WHAT ARE CYCLOTOMIC SPECTRA AND WHY DO WE
NEED THEM?

DOUGLAS C. RAVENEL

CONTENTS

1. Introduction

1.1. Roadmap

1.2.  Actions of the circle group

1.3. Topological Hochschild homology and related notions
1.4. Telescopic and chromatic localization

1.5.  Outline

2. Algebraic and space level constructions

2.1. Some classical algebra

2.2.  Morita equivalence

2.3.  Witt vectors

2.4. The simplicial category and simplicial objects

2.5. Connes’ cyclic category and cyclic objects

2.6. The paracyclic and r-cyclic categories, and edgewise subdivision
2.7.  The epicyclic category

2.8.  Summary of our indexing categories

2.9. The double complexes of Tsygan-Goodwillie and Connes
2.10. The free loop space of the circle

Date: May 18, 2026.



2 DOUGLAS C. RAVENEL

3. The work of Bokstedt, Hsiang and Madsen 32
3.1. THH via Bokstedt functors 32
3.2.  The Dennis trace 38
3.3. The cyclotomic trace 38
4. Spectra and equivariant stable homotopy theory 40
4.1. The Mandell-May category 41
4.2. Defining orthogonal G-spectra 43
4.3. The Loday functor 45
4.4. The Greenlees-May or Tate diagram 47
4.5. The case G = C, 52
4.6. Tate resolutions 56
5. oo-categories and the work of Nikolaus-Scholze 56
5.1. Elementary oo-categorical notions 57
5.2. Limits and colimits 58
5.3. Additional structures on co-categories 59
5.4. The oo-categorical construction of THH 62
5.5. The oo-category of cyclotomic spectra 64
5.6. Polygonic spectra 67
5.7. Epicyclic spaces and spectra 71
5.8. Topological cyclic homology T'C and friends 73
5.9. The cyclotomic spectra THH(Z/p) and THH(Z) 74
5.10. t-structures and boundedness 77
5.11. The surprising Antieau-Nikolaus t-structure on CycSp 78
5.12. Topological restriction homology TR 82
6. THH of cochains on the circle: the foot in the door 84
6.1. S-cochains on the circle 84
6.2. K-theory and TC 87
6.3. Coming attractions 88
Appendix A. Some equivariant homotopy theory 89
A.1. Residual action and restriction 89
A.2. Fixed point spaces and orbit spaces 90
A.3. Equivariant homotopy groups 92
Appendix B. The oo-category of genuine G-spectra 93
Appendix C. Some universal algebra 94
Appendix D. Symmetric monoidal oco-categories 97
References 101

1. INTRODUCTION

This paper is an expository account of cyclotomic spectra. They are spectra (in
the sense of homotopy theory) with additional structure that includes an action
of the circle group, which we will denote by T, for torus. Such objects come up
in algebraic K-theory and its close relatives topological Hochschild homology THH
and topological cyclic homology TC. They figure prominently in the recent disproof
of the telescope conjecture for chromatic heights greater than 1 by Robert Burklund,
Jeremy Hahn, Ishan Levy and Tomer Schlank (hereafter referred to collectively as
BHLS) [BHLS23]. Those authors show that for each n > 1 and each prime p, there
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is a p-local ring spectrum X of chromatic height n such that L (,41)TC(X) and
L1(n+1)TC(X) (see Definition 1.12) are distinct.

The present work is part of my attempt to understand theirs. It includes some
historical narrative based partly on this old mathematician’s personal recollections,
such as the comments in §4.5.2, and partly on things he has learned only recently,
such as most of Sections 2 and 3, after steering clear of algebraic K-theory for
decades.

More precisely, for each prime p and each integer n > 0 they consider a form of
the truncated Brown-Peterson spectrum B P{n), originally defined by Dave Johnson
and Steve Wilson in | |, and whose algebraic K-theory is the subject of a recent
paper by Dylan Wilson and Hahn | . In [ , §5] the authors define an
action of the additive group of integers Z, and hence of its subgroups p*Z, via Adams
operations. They prove that the “K-theoretic coassembly map” (see Definition 5.6)

(L1) LiuanK (BP@Y™'?) = (LrguenK(BP@)™

is not an equivalence, but becomes one after K(n + 1)-localization. (] ,
Theorem A] says the spectrum on the left is not K(n + 1)-local for all k& > 0.)
In other words, the algebraic K-theory functor on ring spectra with Z-action does
does not commute with passage to homotopy fixed points, even T'(n + 1)-locally,
but its does so commute K (n + 1)-locally. Thus, the telescope conjecture, which
equates localizations with respect to T'(n + 1) and K (n + 1), fails.

Remark 1.2. We will follow the font convention of | | and denote the
algebraic K -theory of a ring spectrum R by K(R) to avoid confusion with its nth
Morava K -theory K(n).(R).

The reader of | ] should note, as its authors indicate in a footnote on
page 6, that when they speak of “cyclotomic hyperdescent,” “chromatic cyclotomic
extensions” and “cyclotomic redshift” as in the title of | ], they are using

the word “cyclotomic” differently from its use in the title of this paper. Their use
has to do with adjoining roots of unity, or higher chromatic analogs thereof. In
order to avoid confusion, we will sometimes refer to that construction as “discrete
cyclotomy,” and the subject of the present work as “smooth cyclotomy” since it
involves an action of the circle group T.

Then one has the discrete cyclotomic extensions of the T'(n) and K(n)-local
sphere spectra studied in various papers of Schlank, Shay Ben-Moshe, Shachar
Carmeli and Lior Yanovski. The Carmeli-Schlank-Yanovski use of the word has
deeper historical roots (by over a century) than that of Bokstedt-Hsiang-Madsen.
We will review discrete cyclotomy in the companion paper | ].

Returning to smooth cyclotomy, the term “cyclotomic spectrum” was first intro-
duced by Ib Madsen in | , Definition 2.6], and further studied by him and
Lars Hesselholt in | , Definition 2.2]. The related notion of the cyclotomic
trace was first introduced in 1993 by Madsen, Marcel Bokstedt and Wu-Chung
Hsiang in | ]. The construction involves an action of T where one is inter-
ested in the fixed point sets of its finite subgroups. It is related to Alain Connes’
notion of cyclic sets (see §2.5), which are simplicial sets with additional structure.

BHLS take their discrete cyclotomic extensions and apply functors such as al-
gebraic K-theory, TC and THH, which are defined in terms of smooth cyclotomy.
Their “cyclotomic completion” has to do with discrete cyclotomy, while cyclotomic
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boundedness (in relation to the Antieau-Nikolaus t-structure of [ ], which we
discuss in §5.11) has to do with smooth cyclotomy. Most of their proof takes place
in the oo-category CycSp of smoothly cyclotomic spectra as in Definition 5.24.

1.1. Roadmap. Here is a description of how the contents of this paper and | ]
relate to that of | ]. In | , §2] they review cyclotomic spectra and the
functors TC, topological cyclic homology and TR, topological restriction homology.

We give two definitions of cyclotomic spectra: Definition 4.51 describes them as
orthogonal T-spectra with some additional structure, and Definition 5.23 describes
them as objects in a suitable co-category. The most important source of examples is
topological Hochschild homology, which we introduce at length in Sections 2 and 3.
It is defined from the two perspectives in Definitions 3.9 and 5.21. TC is defined in
Definitions 3.30 and 5.54. TR is defined in Definition 5.80.

The material of | , §3] is partially treated here in the similarly titled
§6. | , §4] concerns locally unipotent (see [ , Definition 5.1]) actions
of integers on certain spectra and the Lichtenbaum- Quﬂlen property of |
Definition 2.7]. The subject of | , §5] is Adams operations on BP{n), Wthh
we will treat in | .

In the climactic | , §6] they study two coassembly maps as in Defini-
tion 5.6: ‘

Ly K(BPY™'®) = L) K(BP(m)""*
and

() K(BPY™ %) > Lyc 1y K(BP(n))"" .
They show that the first one is not an equivalence, but the second one is, thereby
disproving the telescope conjecture. In their words,

We do this by looking at the coassembly map from two highly

divergent perspectives, which are connected via trace theorems:

(1) From the perspective of locally unipotent Z-actions on ring
spectra, the results of | , §4] tell us that the coassembly
map cannot be an isomorphism.

(2) From the perspective of cyclotomic redshift of | 1,
the map

Lr(n BP<n>hp % — Ly BP{n)
splits after base change to the maximal abelian extension of
the K (n)-local sphere, and therefore the coassembly map is a
K (n + 1)-local isomorphism.
We will discuss the maximal abelian extension of the K (n)-local sphere in | ]
Like the maximal abelian extension of the p-adic numbers, it is discretely cyclo-
tomic.

1.2. Actions of the circle group.

Definition 1.3. The rth root functor p¥. | , Notation 4.1] For an integer
r>=1, let

pr: T — T/C,
denote the map which sends w € T to the image of w'/" in T/C,. (This isomorphism
is not to be confused with the projection of T to its quotient, which has a kernel
of order r, nor with the reqular representation o, of C, of Theorem 3.12.) For a
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T/C,-space X (meaning a T-space on which C, S T acts trivially), let p¥X denote
the T-space induced by the isomorphism p,.. Similarly for a representation V' of
T/C,., p¥V denotes the representation of T induced by the same isomorphism.

Definition 1.4. A T-space X is smoothly cyclotomic if for each finite subgroup
C,. < T, there is a T-equivariant equivalence

oripf XS = X,

the cyclotomic structure map, where p* X©" denotes the fived point space XCr
with the residual action of T/C,, which is isomorphic to T.

This definition should be compared with (4.40) and (4.41) below.

Example 1.5. The free loop space. For any space X, the free loop space LX,
the space of maps of T into X, is smoothly cyclotomic. Here we are regarding T as
the unit circle in the complex numbers C, and it acts on LX by rotation of loops.
For each r > 1, a loop is fized by C,. € T precisely when it repeats itself r times,
meaning that it factors through the r-fold covering of T. Such a loop determines
another (possibly nonrepeating) loop by restriction to the subspace

{e%t‘/jl 0<t< 1/r} cT.

(We do not denoten/—1 by i since we often use that symbol as an index.) This
defines a T-equivariant homeomorphism

or pH(LX) - LX.
Proposition 1.6. Based loops and free loops. Let
eval : LX — X

be the map given by evaluation at a given point on the circle. Then for each point
r e X, eval_l(a?) is the space of based loops at x. The map eval has a section
sending each x € X to the constant loop at that point.

Under suitable hypotheses on X, including path connectivity, these fibers are
all equivalent and a base point can be chosen so that the homotopy fiber of eval is
QX.

1.3. Topological Hochschild homology and related notions. A more impor-
tant example of a smoothly cyclotomic space for our purposes is the topological
Hochschild homology THH(R) of a topological ring R, defined below in (2.33) and
shown to be smoothly cyclotomic in Proposition 2.46.

Making similar definitions (of THH and cyclotomic objects) for spectra is more
delicate. Like the definition of spectra themselves, those of THH and cyclotomic
spectra have undergone several upheavals in the past 3 decades. For the original
definition we refer the reader to Bokstedt’s remarkable preprint | ], the work
of Bokstedt, Hsiang and Madsen [ ], and Madsen’s subsequent expositions of
it | , ]. All were written in the days before we knew how to define a
smash product in the category of spectra that is strictly associative. This required
them to tread very carefully. Their key idea is the use of a Bokstedt functor as
in Definition 3.1, which they call a functor with smash product or FSP. Such a
functor B determines a spectrum B(S) with appropriate multiplicative structure.
We will review this material in §3.
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In order to do this in the category of spectra, we need to define a symmetric
monoidal structure in that category. We know how to do this now, but did not
when THH was first considered.

The first category of spectra with a symmetric monoidal structure was that of
S-modules constructed by Tony Elmendorf, Igor Kriz, Mike Mandell and Peter May
in | ], where THH is treated briefly in Chapter IX.

This was followed shortly by the simpler definition of symmetric spectra by Mark
Hovey, Brooke Shipley and Jeff Smith | |. THH in this setting is the subject of
Shipley’s paper [ ]. In it she explains how Bokstedt anticipated the definition
of symmetric spectra. She also has to deal with technical problems created by
the unfortunate fact that an equivalance of symmetric spectra need not induce an
isomorphism of stable homotopy groups.

These difficulties are not present in the category of orthogonal spectra, the subject
of the book | | by Mandell and May. The study of cyclotomic orthogonal
spectra is taken up by Andrew Blumberg and Mandell in | , 84], [ ] and
[ ]. We will discuss it in §4.

An oo-categorical treatment of cyclotomic spectra and related matters is given
by Thomas Nikolaus and Peter Scholze in their seminal paper | , Chapter I1],
which we will discuss in §5.

In all three approaches (those of Bokstedt-Hsiang-Madsen, Blumberg-Mandell
and Nikolaus-Scholze) there is both a global (in the sense of number theory) def-
inition involving the circle group T and a p-adic definition involving the Priffer
group Cp € T. Only the latter is relevant to | ] since all spectra there are
assumed to be p-adically complete.

1.4. Telescopic and chromatic localization. Recall that the subject of the tele-
scope conjecture is the relation between Bousfield localizations with respect to
K(n), the nth Morava K-theory, and “the” telescope T'(n). The quotation marks
will be explained shortly. First we need

Definition 1.7. Two notions of chromatic height.

(i) | , Definition 1.5.3.] A p-local finite spectrum Y has type n if
K(n)X #0 and K(m)«X =0 for all m < n.
(i) | , §3] A p-complete bounded below spectrum Y has fp-type n if it has

finite type and for each finite spectrum U of type n +1, U ®Y is w-finite,
meaning that is has only finitely many nontrivial homotopy groups, each of
which is finite.

It is known | , Theorem 2.11] that for finite spectra X, K(m),X = 0
implies K (m — 1), X = 0, but this is far from true for infinite CW-spectra Y. For
example we have

K(m)«BP{(n) = { é((m)* ® H(BP{n); Z/p) iz; ﬂm% i Z

and this spectrum has fp-type n. A spectrum need not have an fp-type even if it is
connective and of finite type.

Theorem 1.8. Hopkins-Smith periodicity. | , Theorem 9] Each type n
finite spectrum V' admits a map v : V. — Y7V for some d > 0 (when n > 0)
inducing an isomorphism in K(n) homology and a nilpotent map in ordinary mod
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p homology. The former condition implies that the cofiber of v has type n +1. We
denote by T'(n) the filtered colimit obtained by iterating v, the height n telescope.

For n = 0, we need a map inducing an isomorphism in rational homology and a
nilpotent map in mod p homology. The degree p map fits this description.

For a given prime p and height n, neither the finite spectrum V', the map v, nor
the telescope T'(n) is unique, hence the phrase “the” telescope above. However for
a given finite V of type n, the homotopy type of T'(n) is known to be independent
of the choice of v. Better still, the Bousfield localization functor Ly,) associated
with T'(n) is known to be independent of the choice of V' as well, hence the notation.
It depends only on the height n and the implicit prime p.

The original conjecture of | ] was that the functors Lp(,) (telescopic lo-
calization, also known as L{ or LE™) and Ly, (chromatic localization) are the
same. This was known at the time to be true for n = 0 and n = 1. A few years
later it became apparent that the statement was likely to be false for n > 1. The
authors of | | use algebraic K-theory to construct counterezamples, as their
title indicates.

Example 1.9. The Johnson-Wilson spectrum BP{n)y has fp-type n. This includes
BP{0) := HZ,y and BP{-1) := HZ/p.

Example 1.10. For each prime p and each height n > 0, there are p-local Thom
spectra y(n) introduced by Mahowald in | | with

) L) PE1<is<n) forp=2
H*(y(n),Z/p)={ E(r;:0<i<n—-1)Q®P(&:1<i<n) forp>2

as comodules over the dual Steenrod algebra. Fach is an associative (i.e., Eq) ring
spectrum. They were studied extensively in | | by Paul Shick, Mahowald and
the author in hopes of disproving the telescope conjecture.

It is known that K(m)«(y(n)) = 0 iff m < n. In other words y(n) behaves as if
it has type n even though it is not a finite complex. It does not have an fp-type. It
is also known that there is a self-map X1"ly(n) — y(n) inducing multiplication by
Up i K(n)x(—), as Theorem 1.8 would lead us to expect.

Remark 1.11. The condition on U @ X above implies that K(m).(U® X) = 0
for all m = 0. In the language of | , Definition 4.1], U ® X is dissonant.
This condition is weaker than w-finiteness. An infinite wedge of suspended mod p
FEilenberg-MacLane spectra, such as THH(Z/p) (see Theorem 3.18), is dissonant
but not m-finite.

If X has fp-type n, then K(m)X =0 for allm > n. On the other hand, a type
n spectrum Y has K(m)4(Y) # 0 for allm = n.

In order to describe the counterexamples to the telescope conjecture, the follow-
ing notation is convenient.

Definition 1.12. Telescopic and chromatic localizations of K-theory and
TC. For an Eq-ring spectrum R and n > 0,

Kr(n)(R) := Lrm)K(R), Kk (n)(R) 1= Lg@m)K(R),

The reader not familiar with the operads [E, may find a brief introduction to
them (with references to other such works) in | , Appendix B].
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1.5. Outline. We now describe the rest of the paper in more detail.

In §2.1 we describe some classical algebra starting with some definitions in Ger-
hard Hochschild’s 1945 paper “On the cohomology groups of an associative algebra”
[ | and their generalizations due to Cartan-Eilenberg | ]. Hochschild ho-
mology is the subject of Definition 2.6.

The simplicial category A, simplicial sets, and related notions are introduced
in §2.4. Hochschild’s chain complex is reinterpreted as that of a simplicial abelian
group in (2.32).

Connes’ cyclic category A and cyclic sets are the subject of §2.5. The cyclic
circle A is the subject of Corollary 2.43. A has the same objects as A, the finite
ordered sets [n]. In both cases one has Yoneda functors represented by [n], the
standard n-simplex Definition 2.21 and the standard n-cyclex of Definition 2.59. In
§2.6 we introduce the paracyclic and r-cyclic categories in Definition 2.49 along with
edgewise subdivision in Definition 2.55. We summarize these indexing categories
in §2.8.

In §2.9 we describe two double complexes associated with cyclic objects in an
abelian category. They fit into two short exact sequences, (2.75) and (2.83), that
we call Tate sequences. There is another related to cyclic spectra, (4.55), which
leads to a long exact sequence in homology.

In §3 we describe the groundbreaking work of Bokstedt, Hsiang and Madsen
[ ]. Their main tool is the Bokstedt functor of Definition 3.1, which Bokstedt
himself calls a “functor with smash product.” We list some common examples in
Example 3.8. To each such functor B we associate spaces THH(8) in Definition 3.9
and K(*B) in Definition 3.19. They are related by the Dennis trace of Definition 3.26.

This brings us to the cyclotomic trace. The space THH(8), which is defined to be
the geometric realization of a certain simplicial set THH, (8), comes equipped with
an action of the circle group T hence of each of its finite subgroups C,.. Replacing
THH, (%8) with its rth edgewise subdivision (which does not alter its topology)
makes this action of C, simplicial as expained in Theorem 3.12. Topological cyclic
homology TC(®B) and the cyclotomic trace, a map it receives from K(*B), are the
subject of Definition 3.30.

We take up the ordinary (meaning without oo-categories) theory of spectra in
§4. Let 7 denote the category of pointed topological spaces. Initially, around 1960,
a spectrum X was defined to be a sequence of pointed spaces X, for n > 0 with
structure maps €} : £X,, — X, +1. One could require each of the spaces to have
an action of a compact Lie group G so that the sructure maps are equivariant as
in Definition 4.1.

We call such spectra sequential. They can be reinterpreted as enriched 7-
valued functors on a certain 7-enriched indexing category #N having as objects
the natural numbers. It turns out that ¢ N lacks a symmetric monoidal structure,
and in hind sight this is the reason for the lack of a workable smash product on the
original category of spectra. This was a major headache for a generation. In the
late 90s it was found that ¢ N could be fattened up into an indexing category that
is symmetric monoidal. Two instances of this are spelled out in (4.4), and they
lead to the categories of symmetric and orthogonal spectra of Definition 4.5.

In §4.1 we study the Mandell-May category of Definition 4.7, the appropriate
indexing category for orthogonal G-spectra, the subject of §4.2. Such spectra come
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equipped with two different kinds of fixed points, categorical and geometric, spelled
out in Definition 4.20.

In §4.3 we pay a brief visit to the functor of Jean-Louis Loday, which is a method
of tensoring a simplicial or cyclic set X with a commutative ring spectrum A. When
X is the simplicial circle it yields THH(A).

In §4.4 we describe the Greenlees-May diagram, usually called the Tate diagram.
The latter name is used because the construction imitates (in the category of spec-
tra) the group cohomology of (4.32) originally defined by John Tate (1925-2019) in
[Tat52].

It is an essential tool in equivariant stable homotopy theory. For a G-spectrum
for finite G, it leads to a cofiber sequence (4.35) relating the homotopy orbit spec-
trum X, the homotopy fixed point spectrum X”¢ and a third spectrum X*¢,
the Tate construction of X (4.26). When the group is compact but not finite, Xy
needs to be suspended by the adjoint representation, whose degree is the dimension
of underlying manifold of G.

In §5 we discuss co-categories and the work of Nikolaus and Scholze. Jacob Lurie
has written thousands of pages on co-categories, and we do not expect the reader to
be familiar with all of it. We give specific references to this material when needed.
Asin | ], we will write co-categories which are not ordinary categories in the
color cyan.

Elementary oo-categorical notions are discussed in §5.1, limits and colimits in
§5.2, and some addtional structures in §5.3. THH is defined in co-categorical terms
in §5.4. The oo-category of cyclotomic spectra is defined in §5.5. Polygonic spectra
are recalled in §5.6, and epicyclic spaces and spectra are the subject of §5.7.

Topological cyclic homology TC and the related functors TC™ and TP are re-
viewed in §5.8. Nikolaus-Scholze’s simplified way of computing TC is the subject
of Theorem 5.57. It is applied to the mod p Eilenberg-MacLane spectrum in §5.9.1,
and the integer version due to | ] is discussed briefly in §5.9.2. The latter is
earliest instance of chromatic redshift.

In §5.10 we introduce t-structures, which are systems of full subcategories of
stable oo-categories. The standard example is the Postnikov t-structure on the
oo-category of spectra, which has to do with connectivity and coconnectivity. In
§5.11 we describe the Antieau-Nikolaus ¢-structure on the co-category of cyclotomic
spectra with its surprising definition of coconnectivity.

Every t-structure determines a subcategory known as the heart, which has an
abelian homotopy category. In the Postnikov case the latter is the derived category
of abelian groups. In the Antieau-Nikolaus case they call its objects p-typical
Cartier modules (Definition 5.72), which are abelian p-groups equipped with natural
endomorphisms F and V| the Frobenius and Verschiebung maps. They are related
to similar maps (see Definition 2.16) in the theory of Witt vectors, which we review
in §2.3.

Topological restriction homology TR, (Definition 5.80) is the subject of §5.12. Tt
is a functor that converts a cyclotomic spectrum to one with an additional structure
called a Frobenius lift as in Definition 5.23(i). It is known to be a fully faithful right
adjoint of the corresponding forgetful functor.

In §6 we indicate how the machinery of the previous sections can be brought to
bear on the telescope conjecture. Given a p-complete E;-ring spectrum R with an
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action of the integers Z, we get a diagram of cyclotomic spectra
THH(R") — THH(R"#??)) - THH(R"?*?) ... - THH(R).

and of ordinary spectra with THH replaced by TC, K or their localizations with
respect to K(n + 1) or T(n + 1). Whenever one applies a functor to a limit, such
as homotopy fixed points, one has a coassembly map € of Definition 5.6 from the
value of the functor on the limit to the limiting value of the functor.

Thus when R is the sphere spectrum S with trivial Z-action, we have

ShP'Z) ~ §BI'Z)+ ~ § y B,

also known as the dual circle DS!. The structure of THH(DS?!) is the subject of
Theorem 6.2, which is due to Cary Malkiewich. Its underlying spectrum has a
single cell in dimension —1, but infinitely many in dimension 0. On the other hand,
THH(S) = S, so THH(S)®Z just has a single cell in dimensions 0 and —1. Hence
the coassembly map

e : THH(SP?%) — THH(S)??

is very far from being an equivalence.

Theorem 6.7 says that the same is true if we replace S by a T'(n)-local ring spec-
trum R with trivial Z-action on which Kz, 1) is nontrivial, then the coassembly
map

€ : Ky (RP?) = Koy (R)P7,

is not an equivalence.

If we knew that the K (n+ 1)-local analog of the coassembly map of Theorem 6.7
was an equivalence for n > 1, we would know that the telescope conjecture is
false. What we do know is two steps removed from this. There is a particular R,
namely Ly, BP{n), with a nontrivial action of Z for which the coassembly map
is a K(n + 1)-local but not a T'(n + 1)-local equivalence. This will be discussed in
[ ], where we will see that a crucial ingredient is | , Theorem C].

It is a pleasure to acknowledge helpful conversations with Tomer Schlank, Ishan
Levy, Jeremy Hahn, Robert Burklund, Hari Rau-Murthy, Siddharth Gurumurthy,
John Rognes, Mike Mandell, Inbar Klang, Liam Keenan, and Mike Hopkins.

We also benefited from the notes of the 2024 Talbot Workshop | ]

2. ALGEBRAIC AND SPACE LEVEL CONSTRUCTIONS

2.1. Some classical algebra. We begin by recalling the relevant algebra. For
more background on this material, we recommend Chuck Weibel’s book | ,
Chapter 9].

Let A be an associative algebra over a field k and let M be a two-sided A-
module. In Gerhard Hochschild’s 1945 paper [ |, he considered a cochain
complex C*(A; M) in which

(2.1) C™(A; M) := Homy (A®+1 Ar)
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(where the tensor products are over k) with coboundary operator § defined as
follows for f € C™"(A; M) and a; € Afor 0 <i<n+1.
(6f)ao, -+ s an+1) == aof(ar, -+, ant1)
(2.2) + > (=)' f(a0, -+ 5 Qic1,GiGig1, Giga, 5 Ang)
1<igsn
+ (_l)nf(a(h o aan)a'n+1-

Note here that f is M-valued, and the first and last terms above make use of the
left and right A-module structures on M. Note also that in no term on the right
has the order the a;s changed. We will see such a change in (2.5) below.

Following Henri Cartan and Sammy Eilenberg in | , Chapter IX] (where
k was no longer assumed to be a field, but a commutative ring over which A is

projective; in more recent literature only flatness over k is needed), define the
enveloping algebra A¢ of A by

(2.3) A = A®y AP,
where A°P denotes A with the opposite multiplication. When A is a commutative

k-algebra, A =~ A®y A.
In any case a two-sided A-module M becomes a left A°-module by the formula

(a®b*)Ym :=amb  for a€ A, me M and b* € A°P.
It is also a right A°-module by the formula
m(a ®b*) := bma.

In particular A itself is a two-sided A®-module, leading to an augmentation
€: A — A defined by e(a ® b*) = ab.

Cartan-Eilenberg [ , §1X.4] then defined the homology of a right A°-module
M by
(2.4) H,(A; M) := Tor" (M, A)

and the cohomology of a left A°-module M by
H"(A; M) := Ext.(A, M).

They showed that the latter coincides with the cohomology of Hochschild’s complex
of (2.2). This will be generalized topologically in Definition 5.32.
In both cases we need a projective A°-resolution of A as a left A°-module. To
define one, let
SpA = A®+2  and S5, (A) = A®",
where the tensor products are over k. Make S, A a two-sided A-module, i.e., a left
Af-module, by

(a®b")(ap ®+* ® ans1) := (aa0) ®a1 Q-+ ® ap ® (an11b).
We define 0,, : S,,(A) = Sp—1(A) by
On(a0 @ ® an1)
= Z (—1)'ao ® - ®ai—1 ® (a;ai11) @ itz @+ @ Api1.

0<ign
We have . 3
Sn(A) = A® Sn(A) @ A = A° @ Sn(A)
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and
M@Ae Sn(A) = M®Ae Ae ®]€ Sn(A) = M®k‘ S’n(A)
It follows that H,(A; M) as in (2.4) is the homology of the complex M ®j, S’(A)
in which
On(mM®a1 ®-- Qay) :=ma ®as® - Qay
(25) + Z (—1)im®a1®---®aiai+1®---®an
O<i<n

+(-1)"a,m®a; @ ®an—_1.

Note here that in the last term on the right, the order of the a;s is cyclically
permuted, unlike in (2.2).

Definition 2.6. Hochschild homology. The cyclic bar construction or
Hochschild complex CH°(A; M /k) is the chain complex of (2.5). When k is
Z, or it is understood from the context, we drop it from the notation. When M is
A itself, we denote it by CHoN(A/k) and we have

On(a0® - ®an)i= Y, (~1)'a® - ®aiti1® - ®an

o<i<n
+(—1D"an00®a1 ® - @ ap_1.

The homology in this case is the Hochschild homology of A, denoted by HH, (A/k).
The acyclic Hochschild complex C*%¥¢(A/k) has the same chain groups with
boundary operator 0., given by

(a0 ® - ®an) = >, (-1)'ag® - ®aiais1®- - @ an,
0<gi<n
in which the last term of 0,(ap ® - - ® ay,) is missing.

The complex CHoh(A) is denoted by ZA by Tom Goodwillie in | ], and by
At by Alain Connes in | ].

Example 2.7. Some easy cases.
(i) For M = A =k, we find that the C"°"(A/k) has the form

0 1 2 3 4 )

leading to
(K fori=0
HH, (k/k) = { 0 otherwise.

(ii) For M = A with A commutative, it begins with
0 1 2
A AR, A AR AQp A=<—---
apa; —arapg = 0 <=—ag P ay
apa1 Q@ az —ap @ a1a2 < apg @ a1 ®az
+azap ® a1

leading to HHo(A/k) = A and HH1(A/k) being a certain quotient of AQ A,
namely the A-module of Kdhler differentials Q}Q/k' This is the A-module
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generated by symbols dx for x € A, subject to the rules

dc=20 forcek,
d(z +y) =dz +dy for z,y € A,
and d(zy) = ydz + zdy.

(iti) For M = A with A noncommutative, the above shows that
HHo(A/k) = AJ[A, A] = A®,c A.

It turns out that for a finitely generated projective A-module P, the trace
of its identity map has its value in this quotient. The group Ko(A) is
the Grothendieck completion of the monoid of isomorphism classes of such
P. The resulting map Ko(A) — HHy(A) is the Hattori-Stallings trace
[ , |. We will see in §3.2 that it refines to the topological Dennis
trace

Tr: K(A) —» THH(A).

We will define K(A) in Definition 3.19 and THH in (2.33). The Dennis trace is is
the subject of §3.2.

For a commutative k-algebra A, there is a ring structure on HH,(A/k) that
arises from the fact that the chain complex CH°%(A) is that of a simplicial ring.
This is proved by Achim Krause and Thomas Nikolaus in [ , Lemma 2.3|; the
construction involves shuffle maps. We can also build a differential graded algebra
out of Q}A/k by forming the free exterior algebra QZ/k = AAleél/k, also known as the
de Rham complex of A over k. When A is a polynomial algebra over k on n variables
zi, Q% Jk is a graded exterior algebra on the n variables dx;. This multiplicative
structure leads to a map

0%, — HH,(R/k).

The theorem of Hochschild, Bertram Kostant and Alexander Rosenberg | ]
says it is an isomorphism when A satisfies a certain smoothness condition, such as
being a polynomial algebra over k.

The Hochschild complex is reinterpreted in (2.32) as the chain complex of a
simplicial abelian group. The complex C*%¥¢(A) is acyclic because there is a chain
homotopy u : C*¥°(A),, — C*¥°(A),,+1 given by

(2.8) wWar® - ®a,) :=1Qa® - Qan.

We will see in (2.76) that this acyclicity holds in any chain complex associated with
a cyclic (in the categorical sense) abelian group as in Definition 2.40.

Definition 2.9. Let E be a two-sided I'-space, where I' is a grouplike topological
monoid, meaning one for which ml' is a group. The topological cyclic bar
construction N.Y°(E;T) is defined by formulas similar to those of (2.5). It is a
simplicial space whose nth component is E x I'™. When E is T itself, we denote it
by NJ(T), and we have

Tn(QOa"'vgn) = (gnngw'-,gn—l) fOT'giEF.
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2.2. Morita equivalence. The following is originally due to Kiiti Morita [ ]

Definition 2.10. Two unital k-algebras R and S are Morita equivalent if there
is a bimodule pPs (meaning a left R-module and a right S-module), a bimodule
sQr, an isomorphism of R-bimodules u : P ®s Q@ = R and an isomorphism of
S-bimodules v: Q ®r P = S.

Example 2.11. Morita equivalence of matrix rings. Let M, (A) denote the
ring of m x m matrices over A. For R = A and S = M, (A), take P = A™ (row
vectors of rank m) and Q = A, (column vectors).

Theorem 2.12. | , Theorem 1.2.7] If R and S are Morita equivalent k-
algebras and M is an R-bimodule, then there is a natural isomorphism

Hy(R; M) = Hy(S;Q @r M ®r P),
for Hy(R; M) as in (2.4).

The following is discussed in more detail by Loday in | , 1.2] and by Weibel
in [ , 9.5]. We have homomorphisms

Inc: A — M, (A) and Trace : M, (A) — A,

where the former sends a € A to the square matrix with a in the upper left corner
and zeroes elsewhere, and the latter sends a matrix to the sum of its diagonal
entries.
Loday | , Definition 1.2.1] defines a generalized trace map
Trace : My, (M) @ My, (A)2" — M @ A®™,
by

Trace(w ® a®@B® -+ ®al™) = > wiy i\, ® iy iy ® Bigiy ® -+ ®al"

im0
where a(™ is the nth letter of the Greek alphabet, and the sum is over all possible
indices (ig, ..., ).

Theorem 2.13. Morita equivalence for matrix tensor products. | ,
Theorem 1.2.4]. The maps Inc and Trace above induce inverse isomorphisms be-
tween Hy(A; M) and Hy( My (A); My, (M)). In particular HH, (M, (A)) is natu-
rally isomorphic to HH,(A).

2.3. Witt vectors. This review follows the treatment of Jean-Pierre Serre in
[ , §IL1.6]. For a prime p one has Witt polynomials

wn(xo,xla cee axn) € Z[‘TO; T1y--- 7xn]
defined by
—1

n .
wy(z) = 2 pla?  =ab +pa}  +--4+p'm, forn=0.
i=0

Theorem 2.14. | , Theorem II.6] Given a second series (yo,y1,-..) of inde-
terminates, for each
deZ[X,Y]

there exists a unique sequence of polynomials

On EZL[T0, .- Tn; Yoy - -5 Yn) form =0
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such that
Wy (0, - - -5 Pn) = P(wn (), wn(y)).

In particular we have polynomials Sy, S1,... and Py, Py,... associated with
D(X,)Y)=X+Y and ®(X,Y) = XY respectively.

If A is an arbitrary commutative ring with
a=(ag,...,an,...), b=(bo,...,bn,...)e A",
set
aBb:= (So(a,b),...,Sn(a,b),...) and aXb:= (Po(a7b),...,Pn(a7b),...).
For example

ab + b — (aop + bo)?

So(a,b) = ag + by Si(a,b) = a1 +by + D
R](a, b) = a()b() Pl(a, b) = af)’bl + albg +pa1b1.
Theorem 2.15. | , Theorem I1.7] The laws of composition defined above make

AN into a commutative unitary ring called the ring of Witt vectors with coef-
ficients in A and denoted by W(A).

When A =F,, W(A) is the p-adic integers Z,. For A = F,x, W(A) is the degree
k extension of Z,, obtained by adjoining (p* — 1)th roots of unity, the integer lift of
the extension F,r of ).

Definition 2.16. The maps W,, V, r, and F. For a Witt vector a = (ag, a1, ...),
let

Wi(a) := (wo(a),wi(a),...) = (ag,al + pay,...)
and let its Verscheibung or shift vector be
Va :=(0,a0,a1,...).

Forxe A, let

r(z) :=(z,0,0,...) € W(A).
When A has characteristic p, define the Frobenius F : W(A) — W(A) by

F(ag,a1,...) = (ah,a},...).
Then we find that

r(zy) = r(z)®r(y) = (2y,0,0,...),
(ag,ay,...) = r(ag) BVr(a) BV3r(ay) B---
= Z Vr(ay),

nz0
r(z) X (ag, as,...) = (zag, 2Paq, . .. 2y, ... ),

and VF =FV =p.
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2.4. The simplicial category and simplicial objects. Simplicial sets were orig-
inally defined by Eilenberg and Joseph Zilber in [ ]. Here we use the indexing
conventions of Paul Goerss and Rick Jardine | , L1].

Definition 2.17. The simplical category A 1is that of finite ordered sets
[n] ={0,1,...,n} for n =0, and order preserving maps. Such maps include
(2.18) d" : [n—1] — [n], the injective map not having i in its image
. and s' : [n + 1] — [n], the surjection sending both i and i + 1 to i,
(both for 0 < i < n) known as coface and codegeneracy maps. All morphisms in A
are composites of them. These satisfy the following cosimplicial identities:
(i) d’d = did’~* fori<j
(i) s'd) = d's’~" fori<j
(iii) s’d* =1d fori = j and fori=j +1
(iv) s7d" = d"~ts) fori>j+1
(v) 875" = sisItL fori < j.
Warning. The symbol A is not to be confused with A, which we sometimes use
to denote a diagonal map.

Definition 2.19. A simplicial object X in a category C (sometimes denoted by
X. ) is a C-valued functor on A°P, in which we denote the image of [n] by X,,. Any
such functor comes equipped with face maps d; : X,, — X,,_1 and degeneracy maps
si: X, = X4 induced by the morphisms d* and s* in A. We denote the category
of such functors by Ca .-

When C = Set, the category of sets, an element in the set X,, is called an n-
simplex. It is degenerate if it is in the image of a degeneracy map. Otherwise
it is nondegenerate.

Similarly a cosimplicial object X* is a C-valued functor on A, in which we
denote the image of [n] by X™.

The corresponding simplicial identities are
didj = dj_ldi for 4 <j
ijldi for 4 <j
(2.20) dis; =< 1d fori=j,7+1
dei,1 fori>j+1
8i8j = 8j+18; for i < j.
Definition 2.21. Some simplicial sets. The simplicial set A™, the standard
n-simplex, is defined by

(A")g := A([K], [n]) = A®P([n], [£]).

This is the Yoneda functor represented by [n], so we could denote it by xM The
symbol X is the Japanese hiragana character “yo,” the first syllable of Yoneda’s
name.

In its boundary 0A", the set of k-simplices is the set of such morphisms in A
which are not surjective.

In its ith face, the set of k-simplices is the set of such morphisms whose image
does not contain 1.

In the ith horn 0A} C 0A™ for 0 < i < n, the set of k-simplices is the set of
nonsurjective morphisms whose image does contain i.
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The ith horn is usually denoted (for example in [ | and | ) by AZ, but
we will use that symbol differently in Definition 2.59.
The following is an exercise for the reader.

Proposition 2.22. The cardinality of (A™)y, is ("+k+1), and the number of non-

k+1
degenerate k-simplices in A™ is (Zﬁ)
Let Top denote the category of compactly generated weak Hausdorff spaces. The

topological n-simplex is the space

(2.23) AT {(xo,zl,...,xn)eR”“ cx; =0 and inzl}.

top =

3

One can check that A? top

top is a regular tetrahedron.

is an equilateral triangle and A

Definition 2.24. The geometric realization |X| of a simplicial set X is the
colimit of the Top-valued functor

[n] — X, x A}

top*

The geometric realization of a simplicial space (as in Definition 2.19) is similarly
defined. More generally if X is a simplicial object in a cocomplete category C that
is tensored over Top, then |X| is also an object in C.

This space turns out to be a quotient of the disjoint union of geometric real-
izations of the nondegenerate topological simplices of X, meaning ones not in the
image of any degeneracy map. The data given by the face maps determine how they
are glued together. In particular, |A"| = Al ~ D", |0A™| ~ S™!, and the geo-
metric realizations of both the the ith face and ith horn of A™ are homeomorphic
to DL,

Definition 2.25. The nerve and classifying space of a small category. For
a small category C, the nerve N,(C) is the simplicial set given by

Ni(C) := Cat([n], C)

where Cat(—,—) denotes the set of functors from one small catagory to another
and [n] here denotes the linearly ordered set {0,...,n} regarded as a category. The
classifying space B( is the geometric realization of the nerve, |N(C)|. When the
category C is topological, we get a simplicial space.

For a topological monoid T', we denote by BI' the topological category with one
object and a morphism for each point inT'. Composition of morphisms is determined
by the monoid structure of T'.

When C = BT, we denote No(C) by No(T'), leading to N,(T') =T".

In other words, N,,(C) and N¢(C) are the sets of diagrams in C of the form

Co—>C >+ —>Cp—-1 > Cp

and
Coe>C1 ==+ —=Cp1 —>Cn,
\/
where for each 4, the (n + 1)-fold composite morphism ¢; — ¢; is not required to
be the identity. Of the n + 1 face maps N, (C) = N,—1(C), n — 1 are obtained by
composing each of the n — 1 pairs of adjacent arrows above, and the other two are
obtained by ignoring the maps from ¢y and to ¢,. All face maps

N(C) = N5 (0)
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are obtained by such composition. In both cases the n + 1 degeneracy maps are
obtained by inserting the identity map on ¢; for each 1.
The inclusion functors [n] — [n]%° induce maps of simplicial sets

NYE(C) = N.(C)
and their geometric realizations. Composing with the action of T on the cyclic
space |[NJY°(C)|, we get maps
T %[N0 — = [N(0)] — = [N.(O)]

(2.26) ;

INE(O) LIN.(O)]

where f is corresponds to wu under the topological adjunction
Map(T x X, V) =~ Map(X, LY).

Theorem 2.27. A T-equivariant equivalence. | , Theorem 7.3.11]. When
C is the one object category associated with a topological or simplicial group G, the
map f of (2.26) is a T-equivariant equivalence.

Definition 2.28. The chain complex of a simplicial abelian group. Let C
be a simplicial abelian group or more generally a simplicial object in an abelian
category. The chain complex Ch(C), in which the nth chain group (or abelian
object) is C,, and the nth boundary operator 0, : C,, —» Cp_1 for n > 0 is given by

(2.29) Oni= D, (=1)'d:.
o<ign

When C is the free abelian group ZX on a simplicial set X, the chain complex
Ch(ZX) is called the Moore complex of X.
The normalized chain complex NCh(C) has as its nth chain group

n—1
NCR(C),, = () kex(d;) € C.,
=0

and nth boundary operator is d,, .

The geometric realization |Ch(C')| of the underlying simplicial set is known to
be a generalized Eilenberg-MacLane space with

(2.30) 1| C| = H,C.

This is the Dold-Kan correspondence, which is nicely explained by Akhil Mathew
in [ ]

Definition 2.31. For a topological space X, the singular simplicial set Sing, X
is defined by
Sing,, X := Map(AL , X),

top?
y n
the set of continuous maps Af,,

terms of maps among the A, s.

— X. Face and degeneracy maps are defined in

The functor Sing is the right adjoint of geometric realization. This was stated
without proof by Dan Kan in | ]. The singular chain complex of X is by
definition the Moore complex of Sing(X) as in Definition 2.28.
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The Hochschild chain complex CH°h( A) of Definition 2.6 is Ch(HH, (4)), where
the simplicial abelian group HH, (A) (which Connes denotes by A% in | , 83])
is defined by HH,,(A) = A®("+1) with face and degeneracy maps

(a0 ® -+ @ an) ::{ aW® - ®aa41® - Ra, fori<n

Anto®a1 R+ ®ap_1 fori=n

(2.32) 1®a®-- - ®ay fori=0
and  5(a® - Qay) =4 W® - ®a, 1®1IQGR---Qay

for i > 0.

Suppose we have a symmetric monoidal category (C,®) with a monoid object
R, i.e., an object equipped with a map R ® R — R with suitable properties that
include strict associativity. Then we could define a cyclic (and hence simplicial)
object HH.(R) in C using the formulas of (2.32) and (2.48). Suppose in addition
that C is tensored over the category of topological spaces, meaning that for an
object C' in C and a space X, we can make sense of C' x X as another object in
C. Suppose further that C is cocomplete, meaning closed under colimits. Then we
can make sense of the geometric realization of a simplicial or cyclic object in C and
thus define

(2.33) THH(R) := [HH.(R)|,

an object in C, the topological Hochschild homology of the monoid object
R. This term was invented by Bokstedt. For reasons explained §2.5.2; it comes
equipped with an action of the group T.

It follows from (2.30) that [HH,(A)| is a generalized Eilenberg-MacLane space
with

(2.34) 7« | HH. (A)| = HH, (A) as in Definition 2.6.

Definition 2.35. For a discrete set X, E,X is the simplicial set with
E,X :=Map([n],X) = X",

the set of maps to X from a set with n + 1 elements.

Proposition 2.36. Contractibility and freeness.

(i) The geometric realization |EX| is contractible.
(ii) If X is a discrete (abelian) group G, then E.G is a simplicial (abelian)
group, and |EG| is a contractible free G-space with orbit space

|[EG|c = |N(BG)] as in Definition 2.25.

2.5. Connes’ cyclic category and cyclic objects. In | ] Connes defines
the cyclic category A, which has the same objects as A, but more morphisms. A
formal description can be found in Loday’s book [ , 6.1], where it is denoted by

AC. His category A is isomorphic to that of Definition 2.49 below. Connes regards
[n] (a set with n+1 elements) as the set of (n+1)th roots of unity sitting in the unit
circle of the complex numbers C; see | , ITT.A.3]. His morphisms are homotopy
classes of orientation preserving self-maps of degree 1 of that circle that preserve
these subsets. One such map is 7, : [n] — [n], which denotes counterclockwise

rotation by 27/(n + 1), so 72+ = 1[n)- We denote the corresponding morphism in



20 DOUGLAS C. RAVENEL

A°P by t,,. There are some obvious identities involving ¢,, with the morphisms d;

and s; of (2.20) spelled out by Loday in [ , 6.1.2], namely
At — dp, fori=0
v tn—ldi—l for 1 < 7 <n
(2.37) : ,
st = ts 15n fori=0
v tnt18i—1 forl<i<n.
Proposition 2.38. | , Theorem 6.1.3] Any morphism [n] — [k] in A can be

written uniquely as the composite of some iterate of T, with a morphism [n] — [k]
in A.

In particular there are n + 1 distinct morphisms [n] — [0] in A even though
there is just one map between the underlying sets. Let

€ — 627r\/j1/(n+1) eT.

Then for 0 < i < n there is a map sending the arc joining ¢* and ¢**! to the full unit
circle for [0], and sending its complement to the point 1 € T. Hence the forgetful
functor from A to the category of sets extends to A, but not faithfully.

Next consider morphisms [n 4+ 1] — [n] in A for which the underlying map of
sets is onto. If the underlying map fixes 0, it is obtained by collapsing one of the
n+2 arcs (adjoining adjacent roots unity) in the circle for [n + 1] to a single point.
Let w = ¢2™V=1/(n+2) ¢ T If the arc being collapsed is not the one from w™! to
1, the last arc, then the map corresponds to one of the the simplicial degeneracy
operators s’ of (2.18) for 0 < i < n. Thus we denote the last arc collapse map by
s"*t1, which we will also refer to as a degeneracy operator.

The following should be compared with Definition 2.25.

Definition 2.39. For a small category C, the cyclic nerve NJ°(C) is the sim-
plicial set given by

N¥(C) = Cat([n]¥*, C)

where [n]¢ is the category [n] equipped with an extra morphism from n to 0. We
denote its geometric realization by B¥°C.

When C is the one object category Bl associated with a topological monoid T,
we denote NJY°(C) by NJ¥°(T'), leading to N&Y¢(T') = ' +L,

2.5.1. The work of Bill Dwyer, Mike Hopkins and Dan Kan. In | ], the au-
thors take a slightly different but equivalent approach to the passage from A to
A. They define an additional degeneracy map s"*! : [n + 1] — [n] (our last arc
collapse map) and stipulate that (s"*'d%)"*! = 1},,;. Note that s"** is related to
the other degeneracy maps of (2.18) via the action of C,+2 on the set [n + 1].

They give a geometric proof of Proposition 2.61 for 7 = 1. The key point in their
argument is that the simplicial set UA™ has n + 1 nondegenerate (n + 1)-simplices
corresponding to the composites of the last arc map s"*! : [n + 1] — [n] with
powers of the rotation ,.

More explicitly, note that the (n + 1)-dimensional prism I x |A™| is the space

{(t;xo,xl,...,xn)eIxR”H:O<t<1,mi20, Z xizl}.

0<ign
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For each j with 0 < j < n, define a subspace P; < I x |A"| by

PjZ{(t;LE(),Il,...,Z'n): Z x1<t< Z xl}

0<i<j—1 0<i<yj

The union of these subspaces is the entire prism, and the topological (n+1)-simplex
P; is the convex hull of the set of n + 2 points

{(0;61) : 0 <k <j}u{(1;6r):j <k <n},

where 8, € R**! for 0 < k < n is the vector whose kth coordinate is 1 and all
others are 0. The geometric realization of A™ is the quotient of the prism obtained
by identifying (0;xzg,z1,...,z,) with (1;z9,21,...,2,), thereby converting it to
T x |A™].

2.5.2. Connes’ cyclic objects.

Definition 2.40. A cyclic object X in a category C is a C-valued functor on A°P
and therefore a simplicial object (by restriction of the functor to A°P) with some
additional structure, which includes an action of the cyclic group Cp41 on X, for
each n. We denote the category of such functors by Ca, and the forgetful functor
Ca — Ca by U. The geometric realization | X| of a cyclic set X is that of the
underlying simplicial set UX, which we will often denote abusively by X .

The cyclic set A™ the standard n-cyclex, is defined by

(2.41) (A™)x = A([K], [n]) = A°P([n], [K])-

The term cyclex (plural cyclices) is new and is meant to be the cyclic analog
of simplex. Like the standard n-simplex of Definition 2.21, the standard n-cyclex
is a Yoneda functor.

The above will be generalized in Definition 2.59, for which it is the case r = 1.

See | , Chapter 7] for a formal treatment of cyclic spaces.

This object was denoted by C, (note the Roman font) in [ , Proposition
6.1.9]. For k = 1, the group C; interchanges the degenerate and nondegenerate
edges.

Note that the cardinality of the free Cy1-set (A™); exceeds that of (A™)y (see
Proposition 2.22) by a factor of k 4+ 1 by Proposition 2.38.

Proposition 2.42. The geometric realization of the standard n-cyclex A"
is homeomorphic to T x AY, . where AY, = |A"| is the standard topological n-
simplex of (2.23).

For the proof, see | , §2.9].

Corollary 2.43. The cyclic circle or standard 0-cyclex. The cyclic set A°
of (2.60) is isomorphic as a simplicial set to the circle A'/0A'. [ts geometric
realization is the circle T. UAY is isomorphic to the simplicial set with a single
vertex xo and a single nondegenerate edge x1. Thus we have

{zo} fork=0

_ ) Az, s0(wo)} fork=1
(244) (UAO)k = {si(so)k*Q(xl) 0<i<k— ]_} U {(s())k(l'o)}
for k=2
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making a total of (k+ 1) k-simplices for each k = 0. The cyclic group Cgy1 (which
is the automorphism group Autaor([k])) acts freely on this set, so there is single
orbit for each k.

Theorem 2.45. The action of the circle group T. | , Theorem 7.1.4] Let
X be a cyclic space (e.g., a cyclic set) and let |X| be the geometric realization of
its underlying simplicial space. Then

(i) |X| is endowed with a canonical action of the circle T, and
(ii) X — |X]| is a functor from cyclic spaces to T-spaces.
Proposition 2.46. The smooth cyclotomy of B<¢(T"). For a topological monoid
T, the fized point set |BY(T)|°" (as in Definition 2.39) is T-equivariantly homeo-
morphic to |BY°(T')| for each integer r = 1.
We sketch the proof here. The space |[B%¥°(I')| is a quotient of
[ x|A"| =] x |A"| x T.
nz0 n=0
When 7 divides n + 1, let m = (n + 1 —r)/r. The actions of C, on I'"! (by
permutation of coordinates) and |A"™| (by permutation of vertices) fix subspaces

homeomorphic to I'™*! and |A™| respectively. It follows that |B<°(T)|" is a
quotient of

Hrm+1x|Am|: HFm+1x|Am|xT,
m=0 m=0

making it T-equivariantly homeomorphic to |BY¢(I")| as claimed.
Definition 2.47. The cyclic geometric realization of a cyclic space X is
| X|¥¢ := ET x1 | X|.

In particular for X = %, we have | = |*¢ = BT.

Loday [ , 7.1.5] defined a functor F': Seta — Setp (with FA™ = A™) that
is left adjoint to the forgetful functor U : Setp — Seta. For a simplicial set X,
|FX|~ T x |X| with free T-action by [ , Lemma 7.1.8], even though UFX is

not a product as a simplicial set. For a simplicial set X and a cyclic set Y, we have
an adjunction isomorphism

Seta(X,UY) = Seta(FX,Y).
When X = UY, this reads
Seta(UY,UY) = Seta (FUY,Y).

The morphism set on the left has a distinguished element, the identity map on UY,
and the corresponding morphism on the right is ey : FUY — Y, the counit of the
adjunction. On geometric realizations we have

IFUY| ~ T x |UY] := T x |V —] v,
making |Y| a T-space.

We can extend the simplicial structure on HH,(A4) as in (2.32) to a cyclic struc-
ture by defining the last arc degeneracy map as

(248) 5"+1(a0®---®an)=ao®"'®an®1'
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Hence HH,.(A) is a cyclic (in the sense of Connes) k-module, and the space
|HH, (A)]| of (2.34) is a T-space.

2.6. The paracyclic and r-cyclic categories, and edgewise subdivision.
The following is taken from [ , page 380].

Definition 2.49. The paracyclic category A.. has as objects the linearly ordered
sets

[n]a, == (1/n)Z
on which Z acts by addition. A morphism is a map of sets f : [m]a,, — [n]a..
satisfying

(2.50) fx) < f(y) whenz <y and flx+1)=f(z) + 1.

Hence each morphism set has an action of Z by pointwise addition.

For an integer r > 1, the r-cyclic category A, (denoted simply by A when
r = 1) has the same objects, now denoted by [n]a, (or simply [n]a when r =1),
and each morphism set is the quotient of that in A, by the action of rZ.

We will often drop the subscript on [n].

The conditions of (2.50) mean that f is determined by its behavior on any interval
of length 1.
The category A = A; coincides with Connes’ cyclic category A of Definition 2.40.

Remark 2.51. The symbols A, [n] and [n]. The symbol A is not to be confused
with A(—), which we sometimes use to denote an exterior algebra, or A as in
Definition 4.21.

Our notation differs from that of | , page 380] and [ , Example 2.1.5],
in which our [n]a, is denoted by [n]a,.. In this paper (starting in §2.4) and many
others, [n] denotes the finite ordered set {0,1,...,n}, which has n + 1 elements,
while [n]a behaves like a set with n elements. Thus we write [n] X Z ~ [n + 1]a,,
for the isomorphism written in | , Example 2.1.6] as [n] x Z ~ [n + 1]a.

Thus we have projection functors

Projm,r Projr.r/d

A A, Ar/d

(2.52)  Mapy ([m], [n]) = Mapy, ([m], [n]) ———Mapy_, ([m], [n])

Mapy,, ([m], [n])/rZ ~ Mapy ([m], [])/(Z/d)

for each r > 1 and each divisor d of . The groups rZ € Z and Z/d < Z/r act freely
on the morphism sets in question.

Equivalently A, for 1 < r < o0 is the category which contains A and addi-
tional morphisms 7, : [n] — [n] subject to the relations of (2.37) and the relation
Tﬁ(nﬂ) = l[n] when r < 0.

The objects of A behave like finite sets and there is an inclusion functor

V:A—> Fin
[n]a = <n)
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to the category of finite sets of Definition D.1 sending [n]a, which has n elements,
to the unpointed set with the same cardinality. We know by | , Proposition
B.1] that it lifts to a similarly named functor

V:A — Assoc®

where the codomain is the associative operad of (D.6). Precomposing with the
isomorphism between A and its opposite gives a functor

(2.53) VP A°P — Assoc®

act*

act?

The self-duality of Ay, which implies that of each A, is spelled out in | , page
381].
For each r, there is an embedding

(2.54) i A=A [n] = [n+1]a,

Simplicial and r-cyclic (paracyclic for r = o) sets are contravariant Set-valued
functors on A and A, respectively. See Definition 2.59 below. Both have geometric
realizations, and that of an r-cyclic set for finite » has a natural action of the circle
T. That of a paracyclic set has natural action of R.

We will want to look at the fixed point sets of finite subgroups of T. In order to
describe these simplicially, the following notion of subdivision is helpful.

Definition 2.55. For each positive integer r, the r-fold edgewise subdivision
functor sd, : A — A sends [n — 1] to [rn — 1] for n = 1, and each morphism to
its rth iterated disjoint union. (Face and degenemcy maps can also be written as r-
fold compositions as in (2.57).) Let d(yy : A nol 5 AT be the map of topological

top top

simplices induced by the diagonal embedding
(x07'">$n—171'03'"7xn—17"'7x07"'axn—1)
(o, ..., Tp_1) —
r
where the coefficients in the codomain are repeated r times with
z; =0 and Z x; = 1.
0ogi<n

For a simplicial set X, we define the rth subdivided simplicial set sd*X to
be the composite functor

(2.56) AP 2 Aop X g,
so that (sd¥X),—1 = Xpn—1. Itsith face map d; (for 0 <i < n—1) is the composite
of r face maps in X,
(sd¥X)p—1 & (sd¥X),
(2.57) H
rn—1 s ... X (n—1) 4 o

and its degeneracy maps are defined similarly.

Lemma 2.58. Edgewise subdivision induces a homeomorphism. | ,
Lemma 1.1] The map D, : |sd*X| — | X| induced by

Ixdgy: (sdfX)po1 x A" — X, g x AT

is a homeomorphism.
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Definition 2.59. [ , Definition 1.5] An r-cyclic (or paracyclic) object
in a category C is a contravariant C-valued functor on A, for finite r (or A,), and
we denote the category of such functors by Ca,. The value of such a functor X on
[n] is denoted by X,,. The geometric realization | X| of an r-cyclic set X is that
of the underlying (via the embedding of (2.54)) simplicial set.

The r-cyclic set A the standard n-cyclex of degree r, is defined by

(2.60) (AD)k = Ar([K], [n]) = AP ([n], [K]).
We will omit the subscript when it is 1.

Proposition 2.61. | , Lemma 1.6] The geometric realization of A is

homeomorphic to R/rZ x Af,,. The action of T, on |A}| given by

(2.62) Tn(0; 0, ..., xy) = (0 — x0; 21, ..., Tn, To),
where 0 € R/rZ.
(2.62) implies that

T,?H(H;xo,...,xn) =(0—1;20,21,-.,%n),

making TT(L"H)T the identity map for finite . The duals of the relations of (2.37)

imply that 77*! commutes with d* and s® in that for 0 < i < n,

n+l i _ ji_n n+1l_ _ i _n+2
Tod =dT and T, st =8 T

From this it follows that an r-cyclic space or set has an action of the cyclic group
Cr.

For r = 1, Proposition 2.61 was first proved by Dwyer, Hopkins and Kan in
[ , §2.9]. We describe their proof in §2.5.1.

2.7. The epicyclic category. The ideas of this subsection were first published in
[ ], whose authors attribute them to | ]. A more contemporary reference
is | ], which lists several other papers on the topic.

We will define analogs 1~XT of the categories of Definition 2.49 having the same
objects but more morphisms. Recall that Connes regards the finite ordered set [n]
as the set of (n+1)th roots of unity in the unit circle. Morphisms in A are homotopy
classes of degree one maps of the circle that preserve the subset. The categories A,
and A, can be described in similar terms with the unit circle replaced by its r-fold
and universal covers. Maps in the former case have degree 1 and on the real line
they are equivariant with respect to the action of the integers by addition. In the
epicyclic version we drop the degree one requirement. We allow maps of arbitrary
positive degree k in A, and a map f in A, must satisfy fx+1) = f(z)+k. The
resulting morphism sets still have an action of Z by pointwise addition.

Definition 2.63. | , Definition 1.1]. The epicyclic category ./NXI has as
objects the linearly ordered sets

[nlx, = (1/n)Z
on which Z acts by addition, as in Definition 2.49. A morphism is a map of sets
f i [m] — [n] satisfying
@64)  f@)<f@) whens<y and  flz+1) = f@)+h,
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for a positive integer k, the degree of f. For k = 1, this is the same as (2.50).
Hence each morphism set has an action of Z by pointwise addition.

For an integer r = 1, the r-epicyclic category Kr (denoted simply by A when
r = 1) has the same objects, and each morphism set is the quotient of that in 1~Xf
by the action of rZ.

Equivalently (see | , Definition 1.1] ), A has the same objects and includes
the morphisms of A as in (2.37) with additional morphisms
(2.65) 7 [k(n+1) — 1] — [n], E,neN, k=1

defined by a(n +1) + b+ b for 0 < b < n and 0 < a < k. These are subject to the
relations

i) wk = 1p,7, ©ink =7kt
n [n]> TnT(n4+1)—1 n
(i) am® = 7Fsdp(a) for a € A([m], [n]) for sdy as in Definition 2.55

(iil) 7,7k = wksdi(r,) for 7, as in §2.5.

There is an analog of Proposition 2.38 that says any morphism [m] — [n] in A
can be written uniquely as a composite

i Trk'
(2:66) ] 2 ] — [k + 1) — 1] == 1]
for some k > 0 with « being a morphism in A.
A more conceptual definition of A due to Nikolaus is | , Definition 2.1.9].

Definition 2.67. The categories [n]a,. The objects [n]a, = [n]x of Defini-
tions 2.49 and 2.63 for 1 < r < o0 are themselves categories. For r = o0 it is a
poset, which is a category whose objects are the elements in the set and in which
there is a unique morphism from each element to each larger one. The sets of
morphisms and objects have an action of the integers by addition. For each r < o0
we get a new category by passage to orbit sets. Thus [n]a, has nr objects and the
geometric realization of its nerve is a circle. That of [n]a,, is the real line.

Definition 2.68. An epicyclic object X in a category C is a C-valued functor
on A° and therefore a simplicial object (by restriction of the functor to A°P) with
some additional structure, which includes an action of the cyclic group C,11 on
Xy for each n. We denote the category of such functors by Cx, and the forgetful
functor Cx — Ca by U. The geometric realization |X| of an epicyclic set X
is that of the underlying simplicial set (}X, which we will often denote abusively by
X.
The epicyclic set K", the standard n-epicyclex, is defined by

(2.69) (A")i := A([K], [n]) = AP ([n], [K])-

Since A is a wide subcategory (consisting of morphisms of degree 1) of ./NX, an
epicyclic object is also a cyclic object. We know by Theorem 2.45 that the geometric
realization of a cyclic comes equipped with an action of the circle group T. The
corresponding structure in the epicyclic case involves the following.

Definition 2.70. | , (0.1)]. The rotation-power monoid .# := T x N*,
where N* denotes the multiplicative monoid of positive integers, is the monoid with
multiplication given by

(Zl, kl)(ZQ, k‘g) = (legl,klkg) fOT Z; € T and kl e N*.
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For a prime number p, the p-typical rotation-power monoid is
My = Cpr X iy,
where Cp» € T is the Priiffer group and

Hpn 1= {l,p,pQ,...}.

Jonas McCandless | | calls .4 the Witt monoid and denotes it by W. It
is studied but not named in | ]

M acts on the free loop space LX with T acting by rotation of loops and N*
acting by power maps, hence the name. This means that for a point f: T — X in
LX and (z,k) € A, we have

(2.71) (z,k)(f)(u) : f(zuF)e X for each u € T.

Theorem 2.72. | , Theorems A and B].

(i) The geometric realization of an epicyclic space has a canonical, right action
of the rotation-power monoid .# of Definition 2.70.

(ii) The classifying space B.# is homotopy equivalent to [N(A)].

(iii) The fundamental group of B is isomorphic to the multiplicative group of
positive rational numbers. The universal covering of B.# has the homotopy
type of the Eilenberg-MacLane space K(Q,2) with m acting by multiplica-
tion of rational numbers.

2.8. Summary of our indexing categories. We have introduced the categories

di
[n-11_""[] &

-~
¢ Q\L P P
T TOj,/q.1 TOj, . Projy, ,
]~ 1] A=A <A <A
| e e
ﬂ"z ~ Proj,. 4 ~ Projy ,. ~
[kn+k—1]-2[n] A A, Ay [n]x, = 1/n)Z

with the indicated objects and morphisms in Definitions 2.17, 2.49 and 2.63. These
are respectively the simplicial, cyclic/paracyclic and epicyclic categories. The co-
face maps d’ and the codegeneracy maps s* are given in Definition 2.17, 7, is the
automorphism of order r(n + 1) given in the first paragraph of §2.5, and ¥ is given
in (2.65). In each case we are interested in contravariant functors to the category
of sets or spaces.

2.9. The double complexes of Tsygan-Goodwillie and Connes. The first
quadrant version of the following appeared first in less general form in a paper of
Tsygan | ]. It was later studied in | | and [ , 2.1.2]. The treatment
here is taken from Goodwillie’s paper | , 11.2] and is also in Weibel’s book
[ , 9.6]. To our knowledge, Goodwillie’s paper is the first to treat the case of
a general cyclic object in an abelian category rather than the specific case HH, (A)
as in (2.32).

Definition 2.73. Tsygan and Goodwillie’s first double complex. Let X
be a cyclic object in an abelian category. Then Chy (X), the periodic double
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complex of X, is the upper half plane double complex with a contracting chain
homotopy u in its oddly indexed columns

f Al !

" OB (X) = COF () = Oy () =—
(2.74) \Lb UN/—b’ i/b
< OB (X) " OB, (X) = O5Ly (X) =——
A
where
Cri(X) = X; fori€Z and j =0
b:= Z (—1)kdk, the Hochschild boundary,
0<kh<j
b= Z (-1)*dy, the modified Hochschild boundary,
0<k<j
u:=(—1)7s;, the contracting chain homotopy,
€:=1—(=1)’t, fort; as in (2.87),
and N := Z ((—1)jtj)k.
0<k<y

The definition of each arrow in the picture depends on the vertical coordinate, which
we suppress from the notation to avoid clutter, and the parity of the horizontal
coordinate. We denote the evenly and oddy indezed columns by CL°H(X), the
Hochschild complex of X, and C3*°(X), the acyclic complex of X, respectively. We
denote the homology of the former by HH,(X). We will denote the corresponding
first (i = 0) and third (i < 0) quadrant double complezes by Cyx(X) and Cyy(X),
so there is a short exact sequence of double complezes

(2.75) 0 — O (X) = ORI (X) = Cun(X) — 0.

When X is HH,(A) as in (2.52), we will denote Cy%(X) by Cr%(A), and
similarly for the related complexes CHoM, CL¥, Cy 4 and Cy 4.

We will see analogs (2.75) below in (2.83) and (4.55). The latter two have to
do with T-spectra rather than cyclic objects in an abelian category. We call them
Tate sequences. See Definition 4.54.

The acyclic complex is so named because the map

(276) u = (—1)j8j : Xj i Xj+1
satisfies 'u+ub’ = 1x,, making it a contracting chain homotopy generalizing (2.8).

Remark 2.77. The curious nature of the Tsygan double complex. The
Hochschild complex CT°N (X)) is the complex Ch(X) of Definition 2.28. The acyclic
complex C*¥°(X), which has the same chain objects as CH°P(X), is also defined
for any simplicial abelian object X. No use of the cyclic structure is made in
defining either. Only the horizontal arrows in (2.74) are defined in terms of it.
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However in the simplicial setting there is no obvious map between the two chain
complezes, so the existence of boundary operator on Ch(X) that renders it acyclic
appears to be an idle curiosity.

Let d" and d¥ denote the horizontal and vertical arrows in (2.74). Goodwillie
shows that that d"d” + d’d" vanishes on each C;,;(X), generalizing a similar argu-
ment in | , Lemma 1.1].

Definition 2.78. Cyclic homology. With notation as above, HC, (X), the cyclic
homology of X, is the homology of the first quadrant total complex Tot®(Cy (X)).
This is the chain complex defined by

Tot®(Cox (X))n := P Cij(X)

itj=n
520
with boundary operator d" + dv.
Following | , page 191], the double complex map s : C; ;(X) = Ci_2 ;(X),

which is an isomorphism for ¢ > 2, leads to a short exact sequence
0 — ker(s) = TotP(Cys (X)) — TotP(Cise(X))s—2 — 0

and a long exact sequence

(279) o= HH(X) - HOy(X) — HCyo(X) — HH,_; (X) > ---
due in cohomological form to Connes | ] and | , IIL1.7]; see | ,
Theorem 2.2.1]. Weibel refers to this as the SBI sequence | , Proposition

9.6.11]. Tt follows that a map of cyclic objects inducing an isomorphism in HH,
also induces one in HC,,.
Composing the map HH,(X) — HC,(X) in (2.79) with the reindexed

HC.(X) — HHy41(X)
gives the Connes operator
(2.80) B :HH;(X) — HH;,(X).
It is induced by the composite

X; = Coiq,;(X) cult

Coijr1(X) = X1
in (2.74), which we will also denote by B. Note that
BB = (euN)(euN) = eu(Ne)uN =0,
and the cochain complex (HH,(X), B) is the de Rham complex of X.

Definition 2.81. The second double complex of a cyclic abelian object X
is obtained from that of (2.74) by removing the acyclic oddly indexed columns of
(2.74) and suitably regrading, thereby obtaining the half plane complex Bhy (X) in
which BYS'(X) = Xj—i for j = i and vanishes for j < i. In the following picture,
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the horizontal and vertical coordinates are i and j.

—1 0 1 2
7% b\L 7b;L b\L
2 <P x. B x, < B x, B x,
) 3
0 < Box < B X,
_bl
-1 ce=— X,

where on Xj,

and B =euN = (1)’ +t;)s; Y, ((=1)7t;)".
0<k<j
The horizontal and vertical differentials are B and (—1)%b respectively.
There is a subcomplex By (X) obtained by replacing the groups with i = 0 by 0,
which is concentrated in the second quadrant plus half of the third one. Its quotient
Byw(X) is concentrated in the first quadrant.

Thus this complex is concentrated in the northwest half plane defined by j > 4.
It is both a chain complex and a cochain complex, and is called a mized complex by

Kassel in | ]. See | , 9.8] for further discussion. It should be compared
with the bicomplex B(A) of | , 2.1.7]. A cohomological variant of it is studied
by Connes in | , 3.1.9].

The corresponding TotPs, in all three versions, are known to be quasi-isomorphic
(up to regrading) to those of (2.74). We have

TotP(Bys (X)) = P Xn—2i,

0<i<n/2
@D Bai for n even
Toto(BE (0)n = @@OB%H for n odd,
=0
@ By;  for n even
and  Tot®(B_, (X)), = { Zmex(nr2)/20)

@ Bo; 1 for n odd.
izmax({n+1)/2,0)

It follows that we have a short exact sequence of double complexes similar to
(2.75),

(2.83) 0= B, (X) = B (X) = Byu(X) - 0

and similarly for their Tot®s. We denote their homology groups by HC™ (X),
HPe"(X), and HC(X) respectively. In each case one can filter the double complex
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increasingly by its columns and obtain a Connes spectral sequence converging to its
homology with input HH, (X)) in which the first differential is the Connes operator
B.

2.10. The free loop space of the circle. We recall properties of the free loop
space LS for future reference. The circle group T acts (as it does on any free loop
space) on by rotation of loops. Each point in it has a winding number or degree
associated with it, and we denote by £.S' the space of loops with degree . The
rotation-power monoid .# of Definition 2.70 acts on LS! as explained in (2.71).
Let
p:R-StccC with p(t) := 2TV =T

where S' € C is the unit circle. Then a loop of degree r lifts via p to a path in R
between two points |r| units apart, for example to a closed path when r = 0. The
space of such loops is equivalent to S' with T acting via the rth power map. It
follows that we have a T-equivariant equivalence

(2.84) LS > [ [T/Cpy-
reZ

Here “T/Cy” is understood to be the circle with trivial T-action, there being no
such group as Cy. The underlying space is equivalent to Z x S*, and T acts on
the rth component via the rth power map. This result is the G = Z case of the
following.

Lemma 2.85. | , Lemma 9.1] Let G be any topological group of CW type.
Then there is a fibrewise homotopy equivalence

LBG ~ EG x¢g G*,

where G2 denotes G with the conjugation action, of fibrewise H-spaces over BG.
In particular if G is abelian,

LBG ~ BG x G.

For G = Z, BG ~ S', and this is our description of the space underlying LS.
Similarly for G = Z,, we have

LBZ, ~ BT, x Z,,.

Like any free loop space, this is a T-space. In order to describe it as such, note that
as topological spaces,
Z,={0}u] [Pz}
j=0

This is the stratification of Z, by p-adic valuation. Each subspace on the right
other than {0} is open, and all of them are closed.

Since Z,, is abelian, its classifying space is also an abelian group which we denote
by T,. The homomorphism Z — Z, induces T — T,,. For each j > 0 we have

ij cTc ']Tp

with T,,/C,; = T, as underlying spaces, since Z,, and p?Z, are isomorphic as groups.
Then we find that as T-spaces

(2.86) LBZ, ~ BZ,u | [ (P2} x T,/Cy),

j=0
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where T acts trivially on the first summand on the right. This is a special case of
[ , Theorem 7.3.11].

3. THE WORK OF BOKSTEDT, HSIANG AND MADSEN

Now we quote some results from | , §1] indicating the action of T on spaces
related to THH. Madsen’s expository accounts | , | of this work are
very helpful.

3.1. THH via Bokstedt functors. In most papers on the subject, what we are
calling a Bokstedt functor is referred to as a functor with smash products or
FSP and is usually denoted by the letter F'.

Definition 3.1. | , Definition 1.1] A B6kstedt functor is an endofunctor
B on the category of pointed topological spaces equipped with natural transforma-
tions

p:B(=) AB(-) = B(—nr—) and t:Id = B
(which we will denote by p(B) and L(B) when there is more than one such functor
in play) inducing morphisms
pxy :B(X)ABY) > B(XAY) and tx : X - B(X)

for which the following three diagrams commute:

Lx ALy B(X) AB(Y)
/

\LMX,Y
%

B(X AY),

(3.2) XAY

B(X) A B(Y) A B(Z) 22D m(X AY) A B(2)

(3~3) *B(X)Auy_zi i/uxw,z

KX, Y AZ

B(X)ABY A 2Z) B(X AY A 2),
and
X ABY) 2220 m(x) A B(Y) LB AY)
(3.4) tl/ \L‘B(t)
BY) A X —— O m(v) A BX) —5 L B(Y A X),

where t is transposition of smash product factors. B is commutative if the fol-
lowing diagram also commutes.

rX,Y

B(X) A B(Y) B(X AY)
(3.5) 4 [=o
B(Y) A B(X) B(Y A X),
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The adjoint stabilization and costabilization maps ox and nx are defined
by

tg1 AB(X) Mgl x
ST AB(X) B(SH) A B(X) B(S! A X)
I I
(3.6) SB(X) i B(LX)
L
B(X) o OB(XX)

We require in addition that B preserves connectivity and that 7, B(X"X) is in-
dependent of n for n > i.

Definition 3.7. A Bokstedt functor B is cofibrant if for each CW-complexr X,
B(X) is again a CW-complex, and the stabilization map ox is a cofibration.

Nothing like this last definition is found in | ], where is no discussion
of model structures. They are only considered in subsequent work on cyclotomic
spectra as orthogonal spectra, starting with that of Blumberg and Mandell | ]
The condition of Definition 3.7 insures that the spectrum 9B(S) is cofibrant in
the stable projective model structure on the categories of sequential, symmetric
and orthogonal spectra of Definitions 4.1 and 4.5. The cofibrancy condition is
the subject of | , Corollary 7.1.37], and we will need it in Theorem 3.12.
There is a concise review of the homotopy theory of (meaning model structures
in) the categories of associative and commutative ring spectra in | , §2.3]
by Blumberg, Mandell, Vigleik Angeltveit, Teena Gerhardt, Mike Hill and Tyler
Lawson.

Example 3.8. Some Bokstedt functors.
(i) For a group-like topological monoid T', let Br := (— A T'y), making Br(S)

the suspension spectrum for I' . It is denoted by L in | , Example
3.2 (1)]. When T is a single point, Br is the identity functor Id. For a
pointed space X, the Moore loop space QM X (see | , 5.1]), which we

will denote simply by QX , is such a monoid. Br is commutative as when
T is. We will say that a Békstedt functor of this form is monoidal. It is
cofibrant as in Definition 3.7 if I is a CW-complez.

(i) For a discrete ring R, let Br be the Bokstedl functor defined by

Br(X) := |RSing,(X)/RSing, (pt)],

where Sing, is as in Definition 2.31 and RSing,(—) denotes the free sim-
plicial R-module on the indicated simplicial set. It is denoted by R in
[ , Example 3.2 (iii)]. This is a generalized Eilenberg-MacLane space
with
T« Br(X) = H.(X; R).

This means the spectrum B r(S) is the Eilenberg-MacLane spectrum for R.
B R is commutative as in (3.5) when R is commutative. It is cofibrant for
any R.

(iii) For a Békstedt functor B and integer m > 0, we can form the corresponding
matrix Boékstedt functor

Mo (B)(X) := Map((m), (m) A B(X)),
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where (m) := {1,...,m}. A point in this mapping space is an (m?)-tuple
of points in B(X).

We need to specify the natural transformations u( My, (B)) and (M., (B)).
For ay € M, (B)(X) and as € My, (B)(Y), the composite
{my —= (m) A B(Y)

J/ozl AB(Y)
{my A B(X) AB(Y) {my AB(X AY),

which lives in My, (B)(X AY), behaves like matriz multiplication. This can
be reinterpreted as a map

(M (B)) X,y : M (B)(X) A My (B)(Y) = M (B)(X AY)
as in Definition 3.1, with «(My,(B))x : X — M, (B)(X) given by
(t( M (B)) x (2))(7) := i A L(B)x () for x € X and i€ {(m).

It is cofibrant when B is.

{myapx,y

Definition 3.9. | , (3.4)]

(i)

(3.10)

(i)

(iii)

(i)

The topological Hochschild homology THH(B) of a Bokstedt func-
tor B is the geometric realization of the simplicial space THH,(B) defined
by

THH,,(B) := hocghmg‘k' (B(S*) A -+ A B(SF)),

where the colimit runs over all (n + 1)-tuples of nonnegative integers
k= (ko,...,kn) with |k| :=ko + -+ + kn,

and the maps are induced by the costabilization map of (3.6). The face and
degeneracy maps are defined as in (2.32), with the unit 1 being replaced by
SO,

For a pointed space X, we define THHYX (B) similarly by

THH; (B) := hocglimﬂ‘k‘ (B(S™) A - AB(SF) A X).

The simplicial space THH,(B) is a simplicial infinite loop space, and we
denote the corresponding spectrum by tHH(B). The spectrum associated
with THHX (B) is tHH(B) A X.

When B = Bg for a discrete ring R as in Ezample 3.8(ii), we denote the
spectrum tHH(B r) by THH(R). It is denoted by T(R) in | , §4].

Here we are replacing the associative ring A of §2.1 by the associative ring
spectrum B(S). There is a spectral sequence converging to H,tHH(B) A X (with
field coefficients) whose input is HH,(H.B(S) A X).

Proposition 3.11. THH and the free loop space.| , Proposition 3.7 for
r = 1] For Bax as in Example 3.8(i), we have

tHH(%Qx) ~ Ei(LX)

THH, (8) is also a cyclic space as in Definition 2.40, which means that the space
THH(8) and the spectrum tHH(®B) each have a T-action.

The following is | , Proposition 3.7] in case of monoidal B (as in Exam-
ple 3.8(i)) and can be deduced from | | for B cofibrant as in Definition 3.7.
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Theorem 3.12. The action of C, on THH. For each monoidal or cofibrant
Bokstedt functor B and each integer r = 1, the simplicial C,.-space Sd:THHf( (B)
18

(3.13)  sd'THH, (B) = hoc’?nmglk\@r (B(SF)AT A+ AB(SF)M A X)),

where o, denotes the real reqular representation of the cyclic group C,., QFer(=)
denotes the twisted loop space of Definition A.15, and C, permutes the factors of
each of the the r-fold smash powers of the spaces B(S%).

The following is not proved in | ], so we will sketch a proof here.

Proposition 3.14. Fixed point sets. For a monoidal or cofibrant Bdkstedt
functor B and each subgroup C, S C,., the fired point set (sd* THH™ (%))« has
a residual action (Definition A.1) of C,;, and is equivariantly homeomorphic to

sdf/qTHHX(%) with the action of Theorem 3.12.

Proof. We will do this for g = r, leaving the general case to the reader. The space
of (3.13) is a filtered colimit of C,-spaces. Filtered colimits commute with finite
limits, so it suffices to determine the colimit of fixed point sets. For each k we have a
space of nonequivariant maps between C,.-spaces on which C,. acts by conjugation.
Its fixed point set is the corresponding space of equivariant maps. This is the image
of the kth space of (3.10) under the norm map that sends a pointed space X to its
r-fold smash product with C,. permuting the factors. It follows that

(sd*THH, (%)) = THH; (B),
and similarly
(sdfTHH,) (%)) = sd},, THH, (). O
Corollary 3.15. Smooth cyclotomy of THH. For each monoidal or cofibrant
Békstedt functor B, THH(B) is smoothly cyclotomic as in Definition 1.4.

Example 3.16. THH of the identity functor. | , Example 2.8] It follows
from Definition 3.9 that 1d(S) = B,.(S) >~ S. The identification of its fized point
sets under finite cyclic p-groups is more interesting. We have

THH(I) O ~ [ Q4 (BC,),
i=0
where
(3.17) Q+(X) := hocolim Y%7 (X ).
J
The maps F and R of Definition A.1 are given by
F(xoy...,xn) = (xo + T(z1), T(x2),...,T(xy,))
and R(xoy---y2n) = (Toy -y Tn_1)

where T : Q1 (BCpi) — Q4(BCpi-1) is the transfer mapping associated to the
degree p covering BCpi—1 — BCp.
It follows that the spectrum tHH(Id) is the sphere spectrum S.

Theorem 3.18. THH of Z and Z/p. | , Theorem 1.1] For a discrete ring
R, let BRr be as in Example 3.8(ii).
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(i) For each prime p,
e
THH(Bz,) = | | K(Z/p, 2i)
i=0
and 7 THH(Bz,,) = Z/p[b] with b € ma,

where H/ denotes the restricted product, meaning the colimit of finite prod-
ucts.
(ii)

oL

THH(®z) = Z x | | K(Z/i,2i - 1),
i=1
(ii3) | , Theorems 1.3 and 1.4] THH(Z/p) and THH(Z) (as in Defini-

tion 3.9(iv)) are the corresponding Eilenberg-MacLane spectra with
THH(Z/p) ~ HZ/p ® QS
and ~ THH(Z) ~ HZ® 753053

Here 13053 (denoted by Q(S3(3)) in | ]) denotes the 3-connective
cover of QS3, which is the fiber of the evident map to K(Z,2). A classical
calculation involving the Serre spectral sequence for the fiber sequence

St - 1308 - 083

(see | , Lemma 1.2.3] for a closely related computation) shows that its
integer homology coincides with the homotopy groups of (ii).

(iv) The map between the these spaces induced by Z — Z/p preserves the product
decomposition, is the obvious reduction fori = 0, is trivial for i not divisible
by p, and is the Bockstein K(Z/pj,2pj — 1) — K(Z/p,2pj) for i = pj with
7 >0.

(v) In the decomposition of (i), let 12; € H* (K (Z/p,2i);Z/p) be the fundamen-
tal class. Then the coproduct in cohomology is given by

Lai > Z L2k @ L2i—2k,
0<k<i

which is dual to the multiplication of (i).
(vi) In the decomposition of (ii), let

Lopj—1 € H*™ Y (K(Z/pj, 2pj — 1); Z/p)

be the fundamental class. Then the coproduct in cohomology is given by

Lopi—1 > L2pi-1 @1+ 1@ uopj 1 + Z Bltapk—1 ® Lop(j—k)—1);
O<k<y

where B : H?Pi=2 — H?Pi~1 denotes the mod p Bockstein.

In §5.9 we will describe the cyclotomic structure (Definition 5.23) of the spectrum
THH(Z/p). The above is merely a description of its underlying homotopy type. We
will see that the action of T on it is nontrivial.

Here is a sketch of a proof of Theorem 3.18 due to Blumberg, Ralph Cohen and
Christian Schlichtkrull | ], which we learned from Tomer Schlank. It is also
treated by Krause and Nikolaus in [ , §4], who in addition give a description
of THH(Z/p") for all j > 0, and by Joseph Hlavinka in | , §3].
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For any space X, one has
LOX ~ %X x QX.

Thus for X = 3, we have L0253 ~ 0293 x 053, A theorem of Mahowald | ]
says there is a map 9252 — BO for which the Thom spectrum is HF,. It is the
double loop functor applied to a map S® — B30. Applying the functor £ gives
a map

L0853 — > £OB30 ~ BO x BBO —*~ BO.
An odd primary analog due to Mike Hopkins can be found in | , Lemma
3.3].

Let Y = 75452 (sometimes denoted by S3(3)) be the 4-connective (or 3-connected)
cover of S3, the fiber of the map S* — K(Z,3). We know that the Thom spectrum
associated with Q2Y is HZ. By studying the Serre spectral sequence for the fiber
sequence

St QY 083,
one can show
Z fori=0
H,(QY;Z)=< Z/m fori=2m—1andm>1
0 otherwise,

and this leads to Theorem 3.18(ii).

Definition 3.19. The algebraic K-theory of a Bokstedt functor B. |
Definition 2.3]. Let GL,,,(B) be the union of the invertible components of

hoc’(c)lim ka/[m,(%)(sk)a

where M, (B) is the matriz Bokstedt functor of Example 3.8(iii). It is a group-like
topological monoid, and

K(B) := QB (]_[ BGLm(%)) = QB (]_[ |N.GLm(‘B)|) ,

where Qg on the right indicates the degree zero component of the indicated loop
space, in which my is 7.

As in Quillen’s original definition of algebraic K-theory, the space on the right
is equivalent to BGL(B)*, the plus construction on the filtered homotopy colimit
of the spaces BGL,,(B) for m > 0, which is described by Weibel in | , IV.1].
Example 3.20. The K-theories of Quillen and Waldhausen.

(i) For Br as in Example 3.8(ii), m:K(Br) = K« (R) as defined by Quillen in

[ . This is discussed in | , §2.6].
(i) For Bqx as in Example 3.8(i), K(Bax) is Waldhausen’s space A(X) as
in [ |. This is discussed in | , §6].

Definition 3.21. The cyclic K-theory of a Bokstedt functor 9B. |
(5.7)].

Kcyc(%) =B (H |N.CYCGLm(%)|> )

where Qg on the right indicates the degree zero component of the indicated loop
space.
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3.2. The Dennis trace. The topological Dennis trace Tr : K(8) — THH(5),
was first defined in algebraic form by Keith Dennis in an unpublished paper in
1976. For a topological monoid I', we have simplicial sets N,(I') and N.¥(T") as in
Definitions 2.25 and 2.39. There is a map

(322) I, : N'(F) - nyc(r) with I('Yl,;’}’n) = ((’715 afY'rL)_l 771;-“7771)

whose geometric realization is homotopic to the inclusion of BT into the free loop
space LBI as the constant loops.

For I' = GL,,(*B) as in Definition 3.19, we denote the map of (3.22) by m,
Consider the composite

7m s(m
NuGLy(B) ——= N&°GL,, (B) —— THH, (M,,(B))

where
(323)  SI™(fo,..ifu) =fo A A fu for fii S5 o M, (B)(S™).
Passing to geometric realizations gives a map
(3.24) SmIrm) . BGL,,(B) — THH(M,,(8)).
The following analog of Theorem 2.13 was proved in | ]

Theorem 3.25. Morita invariance of Bokstedt functors. For each Bokstedt
functor B, there is an equivalence

Trace : QB <]_[ THH(Mm(%))) — THH(B) x Z.

m=0
Definition 3.26. The Dennis trace of a Békstedt functor B is the following

composite.

QoB(11,, S™ 1))
Q0B (][, BGLm(B)) QB (L1, THH(M,,(B)))

~ lTrace

THH(B),

where each of the coproducts is over m = 0, and the equivalence on the right is that
of Theorem 3.25.

3.3. The cyclotomic trace. Now we need to consider the action of T and its
finite subgroups C,. for r > 1 on the cyclic space THH(28) of Definition 3.9.

First we need some elementary definitions.

We will now make use of the edgewise subdivision of Definition 2.55. Recall
that the geometric realization of r-fold edgewise subdivision of a simplicial set X
is homeomorphic to | X| by Lemma 2.58. Thus we get a residual action map as in
Definition A.1(i),

R, = R¢”" ¢ (s THH()) %" — ((sdf THH(B))%r) /o

Recall that
(sdf THH(B))“ ~ s, THH(B)
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by Proposition 3.14. The map R, := Rgn figures in the original definition of
TC(B,p), | , Definition 5.12 (i)], where it is denoted by ®,,.
Since sdy, THH(B) ~ THH(B), we have
R, : THH(B)%" — THH(B)%"/».
We can also regard C,n/, as a subgroup of Cpn, yielding a restriction map as in
Definition A.1(ii).
Fy:=Fg” : THH(B) " — THH(B)%"/,

which is denoted by D in | , (5.10)].
Thus we get maps

(3.27) R,F : THH(B) " — THH(B)%"
as in Definition A.1 for which the diagram

THH(B) "+ —2 > THH(B)%"

(3.28) F |F
THH(B)C»" —=~ THH(%) -

commutes as a special case of (A.3).
These induce maps of filtered homotopy limits

F
holim THH(B)%" ——= holim THH(B)C»"
1
(3.29)
R
holim THH(B)" —= holim THH(B)C»"
1

and these two diagrams have equivalent equalizers.

Definition 3.30. | , Definition 5.12 ]

(i) The topological cyclic homology at p of the Bokstedt functor B,
TC(B,p), is the equalizer of either diagram of (3.29). Equivalently it is the
homotopy limit of the diagram

R R R
.- T THH(B)%? — ~ THH(B)® —___~ THH(B).
F F F

(ii) The cyclotomic trace at p is the infinite loop map

K(B) —— (holim Kv°(%) )"t —2~ TC(%, )
Trc
where KY°(B) is as in Definition 3.21, and the maps I and S are as in
(3.22) and (3.23). The middle object above is the homotopy limit of the
diagram
4R>Kcyc B C 2 L>I<cyc 95B)Cr L)KCYC %
. (B)~»? T KY(B)Tr T KY(B).

B ——
F F F
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This is the first of several definitions of TC. In Definition 5.54 it is defined as a
mapping object in the co-category of cyclotomic spectra; see Remark 5.55. A new
formula for computing it is given in Theorem 5.57. A formula relating it to TR is
given in Theorem 5.88.

Remark 3.31. TC of a free loop space. We have homeomorphisms
SO;I . LXCpn N p:LXCPn+1

for vp as in Ezample 1.5, induced by the pth power map on T. If we replace
THH(®B) by LX in (3.28), the horizontal maps become homeomorphisms and

holim £LX " = lim LX%" ~ £ X.
R R

Then the first equalizer of the analog of (3.29) would consist only of constant loops.
The other limit,
lim LXC

is the space constant loops, on which R is the identity. Thus the free loop space
analog of TC appears to be the space of constant loops, so TC seems to undo the
free loop functor L.

4. SPECTRA AND EQUIVARIANT STABLE HOMOTOPY THEORY

A spectrum X was originally defined to be a sequence of pointed spaces X,
for n > 0 with structure maps ¢ : ¥X,, — X,,;1, or equivalently costructure
maps 17X : X,, — QX,, ;1. Since this is only one of several ways to define spectra
these days, we will call such objects sequential spectra.

A sequential spectrum in which each structure map is a weak equivalence is
called a suspension spectrum, and is often denoted by X*X,. One in which
each costructure map is a weak equivalence is called an 2-spectrum. The objects
of Lurie’s oo-category of spectra (see | , §9] and | , Definition 1.4.3.1])
are sequential €2-spectra, so we will sometimes refer to them as Lurie spectra.

If each X,, has a G-action for some compact Lie group G, with each structure
map being equivariant (where XX, and QX,, are understood to be the ordinary
suspension and loop space of the pointed G-space X,,), the resulting object is called
a sequential spectrum with G-action. This means that for each closed subgroup
H < G one gets a spectrum X in which the nth space is the fixed point set X .
This notion is different from that of a G-spectrum, which we will discuss below.

A map of sequential spectra (with G-action) f: X — Y is a collection of
(G-equivariant) pointed maps f, : X,, — Y}, compatible with the structure maps
for X and Y. Such a map is said to be a (G-equivariant) stable equivalence if
it induces an isomorphism of stable homotopy groups (of fixed point sets for each
closed subgroup H C () as in (4.2). This condition is weaker than requiring each
map f, to be a (G-equivariant) equivalence.

Definition 4.1. We denote the category of sequential spectra by Spg.,, and the

BG
seq *

category of those with G-action by Sp
A sequential spectrum has stable homotopy (or simply homotopy) and reduced
homology groups defined by
m X := colim m; Q" X,, = colim 7, ; X,
n n

(4.2) and H; X := colim H,,;; X,,.
n
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When X has a G-action, we can make similar definitions for each closed subgroup
H C G in terms of fixed point sets, the definitions above being those for the trivial
subgroup. The definition does not require X,, to be (n—1)-connected, so the groups
of (4.2) could be nonzero for i < 0.

This was our only definition until the late 80’s. It suffered from the lack of a
convenient way to define the smash product of two spectra.

A sequential spectrum can be reinterpreted as a 7-valued functor on a certain 7 -
enriched indexing category #™N with one object for each finite set n = {1,2,...n}
for n > 0 with O being the empty set @. Its morphism spaces are

(43) # N = {

STm for0<m<n

pt form>n>0
For more on this point of view, see | , Chapter 7], specifically | , Defi-
nition 7.2.4]. From this perspective, the difficulty with the smash product is related
to the absence of a symmetric monoidal structure on _# N See | , Remark

7.2.11] for more on this lack of symmetry.

One solution is to define a new indexing category which is symmetric monoidal.
Two such categories are #* and 7 O we will often omit the superscript in the
latter. They have the same objects as ¢ N with morphism spaces
{ En+2/\ ST for0<m <

n—m

jx(m’ Il) =

n
0

)_{ O(n)+ ol Sn=m for0<m<n
=0,

pt for m >n

pt form>n >
(4.4)

/O(m,n

where ¥, + and O(n); denote the symmetric and orthgonal groups with disjoint
basepoint.

Definition 4.5. Symmetric and orthogonal spectra. The categories of T -
valued functors on the indexing categories of (4.4) are those of symmetric spectra
of | |, which we denote by Sp”, and orthogonal spectra of | |, which
we denote by Sp°, respectively.

Proposition 4.6. There are forgetful functors Sp© — Sp> — SPgeq tnduced by the
evident functors /O — /Z — jN.

4.1. The Mandell-May category. Now we define the Mandell-May category Zg
for a compact Lie group G, which is enriched over 7. The case of trivial G is the
category 79 of (4.4).

Definition 4.7. The Mandell-May category _Zg has finite dimensional or-
thogonal representations V' of G as objects. These are actual representations, not
virtual ones. For two such representations V. and W we have a pointed morphism
G-space Zc(V,W) defined as follows. Let O(V,W) be the space of orthogonal em-
beddings t : V. € W, which need not be equivariant. It is empty when [W| < |V|.
Otherwise each such embedding gives us an orthogonal complement t(V)+ < W.
This enables us to define a vector bundle over O(V,W) sitting inside the trivial
bundle O(V,W) x W. The morphism space Zg(V,W) is its Thom space,
which is a pointed G-space. A point in it other than the base point is a pair
(t,x) wheret : V.— W is an embedding as above and x € (V). Composition of
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morphisms U — V — W leads to a map
eV, W)~ Za(UV) = Za(UW)
induced by composition of orthogonal embeddings.
The following is immediate.

Proposition 4.8. Properties of 7.
(i) Za(V,W) is a point when |W| < |V],
(ii) Zc(0,W) = SW.
(iii) Zc(V,V) = O(V,V),, the orthogonal group O(V') of V' with disjoint base
point.
(iv) The inclusion of V into V@ W induces a map

SV = 76(0,V) = Je(W.V@V).

(v) Za has a symmetric monoidal structure (which is not closed) related to
direct sum of representations.

The following is part of | , Definition V.4.1].

Definition 4.9. The relative Mandell-May category. Let N € G be a normal
subgroup.

(i) The Ig N enriched category fa n has as objects the representations V' of
G, and the morphism space f n(V,W) is the fized point space Zc:(V,W)N
with its residual action of G/N. A nonbase point in this space is a pair
(t,z), where t : V. — W is an N-equivariant orthogonal embedding and
ze (t(V)HN.

(ii) We have a functor

JanN Ja/N

Vi VN

(t.z) e Jan(V.W) = Ja(V.W)" —— (t",2) € Jgn (VN WF)

where tI denotes the restriction of t to VN, and since x € t(V)L is fived by
N, it lies WY and hence in the orthogonal complement of t(VN) in WV,
Thus for each V and W, we have a map

(4.10) dvm s Jan(V,W) = Fon(VN, wh).

(i) The functor van : Fan — Jan (the right adjoint of ¢4N) sends a
representation W of G/N to the representation of G obtained by precom-
position with the homomorphism G — G/N.

Note here that O(V, W)¥ is the space of N-equivariant orthogonal embeddings
V->Ww.

We will be interested in the case where G is the circle group T and N is a finite
(and hence cyclic) subgroup.
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Remark 4.11. Non-normal subgroups. We could replace the pair (G,N) for
a normal subgroup N € G by (N(H),W(H)) (normalizer and Weyl group) for
arbitrary subgroup H € G. We leave these details to the reader. The same goes for
the discussion of fixed point spectra in Definition 4.20.

4.2. Defining orthogonal G-spectra. The relative form of the following is |
Definition V.4.2] with different terminology.

Definition 4.12. An orthogonal G-spectrum is a Ig-enriched Ig-valued func-
tor on the Mandell-May category Za of Definition 4.7. We denote by Spg (SpG)
the category of such functors (and equivariant maps). For such a functor X we
denote by Xy its value on the object V in Zq. For V =R" with trivial G-action,
we denote this space by X, .

We say that an orthogonal G-spectrum X has trivial G-action if the same holds
for X,, for eachn = 0. (In this case the action on Xy 1is necessarily nontrivial when
the action on'V is.)

More generally an orthogonal (G, N)-spectrum is a Tg/n-enriched Tg)n-
valued functor on the relative Mandell-May category Za n of Definition 4.9(i).

A morphism f: X = Y of orthogonal G-spectra is a natural transformation of
functors. This consists of a collection of suitably compatible maps fy : Xy — Yy,
which are equivariant if we are in the category SpG, but need not be if we are in

Spa-

Hence an orthogonal (G, N)-spectrum X consists of a collection {Xy } of pointed
G/N-spaces (for each representation V' of G) along with structure maps

(4.13) ei/(,W : jc,*’N(‘/, W) AN XV — XW

with suitable properties that are spelled out in the references cited above. In
particular each Xy comes equipped with an action of the orthogonal group O(V').
An orthogonal (G, e)-spectrum is an orthogonal G-spectrum. The sphere spectrum
S is defined by Sy = SV.

It follows that the morphism space SpG(X ,Y') is a certain subspace of the product
(over all V) of the spaces T¢(Xy,Yy). It can be described categorically as an

enriched end, and similarly for Sp-(X,Y"). See | , §9.1.CJ.
Remark 4.14. Genuine and naive G-spectra. It is known (] , Lemma
V.1.1], reproved as | , Lemma 9.1.8]) that the space Xy depends only on the

dimension |V'| of V, although the group actions on the spaces Xy and Xy will
differ. For example if G acts trivially on X,y but nontrivially on V, then it will
act nontivially on

Xy =O(VI,V)+ roqvy Xy
For this reason Schwede in | |, which is the reference for orthogonal G-spectra
used in | |, defines such objects X solely in terms of the spaces X,,. He discusses
the relation between the two definitions in | , Remark 2.7].

It follows that Sp® as we have defined it is equivalent to the category of TC-
valued functors on ¢, the Mandell-May category for the trivial group. Such objects
are often called naive G-spectra, while T -valued functors on Ha are called gen-
uine G-spectra. We will denote the former category by Spfaive, While Sp© and
SpfELive are equivalent as categories, they come with different homotopical structures,
meaning different classes of stable equivalances. See | , Theorem 9.3.10 and
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Example 9.3.11] for more discussion. It turns out that SpnGaiVe has more genuine
weak equivalences than naive ones.

Naive G-spectra are sometimes called Borel G-spectra, and the category of
such is sometimes denoted by Sth. Recall that for a G-space X, the homotopy
fixed point set X"C is the mapping map Top®(EG, X). When G acts trivially on
X, this is the same as Top(BG, X). Hence if ( is an oo-category on which G acts
trivially, it would be reasonable to denote Fun(8G, ) = Fun(B, C) by "¢, For
C = Sp, this the oo-category of Lurie spectra with G-action. See | , bage
3] (where naive G-spectra are called homotopy G-spectra) for more discussion.

The categories Sp,; and SpG are both tensored and cotensored over 7 and
TC respectively. This means that for a pointed G-space K and an orthogonal G-
spectrum X, we can make sense of both the tensor product X A K and the cotensor
product XX. These spectra are defined by

(X/\K)V:=Xv/\K

4.15
(4.15) and (XK)V = Tg(K, Xy) or T¢(K, Xv).

Definition 4.16. For a representation V of G, the Vth Yoneda spectrum xV
defined by

(xw = Za(V,W).
Note that the space on the right is a point when |W| < |V|, and that X ='S. As
in Definition 4.12, we denote xE by ™.

£V is a twisted desuspension of the sphere spectrum S, and XV ¥V ~s.

As noted before, the symbol X is the Japanese hiragana character “yo,” the
first syllable of Yoneda’s name. This spectrum is denoted by S~V in | ]
and [ ] (where G is assumed to be finite), while the “shift desuspension
functor” (otv A —), in which the variable may be either an orthogonal G-spectrum
or a pointed G-space, is denoted by Fy in both | , page 11] and [
Definition 1.3].

Both Sps and Sp® are known to have a closed symmetric monoidal structure
defined in terms of the Day convolution; see | , §3.3]. This means that the
morphism space Spq(V, W) is the Oth space of a morphism or function spectrum
Fe(X,Y) defined by

)

Fo(X,Y)y = Spa(xV A X Y).

Again we refer the reader to | , §9.1] for details. Even though it was
written with only finite groups G in mind, most of it holds as well for G a compact
Lie group. One feature of the finite group case mot present in the compact Lie
group case is the existence of a finite dimensional representation (the regular one)
containing every irreducible one as a summand. The group T has infinitely many
distinct irreducible representations.

Definition 4.17. Equivariant stable homotopy groups and stable equiva-
lences. An orthogonal G-spectrum has stable homotopy groups 7 (—) graded
over RO(QG) for each subgroup H € G. For finite dimensional orthogonal represen-
tations V and V' of G,

(4.18) 7T‘I}17V/X = co‘}l'}m W‘I}[QWXw+V,7
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where 71'5 and QW on the right are as in Definition A.15, and the colimit is over the
category of finite dimensional orthogonal representations W of G and equivariant
inclusions.

We also have geometric homotopy groups

(4.19) oy X = COI}Ii/m 7TVQWHXVI%[/Jrv'-

An equivariant map f : X — Y is a stable equivalence if it induces isomor-
phisms in 7 (=) for all closed subgroups H € G.

For finite G, let pg denote the regular representation of GG, meaning its group
ring over R (a vector space of dimension |G|) on which G acts by left multiplication.
Then we know that every finite dimensional representation of G is a summand of
some finite multiple of pg. It follows that the colimits of (4.18) and (4.19) can be
simplified to the sequential colimits

T_ X = colimm{f Q"¢ X, v
n
. H
and W{{}EIV,X = colim my, "¢%c ngGJrV,.
n

Such a simplification is not available for a compact but infinite Lie group such as
T.
A G-spectrum has two flavors of fixed points for each normal subgroup N < G.

Definition 4.20. Fixed point spectra. Let X be an orthogonal G-spectrum X
and let N € G be a normal subgroup.
(i) The G/N-spectrum XV , its categorical fixed point spectrum, is defined
by
(XM = (Xgu)™
for each representation W of G/N, where ¢ = qo/n : fayn — Fa,N is
the right adjoint of Definition 4.9(iii).
(ii) The (G, N)-spectrum Fix™ X is defined by

(FixV X)y = (Xy)V

for each representation V. of G. The G/N -spectrum ® X, its geometric
fixed point spectrum, is the left Kan extension of Fix™ X along the left
adjoint functor

da.N: FanN = Fa/N
of Definition 4.9.

4.3. The Loday functor. In this subsection we use the symbol ® for the categor-
ical tensor product, reserving ® for its usual meaning as algebraic tensor product
or smash product.

A cocomplete category C is tensored over sets. For an object W in C and a
finite set F' with cardinality f, W®JF is the f-fold coproduct of W. For a simplicial
set X of finite type, W®JX is a simplicial object in C with (W®X),, = WRX,,
provided that we can define the relevant maps among the various finite coproducts
of W. When in addition C is tensored over topological spaces, we get a geometric
realization |[W®JX]| in C. Its homotopy type (assuming this makes sense in ()
for a given W depends only on the homotopy type of |X|, meaning that weakly
equivalent simplicial sets give weakly equivalent objects in this construction.
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Of particular interest is the case where X is the simplicial circle or standard
0-cyclex A = Al/0A! of Corollary 2.43. Recall that its nth component has n + 1
elements that are permuted by the cyclic group C, 1.

In the category of commutative k-algebras for a discrete commutative ring k,
the coproduct is tensor product over k, denoted as usual by ®;. The algebra
multiplication gives us the maps we need between finite coproducts to give us the
desired simplicial structure. Thus for a commutative algebra A and a simplicial set
X we get a simplicial k-algebra which we denote by A®, X, which is also a simplicial
abelian group, omitting the subscript when k& = Z. We denote the associated chain
complex as in (2.29) by Ch(A®, X). For example the chain complex Ch(A®, A°)
is

0 1 2 3 4
AL 4L 4L 4Ll 4.

)

so its homology is A concentrated in degree 0. More interestingly,
A®, A" = HH, (A),

the simplicial abelian group of (2.32).

In the category of commutative ring spectra which are algebras over a fixed
commutative ring spectrum R, the coproduct is the smash product over R, denoted
by ®g. When A is such an algebra, we denote its categorical tensor product with
a simplicial set X by A®,X. When R =S, we omit it.

The following notation is due to Brun, Carlsson and Dundas | ], who study
the Loday functor in detail.

Definition 4.21. For a commutative ring spectrum A and a simplicial set X, the
Loday functor AxA is the geometric realization of the simplicial ring spectrum
A®X. More generally when A is a commutative algebra over a commutative ring
spectrum R, the Loday functor relative to R is

AxA/R = |A®pX].

Our AxA is denoted by Ax A and called “smash X of A” in | ], and by
Lx(A)in | ]. In the latter it is generalized (in a different direction from the
above) to Axy (4, B;C), for Y € X and commutative rings A - B — C. This
relative version places C over the basepoint of X, B over all points of Y that are
not the basepoint and A over the complement of Y in X.

Remark 4.22. The category of associative R-algebras. When A is an as-
sociative (but not commutative) R-algebra and X = A, we still have a simplicial
ring spectrum in which the nth component is

ARrA®rRA®R - ®r A with n + 1 factors

whose geometric realization is THH(A/R). However the (n + 1)-fold coproduct in
the category of associative R-algebras is not the (n + 1)-fold relative smash product,
but something far more complicated. This is analogous to the fact that while the
coproduct in the category of abelian groups is the direct product, that in the category

of arbitary groups is the far more complicated free product. Hence we cannot identify
THH(A/R) with |AQ,A°|.

Note that A x A is covariantly functorial in both A and X. Jim McClure, Roland
Schwénzel and RainerVogt [ , Theorem B] show that when A is an E. -ring
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spectrum and X = A? (which they denote simply by S'), AxA = THH(A). In
[ , Theorem G] they show that any map A — B to an E. -ring spectrum
with T-action extends uniquely to THH(A).

Angeltveit and Rognes | , §3] show that it has a Hopf algbebra structure.
Brun, Fiedorowicz and Vogt | ] show that for an E,-ring spectrum A with
n = 2, THH(A) can be defined in the same way and is an E, _;-ring spectrum.

In | |, Andrew Blumberg, Cohen and Schlichtkrull determine the THH of
certain Thom spectra. Let BF be the classifying space for stable spherical fibrations
and suppose we have a map f : X — BF which is the loop map associated to a
map of connected based spaces Bf : BX — B?F. Then the resulting Thom
spectrum T'(f) is an Eq-ring. They identify THH(T(f)) as a certain Thom spectrum
associated with the free loop space L(BX). When f is a triple loop map, | ,
Theorem 3] says

THH(T(f)) ~T(f) A BX ..
For example,
THH(MU) ~ MU A SU,.

In | ] the authors study the relative version THH(BP{n)/MU). MU is
a commuatative ring spectrum, but the Es-ring spectrum BP{n) is known not to
admit an E. -structure by work of Lawson [ ] for p = 2 and Andrew Senger
[ ] for odd primes.

4.4. The Greenlees-May or Tate diagram. The standard reference for the
material in this subsection is John Greenlees and Peter May’s classic book | ]
As noted above and illustrated in Example A.6, each compact Lie group G has a
contractible free G-space EG. Let EG denote EG with a disjoint base point, and
consider the base point preserving map j : EG. — S° that sends all of EG to the
nonbase point of S°. The resulting cofiber sequence

E

(4.23) EG, — > g0 EG,

is useful to us. Since EG is contractible, the first map is underlain by a homotopy
equivalence, making the underlying space of EG contractible. On the other hand
for any nontrivial subgroup H € G, the fixed point set (EG +)H is a point since H
acts freely away from the basepoint. It follows that

H { S0 forH=e

pt for H=e
(BG)™ =~ pt otherwise

while EGT =~ { SO otherwise.
The cofiber sequence of (4.23) is not to be confused with the isotropy separa-
tion sequence (see | , §9.11A))

EP, 50 EP,

where P denotes the family of proper subgroups of G, and EP is a G-space for
which EPY is empty but EPH is weakly contractible for each proper subgroup
H < G. The two cofiber sequences coincide when G = C,,.

For an orthogonal G-spectrum X, cotensoring (as in (4.15)) with the first map
of (4.23) gives a map

(4.24) X = x5° exi=X/ XEG+

known as Borel completion.
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We now smash (4.23) with (4.24) and get the Greenlees-May diagram of
(95, Disgram (D)),

X A EG, X X Xk X A EG
eX/\E'G_,.l/ EX\L l/éx/\EG
(4.25) XFGs A BG, — M xBa, _XPOTak  ypay o
I | |
fa(X) cq(X) ta(X)

in which each row is a cofiber sequence and the spectra in the bottom row are defined
by the indicated equalities. Here the letters f, c and t stand for “free,” “complete,”
and “Tate.” The left vertical map is an equivalence by | , Proposition 1.2].
This means that the square on the right is a homotopy pullback diagram.

Greenlees and May [ , Introduction] call t¢(X) (which they denote by ¢(X)
without the subscript) the Tate G-spectrum associated to X, and its fixed point
set

(4.26) X = tq(X)¢

the Tate construction of X. It is surprisingly interesting even when the action
of G on X is trivial as in Definition 4.12.

When X is a naive G-spectrum, | , Proposition 2.1] says that the fixed point
sets of fo(X) and c¢g(X) can by be identified with (244 X);, the homotopy
orbit spectrum of the twisted suspension (Definition A.15) of Xp¢ of (A.13), and
X"G the homotopy fixed point set of (A.9). Here Ad(G) denotes the adjoint
representation of G, whose degree is the dimension of G. In particular it is
trivial when G is finite. It is defined in terms of the action of G on its Lie algebra,
and that action is trivial when G is abelian. Thus for the circle group T acting on
a spectrum X, we have

(4.27) (frX)F ~ (ZAYD X)p ~ S X7
The map
(4.28) Nmg : (B2 X) 6 ~ fa(X)C — cq(X)C ~ XhE

is known as the norm and has the X*C as its cofiber. For finite G it can be
described as follows.
For a module M over the integral group ring of G there is a map

Nmg : Mg — M,

originally due to John Tate, which we describe in §4.4.1. There is no comparable
map Xg — X© for a G-space X, but there is one for a G-spectrum X that we
describe in §4.4.2.

4.4.1. The norm map in algebra. The original reference for this paragraph is | ,
Chapter XII], whose authors attributed the ideas to Tate. Let ZG denote the integer
group ring of a finite group G. For each v € G, we denote by [v] the corresponding
basis element of ZG. We have the augmentation map

(4.29) V:ZG —7Z givenby [y]— 1 foreachyed,
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and we denote its kernel, the augmentation ideal, by I. A ZG-module M is an
abelian group with an action of G. As such it has an orbit module

Mg =M/IM =M ®zc Z
and a fixed point set
MY ={meM :[ylm =mVye G} = Homya(Z, M) S M.
Now consider the Tate norm map Nmg : M — M given by
me 3 [m.
veG

It sends each element m € M to the sum of the elements in its G-orbit. Hence
two elements in an orbit have the same image under it, so it factors through the
quotient M. Tts image is fixed by G and thus contained in M%, and we have

Nm¢ : Mg —» MC.
When M = ZG, it is an isomorphism between ZG/I and the subgroup of ZG
generated by the norm of the unit element. Hence its kernel and cokernel both
vanish. When M = Z with trivial G-action, this map is multiplication by |G|, the
order of G. We will describe its kernel and cokernel in (4.31).
Recall that

HY(G; M) := Exth (Z, M),
Hi(G; M) := Tor?® (z, M),

and both can be computed using a free (or projective) ZG-resolution of Z of the
form

(4.30) . P, P Py=7G Y7 —>0,

where V is as in (4.29).
Then H*(G; M) is the cohomology of the cochain complex

. HOng(PQ,M) <« Hong(PhM) <« Hong(P(),M) = M
and H,(G; M) is the homology of the chain complex
o P ®zg M — P Que M — Py ®zg M = M.

The augmentation V : ZG — Z of (4.29) induces maps Hy(G; M) — Mg and
M€Y — H°(G; M). These lead to a 4-term exact sequence

(4.31) 0 — Ho(G; M) - Mg 229 MG — HO(G; M) — 0.

Tate cohomology H* is defined by

sio | HY(G; M) fori >0
(432) H (G7 M) - { H_l_i(G; M) for i < O,
so we can write the 4-term exact sequence as
0— HY(G; M) - Mg Nme, p¢ HO(G; M) - 0.

When M is a ring, there is a multiplication in H *(G; M) that makes it a module
over H*(G; M), its nonnegatively graded part.
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Example 4.33. The case G =C, and M = Z/p. We find that
I;Ti(Cp;Z/p) =1Z/p for all Z.

Given generators a € H' and z € ﬁI2, H2i+e s generated by ax’ for e = 0,1 and
alli € Z. As graded rings we have (for p > 2)

H*(Cp; Z/p)
and  H*(Cp;Z/p)

12

A(a) ® Z/p[x]
Aa) ® Z/p[z,z™ ],

12

and for p = 2 there is a similar description with x = a?.

The case p =2 is discussed further in §4.5.1.

4.4.2. The norm map in equivariant stable homotopy theory. For a finite group G
acting on a space X (pointed or not) we do not get a similar map Xg — X¢
because in general there is no way to sum the points in a G-orbit of X. However
we can do this in the stable world as follows. For a naive G-spectrum X there are
G-maps

EGirngX=—Xjg———~— > X'"¢ — F(EG.,X)%
ireXY 'ﬁe)c(
SONGg XX ——=Xg— - - — — ;XG F(S° X)¢
(4.34) x x- " X S (@)
dlagi Tfold hed

freoys |
yeG - ~eG

(v(z) 1 v e G)H ?

where G acts as usual on X, and on the product and coproduct by permuting
factors and summands. The diagonal map is twisted as indicated, and the fold map
is the usual one. The map from the G-indexed coproduct to the G-indexed product
is functorial, and it is an equivalence because we are in the stable category, and
therefore it has an (admittedly mysterious) inverse whose composite with the fold
map is the indicated addition up to homotopy. The sum in the lower right is fixed
by G, so the composite lifts to the fixed point spectrum X as indicated. This
lifting factors through the orbit spectrum X¢ since G acts trivially on X¢. The
resulting composite map X, — X" is the norm.

This norm is not that of | ], which is a functor that converts an H-spectrum
to a G-spectrum for G finite and H € G. A generalization of it to the case e € T
is used in | ] to study the cyclotomic structure on THH(R).

Asnoted in | , Definition I.1.13], (4.34) makes sense in any stable co-category
in which limits and colimits indexed by G are defined. The stability condition
guarantees the equivalance of the product and coproduct there.



WHAT ARE CYCLOTOMIC SPECTRA AND WHY DO WE NEED THEM? 51

Thus the fixed point diagram for (4.25), the Greenlees-May fixed point di-
agram, is

Xno X6 (X A EG)®
_
(4.35) ggl J{
NmZ s$
Xhe G XhG X XtG

We remind the reader that G is assumed to be finite. We will omit the index X in
the three maps when it is clear from the context.

Definition 4.36. When G acts trivially on X (making X¢ = X ), the Tate map
0% : X - X'¢
is the composite s)G(eg( in (4.35). We will often drop the subscript X.
Definition 4.37. The functors TC™ and TP. For a T-spectrum X,
TC (X):= X" and  TP(X):= X"
For a Cp» -spectrum X,
TC™(X,p) := XCv= and ~ TP(X,p):= X',

For a cyclotomic spectrum X (see Definition 4.51), we have a diagram of cofiber
sequences

TC™(X) TP(X)
N
(4.38) SXnr —— X — X'
i’ Nmc . i/ ",ij i/
Xnc o xhCy X X1C

where the equalities are those of Definition 4.37, and the norm maps are those of
(4.28) and (4.35). The one for T was constructed using different methods by John
Klein in | , §3] and is defined for any T-spectrum X; the cyclotomic structure
is not needed for it. It is known | , Lemma 2.18] that after p-adic completion
X"T is the homotopy limit of the X hCpi when X has finite type.

The left vertical map in (4.38) is constructed as follows. Let

H:=Cy, cT=:0G.

The spaces in (4.25) for G = T are defined in terms of a contractible from G-space
EG, which is also a contractible free H-space. Hence (4.25) is also a Greenlees-May
diagram for H. Consider the inclusion map

fa(X)¢ = fa(X) ~ fr(X)™.
These spectra are identified by | , Proposition 2.1] as

EXnr = (AN X)pe » (EMIDX )y = Xy
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4.5. The case G = C,. When G = C, we denote the map s§ of (4.35) by s%, and
we have

(X A EC,)Cr = 0% X,

the geometric fixed point spectrum of Definition 4.20(ii).
The right square in (4.35) is the pullback diagram

X0 > 90 X

|

X hCr X xtC,

Blumberg and Mandell (see Definition 4.51) define a cylotomic spectrum to be
a T-spectrum equipped with an equivalence

(4.40) D, pEidrX - X

for each prime p, where ®°»X is the geometric fixed point spectrum of Defini-
tion 4.20(ii). There is a residual action of T := T/C, = T on ®“»X, and py s as
in Definition 1.3. The map is required to be T-equivariant.

In Definition 5.23 Nikolaus and Scholze define it in terms of a T-equivariant map

(4.41) op: X — pEXOr,

Nikolaus and Scholze show that the two definitions agree when X is bounded
below. Both (4.40) and (4.41) should be compared with Definition 1.4. We will
discuss this further in §5.

4.5.1. The group Cy and stunted projective spaces. When X has trivial group action
and p = 2, we have
(4.42) X'C2 ~ holim (RP_; A £X),
10

where RP_; denotes the Thom spectrum for the (—i)-fold Whitney sum of the
canonical real real bundle over RP*. There is an analogous statement for the
group C, for an odd prime p. These are proved as | , Theorem 16.1].

To explain (4.42), we need the following notation. For 0 < i < j, let

RP/ := S°RP//RP*!,
the suspension spectrum of the stunted real projective space, which is known
to have the following properties.
e It has a CW-structure with a single cell in each dimension ranging from i
to j.
e For i < j < k there is a cofiber sequence

(4.43) RP’ RP# RP¥, |

. RP{ is the suspension spectrum of the Thom space for the i-fold Whitney
sum of the canonical line bundle over RP7 %,
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e There is an integer ¢ depending only on j — ¢ such that

J+2° _ y2lmpi

RP;7, = X7 RP;
This was first proved by James in | ] and is known as James peri-
odicity. (The value of £ is known and is roughly (j — ¢)/2, but we do not
need it here.) It means that for each finite & > 0, the homotopy type of

Y 'RPF varies periodically with i.
We can use James periodicity to make sense of RP{ for any integers ¢ and j with
1 < j, and define
RP; = RP := hocolim RP/,

VEmdsel

:= holim RP’

1A

(4.44) RP’

oC

and RP”,. := holim RP”;.

1>

Note that when G acts trivially on a space X, its homotopy orbit space is BGx X,
and its homotopy fixed point set is Map(BG, X). Hence for a Co-spectrum X with
trivial group with trivial action we have

Xh02 >~ RPO AX
and X" ~ map(RPg, X) ~ map(hocolim RP" !, X)
m—ao

~ holim map(RPy* !, X)

m—ow
~ holim (map(RPJ"!,S) A X)
m—0
Now we claim that the Spanier-Whitehead dual (see | , §8.0B]) of RPy* ! is
(4.45) DRPy ! := map(RPJ1,S) ~ XRP_} ;

see (5.11). Assuming this and that X is finite, we have
XhC2 ~ (holim XRP~! A X)

m—>xL

~ YRP~., A X.

It follows that for finite X and G = Cs, the bottom row of (4.35) is the smash
product of X with

RPY —— YRP_, — = ¥RP* — > SRP¥
(4.46) | H | |
She, ShCa Ste: YSheys

where the last map in the top row is the extension of the cofiber sequence to the
right. It turns out that the last two maps of the top row form the suspended
limiting/colimiting case of the cofiber sequence of (4.43) with ¢ = —c0, j = —1 and
k = oo. This gives us (4.42) once we have proved (4.45).

Atiyah Duality | ] tells us that the Spanier-Whitehead dual of the suspen-
sion spectrum of a closed manifold M (such as RP™~1) is up to suspension the
Thom spectrum M of its normal bundle. (See | , §8.0B, especially Theorem
8.0.12] for more discussion.) We know that the tangent bundle of RP™~! is stably
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equivalent to the m-fold Whitney sum of the canonical line bundle; see | , The-
orem 4.5]. This means its normal Thom spectrum is RP~! . The suspension on the
righthand side of (4.45) is needed to insure that the top cell is in dimension 0.

We also know that the top cell of the normal Thom spectrum is spherical. This
means there is a map S — YRP_! that is nontrivial on mod 2 homology. It is
compatible with the maps in the limit, leading to a diagram

S —=¥RP"! — = ¥RP%,

! !

YRP™! — = YRP* ———S!C2
The Segal Conjecture says that the composite map S — S*“2 is 2-adic completion.

4.5.2. The Segal conjecture. For more information on this topic, we recommend the
recent account by Kaif Hilman | ]. The conjecture was first stated by Graeme
Segal in | ] and later proved by Gunnar Carlsson in | ]. In its simplest
form it describes the Oth stable cohomotopy group of the classifying space BG of a
finite group G with an isomorphism

(4.47) lim § (BGSf)) ~ A(G).

The homotopy limit of (4.42) was first examined by Adams in [ . It was
the subject of extensive computations by Mahowald in the 70s and 80s, some of
which were eventually reported in | ]. That paper and | | were the first

discussions of blueshift phenomena in chromatic homotopy theory (not to be con-
fused with the redshift of §5.9.2), although the term “blueshift” was not coined
until later. As Mahowald and Shick said in their opening paragraph,

Calculations of various sorts lead to the following slogan:
The root invariant of v,-periodic homotopy is v,-torsion.

Mahowald’s computations also paved the way to W. H. Lin’s proof of the Segal
Conjecture for the group Cs in | ] and | ], and of Gunawardena’s proof
of it for groups of odd prime order |

For a pointed space X, ﬂg(X ) denotes the group of homotopy classes of maps
from the suspension spectrum of X, XX, to the sphere spectrum, S = %*S°.
Like ordinary cohomology, stable cohomotopy has a ring structure (cup product)
induced by the diagonal inclusion X — X x X.

The space BGS:C) is the k-skeleton of BG ., the classifying space of G with a
disjoint basepoint. The functor 7%(—) is contravariant, so it converts the sequential
colimit associated with the skeletal filtration of BG4 to a limit of abelian groups.
While differing choices of a contractible free G-space EG (with orbit space BG) can
lead to differing skeleta BG Sf), it is known that the limit in question is independent
of such choices.

A(G) denotes the Burnside ring of G, originally defined by William Burnside in
[ ]. In modern language it is the Grothendieck group of the abelian monoid
(under disjoint union) of isomorphism classes of finite G-sets under disjoint union,
with multiplication induced by Cartesian product. Additively it is the free abelian
group on the set of conjugacy classes of finite subgroups H € G. It admits an
augmentation map € : A(G) — Z, defined by sending a finite G-set to its cardinality,
with kernel I, the augmentation ideal. A(G) denotes the I-adic completion of A(G).
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There is a stronger form of the conjecture, of which (4.47) is just the tip of the
iceberg. It has to do with the function spectrum F(X*BG4,S), or equivalently
the function G-spectrum FY($*EG | ,S) with G acting trivially on S. It can also
be thought of as the Spanier-Whitehead dual of ¥*BG . The group of (4.47) is
its Oth homotopy group. See [ , §4] for details.

Theorem 4.48. Properties of the Tate construction.
(i) | | The Segal Conjecture implies that for finite X with trivial C,-
action, X*Cr is the p-adic completion of X .
(ii) Let H/p be the mod p Eilenberg-MacLane spectrum. Then
(H/p)"“ = holim \>/k S'H /p.
For p =2 we can write this as
ho%im (RP_; A XH/2),
which is wildly different from
holiim (RP_;,) AXH/2 =H/2.

(i) | | Let E(n) be the nth Johnson-Wilson spectrum for the prime p and
n > 0. Then E(n)!C» is a certain completion of the coproduct of all even
supensions of E(n —1). This is another instance of chromatic blueshift.

(ii) above is a spectacular example of the failure of the smash product to preserve
limits.

4.5.3. More about G =T.

Definition 4.49. Real orthogonal representations of T. Let A\ denote the
complex numbers with the usual multiplication by elements of T, regarded as a 2-
dimensional real vector space. More generally for each integer r = 0, let A" denote
complex numbers with w € T acting by multiplication by w”, again regarded as a
2-dimensional real vector space. Using the notation of Definition A.15, let

T(r) := S(\"), S[T/C,] := S€T(r) and S = n7GA

The map ay- : S° — S*" of Definition A.15 leads to a map agy S~ 'S, the
Euler class.

The notation S[T/C,] (but not T(r)) is abusive for r = 0 since there is no group
Co.

Proposition 4.50. The action of the Priiffer group. Forr > 0, let r = sp/
with s not divisible by p. Then the space T/C, is Cp»-equivariantly isomorphic to
T/Cpi.

In the action of T on A", the subgroup C,. € T acts trivially, so the action factors
through T/C,. The underlying spectrum of S(") is %28 = £*52, and it is tensor
invertible. The representation A" is denoted in | , Notation 4.1] by C(r). We
are mostly using the notation of | , §2.1.1].

For each positive integer r, the circle group T has a subgroup isomorphic to the
cyclic group C,.. The group T is isomorphic to its quotient by any finite subgroup,
a property not enjoyed by any nontrivial finite group. For a T-space X, we have a
residual action (Definition A.1) of T/C, = T on the fixed point set X .
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The following is part of | , Definition 4.2].

Definition 4.51. A cyclotomic spectrum is an orthogonal T-spectrum X along
with T-equivariant maps

Cp
Tp,v : pz (XV ) g XP;I:(VCP).

for each prime p > 0 and each representation V of T (where p is as in Defini-
tion 1.3) satisfying certain conditions implying that there is an isomorphism

pro%r X — X,
where ®» X is the geometric fized point spectrum of Definition 4.20(ii).
4.6. Tate resolutions. Applying the functor Homyg(—,Z) to (4.30), we get

00— HomZG (Z, Z) —— Hong(Po, Z) —— HomZG (Pl, Z) —_—
(4.52) H N |
Z, 7G

where A is the diagonal or coaugmentation

1 Z['y]

veG

We define P_; := Homyg(P;—1,7) for i > 0. Then we can splice (4.30) with (4.52)
and get

e P2 Pl PO P_l P—2 P—3
(4.53) [ I

where the augmentation V : ZG — Z is as in (4.30).

Definition 4.54. A Tate resolution P of Z over a finite group G is a long
exact sequence of the form (4.53). P~ C P is the subsequence obtained by replacing
P; by 0 for i = 0, and Pt := P/P~, the quotient obtained by killing P; for i < 0.
For a G-CW spectrum X with cellular chain complex (of ZG-modules) C(X), let

P(X) :=P®zc C(X),

with P~ (X) and P (X) defined similarly. The Tate sequence for X is following
short exact sequence of chain complexes over ZG.

(4.55) 0—- P (X)—> P(X)—> PHX)—0

5. 00-CATEGORIES AND THE WORK OF NIKOLAUS-SCHOLZE

Most of | ] is written in the language of co-categories. For a very brief
introduction to them we refer the reader to | ], where other references can
be found. As in that paper, we will write co-categories which are not ordinary
categories in the color cyan.
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5.1. Elementary co-categorical notions. Stable co-categories, of which the oo-
category of spectra Sp is the marquee example, are defined in Definition 5.8(iv),
[ , §9] and in | , Definition 1.1.1.9].

In a pointed co-category C, the suspension XX is the pushout of the diagram
0 «— X — 0, while the loop object QY is the pullback of the diagram 0 — Y « 0.
In a stable oo-category (see Definition 5.8(iv)), a commutative square diagram is a
pushout iff it is a pullback, so X ~ Q23X and QY ~ Y. This makes the functors
¥ and €2 both invertible in the homotopy category of a stable co-category (.

Definition 5.1. Some familiar co-categories.

(i) S is Lurie’s oo-category of spaces (meaning Kan complezxes, aka 00-groupoids)
[ , Definition 1.2.16.1], which is described illustratively in | , §5].
It is sometimes called the category of anima. This term is used in writings
on condensed mathematics, for which the original references appear to be
[ ] and | |, even though the term is not used in the former.

(ii) For a space (or Kan complex) K, I denotes the co-category in which ob-
jects are points (0-simplices) in K, 1-morphisms are paths (1-simplices),
2-morphisms are homotopies between paths (2-simplices), and so on. The
existence inverse paths makes I an co-groupoid, meaning that its homotopy
category is a groupoid. See [ , §1.1.1 and Proposition 1.2.5.1].

(iii) For objects X and Y in an oo-category C, we denote the space (or Kan
complex) of morphisms X —Y by Map-(X,Y).

(iv) Sp denotes Lurie’s co-category of spectra as in | , Definition 1.4.3.1]
and in | , 89]. It is the homotopy limit of the diagram obtained by
iterating the loop functor on oo-category of pointed spaces Sy . We will give
a different definition of the oo-category of orthogonal G-spectra in Defini-

tion B.6.
(v) For co-categories C and D, Fun(C, D) denotes the oo-category of functors
C — D; see | , Proposition 1.2.7.3].

(vi) When C = K for a space or Kan complex K, we will write Fun(C, D) as
DK In particular, for a group G with classifiying space BG (or equivalently
the nerve of the one object category BG), the co-category B is that of
objects in  with G-action | , Definition I.1.2].

(vii) Replacing C by the nerve N(C°P) for on ordinary category C, the oo-
category of functors becomes

Fun(N(C?), D) =: Pp(C),

the category of 7-valued presheaves (or contravariant functors)
on C. Note that for a group G the one object category BG is isomorphic
to its opposite (since each morphisms is invertible), so CBG =~ 2,(0).

(viii) An oco-category is perfect if it is small, idempotent-complete, and stable.
CatPe! s the co-category of perfect co-categories.

Recall that in classical category theory an adjunction for a pair of functors

D



58 DOUGLAS C. RAVENEL

is a natural isomorphism between the morphism sets C(X,UY) and D(FX,Y) for
objects X in C and Y in D. For co-categories (C and D we are looking instead for
a natural equivalance between morphism spaces.

Definition 5.2. Adjoint functors of co-categories. | , Definition 2.1.1]
and | , §5.2, specifically Definition 5.2.2.1]. For a functor f : C — D,
(i) a left adjoint of f is a pair (fi,n) where where fi : D — C is a functor
and n : Idp = fo fi is a unit natural transformation in the sense of
, Definition 5.2.2.7], and
(ii) o right adjoint of f is a pair (f«,€) where where fy : D — C is a functor
and € : fy o f = Id, is a counit natural transformation in the sense of
[ , the dual of Definition 5.2.2.7].

Adjoints of composite functors are suitably defined composites of adjoints as in
[ , Definition 2.1.3].

Definition 5.3. The stabilization of an co-category. As noted above, a se-
quential Q-spectrum X is a sequence of pointed spaces X,, for n = 0 and pointed
weak equivalences X,, — QX,+1. In a pointed oo-category C with finite limits, the
loop of an object Y is the pullback of the diagram 0 — Y « 0, so we can define
a spectrum object in C in the same way we do it in the pointed co-category of
spaces Sy. In [ , §1.4] Lurie denotes the category of such objects by Sp(C).
In | ] it is denoted by Stab((), the stabilization of C. In any case there is
a functor Q% : Sp(C) — C sending a spectrum X object to the object Xg in C.
When C is presentable (see | , Chapter 5]), this functor admits a left adjoint
D , Proposition 1.4.4.4].

Remark 5.4. Spectra with G-action and G-spectra. The ordinary categories
of spectra with G-action (SpBG as in Definition 4.1), sometimes called naive G-
spectra, and of orthogonal G-spectra as in Definition 4.12, are different. The same
goes for the co-categories SpPE of Definition 5.1(vi) and Sp© of Definition B.6.

5.2. Limits and colimits. In Definition 5.1(v), let f : K — L be a map of Kan
complexes. It leads to a pullback functor f* : ¢ — (K between functor categories
induced by precomposition. For suitable ¢ and f, this functor has left and right
adjoints denoted by fi and fy | , Notation 6.1.6.1]. Equivalently they are the
functors sending each functor X : K’ — ( (a K-shaped diagram in () to its left
and right Kan extensions along f.

When L is a point, these functors from ¥ to " send X to its colimit and limit.
One advantage of working with co-categories is that homotopy limits and homotopy

colimits, the subject of Bousfield and Kan’s “yellow monster” | ], are the same
as ordinary limits and colimits. The standard reference for this is [ , 4.2.4].
See | , §9] for a simple illustration.

The following is originally due to Joyal | , Definition 4.5] and is quoted by
Lurie as | , Definition 1.2.13.4].

Definition 5.5. Limits and colimits in an co-category. For a simplicial set
K and an oo-category C, let f : K — C be a simplicial map. This is an object in
CK. When K is a Kan complex, this is a C-valued functor on the co-category I
of Definition 5.1(ii). An object X in C over f is one equipped with compatible
maps from X to the images under f of all vertices in K. Equivalently it is a natural
transformation from the X -valued constant functor on K to f. The collection of
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all such objects and suitable morphisms (and higher morphisms) between them is
an co-category Cy | , Proposition 1.2.9.3], the over category of f. A limit
of f, lilr<n f, is a terminal object in it (i.e., an object for which the mapping space

Map,, (Y, liII(n f) is contractible for all'Y ), regarded as an object in C. Dually, one

can construct an under category (;; of objects under f, and define a colimit of
f to be an initial object in it regarded as an object in C. Such terminal and initial
objects may or may not exist depending on (.

In | , §4.2.4] Lurie shows that Definition 5.5 agrees with the classical theory
of homotopy (co)limits when we specialize to the case where ( is the nerve of a
topological category.

Definition 5.6. Induced maps to/from a limit/colimit. Now suppose that in
addition to the data of Definition 5.5, we have an co-functor F : C — D and that
D has the needed limits or colimits. Then F induces a functor

Fyp: Crp = Drrye
Then we have objects F(hIl;n f), the functor of the limit, and lilr<n (Ff), the limiting

value of the functor, in D. Since the latter is a terminal object, we have a unique
(up to homotopy) map ¢ : F(h}r{n f)— liII(n(Ff), the coassembly map of F' and

f. If it is an equivalence, we say that F preserves the limit of f. Dually we have
the assembly map, 7 : co}l{im (Ff)— F(co}l{im f).

Lurie discusses this situation in | , page 48] but does not give names to the
two maps.

Definition 5.7. Assembly and coassembly maps for G-spectra. For compact
Lie group G, let BG be the one object topological category of Definition 2.25. Let
K = N(BG) (so |K| = BG, the classifying space of G) and let C be the co-category
of spaces or spectra. Then f : BG — (C defines a G-action on an object X in
C. The limit and colimit are X" and Xnq, the homotopy fized points (A.9) and
homotopy orbits (A.13). Thus we have the unit map n : (FX)ng = F(Xng) and
the counit map € : F(X"Y) — (FX)"¢ of F and X, the assembly and coassembly
maps. The map of (1.1) is an example of a coassembly map.

The norm map. We can ask for a norm map Nmg : X,¢ — X"“ as in (4.35)
when G is finite. In | , 6.1.6] Lurie shows that for any finite group G, the
norm map Nmg exists and has a cofiber whenever ( is a stable co-category with
countable limits and colimits. This cofiber is the categorical Tate construction
Xt In | ] we will consider situations in which it is defined for spaces that
are m-finite (meaning all homotopy groups are finite and only finitely many of them
are nontrivial), such as BG, and certain oo-categories (such as that of K(n)-local
spectra) for which it is always an equivalence, rendering the Tate construction
contractible.

5.3. Additional structures on oo-categories. The first four parts of the follow-
ing are similar to | , Definition 1.1.1].

Definition 5.8. Some properties of co-categories. Let  be a co-category.

(i) | , Definition 1.1.1.1] C is pointed if it has an object, usually denoted
by 0, that is both initial and final.
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(ii)

(iii)
(iv)

(v)

(vi)

(vii)
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[ , Definition 6.1.6.13] C is semiadditive (called preadditive by Niko-
laus and Scholze) if it is pointed, has finite products and coproducts, and
for any two objects X,Y € C, the map

Ix 0 ) x y o xxy
0 1y

is an equivalence. Here, 0 € Map-(X,Y) denotes the composition
X — 0 - Y for any zero object 0 € C. In this case we write X @Y
for this object, and note that moMap (X,Y) has a natural commutative
monotd structure.

C is additive if it is semiadditive and moMap ~(X,Y’) has a natural abelian
group structure.

[ , Definition 1.1.1.9] C is stable if it is additive and the loop functor
Q:C— C sending X to 0 xx0 is an equivalence. A functor between stable
oo-categories is exact if it preserves finite colimits, or equivalently, finite
limits, | , Proposition 1.1.4.1].

[ , Definition 2.1] A stable homotopy theory is a stable co-category
which is also a symmetric monoidal co-category (C,®,1) (Definition D.14)
i which the tensor product commutes with all colimits.

[ , 4.4.5] An object Y in C is a retract of an object X if there exists
a 2-simplex A% — C corresponding to a diagram

X

Y Y.

3

or equivalently if Y is a retract of X in the classical sense in the homotopy
category hC. It follows that the endomorphism ior : X — X is idempo-
tent and that the object Y is both the equalizer and coequalizer of the pair
(idx,ior). C isidempotent complete if every idempotent endomorphism
(that is, every C-valued functor on the one object category equipped with an
idempotent map) arises in this way, meaning that said equalizer/coequalizer
always exists. An idempotent completion of C is a fully faithful func-
tor f: C — D where D =: Ind(C) is idempotent complete and each of its
objects is a retract of one in the image of f. See Remark 5.12.

C is exact if it is small and stable. The oo-category of exact co-categories
and ezxact functors is denoted by CatS¥. The oco-category of idempotent
complete exact c0-categories and exact functors is denoted by (Tzlrl?fvcrf. The
relevant example of such is the category of compact left (or right) mod-
ules over a ring spectrum R, which we denote by Modg(Sp) or simply
Modpg. See | , §4.2 and §7.1.1] for more discussion. An exact functor
F : 4 — B between small stable co-categories is a Morita equivalence if
it induces an equivalence their idempotent completions.

Definition 5.9. A functor

E: C;Ll&erf — D,

valued in a stable presentable c0-category D, is a localizing invariant if it satisfies
the following conditions:
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(i) Morita invariance. If F: C — (C is an exact functor that induces an
equivalence on idempotent completions (see Definition 5.8(vi))
Ind(C) = Ind(?D),
then E(F) is an equivalence.
(ii) Exactness. For every exact sequence of small stable co-categories
A — B— (C,
the induced sequence
E(A) — E(B) — E(C)
is a fiber (equivalently, cofiber) sequence in D.
(iii) Filtered colimits. The functor E preserves filtered colimits:

E (col‘im (‘i) ~ colim FE((;).

We know (see [ , §5.1.3]) that for any oo-category C there is a mapping
space functor
Map,: CP x C — 5,
meaning that the set of morphisms X — Y comes equipped with a topology. When
C is pointed, we get a pointed morphism space. When ( is stable as in (iv), this
functor lifts to

(5.10) map,: C® x C—Sp  with  Q%map(X,Y) = Map(X,Y).

In other words, in addition to a space one has a spectrum map -(X,Y’) (sometimes
called the function spectrum) of maps between objects in a stable co-category.
The Oth space of this mapping spectrum is the previously defined mapping space.
In the category Sp itself we have

mapSp(Sa X) = Xa

but this need not be the case in a stable subcategory such as CycSp or CycSp, as
in Definition 5.24. We also define the Spanier-Whitehead dual of a spectrum X by

(5.11) DX :=mapy,(X,S).

For a space X, we will write DX* X abusively as DX.

Remark 5.12. Idempotent completion. Lurie shows in | , Proposition
5.1.4.2] that the idempotent completion of (vi) always exists, and in | , Corol-
lary 1.1.3.7] that it is stable when C is. | , Propositions 5.1.4.9] implies the
inclusion functor CatE™ — Cat® has a left adjoint which is the idempotent com-
pletion functor Ind denoted in | ] by Idem.

Definition 5.13. R-linearity. Let R be an E,-ring spectrum forn > 1. A stable
oo-category C is R-linear if:

e [t is enriched over Modg, the oo-category of R-module spectra as in Def-
inition 5.8(vii), meaning that for objects X, Y € C, the mapping spectrum
map-(X,Y) is an R-module.

o Tensoring with R-modules acts on C, and this action is compatible with the
stable structure.

Czlt};;i denotes the oo-category small, idempotent-complete R-linear stable
oo-categories and R-linear functors between them.
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Definition 5.14. | , Definition I1.1.4] Let C and D be co-categories with func-
tors Fo, Fy : C = D. The lax equalizer LEq(Fy, F1) of Fy and Fy, also written
as

Fy

Fo
LEq| C —= D),
is the pullback in the following diagram of simplicial sets.

LEq(Fy, F}) —— DA

\L - \L(evo,evl)
Fy,F
C (Fo,F1) D x D
In particular, an object of LEq(Fy, F1) is a pair (c, f), where ¢ is an object in C
and [ : Fo(c) — Fi(c) is a morphism in D.
Similarly the equalizer Eq(Fy, Fy) is the pullback of the diagram above with the

right column replaced by the diagonal functor A : D — D x D. An object in it is
an object ¢ in C on which the two functors agree.

The word “lax” above refers to the fact that the two images of ¢ in D are related
by a morphism rather than equality.

Lemma 5.15. The Tate orbit and fixed point lemmas. | , Lemmas 1.2.1
and 1.2.2] Let X be a spectrum with an action of C,2. Recall that the quotient group
Cp = Cp2/C,, acts residually on Xpc, and X"Cr.
(i) If X is bounded below, meaning that m;X = 0 for i < 0, then
(thp)tép ~ pt.
(i) If X is bounded above, meaning that m; X = 0 for i » 0, then

(Xth)tCP ~ pt.

5.4. The oo-categorical construction of THH. Here we recall the results of
[ , §II1.1], referring the reader to that paper for the proofs.

Proposition 5.16. Exactness of T),. | , Proposition III.1.1] The functor
T,:Sp— Sp X > (X®P)Cr,
where C,, acts on X®P by permuting its factors, is exact as in Definition 5.8(iv).

This functor is studied by Lunge-Nielsen and Rognes in | |, where they
call it the topological Singer construction.

Proposition 5.17. | , Proposition I11.1.2]. Let Fun®*(Sp, Sp) be the category
of exact endofunctors of Sp, and let Ids, € Fun®(Sp,Sp) be the identity func-
tor. For any F € Fun®™(Sp,Sp), evaluation at the sphere spectrum S induces an
equivalence

Mapl"qux(H}),SP) (IdSIH F) — QU}F(S)

Definition 5.18. | , Definition III.1.4] The Tate diagonal is the natural
transformation
Ap : Idgp g Tp
X > (X®P)1Cr
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of endofunctors of Sp which, under the equivalence of Proposition 5.17, corresponds
to the map

S — S"Cr — §tCr,

Recall that the Segal Conjecture for the group C,, implies that the map above is
p-adic completion.

Theorem 5.19. The generalized Segal Conjecture. | , Theorem IIL.1.7]
For any bounded below spectrum X, the Tate diagonal map

A, X — (X®P)tC
is p-adic completion.

The following makes use of the definition of a symmetric monoidal co-category
and related notions in Appendix D.

Definition 5.20. | , Definition II1.2.1] The co-category Algy (5p) of Ei-ring
spectra is the oo-category of functors R® from N(Assoc®) to Sp* over N(Finy)
as shown below, where the sequence (R, ..., R) has n coordinates and the triangle

commutes.
\///,/——) (R,...,R)
Q@ B
® R p®

{nYAssoc N(Assoc®) ————— =S

p
N(Tmi)//
(M)«

Definition 5.21. | , Definition II1.2.3] The oo-categorical form of THH
sends an Ei-ring spectrum R® as above to the geometric realization of the cyclic
spectrum

N(V°P) R®

N(A°P) N (Assoc®)) Sp® Sp
[7]at RO+,
where VP is as in (2.53).
The following is needed by Hahn and Wilson | ] in their study of the relative

spectrum THH(BP{n)/MU).

Definition 5.22. Relative THH. Let A be an E, -ring spectrum, and let Mod 4 be
the oo-category of A-module spectra. It is a special case of the category LMod 4 (Sp)
of | , Notation 7.1.1.1]. (Lurie only requires A to be associative, so he has to
distinguish between left and right modules. Since our A is commutative, modules
over it are two sided.) Moda is symmetric monoidal under the relative smash
product X ®4 Y, which is defined to be the coequalizer of the two maps

XRAQY —= XQY

induced by the right A-module structure on X and the left one on Y.



64 DOUGLAS C. RAVENEL

For an E;-algebra R® in Moda, THH(R/A) the geometric realization of the
cyclic spectrumin the category of A-modules,

N(V°P) R®A

N(Assoc®,) ——— Mod? ©

N(A°P) Mod 4

[n]a R®A(+D),

5.5. The co-category of cyclotomic spectra. Defining the oo-category Sp@ of
orthogonal G-spectra involves some technicalities that would distract us here, so we
postpone that discussion to Appendix B, specifically Definition B.6. The definition
of a symmetric monoidal structure on an oo-category ( is also complicated and is
the subject of Appendix D, specifically Definition D.14.

Definition 5.23. | , Definition II.1.1]

(i) A cyclotomic spectrum X is an object in SpT (see Definition B.6) with
a T-equivariant cyclotomic structure map (which Nikolaus and Scholze
call the Frobenius map)

Yp: X — XtCr,

where X' is as in (4.35), for each prime p. We will write this as
(X, (¢p)per), where P denotes the set of primes.

(ii) A p-cyclotomic spectrum X is an object in Sp»* (where Cpr < T is
the Priiffer group consisting of the p'th roots of unity for all i = 0) with a
Cpe -equivariant map ¢, as above.

(i4i) A p-cyclotomic spectrum with Frobenius lift X is an object in SpCr*
with a Cp-equivariant map F : X — X"Cr such that Yp = s%’F for s%’
as in (4.35). This map F, which is a lifting of ¢,, is not to be confused
with the restriction map FG of Definition A.1(ii).

The word “Frobenius” (as a map) has several meanings in the literature. It has
long been used for the pth power map in an algebra in characteristic p. Nikolaus-
Scholze use it for the cyclotomic structure map while McCandless uses it for a
lifting of the latter to X"C» as in (iii) above. McCandless also has a more general
notion of Frobenius lift in an co-category in | , Definition 2.1.2] that involves
the rotation-power monoid .# := T x N* of Definition 2.70; see Definition 5.48.

Definition 5.24. | , Definition II1.1.6] and [ , Definition 2.3].

(i) The oo-category CycSp of cyclotomic spectra is the lax equalizer (as
in Definition 5.14) in which C and D are each Sp*, and the two functors
are the identity and the one induced by ]_[p Op-

(i1) That of p-cyclotomic spectra, CycSp,, is the lax equalizer in which C
and D are each SpCr* | and the two functors are the identity and the one
induced by @p.

(iii) That of p-cyclotomic spectra with Frobenius lifts, (‘y(;SpE,
equalizer in which C and D are each Sp*~»* , and the two functors are the
identity and the one induced by F as in Definition 5.23(iii).

1s the laz

Remark 5.25. All three of the above are presentable stable co-categories whose
objects are spectra with additional structure. In each case the forgetful functor
to Sp s exact and preserves equivalences and small colimits. Hence all three are
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enriched over spectra as in (5.10). In each case function spectrum map-(X,Y)
differs substantially from the underlying function spectra mapg,(X,Y").

Proposition 5.26. | , Proposition 10.3] The forgetful functor
U: (‘}'("S],)zF)r — CycSpp (X,F) — (X,s5F)
is left adjoint to the functor TR of Definition 5.80.
Nikolaus and Scholze show that the following are examples.

Example 5.27. Some cyclotomic spectra.

(i) For an Eq-ring spectrum R, THH(R) is cyclotomic. It is defined as the
geometric realization of a cyclic spectrum spelled out in | , Definition
I11.2.3] and in Theorem 5.28.

(i) Every spectrum X has a trivial action of T and a trivial cyclotomic structure
whose pth component is given by the composite

Cp
s
X o XhCp X | xtCp

where the first map is pullback along BC,y — S° (see (A.12)) and the
second one is as in (4.35). The Segal Conjecture implies that this composite
is p-adic completion when X is finite. We sometimes denote the resulting
cyclotomic spectrum by XV,

(141) Every cyclotomic spectrum is a p-cyclotomic spectrum by restriction.

Theorem 5.28. The cyclotomic structure on THH(A) as in Definition 5.21
is the composite map from the geometric realization of the top row to that of the
bottom row in the following diagram of cyclic spectra.

C3 CQ

() (1
%A@g EA®2 = A
12 12 12
(5.29) g ((A®3)®P)ICr —} ((A®2)®P)iCr —— (A®P)ICy
le l® e
= (A = (A 3 (),
where A, is the Tate diagonal of Definition 5.18 and the action of C, on the spectra
in the bottom row is trivial.

Proof. The geometric realizations of the first and third rows of (5.29) are THH(A)
and THH(A)*®r, and the composite map between them is the desired cyclotomic
structure on the former. The second row requires further explanation. The p-fold
subdivision endofunctor sd, of A (as in Definition 2.55) induces one on A, (in
which A is a wide subcategory), which we follow by the projection onto A to give
a functor which we abusively denote by

sdp
A;))P A°P

[n—1]a, = [n]a, ——=[pn]a = [pn —1]a

The object on the lower right is a free Cp-set. We denote the category of such sets
by Freec, and a free Cp-set with pn elements by [pn]. For such a set S, we denote
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its orbit set by S. Thus we have a functor Freec, — Fin sending S to S, and for
each n > 0 a composite

N(A%P) [7]a,
N(Freec,) x N(Assoc®,) ([pn], {pn)assoc)
N(Fin) -
A®\L
(5:30) N(Freeo,) x Sp, (Ipnl, (A7, .., 4%P))
P7 N(Fin) T
(A®P . A®P))
| (A®n)th

Here an object in the third category is a pair (S, (X5)s.g) where S is a free Cp-set
and each Xz is a spectrum. This category admits a functor © to (Sp®,)EZCr by

[ , Proposition III.3.6], where it is not named. The functors I and T}, are given
by

tC,
(S, (Xg)geg) Lo d ®X§ and (S, (Xg)geg) = (® X3> 5

seS seS

where the action of C, on the smash product on the right is induced by its free action

on S. Both functors are lax symmetric monoidal. In | , Lemma II1.3.7] they
show that I is an initial object in the oo-category of all such functors satisfying
a certain exactness condition. | , Corollary II1.3.8] asserts there is a unique

natural transformation from I to Tp, which is indicated by the broken arrow in the
bottom row of (5.30).

In the image of [n]a, in the fourth category of (5.30), there are n spectrum
coordinates, and C, acts on each of them by permuting its factors.

Thus we have a composite

[n]a, —— ([pn], (A®P, ... A®P)) ———s (A% ... A®P)
op A® L® _© ¢ ® \BC
N(Ap ) —— N (Freec,) X SDaey —> (Sp2,)Per
N(Fin)
[ @7
(531) N(Proj, 1) SI)BCP A®np
e T
(A°P) Sp
[n]a = [n—1]a¢ (A®P)ICy,

where Proj,, ; is the projection functor of (2.52). The middle row of (5.29) is defined
by the bottom functor N(A°P) — Sp above. O
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5.6. Polygonic spectra. Polygonic spectra, which are controlled by a truncation
set (Definition 5.33) of natural numbers 7', are first defined and studied by Krause,
McCandless and Nikolaus in [ ]. The case where T = {1, p} is reviewed in
[ , §2.1.3], and it figures in their definition of the Dehn twist trivialization
of | , §4.2].

Here is the topological analog of (2.4) and (2.5).

Definition 5.32. The topological Hochschild homology THH(R; M) of an E -
ring spectrum R with coefficients in an R-bimodule M is the geometric realization
of a simplicial spectrum informally depicted by

LT MRR—M@R_—= M.

The simplicial structure here does not extend to a cyclic one, so the spectrum
THH(R, M) does not have a cyclotomic structure. The point of polygonic spectra,
which we now define, is to provide a substitute for such a structure, as explained
in [ ].

For them, part of the data is the following.

Definition 5.33. | , Definition 2.1 and Example 2.2]. A truncation set
T is a set of positive integers closed under divisors. Examples include
ny:= {m e N5g : m|n} for ne Nog
(o0y:= {m € N>}
p*y = {p/C k> 0} for p prime
T/n:={teT:nteT} for a truncation set T and n € Nxg.
In [ ] and | ] the first three truncation sets are denoted by (—). We

use the notation ¢—)instead to avoid conflicting with the notation of Definition D.1.

Definition 5.34. | , Definition 2.4]. A T-typical polygonic spectrum
X consists of the following data:

(i) A T-indezxed collection of spectra {X; :t € T}, where each X; is an object
of SpBCt.

(i) For every prime number p and integer t with pt € T, a Cy-equivariant map
of spectra pp ¢+ Xy — (Xpt)tcp, where the Tate construction on Xy carries
the residual action of Cp/C, = Cy.

For T = ¢p™, T = ™y and T = (003, we call these p*-, p™- and integer
polygonic spectra.

Example 5.35. Some polygonic spectra. | , Example 1.2]
(i) A (1>-typical polygonic spectrum is an ordinary spectrum.

(i1) For a cyclotomic spectrum X with structure maps ¢, : X — X'*Cv for each
prime p, for any T we can define a constant T-typical polygonic spectrum
(ir X))o by (irX)y = X for allt € T. Since X is a T-spectrum it is also a
Cy-spectrum for each t € T', and the required maps ¢, are induced by the
structure maps ,. See Theorem 5.46.

(iii) The topological Hochschild homology of an Eq-ring spectrum R with coeffi-
cients in an R-bimodule M canonically admits the structure of an integer
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polygonic spectrum THH(R; M) o with
THH(R; M); := THH(R, M®r")

for every t = 1. This is the motivating example for | |. Their main
result is Theorem 5.39.
(iv) L := L¢,=\S is the p*-polygonic spectrum whose pith component (in the

notation of Definition 4.49) is
Ly := S[T/C,i].

This spectrum is L¢prvic,»yS tn the notation of Theorem 5.46, as noted in

the footnote to | , Example 2.5].
It follows that we have a diagram
Ly L, L2
Pp, Pp.p ¥p,p2
(5.36) N e T e N
L Lys” Lyc”

in which @%» is the map of Definition 4.36. The image of this under the
functor Y of Definition 5.37, namely the wedge of all the S[T/C,;], corep-
resents the functor TR of Definition 5.80 in CycSp,y, the co-category of
bounded below cyclotomic spectra, by | , Lemma 2.6].

(v) For a p-polygonic spectrum

Xo = (X1, Xp,0p1 1 X1 = X[,

[ , page 15] defines

®C hC , tC
X=Xy, X=X, X&Ti=X)% X57i=X0,
and Xgp is the pullback in
Xgr X
_
l/ Pp,1

Cp
X

X ———= X7,

where s)cg; is the map of (4.35).

Definition 5.37. The cyclotomic spectrum associated with a p*-polygonic
spectrum. | , Construction 2.20] For the data

XO = {ij7g0p7pj : ij — (ij+1)th 1= O},

we define
TXp =@ X,

j=0
. TXO c, -
with structure map @, :TX o — (YX )% induced by the maps @y, i -

One can define the cyclotomic spectrum associated with an integer polygonic
spectrum in a similar way.
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Definition 5.38. co-Categories of polygonic spectra. [[{MN23, Definition 2.6
and Example 2.9]. The co-category of T-typical polygonic spectra PgcSpr is the lax
equalizer as in Definition 5.14 where

C= H SpPC,

te’T
o= I ] 97
peT T
p prime s€ /p

and the pth components of the two functors C — ‘D are the identity and the functor
E,: H SpBC: 1_[ SpBCs
teT seT/p
which for each s € T/p is induced by the composite
_)tCps
1_[ SpBCu - SpBCes L SpBCs,
ueT

For truncation sets T' € T there is a restriction functor
PgcSpr — PgeSprr.
We abbreviate PgcSpe..y by PecSp, and (as indicated in [3H1.523, Definition 2.8]).
The oo-category of p-polygonic spectra PocSpe,, is the pullback in

PgeSpepy —— SpAl

e
\L evy
—)tCp
SpBCr L Sp.

Theorem 5.39. Polygonic spectra and THH with coefficients. [[{MN23,
Theorem 6.31] Let R denote an Eq-ring and let BModg denote the oo-category
of two sided R-module spectra. The topological Hochschild homology functor with
coefficients

THH(R; —): BModg — Sp
of Definition 5.32 canonically refines to a functor of co-categories
THH(R; —): BModg — PgcSp

with THH(R; —); as in Example 5.35(iii).
We get a similar functor to PgcSpr for any T by restriction of truncation sets.

Definition 5.40. Some functors to and from PgcSp . [BHLS23, Definition
2.9]
(i) The functor res¢y : CycSp — PecSpe,y sends a cyclotomic spectrum X to
the p-polygonic spectrum
(X, X, pp: X — X'O).
(i) We denote by

- PocS S Al
res,, : PgcSp,, — Sp
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the laz symmetric monoidal functor sending (X1, Xp, ¢p1 : X1 — X;Cp)
to the morphism ¢ 1.

Definition 5.41. Let EQ be the equalizer category e = e, and let (*Q denote
the category of equalizer diagrams in .

An object R = S in Alg(Sp)PQ? is an R-bimodule structure on the ring spectrum
S, so the functor THH(R; —)¢ of Theorem 5.39 leads to

THH : Alg(Sp)EQ — Pgesp.
Lemma 5.42. | , Lemma 2.16] There is a commuting diagram of lax sym-
metric monoidal functors

Alg(Sp) _ THH CycSp

T

res SpAl

resy

Alg(Sp)EQ W) PgcSpepy

where the left vertical map sends an Eq-algebra R to the constant diagram R = R.

Lemma 5.43. | , Lemma 2.17] Suppose we are given (A, B) € Alg(Sp)FQ
and V € Alg(Sp) such that the underlying spectrum of V is a dualizable. Then the
natural map

THH(S; V) ® THHq(4; B) — THHp(4; V ® B),

coming from the laxz symmetric monoidal structure on res, THH(—;—), is an iso-

morphism.

Definition 5.44. | , Notation 1.1.1] The spectral affine line is the E, -ring
S[z] := XN

with multiplication induced by addition in N. S[z]/a™ is the following pushout in
Eq-rings

(5.45) moi ] l

The reduced topological Hochschild homologies of S[z] and S[x]/z", ’TT{T{(S[x]) and
THH(S[z]/z™), are the fibers of the maps of cyclotomic spectra

THH(S[z]) — THH(S) =S induced by the left map in (5.45)
and THH(S[z]/z") — S induced by a similar map S[x]/z"™ — S

with the trivial cyclotomic structure on S.
For a cyclotomic spectrum X,

X®THHE " (S[4]) := lim (X ® THH(S[x])/2")

and  X®QTHH " (S[]) := lim (X ® QTHH(S[z]/z")).
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where the limits on the right are induced by the evident maps S[z]/z" ! — S[z]/z"™.
For a connective E,-ring R,

R[z]/z"™ := R® S[x]/t".

Note that the E..-ring S[z] is not the free E..-ring on one generator. However
the underlying E;-ring of S[x] is the free E;-ring on one generator since N is the
free [E;-monoid on one generator in the 1-category of spaces.

On | , page 5] McCandless asserts without proof that

THH(S[x]) = @ S[T/C, .

r>0

The computation is discussed by Catherine Li in | , Example 2.11].

Theorem 5.46. The cyclotomic/polygonic adjunction. | , Theorem
2.24] For a truncation set T, let i : CycSp :— PgcSpr be the functor given in
Ezample 5.35(ii). It has left and right adjoints Lt and Rp. We omit the subscript
when T = (o0).

For a cyclotomic spectrum X
Li(X) ~ X ® THH(S[z])
and  Ri(X)~ X QTHH " (S[z]) = Qlim (X @ THH(S[z)/2"))
A formula for Rr is given in [ , Definition 2.23].

5.7. Epicyclic spaces and spectra. Recall Theorem 2.45, which says that the
geometric realization of a cyclic space has an action of the circle group T. In
this subsection we will state a similar result for epicyclic spaces in oo-categorical
language, where by Definition 2.68 an epicyclic object in a category C is a C-valued
functor on A°P.

Definition 5.47. | , Definition 2.1.14], An epicyclic object in an oo-
category C is a map of simplicial sets N(A°P) — (C, that is a C-valued presheaf
on A as in Definition 5.1(vii).

For the rotation-power monoid .# of Definition 2.70, we have a one object topo-
logical category B.# with .# as endomorphism space. It contains the self dual BT
as a subcategory. Recall that a functor BT — ( is an object X in ( equipped with
an action of T and hence with each of its finite subgroups C,. When ( has finite
limits and colimits, the limit and colimit of the functor restricted to BC, are X"Cr
and thr.

Definition 5.48. | , Definition 2.1.2]. For an co-category C, the co-category
of objects in  with Frobenius lifts is
C = Fun(BA°P, C) = P-(BA),

the category of C-valued presheaves on B , where A is the rotation-power monoid
of Definition 2.70. We omit the subscript when C = S, the co-category of topological
spaces.

Such a functor defines an object X in C with a T-action since BT € B.#. If
C has finite limits and colimits, there are T-equivariant maps 1 : X — pf X hGC..
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for each k > 0, for pj as in Definition 1.3. These are compatible in that for two
integers ki, ko > 0, we have a commutative diagram

Py Vo

pzl thl ’ X pZQXhCQ
P (iy)" R l lp,’; (1 )2
P, (X001 =t (X900
Proposition 5.49. | , Proposition 2.2.1]. The forgetful functor

P(BA) — P(BT)
from spaces with Frobenius lefts to T-spaces is conservative and preserves small

limits and colimits.

Theorem 5.50. | , Proposition 2.1.15]. Geometric realizations of cyclic
and epicyclic objects. Let C be an co-category that admits geometric realizations.
Then there is a commutative diagram

P-(A) PA(BM) = C™

| |

P-(A) P-(BT) = BT

in which the vertical arrows are induced by the inclusions A — AandT — M, and
each horizontal arrow is geometric realization of the corresponding simplicial object
(induced by the inclusion functors A > A — A) in C.

Example 5.51. | , Example 2.2.2]. The free loop space. For a space X
we define an epicyclic space by

[nlz = Map,(IN([n]z)], X) =~ L(X),

so we may regard the free loop space LX as a space with Frobenius lift by Theo-
rem 5.50. This functor is constant on the objects of A°P but not on its morphisms.
The self-map of LX determined by the cyclic operator T, is induced by the self-map
of T given by rotation by 2w/(n + 1) as in §2.5. The self-map of LX determined
by the epicyclic operator % of (2.65) is induced by the self-map of T given by the
kth power map. This is compatible with the action of M on LX of (2.71).

Definition 5.52. An E;-monoid M is a map of simplicial sets N(T- ) — S,
where Tassoc 1S the opposite category of Lawvere’s algebraic theory of monoids,
which is described in Appendiz C. Its epicyclic bar construction B°P'M as in
[ , Definition 2.2.4] is the geometric realization of the epicyclic space given by

the composite functor

while its cyclic bar construction B“°M as in Definition 2.39 is that of

N(A®P) — N(Aor) o N(TP )M g

Assoc
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The epicyclic topological Hochschild homology THHP((") of a small oo-
category C is the geometric realization of the epicyclic space given by
[n] — Fun([n], ),
where the superscript on the right denotes the maximal Kan complex within the
giwen simplicial set.

Lemma 5.53. | , Proposition 2.2.7] The epicyclic bar construction and
THH. For an Ei-monoid M, let BM denote the oo-category with one object and
M as endomorphisms. Then there is an equivalence of spaces with Frobenius lifts

B°P'M — THHP (BM).
5.8. Topological cyclic homology TC and friends.

Definition 5.54. | , Definition II.1.8] and | , Definition 2.4]. Let
(X, (¢p)per) be a cyclotomic spectrum as in Definition 5.23.
(i) The integral topological cyclic homology TC(X) of X is the mapping
spectrum
map(‘v\,(,sp(va, X)eSp
for SYIV as in Ezample 5.27(ii).
(ii) The p-typical topological cyclic homology TC(X,p) is the mapping
spectrum
mMap . .s,, (S“iv, X) € Spp.
(iii) Let R € Algg (Sp) be an associative ring spectrum. (For a discrete ring
R, the associative ring spectrum is the Eilenberg-MacLane spectrum HR.)

Then
TC(R) := TC(THH(R)), TC(R,p) := TC(THH(R), p),
TC™(R) := TC™(THH(R)), TC™(R,p) := TC™(THH(R), p),
TP(R) := TP(THH(R)) and  TP(R,p) := TP(THH(R),p)
for TC™ (=), TC™ (—,p), TP(—) and TP(—,p) as in Definition 4.37, namely
TC™(X) := XM, TC™ (X,p) := X"Cr~
TP(X) := X'T and  TP(X,p) := X'Cr=,

Remark 5.55. TC as a type of fixed point functor. A cyclotomic spectrum
X is a T-spectrum with additional structure, as is the sphere spectrum S. In the
category T of pointed G-spaces, the fized point set X& of a pointed G-space X is
the morphism object T (S°, X) by Proposition A.5, where the symmetric monoidal
unit S° has trivial G-action. Definition 5.5/ has the same flavor. See Remark A.J.

From Definition 5.54(i) we deduce that
map({\v(;ma(gtriv, X)=TC(X) = ma‘pHp(SV TC(X)),

so we have the adjunction of | , Proposition 1V .4.14]
(_)triv

(5.56) Sp L CycSp.
TC

If X is an E,-ring spectrum, so is TC(X), and there is a similar adjunction to
(5.56) between the corresponding categories of E.,-ring objects.



74 DOUGLAS C. RAVENEL

The following is the best known result of Nikolaus-Scholze and is a major break-
though.

Theorem 5.57. How to compute TC. | , Proposition 11.1.9]
(i) Let (X, (¢p)per) be a cyclotomic spectrum. There is a functorial fiber se-
quence
AT ¢y —can)per tCp\AT
TC(X) X [ e (X 7)™,

where the maps are given by
@ZT . Xh’]I‘ N (Xth)h’]I‘

and the pth component of can is the composite in the diagram

TC™(X) =—— X7 - (x1C)""
(5.58) =l T(si’o)“,
(thp)h(T/Cp) ~ (thp)hT

where the left vertical map is the residual action equivalence of Defini-

tion A.1, the lower equivalence comes from the p-th root isomorphism
T/C, = T of Definition 1.8, and s?{’ is as in (4.35).

(i1) Let (X, ,) be a p-cyclotomic spectrum. There is a functorial fiber sequence

hC o0

(#p) —cany

TC(X, p) > X hCpow (XtC,,)thv,

with notation as in (i).

The last statement above identifies TC(X, p) as an equalizer. A similar identifi-
cation in terms of TR, the subject of §5.12, is Theorem 5.88.

For a cyclotomic spectrum X, we have T-equivariant maps ¢, : X — X tCr from
Definition 5.23 and s, : X"®» — X'Cr from (4.35). Applying the functor (—)"“»

to each gives maps
©Yoi41
thp7 P (Xtcp)hcp"

S
pitl

and (Xth )hcpi = XNCpit1 (Xth)thi ,

and (X'Cr)"Ci ~ X%+ when X is bounded below by | , Lemma I1.4.1].

5.9. The cyclotomic spectra THH(Z/p) and THH(Z). Here we will report on
the results of | , 8TV 4], which the reader should consult for details. They denote
our THH(Z/p) (as in Definition 5.54(iii)) by THH(HTF,). TC(Z/p) is first computed
in | , Theorem B], and redone by Nikolaus and Scholze using techniques from
[BMO4].

The latter paper makes use of three “skeleton spectral sequences,” one for each
of the spectra in the bottom row of (4.38). The Tate version is a whole plane
spectral sequence that may or may not converge. The upper and lower half plane
portions of it are related to the homotopy orbit and homotopy fixed point spectra.
This is explained nicely following the proof of | , Theorem 2.15] and later by
Alice Hedenlund and John Rognes in | ]
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5.9.1. Toward TC(Z/p). It follows from Theorem 5.57 that in order to find TC(Z/p),
we must first determine TC™(Z/p) := THH(Z/p)"".

Proposition 5.59. | , Proposition IV.4.6]

Z, fori even

A AT _
= THH(Z/p) { 0  otherwise

and as a ring,

m THH(Z/p)"" = Zy[a,v]/(aw — p)
with @ € g and v € T_o, where & maps to the class u € T THH(Z/p) of Theo-
rem 3.18(i).

The proof makes use of the homotopy fixed point spectral sequence, one of the
three skeleton spectral sequences alluded to above, for which

Ey) = H(BT;7_;THH(Z/p)) = n_,_;THH(Z/p)"".

See | , Chapter 5] for more details. They identify the E;J (which they denote
by E3i7_j) in [ , Theorem 5.14].

Since H*BT = H*CP* and 7, THH(Z/p) are both even dimensional, Ej” is
nontrivial only when ¢ and j are both even, and the spectral sequence collapses.
The equation @v = p is the subject of | , Lemma IV .4.7].

Corollary 5.60. The action of T on THH(Z/p) is nontrivial.

Proof. For any T-action (including the trivial one) on H/p, the homotopy fixed
point spectral sequence collapses without any additive extensions for degree reasons,
showing that 7. (H /p)"T is an F,-vector space, namely
mi(H/p)"t = H='(CP*;Z/p).
If the T-action were trivial on
o
(5.61) THH(Z/p) ~ @OE H/p,
1=

then 7, THH(Z/p)"T would also be a graded F,-vector space. By Proposition 5.59,
we find that this graded abelian group is torsion free instead. It follows that the

splitting of (5.61) is not T-equivariant. O
There is a similar spectral sequence for the Tate construction (see | , Chap-

ter 6]), which yields the following.

Corollary 5.62. | , Propositions IV.4.6 and 1V.4.9] As a ring,

7o THH(Z/p)T = Z,[v*']
and for all even integers i, the map
© THH(Z/p)"" = Z, — = THH(Z/p)"" = Z,
induced by @ZT is injective. For i < 0, it is an isomorphism, while for i =25 > 0,
it has image p’ Z,.

In other words, the ring of Proposition 5.59 is embedded into that of Corol-

lary 5.62 by sending @ to pv~!. With this result in hand, an easy application of

Theorem 5.57 gives the following.
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Corollary 5.63. | , Corollary IV.4.10] The homotopy type of TC(Z/p) is
TC(Z/p) ~ HZ, ® % 'HZ,.

This is proved by looking at the long exact sequence of homotopy groups asso-
ciated with the fiber sequence of Theorem 5.57(ii) for X = THH(Z/p). The second
and third spectra have even dimensional homotopy groups, so for each integer i we
get, a 4-term sequence

0 — 7, TC(Z/p) — 7o THH(Z/p)"" = Z,,

can—ap’;Ti
Ly = 7o THH(Z/p)"" — ma; 1 TC(Z/p) — 0.

When i # 0 the vertical homomorphism is the difference between the identity on
Z, and a map divisible by p, and therefore an isomorphism. For ¢ = 0, it is trivial,
and the result follows.

Remark 5.64. The simplest instance of chromatic redshift. Recall that H/p
has fp-type —1 (as explained in Example 1.9), and we see that

TC(Z/p) := TC(THH(Z/p))

has fp-type 0. Note that THH(Z/p) itself does not have any fp-type because its
smash product with any nontrivial finite spectrum has infinitely many nontrivial
homotopy groups.

It follows from Corollary 5.63 that there is a unique map (up to unit p-adic
scalar)

(5.65) HZ, — TC(Z/p) := TC(THH(Z/p))

that is surjective in homotopy since HZ,, is the connective cover 750TC(Z/p). Under
the adjunction of (5.56) this determines a map of cyclotomic spectra
HZ;fiV — THH(Z/p).

Note that since the underlying spectrum of THH(Z/p) is a wedge of evenly
suspended copies of HF,, a map to it from HZ, is given by a sequence of even
dimensional mod p cohomology classes in the latter with suitable multiplicative
properties. We do not know which such sequence our map corresponds to, but we
do know this.

Proposition 5.66. A T/C,-equivariant equivalence. | , Corollary IV .4.13]
The T-equivariant map of E,.-algebras

HZY"™ — THH(Z/p)
adjoint to (5.65) induces a T/Cy,-equivariant equivalence of Eq -algebras
HZIC» ~ THH(Z/p)'» =: TP(Z/p).
In particular,
T THH(Z/p)' = F,[v™'].
Moreover, the T ~ T/C,-equivariant map of E.. -algebras
¢p: THH(Z/p) — THH(Z/p)"""
identifies THH(Z/p) with the connective cover
=0 THH(Z/p)"%" ~ 720 HZIC?.
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5.9.2. The Békstedt-Madsen computation of TC(Z,). Nikolaus and Scholze do not
determine TC(HZ,), but it is treated earlier by Bokstedt and Madsen in | ]
In his MathSciNet review Peter May says

This difficult and important paper gives a pioneering application
of equivariant stable homotopy theory to calculations in algebraic
K-theory.

The authors determine not just the homotopy groups but the homotopy type of
TC(Z,), relating it to BU and Im J. They show (without using that terminology
since it had not been invented yet) that it has fp-type 1 as in Definition 1.7(ii).
See | , (0.7)] for a precise statement. The groups “agree with [the answer]
predicted by a generalized version of the Lichtenbaum-Quillen conjecture formu-
lated by Dwyer and Friedlander | ].” Bokstedt and Madsen’s proof relies on
[ , Conjecture 4.3], which was proved while their paper was in press by Stavros
Tsalidis in [ ]

[ | also anticipates the redshift philosophy introduced by Christian Ausoni
and John Rognes in | |, which says that algebraic K-theory and the related
functor TC each raise chromatic height (or fp-type as in Definition 1.7) by one. In
this case the input is the integer Eilenberg-MacLane spectrum, which has fp-type
0, while the spectra associated with BU and Im J have fp-type 1. The case where
the input is the mod p Eilenberg-MacLane spectrum is discussed in §5.9.1.

The first theorem about redshift at all heights is that of Dylan Wilson and Hahn
[ | proved 28 years later.

There is a complementary notion of chromatic blueshift having to do with the
Tate construction’s lowering chromatic height; see §4.5.2.

5.10. t-structures and boundedness. The original definition of a ¢-structure on
a triangulated category is due to Alexander Beilinson, Joseph Bernstein and Pierre
Deligne, | , Definition 1.3.1]. A t¢-structure on a stable co-category ( is
a system of full sub-co-categories Cs, and (<, for n € Z with certain proper-
ties spelled out in | , Definition 1.2.1.4] and in | , Appendix A]. These
properties imply that the subcategories are determined by (¢ and (g, the aisle
and co-aisle. (¢ is an example of a prestable co-category, a notion studied in
[ , Appendix C], that abstracts the properties of the co-category of connective
spectra.

Cspn and Cg,, are sometimes called the subcategories of n-connective objects
and n-coconnective objects. Objects that are in (5, for some n are said to be
bounded below, and those in (<, for some n are said to be bounded above.
The full subcategories of such objects are denoted by 4 and C_. The subcategory
(Cs0 N C<o is called the heart (. Its homotopy category is known to be abelian.
For m < n, let

(‘[m,n] = CBm @ (‘gn.

Let C be a stable oco-category C with t-structure. One has has a truncation
functor 7¢,, : C — C<, generalizing the classical nth Postnikov section. The fiber
of the map X — 7¢, X is denoted by 75, X := 75,:1X, the generalization of the
n-connected cover of X. The functor 7, : C — (=, is also called a truncation
functor.

We need the following informal definition, which is discussed in much more detail
by Weibel in | , Chapter 10].
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Definition 5.67. The derived category D(4) of an abelian category 4.
Let Ch(A4) denote the category of chain complexes with objects in 4. One can
define homology and chain homotopy in the usual way. Let K(A) be the category
whose objects are chain complexes and whose morphisms are chain homotopy classes
of chain maps. A quasi-isomorphism is a morphism in Ch(4) or K(A) that
induces an isomorphism in homology. (This notion is weaker than chain homotopy
equivalence.) D(A) is the category obtained from K(A) by formally inverting all
quasi-isomorphisms.

The stable co-category of spectra Sp has the Postnikov ¢-structure in which
the subcategories are those of spectra with trivial homotopy groups in dimensions
outside the range indicated by the subscripts. Its heart is the category of Eilenberg-
MacLane spectra with homotopy groups concentrated in dimension 0, which is
known to be equivalent to the derived category of abelian groups D(A4b) of Defini-
tion 5.67. Its homotopy category is 4b. There is a similar ¢-structure on SpP& for
any compact Lie group G, in which connectivity and coconnectivity is that of the
underlying spectrum.

Definition 5.68. Exactness with respect to t-structures. Let C and D be
stable co-categories each equipped with a t-structure. A functor C — D is

e left exact if sends Cxg to Do,

e right exact if sends C<g to D<o and

e t-exact if both conditions hold, meaning that it sends CV to DY .

Definition 5.69. Canonical vanishing. Suppose we are given a T-spectrum X
which is bounded below. We say that:

(i) | , Definition 2.18(1)] Recall the map S§ : X"Y — X' of (4.35)

for G € T. X satisfies weak canonical vanishing with parameter b

(WCV(< b) for short) if for each H = C,; with 1 < j < o0, the composite

H
Sx

T>thH XhH XtH

is null.
(i) | , Definition 2.18(2)] Recall the Euler class of Definition 4.49,
agy: S~ 'S, and let

afy): X - 2X

be the smash product of its dth smash power with the twisted suspension
Y X . X satisfies strong canonical vanishing with parameter b
(SCV (<L b) for short) if there exists some d = 0 for which the composi-
tion .

T X — X 20, sd) x

s T-equivariantly null.
They show in | , Lemma 2.19] that (ii) implies (i).

5.11. The surprising Antieau-Nikolaus t-structure on CycSp. There is a t-
structure on CycSp, due to Nikolaus and Ben Antieau | ]. In | ] it is
introduced in §2.1.4, and discussed further in §2.2 and §2.4.

The Antieau-Nikolaus connectivity of a cyclotomic spectrum is the Postnikov
connectivity of the underlying spectrum, but cyclotomic coconnectivity is much
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more interesting, as Theorem 5.71 illustrates. In any case CycSp, 4 (denoted in
[ ] by CycSp,,) is the full subcategory of cyclotomic spectra underlain by
spectra that are bounded below in the Postnikov sense.

Theorem 5.70. | , Theorem 1] The oo-category CycSpp 4+ of connective p-
typical cyclotomic spectra is the connective part of a unique t-structure on CycSpp,
the oo-category of p-typical cyclotomic spectra as in Definition 5.24(ii). The heart
(‘)’(tS[)S is equivalent to the abelian category of derived V -complete p-typical Cartier
modules, to be defined in Definition 5.72(1).

In their words,
The existence and uniqueness of such a t-structure is a formal con-
sequence of the fact that CycSp, 1 is presentable and is closed
under colimits and extensions in CycSp,. The difficult part of the
theorem is the identification of the heart.
Recall Bokstedt’s [Theorem 3.18], which says that

7 THH(F,) = F,[b],

a polynomial ring on a degree 2 generator. More generally, using
the vanishing of the cotangent complex, one deduces that

e THH(K) = K[b]

for any perfect ring k. Our interest in the cyclotomic ¢-structure
was piqued by the discovery of the next result.

Theorem 5.71. | , Theorem 2] If k is a perfect ring of characteristic p, then
THH(k) € (‘,\'(Spg.

Again in the words of | 1,

Despite the higher homotopy groups, THH(k) is discrete [meaning
in the heart of the t-structure] as a cyclotomic spectrum. On the
Cartier module side of the story, when k is a perfect ring of charac-
teristic p, THH(k) corresponds to W (k), the ring of p-typical Witt
vectors over k, with its Witt vector Verschiebung and Frobenius
operations. The fact that THH(k) is in CycSp;? is consistent with
the fact, due to Hesselholt—-Madsen | , Theorem B], that for
perfect fields of characteristic p, that m;TC(k) = 0 for ¢ > 0 [see
Corollary 5.63]. However, the theorem is much stronger: it says
that for any cyclotomic spectrum X with m; X = 0 for ¢ < 0, one
has
Map.,.s,, (S*X, THH(k)) ~pt  for k> 0.

For any p-typical cyclotomic spectrum X, the homotopy groups with respect to
the ¢-structure of Theorem 5.70 are denoted by 7;°X. These are objects in the
homotopy category of (‘ycSpE C CycSpp. Thus, they can be considered either as p-
typical cyclotomic spectra, with underlying spectrum with S!-action and Frobenius

tC,
o: X — (m°X) 7,

or as derived V-complete p-typical Cartier modules under the equivalence of The-
orem 5.70.

It is known that this ¢-structure is not compatible with filtered colimits; see
[ , Example 3.27].
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5.11.1. Cartier modules. Before describing the Antieau-Nikolaus ¢-structure more
explicitly, we discuss the relevant abelian category, the homotopy category of its
heart, and a related category of spectra.

Definition 5.72. Two flavors of Cartier modules. | , Definition 3.1]

(i) A p-typical Cartier module is an abelian group M equipped with endo-
morphisms V and F (the Verschiebung and Frobenius maps) such that
FV =p. (We do not require that VF = p.)

Such a module M is derived V-complete | , Definition 3.24] if
the map
M - lirlln M/

is an equivalence in the derived category of abelian groups D(Ab) as in
Definition 5.67. We will sometimes refer to such an object as a p-typical
algebraic Cartier module to distinguish it from what comes next.

(ii) A p-typical topological Cartier module is a T-spectrum X with a T-
equivariant factorization of the Cp-norm of (4.34)

(5.73) pEXne, ——> X —F

py X",

where Xpc, and XhCr each have a residual action of T := T/C, = T. The
isomorphism p, : T — T is the pth root map of Definition 1.3.

X is V-complete | , Definition 3.20] if the limit of the tower
p¥V ¥V v
- i Xne , ———> ppXnc, ——— X

s contractible.

The maps F and V here are related to the maps in Definition 2.16 and to the
maps 7,z and 7 g of Definition 5.80, but the former is not the restriction F' of
Definition A.1. We use the bold font to avoid confusion.

Remark 5.74. | , 84.1] A p-typical topological Cartier module is a p-cyclotomic
spectrum with additional structure. The Frobenius map F : X — X"Cr can be com-
posed with the map sP : X"Cr — X*Cv of (4.35) to give a cyclotomic structure on
X. This is the same as a spectrum with Frobenius lifts as in | , Definition
2.1.2] and Definition 5.24(iii).

Example 5.75. Some Cartier modules.

(i) For a p-typical algebraic Cartier module M as in Definition 5.72(i), con-
sider the Eilenberg-MacLane spectrum HM with trivial T-action. Then V
and F induce endomorphisms HV and HF of HM , and we have

HMhc, —= (HMhnc,)<o (HM"r) g —— HM"Cr
HM A B M 2 gy 25 mv mapg,, (B, HM),

where B := Y*BCp,, mapg,(—,—) is as in (5.10), and the composite
HMjc, — HM"®» s the norm Nmg, of (4.28). This makes HM a p-
typical topological Cartier module.
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(i) For a p-typical topological Cartier module X, one has endomorphisms V
and F in 737°X induced by the composites

X% X, Y- X and X S xhC o x

foriy and i* asin (A.14) and (A.11). These make w4 X a graded p-typical
Cartier module.

(iii) For a p-typical topological Cartier module X, let X /V denote the cofiber of
the T-equivariant map V : py Xpc, — X, where py is as in Definition 1.5.
It is a p-cyclotomic spectrum but need not be a topological Cartier module.
Consider the diagram

A%

Pt Xnc, X —71 s x/v

\
Fl FL (X /vy
Nmg X %

PEX e, — > pEXMCr s X1 T

where the top and bottom rows are cofiber sequences and F' is induced by
F. Then the map ¢, := J*CrF’ is a cyclotomic structure on X/V. The
fiber of 1% is (Xpc,)"Cr) (where Cp := Cy2/C, acting residually on Xpc,
as in Definition A.1(i)), which is contractible by Lemma 5.15(i) when X is
bounded below.

Definition 5.76. | , Definition 3.6] The co-category of p-typical topolog-
ical Cartier modules TCart, is the pullback

TCart,, (S])T)A2

_
l l/(evl,dl)

. (id,Nmc,) . . 1
SpT - SpT x (SpT)A

X— (X, chp :thp - Xth)

where the right arrow has the form

X1
/ X |—>(X1,n:X0—>X2).

Xo——> Xy

We will write an object in this category as (X,Vx,Fx,0x), where X is a
T-spectrum,

Vx : Xpe, = X, Fy:X — X",
and ox is a 2-simplex corresponding to a factorization Nmg, ~ Fx - Vx.

The following is a consegence of the above and a similar statement about topo-
logical Cartier modules proved by Mathew as [ , Proposition 6.5].

Lemma 5.77. | , Lemma 2.12] A filtered colimit of cyclotomic spectra
bounded in the range [a,b] is itself bounded in the range [a,b + 3].
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Definition 5.78. | , Definition 2.25] For X € CycSp and b € Z, we say
that X satisfies the Segal condition with parameter b (Segal(< b) for short) if the
fiber of the map

X i) Xth
is cyclotomically b-truncated.

This condition is so named because the Segal conjecture implies that the map in
question is an equivalence when X is a p-local finite complex with trivial cyclotomic
structure.

The conditions of Definitions 5.69 and 5.78 are related as follows.

Proposition 5.79. | , Proposition 2.30] Let X € CycSp, be a bounded
below.
(i) If X satisfies SCV(< D), then X satisfies WCV(< b).
(i) If X satisfies WCV(< b) and Segal(< b), then X € CycSpgy.
(iii) If X € CycSpgyp, then X satisfies Segal(< b).
(i) If X € CycSppep) and p™ acts by zero on X, then X satisfies

SCV(<b+2(b—c+ 1)m).

5.12. Topological restriction homology TR. In | , §2] this functor is
discussed and figures in the proofs of | , Theorem 3.22] (our Theorem 6.7)
and | , Lemma 4.26], which is needed for | , Theorem C], our | ,
Theorem 5.3].

For a cyclotomic Q-spectrum X, Blumberg and Mandell | , Definition 6.3]
define

TRF(X,p) := X%* for k>0 and  TR(X,p):= holim TR*(X),

which they call a “mapping microscope.” They also define a global version.

When X is bounded below, the above definition is equivalent to the following
one by | , Theorem 3.3.12], which is used in [ ], where we leave the
prime implicit.

Definition 5.80. Topological restriction homology | , Example 3.4 and
Construction 3.18] and | , Definition 2.4]. For a cyclotomic spectrum X, the
spectrum TR(X) (which turns out to be cyclotomic) is the limit of the diagram

XhC th th
(5.81) \f” / wa) / ws) / Xﬁ#)
XtCp XtC XtC hC 2

where @, is the cyclotomic structure map for X as in Definition 5.23(1) and sP is
as in (4.39). The other maps are defined by

pi+1) —

P(pit1y 1= (pp)"Cri and st = (sP)'Ci fori>0.

For each k > 0, the spectrum TR* (X) is the limit of the following subdiagram
of (5.81).

XhCp XhC k

o NN SN

XtCo XtC XtC hC k1
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For k>0, let my, 1, : TR*(X) — TR*Y(X) be projection away from the last two
factors, and let 7, g : TR¥(X) — TRF™Y(X)"Cr be projection away from the first
two factors, as in (5.85) and (5.86).

The limit of (5.82) counsists of sequences (zg, z1, ..., Tk), where x; € X"Ci with
spi (i) = @pi(wi—1) for 1 <4 < k. It is the equalizer of

S
X v XhCr oty thpk — xtCp , (Xth)th NIV, (Xth)thkfl
%)

in which s(xg) and ¢(zx) are each understood to be the basepoint. The limit of

(5.81) consists of infinite sequences (xg,x1, ... ) satisfying similar conditions.
TRF(X) as defined above is denoted by X “r* in | , Definition 9.1]. They

justify this notation by proving in | , Proposition 9.2] that when X is bounded

below, there is an orthogonal T-spectrum whose genuine C,,» fixed point is TR*(X).
There is a T-equivariant map 7 : TR(X) — X given by

(zo,21,...) — 2o
and a T-equivariant equivalence
@ : TR(X) = X X yic, TR(X)"Cr

given by the pullback diagram

(xo,21,29,... ) (z1,22,...)
TR(X) — 5 TR(X)"Cr
(5.83) 1 lsw%
X — L XiG sP(xq)
o | gap(uxo).

Remark 5.84. TR and topological Cartier modules. The maps 7 1 and
i,k are F and 'V in Definition 5.72. For a cyclotomic spectrum X, the spectrum
TR(X) of Definition 5.80 has a topological Cartier module structure induced by
maps between diagrams similar to that of (5.81) as follows. Recall that TR(X) is
defined to be the limit of that diagram.

For V we have

pt X » (thp) C, .
N | ™~ / " — —
(5.9 | ] e | ey
. \L X}LCp l/ thpg l o

XtCo (XtC,,)th (Xth)th2

where each vertical arrow save the first two is Nmc,. The bottom two rows are
those of (5.81), and the top two rows, ignoring the first entry of each, comprise its
image under the functor (—)nc, -
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For F we have

X XhCr XhCp2 XNCps
AN PN = N e \
X tCp (Xth)th (Xth)thz .
(586) pt l thp thp2 Xthg
NV PN hcp;_/ o )

bt (X1Cr)hC (X1C0) -

where each vertical arrow save the first two is the identity map. Here the top two
rows are those of (5.81), and the bottom two rows, ignoring the first entry of each,
form its image under the functor (—)"Cr.

Thus we can regard TR as a functor from CycSp, to TCart, that preserves
bounded below objects.

A global form of a polygonal analog of TR is defined in | , Definition 1.3].
It is corepresented in PgcSp by S, the constant S-valued polygonal spectrum.
It follows that
TR(X) = lim TR*(X),

Tk,L
and the maps 7, r assemble into a map 7 : TR(X) — TR(X)"C». The maps Tk, L
assemble into a map 7z, : TR(X) —» TR(X).

Theorem 5.87. A fully faithful right adjoint. | , Theorem 3.21] and
[ , Lemma 2.11]. The functor TR : CycSp,  — TCart, + on the bounded
below subcategory is fully faithful and t-exact with left adjoint X — X/V. The
essential image is the full subcategory of V-complete bounded below p-typical topo-
logical Cartier modules.

This implies the following, which can be viewed as an co-categorical reformulation

of [ , Definition 5.12(i) and Remark 5.13].
Theorem 5.88. The relation between TC and TR. TC(X,p) is the equalizer
m
L
TC(X,p) TR(X) Z TR(X).

1
6. THH OF COCHAINS ON THE CIRCLE: THE FOOT IN THE DOOR

In this section we will explain how the machinery developed above can be used
to approach the telescope conjecture. More details will be given in [ ]

6.1. S-cochains on the circle. The category (or co-category) of spectra is coten-
sored over that of topological spaces, pointed or not. This means that for a spectrum
E and a space X one can define a spectrum EX in which the nth component is the
mapping space Map(X, E,,) if X is pointed, and Map(X ., F,,) otherwise. The same
goes for both naive and genuine G-spectra, for a pointed or unpointed G-space X.

The authors of | ] refer to S¥ for an unpointed space X as the spectrum
of S-cochains on X. When X is a finite CW-complex, it is more traditionally
known as DX, the Spanier-Whitehead dual of X as in (5.11).

Let R € Alg(Sp)P% be a p-complete E;-ring spectrum with an action of the
integers Z. Then one has a diagram of cyclotomic spectra

(6.1) THH(R"?) —» THH(R"*%)) - THH(R"**%)) - ... - THH(R).
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It is the image of the evident diagram of subgroups of Z,

7, )pZ )pQZ ... De

under the contravariant functor THH(R"~)). There is a similar diagram with Z

replaced by the p-adic integers Z,. The two are used interchangeably in | ]

since they assume that their spectra (including S) are p-adically complete. Half of

that paper (§3, 4 and 5) is devoted to the study of the cyclotomic spectra in (6.1).
When the action of Z on R is trivial, then by (A.12) we have

RMP'Z) ~ RBW'D+ ~ Ry X IR.

When R = S, this spectrum is that of cochains on the circle (the circle being
the space B(p'Z) =~ B(Z)), also known as the dual circle. It is the subject of
[ , 83|, where they say

The key idea governing our analysis is that, since SPZ is the S-
cochains on BZ,, THH(SPZ) is controlled by the geometry the free
loop space of BZj,.

That free loop space is described in §2.10. The connection between THH and
the free loop space is evident in Proposition 3.11, where the suspension spectrum
of LX is related to a Bokstedt functor. The underlying cyclotomic spectrum of
THH(S??) is studied by Malkiewich in | ], and the underlying commutative
algebra is studied by Levy and David Jongwon Lee in [ , Lemma 4.6].

Malkiewich studies SBZ, which he calls DS?, as an E;-ring spectrum and proves
the following.

Theorem 6.2. THH of the dual circle. | , Corollary 1.3] As genuine T-
spectra,
(6.3) THH(SP**?) ~ THH(SP?) ~ S@® @ £ 'S[T/C, ]

r=1

for S[T/C,.] as in Definition 4.49.
Completing both Z. and S at p gives

Ss@@ | [] ='SIT/Cpilp
k=1 sEZ;f
In both cases the CW-spectrum in question has a single cell in dimension —1
and infinitely many in dimension 0. Note that by (2.84),

Efﬁlle o~ @ E_lg[T/Cm]

~ ( @1 Z_lg[T/CH]) vSv (@1 Z_lg[T/Cm]) ,

which is similar to the expression of (6.3).
On the other hand we know by Example 3.16 that THH(S) ~ S. This means the
coassembly map

e : THH(SP?) - THH(S)PZ ~ SPZ ~S@ 1S
is very far from an equivalence. This proposition will enable us to show that various

TC coassembly maps are not isomorphisms.
For the next theorem we need some notation.
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e For a profinite set X, let C(X) denote the ring of continuous (meaning
locally constant) [F,-valued functions on X.

e For a commutative perfect F,-algebra A (such as C°(X) or a finite field),
let W(A) denote the commutative ring spectrum of spherical Witt vectors
as in | , Example 5.2.7], which is typically a countable coproduct
of p-adic sphere spectra. Let Perf, denote the category of commutative
perfect F,-algebras, making W a functor from it to CAlgSp, the category
of commutative ring spectra. It is known (] , Proposition 2.2]) to
have a right adjoint, the tilting functor (—)?, which is inverse limit along
Frobenius on 7o(—)/p.

o Let L.,=\S, be the polygonic spectrum of Example 5.35(iv). Then the

cyclotomic spectrum
L:= TL(p‘rySp = @ S[T/C,i],

j=0
for T as in Definition 5.37, is the corepresenting object in CycSp for TR.
This is proved in [ , Lemma 2.6]. Note that by (2.84), L is a sum-
mand of X% LS.

Example 6.5. Continuous [F,-valued functions on the p-adic integers. Fach
a € Zy can be written uniquely as

— ) ; P _ .
a= Za]p with a; = aj.
j=0
By abuse of notation we can regard each coefficient a; as a continuous Fp-valued

function (by reducing mod p) that factors though the quotient group Z/p"*'. It
follows that

CUZ/p’) = Fylao, a1, . .. caj—1]/(af —ap : 0 <k <j),
Yz )Ecoth’o(Z/p ) = Fylag, ai,...1/(a} —ay : k = 0),
Lp) =

( Co ( )/(aOa"'7ak71)7
and co( Zy) = (ao) S C%Zy).
The ring CO(Z/p’) has rank p’ as an Fp-vector space.

II?

I

Proposition 6.6. The fibers of two coassembly maps.

(i) | , Proposition 3.19] The fiber of the coassembly map (see Defini-

tion 5.7)
e : THH(S]?r) — THH(S,)"%
18
SIL@W(CY(Z))

for L as in (6.4) and C°(ZY) as in Ezample 6.5.

(i) | , Corollary 3.21] For a connective ring spectrum R, the thick sub-
category generated by the fiber of € : TC(RP%») — TC(R)B%r contains

W(C*(Zy)) @ TC(R).
In particular € is not an equivalence when TC(R) is nontrivial.

An important step toward the disproof of the telescope conjecture is the follow-
ing, which is a consequence of Proposition 6.6.
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Theorem 6.7. The T(n+1)-local K-theory coassembly map for the trivial
Z-action. | , Theorem 3.22 for X = S| Let R be a T(n)-local E;-ring
spectrum for n = 1. If Kpne1)(R) (see Definition 1.12) is nontrivial, then the
coassembly map (Definition 5.7) for the trivial action of Z on R,

€ : Ky (RP?) = Koy (R)PZ,
is not an equivalence.

6.2. K-theory and TC. In | , §6.1] they explain why T'(n + 1)-localized
algebraic K-theory and T'(n+ 1)-localized TC coincide for examples of interest. For
connective rings, we have the following.

Theorem 6.8. | , Purity Theorem| and | , Cor. 4.11]. Let R be
a connective Eq-algebra. Forn = 1, the (T(n) ®T(n+ 1))-localization map and the
cyclotomic trace induce equivalences

Ko 1)(Lrmorms 1 R) =—— Krmi(R) % TCrns1)(R).

To disprove the telescope conjecture, we will need to understand the topological
cyclic homologies of fixed points of Z-actions on connective E,-algebras. Such fixed
points are (-1)-connective, but often not 0-connective, so the above theorem does
not apply.

In order to get around this we will use Theorem 6.10 below, which requires the
following.

Definition 6.9. | , Definition 3.1] A localizing invariant as in Definition 5.9
E: Catbert 5 Sp

(with source as in Definition 5.1(viii)) is a truncating invariant if for every
connective Eq-ring spectrum R, the canonical map

E(R) — E(Hm(R))

is an equivalence. Here E(R) is understood to be the value of E on the co-category
Modpg of Definition 5.8(vii) and similarly for the Eilenberg-MacLane ring spectrum
HTI'()(R).

In other words, the truncating invariant £ does not see the positive dimensional
homotopy groups of R.

Theorem 6.10. | , Theorem B] Let Ry and Ry be connective Eq-algebras with
Z-action. Let

f:Ry— Ry

be a 1-connective (meaning it induces an isomorphism in o), Z-equivariant E;-
algebra map. For any truncating invariant E, the induced map

E(Rg") — E(RY")
is an equivalence.

Corollary 6.11. | , Corollary 6.3] Forn =1, let R be a T(n + 1)-acyclic,
connective Eq-algebra with a Z-action. The coassembly map €, the T'(n)-localization
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map n, and the cyclotomic trace Trc fit into a commuting diagram

Trc

Krn+1 (n)
< Ko (RM) e TCrny1) (R")

KT(7L+1) (LT(n) ha)

Kr(nt1)(n)
-

Kr(n+1) (Lp) R)"* Krp(ni1) (R)" % TCr(ns1)(R)"”

where each horizontal map is an equivalence.

The coassembly maps in Corollary 6.11 need not be equivalences. Indeed Theo-
rem 6.7 says the middle one is not an equivalence when the group action is trivial
and Krp(,,41)(R) is nontrivial.

If we knew that the K (n+ 1)-local analog of the coassembly map of Theorem 6.7
was an equivalence for n > 1, we would know that the telescope conjecture is
false. What we do know is two steps removed from this. There is a particular R,
namely Ly, BP{n), with a nontrivial action of Z for which the coassembly map
is a K(n + 1)-local but not a T'(n + 1)-local equivalence. This will be discussed in
[ ], where we will see that a crucial ingredient is [ , Theorem C].

6.3. Coming attractions. In the next paper we will talk about how to relax the
triviality hypothesis for the group action of Theorem 6.7.

Definition 6.12. Local unipotence. For an action of Z. on an abelian group A,
let U: A — A be the automorphism induced by a generator of Z.. Then the action
is unipotent if ¥ — 1 is a nilpotent endomorphism of A. An action of Z on a
spectrum R is locally unipotent if the induced action onn each homotopy group
18 unipotent.

Such group actions are studied in [ , §4]. The specific Z-action on BP{n)
by Adams operations is the subject of | , §5].
In | , §6] they show that for n > 1 and k > 0, the T'(n + 1)-localized

coassembly map
k k
€: Kp(nin) (BP<n>hp Z) — Kyns)(BP))" ™

is not an equivalence, but becomes one after K(n + 1)-localization. Thus, the
functors Kp(,, 41y and Kg(,41) differ, so the telescope conjecture fails.
Here we repeat the words of | ] that we quoted in §1.1.

We do this by looking at the coassembly map from two highly

divergent perspectives, which are connected via trace theorems:

(1) From the perspective of locally unipotent Z-actions on ring
spectra, the results of | , §4] tell us that the coassembly
map cannot be an isomorphism.

(2) From the perspective of cyclotomic redshift of [ 1,
the map

Ly BPGY!'E — Loy BP(n)
splits after base change to the maximal abelian extension of
the K (n)-local sphere, and therefore the coassembly map is a
K (n + 1)-local isomorphism.

etoolbox
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APPENDIX A. SOME EQUIVARIANT HOMOTOPY THEORY
A.1. Residual action and restriction.
Definition A.1. Let G be a group acting on a space or spectrum X, and let H € G
be a subgroup.
(i) When H is normal in G, the action of G on X induces residual actions
of G/H on X and Xy, and a residual action homeomorphisms
RS : X¢ - (xH)&/H and f{g:(XH)G/H—»Xg.
We also have residual action homotopy equivalences
hR§; : X9 — (X MH)MEH) and R + (Xnm)na/m — Xno-
(i) For arbitrary H € G, the restriction maps
F§: X% - xXH and f‘g:XH—»XG
th . XG5 xhH and hﬁ‘g : Xpg — Xng
are defined by the fact that any point fixed by G is fized by its subgroup H
and any H-orbit is part of a G-orbit.

In both cases the indices may be omitted when they are clear from the context.
In this paper the groups will always be finite cyclic p-groups, and we will sometimes
write

C n c n
R=R,:=Rg’""  and F=F,:=F".

This notation was introduced by Madsen in | ] and has been used in most
other papers on this subject since then. Since the words ‘residual’ and ‘restriction’
both begin with the same letter, the choice is not obvious, and occasionally one
sees R used for the restriction map instead. The maps were originally denoted by

® and D respectively in [ I, | ] and | ]. The letters in Defini-
tion A.1 stand for restriction (in a different sense) and Frobenius, as explained
by Hesselholt and Madsen in | , page 3]. They are related to similarly named
maps in the theory of Witt vectors, which Serre describes in | , §11.6].

The following is elementary.

Proposition A.2. F and R commute. Let K << H < G be groups acting on a
space or spectrum X . Then the following diagram commutes.
R

XxG (XK)G/IK

~

G/K
Fg J lFH/K

RE (XEVH/K

For a prime p, integer n > 0 and groups C, <Cpn <1 Cynt1, Proposition A.2 gives

XCpn+1 (XCP)Cpn+1/Cp

(A.3) Fl Ir

X Copn (XCP)CPW,/CP_

=) ZJ/?U

114
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Remark A.4. When the group is T, we have fized point sets for all of its finite
subgroups, and there is a global analog of (A.3) that we do not need here. These
maps are also discussed by Blumberg and Mandell in | , Definition 6.1] where
they are used to define functors TR, TF and TC on fibrant cyclotomic spectra as
homotopy limits obtained by iterating R, F or both. They give p-typical versions,
which they denote by TR(—; p) and so on, in | , Definition 6.3]. Then they show
that the right derived functors of TR(—;p) (| , Theorem 6.5]) and TC(—;p)
( , Theorem 6.8]) are corepresentable by p-cyclotomic spectra described in
[ , Constructions 6.4 and 6.6]. They do this for the global TR in | )
Theorem 6.12], which | | cites as justification for his claim about THH of the
spectral affine line. Their proof makes use of the definition of TR as a homotopy
limit (or “mapping microscope”) of fized point sets.

In | , Construction 5.11] they define mapping spaces ngc(X, Y) in the p-
cyclotomic category that anticipates Definition 5.24. They show it is the categorical
mapping space when X is cofibrant and Y is fibrant. Presumably when we pass the
the oo-categorical world, we need not worry about derived functors or fibrancy and
cofibrancy. See Remark 5.55.

A.2. Fixed point spaces and orbit spaces. For a compact Lie group G (such
as T), let T denote the category of pointed G-spaces (assumed to be compactly
generated and weak Hausdorff for technical reasons) where the basepoint is fixed by
G, and continuous (but not necessarily equivariant) pointed maps. This category
is enriched over itself: for pointed G-spaces X and Y, the morphism set 75 (X,Y)
equipped with the compact-open topology is itself a pointed G-space, where for an
element v € G and a map f : X — Y, v(f) is defined to be vfy~!. The map f
is equivariant iff v(f) = f for all ¥ € G, so the fixed point set T (X,Y ) (which
does not have a G-action) is the pointed space of equivariant maps from X to Y.
Thus we can define the category T¢ of pointed G-spaces and equivariant maps
by T¢(X,Y) := 95(X,Y)C. It is enriched over the category of pointed spaces T
rather than over g or itself.

A pointed G-space can also be regarded as a 7-valued functor on BG, the one
object topological category with an automorphism for each element of G, with
composition given by the binary operation of G. (A category is topological if each
of its morphism sets has a topology with suitable continuity conditions.) One then
sees that the fixed point space X and orbit space X are the limit and colimit of
this functor.

Proposition A.5. The fixed point set as a mapping space. For a pointed
G-space X, the fived point set X is also T9(S°, X), where the group action on
S is trivial. More generally for each subgroup H € G, X = T¢(G/H,, X).

The analog of this in the co-category SpP¢ of Definition 5.1(vi) is
maps 5o (S*G/H,,Y) = Y,
In particular for a naive T-spectrum Y,
mapg, 5= (S[T/Cpr], Y) = YOk

where S[T/C,x] is as in Definition 4.49.

There is a way to construct a contractible G-space with free G-action, commonly
denoted by EGj it is unique up to equivariant homotopy equivalence. Its orbit space
is the classifying space BG.
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Example A.6. The case G = T. We regard T as the multiplicative group of
complex numbers on the unit circle. For each k > 0, it acts freely by scalar mul-
tiplication of S?*~1, the space of unit vectors in C*. The orbit space S%k_l is the
complex projective space CPF—1.

We have equivariant maps

(A7) . §2k—1 G2k+1 G2k+3

with contractible colimit. This is our contractible free T-space ET, It also serves as
a contractible H-space for any subgroup H € T. For H = C,., the orbit space S%’i_l
is a lense space, and ET¢, is the Eilenberg-MacLane space BC, = K(C,.,1).

The diagram of T-orbit spaces for (A.7) is

Cpk-1 CPk CPF+l — o ... ,

where CP* is k-dimensional complex projective space, the space of complex lines
through the origin in C*+1. The colimit is CP* = K(Z,2).
If we replace T by its subgroup Co = {£1}, the orbit space diagram becomes

P2k71 P2k+1 P2k+3

i O R . R . R o

for which the colimit is
(A.8) RP* = colimRP™ = BC,,

where RP™ is m-dimensional real projective space, the space of real lines through
the origin in R™*1. Note that C*T1 as a real vector space is R**+2,

Then we define the homotopy fized point space as
(A.9) X" .= 79EG,, X),

where EG, denotes EG with a disjoint base point. This may or may not be

homotopy equivalent to X¢. Its homotopy type is known to be independent of

the choice of EG. The map j : EG, — S° of (4.23) induces a map to X" from

TE(S% X) = X%, so one might think of X" as a fattened up version of X¢.
Consider the G-equivariant maps

(A.10) Gy — > BG, — 50,

where isends G to some orbit of EG and j send EG to the nonbase point in S as
in (4.23). Applying the functor T¢(—, X) gives maps

(A.ll) X < i* XhG 3 7* XG.

When the action of G on X is trivial, an equivariant map FG — X factors
through the orbit space EGg = BG, so

(A.12) X" ~ 7(BG ., X).
One also has the homotopy orbit space
(A.13) Xne = EGy Ag X = EG x¢ X,

which is defined as follows. The smash product EG A X is the quotient of EG x X
by EG x {xo} for the base point 2o € X. The diagonal action of G on EG x X
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induces one on this quotient, and X is its orbit space. The projection map
EG x X — EG leads to a map

Xne = EG xg () = (EG)¢ = BG
with fiber Xg. Here the map j : EG, — S° induces one from Xj¢ to
SO NG X = Xg,

so X is a space over Xg.
Applying the functor — Ag X to (A.10) gives maps

(A.14) ) L Xne L Xe.
A.3. Equivariant homotopy groups.

Definition A.15. Twisted loop spaces, twisted suspensions and equivari-
ant homotopy groups. For a finite dimensional orthogonal representation V' of
a compact Lie group G, we denote by SV the one point compactification of V (its
representation sphere), and by S(V) its space of unit vectors. For a pointed
G-space X, let

QX :=75(SV,X)  and XVX:=SYAX,

the twisted loop space and twisted suspension of X. When VE = 0, we denote
the inclusion of fized points S° — SV by ay .
For each closed subgroup H € G, let

X = meTH(SY, X),

the set of homotopy classes of H -equivariant maps SV — X, where we are regarding
SV and X as pointed H-spaces by restricting the G-action to H. We omit the
superscript H when it is the trivial subgroup. If the action of H on 'V is trivial, we

. H H
write iy X as ﬂ-IVlX'

The set W‘I}[ X has a natural group structure when the fixed point vector space
VH is nontrivial. This group is abelian when |[V#| > 1. Thus we have homotopy
groups indexed by such representations for each subgroup. The set 7r{,1 X depends
only on the action of H (rather than G) on V and X.

A theorem of Bredon | ] says that a map f : X — Y of path connected
pointed G-CW complexes (see | , Definition 8.4.4]) is an equivariant homo-
topy equivalence iff it induces an isomorphism is X (meaning the integer graded
groups) for each H € G.

It is known that for any module M over the finite group mG, there is an
Eilenberg-MacLane G-spectrum HM with

M fori=0

0  for nonzero integers %

(A.16) T HM = {

for each closed subgroup H € G. A similar statement is true if we replace M by
a Mackey functor M, but we do not need this here. Note that we are requiring
only that HM has just one nontrivial integer graded homotopy group. In general
there will be other representations V' for which wg HM is nontrivial. For the case
of finite G, see | , §9.1H].
From the sequence
Cn€CpncT
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we get
Crin/Cr = T/Cyy > T/Crin
corepresenting
(i’](r?mnX)cm « XCm  xCmn
APPENDIX B. THE 00-CATEGORY OF GENUINE G-SPECTRA
In | , Definition I1.2.5] Nikolaus and Scholze say GSp is the oo-category

obtained from the simplicial set NV (SpG) (for Sp“ as in Definition 4.12) by inverting
stable equivalances. This process is treated in Lurie’s Kerodon [https://kerodon.
net] as follows.

Definition B.1. |[https://kerodon.net/tag/01M5] Let F : C — D be a functor
between categories and let W be a collection of morphisms in C. We say that F
exhibits D as a strict localization of C with respect to W if, for cvery
category ‘E, precomposition with F induces a bijection

{Functors D — ‘E}

{Functors C — E carrying each w € ‘W to an isomorphism in f} .

It turns out that such a category D is uniquely determined by the category C
and the morphism collection %, and we will denote it by C[W~!]. Explicitly,
the category C[W '] can be constructed from C by adjoining a new morphism
w!:Y — X for each morphism w : X — Y of %W, and imposing the relations
wl-w=1x and w-w ! = 1y.

Now we generalize the situation above, replacing the categories C and D by
simplicial sets Cand D (which Lurie calls C and D, like the categories above) not
required to be nerves, meaning simplicial sets to which each map of an inner horn
OAY with 0 < ¢ < n (see Definition 2.21) has a unique extension to the full snnplex
A" The domain simplicial set C comes equipped with a collection of edges ‘W
The target category ‘E above gets replaced by an oo-category ‘£.

Proposition B.3 says that for each C and ‘W there is an oo-category D that does
the job that D does in Definition B.1.

Definition B.2. |[https: //kerodon. net/tag/01MP| Let F : C — D be a mor-
phism of szmplzczal sets and let ‘W be a collection of edges in C. We say that F
exhibits D as a localization of C with respect to ‘W if, for every co-category
‘E, the precomposition map l—uu(Q)7 E)o F — P1111( ,E) is fully faithful, and its

essential image is the full subcategory of functors that send edges in ‘W to isomor-
phisms in ‘E.

Lurie denotes this essential image by
Fun(C[wW™1, %)

without defining C [W~1]. The next result says there is an oo-category having the
properties one might expect of this undefined simplicial set.
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Proposition B.3. Existence of localizations. [https://kerodon.net/tag/

01NO] Let Cbea sitmplicial set and let % be a collection of edges of C. Then there
exists an c0-category D and a morphism of simplicial sets F' : C — D which exhibits
D as a localization of C with respect to ‘W.

Remark B.4. Not in HT'T. As far as we can tell, no similar result is proved in
[ |. In §5.2.7 Lurie says the following.

Suppose we are given an oo-category C and a collection S of mor-
phisms of C which we would like to invert. In other words, we wish
to find an c-category ST equipped with a functorn: C — S™1C
which carries each morphism in S to an equivalence and is in
some sense universal with respect to these properties. One can
give a general construction of ST using the formalism of §3.1.1.
... However, this construction is generally very difficult to analyze,
and the properties of S~1C are very difficult to control. For exam-
ple, it might be the case that C is locally small and S~ is not.

Under suitable hypotheses on S (see §5.5.4), there is a drastically
simpler approach: we can find the desired co-category S™1( inside
C as the full subcategory of S-local objects of C.

Finding the localized category inside the original one was the approach taken by
Bousfield in his theorem about the localization of a model category. See | , §10]
and | , Chapter 6] for more discussion.

Recall that a relative category (C, W) consists of a category C and a wide sub-
category W, which can be identified with its morphism collection, which we also
denote by . This morphism collection, since it is that of a subcategory, contains
all identities and is closed under composition.

Corollary B.5. The oo-category for a relative category. Let (C, W) be a

relative category, let C = N(C), and let W be the collection of edges in C corre-
sponding to the collection W of morphisms in C. Then there exists an oo-category
C[W=1] and a morphism of simplicial sets F : N(C) — C[W™] which exhibits
C[W=1] as a localization of N(C) with respect to W as in Definition B.2.

Definition B.6. The wo-category of orthogonal G-spectra Sp© is that obtained
as in Corollary B.5 where C the category of of orthogonal G-spectra, SpG as i
Definition 4.12, and W is the collection of stable equivalences as in Definition 4.17.

For trivial G the oo-category Sp©, that of orthogonal spectra, is not the same as
Lurie’s Sp (as in | , Definition 1.4.3.1]), which might be called the co-category
of Q)-spectra.

APPENDIX C. SOME UNIVERSAL ALGEBRA

In | , Construction 2.2.3] McCandless mentions Lawvere’s theory of monoids
Tassoc, referring to | ]. More details can be found in | ]. We need it in
Definition 5.52.

Definition C.1. | , §4] An algebraic theory is a category T whose objects
are finite sets (ny = {1,2,...,n} for n = 0 as in Definition D.1, which contains the
category of finite sets Fin as a wide subcategory. We will denote the singleton (1)
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by I and the empty set {0) by &. Given morphisms ¢; : I — {py inT for1 <i < n,
there is a unique morphism

¢ :{ny = <{p)
such that for 1 <i < p, ¢; is the composition

®

I——(n)

1——1.

®

Here i : I — {n) denotes the map sending the single element of I to i € (n). We
will sometimes denote ¢ by (¢1,...,0n), and say that the ¢; are its components.

In other words the object (n) the n-fold coproduct of the object I. This implies
there is a unique morphism {0) — {(n) in T, as in the subcategory Fin. However
unlike Fin, T could have morphisms {(n) — <0) for n > 0.

Definition C.2. | , 85 and §6] A T-algebra A is a presheaf on T, that is a
contravariant Set-valued functor, that converts coproducts to products. This means
{ny— Ay = AT", where Ay := A(I).

We also require that for a morphism ¢ : {ny — (p) in Fin, the induced map

A(g) + ATP — AT is (1,5 2p) = (Zg()s - - - Ton))-

A morphism of T-algebras is a natural transformation of such functors.
A morphism ¢ : I — & in'T defines an element

(C.3) pa = A($)(Ag) € Ay.
The category of T-algebras is denoted by T". (It is denoted by T in | 1.)
The free T-algebra on k generators (denoted by Ay in | , §6]) is the

Yoneda functor
i, = T(=, k).
The Yoneda lemma says that
TH( ki, A) = Ay = AF = Set(¢k), Ay).

Thus a k-tuple of elements in A; determines a T-algebra morphism J:g — A, and
all such morphisms arise in this way. This justifies the term “free T-algebra on k
generators.”

Lawvere’s definition of an algebraic theory in | ], and the one used in
[ , Construction 2.2.3], was the opposite category of that of Definition C.1,
so for him a T-algebra was a covariant product preserving Set-valued functor. The

same goes for Borceaux’s | , Definition 3.3.1]. We will use the Eilenberg-Wright
definition.
The following is originally due to Lawvere | ] and is proved as | )

Proposition 3.2.9].

Theorem C.4. The categorical structure of an algebraic theory. An alge-
braic theory T as in Definition C.1 is equivalent to the category of finitely generated
free T-algebras as in Definition C.2. The equivalence sends {k) to J:f.
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In | , §7] the authors defined a free theory T' = Fin[}] on a sequence of
sets
(C.5) Q={Q,N,...} with 0, € T(I,{n)).

Roughly speaking, it is the smallest algebraic theory that contains the additional
morphisms (to those of Fin) of (C.5).

They assigned a degree to each morphism in Fin[Q] such that morphisms in
Fin have degree zero, the degree of a morphism out of (n) is the sum of the degrees
of its n components, and precomposition with a morphism in some §2,, increases
degree by 1.

They used induction on degree to prove the following.

Theorem C.6. | , §7] The free theory on the morphism set Q. There
is a unique algebraic theory Fin[QY] with the following properties.
(i) For each morphism ¢ : I — {p) of positive degree there is a unique k = 0
with a unique factorization

I—={k)
(i) For any algebraic theory T' containing the morphisms of (C.5), there is a
unique morphism Fin[Q] — T' of theories.
(111) Given a set Ay and functions @ : AY™ — Ay for allw € Q, and n = 0,
there exists a unique Fin[Q]-algebra structure on A such that

¥

{p) with w € Q.

A(OJ)(J?L sty .’L'n) = w(xh cry xn)
In | , 88] they specified how to construct the quotient of a free algebraic
theory Fin[Q]
Definition C.7. A congruence Q in an algebraic theory T is a family of equiv-
alence relations ~ in the sets T'((n),{p)) such that

(i) Given a diagram
Gy = () == ) @)

inT, 1 ~ ¢1 implies yp1 ~ yp1 and p1¥ ~ Pp1v. Congruence plays nicely
with composition.
(i) For

I$<n>“j:<p>,

if P11 ~ ¢t for 1 < i < n, then ¢1 ~ ¢o. Two morphisms are congruent iff
each of their components are.

(iii) If ¢1,02 : I — (py are in Fin with ¢1 ~ ¢a, then ¢ = ¢o. Distinct
morphisms in the subcategory Fin are never congruent.

These conditions enable one to define an algebraic theory T'/Q) whose morphism
sets are the sets of congruence classes in the morphism sets in 7. A T'/Q-algebra
is a T-algebra A in which

A(p1)(z1, ..., zp) = A(d2) (21, ..., Tp) whenever ¢ ~ ¢s.
This makes (T/Q)* a subcategory of T%.
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Example C.8. In a T-algebra A, one has a set Ay = A(I), and each morphism
I —{n) in T determines an n-ary operation, meaning a map A;" — A;.

(i) If T = Fin, the least interesting case, one has n such maps. The resulting
operations merely define the coordinates of an n-tuple. The corresponding
“algebras” are sets.

(i1) We will construct the theory Ty, whose algbras are semigroups, meaning sets
with an associative binary operation. We need a morphism w : I — (2) out-
side of Fin for the binary operation. Thus we define Q as in Theorem C.6
by

0 :{ {m} forn=2
" & otherwise
Then a Fin[Q]-algebra is a set equipped with a binary operation. We need
a congruence to make it associative. The following diagram must commute
i the quotient theory

14ﬂ><2>

ﬁi [@2ma

D~ S

Here we are using the notation of Definition C.1 for the two morphisms

(i1i) We will construct the theory Tassoc whose algebras are monoids, meaning
semigroups with an identity element. We will derive to from Ty, by adjoin-
ing a morphism e : I — &, which defines the identity element eq as in
(C.3). Then we must pass to a suitable quotient to insure that es has the
desired porperties. Let e; : I — I be the composite
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where o : & — I is the unique such morphism.
Then the following diagram must commute in Tagsoc-

147T><2>

APPENDIX D. SYMMETRIC MONOIDAL 00-CATEGORIES

The structure of a symmetric monoidal oco-category ( is not as simple as a
functor € x C — ( with the expected properties. It is disussed at length by Lurie
leading up to | , Definition 2.0.0.7], by Moritz Groth in [ , 3.2], and by
Nikolaus-Scholze in | , Appendix A].

We begin with three definitions in ordinary category theory that will motivate
Lurie’s definition of a symmetaric monoidal co-category.

Definition D.1. The categories of finite sets ¥in and pointed finite sets
Fing have as objects the sets

{ny:={1,...,n}

(D.2) and (nyy :={0,1,...,n}
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respectively, with 0 as basepoint in Finy. A morphism [ : {(ny, — (M), is a map
of sets sending 0 to 0. For 1 <i < n, we define ¢° : {n)yy — (14 by

» 1 forj=1i
% —
(D-3) 0'(7) ; { 0 otherwise.

A morphism [ in Fing as above is active if it sends each nonzero element in
the domain to one in the codomain. It is inert if the preimage of each nonzero
nonzero element in the codomain is a singleton. Such a map defines an injection
{ny — {m) sending each element to its preimage under f.

Note that
(D4)  (ny, —L>(mds ~ (Y 2 f((mY) = S —>(m),

i.e., f leads to a partially defined map {n) — {(m). The subset S above is all of {n)
iff f is active, so the wide subcategory of active morphisms is isomorphic to Fin.

We will give a short introduction to operads, of which the following is a special
case, in | , Appendix B].

Definition D.5. | , Definition 4.1.1.3] The associative operad Assoc® is a
category whose objects are those of Fing. When (ny, as in (D.2) is an object of
Assoc®, we write it as (NYAssoc. A morphism

f : <n>Assoc - <m>Assoc
is a map f:{ny, — {my, in Finy together with a linear ordering on each inverse
image f~1(i) € (n)y for 1 <i < m. For a composite

1
f -~
<n>Assoc e <m>Assoc $’ <£>Assoc7

in Assoc®, we define a linear ordering on (gf)~*(i) = f~ (g~ '(i)) for 1 < i < ¢
as follows. For each j € g~(i) we have a linear ordering of f=1(j) associated
with f, and the js themselves have an ordering associated with g. These lead to a
lezicographic ordering on (gf)~'(i) and thus determine the composite §f in Assoc®.

The subcategory Assoc®, < Assoc® is the wide subcatgory whose morphisms

act
project to active morphisms in Fing, namely

(D.6) Assoc®, = Assoc® X g, Fin.

act

We denote by V : Assoc® — Finy the functor that assigns to each object in
Assoc® its underlying pointed finite set.

Remark D.7. Associative algebras as functors. A symmetric monoidal func-
tor A from Assoc® to a symmetric monoidal category (C,®) defines an associative
algebra A(1) in C, and each such algebra determines such a functor sending {n) to
A®" . The oo-categorical analog of this statement is a special case of [ , Propo-
sition 2.2.4.9].

Definition D.8. | , Construction 2.0.0.1] Let (C,®) be a symmetric monoidal
category. The sequence category C® has as objects finite (possibly empty) se-
quences of objects C; in C for 1 < ¢ < n, which we denote by (Cy,...,Cy). A
morphism

(Clw-wcn)_’(ci"'wc;n)
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consists of a subset S S (ny, as in (D.4), a map of finite sets «: S — (M), and
a collection of morphisms

(D.9) fi: @ Ci—=Cj forl<j<m,

ica~1(j)
where each of the tensor products is defined up to canonical isomorphism by the
monotidal structure on C. In the composite

(Ch,y...\Cn) — L, 00— (... )

(nys 28 —= (myx
my2T

B

D+
The subset U S {(n) associated with gf is o Y(T) = a B~ 1((m)), and the map
v: U — &) is Pa.
We have a forgetful functor
c® - Fing

(C’l,...,Cn) }—><’I’L>*

(D.10)

We denote by Cg) the full subcategory of sequences of length n. The full subcategory
of active morphisms is

Ca®ct = pr_l(,‘}'in),
where Fin is understood to be the wide subcategory of active morphisms in Fin,.
Example D.11. The associative operad as a sequence category. When C
is the category with a single object and a single morphism, and hence a unique

monoidal structure which is symmetric, C® is the associative operad Assoc®. FEach
Cé?o has a single object which we can identify with (nyassoc. The linear ordering of

each f~1(i) is that inherited from the notational ordering of the set (n),.

Proposition D.12. Properties of the forgetful functor to Fin,.
Let pr be the forgetful functor of (D.10).

(i) pr is a Grothendieck op-fibration of categories (see | , Defini-
tion 2.8.1]), meaning that for every object

C= (Cl,...,Cn) € Cé?o
and every morphism f : (n), — {(Myy in Fing, there exists a morphism
F:C—C = (Ch....Cl)

which covers f (meaning pr(f) = f), and is universal in the sense that
composition with f induces a bijection

Hom e (C',C")
(D.13) =
Hom e (C, C”) XHomy.,, ((nys,<€ys) HOMFin , (M, )

for every object C" = (CY,...,C}) in C<(>?>, (Such a morphism can be
constructed using the morphisms f; of (D.9).)
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(i) Cf% is equivalent to C, and functors associated with the morphisms o' of
(D.3) lead to an equivalence of C(%) with C*™ for allm > 1.

The punchline. Now we come to a brilliant observation of Lurie. Suppose
we forget how the sequence category C® was constructed, and assume only that it
is equipped with a Finy-valued functor pr having analogs of the two properties in
Proposition D.12.

Then we have full subcategories C<<?1> := pri{n), for all n > 0, and we can
define C to be Cf%. In (D.13), the objects C, C’ and C” lie in C(%y Cf?@ and

C(%} respectively. For (ii) we can still require that functors associated with the

morphisms ¢’ of (D.3) lead to an equivalence of ng) with C*" for all n > 1.
For example

. C%} has one object, and the unique map {0, — (14 induces a functor
C%> — ( identifying the unit object.

e The unique active map f : (2), — (1), leads to the monoidal structure
CxC—C.

o Let t:{(2)y — (2), be the automorphism that interchanges 1 and 2. The
identity ft = f leads to the symmetry condition.

e The unique active map (3), — (1)x can be factored as the composite of
order preserving active maps (3)x — (2)x — (1) in two different ways,
which leads to the associativity condition.

Further relations in Fin, lead to further structure in C that would be tedious to
spell out explicitly. The functor pr gives us a painfree and obvious way to specify
it.

This suggests replacing C® by an oo-category (% and the forgetful functor pr by
a map of simplicial sets to N(Finy), the nerve of Definition 2.25.

Definition D.14. | , Definition 2.0.0.7] and [ , Definition A.1]. A sym-
metric monoidal co-category is an oo-category ¥ (the total space) with a
coCartesian fibration (see | , Definition 2.4.2.1]) of simplicial sets

pr: (9 — N(Fing),
i which we define C‘®<n> := pr Yn)y, having the following property For each
n = 0, the morphisms o' of (D.3) induce functors
Q!i : (ﬁ®<n> — (‘®<1> for <i<n
which determine an equivalence C®<n> ~ ((‘®<1>)".
The underlying co-category of (¥ is (' := (%y.
Lurie then goes on to say

One of our main goals in this book is to show that Definition 2.0.0.7
is reasonable: that is, it provides a robust generalization of the
classical theory of symmetric monoidal categories.

As in Remark D.7, the oo-category of associative algebras in ( is
Alg(() := Fun®(Assoc®, (),

the oo-category of symmetric monoidal functors; see | , Proposition 2.2.4.9].
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