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1. Introduction

This paper is an expository account of cyclotomic spectra. They are spectra (in
the sense of homotopy theory) with additional structure that includes an action
of the circle group, which we will denote by T, for torus. Such objects come up
in algebraic K-theory and its close relatives topological Hochschild homology THH
and topological cyclic homology TC. They figure prominently in the recent disproof
of the telescope conjecture for chromatic heights greater than 1 by Robert Burklund,
Jeremy Hahn, Ishan Levy and Tomer Schlank (hereafter referred to collectively as
BHLS) [BHLS23]. Those authors show that for each n ¥ 1 and each prime p, there
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is a p-local ring spectrum X of chromatic height n such that LKpn�1qTCpXq and
LT pn�1qTCpXq (see Definition 1.12) are distinct.

The present work is part of my attempt to understand theirs. It includes some
historical narrative based partly on this old mathematician’s personal recollections,
such as the comments in §4.5.2, and partly on things he has learned only recently,
such as most of Sections 2 and 3, after steering clear of algebraic K-theory for
decades.

More precisely, for each prime p and each integer n ¡ 0 they consider a form of
the truncated Brown-Peterson spectrum BP xny, originally defined by Dave Johnson
and Steve Wilson in [JW73], and whose algebraicK-theory is the subject of a recent
paper by Dylan Wilson and Hahn [HW22]. In [BHLS23, §5] the authors define an
action of the additive group of integers Z, and hence of its subgroups pkZ, via Adams
operations. They prove that the “K-theoretic coassembly map” (see Definition 5.6)

LT pn�1qK
�
BP xnyhpkZ

	
Ñ �

LT pn�1qKpBP xnyq
�hpkZ

(1.1)

is not an equivalence, but becomes one after Kpn � 1q-localization. ([BHLS23,
Theorem A] says the spectrum on the left is not Kpn � 1q-local for all k ¥ 0.)
In other words, the algebraic K-theory functor on ring spectra with Z-action does
does not commute with passage to homotopy fixed points, even T pn � 1q-locally,
but its does so commute Kpn � 1q-locally. Thus, the telescope conjecture, which
equates localizations with respect to T pn� 1q and Kpn� 1q, fails.
Remark 1.2. We will follow the font convention of [BHLS23] and denote the
algebraic K-theory of a ring spectrum R by KpRq to avoid confusion with its nth
Morava K-theory Kpnq�pRq.

The reader of [BHLS23] should note, as its authors indicate in a footnote on
page 6, that when they speak of “cyclotomic hyperdescent,” “chromatic cyclotomic
extensions” and “cyclotomic redshift” as in the title of [BMCSY25], they are using
the word “cyclotomic” differently from its use in the title of this paper. Their use
has to do with adjoining roots of unity, or higher chromatic analogs thereof. In
order to avoid confusion, we will sometimes refer to that construction as “discrete
cyclotomy,” and the subject of the present work as “smooth cyclotomy” since it
involves an action of the circle group T.

Then one has the discrete cyclotomic extensions of the T pnq and Kpnq-local
sphere spectra studied in various papers of Schlank, Shay Ben-Moshe, Shachar
Carmeli and Lior Yanovski. The Carmeli-Schlank-Yanovski use of the word has
deeper historical roots (by over a century) than that of Bökstedt-Hsiang-Madsen.
We will review discrete cyclotomy in the companion paper [Rav26].

Returning to smooth cyclotomy, the term “cyclotomic spectrum” was first intro-
duced by Ib Madsen in [Mad94b, Definition 2.6], and further studied by him and
Lars Hesselholt in [HM97, Definition 2.2]. The related notion of the cyclotomic
trace was first introduced in 1993 by Madsen, Marcel Bökstedt and Wu-Chung
Hsiang in [BHM93]. The construction involves an action of T where one is inter-
ested in the fixed point sets of its finite subgroups. It is related to Alain Connes’
notion of cyclic sets (see §2.5), which are simplicial sets with additional structure.

BHLS take their discrete cyclotomic extensions and apply functors such as al-
gebraic K-theory, TC and THH, which are defined in terms of smooth cyclotomy.
Their “cyclotomic completion” has to do with discrete cyclotomy, while cyclotomic
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boundedness (in relation to the Antieau-Nikolaus t-structure of [AN21], which we
discuss in §5.11) has to do with smooth cyclotomy. Most of their proof takes place
in the 8-category CycSp of smoothly cyclotomic spectra as in Definition 5.24.

1.1. Roadmap. Here is a description of how the contents of this paper and [Rav26]
relate to that of [BHLS23]. In [BHLS23, §2] they review cyclotomic spectra and the
functors TC, topological cyclic homology and TR, topological restriction homology.

We give two definitions of cyclotomic spectra: Definition 4.51 describes them as
orthogonal T-spectra with some additional structure, and Definition 5.23 describes
them as objects in a suitable8-category. The most important source of examples is
topological Hochschild homology, which we introduce at length in Sections 2 and 3.
It is defined from the two perspectives in Definitions 3.9 and 5.21. TC is defined in
Definitions 3.30 and 5.54. TR is defined in Definition 5.80.

The material of [BHLS23, §3] is partially treated here in the similarly titled
§6. [BHLS23, §4] concerns locally unipotent (see [Rav26, Definition 5.1]) actions
of integers on certain spectra and the Lichtenbaum-Quillen property of [Rav26,
Definition 2.7]. The subject of [BHLS23, §5] is Adams operations on BP xny, which
we will treat in [Rav26].

In the climactic [BHLS23, §6] they study two coassembly maps as in Defini-
tion 5.6:

LT pn�1qKpBP xnyhp
kZq Ñ LT pn�1qKpBP xnyqhp

kZ

and
LKpn�1qKpBP xnyhp

kZq Ñ LKpn�1qKpBP xnyqhp
kZ.

They show that the first one is not an equivalence, but the second one is, thereby
disproving the telescope conjecture. In their words,

We do this by looking at the coassembly map from two highly
divergent perspectives, which are connected via trace theorems:
(1) From the perspective of locally unipotent Z-actions on ring

spectra, the results of [BHLS23, §4] tell us that the coassembly
map cannot be an isomorphism.

(2) From the perspective of cyclotomic redshift of [BMCSY25],
the map

LT pnqBP xnyhp
kZ ÝÑ LT pnqBP xny

splits after base change to the maximal abelian extension of
the Kpnq-local sphere, and therefore the coassembly map is a
Kpn� 1q-local isomorphism.

We will discuss the maximal abelian extension of theKpnq-local sphere in [Rav26].
Like the maximal abelian extension of the p-adic numbers, it is discretely cyclo-
tomic.

1.2. Actions of the circle group.

Definition 1.3. The rth root functor ρ�r . [BM12, Notation 4.1] For an integer
r ¥ 1, let

ρr : TÑ T{Cr
denote the map which sends ω P T to the image of ω1{r in T{Cr. (This isomorphism
is not to be confused with the projection of T to its quotient, which has a kernel
of order r, nor with the regular representation ϱr of Cr of Theorem 3.12.) For a
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T{Cr-space X (meaning a T-space on which Cr � T acts trivially), let ρ�rX denote
the T-space induced by the isomorphism ρr. Similarly for a representation V of
T{Cr, ρ�rV denotes the representation of T induced by the same isomorphism.

Definition 1.4. A T-space X is smoothly cyclotomic if for each finite subgroup
Cr � T, there is a T-equivariant equivalence

φr : ρ
�
rX

Cr Ñ X,

the cyclotomic structure map, where ρ�rX
Cr denotes the fixed point space XCr

with the residual action of T{Cr, which is isomorphic to T.

This definition should be compared with (4.40) and (4.41) below.

Example 1.5. The free loop space. For any space X, the free loop space LX,
the space of maps of T into X, is smoothly cyclotomic. Here we are regarding T as
the unit circle in the complex numbers C, and it acts on LX by rotation of loops.
For each r ¡ 1, a loop is fixed by Cr � T precisely when it repeats itself r times,
meaning that it factors through the r-fold covering of T. Such a loop determines
another (possibly nonrepeating) loop by restriction to the subspace!

e2πt
?�1 : 0 ¤ t ¤ 1{r

)
� T.

(We do not denote
?�1 by i since we often use that symbol as an index.) This

defines a T-equivariant homeomorphism

φr : ρ
�
r pLXqCr Ñ LX.

Proposition 1.6. Based loops and free loops. Let

eval : LX Ñ X

be the map given by evaluation at a given point on the circle. Then for each point
x P X, eval�1pxq is the space of based loops at x. The map eval has a section
sending each x P X to the constant loop at that point.

Under suitable hypotheses on X, including path connectivity, these fibers are
all equivalent and a base point can be chosen so that the homotopy fiber of eval is
ΩX.

1.3. Topological Hochschild homology and related notions. A more impor-
tant example of a smoothly cyclotomic space for our purposes is the topological
Hochschild homology THHpRq of a topological ring R, defined below in (2.33) and
shown to be smoothly cyclotomic in Proposition 2.46.

Making similar definitions (of THH and cyclotomic objects) for spectra is more
delicate. Like the definition of spectra themselves, those of THH and cyclotomic
spectra have undergone several upheavals in the past 3 decades. For the original
definition we refer the reader to Bökstedt’s remarkable preprint [Bök85a], the work
of Bökstedt, Hsiang and Madsen [BHM93], and Madsen’s subsequent expositions of
it [Mad94a,Mad94b]. All were written in the days before we knew how to define a
smash product in the category of spectra that is strictly associative. This required
them to tread very carefully. Their key idea is the use of a Bökstedt functor as
in Definition 3.1, which they call a functor with smash product or FSP. Such a
functor B determines a spectrum BpSq with appropriate multiplicative structure.
We will review this material in §3.
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In order to do this in the category of spectra, we need to define a symmetric
monoidal structure in that category. We know how to do this now, but did not
when THH was first considered.

The first category of spectra with a symmetric monoidal structure was that of
S-modules constructed by Tony Elmendorf, Igor Kriz, Mike Mandell and Peter May
in [EKMM97], where THH is treated briefly in Chapter IX.

This was followed shortly by the simpler definition of symmetric spectra by Mark
Hovey, Brooke Shipley and Jeff Smith [HSS00]. THH in this setting is the subject of
Shipley’s paper [Shi00]. In it she explains how Bökstedt anticipated the definition
of symmetric spectra. She also has to deal with technical problems created by
the unfortunate fact that an equivalance of symmetric spectra need not induce an
isomorphism of stable homotopy groups.

These difficulties are not present in the category of orthogonal spectra, the subject
of the book [MM02] by Mandell and May. The study of cyclotomic orthogonal
spectra is taken up by Andrew Blumberg and Mandell in [BM12, §4], [BM15] and
[BM24]. We will discuss it in §4.

An 8-categorical treatment of cyclotomic spectra and related matters is given
by Thomas Nikolaus and Peter Scholze in their seminal paper [NS18, Chapter II],
which we will discuss in §5.

In all three approaches (those of Bökstedt-Hsiang-Madsen, Blumberg-Mandell
and Nikolaus-Scholze) there is both a global (in the sense of number theory) def-
inition involving the circle group T and a p-adic definition involving the Prüffer
group Cp8 � T. Only the latter is relevant to [BHLS23] since all spectra there are
assumed to be p-adically complete.

1.4. Telescopic and chromatic localization. Recall that the subject of the tele-
scope conjecture is the relation between Bousfield localizations with respect to
Kpnq, the nth Morava K-theory, and “the” telescope T pnq. The quotation marks
will be explained shortly. First we need

Definition 1.7. Two notions of chromatic height.

(i) [Rav92, Definition 1.5.3.] A p-local finite spectrum Y has type n if
Kpnq�X � 0 and Kpmq�X � 0 for all m   n.

(ii) [MR99, §3] A p-complete bounded below spectrum Y has fp-type n if it has
finite type and for each finite spectrum U of type n� 1, U b Y is π-finite,
meaning that is has only finitely many nontrivial homotopy groups, each of
which is finite.

It is known [Rav84, Theorem 2.11] that for finite spectra X, Kpmq�X � 0
implies Kpm� 1q�X � 0, but this is far from true for infinite CW-spectra Y . For
example we have

Kpmq�BP xny �
"
Kpmq� bH�pBP xny;Z{pq for m ¤ n
0 for m ¡ n,

and this spectrum has fp-type n. A spectrum need not have an fp-type even if it is
connective and of finite type.

Theorem 1.8. Hopkins-Smith periodicity. [HS98, Theorem 9] Each type n
finite spectrum V admits a map v : V Ñ Σ�dV for some d ¡ 0 (when n ¡ 0)
inducing an isomorphism in Kpnq homology and a nilpotent map in ordinary mod
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p homology. The former condition implies that the cofiber of v has type n� 1. We
denote by T pnq the filtered colimit obtained by iterating v, the height n telescope.

For n � 0, we need a map inducing an isomorphism in rational homology and a
nilpotent map in mod p homology. The degree p map fits this description.

For a given prime p and height n, neither the finite spectrum V , the map v, nor
the telescope T pnq is unique, hence the phrase “the” telescope above. However for
a given finite V of type n, the homotopy type of T pnq is known to be independent
of the choice of v. Better still, the Bousfield localization functor LT pnq associated
with T pnq is known to be independent of the choice of V as well, hence the notation.
It depends only on the height n and the implicit prime p.

The original conjecture of [Rav84] was that the functors LT pnq (telescopic lo-

calization, also known as Lfn or LFin
n ) and LKpnq (chromatic localization) are the

same. This was known at the time to be true for n � 0 and n � 1. A few years
later it became apparent that the statement was likely to be false for n ¡ 1. The
authors of [BHLS23] use algebraic K-theory to construct counterexamples, as their
title indicates.

Example 1.9. The Johnson-Wilson spectrum BP xny has fp-type n. This includes
BP x0y :� HZppq and BP x�1y :� HZ{p.
Example 1.10. For each prime p and each height n ¡ 0, there are p-local Thom
spectra ypnq introduced by Mahowald in [Mah79] with

H�pypnq;Z{pq �
"
P pξi : 1 ¤ i ¤ nq for p � 2
Epτi : 0 ¤ i ¤ n� 1q b P pξi : 1 ¤ i ¤ nq for p ¡ 2

as comodules over the dual Steenrod algebra. Each is an associative (i.e., E1) ring
spectrum. They were studied extensively in [MRS01b] by Paul Shick, Mahowald and
the author in hopes of disproving the telescope conjecture.

It is known that Kpmq�pypnqq � 0 iff m   n. In other words ypnq behaves as if
it has type n even though it is not a finite complex. It does not have an fp-type. It
is also known that there is a self-map Σ|vn|ypnq Ñ ypnq inducing multiplication by
vn in Kpnq�p�q, as Theorem 1.8 would lead us to expect.

Remark 1.11. The condition on U b X above implies that Kpmq�pU b Xq � 0
for all m ¥ 0. In the language of [Rav84, Definition 4.1], U b X is dissonant.
This condition is weaker than π-finiteness. An infinite wedge of suspended mod p
Eilenberg-MacLane spectra, such as THHpZ{pq (see Theorem 3.18), is dissonant
but not π-finite.

If X has fp-type n, then Kpmq�X � 0 for all m ¡ n. On the other hand, a type
n spectrum Y has Kpmq�pY q � 0 for all m ¥ n.

In order to describe the counterexamples to the telescope conjecture, the follow-
ing notation is convenient.

Definition 1.12. Telescopic and chromatic localizations of K-theory and
TC. For an E1-ring spectrum R and n ¥ 0,

KT pnqpRq :� LT pnqKpRq, KKpnqpRq :� LKpnqKpRq,
TCT pnqpRq :� LT pnqTCpRq, TCKpnqpRq :� LKpnqTCpRq.

The reader not familiar with the operads En may find a brief introduction to
them (with references to other such works) in [Rav26, Appendix B].
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1.5. Outline. We now describe the rest of the paper in more detail.
In §2.1 we describe some classical algebra starting with some definitions in Ger-

hard Hochschild’s 1945 paper “On the cohomology groups of an associative algebra”
[Hoc45] and their generalizations due to Cartan-Eilenberg [CE56]. Hochschild ho-
mology is the subject of Definition 2.6.

The simplicial category ∆, simplicial sets, and related notions are introduced
in §2.4. Hochschild’s chain complex is reinterpreted as that of a simplicial abelian
group in (2.32).

Connes’ cyclic category Λ and cyclic sets are the subject of §2.5. The cyclic
circle Λ0 is the subject of Corollary 2.43. Λ has the same objects as ∆, the finite
ordered sets rns. In both cases one has Yoneda functors represented by rns, the
standard n-simplex Definition 2.21 and the standard n-cyclex of Definition 2.59. In
§2.6 we introduce the paracyclic and r-cyclic categories in Definition 2.49 along with
edgewise subdivision in Definition 2.55. We summarize these indexing categories
in §2.8.

In §2.9 we describe two double complexes associated with cyclic objects in an
abelian category. They fit into two short exact sequences, (2.75) and (2.83), that
we call Tate sequences. There is another related to cyclic spectra, (4.55), which
leads to a long exact sequence in homology.

In §3 we describe the groundbreaking work of Bökstedt, Hsiang and Madsen
[BHM93]. Their main tool is the Bökstedt functor of Definition 3.1, which Bökstedt
himself calls a “functor with smash product.” We list some common examples in
Example 3.8. To each such functor B we associate spaces THHpBq in Definition 3.9
and KpBq in Definition 3.19. They are related by the Dennis trace of Definition 3.26.

This brings us to the cyclotomic trace. The space THHpBq, which is defined to be
the geometric realization of a certain simplicial set THH
pBq, comes equipped with
an action of the circle group T hence of each of its finite subgroups Cr. Replacing
THH
pBq with its rth edgewise subdivision (which does not alter its topology)
makes this action of Cr simplicial as expained in Theorem 3.12. Topological cyclic
homology TCpBq and the cyclotomic trace, a map it receives from KpBq, are the
subject of Definition 3.30.

We take up the ordinary (meaning without 8-categories) theory of spectra in
§4. Let T denote the category of pointed topological spaces. Initially, around 1960,
a spectrum X was defined to be a sequence of pointed spaces Xn for n ¥ 0 with
structure maps ϵXn : ΣXn Ñ Xn�1. One could require each of the spaces to have
an action of a compact Lie group G so that the sructure maps are equivariant as
in Definition 4.1.

We call such spectra sequential. They can be reinterpreted as enriched T -
valued functors on a certain T -enriched indexing category J N having as objects
the natural numbers. It turns out that J N lacks a symmetric monoidal structure,
and in hind sight this is the reason for the lack of a workable smash product on the
original category of spectra. This was a major headache for a generation. In the
late 90s it was found that J N could be fattened up into an indexing category that
is symmetric monoidal. Two instances of this are spelled out in (4.4), and they
lead to the categories of symmetric and orthogonal spectra of Definition 4.5.

In §4.1 we study the Mandell-May category of Definition 4.7, the appropriate
indexing category for orthogonal G-spectra, the subject of §4.2. Such spectra come
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equipped with two different kinds of fixed points, categorical and geometric, spelled
out in Definition 4.20.

In §4.3 we pay a brief visit to the functor of Jean-Louis Loday, which is a method
of tensoring a simplicial or cyclic set X with a commutative ring spectrum A. When
X is the simplicial circle it yields THHpAq.

In §4.4 we describe the Greenlees-May diagram, usually called the Tate diagram.
The latter name is used because the construction imitates (in the category of spec-
tra) the group cohomology of (4.32) originally defined by John Tate (1925-2019) in
[Tat52].

It is an essential tool in equivariant stable homotopy theory. For a G-spectrum
for finite G, it leads to a cofiber sequence (4.35) relating the homotopy orbit spec-
trum XhG, the homotopy fixed point spectrum XhG, and a third spectrum XtG,
the Tate construction of X (4.26). When the group is compact but not finite, XhG

needs to be suspended by the adjoint representation, whose degree is the dimension
of underlying manifold of G.

In §5 we discuss 8-categories and the work of Nikolaus and Scholze. Jacob Lurie
has written thousands of pages on 8-categories, and we do not expect the reader to
be familiar with all of it. We give specific references to this material when needed.
As in [Rav23], we will write 8-categories which are not ordinary categories in the
color cyan.

Elementary 8-categorical notions are discussed in §5.1, limits and colimits in
§5.2, and some addtional structures in §5.3. THH is defined in 8-categorical terms
in §5.4. The 8-category of cyclotomic spectra is defined in §5.5. Polygonic spectra
are recalled in §5.6, and epicyclic spaces and spectra are the subject of §5.7.

Topological cyclic homology TC and the related functors TC� and TP are re-
viewed in §5.8. Nikolaus-Scholze’s simplified way of computing TC is the subject
of Theorem 5.57. It is applied to the mod p Eilenberg-MacLane spectrum in §5.9.1,
and the integer version due to [BM94] is discussed briefly in §5.9.2. The latter is
earliest instance of chromatic redshift.

In §5.10 we introduce t-structures, which are systems of full subcategories of
stable 8-categories. The standard example is the Postnikov t-structure on the
8-category of spectra, which has to do with connectivity and coconnectivity. In
§5.11 we describe the Antieau-Nikolaus t-structure on the 8-category of cyclotomic
spectra with its surprising definition of coconnectivity.

Every t-structure determines a subcategory known as the heart, which has an
abelian homotopy category. In the Postnikov case the latter is the derived category
of abelian groups. In the Antieau-Nikolaus case they call its objects p-typical
Cartier modules (Definition 5.72), which are abelian p-groups equipped with natural
endomorphisms F and V, the Frobenius and Verschiebung maps. They are related
to similar maps (see Definition 2.16) in the theory of Witt vectors, which we review
in §2.3.

Topological restriction homology TR (Definition 5.80) is the subject of §5.12. It
is a functor that converts a cyclotomic spectrum to one with an additional structure
called a Frobenius lift as in Definition 5.23(i). It is known to be a fully faithful right
adjoint of the corresponding forgetful functor.

In §6 we indicate how the machinery of the previous sections can be brought to
bear on the telescope conjecture. Given a p-complete E1-ring spectrum R with an
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action of the integers Z, we get a diagram of cyclotomic spectra

THHpRhZq Ñ THHpRhppZqq Ñ THHpRhpp2Zqq Ñ � � � Ñ THHpRq.

and of ordinary spectra with THH replaced by TC, K or their localizations with
respect to Kpn � 1q or T pn � 1q. Whenever one applies a functor to a limit, such
as homotopy fixed points, one has a coassembly map ϵ of Definition 5.6 from the
value of the functor on the limit to the limiting value of the functor.

Thus when R is the sphere spectrum S with trivial Z-action, we have

Shpp
iZq � SBpp

iZq� � S_ Σ�1S,

also known as the dual circle DS1. The structure of THHpDS1q is the subject of
Theorem 6.2, which is due to Cary Malkiewich. Its underlying spectrum has a
single cell in dimension �1, but infinitely many in dimension 0. On the other hand,
THHpSq � S, so THHpSqBZ just has a single cell in dimensions 0 and �1. Hence
the coassembly map

ϵ : THHpSBZq Ñ THHpSqBZ

is very far from being an equivalence.
Theorem 6.7 says that the same is true if we replace S by a T pnq-local ring spec-

trum R with trivial Z-action on which KT pn�1q is nontrivial, then the coassembly
map

ϵ : KT pn�1qpRBZq Ñ KT pn�1qpRqBZ,

is not an equivalence.
If we knew that the Kpn�1q-local analog of the coassembly map of Theorem 6.7

was an equivalence for n ¥ 1, we would know that the telescope conjecture is
false. What we do know is two steps removed from this. There is a particular R,
namely LT pnqBP xny, with a nontrivial action of Z for which the coassembly map
is a Kpn� 1q-local but not a T pn� 1q-local equivalence. This will be discussed in
[Rav26], where we will see that a crucial ingredient is [BMCSY25, Theorem C].

It is a pleasure to acknowledge helpful conversations with Tomer Schlank, Ishan
Levy, Jeremy Hahn, Robert Burklund, Hari Rau-Murthy, Siddharth Gurumurthy,
John Rognes, Mike Mandell, Inbar Klang, Liam Keenan, and Mike Hopkins.

We also benefited from the notes of the 2024 Talbot Workshop [HYn24].

2. Algebraic and space level constructions

2.1. Some classical algebra. We begin by recalling the relevant algebra. For
more background on this material, we recommend Chuck Weibel’s book [Wei94,
Chapter 9].

Let A be an associative algebra over a field k and let M be a two-sided A-
module. In Gerhard Hochschild’s 1945 paper [Hoc45], he considered a cochain
complex C
pA;Mq in which

CnpA;Mq :� HomkpAbpn�1q,Mq(2.1)
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(where the tensor products are over k) with coboundary operator δ defined as
follows for f P CnpA;Mq and ai P A for 0 ¤ i ¤ n� 1.

pδfqpa0, � � � , an�1q :� a0fpa1, � � � , an�1q
�

¸
1¤i¤n

p�1qifpa0, � � � , ai�1, aiai�1, ai�2, � � � , an�1q

� p�1qnfpa0, � � � , anqan�1.

(2.2)

Note here that f is M -valued, and the first and last terms above make use of the
left and right A-module structures on M . Note also that in no term on the right
has the order the ais changed. We will see such a change in (2.5) below.

Following Henri Cartan and Sammy Eilenberg in [CE56, Chapter IX] (where
k was no longer assumed to be a field, but a commutative ring over which A is
projective; in more recent literature only flatness over k is needed), define the
enveloping algebra Ae of A by

Ae :� Abk Aop,(2.3)

where Aop denotes A with the opposite multiplication. When A is a commutative
k-algebra, Ae � Abk A.

In any case a two-sided A-module M becomes a left Ae-module by the formula

pab b�qm :� amb for a P A, m PM and b� P Aop.

It is also a right Ae-module by the formula

mpab b�q :� bma.

In particular A itself is a two-sided Ae-module, leading to an augmentation
ϵ : Ae Ñ A defined by ϵpab b�q � ab.

Cartan-Eilenberg [CE56, §IX.4] then defined the homology of a right Ae-module
M by

HnpA;Mq :� TorA
e

n pM,Aq(2.4)

and the cohomology of a left Ae-module M by

HnpA;Mq :� ExtnAepA,Mq.
They showed that the latter coincides with the cohomology of Hochschild’s complex
of (2.2). This will be generalized topologically in Definition 5.32.

In both cases we need a projective Ae-resolution of A as a left Ae-module. To
define one, let

SnA :� Abpn�2q and S̃npAq :� Abn,
where the tensor products are over k. Make SnA a two-sided A-module, i.e., a left
Ae-module, by

pab b�qpa0 b � � � b an�1q :� paa0q b a1 b � � � b an b pan�1bq.
We define Bn : SnpAq Ñ Sn�1pAq by

Bnpa0 b � � � b an�1q
:�

¸
0¤i¤n

p�1qia0 b � � � b ai�1 b paiai�1q b ai�2 b � � � b an�1.

We have

SnpAq � Abk S̃npAq bk A � Ae bk S̃npAq
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and

M bAe SnpAq �M bAe Ae bk S̃npAq �M bk S̃npAq.
It follows that H�pA;Mq as in (2.4) is the homology of the complex M bk S̃pAq

in which

Bnpmb a1 b � � � b anq :� ma1 b a2 b � � � b an

�
¸

0 i n
p�1qimb a1 b � � � b aiai�1 b � � � b an

� p�1qnanmb a1 b � � � b an�1.

(2.5)

Note here that in the last term on the right, the order of the ais is cyclically
permuted, unlike in (2.2).

Definition 2.6. Hochschild homology. The cyclic bar construction or
Hochschild complex CHochpA;M{kq is the chain complex of (2.5). When k is
Z, or it is understood from the context, we drop it from the notation. When M is
A itself, we denote it by CHochpA{kq and we have

Bnpa0 b � � � b anq :�
¸

0¤i n
p�1qia0 b � � � b aiai�1 b � � � b an

� p�1qnana0 b a1 b � � � b an�1.

The homology in this case is the Hochschild homology of A, denoted by HH�pA{kq.
The acyclic Hochschild complex CacycpA{kq has the same chain groups with

boundary operator B1n given by

B1npa0 b � � � b anq :�
¸

0¤i n
p�1qia0 b � � � b aiai�1 b � � � b an,

in which the last term of Bnpa0 b � � � b anq is missing.

The complex CHochpAq is denoted by ZA by Tom Goodwillie in [Goo85], and by
A6 by Alain Connes in [Con83].

Example 2.7. Some easy cases.

(i) For M � A � k, we find that the CHochpA{kq has the form

0 1 2 3 4 5

k k
0oo k

1oo k
0oo k

1oo k
0oo � � �,oo

leading to

HHipk{kq �
"
k for i � 0
0 otherwise.

(ii) For M � A with A commutative, it begins with

0 1 2

A Abk Aoo Abk Abk Aoo � � �oo

a0a1 � a1a0 � 0 a0 b a1
�oo

a0a1 b a2 � a0 b a1a2 a0 b a1 b a2
�oo

�a2a0 b a1

leading to HH0pA{kq � A and HH1pA{kq being a certain quotient of AbA,
namely the A-module of Kähler differentials Ω1

R{k. This is the A-module
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generated by symbols dx for x P A, subject to the rules

dc � 0 for c P k,
dpx� yq � dx� dy for x, y P A,

and dpxyq � ydx� xdy.

(iii) For M � A with A noncommutative, the above shows that

HH0pA{kq � A{rA,As � AbAe A.

It turns out that for a finitely generated projective A-module P , the trace
of its identity map has its value in this quotient. The group K0pAq is
the Grothendieck completion of the monoid of isomorphism classes of such
P . The resulting map K0pAq Ñ HH0pAq is the Hattori-Stallings trace
[Hat65,Sta65]. We will see in §3.2 that it refines to the topological Dennis
trace

Tr : KpAq Ñ THHpAq.
We will define KpAq in Definition 3.19 and THH in (2.33). The Dennis trace is is
the subject of §3.2.

For a commutative k-algebra A, there is a ring structure on HH�pA{kq that
arises from the fact that the chain complex CHochpAq is that of a simplicial ring.
This is proved by Achim Krause and Thomas Nikolaus in [KN21a, Lemma 2.3]; the
construction involves shuffle maps. We can also build a differential graded algebra
out of Ω1

A{k by forming the free exterior algebra Ω�A{k :� ΛAΩ
1
A{k, also known as the

de Rham complex of A over k. When A is a polynomial algebra over k on n variables
xi, Ω

�
A{k is a graded exterior algebra on the n variables dxi. This multiplicative

structure leads to a map

Ω�A{k Ñ HH�pR{kq.
The theorem of Hochschild, Bertram Kostant and Alexander Rosenberg [HKR62]
says it is an isomorphism when A satisfies a certain smoothness condition, such as
being a polynomial algebra over k.

The Hochschild complex is reinterpreted in (2.32) as the chain complex of a
simplicial abelian group. The complex CacycpAq is acyclic because there is a chain
homotopy u : CacycpAqn Ñ CacycpAqn�1 given by

upa0 b � � � b anq :� 1b a0 b � � � b an.(2.8)

We will see in (2.76) that this acyclicity holds in any chain complex associated with
a cyclic (in the categorical sense) abelian group as in Definition 2.40.

Definition 2.9. Let E be a two-sided Γ-space, where Γ is a grouplike topological
monoid, meaning one for which π0Γ is a group. The topological cyclic bar
construction N cyc


 pE; Γq is defined by formulas similar to those of (2.5). It is a
simplicial space whose nth component is E � Γn. When E is Γ itself, we denote it
by N cyc


 pΓq, and we have

τnpg0, . . . , gnq � pgn, g0, . . . , gn�1q for gi P Γ.
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2.2. Morita equivalence. The following is originally due to Kiiti Morita [Mor58].

Definition 2.10. Two unital k-algebras R and S are Morita equivalent if there
is a bimodule RPS (meaning a left R-module and a right S-module), a bimodule

SQR, an isomorphism of R-bimodules u : P bS Q � R and an isomorphism of
S-bimodules v : QbR P � S.

Example 2.11. Morita equivalence of matrix rings. Let MmpAq denote the
ring of m �m matrices over A. For R � A and S � MmpAq, take P � Am (row
vectors of rank m) and Q � Am (column vectors).

Theorem 2.12. [Lod92, Theorem 1.2.7] If R and S are Morita equivalent k-
algebras and M is an R-bimodule, then there is a natural isomorphism

H�pR;Mq � H�pS;QbRM bR P q,
for H�pR;Mq as in (2.4).

The following is discussed in more detail by Loday in [Lod92, 1.2] and by Weibel
in [Wei94, 9.5]. We have homomorphisms

Inc : AÑ MmpAq and Trace : MmpAq Ñ A,

where the former sends a P A to the square matrix with a in the upper left corner
and zeroes elsewhere, and the latter sends a matrix to the sum of its diagonal
entries.

Loday [Lod92, Definition 1.2.1] defines a generalized trace map

Trace : MmpMq bMmpAqbn ÑM bAbn,

by

Tracepω b αb β b � � � b αpnqq :�
¸
ωi0,i1 b αi1,i2 b βi2,i3 b � � � b α

pnq
in,i0

,

where αpnq is the nth letter of the Greek alphabet, and the sum is over all possible
indices pi0, . . . , inq.
Theorem 2.13. Morita equivalence for matrix tensor products. [Lod92,
Theorem 1.2.4]. The maps Inc and Trace above induce inverse isomorphisms be-
tween H�pA;Mq and H�pMmpAq;MmpMqq. In particular HH�pMmpAqq is natu-
rally isomorphic to HH�pAq.

2.3. Witt vectors. This review follows the treatment of Jean-Pierre Serre in
[Ser79, §II.6]. For a prime p one has Witt polynomials

wnpx0, x1, . . . , xnq P Zrx0, x1, . . . , xns
defined by

wnpxq :�
ņ

i�0

pixp
n�i

i � xp
n

0 � pxp
n�1

1 � � � � � pnxn for n ¥ 0.

Theorem 2.14. [Ser79, Theorem II.6] Given a second series py0, y1, . . . q of inde-
terminates, for each

Φ P ZrX,Y s
there exists a unique sequence of polynomials

φn P Zrx0, . . . xn; y0, . . . , yns for n ¥ 0
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such that

wnpφ0, . . . , φnq � Φpwnpxq, wnpyqq.
In particular we have polynomials S0, S1, . . . and P0, P1, . . . associated with

ΦpX,Y q � X � Y and ΦpX,Y q � XY respectively.

If A is an arbitrary commutative ring with

a � pa0, . . . , an, . . .q, b � pb0, . . . , bn, . . .q P AN,

set

a⊞ b :� �
S0pa, bq, . . . , Snpa, bq, . . .

�
and a⊠ b :� �

P0pa, bq, . . . , Pnpa, bq, . . .
�
.

For example

S0pa, bq � a0 � b0 S1pa, bq � a1 � b1 � ap0 � bp0 � pa0 � b0qp
p

P0pa, bq � a0b0 P1pa, bq � ap0b1 � a1b
p
0 � pa1b1.

Theorem 2.15. [Ser79, Theorem II.7] The laws of composition defined above make
AN into a commutative unitary ring called the ring of Witt vectors with coef-
ficients in A and denoted by W pAq.

When A � Fp, W pAq is the p-adic integers Zp. For A � Fpk , W pAq is the degree
k extension of Zp obtained by adjoining ppk � 1qth roots of unity, the integer lift of
the extension Fpk of Fp.

Definition 2.16. The mapsW�, V, r, and F. For a Witt vector a � pa0, a1, . . . q,
let

W�paq :� pw0paq, w1paq, . . . q � pa0, ap0 � pa1, . . . q
and let its Verscheibung or shift vector be

Va :� p0, a0, a1, . . . q.
For x P A, let

rpxq :� px, 0, 0, . . . q PW pAq.
When A has characteristic p, define the Frobenius F :W pAq ÑW pAq by

Fpa0, a1, . . . q :� pap0, ap1, . . . q.
Then we find that

rpxyq � rpxq⊠ rpyq � pxy, 0, 0, . . . q,
pa0, a1, . . . q � rpa0q⊞Vrpa1q⊞V2rpa2q⊞ � � �

�
¸
n¥0

Vnrpanq,

rpxq⊠ pa0, a1, . . . q � pxa0, xpa1, . . . , xp
n

an, . . . q,
and VF � FV � p.
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2.4. The simplicial category and simplicial objects. Simplicial sets were orig-
inally defined by Eilenberg and Joseph Zilber in [EZ53]. Here we use the indexing
conventions of Paul Goerss and Rick Jardine [GJ99, I.1].

Definition 2.17. The simplical category ∆ is that of finite ordered sets
rns � t0, 1, . . . , nu for n ¥ 0, and order preserving maps. Such maps include

di : rn� 1s Ñ rns, the injective map not having i in its image

and si : rn� 1s Ñ rns, the surjection sending both i and i� 1 to i,
(2.18)

(both for 0 ¤ i ¤ n) known as coface and codegeneracy maps. All morphisms in ∆
are composites of them. These satisfy the following cosimplicial identities:

(i) djdi � didj�1 for i   j
(ii) sidj � disj�1 for i   j
(iii) sjdi � Id for i � j and for i � j � 1
(iv) sjdi � di�1sj for i ¡ j � 1
(v) sjsi � sisj�1 for i ¤ j.

Warning. The symbol ∆ is not to be confused with ∆, which we sometimes use
to denote a diagonal map.

Definition 2.19. A simplicial object X in a category C (sometimes denoted by
X
) is a C -valued functor on ∆op, in which we denote the image of rns by Xn. Any
such functor comes equipped with face maps di : Xn Ñ Xn�1 and degeneracy maps
si : Xn Ñ Xn�1 induced by the morphisms di and si in ∆. We denote the category
of such functors by C∆.

When C � Set, the category of sets, an element in the set Xn is called an n-
simplex. It is degenerate if it is in the image of a degeneracy map. Otherwise
it is nondegenerate.

Similarly a cosimplicial object X
 is a C -valued functor on ∆, in which we
denote the image of rns by Xn.

The corresponding simplicial identities are

didj � dj�1di for i   j

disj �
$&% sj�1di for i   j

Id for i � j, j � 1
sjdi�1 for i ¡ j � 1

sisj � sj�1si for i ¤ j.

(2.20)

Definition 2.21. Some simplicial sets. The simplicial set ∆n, the standard
n-simplex, is defined by

p∆nqk :�∆prks, rnsq �∆opprns, rksq.
This is the Yoneda functor represented by rns, so we could denote it by Hrns. The
symbol H is the Japanese hiragana character “yo,” the first syllable of Yoneda’s
name.

In its boundary B∆n, the set of k-simplices is the set of such morphisms in ∆
which are not surjective.

In its ith face, the set of k-simplices is the set of such morphisms whose image
does not contain i.

In the ith horn B∆n
i � B∆n for 0 ¤ i ¤ n, the set of k-simplices is the set of

nonsurjective morphisms whose image does contain i.
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The ith horn is usually denoted (for example in [GJ99] and [Lur09]) by Λni , but
we will use that symbol differently in Definition 2.59.

The following is an exercise for the reader.

Proposition 2.22. The cardinality of p∆nqk is
�
n�k�1
k�1

�
, and the number of non-

degenerate k-simplices in ∆n is
�
n�1
k�1

�
.

Let Top denote the category of compactly generated weak Hausdorff spaces. The
topological n-simplex is the space

∆n
top :�

!
px0, x1, . . . , xnq P Rn�1 : xi ¥ 0 and

¸
xi � 1

)
.(2.23)

One can check that ∆2
top is an equilateral triangle and ∆3

top is a regular tetrahedron.

Definition 2.24. The geometric realization |X| of a simplicial set X is the
colimit of the Top-valued functor

rns ÞÑ Xn �∆n
top.

The geometric realization of a simplicial space (as in Definition 2.19) is similarly
defined. More generally if X is a simplicial object in a cocomplete category C that
is tensored over Top, then |X| is also an object in C .

This space turns out to be a quotient of the disjoint union of geometric real-
izations of the nondegenerate topological simplices of X, meaning ones not in the
image of any degeneracy map. The data given by the face maps determine how they
are glued together. In particular, |∆n| � ∆n

top � Dn, |B∆n| � Sn�1, and the geo-
metric realizations of both the the ith face and ith horn of ∆n are homeomorphic
to Dn�1.

Definition 2.25. The nerve and classifying space of a small category. For
a small category C , the nerve N
pC q is the simplicial set given by

NnpC q :� Catprns,C q
where Catp�,�q denotes the set of functors from one small catagory to another
and rns here denotes the linearly ordered set t0, . . . , nu regarded as a category. The
classifying space BC is the geometric realization of the nerve, |NpC q|. When the
category C is topological, we get a simplicial space.

For a topological monoid Γ, we denote by BΓ the topological category with one
object and a morphism for each point in Γ. Composition of morphisms is determined
by the monoid structure of Γ.

When C � BΓ, we denote N
pC q by N
pΓq, leading to NnpΓq � Γn.

In other words, NnpC q and N cyc
n pC q are the sets of diagrams in C of the form

c0 // c1 // � � � // cn�1
// cn

and
c0 //c1 // � � � //cn�1

//cn,ii

where for each i, the pn � 1q-fold composite morphism ci Ñ ci is not required to
be the identity. Of the n� 1 face maps NnpC q Ñ Nn�1pC q, n� 1 are obtained by
composing each of the n� 1 pairs of adjacent arrows above, and the other two are
obtained by ignoring the maps from c0 and to cn. All face maps

N cyc
n pC q Ñ N cyc

n�1pC q
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are obtained by such composition. In both cases the n � 1 degeneracy maps are
obtained by inserting the identity map on ci for each i.

The inclusion functors rns Ñ rnscyc induce maps of simplicial sets

N cyc

 pC q Ñ N
pC q

and their geometric realizations. Composing with the action of T on the cyclic
space |N cyc


 pC q|, we get maps

T� |N cyc

 pC q| µ // |N cyc


 pC q| π // |N
pC q|

|N cyc

 pC q| f // L |N
pC q|

(2.26)

where f is corresponds to πµ under the topological adjunction

MappT�X, Y q � MappX, LY q.
Theorem 2.27. A T-equivariant equivalence. [Lod15, Theorem 7.3.11]. When
C is the one object category associated with a topological or simplicial group G, the
map f of (2.26) is a T-equivariant equivalence.

Definition 2.28. The chain complex of a simplicial abelian group. Let C
be a simplicial abelian group or more generally a simplicial object in an abelian
category. The chain complex ChpCq, in which the nth chain group (or abelian
object) is Cn and the nth boundary operator Bn : Cn Ñ Cn�1 for n ¡ 0 is given by

Bn :�
¸

0¤i¤n
p�1qidi.(2.29)

When C is the free abelian group ZX on a simplicial set X, the chain complex
ChpZXq is called the Moore complex of X.

The normalized chain complex NChpCq has as its nth chain group

NChpCqn :�
n�1£
i�0

kerpdiq � Cn,

and nth boundary operator is dn.

The geometric realization |ChpCq| of the underlying simplicial set is known to
be a generalized Eilenberg-MacLane space with

π�|C| � H�C.(2.30)

This is the Dold-Kan correspondence, which is nicely explained by Akhil Mathew
in [Mat11].

Definition 2.31. For a topological space X, the singular simplicial set Sing
X
is defined by

SingnX :� Mapp∆n
top, Xq,

the set of continuous maps ∆n
top Ñ X. Face and degeneracy maps are defined in

terms of maps among the ∆n
tops.

The functor Sing is the right adjoint of geometric realization. This was stated
without proof by Dan Kan in [Kan58]. The singular chain complex of X is by
definition the Moore complex of SingpXq as in Definition 2.28.
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The Hochschild chain complex CHochpAq of Definition 2.6 is ChpHH
pAqq, where
the simplicial abelian group HH
pAq (which Connes denotes by A6 in [Con83, §3])
is defined by HHnpAq � Abpn�1q with face and degeneracy maps

dipa0 b � � � b anq :�
"
a0 b � � � b aiai�1 b � � � b an for i   n
ana0 b a1 b � � � b an�1 for i � n

and sipa0 b � � � b anq :�
$&% 1b a0 b � � � b an for i � 0

a0 b � � � b ai�1 b 1b ai b � � � b an
for i ¡ 0.

(2.32)

Suppose we have a symmetric monoidal category pC ,bq with a monoid object
R, i.e., an object equipped with a map R b R Ñ R with suitable properties that
include strict associativity. Then we could define a cyclic (and hence simplicial)
object HH
pRq in C using the formulas of (2.32) and (2.48). Suppose in addition
that C is tensored over the category of topological spaces, meaning that for an
object C in C and a space X, we can make sense of C � X as another object in
C . Suppose further that C is cocomplete, meaning closed under colimits. Then we
can make sense of the geometric realization of a simplicial or cyclic object in C and
thus define

THHpRq :� |HH
pRq|,(2.33)

an object in C , the topological Hochschild homology of the monoid object
R. This term was invented by Bökstedt. For reasons explained §2.5.2, it comes
equipped with an action of the group T.

It follows from (2.30) that |HH
pAq| is a generalized Eilenberg-MacLane space
with

π�|HH
pAq| � HH�pAq as in Definition 2.6.(2.34)

Definition 2.35. For a discrete set X, E
X is the simplicial set with

EnX :� Mapprns, Xq � Xn�1,

the set of maps to X from a set with n� 1 elements.

Proposition 2.36. Contractibility and freeness.

(i) The geometric realization |EX| is contractible.
(ii) If X is a discrete (abelian) group G, then E
G is a simplicial (abelian)

group, and |EG| is a contractible free G-space with orbit space

|EG|G � |NpBGq| as in Definition 2.25.

2.5. Connes’ cyclic category and cyclic objects. In [Con83] Connes defines
the cyclic category Λ, which has the same objects as ∆, but more morphisms. A
formal description can be found in Loday’s book [Lod92, 6.1], where it is denoted by
∆C. His category Λ is isomorphic to that of Definition 2.49 below. Connes regards
rns (a set with n�1 elements) as the set of pn�1qth roots of unity sitting in the unit
circle of the complex numbers C; see [Con94, III.A.β]. His morphisms are homotopy
classes of orientation preserving self-maps of degree 1 of that circle that preserve
these subsets. One such map is τn : rns Ñ rns, which denotes counterclockwise
rotation by 2π{pn� 1q, so τn�1

n � 1rns. We denote the corresponding morphism in
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Λop by tn. There are some obvious identities involving tn with the morphisms di
and si of (2.20) spelled out by Loday in [Lod92, 6.1.2], namely

ditn �
"
dn for i � 0
tn�1di�1 for 1 ¤ i ¤ n

sitn �
"
t2n�1sn for i � 0
tn�1si�1 for 1 ¤ i ¤ n.

(2.37)

Proposition 2.38. [Lod92, Theorem 6.1.3] Any morphism rns Ñ rks in Λ can be
written uniquely as the composite of some iterate of τn with a morphism rns Ñ rks
in ∆.

In particular there are n � 1 distinct morphisms rns Ñ r0s in Λ even though
there is just one map between the underlying sets. Let

ζ � e2π
?�1{pn�1q P T.

Then for 0 ¤ i ¤ n there is a map sending the arc joining ζi and ζi�1 to the full unit
circle for r0s, and sending its complement to the point 1 P T. Hence the forgetful
functor from ∆ to the category of sets extends to Λ, but not faithfully.

Next consider morphisms rn � 1s Ñ rns in Λ for which the underlying map of
sets is onto. If the underlying map fixes 0, it is obtained by collapsing one of the
n� 2 arcs (adjoining adjacent roots unity) in the circle for rn� 1s to a single point.

Let ω � e2π
?�1{pn�2q P T. If the arc being collapsed is not the one from ω�1 to

1, the last arc, then the map corresponds to one of the the simplicial degeneracy
operators si of (2.18) for 0 ¤ i ¤ n. Thus we denote the last arc collapse map by
sn�1, which we will also refer to as a degeneracy operator.

The following should be compared with Definition 2.25.

Definition 2.39. For a small category C , the cyclic nerve N cyc

 pC q is the sim-

plicial set given by

N cyc
n pC q :� Catprnscyc,C q

where rnscyc is the category rns equipped with an extra morphism from n to 0. We
denote its geometric realization by BcycC .

When C is the one object category BΓ associated with a topological monoid Γ,
we denote N cyc


 pC q by N cyc

 pΓq, leading to N cyc

n pΓq � Γn�1.

2.5.1. The work of Bill Dwyer, Mike Hopkins and Dan Kan. In [DHK85], the au-
thors take a slightly different but equivalent approach to the passage from ∆ to
Λ. They define an additional degeneracy map sn�1 : rn � 1s Ñ rns (our last arc
collapse map) and stipulate that psn�1d0qn�1 � 1rns. Note that sn�1 is related to
the other degeneracy maps of (2.18) via the action of Cn�2 on the set rn� 1s.

They give a geometric proof of Proposition 2.61 for r � 1. The key point in their
argument is that the simplicial set UΛn has n� 1 nondegenerate pn� 1q-simplices
corresponding to the composites of the last arc map sn�1 : rn � 1s Ñ rns with
powers of the rotation τn.

More explicitly, note that the pn� 1q-dimensional prism I � |∆n| is the space#
pt;x0, x1, . . . , xnq P I � Rn�1 : 0 ¤ t ¤ 1, xi ¥ 0,

¸
0¤i¤n

xi � 1

+
.
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For each j with 0 ¤ j ¤ n, define a subspace Pj � I � |∆n| by

Pj �
#
pt;x0, x1, . . . , xnq :

¸
0¤i¤j�1

xi ¤ t ¤
¸

0¤i¤j
xi

+
.

The union of these subspaces is the entire prism, and the topological pn�1q-simplex
Pj is the convex hull of the set of n� 2 points

tp0; δkq : 0 ¤ k ¤ ju Y tp1; δkq : j ¤ k ¤ nu ,
where δk P Rn�1 for 0 ¤ k ¤ n is the vector whose kth coordinate is 1 and all
others are 0. The geometric realization of Λn is the quotient of the prism obtained
by identifying p0;x0, x1, . . . , xnq with p1;x0, x1, . . . , xnq, thereby converting it to
T� |∆n|.

2.5.2. Connes’ cyclic objects.

Definition 2.40. A cyclic object X in a category C is a C -valued functor on Λop

and therefore a simplicial object (by restriction of the functor to ∆op) with some
additional structure, which includes an action of the cyclic group Cn�1 on Xn for
each n. We denote the category of such functors by CΛ, and the forgetful functor
CΛ Ñ C∆ by U . The geometric realization |X| of a cyclic set X is that of the
underlying simplicial set UX, which we will often denote abusively by X.

The cyclic set Λn the standard n-cyclex, is defined by

pΛnqk :� Λprks, rnsq � Λopprns, rksq.(2.41)

The term cyclex (plural cyclices) is new and is meant to be the cyclic analog
of simplex. Like the standard n-simplex of Definition 2.21, the standard n-cyclex
is a Yoneda functor.

The above will be generalized in Definition 2.59, for which it is the case r � 1.
See [Lod92, Chapter 7] for a formal treatment of cyclic spaces.
This object was denoted by C
 (note the Roman font) in [Lod92, Proposition

6.1.9]. For k � 1, the group C2 interchanges the degenerate and nondegenerate
edges.

Note that the cardinality of the free Ck�1-set pΛnqk exceeds that of p∆nqk (see
Proposition 2.22) by a factor of k � 1 by Proposition 2.38.

Proposition 2.42. The geometric realization of the standard n-cyclex Λn

is homeomorphic to T �∆n
top, where ∆n

top � |∆n| is the standard topological n-
simplex of (2.23).

For the proof, see [DHK85, §2.9].

Corollary 2.43. The cyclic circle or standard 0-cyclex. The cyclic set Λ0

of (2.60) is isomorphic as a simplicial set to the circle ∆1{B∆1. Its geometric
realization is the circle T. UΛ0 is isomorphic to the simplicial set with a single
vertex x0 and a single nondegenerate edge x1. Thus we have

pUΛ0qk �

$''&''%
tx0u for k � 0
tx1, s0px0qu for k � 1 
sips0qk�2px1q : 0 ¤ i ¤ k � 1

(Y  ps0qkpx0q(
for k ¥ 2,

(2.44)
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making a total of pk� 1q k-simplices for each k ¥ 0. The cyclic group Ck�1 (which
is the automorphism group AutΛopprksq) acts freely on this set, so there is single
orbit for each k.

Theorem 2.45. The action of the circle group T. [Lod92, Theorem 7.1.4] Let
X be a cyclic space (e.g., a cyclic set) and let |X| be the geometric realization of
its underlying simplicial space. Then

(i) |X| is endowed with a canonical action of the circle T, and
(ii) X ÞÑ |X| is a functor from cyclic spaces to T-spaces.

Proposition 2.46. The smooth cyclotomy of BcycpΓq. For a topological monoid
Γ, the fixed point set |BcycpΓq|Cr (as in Definition 2.39) is T-equivariantly homeo-
morphic to |BcycpΓq| for each integer r ¥ 1.

We sketch the proof here. The space |BcycpΓq| is a quotient ofº
n¥0

Γn�1 � |Λn| �
º
n¥0

Γn�1 � |∆n| � T.

When r divides n � 1, let m � pn � 1 � rq{r. The actions of Cr on Γn�1 (by
permutation of coordinates) and |∆n| (by permutation of vertices) fix subspaces
homeomorphic to Γm�1 and |∆m| respectively. It follows that |BcycpΓq|Cr is a
quotient of º

m¥0

Γm�1 � |Λm| �
º
m¥0

Γm�1 � |∆m| � T,

making it T-equivariantly homeomorphic to |BcycpΓq| as claimed.

Definition 2.47. The cyclic geometric realization of a cyclic space X is

|X|cyc :� ET�T |X|.
In particular for X � �, we have | � |cyc � BT.
Loday [Lod92, 7.1.5] defined a functor F : Set∆ Ñ SetΛ (with F∆n � Λn) that

is left adjoint to the forgetful functor U : SetΛ Ñ Set∆. For a simplicial set X,
|FX| � T� |X| with free T-action by [Lod92, Lemma 7.1.8], even though UFX is
not a product as a simplicial set. For a simplicial set X and a cyclic set Y , we have
an adjunction isomorphism

Set∆pX,UY q � SetΛpFX, Y q.
When X � UY , this reads

Set∆pUY,UY q � SetΛpFUY, Y q.
The morphism set on the left has a distinguished element, the identity map on UY ,
and the corresponding morphism on the right is ϵY : FUY Ñ Y , the counit of the
adjunction. On geometric realizations we have

|FUY | � T� |UY | :� T� |Y | |ϵY | // |Y |,
making |Y | a T-space.

We can extend the simplicial structure on HH
pAq as in (2.32) to a cyclic struc-
ture by defining the last arc degeneracy map as

sn�1pa0 b � � � b anq � a0 b � � � b an b 1.(2.48)
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Hence HH
pAq is a cyclic (in the sense of Connes) k-module, and the space
|HH
pAq| of (2.34) is a T-space.

2.6. The paracyclic and r-cyclic categories, and edgewise subdivision.
The following is taken from [NS18, page 380].

Definition 2.49. The paracyclic category Λ8 has as objects the linearly ordered
sets

JnKΛ8
:� p1{nqZ

on which Z acts by addition. A morphism is a map of sets f : JmKΛ8
Ñ JnKΛ8

satisfying

fpxq ¤ fpyq when x ¤ y and fpx� 1q � fpxq � 1.(2.50)

Hence each morphism set has an action of Z by pointwise addition.
For an integer r ¥ 1, the r-cyclic category Λr (denoted simply by Λ when

r � 1) has the same objects, now denoted by JnKΛr
(or simply JnKΛ when r � 1),

and each morphism set is the quotient of that in Λ8 by the action of rZ.
We will often drop the subscript on JnK.

The conditions of (2.50) mean that f is determined by its behavior on any interval
of length 1.

The categoryΛ � Λ1 coincides with Connes’ cyclic categoryΛ of Definition 2.40.

Remark 2.51. The symbols Λ, rns and JnK. The symbol Λ is not to be confused
with Λp�q, which we sometimes use to denote an exterior algebra, or ^ as in
Definition 4.21.

Our notation differs from that of [NS18, page 380] and [McC24, Example 2.1.5],
in which our JnKΛr

is denoted by rnsΛr
. In this paper (starting in §2.4) and many

others, rns denotes the finite ordered set t0, 1, . . . , nu, which has n � 1 elements,
while JnKΛ behaves like a set with n elements. Thus we write rns � Z � Jn� 1KΛ8

for the isomorphism written in [McC24, Example 2.1.6] as rns � Z � rn� 1sΛ.
Thus we have projection functors

Λ8
Proj8,r // Λr

Projr,r{d // Λr{d

MapΛ8
pJmK, JnKq � // MapΛr

pJmK, JnKq � // MapΛr{d
pJmK, JnKq

MapΛ8
pJmK, JnKq{rZ MapΛr

pJmK, JnKq{pZ{dq

(2.52)

for each r ¥ 1 and each divisor d of r. The groups rZ � Z and Z{d � Z{r act freely
on the morphism sets in question.

Equivalently Λr for 1 ¤ r ¤ 8 is the category which contains ∆ and addi-
tional morphisms τn : rns Ñ rns subject to the relations of (2.37) and the relation

τ
rpn�1q
n � 1rns when r   8.
The objects of Λ behave like finite sets and there is an inclusion functor

V : ΛÑ F in

JnKΛ ÞÑ xny
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to the category of finite sets of Definition D.1 sending JnKΛ, which has n elements,
to the unpointed set with the same cardinality. We know by [NS18, Proposition
B.1] that it lifts to a similarly named functor

V : ΛÑ Assocbact,

where the codomain is the associative operad of (D.6). Precomposing with the
isomorphism between Λ and its opposite gives a functor

V op : Λop Ñ Assocbact.(2.53)

The self-duality of Λ8, which implies that of each Λr, is spelled out in [NS18, page
381].

For each r, there is an embedding

ιr : ∆Ñ Λr rns ÞÑ Jn� 1KΛr(2.54)

Simplicial and r-cyclic (paracyclic for r � 8) sets are contravariant Set-valued
functors on ∆ and Λr respectively. See Definition 2.59 below. Both have geometric
realizations, and that of an r-cyclic set for finite r has a natural action of the circle
T. That of a paracyclic set has natural action of R.

We will want to look at the fixed point sets of finite subgroups of T. In order to
describe these simplicially, the following notion of subdivision is helpful.

Definition 2.55. For each positive integer r, the r-fold edgewise subdivision
functor sdr : ∆ Ñ ∆ sends rn � 1s to rrn � 1s for n ¥ 1, and each morphism to
its rth iterated disjoint union. (Face and degeneracy maps can also be written as r-
fold compositions as in (2.57).) Let dprq : ∆

n�1
top Ñ ∆rn�1

top be the map of topological
simplices induced by the diagonal embedding

px0, . . . , xn�1q ÞÑ px0, . . . , xn�1, x0, . . . , xn�1, . . . , x0, . . . , xn�1q
r

where the coefficients in the codomain are repeated r times with

xi ¥ 0 and
¸

0¤i n
xi � 1.

For a simplicial set X, we define the rth subdivided simplicial set sd�rX to
be the composite functor

∆op sdr // ∆op X // Set,(2.56)

so that psd�rXqn�1 � Xrn�1. Its ith face map di (for 0 ¤ i ¤ n�1) is the composite
of r face maps in X,

psd�rXqn�1
di // psd�rXqn�2

Xrn�1

di�pr�1qn // � � � di�n // Xrpn�1q
di // Xrpn�1q�1

(2.57)

and its degeneracy maps are defined similarly.

Lemma 2.58. Edgewise subdivision induces a homeomorphism. [BHM93,
Lemma 1.1] The map Dr : |sd�rX| Ñ |X| induced by

1� dprq : psd�rXqn�1 �∆n�1 Ñ Xrn�1 �∆rn�1

is a homeomorphism.
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Definition 2.59. [BHM93, Definition 1.5] An r-cyclic (or paracyclic) object
in a category C is a contravariant C -valued functor on Λr for finite r (or Λ8), and
we denote the category of such functors by CΛr . The value of such a functor X on
rns is denoted by Xn. The geometric realization |X| of an r-cyclic set X is that
of the underlying (via the embedding of (2.54)) simplicial set.

The r-cyclic set Λn
r the standard n-cyclex of degree r, is defined by

pΛn
r qk :� Λrprks, rnsq � Λop

r prns, rksq.(2.60)

We will omit the subscript when it is 1.

Proposition 2.61. [BHM93, Lemma 1.6] The geometric realization of Λn
r is

homeomorphic to R{rZ�∆n
top. The action of τn on |Λn

r | given by

τnpθ;x0, . . . , xnq :� pθ � x0;x1, . . . , xn, x0q,(2.62)

where θ P R{rZ.
(2.62) implies that

τn�1
n pθ;x0, . . . , xnq � pθ � 1;x0, x1, . . . , xnq,

making τ
pn�1qr
n the identity map for finite r. The duals of the relations of (2.37)

imply that τn�1
n commutes with di and si in that for 0 ¤ i ¤ n,

τn�1
n di � diτnn�1 and τn�1

n si � siτn�2
n�1 .

From this it follows that an r-cyclic space or set has an action of the cyclic group
Cr.

For r � 1, Proposition 2.61 was first proved by Dwyer, Hopkins and Kan in
[DHK85, §2.9]. We describe their proof in §2.5.1.

2.7. The epicyclic category. The ideas of this subsection were first published in
[BFG94], whose authors attribute them to [Goo87]. A more contemporary reference
is [McC24], which lists several other papers on the topic.

We will define analogs rΛr of the categories of Definition 2.49 having the same
objects but more morphisms. Recall that Connes regards the finite ordered set rns
as the set of pn�1qth roots of unity in the unit circle. Morphisms inΛ are homotopy
classes of degree one maps of the circle that preserve the subset. The categories Λr

and Λ8 can be described in similar terms with the unit circle replaced by its r-fold
and universal covers. Maps in the former case have degree 1 and on the real line
they are equivariant with respect to the action of the integers by addition. In the
epicyclic version we drop the degree one requirement. We allow maps of arbitrary

positive degree k in rΛr, and a map f in rΛ8 must satisfy fpx� 1q � fpxq � k. The
resulting morphism sets still have an action of Z by pointwise addition.

Definition 2.63. [BFG94, Definition 1.1]. The epicyclic category rΛ8 has as
objects the linearly ordered sets

JnK rΛ8
:� p1{nqZ

on which Z acts by addition, as in Definition 2.49. A morphism is a map of sets
f : JmK Ñ JnK satisfying

fpxq ¤ fpyq when x ¤ y and fpx� 1q � fpxq � k,(2.64)
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for a positive integer k, the degree of f . For k � 1, this is the same as (2.50).
Hence each morphism set has an action of Z by pointwise addition.

For an integer r ¥ 1, the r-epicyclic category rΛr (denoted simply by rΛ when

r � 1) has the same objects, and each morphism set is the quotient of that in rΛ8
by the action of rZ.

Equivalently (see [BFG94, Definition 1.1 ] ), rΛ has the same objects and includes
the morphisms of Λ as in (2.37) with additional morphisms

πkn : rkpn� 1q � 1s Ñ rns, k, n P N, k ¥ 1(2.65)

defined by apn� 1q � b ÞÑ b for 0 ¤ b ¤ n and 0 ¤ a   k. These are subject to the
relations

(i) π1
n � 1rns, πℓnπ

k
ℓpn�1q�1 � πkℓn

(ii) απkm � πknsdkpαq for α P∆prms, rnsq for sdk as in Definition 2.55
(iii) τnπ

k
n � πknsdkpτnq for τn as in §2.5.

There is an analog of Proposition 2.38 that says any morphism rms Ñ rns in rΛ
can be written uniquely as a composite

rms pτmqi // rms α // rkpn� 1q � 1s πk
n // rns(2.66)

for some k ¡ 0 with α being a morphism in ∆.

A more conceptual definition of rΛ due to Nikolaus is [McC24, Definition 2.1.9].

Definition 2.67. The categories JnKΛr
. The objects JnKΛr

� JnK rΛr
of Defini-

tions 2.49 and 2.63 for 1 ¤ r ¤ 8 are themselves categories. For r � 8 it is a
poset, which is a category whose objects are the elements in the set and in which
there is a unique morphism from each element to each larger one. The sets of
morphisms and objects have an action of the integers by addition. For each r   8
we get a new category by passage to orbit sets. Thus JnKΛr has nr objects and the
geometric realization of its nerve is a circle. That of JnKΛ8

is the real line.

Definition 2.68. An epicyclic object X in a category C is a C -valued functor

on rΛop and therefore a simplicial object (by restriction of the functor to ∆op) with
some additional structure, which includes an action of the cyclic group Cn�1 on
Xn for each n. We denote the category of such functors by C rΛ, and the forgetful

functor C rΛ Ñ C∆ by rU . The geometric realization |X| of an epicyclic set X

is that of the underlying simplicial set rUX, which we will often denote abusively by
X.

The epicyclic set rΛn, the standard n-epicyclex, is defined by

prΛnqk :� rΛprks, rnsq � rΛopprns, rksq.(2.69)

Since Λ is a wide subcategory (consisting of morphisms of degree 1) of rΛ, an
epicyclic object is also a cyclic object. We know by Theorem 2.45 that the geometric
realization of a cyclic comes equipped with an action of the circle group T. The
corresponding structure in the epicyclic case involves the following.

Definition 2.70. [BFG94, (0.1)]. The rotation-power monoid M :� T ⋊ N�,
where N� denotes the multiplicative monoid of positive integers, is the monoid with
multiplication given by

pz1, k1qpz2, k2q � pz1zk12 , k1k2q for zi P T and ki P N�.
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For a prime number p, the p-typical rotation-power monoid is

Mp :� Cp8 ⋊ µpN ,

where Cp8 � T is the Prüffer group and

µpN :�  
1, p, p2, . . .

(
.

Jonas McCandless [McC24] calls M the Witt monoid and denotes it by W. It
is studied but not named in [BFG94].

M acts on the free loop space LX with T acting by rotation of loops and N�
acting by power maps, hence the name. This means that for a point f : TÑ X in
LX and pz, kq P M , we have

pz, kqpfqpuq : fpzukq P X for each u P T.(2.71)

Theorem 2.72. [BFG94, Theorems A and B].

(i) The geometric realization of an epicyclic space has a canonical, right action
of the rotation-power monoid M of Definition 2.70.

(ii) The classifying space BM is homotopy equivalent to |NprΛq|.
(iii) The fundamental group of BM is isomorphic to the multiplicative group of

positive rational numbers. The universal covering of BM has the homotopy
type of the Eilenberg-MacLane space KpQ, 2q with π1 acting by multiplica-
tion of rational numbers.

2.8. Summary of our indexing categories. We have introduced the categories

rn� 1s
di // rns
si
oo ∆

� ��
rns τn // rns Λ

� ��

Λr{d
Projr{d,1oooo Λr

���

Projr,r{doooo Λ8
���

Proj8,roooo

rkn� k � 1s π
k
n // rns rΛ rΛr

Projr,1oooo rΛ8
Proj8,roooo JnK rΛ8

:� p1{nqZ

with the indicated objects and morphisms in Definitions 2.17, 2.49 and 2.63. These
are respectively the simplicial, cyclic/paracyclic and epicyclic categories. The co-
face maps di and the codegeneracy maps si are given in Definition 2.17, τn is the
automorphism of order rpn�1q given in the first paragraph of §2.5, and πkn is given
in (2.65). In each case we are interested in contravariant functors to the category
of sets or spaces.

2.9. The double complexes of Tsygan-Goodwillie and Connes. The first
quadrant version of the following appeared first in less general form in a paper of
Tsygan [Tsy83]. It was later studied in [LQ84] and [Lod92, 2.1.2]. The treatment
here is taken from Goodwillie’s paper [Goo85, II.2] and is also in Weibel’s book
[Wei94, 9.6]. To our knowledge, Goodwillie’s paper is the first to treat the case of
a general cyclic object in an abelian category rather than the specific case HH
pAq
as in (2.32).

Definition 2.73. Tsygan and Goodwillie’s first double complex. Let X
be a cyclic object in an abelian category. Then Cper

�� pXq, the periodic double
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complex of X, is the upper half plane double complex with a contracting chain
homotopy u in its oddly indexed columns

b
��

�b1
��

b
��

Cper
2i,j�1pXqNoo

b
��

Cper
2i�1,j�1pXqϵoo

�b1
��

u

OO

Cper
2i�2,j�1pXqNoo

b
��

ϵoo

Cper
2i,jpXqNoo

b
��

Cper
2i�1,jpXqϵoo

�b1
��

u

OO

Cper
2i�2,jpXqNoo

b
��

ϵoo

u

OO

(2.74)

where

Cper
i,j pXq :� Xj for i P Z and j ¥ 0

b :�
¸

0¤k¤j
p�1qkdk, the Hochschild boundary,

b1 :�
¸

0¤k j
p�1qkdk, the modified Hochschild boundary,

u :� p�1qjsj , the contracting chain homotopy,

ϵ :� 1� p�1qjtj for tj as in (2.37),

and N :�
¸

0¤k¤j

�p�1qjtj�k .
The definition of each arrow in the picture depends on the vertical coordinate, which
we suppress from the notation to avoid clutter, and the parity of the horizontal
coordinate. We denote the evenly and oddy indexed columns by CHoch

� pXq, the
Hochschild complex ofX, and Cacyc

� pXq, the acyclic complex ofX, respectively. We
denote the homology of the former by HH�pXq. We will denote the corresponding
first (i ¥ 0) and third (i   0) quadrant double complexes by C��pXq and C�

��pXq,
so there is a short exact sequence of double complexes

0Ñ C�
��pXq Ñ Cper

�� pXq Ñ C��pXq Ñ 0.(2.75)

When X is HH
pAq as in (2.32), we will denote Cper
�,�pXq by Cper

�,�pAq, and

similarly for the related complexes CHoch
� , Cacyc

� , C�
�,� and C�,�.

We will see analogs (2.75) below in (2.83) and (4.55). The latter two have to
do with T-spectra rather than cyclic objects in an abelian category. We call them
Tate sequences. See Definition 4.54.

The acyclic complex is so named because the map

u � p�1qjsj : Xj Ñ Xj�1(2.76)

satisfies b1u�ub1 � 1Xj
, making it a contracting chain homotopy generalizing (2.8).

Remark 2.77. The curious nature of the Tsygan double complex. The
Hochschild complex CHochpXq is the complex ChpXq of Definition 2.28. The acyclic
complex CacycpXq, which has the same chain objects as CHochpXq, is also defined
for any simplicial abelian object X. No use of the cyclic structure is made in
defining either. Only the horizontal arrows in (2.74) are defined in terms of it.
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However in the simplicial setting there is no obvious map between the two chain
complexes, so the existence of boundary operator on ChpXq that renders it acyclic
appears to be an idle curiosity.

Let dh and dv denote the horizontal and vertical arrows in (2.74). Goodwillie
shows that that dhdv � dvdh vanishes on each Ci,jpXq, generalizing a similar argu-
ment in [LQ84, Lemma 1.1].

Definition 2.78. Cyclic homology. With notation as above, HC�pXq, the cyclic
homology of X, is the homology of the first quadrant total complex Tot`pC��pXqq.
This is the chain complex defined by

Tot`pC��pXqqn :� à
i�j�n
i,j¥0

Ci,jpXq

with boundary operator dh � dv.

Following [Goo85, page 191], the double complex map s : Ci,jpXq Ñ Ci�2,jpXq,
which is an isomorphism for i ¥ 2, leads to a short exact sequence

0Ñ kerpsq Ñ Tot`pC��pXqq� Ñ Tot`pC��pXqq��2 Ñ 0

and a long exact sequence

� � � Ñ HH�pXq Ñ HC�pXq Ñ HC��2pXq Ñ HH��1pXq Ñ � � �(2.79)

due in cohomological form to Connes [Con83] and [Con94, III.1.γ]; see [Lod92,
Theorem 2.2.1]. Weibel refers to this as the SBI sequence [Wei94, Proposition
9.6.11]. It follows that a map of cyclic objects inducing an isomorphism in HH�
also induces one in HC�.

Composing the map HH�pXq Ñ HC�pXq in (2.79) with the reindexed

HC�pXq Ñ HH��1pXq
gives the Connes operator

B : HHjpXq Ñ HHj�1pXq.(2.80)

It is induced by the composite

Xj � C2i�2,jpXq ϵuN // C2i,j�1pXq � Xj�1

in (2.74), which we will also denote by B. Note that

BB � pϵuNqpϵuNq � ϵupNϵquN � 0,

and the cochain complex pHH�pXq, Bq is the de Rham complex of X.

Definition 2.81. The second double complex of a cyclic abelian object X
is obtained from that of (2.74) by removing the acyclic oddly indexed columns of
(2.74) and suitably regrading, thereby obtaining the half plane complex Bper

�� pXq in
which Bper

i,j pXq � Xj�i for j ¥ i and vanishes for j   i. In the following picture,
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the horizontal and vertical coordinates are i and j.

�1 0 1 2
...

�b ��

...
b ��

...
�b ��

...
b ��

2 � � � X3
Boo

�b
��

X2
Boo

b
��

X1
Boo

�b
��

X0
Boo

1 � � � X2
Boo

�b
��

X1
Boo

b
��

X0
Boo

0 � � � X1
Boo

�b
��

X0
Boo

�1 � � � X0,
Boo

(2.82)

where on Xj,

b �
¸

0¤k¤j
p�1qkdk

and B � ϵuN � pp�1qj � tjqsj
¸

0¤k¤j
pp�1qjtjqk.

The horizontal and vertical differentials are B and p�1qib respectively.
There is a subcomplex B�

�,�pXq obtained by replacing the groups with i ¥ 0 by 0,
which is concentrated in the second quadrant plus half of the third one. Its quotient
B��pXq is concentrated in the first quadrant.

Thus this complex is concentrated in the northwest half plane defined by j ¥ i.
It is both a chain complex and a cochain complex, and is called a mixed complex by
Kassel in [Kas87]. See [Wei94, 9.8] for further discussion. It should be compared
with the bicomplex BpAq of [Lod92, 2.1.7]. A cohomological variant of it is studied
by Connes in [Con94, 3.1.γ].

The corresponding Tot`s, in all three versions, are known to be quasi-isomorphic
(up to regrading) to those of (2.74). We have

Tot`pB��pXqqn �
à

0¤i¤n{2
Xn�2i,

Tot`pBper
�� pXqqn �

$'&'%
à
i¥0

B2i for n evenà
i¥0

B2i�1 for n odd,

and Tot`pB�
��pXqqn �

$'&'%
à

i¥maxppn�2q{2,0q
B2i for n evenà

i¥maxppn�1q{2,0q
B2i�1 for n odd.

It follows that we have a short exact sequence of double complexes similar to
(2.75),

0Ñ B�
��pXq Ñ Bper

�� pXq Ñ B��pXq Ñ 0(2.83)

and similarly for their Tot`s. We denote their homology groups by HC�pXq,
HperpXq, and HCpXq respectively. In each case one can filter the double complex
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increasingly by its columns and obtain a Connes spectral sequence converging to its
homology with input HH�pXq in which the first differential is the Connes operator
B.

2.10. The free loop space of the circle. We recall properties of the free loop
space LS1 for future reference. The circle group T acts (as it does on any free loop
space) on by rotation of loops. Each point in it has a winding number or degree
associated with it, and we denote by LrS1 the space of loops with degree r. The
rotation-power monoid M of Definition 2.70 acts on LS1 as explained in (2.71).

Let

p : RÑ S1 � C with pptq :� e2πt
?�1,

where S1 � C is the unit circle. Then a loop of degree r lifts via p to a path in R
between two points |r| units apart, for example to a closed path when r � 0. The
space of such loops is equivalent to S1 with T acting via the rth power map. It
follows that we have a T-equivariant equivalence

LS1 �
º
rPZ

T{C|r|.(2.84)

Here “T{C0” is understood to be the circle with trivial T-action, there being no
such group as C0. The underlying space is equivalent to Z � S1, and T acts on
the rth component via the rth power map. This result is the G � Z case of the
following.

Lemma 2.85. [KSS09, Lemma 9.1] Let G be any topological group of CW type.
Then there is a fibrewise homotopy equivalence

LBG � EG�G Gad,

where Gad denotes G with the conjugation action, of fibrewise H-spaces over BG.
In particular if G is abelian,

LBG � BG�G.

For G � Z, BG � S1, and this is our description of the space underlying LS1.
Similarly for G � Zp, we have

LBZp � BZp � Zp.

Like any free loop space, this is a T-space. In order to describe it as such, note that
as topological spaces,

Zp � t0u >
º
j¥0

pjZ�p .

This is the stratification of Zp by p-adic valuation. Each subspace on the right
other than t0u is open, and all of them are closed.

Since Zp is abelian, its classifying space is also an abelian group which we denote
by Tp. The homomorphism ZÑ Zp induces TÑ Tp. For each j ¥ 0 we have

Cpj � T � Tp
with Tp{Cpj � Tp as underlying spaces, since Zp and pjZp are isomorphic as groups.
Then we find that as T-spaces

LBZp � BZp >
º
j¥0

�
pjZ�p � Tp{Cpj

�
,(2.86)
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where T acts trivially on the first summand on the right. This is a special case of
[Lod92, Theorem 7.3.11].

3. The work of Bökstedt, Hsiang and Madsen

Now we quote some results from [BHM93, §1] indicating the action of T on spaces
related to THH. Madsen’s expository accounts [Mad94a,Mad94b] of this work are
very helpful.

3.1. THH via Bökstedt functors. In most papers on the subject, what we are
calling a Bökstedt functor is referred to as a functor with smash products or
FSP and is usually denoted by the letter F .

Definition 3.1. [Bök85a, Definition 1.1] A Bökstedt functor is an endofunctor
B on the category of pointed topological spaces equipped with natural transforma-
tions

µ : Bp�q ^Bp�q ùñ Bp� ^ �q and ι : Id ùñ B

(which we will denote by µpBq and ιpBq when there is more than one such functor
in play) inducing morphisms

µX,Y : BpXq ^BpY q Ñ BpX ^ Y q and ιX : X Ñ BpXq
for which the following three diagrams commute:

BpXq ^BpY q
µX,Y

��
X ^ Y

ιX^ιY 22dddddddddddd

ιX^Y ,,ZZZZZZ
ZZZZZZZ

BpX ^ Y q,
(3.2)

BpXq ^BpY q ^BpZq µX,Y ^BpZq //

BpXq^µY,Z
��

BpX ^ Y q ^BpZq
µX^Y,Z

��
BpXq ^BpY ^ Zq µX,Y^Z // BpX ^ Y ^ Zq,

(3.3)

and

X ^BpY q ιX^BpY q //

t
��

BpXq ^BpY q µX,Y // BpX ^ Y q
Bptq
��

BpY q ^X
BpY q^ιX // BpY q ^BpXq µY,X // BpY ^Xq,

(3.4)

where t is transposition of smash product factors. B is commutative if the fol-
lowing diagram also commutes.

BpXq ^BpY q µX,Y //

t
��

BpX ^ Y q
Bptq
��

BpY q ^BpXq µY,X // BpY ^Xq,
(3.5)
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The adjoint stabilization and costabilization maps σX and ηX are defined
by

S1 ^BpXq ιS1^BpXq // BpS1q ^BpXq
µS1,X // BpS1 ^Xq

ΣBpXq σX // BpΣXq
K

BpXq
ηX

// ΩBpΣXq

(3.6)

We require in addition that B preserves connectivity and that πn�iBpΣnXq is in-
dependent of n for n " i.

Definition 3.7. A Bökstedt functor B is cofibrant if for each CW-complex X,
BpXq is again a CW-complex, and the stabilization map σX is a cofibration.

Nothing like this last definition is found in [BHM93], where is no discussion
of model structures. They are only considered in subsequent work on cyclotomic
spectra as orthogonal spectra, starting with that of Blumberg and Mandell [BM12].
The condition of Definition 3.7 insures that the spectrum BpSq is cofibrant in
the stable projective model structure on the categories of sequential, symmetric
and orthogonal spectra of Definitions 4.1 and 4.5. The cofibrancy condition is
the subject of [HHR21, Corollary 7.1.37], and we will need it in Theorem 3.12.
There is a concise review of the homotopy theory of (meaning model structures
in) the categories of associative and commutative ring spectra in [ABG�18, §2.3]
by Blumberg, Mandell, Vigleik Angeltveit, Teena Gerhardt, Mike Hill and Tyler
Lawson.

Example 3.8. Some Bökstedt functors.

(i) For a group-like topological monoid Γ, let BΓ :� p� ^ Γ�q, making BΓpSq
the suspension spectrum for Γ�. It is denoted by Γ in [BHM93, Example

3.2 (i)]. When Γ is a single point, BΓ is the identity functor Id. For a
pointed space X, the Moore loop space ΩMX (see [CM95, 5.1]), which we
will denote simply by ΩX, is such a monoid. BΓ is commutative as when
Γ is. We will say that a Bökstedt functor of this form is monoidal. It is
cofibrant as in Definition 3.7 if Γ is a CW-complex.

(ii) For a discrete ring R, let BR be the Bökstedt functor defined by

BRpXq :� |RSing
pXq{RSing
pptq|,
where Sing
 is as in Definition 2.31 and RSing
p�q denotes the free sim-
plicial R-module on the indicated simplicial set. It is denoted by R in

[BHM93, Example 3.2 (iii)]. This is a generalized Eilenberg-MacLane space
with

π�BRpXq � H�pX;Rq.
This means the spectrum BRpSq is the Eilenberg-MacLane spectrum for R.
BR is commutative as in (3.5) when R is commutative. It is cofibrant for
any R.

(iii) For a Bökstedt functor B and integer m ¡ 0, we can form the corresponding
matrix Bökstedt functor

MmpBqpXq :� Mappxmy, xmy ^BpXqq,
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where xmy :� t1, . . . ,mu. A point in this mapping space is an pm2q-tuple
of points in BpXq.

We need to specify the natural transformations µpMmpBqq and ιpMmpBqq.
For α1 P MmpBqpXq and α2 P MmpBqpY q, the composite

xmy α2 // xmy ^BpY q
α1^BpY q
��

xmy ^BpXq ^BpY q xmy^µX,Y // xmy ^BpX ^ Y q,
which lives in MmpBqpX^Y q, behaves like matrix multiplication. This can
be reinterpreted as a map

µpMmpBqqX,Y : MmpBqpXq ^MmpBqpY q Ñ MmpBqpX ^ Y q
as in Definition 3.1, with ιpMmpBqqX : X Ñ MmpBqpXq given by

pιpMmpBqqXpxqqpiq :� i^ ιpBqXpxq for x P X and i P xmy.
It is cofibrant when B is.

Definition 3.9. [BHM93, (3.4)]

(i) The topological Hochschild homology THHpBq of a Bökstedt func-
tor B is the geometric realization of the simplicial space THH
pBq defined
by

THHnpBq :� hocolim
k

Ω|k|
�
BpSk0q ^ � � � ^BpSknq� ,(3.10)

where the colimit runs over all pn� 1q-tuples of nonnegative integers

k � pk0, . . . , knq with |k| :� k0 � � � � � kn,

and the maps are induced by the costabilization map of (3.6). The face and
degeneracy maps are defined as in (2.32), with the unit 1 being replaced by
S0.

(ii) For a pointed space X, we define THHX
 pBq similarly by

THHXn pBq :� hocolim
k

Ω|k|
�
BpSk0q ^ � � � ^BpSknq ^X

�
.

(iii) The simplicial space THH
pBq is a simplicial infinite loop space, and we
denote the corresponding spectrum by tHHpBq. The spectrum associated

with THHX
 pBq is tHHpBq ^X.
(iv) When B � BR for a discrete ring R as in Example 3.8(ii), we denote the

spectrum tHHpBRq by THHpRq. It is denoted by T pRq in [BM94, §4].

Here we are replacing the associative ring A of §2.1 by the associative ring
spectrum BpSq. There is a spectral sequence converging to H�tHHpBq ^X (with
field coefficients) whose input is HH�pH�BpSq ^Xq.
Proposition 3.11. THH and the free loop space.[BHM93, Proposition 3.7 for
r � 1] For BΩX as in Example 3.8(i), we have

tHHpBΩXq � Σ8� pLXq.
THH
pBq is also a cyclic space as in Definition 2.40, which means that the space

THHpBq and the spectrum tHHpBq each have a T-action.
The following is [BHM93, Proposition 3.7] in case of monoidal B (as in Exam-

ple 3.8(i)) and can be deduced from [ABG�16] for B cofibrant as in Definition 3.7.
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Theorem 3.12. The action of Cr on THH. For each monoidal or cofibrant
Bökstedt functor B and each integer r ¥ 1, the simplicial Cr-space sd�rTHHX
 pBq
is

sd�rTHHXn pBq � hocolim
k

Ω|k|ϱr
�
BpSk0q^r ^ � � � ^BpSknq^r ^X

�
,(3.13)

where ϱr denotes the real regular representation of the cyclic group Cr, Ωkϱr p�q
denotes the twisted loop space of Definition A.15, and Cr permutes the factors of
each of the the r-fold smash powers of the spaces BpSkiq.

The following is not proved in [BHM93], so we will sketch a proof here.

Proposition 3.14. Fixed point sets. For a monoidal or cofibrant Bökstedt
functor B and each subgroup Cq � Cr, the fixed point set psd�rTHHXpBqqCq has
a residual action (Definition A.1) of Cr{q and is equivariantly homeomorphic to

sd�r{qTHHXpBq with the action of Theorem 3.12.

Proof. We will do this for q � r, leaving the general case to the reader. The space
of (3.13) is a filtered colimit of Cr-spaces. Filtered colimits commute with finite
limits, so it suffices to determine the colimit of fixed point sets. For each k we have a
space of nonequivariant maps between Cr-spaces on which Cr acts by conjugation.
Its fixed point set is the corresponding space of equivariant maps. This is the image
of the kth space of (3.10) under the norm map that sends a pointed space X to its
r-fold smash product with Cr permuting the factors. It follows that

psd�rTHHXn pBqqCr � THHXn pBq,
and similarly

psd�rTHHXn pBqqCq � sd�r{qTHHXn pBq. □

Corollary 3.15. Smooth cyclotomy of THH. For each monoidal or cofibrant
Bökstedt functor B, THHpBq is smoothly cyclotomic as in Definition 1.4.

Example 3.16. THH of the identity functor. [Mad94b, Example 2.8] It follows
from Definition 3.9 that IdpSq � BptpSq � S. The identification of its fixed point
sets under finite cyclic p-groups is more interesting. We have

THHpIdqCpn �
n¹
i�0

Q�pBCpiq,

where

Q�pXq :� hocolim
j

ΩjΣjpX�q.(3.17)

The maps F and R of Definition A.1 are given by

Fpx0, . . . , xnq � px0 � T px1q, T px2q, . . . , T pxnqq
and Rpx0, . . . , xnq � px0, . . . , xn�1q

where T : Q�pBCpiq Ñ Q�pBCpi�1q is the transfer mapping associated to the
degree p covering BCpi�1 Ñ BCpi .

It follows that the spectrum tHHpIdq is the sphere spectrum S.

Theorem 3.18. THH of Z and Z{p. [Bök85b, Theorem 1.1] For a discrete ring
R, let BR be as in Example 3.8(ii).
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(i) For each prime p,

THHpBZ{pq �
8¹
i�0

1

KpZ{p, 2iq

and π�THHpBZ{pq � Z{prbs with b P π2,
where

±1
denotes the restricted product, meaning the colimit of finite prod-

ucts.
(ii)

THHpBZq � Z�
8¹
i�1

1

KpZ{i, 2i� 1q,

(iii) [BCS10, Theorems 1.3 and 1.4] THHpZ{pq and THHpZq (as in Defini-
tion 3.9(iv)) are the corresponding Eilenberg-MacLane spectra with

THHpZ{pq � HZ{pb ΩS3
�

and THHpZq � HZb τ¥3ΩS
3
�.

Here τ¥3ΩS
3 (denoted by ΩpS3x3yq in [BCS10]) denotes the 3-connective

cover of ΩS3, which is the fiber of the evident map to KpZ, 2q. A classical
calculation involving the Serre spectral sequence for the fiber sequence

S1 Ñ τ¥3ΩS
3 Ñ ΩS3

(see [Rav86, Lemma 1.2.3] for a closely related computation) shows that its
integer homology coincides with the homotopy groups of (ii).

(iv) The map between the these spaces induced by ZÑ Z{p preserves the product
decomposition, is the obvious reduction for i � 0, is trivial for i not divisible
by p, and is the Bockstein KpZ{pj, 2pj � 1q Ñ KpZ{p, 2pjq for i � pj with
j ¡ 0.

(v) In the decomposition of (i), let ι2i P H2ipKpZ{p, 2iq;Z{pq be the fundamen-
tal class. Then the coproduct in cohomology is given by

ι2i ÞÑ
¸

0¤k¤i
ι2k b ι2i�2k,

which is dual to the multiplication of (i).
(vi) In the decomposition of (ii), let

ι2pj�1 P H2pj�1pKpZ{pj, 2pj � 1q;Z{pq
be the fundamental class. Then the coproduct in cohomology is given by

ι2pj�1 ÞÑ ι2pj�1 b 1� 1b ι2pj�1 �
¸

0 k j
βpι2pk�1 b ι2ppj�kq�1q,

where β : H2pj�2 Ñ H2pj�1 denotes the mod p Bockstein.

In §5.9 we will describe the cyclotomic structure (Definition 5.23) of the spectrum
THHpZ{pq. The above is merely a description of its underlying homotopy type. We
will see that the action of T on it is nontrivial.

Here is a sketch of a proof of Theorem 3.18 due to Blumberg, Ralph Cohen and
Christian Schlichtkrull [BCS10], which we learned from Tomer Schlank. It is also
treated by Krause and Nikolaus in [KN21a, §4], who in addition give a description
of THHpZ{pjq for all j ¡ 0, and by Joseph Hlavinka in [HYn24, §3].
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For any space X, one has

LΩX � Ω2X � ΩX.

Thus for X � S3, we have LΩS3 � Ω2S3 �ΩS3. A theorem of Mahowald [Mah79]
says there is a map Ω2S3 Ñ BO for which the Thom spectrum is HF2. It is the
double loop functor applied to a map S3 Ñ B3O. Applying the functor LΩ gives
a map

LΩS3 // LΩB3O � BO �BBO
p1 // BO.

An odd primary analog due to Mike Hopkins can be found in [MRS01a, Lemma
3.3].

Let Y � τ¥4S
3 (sometimes denoted by S3x3y) be the 4-connective (or 3-connected)

cover of S3, the fiber of the map S3 Ñ KpZ, 3q. We know that the Thom spectrum
associated with Ω2Y is HZ. By studying the Serre spectral sequence for the fiber
sequence

S1 // ΩY // ΩS3,

one can show

HipΩY ;Zq �
$&% Z for i � 0

Z{m for i � 2m� 1 and m ¡ 1
0 otherwise,

and this leads to Theorem 3.18(ii).

Definition 3.19. The algebraic K-theory of a Bökstedt functor B. [Bök85a,
Definition 2.3]. Let GLmpBq be the union of the invertible components of

hocolim
k

ΩkMmpBqpSkq,
where MmpBq is the matrix Bökstedt functor of Example 3.8(iii). It is a group-like
topological monoid, and

KpBq :� Ω0B

�º
m

BGLmpBq
�
� Ω0B

�º
m

|N
GLmpBq|
�
,

where Ω0 on the right indicates the degree zero component of the indicated loop
space, in which π0 is Z.

As in Quillen’s original definition of algebraic K-theory, the space on the right
is equivalent to BGLpBq�, the plus construction on the filtered homotopy colimit
of the spaces BGLmpBq for m ¥ 0, which is described by Weibel in [Wei13, IV.1].

Example 3.20. The K-theories of Quillen and Waldhausen.

(i) For BR as in Example 3.8(ii), π�KpBRq � K�pRq as defined by Quillen in
[Qui73]. This is discussed in [Mad94a, §2.6].

(ii) For BΩX as in Example 3.8(i), KpBΩXq is Waldhausen’s space ApXq as
in [Wal85]. This is discussed in [Mad94b, §6].

Definition 3.21. The cyclic K-theory of a Bökstedt functor B. [BHM93,
(5.7)].

KcycpBq :� Ω0B

�º
m

|N cyc

 GLmpBq|

�
,

where Ω0 on the right indicates the degree zero component of the indicated loop
space.
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3.2. The Dennis trace. The topological Dennis trace Tr : KpBq Ñ THHpBq,
was first defined in algebraic form by Keith Dennis in an unpublished paper in
1976. For a topological monoid Γ, we have simplicial sets N
pΓq and N cyc


 pΓq as in
Definitions 2.25 and 2.39. There is a map

I
 : N
pΓq Ñ N cyc

 pΓq with Ipγ1, . . . , γnq �

�
pγ1, � � � , γnq�1

, γ1, . . . , γn

	
(3.22)

whose geometric realization is homotopic to the inclusion of BΓ into the free loop
space LBΓ as the constant loops.

For Γ � GLmpBq as in Definition 3.19, we denote the map of (3.22) by I
pmq

 .

Consider the composite

N
GLmpBq I
pmq

 // N cyc


 GLmpBq S
pmq

 // THH
pMmpBqq

where

Spmqn pf0, . . . , fnq � f0 ^ � � � ^ fn for fi : S
ki Ñ MmpBqpSkiq.(3.23)

Passing to geometric realizations gives a map

SpmqIpmq : BGLmpBq Ñ THHpMmpBqq.(3.24)

The following analog of Theorem 2.13 was proved in [Bök85a].

Theorem 3.25. Morita invariance of Bökstedt functors. For each Bökstedt
functor B, there is an equivalence

Trace : ΩB

�º
m¥0

THHpMmpBqq
�
Ñ THHpBq � Z.

Definition 3.26. The Dennis trace of a Bökstedt functor B is the following
composite.

Ω0B p
²
mBGLmpBqq

Ω0Bp²m SpmqIpmqq
// Ω0B

�²
m THHpMmpBqq

�
Trace�
��

KpBq THHpBq,
where each of the coproducts is over m ¥ 0, and the equivalence on the right is that
of Theorem 3.25.

3.3. The cyclotomic trace. Now we need to consider the action of T and its
finite subgroups Cr for r ¥ 1 on the cyclic space THHpBq of Definition 3.9.

First we need some elementary definitions.
We will now make use of the edgewise subdivision of Definition 2.55. Recall

that the geometric realization of r-fold edgewise subdivision of a simplicial set X
is homeomorphic to |X| by Lemma 2.58. Thus we get a residual action map as in
Definition A.1(i),

Rp :� R
Cpn

Cp
: psd�pnTHHpBqqCpn Ñ ppsd�pnTHHpBqqCpqCpn{p .

Recall that

psd�pnTHHpBqqCp � sd�pn�1THHpBq
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by Proposition 3.14. The map Rp :� Rp
n

p figures in the original definition of
TCpB, pq, [BHM93, Definition 5.12 (i)], where it is denoted by Φp.

Since sd�pnTHHpBq � THHpBq, we have

Rp : THHpBqCpn Ñ THHpBqCpn{p .

We can also regard Cpn{p as a subgroup of Cpn , yielding a restriction map as in
Definition A.1(ii).

Fp :� F
Cpn

Cpn{p
: THHpBqCpn Ñ THHpBqCpn{p ,

which is denoted by D in [BHM93, (5.10)].
Thus we get maps

R,F : THHpBqCpn Ñ THHpBqCpn�1(3.27)

as in Definition A.1 for which the diagram

THHpBqCpn�1 R

�
//

F ��

THHpBqCpn

F��
THHpBqCpn

R

�
// THHpBqCpn�1

(3.28)

commutes as a special case of (A.3).
These induce maps of filtered homotopy limits

holim
R

THHpBqCpn
F //
1
// holim

R
THHpBqCpn

holim
F

THHpBqCpn
R //
1
// holim

F
THHpBqCpn ,

(3.29)

and these two diagrams have equivalent equalizers.

Definition 3.30. [BHM93, Definition 5.12 ]

(i) The topological cyclic homology at p of the Bökstedt functor B,
TCpB, pq, is the equalizer of either diagram of (3.29). Equivalently it is the
homotopy limit of the diagram

� � �
R //

F
// THHpBqCp2

R //

F
// THHpBqCp

R //

F
// THHpBq.

(ii) The cyclotomic trace at p is the infinite loop map

KpBq I //

Trc

33pholim
F

KcycpBqCpn qhR S // TCpB, pq

where KcycpBq is as in Definition 3.21, and the maps I and S are as in
(3.22) and (3.23). The middle object above is the homotopy limit of the
diagram

� � �
R //

F
// K

cycpBqCp2

R //

F
// K

cycpBqCp

R //

F
// K

cycpBq.
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This is the first of several definitions of TC. In Definition 5.54 it is defined as a
mapping object in the 8-category of cyclotomic spectra; see Remark 5.55. A new
formula for computing it is given in Theorem 5.57. A formula relating it to TR is
given in Theorem 5.88.

Remark 3.31. TC of a free loop space. We have homeomorphisms

φ�1
p : LXCpn Ñ ρ�pLXCpn�1

for φp as in Example 1.5, induced by the pth power map on T. If we replace
THHpBq by LX in (3.28), the horizontal maps become homeomorphisms and

holim
R

LXCpn � lim
R

LXCpn � LX.

Then the first equalizer of the analog of (3.29) would consist only of constant loops.
The other limit,

lim
F

LXCpn ,

is the space constant loops, on which R is the identity. Thus the free loop space
analog of TC appears to be the space of constant loops, so TC seems to undo the
free loop functor L.

4. Spectra and equivariant stable homotopy theory

A spectrum X was originally defined to be a sequence of pointed spaces Xn

for n ¥ 0 with structure maps ϵXn : ΣXn Ñ Xn�1, or equivalently costructure
maps ηXn : Xn Ñ ΩXn�1. Since this is only one of several ways to define spectra
these days, we will call such objects sequential spectra.

A sequential spectrum in which each structure map is a weak equivalence is
called a suspension spectrum, and is often denoted by Σ8X0. One in which
each costructure map is a weak equivalence is called an Ω-spectrum. The objects
of Lurie’s 8-category of spectra (see [Rav23, §9] and [Lur17, Definition 1.4.3.1])
are sequential Ω-spectra, so we will sometimes refer to them as Lurie spectra.

If each Xn has a G-action for some compact Lie group G, with each structure
map being equivariant (where ΣXn and ΩXn are understood to be the ordinary
suspension and loop space of the pointed G-space Xn), the resulting object is called
a sequential spectrum with G-action. This means that for each closed subgroup
H � G one gets a spectrum XH in which the nth space is the fixed point set XH

n .
This notion is different from that of a G-spectrum, which we will discuss below.

A map of sequential spectra (with G-action) f : X Ñ Y is a collection of
(G-equivariant) pointed maps fn : Xn Ñ Yn compatible with the structure maps
for X and Y . Such a map is said to be a (G-equivariant) stable equivalence if
it induces an isomorphism of stable homotopy groups (of fixed point sets for each
closed subgroup H � G) as in (4.2). This condition is weaker than requiring each
map fn to be a (G-equivariant) equivalence.

Definition 4.1. We denote the category of sequential spectra by Spseq, and the

category of those with G-action by SpBGseq .

A sequential spectrum has stable homotopy (or simply homotopy) and reduced
homology groups defined by

πiX :� colim
n

πiΩ
nXn � colim

n
πn�iXn

and HiX :� colim
n

Hn�iXn.
(4.2)
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When X has a G-action, we can make similar definitions for each closed subgroup
H � G in terms of fixed point sets, the definitions above being those for the trivial
subgroup. The definition does not require Xn to be pn�1q-connected, so the groups
of (4.2) could be nonzero for i   0.

This was our only definition until the late 80’s. It suffered from the lack of a
convenient way to define the smash product of two spectra.

A sequential spectrum can be reinterpreted as a T -valued functor on a certain T -
enriched indexing category J N with one object for each finite set n � t1, 2, . . . nu
for n ¥ 0 with 0 being the empty set ∅. Its morphism spaces are

J Npm,nq �
"
Sn�m for 0 ¤ m ¤ n
pt for m ¡ n ¥ 0

(4.3)

For more on this point of view, see [HHR21, Chapter 7], specifically [HHR21, Defi-
nition 7.2.4]. From this perspective, the difficulty with the smash product is related
to the absence of a symmetric monoidal structure on J N. See [HHR21, Remark
7.2.11] for more on this lack of symmetry.

One solution is to define a new indexing category which is symmetric monoidal.
Two such categories are J Σ and J O; we will often omit the superscript in the
latter. They have the same objects as J N with morphism spaces

J Σpm,nq �
#

Σn� ^
Σn�m

Sn�m for 0 ¤ m ¤ n

pt for m ¡ n ¥ 0

J Opm,nq �
#
Opnq� ^

On�m

Sn�m for 0 ¤ m ¤ n

pt for m ¡ n ¥ 0,

(4.4)

where Σn� and Opnq� denote the symmetric and orthgonal groups with disjoint
basepoint.

Definition 4.5. Symmetric and orthogonal spectra. The categories of T -
valued functors on the indexing categories of (4.4) are those of symmetric spectra

of [HSS00], which we denote by SpΣ, and orthogonal spectra of [MM02], which

we denote by SpO, respectively.

Proposition 4.6. There are forgetful functors SpO Ñ SpΣ Ñ Spseq induced by the

evident functors J O Ð J Σ Ð J N.

4.1. The Mandell-May category. Now we define the Mandell-May category JG

for a compact Lie group G, which is enriched over TG. The case of trivial G is the
category J O of (4.4).

Definition 4.7. The Mandell-May category JG has finite dimensional or-
thogonal representations V of G as objects. These are actual representations, not
virtual ones. For two such representations V and W we have a pointed morphism
G-space JGpV,W q defined as follows. Let OpV,W q be the space of orthogonal em-
beddings t : V � W , which need not be equivariant. It is empty when |W |   |V |.
Otherwise each such embedding gives us an orthogonal complement tpV qK � W .
This enables us to define a vector bundle over OpV,W q sitting inside the trivial
bundle OpV,W q �W . The morphism space JGpV,W q is its Thom space,
which is a pointed G-space. A point in it other than the base point is a pair
pt, xq where t : V Ñ W is an embedding as above and x P tpV qK. Composition of
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morphisms U Ñ V ÑW leads to a map

JGpV,W q ^JGpU, V q Ñ JGpU,W q
induced by composition of orthogonal embeddings.

The following is immediate.

Proposition 4.8. Properties of JG.

(i) JGpV,W q is a point when |W |   |V |,
(ii) JGp0,W q � SW .
(iii) JGpV, V q � OpV, V q�, the orthogonal group OpV q of V with disjoint base

point.
(iv) The inclusion of V into V `W induces a map

SV � JGp0, V q Ñ JGpW,V ` V q.
(v) JG has a symmetric monoidal structure (which is not closed) related to

direct sum of representations.

The following is part of [MM02, Definition V.4.1].

Definition 4.9. The relative Mandell-May category. Let N � G be a normal
subgroup.

(i) The TG{N enriched category JG,N has as objects the representations V of

G, and the morphism space JG,N pV,W q is the fixed point space JGpV,W qN
with its residual action of G{N . A nonbase point in this space is a pair
pt, xq, where t : V Ñ W is an N -equivariant orthogonal embedding and
x P ptpV qKqN .

(ii) We have a functor

JG,N
ϕG,N

//JG{N

V
� // V N

pt, xq P JG,N pV,W q � JGpV,W qN � // ptN , xq P JG{N pV N ,WN q

where tN denotes the restriction of t to V N , and since x P tpV qK is fixed by
N , it lies WN and hence in the orthogonal complement of tpV N q in WN .
Thus for each V and W , we have a map

ϕG,NV,W : JG,N pV,W q Ñ JG{N pV N ,WN q.(4.10)

(iii) The functor νG,N : JG{N Ñ JG,N (the right adjoint of ϕG,N ) sends a
representation W of G{N to the representation of G obtained by precom-
position with the homomorphism GÑ G{N .

Note here that OpV,W qN is the space of N -equivariant orthogonal embeddings
V ÑW .

We will be interested in the case where G is the circle group T and N is a finite
(and hence cyclic) subgroup.
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Remark 4.11. Non-normal subgroups. We could replace the pair pG,Nq for
a normal subgroup N � G by pNpHq,W pHqq (normalizer and Weyl group) for
arbitrary subgroup H � G. We leave these details to the reader. The same goes for
the discussion of fixed point spectra in Definition 4.20.

4.2. Defining orthogonal G-spectra. The relative form of the following is [MM02,
Definition V.4.2] with different terminology.

Definition 4.12. An orthogonal G-spectrum is a TG-enriched TG-valued func-
tor on the Mandell-May category JG of Definition 4.7. We denote by SpG ( SpG)
the category of such functors (and equivariant maps). For such a functor X we
denote by XV its value on the object V in JG. For V � Rn with trivial G-action,
we denote this space by Xn.

We say that an orthogonal G-spectrum X has trivial G-action if the same holds
for Xn for each n ¥ 0. (In this case the action on XV is necessarily nontrivial when
the action on V is.)

More generally an orthogonal pG,Nq-spectrum is a TG{N -enriched TG{N -
valued functor on the relative Mandell-May category JG,N of Definition 4.9(i).

A morphism f : X Ñ Y of orthogonal G-spectra is a natural transformation of
functors. This consists of a collection of suitably compatible maps fV : XV Ñ YV ,
which are equivariant if we are in the category SpG, but need not be if we are in
SpG.

Hence an orthogonal pG,Nq-spectrum X consists of a collection tXV u of pointed
G{N -spaces (for each representation V of G) along with structure maps

ϵXV,W : JG,N pV,W q ^XV Ñ XW(4.13)

with suitable properties that are spelled out in the references cited above. In
particular each XV comes equipped with an action of the orthogonal group OpV q.
An orthogonal pG, eq-spectrum is an orthogonal G-spectrum. The sphere spectrum
S is defined by SV � SV .

It follows that the morphism space SpGpX,Y q is a certain subspace of the product
(over all V ) of the spaces T GpXV , YV q. It can be described categorically as an
enriched end, and similarly for SpGpX,Y q. See [HHR21, §9.1.C].

Remark 4.14. Genuine and naive G-spectra. It is known ([MM02, Lemma
V.1.1], reproved as [HHR21, Lemma 9.1.8]) that the space XV depends only on the
dimension |V | of V , although the group actions on the spaces XV and X|V | will
differ. For example if G acts trivially on X|V | but nontrivially on V , then it will
act nontivially on

XV � Op|V |, V q� ^Op|V |q X|V |.

For this reason Schwede in [Sch18], which is the reference for orthogonal G-spectra
used in [NS18], defines such objects X solely in terms of the spaces Xn. He discusses
the relation between the two definitions in [Sch18, Remark 2.7].

It follows that SpG as we have defined it is equivalent to the category of T G-
valued functors on J , the Mandell-May category for the trivial group. Such objects
are often called naive G-spectra, while T G-valued functors on JG are called gen-

uine G-spectra. We will denote the former category by SpGnaive. While SpG and

SpGnaive are equivalent as categories, they come with different homotopical structures,
meaning different classes of stable equivalances. See [HHR21, Theorem 9.3.10 and
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Example 9.3.11] for more discussion. It turns out that SpGnaive has more genuine
weak equivalences than naive ones.

Naive G-spectra are sometimes called Borel G-spectra, and the category of
such is sometimes denoted by SphG. Recall that for a G-space X, the homotopy
fixed point set XhG is the mapping map TopGpEG,Xq. When G acts trivially on
X, this is the same as ToppBG,Xq. Hence if C is an 8-category on which G acts
trivially, it would be reasonable to denote FunpBG,C q � FunpBG,C q by ChG. For
C � Sp, this the 8-category of Lurie spectra with G-action. See [AMGR17, page
3] (where naive G-spectra are called homotopy G-spectra) for more discussion.

The categories SpG and SpG are both tensored and cotensored over TG and
T G respectively. This means that for a pointed G-space K and an orthogonal G-
spectrum X, we can make sense of both the tensor product X^K and the cotensor
product XK . These spectra are defined by

pX ^KqV :� XV ^K

and
�
XK

�
V
:� TGpK,XV q or T GpK,XV q.

(4.15)

Definition 4.16. For a representation V of G, the V th Yoneda spectrum H
V

defined by

pHV qW � JGpV,W q.
Note that the space on the right is a point when |W |   |V |, and that H0 � S. As

in Definition 4.12, we denote HRn

by Hn.

H
V is a twisted desuspension of the sphere spectrum S, and ΣVHV � S.

As noted before, the symbol H is the Japanese hiragana character “yo,” the
first syllable of Yoneda’s name. This spectrum is denoted by S�V in [HHR16]
and [HHR21] (where G is assumed to be finite), while the “shift desuspension

functor” pHV ^�q, in which the variable may be either an orthogonal G-spectrum
or a pointed G-space, is denoted by FV in both [MM02, page 11] and [MMSS01,
Definition 1.3].

Both SpG and SpG are known to have a closed symmetric monoidal structure
defined in terms of the Day convolution; see [HHR21, §3.3]. This means that the
morphism space SpGpV,W q is the 0th space of a morphism or function spectrum
FGpX,Y q defined by

FGpX,Y qV � SpGpHV ^X,Y q.
Again we refer the reader to [HHR21, §9.1] for details. Even though it was

written with only finite groups G in mind, most of it holds as well for G a compact
Lie group. One feature of the finite group case not present in the compact Lie
group case is the existence of a finite dimensional representation (the regular one)
containing every irreducible one as a summand. The group T has infinitely many
distinct irreducible representations.

Definition 4.17. Equivariant stable homotopy groups and stable equiva-
lences. An orthogonal G-spectrum has stable homotopy groups πH� p�q graded
over ROpGq for each subgroup H � G. For finite dimensional orthogonal represen-
tations V and V 1 of G,

πHV�V 1X :� colim
W

πHV ΩWXW�V 1 ,(4.18)
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where πHV and ΩW on the right are as in Definition A.15, and the colimit is over the
category of finite dimensional orthogonal representations W of G and equivariant
inclusions.

We also have geometric homotopy groups

πΦH
V�V 1X :� colim

W
πV Ω

WH

XH
W�V 1 .(4.19)

An equivariant map f : X Ñ Y is a stable equivalence if it induces isomor-
phisms in πH� p�q for all closed subgroups H � G.

For finite G, let ϱG denote the regular representation of G, meaning its group
ring over R (a vector space of dimension |G|) on which G acts by left multiplication.
Then we know that every finite dimensional representation of G is a summand of
some finite multiple of ϱG. It follows that the colimits of (4.18) and (4.19) can be
simplified to the sequential colimits

πHV�V 1X � colim
n

πHV ΩnϱGXnϱG�V 1

and πΦH
V�V 1X � colim

n
πV Ω

nϱHGXH
nϱG�V 1 .

Such a simplification is not available for a compact but infinite Lie group such as
T.

A G-spectrum has two flavors of fixed points for each normal subgroup N � G.

Definition 4.20. Fixed point spectra. Let X be an orthogonal G-spectrum X
and let N � G be a normal subgroup.

(i) The G{N -spectrum XN , its categorical fixed point spectrum, is defined
by

pXN qW � pXqpW qqN
for each representation W of G{N , where q � qG{N : JG{N Ñ JG,N is
the right adjoint of Definition 4.9(iii).

(ii) The pG,Nq-spectrum FixNX is defined by

pFixNXqV � pXV qN
for each representation V of G. The G{N -spectrum ΦNX, its geometric

fixed point spectrum, is the left Kan extension of FixNX along the left
adjoint functor

ϕG,N : JG,N Ñ JG{N
of Definition 4.9.

4.3. The Loday functor. In this subsection we use the symbol b for the categor-
ical tensor product, reserving b for its usual meaning as algebraic tensor product
or smash product.

A cocomplete category C is tensored over sets. For an object W in C and a
finite set F with cardinality f , WbF is the f -fold coproduct ofW . For a simplicial
set X of finite type, WbX is a simplicial object in C with pWbXqn � WbXn,
provided that we can define the relevant maps among the various finite coproducts
of W . When in addition C is tensored over topological spaces, we get a geometric
realization |WbX| in C . Its homotopy type (assuming this makes sense in C )
for a given W depends only on the homotopy type of |X|, meaning that weakly
equivalent simplicial sets give weakly equivalent objects in this construction.
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Of particular interest is the case where X is the simplicial circle or standard
0-cyclex Λ0 �∆1{B∆1 of Corollary 2.43. Recall that its nth component has n� 1
elements that are permuted by the cyclic group Cn�1.

In the category of commutative k-algebras for a discrete commutative ring k,
the coproduct is tensor product over k, denoted as usual by bk. The algebra
multiplication gives us the maps we need between finite coproducts to give us the
desired simplicial structure. Thus for a commutative algebra A and a simplicial set
X we get a simplicial k-algebra which we denote by AbkX, which is also a simplicial
abelian group, omitting the subscript when k � Z. We denote the associated chain
complex as in (2.29) by ChpAbkXq. For example the chain complex ChpAbk∆0q
is

0 1 2 3 4

A A
0oo A

1oo A
0oo A

1oo � � � ,oo

so its homology is A concentrated in degree 0. More interestingly,

AbkΛ0 � HH
pAq,
the simplicial abelian group of (2.32).

In the category of commutative ring spectra which are algebras over a fixed
commutative ring spectrum R, the coproduct is the smash product over R, denoted
by bR. When A is such an algebra, we denote its categorical tensor product with
a simplicial set X by AbRX. When R � S, we omit it.

The following notation is due to Brun, Carlsson and Dundas [BCD10], who study
the Loday functor in detail.

Definition 4.21. For a commutative ring spectrum A and a simplicial set X, the
Loday functor ^XA is the geometric realization of the simplicial ring spectrum
AbX. More generally when A is a commutative algebra over a commutative ring
spectrum R, the Loday functor relative to R is

^XA{R :� |AbRX|.
Our ^XA is denoted by ΛXA and called “smash X of A” in [BCD10], and by

LXpAq in [HHL�18]. In the latter it is generalized (in a different direction from the
above) to ^X,Y pA,B;Cq, for Y � X and commutative rings A Ñ B Ñ C. This
relative version places C over the basepoint of X, B over all points of Y that are
not the basepoint and A over the complement of Y in X.

Remark 4.22. The category of associative R-algebras. When A is an as-
sociative (but not commutative) R-algebra and X � Λ0, we still have a simplicial
ring spectrum in which the nth component is

AbR AbR AbR � � � bR A with n� 1 factors

whose geometric realization is THHpA{Rq. However the pn � 1q-fold coproduct in
the category of associative R-algebras is not the pn�1q-fold relative smash product,
but something far more complicated. This is analogous to the fact that while the
coproduct in the category of abelian groups is the direct product, that in the category
of arbitary groups is the far more complicated free product. Hence we cannot identify
THHpA{Rq with |AbRΛ0|.

Note that ^XA is covariantly functorial in both A and X. Jim McClure, Roland
Schwänzel and RainerVogt [MSV97, Theorem B] show that when A is an E8-ring
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spectrum and X � Λ0 (which they denote simply by S1), ^XA � THHpAq. In
[MSV97, Theorem G] they show that any map A Ñ B to an E8-ring spectrum
with T-action extends uniquely to THHpAq.

Angeltveit and Rognes [AR05, §3] show that it has a Hopf algbebra structure.
Brun, Fiedorowicz and Vogt [BFV07] show that for an En-ring spectrum A with
n ¥ 2, THHpAq can be defined in the same way and is an En�1-ring spectrum.

In [BCS10], Andrew Blumberg, Cohen and Schlichtkrull determine the THH of
certain Thom spectra. Let BF be the classifying space for stable spherical fibrations
and suppose we have a map f : X Ñ BF which is the loop map associated to a
map of connected based spaces Bf : BX Ñ B2F . Then the resulting Thom
spectrum T pfq is an E1-ring. They identify THHpT pfqq as a certain Thom spectrum
associated with the free loop space LpBXq. When f is a triple loop map, [BCS10,
Theorem 3] says

THHpT pfqq � T pfq ^BX�.
For example,

THHpMUq �MU ^ SU�.
In [HW22] the authors study the relative version THHpBP xny{MUq. MU is

a commuatative ring spectrum, but the E3-ring spectrum BP xny is known not to
admit an E8-structure by work of Lawson [Law18] for p � 2 and Andrew Senger
[Sen24] for odd primes.

4.4. The Greenlees-May or Tate diagram. The standard reference for the
material in this subsection is John Greenlees and Peter May’s classic book [GM95].
As noted above and illustrated in Example A.6, each compact Lie group G has a
contractible free G-space EG. Let EG� denote EG with a disjoint base point, and
consider the base point preserving map j : EG� Ñ S0 that sends all of EG to the
nonbase point of S0. The resulting cofiber sequence

EG�
j // S0 k // rEG,(4.23)

is useful to us. Since EG is contractible, the first map is underlain by a homotopy

equivalence, making the underlying space of rEG contractible. On the other hand
for any nontrivial subgroup H � G, the fixed point set pEG

�
qH is a point since H

acts freely away from the basepoint. It follows that

pEG�qH �
"
S0 for H � e
pt otherwise

while rEGH �
"

pt for H � e
S0 otherwise.

The cofiber sequence of (4.23) is not to be confused with the isotropy separa-
tion sequence (see [HHR21, §9.11A])

EP� // S0 // rEP ,

where P denotes the family of proper subgroups of G, and EP is a G-space for
which EPG is empty but EPH is weakly contractible for each proper subgroup
H � G. The two cofiber sequences coincide when G � Cp.

For an orthogonal G-spectrum X, cotensoring (as in (4.15)) with the first map
of (4.23) gives a map

X � XS0 ϵX :�Xj

// XEG�(4.24)

known as Borel completion.
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We now smash (4.23) with (4.24) and get the Greenlees-May diagram of
[GM95, Diagram (D)],

X ^ EG�
X^j //

ϵX^EG�
��

X
X^k //

ϵX
��

X ^ rEG
ϵX^ rEG
��

XEG� ^ EG�
XEG�^j // XEG� XEG�^k // XEG� ^ rEG

fGpXq cGpXq tGpXq

(4.25)

in which each row is a cofiber sequence and the spectra in the bottom row are defined
by the indicated equalities. Here the letters f , c and t stand for “free,” “complete,”
and “Tate.” The left vertical map is an equivalence by [GM95, Proposition 1.2].
This means that the square on the right is a homotopy pullback diagram.

Greenlees and May [GM95, Introduction] call tGpXq (which they denote by tpXq
without the subscript) the Tate G-spectrum associated to X, and its fixed point
set

XtG :� tGpXqG(4.26)

the Tate construction of X. It is surprisingly interesting even when the action
of G on X is trivial as in Definition 4.12.

WhenX is a naive G-spectrum, [GM95, Proposition 2.1] says that the fixed point
sets of fGpXq and cGpXq can by be identified with pΣAdpGqXqhG, the homotopy
orbit spectrum of the twisted suspension (Definition A.15) of XhG of (A.13), and
XhG, the homotopy fixed point set of (A.9). Here AdpGq denotes the adjoint
representation of G, whose degree is the dimension of G. In particular it is
trivial when G is finite. It is defined in terms of the action of G on its Lie algebra,
and that action is trivial when G is abelian. Thus for the circle group T acting on
a spectrum X, we have

pfTXqT � pΣAdpTqXqhT � ΣXhT.(4.27)

The map

NmG : pΣAdpGqXqhG � fGpXqG Ñ cGpXqG � XhG(4.28)

is known as the norm and has the XtG as its cofiber. For finite G it can be
described as follows.

For a module M over the integral group ring of G there is a map

NmG :MG ÑMG,

originally due to John Tate, which we describe in §4.4.1. There is no comparable
map XG Ñ XG for a G-space X, but there is one for a G-spectrum X that we
describe in §4.4.2.

4.4.1. The norm map in algebra. The original reference for this paragraph is [CE56,
Chapter XII], whose authors attributed the ideas to Tate. Let ZG denote the integer
group ring of a finite group G. For each γ P G, we denote by rγs the corresponding
basis element of ZG. We have the augmentation map

∇ : ZGÑ Z given by rγs ÞÑ 1 for each γ P G,(4.29)
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and we denote its kernel, the augmentation ideal, by I. A ZG-module M is an
abelian group with an action of G. As such it has an orbit module

MG �M{IM �M bZG Z

and a fixed point set

MG � tm PM : rγsm � m @γ P Gu � HomZGpZ,Mq �M.

Now consider the Tate norm map NmG :M ÑM given by

m ÞÑ
¸
γPG

rγsm.

It sends each element m P M to the sum of the elements in its G-orbit. Hence
two elements in an orbit have the same image under it, so it factors through the
quotient MG. Its image is fixed by G and thus contained in MG, and we have

NmG :MG ÑMG.

When M � ZG, it is an isomorphism between ZG{I and the subgroup of ZG
generated by the norm of the unit element. Hence its kernel and cokernel both
vanish. When M � Z with trivial G-action, this map is multiplication by |G|, the
order of G. We will describe its kernel and cokernel in (4.31).

Recall that

HipG;Mq :� ExtiZG pZ,Mq ,
HipG;Mq :� TorZGi pZ,Mq ,

and both can be computed using a free (or projective) ZG-resolution of Z of the
form

� � � // P2
// P1

// P0 � ZG ∇ // Z // 0,(4.30)

where ∇ is as in (4.29).
Then H�pG;Mq is the cohomology of the cochain complex

� � � Ð HomZGpP2,Mq Ð HomZGpP1,Mq Ð HomZGpP0,Mq �M

and H�pG;Mq is the homology of the chain complex

� � � Ñ P2 bZGM Ñ P1 bZGM Ñ P0 bZGM �M.

The augmentation ∇ : ZG Ñ Z of (4.29) induces maps H0pG;Mq Ñ MG and
MG Ñ H0pG;Mq. These lead to a 4-term exact sequence

0Ñ H0pG;Mq ÑMG
NmGÝÝÝÑMG Ñ H0pG;Mq Ñ 0.(4.31)

Tate cohomology pH� is defined by

pHipG;Mq �
"
HipG;Mq for i ¡ 0
H�1�ipG;Mq for i ¤ 0,

(4.32)

so we can write the 4-term exact sequence as

0Ñ pH�1pG;Mq ÑMG
NmGÝÝÝÑMG Ñ pH0pG;Mq Ñ 0.

WhenM is a ring, there is a multiplication in pH�pG;Mq that makes it a module
over H�pG;Mq, its nonnegatively graded part.
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Example 4.33. The case G � Cp and M � Z{p. We find that

pHipCp;Z{pq � Z{p for all Z.

Given generators a P pH1 and x P pH2, pH2i�ϵ is generated by aϵxi for ϵ � 0, 1 and
all i P Z. As graded rings we have (for p ¡ 2)

H�pCp;Z{pq � Λpaq b Z{prxs
and pH�pCp;Z{pq � Λpaq b Z{prx, x�1s,

and for p � 2 there is a similar description with x � a2.
The case p � 2 is discussed further in §4.5.1.

4.4.2. The norm map in equivariant stable homotopy theory. For a finite group G
acting on a space X (pointed or not) we do not get a similar map XG Ñ XG

because in general there is no way to sum the points in a G-orbit of X. However
we can do this in the stable world as follows. For a naive G-spectrum X there are
G-maps

EG� ^G X XhG
NmG //______

j^GX ��

XhG F pEG�, XqG

S0 ^G X XG
//______ XG

��

ϵGX

OO

F pS0, XqG

x_

��

X

diag

��

55kkkkkkk

OO

X
¸
γPG

γpxq

¹
γPG

X //_____ ª
γPG

X

fold

OO

�
oo

pγpxq : γ P Gq � // ?
_

OO

(4.34)

where G acts as usual on X, and on the product and coproduct by permuting
factors and summands. The diagonal map is twisted as indicated, and the fold map
is the usual one. The map from the G-indexed coproduct to the G-indexed product
is functorial, and it is an equivalence because we are in the stable category, and
therefore it has an (admittedly mysterious) inverse whose composite with the fold
map is the indicated addition up to homotopy. The sum in the lower right is fixed
by G, so the composite lifts to the fixed point spectrum XG as indicated. This
lifting factors through the orbit spectrum XG since G acts trivially on XG. The
resulting composite map XhG Ñ XhG is the norm.

This norm is not that of [HHR16], which is a functor that converts anH-spectrum
to a G-spectrum for G finite and H � G. A generalization of it to the case e � T
is used in [ABG�18] to study the cyclotomic structure on THHpRq.

As noted in [NS18, Definition I.1.13], (4.34) makes sense in any stable8-category
in which limits and colimits indexed by G are defined. The stability condition
guarantees the equivalance of the product and coproduct there.
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Thus the fixed point diagram for (4.25), the Greenlees-May fixed point di-
agram, is

XhG
// XG //

ϵGX
��

pX ^ rEGqG
��

XhG

NmX
G // XhG

sGX // XtG.

(4.35)

We remind the reader that G is assumed to be finite. We will omit the index X in
the three maps when it is clear from the context.

Definition 4.36. When G acts trivially on X (making XG � X), the Tate map

θGX : X Ñ XtG

is the composite sGXϵ
G
X in (4.35). We will often drop the subscript X.

Definition 4.37. The functors TC� and TP. For a T-spectrum X,

TC�pXq :� XhT and TPpXq :� XtT.

For a Cp8-spectrum X,

TC�pX, pq :� XhCp8 and TPpX, pq :� XtCp8 .

For a cyclotomic spectrum X (see Definition 4.51), we have a diagram of cofiber
sequences

TC�pXq TPpXq

ΣXhT
NmT //

��

XhT sTX //

��

XtT

��
XhCpj

NmC
pj // XhCpj

s
C
pj

X // XtCpj ,

(4.38)

where the equalities are those of Definition 4.37, and the norm maps are those of
(4.28) and (4.35). The one for T was constructed using different methods by John
Klein in [Kle01, §3] and is defined for any T-spectrum X; the cyclotomic structure
is not needed for it. It is known [BM94, Lemma 2.18] that after p-adic completion

XhT is the homotopy limit of the XhCpj when X has finite type.
The left vertical map in (4.38) is constructed as follows. Let

H :� Cpj � T �: G.
The spaces in (4.25) for G � T are defined in terms of a contractible from G-space
EG, which is also a contractible free H-space. Hence (4.25) is also a Greenlees-May
diagram for H. Consider the inclusion map

fGpXqG Ñ fGpXqH � fHpXqH .
These spectra are identified by [GM95, Proposition 2.1] as

ΣXhT � pΣAdpGqXqhG Ñ pΣAdpHqXqhH � XhCpj
.
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4.5. The case G � Cr. When G � Cr we denote the map sGX of (4.35) by srX , and
we have

pX ^ rECrqCr � ΦCrX,

the geometric fixed point spectrum of Definition 4.20(ii).
The right square in (4.35) is the pullback diagram

XCr //

ϵCr
X

��

ΦCrX

��
XhCr

srX // XtCr .

(4.39)

Blumberg and Mandell (see Definition 4.51) define a cylotomic spectrum to be
a T-spectrum equipped with an equivalence

Φp : ρ
�
pΦ

CpX Ñ X(4.40)

for each prime p, where ΦCpX is the geometric fixed point spectrum of Defini-
tion 4.20(ii). There is a residual action of T :� T{Cp � T on ΦCpX, and ρ�p is as
in Definition 1.3. The map is required to be T-equivariant.

In Definition 5.23 Nikolaus and Scholze define it in terms of a T-equivariant map

φp : X Ñ ρ�pX
tCp .(4.41)

Nikolaus and Scholze show that the two definitions agree when X is bounded
below. Both (4.40) and (4.41) should be compared with Definition 1.4. We will
discuss this further in §5.

4.5.1. The group C2 and stunted projective spaces. WhenX has trivial group action
and p � 2, we have

XtC2 � holim
iÑ8

pRP�i ^ ΣXq,(4.42)

where RP�i denotes the Thom spectrum for the p�iq-fold Whitney sum of the
canonical real real bundle over RP8. There is an analogous statement for the
group Cp for an odd prime p. These are proved as [GM95, Theorem 16.1].

To explain (4.42), we need the following notation. For 0 ¤ i   j, let

RPji :� Σ8RPj{RPi�1,

the suspension spectrum of the stunted real projective space, which is known
to have the following properties.


 It has a CW-structure with a single cell in each dimension ranging from i
to j.


 For i   j   k there is a cofiber sequence

RPji // RPki // RPkj�1(4.43)


 RPji is the suspension spectrum of the Thom space for the i-fold Whitney
sum of the canonical line bundle over RPj�i.
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 There is an integer ℓ depending only on j � i such that

RPj�2ℓ

i�2ℓ
� Σ2ℓRPji

This was first proved by James in [Jam59] and is known as James peri-
odicity. (The value of ℓ is known and is roughly pj � iq{2, but we do not
need it here.) It means that for each finite k ¡ 0, the homotopy type of

Σ�iRPi�ki varies periodically with i.

We can use James periodicity to make sense of RPji for any integers i and j with
i ¤ j, and define

RPi � RP8i :� hocolim
jÑ8

RPji ,

RPj�8 :� holim
iÑ8

RPj�i,

and RP8�8 :� holim
iÑ8

RP8�i.

(4.44)

Note that whenG acts trivially on a spaceX, its homotopy orbit space is BG�X,
and its homotopy fixed point set is MappBG,Xq. Hence for a C2-spectrum X with
trivial group with trivial action we have

XhC2
� RP0 ^X

and XhC2 � mappRP0, Xq � mapphocolim
mÑ8 RPm�1

0 , Xq
� holim

mÑ8 mappRPm�1
0 , Xq

� holim
mÑ8 pmappRPm�1

0 , Sq ^Xq

Now we claim that the Spanier-Whitehead dual (see [HHR21, §8.0B]) of RPm�1
0 is

DRPm�1
0 :� mappRPm�1

0 , Sq � ΣRP�1
�m;(4.45)

see (5.11). Assuming this and that X is finite, we have

XhC2 � pholim
mÑ8 ΣRP�1

�m ^Xq
� ΣRP�1

�8 ^X.

It follows that for finite X and G � C2, the bottom row of (4.35) is the smash
product of X with

RP80 // ΣRP�1
�8 // ΣRP8�8 // ΣRP80

ShC2
// ShC2 // StC2 // ΣShC2

,

(4.46)

where the last map in the top row is the extension of the cofiber sequence to the
right. It turns out that the last two maps of the top row form the suspended
limiting/colimiting case of the cofiber sequence of (4.43) with i � �8, j � �1 and
k � 8. This gives us (4.42) once we have proved (4.45).

Atiyah Duality [Ati61] tells us that the Spanier-Whitehead dual of the suspen-
sion spectrum of a closed manifold M (such as RPm�1) is up to suspension the
Thom spectrumMν of its normal bundle. (See [HHR21, §8.0B, especially Theorem
8.0.12] for more discussion.) We know that the tangent bundle of RPm�1 is stably



54 DOUGLAS C. RAVENEL

equivalent to the m-fold Whitney sum of the canonical line bundle; see [MS74, The-
orem 4.5]. This means its normal Thom spectrum is RP�1

�m. The suspension on the
righthand side of (4.45) is needed to insure that the top cell is in dimension 0.

We also know that the top cell of the normal Thom spectrum is spherical. This
means there is a map S Ñ ΣRP�1

�m that is nontrivial on mod 2 homology. It is
compatible with the maps in the limit, leading to a diagram

S //

&&NN
NNN

NNN ΣRP�1
�m // ΣRP8�m

ΣRP�1
�8 //

OO

ΣRP8�8

OO

StC2

The Segal Conjecture says that the composite map SÑ StC2 is 2-adic completion.

4.5.2. The Segal conjecture. For more information on this topic, we recommend the
recent account by Kaif Hilman [Hil20]. The conjecture was first stated by Graeme
Segal in [Seg71] and later proved by Gunnar Carlsson in [Car84]. In its simplest
form it describes the 0th stable cohomotopy group of the classifying space BG of a
finite group G with an isomorphism

lim
k
π0
S

�
BG

pkq
�

	
� pApGq.(4.47)

The homotopy limit of (4.42) was first examined by Adams in [Ada74]. It was
the subject of extensive computations by Mahowald in the 70s and 80s, some of
which were eventually reported in [MR93]. That paper and [MS88] were the first
discussions of blueshift phenomena in chromatic homotopy theory (not to be con-
fused with the redshift of §5.9.2), although the term “blueshift” was not coined
until later. As Mahowald and Shick said in their opening paragraph,

Calculations of various sorts lead to the following slogan:
The root invariant of vn-periodic homotopy is vn-torsion.

Mahowald’s computations also paved the way to W. H. Lin’s proof of the Segal
Conjecture for the group C2 in [Lin79] and [LDMA80], and of Gunawardena’s proof
of it for groups of odd prime order [Gun80].

For a pointed space X, π0
SpXq denotes the group of homotopy classes of maps

from the suspension spectrum of X, Σ8X, to the sphere spectrum, S � Σ8S0.
Like ordinary cohomology, stable cohomotopy has a ring structure (cup product)
induced by the diagonal inclusion X Ñ X �X.

The space BG
pkq
� is the k-skeleton of BG�, the classifying space of G with a

disjoint basepoint. The functor π0
Sp�q is contravariant, so it converts the sequential

colimit associated with the skeletal filtration of BG� to a limit of abelian groups.
While differing choices of a contractible free G-space EG (with orbit space BG) can

lead to differing skeleta BG
pkq
� , it is known that the limit in question is independent

of such choices.
ApGq denotes the Burnside ring of G, originally defined by William Burnside in

[Bur11]. In modern language it is the Grothendieck group of the abelian monoid
(under disjoint union) of isomorphism classes of finite G-sets under disjoint union,
with multiplication induced by Cartesian product. Additively it is the free abelian
group on the set of conjugacy classes of finite subgroups H � G. It admits an
augmentation map ϵ : ApGq Ñ Z, defined by sending a finite G-set to its cardinality,

with kernel I, the augmentation ideal. pApGq denotes the I-adic completion of ApGq.



WHAT ARE CYCLOTOMIC SPECTRA AND WHY DO WE NEED THEM? 55

There is a stronger form of the conjecture, of which (4.47) is just the tip of the
iceberg. It has to do with the function spectrum F pΣ8BG�, Sq, or equivalently
the function G-spectrum FGpΣ8EG�, Sq with G acting trivially on S. It can also
be thought of as the Spanier-Whitehead dual of Σ8BG�. The group of (4.47) is
its 0th homotopy group. See [Hil20, §4] for details.

Theorem 4.48. Properties of the Tate construction.

(i) [Ada82] The Segal Conjecture implies that for finite X with trivial Cp-
action, XtCp is the p-adic completion of X.

(ii) Let H{p be the mod p Eilenberg-MacLane spectrum. Then

pH{pqtCp � holim
k¤0

ª
i¥k

ΣiH{p.

For p � 2 we can write this as

holim
i

pRP�i ^ ΣH{2q,
which is wildly different from

holim
i

pRP�iq ^ ΣH{2 � H{2.
(iii) [AMS98] Let Epnq be the nth Johnson-Wilson spectrum for the prime p and

n ¡ 0. Then EpnqtCp is a certain completion of the coproduct of all even
supensions of Epn� 1q. This is another instance of chromatic blueshift.

(ii) above is a spectacular example of the failure of the smash product to preserve
limits.

4.5.3. More about G � T.

Definition 4.49. Real orthogonal representations of T. Let λ denote the
complex numbers with the usual multiplication by elements of T, regarded as a 2-
dimensional real vector space. More generally for each integer r ¥ 0, let λr denote
complex numbers with ω P T acting by multiplication by ωr, again regarded as a
2-dimensional real vector space. Using the notation of Definition A.15, let

Tprq :� Spλrq, SrT{Crs :� Σ8�Tprq and Sprq :� Σ8Sλ
r

.

The map aλr : S0 Ñ Sλ
r

of Definition A.15 leads to a map aprq : S�prq Ñ S, the
Euler class.

The notation SrT{Crs (but not Tprq) is abusive for r � 0 since there is no group
C0.

Proposition 4.50. The action of the Prüffer group. For r ¡ 0, let r � spj

with s not divisible by p. Then the space T{Cr is Cp8-equivariantly isomorphic to
T{Cpj .

In the action of T on λr, the subgroup Cr � T acts trivially, so the action factors
through T{Cr. The underlying spectrum of Sprq is Σ2S � Σ8S2, and it is tensor
invertible. The representation λr is denoted in [BM12, Notation 4.1] by Cprq. We
are mostly using the notation of [BHLS23, §2.1.1].

For each positive integer r, the circle group T has a subgroup isomorphic to the
cyclic group Cr. The group T is isomorphic to its quotient by any finite subgroup,
a property not enjoyed by any nontrivial finite group. For a T-space X, we have a
residual action (Definition A.1) of T{Cr � T on the fixed point set XCr .
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The following is part of [BM12, Definition 4.2].

Definition 4.51. A cyclotomic spectrum is an orthogonal T-spectrum X along
with T-equivariant maps

rp,V : ρ�p
�
X

Cp

V

	
Ñ Xρ�p pV Cp q.

for each prime p ¡ 0 and each representation V of T (where ρ�p is as in Defini-
tion 1.3) satisfying certain conditions implying that there is an isomorphism

ρ�pΦ
CpX Ñ X,

where ΦCpX is the geometric fixed point spectrum of Definition 4.20(ii).

4.6. Tate resolutions. Applying the functor HomZGp�,Zq to (4.30), we get

0 // HomZGpZ,Zq // HomZGpP0,Zq // HomZGpP1,Zq // � � �

Z, ∆ // ZG
(4.52)

where ∆ is the diagonal or coaugmentation

1 ÞÑ
¸
γPG

rγs.

We define P�i :� HomZGpPi�1,Zq for i ¡ 0. Then we can splice (4.30) with (4.52)
and get

� � � // P2
// P1

// P0
// P�1

// P�2
// P�3

// � � �

ZG ∆∇ // ZG
(4.53)

where the augmentation ∇ : ZGÑ Z is as in (4.30).

Definition 4.54. A Tate resolution P of Z over a finite group G is a long
exact sequence of the form (4.53). P� � P is the subsequence obtained by replacing
Pi by 0 for i ¥ 0, and P� :� P {P�, the quotient obtained by killing Pi for i   0.
For a G-CW spectrum X with cellular chain complex (of ZG-modules) CpXq, let

P pXq :� P bZG CpXq,
with P�pXq and P�pXq defined similarly. The Tate sequence for X is following
short exact sequence of chain complexes over ZG.

0Ñ P�pXq Ñ P pXq Ñ P�pXq Ñ 0(4.55)

5. 8-categories and the work of Nikolaus-Scholze

Most of [NS18] is written in the language of 8-categories. For a very brief
introduction to them we refer the reader to [Rav23], where other references can
be found. As in that paper, we will write 8-categories which are not ordinary
categories in the color cyan.



WHAT ARE CYCLOTOMIC SPECTRA AND WHY DO WE NEED THEM? 57

5.1. Elementary 8-categorical notions. Stable 8-categories, of which the 8-
category of spectra Sp is the marquee example, are defined in Definition 5.8(iv),
[Rav23, §9] and in [Lur17, Definition 1.1.1.9].

In a pointed 8-category C , the suspension ΣX is the pushout of the diagram
0 Ð X Ñ 0, while the loop object ΩY is the pullback of the diagram 0 Ñ Y Ð 0.
In a stable 8-category (see Definition 5.8(iv)), a commutative square diagram is a
pushout iff it is a pullback, so X � ΩΣX and ΣΩY � Y . This makes the functors
Σ and Ω both invertible in the homotopy category of a stable 8-category C .

Definition 5.1. Some familiar 8-categories.

(i) S is Lurie’s8-category of spaces (meaning Kan complexes, aka8-groupoids)
[Lur09, Definition 1.2.16.1], which is described illustratively in [Rav23, §5].
It is sometimes called the category of anima. This term is used in writings
on condensed mathematics, for which the original references appear to be
[CS20a] and [CS20b], even though the term is not used in the former.

(ii) For a space (or Kan complex) K, K denotes the 8-category in which ob-
jects are points (0-simplices) in K, 1-morphisms are paths (1-simplices),
2-morphisms are homotopies between paths (2-simplices), and so on. The
existence inverse paths makes K an 8-groupoid, meaning that its homotopy
category is a groupoid. See [Lur09, §1.1.1 and Proposition 1.2.5.1].

(iii) For objects X and Y in an 8-category C , we denote the space (or Kan
complex) of morphisms X Ñ Y by MapC pX,Y q.

(iv) Sp denotes Lurie’s 8-category of spectra as in [Lur17, Definition 1.4.3.1]
and in [Rav23, §9]. It is the homotopy limit of the diagram obtained by
iterating the loop functor on 8-category of pointed spaces S�. We will give
a different definition of the 8-category of orthogonal G-spectra in Defini-
tion B.6.

(v) For 8-categories C and D, FunpC ,Dq denotes the 8-category of functors
C Ñ D; see [Lur09, Proposition 1.2.7.3].

(vi) When C � K for a space or Kan complex K, we will write FunpC ,Dq as
DK . In particular, for a group G with classifiying space BG (or equivalently
the nerve of the one object category BG), the 8-category CBG is that of
objects in C with G-action [NS18, Definition I.1.2].

(vii) Replacing C by the nerve NpC opq for on ordinary category C , the 8-
category of functors becomes

FunpNpC opq,Dq �: PDpC q,

the category of D-valued presheaves (or contravariant functors)
on C . Note that for a group G the one object category BG is isomorphic
to its opposite (since each morphisms is invertible), so CBG � PDpC q.

(viii) An 8-category is perfect if it is small, idempotent-complete, and stable.

Catperf8 is the 8-category of perfect 8-categories.

Recall that in classical category theory an adjunction for a pair of functors

C
F

K
//
D

U
oo
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is a natural isomorphism between the morphism sets C pX,UY q and DpFX, Y q for
objects X in C and Y in D. For 8-categories C and D we are looking instead for
a natural equivalance between morphism spaces.

Definition 5.2. Adjoint functors of 8-categories. [CSY22, Definition 2.1.1]
and [Lur09, §5.2, specifically Definition 5.2.2.1]. For a functor f : C Ñ D,

(i) a left adjoint of f is a pair pf!, ηq where where f! : D Ñ C is a functor
and η : IdD ùñ f � f! is a unit natural transformation in the sense of
[Lur09, Definition 5.2.2.7], and

(ii) a right adjoint of f is a pair pf�, ϵq where where f� : D Ñ C is a functor
and ϵ : f� � f ùñ IdC is a counit natural transformation in the sense of
[Lur09, the dual of Definition 5.2.2.7].

Adjoints of composite functors are suitably defined composites of adjoints as in
[CSY22, Definition 2.1.3].

Definition 5.3. The stabilization of an 8-category. As noted above, a se-
quential Ω-spectrum X is a sequence of pointed spaces Xn for n ¥ 0 and pointed
weak equivalences Xn Ñ ΩXn�1. In a pointed 8-category C with finite limits, the
loop of an object Y is the pullback of the diagram 0 Ñ Y Ð 0, so we can define
a spectrum object in C in the same way we do it in the pointed 8-category of
spaces S�. In [Lur17, §1.4] Lurie denotes the category of such objects by SppC q.
In [BGT13] it is denoted by StabpC q, the stabilization of C . In any case there is
a functor Ω8 : SppC q Ñ C sending a spectrum X object to the object X0 in C .
When C is presentable (see [Lur09, Chapter 5]), this functor admits a left adjoint
Σ8 [Lur17, Proposition 1.4.4.4].

Remark 5.4. Spectra with G-action and G-spectra. The ordinary categories
of spectra with G-action (SpBG as in Definition 4.1), sometimes called naive G-
spectra, and of orthogonal G-spectra as in Definition 4.12, are different. The same
goes for the 8-categories SpBG of Definition 5.1(vi) and SpG of Definition B.6.

5.2. Limits and colimits. In Definition 5.1(v), let f : K Ñ L be a map of Kan
complexes. It leads to a pullback functor f� : CL Ñ CK between functor categories
induced by precomposition. For suitable C and f , this functor has left and right
adjoints denoted by f! and f� [Lur17, Notation 6.1.6.1]. Equivalently they are the
functors sending each functor X : K Ñ C (a K-shaped diagram in C ) to its left
and right Kan extensions along f .

When L is a point, these functors from CK to C send X to its colimit and limit.
One advantage of working with 8-categories is that homotopy limits and homotopy
colimits, the subject of Bousfield and Kan’s “yellow monster” [BK72], are the same
as ordinary limits and colimits. The standard reference for this is [Lur09, 4.2.4].
See [Rav23, §9] for a simple illustration.

The following is originally due to Joyal [Joy02, Definition 4.5] and is quoted by
Lurie as [Lur09, Definition 1.2.13.4].

Definition 5.5. Limits and colimits in an 8-category. For a simplicial set
K and an 8-category C , let f : K Ñ C be a simplicial map. This is an object in
CK . When K is a Kan complex, this is a C -valued functor on the 8-category K
of Definition 5.1(ii). An object X in C over f is one equipped with compatible
maps from X to the images under f of all vertices in K. Equivalently it is a natural
transformation from the X-valued constant functor on K to f . The collection of
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all such objects and suitable morphisms (and higher morphisms) between them is
an 8-category C {f [Lur09, Proposition 1.2.9.3], the over category of f . A limit
of f , lim

K
f , is a terminal object in it (i.e., an object for which the mapping space

MapC {f pY, limK fq is contractible for all Y ), regarded as an object in C . Dually, one

can construct an under category C f{ of objects under f , and define a colimit of
f to be an initial object in it regarded as an object in C . Such terminal and initial
objects may or may not exist depending on C .

In [Lur09, §4.2.4] Lurie shows that Definition 5.5 agrees with the classical theory
of homotopy (co)limits when we specialize to the case where C is the nerve of a
topological category.

Definition 5.6. Induced maps to/from a limit/colimit. Now suppose that in
addition to the data of Definition 5.5, we have an 8-functor F : C Ñ D and that
D has the needed limits or colimits. Then F induces a functor

F{f : C {f Ñ D{Ff .

Then we have objects F plim
K
fq, the functor of the limit, and lim

K
pFfq, the limiting

value of the functor, in D. Since the latter is a terminal object, we have a unique
(up to homotopy) map ϵ : F plim

K
fq Ñ lim

K
pFfq, the coassembly map of F and

f . If it is an equivalence, we say that F preserves the limit of f . Dually we have
the assembly map, η : colim

K
pFfq Ñ F pcolim

K
fq.

Lurie discusses this situation in [Lur09, page 48] but does not give names to the
two maps.

Definition 5.7. Assembly and coassembly maps for G-spectra. For compact
Lie group G, let BG be the one object topological category of Definition 2.25. Let
K � NpBGq (so |K| � BG, the classifying space of G) and let C be the 8-category
of spaces or spectra. Then f : BG Ñ C defines a G-action on an object X in
C . The limit and colimit are XhG and XhG, the homotopy fixed points (A.9) and
homotopy orbits (A.13). Thus we have the unit map η : pFXqhG Ñ F pXhGq and
the counit map ϵ : F pXhGq Ñ pFXqhG of F and X, the assembly and coassembly
maps. The map of (1.1) is an example of a coassembly map.

The norm map. We can ask for a norm map NmG : XhG Ñ XhG as in (4.35)
when G is finite. In [Lur17, 6.1.6] Lurie shows that for any finite group G, the
norm map NmG exists and has a cofiber whenever C is a stable 8-category with
countable limits and colimits. This cofiber is the categorical Tate construction
XtG. In [Rav26] we will consider situations in which it is defined for spaces that
are π-finite (meaning all homotopy groups are finite and only finitely many of them
are nontrivial), such as BG, and certain 8-categories (such as that of Kpnq-local
spectra) for which it is always an equivalence, rendering the Tate construction
contractible.

5.3. Additional structures on 8-categories. The first four parts of the follow-
ing are similar to [NS18, Definition I.1.1].

Definition 5.8. Some properties of 8-categories. Let C be a 8-category.

(i) [Lur17, Definition 1.1.1.1] C is pointed if it has an object, usually denoted
by 0, that is both initial and final.
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(ii) [Lur17, Definition 6.1.6.13] C is semiadditive (called preadditive by Niko-
laus and Scholze) if it is pointed, has finite products and coproducts, and
for any two objects X,Y P C , the map�

1X 0
0 1Y



: X \ Y Ñ X � Y

is an equivalence. Here, 0 P MapC pX,Y q denotes the composition
X Ñ 0 Ñ Y for any zero object 0 P C . In this case we write X ` Y
for this object, and note that π0MapC pX,Y q has a natural commutative
monoid structure.

(iii) C is additive if it is semiadditive and π0MapC pX,Y q has a natural abelian
group structure.

(iv) [Lur17, Definition 1.1.1.9] C is stable if it is additive and the loop functor
Ω : C Ñ C sending X to 0�X 0 is an equivalence. A functor between stable
8-categories is exact if it preserves finite colimits, or equivalently, finite
limits, [Lur17, Proposition 1.1.4.1].

(v) [Mat16, Definition 2.1] A stable homotopy theory is a stable 8-category
which is also a symmetric monoidal 8-category pC ,b,1q (Definition D.14)
in which the tensor product commutes with all colimits.

(vi) [Lur09, 4.4.5] An object Y in C is a retract of an object X if there exists
a 2-simplex ∆2 Ñ C corresponding to a diagram

X
r

$$HH
HHH

HHH

Y

i
::vvvvvvvv idY // Y,

or equivalently if Y is a retract of X in the classical sense in the homotopy
category hC . It follows that the endomorphism i � r : X Ñ X is idempo-
tent and that the object Y is both the equalizer and coequalizer of the pair
pidX , i�rq. C is idempotent complete if every idempotent endomorphism
(that is, every C -valued functor on the one object category equipped with an
idempotent map) arises in this way, meaning that said equalizer/coequalizer
always exists. An idempotent completion of C is a fully faithful func-
tor f : C Ñ D where D �: IndpC q is idempotent complete and each of its
objects is a retract of one in the image of f . See Remark 5.12.

(vii) C is exact if it is small and stable. The 8-category of exact 8-categories
and exact functors is denoted by Catex8 . The 8-category of idempotent

complete exact 8-categories and exact functors is denoted by Catperf8 . The
relevant example of such is the category of compact left (or right) mod-
ules over a ring spectrum R, which we denote by ModRpSpq or simply
ModR. See [Lur17, §4.2 and §7.1.1] for more discussion. An exact functor
F : A Ñ B between small stable 8-categories is a Morita equivalence if
it induces an equivalence their idempotent completions.

Definition 5.9. A functor

E : Catperf8 ÝÑ D,

valued in a stable presentable 8-category D, is a localizing invariant if it satisfies
the following conditions:
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(i) Morita invariance. If F : C Ñ C is an exact functor that induces an
equivalence on idempotent completions (see Definition 5.8(vi))

IndpC q �ÝÝÑ IndpDq,
then EpF q is an equivalence.

(ii) Exactness. For every exact sequence of small stable 8-categories

A ÝÑ B ÝÑ C ,
the induced sequence

EpAq ÝÑ EpBq ÝÑ EpC q
is a fiber (equivalently, cofiber) sequence in D.

(iii) Filtered colimits. The functor E preserves filtered colimits:

E
�
colim
i

C i
	
� colim

i
EpC iq.

We know (see [Lur09, §5.1.3]) that for any 8-category C there is a mapping
space functor

MapC : C op � C Ñ S ,
meaning that the set of morphisms X Ñ Y comes equipped with a topology. When
C is pointed, we get a pointed morphism space. When C is stable as in (iv), this
functor lifts to

mapC : C op � C Ñ Sp with Ω8mapC pX,Y q � MapC pX,Y q.(5.10)

In other words, in addition to a space one has a spectrum mapC pX,Y q (sometimes
called the function spectrum) of maps between objects in a stable 8-category.
The 0th space of this mapping spectrum is the previously defined mapping space.
In the category Sp itself we have

mapSppS, Xq � X,

but this need not be the case in a stable subcategory such as CycSp or CycSpp as
in Definition 5.24. We also define the Spanier-Whitehead dual of a spectrum X by

DX :� mapSppX, Sq.(5.11)

For a space X, we will write DΣ8X abusively as DX.

Remark 5.12. Idempotent completion. Lurie shows in [Lur09, Proposition
5.1.4.2] that the idempotent completion of (vi) always exists, and in [Lur17, Corol-
lary 1.1.3.7] that it is stable when C is. [Lur09, Propositions 5.1.4.9] implies the

inclusion functor Catperf8 Ñ Catex8 has a left adjoint which is the idempotent com-
pletion functor Ind denoted in [BGT13] by Idem.

Definition 5.13. R-linearity. Let R be an En-ring spectrum for n ¥ 1. A stable
8-category C is R-linear if:


 It is enriched over ModR, the 8-category of R-module spectra as in Def-
inition 5.8(vii), meaning that for objects X,Y P C , the mapping spectrum
mapC pX,Y q is an R-module.


 Tensoring with R-modules acts on C , and this action is compatible with the
stable structure.

CatperfR,8 denotes the 8-category small, idempotent-complete R-linear stable
8-categories and R-linear functors between them.
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Definition 5.14. [NS18, Definition II.1.4] Let C and D be 8-categories with func-
tors F0, F1 : C Ñ D. The lax equalizer LEqpF0, F1q of F0 and F1, also written
as

LEq

�
C

F0 //
F1

// D

�
,

is the pullback in the following diagram of simplicial sets.

LEqpF0, F1q //

��

D∆1

pev0,ev1q
��

C
pF0,F1q // D �D

In particular, an object of LEqpF0, F1q is a pair pc, fq, where c is an object in C
and f : F0pcq Ñ F1pcq is a morphism in D.

Similarly the equalizer EqpF0, F1q is the pullback of the diagram above with the
right column replaced by the diagonal functor ∆ : D Ñ D � D. An object in it is
an object c in C on which the two functors agree.

The word “lax” above refers to the fact that the two images of c in D are related
by a morphism rather than equality.

Lemma 5.15. The Tate orbit and fixed point lemmas. [NS18, Lemmas I.2.1
and I.2.2] Let X be a spectrum with an action of Cp2 . Recall that the quotient group

Cp :� Cp2{Cp acts residually on XhCp
and XhCp .

(i) If X is bounded below, meaning that πiX � 0 for i ! 0, then

pXhCp
qtCp � pt.

(ii) If X is bounded above, meaning that πiX � 0 for i " 0, then

pXhCpqtCp � pt.

5.4. The 8-categorical construction of THH. Here we recall the results of
[NS18, §III.1], referring the reader to that paper for the proofs.

Proposition 5.16. Exactness of Tp. [NS18, Proposition III.1.1] The functor

Tp : SpÑ Sp X ÞÑ pXbpqtCp ,

where Cp acts on Xbp by permuting its factors, is exact as in Definition 5.8(iv).

This functor is studied by Lunøe-Nielsen and Rognes in [LNR12], where they
call it the topological Singer construction.

Proposition 5.17. [NS18, Proposition III.1.2]. Let FunExpSp, Spq be the category
of exact endofunctors of Sp, and let IdSp P FunExpSp, Spq be the identity func-
tor. For any F P FunExpSp, Spq, evaluation at the sphere spectrum S induces an
equivalence

MapFunExpSp,SpqpIdSp, F q � // Ω8F pSq.
Definition 5.18. [NS18, Definition III.1.4] The Tate diagonal is the natural
transformation

∆p : IdSp Ñ Tp

X ÞÑ pXbpqtCp
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of endofunctors of Sp which, under the equivalence of Proposition 5.17, corresponds
to the map

SÑ ShCp Ñ StCp .

Recall that the Segal Conjecture for the group Cp implies that the map above is
p-adic completion.

Theorem 5.19. The generalized Segal Conjecture. [NS18, Theorem III.1.7]
For any bounded below spectrum X, the Tate diagonal map

∆p : X Ñ pXbpqtCp

is p-adic completion.

The following makes use of the definition of a symmetric monoidal 8-category
and related notions in Appendix D.

Definition 5.20. [NS18, Definition III.2.1] The 8-category AlgE1
pSpq of E1-ring

spectra is the 8-category of functors Rb from NpAssocbq to Spb over NpF in�q
as shown below, where the sequence pR, . . . , Rq has n coordinates and the triangle
commutes.

pR, . . . , Rq
�

xx

xnyAssoc

&
//

�

++VVVV
VVVVV

VVVVV
VVVVV

VVVVV
VVVVV

V NpAssocbq Rb //

++VVVV
VVVVV

VVV
Spb

pr��
NpF in�q
xny�

Definition 5.21. [NS18, Definition III.2.3] The 8-categorical form of THH
sends an E1-ring spectrum Rb as above to the geometric realization of the cyclic
spectrum

NpΛopq NpV opq // NpAssocbactq Rb // Spb
b // Sp

rnsΛ � // Rbpn�1q,

where V op is as in (2.53).

The following is needed by Hahn and Wilson [HW22] in their study of the relative
spectrum THHpBP xny{MUq.
Definition 5.22. Relative THH. Let A be an E8-ring spectrum, and let ModA be
the 8-category of A-module spectra. It is a special case of the category LModApSpq
of [Lur17, Notation 7.1.1.1]. (Lurie only requires A to be associative, so he has to
distinguish between left and right modules. Since our A is commutative, modules
over it are two sided.) ModA is symmetric monoidal under the relative smash
product X bA Y , which is defined to be the coequalizer of the two maps

X bAb Y //// X b Y

induced by the right A-module structure on X and the left one on Y .
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For an E1-algebra Rb in ModA, THHpR{Aq the geometric realization of the
cyclic spectrumin the category of A-modules,

NpΛopq NpV opq // NpAssocbactq RbA // ModbA
b // ModA

rnsΛ � // RbApn�1q.

5.5. The 8-category of cyclotomic spectra. Defining the 8-category SpG of
orthogonal G-spectra involves some technicalities that would distract us here, so we
postpone that discussion to Appendix B, specifically Definition B.6. The definition
of a symmetric monoidal structure on an 8-category C is also complicated and is
the subject of Appendix D, specifically Definition D.14.

Definition 5.23. [NS18, Definition II.1.1]

(i) A cyclotomic spectrum X is an object in SpT (see Definition B.6) with
a T-equivariant cyclotomic structure map (which Nikolaus and Scholze
call the Frobenius map)

φp : X Ñ XtCp ,

where XtCp is as in (4.35), for each prime p. We will write this as
pX, pφpqpPPq, where P denotes the set of primes.

(ii) A p-cyclotomic spectrum X is an object in SpCp8 (where Cp8 � T is
the Prüffer group consisting of the pith roots of unity for all i ¥ 0) with a
Cp8-equivariant map φp as above.

(iii) A p-cyclotomic spectrum with Frobenius lift X is an object in SpCp8

with a Cp8-equivariant map F : X Ñ XhCp such that φp � s
Cp

X F for s
Cp

X

as in (4.35). This map F , which is a lifting of φp, is not to be confused
with the restriction map FGH of Definition A.1(ii).

The word “Frobenius” (as a map) has several meanings in the literature. It has
long been used for the pth power map in an algebra in characteristic p. Nikolaus-
Scholze use it for the cyclotomic structure map while McCandless uses it for a
lifting of the latter to XhCp as in (iii) above. McCandless also has a more general
notion of Frobenius lift in an 8-category in [McC24, Definition 2.1.2] that involves
the rotation-power monoid M :� T ⋊ N� of Definition 2.70; see Definition 5.48.

Definition 5.24. [NS18, Definition II.1.6] and [BHLS23, Definition 2.3].

(i) The 8-category CycSp of cyclotomic spectra is the lax equalizer (as
in Definition 5.14) in which C and D are each SpT, and the two functors
are the identity and the one induced by

±
p φp.

(ii) That of p-cyclotomic spectra, CycSpp, is the lax equalizer in which C
and D are each SpCp8 , and the two functors are the identity and the one
induced by φp.

(iii) That of p-cyclotomic spectra with Frobenius lifts, CycSpFrp , is the lax

equalizer in which C and D are each SpCp8 , and the two functors are the
identity and the one induced by F as in Definition 5.23(iii).

Remark 5.25. All three of the above are presentable stable 8-categories whose
objects are spectra with additional structure. In each case the forgetful functor
to Sp is exact and preserves equivalences and small colimits. Hence all three are
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enriched over spectra as in (5.10). In each case function spectrum mapC pX,Y q
differs substantially from the underlying function spectra mapSppX,Y q.
Proposition 5.26. [KN21b, Proposition 10.3] The forgetful functor

U : CycSpFrp Ñ CycSpp pX,F q ÞÑ pX, spXF q
is left adjoint to the functor TR of Definition 5.80.

Nikolaus and Scholze show that the following are examples.

Example 5.27. Some cyclotomic spectra.

(i) For an E1-ring spectrum R, THHpRq is cyclotomic. It is defined as the
geometric realization of a cyclic spectrum spelled out in [NS18, Definition
III.2.3] and in Theorem 5.28.

(ii) Every spectrum X has a trivial action of T and a trivial cyclotomic structure
whose pth component is given by the composite

X // XhCp
s
Cp
X // XtCp

where the first map is pullback along BCp� Ñ S0 (see (A.12)) and the
second one is as in (4.35). The Segal Conjecture implies that this composite
is p-adic completion when X is finite. We sometimes denote the resulting
cyclotomic spectrum by Xtriv.

(iii) Every cyclotomic spectrum is a p-cyclotomic spectrum by restriction.

Theorem 5.28. The cyclotomic structure on THHpAq as in Definition 5.21
is the composite map from the geometric realization of the top row to that of the
bottom row in the following diagram of cyclic spectra.

(5.29)

� � � Ab3 Ab2 A

� � � ppAb3qbpqtCp ppAb2qbpqtCp pAbpqtCp

� � � pAb3qtCp pAb2qtCp pAqtCp ,

C3

∆p

C2

∆p ∆p

b b b

where ∆p is the Tate diagonal of Definition 5.18 and the action of Cp on the spectra
in the bottom row is trivial.

Proof. The geometric realizations of the first and third rows of (5.29) are THHpAq
and THHpAqtCp , and the composite map between them is the desired cyclotomic
structure on the former. The second row requires further explanation. The p-fold
subdivision endofunctor sdp of ∆ (as in Definition 2.55) induces one on Λp (in
which ∆ is a wide subcategory), which we follow by the projection onto Λ to give
a functor which we abusively denote by

Λop
p

sdp // Λop

rn� 1sΛp � JnKΛp

� // JpnKΛ � rpn� 1sΛ
The object on the lower right is a free Cp-set. We denote the category of such sets
by FreeCp

and a free Cp-set with pn elements by JpnK. For such a set S, we denote
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its orbit set by S. Thus we have a functor FreeCp
Ñ F in sending S to S, and for

each n ¡ 0 a composite

NpΛop
p q

��

JnKΛp_

��
NpFreeCp

q �
NpF inq

NpAssocbactq

Ab

��

pJpnK, xpnyAssocq_

��
NpFreeCpq �

NpF inq
Spbact

Θ
��

I

����
��
��
��
��
��
�

rTp

��:
::

::
::

::
::

::

pJpnK, pAbp, . . . , Abpqq
_

��
pSpbactqBCp

&&MM
MMM

MMM
M

xxqqq
qqq

qqq
pAbp, . . . , Abpqq3

yysss
sss

s 


&&MM
MMM

MMM

Sp //___________ Sp Abnp � // pAbnqtCp

(5.30)

Here an object in the third category is a pair pS, pXsqsPSq where S is a free Cp-set

and each Xs is a spectrum. This category admits a functor Θ to pSpbactqBCp by

[NS18, Proposition III.3.6], where it is not named. The functors I and rTp are given
by

pS, pXsqsPSq ÞÑ
â
sPS

Xs and pS, pXsqsPSq ÞÑ
�â
sPS

Xs

�tCp

,

where the action of Cp on the smash product on the right is induced by its free action
on S. Both functors are lax symmetric monoidal. In [NS18, Lemma III.3.7] they
show that I is an initial object in the 8-category of all such functors satisfying
a certain exactness condition. [NS18, Corollary III.3.8] asserts there is a unique

natural transformation from I to rTp, which is indicated by the broken arrow in the
bottom row of (5.30).

In the image of JnKΛp
in the fourth category of (5.30), there are n spectrum

coordinates, and Cp acts on each of them by permuting its factors.
Thus we have a composite

JnKΛp

� //
?

��

pJpnK, pAbp, . . . , Abpqq � // pAbp, . . . , Abpq
_

��

NpΛop
p q Ab //

NpProjp,1q

��

NpFreeCp
q �
NpF inq

Spbact
Θ //

rTp

##G
GG

GG
GG

GG
GG

GG

pSpbactqBCp

pbqBCp

��
SpBCp

p�qtCp

��

Abnp_

��
NpΛopq // Sp

JnKΛ � rn� 1sΛ � // pAbnpqtCp ,

(5.31)

where Projp,1 is the projection functor of (2.52). The middle row of (5.29) is defined
by the bottom functor NpΛopq Ñ Sp above. □
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5.6. Polygonic spectra. Polygonic spectra, which are controlled by a truncation
set (Definition 5.33) of natural numbers T , are first defined and studied by Krause,
McCandless and Nikolaus in [KMN23]. The case where T � t1, pu is reviewed in
[BHLS23, §2.1.3], and it figures in their definition of the Dehn twist trivialization
of [BHLS23, §4.2].

Here is the topological analog of (2.4) and (2.5).

Definition 5.32. The topological Hochschild homology THHpR;Mq of an E1-
ring spectrum R with coefficients in an R-bimoduleM is the geometric realization
of a simplicial spectrum informally depicted by

. . .
// ////// M bRbR

////// M bR //// M.

The simplicial structure here does not extend to a cyclic one, so the spectrum
THHpR,Mq does not have a cyclotomic structure. The point of polygonic spectra,
which we now define, is to provide a substitute for such a structure, as explained
in [KMN23].

For them, part of the data is the following.

Definition 5.33. [KMN23, Definition 2.1 and Example 2.2]. A truncation set
T is a set of positive integers closed under divisors. Examples include

n :� tm P N¡0 : m|nu for n P N¡0

8 :� tm P N¡0u
p8 :�  

pk : k ¥ 0
(

for p prime

T {n :� tt P T : nt P T u for a truncation set T and n P N¡0.

In [KMN23] and [BHLS23] the first three truncation sets are denoted by x�y. We
use the notation � instead to avoid conflicting with the notation of Definition D.1.

Definition 5.34. [KMN23, Definition 2.4]. A T -typical polygonic spectrum
XD consists of the following data:

(i) A T -indexed collection of spectra tXt : t P T u, where each Xt is an object
of SpBCt .

(ii) For every prime number p and integer t with pt P T , a Ct-equivariant map
of spectra φp,t : Xt Ñ pXptqtCp , where the Tate construction on Xpt carries
the residual action of Cpt{Cp � Ct.

For T � pk , T � p8 and T � 8 , we call these pk-, p8- and integer

polygonic spectra.

Example 5.35. Some polygonic spectra. [KMN23, Example 1.2]

(i) A 1 -typical polygonic spectrum is an ordinary spectrum.

(ii) For a cyclotomic spectrum X with structure maps φp : X Ñ XtCp for each
prime p, for any T we can define a constant T -typical polygonic spectrum
piTXqD by piTXqt � X for all t P T . Since X is a T-spectrum it is also a
Ct-spectrum for each t P T , and the required maps φp,t are induced by the
structure maps φp. See Theorem 5.46.

(iii) The topological Hochschild homology of an E1-ring spectrum R with coeffi-
cients in an R-bimodule M canonically admits the structure of an integer
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polygonic spectrum THHpR;MqD with

THHpR;Mqt :� THHpR,MbRtq
for every t ¥ 1. This is the motivating example for [KMN23]. Their main
result is Theorem 5.39.

(iv) L :� L p8 S is the p8-polygonic spectrum whose pjth component (in the

notation of Definition 4.49) is

Lpj :� SrT{Cpj s.
This spectrum is L p8 i p8 S in the notation of Theorem 5.46, as noted in

the footnote to [BHLS23, Example 2.5].
It follows that we have a diagram

L1
φp,1

""D
DD

D Lp
φp,p

""D
DD

D
θCp||zz
zz

Lp2
φp,p2

""F
FF

F
θCp||xx

xx
� � �

||yyy
yy

LtCp
p LtCp

p2 LtCp

p3

(5.36)

in which θCp is the map of Definition 4.36. The image of this under the
functor Υ of Definition 5.37, namely the wedge of all the SrT{Cpj s, corep-
resents the functor TR of Definition 5.80 in CycSp�, the 8-category of
bounded below cyclotomic spectra, by [BHLS23, Lemma 2.6].

(v) For a p-polygonic spectrum

XD � pX1, Xp, φp,1 : X1 Ñ XtCp
p q,

[BHLS23, page 15] defines

X
ΦCp

D
:� X1, XΦe

D
:� Xp, X

hCp

D
:� XhCp

p , X
tCp

D
:� XtCp

p ,

and X
Cp

D
is the pullback in

X
Cp

D
//

��

X1

φp,1

��
X
hCp
p

s
Cp
Xp // XtCp

p ,

where s
Cp

Xp
is the map of (4.35).

Definition 5.37. The cyclotomic spectrum associated with a p8-polygonic
spectrum. [KMN23, Construction 2.20] For the data

XD �  
Xpj , φp,pj : Xpj Ñ pXpj�1qtCp : j ¥ 0

(
,

we define

ΥXD :� à
j¥0

Xpj

with structure map φ
ΥX
D

p : ΥXD Ñ pΥXDqtCp induced by the maps φp,pj .

One can define the cyclotomic spectrum associated with an integer polygonic
spectrum in a similar way.
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Definition 5.38. 8-Categories of polygonic spectra. [KMN23, Definition 2.6
and Example 2.9]. The 8-category of T -typical polygonic spectra PgcSpT is the lax
equalizer as in Definition 5.14 where

C �
¹
tPT

SpBCt ,

D �
¹
pPT

p prime

¹
sPT {p

SpBCs ,

and the pth components of the two functors C Ñ D are the identity and the functor

Fp :
¹
tPT

SpBCt Ñ
¹
sPT {p

SpBCs

which for each s P T {p is induced by the composite¹
uPT

SpBCu
pr // SpBCps

p�qtCps

// SpBCs .

For truncation sets T 1 � T there is a restriction functor

PgcSpT Ñ PgcSpT 1 .

We abbreviate PgcSp 8 by PgcSp, and (as indicated in [BHLS23, Definition 2.8]).

The 8-category of p-polygonic spectra PgcSp p is the pullback in

PgcSp p
//

��

Sp∆
1

ev1

��
SpBCp

p�qtCp

// Sp.

Theorem 5.39. Polygonic spectra and THH with coefficients. [KMN23,
Theorem 6.31] Let R denote an E1-ring and let BModR denote the 8-category
of two sided R-module spectra. The topological Hochschild homology functor with
coefficients

THHpR;�q : BModR Ñ Sp

of Definition 5.32 canonically refines to a functor of 8-categories

THHpR;�qD : BModR Ñ PgcSp

with THHpR;�qt as in Example 5.35(iii).
We get a similar functor to PgcSpT for any T by restriction of truncation sets.

Definition 5.40. Some functors to and from PgcSp p . [BHLS23, Definition

2.9]

(i) The functor resD : CycSp Ñ PgcSp p sends a cyclotomic spectrum X to

the p-polygonic spectrum

pX,X,φp : X Ñ XtCpq.
(ii) We denote by

resφ : PgcSp p Ñ Sp∆
1
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the lax symmetric monoidal functor sending pX1, Xp, φp,1 : X1 Ñ X
tCp
p q

to the morphism φp,1.

Definition 5.41. Let EQ be the equalizer category 
 ⇒ 
, and let CEQ denote
the category of equalizer diagrams in C .

An object R⇒ S in AlgpSpqEQ is an R-bimodule structure on the ring spectrum
S, so the functor THHpR;�qD of Theorem 5.39 leads to

THHD : AlgpSpqEQ Ñ PgcSp.

Lemma 5.42. [BHLS23, Lemma 2.16] There is a commuting diagram of lax sym-
metric monoidal functors

AlgpSpq THH //

��

CycSp

))TTT
TTTT

TTTT

res
D

��

Sp∆
1

AlgpSpqEQ

THH
D

// PgcSp p ,
resφ

55lllllllllll

where the left vertical map sends an E1-algebra R to the constant diagram R⇒ R.

Lemma 5.43. [BHLS23, Lemma 2.17] Suppose we are given pA,Bq P AlgpSpqEQ

and V P AlgpSpq such that the underlying spectrum of V is a dualizable. Then the
natural map

THHDpS;V q b THHDpA;Bq ÝÑ THHD
�
A; V bB

�
,

coming from the lax symmetric monoidal structure on resφ THHp�;�q, is an iso-
morphism.

Definition 5.44. [McC24, Notation 1.1.1] The spectral affine line is the E8-ring
Srxs :� Σ8�N

with multiplication induced by addition in N. Srxs{xn is the following pushout in
E8-rings

Srxs xÞÑxn
//

xÞÑ0

��

Srxs

��
S // Srxs{xn

(5.45)

The reduced topological Hochschild homologies of Srxs and Srxs{xn, �THHpSrxsq and�THHpSrxs{xnq, are the fibers of the maps of cyclotomic spectra

THHpSrxsq Ñ THHpSq � S induced by the left map in (5.45)

and THHpSrxs{xnq Ñ S induced by a similar map Srxs{xn Ñ S
with the trivial cyclotomic structure on S.

For a cyclotomic spectrum X,

X pb�THH
contpSJxKq :� lim

n
pX b �THHpSrxs{xnqq

and X pbΩ�THH
contpSJxKq :� lim

n
pX b Ω�THHpSrxs{xnqq.
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where the limits on the right are induced by the evident maps Srxs{xn�1 Ñ Srxs{xn.
For a connective E1-ring R,

Rrxs{xn :� Rb Srxs{tn.
Note that the E8-ring Srxs is not the free E8-ring on one generator. However

the underlying E1-ring of Srxs is the free E1-ring on one generator since N is the
free E1-monoid on one generator in the 1-category of spaces.

On [McC24, page 5] McCandless asserts without proof that�THHpSrxsq � à
r¡0

SrT{Crs.

The computation is discussed by Catherine Li in [HYn24, Example 2.11].

Theorem 5.46. The cyclotomic/polygonic adjunction. [KMN23, Theorem
2.24] For a truncation set T , let iT : CycSp :Ñ PgcSpT be the functor given in
Example 5.35(ii). It has left and right adjoints LT and RT . We omit the subscript
when T � 8 .

For a cyclotomic spectrum X

LipXq � X b �THHpSrxsq
and RipXq � X pb Ω�THH

contpSJxKq :� Ω lim
n

�
X b �THHpSrxs{xnq

	
.

A formula for RT is given in [KMN23, Definition 2.23].

5.7. Epicyclic spaces and spectra. Recall Theorem 2.45, which says that the
geometric realization of a cyclic space has an action of the circle group T. In
this subsection we will state a similar result for epicyclic spaces in 8-categorical
language, where by Definition 2.68 an epicyclic object in a category C is a C -valued

functor on rΛop.

Definition 5.47. [McC24, Definition 2.1.14], An epicyclic object in an 8-

category C is a map of simplicial sets NprΛopq Ñ C , that is a C -valued presheaf

on rΛ as in Definition 5.1(vii).

For the rotation-power monoid M of Definition 2.70, we have a one object topo-
logical category BM with M as endomorphism space. It contains the self dual BT
as a subcategory. Recall that a functor BTÑ C is an object X in C equipped with
an action of T and hence with each of its finite subgroups Cr. When C has finite
limits and colimits, the limit and colimit of the functor restricted to BCr are X

hCr

and XhCr
.

Definition 5.48. [McC24, Definition 2.1.2]. For an8-category C , the8-category
of objects in C with Frobenius lifts is

CFr :� FunpBM op,C q � PC pBM q,
the category of C -valued presheaves on BM , where M is the rotation-power monoid
of Definition 2.70. We omit the subscript when C � S , the 8-category of topological
spaces.

Such a functor defines an object X in C with a T-action since BT � BM . If
C has finite limits and colimits, there are T-equivariant maps ψk : X Ñ ρ�kX

hCr
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for each k ¡ 0, for ρ�k as in Definition 1.3. These are compatible in that for two
integers k1, k2 ¡ 0, we have a commutative diagram

ρ�k1X
hC1

ρ�k1
pψk2

qhCk1

��

X
ψk1oo

ψk2 // ρ�k2X
hC2

ρ�k2
pψk1

qhC2

��
ρ�k1k2pXhCk1 qhCk2

� // ρ�k2k1pXhCk2 qhCk1 .

Proposition 5.49. [McC24, Proposition 2.2.1]. The forgetful functor

P pBM q Ñ P pBTq
from spaces with Frobenius lefts to T-spaces is conservative and preserves small
limits and colimits.

Theorem 5.50. [McC24, Proposition 2.1.15]. Geometric realizations of cyclic
and epicyclic objects. Let C be an 8-category that admits geometric realizations.
Then there is a commutative diagram

PC prΛq //

��

PC pBM q � CFr

��
PC pΛq // PC pBTq � CBT

in which the vertical arrows are induced by the inclusions ΛÑ rΛ and TÑ M , and
each horizontal arrow is geometric realization of the corresponding simplicial object

(induced by the inclusion functors ∆Ñ ΛÑ rΛ) in C .

Example 5.51. [McC24, Example 2.2.2]. The free loop space. For a space X
we define an epicyclic space by

JnK rΛ ÞÑ MapS p|NpJnK rΛq|, Xq � LpXq,
so we may regard the free loop space LX as a space with Frobenius lift by Theo-

rem 5.50. This functor is constant on the objects of rΛop but not on its morphisms.
The self-map of LX determined by the cyclic operator τn is induced by the self-map
of T given by rotation by 2π{pn � 1q as in §2.5. The self-map of LX determined
by the epicyclic operator πk� of (2.65) is induced by the self-map of T given by the
kth power map. This is compatible with the action of M on LX of (2.71).

Definition 5.52. An E1-monoidM is a map of simplicial sets NpT op
Assocq Ñ S ,

where TAssoc is the opposite category of Lawvere’s algebraic theory of monoids,
which is described in Appendix C. Its epicyclic bar construction BepiM as in
[McC24, Definition 2.2.4] is the geometric realization of the epicyclic space given by
the composite functor

NprΛopq jop // NpT op
Assocq M // S

JnK � // xny,
while its cyclic bar construction BcycM as in Definition 2.39 is that of

NpΛopq // NprΛopq jop // NpT op
Assocq M // S .
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The epicyclic topological Hochschild homology THHepipC q of a small 8-
category C is the geometric realization of the epicyclic space given by

JnK ÞÑ FunpJnK,C q�,
where the superscript on the right denotes the maximal Kan complex within the
given simplicial set.

Lemma 5.53. [McC24, Proposition 2.2.7] The epicyclic bar construction and
THH. For an E1-monoid M , let BM denote the 8-category with one object and
M as endomorphisms. Then there is an equivalence of spaces with Frobenius lifts

BepiM Ñ THHepipBMq.
5.8. Topological cyclic homology TC and friends.

Definition 5.54. [NS18, Definition II.1.8] and [BHLS23, Definition 2.4]. Let
pX, pφpqpPPq be a cyclotomic spectrum as in Definition 5.23.

(i) The integral topological cyclic homology TCpXq of X is the mapping
spectrum

mapCycSppStriv, Xq P Sp

for Striv as in Example 5.27(ii).
(ii) The p-typical topological cyclic homology TCpX, pq is the mapping

spectrum
mapCycSpp

pStriv, Xq P Spp.

(iii) Let R P AlgE1
pSpq be an associative ring spectrum. (For a discrete ring

R, the associative ring spectrum is the Eilenberg-MacLane spectrum HR.)
Then

TCpRq :� TCpTHHpRqq, TCpR, pq :� TCpTHHpRq, pq,
TC�pRq :� TC�pTHHpRqq, TC�pR, pq :� TC�pTHHpRq, pq,
TPpRq :� TPpTHHpRqq and TPpR, pq :� TPpTHHpRq, pq
for TC�p�q, TC�p�, pq, TPp�q and TPp�, pq as in Definition 4.37, namely

TC�pXq :� XhT, TC�pX, pq :� XhCp8

TPpXq :� XtT and TPpX, pq :� XtCp8 .

Remark 5.55. TC as a type of fixed point functor. A cyclotomic spectrum
X is a T-spectrum with additional structure, as is the sphere spectrum S. In the
category T G of pointed G-spaces, the fixed point set XG of a pointed G-space X is
the morphism object T GpS0, Xq by Proposition A.5, where the symmetric monoidal
unit S0 has trivial G-action. Definition 5.54 has the same flavor. See Remark A.4.

From Definition 5.54(i) we deduce that

mapCycSppStriv, Xq � TCpXq � mapSppS,TCpXqq,
so we have the adjunction of [NS18, Proposition IV.4.14]

Sp
p�qtriv

K
//
CycSp.

TC
oo(5.56)

If X is an E8-ring spectrum, so is TCpXq, and there is a similar adjunction to
(5.56) between the corresponding categories of E8-ring objects.
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The following is the best known result of Nikolaus-Scholze and is a major break-
though.

Theorem 5.57. How to compute TC. [NS18, Proposition II.1.9]

(i) Let pX, pφpqpPPq be a cyclotomic spectrum. There is a functorial fiber se-
quence

TCpXq // XhT
pφhT

p �canqpPP // ±
pPPpXtCpqhT,

where the maps are given by

φhTp : XhT Ñ pXtCpqhT
and the pth component of can is the composite in the diagram

TC�pXq XhT canp //

�
��

�
XtCp

�hT
�
XhCp

�hpT{Cpq � //
�
XhCp

�hT
�
s
Cp
X

	hT
,

OO

(5.58)

where the left vertical map is the residual action equivalence of Defini-
tion A.1, the lower equivalence comes from the p-th root isomorphism

T{Cp � T of Definition 1.3, and s
Cp

X is as in (4.35).
(ii) Let pX,φpq be a p-cyclotomic spectrum. There is a functorial fiber sequence

TCpX, pq // XhCp8
pφpqhCp8�canp // pXtCpqhCp8

with notation as in (i).

The last statement above identifies TCpX, pq as an equalizer. A similar identifi-
cation in terms of TR, the subject of §5.12, is Theorem 5.88.

For a cyclotomic spectrum X, we have T-equivariant maps φp : X Ñ XtCp from

Definition 5.23 and sp : XhCp Ñ XtCp from (4.35). Applying the functor p�qhCpi

to each gives maps

XhCpi
φpi�1

// pXtCpqhCpi

and pXhCpqhCpi � XhCpi�1
spi�1

// pXtCpqhCpi ,

and pXtCpqhCpi � XtCpi�1 when X is bounded below by [NS18, Lemma II.4.1].

5.9. The cyclotomic spectra THHpZ{pq and THHpZq. Here we will report on
the results of [NS18, §IV.4], which the reader should consult for details. They denote
our THHpZ{pq (as in Definition 5.54(iii)) by THHpHFpq. TCpZ{pq is first computed
in [HM97, Theorem B], and redone by Nikolaus and Scholze using techniques from
[BM94].

The latter paper makes use of three “skeleton spectral sequences,” one for each
of the spectra in the bottom row of (4.38). The Tate version is a whole plane
spectral sequence that may or may not converge. The upper and lower half plane
portions of it are related to the homotopy orbit and homotopy fixed point spectra.
This is explained nicely following the proof of [BM94, Theorem 2.15] and later by
Alice Hedenlund and John Rognes in [HR24].
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5.9.1. Toward TCpZ{pq. It follows from Theorem 5.57 that in order to find TCpZ{pq,
we must first determine TC�pZ{pq :� THHpZ{pqhT.
Proposition 5.59. [NS18, Proposition IV.4.6]

πiTHHpZ{pqhT �
"

Zp for i even
0 otherwise

and as a ring,

π�THHpZ{pqhT � Zprũ, vs{pũv � pq
with ũ P π2 and v P π�2, where ũ maps to the class u P π2THHpZ{pq of Theo-
rem 3.18(i).

The proof makes use of the homotopy fixed point spectral sequence, one of the
three skeleton spectral sequences alluded to above, for which

Ei,j2 � HipBT;π�jTHHpZ{pqq ùñ π�i�jTHHpZ{pqhT.
See [HR24, Chapter 5] for more details. They identify the Ei,j2 (which they denote
by E2

�i,�j) in [HR24, Theorem 5.14].

Since H�BT � H�CP8 and π�THHpZ{pq are both even dimensional, Ei,j2 is
nontrivial only when i and j are both even, and the spectral sequence collapses.
The equation ũv � p is the subject of [NS18, Lemma IV.4.7].

Corollary 5.60. The action of T on THHpZ{pq is nontrivial.

Proof. For any T-action (including the trivial one) on H{p, the homotopy fixed
point spectral sequence collapses without any additive extensions for degree reasons,
showing that π�pH{pqhT is an Fp-vector space, namely

πipH{pqhT � H�ipCP8;Z{pq.
If the T-action were trivial on

THHpZ{pq � à
j¥0

Σ2jH{p,(5.61)

then π�THHpZ{pqhT would also be a graded Fp-vector space. By Proposition 5.59,
we find that this graded abelian group is torsion free instead. It follows that the
splitting of (5.61) is not T-equivariant. □

There is a similar spectral sequence for the Tate construction (see [HR24, Chap-
ter 6]), which yields the following.

Corollary 5.62. [NS18, Propositions IV.4.6 and IV.4.9] As a ring,

π�THHpZ{pqtT � Zprv�1s
and for all even integers i, the map

πiTHHpZ{pqhT � Zp Ñ πiTHHpZ{pqtT � Zp
induced by φhTp is injective. For i ¤ 0, it is an isomorphism, while for i � 2j ¥ 0,

it has image pjZp.

In other words, the ring of Proposition 5.59 is embedded into that of Corol-
lary 5.62 by sending ũ to pv�1. With this result in hand, an easy application of
Theorem 5.57 gives the following.
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Corollary 5.63. [NS18, Corollary IV.4.10] The homotopy type of TCpZ{pq is
TCpZ{pq � HZp ` Σ�1HZp.

This is proved by looking at the long exact sequence of homotopy groups asso-
ciated with the fiber sequence of Theorem 5.57(ii) for X � THHpZ{pq. The second
and third spectra have even dimensional homotopy groups, so for each integer i we
get a 4-term sequence

0 // π2iTCpZ{pq // π2iTHHpZ{pqhT � Zp

can�φhT
p

��
Zp � π2iTHHpZ{pqtT // π2i�1TCpZ{pq // 0.

When i � 0 the vertical homomorphism is the difference between the identity on
Zp and a map divisible by p, and therefore an isomorphism. For i � 0, it is trivial,
and the result follows.

Remark 5.64. The simplest instance of chromatic redshift. Recall that H{p
has fp-type �1 (as explained in Example 1.9), and we see that

TCpZ{pq :� TCpTHHpZ{pqq
has fp-type 0. Note that THHpZ{pq itself does not have any fp-type because its
smash product with any nontrivial finite spectrum has infinitely many nontrivial
homotopy groups.

It follows from Corollary 5.63 that there is a unique map (up to unit p-adic
scalar)

HZp Ñ TCpZ{pq :� TCpTHHpZ{pqq(5.65)

that is surjective in homotopy sinceHZp is the connective cover τ¥0TCpZ{pq. Under
the adjunction of (5.56) this determines a map of cyclotomic spectra
HZtriv

p Ñ THHpZ{pq.
Note that since the underlying spectrum of THHpZ{pq is a wedge of evenly

suspended copies of HFp, a map to it from HZp is given by a sequence of even
dimensional mod p cohomology classes in the latter with suitable multiplicative
properties. We do not know which such sequence our map corresponds to, but we
do know this.

Proposition 5.66. A T{Cp-equivariant equivalence. [NS18, Corollary IV.4.13]
The T-equivariant map of E8-algebras

HZtriv
p ÝÑ THHpZ{pq

adjoint to (5.65) induces a T{Cp-equivariant equivalence of E8-algebras

HZtCp
p � THHpZ{pqtCp �: TPpZ{pq.

In particular,
π�THHpZ{pqtCp � Fprv�1s.

Moreover, the T � T{Cp-equivariant map of E8-algebras

φp : THHpZ{pq ÝÑ THHpZ{pqtCp

identifies THHpZ{pq with the connective cover

τ¥0 THHpZ{pqtCp � τ¥0HZtCp
p .
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5.9.2. The Bökstedt-Madsen computation of TCpZpq. Nikolaus and Scholze do not
determine TCpHZpq, but it is treated earlier by Bökstedt and Madsen in [BM94].
In his MathSciNet review Peter May says

This difficult and important paper gives a pioneering application
of equivariant stable homotopy theory to calculations in algebraic
K-theory.

The authors determine not just the homotopy groups but the homotopy type of
TCpZpq, relating it to BU and Im J . They show (without using that terminology
since it had not been invented yet) that it has fp-type 1 as in Definition 1.7(ii).
See [BM94, (0.7)] for a precise statement. The groups “agree with [the answer]
predicted by a generalized version of the Lichtenbaum-Quillen conjecture formu-
lated by Dwyer and Friedlander [DF85].” Bökstedt and Madsen’s proof relies on
[BM94, Conjecture 4.3], which was proved while their paper was in press by Stavros
Tsalidis in [Tsa97].

[BM94] also anticipates the redshift philosophy introduced by Christian Ausoni
and John Rognes in [AR02], which says that algebraic K-theory and the related
functor TC each raise chromatic height (or fp-type as in Definition 1.7) by one. In
this case the input is the integer Eilenberg-MacLane spectrum, which has fp-type
0, while the spectra associated with BU and Im J have fp-type 1. The case where
the input is the mod p Eilenberg-MacLane spectrum is discussed in §5.9.1.

The first theorem about redshift at all heights is that of Dylan Wilson and Hahn
[HW22] proved 28 years later.

There is a complementary notion of chromatic blueshift having to do with the
Tate construction’s lowering chromatic height; see §4.5.2.

5.10. t-structures and boundedness. The original definition of a t-structure on
a triangulated category is due to Alexander Beilinson, Joseph Bernstein and Pierre
Deligne, [BBD82, Definition 1.3.1]. A t-structure on a stable 8-category C is
a system of full sub-8-categories C¥n and C¤n for n P Z with certain proper-
ties spelled out in [Lur17, Definition 1.2.1.4] and in [AN21, Appendix A]. These
properties imply that the subcategories are determined by C¥0 and C¤0, the aisle
and co-aisle. C¥0 is an example of a prestable 8-category, a notion studied in
[Lur18b, Appendix C], that abstracts the properties of the8-category of connective
spectra.

C¥n and C¤n are sometimes called the subcategories of n-connective objects
and n-coconnective objects. Objects that are in C¥n for some n are said to be
bounded below, and those in C¤n for some n are said to be bounded above.
The full subcategories of such objects are denoted by C� and C�. The subcategory
C¥0X C¤0 is called the heart C♡. Its homotopy category is known to be abelian.
For m ¤ n, let

C rm,ns :� C¥m X C¤n.

Let C be a stable 8-category C with t-structure. One has has a truncation
functor τ¤n : C Ñ C¤n generalizing the classical nth Postnikov section. The fiber
of the map X Ñ τ¤nX is denoted by τ¡nX :� τ¥n�1X, the generalization of the
n-connected cover of X. The functor τ¡n : C Ñ C¡n is also called a truncation
functor.

We need the following informal definition, which is discussed in much more detail
by Weibel in [Wei94, Chapter 10].
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Definition 5.67. The derived category DpAq of an abelian category A.
Let ChpAq denote the category of chain complexes with objects in A. One can
define homology and chain homotopy in the usual way. Let K pAq be the category
whose objects are chain complexes and whose morphisms are chain homotopy classes
of chain maps. A quasi-isomorphism is a morphism in ChpAq or K pAq that
induces an isomorphism in homology. (This notion is weaker than chain homotopy
equivalence.) DpAq is the category obtained from K pAq by formally inverting all
quasi-isomorphisms.

The stable 8-category of spectra Sp has the Postnikov t-structure in which
the subcategories are those of spectra with trivial homotopy groups in dimensions
outside the range indicated by the subscripts. Its heart is the category of Eilenberg-
MacLane spectra with homotopy groups concentrated in dimension 0, which is
known to be equivalent to the derived category of abelian groups DpAbq of Defini-
tion 5.67. Its homotopy category is Ab. There is a similar t-structure on SpBG for
any compact Lie group G, in which connectivity and coconnectivity is that of the
underlying spectrum.

Definition 5.68. Exactness with respect to t-structures. Let C and D be
stable 8-categories each equipped with a t-structure. A functor C Ñ D is


 left exact if sends C¥0 to D¥0,

 right exact if sends C¤0 to D¤0 and

 t-exact if both conditions hold, meaning that it sends C♡ to D♡.

Definition 5.69. Canonical vanishing. Suppose we are given a T-spectrum X
which is bounded below. We say that:

(i) [BHLS23, Definition 2.18(1)] Recall the map SGX : XhG Ñ XtG of (4.35)
for G � T. X satisfies weak canonical vanishing with parameter b
(WCVp¤ bq for short) if for each H � Cpj with 1 ¤ j ¤ 8, the composite

τ¡bXhH // XhH
sHX // XtH

is null.
(ii) [BHLS23, Definition 2.18(2)] Recall the Euler class of Definition 4.49,

ap1q : S�p1q Ñ S, and let

adp1q : X Ñ Σdp1qX

be the smash product of its dth smash power with the twisted suspension
Σdp1qX. X satisfies strong canonical vanishing with parameter b
(SCVp¤ bq for short) if there exists some d ¥ 0 for which the composi-
tion

τ¡bX ÝÑ X
adp1qÝÝÑ Σdp1qX

is T-equivariantly null.

They show in [BHLS23, Lemma 2.19] that (ii) implies (i).

5.11. The surprising Antieau-Nikolaus t-structure on CycSp. There is a t-
structure on CycSpp due to Nikolaus and Ben Antieau [AN21]. In [BHLS23] it is
introduced in §2.1.4, and discussed further in §2.2 and §2.4.

The Antieau-Nikolaus connectivity of a cyclotomic spectrum is the Postnikov
connectivity of the underlying spectrum, but cyclotomic coconnectivity is much
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more interesting, as Theorem 5.71 illustrates. In any case CycSpp,� (denoted in

[AN21] by CycSp�p ) is the full subcategory of cyclotomic spectra underlain by
spectra that are bounded below in the Postnikov sense.

Theorem 5.70. [AN21, Theorem 1] The 8-category CycSpp,� of connective p-
typical cyclotomic spectra is the connective part of a unique t-structure on CycSpp,
the 8-category of p-typical cyclotomic spectra as in Definition 5.24(ii). The heart
CycSp♡p is equivalent to the abelian category of derived V -complete p-typical Cartier
modules, to be defined in Definition 5.72(i).

In their words,

The existence and uniqueness of such a t-structure is a formal con-
sequence of the fact that CycSpp,� is presentable and is closed
under colimits and extensions in CycSpp. The difficult part of the
theorem is the identification of the heart.

Recall Bökstedt’s [Theorem 3.18], which says that

π�THHpFpq � Fprbs,
a polynomial ring on a degree 2 generator. More generally, using
the vanishing of the cotangent complex, one deduces that

π�THHpkq � krbs
for any perfect ring k. Our interest in the cyclotomic t-structure
was piqued by the discovery of the next result.

Theorem 5.71. [AN21, Theorem 2] If k is a perfect ring of characteristic p, then
THHpkq P CycSp♡p .

Again in the words of [AN21],

Despite the higher homotopy groups, THHpkq is discrete [meaning
in the heart of the t-structure] as a cyclotomic spectrum. On the
Cartier module side of the story, when k is a perfect ring of charac-
teristic p, THHpkq corresponds to W pkq, the ring of p-typical Witt
vectors over k, with its Witt vector Verschiebung and Frobenius
operations. The fact that THHpkq is in CycSp♡p is consistent with
the fact, due to Hesselholt–Madsen [HM97, Theorem B], that for
perfect fields of characteristic p, that πiTCpkq � 0 for i ¡ 0 [see
Corollary 5.63]. However, the theorem is much stronger: it says
that for any cyclotomic spectrum X with πiX � 0 for i   0, one
has

MapCycSpp

�
ΣkX, THHpkq� � pt for k ¡ 0.

For any p-typical cyclotomic spectrum X, the homotopy groups with respect to
the t-structure of Theorem 5.70 are denoted by πcyc

i X. These are objects in the
homotopy category of CycSp♡p � CycSpp. Thus, they can be considered either as p-

typical cyclotomic spectra, with underlying spectrum with S1-action and Frobenius

φ : πcyc
i X ÝÑ �

πcyc
i X

�tCp
,

or as derived V -complete p-typical Cartier modules under the equivalence of The-
orem 5.70.

It is known that this t-structure is not compatible with filtered colimits; see
[AN21, Example 3.27].
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5.11.1. Cartier modules. Before describing the Antieau-Nikolaus t-structure more
explicitly, we discuss the relevant abelian category, the homotopy category of its
heart, and a related category of spectra.

Definition 5.72. Two flavors of Cartier modules. [AN21, Definition 3.1]

(i) A p-typical Cartier module is an abelian group M equipped with endo-
morphisms V and F (the Verschiebung and Frobenius maps) such that
FV � p. (We do not require that VF � p.)

Such a module M is derived V-complete [AN21, Definition 3.24] if
the map

M Ñ lim
n
M{Vn

is an equivalence in the derived category of abelian groups DpAbq as in
Definition 5.67. We will sometimes refer to such an object as a p-typical
algebraic Cartier module to distinguish it from what comes next.

(ii) A p-typical topological Cartier module is a T-spectrum X with a T-
equivariant factorization of the Cp-norm of (4.34)

ρ�pXhCp

V // X
F // ρ�pX

hCp ,(5.73)

where XhCp
and XhCp each have a residual action of T :� T{Cp � T. The

isomorphism ρp : TÑ T is the pth root map of Definition 1.3.
X is V-complete [AN21, Definition 3.20] if the limit of the tower

� � �
ρ�
p2

V
// ρ�p2XhCp2

ρ�p V
// ρ�pXhCp

V // X

is contractible.

The maps F and V here are related to the maps in Definition 2.16 and to the
maps πk,L and πk,R of Definition 5.80, but the former is not the restriction F of
Definition A.1. We use the bold font to avoid confusion.

Remark 5.74. [AN21, §4.1] A p-typical topological Cartier module is a p-cyclotomic
spectrum with additional structure. The Frobenius map F : X Ñ XhCp can be com-
posed with the map sp : XhCp Ñ XtCp of (4.35) to give a cyclotomic structure on
X. This is the same as a spectrum with Frobenius lifts as in [McC24, Definition
2.1.2] and Definition 5.24(iii).

Example 5.75. Some Cartier modules.

(i) For a p-typical algebraic Cartier module M as in Definition 5.72(i), con-
sider the Eilenberg-MacLane spectrum HM with trivial T-action. Then V
and F induce endomorphisms HV and HF of HM , and we have

HMhCp
//

�
��

pHMhCp
q¤0

�
��

pHMhCpq¥0
// HMhCp

HM ^B HM
HV // HM

HF // HM

�
OO

mapSppB,HMq,
�
OO

where B :� Σ8BCp�, mapSpp�,�q is as in (5.10), and the composite

HMhCp Ñ HMhCp is the norm NmCp of (4.28). This makes HM a p-
typical topological Cartier module.
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(ii) For a p-typical topological Cartier module X, one has endomorphisms V
and F in πcyc

� X induced by the composites

X
i� // XhCp

V // X and X
F // XhCp

i� // X.

for i� and i� as in (A.14) and (A.11). These make π�X a graded p-typical
Cartier module.

(iii) For a p-typical topological Cartier module X, let X{V denote the cofiber of
the T-equivariant map V : ρ�pXhCp

Ñ X, where ρ�p is as in Definition 1.3.
It is a p-cyclotomic spectrum but need not be a topological Cartier module.
Consider the diagram

ρ�pXhCp

V // X

F

��

j // X{V

F1

��

φp

**TTT
TTTT

pX{VqtCp

ρ�pXhCp

NmX
Cp // ρ�pX

hCp
sXp // XtCp jtCp

55jjjjjjj

where the top and bottom rows are cofiber sequences and F1 is induced by
F. Then the map φp :� jtCpF1 is a cyclotomic structure on X{V. The

fiber of jtCp is pXhCpqtpCpq (where Cp :� Cp2{Cp acting residually on XhCp

as in Definition A.1(i)), which is contractible by Lemma 5.15(i) when X is
bounded below.

Definition 5.76. [AN21, Definition 3.6] The 8-category of p-typical topolog-
ical Cartier modules TCartp is the pullback

TCartp //

��

�
SpT

�∆2

pev1,d1q
��

SpT
pid,NmCp q // SpT � �

SpT
�∆1

X � // pX,NmCp
: XhCp

Ñ XhCpq
where the right arrow has the form

X1

f

��8
88

88
88

� // pX1, n : X0 Ñ X2q.
X0

v

BB�������
n // X2

We will write an object in this category as pX,VX ,FX , σXq, where X is a
T-spectrum,

VX : XhCp Ñ X, FX : X Ñ XhCp ,

and σX is a 2-simplex corresponding to a factorization NmCp
� FX �VX .

The following is a conseqence of the above and a similar statement about topo-
logical Cartier modules proved by Mathew as [Mat21, Proposition 6.5].

Lemma 5.77. [BHLS23, Lemma 2.12] A filtered colimit of cyclotomic spectra
bounded in the range ra, bs is itself bounded in the range ra, b� 3s.
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Definition 5.78. [BHLS23, Definition 2.25] For X P CycSp and b P Z, we say
that X satisfies the Segal condition with parameter b (Segalp¤ bq for short) if the
fiber of the map

X
φÝÝÑ XtCp

is cyclotomically b-truncated.

This condition is so named because the Segal conjecture implies that the map in
question is an equivalence when X is a p-local finite complex with trivial cyclotomic
structure.

The conditions of Definitions 5.69 and 5.78 are related as follows.

Proposition 5.79. [BHLS23, Proposition 2.30] Let X P CycSpp be a bounded
below.

(i) If X satisfies SCVp¤ bq, then X satisfies WCVp¤ bq.
(ii) If X satisfies WCVp¤ bq and Segalp¤ bq, then X P CycSp¤b.
(iii) If X P CycSp¤b, then X satisfies Segalp¤ bq.
(iv) If X P CycSprc,bs and pm acts by zero on X, then X satisfies

SCV
�¤ b� 2pb� c� 1qm�

.

5.12. Topological restriction homology TR. In [BHLS23, §2] this functor is
discussed and figures in the proofs of [BHLS23, Theorem 3.22] (our Theorem 6.7)
and [BHLS23, Lemma 4.26], which is needed for [BHLS23, Theorem C], our [Rav26,
Theorem 5.3].

For a cyclotomic Ω-spectrum X, Blumberg and Mandell [BM15, Definition 6.3]
define

TRkpX, pq :� XC
pk for k ¥ 0 and TRpX, pq :� holim

k
TRkpXq,

which they call a “mapping microscope.” They also define a global version.
When X is bounded below, the above definition is equivalent to the following

one by [McC24, Theorem 3.3.12], which is used in [BHLS23], where we leave the
prime implicit.

Definition 5.80. Topological restriction homology [AN21, Example 3.4 and
Construction 3.18] and [BHLS23, Definition 2.4]. For a cyclotomic spectrum X, the
spectrum TRpXq (which turns out to be cyclotomic) is the limit of the diagram

X
φp

��9
99

99
9 XhCp

sp~~~~
~~
~~ φpp2q

##H
HH

HH
HH

XhCp2

spp
2qzzuu

uu
uu
u φpp3q

$$J
JJ

JJ
JJ

XhCp3

spp
3qzzuuu

uu
uu φpp4q

��@
@@

@@
@@

XtCp pXtCpqhCp pXtCpqhCp2 � � � ,
(5.81)

where φp is the cyclotomic structure map for X as in Definition 5.23(i) and sp is
as in (4.39). The other maps are defined by

φppi�1q :� pφpqhCpi and spp
i�1q :� pspqhCpi for i ¡ 0.

For each k ¥ 0, the spectrum TRkpXq is the limit of the following subdiagram
of (5.81).

X
φp

��9
99

99
9 XhCp

sp��~~
~~
~~ φpp2q

##H
HH

HH
HH

. . .

}}zz
zz
zz
z

##H
HH

HH
HH XhC

pk

spp
kqyysss

sss
ss

XtCp pXtCpqhCp pXtCpqhCpk�1

(5.82)



WHAT ARE CYCLOTOMIC SPECTRA AND WHY DO WE NEED THEM? 83

For k ¡ 0, let πk,L : TRkpXq Ñ TRk�1pXq be projection away from the last two

factors, and let πk,R : TRkpXq Ñ TRk�1pXqhCp be projection away from the first
two factors, as in (5.85) and (5.86).

The limit of (5.82) consists of sequences px0, x1, . . . , xkq, where xi P XhCpi with
spipxiq � φpipxi�1q for 1 ¤ i ¤ k. It is the equalizer of

X _XhCp _ � � � _XhC
pk

s //
φ
// XtCp _ pXtCpqhCp _ � � � _ pXtCpqhCpk�1

in which spx0q and φpxkq are each understood to be the basepoint. The limit of
(5.81) consists of infinite sequences px0, x1, . . . q satisfying similar conditions.

TRkpXq as defined above is denoted by XC
pk in [KN21b, Definition 9.1]. They

justify this notation by proving in [KN21b, Proposition 9.2] that whenX is bounded

below, there is an orthogonal T-spectrum whose genuine Cpk fixed point is TRkpXq.
There is a T-equivariant map π : TRpXq Ñ X given by

px0, x1, . . . q ÞÑ x0

and a T-equivariant equivalence

Φ : TRpXq Ñ X �XtCp TRpXqhCp

given by the pullback diagram

px0, x1, x2, . . . q_

��

� // px1, x2, . . . q_

��

TRpXq πk,R //

π

��

TRpXqhCp

spπhCp

��
X

φp // XtCp sppx1q
x0

� // φppx0q.

(5.83)

Remark 5.84. TR and topological Cartier modules. The maps πk,L and
πk,R are F and V in Definition 5.72. For a cyclotomic spectrum X, the spectrum
TRpXq of Definition 5.80 has a topological Cartier module structure induced by
maps between diagrams similar to that of (5.81) as follows. Recall that TRpXq is
defined to be the limit of that diagram.

For V we have

pt

""F
FF

F

��

XhCp

yysss
s

��

''OO
OO

pXhCpqhCp

uullll **TTT
T

��

� � �
vvmmm

mmm

pt

��

pXtCpqhCp

��

ppXtCpqhCpqhCp

��
X

##G
GG

XhCp

xxrrr
r ((PP

PP XhCp2

uukkkk
k

**UUU
UUU

� � �
vvllll

l

XtCp pXtCpqhCp pXtCpqhCp2

(5.85)

where each vertical arrow save the first two is NmCp . The bottom two rows are
those of (5.81), and the top two rows, ignoring the first entry of each, comprise its
image under the functor p�qhCp

.
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For F we have

X
""E

EE

��

XhCp

yyttt

��

''PP
PP XhCp2

vvnnn
n ((QQ

QQ

��

XhCp3

vvmmmm %%JJ
JJJ

��XtCp

��

pXtCpqhCp

��

pXtCpqhCp2

��

� � �
pt

!!D
DDD

XhCp

zzttt
tt ''OO

OO
XhCp2

wwnnnn
n

((PP
PP XhCp3

vvnnn
n

$$II
III

pt pXtCpqhCp pXtCpqhCp2 � � � ,

(5.86)

where each vertical arrow save the first two is the identity map. Here the top two
rows are those of (5.81), and the bottom two rows, ignoring the first entry of each,
form its image under the functor p�qhCp .

Thus we can regard TR as a functor from CycSpp to TCartp that preserves
bounded below objects.

A global form of a polygonal analog of TR is defined in [KMN23, Definition 1.3].
It is corepresented in PgcSp by iS, the constant S-valued polygonal spectrum.

It follows that
TRpXq � lim

πk,L

TRkpXq,
and the maps πk,R assemble into a map πR : TRpXq Ñ TRpXqhCp . The maps πk,L
assemble into a map πL : TRpXq Ñ TRpXq.
Theorem 5.87. A fully faithful right adjoint. [AN21, Theorem 3.21] and
[BHLS23, Lemma 2.11]. The functor TR : CycSpp,� Ñ TCartp,� on the bounded
below subcategory is fully faithful and t-exact with left adjoint X ÞÑ X{V. The
essential image is the full subcategory of V-complete bounded below p-typical topo-
logical Cartier modules.

This implies the following, which can be viewed as an8-categorical reformulation
of [BHM93, Definition 5.12(i) and Remark 5.13].

Theorem 5.88. The relation between TC and TR. TCpX, pq is the equalizer
in

TCpX, pq // TRpXq
πL //

1
// TRpXq.

6. THH of cochains on the circle: the foot in the door

In this section we will explain how the machinery developed above can be used
to approach the telescope conjecture. More details will be given in [Rav26].

6.1. S-cochains on the circle. The category (or 8-category) of spectra is coten-
sored over that of topological spaces, pointed or not. This means that for a spectrum
E and a space X one can define a spectrum EX in which the nth component is the
mapping space MappX,Enq if X is pointed, and MappX�, Enq otherwise. The same
goes for both naive and genuine G-spectra, for a pointed or unpointed G-space X.

The authors of [BHLS23] refer to SX for an unpointed space X as the spectrum
of S-cochains on X. When X is a finite CW-complex, it is more traditionally
known as DX, the Spanier-Whitehead dual of X as in (5.11).

Let R P AlgpSpqBZ be a p-complete E1-ring spectrum with an action of the
integers Z. Then one has a diagram of cyclotomic spectra

THHpRhZq Ñ THHpRhppZqq Ñ THHpRhpp2Zqq Ñ � � � Ñ THHpRq.(6.1)
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It is the image of the evident diagram of subgroups of Z,

Z pZ? _oo p2Z? _oo � � �? _oo e?
_oo

under the contravariant functor THHpRhp�qq. There is a similar diagram with Z
replaced by the p-adic integers Zp. The two are used interchangeably in [BHLS23]
since they assume that their spectra (including S) are p-adically complete. Half of
that paper (§3, 4 and 5) is devoted to the study of the cyclotomic spectra in (6.1).

When the action of Z on R is trivial, then by (A.12) we have

Rhpp
iZq � RBpp

iZq� � R_ Σ�1R.

When R � S, this spectrum is that of cochains on the circle (the circle being
the space BppiZq � BpZq), also known as the dual circle. It is the subject of
[BHLS23, §3], where they say

The key idea governing our analysis is that, since SBZ is the S-
cochains on BZp, THHpSBZq is controlled by the geometry the free
loop space of BZp.

That free loop space is described in §2.10. The connection between THH and
the free loop space is evident in Proposition 3.11, where the suspension spectrum
of LX is related to a Bökstedt functor. The underlying cyclotomic spectrum of
THHpSBZq is studied by Malkiewich in [Mal17], and the underlying commutative
algebra is studied by Levy and David Jongwon Lee in [LL23, Lemma 4.6].

Malkiewich studies SBZ, which he calls DS1, as an E1-ring spectrum and proves
the following.

Theorem 6.2. THH of the dual circle. [Mal17, Corollary 1.3] As genuine T-
spectra,

THHpSBppkZqq � THHpSBZq � S`à
r¥1

Σ�1SrT{Crs(6.3)

for SrT{Crs as in Definition 4.49.
Completing both Z and S at p gives

Sp `
à
k¥1

�� ¹
sPZ�p

Σ�1SrT{Cpk sp

�
.
In both cases the CW-spectrum in question has a single cell in dimension �1

and infinitely many in dimension 0. Note that by (2.84),

Σ8�1
� LS1 �à

rPZ
Σ�1SrT{C|r|s

�
� à
r¤�1

Σ�1SrT{C|r|s
�
_ S_

�à
r¥1

Σ�1SrT{C|r|s
�
,

which is similar to the expression of (6.3).
On the other hand we know by Example 3.16 that THHpSq � S. This means the

coassembly map

ϵ : THHpSBZq Ñ THHpSqBZ � SBZ � S` Σ�1S
is very far from an equivalence. This proposition will enable us to show that various
TC coassembly maps are not isomorphisms.

For the next theorem we need some notation.
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 For a profinite set X, let C0pXq denote the ring of continuous (meaning
locally constant) Fp-valued functions on X.


 For a commutative perfect Fp-algebra A (such as C0pXq or a finite field),
let WpAq denote the commutative ring spectrum of spherical Witt vectors
as in [Lur18a, Example 5.2.7], which is typically a countable coproduct
of p-adic sphere spectra. Let Perfp denote the category of commutative
perfect Fp-algebras, making W a functor from it to CAlgSp, the category
of commutative ring spectra. It is known ([BSY22, Proposition 2.2]) to
have a right adjoint, the tilting functor p�q5, which is inverse limit along
Frobenius on π0p�q{p.


 Let L p8 Sp be the polygonic spectrum of Example 5.35(iv). Then the

cyclotomic spectrum

L :� ΥL p8 Sp �
à
j¥0

SrT{Cpj s,(6.4)

for Υ as in Definition 5.37, is the corepresenting object in CycSp for TR.
This is proved in [BHLS23, Lemma 2.6]. Note that by (2.84), L is a sum-
mand of Σ8�LS1.

Example 6.5. Continuous Fp-valued functions on the p-adic integers. Each
a P Zp can be written uniquely as

a �
¸
j¥0

ajp
j with apj � aj .

By abuse of notation we can regard each coefficient aj as a continuous Fp-valued
function (by reducing mod p) that factors though the quotient group Z{pj�1. It
follows that

C0pZ{pjq � Fpra0, a1, . . . , aj�1s{papk � ak : 0 ¤ k   jq,
C0pZpq � colim

j
C0pZ{pjq � Fpra0, a1, . . . s{papk � ak : k ¥ 0q,

C0ppkZpq � C0pZpq{pa0, . . . , ak�1q,
and C0pZ�p q � pa0q � C0pZpq.

The ring C0pZ{pjq has rank pj as an Fp-vector space.

Proposition 6.6. The fibers of two coassembly maps.

(i) [BHLS23, Proposition 3.19] The fiber of the coassembly map (see Defini-
tion 5.7)

ϵ : THHpSBZp
p q Ñ THHpSpqBZp

is
Σ�1LbWpC0pZ�p qq

for L as in (6.4) and C0pZ�p q as in Example 6.5.
(ii) [BHLS23, Corollary 3.21] For a connective ring spectrum R, the thick sub-

category generated by the fiber of ϵ : TCpRBZpq Ñ TCpRqBZp contains

WpC0pZ�p qq b TCpRq.
In particular ϵ is not an equivalence when TCpRq is nontrivial.

An important step toward the disproof of the telescope conjecture is the follow-
ing, which is a consequence of Proposition 6.6.
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Theorem 6.7. The T pn�1q-local K-theory coassembly map for the trivial
Z-action. [BHLS23, Theorem 3.22 for X � S] Let R be a T pnq-local E1-ring
spectrum for n ¥ 1. If KT pn�1qpRq (see Definition 1.12) is nontrivial, then the
coassembly map (Definition 5.7) for the trivial action of Z on R,

ϵ : KT pn�1qpRBZq Ñ KT pn�1qpRqBZ,

is not an equivalence.

6.2. K-theory and TC. In [BHLS23, §6.1] they explain why T pn � 1q-localized
algebraic K-theory and T pn�1q-localized TC coincide for examples of interest. For
connective rings, we have the following.

Theorem 6.8. [LMMT24, Purity Theorem] and [CMNN24, Cor. 4.11]. Let R be
a connective E1-algebra. For n ¥ 1, the pT pnq`T pn� 1qq-localization map and the
cyclotomic trace induce equivalences

KT pn�1q
�
LT pnq`T pn�1qR

�
KT pn�1qpRq Trc

�
//η

�
oo TCT pn�1qpRq.

To disprove the telescope conjecture, we will need to understand the topological
cyclic homologies of fixed points of Z-actions on connective E1-algebras. Such fixed
points are (-1)-connective, but often not 0-connective, so the above theorem does
not apply.

In order to get around this we will use Theorem 6.10 below, which requires the
following.

Definition 6.9. [LT19, Definition 3.1] A localizing invariant as in Definition 5.9

E : Catperf8 ÝÑ Sp

(with source as in Definition 5.1(viii)) is a truncating invariant if for every
connective E1-ring spectrum R, the canonical map

EpRq ÝÑ EpHπ0pRqq
is an equivalence. Here EpRq is understood to be the value of E on the 8-category
ModR of Definition 5.8(vii) and similarly for the Eilenberg-MacLane ring spectrum
Hπ0pRq.

In other words, the truncating invariant E does not see the positive dimensional
homotopy groups of R.

Theorem 6.10. [Lev22, Theorem B] Let R0 and R1 be connective E1-algebras with
Z-action. Let

f : R0 ÝÑ R1

be a 1-connective (meaning it induces an isomorphism in π0), Z-equivariant E1-
algebra map. For any truncating invariant E, the induced map

EpRhZ0 q ÝÑ EpRhZ1 q
is an equivalence.

Corollary 6.11. [BHLS23, Corollary 6.3] For n ¥ 1, let R be a T pn� 1q-acyclic,
connective E1-algebra with a Z-action. The coassembly map ϵ, the T pnq-localization
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map η, and the cyclotomic trace Trc fit into a commuting diagram

KT pn�1qpLT pnqRhZq

ϵ

��

KT pn�1qpRhZq

ϵ

��

KT pn�1qpηq
�

oo Trc

�
// TCT pn�1qpRhZq

ϵ

��
KT pn�1qpLT pnqRqhZ KT pn�1qpRqhZ Trc

�
//

KT pn�1qpηq
�

oo TCT pn�1qpRqhZ

where each horizontal map is an equivalence.

The coassembly maps in Corollary 6.11 need not be equivalences. Indeed Theo-
rem 6.7 says the middle one is not an equivalence when the group action is trivial
and KT pn�1qpRq is nontrivial.

If we knew that the Kpn�1q-local analog of the coassembly map of Theorem 6.7
was an equivalence for n ¥ 1, we would know that the telescope conjecture is
false. What we do know is two steps removed from this. There is a particular R,
namely LT pnqBP xny, with a nontrivial action of Z for which the coassembly map
is a Kpn� 1q-local but not a T pn� 1q-local equivalence. This will be discussed in
[Rav26], where we will see that a crucial ingredient is [BMCSY25, Theorem C].

6.3. Coming attractions. In the next paper we will talk about how to relax the
triviality hypothesis for the group action of Theorem 6.7.

Definition 6.12. Local unipotence. For an action of Z on an abelian group A,
let Ψ : A Ñ A be the automorphism induced by a generator of Z. Then the action
is unipotent if Ψ � 1 is a nilpotent endomorphism of A. An action of Z on a
spectrum R is locally unipotent if the induced action onn each homotopy group
is unipotent.

Such group actions are studied in [BHLS23, §4]. The specific Z-action on BP xny
by Adams operations is the subject of [BHLS23, §5].

In [BHLS23, §6] they show that for n ¥ 1 and k ¥ 0, the T pn � 1q-localized
coassembly map

ϵ : KT pn�1q
�
BP xnyhpkZ

	
ÝÑ KT pn�1qpBP xnyqhp

kZ

is not an equivalence, but becomes one after Kpn � 1q-localization. Thus, the
functors KT pn�1q and KKpn�1q differ, so the telescope conjecture fails.

Here we repeat the words of [BHLS23] that we quoted in §1.1.

We do this by looking at the coassembly map from two highly
divergent perspectives, which are connected via trace theorems:
(1) From the perspective of locally unipotent Z-actions on ring

spectra, the results of [BHLS23, §4] tell us that the coassembly
map cannot be an isomorphism.

(2) From the perspective of cyclotomic redshift of [BMCSY25],
the map

LT pnqBP xnyhp
kZ ÝÑ LT pnqBP xny

splits after base change to the maximal abelian extension of
the Kpnq-local sphere, and therefore the coassembly map is a
Kpn� 1q-local isomorphism.

etoolbox
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Appendix A. Some equivariant homotopy theory

A.1. Residual action and restriction.

Definition A.1. Let G be a group acting on a space or spectrum X, and let H � G
be a subgroup.

(i) When H is normal in G, the action of G on X induces residual actions
of G{H on XH and XH , and a residual action homeomorphisms

RGH : XG Ñ pXHqG{H and pRGH : pXHqG{H Ñ XG.

We also have residual action homotopy equivalences

hRGH : XhG Ñ pXhHqhpG{Hq and hpRGH : pXhHqhpG{Hq Ñ XhG.

(ii) For arbitrary H � G, the restriction maps

FGH : XG Ñ XH and pFGH : XH Ñ XG

hFGH : XhG Ñ XhH and hpFGH : XhH Ñ XhG

are defined by the fact that any point fixed by G is fixed by its subgroup H
and any H-orbit is part of a G-orbit.

In both cases the indices may be omitted when they are clear from the context.
In this paper the groups will always be finite cyclic p-groups, and we will sometimes
write

R � Rp :� R
Cpn�1

Cp
and F � Fp :� F

Cpn�1

Cpn
.

This notation was introduced by Madsen in [Mad94a] and has been used in most
other papers on this subject since then. Since the words ‘residual’ and ‘restriction’
both begin with the same letter, the choice is not obvious, and occasionally one
sees R used for the restriction map instead. The maps were originally denoted by
Φ and D respectively in [BHM93], [BM94] and [Mad94b]. The letters in Defini-
tion A.1 stand for restriction (in a different sense) and Frobenius, as explained
by Hesselholt and Madsen in [HM97, page 3]. They are related to similarly named
maps in the theory of Witt vectors, which Serre describes in [Ser79, §II.6].

The following is elementary.

Proposition A.2. F and R commute. Let K � H � G be groups acting on a
space or spectrum X. Then the following diagram commutes.

XG
RG

K

�
//

FG
H

��

pXKqG{K

F
G{K

H{K

��
XH

RH
K

�
// pXKqH{K .

For a prime p, integer n ¡ 0 and groups Cp�Cpn�Cpn�1 , Proposition A.2 gives

XCpn�1 R

�
//

F
��

pXCpqCpn�1 {Cp

F
��

XCpn
R

�
// pXCpqCpn {Cp .

(A.3)
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Remark A.4. When the group is T, we have fixed point sets for all of its finite
subgroups, and there is a global analog of (A.3) that we do not need here. These
maps are also discussed by Blumberg and Mandell in [BM15, Definition 6.1] where
they are used to define functors TR, TF and TC on fibrant cyclotomic spectra as
homotopy limits obtained by iterating R, F or both. They give p-typical versions,
which they denote by TRp�; pq and so on, in [BM15, Definition 6.3]. Then they show
that the right derived functors of TRp�; pq ([BM15, Theorem 6.5]) and TCp�; pq
([BM15, Theorem 6.8]) are corepresentable by p-cyclotomic spectra described in
[BM15, Constructions 6.4 and 6.6]. They do this for the global TR in [BM15,
Theorem 6.12], which [McC24] cites as justification for his claim about THH of the
spectral affine line. Their proof makes use of the definition of TR as a homotopy
limit (or “mapping microscope”) of fixed point sets.

In [BM15, Construction 5.11] they define mapping spaces FhCycpX,Y q in the p-
cyclotomic category that anticipates Definition 5.24. They show it is the categorical
mapping space when X is cofibrant and Y is fibrant. Presumably when we pass the
the 8-categorical world, we need not worry about derived functors or fibrancy and
cofibrancy. See Remark 5.55.

A.2. Fixed point spaces and orbit spaces. For a compact Lie group G (such
as T), let TG denote the category of pointed G-spaces (assumed to be compactly
generated and weak Hausdorff for technical reasons) where the basepoint is fixed by
G, and continuous (but not necessarily equivariant) pointed maps. This category
is enriched over itself: for pointed G-spaces X and Y , the morphism set TGpX,Y q
equipped with the compact-open topology is itself a pointed G-space, where for an
element γ P G and a map f : X Ñ Y , γpfq is defined to be γfγ�1. The map f
is equivariant iff γpfq � f for all γ P G, so the fixed point set TGpX,Y qG (which
does not have a G-action) is the pointed space of equivariant maps from X to Y .
Thus we can define the category T G of pointed G-spaces and equivariant maps
by T GpX,Y q :� TGpX,Y qG. It is enriched over the category of pointed spaces T
rather than over TG or itself.

A pointed G-space can also be regarded as a T -valued functor on BG, the one
object topological category with an automorphism for each element of G, with
composition given by the binary operation of G. (A category is topological if each
of its morphism sets has a topology with suitable continuity conditions.) One then
sees that the fixed point space XG and orbit space XG are the limit and colimit of
this functor.

Proposition A.5. The fixed point set as a mapping space. For a pointed
G-space X, the fixed point set XG is also T GpS0, Xq, where the group action on
S0 is trivial. More generally for each subgroup H � G, XH � T GpG{H�, Xq.

The analog of this in the 8-category SpBG of Definition 5.1(vi) is

mapSpBGpΣ8G{H�, Y q � Y hH .

In particular for a naive T-spectrum Y ,

mapSpBTpSrT{Cpk s, Y q � Y hCpk ,

where SrT{Cpk s is as in Definition 4.49.
There is a way to construct a contractible G-space with free G-action, commonly

denoted by EG; it is unique up to equivariant homotopy equivalence. Its orbit space
is the classifying space BG.
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Example A.6. The case G � T. We regard T as the multiplicative group of
complex numbers on the unit circle. For each k ¡ 0, it acts freely by scalar mul-
tiplication of S2k�1, the space of unit vectors in Ck. The orbit space S2k�1

T is the
complex projective space CP k�1.

We have equivariant maps

� � � // S2k�1 // S2k�1 // S2k�3 // � � �(A.7)

with contractible colimit. This is our contractible free T-space ET, It also serves as
a contractible H-space for any subgroup H � T. For H � Cr, the orbit space S2k�1

Cr

is a lense space, and ETCr
is the Eilenberg-MacLane space BCr � KpCr, 1q.

The diagram of T-orbit spaces for (A.7) is

� � � // CPk�1 // CPk // CPk�1 // � � � ,
where CPk is k-dimensional complex projective space, the space of complex lines
through the origin in Ck�1. The colimit is CP8 � KpZ, 2q.

If we replace T by its subgroup C2 � t�1u, the orbit space diagram becomes

� � � // RP2k�1 // RP2k�1 // RP2k�3 // � � � ,
for which the colimit is

RP8 � colim
m

RPm � BC2,(A.8)

where RPm is m-dimensional real projective space, the space of real lines through
the origin in Rm�1. Note that Ck�1 as a real vector space is R2k�2.

Then we define the homotopy fixed point space as

XhG :� T GpEG�, Xq,(A.9)

where EG� denotes EG with a disjoint base point. This may or may not be
homotopy equivalent to XG. Its homotopy type is known to be independent of
the choice of EG. The map j : EG� Ñ S0 of (4.23) induces a map to XhG from
T GpS0, Xq � XG, so one might think of XhG as a fattened up version of XG.

Consider the G-equivariant maps

G�
i // EG�

j // S0,(A.10)

where isends G to some orbit of EG and j send EG to the nonbase point in S0 as
in (4.23). Applying the functor T Gp�, Xq gives maps

X XhGi�oo XG.
j�oo(A.11)

When the action of G on X is trivial, an equivariant map EG Ñ X factors
through the orbit space EGG � BG, so

XhG � T pBG�, Xq.(A.12)

One also has the homotopy orbit space

XhG :� EG� ^G X � EG�G X,(A.13)

which is defined as follows. The smash product EG�^X is the quotient of EG�X
by EG � tx0u for the base point x0 P X. The diagonal action of G on EG � X
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induces one on this quotient, and XhG is its orbit space. The projection map
EG�X Ñ EG leads to a map

XhG Ñ EG�G p�q � pEGqG � BG

with fiber XG. Here the map j : EG� Ñ S0 induces one from XhG to

S0 ^G X � XG,

so XhG is a space over XG.
Applying the functor �^G X to (A.10) gives maps

X
i� // XhG

j� // XG.(A.14)

A.3. Equivariant homotopy groups.

Definition A.15. Twisted loop spaces, twisted suspensions and equivari-
ant homotopy groups. For a finite dimensional orthogonal representation V of
a compact Lie group G, we denote by SV the one point compactification of V (its
representation sphere), and by SpV q its space of unit vectors. For a pointed
G-space X, let

ΩVX :� TGpSV , Xq and ΣVX :� SV ^X,

the twisted loop space and twisted suspension of X. When V G � 0, we denote
the inclusion of fixed points S0 Ñ SV by aV .

For each closed subgroup H � G, let

πHV X :� π0T HpSV , Xq,
the set of homotopy classes of H-equivariant maps SV Ñ X, where we are regarding
SV and X as pointed H-spaces by restricting the G-action to H. We omit the
superscript H when it is the trivial subgroup. If the action of H on V is trivial, we
write πHV X as πH|V |X.

The set πHV X has a natural group structure when the fixed point vector space
V H is nontrivial. This group is abelian when |V H | ¡ 1. Thus we have homotopy
groups indexed by such representations for each subgroup. The set πHV X depends
only on the action of H (rather than G) on V and X.

A theorem of Bredon [Bre67] says that a map f : X Ñ Y of path connected
pointed G-CW complexes (see [HHR21, Definition 8.4.4]) is an equivariant homo-
topy equivalence iff it induces an isomorphism is πH� (meaning the integer graded
groups) for each H � G.

It is known that for any module M over the finite group π0G, there is an
Eilenberg-MacLane G-spectrum HM with

πHi HM �
"
M for i � 0
0 for nonzero integers i

(A.16)

for each closed subgroup H � G. A similar statement is true if we replace M by
a Mackey functor M , but we do not need this here. Note that we are requiring
only that HM has just one nontrivial integer graded homotopy group. In general
there will be other representations V for which πHV HM is nontrivial. For the case
of finite G, see [HHR21, §9.1H].

From the sequence

Cm � Cmn � T
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we get

Cmn{Cm Ñ T{Cm Ñ T{Cmn
corepresenting

piTCmn
XqCm Ð XCm Ð XCmn

Appendix B. The 8-category of genuine G-spectra

In [NS18, Definition II.2.5] Nikolaus and Scholze say GSp is the 8-category

obtained from the simplicial set NpSpGq (for SpG as in Definition 4.12) by inverting
stable equivalances. This process is treated in Lurie’s Kerodon [https://kerodon.
net] as follows.

Definition B.1. [https://kerodon.net/tag/01M5] Let F : C Ñ D be a functor
between categories and let W be a collection of morphisms in C . We say that F
exhibits D as a strict localization of C with respect to W if, for every
category E , precomposition with F induces a bijection

tFunctors D Ñ Eu

�� 
Functors C Ñ E carrying each w P W to an isomorphism in E

(
.

It turns out that such a category D is uniquely determined by the category C
and the morphism collection W , and we will denote it by C rW �1s. Explicitly,
the category C rW �1s can be constructed from C by adjoining a new morphism
w�1 : Y Ñ X for each morphism w : X Ñ Y of W , and imposing the relations
w�1 � w � 1X and w � w�1 � 1Y .

Now we generalize the situation above, replacing the categories C and D by

simplicial sets rC and rD (which Lurie calls C and D, like the categories above) not
required to be nerves, meaning simplicial sets to which each map of an inner horn
B∆n

i with 0   i   n (see Definition 2.21) has a unique extension to the full simplex

∆n. The domain simplicial set rC comes equipped with a collection of edges �W .
The target category E above gets replaced by an 8-category E .

Proposition B.3 says that for each rC and �W there is an 8-category D that does
the job that D does in Definition B.1.

Definition B.2. [https://kerodon.net/tag/01MP] Let F : rC Ñ rD be a mor-

phism of simplicial sets and let �W be a collection of edges in rC . We say that F

exhibits rD as a localization of rC with respect to �W if, for every 8-category

E , the precomposition map FunprD,Eq � F Ñ FunprC ,Eq is fully faithful, and its
essential image is the full subcategory of functors that send edges in W to isomor-
phisms in E .

Lurie denotes this essential image by

FunprC r�W �1s,Eq
without defining rC r�W �1s. The next result says there is an 8-category having the
properties one might expect of this undefined simplicial set.

https://kerodon.net
https://kerodon.net
https://kerodon.net/tag/01M5
https://kerodon.net/tag/01MP
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Proposition B.3. Existence of localizations. [https://kerodon.net/tag/

01N0] Let rC be a simplicial set and let �W be a collection of edges of rC . Then there

exists an 8-category D and a morphism of simplicial sets F : rC Ñ D which exhibits

D as a localization of rC with respect to �W .

Remark B.4. Not in HTT. As far as we can tell, no similar result is proved in
[Lur09]. In §5.2.7 Lurie says the following.

Suppose we are given an 8-category C and a collection S of mor-
phisms of C which we would like to invert. In other words, we wish
to find an 8-category S�1C equipped with a functor η : C Ñ S�1C
which carries each morphism in S to an equivalence and is in
some sense universal with respect to these properties. One can
give a general construction of S�1C using the formalism of §3.1.1.
. . .However, this construction is generally very difficult to analyze,
and the properties of S�1C are very difficult to control. For exam-
ple, it might be the case that C is locally small and S�1C is not.

Under suitable hypotheses on S (see §5.5.4), there is a drastically
simpler approach: we can find the desired 8-category S�1C inside
C as the full subcategory of S-local objects of C .

Finding the localized category inside the original one was the approach taken by
Bousfield in his theorem about the localization of a model category. See [Rav23, §10]
and [HHR21, Chapter 6] for more discussion.

Recall that a relative category pC ,W q consists of a category C and a wide sub-
category W , which can be identified with its morphism collection, which we also
denote by W . This morphism collection, since it is that of a subcategory, contains
all identities and is closed under composition.

Corollary B.5. The 8-category for a relative category. Let pC ,W q be a

relative category, let rC � NpC q, and let �W be the collection of edges in rC corre-
sponding to the collection W of morphisms in C . Then there exists an 8-category
C rW �1s and a morphism of simplicial sets F : NpC q Ñ C rW �1s which exhibits

C rW �1s as a localization of NpC q with respect to �W as in Definition B.2.

Definition B.6. The 8-category of orthogonal G-spectra SpG is that obtained
as in Corollary B.5 where C the category of of orthogonal G-spectra, SpG as in
Definition 4.12, and W is the collection of stable equivalences as in Definition 4.17.

For trivial G the 8-category SpG, that of orthogonal spectra, is not the same as
Lurie’s Sp (as in [Lur17, Definition 1.4.3.1]), which might be called the 8-category
of Ω-spectra.

Appendix C. Some universal algebra

In [McC24, Construction 2.2.3] McCandless mentions Lawvere’s theory of monoids
TAssoc, referring to [Law63b]. More details can be found in [EW67]. We need it in
Definition 5.52.

Definition C.1. [EW67, §4] An algebraic theory is a category T whose objects
are finite sets xny � t1, 2, . . . , nu for n ¥ 0 as in Definition D.1, which contains the
category of finite sets F in as a wide subcategory. We will denote the singleton x1y

https://kerodon.net/tag/01N0
https://kerodon.net/tag/01N0
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by I and the empty set x0y by H. Given morphisms ϕi : I Ñ xpy in T for 1 ¤ i ¤ n,
there is a unique morphism

ϕ : xny Ñ xpy
such that for 1 ¤ i ¤ p, ϕi is the composition

I
i // xny ϕ // xpy

1 � // i.

Here i : I Ñ xny denotes the map sending the single element of I to i P xny. We
will sometimes denote ϕ by pϕ1, . . . , ϕnq, and say that the ϕi are its components.

In other words the object xny the n-fold coproduct of the object I. This implies
there is a unique morphism x0y Ñ xny in T , as in the subcategory F in. However
unlike F in, T could have morphisms xny Ñ x0y for n ¡ 0.

Definition C.2. [EW67, §5 and §6] A T -algebra A is a presheaf on T , that is a
contravariant Set-valued functor, that converts coproducts to products. This means
xny ÞÑ An :� A�n1 , where A1 :� ApIq.

We also require that for a morphism ϕ : xny Ñ xpy in F in, the induced map

Apϕq : A�p1 Ñ A�n1 is px1, . . . , xpq ÞÑ pxϕp1q, . . . xϕpnqq.
A morphism of T -algebras is a natural transformation of such functors.
A morphism ϕ : I ÑH in T defines an element

ϕA :� ApϕqpA0q P A1.(C.3)

The category of T -algebras is denoted by T 6. (It is denoted by T 5 in [EW67].)
The free T -algebra on k generators (denoted by Ak in [EW67, §6]) is the

Yoneda functor

H
T
k :� T p�, xkyq.

The Yoneda lemma says that

T 6pHTk , Aq � Ak � A�k1 � Setpxky, A1q.
Thus a k-tuple of elements in A1 determines a T -algebra morphism HTk Ñ A, and
all such morphisms arise in this way. This justifies the term “free T -algebra on k
generators.”

Lawvere’s definition of an algebraic theory in [Law63b], and the one used in
[McC24, Construction 2.2.3], was the opposite category of that of Definition C.1,
so for him a T -algebra was a covariant product preserving Set-valued functor. The
same goes for Borceaux’s [Bor94, Definition 3.3.1]. We will use the Eilenberg-Wright
definition.

The following is originally due to Lawvere [Law63a] and is proved as [Bor94,
Proposition 3.2.9].

Theorem C.4. The categorical structure of an algebraic theory. An alge-
braic theory T as in Definition C.1 is equivalent to the category of finitely generated
free T -algebras as in Definition C.2. The equivalence sends xky to HTk .
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In [EW67, §7] the authors defined a free theory T � F inrΩs on a sequence of
sets

Ω � tΩ0,Ω1, . . . u with Ωn � T pI, xnyq.(C.5)

Roughly speaking, it is the smallest algebraic theory that contains the additional
morphisms (to those of F in) of (C.5).

They assigned a degree to each morphism in F inrΩs such that morphisms in
F in have degree zero, the degree of a morphism out of xny is the sum of the degrees
of its n components, and precomposition with a morphism in some Ωn increases
degree by 1.

They used induction on degree to prove the following.

Theorem C.6. [EW67, §7] The free theory on the morphism set Ω. There
is a unique algebraic theory F inrΩs with the following properties.

(i) For each morphism ϕ : I Ñ xpy of positive degree there is a unique k ¥ 0
with a unique factorization

I
ω // xky ψ // xpy with ω P Ωk.

(ii) For any algebraic theory T 1 containing the morphisms of (C.5), there is a
unique morphism F inrΩs Ñ T 1 of theories.

(iii) Given a set A1 and functions ω : A�n1 Ñ A1 for all ω P Ωn and n ¥ 0,
there exists a unique F inrΩs-algebra structure on A such that

Apωqpx1, ..., xnq � ωpx1, ..., xnq.
In [EW67, §8] they specified how to construct the quotient of a free algebraic

theory F inrΩs
Definition C.7. A congruence Q in an algebraic theory T is a family of equiv-
alence relations � in the sets T pxny, xpyq such that

(i) Given a diagram

xmy ψ // xny
ϕ1 //
ϕ2

// xpy γ // xqy

in T , ϕ1 � ϕ1 implies γϕ1 � γϕ1 and ϕ1ψ � ϕ1ψ. Congruence plays nicely
with composition.

(ii) For

I
i // xny

ϕ1 //
ϕ2

// xpy,

if ϕ1i � ϕ2i for 1 ¤ i ¤ n, then ϕ1 � ϕ2. Two morphisms are congruent iff
each of their components are.

(iii) If ϕ1, ϕ2 : I Ñ xpy are in F in with ϕ1 � ϕ2, then ϕ1 � ϕ2. Distinct
morphisms in the subcategory F in are never congruent.

These conditions enable one to define an algebraic theory T {Q whose morphism
sets are the sets of congruence classes in the morphism sets in T . A T {Q-algebra
is a T -algebra A in which

Apϕ1qpx1, . . . , xpq � Apϕ2qpx1, . . . , xpq whenever ϕ1 � ϕ2.

This makes pT {Qq6 a subcategory of T 6.
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Example C.8. In a T -algebra A, one has a set A1 � ApIq, and each morphism
I Ñ xny in T determines an n-ary operation, meaning a map A�n1 Ñ A1.

(i) If T � F in, the least interesting case, one has n such maps. The resulting
operations merely define the coordinates of an n-tuple. The corresponding
“algebras” are sets.

(ii) We will construct the theory Tsg whose algbras are semigroups, meaning sets
with an associative binary operation. We need a morphism π : I Ñ x2y out-
side of F in for the binary operation. Thus we define Ω as in Theorem C.6
by

Ωn �
" tπu for n � 2
H otherwise

Then a F inrΩs-algebra is a set equipped with a binary operation. We need
a congruence to make it associative. The following diagram must commute
in the quotient theory

I
π //

π
��

x2y
pp1,2qπ,3q
��

x2y p1,p2,3qπq
// x3y.

Here we are using the notation of Definition C.1 for the two morphisms
x2y Ñ x3y.

(iii) We will construct the theory TAssoc whose algebras are monoids, meaning
semigroups with an identity element. We will derive to from Tsg by adjoin-
ing a morphism e : I Ñ H, which defines the identity element eA as in
(C.3). Then we must pass to a suitable quotient to insure that eA has the
desired porperties. Let e1 : I Ñ I be the composite

I
e // H σ // I.

where σ :HÑ I is the unique such morphism.
Then the following diagram must commute in TAssoc.

I
π //

π

��

1

%%KK
KKK

KKK
KKK

K x2y
pe1,1q
��

x2y p1,e1q
// I.

Appendix D. Symmetric monoidal 8-categories

The structure of a symmetric monoidal 8-category C is not as simple as a
functor C � C Ñ C with the expected properties. It is disussed at length by Lurie
leading up to [Lur17, Definition 2.0.0.7], by Moritz Groth in [Gro10, 3.2], and by
Nikolaus-Scholze in [NS18, Appendix A].

We begin with three definitions in ordinary category theory that will motivate
Lurie’s definition of a symmetaric monoidal 8-category.

Definition D.1. The categories of finite sets F in and pointed finite sets
F in� have as objects the sets

xny :� t1, . . . , nu
and xny� :� t0, 1, . . . , nu(D.2)
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respectively, with 0 as basepoint in F in�. A morphism f : xny� Ñ xmy� is a map
of sets sending 0 to 0. For 1 ¤ i ¤ n, we define ϱi : xny� Ñ x1y� by

ϱipjq :�
"

1 for j � i
0 otherwise.

(D.3)

A morphism f in F in� as above is active if it sends each nonzero element in
the domain to one in the codomain. It is inert if the preimage of each nonzero
nonzero element in the codomain is a singleton. Such a map defines an injection
xny Ñ xmy sending each element to its preimage under f .

Note that

xny� f // xmy� ; xny� � f�1pxmyq �: S α // xmy,(D.4)

i.e., f leads to a partially defined map xny Ñ xmy. The subset S above is all of xny
iff f is active, so the wide subcategory of active morphisms is isomorphic to F in.

We will give a short introduction to operads, of which the following is a special
case, in [Rav26, Appendix B].

Definition D.5. [Lur17, Definition 4.1.1.3] The associative operad Assocb is a
category whose objects are those of F in�. When xny� as in (D.2) is an object of
Assocb, we write it as xnyAssoc. A morphism

f̃ : xnyAssoc Ñ xmyAssoc

is a map f : xny� Ñ xmy� in F in� together with a linear ordering on each inverse
image f�1piq � xny� for 1 ¤ i ¤ m. For a composite

j
� // i

xnyAssoc
f̃ // xmyAssoc

g̃ // xℓyAssoc,

in Assocb, we define a linear ordering on pgfq�1piq � f�1pg�1piqq for 1 ¤ i ¤ ℓ
as follows. For each j P g�1piq we have a linear ordering of f�1pjq associated

with f̃ , and the js themselves have an ordering associated with g̃. These lead to a
lexicographic ordering on pgfq�1piq and thus determine the composite g̃f̃ in Assocb.

The subcategory Assocbact � Assocb is the wide subcatgory whose morphisms
project to active morphisms in F in�, namely

Assocbact :� Assocb �F in� F in.(D.6)

We denote by V : Assocb Ñ F in� the functor that assigns to each object in
Assocb its underlying pointed finite set.

Remark D.7. Associative algebras as functors. A symmetric monoidal func-
tor A from Assocb to a symmetric monoidal category pC ,bq defines an associative
algebra Ax1y in C , and each such algebra determines such a functor sending xny to
Abn. The 8-categorical analog of this statement is a special case of [Lur17, Propo-
sition 2.2.4.9].

Definition D.8. [Lur17, Construction 2.0.0.1] Let pC ,bq be a symmetric monoidal
category. The sequence category Cb has as objects finite (possibly empty) se-
quences of objects Ci in C for 1 ¤ i ¤ n, which we denote by pC1, . . . , Cnq. A
morphism

pC1, . . . , Cnq Ñ pC 1
1, . . . , C

1
mq
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consists of a subset S � xny� as in (D.4), a map of finite sets α : S Ñ xmy�, and
a collection of morphisms

fj :
â

iPα�1pjq
Ci Ñ C 1

j for 1 ¤ j ¤ m,(D.9)

where each of the tensor products is defined up to canonical isomorphism by the
monoidal structure on C . In the composite

pC1, . . . , Cnq f // pC 1
1, . . . , C

1
mq

g // pC2
1 , . . . , C

2
ℓ q

xny� � S
α // xmy�

xmy � T
β // xℓy�

The subset U � xny associated with gf is α�1pT q � α�1β�1pxmyq, and the map
γ : U Ñ xℓy is βα.

We have a forgetful functor

Cb pr //F in�
pC1, . . . , Cnq � // xny�.

(D.10)

We denote by Cb
xny the full subcategory of sequences of length n. The full subcategory

of active morphisms is

Cb
act :� pr�1pF inq,

where F in is understood to be the wide subcategory of active morphisms in F in�.

Example D.11. The associative operad as a sequence category. When C
is the category with a single object and a single morphism, and hence a unique
monoidal structure which is symmetric, Cb is the associative operad Assocb. Each
Cb
xny has a single object which we can identify with xnyAssoc. The linear ordering of

each f�1piq is that inherited from the notational ordering of the set xny�.
Proposition D.12. Properties of the forgetful functor to F in�.

Let pr be the forgetful functor of (D.10).

(i) pr is a Grothendieck op-fibration of categories (see [HHR21, Defini-
tion 2.8.1]), meaning that for every object

C � pC1, . . . , Cnq P Cb
xny

and every morphism f : xny� Ñ xmy� in F in�, there exists a morphism

f : C Ñ C 1 � pC 1
1, . . . , C

1
mq

which covers f (meaning prpfq � f), and is universal in the sense that
composition with f induces a bijection

HomCbpC 1, C2q
�
��

HomCbpC,C2q �HomF in�
pxny�,xℓy�q HomF in�pxmy�, xℓy�q

(D.13)

for every object C2 � pC2
1 , . . . , C

2
ℓ q in Cb

xℓy. (Such a morphism can be

constructed using the morphisms fj of (D.9).)
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(ii) Cb
x1y is equivalent to C , and functors associated with the morphisms ϱi of

(D.3) lead to an equivalence of Cb
xny with C�n for all n ¥ 1.

The punchline. Now we come to a brilliant observation of Lurie. Suppose
we forget how the sequence category Cb was constructed, and assume only that it
is equipped with a F in�-valued functor pr having analogs of the two properties in
Proposition D.12.

Then we have full subcategories Cb
xny :� pr�1xny� for all n ¥ 0, and we can

define C to be Cb
x1y. In (D.13), the objects C, C 1 and C2 lie in Cb

xny, Cb
xmy and

Cb
xℓy respectively. For (ii) we can still require that functors associated with the

morphisms ϱi of (D.3) lead to an equivalence of Cb
xny with C�n for all n ¥ 1.

For example


 Cb
x0y has one object, and the unique map x0y� Ñ x1y� induces a functor

Cb
x0y Ñ C identifying the unit object.


 The unique active map f : x2y� Ñ x1y� leads to the monoidal structure
C � C Ñ C .


 Let t : x2y� Ñ x2y� be the automorphism that interchanges 1 and 2. The
identity ft � f leads to the symmetry condition.


 The unique active map x3y� Ñ x1y� can be factored as the composite of
order preserving active maps x3y� Ñ x2y� Ñ x1y� in two different ways,
which leads to the associativity condition.

Further relations in F in� lead to further structure in C that would be tedious to
spell out explicitly. The functor pr gives us a painfree and obvious way to specify
it.

This suggests replacing Cb by an 8-category Cb and the forgetful functor pr by
a map of simplicial sets to NpF in�q, the nerve of Definition 2.25.

Definition D.14. [Lur17, Definition 2.0.0.7] and [NS18, Definition A.1]. A sym-
metric monoidal 8-category is an 8-category Cb (the total space) with a
coCartesian fibration (see [Lur09, Definition 2.4.2.1]) of simplicial sets

pr : Cb Ñ NpF in�q,
in which we define Cbxny :� pr�1xny�, having the following property For each

n ¥ 0, the morphisms ϱi of (D.3) induce functors

ϱi! : Cbxny Ñ Cbx1y for ¤ i ¤ n

which determine an equivalence Cbxny � pCbx1yqn.
The underlying 8-category of Cb is C :� Cbx1y.

Lurie then goes on to say

One of our main goals in this book is to show that Definition 2.0.0.7
is reasonable: that is, it provides a robust generalization of the
classical theory of symmetric monoidal categories.

As in Remark D.7, the 8-category of associative algebras in C is

AlgpC q :� FunbpAssocb,C q,
the 8-category of symmetric monoidal functors; see [Lur17, Proposition 2.2.4.9].
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