivic
homotopy theory; the Cy case works because C is an extension of R with Galois group
Cs, and the Artin—Schreier theorem implies that e and C5 are the only finite groups that
can occur as absolute Galois groups.

Instead, we turn to another perspective by building the desired category as a de-
formation of the equivariant category. Work of Gheorghe—Wang—Xu [22] (see also [16],
[42]) provided a new characterization of the category of (p-completed, cellular) C-motivic
spectra as a deformation (see Definition 2.4.2) of (p-completed) ordinary spectra. The
Tate twist element 7 (see [27, Lem. 23]) provides a deformation parameter, and Betti
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realization can be described as inverting 7. Gheorghe-Isaksen—Krause—Ricka [16] pro-
vided a model for this deformation using the category of modules over a certain algebra
in filtered spectra coming from the Adams—Novikov filtration.

The filtered spectra model can be further generalized: given a well-behaved filtration
functor (see Definition 2.2.1) in some appropriate category C, the deformation perspec-
tive provides an appropriate new category D equipped with a comparison functor D — C,
analogous to the Betti realization functor. The construction comes with a “deformation
parameter” 7 and the Betti realization functor is given by inverting 7. Using this per-
spective, Burklund-Hahn—Senger [6] showed that a variant of the cellular p-complete
R-motivic category (the Artin-Tate category) arises from a filtration functor on Cy-
equivariant spectra. However, this is not amenable to generalization to an arbitrary
finite group G, because this filtration hinges on the existence of the Cy-spectrum M Ug
known as Real complex cobordism. No analogue of MUy for other finite groups G has
been found despite over a decade of searching (see [24,29]).

In this paper, we overcome this difficulty in the setting of Borel G-spectra for a finite
group G. We give an alternate construction of the filtration that doesn’t involve MUy
and can be generalized to other groups. Our paper gives two interpretations of this
filtration:

« as a generalized Adams filtration in Borel G-spectra with an appropriate base (Def-
inition 2.4.6), or

o as a modified Adams—Novikov filtration which mixes the (non-equivariant) Adams—
Novikov filtration and the homotopy fixed points filtration (see Section 3.2).

We show these are equivalent (Proposition 3.3.3) and show that the G = Cy case
of our construction recovers the a-completion of the motivic category studied in [6]
(Theorem 3.4.9). The second construction produces a spectral sequence, which we call
the modified Adams—Novikov spectral sequence (MANSS). We demonstrate that it is
amenable to computations in Section 5.

In the case of G = (5, our construction provides a new description of a completed
form of the Cy-effective slice spectral sequence introduced by the fourth author in [33].
The Cs-effective slice spectral sequence is defined using Betti realization and Voevodsky’s
effective slice filtration on the R-motivic homotopy category [47]. It agrees with the Hill-
Hopkins—Ravenel slice spectral sequence [25] for Real orientable Cy-spectra, and in the
non-Real orientable case it is more tractable than the slice spectral sequence. Burklund—
Hahn—Senger [6] have shown that the Cs-effective slice spectral sequence agrees with
the décalage (a degree-shifting operation) of the M Ug-based Adams—Novikov spectral
sequence, and hence (after completion) with the décalage of the MANSS. Moreover, for
other groups G, the MANSS can be viewed as a Borel G-equivariant analogue of the
Cy-effective spectral sequence up to décalage.
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1.2. The main constructions

We will use the presentations expressed in the language of filtered spectra by [16] and
[6]. A filtered spectrum X, € ctis simply a Z-indexed sequence of objects X; and maps

e X g X = Xge X« Xg e

in a category C. We regard this sequence as a decreasing filtration of X_,, := colim; X _;.
There is a symmetric monoidal structure on filtered objects given by Day convolution
(2.1.4).

Given a filtered object X, and a Postnikov truncation functor 7., one can apply
a degree-shifting operation called décalage (see §2.3) to form another filtered object
Déc” (X ).. The central idea, as introduced in [16], is to study the category of modules
over Déc(X):

Mod(C”; Déc™ (X)). (*)
The filtrations relevant to this paper are

(1) the Adams—Novikov filtration M_Up®. ® X of a spectrum X (where (—) denotes the
fiber of the unit map);

(2) the Real Adams—Nowvikov filtration MURQ@. ® X of a Cy-spectrum X;

(3) the MU[G]-based Adams filtration m@- ® X of a (Borel) G-spectrum X;

the modified Adams—Novikov filtration, defined to be the Day convolution in Borel

G-spectra of

(a) the homotopy fized points filtration of a Borel G-spectrum X" = F(EG.,X),
given by filtering FG by skeleta, and

—
e~
N2

(b) the (nonequivariant) Adams—Novikov filtration of the sphere.

Filtrations (1) and (2) pertain to the motivating results; (3) and (4) are our construc-
tions.

Theorem 1.2.1 ([16]). Applying the construction (*) to the Adams—Novikov filtration
with 7 as the Postnikov filtration recovers the cellular C-motivic category SH(C);s.

Here and henceforth, we use (—);, to denote the category of modules over the p-
complete unit.

Theorem 1.2.2 (/6]). Applying the construction (*) to the Real Adams—Novikov filtration

with 7 as even slice décalage (Notation 2.3.2) gives the Artin—Tate category SH(R)iAQT,

generated by bigraded suspensions Zi’jSpec(k)+, where k € {R, C}.
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Note that Spec(R), is the sphere spectrum, so this is analogous to the cellular category
but with one more generator.
Our main construction is the following.

Definition (Definition 2.4.6). Define the category of complete artificial motivic spectra

S’I\{?;rtp to be the construction (*) applied to the MU[G]-based Adams filtration, with 7
as the even Postnikov filtration.

Our main results are the following three theorems, which justify the definition above
by relating it to the construction by [6] in the case G = Cy. The first theorem relates
(2) and (3) in the case G = Cy. The third theorem says that (3) has the same spectral
sequence as (4).

Theorem (Theorem 5./.7). For X € Spg, ;o, there is an equivalence

Déc™ " (WU A Gy, @ X) = Déc”™ (M Tz, @ X)"

of filtered Borel Cy-spectra, where (—)h = F((ECy).,—) denotes Borel completion,

, _ev.post ev.slice
Déc™ P

denotes the even Postnikov décalage, and Déc denotes the even slice

décalage.

Theorem (Theorem 3.4.9). There is an equivalence

=—art AT
SHCQQ = (SH(R);2 )2

where the completion of SH(R);AQT is with respect to the motivic lift a of the equivariant

Euler class a, defined in [6, Eq. (1)].

Theorem (Theorem 3.4.2). For G = Cs, the spectral sequence associated to the modified
Adams-Novikov filtration agrees with the MU,[C5]-based Adams spectral sequence from
the Fy-term onwards. In particular, the construction (*) applied to the modified Adams—

Novikov filtration also recovers (SH(R)?QT .

While the comparison theorems use filtration (3), we are interested in the modified
Adams—Novikov filtration because it is amenable to computation.

1.8. Computing the MANSS

We study the modified Adams—Novikov spectral sequence (MANSS), the spectral se-
quence associated to the modified Adams—Novikov filtration as discussed in the previous
section. Computing this spectral sequence is relevant because, in many cases such as
ours, computing the homotopy groups of a construction of the form (*) boils down to
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computing the spectral sequence associated to the filtration in question; see [7, Theorem
A1l

The MANSS is an RO(G)-graded spectral sequence which is a kind of mixture of the
(non-equivariant) Adams-Novikov spectral sequence (ANSS) and the homotopy fixed
point spectral sequence (HFPSS), and as such is very amenable to computations.

We introduce the following tools for computing with the MANSS:

(1) In Section 4.1, we introduce a pair of double complex spectral sequences which
converge to the Fs-term of the p-primary MANSS:

1B (G H) = Ext (i ), (MU, HY (H; (MU,), 277 X))

— MRl (x)(GrH),
TG H) =H (H;Extgyy s o, (MUp)s, (MU,) 27" X))

*
nE,

T (X0O(G] ),

(2) We show these double complex spectral sequences collapse in the case where X is
the Borel completion of a genuine Cs-spectrum which is M Ug-projective (i.e. its
MUg-homology is free on a set of generators in degrees which are multiples of p).
We give a complete computation of the Fs-term of the 2-primary MANSS for such
spectra in terms of the ANSS FEs-term of the underlying non-equivariant spectrum
X°, in a manner that mirrors the computation of the E,-term of the Cs-effective
slice spectral sequence for MUg-projective spectra [6, Thm. 5.6].

(3) In Section 4.3 we show that these double complex spectral sequences also collapse
in the case where X is a Borel Cy-spectrum with trivial Cy-action and torsion-free
MU-homology. In this case, the MANSS converges to

Cy
Titjo

F((E02)+aX) = Trz(F(PjooaX))a

and we give a complete computation of the MANSS F,-term of such spectra in terms
of the ANSS FEs-term of X, which is different from (2), where the generators are now
parameterized by the cells of the associated stunted projective spectra.

For X as in (3) with MU-homology concentrated in even degrees, we introduce a
complex motivic lift of the MANSS (the motivic MANSS)

MANSS Sk,
motE: * *(V(CX)

in which X is replaced with the motivic lift vc(X) € SH(C);2 and the stunted projective

spaces Pfo are replaced with the motivic lifts Z/C(Pfo). We have
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MANSS %

MANSS %, %, %
motEr

* ~ %, -1
(X) = motET (V(CX)[T :|
We prove the following theorem.

Theorem (Theorem /.4.16). The motivic MANSS

MANSS %

Mt 27 (0 (X) ® COr)

is isomorphic (after reindexing) to the accelerated algebraic Atiyah—Hirzebruch spectral
sequence (AHSS)

AHSS k,s,t P;O st szk szk—z
accalg1 (X7 ) = Extyry, pp (MU, MUL(X / )

2m

— lim Ext . o (MU, MUL(XT))

obtained from filtering Pfo by its even skeleta.'

The significance of this theorem is that the differentials in the algebraic Atiyah—
Hirzebruch spectral sequence are computable in terms of the attaching maps of P;»)o. We
can then employ the zig-zag of spectral sequences

MANSS , jo, MANSS s jo, MANSS , jo, -1
motE;::rlja *(VC(X)®CT) motE;r)ijljo *(V(C(X)) motE;:#Jrlja *(V(C(X))[T :I

BT (X NS L0
(1.3.1)
to lift differentials from the algebraic AHSS to the MANSS.
For any G and X we observe that the restriction map
G h
Ty (X7) = my(X)
induces a map of spectral sequences
MANSSE:,*(X) 5 ANSSE:,|*|(X) (1.3.2)

! Because the filtration is by even skeleta instead of skeleta, we refer to this spectral sequence as the

accelerated algebraic Atiyah—Hirzebruch spectral sequence.
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from the MANSS to the Adams—Novikov spectral sequence of the underlying non-
equivariant spectrum X (Corollary 4.1.5). This gives another means of determining
MANSS differentials.

1.8.1. Computational examples
We end this paper with some explicit computations of the MANSS.

e In the case of G = Cy, p = 2, and X = koc,, we show that all of the differentials
and multiplicative structure in the MANSS for koc, can be deduced from (1.3.1)
and (1.3.2). This recovers the main generating differentials in the Cs-effective slice
spectral sequence determined by the fourth author in [33].

e In the case of G = C5, p = 3, and X = tmf(2), the MANSS agrees with the
RO(C3)-graded homotopy fixed point spectral sequence for tmf(2). Following [24,29],
we extend the RO(Cj3)-grading to an RO™ (Cs)-grading which includes the “spoke
sphere” S”. Wilson computed the slice spectral sequence for tmf(2) in [48]. We
record an observation of Senger, that the ps-orientation of tmf(2) [29], the Hill-
Hopkins—Ravenel norm, and known differentials in the integer graded homotopy fixed
point spectral sequence (which is closely related to the decent spectral sequence for
tmf(3)) completely determine the structure of the RO” (C3)-graded MANSS.

1.4. Future work

In future work, we plan to investigate how to extend our deformation S’I?Iz;rfp of Spg,G
to a deformation SHEE;rfp of Spg ;- Let S(Ciwif’p denote Décev‘pOSt(MUp[G]®'+1). In the case
of G = Cp, the idea would be to define the desired filtered Cp-spectrum I'c S, as a
pullback

¢, S, —— ¢ ay's

L]

def
Scp,p — ay Scp

p

where ay is the Euler class of the 2-dimensional representation of C), given by rotation

by 27 /p. This would require the construction of a suitable filtration ngaxlSp of the

def
Cp.p-

geometrically local sphere axlSp which maps to the localized filtration ang

In the case of G = (5, this amounts to understanding the a-localization of the R-
motivic sphere in the Artin—Tate category. Unfortunately, this is the one object that
the authors of [6] flag as very mysterious, so the proposed program will encounter sig-
nificant challenges. Nevertheless, the completion of this program would yield a notable

application. The “G-effective slice spectral sequence”
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*,%
B, (PeX)

associated to the filtered object I'¢ X would potentially allow for much of the compu-
tational payoffs of the hypothetical odd primary analog BP, of BPg discussed in [24],
while circumventing the need to construct BF, itself. Note that Hill-Hopkins-Ravenel
[24, p.1-5] have suggested that if such a spectrum BP, ~were known to exist, its norm

Cp2
N¢, BF,,
could be used to resolve the 3-primary Kervaire invariant problem.
1.5. Organization of the paper

In Section 2, we introduce the foundations of filtered spectra which will be used
throughout the paper. We end this section with our definition of complete artificial
motivic spectra.

In Section 3, we recall the construction of the Cy-effective slice spectral sequence. We
then define, for F an arbitrary ring spectrum, the E-modified Adams spectral sequence.
We prove that this modified Adams spectral sequence is actually the Adams spectral
sequence based on the Borel G-spectrum E[G]. The modified Adams—Novikov spectral
sequence (MANSS) is the instance of this spectral sequence where £/ = MU,. We finish
this section by proving that the Borel completion of the Cy-effective slice filtration is the
even Postnikov décalage of the MANSS filtration.

In Section 4, we introduce our main computational tools. We define the double com-
plex spectral sequences, and compute their Fs-terms. We then consider for G = C5y the
special case when X is the Borel completion of an M Ug-projective Ca-spectrum (see
Definition 3.1.3), and the special case when X has a trivial Cy-action. We define the mo-
tivic MANSS, and show that mod 7, the motivic MANSS is isomorphic to the algebraic
Atiyah—Hirzebruch spectral sequence.

In Section 5, we apply our methods to completely compute the MANSS in the case
of the Cy-spectrum koc,, and the Cs-spectrum tmf(2).

1.6. Conventions and notation

Throughout, we will use the theory of co-categories (quasi-categories) as developed
by [32,34,35]. Since the nerve functor from 1-categories to oo-categories is fully faithful,
we will not include this functor in the notation. We will also refer to co-categories simply
as categories from this point onwards. Throughout, G will denote a finite group. We use
the following notations:
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Z (Z, <) as a partially ordered set

VA Z as a discrete category

cFi Fun(Z°P,C)

ccr Fun(Zé,C)

prt the category of presentable categories and left adjoints
priost the category of presentable stable categories and left adjoints
Sp, Spa, SpBG the category of spectra, genuine G-spectra, Borel G-spectra
SH(k) Morel-Voevodsky oo-category of motivic spectra over k [40]
Cip oo-category of modules over the p-complete unit in C

® symmetric monoidal product in the category at hand

Ext® ((MU,). X) Extfj’VtIUp)*MUp((MUp)*, (MU, X)

Recall that a presentably symmetric monoidal, stable category is an object in the
category CAlg(Pr™*"). We follow [6, p.16] and use the following conventions: Given C €
CAlg(PrL’St), let C,, denote the category of p-complete objects in C. For D € {C, ¢ CGr}
and C € {Sp,Spg,SpBG}, let X, denote the p-completion of X € D and let D;, =
Mod(D;1,) denote the category of modules over 1,. When working in one of these

categories D;;,, we will write ® for the symmetric monoidal structure ®; . We use this

Py
convention in Definition 2.4.6, Proposition 2.4.7 and throughout Section 3.1, Section 3.4,
Section 4, and Section 5. Note that we still use the symbol ® g to mean the (underived)
tensor product in the category of modules over a discrete ring and we use ® to mean
the usual tensor product of (graded) abelian groups in these sections. We expect that
the meaning is clear from the context. We also write X for Bousfield localization of a
spectrum X at a spectrum F.

We write map, for the mapping spectrum of a stable category C or simply map when
the context is clear. Similarly, we write Map, for the mapping space of a category C and
Map when the category C is clear from context. If C is D-linear for some D € CAlg(PrL’St)
we write mapCD(—, —): C°? x C — D for the mapping object in D of the category C or
simply maupD when C is clear from the context.

For X € Sps, and V € RO(G), we write
m(X) =[SV, X1" = m((=7V X))

for the RO(G)-graded H-equivariant homotopy groups of X. As H-varies, these form a
Mackey functor, which we denote

v (X).
BG e
For X € Sp~ 7, we will similarly define
H, h —V o \hH
Ty (X7) = m((5 X)),
and we denote the associated Mackey functor

m (X",
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We shall write {Eﬂc "} to denote a spectral sequence valued in abelian groups, and {Ei"}
to denote a spectral sequence valued in G-Mackey functors. Given a spectral sequence
{Ein} valued in Mackey functors, we will write {E/"} (removing the underline) to
denote the value of the spectral sequence of Mackey functors at G/G:

El" = BI7(G]G).
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2. Filtered objects and deformations

Throughout this section, let C be a presentably symmetric monoidal, stable category
and assume C is generated by a set S of compact dualizable objects. In this situation,
we say that the set S rigidly generates C.

2.1. Filtered objects

Here we summarize results about filtered and graded objects in C, denoted ™ and
cr (see Section 1.6). By our running assumptions on C, we know that CFﬂ, % e
CAIg(PrL’St) where we equip each of these categories with the Day convolution symmet-
ric monoidal structure [12,17]. There is an associated graded functor

GI'*' CFil N CGr
which is symmetric monoidal [19, Theorem 1.13]. Given a filtered spectrum A, we define
A(—i)e such that A(—4); = Aj,;. Letting 1o denote the unit of the symmetric monoidal
product on C, we write X°1-(—t) for the s-th suspension of the symmetric monoidal unit
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shifted by ¢ and note that the homotopy groups in the category of graded objects in C
are bigraded in the sense that for A € CGr,

mo1 A = momap(S°1e(—t), A).
If C is Spg-linear, we have a functor

map ™% (=, =) = " x € > Spg,

and "™ and € are also Spg-linear. Note that since C is tensored over Sps; we can
tensor with representation spheres to produce »Wx :=8"® X for any X € C. We can
therefore consider the RO(G) X Z-graded Mackey functor valued homotopy of A € ¢t

with value
my A= mgmap ¢ (3Y 1e(-t), A)
at (V,t) € RO(G) X Z.

Construction 2.1.1. Given an object I € CFH, the spectral sequence associated to the fil-
tered object I is the spectral sequence that comes from applying m,(—) = m, map(l¢, —)
to the tower of cofiber sequences

In In+1
In/In+1 In+l/In+2

where I, /I,,11 = cofib(I,.1 — I,,). If I, = 0 then we say I is complete and the associated
conditionally convergent spectral sequence has signature

EI™M1) = 7 (G ) = 7,1
where I_, is the colimit. The differentials take the form
dr: Ei‘,n = Ef+7",n—1.

We will also use a variant of this construction for Sps-linear categories. Suppose C
Fil

is Spg-linear and I € C . When I, = 0 then we say I is complete and there is a

conditionally convergent spectral sequence of Mackey functors with signature
E{’V = EV(GrfI) = ] .
The differentials take the form

.,V f+r, V-1
d.: B - B .
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One source of filtered objects comes from cosimplicial objects. Given a cosimplicial
object

X' :A-C
we get a filtered object {fil, X"} by taking
fil,, X* := fiber(Tot X* — Tot,,_; X") (2.1.2)

(where by convention, we define Tot;, X* to be trivial if k is negative). The associated
spectral sequence is then the Bousfield-Kan spectral sequence, which we will denote:

EX"(X*) = EX"(fil,X").

Remark 2.1.3. Our indexing convention differs from the standard indexing convention
for the Bousfield-Kan spectral sequence. To illustrate this, suppose that E is a flat
homotopy commutative ring spectrum, and that X is a spectrum. Then (with our in-
dexing convention) the E-based Adams Spectral Sequence (E-ASS) for X is the spectral

sequence associated to the cosimplicial object E®*!' @ X with

TR = BN (BT @ X) = Bxtly (By, B X) = m(XE)

where Xz = Tot E®™ ® X is the FE-nilpotent completion of X.

Suppose I and J are filtered objects. Let I ® J denote the Day convolution [17];
concretely, this is

(I®J), =colimI; ® J; (2.1.4)
i+j2n
on objects.

Lemma 2.1.5. Let d{ and di], respectively, denote the d; differentials in Construction 2.1.1
associated to the filtered objects I, J. Then we have

Gr"(IeJ)= (P Gr'IeGr'J (2.1.6)

i+j=n
and whenever

T ®y € im (WS(GI‘iI) ® m,(Gr'J) — @ T (Cr'T ® Ger))

i+j=n
we have

4® (zoy) =di(z) ey + (-1)"z @ d] ().
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Proof. Equation (2.1.6) follows from the fact that the functor
Gr*: cFY L 0O

is symmetric monoidal [19, Theorem 1.13] (see also [2, Theorem 3.3.10]). For the state-
ment about dj®”, we first claim that if z € 7,(Gr'I ® Gr’.J) then

di(z) € ﬂs(GrHlI ® Ger) & ﬂs(GriI ® GerJ). (2.1.7)
To see this, let P; ; denote the pushout in the diagram

Liy1® Jjpy —— [;® 4 -

J |

iy Jj ——— P

There is a map of cofiber sequences

s'Gr're Gl g P I;®J; (2.1.8)

| k |

_ u d . )
»! P Gr'Ie Gr’J —2— colim I, ® J, —— colimI, ® J,

a+b=n a+bzn+1 a+bzn

for each pair of integers i,j such that ¢ + j = n (see [2, Lemma 3.3.1]). The diagram
(2.1.8) shows that the image of P, ; is in the image of the inclusion

(Gr'*'TeGr ) e (Gr'Ie G ') » Gr" ' (I & J)

proving (2.1.7). Moreover, the diagram

Y'Gr'r @ Gl J P ; colim I, ® J,

a+bzn+1

i j+1
R

commutes (see [36, Lemma 4.7]) and so, writing di* for the map of spectra inducing the
map d{(, we have

di® = dl @ id+id ®dy.
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Finally, naturality of the map

7 (Gr'T) @ my(Gr'J) — () 7. (Gr'T ® G’ )

i+j=n
gives rise to the desired statement, where the sign comes from the natural isomorphism
s'ar'feGrJ=Gr'Tex'GrY. O

2.2. Tower functors

Fix a finite group G and a category C € CAlg(Pr™*").

Definition 2.2.1 (/6, p. 71]). A tower functor in C is a lax symmetric monoidal functor

T: ¢ - ™.
Next we recall two examples of tower functors that come from different families of
truncations of Spg, namely those arising from the regular slice filtration and the Post-
nikov filtration.

Definition 2.2.2 ([46]). Let Spscl;iczen denote the coreflective subcategory of Sp. generated
by the set {G; Ay Ska} where H is a subgroup of G, pg is the regular representation
of H, and |pg|k = n. The associated functor

Fil
Pz.: Spc2 d Spc«l2

is a tower functor (see [6, Construction 4.2]). Similarly, Pso. is a tower functor called the
even slice tower.

Definition 2.2.3 (/30]). Let Spgcjitn denote the localizing subcategory generated by G, Ay

S* for H a subgroup of G and k = n. The associated functor
Fil

Tze* Spe, = Spe,

is a tower functor. Similarly, 7.5, is a tower functor called the even Postnikov tower.

This follows because it is a t-structure that is compatible with the symmetric monoidal

structure (the full subcategory Sppgo’ito clearly contains the symmetric monoidal unit and
is closed under the symmetric monoidal product (see [35, Remark 2.2.1.2])).

The following result will be useful later.

Lemma 2.2.4. There is an inclusion of subcategories Spgfjin c szlvlcin Consequently,

there is a natural transformation of tower functors
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Tse = Ps,.
After postcomposing with the functor (—): spEf; - SpFﬂ, this natural transformation
is an equivalence.

Proof. We check the generators of Spg?;n are in Sp%f;ezn By definition, we have Cy, ®

s* e Sps’clv;iin, for all k = n. It suffices to show S* € Sp%i;czn for all £ = n. Since a

localizing subcategory is closed under suspension, it suffices to show S" € Sp%lzcezn For

n = 1, this is implied by the cofiber sequence
Coy AST > S = 57,
The case for larger n follows from the multiplicative relation [46, Cor. 4.2].
The underlying equivalence follows from the fact that both filtrations forget to the

classical Postnikov filtration on underlying spectra. 0O

Remark 2.2.5. Recall that there is a map a: S™° — S in Spc, called the Euler class with
the property that completion at a

(=)a: Spe, — Spe,

agrees with the cofree functor F(EC,,, —) sending a Cy-spectrum X to its underlying

Borel Cy-spectrum. We also note that we can identify the essential image of the functor
Ca

(=)2 with the category of Borel Cy-spectra Sp”

Lemma 2.2.6. Let f: X — Y be a map in Spg,. If f is an underlying equivalence, then
f induces an equivalence between the a-completions fo: Xo — Y.

Proof. Since a-completion is equivalent to the cofree construction

F(E02+7_): SpC2 - Sp027
it preserves weak equivalences (see, e.g. [28, §2.2.1]). The result follows since the essential
image of the functor F(ECy,,—) = (=)} is SpBC2 whose weak equivalences are detected
by the underlying spectra. O

We therefore have the following corollary of the last two lemmas.

Proposition 2.2.7. There is a natural equivalence of tower functors

(72e (=) =5 (Pea(=))2: Sp, = (55°7)™
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Proof. By Lemma 2.2.4 and Lemma 2.2.6 it suffices to check that the functor
(=) Spg;l - Spgl,: is lax symmetric monoidal. Since (=), = F(EC,,,-): Spglz1 -
(Sp302 )Fll is right adjoint to inclusion, it suffices to show that the inclusion functor is

symmetric monoidal, which is evident. O
2.3. Décalage

We described (2.1.2) how to associate a filtered object fil, (X ") to a cosimplicial object
X*. We now describe how a tower functor allows us to associate a different filtered object
(the “T-décalage” filtration).

Definition 2.3.1. Given a tower functor T7: C — CFH, and a cosimplicial object X° € CA,
the T-décalage of X° defined to be the filtered object given by

Déc’ (X°) = Tot T(X").
For example, if T' = 7,, then DécT(X')w = Tot; TZin.

Notation 2.3.2. We refer to the P.,-décalage as the slice décalage (Décsnce) and the
Tso-décalage as the Postnikov décalage (DéchSt). We refer to the Pso.-décalage as the

even slice décalage (DéceV'SIice) and the Ts9,-décalage as the even Postnikov décalage
(Déccv.post)

Remark 2.3.3. The Postnikov décalage described above corresponds to “classical dé-
calage” on the filtered object fil, X" via the Beilinson ¢-structure. See [16, Rmk. 3.7] for
a discussion of this point.

Postnikov décalage has the effect of shifting the pages of the associated spectral se-
quences.

Theorem 2.3.4 (Hedenlund [23, Thm. I1.3.2]). Suppose X° is a cosimplicial spectrum.
There is a page-shifting isomorphism of spectral sequences

E7(XT) = B (De™ (X)),

Finally, suppose that X° is a cosimplicial spectrum with 7, X® concentrated in even
degrees. Then E."(X") is concentrated in degrees where s + n is even, the associated
graded of the Postnikov décalage of X* is concentrated in even degrees, and we therefore
have

s+n
3 o

ESt (X)) = BTV (D (X)) = B2 (D6 PN (X)), (2.3.5)
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2.4. Deformations

Here we present our deformation of Borel G-equivariant stable homotopy theory. We
will see in Section 3.4 that this gives a different presentation of the a-complete Artin—Tate
real motivic stable homotopy category. We will also demonstrate in Section 4 that this
perspective is useful for computing RO(G)-graded homotopy groups of Borel G-spectra.

First, we need to define a deformation of an object in CAlg(PrL’St).

Notation 2.4.1. Given a C""-algebra D in CAlg(Pr™*"), we write 1p(i) = 1p ® 1o (i).
Definition 2.4.2 (/6, Definition C.14]). A deformation of C is a diagram

def

C
A
C id )C

in CAlg(Pr™*™") such that
(1) there is a map
it Z — ker myPic(Re)

of abelian groups sending n to 1gaet(n)
(2) the map

Mapgaer(Leaet (i), Leaer(j)) = Map(1e, 1¢)

induced by Re is an equivalence for all integers ¢ < j.
(3) the category ¢“" is rigidly generated by a set {¢(X,)(i)} where C is rigidly generated
by the set {X,}.

Finally, we define our deformation of Borel G-spectra. Though this definition is cur-
rently unmotivated, our project in the next two sections will be to motivate this definition
by showing that it recovers a suitable completion of the Artin—Tate R-motivic stable ho-
motopy category (see Section 3.4) and that it is useful for computations (see Section 4).

First, we define an object in CAlg(Spgﬂ). This will involve the F-based Amitsur complex

E=—= E*” =} ... (2.4.3)

which is the standard cosimplicial spectrum whose totalization is the E-nilpotent com-
pletion S% and associated Bousfield-Kan spectral sequence can be identified with the
E-based Adams spectral sequence.
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post(_ ®

E®'+1) given by the Postnikov décalage of the functor —® E®* s again a tower functor
(see [6, Construction C.9]).

Remark 2.4.4. Given an associative monoid F € SpBG7 then the functor Déc

Notation 2.4.5. Given an associative monoid E in G-spectra, we write E[G] = E ® G,
for the group ring, which is again an associative monoid in G-spectra.

Definition 2.4.6. Let Sﬁfj, = Décev‘pOSt(MUp[G]®'+1) be the even Postnikov décalage of

the MU,[G]-based Amitsur complex (2.4.3) in the category Spf;G. Define the category
of complete artificial motivic spectra to be
SHei,p = Mod((Sp,")™ 887,

ip
Proposition 2.4.7. The category S’I\-Igfp is a deformation of SpZG.

Proof. This follows directly from [6, Proposition C.2] and Remark 2.4.4 using F =
DécV P (- @ MUP[G]@"H). The fact that S%?j, is a commutative monoid in (Spg,c)Fll

follows from the proof of [41, Theorem 5.64], which generalizes verbatim to Spg,G. O
3. A tale of two spectral sequences

Work of the fourth author [33] demonstrated the utility of the Cs-effective slice spec-
tral sequence for computing Cy-equivariant homotopy groups. In this section, we give a
new perspective on the Cy-effective slice spectral sequence. Specifically, we construct the
modified Adams—Novikov spectral sequence (MANSS), which is useful for computing the
homotopy groups of Borel G-spectra for any finite group G. In the case of G = Cy, we
compare this to the Cy-effective slice spectral sequence.

One advantage of the modified Adams—Novikov spectral sequence is that the differ-
entials can be computed from the classical Adams—Novikov spectral sequence for the
underlying spectrum and the equivariant attaching maps for £FG. When X is a Borel
G-spectrum with trivial action the differentials in the MANSS can often be deduced
from the attaching maps of BG together with the differentials in the Adams-Novikov
spectral sequence for the underlying non-equivariant spectrum X°. We illustrate this
phenomenon in Section 5.

3.1. The Cy-effective slice spectral sequence

Recall that we have the Cy-equivariant Betti realization functor from the R-motivic
stable homotopy category:

Beg,: SH(R);», — SPCQ,Q'
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The Cs-effective slice spectral sequence [33] is the spectral sequence associated to the
filtration we now define. Suppose X = Be¢, (X). There is an effective slice filtration

o Al X - 61X -
in R-motivic homotopy theory [47] with filtration quotients
sp(X) = 815X /615, X

We call the Cs-Betti realization of this filtration the Cs-effective slice filtration of X
associated to X. The Cs-effective slice filtration gives a functor

. il
ix : SH(R);o — Spgw’?
X Becz(ﬁlliHX)'

Slice décalage of the MUy 5-based Amitsur complex gives another functor valued in
filtered Cy-spectra:

Fil
I'r : Spe, i2 = SPe, 2

¥ 1 DactVstice (X ® MUI;.;I) .

The main theorem of [6] is the following.

Theorem 3.1.1 (Galois reconstruction). The functor
iyt SH(R)S — Mod(Spes, i2;ixSr.2) (3.1.2)
is an equivalence, and there is an equivalence
i%xSr2 = ['rS¢, 2.
It follows that when restricted to Sp¢, ;o, the functor I'g actually takes values in
MOd(SpE‘S,m i*SR,Q)
and the composite
Vg =iy olp: Spe, iz = SH(R)y

is a section of the functor Bec,. Given X € Spg, ;o, the Cy-effective slice filtration of X
relative to vr(X) is the filtered spectrum I'g X . Therefore we shall refer to the filtration
IrX of X simply as the Cy-effective slice filtration of X (without reference to the motivic
spectrum vg(X) the Cy-effective slice filtration is taken with respect to).
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The C,-effective slice spectral sequence for X associated to X is the RO(Ch) X Z-
graded spectral sequence associated to the filtered Cay-spectrum i, X and it has signature

EEEMY = 1y Beg, (54(X)) = 1, X.

In the case where X = vr(X), we shall simply refer to this spectral sequence as the
Cy-effective slice spectral sequence of X (C5-ESSS), and the Ej-term can be identified
with

m,Gr* (Dr(X)).

One of the most attractive aspects of the C5-ESSS is the computability of its Eo-term
for the class of MUg-projective spectra. Recall the following definition from [6].

Definition 3.1.3. A spectrum X € Spg, ;o is MUg-projective if MUg 2 ® X is a retract of
a Co-spectrum of the form P, En”’pMUR,Q.

For example, the 2-complete sphere is M Ugr-projective. The following theorem explains
how the Fs-term of the Cy-ESSS for an MUg-projective X € Sp,y surprisingly only
depends on the Adams—Novikov FEs-term for the underlying non-equivariant spectrum

Theorem 3.1.4 (Burklund-Hahn—Senger [6, Thm. 5.6/). Suppose that X € Spg, ;o is
MUg-projective. Then the F;-term of its C5-ESSS is given by

CESpY 0 = QET (MU (X @7y HL).

3.2. The modified E-based Adams spectral sequence

Given X € SpBG, and an associative monoid F in SpBG we can form the E-based

Adams spectral sequence of X. Let E denote the fiber of the unit map E = fib(S — E).
We can then construct the standard E-based Adams resolution

X(—E@X(—E®2®X(—E®3®X(—...

| I |

E®X EQE®X E®E ®X E®E ®X

of X. We view this as a filtered spectrum
I'pX := {..._>E®2®X—>F®X_>X=X=,,.}E(SpBG)Fﬂ

Let
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Xp = Tot(E*"' ® X)

be the totalization of the F-based Amitsur complex tensored with X (2.4.3). If the map
X — Xp is an equivalence, we have

S
Of course, we always have
colimI'g(X), = X.

Next, we will set up the homotopy fixed point spectral sequence so that it also con-
ditionally converges to the colimit. Define

EG™ = |sky B.(G, G, %)|

where B,(G, G, *) is the usual two-sided bar construction whose geometric realization
is EG. Let EGUY = @ by convention. The homotopy fixed point spectral sequence of
X e SpBG is the spectral sequence associated to the tower

FEGY, X) « F(BGY, X) « P(EGY, X) «

whose inverse limit in SpBG is X.
We will explicitly describe the decreasing filtration of X which gives rise to this tower.
Write EG®) for the cofiber of the collapse map

EGY - 8°,
Then there is a cofiber sequence
F(EG®, X) » X -» F(EG, X).

It follows that the homotopy fixed points spectral sequence computing 7, (X) arises from
the following decreasing filtration of X:

X ¢—— F(EGY X) ¢—— F(EGY X) ¢—nr ...

l ! !

FEGY, X) FEGY 1EGY, X) FEGCP1ECY, X)
(3.2.1)
Here, the filtration quotients in this diagram are computed using the diagram of cofiber
sequences
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s y'S s EGLY
EGY >j 4 chs) (3.2.2)

EGY |EGE™Y — 0 — EGW/Eat

which identifies E_lﬁG(S)/EG(S_l) with EGE,S)/EGErS_l) for s = 0. We regard this con-
struction as a functor

'z - SpBG.
Specifically, set
X for s <0
h
(X), = ~ (s-1)
F(EGy ',X) fors>0.

This has been arranged so that lim, l“h(X)S = 0 and colim, l“h(X)S = X. To see this,
note that since the map

EG, — §°

is a non-equivariant equivalence, the space EG is non-equivariantly contractible.

Now we mix these two filtrations in the following way. By tensoring the Adams reso-
lution for S with X, we produce the F-Adams resolution for X in SpBG. If we also filter
X by the filtration I"™(X) as above then we produce an object

X.u € Fun(Z® x 2%, Sp”“)

defined on an object (z,7) by

Eex fori> 0,5 <0
X fori<0,j<0
Xij = {=ei ~ _(j-1) . ] (3.2.3)
E ®F(EG;y ',X) fori>0,7>0
FEGY™ x) fori < 0,7 > 0.

Note that X, 4 is simply the exterior tensor product I';(S).® Fh(X)..
We then consider the Day convolution

I5(X)e = Ti(S)e ® T"(X)..



24 G. Angelini-Knoll et al. / Advances in Mathematics 484 (2026) 110698
By definition, I'5(X), is the left Kan extension in the diagram
o o Xow BG
7P x 7Y —= Sp
Io(X).
7°®
and it is explicitly defined on objects by
(X, = (Dp(S). ® I"(X).), = colimIp(S), @ I (X),.
Unpacking this, we compute that

ifs=<0
colimE" ® F(EGE,b_l), X) ifs>0.

a+bzs

(X), = (3.2.4)

Let NP denote the full subcategory of Z°” generated by the nonnegative integers and let
N° denote the category whose objects are nonnegative integers and whose only morphisms
are the identity maps. By Lemma 2.1.5 we can identify

cofib(I (X ) g1 = Th(X),) = D E@E™ ® F(EGY |EGY ™, X).  (3.2.5)

a+b=s

Notation 3.2.6. For x € RO(G) we write * = * + ¢ where * is the virtual dimension
of * (representing a sum of trivial representations), and ¢ is a virtual representation of
virtual dimension 0.

Using this notation, we have a RO(G) X Z-graded spectral sequence with signature

BMASSEL(X) = P 1, (B B @ F(EGY |EGY™, X)) = =,,.(X5)

a+b=s
where
h . h
Xg=1limX/Ty(X),. (3.2.7)
S

We shall refer to this spectral sequence as the modified E-based Adams spectral sequence
(E-MASS) for X. If X € Spg, then abuse terminology and refer to the E-MASS for x"
as the E-MASS for X.

3.3. The E-MASS as a generalized Adams spectral sequence

The following lemma will be useful for identifying certain filtration quotients.



G. Angelini-Knoll et al. / Advances in Mathematics 484 (2026) 110698 25

Lemma 3.3.1. There is an equivalence
F(EGP 1EGH s) ~s[G] e S[G]

where S[G] = fiber(S — S[G]).

Proof. By definition, EGH ~ |ski, B.(G, G, *)|. Consequently, there is an equivalence
F(EG™ |S) = Tot, (F(B.(G, G, %),,5)).

By [39, Proposition 2.14], there is therefore an equivalence

——®k+1

F(EGY S) = cofib(S[GT = S).
The lemma then follows from the diagram of fiber sequences

——®k+1

S[G] S FEGHs)

ISV (k-1)

sier” S F(EGY™V.s)

L

sial es[6] —— 0 —— P EGY EGYY 5).

O

Remark 3.3.2. When G = Cy, we have S[Cy] = = F(S7,S). To see this, note that
there is a fiber sequence

S 58" 5 Ca=S[Cy]

<ro 1 -0 —®k —RO . .
so S[C5] = S7%, and the map S[Cy] = S — S is simply a”. Consequently, by
Lemma 3.3.1 we have equivalences

(k-1) - Ekoca

£0,P 1B,
for each k£ = 0.

Now we prove the main result from this section.

Proposition 3.3.3 (The E-MASS is a generalized Adams spectral sequence). The modified
E-based Adams spectral sequence for a finite group G agrees with the E[G]-based Adams
spectral sequence from the Es-term onwards.
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Proof. To prove this result, it suffices to prove that the filtered spectrum that we use
to construct the modified E-based Adams spectral sequence is in fact an E[G]-based
Adams resolution.

Since EG™) is finite, the modified E-based Adams spectral sequence for X is the
spectral sequence associated to the Day convolution

IE(X). =Tx(S). ®T'(S). @ X.
(see Lemma 3.3.1). We therefore wish to show that
+++ = (T5(8). ®T"(S). ® X), — (Tp(S). @ I'(S). ® X)y = X
is an E[G]-injective resolution of X in the sense of [38]. We need to check that

(1) there is an equivalence Gr" (I'g(S). ® Fh(S). ® X) =~ E[G] ® M for some spectrum
M and consequently, Gr™(T'(S). ® T™(S). ® X) is E[G-injective;
(2) the map

(Tp(S)e ® T"(S)e ® X),, = Gr"(T'5(S). ® T"(S). ® X)

induces a monomorphism after applying E[G]s for all n = 0 (note that the case
n = 0 is clear because (I'g(S), ® Fh(S). ® X); = E[G)]).

The first part, follows from (3.2.5) since

P EeE" o5[Gle S[G]” & X ~E[G] ® ( P E e SIETY e X  (3.34)

a+b=s a+b=s

for each s = 0.
To prove the second part, it suffices to show that the induced map

E[G1((Tp(S)e ® T"(S) ® X),41) = E[GL((Tu(S)e ® T"(S). ® X),,)

is the zero map. To prove this, we first observe that the source and target can be identified
with E[G]s applied a finite colimit. It therefore suffices to show that the maps

EIG1.(E” ©§[GT") » EIG1.(E @ S[GT )
and

E[G1.(E® & S[GT”) - E[GL.(E* ' o S[G])

are the zero maps, but this is the case because E®" ®S[G]®* is an S[G]-Adams resolution
for each i and E®* ® S[G]® is an E-Adams resolution for each j. O
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Corollary 3.3.5. The E-MASS for X € SpBG conditionally converges if the underlying
nonequivariant spectrum X is E°-nilpotent complete

Proof. It suffices to show that the map
X - Tot E[G]**" ® X

is a Borel equivalence, which amounts to showing that it is an underlying equivalence.
This follows from the hypothesis that X is E°-nilpotent complete and the fact that

E[GI =P E. @
G

Corollary 3.3.6. If X € Sp; is a ring spectrum, the E-MASS for X is a spectral sequence
of algebras, and in general the E-MASS is a spectral sequence of modules over the FE-
MASS for S.

Proof. This follows from the fact that E[G] =~ F(X*G,,E). ©

Corollary 3.3.7. The E-MASS for G = Cy agrees with the E/a-based Adams spectral
sequence from the Es-term onwards.

Proof. This follows from the observation that Ca =~ S[C,] and Proposition 3.3.3. O
3.4. The MANSS and the Cy-effective slice spectral sequence

We now introduce the main tool that we use this paper.

Definition 3.4.1. In the special case of Section 3.3 where E is the Borel spectrum MU,
with trivial action,z we shall refer to the MU,-MASS as the p-primary modified Adams—
Novikov spectral sequence (MANSS)

s,m —®a b b—1 h
MANSSpEnte(X) = D) 7, (MU, ® MU, ® F(EGY [EGY ™, X)) = (X))

a+b=s
where XJ}(/[UP is defined as in (3.2.7).

The following corollaries follow from the evident generalization of Proposition 3.3.3
to the category Spg,G.

Corollary 3.4.2 (MANSS is MU,[a-based ASS). The p-primary MANSS for G = C,
agrees with the MU, /a-based Adams spectral sequence from the Fs-term onwards.

2 Here we work in the category Spﬁ,c so that all instances of ® should be interpreted as ®g, .
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Proof. This follows from Corollary 3.3.7 by taking £ = MU,. O

Corollary 3.4.3. If X € Spg ,, is a ring spectrum, the p-primary MANSS for X is a
spectral sequence of algebras, and in general the p-primary MANSS is a spectral sequence
of modules over the p-primary MANSS for S,,.

Proof. This follows from Corollary 3.3.6 by taking £ = MU,. O

The following corollary of Proposition 3.3.3 begins to explain the motivation behind
Definition 2.4.6.

Corollary 3.4.4. In the category Spgi}ip there is an equivalence

def _ 1, ev.post ®e+1ly 1z ev.posth
Sg , = Déc (MU,[G] ) = Déc Tymo,Sp-

We already showed that the 2-primary MANSS for the group G = C5 agrees with
the MU,/a-based Adams spectral sequence in Corollary 3.4.2. Therefore to compare
the MANSS with the C5-ESSS it suffices to compare the MU, /a-based Adams spectral
sequence to the Cy-ESSS. Since the MANSS is a spectral sequence in Borel G-spectra, it
corresponds to an a-complete p-complete filtered object in the Cs-equivariant category
under the equivalence

BG
(SPey.ip)a = Spip. -

For the rest of this section we will work in the category Sp¢, ;,,, and objects of SpZG
will be regarded as a-complete objects of Spc, ;-

Lemma 3.4.5. Let X € Sp, ;5. For any ¢ > 1, there is a natural equivalence
(75, X) ® (Ca)® - 7, (X ® (Ca)®). (3.4.6)

Proof. Since 7»,, is closed under the operation — ® Ca, the existence of a map follows

from the fact that 7»,, is part of the data of a ¢-structure on SpBCQ.

For any Csy-spectrum Z, we have

m(Z®Ca), k=n

0, otherwise

m(Z), k=n

0, otherwise.

T (Ton(Z®Ca)) = { , and EkCQ(Tzn(Z®Ca)) = {

By induction, we compute the right hand side of (3.4.6)

(X ® (Oa)m_l), at Cy/Cs,

Ek((TZnX) ® (OCL) ), k=n= {ﬂ_z(X ® (Ca)®i), at Cz/e,

4 (ren(X@(C)™) )=

0, otherwise.
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The Mackey functor valued homotopy of the left hand side equals

i ((ren X) ® (Ca)®)

(X ® (Ca)® ™), kzn

0, otherwise,

(720 X) ® (Ca)®™"), for Cy/C = {

(X ® (Ca)®), k=n

0, otherwise.

WZ((TZnX) ® (C’a)m), for Cy/e = {

Since Mackey functor valued homotopy detects weak equivalences and these identifica-
tions are compatible with the Mackey functor structure maps, the result follows. 0O

Theorem 3.4.7 (Comparison of Cy-ESSS and MU,[a-based ASS). Let X € Spg, o
There is an equivalence of filtered objects in Spe, ;o

A
a

(Décev.slice(MUﬂgo;l ® X)) - DéCev‘pOSt(((MUQ/a)&H ® X))

Proof. This follows by the composite of natural equivalences

1 A comm imits i
(tim Poon (MUS™ @ X)) ™™ ™ himn (P, (MUES™ ® X)) )

a

em.2.2.4% emZZ()lim((TZgn(MUH?gl ®X))2)
3

wr , .

i lim (TEQ,L(MUH?};I ® X)® Ca®j+1>
J 7

diagonal

2" Jim (ngn(MUﬂg’i;l ® X)® Ca*’”l)
3

Lem.3.4.5

lim (Tm((MUM/Q)M+1 ® X))

shearing
~

2 hgn(TEQH((JMUQ/a)@”1 ® X)).
Here the shearing isomorphism is the equivalence
MUR,Q/CL = MUQ/CE

which follows from the fact that MU, and MUy 5 have equivalent underlying ring spectra.
The proof is then complete by Corollary 3.4.2. O

Associated to the a-completion of the Csy-effective slice filtration is the a-completed
Cy-effective slice spectral sequence

CQ-ESSSE{,7L+O(X)(/1\ - (GI‘fF]RX) — En.;.o(X]i\}U)-

E?’L+<>
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The following corollary follows from (2.3.5) (note that the hypothesis that MU, (X) is
even implies that the MANSS has no nontrivial d,. differentials for r even).

Corollary 3.4.8. Suppose that (MU,),(X®) is concentrated in even degrees. Then for
r = 1, there is a (page shifting) isomorphism of spectral sequences

MANSS ps,n+o C»-ESSS

E;(X) = ET (X)),

We can now give the first evidence for why the category of artificial complete motivic
spectra is a useful deformation of Borel G-spectra.

Theorem 3.4.9 (MANSS Galois reconstruction). There are equivalences

—art > i e 1 , €evV.pos
SHe,, » = Mod((Spiy 2)"™; S&a) = Mod((Spr )™ Déc™V P> Ty 11,S5) = (SH(R)z3' ).

Proof. This follows from Proposition 2.2.7, Theorem 3.4.7, and Theorem 3.1.1. O
4. Computing with the MANSS

We compute the Eo-term of (p-primary) MANSS (see Definition 3.4.1) using double
complex spectral sequences in Section 4.1. We then specialize to the case G = Cy, p = 2,
G|H = Cy/Cy and write

MANSS (X) _MANSS T(X)(CQ/CZ)

2t S216((MU) X°) in two cases:

We express the Fo-term using A
(1) when X is MUg-projective (Section 4.2), and
(2) when X has trivial Cy-action and (MUs,), X is torsion free (Section 4.3).

In the first case, we show the MANSS relates to the ANSS and the Cs-effective SS; in
the second case, by studying a motivic version of MANSS, we relate it to the Atiyah—
Hirzebruch spectral sequence.

Assume z € A** (see Notation 4.2.8). In this section, we introduce the following

notations.
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Notation Degree Definition From

T (t,tp—s) Notation 4.2.14  Cy-effective SS

uzx (t,tp—s+1—0) Notation 4.2.14  Cy-effective SS

(x) (s,tp—s) Notation 4.2.8 double complex SS
(ux) (s,tp—s) Notation 4.2.8 double complex SS
[x] (s,2t —s) Notation 4.3.6 compare AHSS
[ux] (5,2t —s+1—o0,t) Notation 4.3.6 compare AHSS
[x] (s,2t — s,t,t) Proposition 4.4.9 motivic MANSS
[ux] (5,2t —s+1—o0,t) Proposition 4.4.9 motivic MANSS

4.1. The Ey-term of the MANSS

Let X be an object of Spng. Recall from Section 3.2 that the F1-term of the p-primary
MANSS is

MANSS f,V
BIY(X)= P 1y Zas
a+b=f

where
Zay = F(EG EGY ™", X) ® MU, ® MU, .

In other words, the E;-term (EI’*(X),dll\/[ANSS) is the total complex of the double

complex @a,b 7, (Z, ) whose horizontal differential dlANSS‘ Ty Zap = T, Zgp+1 is the

fpss,

Adams—Novikov d; and vertical differential d}f $ W, Loy = T, Zg+1p is the homotopy

fixed point spectral sequence d;. We wish to compute the cohomology EQ* * of the total
complex. There are two double complex spectral sequences

=2

1By (X) = HY(H (P m,(2,).di 7). ™) = MR (@)
.7

a,b,x a b ANSS hfpss MANSS ~a+b,*
nBy" (X)) = HY(H' (P x,(Ziy) dr ™), dy ™) = EyTN(X) (412)
]

which come from filtering the double complex by ¢ and j, respectively [37, §2.4]. We use
these spectral sequences to describe the Fy-term of the MANSS.

Proposition 4.1.3. There is an identification
JEEPT(X)(GH) = Bt (HO(H; (MU,) . (S77°  X))).
In particular, the value of the Ey-term of the MANSS at G/e is

MY (X)(Ge) = Ext”T((41U,). (X)),
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Proof. Since EG(i)/EG(i_l) is dualizable, (MU, ).MU, is flat over (MU, ), and MU,
and MU, have trivial G-action, we have:

io(Zis) = 7, (F(EGY IEGY™ s7° © X) @ MU, ® MU, )

Lx+o

= 1, (F(EGYIEGY™ 87° ® X ® MU,)) ®nu,), (MU,), MU, M0+,
(4.1.4)

At the G-set G/ H, this is (MUP)*MUEU tensored with the Ey-term of a homotopy fixed
points spectral sequence, and so we have

a fpss a —i} —® «J
H'(n,,,(Z. ;)(G/H),d\™) = H*(H; MUL(S""° ® X)) ® (a0, (MU,) MU, ™.
This is isomorphic to the cobar complex

C?AZUP)*MUp(H“(H; (MU,),(S™"° ® X)))

for the (MU,)«MU,-comodule

H(H; (MU,).(S7"° @ X))

and we obtain Iﬂg’b’*M(G/H) by applying d?NSS. In the H = e case, the double complex
spectral sequence collapses at ; I, because it is concentrated in degree a = 0. O

Corollary 4.1.5. The restriction to the trivial subgroup e < G gives a map of spectral
sequences from the value of the MANSS at G/ H to the classical Adams—Novikov spectral
sequence. The induced map on Ey-terms is

MANSS b,b+|V|

b,V e
EQ (X)(G/H) — EXt(MUp)*MUp((MUp)*(X ))
Proposition 4.1.6. There is an identification

n By (XN (GIH) = H (H; Ext™™ " ((MU,).(S™° ® X))).

Moreover, when X is MU,-nilpotent complete and the Ey-term of the Adams-Novikov
spectral sequence for X is concentrated on the zero line, then this spectral sequence
collapses and we can identify the Es-term of the MANSS with
Ey"(GIH) = H'(H;m,(£7°X).

Proof. Starting with (4.1.4), we have

nEYT(X)N(GH)
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= Ext” """ (z (F(EG' |EG“ ™ S™° & X ® MU,)(G/H)))

13

Ext” " (r, (F(EG™ [BG ™ 57 ® X ® MU,)")))

IR

Ex tba+b+n( L((S[G ]®S[G] ‘@S e X ® MU ))))

IR

IR

(
(
(Ext”™""" ((MU,).(S[G1 @ S[G] ") ®ur,), m(S™° ® X ® MU,))))"
(Bxt" """ (HZ,(S[G]® S[G] ") @ (MU,),(S° ® X)))"

(

IR

HZ,(S[G]@S[G]") ® Ext™ " (MU,),(S™° ® X))))"

where the third line uses Lemma 3.3.1, the fact that the homotopy fixed points spectral
sequence computing the homotopy groups of the Borel spectrum collapses by H-freeness,
and the fact that H-fixed points is an exact functor on the category of free H-modules.
The last line is precisely the cellular chain complex computing the cohomology of BH
with local coefficients in the Z[ H ]-module given by the Ext group. Thus we have

nEy " (GIH) = H(H; Ext™™ " ((MU,).(S™ ® X))). O

Corollary 4.1.7. The MANSS is independent of a choice of Adams—Novikov resolution.
The MANSS is also independent of the choice of S[G]-Adams resolution.

Proof. Given an Adams—Novikov resolution L. of X© and a map of Adams-Novikov res-
olutions M—U; ® X° - L,, Proposition 4.1.6 produces a map of double complex spectral
sequences that is an isomorphism on the Fs-terms and satisfies the conditions of [9, The-
orem 8.3]. The second statement follows from the same argument using Proposition 4.1.3
and noting that tower (3.2.1) may be regarded as a S[G']-Adams resolution of X. O

The reader will notice that the Fs-terms in Propositions 4.1.3 and 4.1.6 compare to the
E5-term of the homotopy fixed point spectral sequence. The following proposition gives
a relationship between the E-MASS and the homotopy fixed point spectral sequence.

Proposition 4.1.8. For a G-spectrum X, let hipss

L denote the E,-term of the homotopy
fixed points spectral sequence, which is obtained by applying m, to the filtration (3.2.1).
There is a map of spectral sequences given on E,-terms by

hfpSSES’V(X) = E‘—MASSES,V(X)

T =r

Proof. For each a,b € Z satisfying a + b = n = 0, there is a canonical map

F(EG, ® EG(G),X) ®F — colim F(EG, ® EG(G),X) o E"

a+b=n

Fixing b = 0, this gives a map of filtered spectra producing the map of spectral se-
quences. O
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4.2. The case of MUg-projective spectra

We now focus on the case of G = Cy and p = 2, and let

MANSS ._ MANSS

E.(X): E,(X)(C3/Cy).

If X € Spg, ;2 is MUg-projective (Definition 3.1.3), then Theorem 3.1.4 gives a com-
plete computation of the F;-term of the C,-ESSS. However, this does not immediately
carry over to a description of the F;-term of the a-completed C5-ESSS, which by Corol-
lary 3.4.8 is the Ey-term of the MANSS. In this section, we will instead argue that the
second double complex spectral sequence

By (X) = HY (O Bxt™ T (MU (877 @ X)) = Mg (X)

for such X collapses. This method of computing the Fs-term of the MANSS has the
added benefit of giving explicit meaning to the generators.

It is noteworthy that the property of being M Ug-projective is not preserved by a-
completion. Thus we are in the unusual situation of computing the Fo-term of the
MANSS, an inherently Borel equivariant construction, by assuming the Borel equiv-
ariant spectrum has a genuine equivariant lift which is M Ug-projective.

Remark 4.2.1. A similar analysis to that performed in this section can be used to prove
the other double complex spectral sequence ;E;™*(X) also collapses at Ey for MUg-
projective X, but the resulting presentation of the Fs-term of the MANSS will be less
useful for us.

We first identify the Fs-term
HESPTTIHXY = HY(Coy Ext™ " (MU,) (87777 @ X))

of the second double complex spectral sequence in the M Ug-projective case. The first
task is to identify the action of Cs.

Lemma 4.2.2. Suppose X € Sp, ;o is M Ug-projective. Then the action of the generator
of C5 on

Ext™* ((MU,) (S ® X))

is multiplication by (—1)"*.

Proof. Note that as MU, is given the trivial Cs-action, the action of Cy on

s,2t

Ext o, av, (MUs) s, (MU2) (X))
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is induced from the action of C5 on the cosimplicial resolution
X - MUS" ! @ X° (4.2.3)

arising by the action of Cy on X°. By contrast, letting M U§72 denote the underlying
spectrum of MUy o with its non-trivial Cy-action by conjugation, the cosimplicial reso-
lution

X - (MUg,)*"" & X° (4.2.4)

has a Cs-action coming from the diagonal action of Cy on (MUI§’2)S'+1 ® X°. We will
write

s,2t

Extyrue), MUR((MURz)*a(MU]R 2)+(X7)) (4.2.5)

for the Ey-term of the associated Bousfield Kan spectral sequence as a Cy-module.
However, since the different Cy actions on the two Adams-Novikov resolutions (4.2.3)
and (4.2.4) cover the same Cy-action on X°, the induced actions on Fy-pages are the
same. We deduce that despite the fact that (M Uﬂzyz)*X “ may not be equivariantly
isomorphic to (MU,), X, it is nevertheless the case that there is an equivariant iso-

morphism
2 2
X370, a0, (MU2) s, (MU )4 (X)) = BxtOirieey. arire (MU 5)a, (MUR )£ (X°)).

(4.2.6)
Therefore, it suffices to show that the action of the generator of Cy on

s,2t

EXt(MUe) MU&((MU]E,Q)#M (MUH§,2)*(Sj_jU ® Xe))’

is multiplication by (—1)"*/. This follows directly from the MUg-projective condition.
To see this, note that C5 acts on the underlying spectrum MU, of MUy 5 by complex
conjugation. Therefore, the generator of Cy acts on 7o (MUg » ® S7797Y) by (~1)"" (see
[25, Rmk. 5.14]). O

Remark 4.2.7. Lemma 4.2.2, and in particular isomorphism (4.2.6), may seem surprising
at first for, e.g., X =S, for it implies that

Extyi 0, (MUz)s, (MU),)
is an Fy-vector space for ¢ odd. However, this is actually true (see [11, Cor. 2.6]).

Notation 4.2.8. For an abelian group A, we let

A2l ={x € A : 2z =0}.
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Let X € Spg, ;o be MUg-projective, and define
A = Ext®? (MU,) X°).

Then by Lemma 4.2.2 we have

t—to

A = 1 (Cos Bxt™ (MUR) (877 ® X)) = By ™" (X). (4.2.9)

. s,2t
Givenz € A

an isomorphism

, we denote its image under (4.2.9) by (z). By Lemma 4.2.2, there is also

A2 2] = HO(Cy; Ext™ (MU,), (S 1D7 @ x€))) (4.2.10)
_ IIE87S7tp_s+1_O.(X).
Given z € A¥?*'[2], we denote its image under (1.2.10) by (uz).

Recall (see [26]) that there is a subring (the “positive cone”)
Z[u’,a]/(20) € 7.7 HZ,

with |a| = —o and |u] = 1 — 6. The images of the elements a and v’ in T HZ, induce
isomorphisms

e HLy = H "(Shc,) = H "(Co; H'(S%)) = Z[u*?, a]/ (20).

—Q

There is an isomorphism
Zs[u®,a]/(2a) = H*(Cos Bxt{yy vy, (MUs), (MU),(S3°))) = By °(Sy).
The elements u” and a detect the corresponding elements in
T2 HLy = Ext" (MUp). @ 72 HE) = © 70BN 0 (8,)0 = M 77 (sy)

in the second double complex spectral sequence. Therefore these elements are permanent
cycles in the double complex spectral sequence, and the second double complex spectral
sequence is a spectral sequence of modules over Z[u*?, a]/(2a). The following proposition
is an elementary immediate consequence of Lemma 4.2.2 using the well-known group
cohomology of Cy with arbitrary coefficients.

Proposition 4.2.11. Let X € Spg, ;5 be MUg-projective. As before, define

s,2t

A = Ext™? (MU,) . X).
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Then under the isomorphisms (4.2.9) and (4.2.10) we have

n By (X) = (AT @ Z[u*?, a]/(20)) @ (A" [2] @ Fa[u™, a]).

E S 4

Corollary 4.2.12. For MUg-projective X, every element of B, (X) is of the form
u*'a’ (x) or u¥'a (uz) for i € Z, j = 0, and z € A™* (vespectively x € A**[2]).

Our strategy for proving that the second double complex spectral sequence collapses
MANSSE;’*(X) which the generators in Corollary 4.2.12
converge to. To do this, we will require the following “universal coefficient theorem”.

will be to produce elements in

Lemma 4.2.13. For any torsion-free (MU, ), M U,-comodule N, there is a non-canonically
split short exact sequence

p L
& —— —

0 — Ext™"(N) ® Fy — Ext™(N/2) - Tor? (Ext**1* (), Fy) —s 0.

If N is an algebra in the category of comodules, then the short exact sequence is a short
exact sequence of modules over Ext™* (), and the splitting is a splitting in the category
of Ext™*(N)-modules.

Proof. The short exact sequence is easily deduced from the long exact sequence in Ext
coming from the short exact sequence

05 N3N-N/2-0.

The splitting map p comes from choosing a splitting p' of the short exact sequence of
free abelian groups

L
0 Z*,* C*,*(N) y B*+1,* 0

where C**(N) is the cobar complex for N, and Z** and B*"* are the subcomplexes of
cocycles and coboundaries, respectively. The composite

p't C**(N) » Z°" = Ext™* ()

is then verified to be a map of cochain complexes, where the target is given zero differ-
ential. The splitting map p is then obtained by applying H* (=) to the map of cochain
complexes

CH*(N) ® Fy 225 Ext™™ (N) ® F,.
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Now assume that N is a comodule algebra. Then the maps o and 3 are easily checked
to be maps of modules over Ext™* (V). Because the module structure on Ext™*(N) ®Fy
and Ext™*(N/2) come from the maps of rings

Ext™*(N) - Ext™*(N) ® F, - Ext™*(N/2),

the fact that p is a map of Ext™*(NN)-modules follows from the commutativity of the
following diagram

Ext™*(N/2)
Ext™*(N) — Ext™*(N) ® F, P

xt™*(N) ® F,
m}

Notation 4.2.14. Suppose that X € Spc, ;o is MUg-projective, and choose an element
z € Ext®* ((MU,), X). Let T denote the image of this element under the map

Ext®? (MU,), X° ® 75*HZ) —» S Eh=*(X) (4.2.15)

induced by Theorem 3.1.4. By abuse of notation, we will also use T to denote the image
of this element under the map

CQ—ESSSEi,tp—s(X) 5 CQ—ESSSEi,tp—s(X)(/l\ = MANSSES Jtp— S(X) (4216)

Now choose a splitting ¢ of the short exact sequence

L

/—\
O N AS—I,Qt ® FQ N EXtS—1,2t((MU2)*(X€)/2) N TOI‘%(AS’2t7F2) —_ 0
(4.2.17)

as in Lemma 4.2.13 (note (MU, ), X° is torsion-free by the M Ug-projective hypothesis).
For

ze AY'[2] = TOr?(AS72t7]F2)7
let wx denote the image of ¢(x) under the maps

Ext”™ "' ((MU,), X° ® Fy{a})
= Ext s— 12t((MU2) X ® T HZ) Cz—ESSSEttp s+1- O'(X)
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and

CQ—ESSSE?tp—s+1—o(X) . CQ—ESSSEi,tp—s+1—ﬂ(X)(/I\ ~ MANSSE.;,tp—s+1—n(X).
Remark 4.2.18. Given z € Ext™*'((MU,),X®) of order 2, the element uZ defined above
is not unique, as it depends on a choice of lift. However, the short exact sequence
(4.2.17) implies that any two lifts uz and uz differ by an element of the form aj for
y € Ext® V¥ ((MU,), X°).

Remark 4.2.19. If X is a ring spectrum, the maps (4.2.15) and (4.2.16) are maps of rings,
and therefore we have

Ty =7xy.
Moreover the map ¢ in (4.2.17) is a map of modules over A™* by Lemma 4.2.13. It follows
that we have

T - uy = uxy.

Proposition 4.2.20. Let X € Spc, ;o be MUg-projective, and A®* as above. For each
xz € A®™, the element T is detected in the second double complex spectral sequence by
the element (z), and for each x € A**[2], the element uz is detected by (uz). Therefore,
the double compleX specfcral sequence collapses, and every element of MANSSE;’*(X ) is

25 27

of the form u~a'Z or u”a'uz for j € Z, i = 0, and z as above.

Proof. Using the fact that there is a Cy-equivariant isomorphism (MUs),((X ® Ca)®) =
(MU3)4 (X [C5]), the Ey-term of the second double complex spectral sequence for X ®
Ca is given by

AY* @ Z[u*], (=0,

¢ Bt - a)® =
H (Co; Ext™™ (MU,)4(S™° @ (X ® Ca)?))) {0, £>0.

Here we use the powers of w as a placeholder for the fact that the computation is
independent of o, but this also reflects the module structure over Z[u*>, a]/(2a) (where
a acts as zero). Therefore, the second double complex spectral sequence for X ® Ca
collapses. Consider the map of second double complex spectral sequences

MANSS f+%,%+0

H™(Cy, Ext™ ™ ((MU)«(S™° ® X)) =— By (X)

| |

A @ Z[ut] MANSS p***°( X ® Ca)

induced by the map
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X - X®Ca.

S’Qt, the elements {z) and T map to u_tx, and

“*15. Note that by
Remark 4.2.18, this is independent of the choice of uz, because a acts trivially on the

Under this map, for each element x € A
for each element 2 € A®*'[2], the elements (uz) and TZ map to u

second double complex spectral sequence for X ® Ca. In particular, the map

nEy™ (X)) - n By (X ® Ca)
is an injection. We may therefore deduce that the elements (z) detect T and the elements
(uz) detect uz in the double complex spectral sequence for X. It follows that the elements
(x) and (uz) in B, "~
spectral sequence, and thus, by Corollary 4.2.12; the double complex spectral sequence
{uE2""(X)} collapses at the Eo-term. O

(X) are all permanent cycles in the second double complex

4.8. The case of a trivial Cy-action

In this section we continue to assume that G = Cy and p = 2. Instead of assuming that
X is MUg-projective, we simply assume that X is a Borel Cy-spectrum with (MU,), X
torsion-free, but we make the additional assumption that the action of Cy on X is trivial.

The next lemma says that the Cy/Cy level of the MANSS, which arises from applying
7r* % to the filtered Borel Cs-spectrum T MU,» can also be viewed as a collection of non-
equivariant spectral sequences, one for each weight j. In Section 4.4, we will define a
C-motivic analogue of the MANSS which generalizes this Cy/C5 level version.

Lemma 4.3.1. Suppose X € Spgc2 has trivial action. Fix j € Z and let

00

P

th x X ifs<0 A
. 3.2
MUQ( )l colblm (MU2 )PJ”’ if s> 0. ( )
a+bzs

The spectral sequence associated to this filtered object agrees with the Cy/Cy-level of
the MANSS starting in the Fy-term.

This agrees on the level of filtrations with the Cs-fixed points of a variant of the
MANSS which uses a different filtration of EC,, namely the filtration of S*7 =~ EC,
coming from S " rather than the skeletal filtration of the bar complex model of EC5; this
is reflected in Lemma 4.3.1. Nonetheless, as in Proposition 3.3.3, the resulting spectral
sequences agree starting on the Fy-term.

Remark 4.3.3. The reader may wonder why the tensor with MU, happens inside the
parentheses in (4.3.2), when this tensoring happens outside the parentheses in (3.2.4).
However, the tensor in (3.2.4) is taken in the category of Borel G-spectra, and therefore
homotopy fixed points are taken after taking the tensor.
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Next we identify the associated graded of (4.3.2) to give a new description of the
Cy/Cy level of the MANSS E; term (see Definition 3.4.1).

Lemma 4.3.4. There is an isomorphism

MANSS +s,2t—s+jo - b -3 a,2t+j
El +] (X) = @ Ccell(E JP;O5Z) ® C(M[LJ)*MUz((MUQ)*X%

a+b=s

where C’(* ]’JUQ)* MU, denotes the reduced cobar complex and Ci,, denotes the cellular
cochain complex.

Thus, the MANSS FE;-term is the total complex of the double complex

®.2%+j

Coal(S7 P Z) ® Clipt) agw, (MU), X)).

Intuitively, the MANSS is a combination of the ANSS for X and the Atiyah—Hirzebruch
spectral sequence (AHSS) for X P The goal of this subsection and the next is to make
this intuition precise.

We have already related the MANSS to the ANSS in Corollary 4.1.5. In this subsection
we will show that the first double complex spectral sequence always collapses in the
case at hand, giving us a computation of the Ey-term of the MANSS which has an
Atiyah—Hirzebruch flavor to it. In the next subsection we will then add some additional
hypotheses on X which will allow us to relate higher differentials in the MAlESS to
differentials in the ANSS for X and the algebraic AHSS for Ext™*((MUs,) (X7 )).

As in the previous subsection, for brevity we adopt the notation

A = Ext®? ((MU,) X°).

Because both the cobar complex and the cellular chain complex are torsion-free, we have
a non-canonically split Kiinneth short exact sequence

0 — @ Aa,2t+j ®Hb(2—jpoo) 3) MANSSE5,2t—s+jU
J 2
a+b=s

L @B Tof(an HN(ST ) 0. (4.3.5)

a+b=s+1

Notation 4.3.6. Let 1 € H°(Pg°) denote the unit. Given z € A%, we let

[2] € MANSSE.;,2t—s(X)

denote the image of x ® 1 under the first map in (4.3.5). This gives a map

A% o, MANSS pa2t=a( vy (4.3.7)
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Furthermore, there is an isomorphism

Tor (A%, H (2'P%)) = A**'[2].
By choosing a splitting of the second map of (4.3.5), we get a map

As,2t[2] o MANSSE;,Qt—s+1—a(X). (4.3.8)
If 2 € A**'[2], then we will denote the image of  under these maps by [uz].

Recall from the previous subsection that MANSSE; *(X) is a module over ezl Z;\ =
Z[a,u**]/(2a). By [8, Theorem V.2.4] we have

C A -1
7ri+2jU(HZa) =H Z(P;o)7
and under this isomorphism the element a"u* € wgz_(k”l)g(HZ;\) corresponds to a

generator of H_zl(PfZ_Ql), and the first map of (4.3.5) is a map of 7T?2(HZ;\ )-modules.

Remark 4.3.9. Let z be an element in A**'[2]. Analogous to the definition of uz 4.2.14,
the choice of the element [uxz] may not be unique, but may depend on the choice of
splitting of (4.3.8). However different lifts [ua] coming from two choices of splitting
differ by an element of the form

for " c As—1—2z,2t.

Remark 4.3.10. If X is a ring spectrum, the map « in (4.3.5) is a map of rings, and
therefore we have

[2]-[y] = [2y].

Moreover the map £ in (4.3.5) is a map of modules over A" Tt follows from an argument
analogous to that of Lemma 4.2.13 that any splitting of (4.3.5) is a splitting of modules

over A**, and therefore given z € A”* and y € A°*"[2], we have

[2] - [uy] = [uzy].

The following proposition is an immediate consequence of the Kiinneth theorem
(4.3.5).
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Proposition 4.3.11. For X € Sng with trivial action and MU, X-torsion-free, under the
maps (4.3.7) and (4.3.8) there is an isomorphism

MARSSpr*(X) = (A™* @ Z[u™,a]/(20)) @ (A¥*[2] ® Fo[u*?, a]).

Corollary 4.3.12. For X as in Proposition 4.3.11, the first double complex spectral se-

quence
Py TTTI(X) = B (MU). X @ H(P)))
MANSSEg+b,2t—a—b—j+ja(X)
collapses.

Proof. Assume P is given a finite type cellular structure. Let B* ¢ Z* ¢ €&, (P{)
denote the subgroups of coboundaries and cocycles of the cellular cochain complex. Then
we have a resolution of free abelian groups

0- B" - 7" = H"(P°) - 0.

Since (MU,),(X) is torsion free, we have a short exact sequence of (MU,),(MU,;)-
comodules

0— (MU X ® B" > (MU,). X ® Z" > (MU,), ® H'(P{) - 0,
and therefore an exact sequence on Ext:

(1) a,2t

A @ BY = A" @ 7" — Ext™ ¥ (MUy). X ® H"(P{)) » A" @ B

2 a
(_)_) Pt ® Zk_

It follows that we have a short exact sequence (“universal coefficient theorem”)

a,2t a,2t

0 - A% @ H*(PP) - Ext™® ((MU,). X ® H"(P{)) - Tory (A" H*(P{°)) - 0

(4.3.13)
involving the cokernel of (1) and the kernel of (2). Comparing the description of ;F,
in (4.3.13) with the description of

differentials in the first double complex spectral sequence. 0O

E; in (4.3.5), we see that there can be no

Remark 4.3.14. A similar argument, using the classical Universal Coefficient Theorem
for cohomology, shows that the second double complex spectral sequence also collapses.



44 G. Angelini-Knoll et al. / Advances in Mathematics 484 (2026) 110698

4.4. The C-motivic MANSS and the algebraic AHSS

2

We continue with the assumption in the last subsection that X € SpgC is a Borel

spectrum with trivial Cs action, and (MU,)4X is torsion-free. We will now proceed
with our goal of relating differentials in the MANSS to those in the Atiyah—Hirzebruch
spectral sequence (AHSS). Our strategy will be to use complex motivic homotopy as
a means of intrinsically encoding the Adams—Novikov aspect of the MANSS. For this
purpose we will add the following assumption for the rest of the section.

Assumption 4.4.1. The graded group (MU,),X is concentrated in even degrees.
Let
ve : Spip = SH(C)io

be the section of Betti realization Be : SH(C);» — Sp;s constructed in [16]. Letting
TE 778 _1S5 denote the canonical generator, we let Ct denote the cofiber of 7, and define
for Z € SH(C)

Zlt=28CT.

We shall define a complex motivic lift MAl,iSO%E: ¥ (yeX) of the MANSS (the “motivic
MANSS”). There will then be a zig-zag
MR (X) = M E T e X[ ]) < MRED T (veX)
M Er (veX )
and we will show that the spectral sequence MAl,\LSO%E:’*”U’*(VCX/T) is a variant of the
algebraic AHSS for Ext®*((MUs,). (X" ).

Because of our hypothesis that MU, X is even, we have
Tra(veX [7) = Bxt™ T ((MUy), X) = A7 (4.4.2)

and the 7-Bockstein spectral sequence for v X is equivalent to the ANSS for X. Specif-
ically, we have isomorphisms

(MU3)2:(X) =2 (MGL3)a 1 (e X)
and with respect to these isomorphisms we have an isomorphism
(MGL3) s x(veX) = (MUy)(X)[7]

The motivic ANSS (the M GLs-based ASS in SH(C);s) for vc X takes the form
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ANSS s,n,w C
motE2 (V(CX) == ﬂ—n—s,wV(CX'

We have
ANSS 4s,2w—s,w o A4S 2w
motE2 (VCX) =A

and we denote the image of an element z € A**" under the above isomorphism by

. ANSS .5,2w—s,
motE; ¢ Sw(VCX)~

In the case where X = S, the element 7 € Wg 15, lifts to an element which we also
denote

ANSS -2,0,-1
TE motE2 (82)

This gives AI;IHSO%E;’*’*(VCX) the structure of a Z[7]-module, and we have

At By (veX) = AV [r].
A differential

d2r+1 (CL’) =Yy

in the ANSS for X corresponds to a differential

T~

d2r+1(j) =TY

in the motivic ANSS for vc X.
Define

2m

ve(X, P;°) = limye (X7 ).

We take the limit outside the v¢ because v does not commute with limits in general.
We will be interested in the complex motivic homotopy groups

WEwVC(Xa Pjoo)

as lifts of the equivariant homotopy groups

Ca
i+jo

X = 7T1(X J

m
Remark 4.4.3. It may be the case that there is an equivalence

) LY
ve(X, Py ) = (ve X)™
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where the spectra L] are the stunted versions of By, studied by [20], [44], but we are
unable to determine this.

Lemma 4.4.4. The maps szm - jzﬁ induce cofiber sequences

2m 2m .
V@(XPJ‘H) N VC(XPJ’ ) N Z—Jv—[J/Q]VCX
ve(X, Py) = ve(X, P°) » 577 x

Proof. Following, for example, [4, Sec. 8], using the torsion-free hypothesis on (MU, ), X,
we have isomorphisms of (MU, ),-modules

2" ((MU,)[2]](=™))
(1 [2](z) : iz k)

" ((MU,),[2]/(=™))
(z71[2](2) : iz k+1)

(MUy)y (X751 = (MU), (X) @10y,
(4.4.5)
(MUy) o (X7 = (MU,).(X) ®u10,),

where |z| = =2 and [2](x) € (MU,)«[[2]] is the 2-series of the universal formal group
law. Applying v¢ to the cofiber sequences
P3h Py ~2j
X7 X% 537X
P Py

»Hx - x5 x

the result then follows from [16, Lem. 3.13, Prop. 3.18]. O

Definition 4.4.6. Consider the following motivic lift F%éLQ(VCX)[j] € SH(C)Fil of the
MANSS filtration:

D O] ve(X, P}°) ifs<0
wGr, (e Xl = %(1%1391 MGLSQ§VC(X, P;ﬁb) if s >0,

where the ® notation is defined by
2m
Z8ve(X,P°) =limZ @ ve(X'" )

for Z € SH(C);5. We define the motivic MANSS to be the spectral sequence associated
to this filtration.

Calculating the associated graded of this object gives a motivic analogue of
Lemma 4.3.4:

MANSS 2t—s+j0,% . b+7,% [} ,2t+7,%
mot BT (e X) = @ ol (e P @ Cligarn. vcn, (MGLy)w wve X),

a+b=s
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where we are able to commute the limit in ® past the colimit since the former is sequen-
tial and the latter can be taken to be finite. Non-finiteness issues involved in dualizing
ve(S, P;o) to V(C(P;o) are explained in [16, Lemma 3.24]. Analogous arguments to (4.3.5)
hold in the motivic case and we obtain the following.

Lemma 4.4.7. There is a (non-canonically split) short exact sequence

a,2t b+j,w <) MANSS ,+s,2t—s—j+jo,t—w
0— P A" @z, H™" (e P) » "M ES (v X)

a+b=s

> P Tor* (A" H" (e P%)) - 0. (44.8)

a+b=s+1

The same argument as Corollary 4.3.12 gives the following.
Proposition 4.4.9. There is an isomorphism

MBS T e X ) = (D) Ext® P (MUR)o X @z, H' (e P))). (4.4.10)

a+b=s
In particular, we have

MANSS *,*,*(

_ MANSS *
mot E2 = E2

veX) (X)) e Z[r]. (4.4.11)

All elements of the Fy-term of the motivic MANSS may be represented by elements of
the form

Tmakuﬂ[x] or Tmakum[uy]
for k,m=0,1€7Z, z € A" ye A**[2], and

MANSS ,+s,2t—s+1—0,t

[ € "By (veX), [uy] € "5 ES (vreX),
re M E T (e X), a € MR EY (neX),
ot e ML BT (e X).
Betti realization induces an equivalence [13]
SH(C)js[77'] = Spiy (4.4.12)

where SH(C)j, denotes the subcategory of SH(C); of cellular objects. The following is
an immediate consequence of (4.4.11).

Proposition 4.4.13. The 7-local motivic MANSS with Ey-term VNS 3™ (e X[ 7]
is isomorphic to the 2-primary MANSS with Ey-term " S E**(X)[r, 77 '].
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Proof. The canonical map induces an isomorphism on FEs-terms. O

We will now endeavor to identify the spectral sequence we obtain by smashing the
motivic MANSS filtration with C7. Define

MU i 2m
Ext™ ((MT2), (X)) = lim Ext ™" ((MU). (X))
so we have
T ave(X, P = Bxt' ™ (MT). (X)),

By (4.4.5), there are short exact sequences

0 = (MU) (XY S(MUL)L (XY 5 (MU,)W (575 X) 5 0 (4.4.14)

_2k " 2](2)
_ 5

0= (MU,)o (22 X) - (MU,)o (X7F) & (MU,)W (X7F1) 5 0. (4.4.15)
Applying Ext(—) produces long exact sequences. We observe that each of the terms
in these long exact sequences as well as each of the kernels and cokernels of the maps
in the long exact sequences, are Mittag—Leffler sequences in m and consequently ap-
plying the functor lim,,, Ext(—) also produces a long exact sequence. These long exact
sequences splice together to give us an algebraic Atiyah—Hirzebruch spectral sequence

(AHSS) (compare with [4, Sec. 8]):

AHSS 1,5, 0 s via: Py
e B0 (X, P)) = Ext™ (MU,). (X))

with

Ext™ ((MU,), (37 X)),  1=2kz2j,
l,s, ) s - .
AP EY (X, PP) = {Ext™ M (MUL) (27 X)), 1=2k—12},
0, l<j.

The differentials in the algebraic AHSS are determined by the effects of the attaching
maps of cells in P;° on Ext((MUs).X).

There is a variant of the algebraic AHSS which involves taking 2 cells at a time.
Specifically, applying lim,,, Ext(—) to the decreasing filtration

2m

2m 2m
(MU)o(X7) e v e (MUR) W (XY o (MU)( (X7 = oo
2m
of (MUs)4(X"7 ) when 7 is odd and the decreasing filtration

(MU, (X7 e (MU) W (XT77) = os e (MUR) o (X771 e (MU,) o (X771) e oo
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when j is even gives rise to a variant of the algebraic AHSS which we will called the
accelerated algebraic AHSS:

AHSS k,s, st 00
e EVOU(X, P) = Ext™ ((MU,)«(X77))

with

Ext™ (MUL(27" X ® M(2))), k> j/2,
SSEYN XL P = {Ext™ (MU (37 X)), j even and k = j /2,

0, otherwise.

Note that the same considerations as before apply so that applying lim,, to the long
exact sequence produces another long exact sequence.
We define the motivic MANSS mod 7 to be the spectral sequence with signature

MANSSEY ™7 (0o X 1) = mpw(ve(X, P)/7)

associated to the filtered motivic spectrum F}JQGM(VCX)U]/T. Since we have

Zo, b=0,7 evemwz%,
H™ 7 (ue((P)2)[7) = {Z[2, b>0,b+j even,w = 222,
0 otherwise,
by (4.4.10) we have
At BT (e X [ 7)
. b
Ext™ " (MU,) o X ®z, H' ™2 (e ((P°)2) /7)) b=i+5+j even,
0 otherwise.

The following proposition gives an isomorphism between the motivic MANSS mod 7
and the accelerated algebraic AHSS. In particular, it implies that mod 7, the differentials
in the motivic MANSS are given by the effects of attaching maps in P;o on Ext.

Theorem 4.4.16. The isomorphisms

i+s+j

> (vehy 7))

Ext®* ™2 (MU,) (277 X)), i+s—2w=0,j even,
= Ext™ TP ((MUL) (X @ B2 570 (2))), i+ s—2w >0,

0, otherwise

EXt2w_i7i+S+j((MU2)*X ®z, Hi+s+j—2w7
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induce an isomorphism of spectral sequences

MANSS Jitjo, C
motE;r:fU w(VCX/T) e e TriﬂU(Z/(C(X’ PJOO)/T)

| I

TRTEX PR == BT (M) (XT)),

itj+s

AHSS 2
acc,algET

Proof. The fundamental observation is that if Y € Sp,, and (MU,),Y even, then

Ext> "2 (MUy),Y), i<2w-—a,
mew(MGLy " ® ve(Y)[7) = { 22720 ((MU,),Y),  i=2w-a, (4.4.17)
0, 1>2w—s

where Z2* 742V ((MU,),Y) © C?IL\Z;JZ;)Q:UMUQ((MUQ)*Y) denotes the subgroup of cocycles

in the normalized cobar complex. This is proven by induction on a using the cofiber
sequences

®a+1

MGLy" ® ve(X)/T = MGLy ® ve(X)/T — MGLy ® MGLy" ® ve(X)/7.

We will prove the theorem by directly comparing the exact couple of the accelerated
Atiyah—Hirzebruch spectral sequence starting from the Es-term to the exact couple of
the motivic MANSS, run at double speed, starting from the F;-term. To this end, we
will first fix integers j and s and define a spectral sequence to compute

C h :
TwlarGr, (e X) 1/ 7.

We define a tower of spectra

Y, — Vg — o —— Y — Yo —— T2 (e X)[j1./7
. K
ol Je e
Ss Ss—l SO
where
Yy = colim (MGLs " ®ue(X, Piy)) /7
a+b=s
a</t
and

cof(Yipn = Yy), if0sfss-1,
Sy =1Y,, if f=3s, and

0 otherwise.
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Observe that we have

c (MGLy ® MGLy Y&uc(X, P2, ;)/7 if1<f<sand
T4 w = 1=——®s~ 0 .
I MGy Sue (X, PP if f=0,

s

so when 1 < f < s we have

~f2w NI P?is_f . _
ﬂ_;[fwsf _ {C(]\/[UQ)*MUZ((MU2)*(X ! ), i=2w-f, (4.4.18)

0, otherwise.
Applying WE ws We obtain a conditionally convergent spectral sequence with signature
By =1 ,8 = Y, (4.4.19)
with

—f .20 — oo .
C(f]V[Uz)*MU2((MU2)*(XPJ 7)), i=2w—-f0<f<s

$2W AT P X
Ei’,f,w _ A 2 ((MUQ)*(X J ))7 . 1 = 2w — S,f =3
Ext? ™2 (MT,) (X7 ),  i<2w-sf=s
0, otherwise

by (4.4.18) and (4.4.17). Note that in each stem i, there is at most one non trivial bidegree
(at filtration f = 2w — i when 2w — s < i < 2w, or f = s for i < 2w — s). Therefore,
we will have no extensions and the spectral sequence is strongly convergent. For degree
reasons, the only possibly non-trivial differentials are

=f.2w — 7 Pro s =f+1,2w 7 Pl f-
iz Tttty (TU) (X)) = B2, (MT3), (X 797)), - (4.4.20)
and
dv: Tonginsyarw, (MT2). (X)) = 252 (MT,), (X)), (4.4.21)

Now, assume that s + ¢ + j is odd. Then j + s + i — 2w + 1 is even so the map

Sk AT P(')isﬂ'— w+1 ks AT P(v)isﬂ, w
C(I\;U2)*MU2((MU2)*X e )_»C(J\;Uz)*MUQ((MUQ)*X Jrevimaw)

is a surjection by (4.4.15), and the map

P~ —

P(‘)isn‘— w ’ EVia P;ierif w—
Ciarvy), mu, (MU2) X7777720) C(JW*UZ)*MU2((MU2)*X Jravizuety

is an injection by (4.4.14). We compute (4.4.20) using the commutative diagrams
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C _A2w—i,2w — P viiow Qi+l C
T4 wS20-1=C a0y, arv, (MU2) X772 1,0 Y 2w—i+1

—2w—i+1,2 — P2 oriow c 2w—i+1,2 S Via: Pl evi-ou-
C(EU;)‘Mw%((MU?)*X ! 2 )<—> Wi—l,wSQw—Hl:C(;\Z(;z)*MwUQ((MUZ)*X ! 2 1)

and
C _ A2w-i-1,2w — P cvicows Q-4 C
ﬂ-i,wSZw—i—l = C(]WUQ)*MU2((MU2)*X e " ) 7Ti,wY2w—i
dy
2w-i
~2w—i-1,2w 7 P osi —2w—1,2w — Pt
) jHs+i—2w ) Jjts+i—2w
C(IWUZ)*MUZ((MUQ)*X ) d ? C(MUz)*]ijz((MU2)*X )

We can compute the differential (4.4.21) in a similar way. We therefore have

C h . wW—1,2W T Py whj
Towlntan, Ve X)[Gls/m = Ext™ ™ (MU,), X 2) (4.4.22)

for i + s + j odd. By construction, these isomorphisms are compatible in the sense that

C ~h . = w—i,2w ;T P eowsi
Tl i, e X5l /7 —— Bxt™ "2 ((MU,), X re2er)

o |

: ; wi,2w (T 7 am22ues
Tiwl e, e X)[lsmzyr —— Bxt®™ ™ 2 (MT,), X o2z

is a commutative diagram. Note that since

MANSS Ji+jo,
mot 257 (ve X | 7)

is concentrated in degrees with i + j + s even, it only has non-trivial d,-differentials for
r odd, and there are isomorphisms

MANSS ,,s,i+j0, ~ MANSS s,it+jo,
motEgr’H—jgw(VCX/T) = motE;::wa(VCX/T)'

To prove the theorem, we must show that under the isomorphism

L itj+s .
MANSS s,i+jo,w AHSS —w,2w—1,2w

motEQ (VCX/T) = acc,algEl ’ (Xa P]oo)

the dy,.+1 differentials in the motivic MANSS for vc X /7 coincide with the d, differentials
in the accelerated algebraic AHSS for X 7" This follows from the following commutative
diagram
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()
| i
T 1a(Tas1) MANSS I =y ANSSppentav
T |
e a0(Tasa) - > Bxt®2 (M), X 20)
T T
71w (Taray) - > Ext®((MUy) * X ke
T |
1w (Tarare1) MANSSpyrirtbiition = ASSpptrelv
I 1
77;'1:—1 " (FHQTH ) R 19+2r+1 Ji—l+jo,w
’ S+2r+2
1+j+s—2w

where ¢ + j + s is even, k = , a:=2w—1+ 1, we write

2

T, = T2, (veX [T,

*,% % MANSS *, %, %

and Z; € Lot E] 7 (veX /1) denotes the subgroup of dj-cycles. O

5. Applications
We end with some computations of the MANSS to illustrate our perspective.
5.1. Example: koc, at p = 2

Using the (2-primary) MANSS (see Definition 3.4.1), we revisit the computation of
the RO(C5)-graded homotopy groups of the Cy-homotopy fixed points of the 2-complete
Cs-equivariant connective real K-theory spectrum ﬂfj(kocz )Sa By [6, §10], this is the
same information as the Artin—Tate homotopy groups of the a-complete very effective
Hermitian K-theory Wff*(kqé\’a). The MANSS for (koc2)§$a has signature

MANSS +s,i+jo Cy
B ((koc,)sa) = my (Ko, )s.a)-

Recall that the underlying spectrum of (k:oCQ)Q’a is the 2-complete connective real K-
theory spectrum koo, whose Adams—Novikov F»-term is of the form

ANSS B2 (koy) = Zo[hy, 01 ]/2h
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where the generators have degree || = (1,2) and |vi| = (0,4). Here we use Adams
grading convention.

There are two avenues to computing the Fao-term of the MANSS, namely those given
in Sections 4.2 and 4.3.

Lemma 5.1.1. The results in Section 4.2 apply to the spectrum (ko )3 .

Proof. The MUg-projective hypothesis was used in that section in three ways. First, we
use the fact that (MU,), X is torsion-free in (4.2.17); this holds for X = koj. Second, in
Lemma 4.2.2, we use this hypothesis to calculate the action of Cy on 79t (MUg o ®Sj_jg).
Consider the long exact sequence in MUy o-homology associated to the “Wood cofiber
sequence”

A

27 (koe,)s > (kogy)s — KRy

of [14, Prop. 10.13]. Since the Hurewicz image of [n] € WSQ(S) in m, MUy is trivial, the
long exact sequence splits, and so (MUg 2)«.«(koc,)s injects into (MUg )« «kRy. So
it suffices to calculate the Cy-action on (MUg 2)« «kRs. Since kR, is strongly even (for
example, using the criterion in [21, Lemma 1.2(ii)] and the calculation of 71'5 %kRs in
[10]), there is a splitting MUg ® kRy = \/,, Y kR, by [1, Proposition 2.31]. Since the
action on kR comes from complex conjugation, the generator of Cy acts on 74 (kRS ® S™)
with the same formula as in Lemma 4.2.2 for MUg .

Third, the M Ug-projective property is a hypothesis for Theorem 3.1.4. However, we
may check the result directly using knowledge of the Cy-effective slice spectral sequence
for (koc, ) [33] and the fact ([6, Proposition 1.37]) that the motivic effective slice spectral
sequence agrees with the @-Bockstein spectral sequence. 0O

Now it follows from Proposition 4.2.20 and Remark 4.2.19 that we have
MANSS

E;*((kng)g,a) = ZQ[uiQ,avﬁlav_%]/(Qa, 2E1) @ FQ[uizv avﬁlvg]{u_hl}'

Here, labeling degrees as (filtration, RO(Cj3)-stem), we have

|U2| = (072 - 20)7 |CL| = (17_0)5
b = (1,0), 7| = (0,2p),
luhy| = (1,1).

Note that while in general the generator uhy depends on a choice of a lift, by Re-
mark 4.2.18, this lift is unique in this case because Ext”*(MU,ko) = 0.

However, as the underlying spectrum ko3 of (koc, )Sa has a trivial Cy-action, Propo-
sition 4.3.11 gives a different presentation of the MANSS FEs-term:
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VIANSS P2 (ko Vo) = Zolu™, a, [y ], [v1 11/ (2, 2[1y 1)
® FZ[ui27 a, [hl]a [U%]]{[Uhl]h

with

A, ]l = (1,1), v 1] = (0,4),
[uhi]] = (1,2 - o).

Note that analogous to the case of uh;, the generator [uh; ] has the potential to depend
on a choice of a lift, but by Remark 4.3.9, because Ext”?((MUs),ko,) = 0, this lift is
also unique in this case.

Finally, Proposition 4.4.9 and Remark 4.3.10 gives the motivic MANSS Fs-term:

MBS ™ (e ((k0)2)) = Zo[u*®, a, [h], [V} 1,71/ (2a, 2[ A1 ])
® Fo[u™, a,[hy ], [v1], 7]{[uhy ]}

Recording tridegrees as (filtration, RO(C5)-stem, motivic weight), we have

|u’] = (0,2 - 20,1), lal = (1,-0,0),
|[h1:|| = (17171)? |[’Uf]| = (Oa472)a
[[uh:]] = (1,2 = 0,1), |7| = (-2,0,-1).

Theorem 4.4.16 implies that mod 7 the mot1v1c AHSS can be identified with the ac-

celerated algebraic AHSS for Ext((MU,), k02’ ). Under this correspondence, the class

a"u*'[ufz] corresponds to the class

AHSS %%, %
el e

x[—2l— algE17 ' (k027P k—21— 5)

which represents “z on the (=21 — ¢)-cell of P2y _o,_."

The following theorem explains the philosophy that in the case of a trivial action,
MANSS differentials can be derived from ANSS differentials and algebraic AHSS differ-
entials.

Theorem 5.1.2. In the MANSS for (kocz)gya, the ds-differentials are determined by
(1) ds(a); 0,

(2) d3([gl]) =2[h1],

(3) d3(u”) =a [h%],

(4) ds([uhi]) = fluhi].

For dimensional reasons we have E; = F,.
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Proof. To prove (1), note that the element a is always a permanent cycle in the MANSS
due to the fact that it comes from W?;SO.
To prove (2), note that for dimensional reasons, we have

2
a
ds([vi]) = ali ]+ f—5[vih]
for o, B € Fy. Consider the map from the MANSS to the ANSS from Corollary 4.1.5.
In the Adams-Novikov spectral sequence, we have dg(vf) = h‘z’. Since [v%] maps to vf

and o[ k5] + BZ—Z[v%hl] maps to ah’, we deduce that = 1. In the motivic MANSS for
ve(kog) we therefore have

2
da([01]) = arhi] + o vih]

2
= 7[h{]+ 85 [vi ).
u

Therefore in the motivic MANSS for v¢ (ko) /T we have

2
da([v1]) = gl ]
Since the 0-cell splits off of Py°, we have
d([v1]) = 0
in the accelerated algebraic AHSS for Ext((MU )*koggo ). By Theorem 4.4.16 we deduce
B =0.
To prove (3), note that for dimensional reasons, in the MANSS we have

d3(u2) = 04&2[}11]
for o € Fy. This corresponds to a differential

dy(u’) = aa’[h1]
in the motivic MANSS for vc(kos), and hence a differential

dy(u*) = aa’[h]

in the motivic MANSS for v (koy) /7. However, since the 0-cell attaches to the -2-cell of
P2 by an n-attaching map, we have

d1(u2) = a2[h1]
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in the accelerated algebraic AHSS for Ext((MUs,)«P%). It follows that a = 1. (Note (3)
could also have been deduced from Proposition 4.1.8.)
To prove (4), note that for dimensional reasons, in the MANSS we have

2
a
ds([uh]) = a—s[uhi]
for o € Fy. This corresponds to a differential
CL2 2
dy([un]) = a5 ubd]
in the motivic MANSS for v¢(kog), and hence a differential
CL2 2
d3([uhi]) = O‘?[Uhl]

in the motivic MANSS for v¢(koy) /7. However, since the 1-cell attaches to the -1-cell of
PZ] by an n-attaching map, we have

V)

a
dy([uh]) = —[uhi]
in the accelerated algebraic AHSS for Ext((MUs)4P%). It follows that o = 1. O

The element [uh;] is not a product in the Fa-term of the MANSS for (koc, )Qa
because u does not exist on the Eo-term. The following proposition is therefore needed
to completely identify the multiplicative structure in MAl\ISSE‘((k’OC2 )Qa)

MANSS
Ey(

Proposition 5.1.3. In (koc, )Qa) there is a multiplicative relation

[uha] = u’[17] + a”[01].
Proof. For degree reasons, we know that
[ul]* = au’[A7] + Ba’[vr]
for some «, 8 € Fy. By the Leibniz rule, we have

0= dy([uln]) = ds(au’[hy] + Ba’[v7])
= aa’[hy] + Ba’[h1].
Therefore, we have o = (. Note that under the map of spectral sequences from the

MANSS to the ANSS given by Corollary 4.1.5, we have [uh;] maps to hy. Since h: # 0,
we conclude that o = =1. O
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Next we discuss how to compare the classes [x#] and T that appear in the two forms
of MANSS EX* (XY when the results of both Sections 4.2 and 4.3 hold for X. If 2 €
Ext*? ((MUs,), X¢), then we have two different MANSS classes:

— _ MANSS Jt—s+t A
T € E>"7°T(X D), and

[2] € MANSSE;,%—S(X;\).

By Lemma 4.2.2; we either have ¢t = 2k or 2x = 0. Write ¢ = 2k + . By considering the
map to the ANSS (Corollary 4.1.5), we have

[z] = uFuEr (mod a).

For example, when X = (koc, )é\ya, we deduce that
(0] = u'vy,
[hl] = u_hh and
[uh,] = U2E1

for dimensional reasons. In particular, squaring the last of these equations and using
Proposition 5.1.3 gives

u‘%f = u’[h]] + d’[v]].
Dividing by u4, we get

hi = u_2[hf] + u_4a2[vf], (5.1.4)

which gives an example of an € Ext where [2] # u'Z. More generally we have
hi* = (] + [ )

Analogous to the case of [uh,], the element uwh; is not a product in the Eo-term of
the MANSS for (koc, )Qa We deduce the following exotic multiplicative relation, which
was originally proven by the fourth author in [33] in the C5-ESSS.

MANSS

Proposition 5.1.5. In E((koc, )é\a) there is a multiplicative relation

—2 272 279
uhy = u h?+a"v?.
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Proof. Solving (5.1.4) for [h}], we have

2 2

[ ]” = u’h? +u”%a’[v]

272 272
=u"h? +a"v?.

The result follows from the fact that [h;] = uh,. O

We deduce the following differentials in the C5-ESSS naming convention, which cor-
respond to the generating differentials in the Cy-ESSS for koo, as computed by the
fourth author in [33]. These differentials are implied by the differentials computed in
Theorem 5.1.2 and the multiplicative relation from Proposition 5.1.5 so we only men-
tion them in order to provide a dictionary between the computations above and the
computations in [33].

Corollary 5.1.6. In the MANSS for (k‘ocz)g’a, we have

d3(u2) = a’uh;, and dg(Uf) = u_hi’
Proof. The first differential follows immediately from Theorem 5.1.2 (1). The second is
computed from Theorem 5.1.2 and Proposition 5.1.3. On the one hand, we have

3 Thm.5.1.2

ds(uv?) = ds([v]]) = (uhy) [h1]® = Uy - (PR + a*?).

However, the Leibniz rule gives
d3(u2vf) = a’uh, - v+ u2d3(vf).

We deduce that

ds(v}) = uhy - by = uhi. O
5.2. Ezample: tmf(2) at p =3

We now consider the 3-complete spectrum tmf(2)s of topological modular forms for
I'(2) studied in depth in [29]. Recall that a I'(2)-structure on an elliptic curve C is a
choice of isomorphism

Fy & Fy = CO[2]

where C[2] denotes the 2-torsion subgroup-scheme of C. Associated to the Deligne-
Mumford compactification of the moduli stack of elliptic curves with level 2 structure is a
non-connective commutative ring spectrum Tmf(2) [45, §5.3]. The group GLy(Fy) = 5
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acts transitively on the set of I'(2)-structures, and this gives Tmf(2) the structure of a
commutative Borel Y3-spectrum, which we may regard as a genuine commutative >3-
spectrum. Following [29, Notation 1.7], we define tmf(2) € Spy,, to be the ¥3-equivariant
connective cover of Tmf(2). The periodic version of tmf(2)s is given by

TMF(2)3 := tmf(2)5[ A7 ] = (tmf(2) g(a))s-

By [45, Theorem 6.1], we have

TMF, = TMF(2)4,

Recall that there is a decomposition >3 = C3 X\ Cy where Cs acts nontrivially on 03’.1 Tge
HFPSS for the Cy-action on the parametrized C3-homotopy fixed points TMF(2);“*
(see [18] [43, 1.6. Definition]) degenerates to give an isomorphism

7 TMF; = 7, (TMF(2)1¢2 )¢z

We remark that K (2)-locally, there is a maximal finite subgroup G5 = C5 X Cy of
the second Morava stabilizer group where Cj acts nontrivially on C3. We have

3= G2/ Cy = C3 %1 (C4/C5)
where Cj is the subgroup of Cy of order 2. There is an equivalence

hCyxGal(Fg [F
TMF(2)K(2) ~ 5 2X ( 9/ 3)

where F, is the Morava E-theory spectrum associated to the formal group of the unique
supersingular elliptic curve over Fg. Thus we have (see [5, Proposition 1.6.12])

h(G12xGal) hc;xcal)hzg
2 .

TMFK(Q) ~ F = (E2

With respect to the decomposition Y3 = C3 X C5, let v be a choice of generator of the
subgroup C3 and p be the generator of the subgroup Cy. We have [45, Sec. 7|

metmf(2)3 = Zs[ey, e2].
The Y3-action is encoded by

7(61) = €9, V(ez) = —€1 — €9,

per) = —ea, pez) = —ey.

Define the element A% € motmf(2)3 to be
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Al/z = 46162(61 + 62)
so we have (Al/z)2 = A € myutmf(2)3 [45, Eq. (16)]. Note that

A = —dey - y(er) AP (er).

We will now compute the (Csz-equivariant 3-primary) MANSS for tmf(2)5 where

tmf(2)3 = F(ECy,, tmf(2),)
is the Borel completion of tmf(2);.

Remark 5.2.1. We warn the reader that the MANSS computation for tmf(2)s in this
subsection is not particularly novel or deep. We shall see that the MANSS in this case is
isomorphic to the RO(C3)-graded HFPSS. This is expected given the fact that Fy is us-
oriented in the sense of [29] and the MANSS should agree with the homotopy completion
of the slice spectral sequence in this case.

Indeed, the behavior of the RO(C3)-graded HFPSS spectral sequence of Ey is well-
known to experts, and is essentially described in [24], where it is related to a conjectural
description of the odd primary slice spectral sequence. This conjectural description is
verified in [48]. A detailed account of the behavior of the RO(C,)-graded HFPSS for
the Morava E-theory spectra E,(,-1) is the subject of a forthcoming paper of Andrew
Senger. We are grateful to Senger for both generously sharing his results, and allowing
us to use the n = 1 case of his computations to illustrate this odd primary example of
the MANSS.

Write RO(C3) = Z{1, A}, where X is the standard 2-dimensional representation of Cj
given by rotation by 120 degrees. Note that the real regular representation p = R[Cs] of
(5 is given by p = 1+ . Following [24,48,29], we shall find that the computation will be
cleaner via the introduction of a spoke-enhanced representation grading. Let

S”csS

denote the unreduced suspension of the 3rd roots of unity in A (so that S is the 1-
skeleton of the usual C3-CW complex structure of S/\). Since S is the Cjs-analog of the

Cy-representation sphere SQU, in some sense S~ plays the role of «gM 2”, as it is the C5

analog of S”. For example, there is a cofiber sequence
(C3), » S° > S (5.2.2)
However, we avoid taking this analogy too literally, as

S @S =8 v (Cs), ®S”# S
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We define S~ := D(S”), but note that S is not invertible. We do have

which implies that
ST =8 oS
We therefore define

RO” (¢y) = O 2 20D,

and we then have
—(>)=>—-X€ RO (Cs).
Given i + j\ + &>~ (with € € {0,1}), we define for X € Spg,,
Mo (X) = [8770 @ (87)7, X1,

In this subsection, we will use 7r§3 to denote RO™ (Cj)-graded homotopy groups. If

R € Spg, is a ring spectrum, then 7T§3R is a module over 7T*03R. Let

as: S = §°

denote the Spanier-Whitehead dual of the second map of (5.2.2). The A-suspension of
this map is the canonical inclusion

as: S o st
If we abusively also use ay. to denote the Spanier-Whitehead dual of this map

A, g

as: S
. 2
then it makes sense to form a5, and we have
Ay = Q).

For any X € Spg,, the RO” (C3)-graded homotopy groups 7r§3 are a module over Z[a, ].
Our goal is to compute the RO” (C3)-graded MANSS with signature

MANSS po % (1mf(2)h) = 75 tmf(2)5.
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Consider the second double complex spectral sequence

B (tmf(2)3) = H*(Cy: Bxt™ ™ (MU, (tmf(2); ® 57°)))

Since m,tmf(2)3 is concentrated in even degrees, it is complex orientable, and therefore
its ANSS collapses with Ext”* ((MUs).tmf(2)3) = 0 for b > 0. In particular, the second
double complex spectral sequence collapses to give an isomorphism

MANSS po % (emf(2)5) = H (Cy; s (tmf(2); ® S~ %)). (5.2.3)

It follows from Proposition 4.1.8 that the MANSS is isomorphic to the HFPSS. We first
identify the F5-term of this spectral sequence.

Proposition 5.2.4. There are preferred generators ¢4 and cg and an additive isomorphism

MANSSE*,ﬁ(tmf(2)g) ~

C. h 1/2 3 2 3 1/2\2 (— I 1 I
T HZ3[ ¢y, c6, A / 1/(ascq, ascg, cy—cg—127(A / ) 01,01, usca, Uy Ca, us o, Uy Co )

— — — — — 1 T :
(¢4 1, c6* 01, a5 *Upy €40 Vp,y Cg Vg, Ay Us-Cqy Ay Uy Cy,y Ay * Uy-Cg, A " Uy Cg, Co “Uy-Cg)

(5.2.5)

Furthermore the inclusion
et HZA eq, o0 A1/ (a5-ca, asco, ¢f — g — 12°(AY?)?) & MANSS ¥ (gmp(2)])

is an inclusion of rings, and the isomorphism (5.2.5) is an isomorphism of modules over
this subring.

Proof. Our first task will be to compute metmf(2); as a Cy-module. Let Z~ denote
the kernel of the augmentation Z[C5] — Z. Note that we have an isomorphism of Cs-
modules:

H(S™:2)=7".
As a Z[C5]-module we have
motmf(2)3 = Zs{1}
matmf(2); = Z3 {e; }
matmf(2)s = Z[C]{e7}

Titmf(2)5 = Zs{A*} @ Z5[C3]{e]en}
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1/2 4
e} ® Z3[Cs]{e1}

Tootmf(2)3 = Z3[C3]{A1/2€i 641162}

metmf(2); = Z3 {A

In general, we have an isomorphism of C3-modules
matmf(2); = Zs[A'?] @ (Z{1} @ 2 {e1} @ Z[Cy){ei'e5 : i > 0, € {0,1}}). (5.2.6)

Note that we have (using the analog of [8, Theorem V.2.4])

Cs
i+ jA+e>

™ HZ3 = H'((ECs), ®c, S Z3)

= H 7750y, 257).
It follows from elementary group cohomology computations that we have
T HZY = Zs[ui, a1/ (3a,.) (5.2.7)
with
|ux| =2 =X, and |a,.| = —>.

Observe that we have

MANSS pOA" 41 (4 11£(2)3) = H' (Cs; 1o (tmf(2)3 ® S

= H(Csy;Z5 ® 7))
0 0
= H (C3;Z3) @ H (C3;Z3[Cs3])
= Zg @ Z3.
We let v, denote a generator of the first summand, and 5'1 denote a generator of the
second summand. We let ¢4 be a generator of

MANSS 08 (tmp(2)5) = H(Cs; mstmfo(2)3)

= H%(C3; Z5[C5){el})
= 73,

and let uy ¢y and u;c4 denote the generators of

MANSS pOTH (bmf(2)5) = H(Cy; mrtmifo(2)3 ® S77)

= H(Cy; Z5[Cs{el} ® Z7)
= ZS @ Z3.
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Similarly we take cg to be a generator of the second summand of

MANSS pO12 (4m(2)5) = HO(Cy; miatmfy(2)3)

= H*(Cs; Zs (A"} @ Z5[Cs ){elea})
= Z3 @ Zg

1/2

where the first summand is generated by A™“. We let u, cg and u;cﬁ be the generators

of the first and second summands of

MANSS O (e (2)) = HO(Ca;mptmfo(2)s ® S77)

= H'(C32,{A" "} 0 27 @ Zs[Cy){eTes} @ Z7)
=73 ®Zs.
If we take ¢4 and cg to be the generators coming from the image of
metmfs — mtmf(2)3
then the result follows from (5.2.3), (5.2.6), and (5.2.7). O
The ps-orientation of tmf(2) in [29, Theorem 1.9.] gives rise to a Cy-equivariant map
Ty ST S tmf(2),

which is an isomorphism on 7§ (after 3-completion). Since tmf(2)5 is a Cs-commutative
ring spectrum, the norm-restriction adjunction [25, Prop. 2.27] gives rise to a map

NeCSResS3tmf(2)3 — tmf(2)s.
Therefore, we may norm the element e; € mytmf(2)5 to get an equivariant enhancement
of A2

A% = CaN(ey) € 10 tmb(2)s,

Proposition 5.2.8. In the MANSS for tmf(2)5 there are differentials

—1/2

ds(u3 (A7) 2 dul (A%’

”,
= 5
d5(u)\) = ay vy,
do(arul T (B)Y) 2 auP @)’

N - —1/2
dg(uivl) = azA .
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These generate all of the differentials in the MANSS under the Leibniz rule and in
particular we find that

i € 1 i € 1 — 3
UNUS-Cqy, Uy-Cqy UNUNCgy UyCgy UNVUL, Vg, Uy

are permanent cycles. It follows that (Al/ %3 = u}\2(zl/2)3 is a permanent cycle, and
the MANSS is therefore (A1/2)3—periodic.

Proof. The HFPSS/MANSS for tmf(2)3; maps to the HFPSS for TMF(2)3 converging
to the homotopy groups of

TMF(2)29* =~ TMF; v S*°TMF,.

The structure of the HFPSS for TMF(2)5 in integer degrees is well known. It is a shifted
direct sum of two copies of the HFPSS which converges to 7, TMF3 [3]. The Es-term is
given by

HEPSS B3 (TMF(2)3) = H®(Ca;m, TMF(2)3)

N Zyles, co, A%, B] @ B[ o]
(C?l - Cg - 123(A1/2)27 30[, 353 QCy, OCg, 5643 566)

and under the map from the MANSS for tmf(2)s to the HFPSS for TMF((2) we have

— 2 3—1/2
asuy vy P «a, and as u A ' - S

In the HFPSS for TMF(2)3 there are differentials
ds(A) = B, and do(A%a) = 8°.

Here, we use = to indicate both sides of the equation are equal up multiplication by an
element of Z3. This implies that in the MANSS for tmf(2);, we have differentials

1/2 —1/2.9

8, x1/2\2y = 5 7
ds(ux(A7)7) = asur(A )7,
17—~ U24y = 10 15,71/2\5
do(asuy v (A 7)) =ayuy (A7)
The element a, is a permanent cycle because it is in the Hurewicz image, and the ele-
—1 .
ments v; and A are permanent cycles because we constructed elements of ﬂg”"tmf (2)§

which these converge to. It follows that we have differentials

ds(uy) = a2y, and do(u2T) = al B

By dimension considerations, we observe that these differentials generate all of the dif-
ferentials in the MANSS under the Leibniz rule and the result follows. 0O
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