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We calculate the mod-(p, vy, v2) homotopy V(2).TC(BP(2}) of the topological cyclic homology of the
truncated Brown—Peterson spectrum BP(2), at all primes p > 7, and show that it is a finitely generated and
free IFp[v3]-module on 12 p+4 generators in explicit degrees within the range —1 <% <2p3+2p?+2p—3.
At these primes BP(2) is a form of elliptic cohomology, and our result also determines the mod-( p, vy, v2)
homotopy of its algebraic K-theory. Our computation is the first that exhibits chromatic redshift from
pure vp-periodicity to pure vs3-periodicity in a precise quantitative manner.
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1 Introduction
Let p be a prime, let V(n) denote a Smith-Toda complex with BP.V(n) = BP«/(p, ..., vs), and let
BP(n) with m.BP(n) = Zp)[v1, ..., vs] denote a truncated Brown—Peterson spectrum equipped with the
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E; BP-algebra structure of Hahn and Wilson [2022, Theorem A]. Let P(x) = Fp[x] and E(x) denote the
polynomial and exterior IF,-algebras on a generator x, and let [F, {x} denote the IF,-module generated by x.

We confirm the quantitative form of the chromatic redshift conjecture of [Rognes 2000, page 8] in the case
of BP(2) at p > 7, showing that V' (2)« TC(BP(2)) is finitely generated and free as a P (v3)-module. Hence
the topological cyclic homology functor takes the “pure fp-type 2” ring spectrum BP(2) with V' (1).BP(2)
finitely generated and free as a P(v;)-module to a “pure fp-type 3” ring spectrum TC(BP(2)) with
V(2)« TC(BP(2)) finitely generated and free as a P(v3)-module, dilating the wavelength of periodicity'
from |vs| = 2p% —2to |v3| =2p3 —2.

Theorem 1.1 Let p > 7. There is a preferred isomorphism
V(2)« TC(BP(2)) = P(v3) ® E(d,A1,A2,A3)
® P(v3) ® E(A2,43) ®Fp{E1,4|0<d < p}
® P(v3) ® E(A1,43) ®Fp{E2,4 10 <d < p}
@ P(v3) @ E(A1,A42) ®Fp{E3,4|0<d < p}

of P(v3)®FE (A1, Ay, A3)-modules. This is a finitely generated and free P(v3)-module on 12 p +4 explicit
generators in degrees —1 < * <2p3 +2p2 4+ 2p —3.

The close relation between algebraic K-theory and topological cyclic homology for p-complete ring
spectra leads to the following application; cf Theorem 12.20.

Theorem 1.2 Let p > 7. There is an exact sequence of P(v3)QE (A, Ay, A3)-modules
0 — X 72Fp{71, T2, T1 T2} — V(2)« K(BP(2),) %% V(2), TC(BP(2)) — X 'F,{1} — 0
with |7;| = 2p’ — 1. The localization homomorphism
V(2)«K(BP(2),) = v3 ' V(2)«K(BP(2),)

is an isomorphism in degrees * > 2 p? 42 p, and the target is a finitely generated and free P(vgcl)—module
on 12 p + 4 generators.

The proven Lichtenbaum—Quillen conjecture for K(Zp)) and K(Zp) also lets us pass from the p-complete
version to the p-local version of BP(2); cf Theorem 12.21.

Theorem 1.3 Let p > 7. The p-completion map induces a (2 p*+-2 p—2)-coconnected homomorphism
V(2)« K(BP(2)) “2 V(2)« K(BP(2),).

The localization homomorphism
V(2)« K(BP(2)) — v;' V(2)« K(BP(2))

ISee also Remark 1.9 regarding the recent resolution by Burklund, Schlank and Yuan [Burklund et al. 2022] of the (weaker)
qualitative form of the redshift conjecture, in the case of E o ring spectra.
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Algebraic K-theory of elliptic cohomology 621

is an isomorphism in degrees * > 2 p? 42 p, and the target is a finitely generated and free P(vgcl)—module
on 12 p + 4 generators.

Remark 1.4 An alternative title for this paper could be Topological cyclic homology modulo p, vy
and v of the second truncated Brown—Peterson spectrum. In earlier work [Ausoni and Rognes 2002] we
referred to the calculation of V(1) TC(BP(1)) as (an essential step toward) a calculation of the “algebraic
K-theory of topological K-theory”. The relation between BP(1) and topological K-theory is analogous to
that between BP(2) and elliptic cohomology, so we hope the reader grants us the poetic license presumed
by our choice of title.

The v;- and v,-periodic families in 74V (0) and 74V (1), respectively, are related to the well-known
a-family visible to topological K-theory and the fairly well understood S-family visible to elliptic
cohomology. The vs3-periodic families emerging from our calculation are related to the third family of
Greek letter elements, the y-family, which is less well understood, and for which there is currently no
known detecting cohomology theory with a geometric interpretation of the cohomology classes. Our result
suggests that algebraic K-theory of elliptic cohomology may be such a detecting cohomology theory.

We now explain Theorem 1.1 in more detail. For each E'5 ring spectrum B we have maps of E, ring spectra
S — K(B) ¥ TC(B) &> THH(B)"T — THH(B)

from the sphere spectrum to the topological Hochschild homology THH(B) of B, via its algebraic
K-theory K(B), topological cyclic homology TC(B) and the T -homotopy fixed points of THH(B). For
p = 7, the Smith-Toda spectrum V(2) exists as a homotopy commutative and associative ring spectrum,
with a periodic class v3 € 5,3, V(2). In Section 3 we recall that

V(2)« THH(BP(2)) = E(A1.A2.43) @ P(n).

with |A;| = 2p’ — 1 for i € {1,2,3} and || = 2p3. In Sections 5 and 6 we use E, ring spectrum
power operations to show that the THH-classes A; lift to K-theory classes A IK € V(2)« K(BP(2)), with
tr(AX) = X;. We also write A; for their images in V(2)x TC(BP(2)) and V(2), THH(BP(2))"T. In
Sections 8—11 we determine the structure of the T-homotopy fixed point spectral sequence

E*(T) = H™*(T., V(2)« THH(BP(2))) = P(t) ® E(A1. 2. 13) ® P(1) = V(2)« THH(BP(2))"T.
The image of v3 in V(2)« THH(BP(2))"T is detected by #i. The homotopy classes
Z;a € V(2)« TC(BP(2))

fori € {1,2,3} and 0 < d < p are constructed in Section 12 so that
oo
7(Eid) =Y Ei+ind
n=0

in V(2)x THHBP{2))*T. In this convergent series, each &k.q4 1s a specific V(2)-homotopy element
detected by a class , ,
Xkd = l‘zr(k))u[k]ﬂgr(k_?’) c EOO(T)
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Here [k] € {1, 2, 3} satisfies k =[k] mod 3, and r (k) = pK + p*=3 +...+ pll for k > 1. In particular, both
- i—1
7(Eiq) and &g € (17 A}
are detected by ¢ap'! Ajin E°(T), fori € {1, 2, 3}. Letting d denote the generator of V' (2)_; TC(BP(2)),
and noting that A;-E; 4 = 0 for each i and d, this concludes our specification of the notation in Theorem 1.1,

which appears as Theorem 12.17 in the body of the text. One way to summarize the grading of the module
generators is to say that the Poincaré series of V(3), TC(BP(2)) is

(14X~ + X271 +x227 (14227
F A+ 422 ) (x4 X3 P
+(1+x¥»Ha +x2p3—1)(x2p—1 4 x4l +___+x2p2—2p—1)
(1 + X227 (1 4 X277 (2P x4 202

Remark 1.5 The seminal calculation in this field was made by Bokstedt and Madsen [1994; 1995]. For
the Eilenberg-MacLane spectrum BP(0) = HZ,) at p > 3 they established an isomorphism

V(0)x TC(Z(p)) = P(v1) ® E(3. A1)
®P)RF{E 1 4|0<d < p}

of free P(vq)-modules of rank p + 3, where & 4 is detected by t9 ;. The (then unproven) Lichtenbaum—
Quillen conjecture for K(Q,) could be deduced from this, showing that the natural homomorphism

V(0)+K(Qp) = V(0)+ K(@p)"5or

is 0-coconnected, where Gg, = Gal(Q p»/Qp) is the absolute Galois group. In particular, the P(v)-
module generators of V(0)x TC(Z,)) correspond in a precise manner to a basis for the Galois cohomology
groups in the descent spectral sequence

E%, = HEy(QpiFp(t/2)) = V(0)—s4: K(Qp)"%r.

The fact that V(0)x TC(Zp)) is P(vy)-torsion free is thus a reflection of Suslin’s theorem [1984]
that V(0)4 K(Q p) = V(0)xku = Fp[u] is P(v;)-torsion free, and the finite generation and grading of
V(0)« TC(Zp)) corresponds to precise information about the Galois (or motivic) cohomology of Q.

For the Adams summand BP(1) = £ of ku(,) at p > 5, Ausoni and Rognes [2002] thereafter obtained an
isomorphism
V(1)x TC({) = P(v2) ® E(0,A1,A2)
® P(v2) ® E(A2) ®Fp{E1,4|0<d < p}
G P(v2) ® E(L) ®Fp{E,,4 [0 <d < p}

of free P(v,)-modules of rank 4p + 4, where E 4 is detected by 94X, and B, 4 is detected by 19P),.
Moreover, Ausoni [2010] proceeded to calculate V(1) TC(ku), and showed [Ausoni 2005] that

V(1) K(Lp) = V(1) s K (kup)2

Geometry & Topology, Volume 29 (2025)
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is an isomorphism. Rognes [2014, Section 5] viewed this as computational evidence for the existence of
a descent spectral sequence, converging to V(1) K({p), from a form of motivic cohomology defined
for Eo ring spectra such as £,. The fact that V(1) TC(£) is P (v2)-torsion free would then reflect an
analog of Suslin’s theorem, and the finite generation and grading of V' (1)« TC({) would correspond to
specific information about this spectrally defined motivic cohomology.?

Our present conclusions about V(2)« TC(BP(2)) and V(2)« K(BP(2),) as P(v3)-modules continue this
pattern, and further suggest the existence of a descent spectral sequence from a motivic cohomology
defined for less commutative ring spectra, such as the E3 ring spectrum BP(2),. If so, Theorem 1.1
provides information about these (at the time of writing, hypothetical) motivic cohomology groups.

Remark 1.6 Our calculations in V(2)-homotopy involve the homotopy element v3 € 7, ,3_,V(2)
and its vy-Bockstein image i3 j2(v3) € m,,3 5,21 V(2), closely related to the first element y; €
Typ3_pp2—pp—1 S in the third Greek letter family. To make a similar computation of V(3) TC(BP(3)) as
a P(v4)-module would require knowing the existence of a homotopy element v4 € 7, 54 _, V(3), mapping
to the class with the same name in BP,V(3) = BP./(p, ..., v3). The existence of vy is presently not
known for any prime p; cf [Ravenel 2004, Section 5.6 and (5.6.13)]. Conceivably, a calculation could be
made of V4 TC(BP(3)) as a P(w)-module for another type 4 finite ring spectrum V', with v, self-map
w: 24V — V. Something similar was carried out for the Eilenberg—MacLane spectrum BP(0) = H Z2)
at p = 2 in [Rognes 1999], calculating (S/2)« TC(Z(2)) and (S /4)« TC(Z3)) in tandem.

Remark 1.7 Let T(3) = v3_1 V(2) be the telescopic localization of the type 3 complex V' (2), and let
V(3) be the mapping cone of v3: X7 -2 V(2) — V(2). The three theorems above imply that
T(3)« TC(BP(2)) = T(3)+ K(BP(2),) = T'(3)+ K(BP(2))
are all nontrivial P(vgcl)—modules, so that the Bousfield 7'(3)-localizations
L7@3yTC(BP(2)) >~ L7(3)K(BP(2),) >~ L3 K(BP(2))
are all nontrivial spectra. Moreover, the graded abelian groups

V(3)« TC(BP(2)) < V(3)+ K(BP(2),) < V(3). K(BP(2)
are all finite, so

TC(BP(2))p < K(BP(2)p)p < K(BP(2)),

are all of fp-type 3 in the sense of [Mahowald and Rezk 1999]. These qualitative statements confirm a
weaker form of the chromatic redshift conjecture for BP(2), roughly as formulated in [Ausoni and Rognes
2008, Conjecture 1.3], but do not contain the information that V' (2), TC(BP(2)) is free over P(v3), ie

2See also Remark 1.9 regarding the recent discovery by Hahn, Raksit and Wilson [Hahn et al. 2022] of such a cohomology
theory, in the case of E ring spectra.
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that TC(BP(2)) is of “pure fp-type 3” in the sense of [Rognes 2000], nor the quantitative information
about its precise rank and generating basis.

In groundbreaking work, Hahn and Wilson [2022, Theorem B] confirmed the qualitative form of the
chromatic redshift conjecture for all BP{#), at all primes p. However, as outlined in Remark 1.5, we take
the view that the precise P(w)-module structure of Vi, TC(BP(n)), where V is some type (n+1) finite
complex with v, self-map w: ¥4V — V, will be an essential ingredient of an understanding of it and
Vi« K(BP(n),) as being obtained by descent from a form of motivic cohomology for ring spectra.

Remark 1.8 Ausoni and Rognes [2002] had outlined a calculation of V(n), TC(BP(n)) as a P(v,41)-
module, under the strong hypotheses that V'(n) exists as a ring spectrum (with a homotopy element v, 41)
and that BP(n) admits an E ring spectrum structure. As in the case n = 1, the sketched argument used
a homotopy Cartan formula for E, power operations, and was carried out in the range of degrees where
the comparison homomorphism f‘l*: V(n)x THH(BP(n)) — V(n)x THH(BP(n))* is an isomorphism.
When n = 2 and p > 7, this homomorphism is (2 p2+2 p—3)-coconnected, as we show in Theorem 8.1,
so that the calculation would determine V' (2), TC(BP(2)) for * > 2p? +2p — 3.

There is a (2p*—2)-connected map BP(2) — BP(1) inducing a (2 p>—1)-connected map
V(2)« TC(BP(2)) — V(2)« TC(BP(1))

(cf [Bokstedt and Madsen 1994, Proposition 10.9; Dundas 1997] and Proposition 12.19). Hence the
known calculation of V(1) TC(BP(1)) does account for V(2), TC(BP(2)) in degrees * < 2p? — 1. This
leaves a gap in degrees 2p? — 1 < % <2p? +2p — 3, where the traditional arguments do not determine
V(2)« TC(BP(2)). (This is a new phenomenon for n > 2; there is no such gap for n € {0, 1}.)

Around the year 2000 it was only known that BP(n) could be realized as an E ring spectrum [Baker
and Jeanneret 2002, Corollary 3.5], so the calculations were hypothetical, even for n = 2 and p > 7.
With the much more recent Hahn—Wilson construction of an E5 ring structure on BP(n), it has finally
become possible to carry out most of the original program, as we show in this paper. The lower order
of commutativity has, however, required us to also develop a homotopy Cartan formula for certain £,
power operations, which we do in Section 5.

The original Bokstedt—Hsiang—Madsen presentation [Bokstedt et al. 1993] of TC(B) was given in terms
of fixed point spectra THH(B)C for finite subgroups C C T, using the language of genuinely equivariant
stable homotopy theory. However, almost all calculations were made using the naively equivariant
homotopy fixed points THH(B)"€ and Tate constructions THH(B)?“, and were therefore only known to
be valid in the range of degrees where the comparison map fl induces an isomorphism.

The new Nikolaus—Scholze presentation [2018] of topological cyclic homology promoted the ingredients
that were previously used for calculations into definitions. Hence TC(B) was redefined in terms of the
homotopy fixed points THH(B)"T and Tate construction THH(B)'T, and the key role of the (naively
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T -equivariant) map f‘l, now called the p-cyclotomic structure map ¢p, was greatly clarified. Moreover,
Nikolaus and Scholze proved that the old and new definitions agree when THH(B) is bounded below,
eg for connective B. This means that by carrying out the homotopy fixed point and Tate construction
calculations in all degrees, we can now fully calculate V(2), TC(BP(2)), eliminating the gap of degrees
discussed above. We compare the old and new terminologies in Section 4.

Remark 1.9 After the present paper was first posted in preprint form, Hahn, Raksit and Wilson [Hahn
et al. 2022] introduced a motivic filtration on TC(R), for so-called chromatically quasisyntomic E ring
spectra R, whose associated graded realizes the form of motivic cohomology that was predicted to exist in
Remark 1.5. This new cohomology theory for E ring spectra generalizes the syntomic cohomology for
quasisyntomic commutative rings introduced by Bhatt, Morrow and Scholze [Bhatt et al. 2019, Section 7.4].

In the same year, Burklund, Schlank and Yuan [Burklund et al. 2022, Theorem E], building on [Yuan
2024, Theorem A], proved that if R is an E ring spectrum such that K(n)« R # 0 and K(n+1)xR =0,
then K(n + 1)x K(R) # 0. Combined with previous work of Land, Meier, Mathew and Tamme [Land
et al. 2024, Corollary B] and Clausen, Mathew, Naumann and Noel [Clausen et al. 2024] on the vanishing
of K(m)«K(R) for m > n + 2, this proves that algebraic K-theory of an F, ring spectrum increments
chromatic complexity by precisely one, thus establishing a very general form of qualitative redshift.

Acknowledgments We all thank the referee for good advice. Ausoni acknowledges support from the
project ANR-16-CE40-0003 ChroK. Culver was supported by the Max Planck Institute for Mathematics
while this work was being carried out. He would like to thank the Institute for their hospitality. Honing
thanks the Radboud Excellence Initiative for funding her postdoc position. This project received funding
from the European Union’s Horizon 2020 research and innovation programme under the Marie Sktodowska-
Curie grant agreement 101034255.

2 Smith-Toda and truncated Brown—Peterson spectra

Let A4 be the mod-p dual Steenrod algebra, and write Hx X = Hy(X; ) for the mod-p homology of a
spectrum X, viewed as an Ax-comodule. Likewise, let H = HIF,, denote the mod-p Eilenberg-MacLane
(E oo ring) spectrum.

By a Smith-Toda complex V(n) we mean a finite and p-local spectrum with Hy V(n) = E(tg, ..., ;) C Ax.
The spectra V(0) = S Upel, V(1) = S Up el Uy, e?P~1 U, e?” and V(2) exist for p > 2, p > 3 and
p =5, respectively; see Smith [1970, Section 4] and Toda [1971, Theorem 1.1]. In the stable homotopy
category there are unital multiplications pg: V(0) A V(0) — V(0), uy: V(1) A V(1) — V(1) and
2: VQYAV(2)— V() for p>3, p>5and p > 7, respectively; cf [Yanagida and Yosimura 1977,
Sections 1.4, 2.4 and 3.3]. These are unique, and therefore commutative. They are also associative, with the
exception of ug at p = 3. Toda [1971, Theorem 4.4] showed that V(3) exists for p > 7 and admits a unital
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multiplication for p > 11. The spectra V' (n) for n > 4 are not known to exist at any prime p; cf [Ravenel
2004, (5.6.13)]. We use the following notation for some of the resulting homotopy cofiber sequences:

2-1) S2 59 yo) s,

(2-2) $2P-2y(0) 2 v(0) 5 v(1) L 2221y (0),
(2-3) 220721 (1) 22 v(1) 2 v (2) L2 52071y (),
(2-4) 2272y (2) B v(2) B v(3) L 2227y (2).

The unital multiplications on V(0), V(1) and V(2) are also regular, in the sense that the respective
Bockstein operators ig jo: V(0) = ZV(0), i1 j1: V(1) = 2?71V (1) and i5 jo: V(2) — »2p°-1 V(2) act
as derivations; see [Araki and Toda 1965, Theorem 5.9; Yosimura 1977, Propositions 1.1 and 1.2].

The complex cobordism spectrum MU is a prototypical E, ring spectrum. Basterra and Mandell [2013,
Theorem 1.1] proved that the p-local Brown—Peterson spectrum BP is a retract up to homotopy of MU )
in the category of E4 ring spectra, and that the E4 ring structure on BP is unique up to equivalence. By
an n™ truncated Brown—Peterson spectrum BP(n) we mean a complex orientable p-local ring spectrum
such that the composite

Z(pylv1s - .., vp] C mBP — 7 MU( ) — m«BP(n)

is an isomorphism, following [Lawson and Naumann 2014, Definition 4.1]. It follows, as in [Lawson and
Naumann 2014, Theorem 4.4], that HyBP(n) = P (£, | k > 1) ® E(% | k > n) as a subalgebra of the
dual Steenrod algebra. According to recent work by Hahn and Wilson [2022], there exist towers

= BP(n+1) - BP(n) — --- — BP(0) = HZ

of E3 BP-algebra spectra, for all p, where each BP(n) is an n™ truncated Brown—Peterson spectrum.
Hence THH(BP) is an E'5 ring spectrum with cyclotomic structure, in the sense to be recalled in Section 4,
and there are towers

.-+ — THH(BP(n + 1)) — THH(BP(1)) — --- — THH(Z,))

of E, THH(BP)-algebra spectra with cyclotomic structure. The availability of these T -equivariant ring
spectrum structures is an essential prerequisite for our calculations.

Chadwick and Mandell [2015, Corollary 1.3] showed that the Quillen map MU,y — BP is an E; ring
map, and it follows from [Basterra and Mandell 2013] that it exhibits BP as a retract up to homotopy
of MU, in the category of E; ring spectra. It is not known whether the Basterra-Mandell and
Quillen/Chadwick—Mandell E, ring spectrum splittings can be chosen to agree, but the induced splittings
of 7« THH(BP) off from 7« THH(MU(,)), in the category of differential graded algebras, must agree,
modulo addition of decomposables and multiplication by p-local units. Hence the calculation in [Rognes
2020, Theorem 5.6] of the o-operator on 7, THH(BP), induced by the T -action on THH(BP), is valid
also for the Basterra—Mandell splitting, up to decomposables and p-local units.
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3 Topological Hochschild homology

Let p be an odd prime. We use the conjugate pair of presentations
Ax=P(Ex [k = D@ E(tx |k 20)= P |k 2 1) ® E(5 | k = 0) = HyH

of the dual Steenrod algebra [Milnor 1958], with ék = x(&) in degree 2(pk — 1) and 7 = x(7x) in
degree 2 pX — 1. The Hopf algebra coproduct is given by

vE)= Y E®E and Y(@) =104+ Y L.
i+j=k i+j=k
The mod-p homology Bockstein satisfies 8(%;) = £. The same formulas give the Ax-coaction v and
Bockstein operation on the subalgebras

HyBP= P(§ |k >1) and HBP(n)= P& |k>1)Q E(% | k > n)

of As. For each E ring spectrum (or S-algebra) B, the topological Hochschild homology THH(B) has
a natural T -action, which induces o-operators

o: H. THH(B) - Hy11 THH(B) and o: 7w« THH(B) — mxy1 THH(B)
in homology and homotopy. Since BP and the BP(n) are (at least) E3 ring spectra, we can make the
following homology computations:
Proposition 3.1 [McClure and Staffeldt 1993, Remark 4.3; Angeltveit and Rognes 2005, Theorem 5.12]

There are Ax-comodule algebra isomorphisms

H, THH(BP) =~ H,BP® E(c& | k > 1)
and
H, THH(BP(n)) =~ HBP(n) ® E(cé&y,..., O—én—l—l) ® P(U‘E,H_l).

Each class 0§, is Ax-comodule primitive, while V(0T+1)=1®0T41 +T0® 0§n+1.

Passing to homotopy, recall that 7«BP = Zp)[v, | n > 1] with [v,| = 2p" — 2. To be definite, we take
the v, to be the Hazewinkel generators.

Proposition 3.2 [McClure and Staffeldt 1993, Remark 4.3; Rognes 2020, Proposition 4.6, Theorem 5.6]
There is an algebra isomorphism

7« THH(BP) = 74,BP® E(An | n > 1),

where A, has degree |A,| = 2p" — 1 and (mod-p) Hurewicz image h(,,) = o&,. Here 6(A,) = 0 for
each n. The first few o (vy) satisfy

o(v1) = pri, o(v2) = phr—(p+ DvPAy,
_ 2 _ 2_ 2
o(v3) = phs— (pr1vd " 0P )y — 8 = (p+ DUPT 2T 4 p2oP ey 4 pu? AL
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The specific choice of A, € 5,71 THH(BP) made in [Rognes 2020] is the unique class detected by
In € mapn_2(BP ABP) in filtration degree 1 of the spectral sequence associated to the skeleton filtration
of THH(BP). The claim that its Hurewicz image equals 0'&, € H, pn—1 THH(BP) follows from the proof
of [Zahler 1972, Lemma 3.7].

If V(n) exists as a finite spectrum with
H,V(n) = E(tg,...,T),

then Hy(V(n) ABP(n)) =~ Ax, so that V(n) A BP(n) >~ H. We write h,: V(n)+ X — HyX for the
(generalized) Hurewicz homomorphism induced by the map V(n) — H extending the unit S — H.

Proposition 3.3 [Ausoni and Rognes 2012, Lemma 4.1; Angelini-Knoll et al. 2024, Proposition 2.9]
Suppose that V(n) exists as a ring spectrum. Then

V(n)s THH(BP(n) = 7 (V (1) ATHH(BP(1))) = E(r1, -+ At 1) ® Pingr)
maps isomorphically to the subalgebra of A,-comodule primitives in
H.(V(n) ATHH(BP(n))) = HyV(n) ® Hy THH(BP(n)) = Ay ® E(0&,....,08n41) ® P(0Tys1).

Here each Ay is the image of Ay € 7,y THH(BP) under the natural map induced by S — V(n) and
BP — BP(n), with Hurewicz images

h(rp) =1A0& and hp(Ay) = 0&.

Moreover, i, in degree |ty 1] = 2p"T!

is the class with Hurewicz images
h(pn1) = 1ACTp1 + 10 AGEns1 and  hy(ing1) = 0Tnt1.
Note that the Ax-coaction sends /s (,+1) to
1@ (1AGTy41) +To® (1 A0E11) + 1 ® (o A1) + To ® (1 A0Ens1) = 1@ h(lnt1),

so that this class is Ax-comodule primitive. We spell out these definitions a little more explicitly in the
case of main interest to us.

Definition 3.4 For p > 7 let
)\.1 s )\2, )\.3, M3 € V(2)* THH(BP(Z))

denote the classes in degrees |A 1| =2p—1, |A,| =2p%—1, |A3] =2p> —1 and |u3| =2 p> with Hurewicz
images h(A1) = 1 Ao&q, h(hy) = 1 Aoks, h(h3) =1 A0 and h(us) = 1 AoTs + 19 A 0€3. Then

V(2)« THH(BP(2)) = E(A1, A2, A2) ® P(13),

which has at most one monomial generator in each degree. We generally abbreviate 43 to i when only
discussing BP(2).

The V(n)-homotopy classes p,+1 should not be confused with the ring spectrum multiplications
Un: V(n) A V(n) — V(n), which hereafter appear explicitly only in the proof of Proposition 5.10.
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4 Cyclotomic nomenclature

We review some notation in common use from 1994 to 2017, including [Hesselholt and Madsen 1997;
Rognes 1999; Ausoni and Rognes 2002; Hesselholt and Madsen 2003; Ausoni and Rognes 2012]. For
each T -spectrum X there is a natural map

X% 5 oy

of T /Cp-spectra from the categorical Cp-fixed points to the geometric Cp-fixed points. The latter were
introduced, as “spacewise Cp-fixed points”, in [Lewis et al. 1986, Definition I1.9.7], essentially as a left
Kan extension. This definition agrees with what has later been called the monoidal geometric fixed points
[Mandell and May 2002]. Recall the T -equivariant homotopy cofiber sequence
ET,% S°S ET.
In the commutative square
X — L 9% (X)

| l-
(ET A X)Cr —=— @C»(ET A X)
the right-hand and lower maps are T /Cp,-equivariant equivalences. The expression (ﬁ A X)) s

therefore sometimes [Hesselholt and Madsen 1997] taken as a definition of the geometric fixed points,
but this construction is not strictly monoidal. The commutative square

xC— " L 3pCp (X)

F(ET4, X)) —— ®Cr(F(ET4, X))

is T /Cp-equivariantly homotopy Cartesian. Note that O (F(ET4, X)) ~ [ﬁ AF(ET4, X)|% =
X' defines the Cp-Tate T /Cp,-spectrum. These T /Cp-spectra are hereafter viewed as T -spectra via
the p'" root isomorphism p: T = T/ Cp, which we omit from the notation.

The T-spectra X = THH(B) are cyclotomic, in the sense that there are T -equivalences ®» (THH(B)) ~
THH(B). Hence [Bokstedt and Madsen 1994, (6.1)] there are vertical maps of horizontal homotopy

cofiber sequences
THH(B)jc,, ——s THH(B)Cr" —%—s THH(B) o~

L
N hC,n R" tChn
THH(B)xc,, — THH(B)"~»" —— THH(B)""»
known as the norm-restriction sequences, for all #. Here the (Witt vector restriction) maps R are given by
rCon=1: THH(B)S»" — & (THH(B)) »"~! ~ THH(B)S»"'.
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The norm maps N are given by the Adams transfer equivalence THH(B) hCpn = [ET, A THH(B)]S",
followed by the map induced by c: ET, — S°. The right-hand homotopy Cartesian squares are
compatible with the (Witt vector Frobenius) maps F: X" — X Con=1 that forget some invariance. The
Witt vector terminology is motivated by the effects of these maps on 7y for connective B, in view of the
isomorphisms 7o THH(B)S»" =~ W, (7ro(B)) of [Hesselholt and Madsen 1997, Theorem 3.3].

The homotopy restriction map R" is induced bye: S — ET , and induces a map of spectral sequences
from the Cpn-homotopy fixed point spectral sequence to the Cpn-Tate spectral sequence. The map Iy, is
the comparison map from fixed points to homotopy fixed points, and f‘,, denotes its Tate analog. Passing
to homotopy limits over the maps F, and implicitly p-completing, one obtains a map of homotopy

cofiber sequences

S THH(B),1 —~— TF(B) — X TR(B)

| I

h
S THH(B);1 —— THH(B)"T —*_; THH(B)'T

Again, R" is induced bye:S%— ET and induces a map of spectral sequences from the T -homotopy
fixed point spectral sequence to the T-Tate spectral sequence. The topological cyclic homology

TC(B) %> TF(B) ;:; TF(B)

was originally defined by Bokstedt, Hsiang and Madsen [Bokstedt et al. 1993] as the homotopy equalizer
of the identity 1: TF(B) — TF(B) and the restriction map R: TF(B) — TF(B). We refer to the
preferred lifts trc: K(B) — TC(B) and trr = omw otrc: K(B) — THH(B)"T of the Bokstedt trace
map tr: K(B) — THH(B) as the cyclotomic trace map and the circle trace map, respectively.

Some important recent papers give new emphasis to many of these objects. Hesselholt [2018] writes
TP(B) = THH(B)'T

for the circle Tate construction on THH(B) and calls it the periodic topological cyclic homology of B.
(One might also say topological periodic homology.) Nikolaus and Scholze [2018] write

TC™(B) = THH(B)"T
for the circle homotopy fixed points of THH(B) and call it the topological negative cyclic homology, write
¢p = I'y: THH(B) — THH(B)'“"
for the comparison map and call it the p-cyclotomic structure map, and write

can: TC™ (B) — TP(B)

for the homotopy restriction map
R": THH(B)"T — THH(B)'T
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and refer to it as the canonical map. The structure map
e X > (X"?)% = R_(X)

to the topological Singer construction, from [Bruner et al. 1986, Section I1.5; Lunge-Nielsen and Rognes
2012], is now called the Tate diagonal.

In the definition of TC(B) as a homotopy equalizer, Nikolaus and Scholze replace TF(B) in the source by
THH(B)"T viaT, and replace TE(B) in the target by THH(B)'T via T In view of the commutative square

TF(B) _r THH(B)'T

r| 6| =
THH(B)"T —— @ (THH(B)!€r)"T
from [Hesselholt and Madsen 1997, page 68; Ausoni and Rognes 2002, page 27] the identity map

1: TF(B) — TF(B) is then replaced with the circle homotopy fixed points (f‘l)hT = (p})’T of the p-
cyclotomic structure map, suppressing the (still implicitly p-complete) equivalence

G: THH(B)'" = (THH(B)'“")" — (THH(B) )"

from the notation. The fact that G is an equivalence for connective B was shown by computation in the first
instances considered, and then proved in [Bokstedt et al. 2014, Proposition 3.8] under the assumption that
H, B is of finite type. It reappears in the new terminology as the Tate orbit lemma [Nikolaus and Scholze
2018, Lemma 1.2.1], since (THH(B)c,)'T =~ = is equivalent to ¥ THH(B);r — (THH(B)xc,)"T
being an equivalence, which in turn is equivalent to G being an equivalence.

Likewise, the restriction map R: TF(B) — TF(B) is replaced with the homotopy restriction map R" =can.
Combining these replacements,

l)hT

G~
TC(B) Z> THH(B)"T :;h THH(B)'T
R

is redefined as the homotopy equalizer of G~ ! o (f’l)hT and R" = can, much as in [Ausoni and Rognes
2012, page 1072], or (in order not to need to invert G) as the homotopy equalizer

TC(B) &> THH(B)"T :; (THH(B)!Cr)"'T

of (f‘l )T = (pI}jT and G o R". The old and new definitions of TC(B) agree for connective B, by [Nikolaus
and Scholze 2018, Theorem I1.3.8].

5 Homotopy power operations

Let B be an E, 4 ring spectrum. Using the Boardman—Vogt tensor product of operads [Dunn 1988], we
may view B as an E, algebra in the category of £ ring spectra (or S-algebras). There are then natural E,
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algebra structures on the algebraic K-theory spectrum K(B) and on the cyclotomic spectrum THH(B),
and these are respected by the trace map K(B) — THH(B), as well as its cyclotomic refinements.
For each E; ring spectrum R, there is a natural “top” homology power operation

§1: Hyp 1R — Hypp 1 R

introduced in [Cohen et al. 1976, Theorem III.1.3]. If R is an E3 ring spectrum, then &; = 0k is the
Araki—Kudo/Dyer—Lashof/Cohen operator, as defined in [Cohen et al. 1976, Theorem III.1.1]; we will
also use this notation in the E; ring spectrum case, to emphasize the dependence on k (and to avoid
confusion with the element &; in the dual Steenrod algebra). Let 8 denote the mod-p homology Bockstein
operator. Ausoni and Rognes [2002, Section 1.5] discussed a homotopy power operation

P*: k1 R— V(0)gp—1 R

lifting Qk (see Lemma 5.5), in the context of E ring spectra. Here we will extend its definition to £,
ring spectra, and construct a homotopy power operation

PE:V(0)ok—1 R— V(1)apk—1 R
also lifting Qk (see Lemma 5.6).

To define these operations for E, ring spectra R, we make use of the little 2-cubes operad C, encoding
E, algebra structures. For a spectrum X let

Brp X = Dy, X =Ca(p) x5, XP

denote the p™ braided-extended power of X . Note that Brp X = %% Br, X by [Cohen et al. 1978,
Theorem 1]. In the case X = S?K~!, with Hx X = Fp{xox_1}

(5-1) Hy Brp S =, {BO* (x21—1), OF (x2x—1)}

follows from [Cohen et al. 1976, Theorem II1.5.3]; cf [Cohen 1981, Proposition II.1.2]. Hence there is an
(implicitly p-complete) equivalence 7o : 27 k=1py(0) ~ Br, S 2k=1  with right adjoint

no: ST 5 v(0) A Br, Sk
Here DV(0) ~ =1 V(0) denotes the Spanier-Whitehead dual of V(0), and /¢ (170) = OX (x2_1).

For typographical reasons we will often simply write g for the maps 1 A g: AANB — AAC and
gAl: BAD — C A D, for suitable 4, g: B— C and D.

Definition 5.1 Let R be an E, ring spectrum. The homotopy power operation
P*: ok 1 R—> V(0)3pk—1 R
sends each map f: S 2k=1 _, R to the composite
PR(f): S2PK=1 19 1 (0) ABr, S271 B2, y(0) ABr, RS V(0) AR,
where 6: Br, R — R is part of the E ring structure.
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In the case X = X2K~1pV(0), where Hy X = Fp{xok—2, X2k—1} With B(x25—1) = X24—>, there is an
inclusion

Fpix2, . BO*(x2k—1). OF (x24—1)} C HyBr, 7 1DV(0)

of left A4-comodules, or of right A-modules. Of the dual Steenrod operations, only B and P! act
nontrivially on the left-hand side, with

PLOF(xak—1) =0 and PLBOF(xap—1) =—xI, .

according to the spectrum-level Nishida relations; see [Cohen et al. 1976, Theorems I11.1.1(6) and I11.1.3(3);
Bruner et al. 1986, Theorem III.1.1(8)]. As in [Toda 1971], let

V(1/2) =S Upel Uy, e??71,

so that V(0) C V(1/2) C V(1) and DV(1/2) = 1727 (S Ug, e?P72Upe?P~1). The following construction
refines a map discussed by Toda [1968, Lemma 3]:
Lemma 5.2 There exists a (p-complete) map

fi1/2: Z#*1py(1/2) — Br, 2 1DV(0)
realizing the inclusion of Fp{xé’k_z, BO¥ (x2%—1), OF (x24—1)} in homology.
Proof We can choose a minimal cell structure on Br, »2k=1py(0) with a (2 pk—1)-cell representing
Q¥ (xp5_1) that is attached by a degree-p map to a (2pk—2)-cell representing BO¥ (x,5_1). The

(2 pk—1)-cell is not attached to the (2 pk—2 p+1)-skeleton, since P} 0¥ (x%—1) = 0. We can orient the

(2pk—2p)-cell so that the (2 pk—2)-cell is attached to it by «y, since PiﬂQk(xzk_l) = —xfk_z. |

We fix a choice of 77y, for each integer k, but see Remark 5.4. This specifies a composite map
(5-2) iy 22251py(1) — 2221 py(1/2) 12, Br, 5%~ py(0),
with homology image ]Fp{xfk_r BO¥ (x2x—1), O% (x25—1)}, and we write

np: S2PE=1 2, y(1/2) ABr, £2K71DV(0) — V(1) ABr, £21DV(0)

for its right adjoint.

Definition 5.3 Let R be an E ring spectrum. The homotopy power operation
PXV(©O)2k—1 R = V(1/2)2pk—1 R = V(1)3pe—1 R
sends each map /: S2¥~1 — V(0) A R, with left adjoint /: Z2k~1DV(0) — R, to the composite
PX(f): §2PK=1 1 y(1) A Br, 521 pV(0) 2245 V(1) ABr, R & V(1) A R.
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Remark 5.4 We discuss the nonuniqueness of 771/, and the resulting ambiguity in the operation Pk just
defined. For brevity, let U = Br, »2k=1py(0). By [Cohen et al. 1976, Theorem III.3.1] we have

~ p p—1 p—2 p—2 p—3
H U = Fp{xzk_zs Xog—2X2k—15X5p 5 Vak—3:Xop_»Vak—2, xzk_2x2k—1y4k—3}

in degrees 2pk —2p < * <2pk —2p + 2, plus classes in higher degrees, where

Vak—3 = [Xok—2.Xok—2]1 and  yax_o = [X2k—2, X2k—1]1

are E, ring spectrum Browder brackets. (We write [x, y]; in place of the traditional A1 (x, y) in order to
avoid confusion with the homotopy class A;.) The (additive) indeterminacies in 7, and 7 are maps
»2Pk=1py(1/2) — U and m: S??k=1 — V(1) A U, respectively, that induce zero in homology. The
Atiyah-Hirzebruch spectral sequence for V(1)U shows that m = a-n foraclassn € V(1)px—2p42U =
Hypi—2p4+2U, generated by xé’,:_zzy4k_2 and xé’,c_fzxzk_ly4k_3. These generators map to zero in
V (1)« R if the E; ring structure on R extends to an E'3 ring structure. Hence any two different choices
of maps 71/, will give operations P that differ at most by a multiple of «;, and which strictly agree if
R is an E;3 ring spectrum. This means that for all of the assertions we will make about these homotopy
power operations, the choice of 771/, makes no difference: in Lemma 5.6 the Hurewicz homomorphism
h1 annihilates o1 -multiples, and in Proposition 5.10 we assume that R is an Es, ring spectrum.

Lemma 5.5 Let R be an E, ring spectrum. The square
Pk
k-1 R ——=V(0)2pk—1 R
I
Qk
Hyp 1 R—— Hypp1 R

commutes.

Proof Letty: H— H ADV(0) and by: H A V(0) - H be H-module maps that split off the top and
bottom cells, respectively. Then boh = ho: V(0) — H, and the following diagram commutes.
no

/—\ Brp f

§2Pk=1 L Y (0)ADV(0)AS2PK—1 l} V(0)ABr, S2k-1___"P7 V(0)ABr, R NN V(0)AR
h h h h h
HAS™F=1 —y HAV(0)ADV(O)AS?P*=1 10 [ AV(0)ABr, S~ 2205 HAV(0)ABr, R-% HAV(0)AR
P lbo bo bo lbo

HADV(0)AS%Pk=1 10 HABr, §2k~1 S PN HABr, R—Y% 5 HAR

~ ~

BrH g
B (HAS*1) —" %, BeH (HAR)
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Here g = 1A f: HAS*=! 5 H A R denotes the H-module map that is left adjoint to the Hurewicz
image g =hf:S 2k=1 . H AR, and Brf denotes the p™ braided-extended power construction in the
category of H-modules. The upper composite S2?X~1 — H A R then represents ho P¥( /), while the
lower composite represents

0p-1(2) = Ox(ep—1 ® g%7),
up to a known unit in [F,,, with notation as in [May 1970, Definition 2.2; Cohen et al. 1976, Section I.1].
This equals QK (hf). |

Lemma 5.6 Let R be an E; ring spectrum. The square

Pk
V(0)2k—1 R —— V(1)2pk—1 R

T
Qk

Hyp—1 R —— Hppr—1 R

commutes.

Proof Lett;: H—~ HADV(1)andb;: HAV (1) — H be H-module maps that split off the top and bottom
cells, respectively. Then b1h = hy: V(1) — H and the following diagram commutes, up to units in F,.

n1

n Brp f
SRy ADV(1)ASZR-1 Uy (1) ABr, 241 DV(0)— 2L V(1) ABr, R— s V(I)AR

L ,, -

n Brp f
HAS? =1 HAV(1)ADV(1)AS2Pk—1 2>HAV(1)ABr,, z2k—1DV(0)Lf>HAV(1)ABr,, RE HAV()AR

f bl bl bl bl
2pk—1___M 2k—1 Brp / o
HADV(1)AS“P*™ ——— HABr, X DV(0) ———— HABr, R——— HAR
€pn—
r=l Bl‘pto ~ ~
HABr, §2-1 Br (HAS™ DV (0)— 2L Bel (HAR
ABT) r, (HA V(0)) ———Br, (HAR)

IR

Br{;I 1y
Brg g
Brlf (HAS?FT)

Here g: H A S**~!' — H A R denotes the H-module map extending the V(0)-Hurewicz image
g =hof:S* 1 - H AR. The two maps from H A S?Pk~1 o H A Brp ¥»2k=1pV(0) agree, up
to a known unit in [F, because the map 7/, in Lemma 5.2 sends the top cell to Qk (x2%—1). The two
maps from Brf (H A S%*1) 10 Brlf[ (H A R) agree because g is homotopic through H-module maps
to fto. The upper composite S2?X=1 —» H A R in the diagram represents /1; PX( f), while the lower
composite represents a known unit times Q,_1(g), which equals 0¥ (ho f). m|
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The following homotopy Cartan formula generalizes the one proved for E« ring spectra in [Ausoni and
Rognes 2002, Lemma 1.6]:
Proposition 5.7 Let R be an E3 ring spectrum. For x € m»; R and y € 751 R, the relation
P*(xy) =x? P/ (y)
holds in V(0)5,x—1 R, where k =i + j.
Proof We use the following nearly commutative diagram, where §,, is the operadic diagonal from [Bruner

et al. 1986, Section 1.2],
Dp,pX =Cu(p) X3, XNP

denotes the pth Ey-extended power, and o : X\ ~ Dy pX —> Dy X =Brp, Xando,y:Brp X — D3 , X
are stabilization maps.

£20k=1py(0) — ", Br, §2~1 B /e) Br,R— R
l; =~ Brp ¢
§2Pi A2PI=1 DV (0) Br,(S2ias2i-1y — P0URO) g paR) ¢
l: 8p 8p

oAl Brp fABrp g
—>

Dy ,S% ABr, §27-1 220, By, % ABr, §2/~1 Br, RABr, R —2%, RAR

02/A\02 02 A\02

. . D3 p fAD3 pg
2 2j—1 » »
D3 ,S*'AD3,,S*/7" ———— D3 ,RAD3; , R

one

We may view the E3 ring spectrum R as an E, algebra in the category of E ring spectra. The ring
spectrum pairing ¢ : R A R — R is then an E ring spectrum map, and therefore the right-hand rectangle
commutes. Moreover, the right-hand triangle commutes, because the E3 operad action extends the E;

action.
Let f:S% — Rand g: S/~! — R be maps representing x and y. The composite
frg:SHT = g2 AT L0 RARD R
then represents x y, and the upper square commutes by functoriality of the braided-extended power. The
central and lower squares commute by naturality of §, and o5.

We do not know whether the left-hand rectangle commutes. However, we do claim that the two composites
»2Pk=1py(0) — Br, S? ABr, S2/~! become homotopic after composition with 05 A 5. This implies
that the composite along the upper edge, which is adjoint to the map representing Pk (xy), is homotopic
to the composite along the left-hand, lower and right-hand edges, which in turn is homotopic to the central
composite via Br, f A Br, g; this is adjoint to the map representing x* PI(y).
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To justify the claim, we compute in homology. Recall the expression (5-1) for Hy Br, S 2k=1 \yhich has
an evident analog for Hy Br, S2/=1 1In the case X = S, with H, X = Fpi{xai},

(5-3) Hy Bry, S* =Fp{xl arpit1}

follows from [Cohen et al. 1976, Theorem II1.5.2]. Here api41 = —xé’l__z[xﬁ, X7;]1 is a class given in

terms of the E, Browder bracket, and Bayp; 41 = 0 according to [loc. cit., Theorem III.1.2(7)]. Note that
®2pi+1 mMaps to zero under o;.

Along one route, the right A-module generator X5 1 in Hypp—g Esz—lDV(O) maps to X2p; ® X2pj—1
in the homology of S??! A £2?/=1DV(0), and thereafter to xé’i ® 07 (x, j—1) in the homologies of
Dy, S?* ABr, S?/71, Bry S% ABr, S~ and D3 ,S? A D; ,S?/ 71

Along the other route, X, maps to 0¥ (x2x—1) in the homology of Br, S2k=1 and to QK (x,; ®X2j-1)
in the homologies of Br), (S? AS% 1) and D3,p(S2i AS2/=1) By the Ej ring spectrum Cartan formula
[loc. cit., Theorem III.1.1(4)], it maps to

0 (x21) ® Q7 (x2j-1) = x5 ® 07 (x2j-1)
in the homology of D3 ,S% A D3 ,S* L.

It follows that the two composites 1, {,: Z2Pk=1DV(0) — D3 ,S?' A D3 ,S*~! induce the same
homomorphism in homology. Hence their adjoints £1,£,: SZ?k=1 — V(0) A D3,pS2i A D3,pSzj_1
also agree in homology. Since D3,p52i A D3,1,S2j_1 is (2pk—3)-connected and /y: V(0) — H is
(2 p—3)-connected, it follows that £; and £, are homotopic. Therefore l 1 and 6_2 are also homotopic. O

Remark 5.8 This proof also shows that

8p OF (2 ® x2j-1) = x2 ® Q7 (x2j—1) + ¢ dapit1 ® PO’ (x2j-1)

in the homology of Br, S%/ ABr, S2/~1, for some unknown coefficient ¢ € F,. If ¢ # 0 then the two
maps S2?*=1py(0) — Br, S?! ABrp S2/7! induce different homomorphisms in homology, and the
left-hand rectangle does not commute.

Corollary 5.9 Let
RS TLH R

be spectrum maps with rs homotopic to the identity. Assume that R is an E, ring spectrum, that T is
an E5 ring spectrum and that s or r is an E, ring map. Then P¥(xy) = x? P/(y) in V(0)2pk—1 R for
XemiR, yem; Randk =i+ j.

Proof Replace Proposition 5.10 with Proposition 5.7 in the proof of Corollary 5.12. a

We will also need a homotopy Cartan formula for the power operations from Definition 5.3:
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Proposition 5.10 Let R be an E, ring spectrum. For x € V(0),; R and y € V(0),;_1 R, the relation

PX(xy) =xP P/ (y)
holds in V(1)px—1 R, where k =i + j.

Proof We use the following nearly commutative diagram, where

denotes the p (unqualified) extended power, and 05:Bry, X — D, X is the infinite stabilization map.
We write Mg : V(0)NP — V(0) for the (p—1)-fold iterate of the ring spectrum multiplication, and let
m=pu1(i; A1): V(0) A V(1) — V(1) denote the left V' (0)-module action on V(1).

1 Brp f-g )

»2Pk=1py(1) Br, X%*~1DV(0) Br, R————R
J{Dm Brp Dug B Brp ¢
2pi 2pj—1 2i 2j—1 Brp(fAg)
S22 DV(0)AX2PI 1DV (1) Br, (X% DV(0)AZ?~!'DV(0)) ——————Br,(RAR) ¢
Dll«g/\ﬁl Sp Sp

; ; Al . . Brp fABrp &
Dy, 2% DV(0)ABr, $2~1DV(0) 25 Br,, £ DV(0)ABr, £ 71DV(0) ——"% Br, RABr, R-2% RAR

V2 V2 4 ’
o5 NO 0, N0,
2772 (YN

DPEZiDV(O)ADpEZJ_lDV(O)M)DpR/\DpR
The right-hand rectangle and triangle commute as before, replacing E3 by Exo.
Let f: S? - V(0) AR and g: S¥~! — V(0) A R be maps representing x and y, with adjoints
f:2%DV(0) — R and g: 271DV (0) — R. The composite
7-g: 21Dy (0) 210, 521py(0) A £2 -1 DV(0) L25 RAR & R

is then adjoint to the map f - g: S2k—1

— V(0) A R that represents x y, and the upper square commutes
by functoriality of the braided-extended power. The central and lower squares commute by naturality

of 6, and aé.

As before we do not know whether the left-hand rectangle commutes. However, we claim that the two
composites
%2Pk=1py(1) — Br, 2 DV(0) A Br, 2/~ DV(0)

become homotopic after composition with o7, A 07, to
W = D,2*'DV(0) A D, 2% ~1DV(0).

This implies that the composite along the upper edge, which is adjoint to the map representing P¥(xy), is
homotopic to the composite along the left-hand, lower and right-hand edges, which in turn is homotopic
to the central composite via Br, f A Brp g; this is adjoint to the map representing x? PI(y).
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To justify the claim, we first compute in homology, using [Cohen et al. 1976, Theorem 1.4.1]. Writing
H.X*DV(0) = Fp{x2i—1,x2;} and H.X*~1pV(0) = Fpi{xaj—2,Xx2j—1}, with Bxy; = x;—; and
,8)62]'_1 =X2j—2, W€ have

HyDpS¥DV(0) = Fp{BO" (x2i-1), O (x2i—1), Xaim1 32 xF BOT (x2i1), 07T (x2im1), .}

in degrees * > 2pi — 2, and

Hy Dy S 7' DV(0) =Fp ity x5 x2j 1,807 (x2j-2), 07 (x2j-2), BO’ (x2j-1), @7 (x2j-1)....}

in degrees * > 2pj —2 p. Their tensor product is Hx W, which is concentrated in degrees 2pk —2p —2 <
* <2pk—2p+1and*>2pk —4.

On one hand, the right A-module generator x;p,x_;1 in Hypp—g »2Pk=1py (1) maps to X2p; ® X2pj—1
in the homology of Z27'DV(0) A X2P/~1DV/(1), and thereafter to xé’i ® 0/ (x2j—1) in the homologies
of Dy , X2 DV(0) A Brp £2/71DV(0), Br, £2DV(0) A Br, £2~1DV(0) and W. On the other hand,
Xopk—1 Maps to Qk(xzk_l) in the homology of Br), ¥2k=1py(0), and to Qk(xzi ® x2j—1) in the
homologies of Brp(EziDV(O) A X2 =1pV(0)) and DP(EZiDV(O) A X271DV(0)). By the Eo ring
spectrum Cartan formula [loc. cit., Theorem 1.1.1(6)] it maps to Q (x2;)® Q7 (x2j-1)= xfi ®0/ (x2j-1)
in H,W.

It follows that the two composites 1y, m,: S2?*~1DV(1) — W induce the same homomorphism
in homology. Let m = m, — m be their difference, inducing zero in homology. The homological
Atiyah—Hirzebruch spectral sequence for V(1) W = [DV(1), W], shows that 7 is nullhomotopic, since
Hypi—opi2(Wimap3V(1)) = Hypg—2p+2W = 0. Hence m and m; are homotopic, as claimed. O

Remark 5.11 A similar proof goes through if R is an E}, ring spectrum with n > 6, replacing W with
W, = Dn,pZZiDV(O) A Dn,PEZj_lDV(O). For 3 <n <5 the group Hjpx 2,42 W, will be nonzero, due
to the presence of E, Browder bracket terms in this degree, so 71 might map the top cell of »2rk=1py(1)
via oy to a (2pk—2p+2)-cell of Wy, and hence be essential. For simplicity we assume n = oo, since
this will suffice for our application.

Corollary 5.12 Let
R TS R
be spectrum maps with rs homotopic to the identity. Assume that R is an E, ring spectrum, that T is
an E, ring spectrum and that r or s is an E, ring map. Then Pk (xy) =xPP/(y)in V(1)2pk—1 R for
xe€V(0)R,yeV(0)j_1Rand k =i+ j.
Proof Apply Proposition 5.10 for T to see that
re(PX(s5x - 5:7)) = ra((532)7 - P (54))
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in V(1)5—1(R). If r is an E; ring map, then naturality of the products and homotopy power operations
with respect to r implies P (ressx - rssx ) = (rxsxx)? - P (ryssy). If s is an E; ring map, then
naturality of the products and homotopy power operations with respect to s implies r«ss(P* (x - y)) =
rs5x(X? - P7()). In either case the conclusion follows from ryss = 1. a

6 Some V(0)- and V' (1)-homotopy classes

The homotopy power operations introduced in Definitions 5.1 and 5.3 apply for R = .S with its E ring
structure. The E,-term of its mod-p Adams spectral sequence

ES'(S) = Exty (Fp.Fp) = m/—5(S))
contains classes traditionally denoted by
ag =[t0] and h; =[g]],

fori > 0, in bidegrees (s,7) = (1,1) and (1, 2 p'(p—1)), respectively. Here 7y is dual to 8 and @ detects
p € mo(S)y = Zp, while élpl is dual to P?" and ho detects the generator oy € m5,-3(S), = Z/ p. The
classes /; for i > 1 support nonzero d,-differentials [Liulevicius 1962] in the Adams spectral sequence
for S, but some of these map to permanent cycles in the corresponding spectral sequences for V(0)
and V' (1), detecting interesting homotopy classes.

Definition 6.1 Let

-1 2_
By = PP (1) € myp2_p, 1 V(0) and y7 = PP P(B]) € myps_npe_y V(D).
The ring/circle superscripts indicate that these classes are constructed using the E ring spectrum structure.

Lemma 6.2 The classes 8] and y; are detected by io(h1) = [Slp] and i1ig(hy) = [g{’z] in the Adams
spectral sequences for V(0) and V (1), respectively.

Proof The case of ,8‘1’ is due to Toda [1968, Lemma 4]. It suffices to prove that the dual Steenrod
operation PZ acts nontrivially in the homology of the mapping cone C B , where
B: 32*~2~1py(0) ~ Br, S~ Be, g 5 8, §
is left adjoint to 7. There are natural maps
— ~ Dq,
CB <% C(Brpa;) =25 Bry(Cay)

that are induced by 6 and the canonical nullhomotopy in a cone, respectively. By an analog of [Toda
1968, Theorem 2] for braided-extended powers we have

Dtxl*((ep—l ® x®p)/\) =e)® (x/\)®p’

Geometry & Topology, Volume 29 (2025)



Algebraic K-theory of elliptic cohomology 641

up to a unit in [, where x* € H,,_,Ca; lifts the generator x € H,p_3 S2P=3 and (ep—1® x®P)N e
Hypo_5,C(Brpay) lifts ey ® x®? ¢ Hy 2y, 1 Brp S2P=3, Since P} (x") generates HyCa, it fol-
lows from the homology Cartan formula that P£ (eg ® (x)®?) = eg@P) (x)®? generates Hy Br,(Cay).
By naturality with respect to Toda’s map Dy, , it follows that P2 ((ep—1 ®x®P?)") generates HyC (Brp ay),
and by naturality with respect to 6 it follows that

PL:Hy 2 5,CB— HoCp

1S nonzero.

2
The proof for y; is similar. It suffices to prove that the dual Steenrod operation PP acts nontrivially in
the homology of the mapping cone Cy, where

p: 220°=20°=1py (1) It By, (22272271 py(0)) 228, Br, 5 6 5
is left adjoint to y;. Here 7j; was defined in (5-2). There are natural maps
_ = 8 = Dj =
Cy > C(6 oBrp B) <& C(Brp ) —2> Br,(CP)
induced by 71, 6 and the canonical nullhomotopy, respectively. By [Toda 1968, Theorem 2] again, we have
Dz, ((ep—1® yEP)M) =g ® () ®2,
up to a unit in IF,, where y" € H, p2—2pC ,B_ lifts the generator
2 o)
ye H2p2—2p—1(22p 2 IDV(O))
and (ep—1 ® y®P)" € H,,3_,»,2C(Bry B) lifts
ep1 ® y®P € Hyps_ypo_y Brp (27227 1DV(0)).
- 2
Since P2 (y”) generates HyCpB, it follows that PZ (eq ® (y)®?) = ey ® PL(y")®? generates
Hy Br, (C B). Naturality with respect to D Fi implies that
2
PL ((ep—1 ® y®P)")
generates HyC (Br, ), and naturality with respect to 6 and 71 implies that

2
P i Hyys p,2Cy — HoCy
is nonzero. O

The first Greek letter element a1 € 72,3 S is the image under jo: V(0) — § Lof aclass vq € my p—2V(0)
detected by the class of the cobar cocycle [t1]1 + [£1]7¢ in bidegree (s,7) = (1,2p — 1) of the Adams
spectral sequence

EY'(Y) =Ext}] (Fp, HY) = m—s(Y}))
for Y = V(0). Similarly, f1 € 7,25, ,S is the image under joji: V(1) — S2P of a class vy €
T2 V(1), and yy € 75,3 5,25, 1S is the image under joj1j2: V(2) — §2P°+2P=1 of 4 class
V3 € 7T2p3_2V(2).
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Lemma 6.3 The groups myp—» V(0) = Z/p for p =3, 75,2 _, V(1) =Z/p for p=3 and 75,3 _, V(2) =
Z/ p for p > 5 are generated by classes vy, v, and vs, respectively, each in Adams filtration 1.

Proof The claim for V(0) is well known. The claim for V(1) is contained in [Toda 1971, Theorem 5.2
and (5.7)]. The claim for V(2) can be deduced from [Toda 1971, Section 3], as follows. Let P C A
be the sub-Hopf algebra of the mod-p Steenrod algebra generated by the Steenrod operations P’. Let
K =F,{Q3.8Qs3,...} be the kernel of the surjection A ®p F, - H*V(2) = E(B, Q1, Q2), where Q;
denotes the Milnor primitive, and consider the long exact sequence

- — Ext’, (K, Fp) 5 Ext (H*V(2),Fp) — Ext}s (Fp, Fp) — -+

Using the May spectral sequence, Toda [1971, Section 3] calculated an upper bound for Exti;t Fp.Fp)
in the range ¢ < 2(p? +2p + 3)(p — 1) + 4, which shows that these groups are trivial in topological
degrees t —s = 2p> —3 and 2p3 — 2. Hence §(Q3) in cohomological degree s = 1 is the only generator
of E(V(2)) = Ext4(H*V(2),F),) in topological degree 2p* — 2. Moreover, there is no possible target
for an Adams differential on this class, which must therefore detect vs. O

Lemma 6.4 For p > 3, the classes f{ and j;(v2) = B} in Ty p2_p—1 V(0) agree modulo (a nonzero mul-

tiple of) alvf_l. Hencei{(B]) = il(ﬂ/l) inmy,2_5, 1 V(1),and jo(B]) =pB1= jo(,B’l) INTyp2 5, 58
is the first element in the B-family.

For p > 5, the classes yy and j(v3) =y in 7, p3_5,2_1 V(1) agree modulo alvf_l. Hence i (y;) =

i2(yy) inyp3_sp2_1 V(2).

Proof The cobar cocycle [15]1 + [£x]Tg + [f;‘{’ lty detects vy € m,,2_,V(1). The Asx-comodule ho-
momorphism Jix: H V(1) — Hy_5,11V(0) sends 1 and 7y to zero, and maps 7; to 1. Hence
Jis Ey* V(1) — Ey* TN 1(0)) sends [wa]l + [E2]to + [£]n1 to [EP]1 = ig(hy). This is also
the class detectmg B °, by Lemma 6.2. Therefore j; (v2) = B7 and B} agree modulo Adams filtration > 2,
ie modulo o v1 (We will see in Remark 7.5 that vy 87 # 0, while v1 B1 =0, so B7 — B is a nonzero
multiple of ozlvl ) Nonetheless, jo(B7) = jo(fB]), since ]0(051111 )— o1 =0.

The cobar cocycle [t3]1 + [£3]tg + [éz Jt1 + [Sl ]‘L’z detects v3 € 75,3,V (2). The Ax-comodule ho-
momorphlsm Jax: HyV(2) > H,y 5,21 V(1) sends 1, 7o and 77 to zero and maps 75 to 1. Hence

LENF(7(2) > EX TN (1) sends [13]1 + [E]ro + [EP ] + [E7 12 to [E7]1 = i1ig(hy). This

is also the class detectlng yy» by Lemma 6.2. Therefore j,(v3) = ;" and y; agree modulo Adams

filtration > 2, ie modulo o vé’_l. O

p—1 p—1
1 2

and 7, ,3_5,2_1 V(1), respectively, is to compare with the corresponding Adams-Novikov spectral
p—1

Remark 6.5 One way to see that oy v and o1 v generate Adams filtration > 2 in 775 25,1 V(0)

sequences. By the beginning calculations in [Ravenel 2004, Section 4. 4] the classes /111 and h1ov]
generate the Adams—Novikov E,-term for V(0) in topological degree 2 p% —2p — 1, while the classes /1
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and hlovf - generate the Adams—Novikov E,-term for V(1) in topological degree 2p* —2p? — 1. The
formula ng(Vps1) = Vpp1 + vnzf” —v}t; in BP«BP/I, from [Ravenel 2004, Corollary 4.3.21] shows
that j,(vy41) in 4 V(n — 1) is detected by Ay, — hlov,f_l when vy, € w4V (n) exists, while o T

is detected by hlov,f_l.

The homotopy power operations also apply to R = K(BP) and R = THH(BP), with their E3 ring
structures derived from the E4 ring structure on BP, and to R = K(BP(n)) and R = THH(BP(n)), with
their E, ring structures derived from the E3 ring structure on BP{(n). (For n < 1 these are E ring
structures.)
7x K(BP) ——— m« K(BP(n)) ———— m+« K(Z(p))
R

7+« THH(BP) —— 7, THH(BP(n)) —— 74 THH(Z(,))

According to [Bokstedt and Madsen 1994, Theorem 10.14; Rognes 1998, Theorem 1.1] we can find a
class AII( € myp—1 K(Z) with tr(k{() = Ay € myp—1 THH(Z), having Hurewicz image h(A{) = ok €
H,, 1 THH(Z). The same statements apply with Z replaced by BP(0) = HZp). The E4 ring spectrum
map BP — HZ,) is (2p—2)-connected, and induces a (2p—1)-connected map K(BP) — K(Zp))
by [Bokstedt and Madsen 1994, Proposition 10.9]. Hence we can lift kf( to my,—1 K(BP). Its trace
image tr(k{() € myp—1 THH(BP) = Z ) {A 1} then maps to the generator Ay € 5,1 THH(Z () = 7Z/ p.
It follows that we can scale the choice of AII( € mp—1 K(BP) by a p-local unit so as to ensure that
tr(AX) = Ay in 7,1 THH(BP).

Definition 6.6 We fix a choice of a class k{( € myp—1 K(BP) with tr(k{() = A1 in 7y, THH(BP).
These map to classes with the same names in 7,1 K(BP(n)) and 7,,_; THH(BP(n)), respectively, for
eachn > 0.

The choice of k{( € myp—1 K(BP) made here is equivalent to the selection of A{( € myp—1 K(BP(1))
discussed in [Ausoni and Rognes 2002, Section 1.2], since BP — BP(1) = £ is (2p%—2)-connected,
which ensures that K(BP) — K(BP(1)) is (2p%—1)-connected.

Definition 6.7 Let Af = Pp()\{( ) € V(0);,2_1 K(BP), mapping to classes with the same name in
V(0),,2_1 K(BP(n)) for each n > 1.

By naturality of P? for E, ring spectrum maps, this definition agrees with the case n = 1 discussed in
[Ausoni and Rognes 2002, Section 1.7].

Lemma 6.8 The classes tr(A f ) and ig(A2) in V(0),,2_; THH(BP) both have Hurewicz image ok, in
H,,>»_; THH(BP). Hence they agree modulo vf’)\l, and have the same image in V (1), ,2_; THH(BP).
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Proof We have tr(kf ) =tr(P? ()\IK )= PP (tr(kll( )) = PP (L) by naturality of P? with respect to tr,
and hoPP(M1) = OPh(r;) = OP(0&;) by Lemma 5.5. Moreover, QP (c&;) = 0 QP () = 0§, by
[Angeltveit and Rognes 2005, Proposition 5.9; Bruner et al. 1986, Theorem I11.2.3]. |

Definition 6.9 Let kf = sz()\f ) € V(1),,3_; K(BP), mapping to classes with the same name in
V(1)5p3_1 K(BP(n)) for each n > 2.

Lemma 6.10 The classes

w(5),  ivio(hs) and PP (io(22))
in V(1),,3_; THH(BP) all have Hurewicz image o&; in H,,s_ THH(BP). Hence they agree modulo
vfkl and have the same image in V(2),,3_; THH(BP).

Proof We have tr()\f ) = tr(P? z(kf ) = pr’ (tr()\f )) by naturality of PP* with respect to tr, and
hy PP (A K)) = 0P ho(e(AK)) = 07 (5&,) by Lemmas 5.6 and 6.8. Likewise, h; PP (ig(%2)) =
Ql’zho(l’o(kz)) = sz (0&,). Finally, Ql’2 (0&) = an’z(éz) = 0&; by the same two references as in
the previous lemma. |

Let us summarize these results, for later reference:

Proposition 6.11 Let p > 7. The trace map tr: K(B) — THH(B) induces ring homomorphisms
V(2)« K(BP) — V(2)« THH(BP) and V(2)«K(BP(2)) — V(2)« THH(BP(2)),

each mapping izilio(kf), iniy (Af) and iz()\3K) to A1, A, and A3, respectively.

Proof The claims for BP follow from Definition 6.6 and Lemmas 6.8 and 6.10. The image classes

in V(2) THH(BP(2)) coincide with the classes from Definition 3.4 since their Hurewicz images in
H, THH(BP(2)) agree. |

7 Approximate homotopy fixed points

For C = Cyn or T we have multiplicative homotopy fixed point spectral sequences
E%(C) = H*(C; V(2)x THH(B)) = V(2) THH(B)"¢

(cf [Hedenlund and Rognes 2024, Section 5]) and multiplicative Tate spectral sequences
E*(C) = H *(C; V(2)« THH(B)) = V(2)s THH(B)'¢

(see [loc. cit., Section 6]). Here H*(T) = P(r) and H*(T) = P(¢!) with 1 € H? =~ H?, while
H*(Cpn) = E(upn) ® P(t) and H*(Cpn) = E(un) ® P(1E!) with u, € H' =~ H'. Note that for
B = BP(2), each bidegree of E?(C) and E 2(C) is either 0 or [F,. This section is devoted to the proof of
the following collection of detection results:
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Proposition 7.1 The unit map S — K(B) and the circle trace map trt : K(B) — THH(B)MT induce
ring homomorphisms

V(2)s — V(2)xK(BP) > V(2), THH(BP)"T — V(2), THH(BP(2))"T
mapping iziyio(ay), i2i1(B7), i2(yy) and v3 to classes detected by t A1, 1P A, tpz)\3 and tu, respectively.
Proof By Proposition 7.3 the circle trace image of 87 is detected by 774, in the T-homotopy fixed
point spectral sequence for V' (0) A THH(BP), hence also for V(2) A THH(BP(2)).

By Proposition 7.4 the image of y; is detected by tpz)\3 in the spectral sequence for V(1) A THH(BP),
hence also for V(2) A THH(BP(2)).

By Proposition 7.6 the image of v3 is detected by #u in the spectral sequence for V(2) A THH(BP(2)).

A simpler case of this last argument shows that the image of «; is detected by #A; in the spectral sequence
for THH(BP), hence also for V(2) A THH(BP(2)), but this is also readily deduced from the previously
known case of THH(Z). |

Notation 7.2 For any spectral sequence E f* = G and nonzero element x € EZ, we write {x} for the
coset of elements & € G that are detected by x. Sometimes we will write [x] for a specific choice of
such an element &, so that [x] € {x}. Similar conventions appear in [Barratt et al. 1970, Proposition 3.1.5;
Bruner and Rognes 2021, Theorem 11.61].

For each T-spectrum X and integer m > 0 we have an m"-order approximate T -homotopy fixed point
spectral sequence
E, =Z[/" ) @ me(X) = m F(ST" . X)T,

obtained by truncating the T -homotopy fixed point spectral sequence to (horizontal) filtration degrees
—2m < * =<0.
Proposition 7.3 Consider the p-order approximate T -homotopy fixed point spectral sequence
EZ, =Z[1)/(t"™") ® n. THH(BP) = . F(S3 "' THH(BP))T
for THH(BP), and its analog for V(0) A THH(BP). The circle trace image of oy € mp,_3(S) in
wx F(SP*! THH(BP))T

factors as a product [[t] -[A1], with [[¢] € {¢t} and [A1] € {\1} detected by t and A1, respectively. Moreover,
the image of B7 € 75,2_5, 1 V(0) in

V(0)« F(S3" THH(BP))T

is the unique class detected by t? A,.
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Proof The p-order approximate T-homotopy fixed point spectral sequence is multiplicative, and has
E?-term
Z[t/ (P ® Zpyil,v1, Aq, Uf, VAL, ..

with generators as listed in vertical degrees * < 6p — 6. Here d?(v;) =t-0(vy) =1 - pAq, as in
Proposition 3.2, and E3 = E® in this range of degrees. Hence ¢, A; and tA; are all infinite cycles,
detecting homotopy classes with indeterminacies Z,){t? vy}, Z/p{tP~ v A} and Z/ p{tPv )y}, re-
spectively. The unit map S — F (Sip + THH(BP))T takes «; to a class detected by A ; cf [Rognes
1998, Theorem 1.4]. Since each element in the indeterminacy of {¢)A;} factors as an element in the
indeterminacy of {¢} times A, (and also factors as ¢ times an element in the indeterminacy of {11}), it
follows that the image of «; can be factored as a product [[¢]-[A{] in {z}-{}1}.

Let AS = tr()é( ) = PP(Ay) in V(0)x THH(BP). By the homotopy Cartan formula from Proposition 5.7,

applied for the E5 ring spectrum F (S_2|_p + THH(BP))T, the circle trace image of B = PP~ (qy) is
PPTH([e]- D) = 1117 - PP (D)

Here P?([A1]) € {A5} is a class detected by A7, by naturality of P? with respect to the edge homo-

morphism induced by F(S3”' THH(BP))T — THH(BP). It follows that [¢]? - P?([A,]) is detected
by t# A5, with zero indeterminacy since this class lives in the lowest filtration degree.

To complete the proof, note that 1?15 = 1P A, at the V(0)-homotopy E 3_term, since these classes differ
by a multiple of d2?(t?~1v,) = —tpvf’)q by Proposition 3.2 and Lemma 6.8. m|

Proposition 7.4 Consider the (p?)"-order approximate T -homotopy fixed point spectral sequence
E2, = Z[/(t"° ) ® V(0). THH(BP) = V(0), F(S2* ! THH(BP))"
for V(0) N\THH(BP) and its analog for V(1) ATHH(BP). The circle trace image of B € 7 2_5,_1 V(0) in
V(0) F(S2* ! THH(BP))T

factors as a product [[tP] - [A2], with [[tP] € {¢?} and [A;] € {A,} detected by t? and A,, respectively.
Moreover, the image of y; € 75,3_5,2_1 V(1) in
V(1) F(S2° ! THH(BP))T

is the unique class detected by t? 2)\3.

Proof Our first goal will be to show that ¢ times the indeterminacy in {A,} and A, times the indetermi-

nacy in {¢?}, in combination, span the indeterminacy in {tZX,} in the (p?)™-order spectral sequence for

V(0) ATHH(BP). To do this, we compare the m™-order approximate T -homotopy fixed point spectral
sequences for the three T -spectra

V(1) ATHH(BP), V(0) ATHH(BP) and THH(BP),
via the morphisms induced by io: S — V(0), i1: V(0) — V(1) and j;: V(1) — Z27~11(0).
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We begin with the V(1)-homotopy spectral sequence, which is easiest to understand. The m"-order
spectral sequence for V(1) A THH(BP) has E2-term

Pui1(t)® P(va,...) @ E(A1,A2,...),

where the omitted generators have vertical degree * > 2p3 —2. Here v,, A and A, are infinite cycles,
since multiplication by v, is realized by a self-map of V(1) and since A; and A, detect the circle trace
images of k{( and )»f , respectively. For m = p it follows that this spectral sequence collapses at the
E?-term, in vertical degrees * < 2p3 —2.

For m > p there are nonzero d?P-differentials generated by
d? (1) =tPT1),

where x = y means that x is a unit (in IF,) times y. This differential is present already in the T -homotopy
fixed point spectral sequence for THH(BP), and lifts that of [Bokstedt and Madsen 1994, Theorem 5.8(i)]
for THH(Zp)) over the morphism of spectral sequences induced by BP — HZ ). It follows that the
m®-order E2P*!-term equals

Fp{t' |0<i<m, p|li}® P(v2) ® E(A1,1,)

in vertical degrees * < 2p3 — 2, plus some extra classes in even filtrations —2m < x < —2m + 2p and
—2p < % < 0 that survive due to being close to the truncation limits. Moreover, for m < p% + p the
spectral sequence must collapse at this stage, for these vertical degrees, since there is no room for a
differential on 7.

For later use, note that when m = 3p — 2 no classes survive in total degree * = 2p2 —2p — 2i for
2 <i < p, since the classes /TPy, support differentials and the classes /127711, A, are hit by
differentials. Hence V(1) F(S im 1 THH(BP))T is zero in these degrees. Moreover, for i = 1 only the
classes 2P X1 A, and tPv, survive in total degree * = 2p? —2p — 2, and here i j; (tPv,) is detected by
2P}, # 0, so only 12P LA, can be (and is) in the image of i1, since jji; = 0. Hence the image of i; is
isomorphic to Z/ p in this degree.

We now turn to the V(0)-homotopy spectral sequence. The (p?)™
point spectral sequence for V(0) A THH(BP) has E2-term

-order approximate T -homotopy fixed

sz+1(t)®P(vl,vz,...)®E(k1,k2,...),

where the omitted generators have vertical degree * > 2p3 —2. Here ¢, vy, A and A, are d?-cycles,
while d?(v,) = —tvf A1 by Proposition 3.2. Hence the E3-term equals

Pyay () ® (P){1} & Pp(v1){h1, vads, ..., 08 A1) ® E(h2)

in vertical degrees * < 2p3 —2p, except that there are some additional classes in filtration degrees 0 and
—2p?; see Figure 1, which is drawn for p = 3, and hence is not quite to scale for the primes p > 7 under
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. . . . . . . . . 'Ufz

° . ° . ° . ° . ° uvf+1}\2

. . . . ° . ° . ° o, 2p+2
Yy

2 . L) 1 d L2
24 $3p=2  42p P+ tP P11 t 1

Figure 1: E3 = V(0), F(S?°*+!, THH(BP))T in vertical degrees % < 4p® + 2p — 5, with all
d?P-differentials (dashed) and selected d*P~2-differentials (solid).
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consideration. As above, we know that the classes vy, A1 and A, are infinite cycles. The next nonzero

differentials are

d* () =tPTh; and d*(vahy) = tPviA .
The d?P-differential on ¢ for V(0) A THH(BP) follows, as above, from the one for THH(BP). The
earlier differential 27 ~2(vyA) € Fp{tP~! v{’“} must vanish by lvf—linearity, since lv{7 -vA1 =0 and
tvf -tl”_lvfhL3 #£ 0. If d?P (v,A ) were zero, voA; would detect a class in V(O)*F(Sip+1 ,THH(BP))T
that maps under i; : V(0) = V(1) to the class in V(1) F (Sip + THH(BP))T detected by v, 4. However,
the latter class maps under i j;: V(1) — Z2’~1V(1) to the nonzero class i j;(vah;) = i1(BPA =
i1(B])A1 detected by 1PAy - Ay = —tP - A1A,, as follows from Lemma 6.4 and Proposition 7.3. This
contradicts j1i; = 0, and proves that d%”(v,A;) is nonzero in Fp{tPvidiAs}.

It follows that the E2P*+!-term equals
Ppi1(tP) @ (P(1){1, Ao} ® Pp(u1)ih1} @ Fplhihg, v 0ahs})
SF, {1 [0 <i < p? ptit® (P){v?, viky +cvaki} @ Fp{v? a1 })

in vertical degrees % < 4p2 4+ 2p — 5, plus some extra classes in even filtrations —2p? < % < —2p2 +2p
and —2p < % <0. In the expression vy A, +cvyAyq, the coefficient ¢ (which will vary with the ¢-exponent i)
is some unit in [Fp.

The next differentials include
d4p—2(tvf) =¢?PyA, and d4P_2(tivf’) = (2P (Y, hy + cvahy)

for 2 < i < p. To see that these are nonzero, we compare the mM-order spectral sequences for
V(0) ATHH(BP) and V(1) ATHH(BP), in the particular case m = 3p—2. If 44?2 (tivf) were zero in the
former, then ¢° vf’ would survive to detect a class in degree 2 p? —2p—2i of V(0) F(S ermH ,THH(BP))T
that cannot be a v{-multiple, for filtration reasons, and which must therefore have nonzero image in
V()< F(S i’” +1 THH(BP))T. However, for 2 <i < p we checked above that this graded abelian group
is zero in these degrees. The assumption that d4P—2 (tivf’ ) is zero therefore leads to a contradiction,
which shows that this class is nonzero in Fp{ti+2p_1 (v1Az + cvaA1)}, as claimed.

Furthermore, for i = 1 it is not possible that both 12?1 A, and tvf survive to E°°, since then the image
of iy in degree 2p? —2p — 2 would have order p?, rather than the order p that we established above.
Hence 4472 (lvf) must be nonzero in Fp{t2P v Ay, 12PvyA;}. Extending to the case m = 3p shows that
d4r=2 (lvf’) must be nonzero in F,{r??viA,}, as claimed.

We can now conclude that #? is an infinite cycle in the spectral sequence converging to
2
V(). F(S3” " THH(BP))T,

since there are no possible targets for later differentials, and the indeterminacy in {¢#} is generated by
(classes detected by)

2_ —1 2
tP p'va’ and t? vf.
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The class P A is also an infinite cycle, detecting the circle trace image of 87 by Proposition 7.3, and has
indeterminacy generated by (a subset of)

— 2_ —1 2 —1
1PN 1Ay + cvahy), P p“v{’ Ay and Pol T uoAg.

Likewise, A, is an infinite cycle, detecting the circle trace image of )\f plus some multiple of vf 1K

according to Lemma 6.8, with indeterminacy generated by (a subset of)
2 — 2
tP w1k +cvphy),  tPTE(viAg +cvivarg), tP Pyl "v,A; and P _lvf+lk2.

Here t”~!(v{ Ay + cva) 1) might support a nonzero d” -differential and not be an infinite cycle. However,
there are no possible targets in filtrations —2p2 < % < —2p? 4 2p of such a d” -differential, since
d4p—2(l1’2_1vfp+2) = tp2+2P_2vf+3A2 = 0 in the full T-homotopy fixed point spectral sequence.
Hence in this case 127~ ! (vi Ay 4+ cvyAq) will also support a nonzero differential, of the same length, and
also not be an infinite cycle. Similarly, if p>=p vf_l VA1 is hit by a d”-differential, then tpzvf_l VoA

will be hit by a differential of the same length.

. . . . . 2_ —
It follows that ¢? times the indeterminacy in {A,}, together with the class ¢# —211 vf "1z, span the
indeterminacy in {t?A,}. That extra class lies in the indeterminacy of {¢?} times A,. Hence we have
achieved our first goal, as formulated at the outset of the proof.

Now choose classes x and y in V(0) F (Sip 1 ,THH(BP))T, detected by 7?7 and A, respectively. Then
the difference between the circle trace image of 87 and the product xy lies in the indeterminacy of {74, }.
By modifying the choices of x and y, within the indeterminacies of {¢?} and {A,}, respectively, we can
reduce the filtration of this difference until it becomes zero. Let [1#] = x and [A,] = y be the final values
of x € {¢tP} and y € {A,}, so that the circle trace image of 87 equals the product [¢7] - [A2].

Let A = PP 2()\2) in V(1)x THH(BP) We apply the Cartan formula from Corollary 5.12 in the case of
the E3 ring spectrum retract F(S’ 2p%+1 ,THH(BP))T of F (S 2p%+1 THH(MU( p)))"[r where the latter is
an Eo ring spectrum. It asserts that the circle trace image of y; = pri-p (BY) is

PP ([P]-[h2]) = [:717 - PP ([22D).

Here PP’ ([A2]) € {25} is a class detected by A3, by naturality of PP* with respect to the edge homomor-
phism induced by F(52" 1 THHBP))T — THH(BP). It follows that [t?]? - PP*([A,]) is detected
by P12 5> With zero indeterminacy since this class lives in the lowest filtration degree.

To complete the proof, note that tpz)f’ = tp2k3 at the V(1)-homotopy E3-term, since these classes

differ by a multiple of d 2(11’ T3) = —zp vJ A1 by Proposition 3.2 and Lemma 6.10. |

Remark 7.5 In the course of the previous proof, we have seen that the circle trace image of 87 € V(0)x
is detected by t#X,, and that 1P v A, is not a boundary in the (approximate) T -homotopy fixed point
spectral sequence, which implies that vy - 87 # 0. This confirms a claim made in the proof of Lemma 6.4.
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Proposition 7.6 Consider the first-order (approximate T -homotopy fixed point) spectral sequence
E2, = Z[1/(%) ® V(2), THH(BP(2)) = V(2)x F(S, THH(BP(2)))"
for V(2) ATHH(BP(2)). The circle trace image of v3 € 7, ,3_,V(2) in
V(2)«F(S3, THH(BP(2)))T
is the unique class detected by ti.

Proof The line of argument is the same as for the case of v; € 7, ,2_, V(1) in [Ausoni and Rognes 2002,
Proposition 4.8]. For brevity, let ¥ = F(S3, THH(BP(2)))T. We have a map of mod-p Adams spectral
sequences

E>(V(2)) =Exty, (Fp, HiV(2)) = Exty, (Fp, He(V(2)AY)) = E2(V(2) AY),
where v is detected in the source in bidegree (s,7) = (1,2p3 — 1) by the class of the cobar cocycle

2
x = [w3]l + [E3]r0 + [E7]T1 + [E] T2
in E 11 *(V(2)) = Ax ® Hy V(2). (As usual, Ay denotes the cokernel of the unit Fp — Ax.) We claim that
this cocycle does not become a coboundary when mapped to £ 11 FVRIAY) =A@ H (V2 AY).
This implies that the image of v3 is nonzero in V(2)«(Y"), and in view of Proposition 3.3 the only possible
detecting class in its total degree is 7.

To prove the claim we use the first-order spectral sequence for H A V(2) A THH(BP(2)), which reduces
to a long exact sequence, leading to an extension

0 —cok(o) > Hx(V(2)AY) — ker(c) — 0
of A4-comodules. Here
o Hy(V(2) ATHH(BP(2))) — Hy41(V(2) A THH(BP(2)))

acts on Hy(V(2) A THH(BP(2))) = A ® E(0&1,0&,,083) ® P(673), as per Proposition 3.1. The
cocycle x is a cobar coboundary only if there is a class y € E ?’*(V(Z) AY) = He(V(2) AY) with
Ax-comodule coaction v(y) containing the term 73 ® 1.

There is no such class y € cok(o), since this Ax-subcomodule does not contain the algebra unit 1.
Moreover, since 0(73) = 073 # 0, the class T3 is not in ker(c'). Hence ker(c) in total degree 2p3 — 1 is
generated by polynomials in 7y, 71, T2, § 1s 52, 53, 051, 052 and 053, none of which have 4,-coaction
that involves 73. This proves that no such class y exists, and x is not a coboundary. |

8 The C,-Tate spectral sequence

We now establish an effective version of the Cp-equivariant Segal conjecture (or homotopy limit property)
for V(2) ATHH(BP(2)), by direct computation. The corresponding results for the groups Cp» and T then
follow from a theorem of Tsalidis. The analogous results for BP(0) = HZ,) and BP(1) = £ were proved
in [Bokstedt and Madsen 1994, Theorem 5.8(i)] and [Ausoni and Rognes 2002, Theorem 5.5], respectively.
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Theorem 8.1 The C,-Tate spectral sequence

E*(Cp) = H™(Cp: V(2)« THH(BP(2))) = V(2) THH(BP(2))"
has E?-term R
E*(Cp) = E(u) ® P(tE") ® P(t) ® E(h1, Aa. A3).

There are differentials
AP (P =y, dPPR(PTPYY = 1Phy, dPPR(PTTPY =0 and  dPP T uy Py =,
and the classes A1, Ao, A3 and t£P* are permanent cycles. The E°°-term
E® = PPy @ E(Ay, A, A3)
is the associated graded of
V(2)« THH(BP(2))'? = E(A1. 2. 43) ® P(u*").
The comparison map f‘l : THH(BP(2)) — THH(BP(2))*“» induces the localization homomorphism
V@)Lt EGuha.hs) ® P() = E(hi.ha.hs) ® P(u*),
which is (2 p*42 p—3)-coconnected.
Proof The circle trace map K(B) — THH(B)"T lifts the trace map, so by Proposition 6.11 the classes
A IK for i € {1,2,3} map to classes in V(2)« THH(B)"T detected by the A;. Similarly, by Proposition 7.1
the class v3 in 4 V' (2) maps to a class detected by ¢u. Hence these detecting classes are infinite cycles in
all of the C-homotopy fixed point and C-Tate spectral sequences. This means that in order to determine

the d” -differentials in one of these spectral sequences, it suffices to determine d” (x) for x ranging through
a P(t)QE (A1, Ao, A3)-module basis for the E”-term.

The unit map S — THH(B) factors through B, and V(2)+«BP(2) = [, so the images of a1, 87, y;
and v3 in 74 V(2) map to zero in V(2)x THH(BP(2)) and V(2), THH(BP(2))!C». Hence the four classes
tA1, tPAs, tpzkg and 7 must all be boundaries in the C,-Tate spectral sequence.

The first possible (nonzero) d” -differentials on #; and t¥in E 2(Cp) have r = 2 p. We know that £\ is

a boundary, so
d¥(t17P) = 1,.

Also d?P(uy) € Fp{u1tPr1}, so d?P(u 1™1) = 0 for some integer m; defined mod p. Hence
E?TN(Cp) = E(uit™) ® P(*P) @ P(ip) ® E(hy, A2, 43).
The next possible d” -differentials on u1¢™! and t*? have r = 2 p2. We know that 1”1, is a boundary, so
A2 (1PP%) = P ).

Also dzl’z(ultml) € Fp{ultm1+P2K2}, o) d2p2(ultm2) = 0 for some integer m, defined mod p?, with

my = m mod p. Then
E?’H(Cp) = E(u1™) ® P(FP) ® P(1j0) ® E(A1, ha, h3).
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If m, = —p mod p? then the first possible differential on u¢™2 is d” (ut™2) € Fp{tm2+P2+pk1k2}
with r = 2p2 + 2p — 1. Otherwise, the first possible differential on 72 has r = 2p3.
By naturality with respect to the group cohomology transfer (Verschiebung), with V(t') = 0 and

V(uit') = uyt’, the first possible d” -differential on t£P? cannot take a value of the form u1x, and
hence has r = 2p3; cf [Ausoni and Rognes 2002, Lemma 5.2].

We know that ¢7 2k3 is a boundary, and the only possible sources in E 2(Cp) of a d"-differential with this
target are 1P F2P*+P=1) 3o with r =2p3 —2p2 —2p+2, uyt =P 2P’ 1, with r = 2p3 —2p2 + 1,
ulz_p3+p2+1’_1k1 with r = 2p3 —2p + 1 and ~P*+P? with r = 2p3. The first source is not
present in E2p? 1 (Cp), and the second and third sources are present there only if 7, = —1 mod p? or
m, = p — 1 mod p?, respectively. In both of these cases m, # —p mod p2, so u;1™2 survives to the
E2P*_term. In the second case

3_9p2 —p3 2_ 3_9p2 ] 2_
d2p 2p +1(Ll1[ p°+2p 1)\‘2) :d2p 2p +1(u1t p°+2p 1))\2 =0,

while in the third case
3_ _p3 2 _ 3_ —_p3 2 —
d2p 2p+1(u1t p’+p+p l)hl) :de 2p+1(u1t p +p°+p 1))\1 =0.
Hence the fourth option, . D, s
4P " +p ) =177,
is the only possibility.

We also know that zu is a boundary, and the only possible sources of a d” -differential with this target are
ugt =P HPPEP=1) o with r = 2p3 —2p2 —2p +3, 7P FP A, with r = 2p3 —2p2 42, 1P FP),
with r =2p3 —2p +2 and ult_l”3 with r = 2p3 + 1. The first source is only present in EZPZH(CP) if
m, = p—1 mod p?, in which case 1™ survives to the E2? 3—terrn, and

3_ 2_ _n3 2 _ 3_ 2_ _n3 2 _
4P —2p 2p+3(u1t p>+ptp lklkz)=d2p 2p 2p+3(u1l p +p +p 1))\1)\2=0.
In the second case
2p3—2p%42,—p3+p? 2p3—2p%242 . —p%\p—1
e R P A R (A L P 1)

. 2 . 3 . . . Aop2 .
since 1P survive to the E2P” -term. The third source is not present in E2P"+1 (Cp). This leaves the

fourth option, ; ,
47 Py =

as the only possibility. It follows that d 21’3(u1t_1’3) = 0. In particular, ull_l’3 must be present in
E20? 1 (Cp), and we may take m; = m, = 0 in the formulas above. Then

E2PH(Cy) = E(uit ™) @ P(tEPY) ® P(t)0) ® E(h1. ha. A3).
Here d2P°+1(1=P") lies in a trivial group, so
E*'2(C,) = PEP’) @ E(hy. ha. A3).
This equals E *°(Cp), since there are no further targets for differentials on #~# ’,
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We claim that T (n) in V(2)x THH(BP(2))*“? is detected by a unit times =P To see this, we can use
naturality with respect to the map BP(2) — BP(1}, as in the commutative diagram below.

H, THH(BP(2)) <>— V(2), THH(BP(2)) YN V(2)« THH(BP(2))'C»

| |

H, THH(BP(1)) <>~ V(2), THH(BP(1)) — V(2), THH(BP(1))"C»
H, THH(BP(1)) < V(1) THH(BP(1)) A V(1) THH(BP(1))'Cr

Recall from Proposition 3.3 that V(1) THH(BP(1)) = E(A{,A2) ® P(2), where h1(t2) = 07, in

H, THH(BP(1)), and that Ty (i2) in V(1) THH(BP(1))*<r is detected by a unit times e by the proof

of [Ausoni and Rognes 2002, Theorem 5.5]. It follows that u maps to lz(ll ) in V(2)« THH(BP(1)),

since /1, () = 073 maps to /g (Mé’) = (0Tp)? = 073. By naturality, T (p) maps to a class detected by a
. _p2 3 . .

unit times (z7?7)? = ¢~#", which proves the claim.

The highest-degree class in E (A1, A2, A3) ® P(u*t1) that is not in the image from E(A;, A2, A3) ® P ()
is AiAdsu!, indegree 2p—1)+(2p2—1)+ (2p3 —1)—(2p3) =2p2 +2p—3. Hence V(2)4 I is
injective in this degree, and an isomorphism in all higher degrees. |
Corollary 8.2 [Tsalidis 1998, Theorem 2.4; Bokstedt et al. 2014, Theorem 2.8] The comparison maps
T,: V(2) ATHH(BP(2))%" — V(2) ATHH(BP(2))"Cr"
Ty V() A THH(BP(Z))CP"—1 — V(2) ATHH(BP(2))'%",
for n > 1, and their homotopy limits
[': V(2)ATF(BP(2)) —» V() ATHH®BP(2))'T and T:V(2)ATF(BP(2)) — V(2)ATHH(BP(2))'T,

are all (2p?+-2p—3)-coconnected.

9 The C,:-Tate spectral sequence

Our next goal is to determine the differential structure of the Cpn-Tate spectral sequence converging to
V(2)« THH(BP(2))!C»" | for each n > 2. There are some minor differences between the cases n = 2 and
n = 3, so we spell out the C},2 case in this section, including some motivation, and leave the notationally
more elaborate cases n > 3 for the next section.

We first determine the structure of the Cp-homotopy fixed point spectral sequence from that of the C,-Tate
spectral sequence, using the homotopy restriction morphism (also known as the canonical morphism)

R ET(Cp) — ET(Cp).
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It is algebraically simpler to work with the localized spectral sequence u~! E”(C, »), keeping in mind that
E"(Cp) = w ' E"(Cp)
is (2p?+2p—3)-coconnected. In view of Theorem 8.1, the p-localized C '»-homotopy fixed point spectral
sequence for V(2) A THH(BP(2)) is isomorphic to the C,-homotopy fixed point spectral sequence for
V(2) ATHH(BP(2))!Cr.
Proposition 9.1 The p-localized Cj,-homotopy fixed point spectral sequence
W EX(Cp) = H™*(Cpi ™' V(2)4 THH(BP(2))) = ™" V(2). THH(BP(2))"

has E?-term
pEN(Cp) = E(u) ® P(tp) ® E(hy, ha, 23) ® P(u™h).

There are differentials
d? () = (1) A p' =7 2P (uP) = ()P hop? P,
A2 (W) = P hap T P ) = (o,
and the classes tjt, A1, Ay, A3 and Mip3 are permanent cycles.

Proof The composite relations
d?P ()P =d? (et pP =1 tP Ay pnP = ()P,
(T e e () L B s U L L PRV U L SYTL
T B N (L e B L U L L R AR UL YL
AP Py = PN ()P ™) = )P = )
lift to the C,-homotopy fixed point spectral sequence and can be rewritten as claimed after inverting . O

The first differential leaves
pEPTNC,) = E(u1) ® P(tp) ® E(h1, A2, h3) ® P(u™P)
@ E(u1) ® Pp(tp) ® E(hz. A3) @ Fpfhip! | vp(j) = 0}.
The second leaves
_ 2 2
u EPTHN(C) = E(uy) ® P(1jt) ® E(hy. Ay, A3) ® P(utP")
D E)® Pp(tin) ® E(hr, A3) @ Fpfdip! | vp(j) =0}

® E(uy) ® Ppa(1p) ® E(A1, h3) @ Fpldopt! [ vp(j) =1}
The third leaves

pT EPH(C,) = E(uy) ® P(t) ® E(hy Ao, h3) ® P(utP)
® E(u1) ® Pp(tit) ® E(hy, 23) @ Fpih i/ | vp(j) = 0}
@ E(u1) ® Ppa(tp) ® E(r1.h3) @ Fpfhap! [ vp(j) =13}
@ E(u1) ® Ppi(tp) ® E(hy. h2) @ Fpfhsp! | vp(j) = 2}.
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The final differential leaves
pTEPPTHA(Cy) = Py (1) @ Ehy A2 23) ® P(uHPY)
® E(u1) ® Pp(tp) ® E(hg, A3) @ Fpihi ! [ vp(j) = 0}
® E(u1) ® Ppa(tp) ® E(r1.A3) @ Fpfhap! [vp(j) =13}
® Eu1) ® Pps(t10) ® E(uy. h2) @ Fpldspt’ | vp(j) = 23,
which equals M_IEOO(CP).

Next we use the commutative diagram
THH(BP(2))"C» JREE THH(BP(2))C» L THH(BP(2))'¢»?
o
THH(BP(2)) =——— THH(BP(2)) BRI THH(BP(2))’C»

and what is known about V' (2) THH(BP(2))hCP above degree 2p? 4 2p — 3 to pin down the differential
pattern of the C,>-Tate spectral sequence leading to V(2) THH(BP(Z))ICPZ:

Theorem 9.2 The C,>-Tate spectral sequence

E*(Cy2) = H7*(Cp2; V(2)« THH(BP(2))) = V(2), THH(BP(2))' 2
has E?-term
E*(Cpo) = E(uz) ® P(1*") ® P(1p) ® E(h1, A2, 23).
There are differentials
APy = 0hy,  dPPR(PTPY) =Py, dRP (PP =P ),
G LA N L/ P A A S T T (N ¥

R L B (0 L S A AR (P S B (N L
and the classes tji, A1, Ay, A3 and t£P° are permanent cycles.
Proof According to [Ausoni and Rognes 2002, Lemma 5.2], naturality with respect to Frobenius and
Verschiebung maps forces the first three differentials, showing that
EPHY(Cp) = E(ug) ® P(t*P") ® P(t1t) ® E(h1. A2, A3).
To proceed, we shall make use of the summands
Pp(t) ®Fp{hip}.  Ppa(tp) @ FplhaptP).  Pps(ti) ®Fpihspu?’} and  Ppsy (i) @ Fpiu?'}

in E%°(C,), which is equal to u~! E%(C,) in these degrees. There are almost no classes in the same
total degrees and of lower filtration than the vanishing products
3

2 3 2 3
T L R TR (77 L Oy (77 LA B Y LA Y B (77) LAY T
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The only exception is the class (tu)? 2+ p- IX1A2A3 in the same total degree as (t,u)p - Ao u?. However,
this class is itself a (ZM)P -multiple, so there is no room for a hidden v3 -extens10n on ); 2P . Hence At
detects a v3 —t0rs10n class X1, Aou? detects a v3 —tors10n class x,, )\3,u1’ detects a v3 -torsion class x3,
MP detects a v3 !torsion class x4 in V(2)x THH(BP(2))*Cr and these v3-power torsion orders are
all exact.

By Corollary 8.2 the maps I'y and f‘z are (2p2+2p—3)-coconnected. Hence the classes x; lift uniquely
to classes y; in V(2)x THH(BP(2))» with Iy (y;) = x;, and we let z; = f‘z (yi) denote their images in
V(2)« THH(BP(2))’CP2. Since f‘l (m)y=t=%¢ 3, up to a unit in [, that we hereafter often omit to mention,
F(zy) is detected by t_p3k1, F(z,) is detected by t_p4k2, F(z3) is detected by l_PS)\3 and F(zy4) is
detected by t=P° in EOO(CP).

We claim that there are no classes in £ *°(Cp2) in the same total degrees and of higher filtrations than
—_p3 _ 4 _p5 _ 6
17PN, TP Ay, 7P X3 and P

This will imply that the z; are detected by precisely these classes. Already at the (known) E2? *+1_term
the only exception to the claim is w7 *=P” in the same total degree as Z_P5A3, and we shall see below
that this class supports a nonzero d2? *+2p_(ifferential, hence does not survive to the E%°-term. It then
follows that the products

(w? %, P P R P A and ()P TP
must detect zero, and therefore be boundaries in the C,,2-Tate spectral sequence E" (Cp2). We shall prove

that these boundaries must be
4 _ 34 . _ .3 5 2 4.5 . 2 _ .4
A (o a0 T ) (a0 WU e (o b IS (1 Lol A 0
d2P0F20 (P3P = ()PP Py, aPPORRPR L (2P = ()PP P

and the asserted formulas follow readily.

We shall make use of the following lemma. Each cyclic P(¢)-module is either free or torsion, being
isomorphic to a suspension of P (ft) or of its truncation Py (i) = P(ti)/((z0)") at some height i > 1,
according to the case. Here and below exponents € and ¢; are always assumed to lie in {0, 1}.

Lemma 9.3 For each r > 2p3 + 1 the Cp2-Tate E" -term E" (Cp2) is a direct sum of cyclic P(tp)-
modules, generated by classes of the form u$t’ - A'A?A5> with p® |i. The d”-differential maps free
summands to free summands, and is zero on the torsion summands.

Proof We proceed by induction on r > 2p3 + 1, assuming that the P(tzjt)-module structure of the
E7-term is as stated.

Suppose that there is a d”-differential d” (a) = b hitting a nonzero tu-torsion class. Then ¢ty -b =
by = d"°(ap) must have been hit by an earlier d"°-differential, where aq is a generator of the form
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ugti -kil A;ﬂ;-‘ with p3 |i. Hence a must lie in the same total degree as the formal product ()~ - ay,
but in a higher filtration. At the E2-term, this could happen in three cases:

. i . . . i ) i n2__

o if ap = uSt' - AyAzA3, with a in the bidegree of uSt'™P - Ay, uSt'™P" - Ay, uat'"P" 7P -1 or
P 2_
(imp Pt

. 7 . . . P2 _ P2 s 2
e if ag = u§t’ - AyA3, with a in the bidegree of upt! =P 2=l (1 =PTHP Lk or u§si TP -,
o ifag= ugti - A1A3, with ¢ in the bidegree of ugti_l’ - 1.

However, in none of these cases is the prescribed #-exponent (i — p, i — p?, etc) a multiple of p>. Hence
there are no nonzero classes in these bidegrees of E2P*+1 (Cp2), and therefore also not in E" (Cp2) for
r>2p3 1.

It follows that no differentials hit the torsion summands, so each nonzero differential maps a free summand
to another free summand. Its kernel is then zero, while its cokernel creates a torsion summand in the
E"*1_term, which is still generated by a class of the required form. This proves the inductive statement
for r + 1. O

The remainder of the proof of Theorem 9.2 can be separated into five steps:

(1) We start with z, which we know is detected by ¢ —? 3k1. Checking bidegrees in E2P*+1 (Cp2), the
next possible differentials on u, and t~# * are

d2P T P e oyt P P (1) P ),
AP () € Fplt™ P )P

d*P" 2P (uy) € Fpluat” (t10)" s},

Since 74 and the A; are infinite cycles, we must have d” = 0 for 2p3 4+ 1 <r < 2p*+2p — 1. Moreover,
(tn)? -l_l’s)\l = d"(a,) in vertical degree 2p* 4+ 2p — 1 must be a boundary, and the only possible
source of such a d"!-differential with r; > 2p* +2p—1lisa; = =P =P* with r1 =2p*+2p. It follows
that d2P*+2P=1(;=P) = 0 vanishes and furthermore that 427" +2P (t=P*) = t=P*+P*(11)P 1, is nonzero.

. . _ 6 6 .

(2) We turn to z4, which we know is detected by ¢ P°_ Thus ¢7° and its inverse are permanent cycles.
3

The nonzero product vf -z4 is detected by by = (t0)? Pt or, if this product is a boundary, by another

class in the same total degree as b4 but of lower filtration. Let 5} denote the actual detecting class. Then
3
pi+1
3 .
the source of this differential is of the form a4 = u§t’ - A AS2AS*, with p? |i. (If a4 were a ty-multiple

ti-b) = d"(ay) in total degree 4p%—2 detects v -z4 = 0, and hence is a boundary. By Lemma 9.3,

at the E2-term, then it would be a ¢z4-multiple at the E"4-term, by the lemma. Then b}, would be a
3

d"+-boundary, which is impossible since it detects vf -z4 # 0.) The total degree of a4 is 4p® — 1, so the

only possibilities are tp3_2p6k3 with r4 > 2p% 42, or uzt_zl”6 with r4 > 2p% +2p3 + 1. However, we

showed in (1) that ¢? 3=2p%), 3 supports a nonzero (shorter) d 2p*+2p_(ifferential. Hence g = uzz_2p6
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. 6 3 . 6 .
survives at least to the E2P" 727"+ term, and d”4(a4) # 0 for some r4 > 2p% +2p3 + 1. Since t? is

. . . . 6 3
an infinite cycle it follows that u5 also survives to the E2?" 727"+ 1_term. Hence

B2 (C o) = E(uz) @ PP @ P(1p1) ® E(hy. A2, 3)
® E(u2) ® Pp(tj) ® E(ha. 23) ® Fpt'Ay | 0p(i) = 3}.

. _p3_ 5. . . . . .
In particular, u,t =2 %" is not an infinite cycle, and cannot detect z3, confirming our earlier claim.

(3) We continue with z,, which we know is detected by r —7 A ». Checking bidegrees in E2p* 4201 (Cp2),
the next possible differentials on =P" are

5 2_ _ 4 _p4 5 2_ 5 2 4 _ 4 5 2
d*P TN TPy e Fp{unt ™2 TP ()P T hphs) and  dPPTPRPT (TP eFp{t TP TP ()P Ay ),

while u, survives at least to E2p°+2p7+1 (Cp2) by (2). The differentials on 7u, the A; and the torsion
summand are zero. Hence d” = 0 for 2p* +2p+1 <r < 2p> +2p* — 1. Moreover, (t,u)P2 -t_P4A2 =
d"(a,) in vertical degree 2p> + 2p? — 1 must be a boundary, and the only possible source of such
a d"2-differential with r, > 2p° + 2p% — 1 is ap = t~P" =P with r, = 2p5 + 2p2. It follows that
d2P°+20°=1(;=P*) = ( vanishes and that d27”+27%(t=P*) = 1=P*+P"(11)P* 1, is nonzero. Hence
B2 H2HN(C) = Euz) ® P(EP7) @ P(ijt) ® E(hy. 2. 23)

@ E(uz) ® Pp(tpt) ® E(Aa. 23) @ Fplt' Ay | vp(i) = 3}

@ E(uz) ® Ppa(tp) ® E(h1.h3) @Fp{t' A | vp(i) = 4}
(4) We know from (2) that z3 is detected by r—7 A 3. Checking bidegrees in E2P7+2p7+1 (Cp2), the next
possible differential on ¢ —# 7 s

AP (P € Byl ()P A,

while 1 survives to the E2? C+203 41 torm by (2). The differentials on ¢, the A; and the torsion summands
are zero. Hence d” = 0 for 2p> +2p% +1 <r < 2p% +2p3. Moreover, (Z;L)P3 ~t_1’5)»3 =d"3(asz) in
vertical degree 2 p®+4-2 p3 — 1 must be a boundary, and the only possible source of such a differential is a3 =
=P =P° with r3 =2p® +2p3. It follows that d2p°+2p’ (t_ps) = t_p5+p6(tu)P3k3 is nonzero. Hence
E2PPHH(C ) = E(uz) ® P(FP°) ® P(1in) ® E(Ay, Az, A3)

@ E(u2) ® Pp(tp) ® E(ha, A3) @ Fplt'Ay | vp(i) = 3}

B E(u2) ® Ppa(tp) ® E(hy. 23) ® Fpft' A | vp(i) = 4}

® E(u2) ® Pps (1) ® E(h1. h2) ® Fplt'As | vp (i) = 5.
(5) Finally, we return to z4. Since by = (t,u)l’3 7P s nonzero, in vertical degree 2p°® of the

6 3 . .
E?P°+2P°+1_term, it can no longer become a boundary. We can therefore strengthen the conclusions
] 3 . 3 6 . .
in (2) to conclude that vf - z4 is detected by b} = by, and that tj1 - by = (tp1)? T1.47P" is a unit times
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d"™(ay), with ry = 2p6 + 2p3 +1and as = u21_21’6. It follows that d21’6+2p3+1(u2t_1’6) = (ZM)P3+1,
since £7° is an infinite cycle. Hence
EPOHHR2(C 0y = PFP) @ Pps gy (110) ® E(Ay, Aa, 1)
® E(uz) ® Pp(tp) ® E(Aa. h3) ® Fp{t' Ay | vp(i) =3}
® E(u2) ® Ppa(t4) ® E(h1.13) @ Fp{t'hy | vp(i) = 4}
@ E(uz) ® Pya(tp) ® E(h1.h2) @ Fp{t'As | vp(i) = 5}

No free summands remain, so by Lemma 9.3 there are no further differentials, and this E”"-term
equals Eoo(sz). O

10 The C,--Tate spectral sequences

The following notations will be convenient when we now determine the differential structure of the
Cpn-Tate spectral sequence.

Definition 10.1 [Ausoni and Rognes 2002, Definition 2.5; Angelini-Knoll et al. 2024, (5.8)] Let
r(k)=0for k €{0,—1,—2} and set r (k) = p¥ +r(k —3) fork > 1. Thus r(3n—2) = p3" 2 4...+ p,
rBn—1)=p3 1 4...4 p2and r(3n) = p* +--- + p3, with n terms in each sum.

Let [k] € {1,2, 3} be defined by k = [k] mod 3, so that {Aj], Ak+1] Ak+2]) = (A1, A2, A3}

Theorem 10.2 The Cpn-Tate spectral sequence

E?(Cpn) = H*(Cpn; V(2)« THH(BP(2))) = V/(2) THH(BP(2))" "
has E?-term
E*(Cpn) = E(un) ® P(tF") ® P(tjt) ® E(h1, A2, A3).
There are differentials
A © P =Py = 1 gy Iy
foreach 1 <k <3n, and
d2r(3n)+1(unt—p3") - (tlu)r(3n—3)+1.

3
The classes tit, A1, Ay, A3 and (7" are permanent cycles.

For n =1, this is Theorem 8.1. We prove the statement for general n by induction, assuming the statement
for a value n > 2, and deducing that it also holds for n + 1. The case n = 2 is provided by Theorem 9.2.

The distinct terms of the Cp,n-Tate spectral sequence are
E>FN(Cyn) = Eun) ® PUFP") @ P(p) ® E(h 1. A2, 43)
m
® P En) ® Prk—3)(t1) ® EQper 1) Aga) ® Fplt Ay | vp (1) =k =13

k=4
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for 1 < m < 3n. To see this, note that the differential 2" %) only affects the summand

E(un) @ Fpit' | vp(i) = k =1} ® P(t1p) ® E(h1. A2, A3).
and here its homology is E(un)® Py (k—3)({ 1) @ E (Ag+1] A[k+2])®IFp{tik[k] |vp(i) =k—1}. Thereafter,
E¥OMF2(Cpn) = PAEP™) @ Prian-3)41 (1) ® E(hr, Ao, hs)

3n

& P Ewn) ® Pre—3)(t1) ® Ehpper 1) Ag2) © Fplt Ay | vp (1) = k — 1.
k=4

To see this, note that 42 G +1 only affects the summand E (1) ® P(tip3n) Q P(t) ® E(A1, A2, A3),
and that its homology is P(tiPSH )® Pr3p—3)+1() @ E(A1, A2, A3). For bidegree reasons, the remaining
differentials are zero, so £2" (3")+2(Cpn) =E % (Cpn) and the classes £ are permanent cycles.

We obtain the differential structure of the C,n-homotopy fixed point spectral sequence E” (Cpn) for
V(2) ATHH(BP(2)) from that of the Cpn-Tate spectral sequence E" (Cpn) by restricting to the second
quadrant, and write u ! E” (Cpn) for its localization given by inverting (a power of) p. It follows from
Theorem 8.1 that =L E” (Cpn) is isomorphic to the Cpn-homotopy fixed point spectral sequence for
V(2) ATHH(BP(2))!r.

Proposition 10.3 The pi-localized Cpn-homotopy fixed point spectral sequence

w E2(Cpn) = H™*(Cpn: p~' V/(2)« THH(BP(2))) = u~ ' V(2)« THH(BP(2))" "

has E?-term
W EX(Cpn) = E(un) ® P(tt) ® E(Ay, A2, A3) ® P(u™!).

There are differentials
k—1 . k—1_ ,k
d> O WP = () ©rpgp?” 7P

foreach 1 <k <3n, and
g2 Gm+1 (unMp3") - (ZM)r(3n)+1_

The classes tjt, A1, Ay, A3 and uil’3n are permanent cycles.

Proof This follows from Theorem 10.2 by comparison along the morphism
R E"(Cpn) — ET(Cpn)

of spectral sequences induced by the homotopy restriction map (also known as the canonical map), and
the (2 p2+2 p—3)-coconnected localization morphism

E"(Cpn) — W VET (Cpn).
Algebraically, the translation is achieved through multiplication with appropriate powers of 7. O
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The distinct terms of the p-localized Cpn-homotopy fixed point spectral sequence are
pT BTN (Con) = E(un) ® P(t10) ® E(1. 22, h3) ® P(u*P")
m
® P Eun) ® Priioy(tt) ® E (A1) Aicr2) @ Fpldpqn’ | vp(j) =k — 1}
k=1
for 1 <m < 3n. To see this, note that the differential 2" %) only affects the summand
E(un) ® P(tp) ® E(h1. A2 h3) @ Fp{p? | vp(j) =k —1},

and here its homology is E () ® Py k) (t14) ® E (A +1]> Ak +2]) ®Fp{k[k]uj | vp(j) =k —1}. Thereafter
pT E O (Con) = Py(auy4 (1) ® E(hy. A2, A3) @ P(uEP™)

3n

® P En) ® Prty (111) ® Ehppg1), Ag42) @ Fpfhpqn! [ vp(j) =k —13.
k=1

As before, d2”3m+1 only affects the summand E(u,) @ P(ti) @ E(A1, Aa, A3) ® P(MiPSH), and its
homology is Py 3u)+1 () ® E(A1,A2,A3)® P (u*”? 3"). For bidegree reasons the remaining differentials
are zero, so 1 E27GM+2(Cpn) = 171 E®(Cpn) and the classes =P are permanent cycles.

To achieve the inductive step we use the commutative diagram

T, T,
THH(BP(2))"Cr" «—" THH(BP(2))C»" — THH(BP(2))'Cr+!

(10-1) an lF lp
THH(BP(2)) —— THH(BP(2)) — " THH(BP(2))Cr

and what is known about V(2), THH(BP(2))*C»" above degree 2 p% +2 p —3 to determine the differential

pattern of the Cp,n+1-Tate spectral sequence converging to V(2)« THH(BP(2))ICP”+] .

Proof of Theorem 10.2 We must show that the C,,»+1-Tate spectral sequence
E*(Cynt1) = H™*(Cput1: V(2)« THH(BP(2))) = V(2), THH(BP(2)) <"+

has the asserted differential pattern. By naturality with respect to (Tate spectrum) Frobenius and Ver-
schiebung morphisms,
F: E’(Cpn+1) Z E"(Cpn) 1V,

it follows as in [Ausoni and Rognes 2002, Lemma 5.2] that the left-hand spectral sequence has differentials
a2 ® @ty = Py Dy
for all 1 <k < 3n, leading via the EZ"®)+1 = E2P*+1 term
E>PHN(Cputn) = E(ttn41) ® P(*7°) ® P(110) ® E(Ay. A2, A3)
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to the E2"GM+1_term

E O Couit) = Euns1) ® PUFP") @ P(ipt) ® E(hy, Az, 13)
3n

D En+1)® Prie—) (1) ® E Ay 11, Ag+2) ©Fp it Ay | 0p (1) = k=13,
k=4

We shall prove that this spectral sequence contains three more families of even-length differentials,
followed by one family of odd-length differentials, after which it collapses.

Note that the E27° 1 term is free as a P(tjr)-module. Replacing Cp2 with Cpn+1 and up with uy4 in
the proof of Lemma 9.3, with no other changes, establishes the more general statement:

Lemma 10.4 For each r > 2p3 + 1 the Cpn+1-Tate E”-term E" (Cpn+1) is a direct sum of cyclic
P(tj1)-modules, generated by classes of the form u$_ 1" - A{'AS2AS* with p3 |i. The d”-differential
maps free summands to free summands, and is zero on the torsion summands. |

By our inductive hypothesis, the abutment £°°(Cpn), which is isomorphic to wE °(Cpn) above degree
2p? +2p — 3, contains summands

3n—3 3n—2
Pr(3n—2) (tn) ® IE‘p{)\llfbp I Pr(3n—1)(t/fL) ® Fp{)ﬂﬂp ¥
3n—1 3n
Pr(3n)(Z/'L) ®Fp{)\3ﬂp }a Pr(3n)+1(lﬂ) ®Fp{/jfp }

Moreover, = ! E®(Cpn) is generated as a P(fi)-module by classes in filtrations —1 and 0. Hence any
class in E°°(Cpn) in the same total degree as, but of lower filtration than, one of the vanishing products
()" aq w7 ) O ™

()" Cm ™ ) O
must itself be divisible by (at least) the indicated power of 7u1. It follows that there are no hidden vs-

16772) torsion class x; € V(2) THH(BP(2))"Cr",

. 3n—1 3 . 3n
-torsion class xj, Az u? detects a v;( ™ _torsion class x3and u?" detects

. 3n—3
power extensions present, so that A u? "7 detectsa v

3n—2 r(3n—1)
p
Aol detects a vy

3n)+1 . .
a vg( MF1_torsion class X4, and these v3-power torsion orders are exact.

By Corollary 8.2 there are unique classes y; € V(2)x THH(BP(2))C»" and z; € V(2)« THH(BP(Z))’CP”Jrl
with I, (y;) = x; and f‘,,+1 (yi) = z; for each i. Moreover, zy,..., z4 are v3-power torsion classes of
orders precisely r(3n —2), r(3n — 1), r(3n) and r (3n) + 1, respectively.

Applying Frobenius maps F” as in (10-1), and the fact from Theorem 8.1 that Ty maps i to ~p’ (up
to the usual implicit unit) and preserves the A;, we deduce that F"(zy),..., F"(z4) are detected by
the classes Z_psn)\l, t_p3n+lk2, t_P3n+2)»3 and 12" in EOO(CP). Hence zy, ..., z4 are detected in
E *°(Cpn+1) in the same total degrees as these classes, in equal or higher filtration. However, since n > 2,
there are no possible detecting classes of strictly higher filtration present in E2rGm+1 (Cpn+1). We can
therefore conclude that zy, . .., z4 are detected by

3n+1 _
Ay, t p

3n+2 3n+3

—p3 — —
7PNy, TP A3 and 7P,
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respectively, in E *(G, n+1) (The only problematic class at the E2" 3 _term, 1,41 =P*=p"" ih the
same total degree as ¢~ p¥ k3, is now known to support a d2”®)differential, as in the Cp2 case.)

It follows that the products

3n+1

e N SR () R (0l

3n+2 3n+3

A3 and (i) CMFLmp

must detect zero, and therefore be boundaries, in the C,n+1-Tate spectral sequence. We shall prove that
these boundaries must be

d2’(3n+1)([—173" %”'H) (ZM)r(3n—2) . Z_p3n)n1 i
dzr(3n+2) (t_p3n+l 3n+2) ([/,L)r(3n_l) . t_pSn—H)\z,
dzr(3n+3)( —p¥ti—p 3"+3) ([M)r(3n) -Z_p3n+2)\.3,

d2r(3l’l+3)+1(un+1t—2p Jr) (Z/L)r(3n)+1 p p3n+3

In view of the Leibniz rule, the first three can be rewritten as
k—1_ ,k . k—1 —
d2r(k)(tp PYy =P (l,u)r(k 3))»[k]

for 3n 4+ 1 <k < 3n + 3, while the fourth is equivalent to

er(3n+3)+l(un+lt—p3"+3) - (tu)r(Bn)+1.
As for Theorem 9.2, the remainder of the proof of Theorem 10.2 will consist of five steps, but for n > 2
we can start with z4 in place of z;, and this simplifies the discussion of the class u;41.

(1) We know that z4 is detected by =P Thus ™" and its inverse are permanent cycles. The
nonzero product v;(:m) - z4 is detected by by = (1p0)"C™ .¢~P s or, if this product is a boundary, by
another class in the same total degree as b4 but of lower filtration. Let b} denote the actual detecting
class. Then 7u - by in total degree 4p3n+3 2 and vertical degree > 2r (31 + 3) detects vr(3n)Jrl .24 =0,
and hence is a boundary. We write 7 - b, = d"*(a4). By Lemma 10.4, the source of this differential is of
the form a4 = u z’ AT'ASEASY, with p? | 7. The total degree of a4 is 4p"+3 — 1, so the only possible
3”“)»3, with rg > 2r(3n+3) —2p3 +2, or u,,+1t_21’3n+3. However, since n > 2, the
first of these possibilities is no longer present in E2rGm+1 (Cpn+1). Hence ag = un+1t_2p3"+3 survives
at least to the E2"Gn+3)+ 1 term, and d”*(a4) # 0 for some r4 > 2r(3n + 3) + 1. Since 7" g an

infinite cycle it also follows that d” (u,+1) = 0 for all r < 2r(3n + 3).

sources are t? _21’

r(3n—2)—1

(2) We continue with zl, which is detected by ¢~ P’ kl The nonzero product v, -z is detected by

by = (tp)” Gn=2)-1 s " X1 or, if this product is a boundary, by another class in the same total degree as b

but of lower filtration. Let b} denote the detecting class. Then #/4 - b] in total degree 2 p3ntl 4 op3n
and vertical degree > 2r(3n + 1) — 1 detects vr( n=2) -z1 = 0, and hence is a boundary. We write
tu-by =d" (ay). By Lemma 10.4 the source of this differential is of the form ay =u¢_,¢/-A{' A?AS* with

3n p%n+1

p3|i. The only such class in the correct total degree is a; =t~ # . Considering vertical degrees,
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it follows that ; > 2r(3n+1). Since the torsion summands in E2rGm+l (Cpn+1) are not affected by later
differentials, the A; and ¢y are infinite cycles and u,,41 survives to the £ 2rGn+3)+1 _orm by (1), it follows
that d” = 0 for 2r(3n) <r < 2r(3n + 1). After this, by is in too low a vertical degree to be a boundary.
Hence b} = by and r{ = 2r(3n + 1). It follows that d2rGnD) (=p"y = =P+ () rGr=2)y
This establishes the first new even-length differential, and leads to the E£2” Grnt+D+1_term

B O (i) = E(un )@ PP )@ P()®E (A1 Az, 13)
3n+1 .
&P E(ni1)®Py—3) ()@ E iy 11 Ae+2) ®F p{t Ay [vp (1) =k —1}.
k=4
3n+1 r(3n—1)—1
; .
Ay or, if this product is a boundary, by another class in the

(3) Next? we turn to z,, which is detected by =7
detected by by, = ()7 Gn—D—1 A

same total degree as b, but of lower filtration. Let b’, denote the detecting class. Then 7y - b, = d"2(a,)
r(3n—1)
3

Az. The nonzero product v zy 1S

detects v
2p3n+2 4 2p3"+1 and by Lemma 10.4 it has the usual form u¢ - A{'A52A5}, so a; =177
is the only possibility, with r, > 2r(3n+2). It follows as in (2) that d” =0 for 2r 3n+1) <r <2r(3n+2).
After this, b5 lies too close to the horizontal axis to be a boundary, so b}, = by and r, = 2r(3n +2). It
then follows that @27 Gn+2) (;=p*"*1y = y=p*"*14p3"+2 () \rBn=1) , This establishes the second new

even-length differential, and gives the E27 (7 +2)+1 term

-z = 0, and hence is a boundary. The source a, of this differential is of total degree
3n+1_ ,3n+2
p

E¥CmD+(C i) = Eun )@ PP QP E(M 1, A, hs)

3n+2
® @ E(un+1)® Ppe—3) ()R E (k411 Ak +2) ®Fp it Ay | vp (1) =k —1}.
k=4
(4) Carrying on, we consider z3, which is detected b [—p3”+2)\3_ The nonzero product v/, 7! -Z3 18
ying y p 3

3n+2

detected by by = (1) Cm—1.¢—P
detected by another class in the same total degree as b3, but of lower filtration. Let 5} denote the detecting
class. Then rp-b} = d"*(a3) detects v;(M) -z3 = 0, and must be a boundary. The source a3 of this differ-
ential is of total degree 2p3"*3 +2p3"+2 and b); Ijrezmn;a+130.4 it has the usual form € 1" - A" AAS
"I with 13 > 20 (3n + 3). Tt follows as above
that d” = 0 for 2r(3n +2) < r < 2r(3n + 3), after which b3 is in too low a vertical degree to become a
boundary, so b} = b3 and r3 = 2r(3n + 3). Hence 612’(3”"‘3)(1_1”3n+2 }

) - t_p‘n+2+p3n+3 (I/L)r(?’n))\:;.
This establishes the third new even-length differential, and leaves the E 2rGBn+3)+1_torm

A3, unless this class is a boundary, in which case the product is

not involving . The only possibility is a3 =¢~7

E¥OmEDTNC ) = Eun )@ P )@ P(tp)® E(hy, Az, A3)
3n+3

® D E@n+)®Pr—3) W@ E A1) Mr2) @Fplt Ay | 0p (1) =k —13.
k=4

3Steps (3) and (4) are very similar to (2), but we believe the arguments are easier to follow when written out separately.
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(5) Finally, we return to z4. Since by = (z0)” ™ 2P s nonzero, in vertical degree 2r (3n+3)—2p3
of the E2"Gn+3)+1 term, it cannot be a boundary, and hence is equal to the class b} from step (1). Thus
t-by = ()7 Gm+1 P g (ag) with ag = un+1t_2p3n+3 and r4 = 2r(3n 4 3) + 1. It follows
that d27CnE)+1 (=P = (1) GmF1 gince t7°"** is an infinite cycle. This establishes the

claimed new odd-length differential, and leaves

~ 3n+3
E2r(3n+3)+2(cpn+l) = PEP" )R Py ()R E (A1, A, A3)
3n+3

® @ E(n41)® Pr(—3) (1) O E Mkt 17: A +2) ®F p{t Apiey | vp (i) =k —1}.
k=4

No free summands remain, so by Lemma 10.4 the remaining differentials are all zero, and this E”-term
equals E *°(Cpn+1). This completes the n™ inductive step. |

11 The T -Tate spectral sequence

We can now make the differential structure of the spectral sequences
E2(T) = H *(T:V(2)« THH(BP(2))) = V(2). THH(BP(2))"T,
pw~VEX(T) = H™*(T; V(2)« THH(BP(2))'®")= V(2).(THH(BP(2))' )T,

E*(T) = H*(T;V(2)« THH(BP(2))) = V(2)s THH(BP(2))'T
fully explicit.

Theorem 11.1 The T -Tate spectral sequence

E*(T) = H*(T; V(2)« THH(BP(2))) = V(2)x THH(BP(2))'T
has E?-term
EXT)=P(t*) ® P(tp)) ® E(h1. 2. 13).
there are differentials
d2r® rt Iy = Py Dy
for each k > 1, the classes tjt, A1, Ao and A3 are permanent cycles, and the E°°-term is
E®(T) = P(tp)) ® E(h1. 2. 23)

&P Pri—3) (1) ® ECpps 1) Mir2) @ Fpdt Ay [ vp (i) = k — 13
k>4

Proof This follows by passage to the limit over n from Theorem 10.2. |

Remark 11.2 We saw in Propositions 9.1 and 10.3 that for each » > 1, some positive power of
n € V(2)« THH(BP(2)) lifts to V(2), THH(BP(2))"C»" so that the p-localized Cpn-homotopy fixed
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point spectral sequence converges to a localization ! V(2), THH(BP(2))"C»" . However, no such power
of u lifts to V(2)x THH(BP(2))*T, and we therefore instead express the abutment of the p-localized
T -homotopy fixed point spectral sequence in terms of THH(BP(2))!<7, with 11~ V(2)+ THH(BP(2))
V(2)« THH(BP(2))*C, as per Theorem 8.1.

Proposition 11.3 The p-localized T -homotopy fixed point spectral sequence
w VEX(T) = H*(T: n~'V(2), THH(BP(2))) = V(2)+(THH(BP(2))'¢»)"T

has E2-term
pVEX(T) = P(tpn) ® E(Ay, A2, A3) ® P(uth),

there are differentials
1

k—1_ . k—1_  k
O ur™ ) = () Ohygu?” 7
for each k > 1, the classes tji, A1, Ay and A3 are permanent cycles, and the E°°-term is
/L_IEOO(T) =Ppn)® E(A1, A2, A3)

&P Prty (1) ® EGhiray, Mir2) @ Fpldpgn’ [vp(j) =k — 13,
k>1

Proof This follows by passage to the limit over # from Proposition 10.3. |

Proposition 11.4 The T -homotopy fixed point spectral sequence

E*(T) = H*(T: V(2)x THH(BP(2))) = V(2)x THH(BP(2))"T
has E2-term

E*(T)=P(t)® E(A1, 22, A3) ® P(),

for each k > 1 there are differentials
dzr(k)(udpk_l) = (ZM)’(k))»[k]u(d_p)pk_l for d > p with p td,
k_l) = (dp*! (tu)r(k)_dpk_l)»[k] for 0 <d < p,

d?r® 4y = g Ty KD for d > 0 with ptd,

42 (M(P—d)P

the classes tjt, A1, Ao and A3 are permanent cycles, and the E°°-term is
E®(T) = P(tp) ® E(r1,22.43)
k—1
&P Prio (i) ® E(hjegry Apes2) @ Fpldpqu® | ptd >0}

k=1
k—1
&P Prso)—dpr—1 (1) ® EQupiey 11, M 2) @ Fpdt ™ Ay |0 < d < p}
k>1
k—1
& D Prix—3 (110) ® EChpgs1) Mr2) ® Fptt”” dgy | phd > p).
k>4
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Proof The differentials on 197" ™" for p+d > 0 follow as in Theorem 11.1, while those on pu%? “! for

p+d > p are as in Proposition 11.3. For 0 < d < p,
k—1_ .
O ™) = () O

k—1_ pk k_gpk—1 k—1_ pk
PY — P A" (g yr ) +dp L

Replacing d by p — d we obtain the claimed formula.

For each k > 1 and p }d, the d*"®)_differential maps the summand

E(hpr1) Ae+2) ® Fplt' pd i — j = dp*~' = p*}

of E2"®)(T) injectively to the summand

EMkt17s Mr+2) @ Fplt Apqu? i — j = dp*=13,

with cokernel one of the displayed summands in £°°(T'). Here i > 0 and j > 0 in each case. m|
Following the referee’s good advice, we decompose these £E°°-terms as in the next three definitions.

Definition 11.5 Let A = P(tu) ® E(A1, A, A3), viewed as a subalgebra of E°°(T). For k > 1 and
0<d<plet

k—1
Clk.d) = Poy_apr—1 (1) ® E(At11. Aet2) ® Fp{t 7" Ay}
be the finite A-submodule of E°°(T) generated by

k—1
Ck,d = ldp )\[k]-
The class

4y (k—3)

4 r(k—3) kg = t%r(k)k[k]up

Xied = (1) »
is an element of C(k, d), is nonzero since %i’(k —3) < r(k) —dp*~", and has total degree Yhal =
2pll —2dplkI=1 _ 1. In particular,

Xpa=cra =190 Xpg=c2a=1Phy and x34=c3q0=1"");

forall 0 <d < p. Let C = @Dy 0<q<p C(k.d), and let

k—1
B =P Praoy(t1) ® ECupgy 1) Ar2) ® Fplhpgu®” ™ | ptd > 03,
k>1

k—1
D =P Pr—-3t1) ® EQpsry Aea)) ® Fpit? " hyg | ptd > p}
k>4
be the indicated A-submodules of £°°(T), concentrated in positive and negative total degrees, respectively.
Then EX(T)=A® BaeC & D.

It should be clear from the context whether B refers to this summand in E°°(T) or a generic S-algebra.
The classes xj 4 are the ones mentioned in Section 1. Their role, together with the classes z 4 defined
just below, will only become apparent starting with Corollaries 12.7 and 12.8.
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Definition 11.6 Let A’ = P(t;1) ® E(A1, A2, A3) as a subalgebra of u~! E®(T). For k > 1 and
0<d<p,let

1

—dpk—
C'(k,d) = Py (1) ® ECrpgg1), Mic+2) ® Fplhpgp ™"}

be the finite A’-submodule of £ ~! E®(T) generated by

_ k—1
Cha =i
The class

d

Zkd = (tp) " ® ‘C;c,d _ l%r(k)k[k]ﬂ%r(k_3)

is an element of C’(k, d), is nonzero since %r(k) <r(k), and has total degree |z 4| = 2plkl_pgplkl=1_1.
Let C' = @y >1,0<a<p C'(k,d), and let

k—1
B' = @ Py (t1) ® E 1), Mt2) ® Fplhpqu® | ptd > 03,
k>1

_dnk—1
D' =D Pro i) ® ECgr1): Aes2) @ Fplhpgu ™ | ptd > p}
k>1

be the indicated A’-submodules of ©~! E®(T), concentrated in positive and negative total degrees,
respectively. Then u 'E®(T)=A'® B & C' & D'.
Definition 11.7 Let A = P(t11) ® E (A1, Aa, A3),
A~ k—1
C(k,d) = Pyge—3)(t1) ® E(t 11 Met2) ® Fp{t P Ay}
fork>1and 0<d < p, and

A~ _Adpk—1
B=@B Prik-3 (1) ® EQpesy Apesa) @ Fpft ™" Ay | phd > 0},

k=4
C= P Cka.
k>4,0<d<p
~ dpk—l
D=@P Prik—3» 1) ® EQpry 11 A 42) @ Fplt ™ gy | pd > p.
k=4

Then E®(T)=A® B@® C & D. Note that C (k,d) = 0 for k € {1,2, 3}

The T -equivariant comparison map
Ty : THH(BP(2)) — THH(BP(2))'¢>

(renamed the p-cyclotomic structure map ¢, in [Nikolaus and Scholze 2018]) induces a morphism of
T -homotopy fixed point spectral sequences, given at the E2-term by the homomorphism

EX(T1T): EX(T) = P(1) ® E(h1,A2,43) ® P() > P(1) ® E(A1, hp, h3) ® P(u™") = u ' EX(T)
that inverts w. At the £°°-terms we have the following formulas:
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Lemma 11.8 The homomorphism
E®([THTY: E®(T) » n~E%(T)
maps
(1) A isomorphically to A’,
(2) B isomorphically to B,
(3) C injectively to C’, and
(4) D to zero.

Specifically, E Oo(IA“f’T) is injective in total degrees * > —2p3 + 2p? and bijective in total degrees
*>2p2+2p—2.

Proof Cases (1) and (2) are clear. In (3), the injection C(k,d) — C’(k,d) takes cx 4 = tdpk_lk[k]
to (t,u)”lrpk_1 'c,/c 4> Which is annihilated by the same #/.-power as ¢k, 4, namely (lu)’(k)_dl’k_l. In (4),
the image of D in D’ is zero since tdpk_lk[k] maps to ()" ~)»[k];fd1’k_l, which is zero because
dp*=1 > r(k) for d > p.

The highest-degree element in the kernel of Eoo(f‘{”r) is t(P+DP? (t)P~1A1A2A3 in D in total degree
—2p3 4+ 2p2 — 1, mapping to d2"® (P’ =11, k3~1). The highest-degree element not in the image of
Eoo(ff”r) is A{A2A3 " in C’(1, 1), in total degree 2p? +2p — 3. m|
Similarly, the homotopy restriction map

R": THH(BP(2))"T — THH(BP(2))'T

(renamed the canonical map in [Nikolaus and Scholze 2018]) induces a morphism of spectral sequences,
given at the E2-term by the homomorphism

E*(RM): EX(T) = P(t) ® E(A1,A2,A3) ® P(1) = Pt ® E(hi, k2, h3) ® P(p) = E*(T)

that inverts 7. The following lemma is similar to [Ausoni and Rognes 2002, Proposition 7.2]:

Lemma 11.9 The homomorphism
E®(R"): E®(T) > E*(T)
maps
(1) A isomorphically to A,
(2) B to zero,
(3) C surjectively to C, and
(4) D isomorphically to D.

Specifically, E ©(RMY is surjective in total degrees * < 2p3 4+ 2p —2 and bijective in total degrees * < 0.
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Proof Cases (1) and (4) are clear. In (2), the image of B in B is zero since A[k]udpk_l maps to
(tu)dl’k ' t_dl’k_lk[k], which is zero because dp¥~! > r(k — 3) for d > 0. In (3), the surjection
C(k,d) — C(k,d) takes Chkd = zdpk_lk[k] to tdpk_lk[k], which is annihilated by a lower #/u-power
than ¢ 4 since r(k —3) <r(k)— dpk=1 for 0 < d < p.

The lowest-degree element not in the image of E®(R") is t_p3A1 in B, in total degree 2p3 +2p — 1.

The lowest-degree element in the kernel of E °°(Rh) is tP~11 in C(1, p— 1) in total degree 1, mapping
to d?P (1 1). m|

12 Topological cyclic homology and algebraic K -theory

We now pursue the calculational strategy employed in [Bokstedt and Madsen 1994; 1995; Hesselholt and
Madsen 1997; Rognes 1999; Ausoni and Rognes 2002, 2012; Ausoni 2010] to identify TC(B) with the
homotopy equalizer of the two maps GR" and f‘{’T displayed below.

h
TC(B) —"— THH(B)"T — & THH(B)'T

) |s
I
(THH(B)th )h']I'

In these papers, this identification was only known to be valid in V' -homotopy in a range of sufficiently
high degrees, for suitable finite spectra V. However, with the work of Nikolaus and Scholze [2018,
Remark 1.6], we now know that TC(B) is given by the homotopy equalizer above in all degrees, whenever
THH(B) is bounded below. (This certainly holds for all connective S-algebras B.) Let GRh Vi (GRh)
and FhT Vi (FhT) The associated long exact sequence

T GRY, Fl* V*(THH(B)th)hT

9, v, TC(B) Z> V, THH(B)"
leads to the short exact sequence

0 — 27! cok(GR! —TT) 2 v, TC(B) Z> ker(GR! —T"T) — 0.
In our case, the task is to calculate the kernel and cokernel of GRQ — F{’E for B =BP(2) and V = V(2),
and thereby to determine V(2) TC(BP(2)). We studied the effect of f‘{’T and R at the level of spectral
sequence E*°-terms in Lemmas 11.8 and 11.9. In Proposition 12.1 we do something similar for G.
Thereafter we find lifts A, B, C and D in V(2)« THH(BP(2))"T of the summands 4, B, C and D of
E®°(T) from Definition 11.5, and compute the effect of GRﬁ — f‘f‘g acting upon these lifts.

Proposition 12.1 The isomorphism
G« = V(2)+(G): V(2)« THH(BP(2))'T = V(2)(THH(BP(2)) )"t

takes each class
3 .
ne{t? ’(tu)mki‘kgz)\?}
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detected by y = tp3i(tu)m)\il)»;2)\§3 € E°°(T) to a class
G(n) € {(tp)" AT A2 '
detected by z = (tp)™ A A2AF W™ € w1 E®(T) (up to a unit in F, which we suppress). Conversely,
its inverse G takes each class .
e {ap A ARS )
to a class S
Gy (©) € TP (A APAS

(again, up to a unit in IF,, which we suppress).

Proof We first handle the case m = 0, using the commutative diagram

t
THH(B)'T — & THH(B) Cr+!

Gl: :lGn

(THH(B)th)h']T F" (THH(B)th)thn

in the special case of B = BP(2) and n = 0. It is constructed by viewing the T /C,-equivariant Cp,-fixed
point spectrum s

X =[ET A F(ET,, THH(B))|*”» ~ THH(B)'®
as a T -spectrum via the p™ root isomorphism p: T =T / Cp. The comparison map G : X T XhT i then
compatible with the comparison map G, : X" — X hCpn | via the group restriction maps along C,n C T.

In the case n = 0, the group restriction map F’ induces a morphism of spectral sequences given at the
E?-terms by the inclusion

EX(F'):EXT)=P(EY®E(1,22.A3)® P(0) = Eu)@P(tENQE(h1,A2,A3)@ P (1) = E*(Cp).

Hence each class n € V(2)x THH(BP(2))'T detected by lpsik§1k§2k§3 # 0 in £°°(T) maps to a class
FL(n) detected by tl’3"k?)\§2)\§3 in EOO(CP) = P(ti"’S) ® E(A1, Az, A3), which remains nonzero there.
It follows from Theorem 8.1 that (Go F")«(n) = A{'AS2AS 1™ in V(2)« THH(BP(2))' up to a unit
in I, which we suppress. This equals (F " G)« (1), where the group restriction map F” for n = 0 induces
the edge homomorphism

E®(F"): f7VE(T) — E(A1, Ay, h3) ® P(uth),

Hence G (1) must be detected in =1 E%°(T) by a class z mapping to )»?)é%?u " under the edge

homomorphism, and the only possibility is that z = A{'A5?A5* ™, in filtration degree zero.

For m > 1, each class n detegted by y = tpi"(tu)m)»?)\;z)»? #£0in E%(T) is of the forrE n=vy"no,
with g detected by yo = tP"'A{'AS?AS* € E°(T). To see this, note that each element of £°°(T) in the
same total degree as y, but of lower filtration, is a (¢1¢)™-multiple. This follows from the case enumeration
in the proof of Lemma 9.3. By the first part of the proof, G« (no) is detected by zg = AS'A?AS ™.
Hence G« (1) = v5' - G« (o) is detected by ()™ - zo = z, since this product is nonzero.
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For the converse, consider any class ¢ detected by z = (1) A{'AA5 1/ # 0 in ="' E°(T). Then
n = G, '(¢) must be detected by some monomial y in E°°(T), and G«(n) = ¢ is detected by z. By the
first part of the proposition, this monomial must be y = t—7°/ (1) A ASZASS. m|

Recall le, kf and )»g( from Definitions 6.6, 6.7 and 6.9.

Definition 12.2 Let
A= P(v3) ® E(A1. A2 A3) C V(2)s THHBP(2))*T

be the subalgebra generated by the images of izilio(le),izil(kf),iz(kf) € V(2)«K(BP(2)) and
v3 € 14 V(2) under the composites

S — K(BP(2)) & TC(BP(2)) & THH(BP(2))"T,

where trc denotes the cyclotomic trace map [Bokstedt et al. 1993]. The homomorphisms GRf,f and IA“{’E
agree on these classes, and we let

A = P(v3) ® E(A1, A2, A3) C V(2)«(THH(BP(2))' )T

be the subalgebra generated by the images of v3, A1, A, and A3, under either one of these homomorphisms.

The subalgebras A and A are lifts to V(2)-homotopy of the subalgebras A C E°°(T) and A" C
u~ L E®(T), respectively. To choose good lifts C (k, d) and C'(k, d) in V(2)-homotopy of the summands
C(k,d) and C’(k, d) we make use of the norm-restriction homotopy cofiber sequence

¥ THH(BP(2)),r 2% THHBP2)"T &2 THH(BP(2))'T 2% $2 THH(BP(2))4T

and the associated long exact sequence. The T-Tate spectral sequence maps to a horizontally shifted
T -homotopy orbit spectral sequence

(12-1) E} = Hep(T: V(2)« THH(BP(2)) = Fp{t' | <0} ® E(A1.42.23) ® P(p)
= V(2)+ > THH(BP(2))T.

concentrated in filtrations s > 2 of the first quadrant.

The T -Tate differentials crossing the vertical line s = 1 are closely related to the homotopy norm
map Ni’ = V(2)«(N"); cf [Bokstedt and Madsen 1994, Theorem 2.15]. Let Rﬁ = V(2)«(R"), so
that im(N,f‘) = ker(Rﬁ) by exactness. The following two lemmas spell out some upper bounds for
ker E®(R"):

Lemma 12.3 In the T -Tate spectral sequence (E "(T),d"), the nonzero differentials from total degrees
% < 2p3 that cross the line s = 1 are of the form

2p,d—pr€ay - ,dy 4 € 2p2 ,dp—p% €1y - .dpy€ 2p3 ,dp2—p3i€1y€x\ - ,dp2y€1q€
d=P(t pkf)zt )\lkzz, dp(tppkll):tpkl'kz, d=P (19 pkllkzz):tpkl'kzzk3,
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for suitable 0 < d < p and €, €5 € {0, 1}. Hence in total degrees * < 2 p3 —2 the classes on the right-hand
side generate ker E®(R"). These lie in filtrations —2(p> — p?) < s < —2, and there is at most one class
in each total degree * < 2p3 —2.

Proof The restriction to total degrees * < 2p3 means we only have to consider differentials on the
classes t* for —p3 < i <0, and their A;- and A,-multiples. The d??-differentials only cross s = 1 for
—p<i<0.Thed 2p?_(differentials are defined for p|i and only cross s = 1 when —p? <i < 0. The
d?P’ differentials are defined for p?|i and cross s = 1 whenever —p3 < i < 0. An explicit enumeration
shows that each total degree in the range 1 < s < 2p3 — 2 occurs at most once. |

Lemma 12.4 In the T -Tate spectral sequence, the nonzero d” -differentials from total degrees * <4p3—1
that cross the line s = 1 are of the form

d*P P ()" AFAS) = 1 )" I ATAS
AP (1P ()" AN = 1 (1) AT ARG
A2 (1997 P (1py i $10.2) = 1% ey A A A,
4 3 . pd_ 3

dPPUTRP (P )2) = PP () P AS?
for suitable m, €1, €;, €3 € {0, 1}, with m + €3 < 1. In the d*? case with m = 1 we have d = —1 or
0 <d < p— 1, while in the remaining d>?, d?P* and d*P° cases we have 0 < d < p. Hence in total
degrees * < 4p3 — 3 the classes on the right-hand side generate ker E % (R"). These lie in filtrations

~2(p® = p? + 1) =5 = 0, except for the last two classes 17" ~7" (1u)? 1145, which lie in filtration
—2(p* — p3 + p) and total degrees 2p> — 1+ €,(2p* —1).

Proof The restriction to total degrees * < 4p> — 1 means that we only have to consider differentials on
the classes ¢* for — p3 <i <0, and some of their ¢jt-, A1-, A,- and A3-multiples (without repeated factors).
The resulting right-hand classes have the form ¢/ y in Tate filtration s = —2i, where 0 <i < p> — p2 +1,
except in the last two cases. O

Recall ¢4 4 and Cllc 4 from Definitions 11.5 and 11.6.

Proposition 12.5 Foreach k € {1,2,3} and 0 < d < p there is a unique element

Vi.d € {ck.a} C V(2)« THH(BP(2))"T
that satisfies
R (yr.a) =0.
pk_dpk—l

Moreover, Ay, - Yk,d = 0 and U3 “Yie,d = 0.

Proof The tower of spectra inducing the T-homotopy fixed point spectral sequence is obtained by
restricting the tower inducing the T -Tate spectral sequence to filtrations s < 0. Hence each nonzero class
x € ker E®(R") ¢ E°(T) can be represented by an element & € ker(RZ) C V(2)« THHBP2)"T  in
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the sense that £ € {x}; see [Bokstedt and Madsen 1994, page 75; Ausoni and Rognes 2002, Lemma 7.3].
Furthermore, for x in total degree * < 2p3 —2, the element £ is unique. To see this, suppose that £’ € {x}
is also in ker(Rﬁ). Then &' — & in ker(Rﬁf) must be detected by a class x’ in ker E®(R"), in the same
total degree as x, but in lower filtration. As noted in Lemma 12.3, there are no nonzero such x’, so &’ = €.

In particular, for k£ € {1,2,3} and 0 < d < p this applies to the classes cx g4 = ldpk_lkk in total degrees
1< 2pk - dek_1 —1<2p3—2p?—1, and uniquely defines the homotopy elements Vik,d-

By exactness, we can write yi g = N,f’ (0k a) with
Or.a € V(2)« 2> THH(BP(2))

in degree 2p% — 2dp*='. In fact, Oka € {tdl’k_l_l’k} up to a unit multiple, but we only need to
know that 6y 4 must be detected in filtration s < 2 pk 2dpk Uin the shifted T-homotopy orbit spectral
sequence (12-1). Hence vf F—dpt! -Ok,a = 0, for filtration reasons, which implies that v3 pr—dp"™! “Vie,d =0
since N,f’ is P(v3)-linear.

Finally, Ag - 0 4 = 0, because ¢ =Py = d2P" (¢9P" 7' =2P") is a boundary and by inspection of
bidegrees there are no other classes in the E°°-term of (12-1) in the same total degree and of lower

filtration. Applying N,,f’ we can conclude that Ag -y, 4 = 0. O

Proposition 12.6 Foreach k > 1 and 0 < d < p there are elements
Via €46 4} CVQ(THHBPR) )" and  yjy3.4 € {ext3,a) C V(2)s THH(BP(2))"

that satisty

d k—1 A~
v3¥ Via = ' (k) and GRI(yiisq) = Vid-

r(k) r(k+3)—dpk+2

Moreover, v3 Vk 4 =0and v,

“Yik+3,d = 0.

Proof We proceed by induction on k > 1, starting from Proposition 12.5. By Lemma 11.8 the image
f‘{’f (Yk.4) € V(2)«(THH(BP(2))’ Cr)hT of the previously constructed class Yk.d € 1Cd k) is detected
bz ﬁlik_l)\k = gu)dpk_l 'cl/c,d in £~ E®(T), so any initial choice of Vlé,d € {Cl/c,d} will satisfy
v3p . )/]2 q= Ff’f (Yk,a4)» modulo classes of lower filtration. Since uw Y E®(T) is generated as a
P(tp)-module by classes in filtration s = 0, each nonzero class in lower filtration than ¢, 4, but of the
same total degree, is (lu)dl’k—1 times a class in the same total degree as c}c 4 and of lower filtration.

k—1 ’ A~
Hence the choice of y,é 4 can be iteratively adjusted so as to make v?p . y,i’ q= F{’E (Vk,a)-

-1 A k—1
Therefore v3( ) Vid = r(k) dp* T (i 4) = 0, since TT is P(v3)-linear and v} r()—dp Vid =0
by the inductive hypothesm.

The final choice of class Vk 4 1s still detected by ‘k PRI ap*~! ip C (k.d) C pn~YE®(T), so by
Proposition 12.1, G 1()/k 4) € V(2)« THH(BP(2 ))tT is detected by " k[k] in 6‘(k+3, d)C EOO(T).
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This class lies in negative total degree, where E °°(Rh) is bijective by Lemma 11.9. It follows that

R f(Vi43.4) = l(yk d) for a uniquely determined class yxy3,4 € V(2)x THH(BP(2 ))hT, which is
detected by cx 3,0 =1 dp" )L[k] inC(k+3,d)C E°(T).
From the relation 1)3( ) )/k 4 = 0and P(v3)-linearity of G« and Rh we deduce that vr(k) G, 1(ylé ) =0

and Rh(v3( ) “Vk+3,4) = 0. Since ker(Rh) = im(N}), we can write v3( ) “Vi+3.d = Ny (9k+3,d) for

some 0y 1 3 4 in degree 2p*+3 —2dpk+2_ From the T-Tate differential

k+2_ pk+3. . k+2
R (A )=zd” (1) gy = (1) ® - chy3.a

we could prove that O 13 4 € {tdp - } (up to a unit), but again we only need to know that 03 4
k43 _gpk+2
must be detected in filtration s < 2pk"'3 2dpk*? in (12-1). Hence vf —dp k43,4 = 0in
V(2)+« X% THH(BP(2)),T, which implies that
k+3)—d k+2 k+3_d k—+2
U;( Ty Vit3d = V3 P N Okg3,0) =0
in V(2)x THHBP(2)"T | as asserted. m|

Recall the classes xj 4 and zg 4 from Definitions 11.5 and 11.6.

Corollary 12.7 Foreach k € {1,2,3} and 0 < d < p there is a unique element

Ek.d € (XK.} C V(2)x THH(BP(2))"T

—1
that satisfies R" +(x.a) = 0. Moreover, Ay - & 4 = 0 and vp —dp* “€ka=0.

Proof Let & 4 = yk 4 as in Proposition 12.5, noting that xx 4 = ¢k 4. O

Corollary 12.8 Foreach k > 1 and 0 < d < p there are unique elements
Sk+3,d € (Xk43,a) C V(D THHBPR)"  and  §a € {zx,a} C V(2)«(THH(BP(2))' D)™

that satisty
GRY(ky3.a) =TT (ha) = Gt
1-4)r(k+3
Moreover, Ajg]&x+3,4 =0 and v ( Pl )'§k+3,d =0.

Proof For k > 1, choose elements yj 13 4 and Vk 4 s in Proposition 12.6. Recalling that xg 13,4 =
r(k)

(ZM)” “Ck+3,d, We let 4
—=r
Ek+3,d =V3 " Vk+3d-
Then
4y (k) 7r(k) —dpk=1 k-1 r(k 3) A
GR:(Ek43.a) =v)  -GRE(yky3.a0) =v) Wy g = T k)

=TT (& 0).

Geometry & Topology, Volume 29 (2025)



Algebraic K-theory of elliptic cohomology 677

To see that this uniquely determines £, 13 4 € {Xk+3,4}, note that any other choice of class & € {xx 43,4}
with GRQ &) = GRQ (ék+3,4) would differ from £; 13 4 by an element ¢’ in ker(Rﬁ) that is detected by
an element x’ in ker E%°(R") of lower filtration than Xk+3,d4» and hence of filtration s < —2( p3+1).
By Lemma 12.3, no such element x’ exists in total degree |£x43 4] = 2plkl 2 gplkl=1 _ 1 <2p3 —2.

By induction, GRf’k(A[k] Ey3d) = f‘{’f (Afk] - &k,a) = 0. Hence, if £&” = Aj] - £ 43,4 Were nonzero,
it would be a class in ker(Rﬁ), in total degree 4pkl — 24plk1=1 _ 2 < 4p3 — 3 that is detected by
an element x” in ker E o"(Rh) of lower filtration than that of xz 43 4. By Lemma 12.4, treating the
cases k +3 = 4 and k + 3 > 5 separately, no such element x” exists. This contradiction proves that
Ak] €k 43,4 = 0. By Proposition 12.6,

(1=8)r(k+3) r(k+3)—dp+2
U3 . U3

Ekt3,d = “Vik+3,d = 0.

Finally, let §; 4 = f’f’f (ék,q), which is then detected by Em(f'{’T)(xk,d) =Zkd- |
We now fix compatible choices of classes yx 4 and )/]2 4 as in Propositions 12.5 and 12.6:

Definition 12.9 Fork > 1and 0 <d < p let

C(k.d) = Ppgy—apr—1 (v3) ® E (1] Ae+2) ® Fp{vea)
be the P(v3)® E(A[k+1]. Ak+2])-submodule of V(2) THH(BP(2))"T generated by Yk.d-> and let

C'(k.d) = Pr(y(v3) ® EChpg1): ) © Fp v o)
be the P(v3)® E(A[x+1]. Ak +2])-submodule of V(2)«(THH(BP(2))*“»)"T generated by Vi g~ Let
C= [] Ctk.d) and C'= [] C'k.a).
k>1 k>1

0<d<p 0<d<p

These are detected by the summands C C E®(T) and C’ C u~! E®(T), respectively.

Lemma 12.10 The P(v3)® E (A 41], Ak +2])-submodules
(bk.a) CClhod) and  (Ga) € C'(k.d)

dy(k—3 dy(k
generated by & g = v;’r( ) “Vi.d and g g = v;’r( ). y,;d, respectively, are equal to the (uniquely

defined) A-submodules generated by & 4 and (i 4, with
(Ek,a) = P(l—%)r(k)(v3) ® E(Ak+17> AMk+2]) ® Fpibi,at.
(Ck,a) = P(l_%),(k)(vs) ® E(Ak+11> Ak+21) @ Fpile,a}-

Proof These P(v3)® E(A[k+1]: Ak +2])-submodules are A-submodules, since we proved Afx) &k, a =0
in Corollaries 12.7 and 12.8, which readily implies that Az} - §x 4 = 0. O
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Remark 12.11 With this notation, Proposition 12.6 shows that f‘{‘f induces isomorphisms (§x 4) —
(Lx.a)> and injections C (k,d) — C'(k,d) and C (k,d)/{Ex.q) — C'(k,d)/{¢k.q). It also shows that
GR& induces isomorphisms C(k+3, d)/(Ek+3.d) = C'(k, d)/{Ck,a), and surjections (§x13.4) = (Ck.a)
and C(k +3,d) > C'(k,d), forallk > 1and 0 < d < p.

Choosing lifts of the B- and D-summands requires less precision:

Definition 12.12 For each k¥ > 1 and p {d > 0 choose a class
Br.a € V(2)« THH(BP(2))"T
detected by Ax) ,udpk_l € B, and let

B(k,d) = Pry(v3) ® Ehige1] Mi+2]) © Fp{Br.a

be the E(A[k41]. Ak +2])-submodule of V(2)« THH(BP(2))"T generated by vyt Br,a for 0 <m <r(k).
For each k > 4 and p}td > p choose a class

Sk.d € V(2)« THH(BP(2))T
detected by 1" Ak] € D, and let

D(k.d) = Pp—3(v3) ® E(Akr17. Mi+2) ® Fpib.a}

be the E(A[k 1], Ak +2])-submodule of V(2) THH(BP(2))"T generated by vyt -0k q for 0 <m <r(k—3).
Let
B= [] Bk.d) and D= [[ Dk.d).

k>1 k>4
ptd>0 ptd>p

These are detected by the summands B and D of E°°(T), respectively.

Lemma 12.13 Foreach k > 1 and p }d > 0 the difference
(GRL =TV (Br.a) € V(2)+(THH(BP(2)) )T

*

is detected by —k[k]udpk_l € B'. Foreach k > 4 and ptd > p the difference
(GRY = T11)(r,a) € V(2)x(THH(BP(2))' )"

*

is detected by k[k]u_dpk_4 eD.

Proof On one hand, by Lemma 11.8 the image —f‘{’f (Bk,q) is detected by —A[x) Mdpk_l in homotopy
fixed point filtration 0, while by Lemma 11.9 and Proposition 12.1 the image GRQ (Bk,q) lies in negative
filtration (or is zero). Hence (GRQ — IA“{’T)(,Bk,d) is detected by the filtration 0 class.

*

On the other hand, by Lemma 11.9 and Proposition 12.1 the image GRQ (Ok,q) is detected by k[k]u_dp e
in filtration 0, while by Lemma 11.8 the image —f{’f (Ok.q4) lies in negative filtration (or is zero). Hence

(GRQ — f{lg)(Sk,d) is detected by the filtration 0 class. a
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Definition 12.14 As subgroups of V(2)«(THH(BP(2))"»)"T let

B' = (GR"—T'T)(B) and D' = (GR"-T'T)(D).

*

These are detected by the summands B’ and D’ of u=! E®(T), respectively.

Proposition 12.15 The inclusions induce isomorphisms
V(2)« THHBPR)'T ~ A@ B C @D and V(Q2)+(THHBPR)' YT A @B &C' @ D'

In these terms, GRf’k — f‘{’f is the direct sum of the zero homomorphism AYS 4, two isomorphisms
B => B’ and D = D/, and the difference A: C — C’ between the restricted homomorphisms

GRL: ] Ckeay— [] C'ked). (oovkar-- ) (oo Visge--)

k>1 k>1
0<d<p 0<d<p

and

A~ ~ ~ dk—l
rif: ] Cedy—> [[ C'ked). Cooovpan-- ) Coovs? v g,

k=1 k=1
0<d<p 0<d<p

Here y; _, , is to be interpreted as 0 for k € {1,2,3}.

Proof The submodules A, B, C and D are detected by the direct summands A, B, C and D spanning
E®(T),s0 A® B&C & D — V(2)« THH(BP(2))"T is an isomorphism by strong convergence of
the T -homotopy fixed point spectral sequence. Likewise, A’, B/, C’ and D’ are detected by the direct
summands A’, B’, C’ and D’ spanning ! E®(T).

The homomorphisms GRf’k and f‘{‘f agree on A, since the classes V3, A1, A and A3 come from algebraic
K-theory, and hence also from topological cyclic homology. Their difference is therefore the zero
homomorphism. The restricted homomorphisms GRQ - f‘f’f : B — B’ and GRQ - f‘{’f: D — D’ are
isomorphisms, by the construction of the target modules, which relies on Lemma 12.13. The restricted
homomorphism GRQ - f‘{’f = A: C — C' factors as asserted by Propositions 12.5 and 12.6. O

Proposition 12.16 There are P(v3)® E (A1, A2, A3)-module isomorphisms
ker(GRE —TTT) = P(v3) ® E(L1.h2.23) ® P(v3) ® E(A2. A3) ®Fp{E1 4 |0 <d < p}
® P(v3) ® E(A1,43) ®Fp{E2,4 10 <d < p}
@ P(v3) @ E(A1,A2) ®Fp{E3,4|0<d < p},
cok(GR! —TT) = P(v3)®E(r1, A2, A3).

Here E; 4 in degree 2pt —2dp'~! —1 is detected by Xid = tdl’i_l)\i € E°°(T), foreach i € {1,2,3}
and 0 <d < p.
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Proof Let A:C — C’ beasin Proposition 12.15. Then
ker(GRz — f{’f) = A@®ker(A) and cok(GRf,’< — 1:{13) = A’ & cok(A).
Consider the associated map of vertical short exact sequences

A/
[i>1,0<d<pEka) ———— Tlk=1,0<a<p{k.a)

I I

~ A ~
nk21,0<d<p Clk,d) ——— nk21,0<d<p C'(k,d)

l l

iz 1,0cd<p Cked)/(Eka) —os Tz 1.0ea<p C k. d)] (Gra).

In the upper row, the f‘f’g (&k.d) = (Ck,q) fork > 1 and 0 <d < p are isomorphisms, so we can identify
ker(A’) with the product over i € {1,2,3} and 0 < d < p of the limit of the sequence

(£ia),

@TrDH~'GrY (1)~ 'GrY
—_— —_——

coo = (Ekg3.d) (Er,a) = = (Giv3,a)

where kK =i mod 3. Since
(I GRY 3.0 > &

this limit is isomorphic, as an A-module, to P(3) @ E(A[i4+1], AMi+2]) ®Fp{E; 4}, with
Ei,d == ( . ,0, $k+3,d,0, 0,§k’d,0, .. )

detected by x; 4 in E°°(T). Similarly, we can identify cok(A’) with the (right) derived limit of this
sequence, which vanishes because each GRﬁﬁ: (Ek+3.4) = (Ck.q) 1s surjective.

In the lower row, ker(A”) = 0 and cok(A”) = 0 because C (i, d)/(&.4) =0 fori € {1,2,3} and the
GRQ: é(k +3.d)/Ek+3.4) — @(k, d)/(Ck a) are isomorphisms. Taken together, this proves that

ker(A) =ker(A) =[] P(v3) ® E(jis1). Aita) ®Fp{E;a}

i€{1,2,3}
0<d<p

and cok(A) = 0. |
Theorem 12.17 Let p > 7. There is a preferred P(v3)® E (A1, Ay, A3)-module isomorphism
V(2)+« TC(BP(2)) = P(v3) ® E(3.A1,A2.43) & P(v3) ® E(A2,A3) ®Fp{E1,4|0<d < pj}
® P(v3) ® E(A1,A3) ®Fp{E2,4 [0 <d < p}
®P(3) @ E(M1,A2) ®Fp{E3,4|0<d < p},

with B; 4 detected by x; 4 :tdpi_lki fori €{1,2,3Yand 0 <d < p. Here |v3| =2p3=2, |Ai| =2p' —1,
|0 = —1 and |t| = —2. This is a free P(v3)-module on the 16 + 12(p — 1) = 12 p + 4 generators

AP, AP E g B nd B,
in degrees —1 < x <2p3 +2p% +2p—3, wheree,¢; €{0,1} and 0 < d < p.
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Proof The definition of TC(BP(2)) as the homotopy equalizer of f‘{‘T and GR" leads to the short exact

sequence
0— S cok(GR! =TTy 2, v(2),. TC(BP(2)) %> ker(GR! —T'T) — 0.

It splits as an extension of P(v3)QE (A1, Az, A3)-modules, since the image of d is trivial in the (even)
degrees of the products A; - E; 4 that vanish on the right-hand side. The splitting is unique, since the
left-hand side is trivial in the (zero or odd) degrees of the module generators 1 and E; 4. a

Corollary 12.18 The classes ay, f] and y;" € m,V(2) map under the unit map S — TC(BP(2)) to the
classes E1,1, 82,1 and B3 1, respectively.

Proof These elements are detected, in pairs, by tAq, 1?1, and tpzk3 in E°°(T), and in these (total)
degrees there are no other classes of lower filtration, nor in the image of 9. |

Thanks to the Nikolaus—Scholze model for TC(B) we no longer need to recover V(2) TC(BP(2)) from
V(2)« TC(BP(1)) in low degrees, but we nonetheless have the following consistency result:

Proposition 12.19 The E; BP-algebra map BP(2) — BP(1) induces a (2 p>—1)-connected surjective
ring homomorphism
V(2)« TC(BP(2)) - V(2)« TC(BP(1)) = E(d,A1,A3)
@ EM) ®Fp{E1,4]0<d<pj
@ EM) ®Fp{Er410<d < p}
mapping 9, Ay, Ay, B 4 and E, 4 to the classes with the same names, and mapping v3, A3 and E3 4

to zero.

Proof This is clear for d, A; and A,. Moreover, E; 4 and 8, 4 in V(2)x TC(BP(2)) map to classes in
V(2)« THH(BP(1))"T that are detected by ¢4 1, and 197 \,, respectively, which characterizes their images
in V(2)x TC(BP(1)). The classes v3, A3 and E3 4 for 1 <d < p—2 are mapped to trivial groups. Finally,
E3,p—1 in degree 2 p? — 1 maps to zero in V(2)« THH(BP(2)), and hence cannot be detected by A,. O

We write BP(2),, for the p-completion of the p-local E3 ring spectrum BP(2).

Theorem 12.20 Let p > 7. There is an exact sequence
0 — X72Fp{T1, 1o, T1 T2} — V(2)« K(BP(2),) ¥ V(2)« TC(BP(2)) — X 'F,{1} — 0.

Hence V(2)« K(BP(2),) is the direct sum of a free P(vs)-module on 12p + 4 generators in degrees
0<%<2p34+2p2+2p—3, plusan IF-module with trivial vs-action spanned by three classes in degrees
2p—3,2p%—3and 2p? + 2p — 4. In particular, the localization homomorphism

V(2)«K(BP(2),) — v3 ' V(2)« K(BP(2),)
is an isomorphism in degrees * > 2p? 4+ 2p.
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Proof By [Dundas 1997; Hesselholt and Madsen 1997, Theorem D] there is a homotopy cofiber sequence
K(BP(2),), ¥ TC(BP(2)), & X" 'HZ,,
and hence also a long exact sequence
o= V(2)« K(BP(2)p) %5 V(2)« TC(BP(2)) 2= V(2)*(Z_1HZP) — e

Here V(2)«(HZ,) = E(7}, T,) with |71| =2p—1and |7| = 2p? —1. The only P(v3)-module generator
of V(2)x TC(BP(2)) that is mapped nontrivially by @y is 9, with @4(9) = =~!1. The generators 91,
94, and 94 A, come from V(0)-homotopy, hence factor through V(0).(X~1 HZ,), and therefore map
to zero. The generator A| 2, ; is the product of two classes in the image of trc,, hence also maps to zero
under @. It follows that ker(z) is freely generated as a P(v3)-module by the same generators as for
V(2)« TC(BP(2)), except that d in degree —1 is replaced by v3d in degree 2p> — 3. a

Theorem 12.21 The p-completion map «: BP(2) — BP(2), induces a (2 p2+2p—2)-coconnected

homomorphism
V(2)«K(BP(2)) > V(2)« K(BP(2),).

Hence V(2)« K(BP(2)) is the direct sum of a free P(v3)-module on 12p + 4 generators in degrees

0<%<2p3+2p>+2p—3,plusan IFp-module with trivial vs-action concentrated in degrees 1 < * <
2p% +2p —3. In particular,

V(2)« K(BP(2)) — v;' V(2)« K(BP(2))

is an isomorphism in degrees * > 2p? 4+ 2p.

Proof By the proven Lichtenbaum—Quillen/Bloch—Kato conjectures [Voevodsky 2011] and the earlier
calculation of V(0), TC(Z) from [Bokstedt and Madsen 1994; 1995], V(1) K(Q) and V(1)+« K(Q)) are
concentrated in degrees 0 < * <2p —2. Hence V(1) A K(Q) — V(1) A K(Qp) is (2 p—1)-coconnected.
It follows from the localization sequence in algebraic K-theory that V(1) A K(Z(p)) — V(1) A K(Zp) is
also (2 p—1)-coconnected, so that V(2) A K(Z(p)) — V(2) A K(Zp) is (2 p?+2p—2)-coconnected. By
the commutative cube

K(BP(2)), K(BP(2),)),

K(Zp)p — l \K(Zm

TC(BP(2)), — - TC(BP(2) ),
\Tc:(z(,,))p = \TC(Zp)p

and [Dundas 1997] applied to the left-hand and right-hand faces, V(2) A K(BP(2)) — V(2) A K(BP(2),)
is also (2p2+2p—2)-coconnected. m|
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