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1. Introduction

1.1. Overview

Motivic homotopy theory, developed by Voevodsky and Morel (e.g. [40]), was famously 
used as a tool to attack the Milnor conjecture and the Bloch–Kato conjecture, as well 
as other deep problems in number theory and algebraic geometry. It became useful 
in stable homotopy theory for a different reason: the ``Betti realization'' functor from 
the ℂ-motivic homotopy category to the stable homotopy category makes computations 
of stable homotopy groups of spheres more accessible [31]. The ℝ-motivic homotopy 
category is also equipped with a Betti realization functor to the C2-equivariant stable 
homotopy category; Guillou and Isaksen [15] use this to aid computing C2-equivariant 
stable homotopy groups. It is natural to ask whether there is a related category that 
supports an analogous Betti realization functor to G-equivariant spectra for other finite 
groups G. However, we do not expect such a comparison category to come from motivic 
homotopy theory; the C2 case works because ℂ is an extension of ℝ with Galois group 
C2, and the Artin–Schreier theorem implies that e and C2 are the only finite groups that 
can occur as absolute Galois groups.

Instead, we turn to another perspective by building the desired category as a de
formation of the equivariant category. Work of Gheorghe–Wang--Xu [22] (see also [16], 
[42]) provided a new characterization of the category of (p-completed, cellular) ℂ-motivic 
spectra as a deformation (see Definition 2.4.2) of (p-completed) ordinary spectra. The 
Tate twist element τ (see [27, Lem. 23]) provides a deformation parameter, and Betti 
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realization can be described as inverting τ . Gheorghe–Isaksen--Krause--Ricka [16] pro
vided a model for this deformation using the category of modules over a certain algebra 
in filtered spectra coming from the Adams–Novikov filtration.

The filtered spectra model can be further generalized: given a well-behaved filtration 
functor (see Definition 2.2.1) in some appropriate category 𝒞, the deformation perspec
tive provides an appropriate new category 𝒟 equipped with a comparison functor 𝒟 → 𝒞, 
analogous to the Betti realization functor. The construction comes with a ``deformation 
parameter'' τ and the Betti realization functor is given by inverting τ . Using this per
spective, Burklund–Hahn--Senger [6] showed that a variant of the cellular p-complete 
ℝ-motivic category (the Artin–Tate category) arises from a filtration functor on C2
equivariant spectra. However, this is not amenable to generalization to an arbitrary 
finite group G, because this filtration hinges on the existence of the C2-spectrum MUℝ

known as Real complex cobordism. No analogue of MUℝ for other finite groups G has 
been found despite over a decade of searching (see [24,29]).

In this paper, we overcome this difficulty in the setting of Borel G-spectra for a finite 
group G. We give an alternate construction of the filtration that doesn’t involve MUℝ

and can be generalized to other groups. Our paper gives two interpretations of this 
filtration:

• as a generalized Adams filtration in Borel G-spectra with an appropriate base (Def
inition 2.4.6), or

• as a modified Adams–Novikov filtration which mixes the (non-equivariant) Adams--
Novikov filtration and the homotopy fixed points filtration (see Section 3.2).

We show these are equivalent (Proposition 3.3.3) and show that the G = C2 case 
of our construction recovers the a-completion of the motivic category studied in [6] 
(Theorem 3.4.9). The second construction produces a spectral sequence, which we call 
the modified Adams–Novikov spectral sequence (MANSS). We demonstrate that it is 
amenable to computations in Section 5.

In the case of G = C2, our construction provides a new description of a completed 
form of the C2-effective slice spectral sequence introduced by the fourth author in [33]. 
The C2-effective slice spectral sequence is defined using Betti realization and Voevodsky’s 
effective slice filtration on the ℝ-motivic homotopy category [47]. It agrees with the Hill--
Hopkins--Ravenel slice spectral sequence [25] for Real orientable C2-spectra, and in the 
non-Real orientable case it is more tractable than the slice spectral sequence. Burklund--
Hahn--Senger [6] have shown that the C2-effective slice spectral sequence agrees with 
the décalage (a degree-shifting operation) of the MUℝ-based Adams–Novikov spectral 
sequence, and hence (after completion) with the décalage of the MANSS. Moreover, for 
other groups G, the MANSS can be viewed as a Borel G-equivariant analogue of the 
C2-effective spectral sequence up to décalage.
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1.2. The main constructions

We will use the presentations expressed in the language of filtered spectra by [16] and 
[6]. A filtered spectrum X• ∈ 𝒞ℤ is simply a ℤ-indexed sequence of objects Xi and maps

⋯ ← X−2 ← X−1 ← X0 ← X1 ← X2 ← ⋯

in a category 𝒞. We regard this sequence as a decreasing filtration of X−∞ ≔ colimi X−i. 
There is a symmetric monoidal structure on filtered objects given by Day convolution 
(2.1.4).

Given a filtered object X• and a Postnikov truncation functor τ≥•, one can apply 
a degree-shifting operation called décalage (see §2.3) to form another filtered object 
Décτ(X)•. The central idea, as introduced in [16], is to study the category of modules 
over Déc(X):

Mod(𝒞ℤ; Décτ(X)). (*)

The filtrations relevant to this paper are

(1) the Adams–Novikov filtration MUp
⊗•

⊗X of a spectrum X (where (−) denotes the 
fiber of the unit map);

(2) the Real Adams–Novikov filtration MUℝ,2
⊗•

⊗X of a C2-spectrum X;
(3) the MU[G]-based Adams filtration MUp ∧G+

⊗•
⊗X of a (Borel) G-spectrum X;

(4) the modified Adams–Novikov filtration, defined to be the Day convolution in Borel 
G-spectra of
(a) the homotopy fixed points filtration of a Borel G-spectrum Xh = F (EG+, X), 

given by filtering EG by skeleta, and
(b) the (nonequivariant) Adams–Novikov filtration of the sphere.

Filtrations (1) and (2) pertain to the motivating results; (3) and (4) are our construc
tions.

Theorem 1.2.1 ([16]). Applying the construction (*) to the Adams–Novikov filtration 
with τ as the Postnikov filtration recovers the cellular ℂ-motivic category SHcell(ℂ)i2.

Here and henceforth, we use (−)ip to denote the category of modules over the p
complete unit.

Theorem 1.2.2 ([6]). Applying the construction (*) to the Real Adams–Novikov filtration 
with τ as even slice décalage (Notation 2.3.2) gives the Artin–Tate category SH(ℝ)AT

i2 , 
generated by bigraded suspensions Σi,jSpec(k)+, where k ∈ {ℝ,ℂ}.
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Note that Spec(ℝ)+ is the sphere spectrum, so this is analogous to the cellular category 
but with one more generator.

Our main construction is the following.

Definition (Definition   2.4.6). Define the category of complete artificial motivic spectra 
ŜHart

G,p to be the construction (*) applied to the MU[G]-based Adams filtration, with τ
as the even Postnikov filtration.

Our main results are the following three theorems, which justify the definition above 
by relating it to the construction by [6] in the case G = C2. The first theorem relates 
(2) and (3) in the case G = C2. The third theorem says that (3) has the same spectral 
sequence as (4).

Theorem (Theorem   3.4.7). For X ∈ SpC2,i2, there is an equivalence

Décev.post(MU2 ∧ C2+
⊗•

⊗X) ≃ Décev.slice(MUℝ,2
⊗•

⊗X)h
of filtered Borel C2-spectra, where (−)h = F ((EC2)+,−) denotes Borel completion, 
Décev.post denotes the even Postnikov décalage, and Décev.slice denotes the even slice 
décalage.

Theorem (Theorem   3.4.9). There is an equivalence

ŜHart
C2,2 ≃ (SH(ℝ)AT

i2 )∧a
where the completion of SH(ℝ)AT

i2 is with respect to the motivic lift a of the equivariant 
Euler class aσ defined in [6, Eq. (1)].

Theorem (Theorem   3.4.2). For G = C2, the spectral sequence associated to the modified 
Adams–Novikov filtration agrees with the MUp[C2]-based Adams spectral sequence from 
the E2-term onwards. In particular, the construction (*) applied to the modified Adams--
Novikov filtration also recovers (SH(ℝ)AT

i2 )∧a .

While the comparison theorems use filtration (3), we are interested in the modified 
Adams–Novikov filtration because it is amenable to computation.

1.3. Computing the MANSS

We study the modified Adams–Novikov spectral sequence (MANSS), the spectral se
quence associated to the modified Adams–Novikov filtration as discussed in the previous 
section. Computing this spectral sequence is relevant because, in many cases such as 
ours, computing the homotopy groups of a construction of the form (*) boils down to 
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computing the spectral sequence associated to the filtration in question; see [7, Theorem 
A.1].

The MANSS is an RO(G)-graded spectral sequence which is a kind of mixture of the 
(non-equivariant) Adams–Novikov spectral sequence (ANSS) and the homotopy fixed 
point spectral sequence (HFPSS), and as such is very amenable to computations.

We introduce the following tools for computing with the MANSS:

(1) In Section 4.1, we introduce a pair of double complex spectral sequences which 
converge to the E2-term of the p-primary MANSS:

IE
∗,∗,⋆
2 (G/H) =Ext∗,∗(MUp)∗MUp

(MU∗, H
∗(H; (MUp)∗Σ−⋆

X))
⟹ MANSS

E
∗,∗
2 (X)(G/H),

I IE
∗,∗,⋆
2 (G/H) =H∗(H; Ext∗,∗(MUp)∗MUp

((MUp)∗, (MUp)∗Σ−⋆
X))

⟹ MANSS
E

∗,∗
2 (X)(G/H).

(2) We show these double complex spectral sequences collapse in the case where X is 
the Borel completion of a genuine C2-spectrum which is MUℝ-projective (i.e. its 
MUℝ-homology is free on a set of generators in degrees which are multiples of ρ). 
We give a complete computation of the E2-term of the 2-primary MANSS for such 
spectra in terms of the ANSS E2-term of the underlying non-equivariant spectrum 
X

e, in a manner that mirrors the computation of the E2-term of the C2-effective 
slice spectral sequence for MUℝ-projective spectra [6, Thm. 5.6].

(3) In Section 4.3 we show that these double complex spectral sequences also collapse 
in the case where X is a Borel C2-spectrum with trivial C2-action and torsion-free 
MU -homology. In this case, the MANSS converges to

π
C2
i+jσF ((EC2)+, X) ≅ πi(F (P∞

j , X)),
and we give a complete computation of the MANSS E2-term of such spectra in terms 
of the ANSS E2-term of X, which is different from (2), where the generators are now 
parameterized by the cells of the associated stunted projective spectra.

For X as in (3) with MU -homology concentrated in even degrees, we introduce a 
complex motivic lift of the MANSS (the motivic MANSS)

MANSS
motE

∗,⋆,∗
r (νℂX)

in which X is replaced with the motivic lift νℂ(X) ∈ SH(ℂ)i2 and the stunted projective 
spaces P∞

j are replaced with the motivic lifts νℂ(P∞
j ). We have
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MANSS
motE

∗,⋆
r (X) ≅ MANSS

motE
∗,⋆,∗
r (νℂX)[τ−1].

We prove the following theorem.

Theorem (Theorem   4.4.16). The motivic MANSS

MANSS
motE

∗,∗+jσ,∗
r (νℂ(X)⊗ Cτ)

is isomorphic (after reindexing) to the accelerated algebraic Atiyah–Hirzebruch spectral 
sequence (AHSS)

AHSS
acc,algE

k,s,t
1 (XP

∞
j ) = Exts,tMU∗MU(MU∗,MU∗(XP

2k
j /P 2k−2

j ))
⟹ lim

m 
Exts,tMU∗MU(MU∗,MU∗(XP

2m
j ))

obtained from filtering P∞
j by its even skeleta.1

The significance of this theorem is that the differentials in the algebraic Atiyah--
Hirzebruch spectral sequence are computable in terms of the attaching maps of P∞

j . We 
can then employ the zig-zag of spectral sequences

MANSS
motE

∗,∗+jσ,∗
2r+1 (νℂ(X)⊗Cτ) MANSS

motE
∗,∗+jσ,∗
2r+1 (νℂ(X)) MANSS

motE
∗,∗+jσ,∗
2r+1 (νℂ(X))[τ−1]

AHSS
acc,algE

∗,∗,∗
r (XP

∞

j ) MANSS
E

∗,∗+jσ
2r+1 (X)

(1.3.1)

to lift differentials from the algebraic AHSS to the MANSS.
For any G and X we observe that the restriction map

π
G
V (Xh) → π∣V ∣(X)

induces a map of spectral sequences

MANSS
E

∗,⋆
r (X) → ANSS

E
∗,∣⋆∣
r (X) (1.3.2)

1 Because the filtration is by even skeleta instead of skeleta, we refer to this spectral sequence as the 
accelerated algebraic Atiyah–Hirzebruch spectral sequence.
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from the MANSS to the Adams–Novikov spectral sequence of the underlying non
equivariant spectrum X (Corollary 4.1.5). This gives another means of determining 
MANSS differentials.

1.3.1. Computational examples
We end this paper with some explicit computations of the MANSS.

• In the case of G = C2, p = 2, and X = koC2 , we show that all of the differentials 
and multiplicative structure in the MANSS for koC2 can be deduced from (1.3.1) 
and (1.3.2). This recovers the main generating differentials in the C2-effective slice 
spectral sequence determined by the fourth author in [33].

• In the case of G = C3, p = 3, and X = tmf(2), the MANSS agrees with the 
RO(C3)-graded homotopy fixed point spectral sequence for tmf(2). Following [24,29], 
we extend the RO(C3)-grading to an RO

⤚(C3)-grading which includes the ``spoke 
sphere'' S⤚. Wilson computed the slice spectral sequence for tmf(2) in [48]. We 
record an observation of Senger, that the μ3-orientation of tmf(2) [29], the Hill--
Hopkins--Ravenel norm, and known differentials in the integer graded homotopy fixed 
point spectral sequence (which is closely related to the decent spectral sequence for 
tmf(3)) completely determine the structure of the RO

⤚(C3)-graded MANSS.

1.4. Future work

In future work, we plan to investigate how to extend our deformation ŜHart
G,p of SpBG

ip

to a deformation SHart
G,p of SpG,ip. Let 𝕊def

Cp,p denote Décev.post(MUp[G]⊗•+1). In the case 
of G = Cp, the idea would be to define the desired filtered Cp-spectrum ΓCp

𝕊p as a 
pullback

ΓCp
𝕊p ΓΦ

Cp
a
−1
λ 𝕊p

𝕊
def
Cp,p a

−1
λ 𝕊

def
Cp,p

where aλ is the Euler class of the 2-dimensional representation of Cp given by rotation 
by 2π/p. This would require the construction of a suitable filtration ΓΦ

Cp
a
−1
λ 𝕊p of the 

geometrically local sphere a−1
λ 𝕊p which maps to the localized filtration a−1

λ 𝕊
def
Cp,p.

In the case of G = C2, this amounts to understanding the a-localization of the ℝ
motivic sphere in the Artin–Tate category. Unfortunately, this is the one object that 
the authors of [6] flag as very mysterious, so the proposed program will encounter sig
nificant challenges. Nevertheless, the completion of this program would yield a notable 
application. The ``G-effective slice spectral sequence''
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E
∗,⋆
r (ΓGX)

associated to the filtered object ΓGX would potentially allow for much of the compu
tational payoffs of the hypothetical odd primary analog BPμp

of BPℝ discussed in [24], 
while circumventing the need to construct BPμp

itself. Note that Hill–Hopkins--Ravenel 
[24, p.1-5] have suggested that if such a spectrum BPμp

were known to exist, its norm

N
Cp2

Cp
BPμp

could be used to resolve the 3-primary Kervaire invariant problem.

1.5. Organization of the paper

In Section 2, we introduce the foundations of filtered spectra which will be used 
throughout the paper. We end this section with our definition of complete artificial 
motivic spectra.

In Section 3, we recall the construction of the C2-effective slice spectral sequence. We 
then define, for E an arbitrary ring spectrum, the E-modified Adams spectral sequence. 
We prove that this modified Adams spectral sequence is actually the Adams spectral 
sequence based on the Borel G-spectrum E[G]. The modified Adams–Novikov spectral 
sequence (MANSS) is the instance of this spectral sequence where E = MUp. We finish 
this section by proving that the Borel completion of the C2-effective slice filtration is the 
even Postnikov décalage of the MANSS filtration.

In Section 4, we introduce our main computational tools. We define the double com
plex spectral sequences, and compute their E2-terms. We then consider for G = C2 the 
special case when X is the Borel completion of an MUℝ-projective C2-spectrum (see 
Definition 3.1.3), and the special case when X has a trivial C2-action. We define the mo
tivic MANSS, and show that mod τ , the motivic MANSS is isomorphic to the algebraic 
Atiyah–Hirzebruch spectral sequence.

In Section 5, we apply our methods to completely compute the MANSS in the case 
of the C2-spectrum koC2 , and the C3-spectrum tmf(2).
1.6. Conventions and notation

Throughout, we will use the theory of ∞-categories (quasi-categories) as developed 
by [32,34,35]. Since the nerve functor from 1-categories to ∞-categories is fully faithful, 
we will not include this functor in the notation. We will also refer to ∞-categories simply 
as categories from this point onwards. Throughout, G will denote a finite group. We use 
the following notations: 
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ℤ (ℤ,≤) as a partially ordered set 
ℤ
δ

ℤ as a discrete category 
𝒞Fil Fun(ℤop

,𝒞)
𝒞Gr Fun(ℤδ

,𝒞)
PrL the category of presentable categories and left adjoints 
PrL,st the category of presentable stable categories and left adjoints 
Sp, SpG, SpBG the category of spectra, genuine G-spectra, Borel G-spectra 
SH(k) Morel–Voevodsky ∞-category of motivic spectra over k [40] 
𝒞ip ∞-category of modules over the p-complete unit in 𝒞
⊗ symmetric monoidal product in the category at hand 
Exts,t((MUp)∗X) Exts,t(MUp)∗MUp

((MUp)∗, (MUp)∗X)

Recall that a presentably symmetric monoidal, stable category is an object in the 
category CAlg(PrL,st). We follow [6, p.16] and use the following conventions: Given 𝒞 ∈
CAlg(PrL,st), let 𝒞p denote the category of p-complete objects in 𝒞. For 𝒟 ∈ {𝒞, 𝒞Fil

, 𝒞Gr}
and 𝒞 ∈ {Sp,SpG,SpBG}, let Xp denote the p-completion of X ∈ 𝒟 and let 𝒟ip =
Mod(𝒟;1p) denote the category of modules over 1p. When working in one of these 
categories 𝒟ip, we will write ⊗ for the symmetric monoidal structure ⊗1p

. We use this 
convention in Definition 2.4.6, Proposition 2.4.7 and throughout Section 3.1, Section 3.4, 
Section 4, and Section 5. Note that we still use the symbol ⊗R to mean the (underived) 
tensor product in the category of modules over a discrete ring and we use ⊗ to mean 
the usual tensor product of (graded) abelian groups in these sections. We expect that 
the meaning is clear from the context. We also write XE for Bousfield localization of a 
spectrum X at a spectrum E.

We write map𝒞 for the mapping spectrum of a stable category 𝒞 or simply map when 
the context is clear. Similarly, we write Map𝒞 for the mapping space of a category 𝒞 and 
Map when the category 𝒞 is clear from context. If 𝒞 is 𝒟-linear for some 𝒟 ∈ CAlg(PrL,st)
we write map𝒟

𝒞 (−,−)∶ 𝒞op × 𝒞 → 𝒟 for the mapping object in 𝒟 of the category 𝒞 or 
simply map𝒟 when 𝒞 is clear from the context.

For X ∈ SpG, and V ∈ RO(G), we write

π
H
V (X) ≔ [𝕊V , X]H = π0((Σ−V

X)H)
for the RO(G)-graded H-equivariant homotopy groups of X. As H-varies, these form a 
Mackey functor, which we denote

πV (X).
For X ∈ SpBG, we will similarly define

π
H
V (Xh) ≔ π0((Σ−V

X)hH),
and we denote the associated Mackey functor

πV (Xh).
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We shall write {Ef,n
r } to denote a spectral sequence valued in abelian groups, and {Ef,n

r }
to denote a spectral sequence valued in G-Mackey functors. Given a spectral sequence {Ef,n

r } valued in Mackey functors, we will write {Ef,n
r } (removing the underline) to 

denote the value of the spectral sequence of Mackey functors at G/G:

E
f,n
r ≔ E

f,n
r (G/G).
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2. Filtered objects and deformations

Throughout this section, let 𝒞 be a presentably symmetric monoidal, stable category 
and assume 𝒞 is generated by a set S of compact dualizable objects. In this situation, 
we say that the set S rigidly generates 𝒞.

2.1. Filtered objects

Here we summarize results about filtered and graded objects in 𝒞, denoted 𝒞Fil and 
𝒞Gr (see Section 1.6). By our running assumptions on 𝒞, we know that 𝒞Fil

, 𝒞Gr ∈
CAlg(PrL,st) where we equip each of these categories with the Day convolution symmet
ric monoidal structure [12,17]. There is an associated graded functor

Gr∗∶ 𝒞Fil
→ 𝒞Gr

,

which is symmetric monoidal [19, Theorem 1.13]. Given a filtered spectrum A• we define 
A(−i)• such that A(−i)j = Aj+i. Letting 1𝒞 denote the unit of the symmetric monoidal 
product on 𝒞, we write Σs

1𝒞(−t) for the s-th suspension of the symmetric monoidal unit 
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shifted by t and note that the homotopy groups in the category of graded objects in 𝒞
are bigraded in the sense that for A ∈ 𝒞Gr,

πs,tA ≔ π0map(Σs
1𝒞(−t), A).

If 𝒞 is SpG-linear, we have a functor

mapSpG(−,−) = 𝒞op × 𝒞 → SpG,

and 𝒞Fil and 𝒞Gr are also SpG-linear. Note that since 𝒞 is tensored over SpG we can 
tensor with representation spheres to produce ΣV

X ≔ 𝕊
V ⊗X for any X ∈ 𝒞. We can 

therefore consider the RO(G) × ℤ-graded Mackey functor valued homotopy of A ∈ 𝒞Fil

with value

πV,tA ≔ π0mapSpG(ΣV
1𝒞(−t), A)

at (V, t) ∈ RO(G) × ℤ.

Construction 2.1.1. Given an object I ∈ 𝒞Fil, the spectral sequence associated to the fil
tered object I is the spectral sequence that comes from applying π∗(−) ≔ π∗ map(1𝒞 ,−)
to the tower of cofiber sequences

. . . In In+1 . . .

In/In+1 In+1/In+2

where In/In+1 ≔ cofib(In+1 → In). If I∞ = 0 then we say I is complete and the associated 
conditionally convergent spectral sequence has signature

E
f,n
1 (I•) = πn(GrfI) ⟹ πnI−∞

where I−∞ is the colimit. The differentials take the form

dr∶ E
f,n
r → E

f+r,n−1
r .

We will also use a variant of this construction for SpG-linear categories. Suppose 𝒞
is SpG-linear and I ∈ 𝒞Fil. When I∞ = 0 then we say I is complete and there is a 
conditionally convergent spectral sequence of Mackey functors with signature

E
f,V
1 = πV (GrfI) ⟹ πV I−∞.

The differentials take the form

dr∶ E
f,V
r → E

f+r,V −1
r .
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One source of filtered objects comes from cosimplicial objects. Given a cosimplicial 
object

X
• ∶ Δ → 𝒞

we get a filtered object {filnX
•} by taking

filnX
• ≔ fiber(TotX•

→ Totn−1 X
•) (2.1.2)

(where by convention, we define Totk X
• to be trivial if k is negative). The associated 

spectral sequence is then the Bousfield–Kan spectral sequence, which we will denote:

E
s,n
r (X•) ≔ E

s,n
r (fil•X

•).
Remark 2.1.3. Our indexing convention differs from the standard indexing convention 
for the Bousfield–Kan spectral sequence. To illustrate this, suppose that E is a flat 
homotopy commutative ring spectrum, and that X is a spectrum. Then (with our in
dexing convention) the E-based Adams Spectral Sequence (E-ASS) for X is the spectral 
sequence associated to the cosimplicial object E⊗•+1 ⊗X with

E-ASS
E

s,n
2 ≔ E

s,n
2 (E⊗•+1 ⊗X) ≅ Exts,s+nE∗E

(E∗, E∗X) ⟹ πn(X∧
E)

where X∧
E ≔ TotE⊗•+1 ⊗X is the E-nilpotent completion of X.

Suppose I and J are filtered objects. Let I ⊗ J denote the Day convolution [17]; 
concretely, this is

(I ⊗ J)n = colim
i+j≥n 

Ii ⊗ Jj (2.1.4)

on objects.

Lemma 2.1.5. Let dI1 and dJ1 , respectively, denote the d1 differentials in Construction 2.1.1
associated to the filtered objects I, J . Then we have

Grn(I ⊗ J) = ⨁
i+j=n

GriI ⊗ GrjJ (2.1.6)

and whenever

x⊗ y ∈ im (πs(GriI)⊗ πs(GrjJ) ⟶ ⨁
i+j=n

πs(GriI ⊗ GrjJ))
we have

d
I⊗J
1 (x⊗ y) = d

I
1(x)⊗ y + (−1)∣x∣x⊗ d

J
1 (y).
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Proof. Equation (2.1.6) follows from the fact that the functor

Gr∗∶ 𝒞Fil
→ 𝒞Gr

is symmetric monoidal [19, Theorem 1.13] (see also [2, Theorem 3.3.10]). For the state
ment about dI⊗J

1 , we first claim that if z ∈ πs(GriI ⊗ GrjJ) then

d1(z) ∈ πs(Gri+1
I ⊗ GrjJ)⊕ πs(GriI ⊗ Grj+1

J). (2.1.7)

To see this, let Pi,j denote the pushout in the diagram

Ii+1 ⊗ Jj+1 Ii ⊗ Jj+1

Ii+1 ⊗ Jj Pi,j

.

There is a map of cofiber sequences

Σ−1GriI ⊗ GrjJ Pi,j Ii ⊗ Jj

Σ−1 ⨁
a+b=n

GraI ⊗ GrbJ ∂ colim
a+b≥n+1

Ia ⊗ Jb colim
a+b≥n 

Ia ⊗ Jb

(2.1.8)

for each pair of integers i, j such that i + j = n (see [2, Lemma 3.3.1]). The diagram 
(2.1.8) shows that the image of Pi,j is in the image of the inclusion

(Gri+1
I ⊗ GrjJ)⊕ (GriI ⊗ Grj+1

J) → Gr
n+1(I ⊗ J)

proving (2.1.7). Moreover, the diagram

Σ−1GriI ⊗ GrjJ

id⊗∂+∂⊗id

Pi,j colim
a+b≥n+1

Ia ⊗ Jb

GriI ⊗ J
j+1

⊕ Ii+1 ⊗ GrjJ
Grn+1(I ⊗ J)

commutes (see [36, Lemma 4.7]) and so, writing d̃K1 for the map of spectra inducing the 
map dK1 , we have

d̃
I⊗J
1 = d̃

I
1 ⊗ id+ id⊗d̃

J
1 .
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Finally, naturality of the map

πs(GriI)⊗ πs(GrjJ) ⟶ ⨁
i+j=n

πs(GriI ⊗ GrjJ)
gives rise to the desired statement, where the sign comes from the natural isomorphism

Σ−1GriI ⊗ GrjJ ≅ GriI ⊗ Σ−1Grj . □

2.2. Tower functors

Fix a finite group G and a category 𝒞 ∈ CAlg(PrL,st).
Definition 2.2.1 ([6, p. 71]). A tower functor in 𝒞 is a lax symmetric monoidal functor

T ∶ 𝒞 → 𝒞Fil
.

Next we recall two examples of tower functors that come from different families of 
truncations of SpG, namely those arising from the regular slice filtration and the Post
nikov filtration.

Definition 2.2.2 ([46]). Let Spslice
G,≥n denote the coreflective subcategory of SpG generated 

by the set {G+ ∧H S
ρHk} where H is a subgroup of G, ρH is the regular representation 

of H, and ∣ρH∣k ≥ n. The associated functor

P≥•∶ SpC2
→ SpFil

C2

is a tower functor (see [6, Construction 4.2]). Similarly, P≥2• is a tower functor called the 
even slice tower.

Definition 2.2.3 ([30]). Let Sppost
G,≥n denote the localizing subcategory generated by G+∧H

𝕊
k for H a subgroup of G and k ≥ n. The associated functor

τ≥•∶ SpC2
→ SpFil

C2

is a tower functor. Similarly, τ≥2• is a tower functor called the even Postnikov tower. 
This follows because it is a t-structure that is compatible with the symmetric monoidal 
structure (the full subcategory Sppost

G,≥0 clearly contains the symmetric monoidal unit and 
is closed under the symmetric monoidal product (see [35, Remark 2.2.1.2])).

The following result will be useful later.

Lemma 2.2.4. There is an inclusion of subcategories Sppost
C2,≥n ⊆ Spslice

C2,≥n. Consequently, 
there is a natural transformation of tower functors
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τ≥• ⟹ P≥•.

After postcomposing with the functor (−)e∶ SpFil
C2

→ SpFil, this natural transformation 
is an equivalence.

Proof. We check the generators of Sppost
C2,≥n are in Spslice

C2,≥n. By definition, we have C2+ ⊗

𝕊
k ∈ Spslice

C2,≥n, for all k ≥ n. It suffices to show 𝕊k ∈ Spslice
C2,≥n for all k ≥ n. Since a 

localizing subcategory is closed under suspension, it suffices to show 𝕊n ∈ Spslice
C2,≥n. For 

n = 1, this is implied by the cofiber sequence

C2+ ∧ S
1
→ S

1
→ S

ρ
.

The case for larger n follows from the multiplicative relation [46, Cor. 4.2].
The underlying equivalence follows from the fact that both filtrations forget to the 

classical Postnikov filtration on underlying spectra. □

Remark 2.2.5. Recall that there is a map a∶ 𝕊−σ → 𝕊 in SpC2
called the Euler class with 

the property that completion at a

(−)∧a ∶ SpC2
⟶ SpC2

agrees with the cofree functor F (EC2+,−) sending a C2-spectrum X to its underlying 
Borel C2-spectrum. We also note that we can identify the essential image of the functor (−)∧a with the category of Borel C2-spectra SpBC2 .

Lemma 2.2.6. Let f ∶ X → Y be a map in SpC2
. If f is an underlying equivalence, then 

f induces an equivalence between the a-completions f∧
a ∶ X

∧
a → Y

∧
a .

Proof. Since a-completion is equivalent to the cofree construction

F (EC2+,−)∶ SpC2
→ SpC2

,

it preserves weak equivalences (see, e.g. [28, §2.2.1]). The result follows since the essential 
image of the functor F (EC2+,−) = (−)∧a is SpBC2 whose weak equivalences are detected 
by the underlying spectra. □

We therefore have the following corollary of the last two lemmas.

Proposition 2.2.7. There is a natural equivalence of tower functors

(τ≥•(−))∧a ≃ 
⟶ (P≥•(−))∧a ∶ SpC2

→ (SpBC2)Fil
.
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Proof. By Lemma 2.2.4 and Lemma 2.2.6 it suffices to check that the functor (−)∧a ∶ SpFil
C2

→ SpFil
C2

is lax symmetric monoidal. Since (−)∧a = F (EC2+,−)∶ SpFil
C2

→(SpBC2)Fil is right adjoint to inclusion, it suffices to show that the inclusion functor is 
symmetric monoidal, which is evident. □

2.3. Décalage

We described (2.1.2) how to associate a filtered object fil•(X•) to a cosimplicial object 
X

•. We now describe how a tower functor allows us to associate a different filtered object 
(the ``T -décalage'' filtration).

Definition 2.3.1. Given a tower functor T ∶ 𝒞 → 𝒞Fil, and a cosimplicial object X• ∈ 𝒞Δ, 
the T -décalage of X• defined to be the filtered object given by

DécT (X•) ≔ TotT (X•).
For example, if T = τ≥•, then DécT (X•)w = Toti τ≥wX

i.

Notation 2.3.2. We refer to the P≥•-décalage as the slice décalage (Décslice) and the 
τ≥•-décalage as the Postnikov décalage (Décpost). We refer to the P≥2•-décalage as the 
even slice décalage (Décev.slice) and the τ≥2•-décalage as the even Postnikov décalage 
(Décev.post).

Remark 2.3.3. The Postnikov décalage described above corresponds to ``classical dé
calage'' on the filtered object fil•X

• via the Beilinson t-structure. See [16, Rmk. 3.7] for 
a discussion of this point.

Postnikov décalage has the effect of shifting the pages of the associated spectral se
quences.

Theorem 2.3.4 (Hedenlund [23, Thm.   II.3.2]). Suppose X• is a cosimplicial spectrum. 
There is a page-shifting isomorphism of spectral sequences

E
s,n
r+1(X•) ≅ E

s+n,n
r (Décpost(X•)).

Finally, suppose that X• is a cosimplicial spectrum with π∗X
s concentrated in even 

degrees. Then Es,n
r (X•) is concentrated in degrees where s + n is even, the associated 

graded of the Postnikov décalage of X• is concentrated in even degrees, and we therefore 
have

E
s,n
2r+1(X•) ≅ E

s+n,n
2r (Décpost(X•)) ≅ E

s+n
2 ,n

r (Décev.post(X•)). (2.3.5)
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2.4. Deformations

Here we present our deformation of Borel G-equivariant stable homotopy theory. We 
will see in Section 3.4 that this gives a different presentation of the a-complete Artin–Tate 
real motivic stable homotopy category. We will also demonstrate in Section 4 that this 
perspective is useful for computing RO(G)-graded homotopy groups of Borel G-spectra. 
First, we need to define a deformation of an object in CAlg(PrL,st).
Notation 2.4.1. Given a 𝒞Fil-algebra 𝒟 in CAlg(PrL,st), we write 1𝒟(i) ≔ 1𝒟 ⊗ 1𝒞(i).
Definition 2.4.2 ([6, Definition C.14]). A deformation of 𝒞 is a diagram

𝒞def

𝒞 𝒞

Rec

id

in CAlg(PrL,st) such that

(1) there is a map

i∶ ℤ → kerπ0Pic(Re)
of abelian groups sending n to 1𝒞def(n)

(2) the map

Map𝒞def(1𝒞def(i),1𝒞def(j)) → Map(1𝒞 ,1𝒞)
induced by Re is an equivalence for all integers i ≤ j.

(3) the category 𝒞def is rigidly generated by a set {c(Xα)(i)} where 𝒞 is rigidly generated 
by the set {Xα}.

Finally, we define our deformation of Borel G-spectra. Though this definition is cur
rently unmotivated, our project in the next two sections will be to motivate this definition 
by showing that it recovers a suitable completion of the Artin–Tate ℝ-motivic stable ho
motopy category (see Section 3.4) and that it is useful for computations (see Section 4). 
First, we define an object in CAlg(SpFil

G ). This will involve the E-based Amitsur complex

E E
⊗2

. . . (2.4.3)

which is the standard cosimplicial spectrum whose totalization is the E-nilpotent com
pletion 𝕊∧E and associated Bousfield–Kan spectral sequence can be identified with the 
E-based Adams spectral sequence.
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Remark 2.4.4. Given an associative monoid E ∈ SpBG, then the functor Décpost(− ⊗
E

⊗•+1) given by the Postnikov décalage of the functor −⊗E
⊗•+1 is again a tower functor 

(see [6, Construction C.9]).

Notation 2.4.5. Given an associative monoid E in G-spectra, we write E[G] = E ⊗ G+

for the group ring, which is again an associative monoid in G-spectra.

Definition 2.4.6. Let 𝕊def
G,p ≔ Décev.post(MUp[G]⊗•+1) be the even Postnikov décalage of 

the MUp[G]-based Amitsur complex (2.4.3) in the category SpBG
ip . Define the category 

of complete artificial motivic spectra to be

ŜHart
G,p ≔ Mod((SpBG

ip )Fil; 𝕊def
G,p).

Proposition 2.4.7. The category ŜHart
G,p is a deformation of SpBG

ip .

Proof. This follows directly from [6, Proposition C.2] and Remark 2.4.4 using F =
Décev.post(−⊗MUp[G]⊗•+1). The fact that 𝕊def

G,p is a commutative monoid in (SpBG
ip )Fil

follows from the proof of [41, Theorem 5.64], which generalizes verbatim to SpBG
ip . □

3. A tale of two spectral sequences

Work of the fourth author [33] demonstrated the utility of the C2-effective slice spec
tral sequence for computing C2-equivariant homotopy groups. In this section, we give a 
new perspective on the C2-effective slice spectral sequence. Specifically, we construct the 
modified Adams–Novikov spectral sequence (MANSS), which is useful for computing the 
homotopy groups of Borel G-spectra for any finite group G. In the case of G = C2, we 
compare this to the C2-effective slice spectral sequence.

One advantage of the modified Adams–Novikov spectral sequence is that the differ
entials can be computed from the classical Adams–Novikov spectral sequence for the 
underlying spectrum and the equivariant attaching maps for EG. When X is a Borel 
G-spectrum with trivial action the differentials in the MANSS can often be deduced 
from the attaching maps of BG together with the differentials in the Adams–Novikov 
spectral sequence for the underlying non-equivariant spectrum Xe. We illustrate this 
phenomenon in Section 5.

3.1. The C2-effective slice spectral sequence

Recall that we have the C2-equivariant Betti realization functor from the ℝ-motivic 
stable homotopy category:

BeC2∶ SH(ℝ)i2 → SpC2,i2.
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The C2-effective slice spectral sequence [33] is the spectral sequence associated to the 
filtration we now define. Suppose X = BeC2(X). There is an effective slice filtration

⋅ ⋅ ⋅ → filefff+1X → filefff X → . . .

in ℝ-motivic homotopy theory [47] with filtration quotients

sf(X) = filefff X/filefff+1X.

We call the C2-Betti realization of this filtration the C2-effective slice filtration of X
associated to X. The C2-effective slice filtration gives a functor

i∗ ∶ SH(ℝ)i2 → SpFil
C2,i2

X ↦ BeC2(fileff• X).
Slice décalage of the MUℝ,2-based Amitsur complex gives another functor valued in 
filtered C2-spectra:

Γℝ ∶ SpC2,i2 → SpFil
C2,i2

X ↦ Décev.slice (X ⊗MU
⊗•+1
ℝ,2 ) .

The main theorem of [6] is the following.

Theorem 3.1.1 (Galois reconstruction). The functor

i∗ ∶ SH(ℝ)AT
i2 → Mod(SpFil

C2,i2; i∗𝕊ℝ,2) (3.1.2)

is an equivalence, and there is an equivalence

i∗𝕊ℝ,2 ≃ Γℝ𝕊C2,2.

It follows that when restricted to SpC2,i2, the functor Γℝ actually takes values in

Mod(SpFil
C2,i2; i∗𝕊ℝ,2)

and the composite

νℝ ≔ i
−1
∗ ◦ Γℝ ∶ SpC2,i2 → SH(ℝ)AT

i2

is a section of the functor BeC2 . Given X ∈ SpC2,i2, the C2-effective slice filtration of X
relative to νℝ(X) is the filtered spectrum ΓℝX. Therefore we shall refer to the filtration 
ΓℝX of X simply as the C2-effective slice filtration of X (without reference to the motivic 
spectrum νℝ(X) the C2-effective slice filtration is taken with respect to).



G. Angelini-Knoll et al. / Advances in Mathematics 484 (2026) 110698 21

The C2-effective slice spectral sequence for X associated to X is the RO(C2) × ℤ
graded spectral sequence associated to the filtered C2-spectrum i∗X and it has signature

C2-ESSS
E

f,V
1 = πV BeC2(sf(X)) ⟹ πV X.

In the case where X = νℝ(X), we shall simply refer to this spectral sequence as the 
C2-effective slice spectral sequence of X (C2-ESSS), and the E1-term can be identified 
with

π⋆Gr∗(Γℝ(X)).
One of the most attractive aspects of the C2-ESSS is the computability of its E2-term 

for the class of MUℝ-projective spectra. Recall the following definition from [6].

Definition 3.1.3. A spectrum X ∈ SpC2,i2 is MUℝ-projective if MUℝ,2 ⊗X is a retract of 
a C2-spectrum of the form ⨁i Σ

niρMUℝ,2.

For example, the 2-complete sphere is MUℝ-projective. The following theorem explains 
how the E2-term of the C2-ESSS for an MUℝ-projective X ∈ Spi2 surprisingly only 
depends on the Adams–Novikov E2-term for the underlying non-equivariant spectrum 
X

e ∈ Spi2.

Theorem 3.1.4 (Burklund–Hahn--Senger [6, Thm.   5.6]). Suppose that X ∈ SpC2,i2 is 
MUℝ-projective. Then the E1-term of its C2-ESSS is given by

C2-ESSS
E

f,V
1 (X) = ⨁

s 
Exts,2f((MU2)∗(Xe)⊗ πV −fρ+sHℤ2).

3.2. The modified E-based Adams spectral sequence

Given X ∈ SpBG, and an associative monoid E in SpBG we can form the E-based 
Adams spectral sequence of X. Let E denote the fiber of the unit map E = fib(𝕊 → E). 
We can then construct the standard E-based Adams resolution

X E ⊗X E
⊗2

⊗X E
⊗3

⊗X . . .

E ⊗X E ⊗ E ⊗X E ⊗ E
⊗2

⊗X E ⊗ E
⊗2

⊗X

of X. We view this as a filtered spectrum

ΓEX ≔ {⋅ ⋅ ⋅ → E
⊗2

⊗X → E ⊗X → X = X = . . . } ∈ (SpBG)Fil

Let
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X
∧
E ≔ Tot(E•+1 ⊗X)

be the totalization of the E-based Amitsur complex tensored with X (2.4.3). If the map 
X → X

∧
E is an equivalence, we have

lim
s 

ΓE(X)s = 0.

Of course, we always have

colim
s 

ΓE(X)s = X.

Next, we will set up the homotopy fixed point spectral sequence so that it also con
ditionally converges to the colimit. Define

EG
(k) ≔ ∣skkB•(G,G,∗)∣

where B•(G,G,∗) is the usual two-sided bar construction whose geometric realization 
is EG. Let EG

(−1) = ∅ by convention. The homotopy fixed point spectral sequence of 
X ∈ Sp

BG is the spectral sequence associated to the tower

F (EG
(0)
+ , X) ← F (EG

(1)
+ , X) ← F (EG

(2)
+ , X) ← ⋯

whose inverse limit in SpBG is X.
We will explicitly describe the decreasing filtration of X which gives rise to this tower. 

Write ẼG
(k) for the cofiber of the collapse map

EG
(k)
+ → S

0
.

Then there is a cofiber sequence

F (ẼG
(s)

, X) → X → F (EG
(s)
+ , X).

It follows that the homotopy fixed points spectral sequence computing π⋆(X) arises from 
the following decreasing filtration of X:

X F (ẼG
(0)

, X) F (ẼG
(1)

, X) . . .

F (EG
(0)
+ , X) F (EG

(1)
+ /EG

(0)
+ , X) F (EG

(2)
+ /EG

(1)
+ , X)

(3.2.1)
Here, the filtration quotients in this diagram are computed using the diagram of cofiber 
sequences
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EG
(s−1)
+ 𝕊 ẼG

(s−1)

EG
(s)
+ 𝕊 ẼG

(s)

EG
(s)
+ /EG

(s−1)
+ 0 ẼG

(s)/ẼG
(s−1)

(3.2.2)

which identifies Σ−1
ẼG

(s)/ẼG
(s−1) with EG

(s)
+ /EG

(s−1)
+ for s ≥ 0. We regard this con

struction as a functor

Γh∶ ℤop
→ SpBG

.

Specifically, set

Γh(X)s ≔ {X for s ≤ 0
F (ẼG

(s−1)
+ , X) for s > 0.

This has been arranged so that lims Γh(X)s = 0 and colims Γh(X)s = X. To see this, 
note that since the map

EG+ ⟶ S
0

is a non-equivariant equivalence, the space ẼG is non-equivariantly contractible.
Now we mix these two filtrations in the following way. By tensoring the Adams reso

lution for 𝕊 with X, we produce the E-Adams resolution for X in SpBG. If we also filter 
X by the filtration Γh(X) as above then we produce an object

X•,■ ∈ Fun(ℤop × ℤ
op
,SpBG)

defined on an object (i, j) by

Xi,j =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

E
⊗i

⊗X for i > 0, j ≤ 0
X for i ≤ 0, j ≤ 0
E

⊗i
⊗ F (ẼG

(j−1)
+ , X) for i > 0, j > 0

F (ẼG
(j−1)
+ , X) for i ≤ 0, j > 0.

(3.2.3)

Note that X•,■ is simply the exterior tensor product ΓE(𝕊)•⊗ Γh(X)■.
We then consider the Day convolution

Γh
E(X)• ≔ ΓE(𝕊)• ⊗ Γh(X)•.
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By definition, Γh
E(X)• is the left Kan extension in the diagram

ℤ
op × ℤ

op SpBG

ℤ
op

+

X•,■

Γh
E(X)•

and it is explicitly defined on objects by

Γh
E(X)s = (ΓE(𝕊)• ⊗ Γh(X)•)s = colim

a+b≥s 
ΓE(𝕊)a ⊗ Γh(X)b.

Unpacking this, we compute that

Γh
E(X)s =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
X if s ≤ 0
colim
a+b≥s 

E
⊗a

⊗ F (ẼG
(b−1)
+ , X) if s > 0.

(3.2.4)

Let ℕop denote the full subcategory of ℤop generated by the nonnegative integers and let 
ℕ

δ denote the category whose objects are nonnegative integers and whose only morphisms 
are the identity maps. By Lemma 2.1.5 we can identify

cofib(Γh
E(X)s+1 → Γh

E(X)s) = ⨁
a+b=s

E ⊗ E
⊗a

⊗ F (EG
(b)
+ /EG

(b−1)
+ , X). (3.2.5)

Notation 3.2.6. For ⋆ ∈ RO(G) we write ⋆ = ∗ + ⋄ where ∗ is the virtual dimension 
of ⋆ (representing a sum of trivial representations), and ⋄ is a virtual representation of 
virtual dimension 0.

Using this notation, we have a RO(G) × ℤ-graded spectral sequence with signature

E-MASS
E

s,n+⋄
1 (X) = ⨁

a+b=s
πn+⋄(E ⊗ E

⊗a
⊗ F (EG

(b)
+ /EG

(b−1)
+ , X)) ⟹ πn+⋄(Xh

E)
where

X
h
E ≔ lim

s 
X/Γh

E(X)s. (3.2.7)

We shall refer to this spectral sequence as the modified E-based Adams spectral sequence 
(E-MASS) for X. If X ∈ SpG, then abuse terminology and refer to the E-MASS for Xh

as the E-MASS for X.

3.3. The E-MASS as a generalized Adams spectral sequence

The following lemma will be useful for identifying certain filtration quotients.
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Lemma 3.3.1. There is an equivalence

F (EG
(k)
+ /EG

(k−1)
+ , 𝕊) ≃ 𝕊[G]⊗ 𝕊[G]⊗k

where 𝕊[G] ≔ fiber(𝕊 → 𝕊[G]).
Proof. By definition, EG

(k) ≃ ∣skkB•(G,G,∗)∣. Consequently, there is an equivalence

F (EG
(k)
+ , 𝕊) ≃ Totk(F (B•(G,G,∗)+, 𝕊)).

By [39, Proposition 2.14], there is therefore an equivalence

F (EG
(k)
+ , 𝕊) ≃ cofib(𝕊[G]⊗k+1

→ 𝕊).
The lemma then follows from the diagram of fiber sequences

𝕊[G]⊗k+1
𝕊 F (EG

(k)
+ , 𝕊)

𝕊[G]⊗k
𝕊 F (EG

(k−1)
+ , 𝕊)

𝕊[G]⊗k
⊗ 𝕊[G] 0 F (Σ−1

EG
(k)
+ /EG

(k−1)
+ , 𝕊).

□

Remark 3.3.2. When G = C2, we have 𝕊[C2] = 𝕊
−σ ≔ F (𝕊σ, 𝕊). To see this, note that 

there is a fiber sequence

𝕊
−σ a 

→ 𝕊
0
→ Ca = 𝕊[C2]

so 𝕊[C2] = 𝕊
−σ, and the map 𝕊[C2]⊗k

= 𝕊
−kσ → 𝕊 is simply ak. Consequently, by 

Lemma 3.3.1 we have equivalences

EC2
(k)
+ /EC2

(k−1)
+ ≃ Σkσ

Ca

for each k ≥ 0.

Now we prove the main result from this section.

Proposition 3.3.3 (The E-MASS is a generalized Adams spectral sequence). The modified 
E-based Adams spectral sequence for a finite group G agrees with the E[G]-based Adams 
spectral sequence from the E2-term onwards.
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Proof. To prove this result, it suffices to prove that the filtered spectrum that we use 
to construct the modified E-based Adams spectral sequence is in fact an E[G]-based 
Adams resolution.

Since ẼG
(s) is finite, the modified E-based Adams spectral sequence for X is the 

spectral sequence associated to the Day convolution

Γh
E(X)• ≃ ΓE(𝕊)• ⊗ Γh(𝕊)• ⊗X.

(see Lemma 3.3.1). We therefore wish to show that

⋅ ⋅ ⋅ → (ΓE(𝕊)• ⊗ Γh(𝕊)• ⊗X)1 → (ΓE(𝕊)• ⊗ Γh(𝕊)• ⊗X)0 = X

is an E[G]-injective resolution of X in the sense of [38]. We need to check that

(1) there is an equivalence Grn(ΓE(𝕊)• ⊗ Γh(𝕊)• ⊗X) ≃ E[G]⊗M for some spectrum 
M and consequently, Grn(ΓE(𝕊)• ⊗ Γh(𝕊)• ⊗X) is E[G]-injective;

(2) the map

(ΓE(𝕊)• ⊗ Γh(𝕊)• ⊗X)n → Grn(ΓE(𝕊)• ⊗ Γh(𝕊)• ⊗X)
induces a monomorphism after applying E[G]∗ for all n ≥ 0 (note that the case 
n = 0 is clear because (ΓE(𝕊)• ⊗ Γh(𝕊)• ⊗X)1 = E[G]).

The first part, follows from (3.2.5) since

⨁
a+b=s

E ⊗ E
⊗a

⊗ 𝕊[G]⊗ 𝕊[G]⊗b
⊗X ≃ E[G]⊗ (⨁

a+b=s
E

⊗a
⊗ 𝕊[G]⊗b)⊗X (3.3.4)

for each s ≥ 0.
To prove the second part, it suffices to show that the induced map

E[G]∗((ΓE(𝕊)• ⊗ Γh(𝕊)• ⊗X)n+1) → E[G]∗((ΓE(𝕊)• ⊗ Γh(𝕊)• ⊗X)n)
is the zero map. To prove this, we first observe that the source and target can be identified 
with E[G]∗ applied a finite colimit. It therefore suffices to show that the maps

E[G]∗(E⊗i
⊗ 𝕊[G]⊗j) → E[G]∗(E⊗i

⊗ 𝕊[G]⊗j−1)
and

E[G]∗(E⊗i
⊗ 𝕊[G]⊗j) → E[G]∗(E⊗i−1

⊗ 𝕊[G]⊗j)
are the zero maps, but this is the case because E⊗i⊗𝕊[G]⊗• is an 𝕊[G]-Adams resolution 
for each i and E⊗• ⊗ 𝕊[G]⊗j is an E-Adams resolution for each j. □



G. Angelini-Knoll et al. / Advances in Mathematics 484 (2026) 110698 27

Corollary 3.3.5. The E-MASS for X ∈ SpBG conditionally converges if the underlying 
nonequivariant spectrum Xe is Ee-nilpotent complete

Proof. It suffices to show that the map

X → TotE[G]⊗•+1 ⊗X

is a Borel equivalence, which amounts to showing that it is an underlying equivalence. 
This follows from the hypothesis that Xe is Ee-nilpotent complete and the fact that

E[G]e ≃ ⨁
G 

E
e
. □

Corollary 3.3.6. If X ∈ SpG is a ring spectrum, the E-MASS for X is a spectral sequence 
of algebras, and in general the E-MASS is a spectral sequence of modules over the E
MASS for 𝕊.

Proof. This follows from the fact that E[G] ≃ F (Σ∞
G+, E). □

Corollary 3.3.7. The E-MASS for G = C2 agrees with the E/a-based Adams spectral 
sequence from the E2-term onwards.

Proof. This follows from the observation that Ca ≃ 𝕊[C2] and Proposition 3.3.3. □

3.4. The MANSS and the C2-effective slice spectral sequence

We now introduce the main tool that we use this paper.

Definition 3.4.1. In the special case of Section 3.3 where E is the Borel spectrum MUp

with trivial action,2 we shall refer to the MUp-MASS as the p-primary modified Adams--
Novikov spectral sequence (MANSS)

MANSS
E

s,n+⋄
1 (X) = ⨁

a+b=s
πn+⋄(MUp⊗MU

⊗a

p ⊗F (EG
(b)
+ /EG

(b−1)
+ , X)) ⟹ π⋆(Xh

MUp
)

where Xh
MUp

is defined as in (3.2.7).

The following corollaries follow from the evident generalization of Proposition 3.3.3
to the category SpBG

ip .

Corollary 3.4.2 (MANSS is MUp/a-based ASS). The p-primary MANSS for G = C2
agrees with the MUp/a-based Adams spectral sequence from the E2-term onwards.

2 Here we work in the category SpBG
ip so that all instances of ⊗ should be interpreted as ⊗𝕊p

.
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Proof. This follows from Corollary 3.3.7 by taking E = MUp. □

Corollary 3.4.3. If X ∈ SpG,ip is a ring spectrum, the p-primary MANSS for X is a 
spectral sequence of algebras, and in general the p-primary MANSS is a spectral sequence 
of modules over the p-primary MANSS for 𝕊p.

Proof. This follows from Corollary 3.3.6 by taking E = MUp. □

The following corollary of Proposition 3.3.3 begins to explain the motivation behind 
Definition 2.4.6.

Corollary 3.4.4. In the category SpFil
G,ip there is an equivalence

𝕊
def
G,p ≔ Décev.post(MUp[G]⊗•+1) ≃ Décev.postΓh

MUp
𝕊p.

We already showed that the 2-primary MANSS for the group G = C2 agrees with 
the MU2/a-based Adams spectral sequence in Corollary 3.4.2. Therefore to compare 
the MANSS with the C2-ESSS it suffices to compare the MU2/a-based Adams spectral 
sequence to the C2-ESSS. Since the MANSS is a spectral sequence in Borel G-spectra, it 
corresponds to an a-complete p-complete filtered object in the C2-equivariant category 
under the equivalence

(SpC2,ip
)∧a ≃ SpBG

ip .

For the rest of this section we will work in the category SpC2,ip
, and objects of SpBG

ip

will be regarded as a-complete objects of SpC2,ip
.

Lemma 3.4.5. Let X ∈ SpC2,i2. For any i ≥ 1, there is a natural equivalence

(τ≥nX)⊗ (Ca)⊗i
→ τ≥n(X ⊗ (Ca)⊗i). (3.4.6)

Proof. Since τ≥n is closed under the operation − ⊗ Ca, the existence of a map follows 
from the fact that τ≥n is part of the data of a t-structure on SpBC2 .

For any C2-spectrum Z, we have

π
e
k(τ≥n(Z⊗Ca)) = {πe

k(Z ⊗ Ca), k ≥ n

0, otherwise
, and π

C2
k (τ≥n(Z⊗Ca)) = {πe

k(Z), k ≥ n

0, otherwise.

By induction, we compute the right hand side of (3.4.6)

πk(τ≥n(X⊗(Ca)⊗i))=
⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
πk((τ≥nX)⊗ (Ca)⊗i), k≥n={πe

k(X ⊗ (Ca)⊗i−1), at C2/C2,

π
e
k(X ⊗ (Ca)⊗i), at C2/e,

0, otherwise.
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The Mackey functor valued homotopy of the left hand side equals

πk((τ≥nX)⊗ (Ca)⊗i)

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

π
e
k((τ≥nX)⊗ (Ca)⊗i−1), for C2/C2 = {πe

k(X ⊗ (Ca)⊗i−1), k ≥ n

0, otherwise,

π
e
k((τ≥nX)⊗ (Ca)⊗i), for C2/e = {πe

k(X ⊗ (Ca)⊗i), k ≥ n

0, otherwise.

Since Mackey functor valued homotopy detects weak equivalences and these identifica
tions are compatible with the Mackey functor structure maps, the result follows. □

Theorem 3.4.7 (Comparison of C2-ESSS and MU2/a-based ASS). Let X ∈ SpC2,i2. 
There is an equivalence of filtered objects in SpC2,i2

(Décev.slice(MU
⊗•+1
ℝ,2 ⊗X))∧

a
≃ Décev.post(((MU2/a)⊗•+1 ⊗X)).

Proof. This follows by the composite of natural equivalences

( lim
i 

P≥2n(MU
⊗i+1
ℝ,2 ⊗X))∧

a

commute limits≃ lim
i 

((P≥2n(MU
⊗i+1
ℝ,2 ⊗X))∧a)

Lem.2.2.4+Lem.2.2.6≃ lim
i 

((τ≥2n(MU
⊗i+1
ℝ,2 ⊗X))∧a)

def≃ lim
j

lim
i 

(τ≥2n(MU
⊗i+1
ℝ,2 ⊗X)⊗ Ca

⊗j+1)
diagonal≃ lim

i 
(τ≥2n(MU

⊗i+1
ℝ,2 ⊗X)⊗ Ca

⊗i+1)
Lem.3.4.5≃ lim

i 
(τ≥2n((MUℝ,2/a)⊗i+1 ⊗X))

shearing≃ lim
i 

(τ≥2n((MU2/a)⊗i+1 ⊗X)).
Here the shearing isomorphism is the equivalence

MUℝ,2/a ≃ MU2/a
which follows from the fact that MU2 and MUℝ,2 have equivalent underlying ring spectra. 
The proof is then complete by Corollary 3.4.2. □

Associated to the a-completion of the C2-effective slice filtration is the a-completed 
C2-effective slice spectral sequence

C2-ESSS
E

f,n+⋄
1 (X)∧a = πn+⋄(GrfΓℝX) ⟹ πn+⋄(Xh

MU).



30 G. Angelini-Knoll et al. / Advances in Mathematics 484 (2026) 110698 

The following corollary follows from (2.3.5) (note that the hypothesis that MU∗(Xe) is 
even implies that the MANSS has no nontrivial dr differentials for r even).

Corollary 3.4.8. Suppose that (MU2)∗(Xe) is concentrated in even degrees. Then for 
r ≥ 1, there is a (page shifting) isomorphism of spectral sequences

MANSS
E

s,n+⋄
2r+1 (X) ≅ C2-ESSS

E
n+s
2 ,n+⋄

r (X)∧a .
We can now give the first evidence for why the category of artificial complete motivic 

spectra is a useful deformation of Borel G-spectra.

Theorem 3.4.9 (MANSS Galois reconstruction). There are equivalences

ŜHart
C2,2 ≔ Mod((SpBC2

i2 )Fil; 𝕊def
G,2) ≃ Mod((SpBG

ip )Fil; Décev.postΓh
MU2𝕊2) ≃ (SH(ℝ)AT

i2 )∧a .
Proof. This follows from Proposition 2.2.7, Theorem 3.4.7, and Theorem 3.1.1. □

4. Computing with the MANSS

We compute the E2-term of (p-primary) MANSS (see Definition 3.4.1) using double 
complex spectral sequences in Section 4.1. We then specialize to the case G = C2, p = 2, 
G/H = C2/C2 and write

MANSS
Er(X) ∶= MANSS

Er(X)(C2/C2).
We express the E2-term using As,2t ≔ Exts,2t((MUp)∗Xe) in two cases:

(1) when X is MUℝ-projective (Section 4.2), and
(2) when X has trivial C2-action and (MU2)∗Xe is torsion free (Section 4.3).

In the first case, we show the MANSS relates to the ANSS and the C2-effective SS; in 
the second case, by studying a motivic version of MANSS, we relate it to the Atiyah--
Hirzebruch spectral sequence.

Assume x ∈ A
s,2t (see Notation 4.2.8). In this section, we introduce the following 

notations.
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Notation Degree Definition From 

x (t, tρ − s) Notation 4.2.14 C2-effective SS 
ux (t, tρ − s + 1 − σ) Notation 4.2.14 C2-effective SS ⟨x⟩ (s, tρ − s) Notation 4.2.8 double complex SS ⟨ux⟩ (s, tρ − s) Notation 4.2.8 double complex SS [x] (s, 2t − s) Notation 4.3.6 compare AHSS [ux] (s, 2t − s + 1 − σ, t) Notation 4.3.6 compare AHSS [x] (s, 2t − s, t, t) Proposition 4.4.9 motivic MANSS [ux] (s, 2t − s + 1 − σ, t) Proposition 4.4.9 motivic MANSS 

4.1. The E2-term of the MANSS

Let X be an object of SpBG
ip . Recall from Section 3.2 that the E1-term of the p-primary 

MANSS is

MANSS
E

f,V
1 (X) = ⨁

a+b=f
πV Za,b

where

Za,b = F (EG
(a)/EG

(a−1)
+ , X)⊗MUp ⊗MU

⊗b

p .

In other words, the E1-term (E⋆,∗
1 (X), dMANSS

1 ) is the total complex of the double 
complex ⨁a,b π⋆(Za,b) whose horizontal differential dANSS

1 ∶ π⋆Za,b → π⋆Za,b+1 is the 

Adams–Novikov d1 and vertical differential dhfpss
1 ∶ π⋆Za,b → π⋆Za+1,b is the homotopy 

fixed point spectral sequence d1. We wish to compute the cohomology E⋆,∗
2 of the total 

complex. There are two double complex spectral sequences

IE
a,b,⋆
2 (X) = H

b(Ha(⨁
i,j 

π⋆(Zi,j), dhfpss
1 ), dANSS

1 ) ⟹ MANSS
E

a+b,⋆
2 (X) (4.1.1)

I IE
a,b,⋆
2 (X) = H

a(Hb(⨁
i,j 

π⋆(Zi,j), dANSS
1 ), dhfpss

1 ) ⟹ MANSS
E

a+b,⋆
2 (X) (4.1.2)

which come from filtering the double complex by i and j, respectively [37, §2.4]. We use 
these spectral sequences to describe the E2-term of the MANSS.

Proposition 4.1.3. There is an identification

IE
a,b,n+⋄
2 (X)(G/H) = Extb,a+b+n(Ha(H; (MUp)∗(𝕊−i∗H⋄ ⊗X))).

In particular, the value of the E2-term of the MANSS at G/e is

MANSS
E

b,V
2 (X)(G/e) = Extb,b+∣V ∣((MUp)∗(Xe)).
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Proof. Since EG
(i)/EG

(i−1) is dualizable, (MUp)∗MUp is flat over (MUp)∗, and MUp

and MUp have trivial G-action, we have:

π∗+⋄(Zi,j) ≅ π∗(F (EG
(i)/EG

(i−1)
, 𝕊

−⋄ ⊗X)⊗MUp ⊗MU
⊗j

p )
≅ π∗(F (EG

(i)/EG
(i−1)

, 𝕊
−⋄ ⊗X ⊗MUp))⊗(MUp)∗ (MUp)∗MUp)⊗(MUp)∗j .

(4.1.4)

At the G-set G/H, this is (MUp)∗MU
⊗j

p tensored with the E2-term of a homotopy fixed 
points spectral sequence, and so we have

H
a(π∗+⋄(Z•,j)(G/H), dhfpss

1 ) ≅ H
a(H;MU∗(𝕊−i∗H⋄⊗X))⊗(MUp)∗ (MUp)∗MU

⊗(MUp)∗ j
p .

This is isomorphic to the cobar complex

C
j,∗(MUp)∗MUp

(Ha(H; (MUp)∗(𝕊−i∗H⋄ ⊗X)))
for the (MUp)∗MUp-comodule

H
a(H; (MUp)∗(𝕊−i∗H⋄ ⊗X))

and we obtain IE
a,b,∗+⋄
2 (G/H) by applying dANSS

1 . In the H = e case, the double complex 
spectral sequence collapses at IE2 because it is concentrated in degree a = 0. □

Corollary 4.1.5. The restriction to the trivial subgroup e ≤ G gives a map of spectral 
sequences from the value of the MANSS at G/H to the classical Adams–Novikov spectral 
sequence. The induced map on E2-terms is

MANSS
E

b,V
2 (X)(G/H) ⟶ Extb,b+∣V ∣(MUp)∗MUp

((MUp)∗(Xe)).
Proposition 4.1.6. There is an identification

I IE
a,b,n+⋄
2 (X)(G/H) ≅ H

a(H; Extb,a+b+n((MUp)∗(𝕊−⋄ ⊗X))).
Moreover, when Xe is MUp-nilpotent complete and the E2-term of the Adams–Novikov 
spectral sequence for Xe is concentrated on the zero line, then this spectral sequence 
collapses and we can identify the E2-term of the MANSS with

E
a,n+⋄
2 (G/H) = H

a(H;πn(Σ−⋄
X)).

Proof. Starting with (4.1.4), we have

I IE
a,b,n+⋄
1 (X)(G/H)
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≅ Extb,a+b+n(π∗(F (EG
(a)/EG

(a−1)
, 𝕊

−⋄ ⊗X ⊗MUp)(G/H)))
≅ (Extb,a+b+n(π∗(F (EG

(a)/EG
(a−1)

, 𝕊
−⋄ ⊗X ⊗MUp)H)))

≅ (Extb,a+b+n(π∗((𝕊[G]⊗ 𝕊[G]⊗a
⊗ 𝕊

−⋄ ⊗X ⊗MUp))))H
≅ (Extb,a+b+n((MUp)∗((𝕊[G]⊗ 𝕊[G]⊗a)⊗(MUp)∗ π∗(𝕊−⋄ ⊗X ⊗MUp))))H
≅ (Extb,a+b+n(Hℤ∗(𝕊[G]⊗ 𝕊[G]⊗a)⊗ (MUp)∗(𝕊−⋄ ⊗X)))H
≅ (Hℤ∗(𝕊[G]⊗ 𝕊[G]⊗a)⊗ Extb,a+b+n((MUp)∗(𝕊−⋄ ⊗X))))H

where the third line uses Lemma 3.3.1, the fact that the homotopy fixed points spectral 
sequence computing the homotopy groups of the Borel spectrum collapses by H-freeness, 
and the fact that Hfixed points is an exact functor on the category of free H-modules. 
The last line is precisely the cellular chain complex computing the cohomology of BH

with local coefficients in the ℤ[H]-module given by the Ext group. Thus we have

I IE
a,b,n+⋄
2 (G/H) ≅ H

a(H; Extb,a+b+n((MUp)∗(𝕊−⋄ ⊗X))). □

Corollary 4.1.7. The MANSS is independent of a choice of Adams–Novikov resolution. 
The MANSS is also independent of the choice of 𝕊[G]-Adams resolution.

Proof. Given an Adams–Novikov resolution L• of Xe and a map of Adams–Novikov res
olutions MU

•
p ⊗X

e → L•, Proposition 4.1.6 produces a map of double complex spectral 
sequences that is an isomorphism on the E2-terms and satisfies the conditions of [9, The
orem 8.3]. The second statement follows from the same argument using Proposition 4.1.3
and noting that tower (3.2.1) may be regarded as a 𝕊[G]--Adams resolution of X. □

The reader will notice that the E2-terms in Propositions 4.1.3 and 4.1.6 compare to the 
E2-term of the homotopy fixed point spectral sequence. The following proposition gives 
a relationship between the E-MASS and the homotopy fixed point spectral sequence.

Proposition 4.1.8. For a G-spectrum X, let hfpss
Er denote the Er-term of the homotopy 

fixed points spectral sequence, which is obtained by applying π⋆ to the filtration (3.2.1). 
There is a map of spectral sequences given on Er-terms by

hfpss
E

s,V
r (X) → E-MASS

E
s,V
r (X)

Proof. For each a, b ∈ ℤ satisfying a + b = n ≥ 0, there is a canonical map

F (EG+ ⊗ ẼG
(a)

, X)⊗ E
b
⟶ colim

a+b=n 
F (EG+ ⊗ ẼG

(a)
, X)⊗ E

⊗b
.

Fixing b = 0, this gives a map of filtered spectra producing the map of spectral se
quences. □
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4.2. The case of MUℝ-projective spectra

We now focus on the case of G = C2 and p = 2, and let

MANSS
Er(X) ∶= MANSS

Er(X)(C2/C2).
If X ∈ SpC2,i2 is MUℝ-projective (Definition 3.1.3), then Theorem 3.1.4 gives a com

plete computation of the E1-term of the C2-ESSS. However, this does not immediately 
carry over to a description of the E1-term of the a-completed C2-ESSS, which by Corol
lary 3.4.8 is the E2-term of the MANSS. In this section, we will instead argue that the 
second double complex spectral sequence

I IE
a,b,n−j+jσ
2 (X) = H

a(C2; Extb,b+n((MU2)∗(𝕊j−jσ ⊗X))) ⟹ MANSS
E

a+b,n−j+jσ
2 (X)

for such X collapses. This method of computing the E2-term of the MANSS has the 
added benefit of giving explicit meaning to the generators.

It is noteworthy that the property of being MUℝ-projective is not preserved by a
completion. Thus we are in the unusual situation of computing the E2-term of the 
MANSS, an inherently Borel equivariant construction, by assuming the Borel equiv
ariant spectrum has a genuine equivariant lift which is MUℝ-projective.

Remark 4.2.1. A similar analysis to that performed in this section can be used to prove 
the other double complex spectral sequence IE

∗,∗,⋆
r (X) also collapses at E2 for MUℝ

projective X, but the resulting presentation of the E2-term of the MANSS will be less 
useful for us.

We first identify the E2-term

I IE
a,b,n−j+jσ
2 (X) = H

a(C2; Extb,b+n((MU2)∗(𝕊j−jσ ⊗X)))
of the second double complex spectral sequence in the MUℝ-projective case. The first 
task is to identify the action of C2.

Lemma 4.2.2. Suppose X ∈ SpC2,i2 is MUℝ-projective. Then the action of the generator 
of C2 on

Exts,2t((MU2)∗(𝕊j−jσ ⊗X
e))

is multiplication by (−1)t+j .
Proof. Note that as MU2 is given the trivial C2-action, the action of C2 on

Exts,2tMU∗MU2
((MU2)∗, (MU2)∗(Xe))
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is induced from the action of C2 on the cosimplicial resolution

X
e
→ MU

⊗•+1
2 ⊗X

e (4.2.3)

arising by the action of C2 on Xe. By contrast, letting MU
e
ℝ,2 denote the underlying 

spectrum of MUℝ,2 with its non-trivial C2-action by conjugation, the cosimplicial reso
lution

X
e
→ (MU

e
ℝ,2)⊗•+1 ⊗X

e (4.2.4)

has a C2-action coming from the diagonal action of C2 on (MU
e
ℝ,2)s•+1 ⊗X

e. We will 
write

Exts,2t(MUe
ℝ
)∗MUe

ℝ

((MU
e
ℝ,2)∗, (MU

e
ℝ,2)∗(Xe)) (4.2.5)

for the E2-term of the associated Bousfield Kan spectral sequence as a C2-module.
However, since the different C2 actions on the two Adams-Novikov resolutions (4.2.3) 

and (4.2.4) cover the same C2-action on Xe, the induced actions on E2-pages are the 
same. We deduce that despite the fact that (MU

e
ℝ,2)∗Xe may not be equivariantly 

isomorphic to (MU2)∗Xe, it is nevertheless the case that there is an equivariant iso
morphism

Exts,2tMU∗MU2
((MU2)∗, (MU2)∗(Xe)) ≅ Exts,2t(MUe

ℝ
)∗MUe

ℝ

((MU
e
ℝ,2)∗, (MU

e
ℝ,2)∗(Xe)).

(4.2.6)
Therefore, it suffices to show that the action of the generator of C2 on

Exts,2t(MUe
ℝ
)∗MUe

ℝ

((MU
e
ℝ,2)∗, (MU

e
ℝ,2)∗(𝕊j−jσ ⊗X

e)),
is multiplication by (−1)t+j . This follows directly from the MUℝ-projective condition. 
To see this, note that C2 acts on the underlying spectrum MU2 of MUℝ,2 by complex 
conjugation. Therefore, the generator of C2 acts on π2t(MU

e
ℝ,2 ⊗ 𝕊

j−jσ) by (−1)t+j (see 
[25, Rmk. 5.14]). □

Remark 4.2.7. Lemma 4.2.2, and in particular isomorphism (4.2.6), may seem surprising 
at first for, e.g., X = 𝕊, for it implies that

Exts,2tMU∗MU2
((MU2)∗, (MU2)∗)

is an 𝔽2-vector space for t odd. However, this is actually true (see [11, Cor. 2.6]).

Notation 4.2.8. For an abelian group A, we let

A[2] ≔ {x ∈ A ∶ 2x = 0}.
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Let X ∈ SpC2,i2 be MUℝ-projective, and define

A
s,2t = Exts,2t((MU2)∗Xe).

Then by Lemma 4.2.2 we have

A
s,2t ≅ H

0(C2; Exts,2t((MU2)∗(𝕊t−tσ ⊗X
e))) = I IE

0,s,tρ−s
2 (X). (4.2.9)

Given x ∈ A
s,2t, we denote its image under (4.2.9) by ⟨x⟩. By Lemma 4.2.2, there is also 

an isomorphism

A
s,2t[2] ≅ H

0(C2; Exts,2t((MU2)∗(𝕊(t+1)−(t+1)σ ⊗X
e))) (4.2.10)

= I IE
0,s,tρ−s+1−σ
2 (X).

Given x ∈ A
s,2t[2], we denote its image under (4.2.10) by ⟨ux⟩.

Recall (see [26]) that there is a subring (the ``positive cone'')

ℤ[u2
, a]/(2a) ⊂ π

C2
⋆ Hℤ,

with ∣a∣ = −σ and ∣u∣ = 1 − σ. The images of the elements a and u2 in π⋆Hℤ
∧
a induce 

isomorphisms

π
C2
∗+⋄Hℤ

∧
a ≅ H

−∗(𝕊⋄hC2) ≅ H
−∗(C2;H

0(𝕊⋄)) ≅ ℤ[u±2
, a]/(2a).

There is an isomorphism

ℤ2[u2
, a]/(2a) ≅ H

∗(C2; Ext0,0(MU2)∗MU2
((MU2)∗, (MU2)∗(𝕊−⋄2 ))) = I IE

∗,0,⋄
2 (𝕊2).

The elements u2 and a detect the corresponding elements in

π
C2
∗+⋄Hℤ2 ≅ Ext0,0((MU2)∗ ⊗ π

C2
∗+⋄Hℤ) = C2−ESSS

E
0,∗+⋄
1 (𝕊2)∧a ≅ MANSS

E
−∗,∗+⋄
3 (𝕊2)

in the second double complex spectral sequence. Therefore these elements are permanent 
cycles in the double complex spectral sequence, and the second double complex spectral 
sequence is a spectral sequence of modules over ℤ[u±2

, a]/(2a). The following proposition 
is an elementary immediate consequence of Lemma 4.2.2 using the well-known group 
cohomology of C2 with arbitrary coefficients.

Proposition 4.2.11. Let X ∈ SpC2,i2 be MUℝ-projective. As before, define

A
s,2t = Exts,2t((MU2)∗Xe).
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Then under the isomorphisms (4.2.9) and (4.2.10) we have

I IE
∗,∗,⋆
2 (X) ≅ (A∗,∗ ⊗ ℤ[u±2

, a]/(2a))⊕ (A∗,∗[2]⊗ 𝔽2[u±2
, a]).

Corollary 4.2.12. For MUℝ-projective X, every element of I IE
∗,∗,⋆
2 (X) is of the form 

u
2i
a
j⟨x⟩ or u2i

a
j⟨ux⟩ for i ∈ ℤ, j ≥ 0, and x ∈ A

∗,∗ (respectively x ∈ A
∗,∗[2]).

Our strategy for proving that the second double complex spectral sequence collapses 
will be to produce elements in MANSS

E
∗,⋆
2 (X) which the generators in Corollary 4.2.12

converge to. To do this, we will require the following ``universal coefficient theorem''.

Lemma 4.2.13. For any torsion-free (MU2)∗MU2-comodule N , there is a non-canonically 
split short exact sequence

0 Ext∗,∗(N)⊗ 𝔽2 α
Ext∗,∗(N/2)

p

β
Torℤ1(Ext∗+1,∗(N),𝔽2)
ι

0.

If N is an algebra in the category of comodules, then the short exact sequence is a short 
exact sequence of modules over Ext∗,∗(N), and the splitting is a splitting in the category 
of Ext∗,∗(N)-modules.

Proof. The short exact sequence is easily deduced from the long exact sequence in Ext
coming from the short exact sequence

0 → N
⋅2 
−→ N → N/2 → 0.

The splitting map p comes from choosing a splitting p′ of the short exact sequence of 
free abelian groups

0 Z
∗,∗

C
∗,∗(N)

d

p
′

B
∗+1,∗ 0

where C∗,∗(N) is the cobar complex for N , and Z∗,∗ and B∗,∗ are the subcomplexes of 
cocycles and coboundaries, respectively. The composite

p
′′∶ C∗,∗(N) → Z

∗,∗
↠ Ext∗,∗(N)

is then verified to be a map of cochain complexes, where the target is given zero differ
ential. The splitting map p is then obtained by applying H∗,∗(−) to the map of cochain 
complexes

C
∗,∗(N)⊗ 𝔽2

p
′′⊗1 

−−−→ Ext∗,∗(N)⊗ 𝔽2.
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Now assume that N is a comodule algebra. Then the maps α and β are easily checked 
to be maps of modules over Ext∗,∗(N). Because the module structure on Ext∗,∗(N)⊗𝔽2
and Ext∗,∗(N/2) come from the maps of rings

Ext∗,∗(N) → Ext∗,∗(N)⊗ 𝔽2
α
−→ Ext∗,∗(N/2),

the fact that p is a map of Ext∗,∗(N)-modules follows from the commutativity of the 
following diagram

Ext∗,∗(N/2)

pExt∗,∗(N) Ext∗,∗(N)⊗ 𝔽2

α

=

Ext∗,∗(N)⊗ 𝔽2
□

Notation 4.2.14. Suppose that X ∈ SpC2,i2 is MUℝ-projective, and choose an element 
x ∈ Exts,2t((MU2)∗Xe). Let x denote the image of this element under the map

Exts,2t((MU2)∗Xe ⊗ π
C2
0 Hℤ) → C2-ESSS

E
t,tρ−s
1 (X) (4.2.15)

induced by Theorem 3.1.4. By abuse of notation, we will also use x to denote the image 
of this element under the map

C2-ESSS
E

t,tρ−s
1 (X) → C2-ESSS

E
t,tρ−s
1 (X)∧a ≅ MANSS

E
s,tρ−s
2 (X). (4.2.16)

Now choose a splitting ι of the short exact sequence

0 A
s−1,2t ⊗ 𝔽2 Exts−1,2t((MU2)∗(Xe)/2) Torℤ1(As,2t

,𝔽2)
ι

0
(4.2.17)

as in Lemma 4.2.13 (note (MU2)∗Xe is torsion-free by the MUℝ-projective hypothesis). 
For

x ∈ A
s,2t[2] = Torℤ1(As,2t

,𝔽2),
let ux denote the image of ι(x) under the maps

Exts−1,2t((MU2)∗Xe ⊗ 𝔽2{a})
= Exts−1,2t((MU2)∗Xe ⊗ π−σHℤ) → C2-ESSS

E
t,tρ−s+1−σ
1 (X)
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and

C2-ESSS
E

t,tρ−s+1−σ
1 (X) → C2-ESSS

E
t,tρ−s+1−σ
1 (X)∧a ≅ MANSS

E
s,tρ−s+1−σ
2 (X).

Remark 4.2.18. Given x ∈ Exts,2t((MU2)∗Xe) of order 2, the element ux defined above 
is not unique, as it depends on a choice of lift. However, the short exact sequence 
(4.2.17) implies that any two lifts ux and ux′ differ by an element of the form ay for 
y ∈ Exts−1,2t((MU2)∗Xe).
Remark 4.2.19. If X is a ring spectrum, the maps (4.2.15) and (4.2.16) are maps of rings, 
and therefore we have

x ⋅ y = xy.

Moreover the map ι in (4.2.17) is a map of modules over A∗,∗ by Lemma 4.2.13. It follows 
that we have

x ⋅ uy = uxy.

Proposition 4.2.20. Let X ∈ SpC2,i2 be MUℝ-projective, and A∗,∗ as above. For each 
x ∈ A

∗,∗, the element x is detected in the second double complex spectral sequence by 
the element ⟨x⟩, and for each x ∈ A

∗,∗[2], the element ux is detected by ⟨ux⟩. Therefore, 
the double complex spectral sequence collapses, and every element of MANSS

E
∗,⋆
2 (X) is 

of the form u2j
a
i
x or u2j

a
i
ux for j ∈ ℤ, i ≥ 0, and x as above.

Proof. Using the fact that there is a C2-equivariant isomorphism (MU2)∗((X⊗Ca)e) ≅(MU2)∗(Xe[C2]), the E2-term of the second double complex spectral sequence for X⊗
Ca is given by

H
ℓ(C2; Ext∗,∗((MU2)∗(𝕊−⋄ ⊗ (X ⊗ Ca)e))) ≅ {A∗,∗ ⊗ ℤ[u±], ℓ = 0,

0, ℓ > 0.

Here we use the powers of u as a placeholder for the fact that the computation is 
independent of ⋄, but this also reflects the module structure over ℤ[u±2

, a]/(2a) (where 
a acts as zero). Therefore, the second double complex spectral sequence for X ⊗ Ca

collapses. Consider the map of second double complex spectral sequences

H
∗(C2,Ext∗,∗((MU2)∗(𝕊−⋄ ⊗X

e))) MANSS
E

∗,∗+⋄
2 (X)

A
∗,∗ ⊗ ℤ[u±] MANSS

E
∗,∗+⋄
2 (X ⊗ Ca)

induced by the map
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X → X ⊗ Ca.

Under this map, for each element x ∈ A
s,2t, the elements ⟨x⟩ and x map to u−t

x, and 
for each element x ∈ A

s,2t[2], the elements ⟨ux⟩ and ux map to u−t+1
x. Note that by 

Remark 4.2.18, this is independent of the choice of ux, because a acts trivially on the 
second double complex spectral sequence for X ⊗ Ca. In particular, the map

I IE
0,∗,⋆
2 (X) → I IE

0,∗,⋆
2 (X ⊗ Ca)

is an injection. We may therefore deduce that the elements ⟨x⟩ detect x and the elements ⟨ux⟩ detect ux in the double complex spectral sequence for X. It follows that the elements ⟨x⟩ and ⟨ux⟩ in I IE
∗,∗,⋆
2 (X) are all permanent cycles in the second double complex 

spectral sequence, and thus, by Corollary 4.2.12, the double complex spectral sequence {I IE∗,∗,⋆
r (X)} collapses at the E2-term. □

4.3. The case of a trivial C2-action

In this section we continue to assume that G = C2 and p = 2. Instead of assuming that 
X is MUℝ-projective, we simply assume that X is a Borel C2-spectrum with (MU2)∗X
torsion-free, but we make the additional assumption that the action of C2 on X is trivial.

The next lemma says that the C2/C2 level of the MANSS, which arises from applying 
π
C2
∗,∗ to the filtered Borel C2-spectrum Γh

MU2 , can also be viewed as a collection of non
equivariant spectral sequences, one for each weight j. In Section 4.4, we will define a 
ℂ-motivic analogue of the MANSS which generalizes this C2/C2 level version.

Lemma 4.3.1. Suppose X ∈ SpBC2
i2 has trivial action. Fix j ∈ ℤ and let

ΓhC2
MU2

(X)[j]s ≔
⎧⎪⎪⎪⎨⎪⎪⎪⎩
X

P
∞
j if s ≤ 0

colim
a+b≥s 

(MU
⊗a

2 ⊗X)P∞
j+b if s > 0.

(4.3.2)

The spectral sequence associated to this filtered object agrees with the C2/C2-level of 
the MANSS starting in the E2-term.

This agrees on the level of filtrations with the C2fixed points of a variant of the 
MANSS which uses a different filtration of EC2, namely the filtration of S∞σ ≃ EC2
coming from Skσ rather than the skeletal filtration of the bar complex model of EC2; this 
is reflected in Lemma 4.3.1. Nonetheless, as in Proposition 3.3.3, the resulting spectral 
sequences agree starting on the E2-term.

Remark 4.3.3. The reader may wonder why the tensor with MU2 happens inside the 
parentheses in (4.3.2), when this tensoring happens outside the parentheses in (3.2.4). 
However, the tensor in (3.2.4) is taken in the category of Borel G-spectra, and therefore 
homotopy fixed points are taken after taking the tensor.
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Next we identify the associated graded of (4.3.2) to give a new description of the 
C2/C2 level of the MANSS E1 term (see Definition 3.4.1).

Lemma 4.3.4. There is an isomorphism

MANSS
E

s,2t−s+jσ
1 (X) ≅ ⨁

a+b=s
C

b
cell(Σ−j

P
∞
j ;ℤ)⊗ C

a,2t+j(MU2)∗MU2
((MU2)∗X),

where C∗,∗(MU2)∗MU2
denotes the reduced cobar complex and C∗

cell denotes the cellular 
cochain complex.

Thus, the MANSS E1-term is the total complex of the double complex

C
■
cell(Σ−j

P
∞
j ;ℤ)⊗ C

•,2∗+j(MU2)∗MU2
((MU2)∗X)).

Intuitively, the MANSS is a combination of the ANSS for X and the Atiyah–Hirzebruch 
spectral sequence (AHSS) for XP

∞
j . The goal of this subsection and the next is to make 

this intuition precise.
We have already related the MANSS to the ANSS in Corollary 4.1.5. In this subsection 

we will show that the first double complex spectral sequence always collapses in the 
case at hand, giving us a computation of the E2-term of the MANSS which has an 
Atiyah–Hirzebruch flavor to it. In the next subsection we will then add some additional 
hypotheses on X which will allow us to relate higher differentials in the MANSS to 
differentials in the ANSS for X and the algebraic AHSS for Ext∗,∗((MU2)∗(XP

∞
j )).

As in the previous subsection, for brevity we adopt the notation

A
s,2t ≔ Exts,2t((MU2)∗Xe).

Because both the cobar complex and the cellular chain complex are torsion-free, we have 
a non-canonically split Künneth short exact sequence

0 → ⨁
a+b=s

A
a,2t+j ⊗H

b(Σ−j
P

∞
j ) α

−→ MANSS
E

s,2t−s+jσ
2

β 
−→ ⨁

a+b=s+1
Torℤ1(Aa,2t+j

, H
b(Σ−j

P
∞
j )) → 0. (4.3.5)

Notation 4.3.6. Let 1 ∈ H
0(P∞

0 ) denote the unit. Given x ∈ A
s,2t, we let

[x] ∈ MANSS
E

s,2t−s
2 (X)

denote the image of x⊗ 1 under the first map in (4.3.5). This gives a map

A
s,2t

↪
MANSS

E
s,2t−s
2 (X). (4.3.7)
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Furthermore, there is an isomorphism

Torℤ1(As,2t
, H

1(Σ1
P

∞
−1)) ≅ A

s,2t[2].
By choosing a splitting of the second map of (4.3.5), we get a map

A
s,2t[2] ↪ MANSS

E
s,2t−s+1−σ
2 (X). (4.3.8)

If x ∈ A
s,2t[2], then we will denote the image of x under these maps by [ux].

Recall from the previous subsection that MANSS
E

∗,⋆
2 (X) is a module over πC2

⋆ Hℤ
∧
a =

ℤ[a, u±2]/(2a). By [8, Theorem V.2.4] we have

π
C2
i+jσ(Hℤ

∧
a) ≅ H

−i(P∞
j ),

and under this isomorphism the element aku2l ∈ π
C2
2l−(k+2l)σ(Hℤ

∧
a) corresponds to a 

generator of H−2l(P∞
−k−2l), and the first map of (4.3.5) is a map of πC2

⋆ (Hℤ
∧
a)-modules.

Remark 4.3.9. Let x be an element in As,2t[2]. Analogous to the definition of ux 4.2.14, 
the choice of the element [ux] may not be unique, but may depend on the choice of 
splitting of (4.3.8). However different lifts [ux] coming from two choices of splitting 
differ by an element of the form

∑
i 
(a2

u2 )
i

a[yi]
for yi ∈ A

s−1−2i,2t.

Remark 4.3.10. If X is a ring spectrum, the map α in (4.3.5) is a map of rings, and 
therefore we have

[x] ⋅ [y] = [xy].
Moreover the map β in (4.3.5) is a map of modules over A∗,∗. It follows from an argument 
analogous to that of Lemma 4.2.13 that any splitting of (4.3.5) is a splitting of modules 
over A∗,∗, and therefore given x ∈ A

s,2t and y ∈ A
s
′
,2t′[2], we have

[x] ⋅ [uy] = [uxy].
The following proposition is an immediate consequence of the Künneth theorem 

(4.3.5).
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Proposition 4.3.11. For X ∈ SpBG
i2 with trivial action and MU∗X-torsion-free, under the 

maps (4.3.7) and (4.3.8) there is an isomorphism

MANSS
E

∗,⋆
2 (X) ≅ (A∗,∗ ⊗ ℤ[u±2

, a]/(2a))⊕ (A∗,∗[2]⊗ 𝔽2[u±2
, a]).

Corollary 4.3.12. For X as in Proposition 4.3.11, the first double complex spectral se
quence

IE
a,b,2t−a−b−j+jσ
2 (X) = Exta,2t((MU2)∗X ⊗H

b+j(P∞
j ))

⟹ MANSS
E

a+b,2t−a−b−j+jσ
2 (X)

collapses.

Proof. Assume P∞
j is given a finite type cellular structure. Let Bk ⊆ Z

k ⊆ C
k
cell(P∞

j )
denote the subgroups of coboundaries and cocycles of the cellular cochain complex. Then 
we have a resolution of free abelian groups

0 → B
k
→ Z

k
→ H

k(P∞
j ) → 0.

Since (MU2)∗(X) is torsion free, we have a short exact sequence of (MU2)∗(MU2)
comodules

0 → (MU2)∗X ⊗B
k
→ (MU2)∗X ⊗ Z

k
→ (MU2)∗ ⊗H

k(P∞
j ) → 0,

and therefore an exact sequence on Ext:

A
a,2t ⊗B

k (1) 
−−→ A

a,2t ⊗ Z
k
→ Exta,2t((MU2)∗X ⊗H

k(P∞
j )) → A

a+1,2t ⊗B
k

(2) 
−−→ A

a+1,2t ⊗ Z
k
.

It follows that we have a short exact sequence (``universal coefficient theorem'')

0 → A
a,2t ⊗H

k(P∞
j ) → Exta,2t((MU2)∗X ⊗H

k(P∞
j )) → Torℤ1(Aa+1,2t

, H
k(P∞

j )) → 0
(4.3.13)

involving the cokernel of (1) and the kernel of (2). Comparing the description of IE2
in (4.3.13) with the description of MANSS

E2 in (4.3.5), we see that there can be no 
differentials in the first double complex spectral sequence. □

Remark 4.3.14. A similar argument, using the classical Universal Coefficient Theorem 
for cohomology, shows that the second double complex spectral sequence also collapses.
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4.4. The ℂ-motivic MANSS and the algebraic AHSS

We continue with the assumption in the last subsection that X ∈ SpBC2
i2 is a Borel 

spectrum with trivial C2 action, and (MU2)∗X is torsion-free. We will now proceed 
with our goal of relating differentials in the MANSS to those in the Atiyah–Hirzebruch 
spectral sequence (AHSS). Our strategy will be to use complex motivic homotopy as 
a means of intrinsically encoding the Adams–Novikov aspect of the MANSS. For this 
purpose we will add the following assumption for the rest of the section.

Assumption 4.4.1. The graded group (MU2)∗X is concentrated in even degrees.

Let

νℂ ∶ Spi2 → SH(ℂ)i2
be the section of Betti realization Be ∶ SH(ℂ)i2 → Spi2 constructed in [16]. Letting 
τ ∈ π

ℂ

0,−1𝕊2 denote the canonical generator, we let Cτ denote the cofiber of τ , and define 
for Z ∈ SH(ℂ)

Z/τ ≔ Z ⊗ Cτ.

We shall define a complex motivic lift MANSS
motE

∗,⋆,∗
r (νℂX) of the MANSS (the ``motivic 

MANSS''). There will then be a zig-zag

MANSS
E

∗,⋆
r (X) ≅ MANSS

motE
∗,⋆,∗
r (νℂX[τ−1]) ← MANSS

motE
∗,⋆,∗
r (νℂX)

→
MANSS

motE
∗,⋆,∗
r (νℂX/τ)

and we will show that the spectral sequence MANSS
motE

∗,∗+jσ,∗
r (νℂX/τ) is a variant of the 

algebraic AHSS for Ext∗,∗((MU2)∗(XP
∞
j )).

Because of our hypothesis that MU∗X is even, we have

π
ℂ

n,t(νℂX/τ) ≅ Ext2t−n,2t((MU2)∗X) = A
2t−n,2t (4.4.2)

and the τ -Bockstein spectral sequence for νℂX is equivalent to the ANSS for X. Specif
ically, we have isomorphisms

(MU2)2t(X) ≅ (MGL2)2t,t(νℂX)
and with respect to these isomorphisms we have an isomorphism

(MGL2)∗,∗(νℂX) ≅ (MU2)∗(X)[τ].
The motivic ANSS (the MGL2-based ASS in SH(ℂ)i2) for νℂX takes the form
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ANSS
motE

s,n,w
2 (νℂX) ⟹ π

ℂ

n−s,wνℂX.

We have

ANSS
motE

s,2w−s,w
2 (νℂX) ≅ A

s,2w

and we denote the image of an element x ∈ A
s,2w under the above isomorphism by

x̃ ∈ ANSS
motE

s,2w−s,w
2 (νℂX).

In the case where X = 𝕊2 the element τ ∈ π
ℂ

0,−1𝕊2 lifts to an element which we also 
denote

τ ∈ ANSS
motE

−2,0,−1
2 (𝕊2).

This gives ANSS
motE

∗,∗,∗
2 (νℂX) the structure of a ℤ[τ]-module, and we have

ANSS
motE

∗,∗,∗
2 (νℂX) ≅ A

∗,∗[τ].
A differential

d2r+1(x) = y

in the ANSS for X corresponds to a differential

d2r+1(x̃) = τ
r
ỹ

in the motivic ANSS for νℂX.
Define

νℂ(X,P
∞
j ) ≔ lim

m 
νℂ(XP

2m
j ).

We take the limit outside the νℂ because νℂ does not commute with limits in general. 
We will be interested in the complex motivic homotopy groups

π
ℂ

i,wνℂ(X,P
∞
j )

as lifts of the equivariant homotopy groups

π
C2
i+jσX

h ≅ πi(XP
∞
j ).

Remark 4.4.3. It may be the case that there is an equivalence

νℂ(X,P
∞
j ) ≃ (νℂX)L∞

j
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where the spectra L∞
j are the stunted versions of Bμ2 studied by [20], [44], but we are 

unable to determine this.

Lemma 4.4.4. The maps P 2m
j → P

2m
j+1 induce cofiber sequences

νℂ(XP
2m
j+1 ) → νℂ(XP

2m
j ) → Σ−j,−⌈j/2⌉

νℂX

νℂ(X,P
∞
j+1) → νℂ(X,P

∞
j ) → Σ−j,−⌈j/2⌉

νℂX.

Proof. Following, for example, [4, Sec. 8], using the torsion-free hypothesis on (MU2)∗X, 
we have isomorphisms of (MU2)∗-modules

(MU2)∗(XP
2m
2k−1) ≅ (MU2)∗(X)⊗(MU2)∗ x

k((MU2)∗[x]/(xm))⟨xi−1[2](x) ∶ i ≥ k⟩ ,
(MU2)∗(XP

2m
2k ) ≅ (MU2)∗(X)⊗(MU2)∗ x

k((MU2)∗[x]/(xm)) ⟨xi−1[2](x) ∶ i ≥ k + 1⟩
(4.4.5)

where ∣x∣ = −2 and [2](x) ∈ (MU2)∗[[x]] is the 2-series of the universal formal group 
law. Applying νℂ to the cofiber sequences

X
P

2m
2j+1 → X

P
2m
2j → Σ−2j

X

Σ−2j
X → X

P
2m
2j → X

P
2m
2j−1 ,

the result then follows from [16, Lem. 3.13, Prop. 3.18]. □

Definition 4.4.6. Consider the following motivic lift Γhμ2
MGL2

(νℂX)[j] ∈ SH(ℂ)Fil of the 
MANSS filtration:

Γhμ2
MGL2

(νℂX)[j]s ≔
⎧⎪⎪⎪⎨⎪⎪⎪⎩
νℂ(X,P

∞
j ) if s ≤ 0

colim
a+b≥s 

MGL
⊗a

2 ⊗̂νℂ(X,P
∞
j+b) if s > 0,

where the ⊗̂ notation is defined by

Z⊗̂νℂ(X,P
∞
ℓ ) ≔ lim

m 
Z ⊗ νℂ(XP

2m
ℓ )

for Z ∈ SH(ℂ)i2. We define the motivic MANSS to be the spectral sequence associated 
to this filtration.

Calculating the associated graded of this object gives a motivic analogue of 
Lemma 4.3.4:

MANSS
motE

s,2t−s+jσ,∗
1 (νℂX) ≅ ⨁

a+b=s
C

b+j,∗
cell,mot(νℂP∞

j )⊗ C
a,2t+j,∗(MGL2)∗,∗MGL2

((MGL2)∗,∗νℂX),
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where we are able to commute the limit in ⊗̂ past the colimit since the former is sequen
tial and the latter can be taken to be finite. Nonfiniteness issues involved in dualizing 
νℂ(𝕊, P∞

j ) to νℂ(P∞
j ) are explained in [16, Lemma 3.24]. Analogous arguments to (4.3.5)

hold in the motivic case and we obtain the following.

Lemma 4.4.7. There is a (non-canonically split) short exact sequence

0 → ⨁
a+b=s

A
a,2t ⊗ℤ2 H

b+j,w(νℂP∞
j ) → MANSS

motE
s,2t−s−j+jσ,t−w
2 (νℂX)

→ ⨁
a+b=s+1

Torℤ2
1 (Aa,2t

, H
b+j,w(νℂP∞

j )) → 0. (4.4.8)

The same argument as Corollary 4.3.12 gives the following.

Proposition 4.4.9. There is an isomorphism

MANSS
motE

s,2t−s−j+jσ,t−w
2 (νℂX) ≅ ⨁

a+b=s
Exta,2t((MU2)∗X ⊗ℤ2 H

b+j,w(νℂP∞
j )). (4.4.10)

In particular, we have

MANSS
motE

∗,∗,∗
2 (νℂX) ≅ MANSS

E
∗,∗
2 (X)⊗ ℤ[τ]. (4.4.11)

All elements of the E2-term of the motivic MANSS may be represented by elements of 
the form

τ
m
a
k
u

2l[x] or τma
k
u

2l[uy]
for k,m ≥ 0, l ∈ ℤ, x ∈ A

s,2t, y ∈ A
s,2t[2], and

[x] ∈ MANSS
motE

s,2t−s,t
2 (νℂX), [uy] ∈ MANSS

motE
s,2t−s+1−σ,t
2 (νℂX),

τ ∈ MANSS
motE

−2,0,−1
2 (νℂX), a ∈ MANSS

motE
1,−σ,0
2 (νℂX),

u
2 ∈ MANSS

motE
0,2−2σ,1
2 (νℂX).

Betti realization induces an equivalence [13]

SH(ℂ)Ti2[τ−1] ≃ Spi2 (4.4.12)

where SH(ℂ)Ti2 denotes the subcategory of SH(ℂ)i2 of cellular objects. The following is 
an immediate consequence of (4.4.11).

Proposition 4.4.13. The τ -local motivic MANSS with E2-term MANSS
motE

∗,⋆,∗
2 (νℂX)[τ−1]

is isomorphic to the 2-primary MANSS with E2-term MANSS
E

∗,⋆
r (X)[τ, τ−1].
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Proof. The canonical map induces an isomorphism on E2-terms. □

We will now endeavor to identify the spectral sequence we obtain by smashing the 
motivic MANSS filtration with Cτ . Define

Ext∗,∗((M̂U2)∗(XP
∞
j )) ≔ lim

m 
Ext∗,∗((MU2)∗(XP

2m
j ))

so we have

π
ℂ

n,tνℂ(X,P
∞
j ) = Extt−n,t((M̂U2)∗(XP

∞
j )).

By (4.4.5), there are short exact sequences

0 → (MU2)∗(XP
2m
2k+1) →(MU2)∗(XP

2m
2k ) → (MU2)∗(Σ−2k

X) → 0 (4.4.14)

0 → (MU2)∗(Σ−2k
X) ⋅xk−1[2](x) 

−−−−−−−−→(MU2)∗(XP
2m
2k ) → (MU2)∗(XP

2m
2k−1) → 0. (4.4.15)

Applying Ext(−) produces long exact sequences. We observe that each of the terms 
in these long exact sequences as well as each of the kernels and cokernels of the maps 
in the long exact sequences, are Mittag–Le�ler sequences in m and consequently ap
plying the functor limm Ext(−) also produces a long exact sequence. These long exact 
sequences splice together to give us an algebraic Atiyah–Hirzebruch spectral sequence 
(AHSS) (compare with [4, Sec. 8]):

AHSS
algE

l,s,t
1 (X,P

∞
j ) ⟹ Exts,t((M̂U2)∗(XP

∞
j ))

with

AHSS
algE

l,s,t
1 (X,P

∞
j ) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
Exts,t((MU2)∗(Σ−2k

X)), l = 2k ≥ j,

Exts+1,t((MU2)∗(Σ−2k
X)), l = 2k − 1 ≥ j,

0, l < j.

The differentials in the algebraic AHSS are determined by the effects of the attaching 
maps of cells in P∞

j on Ext((MU2)∗X).
There is a variant of the algebraic AHSS which involves taking 2 cells at a time. 

Specifically, applying limm Ext(−) to the decreasing filtration

(MU2)∗(XP
2m
j ) ← ⋯ ← (MU2)∗(XP

2m
2k−1) ← (MU2)∗(XP

2m
2k+1) ← ⋯

of (MU2)∗(XP
2m
j ) when j is odd and the decreasing filtration

(MU2)∗(XP
2m
j ) ← (MU2)∗(XP

2m
j+1 ) ← ⋯ ← (MU2)∗(XP

2m
2k−1) ← (MU2)∗(XP

2m
2k+1) ← ⋯
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when j is even gives rise to a variant of the algebraic AHSS which we will called the 
accelerated algebraic AHSS :

AHSS
alg,accE

k,s,t
1 (X,P

∞
j ) ⟹ Exts,t((M̂U2)∗(XP

∞
j ))

with

AHSS
alg,accE

k,s,t
1 (X,P

∞
j ) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
Exts,t(MU∗(Σ−2k

X ⊗M(2))), k > j/2,
Exts,t(MU∗(Σ−j

X)), j even and k = j/2,
0, otherwise.

Note that the same considerations as before apply so that applying limm to the long 
exact sequence produces another long exact sequence.

We define the motivic MANSS mod τ to be the spectral sequence with signature

MANSS
motE

s,i+jσ,w
1 (νℂX/τ) ⟹ πℂ

i,w(νℂ(X,P
∞
j )/τ)

associated to the filtered motivic spectrum Γh
MGL2(νℂX)[j]/τ . Since we have

H
b+j,w(νℂ((P∞

j )2)/τ) =
⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
ℤ2, b = 0, j even, w = j

2 ,

ℤ/2, b > 0, b + j even, w = b+j
2 ,

0 otherwise,

by (4.4.10) we have

MANSS
motE

s,i+jσ,w
2 (νℂX/τ)

=
⎧⎪⎪⎪⎨⎪⎪⎪⎩
Ext2w−i,b((MU2)∗X ⊗ℤ2 H

b−2w, b 2−w(νℂ((P∞
j )2)/τ)) b = i + s + j even,

0 otherwise.

The following proposition gives an isomorphism between the motivic MANSS mod τ
and the accelerated algebraic AHSS. In particular, it implies that mod τ , the differentials 
in the motivic MANSS are given by the effects of attaching maps in P∞

j on Ext.

Theorem 4.4.16. The isomorphisms

Ext2w−i,i+s+j((MU2)∗X ⊗ℤ2 H
i+s+j−2w, i+s+j2 −w(νℂP∞

j /τ))

≅

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
Ext2w−i,2w((MU2)∗(Σ−j

X)), i + s − 2w = 0, j even,
Ext2w−i,2w((MU2)∗(X ⊗ Σ2w−i−s−j

M(2))), i + s − 2w > 0,
0, otherwise
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induce an isomorphism of spectral sequences

MANSS
motE

s,i+jσ,w
2r+1 (νℂX/τ)

≅

π
ℂ

i,w(νℂ(X,P
∞
j )/τ)

≅

AHSS
acc,algE

i+j+s
2 −w,2w−i,2w

r (X,P
∞
j ) Ext2w−i,2w((M̂U2)∗(XP

∞
j )).

Proof. The fundamental observation is that if Y ∈ Spi2 and (MU2)∗Y even, then

π
ℂ

i,w(MGL
⊗a

2 ⊗ νℂ(Y )/τ) =
⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
Ext2w−i,2w((MU2)∗Y ), i < 2w − a,

Z
2w−i,2w((MU2)∗Y ), i = 2w − a,

0, i > 2w − s

(4.4.17)

where Z2w−i,2w((MU2)∗Y ) ⊆ C
2w−i,2w(MU2)∗MU2

((MU2)∗Y ) denotes the subgroup of cocycles 
in the normalized cobar complex. This is proven by induction on a using the cofiber 
sequences

MGL
⊗a+1
2 ⊗ νℂ(X)/τ → MGL

⊗a

2 ⊗ νℂ(X)/τ → MGL2 ⊗MGL
⊗a

2 ⊗ νℂ(X)/τ.
We will prove the theorem by directly comparing the exact couple of the accelerated 

Atiyah–Hirzebruch spectral sequence starting from the E2-term to the exact couple of 
the motivic MANSS, run at double speed, starting from the E1-term. To this end, we 
will first fix integers j and s and define a spectral sequence to compute

π
ℂ

i,wΓhμ2
MGL2

(νℂX)[j]s/τ.
We define a tower of spectra

Ys Ys−1 ⋯ Y1 Y0 Γhμ2
MGL2

(νℂX)[j]s/τ
Ss Ss−1 S0

βs βs−1 β0αs−1 α0

where

Yℓ ≔ colim
a+b≥s
a≤ℓ

(MGL
⊗a

2 ⊗̂νℂ(X,P
∞
j+b))/τ

and

Sf =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
cof(Yf+1 → Yf), if 0 ≤ f ≤ s − 1,
Ys, if f = s, and 

0 otherwise.



G. Angelini-Knoll et al. / Advances in Mathematics 484 (2026) 110698 51

Observe that we have

π
ℂ

i,wSf =
⎧⎪⎪⎪⎨⎪⎪⎪⎩
(MGL2 ⊗MGL

⊗f

2 )⊗̂νℂ(X,P
∞
j+s−f)/τ if 1 ≤ f ≤ s and 

MGL
⊗s

2 ⊗̂νℂ(X,P
∞
j ) if f = 0,

so when 1 ≤ f ≤ s we have

π
ℂ

i,wSf = {Ĉf,2w(MU2)∗MU2
( ̂(MU2)∗(XP

∞
j+s−f )), i = 2w − f,

0, otherwise.
(4.4.18)

Applying πℂ

i,w, we obtain a conditionally convergent spectral sequence with signature

E
i,f,w
1 = πi,wSf ⟹ Y0, (4.4.19)

with

E
i,f,w
1 =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

Ĉ
f,2w(MU2)∗MU2

((M̂U2)∗(XP
∞
j+s−f )), i = 2w − f, 0 ≤ f < s

Z
s,2w((M̂U2)∗(XP

∞
j )), i = 2w − s, f = s

Ext2w−i,2w((M̂U2)∗(XP
∞
j )), i < 2w − s, f = s

0, otherwise

by (4.4.18) and (4.4.17). Note that in each stem i, there is at most one non trivial bidegree 
(at filtration f = 2w − i when 2w − s ≤ i ≤ 2w, or f = s for i < 2w − s). Therefore, 
we will have no extensions and the spectral sequence is strongly convergent. For degree 
reasons, the only possibly non-trivial differentials are

d1∶ Ĉ
f,2w(MU2)∗MU2

((M̂U2)∗(XP
∞
j+s−f )) → Ĉ

f+1,2w(MU2)∗MU2
((M̂U2)∗(XP

∞
j+s−f−1)), (4.4.20)

and

d1∶ Ĉ
s−1,2w(MU2)∗MU2

((M̂U2)∗(XP
∞
j+1)) → Z

s,2w((M̂U2)∗(XP
∞
j )). (4.4.21)

Now, assume that s + i + j is odd. Then j + s + i − 2w + 1 is even so the map

Ĉ
∗,∗(MU2)∗MU2

((M̂U2)∗XP
∞
j+s+i−2w+1) ↠ Ĉ

∗,∗(MU2)∗MU2
((M̂U2)∗XP

∞
j+s+i−2w)

is a surjection by (4.4.15), and the map

Ĉ
∗,∗(MU2)∗MU2

((M̂U2)∗XP
∞
j+s+i−2w) ↪ Ĉ

∗,∗(MU2)∗MU2
((M̂U2)∗XP

∞
j+s+i−2w−1)

is an injection by (4.4.14). We compute (4.4.20) using the commutative diagrams
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π
ℂ

i,wS2w−i=Ĉ
2w−i,2w(MU2)∗MU2

((M̂U2)∗XP
∞
j+s+i−2w) α2w−i+1

d
d1

π
ℂ

i−1,wY2w−i+1

β2w−i+1

Ĉ
2w−i+1,2w(MU2)∗MU2

((M̂U2)∗XP
∞
j+s+i−2w) π

ℂ

i−1,wS2w−i+1=Ĉ
2w−i+1,2w(MU2)∗MU2

((M̂U2)∗XP
∞
j+s+i−2w−1)

and

π
ℂ

i,wS2w−i−1 = Ĉ
2w−i−1,2w(MU2)∗MU2

((M̂U2)∗XP
∞
j+s+i−2w+1) α2w−i

d1

π
ℂ

i,wY2w−i

β2w−i

Ĉ
2w−i−1,2w(MU2)∗MU2

((M̂U2)∗XP
∞
j+s+i−2w)

d
Ĉ

2w−i,2w(MU2)∗MU2
((M̂U2)∗XP

∞
j+s+i−2w).

We can compute the differential (4.4.21) in a similar way. We therefore have

π
ℂ

i,wΓhμ2
MGL2

(νℂX)[j]s/τ ≅ Ext2w−i,2w((M̂U2)∗XP
∞
i+s−2w+j) (4.4.22)

for i + s + j odd. By construction, these isomorphisms are compatible in the sense that

π
ℂ

i,wΓhμ2
MGL2

(νℂX)[j]s/τ Ext2w−i,2w((M̂U2)∗XP
∞
i+s−2w+j)

π
ℂ

i,wΓhμ2
MGL2

(νℂX)[j]s−2/τ Ext2w−i,2w((M̂U2)∗XP
∞
i+s−2−2w+j)

≅

≅

is a commutative diagram. Note that since

MANSS
motE

s,i+jσ,w
2 (νℂX/τ)

is concentrated in degrees with i + j + s even, it only has non-trivial dr-differentials for 
r odd, and there are isomorphisms

MANSS
motE

s,i+jσ,w
2r (νℂX/τ) ≅ MANSS

motE
s,i+jσ,w
2r+1 (νℂX/τ).

To prove the theorem, we must show that under the isomorphism

MANSS
motE

s,i+jσ,w
2 (νℂX/τ) ≅ AHSS

acc,algE
i+j+s

2 −w,2w−i,2w
1 (X,P

∞
j )

the d2r+1 differentials in the motivic MANSS for νℂX/τ coincide with the dr differentials 
in the accelerated algebraic AHSS for XP

∞
j . This follows from the following commutative 

diagram
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π
ℂ

i,w ( Γs

Γs+1
) Z

s,i+jσ,w
1

π
ℂ

i−1,w(Γs+1) MANSS
motE

s,i+jσ,w
2

AHSS
acc,algE

k,a−1,2w
1

π
ℂ

i−1,w(Γs+2) Exta,2w((M̂U2)∗XP
∞
2k+1)

π
ℂ

i−1,w(Γs+2r) Exta,2w((M̂U2) ∗X
P

∞
2(k+r)−1)

π
ℂ

i−1,w(Γs+2r+1) MANSS
motE

s+2r+1,i−1+jσ,w
2

AHSS
acc,algE

k+r,a,2w
1

π
ℂ

i−1,w (Γs+2r+1
Γs+2r+2

)) Z
s+2r+1,i−1+jσ,w
1

≃

≃

≃

≃

where i + j + s is even, k ≔ i+j+s−2w
2 , a ≔ 2w − i + 1, we write

Γs = Γhμ2
MGL2

(νℂX/τ)[j]s
and Z∗,∗,∗

1 ⊆ MANSS
motE

∗,∗,∗
1 (νℂX/τ) denotes the subgroup of d1-cycles. □

5. Applications

We end with some computations of the MANSS to illustrate our perspective.

5.1. Example: koC2 at p = 2

Using the (2-primary) MANSS (see Definition 3.4.1), we revisit the computation of 
the RO(C2)-graded homotopy groups of the C2-homotopy fixed points of the 2-complete 
C2-equivariant connective real K-theory spectrum πC2

∗∗(koC2)∧2,a. By [6, §10], this is the 
same information as the Artin–Tate homotopy groups of the a-complete very effective 
Hermitian K-theory πAT

∗∗∗(kq∧2,a). The MANSS for (koC2)∧2,a has signature

MANSS
E

s,i+jσ
2 ((koC2)∧2,a) ⟹ πC2

i+jσ((koC2)∧2,a).
Recall that the underlying spectrum of (koC2)∧2,a is the 2-complete connective real K
theory spectrum ko2, whose Adams–Novikov E2-term is of the form

ANSS
E

∗,∗
2 (ko2) = ℤ2[h1, v

2
1]/2h1
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where the generators have degree ∣h1∣ = (1, 2) and ∣v2
1∣ = (0, 4). Here we use Adams 

grading convention.
There are two avenues to computing the E2-term of the MANSS, namely those given 

in Sections 4.2 and 4.3.

Lemma 5.1.1. The results in Section 4.2 apply to the spectrum (koC2)∧2 .

Proof. The MUℝ-projective hypothesis was used in that section in three ways. First, we 
use the fact that (MU2)∗Xe is torsion-free in (4.2.17); this holds for Xe = ko

∧
2 . Second, in 

Lemma 4.2.2, we use this hypothesis to calculate the action of C2 on π2f(MU
e
ℝ,2⊗𝕊

j−jσ). 
Consider the long exact sequence in MUℝ,2-homology associated to the ``Wood cofiber 
sequence''

Σσ(koC2)∧2 η
∧
2 −−→ (koC2)∧2 → kℝ2

of [14, Prop. 10.13]. Since the Hurewicz image of [η] ∈ π
C2
σ (𝕊) in πσMUℝ is trivial, the 

long exact sequence splits, and so (MUℝ,2)∗,∗(koC2)∧2 injects into (MUℝ,2)∗,∗kℝ2. So 
it suffices to calculate the C2-action on (MUℝ,2)∗,∗kℝ2. Since kℝ2 is strongly even (for 
example, using the criterion in [21, Lemma 1.2(ii)] and the calculation of πC2

∗,∗kℝ2 in 
[10]), there is a splitting MUℝ ⊗ kℝ2 ≃ ⋁k Σkρ

kℝ2 by [1, Proposition 2.31]. Since the 
action on kℝ comes from complex conjugation, the generator of C2 acts on π∗(kℝe

2⊗𝕊
⋆)

with the same formula as in Lemma 4.2.2 for MUℝ,2.
Third, the MUℝ-projective property is a hypothesis for Theorem 3.1.4. However, we 

may check the result directly using knowledge of the C2-effective slice spectral sequence 
for (koC2)∧2 [33] and the fact ([6, Proposition 1.37]) that the motivic effective slice spectral 
sequence agrees with the �-Bockstein spectral sequence. □

Now it follows from Proposition 4.2.20 and Remark 4.2.19 that we have

MANSS
E

∗,⋆
2 ((koC2)∧2,a) ≅ ℤ2[u±2

, a, h1, v
2
1]/(2a, 2h1)⊕ 𝔽2[u±2

, a, h1, v
2
1]{uh1}.

Here, labeling degrees as (filtration, RO(C2)-stem), we have

∣u2∣ = (0, 2 − 2σ), ∣a∣ = (1,−σ),
∣h1∣ = (1, σ), ∣v2

1∣ = (0, 2ρ),
∣uh1∣ = (1, 1).

Note that while in general the generator uh1 depends on a choice of a lift, by Re
mark 4.2.18, this lift is unique in this case because Ext0,2(MU∗ko) = 0.

However, as the underlying spectrum ko∧2 of (koC2)∧2,a has a trivial C2-action, Propo
sition 4.3.11 gives a different presentation of the MANSS E2-term:



G. Angelini-Knoll et al. / Advances in Mathematics 484 (2026) 110698 55

MANSS
E

∗,⋆
2 ((koC2)∧2,a) ≅ ℤ2[u±2

, a, [h1], [v2
1]]/(2a, 2[h1])

⊕ 𝔽2[u±2
, a, [h1], [v2

1]]{[uh1]},
with

∣[h1]∣ = (1, 1), ∣[v2
1]∣ = (0, 4),

∣[uh1]∣ = (1, 2 − σ).
Note that analogous to the case of uh1, the generator [uh1] has the potential to depend 
on a choice of a lift, but by Remark 4.3.9, because Ext0,2((MU2)∗ko2) = 0, this lift is 
also unique in this case.

Finally, Proposition 4.4.9 and Remark 4.3.10 gives the motivic MANSS E2-term:

MANSS
motE

∗,⋆,∗
2 ((νℂ((ko)2)) ≅ ℤ2[u±2

, a, [h1], [v2
1], τ]/(2a, 2[h1])

⊕ 𝔽2[u±2
, a, [h1], [v2

1], τ]{[uh1]}.
Recording tridegrees as (filtration, RO(C2)-stem, motivic weight), we have

∣u2∣ = (0, 2 − 2σ, 1), ∣a∣ = (1,−σ, 0),
∣[h1]∣ = (1, 1, 1), ∣[v2

1]∣ = (0, 4, 2),
∣[uh1]∣ = (1, 2 − σ, 1), ∣τ ∣ = (−2, 0,−1).

Theorem 4.4.16 implies that mod τ the motivic AHSS can be identified with the ac
celerated algebraic AHSS for Ext((M̂U2)∗koP∞

j

2 ). Under this correspondence, the class 
a
k
u

2l[uε
x] corresponds to the class

x[−2l − ε] ∈ AHSS
algE

∗,∗,∗
1 (ko2, P

∞
−k−2l−ε)

which represents ``x on the (−2l − ε)-cell of P∞
−k−2l−ε''.

The following theorem explains the philosophy that in the case of a trivial action, 
MANSS differentials can be derived from ANSS differentials and algebraic AHSS differ
entials.

Theorem 5.1.2. In the MANSS for (koC2)∧2,a, the d3-differentials are determined by

(1) d3(a) = 0,
(2) d3([v2

1]) = [h3
1],

(3) d3(u2) = a
2[h1],

(4) d3([uh1]) = a
2

u2 [uh2
1].

For dimensional reasons we have E4 = E∞.
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Proof. To prove (1), note that the element a is always a permanent cycle in the MANSS 
due to the fact that it comes from πC2

−σ𝕊
0.

To prove (2), note that for dimensional reasons, we have

d3([v2
1]) = α[h3

1] + β
a
2

u2 [v2
1h1]

for α, β ∈ 𝔽2. Consider the map from the MANSS to the ANSS from Corollary 4.1.5. 
In the Adams–Novikov spectral sequence, we have d3(v2

1) = h
3
1. Since [v2

1] maps to v2
1

and α[h3
1] + β a

2

u2 [v2
1h1] maps to αh2

1, we deduce that α = 1. In the motivic MANSS for 
νℂ(ko2) we therefore have

d3([v2
1]) = ατ[h3

1] + β
a
2

u2 [v2
1h1]

= τ[h3
1] + β

a
2

u2 [v2
1h1].

Therefore in the motivic MANSS for νℂ(ko2)/τ we have

d3([v2
1]) = β

a
2

u2 [v2
1h1].

Since the 0-cell splits off of P∞
0 , we have

d1([v2
1]) = 0

in the accelerated algebraic AHSS for Ext((M̂U2)∗koP∞
0

2 ). By Theorem 4.4.16 we deduce 
β = 0.

To prove (3), note that for dimensional reasons, in the MANSS we have

d3(u2) = αa
2[h1]

for α ∈ 𝔽2. This corresponds to a differential

d3(u2) = αa
2[h1]

in the motivic MANSS for νℂ(ko2), and hence a differential

d3(u2) = αa
2[h1]

in the motivic MANSS for νℂ(ko2)/τ . However, since the 0-cell attaches to the -2-cell of 
P

∞
−2 by an η-attaching map, we have

d1(u2) = a
2[h1]
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in the accelerated algebraic AHSS for Ext((M̂U2)∗P∞
−2). It follows that α = 1. (Note (3) 

could also have been deduced from Proposition 4.1.8.)
To prove (4), note that for dimensional reasons, in the MANSS we have

d3([uh1]) = α
a
2

u2 [uh2
1]

for α ∈ 𝔽2. This corresponds to a differential

d3([uh1]) = α
a
2

u2 [uh2
1]

in the motivic MANSS for νℂ(ko2), and hence a differential

d3([uh1]) = α
a
2

u2 [uh2
1]

in the motivic MANSS for νℂ(ko2)/τ . However, since the 1-cell attaches to the -1-cell of 
P

∞
−1 by an η-attaching map, we have

d1([uh1]) = a
2

u2 [uh2
1]

in the accelerated algebraic AHSS for Ext((M̂U2)∗P∞
−1). It follows that α = 1. □

The element [uh1] is not a product in the E2-term of the MANSS for (koC2)∧2,a
because u does not exist on the E2-term. The following proposition is therefore needed 
to completely identify the multiplicative structure in MANSS

E((koC2)∧2,a).
Proposition 5.1.3. In MANSS

E2((koC2)∧2,a) there is a multiplicative relation

[uh1]2 = u
2[h2

1] + a
2[v2

1].
Proof. For degree reasons, we know that

[uh1]2 = αu
2[h2

1] + βa
2[v2

1]
for some α, β ∈ 𝔽2. By the Leibniz rule, we have

0 = d3([uh1]2) = d3(αu2[h2
1] + βa

2[v2
1])

= αa
2[h3

1] + βa
2[h3

1].
Therefore, we have α = β. Note that under the map of spectral sequences from the 
MANSS to the ANSS given by Corollary 4.1.5, we have [uh1] maps to h1. Since h2

1 ≠ 0, 
we conclude that α = β = 1. □



58 G. Angelini-Knoll et al. / Advances in Mathematics 484 (2026) 110698 

Next we discuss how to compare the classes [x] and x that appear in the two forms 
of MANSS

E
∗,⋆
2 (Xe) when the results of both Sections 4.2 and 4.3 hold for X. If x ∈

Exts,2t((MU2)∗Xe), then we have two different MANSS classes:

x ∈ MANSS
E

s,t−s+tσ(X∧
a ), and

[x] ∈ MANSS
E

s,2t−s
2 (X∧

a ).
By Lemma 4.2.2, we either have t = 2k or 2x = 0. Write t = 2k + ε. By considering the 
map to the ANSS (Corollary 4.1.5), we have

[x] ≡ u
2k
uεx (mod a).

For example, when X = (koC2)∧2,a, we deduce that

[v2
1] = u

2
v2
1 ,

[h1] = uh1, and 

[uh1] = u
2
h1

for dimensional reasons. In particular, squaring the last of these equations and using 
Proposition 5.1.3 gives

u
4
h

2
1 = u

2[h2
1] + a

2[v2
1].

Dividing by u4, we get

h2
1 = u

−2[h2
1] + u

−4
a
2[v2

1], (5.1.4)

which gives an example of an x ∈ Ext where [x] ≠ u
t
x. More generally we have

h2k
1 = (u−2[h2

1] + u
−4
a
2[v2

1])k.
Analogous to the case of [uh1], the element uh1 is not a product in the E2-term of 

the MANSS for (koC2)∧2,a. We deduce the following exotic multiplicative relation, which 
was originally proven by the fourth author in [33] in the C2-ESSS.

Proposition 5.1.5. In MANSS
E((koC2)∧2,a) there is a multiplicative relation

uh1
2 = u

2
h2

1 + a
2
v2
1 .
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Proof. Solving (5.1.4) for [h2
1], we have

[h1]2 = u
2
h2

1 + u
−2
a
2[v2

1]
= u

2
h2

1 + a
2
v2
1 .

The result follows from the fact that [h1] = uh1. □

We deduce the following differentials in the C2-ESSS naming convention, which cor
respond to the generating differentials in the C2-ESSS for koC2 as computed by the 
fourth author in [33]. These differentials are implied by the differentials computed in 
Theorem 5.1.2 and the multiplicative relation from Proposition 5.1.5 so we only men
tion them in order to provide a dictionary between the computations above and the 
computations in [33].

Corollary 5.1.6. In the MANSS for (koC2)∧2,a, we have

d3(u2) = a
2
uh1, and d3(v2

1) = uh3
1.

Proof. The first differential follows immediately from Theorem 5.1.2 (1). The second is 
computed from Theorem 5.1.2 and Proposition 5.1.3. On the one hand, we have

d3(u2
v2
1) = d3([v2

1]) = (uh1)3 Thm.5.1.2= [h1]3 = uh1 ⋅ (u2
h

2
1 + a

2
v2
1).

However, the Leibniz rule gives

d3(u2
v2
1) = a

2
uh1 ⋅ v

2
1 + u

2
d3(v2

1).
We deduce that

d3(v2
1) = uh1 ⋅ h

2
1 = uh3

1. □

5.2. Example: tmf(2) at p = 3

We now consider the 3-complete spectrum tmf(2)3 of topological modular forms for 
Γ(2) studied in depth in [29]. Recall that a Γ(2)-structure on an elliptic curve C is a 
choice of isomorphism

𝔽2 ⊕ 𝔽2
≅
−→ C[2]

where C[2] denotes the 2-torsion subgroup-scheme of C. Associated to the Deligne
Mumford compactification of the moduli stack of elliptic curves with level 2 structure is a 
non-connective commutative ring spectrum Tmf(2) [45, §5.3]. The group GL2(𝔽2) ≅ Σ3
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acts transitively on the set of Γ(2)-structures, and this gives Tmf(2) the structure of a 
commutative Borel Σ3-spectrum, which we may regard as a genuine commutative Σ3
spectrum. Following [29, Notation 1.7], we define tmf(2) ∈ SpΣ3

to be the Σ3-equivariant 
connective cover of Tmf(2). The periodic version of tmf(2)3 is given by

TMF(2)3 ≔ tmf(2)3[Δ−1] ≃ (tmf(2)E(2))3.
By [45, Theorem 6.1], we have

TMF3 ≃ TMF(2)hΣ3
3 .

Recall that there is a decomposition Σ3 ≅ C3⋊C2 where C2 acts nontrivially on C3. The 
HFPSS for the C2-action on the parametrized C3-homotopy fixed points TMF(2)hC2C3

3
(see [18] [43, 1.6. Definition]) degenerates to give an isomorphism

π∗TMF3 ≅ π∗(TMF(2)hC2C3
3 )hC2 .

We remark that K(2)-locally, there is a maximal finite subgroup G12 = C3 ⋊ C4 of 
the second Morava stabilizer group where C4 acts nontrivially on C3. We have

Σ3 = G12/C ′
2 = C3 ⋊ (C4/C ′

2)
where C ′

2 is the subgroup of C4 of order 2. There is an equivalence

TMF(2)K(2) ≃ E
hC

′
2×Gal(𝔽9/𝔽3)

2

where E2 is the Morava E-theory spectrum associated to the formal group of the unique 
supersingular elliptic curve over 𝔽9. Thus we have (see [5, Proposition 1.6.12])

TMFK(2) ≃ E
h(G12⋊Gal)
2 ≃ (EhC

′
2⋊Gal

2 )hΣ3 .

With respect to the decomposition Σ3 = C3 ⋊C2, let γ be a choice of generator of the 
subgroup C3 and μ be the generator of the subgroup C2. We have [45, Sec. 7]

π∗tmf(2)3 ≅ ℤ3[e1, e2].
The Σ3-action is encoded by

γ(e1) = e2, γ(e2) = −e1 − e2,

μ(e1) = −e2, μ(e2) = −e1.

Define the element Δ1/2 ∈ π12tmf(2)3 to be
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Δ1/2 ≔ 4e1e2(e1 + e2)
so we have (Δ1/2)2 = Δ ∈ π24tmf(2)3 [45, Eq. (16)]. Note that

Δ1/2 = −4e1 ⋅ γ(e1) ⋅ γ2(e1).
We will now compute the (C3-equivariant 3-primary) MANSS for tmf(2)h3 where

tmf(2)h3 ≔ F (EC3+, tmf(2)3)
is the Borel completion of tmf(2)3.
Remark 5.2.1. We warn the reader that the MANSS computation for tmf(2)3 in this 
subsection is not particularly novel or deep. We shall see that the MANSS in this case is 
isomorphic to the RO(C3)-graded HFPSS. This is expected given the fact that E2 is μ3
oriented in the sense of [29] and the MANSS should agree with the homotopy completion 
of the slice spectral sequence in this case.

Indeed, the behavior of the RO(C3)-graded HFPSS spectral sequence of E2 is well
known to experts, and is essentially described in [24], where it is related to a conjectural 
description of the odd primary slice spectral sequence. This conjectural description is 
verified in [48]. A detailed account of the behavior of the RO(Cp)-graded HFPSS for 
the Morava E-theory spectra En(p−1) is the subject of a forthcoming paper of Andrew 
Senger. We are grateful to Senger for both generously sharing his results, and allowing 
us to use the n = 1 case of his computations to illustrate this odd primary example of 
the MANSS.

Write RO(C3) = ℤ{1, λ}, where λ is the standard 2-dimensional representation of C3
given by rotation by 120 degrees. Note that the real regular representation ρ = ℝ[C3] of 
C3 is given by ρ = 1+λ. Following [24,48,29], we shall find that the computation will be 
cleaner via the introduction of a spoke-enhanced representation grading. Let

S
⤚ ⊂ S

λ

denote the unreduced suspension of the 3rd roots of unity in λ (so that S⤚ is the 1
skeleton of the usual C3-CW complex structure of Sλ). Since Sλ is the C3-analog of the 
C2-representation sphere S2σ, in some sense S⤚ plays the role of ``Sλ/2'', as it is the C3
analog of Sσ. For example, there is a cofiber sequence

(C3)+ → S
0
→ S

⤚

. (5.2.2)

However, we avoid taking this analogy too literally, as

S
⤚ ⊗ S

⤚ ≃ S
λ ∨ (C3)+ ⊗ S

2 / ≃ S
λ
.
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We define S−⤚ ≔ D(S⤚), but note that S⤚ is not invertible. We do have

S
λ−⤚ ≃ S

⤚

which implies that

S
−⤚ ≃ S

⤚ ⊗ S
−λ

.

We therefore define

RO
⤚(C3) = RO(C3)⊕ ℤ{⤚}(2⤚ = λ) ,

and we then have

−(⤚) = ⤚ − λ ∈ RO
⤚(C3).

Given i + jλ + ε⤚ (with ε ∈ {0, 1}), we define for X ∈ SpC3
,

π
C3
i+jλ+ε⤚(X) ≔ [Si+jλ ⊗ (S⤚)ε, X]C3 .

In this subsection, we will use πC3
⭐ to denote RO

⤚(C3)-graded homotopy groups. If 
R ∈ SpC3

is a ring spectrum, then πC3
⭐ R is a module over πC3

⋆ R. Let

a⤚∶ S
−⤚

→ S
0

denote the Spanier-Whitehead dual of the second map of (5.2.2). The λ-suspension of 
this map is the canonical inclusion

a⤚∶ S
⤚

↪ S
λ
.

If we abusively also use a⤚ to denote the Spanier-Whitehead dual of this map

a⤚∶ S
−λ

→ S
−⤚

then it makes sense to form a2
⤚, and we have

a
2
⤚ = aλ.

For any X ∈ SpC3
, the RO

⤚(C3)-graded homotopy groups πC3
⭐ are a module over ℤ[a⤚].

Our goal is to compute the RO
⤚(C3)-graded MANSS with signature

MANSS
E

s,⭐(tmf(2)h3) ⟹ πC3
⭐ tmf(2)h3 .
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Consider the second double complex spectral sequence

IIE
a,b,⭐(tmf(2)h3) = H

a(C3; Extb,a+b((MU3)∗(tmf(2)3 ⊗ S
−⭐)))

⟹ MANSS
E

a+b,⭐(tmf(2)h3).
Since π∗tmf(2)3 is concentrated in even degrees, it is complex orientable, and therefore 
its ANSS collapses with Extb,∗((MU3)∗tmf(2)3) = 0 for b > 0. In particular, the second 
double complex spectral sequence collapses to give an isomorphism

MANSS
E

s,⭐
2 (tmf(2)h3) ≅ H

s(C3;πs(tmf(2)3 ⊗ S
−⭐)). (5.2.3)

It follows from Proposition 4.1.8 that the MANSS is isomorphic to the HFPSS. We first 
identify the E2-term of this spectral sequence.

Proposition 5.2.4. There are preferred generators c4 and c6 and an additive isomorphism

MANSS
E

∗,⭐(tmf(2)h3) ≅
π
C3
⭐ Hℤ

h
3[c4, c6,Δ1/2]/(a⤚c4, a⤚c6, c

3
4−c

2
6−123(Δ1/2)2){v1, v

′
1, u⤚c4, u

′
⤚c4, u⤚c6, u

′
⤚c6} (c4 ⋅ v1, c6 ⋅ v1, a⤚ ⋅ v′1, c4 ⋅ v

′
1, c6 ⋅ v

′
1, a⤚⋅ u⤚c4, a⤚⋅ u

′
⤚
c4, a⤚ ⋅ u⤚c6, a⤚ ⋅ u′

⤚
c6, c6 ⋅ u⤚c6) .

(5.2.5)

Furthermore the inclusion

π
C3
⭐ Hℤ

h
3[c4, c6,Δ1/2]/(a⤚c4, a⤚c6, c

3
4 − c

2
6 − 123(Δ1/2)2) ↪ MANSS

E
∗,⭐(tmf(2)h3)

is an inclusion of rings, and the isomorphism (5.2.5) is an isomorphism of modules over 
this subring.

Proof. Our first task will be to compute π∗tmf(2)3 as a C3-module. Let ℤ⤚ denote 
the kernel of the augmentation ℤ[C3] → ℤ. Note that we have an isomorphism of C3
modules:

H1(S⤚;ℤ) ≅ ℤ
⤚

.

As a ℤ[C3]-module we have

π0tmf(2)3 = ℤ3{1}
π4tmf(2)3 = ℤ

⤚

3 {e1}
π8tmf(2)3 = ℤ3[C3]{e2

1}
π12tmf(2)3 = ℤ3{Δ1/2}⊕ ℤ3[C3]{e2

1e2}



64 G. Angelini-Knoll et al. / Advances in Mathematics 484 (2026) 110698 

π16tmf(2)3 = ℤ
⤚

3 {Δ1/2
e1}⊕ ℤ3[C3]{e4

1}
π20tmf(2)3 = ℤ3[C3]{Δ1/2

e
2
1, e

4
1e2}

⋮

In general, we have an isomorphism of C3-modules

π∗tmf(2)3 ≅ ℤ3[Δ1/2]⊗ (ℤ{1}⊕ ℤ
⤚{e1}⊕ ℤ[C3]{e2i

1 e
ε
2 ∶ i > 0, ε ∈ {0, 1}}) . (5.2.6)

Note that we have (using the analog of [8, Theorem V.2.4])

π
C3
i+jλ+ε⤚Hℤ

h
3 ≅ H

−i((EC3)+ ⊗C3 S
jλ+ε⤚;ℤ3)

≅ H
−i−2j−ε(C3;ℤ

ε⤚
3 ).

It follows from elementary group cohomology computations that we have

π
C3
⭐ Hℤ

h
3 ≅ ℤ3[u±

λ, a⤚]/(3a⤚) (5.2.7)

with

∣uλ∣ = 2 − λ, and ∣a⤚∣ = −⤚.

Observe that we have

MANSS
E

0,λ+⤚+1(tmf(2)3) = H
0(C3;π0(tmf(2)3 ⊗ S

−λ−⤚−1))
≅ H

0(C3;ℤ
⤚

3 ⊗ ℤ
⤚)

≅ H
0(C3;ℤ3)⊕H

0(C3;ℤ3[C3])
≅ ℤ3 ⊕ ℤ3.

We let v1 denote a generator of the first summand, and v′1 denote a generator of the 
second summand. We let c4 be a generator of

MANSS
E

0,8(tmf(2)h3) = H
0(C3;π8tmf0(2)3)

= H
0(C3;ℤ3[C3]{e2

1})
= ℤ3,

and let u⤚c4 and u′
⤚c4 denote the generators of

MANSS
E

0,7+⤚(tmf(2)h3) = H
0(C3;π7tmf0(2)3 ⊗ S

−⤚)
= H

0(C3;ℤ3[C3]{e2
1}⊗ ℤ

⤚)
= ℤ3 ⊕ ℤ3.
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Similarly we take c6 to be a generator of the second summand of

MANSS
E

0,12(tmf(2)h3) = H
0(C3;π12tmf0(2)3)

= H
0(C3;ℤ3{Δ1/2}⊕ ℤ3[C3]{e2

1e2})
= ℤ3 ⊕ ℤ3

where the first summand is generated by Δ1/2. We let u⤚c6 and u′
⤚c6 be the generators 

of the first and second summands of

MANSS
E

0,11+⤚(tmf(2)h3) = H
0(C3;π11tmf0(2)3 ⊗ S

−⤚)
= H

0(C3;ℤ3{Δ1/2}⊗ ℤ
⤚ ⊕ ℤ3[C3]{e2

1e2}⊗ ℤ
⤚)

= ℤ3 ⊕ ℤ3.

If we take c4 and c6 to be the generators coming from the image of

π∗tmf3 → π∗tmf(2)3
then the result follows from (5.2.3), (5.2.6), and (5.2.7). □

The μ3-orientation of tmf(2) in [29, Theorem 1.9.] gives rise to a C3-equivariant map

v1∶ S
λ+⤚+1

→ tmf(2)3
which is an isomorphism on πe

4 (after 3-completion). Since tmf(2)3 is a C3-commutative 
ring spectrum, the norm-restriction adjunction [25, Prop. 2.27] gives rise to a map

N
C3
e ResC3

e tmf(2)3 → tmf(2)3.
Therefore, we may norm the element e1 ∈ π

e
4tmf(2)3 to get an equivariant enhancement 

of Δ1/2:

Δ
1/2 ≔ −4NC3(e1) ∈ π

C3
4ρ tmf(2)3.

Proposition 5.2.8. In the MANSS for tmf(2)3 there are differentials

d5(u8
λ(Δ1/2)2) = a

5
⤚u

7
λ(Δ1/2)2,

d5(uλ) = a
5
⤚v1,

d9(a⤚u
17
λ v1(Δ1/2)4) = a

10
⤚ u

15
λ (Δ1/2)5

d9(u2
λv1) = a

9
⤚Δ

1/2
.



66 G. Angelini-Knoll et al. / Advances in Mathematics 484 (2026) 110698 

These generate all of the differentials in the MANSS under the Leibniz rule and in 
particular we find that

u
i
λu

ε
⤚c4, u

′
⤚c4, u

i
λu

ε
⤚c6, u

′
⤚c6, uλv1, v

′
1, u

3
λ

are permanent cycles. It follows that (Δ1/2)3 = u
12
λ (Δ1/2)3 is a permanent cycle, and 

the MANSS is therefore (Δ1/2)3-periodic.

Proof. The HFPSS/MANSS for tmf(2)3 maps to the HFPSS for TMF(2)3 converging 
to the homotopy groups of

TMF(2)hC3
3 ≃ TMF3 ∨ Σ36TMF3.

The structure of the HFPSS for TMF(2)3 in integer degrees is well known. It is a shifted 
direct sum of two copies of the HFPSS which converges to π∗TMF3 [3]. The E2-term is 
given by

HFPSS
E

s,t
2 (TMF(2)3) ≅ H

s(C3;πtTMF(2)3)
≅ ℤ3[c4, c6,Δ±1/2

, β]⊗ E[α] 
(c34 − c26 − 123(Δ1/2)2, 3α, 3β, αc4, αc6, βc4, βc6)

and under the map from the MANSS for tmf(2)3 to the HFPSS for TMF0(2) we have

a⤚uλv1 ↦ α, and a2
⤚u

3
λΔ

1/2
↦ β.

In the HFPSS for TMF(2)3 there are differentials

d5(Δ) = αβ
2
, and d9(Δ2

α) = β
5
.

Here, we use = to indicate both sides of the equation are equal up multiplication by an 
element of ℤ×

3 . This implies that in the MANSS for tmf(2)3, we have differentials

d5(u8
λ(Δ1/2)2) = a

5
⤚u

7
λ(Δ1/2)2,

d9(a⤚u
17
λ v1(Δ1/2)4) = a

10
⤚ u

15
λ (Δ1/2)5.

The element a⤚ is a permanent cycle because it is in the Hurewicz image, and the ele
ments v1 and Δ

1/2
are permanent cycles because we constructed elements of πC3

⭐ tmf(2)h3
which these converge to. It follows that we have differentials

d5(uλ) = a
5
⤚v1, and d9(u2

λv1) = a
9
⤚Δ

1/2
.

By dimension considerations, we observe that these differentials generate all of the dif
ferentials in the MANSS under the Leibniz rule and the result follows. □
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