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1. Introduction

This expository paper is a companion to [Rav26], in which we discuss
cyclotomic spectra. Both papers are intended to shed light on the recent
resolution of the telescope conjecture by Robert Burklund, Jeremy Hahn,
Ishan Levy and Tomer Schlank (hereafter referred to as BHLS) in [BHLS23].
Their proof involves both cyclotomic spectra, the subject of [Rav26], and
cyclotomic extensions of spectra, the subject of this paper.
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Cyclotomic spectra have an action of the circle group S1, which we denote
by T, for torus. The subspectra fixed by finite subgroups of T are required to
have certain properties. Such spectra come up in algebraic K-theory and its
close relatives topological Hochschild homology THH and topological cyclic
homology TC.

Higher cyclotomic extensions of commutative ring spectra are analogous
to Galois extensions of p-adic number fields (or rings of integers thereof)
obtained by adjoining roots of unity. When we want to distinguish between
these two forms of cyclotomy, we will use the terms smooth for the spectra
of [Rav26] and discrete for the extensions of this paper.

For the reader’s convenience we note that


 [BHLS23, Theorem A] is our Theorem 6.3.

 [BHLS23, Theorem B] is our Theorem 5.11.

 [BHLS23, Theorem C] is our Theorem 5.3

 [BHLS23, Theorems D and E] are not covered here.

Remark 1.1. As in [Rav26] we follow the font convention of [BHLS23] by
denoting the algebraic K-theory of a ring spectrum R by KpRq (Quillen’s K)
to avoid confusion with its nth Morava K-theory Kpnq�pRq (Jack’s K).

Here, as in [Rav26] and [Rav23], we use cyan colored symbols to denote
8-categories that are not necessarily ordinary categories.

In §2 we introduce various functors of interest (§2.1), describe the BHLS
counterexample to the telescope conjecture (§2.2), review methods for show-
ing that certain telescopically localized coassembly maps are not equiva-
lences (§2.3), and discuss the Lichtenbaum-Quillen property in §2.4.

§3 is about semiadditivity, which concerns the following sitation. Sup-
pose we have a group G acting on a space, spectrum or object in a suitable
8-category C. This action is equivalent to a functor F : BGÑ C, where BG
is the one object 8-category associated with G. Such a functor determines
the choice of an object X in C since BG has a single object. This functor has
a colimit XhG, the homotopy orbit object, and a limit XhG, the homotopy
fixed point object.

When G is finite one can define a so called norm map NmX : XhG Ñ
XhG. It is known to be an equivalence when C � SpKpnq, the 8-category
of Kpnq-local spectra. An 8-category is said to be 1-semiadditive (see
Definition 3.5) if it has a similar property for all functors to it from BG. In
[HL13] Mike Hopkins and Jacob Lurie generalize from BG, a path connected
space for which π1 is finite and all other homotopy groups vanish, to an m-
finite space as in Definition 3.2, meaning one with finitely many path
components, each of which has finite homotopy groups that vanish above
dimension m. They show that for a C-valued functor from such a space
one can still define a norm map, and they say that C is m-semidditive if
the norm is always an equivalence. C is said to be 8-semidditive if it is
m-semidditive for all m.
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They prove that SpKpnq has this property. In [CSY22, Theorem A],
Schlank, Shachar Carmeli and Lior Yanovski show the same for the (possi-
bly) larger 8-category SpT pnq. In [CSY22, Theorem B] (our Theorem 3.7)
they show that SpKpnq and SpT pnq are respectively minimal and maximal
among 1-semiadditive 8-categories. In [CSY22, Theorem C] (our Theo-
rem 3.9) they show that 1-semiadditivity is equivalent to 8-semiadditivity.

The original telescope conjecture asserted the equality SpKpnq and SpT pnq,
both of which are 8-semiadditive. This suggests that further study of such
8-categories could lead to insight about the conjecture, which has indeed
proven to be the case.

In §4, which is about chromatic cyclotomic extensions, we learn
that between SpKpnq and SpT pnq there is an intermediate 8-semiadditive 8-
category SpCyclopnq, that of height n cyclotomically complete spactra
as in Definition 4.17.

In order to define such extensions, we first review the cyclotomic exten-
sions of classical number theory in §4.1. These are Galois extensions of the
field Qp of p-adic numbers, and their rings of integers, obtained by adjoining
roots of unity.

In §4.2 we review Rognes’ Galois theory for commutative ring spectra,
the stable homotopy theoretic analog of classical Galois theory. A pivotal
example of a faithful (as in Definition 4.6) profinite Galois extension in this
sense (see Proposition 4.8) is the map SKpnq Ñ EnpFpq from the Kpnq-local
sphere spectrum to extended height n Morava E-theory. Its Galois group
is the extended Morava stabilizer group Gn. One might say that EnpFpq is
the algebraic closure of SKpnq.

It would be nice to have a similar algebraic closure of the telescopic analog
ST pnq, but no telescopic analog of either EnpFpq or Gn is known or even
thought to exist. On the other hand, by [CSY24, Theorems A] (quoted here
as Theorem 4.10) we do have a telescopic analog of every abelian extension
of SKpnq, including the maximal one. These are treated in §4.3.

The abelianization of Gn is known to be isomorphic to that of the absolute

Galois group of Qp, namely Z�p �pZ. The second factor, the profinite integers,
is generated by a lift of the Frobenius element in the absolute Galois group
of Fp.

It has a quotient isomorphic to pZ{pjq� obtained by sending the Frobenius

generator of pZ to the identity element. This corresponds to the cyclotomic
extension Qp Ñ Qprωpj s obtained by adjoining a primitive pjth root of unity.

The analogous quotient to Gn corresponds to faithful Galois extensions

SKpnq Ñ SKpnqrωpnqpj
s and ST pnq Ñ ST pnqrωpnqpj

s.(1.2)

These are the chromatic and telescopic analogs of the classical cyclotomic
extensions of §4.1. Each is obtained by adjoining a higher root of unity
as in Definition 4.26, which is as follows. For a commutative ring spectrum
R, such as SKpnq or ST pnq, one has a topological abelian group of units R�
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underlain by the subspace of Ω8R comprising the path components indexed
by the invertible elements in the ring π0R. An ordinary pjth root of unity in
R is the image of a generator under a monomorphism Cpj Ñ R�. A height

n pjth root of unity in R is a suitable map Cpj Ñ ΩnR�, which is adjoint

to a map BnCpj Ñ R�. The domain of the latter is the n-finite Eilenberg-

MacLane space KpZ{pj , nq, hence the relevance of the n-semiadditivity of
§3. Remarkably it turns out that

ST pnqrωpnqpj
s � ST pnq bKppZ{pjq�, nq�

and similarly for its Kpnq-localization.
Taking the colimit as j Ñ8 in (1.2) yields profinite Galois extensions as

in Definition 4.12,

SKpnq Ñ SKpnqrωpnqp8 s �: Rn and ST pnq Ñ ST pnqrωpnqp8 s �: RFin
n .

The former is known to be faithful but the latter is not. In terms of Bousfield
classes, as in [Bou79a] and [Rav92, Definition 7.2.1], we have

xSKpnqy � xRny ¤ xRFin
n y ¤ xST pnqy,(1.3)

which should be compared with (4.20). The three corresponding localization

functors are denoted by Ln, L
Cyclo
n and LFin

n . In Definition 4.17 we say that
a T pnq-local spectrum is cyclotomically complete if it is RFin

n -local. We
do not know whether the first inequality of (1.3) is strict, but the counterex-
ample of [BHLS23] shows that the second one is. Cyclotomic completion
figures prominently in their proof.

The subject of §4.5 is the charmingly named chromatic cyclotomic red-
shift, “the final key idea in giving a counter-example to the telescope conjec-
ture” [BHLS23, §6.3]. The term “redshift” refers to the increase of chromatic
height caused by algebraic K-theory or some related functor. Conversely
“blueshift” refers to the reduction of chromatic height by the Tate construc-
tion, which is the starting point for the semiadditivity of §3. Theorem 4.33
says that for a T pnq-local commutative ring spectrum R,

KT pn�1qpRrωpnqp8 sq � KT pn�1qpRqrωpn�1q
p8 s.

In §5 we discuss locally unipotent Z-actions as in Definition 5.1, which
are relevant to the main counterexample of [BHLS23]. The local unipotence
condition on a group action can be thought of as “nearly trivial.”

Suppose we have a spectrum X acted on by a group G, to which we apply
a functor F . There is a coassembly map as in [Rav26, Definition 5.6],

ϵ : F pXhGq Ñ F pXqhG,(1.4)

which is an equivalence if F preserve limits. [BHLS23, Theorem 3.22],
quoted here as Theorem 5.2, says that if R is a T pnq-local E1-ring spec-
trum for n ¥ 1 for which KT pn�1qpRq is nontrivial, then the map

ϵ : KT pn�1qpRBZq Ñ KT pn�1qpRqBZ,
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the coassembly map for the trivial Z-action, is not an equivalence.
In the main counterexample of [BHLS23], the ring of interest is

R � LT pnqBP xny
equipped with a locally unipotent Z-action by certain Adams operations
described in §5.2. In order to apply Theorem 5.2 we need to show that this
nontrivial group action is functorially related to one that is trivial. We have
two tools at our disposal:


 replace the group Z by a subgroup pkZ and

 smash with a suitable finite spectrum.

Theorem 5.3 says that for k " 0 we can smash with a finite spectrum of
type n � 2 and “trivialize” the Z-action on THHpRq in the sense that its
homotopy fixed point set behaves like that of the trivial action. Corollary 5.7
and Theorem 5.11 are similar statements for TCpRq and TCT pn�1qpBP xnyq.

In §6 we sketch the proof that the map of (1.4) is an equivalence for
F � KKpn�1q but not for F � KT pn�1q, thus showing that the two functors
are different.

We need Theorem 5.11 as well as Corollary 5.7 because Theorem 6.1 and
Corollary 6.2 pertain only to connective ring spectra. The latter says that
for a T pn � 1q-acyclic, connective E1-algebra R with a Z-action, such as
BP xny, there is a diagram

KT pn�1qpLT pnqR
hppkZqq ϵ // KT pn�1qpLT pnqRqhppkZq

KT pn�1qpRhppkZqq ϵ //

�
��

�

OO

KT pn�1qpRqhppkZq
�
��

�

OO

TCT pn�1qpRhppkZqq ϵ // TCT pn�1qpRqhppkZq,
This means we can replace the functor KT pn�1qLT pnq with the more accessible
TCT pn�1q.

Theorem 6.6 is the specialization of the above to the case where R �
BP xny for n ¥ 1 with its Adams operations. In that case it can be shown
the the coassembly map is height n � 1 cyclotomic completion. Hence the
coassembly map on

KCyclopn�1qpBP xnyhppkZqq
is an equivalence, while the middle coassembly map above is not. Thus the
functors LT pn1q and LCyclopn�1q, so the telescope conjecture is false.

There are two appendices, each added to clarify a needed but complicated
definition. Appendix A covers various 8-categorical notions including that
of a hypersheaf (Definition A.58), which is needed in Proposition 4.29 and
Theorem 4.33. Appendix B covers operads in order to describe the multi-
plicative structure preserved by the Adams operations on BP xny discussed
in §5.2.



CYCLOTOMIC EXTENSIONS IN STABLE HOMOTOPY THEORY 7

It is a pleasure to acknowledge helpful conversations with Tomer Schlank,
Ishan Levy, Jeremy Hahn, Robert Burklund, Hari Rau-Murthy, Siddharth
Gurumurthy, John Rognes, Mike Mandell, Inbar Klang, Liam Keenan, and
Mike Hopkins.

2. The players

2.1. The chromatic landscape.

Definition 2.1.

(i) [Rav92, Definition 1.5.3.] A p-local finite spectrum X has type n if
Kpnq�X � 0 and Kpmq�X � 0 for all m   n. We will sometimes
denote such a spectrum by F pnq.

(ii) [MR99, §3] A p-complete bounded below spectrum Y has fp-type n
if it has finite type and for each finite spectrum F pn�1q of type n�1
as above, F pn� 1q b Y is π-finite, meaning that is has only finitely
many nontrivial homotopy groups, each of which is finite.

In both cases we say the spectrum has (chromatic) height n.

It is known [Rav84, Theorem 2.11] that for finite spectra X, Kpmq�X � 0
implies Kpm� 1q�X � 0, but this is far from true for infinite CW-spectra.
For example there is a infinite spectrum BP xny for which Kpmq�BP xny is
trivial for m ¡ n but nontrivial for m ¤ n, and this spectrum has fp-type
n. An infinite spectrum need not have an fp-type, but a finite one always
has a type.

The telescope conjecture is about the relation between Bousfield local-
izations (originally defined by Pete Bousfield in [Bou79b]) with respect to
Kpnq, the nth Morava K-theory, and “the” telescope T pnq. The quotation
marks refer to the following consequences of the periodicity theorem of Jeff
Smith and Hopkins [HS98]:


 For each prime p and positive integer n (the chromatic height) there
are p-local finite spectra of type n as in Definition 2.1(i).


 Each type n finite spectrum F pnq admits a map v : F pnq Ñ Σ�dF pnq
for some d ¡ 0 inducing an isomorphism in Kpnq homology. The
cofiber of v has type n�1, so it is possible to construct finite spectra
of all types by induction on n.

We denote the filtered colimit obtained by iterating v, the height n
telescope, by T pnq. For a given prime p and height n, neither F pnq nor
v is unique, although for a given finite F pnq, the homotopy type of its
telescope T pnq is known to be independent of the choice of v. Better still,
the Bousfield localization functor LT pnq associated with T pnq is known to
be independent of the choice of F pnq as well. Hence it is customary to omit
F pnq and v from the notation.

The original conjecture of [Rav84] was that the functors LT pnq and LKpnq

are the same, which was then known to be the case for n � 0 and n � 1.
A few years later (1989) it became apparent that the statement was likely
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to be false for n ¡ 1. The author made several unsuccessful attempts to
disprove it, one of which is the subject of [MRS01]. None of them were
anything like the work of BHLS.

There is an equality of Bousfield classes [Rav92, Definition 7.2.1 and The-
orem 7.3.2 (d)],

xEny � xEpnqy � à
0¤m¤n

xKpmqy.(2.2)

Definition 2.3. The functors Ln and LFin
n . The former is Bousfield

localization with respect to Epnq, periodic Johnson-Wilson theory, or equiv-
alently with respect to En, Morava E-theory. We denote the 8-category of
Epnq-local spectra by LnSp.

LFin
n is Bousfield localization with respect toà

0¤m¤n

T pmq.

This functor is independent of the choice of the T pmqs. We denote the
corresponding category of local spectra by LFin

n Sp.

The notation LFin
n is used because it is known that the fiber of the map

X Ñ LFin
n X is the colimit of all finite Epnq-acycylic spectra mapping to X.

See Haynes Miller’s [Mil92] and [BMCSY25, §2] for more discussion.
Both Ln and LFin

n are known to be smashing [Rav92, Theorem 7.5.6],
meaning that for any spectrum X,

LnX � X ^ LnS and LFin
n X � X ^ LFin

n S.

In Definition 4.17 we will define the functors LCyclo
n (height n cyclotomic

completion) and LCyclopnq that interpolate respectively between LFin
n and

Ln, and between LT pnq and LKpnq.
As in [Rav26] we will use the following notation.

Definition 2.4. Telescopic, cyclotomically complete and chromatic
localizations of K-theory and TC. For an E1-ring spectrum R and
n ¥ 0,

KT pnqpRq :� LT pnqKpRq, TCT pnqpRq :� LT pnqTCpRq,
KCyclopnqpRq :� LCyclopnqKpRq, TCCyclopnqpRq :� LCyclopnqTCpRq,

where LCyclopnq is as in Definition 4.17 below,

KKpnqpRq :� LKpnqKpRq, and TCKpnqpRq :� LKpnqTCpRq.
The notation KT pnq is used in [BMCSY25], but not in most other papers

in this area.

2.2. The Burklund-Hahn-Levy-Schlank counterexample. The authors
of [BHLS23] show that for each n ¥ 1 and each prime p, there is a p-
local E1-ring spectrum R of chromatic height n such that TCKpn�1qpRq and
TCT pn�1qpRq are distinct. More precisely, for each prime p and each inte-
ger n ¡ 0, they consider a form of the Johnson-Wilson spectrum BP xny
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(which has fp-type n), originally defined by Dave Johnson and Steve Wilson
in [JW73] and revisited half a century later by Dylan Wilson (no relation to
Steve) and Hahn in [HW22]. In [BHLS23, §5] the authors define an action of
the additive group of integers Z, and hence of its subgroups pkZ for k ¡ 0,
via Adams operations, which we will discuss in §5.2. They prove that the
T pn� 1q-local K-theoretic coassembly map of [Rav26, Definition 5.6]

ϵ : KT pn�1qpBP xnyhppkZqq Ñ KT pn�1qpBP xnyqhppkZq(2.5)

is not an equivalence, but becomes one after Kpn� 1q-localization. In other
words, the algebraic K-theory functor on ring spectra with Z-action does
does not commute with passage to homotopy fixed points, even T pn � 1q-
locally, but its does so commute Kpn� 1q-locally. Thus, the telescope con-
jecture fails at heights greater than 1. In their words,

We do this by looking at the coassembly map from two highly
divergent perspectives, which are connected via trace theo-
rems:
(1) From the perspective of locally unipotent Z-actions on

ring spectra, the results of [BHLS23, §4] tell us that the
coassembly map cannot be an isomorphism. [In §2.3 we
will say that it is nontrivial when it is not an isomor-
phism.]

(2) From the perspective of cyclotomic redshift of [BM-
CSY25], the map

LT pnqBP xnyhppkZq ÝÑ LT pnqBP xny
splits after base change to the maximal abelian exten-
sion of the Kpnq-local sphere [see Definition 4.12], and
therefore the coassembly map is a Kpn � 1q-local iso-
morphism.

Remark 2.6. Why BP xny? While BP xny has less structure than its rela-
tives En and EnpFpq, it has the advantage of being connective. (The homo-
topy groups of these three spectra are given in (4.1).) We need connectivity
to apply [BHLS23, Corollary 3.21] (quoted as [Rav26, Proposition 6.6]) to
show that a certain T pn� 1q-local coassembly map is not an equivalence.

In that statement the Z-action on the connective ring spectrum is assumed
to be trivial, but the action here is nontrivial. We only know that it is
locally unipotent as in Definition 5.1. Such actions are sketched in §5. In
Theorem 5.11, we will see that our action on BP xny becomes trivial after
smashing with a suitable finite complex.

2.3. Nontrivial coassembly maps. The relevant results of [BHLS23, §4]
are reported in [Rav26, §6]. They have to do with a connective ring spectrum
R on which Z acts trivially, leading to a similar actions on THHpRq and
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TCpRq. It turns out that the coassembly maps ϵ in these cases are far from
being isomorphisms.

[BHLS23, Proposition 3.19], quoted as [Rav26, Proposition 6.6], identifies
the fiber of coassembly in the THH case when R � Sp, the p-local sphere
spectrum. It also guarantees the nontriviality of the fiber in the TC case for
general R provided that TCpRq is nontrivial.

The example of interest is a nontrivial action of Z (via Adams operations)
on the connective ring spectrum R � BP xny. This action is locally unipo-
tent (Definition 5.1) after p-adic completion, and such actions are discussed
here in §5. Theorem 5.3 and Corollary 5.7 say that if such a spectrum has
certain properties (that BP xny is known to have), then smashing it with
a type n � 2 finite complex renders the Z-action trivial on THHpRq and
on TCpRq respectively. Hence we know that the T pn� 1q-local coassembly
maps are nontrivial.

BHLS take their discrete cyclotomic extensions and apply functors such
as algebraic K-theory, TC and THH, which are defined in terms of smooth
cyclotomy. Their cyclotomic completion (Definition 4.17) has to do with dis-
crete cyclotomy, while cyclotomic boundedness (in relation to the Antieau-
Nikolaus t-structure of [AN21]) has to do with smooth cyclotomy. Most
of their proof takes place in the 8-category CycSp of smoothly cyclotomic
spectra as in [Rav26, Definition 5.24].

[Rav26] ends by quoting [BHLS23, Theorem 3.22 for X � S], as [Rav26,
Theorem 6.7], which says that a map similar to (2.5) is not an equivalence. In
it BP xny is replaced by a T pnq-local ring spectrum R for which KT pn�1qpRq
(see Definition 2.4) is nontrivial, equipped with a trivial action of Z.

The object of this paper is twofold:

(i) To outline the proof that the chromatic analog of (2.5), the coassem-
bly map

KKpn�1qpBP xnyhppkZqq Ñ KKpn�1qpBP xnyqhppkZq,

is an equivalence for a certain nontrivial action of Z by Adams op-
erations. We will see in (4.20) that there is an intermediate functor
between Kpnq and T pnq localizations, height n cyclotomic comple-
tion LCyclopnq as in Definition 4.17. It turns out that the map of
(2.5) with T pn� 1q-localization replaced by height n� 1 cyclotomic
completion is also an equivalence. See Theorem 6.6.

(ii) To show that said group action (which is locally unipotent as in
Definition 5.1), when restricted to the subgroup pkZ for k " 0, is
close enough to trivial to show that (2.5) is not an equivalence. A
TC version of this is given in Theorem 5.11, and Theorem 6.6 relates
it to algebraic K-theory.

Then we can use the fact that when Z acts trivially on a ring
spectrum R for which KT pn�1qpRq (see Definition 2.4) is nontrivial,
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the coassembly map

ϵ : KT pn�1qpRBZq Ñ KT pn�1qpRqBZ,

is not an equivalence by [BHLS23, Theorem 3.22 for X � S], which
is quoted as [Rav26, Theorem 6.7].

2.4. The Lichtenbaum-Quillen property.

Definition 2.7. [BHLS23, Definition 4.2] Let n ¥ �1. We say that an
E1-ring R has the height n Lichtenbaum-Quillen property if THHpRq
is bounded below and, for each finite spectrum F of type n� 2, the spectrum
F b THHpRq is bounded above in the Postnikov sense.

The bounded above condition means that F b THHpRq is a colimit of
spectra with finite Postnikov systems (its m-connected covers), so all of its
Morava K-theories vanish. Since Kpmq�F � 0 iff m ¤ n� 1, we must have
Kpmq�THHpRq � 0 for m ¥ n� 2.

This condition on FbTHHpRq is also known to be equivalent to F b THHpRq
being bounded above in the Antieau-Nikolaus t-structure of [AN21], which is
described in [Rav26, §5.11]. Recall that the cyclotomic spectrum THHpHFpq,
the subject of [Rav26, §5.9], is bounded above in the Antieau-Nikolaus t-
structure, but its underlying spectrum is not bounded above in the (classical)
Postnikov t-structure.

Theorem 2.8. The Lichtenbaum-Quillen property and localized
TC. [HW22, Theorem 3.4.1] For R as in Definition 2.7 with finite type,
TCpRq has fp-type at most n� 1. In particular, the map

TCpRq ÝÑ TCT pn�1qpRq
is truncated, meaning that the homotopy groups of its fiber are bounded
above.

3. Semiadditivity

Semiadditivity (along with ambidexterity, which we do not need here)
is first introduced in the unpublished masterpiece [HL13] of Hopkins and
Lurie. Much of the subsequent work in this area is due to Carmeli, Schlank
and Yanovski. Their three papers, [CSY22], [CSY21] and [CSY24], appeared
as preprints in the stated order, even though [CSY21] was published before
[CSY22]. They also wrote [BCSY24] with Toby Barthel and [BMCSY25]
with Shay Ben-Moshe.

In [CSY21] they say

The localizations LKpnq and LT pnq are known to possess sev-
eral rather special and remarkable properties. Among them
are the vanishing of the Tate construction for finite group
actions [CM17, HS96, GS96, Kuh04]; see Theorem 3.1. In
[HL13], Hopkins and Lurie reinterpret this Tate vanishing
property as 1-semiadditivity (see Definition 3.5), and vastly
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generalize it by showing that the 8-categories SpKpnq are 8-

semiadditive; see Theorem 3.3(i). In turn, this is exploited
to obtain new structural results for SpKpnq.

In [CSY22, Theorem B, our Theorem 3.7] the authors ex-
tended the results of [HL13] by classifying all the higher semi-
additive localizations of Sp with respect to homotopy rings.
First, for all such localizations, 1-semiadditivity was shown
to be equivalent to 8-semiadditivity. Second, the telescopic
localizations LT pnq, for various primes p and heights n, were
shown to be precisely the maximal examples of such local-
izations (while the LKpnq are the minimal).

Concisely put, among localizations of spectra with respect
to homotopy rings, the higher semiadditive property singles
out precisely the monochromatic localizations, which are pa-
rameterized by the chromatic height.

I must say that I had no idea that Kpnq-localization had such properties
when I wrote [Rav84]!

The starting point of this theory is the following result of Mark Hovey and
Hal Sadofsky, which is related to [MR87, Conjecture 12]. See Remark 3.12.
It is stated in terms of the Tate construction p�qtG for a finite group G,
which was originally defined by John Greenlees and Peter May in [GM95,
Introduction] (quoted as [Rav26, (4.26)]) to be the cofiber of a map from
the homopty orbit spectrm to the homotopy fixed point spectrum.

Theorem 3.1. Algebraic blueshift. [HS96, Theorem 1.1] For a finite
spectrum X with trivial action by a finite group G, the Bousfield class of
pLnXqtG is that of Ln�1X.

We now know that the finiteness of X and the triviality of the G-action
are unnecessary hypotheses.

The term blueshift refers to the lowering of chromatic height, and hence
of “wavelength” or periodicity. The term redshift refers to the raising of
chromatic height, which we will see in §4.5.

If a finite spectrum X has type n, meaning that Ln�1X is contractible but
LnX is not, Theorem 3.1 says that the Tate spectrum of LnX � LKpnqX is

contractible, making the norm map NmG : XhG Ñ XhG of [Rav26, (4.28)]
(of which the cofiber is the Tate spectrum) an equivalence. To put it another
way, for a type n finite spectrum X with trivial G-action, the norm map
NmG, which appears in Greenlees-May’s “Tate diagram” of [Rav26, (4.35)],
induces an isomorphism in Kpnq�p�q. A related result of Greenlees and
Sadofsky [GS96, Theorem 1.1], from the same year as the Hovey-Sadofsky
result, says that the Tate spectrum for Kpnq itself (with trivial G-action) is
contractible.

If we assume instead that X is Kpnq-local, then so is the homotopy fixed
point spectrum XhG, although the homotopy orbit spectrum XhG need not
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be. [HL13, Theorem 0.0.1] says that for any action of G on X, the norm
map exhibits XhG as a Kpnq-localization of XhG. Their goal is to generalize
this result in a way that involves the following.

Definition 3.2. π-finiteness, truncation and connectivity of spaces.
A space (or Kan complex) X is π-finite if it has finitely many path connected
components, each of its homotopy groups πipX,xq for any base point (or
vertex) x is finite, and for each x they vanish for i " 0. It is m-finite if
these groups vanish for i ¡ m.

It is m-truncated for m ¥ 0 if its homotopy groups vanish above dimen-
sion m. They need not be finite in low dimensions. It is p�1q-truncated if
it is empty or contractible, and p�2q-truncated if it is contractible.

It is m-connective for m ¥ 0 if its homotopy groups vanish below di-
mension m.

For a prime p, a p-space is one whose homotopy groups are all finite
p-groups.

An m-finite (respectively m-connective or π-finite) map q : AÑ B
is one for which q�1pbq is m-finite m-connective or(π-finite) for all b P B.

An m-finite limit or colimit is one that is indexed by an m-finite space.

For an 8-categorical generalization of the above see Definition A.4.
The word truncation here refers to the process of killing homotopy

groups above dimension m by attaching k-cells for k ¥ m� 2. This process
is also known as passing to the mth Postnikov section.

The definition of m-finiteness above is such that the space of paths be-
tween any pair of points in an m-finite space is pm � 1q-finite, even when
m ¤ 0.

A map q : AÑ B is p�2q-finite if it is an equivalence, it is p�1q-finite if the
preimage of each component of B is either empty or is mapped equivalently
to it, it is 0-finite if the preimage of each component of B is equivalent to a
finite covering of it, and so on.

As before let SpKpnq be the 8-category of Kpnq-local spectra. Then a
Kpnq-local spectrum X with G action is a functor ρ : BGÑ SpKpnq for BG
the one object8-category associated withG as in [Rav26, Definition 5.1]. Its
limit and colimit are XhG and LKpnqXhG. The norm map of [Rav26, (4.28)]
extends uniquely to LKpnqXhG (since the target is Kpnq-local), and we can
ask if this extension is an equivalance.

The space BG for a finite group G has

πiBG �
"

G for i � 1
0 otherwise.

The key insight of [HL13] is that similar statements hold not just for functors
BG Ñ SpKpnq, but for functors X Ñ SpKpnq where X is π-finite as in
Definition 3.2. The case X � BmCpj for m, j ¡ 0 is of particular interest.

Theorem 3.3. The Hopkins-Lurie norm. Let X be a π-finite space or
Kan complex.
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(i) [HL13, Theorem 0.0.2] For any functor ρ : X Ñ SpKpnq, there is a
canonical equivalence

NmX : colim
X

ρ
� // lim

X
ρ.

(ii) [CSY22, Theorem A] The same holds for any functor X Ñ SpT pnq.

This norm map is studied more generally by Lurie in [Lur17, 6.1.6]. For
a suitable 8-category C and a map of Kan complexes f : X Ñ Y , one
has a functor f� : CY Ñ CX (sometimes called a pullback functor) with
right and left adjoints f�, f! : CX Ñ CY (as in Definition 4.23), sometimes
called the pushforward and extraordinary pushforward. When Y � ∆0,
f� : C Ñ CX is the diagonal functor, and its adjoints are the homotopy
colimit and homotopy limit functors. When in addition X � BG for a finite
group G, they are the homotopy orbit and homotopy fixed point functors.

The definition of this map requires some “intricate categorical construc-
tions” given in [HL13, §4]. An easier way to do it is given by Yonatan Harpaz
in [Har20]. He defines an 8-category Spanm (Definition 3.4) of spans of m-
finite spaces and shows that it has a certain universal property with respect
to m-semiadditive 8-categories, as in Definition 3.2.

Here is Harpaz’ definition. In [Har20, Theorem 4.1] he shows that this
category has a universal property that is convenient for the study of m-
semiadditive 8-categories as in Definition 3.5.

Definition 3.4. The mth Harpaz 8-category. [Har20, Definition 2.12]
The symmetric monoidal 8-category pSpanm,�,ptq of spans of m-finite
spaces has m-finite spaces as in Definition 3.2 as objects. A morphism from
X to Y is a diagram (called a span) X ÐW Ñ Y (as is a morphism from
Y to X) in which W is also m-finite. Its composite with Y Ð W 1 Ñ Z is
X ÐW 2 Ñ Z, which is derived from the diagram

W 2

$$JJ
J

zzvvv

W
$$II

II
{{xxx

W 1

##G
GG

zzttt
t

X Y Z

in which the square is a pullback diagram.

Definition 3.5. An 8-category C is m-semiadditive if for every functor
ρ : X Ñ C from an m-finite space X as in Definition 3.2, there is an
equivalence NmX as in Theorem 3.3. It is 8-semiadditive if it is m-
semiadditive for all m ¡ 0.

Infinite semiadditivity for C does not imply that there is an equivalence
NmX for a functor ρ : X Ñ C for any space X, but only for spaces X with
finite Postnikov towers and finite homotopy groups.

Example 3.6. The meaning of m-semiadditivity for small m.
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 p�2q-semiadditivity means that the limit and colimit of a functor
from the trivial category (the one with a single object and a single
morphism) are equivalent. Such a functor is simply the choice of an
object in C, with both the limit and colimit being the object itself.
Hence every 8-category is p�2q-semiadditive.


 p�1q-semiadditivity means that in addition the limit and colimit are
equivalent for any functor from the empty category. There is only
one such functor, and its limit and colimit are terminal and initial
objects in C. Hence C is p�1q-semiadditive iff it is pointed.


 0-semiadditivity means in addition that the limit and colimit are
equivalent for any functor from a finite discrete category. This means
that finite products and coproducts are the same, which is the case
in any stable 8-category.


 1-semiadditivity means that for any finite group G, the Greenlees-
May norm map NmX

G : XhG Ñ XhG of [Rav26, (4.28)] is an equiva-
lence for any X-valued functor from BG, which defines a G-action
on X. Here BG denotes the nerve of the one object category BG
associated with G. This Kan complex has a single vertex, so a func-
tor from the corresponding BG (meaning a map of simplicial sets)
identifies a single object X in C and defines a G-action on it. Hence
the Tate object XtG (the cofiber of NmX

G ) is contractible.

 Higher semiadditivity means that one can replace BG for a finite
group G as above by an m-finite space and still have contractible
Tate objects.

Thus Theorem 3.3 says that SpKpnq and SpT pnq are 8-semiadditive. It
turns out that certain other localizations of Sp also have this property.

Theorem 3.7. [CSY22, Theorem B] Let R be a non-zero p-local homotopy
ring spectrum. The 8-category SpR is 1-semiadditive if and only if there
exists a (necessarily unique) integer n ¥ 0 such that

SpKpnq � SpR � SpT pnq .(3.8)

As noted in [CSY22, paragraph after Theorem B and proof of Theo-
rem 5.4.7], the Nilpotence Theorem of [DHS88, Theorem 1] (also treated in
[Rav92]) implies that SpR is 1-semiadditive if and only if RbHFp � 0 and
there is exactly one integer n ¥ 0 for which RbKpnq � 0. Namely, SpR is
1-semiadditive if and only if R is supported at a unique (finite) chromatic
height. In (4.16) we will see an example of such an R, namely a certain
infinite Galois extension of ST pnq.

This means that SpKpnq and SpT pnq are respectively minimal and maximal
among 1-semiadditive 8-categories of R-local spectra. Now that we know
these two are distinct for n ¥ 2, we would like to know the structure of the
poset of such 8-categories SpR.
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Theorem 3.9. [CSY22, Theorem C] Let R P Sp be a homotopy ring spec-
trum. The 8-category SpR of R-local spectra is 1-semiadditive if and only
if it is 8-semiadditive.

There is no requirement above that R be local at any prime. When it is,
we can say much more.

Theorem 3.10. [CSY22, Theorem D]
Let R be a non-zero p-local homotopy ring spectrum. The following are

equivalent:

(i) R b HFp � pt and there is exactly one integer n ¥ 0 for which
RbKpnq � pt.

(ii) There exists a (necessarily unique) integer n ¥ 0 such that (3.8)
holds.

(iii) Either SpR � SpHQ, or the functor Ω8 : SpR Ñ S� admits a retract,
meaning a Bousfield-Kuhn functor as in [Bou87] and [Kuh89].

(iv) SpR is 1-semiadditive.
(v) SpR is 8-semiadditive.

Theorem 3.11. [CSY22, Theorem E] Let R be a non-zero p-local homotopy
ring spectrum, and let n ¥ 0. Then the following are equivalent:

(i) RbKpmq � pt for all m ¡ n.
(ii) RbF pn�1q � pt for a finite p-local spectrum F pn�1q of type n�1

as in Definition 2.1(i).
(iii) Rb Σ8A � pt for every n-connected π-finite space A.

Not all nonzero p-local homotopy ring spectra have the properties of The-
orem 3.11, HFp itself being an obvious exception. Such a spectrum with
vanishing mod p and rational homology cannot be connective.

Returning to π-finite spaces, each one has a finite Postnikov tower. This
means we need to understand (among others) the cases X � BG for a finite
group G, and

X � BmCp � KpZ{p,mq.
We know that Kpnq�BG has finite rank [Rav82], and a formula for its Euler
characteristic is given in [HKR00]. It is concentrated in even dimensions
when G is abelian, but there are counterexamples for nonabelian G due to
Igor Kriz and Kevin Lee [KL00].

The MoravaK-theory of each Eilenberg-MacLane space with finite abelian
homotopy group is computed in [RW80]; see §4.4. In each case it is concen-
trated in even dimensions for n ¡ 0. We also know by [HRW98] that the
Morava K-theory of a finite Postnikov tower is that of the corresponding
product of Eilenberg-MacLane spaces. In other words, the k-invariants of
such a tower are invisible to Morava K-theory.

In any case, Hopkins and Lurie have formal methods to reduce showing
their norm map is an equivalence in the case where X � BmCp and the
functor ρ of Definition 3.5 is constant with value Kpnq. This amounts to
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showing that the map induces an isomorphism KpnqiX Ñ Kpnq�iX for
each i.

Remark 3.12. Three notions of height. A finite p-local spectrum X of
type n has Kpmq�X � 0 iff m   n since it is known that the nontriviality
of Kpmq�X implies that of Kpm � 1q�X for any finite X. The situation
for the ring spectra of Theorem 3.11 is in a sense the opposite: they are
Kpmq-acyclic for all m ¡ n instead of for m   n. The authors of [CSY22]
observe

We obtain an equivalence of three different notions of height
¤ n for a homotopy ring:

(i) the algebraic one using Morava K-theories,
(ii) the geometric one using finite complexes, and
(iii) the categorical one using π-finite spaces.

The categorical height of a spectrum (i.e. the minimal d for
which condition Theorem 3.11(iii) holds) was considered, us-
ing different terminology, by Bousfield in [Bou82]. The most
prominent example of such R is Kpnq, which by [RW80], has
categorical height n. Bousfield’s work also implies that for all
n ¥ 0, the spectrum T pnq has some finite categorical height,
but determining its precise value had been an open question.
This can be now settled using Theorem 3.11; as the algebraic
and geometric heights of T pnq are known to be equal to n,
the categorical height must be n as well.

The blueshift of Theorem 3.1 is algebraic in the sense of (i) above. One
could also speak of geometric and categorical blueshift. The former is the
subject of [MR87, Conjecture 12].

4. Chromatic cyclotomic extensions

A theorem of Ethan Devinatz and Hopkins [DH04, Theorem 1] says that
SKpnq :� LKpnqS, the localization of the sphere spectrum at height n Morava

K-theory, is the homotopy fixed point set EnpFpqhGn . Here EnpFpq is the
Lubin-Tate spectrum constructed by Paul Goerss, Hopkins and Haynes
Miller, (see [GH04] and [Rez98]) and Gn is the extended height n Morava
stabilizer group of [Mor85].



18 DOUGLAS C. RAVENEL

For future reference recall that

π�BP � Zppqrv1, v2, . . . s with |vi| � 2ppi � 1q
π�BP xny � Zppqrv1, v2, . . . , vns
π�Epnq � v�1

n π�BP xny
π�En �W pFpnqJu1, . . . , un�1Kru�1s

with |u| � 2, |ui| � 0, vn � up
n�1 and vi � up

i�1ui;

see Remark 4.27.

π�EnpFpq �W pFpqJu1, . . . , un�1Kru�1s

(4.1)

Using ideas of John Rognes [Rog08], and Andy Baker and Birgit Richter
[BR08], the Morava spectrum EnpFpq can be viewed as a Galois extension
of SKpnq with Galois group Gn, the subject of Proposition 4.8. This means
that for each normal subgroup N � Gn there is a Galois extension of LKpnqS
with Galois group G � Gn{N . We are interested in the cases where G is
abelian.

We will begin with a review of abelian extensions of the p-adic numbers
in §4.1. In §4.2 we will review Rognes’ Galois theory for commutative ring
spectra, the subject of [Rog08]. In §4.3 we will discuss higher cyclotomic
extensions. §4.4 and §4.5 will cover the role of Eilenberg-MacLane spaces
and cyclotomic redshift respectively.

4.1. Some classical number theory. Recall the classical description of
the abelian extensions of the p-adic numbers Qp. A concise summary of
the relevant material on local fields (meaning finite extensions of the p-adic
numbers Qp) can be found in Xavier Caruso’s [Car19, §1.1]. The definitive
introduction is Jean-Pierre Serre’s [Ser79].

4.1.1. Ramified cyclotomic extensions. We know that every finite abelian
extension is contained in some cyclotomic extension, that is the extension
obtained by adjoining a primitive mth root of unity for some integer m ¡ 2.
The most interesting case for us is m � pj for some j ¡ 0, and we denote
such a primitive root of unity by ωpj . This extension has degree pp� 1qpj�1

and Galois group pZ{pjq�. Consider the diagram

ωpj
� // ωp

pj�1

Qp
// Qprωps // � � � // Qprωpj s // Qprωpj�1s // � � � // Qprωp8s

Zp
//

OO

Zprωps //

OO

� � � // Zprωpj s //

OO

Zprωpj�1s //

OO

� � � // Zprωp8s

OO

Zp
//

OO

ZprCps //

OO

� � � // ZprCpj s //

OO

ZprCpj�1s //

OO

� � � // ZprCp8s

OO

(4.2)

in which the top row is the ramified cyclotomic tower of field extensions,
the second row shows their rings of integers, and the third is the evident
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diagram of p-adic group rings with a generator of the cyclic group Cpj of

order pj mapping to ωpj . We denote the colimits of the three rows by
Qprωp8s, Zprωp8s and ZprCp8s, where Cp8 � T is the Prüffer group of
[Rav26, Definition 5.23 (ii)]. The Galois group of Qprωp8s over Qp is Z�p ,
the multiplicative group of p-adic units.

There is a split short exact sequence

1 // Zp
e // Z�p // Tp

// 1,(4.3)

where Tp � Z�p is the torsion subgroup, which consists of roots of unity,
namely µ2 � t�1u for p � 2, and µp�1 � Cp�1, the group of pp� 1qth roots
of unity, for p odd. The map e is the p-adically convergent exponential
function given by

epxq �

$'''&
'''%

expp4xq �
¸
k¥0

p4xqk
k!

� 1� 4x� 8x2 � � � � for p � 2

expppxq �
¸
k¥0

ppxqk
k!

� 1� px� p2x2

2
� � � � for p ¡ 2.

Note that the power series expp2xq does not converge 2-adically.
For future reference we note that Z�p has a dense finitely generated sub-

group

Z�,fg
p :�

" xep1q, �1y for p � 2
xep1q, ζp�1y for p ¡ 2

for a primitive pp� 1qth root of unity ζp�1

� Zp � Tp.

(4.4)

We will see this group in Proposition 4.18.
Let

ϖj :� ωpj � 1 P Zprωpj s.
Then we find that ϖ

pp�1qpj�1

j is a unit multiple of p, so

ppq � pϖjqpp�1qpj�1
.

The maximal ideal ppq � Zp becomes a power of the maximal ideal pϖjq
when we pass to Zprωpj s. This is called ramification. The p-adic inte-
gers Zp and the p-adic numbers Qp have discrete valuations || � || in which
||pi|| � i. They extend to valuations on Zprωpj s and Qprωpj s in which

||ϖj || � 1{pp� 1qpj�1.
The lower vertical maps in (4.2) are induced by certain group monomor-

phisms Cpj Ñ Zprωpj s�. Such a map, along with a choice of generator of

Cpj , determines a pjth root of unity in Zprωpj s. These maps are known to
split after inverting p, as explained in [CSY24, page 3514]. For any ring R
in which p is invertible, RrCpj s is isomorphic as a ring to RrCpj�1s�Rrωpj s.
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4.1.2. Unramified extensions. For each d ¡ 1, the p-adic numbers also has an
unramified (meaning that the ideal ppq remains maximal) abelian extension
whose ring of integers is the Witt ring WpFpdq. Its Galois group is Cd. It

is also the cyclotomic extension Qprωpd�1s obtained by adjoining ppd � 1qth
roots of unity. The degree of the corresponding extension of Q is the Euler
totient φppd�1q, which larger than d. The cyclotomic polynomial Φpd�1pxq
is irreducible over Q but has an irreducible factor of degree d over Qp. For
example when pp, dq � p3, 2q, we have

Φ8pxq � x4 � 1 � �
x2 �?�2x� 1

� �
x2 �?�2x� 1

�
,

and the reader can verify that
?�2 can be regarded a 3-adic integer, as can

the square root of any integer congruent to 1 mod 3.
The algebraic closure Fp, which is the colimit of the finite fields Fpd , has

Galois group pZ, the profinite integers. We know that the Galois group of

the maximal abelian extension of Qp is Z�p � pZ.
4.2. Rognes’ Galois theory for commutative ring spectra. Rognes’
definitions are stated in terms of spectra localized at a homology theory
E such as Morava K-theory. His spectra are S-algebras in the sense of
[EKMM97] but we are treating them in terms of orthogonal spectra. We
are not aware of a published definition in the language of 8-categories,
but one is hinted at by Akhil Mathew, Niko Naumann and Justin Noel in
[MNN17].

Definition 4.5. Galois extensions of E-local commutative ring spec-
tra. [Rog08, Definition 4.1.3]


 Let AÑ B be a map of E-local commutative ring spectra, making B
a commutative A-algebra, and let G be an E-locally stably dualizable
group (for example a finite group) acting continuously on B from the
left through commutative A-algebra maps.


 Let i : A Ñ BhG be the map to the homotopy fixed point spectrum
BhG � F pEG�, BqG that is right adjoint to the composite map

A^ EG� Ñ AÑ B,

that collapses the contractible free G-space EG to a point.

 Let h : B ^A B Ñ F pG�, Bq be the canonical map to the product
(cotensor) F pG�, Bq that is right adjoint to the composite map

B ^A B ^G� Ñ B ^A B Ñ B,

induced by the action B ^G� � G� ^ B Ñ B of G on B, followed
by the A-algebra multiplication B ^A B Ñ B in B.

A map of E-local commutative ring spectra A Ñ B is an E-local G-
Galois extension if i and h are both E-local equivalences. Such an exten-
sion is finite, abelian or finite abelian if G is.

Definition 4.6. Properties of Galois extensions.
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(i) [Rog08, Definition 4.3.1] A map of commutative ring spectra AÑ B
is faithful if for every A-module N , the condition N ^A B � �
implies that N � �.

(ii) [Rog08, Definition 9.1.1] The map A Ñ B is separable if the mul-
tiplication map µ : B ^A B Ñ B admits a bimodule section up to
homotopy.

(iii) [Rog08, Definition 10.2.1] A commutative ring spectrum B is con-
nected, in the sense of algebraic geometry, if its space of idempo-
tents EpBq is weakly equivalent to the two-point space t0, 1u.

Then his main theorem is

Theorem 4.7. The stable homotopy theoretic Galois correspon-
dence. [Rog08, Theorem 1.2]

Let A Ñ B be a faithful E-local G-Galois extension of commutative ring
spectra.

(i) For each subgroup H � G, the map C � BhH Ñ B is a faithful
E-local H-Galois extension, and the map AÑ C is separable.

(ii) For each normal subgroup H � G, the map A Ñ C � BhH is a
faithful E-local G{H-Galois extension.

If B is connected, then

(iii) The Galois group G is weakly equivalent to the mapping space
CAlgApB,Bq of commutative A-algebra self-maps of B.

(ov) For each factorization AÑ C Ñ B of the G-Galois extension, with
AÑ C separable and C Ñ B faithful, there exists a subgroup H � G
such that C � BhH as an A-algebra over B.

In other words, for a faithful E-local G-Galois extension A Ñ B with B
connected, there is a bijective contravariant Galois correspondence
H ÐÑ C � BhH between the subgroups H � G and the weak equiva-
lence classes of separable A-algebras C mapping faithfully to B.

The inverse correspondence takes C to H � π0CAlgCpB,Bq, the group
of connected components of the mapping space of commutative C-algebra
self-maps of B.

Proposition 4.8. A faithful profinite Galois extension. [Rog08, Propo-
sition 5.4.9] The map SKpnq Ñ EnpFpq is a Kpnq-local pro-Galois extension
with Galois group Gn, and both the extension and the associated Gn–action
are faithful. We have a short exact sequence

1 ÝÑ Sn ÝÑ Gn ÝÑ GalpFp{Fpq ÝÑ 1,(4.9)

where Sn has a pro-p open subgroup of index pn � 1.

Recall that GalpFp{Fpq and Sn are isomorphic respectively to the profinite

integers pZ and the group of unitsO�
D in the ring of integersOD of the division

algebra D over Qp with Hasse invariant 1{n.
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4.3. Higher cyclotomic extensions and cyclotomic completion. We
do not have an analog of Proposition 4.8 for ST pnq. However by a theorem
of Carmeli, Schlank and Yanovski we do know that for each abelian Galois
extension of SKpnq, there is an analogous extension of ST pnq.

We also know that the abelianization of the absolute Galois group of
Qp, which controls the abelian extensions of that field reviewed in §4.1, is

isomorphic to Z�p � pZ. The same is true of the abelianization Gab
n of the

extended Morava stabilizer group Gn, while the abelianization of Sn is Z�p .
In the former case the projections onto Z�p and pZ correspond respectively

to the maximal totally ramified and unramified abelian extensions of Qp.
In the latter case this means that the abelian extensions of SKpnq can

also be thought of as “chromatic cyclotomic extensions,” hence the title of
[CSY24]. We will be interested in the chromatic analogs of the ramified
extensions of (4.2) rather than the unramified ones of §4.1.2.

Theorem 4.10. Lifting abelian extensions of SKpnq to ST pnq. [CSY24,
Theorems A and 5.31] For every Kpnq-local finite abelian extension
SKpnq Ñ R in SpKpnq, there exists a T pnq-local finite abelian extension

ST pnq Ñ RFin in SpT pnq (having the same Galois group), such that

LKpnqR
Fin � R.

When G � pZ{pjq� for j ¡ 0, we denote this extension by ST pnqrωpnqpj
s. For

X P SpT pnq we define

Xrωpnq
pj
s :� X b ST pnqrωpnqpj

s.(4.11)

Definition 4.12. Two infinite abelian extensions of SKpnq and ST pnq.
Let

Rn � SKpnqrωpnqp8 s :� colim
j

SKpnqrωpnqpj
s,

SabKpnq :� SWpFpq b SJpnqrωpnqp8 s,
RFin

n � ST pnqrωpnqp8 s :� colim
j

ST pnqrωpnqpj
s

and SabT pnq :� SWpFpq b ST pnqrωpnqp8 s,

where SWpFpq denotes the evident Moore spectrum. SabKpnq and SabT pnq are the

maximal abelian extensions of SKpnq and ST pnq.

Remark 4.13. SKpnqrωpnqp8 s and SabKpnq are known to be a faithful Galois

extensions of SKpnq.

Example 4.14. Westerland’s spectrum. The spectrum SKpnqrωpnqp8 s for
n ¡ 0 is the ring Rn studied by Craig Westerland in [Wes17, Theorem 1.2].
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Namely, it is the (continuous) homotopy fixed points of En for the action
the kernel SG�

n of
det� : Gn ÝÑ Z�p ,

whence it is a Z�p –Galois extension of SKpnq. This map is the extension
of the determinant homomorphism on the subgroup Sn (as in (4.9)) to Gn

given by sending the Frobenius generator F of GalpFp{Fpq to p�1qn�1. This

means the homomorphisn is trivial on the subgroup GalpFp{Fpnq topologically
generated by Fn.

He describes Rn as a close relative of LKpnqΣ
8KpZp, n� 1q�. Note that

the fiber sequence

KpQp, nq Ñ KpQp{Zp, nq Ñ KpZp, n� 1q
leads to an equivalence

LKpnqΣ
8KpCp8,nq� Ñ LKpnqΣ

8KpZp, n� 1q�.(4.15)

since KpQp, nq is Kpnq-acyclic for n ¡ 0.
We will say more about Eilenberg-MacLane spaces in §4.4.

For each finite j, the map

ST pnq Ñ ST pnqrωpnqpj
shpZ{pjq�

is an equivalence, meaning that the corresponding Galois extension is faith-
ful. This does not imply that the Galois extension

ST pnq Ñ ST pnqrωpnqp8 s �: RFin
n(4.16)

is faithful.

Definition 4.17. Height n cyclotomic completion. We denote lo-

calization with respect to RFin
n by LCyclo

n and the corresponding category

by LCyclo
n Sp. A T pnq-local spectrum is cyclotomically complete if it is

RFin
n -local (see (4.16)).
The analog of LKpnq is

LCyclopnq :� LT pnqL
Cyclo
n ,

and we denote the corresponding category by SpCyclopnq.

SpCyclopnq is denoted by xSpT pnq in [BCSY24] and by pSpT pnqq^cyc in [BHLS23,

page 4].

Proposition 4.18. The height n cyclotomically complete sphere.

[BCSY24, Proposition 6.19] The restriction of the functor LCyclo
n to SpT pnq

is smashing with the unit object

pRFin
n qhZ�,fg

p P CAlgpSpCyclopnqq for Z�,fg
p as in (4.4).

We do not know if the functor LCyclo
n is smashing in the larger category

Sp like Ln and LFin
n are known to be.
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Remark 4.19. Why the finitely generated subgroup? Note that the

subgroup Z�,fg
p � Z�p is not closed. Devinatz-Hopkins theory [DH04, Theo-

rem 1] concerns closed subgroups of Gn and the category of Kpnq-local spec-
tra, but we are now in the category of T pnq-local spectra. In that world we
need to replace Z�p by a dense finitely generated subgroup in the description
of the unit object.

It is stated without explicit proof in [BCSY24, page 94] that Kpnq-local
spectra are height n cyclotomically complete. By Theorem 3.7 (originally
[CSY22, Theorem B]) this is the case because Kpmq�RFin

n � 0 iff m ¡ n
and RFin

n bHFp � 0.
Thus, using the notation of Definitions 2.3 and 4.17, we have categorical

inclusions and natural transformations of restricted functors (see (1.3))

Ln LCyclo
n

ks LFin
n

ks

LnSp
� � // LCyclo

n Sp �
� // LFin

n Sp

SpKpnq
� � //

?�

OO

SpCyclopnq
� � //

?�

OO

SpT pnq
?�

OO

LKpnq LCyclopnq
ks LT pnq.ks

(4.20)

For n � 1, the three categories in the second row are the same (as are the
ones in the third row) since the telescope conjecture is known to be true
for n � 0 and n � 1. For n ¥ 2, T pnq-local spectra are now known not
to be cyclotomically complete by [BHLS23, Theorem A], quoted here as
Theorem 6.3.

Theorem 4.21 ([BMCSY25, Proposition 4.17] and [BHLS23, Theorem
6.18]). For n ¥ 0, let R P CAlgpSpT pnqq. The map

KT pn�1qpRq ÝÑ KT pn�1q

�
ST pnqrωpnqp8 shTp bR

	hZ
,

for Tp,Z � Z�p as in (4.4), exhibits the target as the height n� 1 cyclotomic
completion (as in Definition 4.17) of the source, where the tensor products
are taken in CAlgpSpT pnqq.
Corollary 4.22. [BHLS23, Corollary 6.19] For n ¥ 0, the map

ST pnq ÝÑ ST pnqrωpnqp8 s
is a KCyclopn�1q-cover (for KCyclopn�1q as in Definition 2.4) in the sense of
Definition A.67.

4.4. The surprising appearance of Eilenberg-MacLane spaces.

Definition 4.23. Space indexed products and coproducts. [CSY21,
§1.4(3)] Given an 8-category C and a space A, the map A Ñ pt induces
a functor A� : C Ñ CA :� FunpA, Cq sending an object X in C to the
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constant X-valued functor on A, the 8-category associated with A as in
[Rav26, Definition 5.1(ii)]. For suitable C, A� has left and right adjoints A!

and A�, the colimit and limit of the functor AÑ C. We define

XrAs :� A!A
�X and XA :� A�A

�X,(4.24)

which are respectively covariant and contravariant in A. They come equipped
with a counit or fold map ∇ : XrAs Ñ X and a unit or diagonal map
∆ : X Ñ XA.

Example 4.25. When A is a finite set with k elements, then XrAs and XA

are the k-fold coproduct and product of X. When A � BG for a topological
group G, then XrAs and XA are the homotopy orbit space XhG and the
homotopy fixed point set XhG.

It turns out that in the Kpnq-local and T pnq-local worlds for n ¡ 0, the
height n analogs of ZprCpj s in (4.2) are the spectra

SKpnqrBnCpj s � LKpnqΣ
8BnCpj

and ST pnqrBnCpj s � LT pnqΣ
8BnCpj .

The analogs of Zprωpj s are summands of these.
Here the space BnCpj is the nth iterated classifying space of the cyclic

group of order pj , more traditionally known as the Eilenberg-MacLane space
KpZ{pj , nq, first introduced in [EM45]. We saw the colimit as j Ñ 8 in
Example 4.14.

To see why these spaces arise, suppose we replace the ring Zprωp8s in
(4.2) by a commutative ring R in a symmetric monoidal 8-category C, for
example an E8-ring spectrum. Its multiplicative group of units R� can
have nontrivial iterated loop spaces, unlike the totally disconnected space
Zprωp8s�.
Definition 4.26. [CSY24, Definition 4.2] A pjth root of unity of height

n, ω
pnq
pj

P R, is the image of a generator of Cpj under a group homomorphism

Cpj Ñ ΩnR�.

Such a map is adjoint to a map BnCpj Ñ R�. This notion of height
differs from that in the theory of formal group laws. See Remark 3.12.

Higher roots of unity are discussed in [CSY24, §4.1]. They are also used
in [BCSY24] to construct higher height analogues of the discrete Fourier
transform and Kummer theory. In [BMCSY25, Theorems 4.26 and 4.28]
respectively the authors show that these constructions play nicely with the
functor KT pn�1q.

The Morava K-theories of the spaces BnCpj , for all heights (in the formal
group law sense) and all values of n and j, were computed long ago by Steve
Wilson and the author in [RW80] for odd primes, and by Johnson andWilson
in [JW85, Appendix] for p � 2. We also did it for theKpnq-equivalent spaces
Bn�1Z and BnCp8 ; see (4.15). The alternative computation of Hopkins



26 DOUGLAS C. RAVENEL

and Jacob Lurie in [HL13, §2], which works for all primes, is explained by
Sanath Devalapurkar in [Dev18]. An interesting arithmetic interpretation
of our result is given by Victor Buchstaber and Andrey Lazarev in [BL07].

In particular we know that Kpnq�BnCpj has rank pj (as a module over
Kpnq�) and is concentrated in dimensions divisible by

|vn|{pp� 1q � 2p1� p� � � � � pn�1q.
This means that in the Kpnq-local world, Σ8�B

nCpj “looks like” a CW-

complex with pj cells evenly distributed in such dimensions, with an extra
one in dimension 0. This generalizes that fact (the case n � 0) that Σ8�Cpj

(and hence its rationalization) is a wedge of pj copies of the (rationalized)
sphere spectrum.

When we wrote [RW80], we had no idea that these spaces would play such
a role in chromatic homotopy theory!

Remark 4.27. Periodicity in Morava K-theory. In the above paragraph
we are using the original definition of Kpnq, for which

π�Kpnq � Fprv�1
n s with |vn| � 2ppn � 1q.

This spectrum is |vn|-periodic. One can formally adjoin a ppn � 1qth root u

of vn (with |u| � 2) to obtain a 2-periodic spectrum pKpnq. It follows thatpKpnq0pXq � à
0¤i pn�1

u�iKpnq2iX

and pKpnq1pXq � à
0¤i pn�1

u�iKpnq2i�1X.

The functors LKpnq and L
pKpnq are the same, as are the 8-categories SpKpnq

and Sp
pKpnq.

In the rest of the paper Kpnq will abusively denote the 2-periodic spectrumpKpnq.
The equality of the ranks of T pnq�BmCpj and Kpnq�BmCpj is the subject

of [CSY22, Lemma 5.1.7].

4.5. Chromatic cyclotomic redshift. Here we recall some results of the
insightful work of Ben-Moshe, Carmeli, Schlank and Yanovski, [BMCSY25].

We first look at 8-sheaves (Definition A.47) on the categories FinZp and
FinZ�p (see Definition A.72) of finite sets acted on by the groups of p-adic

integers and p-adic units. The general theory of such sheaves for profinite
groups G is reviewed in Appendix A.8.

Definition 4.28. [BMCSY25, Definition 5.10] For X P SpT pnq, the height
n cyclotomic sheaf is the contravariant functor on FinZ�p given by

pZ{pjq� ÞÑ Xrωpnq
pj
s

as in (4.11). Its stalk (see (A.62)) is Xrωpnqp8 s.
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Proposition 4.29. [BMCSY25, Proposition 5.11] The cyclotomic sheaf

SpnqT rωpnq
pp�q

s is a continuous Z�p –Galois extension, and there is a symmetric

monoidal equivalence

SpT pnq
�ÝÝÑ ModSpnqT rω

pnq

pp�q
s

�
ShvpFinZp ; SpT pnqq

�
, X ÞÝÑ Xrωpnq

pp�q
s.

Moreover, X P SpT pnq is cyclotomically complete if and only if the height n

cyclotomic sheaf Xrωpnq
pp�q

s is a hypersheaf as in Definition A.58.

Definition 4.30. [BMCSY25, Definition 2.10] An LFin
n -local 8-category

is an idempotent complete stable 8-category in which all mapping spectra
are LFin

n -local as in Definition 2.3.

The first theorem involves such an 8-category acted on by a π-finite p-
group G as in Definition 3.2; an ordinary finite p-group is a special case.
This means there is a functor BG Ñ Cat8 (the latter 8-category is the
subject of [Lur09, Chapter 3]) sending the single object of the domain to an
8-category C, for which the limit is ChG and the colimit is ChG.

Theorem 4.31. Higher descent. [BMCSY25, Theorem A] Let C be a
LFin
n -local 8-category (and hence a simplicial set) acted on by a π-finite p-

group G as in Definition 3.2, and let KT pn�1q be the functor of Definition 2.4.
Then the coassembly map

ϵ : KT pn�1qpChGq Ñ KT pn�1qpCqhG
and the assembly map

η : KT pn�1qpCqhG Ñ KT pn�1qpChGq
of [Rav26, Definition 5.6] are isomorphisms.

Corollary 4.32. [BMCSY25, Corollary 1.4] Let R Ñ S be a T pnq-local
G-Galois extension where G is an n-finite p-group. Then

KT pn�1qpRq ÝÑ KT pn�1qpSq
is a T pn� 1q-local G-Galois extension.

A similar theorem and corollary for a discrete finite p-group G are proved
by Mathew, Naumann, Noel and Dustin Clausen as [CMNN24, Theorem C
and Corollary 4.1].

The following says that when X is a T pnq-local ring, the functor KT pn�1q

converts the height n cyclotomic sheaf of Definition 4.28 on R to the height
n � 1 one on KT pn�1qR. For n � 0 this is proved by Clausen, Mathew and
Bhargav Bhatt in [BCM20].

Theorem 4.33. Cyclotomic redshift and hyperdescent. [BMCSY25,
Theorems B and C] Let R be a T pnq-local ring spectrum. Then there is a
Z�p -equivariant isomorphism:

KT pn�1qpRrωpnqp8 sq � KT pn�1qpRqrωpn�1q
p8 s,
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and the sheaf on FinZ�p given by

pZ{pjq� ÞÑ KT pn�1qpRqrωpn�1q
pj

s
is a hypersheaf as in Definition A.58.

5. Locally unipotent Z-actions

Definition 5.1. Local unipotence. For an action of Z on a topological
abelian group A, let Ψ : AÑ A be the automorphism induced by a generator
of Z. Then the action is unipotent if Ψ � 1 is a topologically nilpotent
endomorphism of A.

An action of Z on a spectrum R is locally unipotent if the induced
action on each homotopy group is unipotent. We denote by SpBZ,u the 8-
category of spectra X equipped with an action of Z that is locally unipotent
on π�X.

If A is p-adically complete, topological nilpotence means that Ψ � 1 is
nilpotent on A{pi for each i, which is implied by nilpotence on A{p.

The word “local” above refers to the fact that there need not be a power
of the endomorphism that kills all homotopy groups, but each such group is
killed by some power of it.

As explained in the introduction, the counterexample to the telescope con-
jecture involves a nontrivial but locally unipotent action of Z on
R � LT pnqBP xny that is induced by one on BP xny itself.

5.1. Trivializing a locally unipotent Z-action.

Theorem 5.2. The T pn� 1q-local K-theory coassembly map for the
trivial Z-action. [BHLS23, Theorem 3.22] Let R be a T pnq-local E1-ring
spectrum for n ¥ 1 and let X be a spectrum. If LT pn�1qpX b KpRqq (see
Definition 2.4) is nontrivial, then the coassembly map of ([Rav26, Defini-
tion 5.6]) for the trivial action of Z on R,

ϵ : LT pn�1qpX bKpRBZqq Ñ LT pn�1qpX bKpRqqBZ,

is not an equivalence. In particular the map

ϵ : KT pn�1qpRBZq Ñ KT pn�1qpRqBZ,

is not an equivalence when KT pn�1qpRq is nontrivial.

Theorem 5.3. Asymptotic constancy for THH. [BHLS23, Theorem C]
Let EA2 be the operad of Example B.38, and suppose that R is an EA2-ring
spectrum (such as BP xny) that is connective, p-complete and of fp-type n
as in Definition 2.1. Suppose also that it has a locally unipotent action of
Z.

If R has the height n Lichtenbaum-Quillen property of Definition 2.7, then

for k " 0 so does RhppkZq, and for a finite spectrum F of type n � 2, there
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is a commutative diagram of cyclotomic spectra

F b THHpRhppkZqq ϵ //

�
��

F b THHpRqhppkZq
�
��

F b THHpRBppkZqq ϵ // F b THHpRqBppkZq

where the horizontal maps are the coassembly maps of [Rav26, Definition 5.6].

Hence tensoring with F “trivializes” the Z-action on THHpRq in the sense
its homotopy fixed point set behaves like that of the trivial action. This
implies a similar statement for TCpRq.

Following [BHLS23, Notations and Conventions], we denote the8-category
of dualizable spectra by Sp3 (which includes all finite complexes) and that
of associative algebras in a symmetric monoidal 8-category C by AlgpCq.
Definition 5.4. [BHLS23, Definition 4.10] We let UAlgpSpq be the pre-
sentably symmetric monoidal 8-category defined by the pullback square

UAlgpSpq //

��

AlgpSpqBZ,u �AlgpSp3q

��

pR, V q
_

��
AlgpSpq

triv
// AlgpSpqBZ,u. Rb V

Thus an object in this 8-category is a pair pR, V q, where R is a ring
spectrum with a unipotent Z-action and V is a dualizable ring spectrum on
which Z acts trivially, such that the diagonal action on Rb V is trivial.

For the next result we need some notation. Let C0pZpq denote the ring
of continuous (meaning locally constant) Fp-valued functions on the p-adic
integers. Any a P Zp can be written uniquely as

a �
¸
k¥0

akp
k with apk � ak.

Hence each coefficient ak is either zero or a pp� 1qth root of unity. Thus its
mod p reduction, which we alos denote (abusively) by ak, is a continuous
Fp-valued function. It turns out that the ring of all such functions is

C0pZpq � Fprak : k ¥ 0s{papk � akq.
See [Rav26, Example 6.5] for more discussion.

Let WpC0pZpqq denote the commutative ring spectrum of spherical Witt
vectors as in [Lur18a, Example 5.2.7]. It is a countable coproduct of p-adic
sphere spectra.

The proof of the following occupies seven pages of [BHLS23, §4.2] and
makes use of the Dehn twist of [BHLS23, §4.2.3].

Theorem 5.5. [BHLS23, Theorem 4.11] There is a natural transformation
θ : M1 ùñ M2 (denoted by η in [BHLS23, Theorem 4.11]) of lax symmetric
monoidal functors

M1,M2 : UAlgpSpq Ñ Sp∆
1



30 DOUGLAS C. RAVENEL

given by

M1pR, V q :�WpC0pZpqq b V b resφpTHHpRqhZq
and M2pR, V q :� V b resφTHHpRhZq,

such that:

(1) θ becomes an isomorphism after composing with pullback along
i0 : ∆

0 Ñ ∆1.
(2) θ becomes an isomorphism upon restricting to the full subcategory of

those pR, V q for which the Tate coassembly map

WpC0pZpqq b
�pV b THHpRqqtCp

�
���

WpC0pZpqq b V b THHpRq�tCp

is an isomorphism.

Here the abusively denoted composite functor resφ :� resφ resD as in
[Rav26, Definition 5.40], sends a p-cyclotomic spectrum X to its Frobenius

map φp : X Ñ XtCp, which is an object in the morphism category Sp∆
1
,

which is tensored over Sp.

The first property means that the two morphismsM1pR, V q andM2pR, V q
have the same domain.

The proof of the next result occupies two pages of [BHLS23, §4.2].

Theorem 5.6. Asymptotic boundedness for THH. [BHLS23, Theorem
4.30] Let

R P AlgEA2
pSpBZ,uq

be connective of fp-type n ¥ �1, and let F be a finite spectrum of type n�2.
Suppose that F b THHpRq is bounded in the range rc, bs in the sense of the
Antieau-Nikolaus t-structure of [AN21], which is described in [Rav26, §5.11].

Then for k " 0, the spectrum F b THHpRhppkZqq is bounded in the range
rc � 1, b � 3s, and there is an isomorphism of Wk-modules in cyclotomic
spectra

F b THHpRhppkZqq � F bWk b THHpRq,
where Wk :� THHpSBppkZqq.

The spectrum Wk above is described by Cary Malkiewich in [Mal17,
Corollary 1.3] (quoted as [Rav26, Theorem 6.2]) as a cyclotomic spectrum
with a single underlying cell in dimension �1 and countably many in dimen-
sion 0.

Corollary 5.7. Asymptotic constancy for TC. [BHLS23, Corollary
4.33] Let

R P AlgEA2
pSpBZ,uq



CYCLOTOMIC EXTENSIONS IN STABLE HOMOTOPY THEORY 31

be connective, of fp-type n ¥ 0, and satisfying the height n Lichtenbaum-
Quillen property of Definition 2.7. Fix a finite spectrum F of type n � 1
with a vn�1-self map v.

Then for k " 0, there is a commutative diagram of Zrvs-modules as below,
where the horizontal maps are the coassembly maps:

π�pF b TCpRhppkZqqq ϵ //

�
��

π�pF b TCpRqhppkZqq
�
��

π�pF b TCpRBppkZqqq ϵ // π�pF b TCpRqBppkZqq.
In the above the vertical isomorphisms are not induced by isomorphisms

of spectra.
The following is needed in the proof of Theorem 6.6.

Lemma 5.8. The coassembly map and the Čech nerve. [BHLS23,

Lemma 6.15] Let R P CAlg
�
SpBZ,u

T pnq

�
for n ¥ 1. There is a commuting

triangle, natural in R,

KT pn�1qpRhZq KT pn�1qpRqhZ

lim
∆

KT pn�1q

�
RbRhZ RhZ
�1�
ϵ

�

identifying the coassembly map ϵ with the Čech nerve (Definition A.29) of
the map iR : RhZ Ñ R. In particular, the coassembly map for R is an
isomorphism if and only if iR satisfies KT pn�1q-descent as in Definition A.67.

5.2. Adams operations on BP xny. The main counterexample of [BHLS23]
(see Theorem 6.3) involves an action of the integers on the Johnson-Wilson
spectrum BP xny via Adams operations. The construction of such operations
is the subject of their §5.

In [BHLS23, Theorem C] (our Theorem 5.3) the hypothesis on R is that
it is an algebra over the operad EA2 :� E1 bBV A2 of Example B.38. Here
p�bBV�q denotes the tensor product of operads defined by Michael Board-
man and Rainer Vogt in [BV73] and discussed in Appendix B.5. The oper-
ads A2 and E1 are defined in Definitions B.15 and B.17 respectively. Such
a structure is intermediate between E1 and E2.

They choose EA2 because it is the strongest structure they can establish
for the Adams operations Ψℓ on BP xny; see [BHLS23, Theorem 5.4 and
Remark 5.5]. Even though BP xny itself is known to be an E3-algebra over
the E8-ring MUppq, they can only show that their Adams operation on it,
and hence its homotopy fixed point set, has the weaker structure. Recall
that Vogt, Morten Brun and Zbigniew Fiedorowicz[BFV07] show that for
an Em-ring spectrum R with m ¥ 2, THHpRq is an Em�1-ring spectrum.
Apparently if R is an EA2-algebra, then THHpRq is an A2-algebra, but we
know of no published proof of this.
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The Adams operation we want is denoted by Ψℓ, where ℓ � 3 when the
implicit prime p is 2, and ℓ � 2 when p is odd. For any p-local unit k one
has an infinite loop map Ψk : BUppq Ñ BUppq which induces multiplication

by ki in π2i for each i ¡ 0. This map can be Thomified to an E8-map
Ψk : MUppq Ñ MUppq with similar properties. There is a similarly named
E8-endomorphism of the Morava spectrum En that is related to the formal
group law endomorphism rkspxq. More details can be found in [BHLS23, §5].

We lose the E8-structure when we pass to BP xny, which is only known to
be an E3-MUppq-algebra. There the induced Adams operation is only known
to to preserve the still weaker structure of an EA2-MUppq-algebra.

The proof of the following runs for twelve pages and makes use of factor-
ization homology in [BHLS23, Proposition 5.11].

Theorem 5.9. The curative effect of T pnq-localization on BP xny.
[BHLS23, Theorem 5.4] The EA2–MUppq-algebra underlying the E3–MUppq-
algebra BP xny admits a lift to an object

BP xnyΨ P AlgEA2

�
ModpSpBZ;MUΨ

ppqq
�

such that:

(i) There is a map

ι : BP xnyΨ ÝÑ EΨ
n

in AlgE1

�
ModpSpBZ;MUΨ

ppqq
�
.

(ii) There is an identification

LT pnqBP xnyΨ LT pnqpιq //

�
��

EΨ
n

pEΨ
n qhpµpn�1⋊pZq // EΨ

n

in AlgE1
pSpBZq. The two spectra other than LT pnqBP xnyΨ are E8.

The subgroup µpn�1 ⋊ pZ � Gn fits into a diagram with exact rows

µpn�1
// µpn�1 � npZ //

��

npZ� _
��

µpn�1
//

��

µpn�1 ⋊ pZ //

��

pZ
�

��
O�

D
// Gn

// GalpFpq,

(5.10)

where the bottom row is the short exact sequence of (4.9). In the

middle row the Frobenius generator of pZ acts on µpn�1 by raising
each root of unity to its pth power.

(iii) The underlying Z-action on BP xny is locally unipotent in p-complete
spectra after p-completion.
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Local unipotence is implied by the fact that ℓp�1�1 is divisible by p. The

generator of pZ acts on π�En via the lifting of the Frobenius automorphism
of Fp to its Witt ring. It follows that

En � EnpFpqhpnpZq;

the action of npZ on the scalars in WpFpq fixes WpFpnq. Meanwhile the action
of µpn�1 on π�En is such that

π�

�
E

hµpn�1
n

	
�W pFpnqJup�1u1, . . . , u

pn�1�1un�1Kru�ppn�1qs
�W pFpnqJv1, . . . , vn�1Krv�1

n s
and π�

�
EnpFpqhpµpn�1⋊pZq

	
� ZpJv1, . . . , vn�1Krv�1

n s
� π�LT pnqBP xny.

This means the EA2-structure of the group action on BP xny becomes an
E8-structure upon passage to LT pnqBP xny.

The proof of the following occupies most of [BHLS23, §4].

Theorem 5.11. Telescopic TC asymptotic constancy for BP xny.
[BHLS23, Theorem B] Fix a telescope T pn� 1q of a type n� 1 p-local finite
spectrum F pn� 1q. Then for all k " 0, there is a commuting square

T pn� 1q�TCpBP xnyhppkZqq ϵ //

�
��

T pn� 1q�TCpBP xnyqhppkZq
�
��

T pn� 1q�TCpBP xnyBppkZqq ϵ // T pn� 1q�TCpBP xnyqBppkZqq,

where the horizontal maps are TC coassembly maps.

6. The main counterexample

As in [BHLS23, §6.1], we start with

Theorem 6.1. Telescopic K-theory for connective ring spectra.
[LMMT24, Purity Theorem and Corollary 4.30] and [CMNN20, Corollary
4.11]. Let R be a connective E1-algebra. For n ¥ 1, the pT pnq ` T pn� 1qq-
localization map and the cyclotomic trace induce isomorphisms

KT pn�1q

�
LT pnq`T pn�1qR

� �ÐÝÝ KT pn�1qpRq �ÝÝÑ TCT pn�1qpRq.
With additional hypotheses we have

Corollary 6.2. Connective rings with Z-action. [BHLS23, Corollary
6.3] For n ¥ 1, let R be a T pn� 1q-acyclic, connective E1-algebra with a Z-
action. The coassembly map, the T pnq-localization map, and the cyclotomic
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trace fit into a commuting diagram

KT pn�1qpLT pnqR
hZq ϵ // KT pn�1qpLT pnqRqhZ

KT pn�1qpRhZq ϵ //

�
��

�

OO

KT pn�1qpRqhZ
�
��

�

OO

TCT pn�1qpRhZq ϵ // TCT pn�1qpRqhZ,
The ring of interest is BP xny with the Z-action given by the Adams op-

erations of §5.2. While its known multiplicative structure (EA2) is relatively
weak, Theorem 5.9 says that T pnq-localization elevates it to E8.

Theorem 6.3. The main counterexample. [BHLS23, Theorem A] Let
p be any prime and n ¥ 1. Then, for all k ¥ 0,

KT pn�1q

�
BP xnyhppkZq

	
is not Kpn� 1q-local. In particular,

SpKpn�1q � SpT pn�1q.

On [BHLS23, page 5] they say (using our notation)

Using cyclotomic redshift [see §4.5], and the fact that the
ppkZpq-pro-Galois extension

LT pnqBP xnyhppkZq ÝÑ LT pnqBP xny
is closely related to a [higher] cyclotomic extension [see §4.3],
we deduce that there is an equivalence

KT pn�1qpBP xnyqhppkZq � KCyclopn�1q

�
BP xnyhppkZq

	
for each k ¥ 0. Thus, in order to prove Theorem 6.3, it
suffices to show that the coassembly map

KT pn�1q

�
BP xnyhppkZq

	
ÝÑ KT pn�1qpBP xnyqhppkZq

is not an equivalence.

Lemma 6.4. A cyclotomic completeness criterion. [BHLS23, Lemma
6.22] For n ¥ 1, if R is a T pnq-local commutative ring spectrum and there
is a map in CAlgpSpT pnqq

Srωpnqp8 shTp ÝÑ LT pnq

�
W pFpq bR

�
for Tp as in (4.4),

then KT pn�1qpRq is height n� 1 cyclotomically complete.

The proof of the following requires a full page and several lemmas in
[BHLS23]. It uses the machinery sketched in §4.3. Recall that KCyclopn�1q

(height n� 1 cyclotomically complete algebraic K-theory) is defined in Def-
inition 2.4.
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Proposition 6.5. KCyclopn�1q-descent and cyclotomic completeness.
[BHLS23, Prop. 6.24] For n ¥ 1, let R � LT pnqBP xny with the E8-Z-action
of Theorem 5.9. Then for each k ¥ 0, the map

fk : R
hppkZq ÝÑ R

is a KCyclopn�1q-cover as in Definition A.67 (also see Example A.71), and
KT pn�1qpRq is height n� 1 cyclotomically complete as in Definition 4.17.

Theorem 6.3 for a given value of k implies the same for smaller values of
k, so it suffices to prove it for k " 0. It is implied by the following, which is
related to Corollary 6.2 and relies on Lemma 5.8.

Theorem 6.6. Coassembly as cyclotomic completion. [BHLS23, The-
orem 6.25] Let BP xny be as in Theorem 5.4. For every prime p, height
n ¥ 1, and k ¥ 0, there is a diagram

KT pn�1qpLT pnqBP xnyhppkZqq ϵ // KT pn�1qpLT pnqBP xnyqhppkZq

KT pn�1qpBP xnyhppkZqq ϵ //

�
��

�

OO

KT pn�1qpBP xnyqhppkZq
�
��

�

OO

TCT pn�1qpBP xnyhppkZqq ϵ // TCT pn�1qpBP xnyqhppkZq,

where the horizontal maps are coassembly maps as in [Rav26, Definition 5.6].
These maps are not isomorphisms, but rather exhibit the target as the cy-
clotomic completion of the source. Hence the coassembly map on

KCyclopn�1qpBP xnyhppkZqq
is an equivalence, while the middle coassembly map above is not. In partic-
ular, this gives a counterexample to the height n� 1 telescope conjecture.

Appendix A. Some 8-categorical constructions

A.1. Miscellaneous definitions. We need the following definitions for fu-
ture reference. We suggest skipping this subsection initially and referring to
specific items in it as needed.

A.1.1. Augmented simplicial objects. Recall that the simplicial category
∆ is that of finite ordered sets and order preserving maps. It has an object
rns � t0, 1, . . . , nu for each integer n ¥ 0. More details can be found in
[Rav26, §2.4] and in [GJ99, Chapter I]. Here we consider the augmented
simplicial category ∆�, which is obtained from∆ by adding an additional
object, the empty set, denoted by r�1s. It is an initial object, while r0s is a
terminal object. There is a unique morphism r�1s Ñ rns for each n ¥ 0, but
no morphisms going the other way. Hence the category ∆� is not pointed.
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Definition A.1. [Lur09, Definition 6.1.2.2] A simplicial object of an
8-category C is a functor

V
 : Np∆qop ÝÑ C.
An augmented simplicial object of C is an extension of V to a map

V �

 : Np∆�qop ÝÑ C.

We let

C∆ :� Fun
�
Np∆qop, C�

denote the 8-category of simplicial objects of C. Similarly, we refer to

C∆� :� Fun
�
Np∆�qop, C

�
as the 8-category of augmented simplicial objects of C.

If V
 (or V �

 ) is an (augmented) simplicial object of C and n ¥ 0 (respec-

tively n ¥ �1), we write

Vn :� V prnsq P C.
We denote by d0 the map V0 Ñ V�1 induced by the map r�1s Ñ r0s.
The simplicial sets ∆n (the standard n-simplex) and Λn

i (its ith horn,
meaning its boundary with the interior of ith pn � 1q-face removed) men-
tioned below are defined in [Rav26, Definition 2.21] and on [GJ99, page 6].

Definition A.2. Various fibrations. [Lur09, Definition 2.0.0.3] A mor-
phism f : X Ñ S of simplicial sets (e.g., a functor of 8-categories) is


 a Kan fibration if f has the right lifting property with respect to
all horn inclusions Λn

i ãÑ ∆n for 0 ¤ i ¤ n;

 a left fibration if the same holds for 0 ¤ i   n;

 a right fibration if it holds for 0   i ¤ n;

 an inner fibration (or Joyal fibration) if it holds for 0   i   n.

We will use left fibrations to define left exact functors in Definition A.14.

A.1.2. Limits and colimits. Recall that limits and colimits in8-categories of
spaces or spectra coincide with homotopy limits and colimits, as defined by
Bousfield and Dan Kan in [BK72], in the corresponding ordinary categories
with homotopy structure.

Limits and colimits in an 8-category are defined by Joyal in [Joy02, Defi-
nition 4.5], which is quoted by Lurie as [Lur09, Definition 1.2.13.4] and again
as [Rav26, Definition 5.5].

Definition A.3. [Lur09, Dual of Remark 1.2.13.5] Let C be an 8-category
and let p : K Ñ C be a diagram indexed by a simplicial set K. An extension

p̄ : K� ÝÑ C
is called a limit diagram if the cone point p̄p�8q is a limit of p.

Here K� is the left cone of K, the simplicial set obtained from K by
adding a vertex, denoted by �8, the cone point, with an edge pointing to each
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vertex in K, a 2-simplex for each edge in K and so on. See [Lur09, §1.2.8
and Notation 1.2.8.4] for more details.

Equivalently, p̄ is a limit diagram if for every object X P C, the induced
map of mapping spaces

MapC
�
X, p̄p�8q� ÝÑ lim

kPK
MapC

�
X, ppkq�

is an equivalence.
There is a similarly defined right cone K� that is relevant to colimits.

We will see the right cone in ?? and Theorem A.35.

A.1.3. Truncation and connectivity.

Definition A.4. Truncated and connective objects and morphisms
in an 8-category. An object D in an 8-category C is m-truncated
(m-connective) of for each object C in C the space of maps MapCpC,Dq is
m-truncated (m-connective). In particular it is discrete if it is 0-truncated,
connected if it is 1-connective, and a final object if it is p�2q-truncated. It
is p�1q-truncated if each such mapping space is either empty or contractible.

A morphism f : C Ñ D in C is m-truncated (m-connective) if, for ev-
ery object E P C, composition with f induces an m-truncated (m-connective)
map of spaces

f� : MapCpE,Cq ÝÑ MapCpE,Dq
which in the latter case is an effective epimorphism as in Definition A.39.
It is 8-connective if each such f� is a weak equivalence.

The full sub-categories τ¤mC and τ¥mC of C are those of m-truncated and
m-connective objects. Hence we can regard τ¤m and τ¥m as endofunctors in
the 8-category of 8-categories.

Definition A.5. [Lur09, Def. 5.5.6.8] Let f : X Ñ Y be a map of Kan
complexes. It is m-truncated if every homotopy fiber of f (taken over any
base point of Y ) is m-truncated.

More generally, let C be an 8-category and let f : C Ñ D be a morphism
in C. It is m-truncated if for every object E P C, the induced map

MapCpE,Cq ÝÑ MapCpE,Dq
is a m-truncated map of spaces.

The following is immediate.

Proposition A.6. A morphism f : C Ñ D in an 8-category C is m-
truncated iff the same is true of f as an object in C{D.

Remark A.7. An m-category, defined formally in [Lur09, Definition 2.3.4.1],
is an 8-category in which each object is m-truncated. It can also be defined
by induction on m as a category enriched over pm� 1q-categories.

Thus a p�1q-category has mapping spaces that are contractible, making all
objects equivalent and the structure uninteresting. A 0-category has mapping
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spaces that are contractible or empty, making it equivalent to a set of equiv-
alence classes of objects, so a 0-category is essentially a set. A 1-category
has mapping spaces that are equivalent to sets, making it equivalent to an
ordinary category.

A.1.4. Accessibile and presentable 8-categories.

Definition A.8. [Lur09, Definition 5.3.5.1] Let C be a small 8-category
and let κ be a regular cardinal. We let IndκpCq, the κ-filtered colimit
category of C, denote the full subcategory of PpCq spanned by those functors

f : Cop Ñ S which classify right fibrations rC Ñ C, where the 8-category rC
has κ-filtered colimits. In the case where κ � ω, we simply write IndpCq for
IndκpCq.

Accessibility is the subject of [Lur09, §5.4.2].

Definition A.9. [Lur09, Definition 5.4.2.1] Let κ be a regular cardinal. An
8-category C is κ-accessible if there exists a small 8-category C0 and an
equivalence

IndκpC0q ÝÑ C.

We say that C is accessible if it is κ-accessible for some regular cardinal κ.

The presheaf category PpCq of Definition A.32 is accessible because S is.

Proposition A.10. Properties of accessible 8-categories. [Lur09,
Proposition 5.4.2.2] Let C be an 8-category and κ a regular cardinal. The
following conditions are equivalent:

(i) The 8-category C is κ-accessible.
(ii) The 8-category C is locally small and admits κ-filtered colimits, the

full subcategory Cκ � C of κ-compact objects is essentially small, and
Cκ generates C under small κ-filtered colimits.

(iii) The 8-category C admits small κ-filtered colimits and contains an
essentially small full subcategory C2 � C consisting of κ-compact
objects which generates C under small κ-filtered colimits.

Presentable 8-categories are the subject of [Lur09, §5.5].

Definition A.11. [Lur09, Definition 5.5.0.1] An 8-category C is present-
able if it is accessible and admits small colimits. We denote by PrL (see
[Lur09, Definition 5.5.3.1]) the 8-category of presentable 8-categories and
colimit preserving functors. The 8-category of such stable 8-categories is
denoted by PrLst.

Definition A.12. Continuous functors, compact objects and and
compact fibrations. [Lur09, Definition 5.3.4.5] Let C be an 8-category
which admits small κ-filtered colimits. A functor f : C Ñ D is κ-continuous
if it preserves κ-filtered colimits.



CYCLOTOMIC EXTENSIONS IN STABLE HOMOTOPY THEORY 39

For an object C in C, let jC : C Ñ S denote the functor corepresented
by C. If C admits κ-filtered colimits, then C is κ-compact if jC is κ-
continuous. We will say that C is compact if it is ω-compact (and C
admits filtered colimits).

A left fibration (Definition A.2) C1 Ñ C is κ-compact if it is classified
by a κ-continuous functor C Ñ S.

Definition A.13. Accessible functors. [Lur09, Definition 5.4.2.5] If C
is an accessible 8-category, then a functor F : C Ñ C1 is accessible if it
is κ-continuous for some regular cardinal κ (and therefore for all regular
cardinals τ ¥ κ).

Definition A.14. Left exact functors. [Lur09, Definition 5.3.2.1] Let
F : C Ñ D be a functor between 8-categories and let κ be a regular cardinal.
We say that F is κ-left exact if, for any left fibration D1 Ñ D where D1 is
κ-filtered, the 8-category

C1 � C �D D1

is also κ-filtered. We say that F is left exact if it is ω-left exact.

A.1.5. The coskeleton functor. Next we define the coskeleton functor, which
figures in the definitions of hypercoverings (Definition A.55) and hyper-
sheaves (Definition A.58), which are needed for ??. Before doing so, here is
an observation.

For CW-complexes X and Y , let Xn denote the n-skeleton of X and PnY
the nth Postnikov section of Y . Then we know that

MappXn, Y q � MappX,PnY q,(A.15)

so we have a pair of adjoint endofunctors in the8-category of Kan complexes
S.

Definition A.16. [Lur09, Notation 6.5.3.1] For each n ¥ 0, let ∆¤n denote
the full subcategory of ∆ spanned by the set of objects tr0s, . . . , rnsu, and we
denote the inclusion functor by in.

Similarly let ∆¤n
� � ∆� for n ¥ �1 denote the full subcategory of ∆

spanned by the set of objects tr�1s, . . . , rnsu.
For a presentable 8-category C as in Definition A.11, let

C∆ :� FunpNp∆qop, Cq , C∆� :� FunpNp∆�qop, Cq ,
C∆¤n :� Fun

�
Np∆¤nqop, C� , and C∆¤n

�
:� Fun

�
Np∆¤n

� qop, C� .
Let ∆¤�1 be the empty category, making C∆¤�1 the trivial 8-category

whose single object is the empty diagram. We define ∆¤�1
� to be the trivial

category with object the empty set, making C∆¤�1
�

the discrete 8-category

associated with C.
The restriction functor

skn :� pNpinqopq� : C∆ ÝÑ C∆¤n
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has left and right adjoints i�n and i!n given by left and right Kan extensions
along the inclusion

Npinqop : Np∆¤nqop ãÑ Np∆qop,
and similarly for the augmented case.

(Goerss and Jardine [GJ99, IV.3.2] denote our ∆¤n by ∆n and call a con-
travariant Set-valued functor on functor on it an n-truncated simplicial
set. They call our skn the n-truncation functor. These notions are also
discussed 30 years earlier by Mike Artin and Barry Mazur in [AM69, §1].)

For an object X in C∆,

pi�nXqm � colim
rmsÑrks

Xk and pi!nXqm � lim
rksÑrms

Xk,

where the indicated morphisms in both cases are in ∆ with k ¤ n. For
m ¤ n, each object is Xn. For m ¡ n, each map rks Ñ rms factors though

rns, so pi!nXqm is a certain subobject of the
�
m�1
n�1

�
-fold product of Xn. There

are maps

pi!nXqm Ñ X
pm�1
n�1q

n and
º
pm�1
n�1q

Xn Ñ pi�nXqm,

which are respectively a monomorphism (meaning a p�1q-truncated mor-
phism) and an effective epimorphism as in Definition A.39.

The n-coskeleton functor coskn : C∆ Ñ C∆ is the composition

C∆
skn // C∆¤n

i!n // C∆.

In particular we have

pcoskn�1pXqqn �
 px0, . . . , xnq P pXn�1qn�1

��
dipxjq � dj�1pxiq for all 0 ¤ i   j ¤ nu

�: MnpXq the nth matching object of X,

(A.17)

where di : Xn�1 Ñ Xn�2 is the ith face map.

Example A.18. In the augmented case for small n, we have

M0pXq � pcosk�1pXqq0 � X�1

M1pXq � pcosk0pXqq1 �
 px0, x1q P pX0q2

��d0px1q � d0px0q
(

� X0 �X�1 X0

M2pXq � pcosk1pXqq2
�  px0, x1, x2q P pX1q3

��
d0px1q � d0px0q, d0px2q � d1px0q, d1px2q � d1px1qu .

We have an adjunction

C∆

skn

K
//
C∆¤n

i!n

oo(A.19)
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with a unit

ηX,n : X
 Ñ i!n sknX
 �: cosknX
(A.20)

for each object X
 in C∆. The target of sk�1 is the trivial category C∆¤�1 .
The image of its one object under i!�1 is a constant functor of ∆ whose
value is a terminal object in C, which exists because C is presentable as in
Definition A.11.

The unit map pηX,n�1qn : Xn Ñ MnpXq of (A.20) sends an n-simplex
K in Xn to its pn � 1q-tuple of pn � 1q-faces. It is required to be onto in
Definition A.55.

Example A.21. The case C � Set. For a simplicial set X with geometric
realization |X|, the adjunctions of (A.15) and (A.19) imply that

| cosknX| � Pn|X|.
For n � m� 1, we have

pcoskn�1pXqqn � MapC∆
pB∆n, X
q � Ωn�1X.(A.22)

A.1.6. Localization. Localization functors are discussed in [Lur09, §5.2.7].

Definition A.23. [Lur09, Definition 5.2.7.2] A functor f : C Ñ D between
8-categories is a localization if f has a fully faithful right adjoint.

The following definition specializes to one of Bousfield in the ordinary
category of spaces.

Definition A.24. [Lur09, Definition 5.5.4.1] Let C be an 8-category and
let S be a collection of morphisms of C. We say that an object Z P C is
S-local if, for every morphism s : X Ñ Y belonging to S, composition with
s induces a homotopy equivalence.

MapCpY,Zq ÝÑ MapCpX,Zq.
A morphism f : X Ñ Y of C is an S-equivalence if, for every S-local

object Z, composition with f induces a homotopy equivalence

MapCpY,Zq ÝÑ MapCpX,Zq.
Definition A.25. Topological localizations. [Lur09, Definition 6.2.1.4]
Let C be a presentable 8-category and let S be a strongly saturated class
of morphisms of C; see [Lur09, Definition 5.5.4.5]. We will say that S is
topological if the following conditions are satisfied:

(i) There exists a subclass S0 � S consisting of monomorphisms such
that S0 generates S as a strongly saturated class of morphisms.

(ii) Given a pullback diagram

X 1 X

Y 1 Y

f 1

f
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in C for which f belongs to S, the morphism f 1 also belongs to S.

We will say that a localization L : C Ñ D is topological if the collec-
tion S of all morphisms f : X Ñ Y in C such that Lf is an equivalence is
topological.

A.2. Groupoids and the Čech nerve. The material in this subsection is
taken from [Lur09, §6.1.2] unless otherwise indicated.

Definition A.26. [Lur09, §6.1.2]. Let C be an ordinary category which
admits finite limits. A groupoid object of C is a functor

F : C ÝÑ Gpd

from C to the category Gpd of small groupoids, which has the following
properties:

(i) There exists an object X0 P C and a natural (in C) identification of
HomCpC,X0q with the set of objects of the groupoid F pCq for each
C P C.

(ii) There exists an object X1 P C and a natural identification of
HomCpC,X1q with the set of morphisms in the groupoid F pCq for
each C P C.

For example, a groupoid object in Set is simply a groupoid.
In Lurie’s words,

Giving a groupoid object of a category C is equivalent to
giving a pair of objects X0 P C (the “object classifier”) and
X1 P C (the “morphism classifier”), together with a collec-
tion of maps which relate X0 to X1 and satisfy appropriate
identities, imitating the usual axiomatics of category theory.

These identities can be very efficiently encoded using the
formalism of simplicial objects. For every n ¥ 0, let rns
denote the category associated to the linearly ordered set
t0, . . . , nu, and consider the functor

Fn : C ÝÑ Set

defined by
FnpCq � HomCatprns, F pCqq.

By assumption, F0 and F1 are representable by objects
X0, X1 P C. Since C is stable under finite limits, it follows
that

Fn � F1 �F0 � � � �F0 F1 with n factors

is representable by an object

Xn � X1 �X0 � � � �X0 X1.

The objects Xn assemble into a simplicial object X
 of C.
We can think of this construction as a generalization of the
process which associates to every groupoid D its nerve NpDq
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(a simplicial set). Moreover, as in the classical case, the
association F ÞÑ X
 is fully faithful. In other words, we
can identify groupoid objects of C with the corresponding
simplicial objects.

Of course, not every simplicial object X
 of C arises via
this construction. This is true if and only if certain additional
conditions are met; for instance, the diagram

X2 X1

X1 X0

d2

d0 d0

d1

must be Cartesian.

We now describe a similar construction in 8-categories.

Definition A.27. [Lur09, Definition 6.1.2.7] A groupoid object in an
8-category C is a simplicial object V
 : Np∆qop Ñ C satisfying any of
eight equivalent conditions listed in [Lur09, Proposition 6.1.2.6].

Of Lurie’s conditions, the last and easiest to verify is the following. For
every n ¥ 0 and every partition rns � S Y S1 such that S X S1 consists of a
single element s, the diagram

Vn � V prnsq V pSq � V|S|�1

V|S1|�1 � V pS1q V ptsuq � V0

is a pullback square in C, where the morphisms are induced by the evident
inclusions of subsets of rns.

Let ∆¤n � ∆ and ∆¤n
� � ∆� denote the full subcategories of Defini-

tion A.16. Hence ∆¤0
� �∆� and ∆¤1

� �∆� are the categories

r�1s // r0s and r�1s // r0s //
// r1s.oo

Np∆¤0
� qop is the simplicial 1-simplex ∆1 of [Rav26, Definition 2.21], which is

self-dual. This means a C-valued functor V on it is equivalent to a morphism
u : V0 Ñ V�1 in C.

Proposition A.28. [Lur09, Proposition 6.1.2.11] Let C be an 8-category
and let

V
 : Np∆�qop Ñ C
be an augmented simplicial object of C as in Definition A.1.

The following conditions are equivalent:

(i) The augmented simplicial object V
 is a right Kan extension of its
restriction to Np∆¤0

� qop. The latter is determined by the morphism
u : V0 Ñ V�1.
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(ii) The underlying simplicial object V
 is a groupoid object of C as in
Definition A.27, and the diagram

V
|Np∆¤1
� qop

has a subdiagram

V1 V0

V0 V�1

d1

d0 u

u

which is a pullback square in C, where the dis are the face maps of
[Rav26, Definition 2.19].

This means that in the homotopy category hC we have a groupoid object
as in Definition A.26 in which Xn � Vn for each n ¥ 0.

Definition A.29. An augmented simplicial object

V
 P C∆�

for an 8-category C is a Čech nerve if it satisfies the equivalent conditions
of Proposition A.28. In this case, V
 is determined up to equivalence by the
map

u : V0 Ñ V�1,

and we will also say that V
 is the Čech nerve of u.

Example A.30. The classical Čech nerve. [Ale27] Let

U � tUα � Xu ,
be an open covering of a space X. Let V
 be the simplicial space with

Vn :�
º

α0,...,αn

Uα0 X � � � X Uαn

� V0 �X V0 �X � � � �X V0 with n� 1 factors.

The nondegenerate subspace V 1
n � Vn for n ¡ 0 is the disjoint union of

pn� 1q-fold intersections in which no two adjacent indices αi are the same.
The relevant map u for Definition A.29 is

V0 :�
º
α

Uα Ñ X �: V�1.

A.3. Sheaves and presheaves. Recall that a presheaf F on an ordinary
category C is a contravariant functor with values in the category of sets or
some variant of it. It is a sheaf if it converts certain colimits in the domain
category to limits (or homotopy limits) in the codomain.

Example A.31. Sheaves on the poset category of open subsets.
Suppose the domain of the presheaf F is the poset category UpXq of open
subsets of a topological space X. Then the colimit (i.e., pushout) of the
diagram

Ui Ð Ui X Uj Ñ Uj
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is UiYUj, and the sheaf condition is that FpUiYUjq is the limit (pullback)
of

FpUiq Ñ FpUi X Ujq Ð FpUjq.
Equivalently FpXq is the equalizer of

FpXq ÝÑ
¹
α

FpUαq ⇒
¹
α,β

FpUα X Uβq

whenever tUαu is an open cover of X. FpXq is also the limit of the cosim-
plicial diagram FpV
q for V
 as in Example A.30.

We will look at this again in Example A.48.
The following is the subject of [Lur09, §5.1].

Definition A.32. For a small8-category C the8-category of presheaves
PpCq is that of space valued contravariant functors Cop Ñ S.

Definition A.33. For a small 8-category C, the Yoneda embedding is
the functor

H : C Ñ PpCq
that sends an object C to the functor MapCp�, Cq. We call HpCq the
Yoneda presheaf of the object C.

The symbol H above is the Japanese hiragana character “yo,” the first
syllable of Yoneda’s name.

The 8-categorical definition of a sheaf is more complicated than the one
in ordinary category theory. Before giving it in Definition A.47, we must
introduce 8-topoi in Appendix A.4 and Grothendieck topologies in Appen-
dix A.5.

A.4. 8-topoi. In classical category theory a topos is a category that “looks
like” the category of sets. A good reference is the book [MLM94] by Moerdijk
and Saunders Mac Lane. (You may notice that we are spelling Mac Lane’s
name in two different ways. This is because he did so himself in [EM45] and
[MLM94].) See also the disussion in [Lur09, §6.1].

For any category C one has the presheaf category PpCq of contravariant
Set-valued functors on C. It is a short step away from being a topos, and ev-
ery topos is derived from a presheaf category by a certain construction. Such
constructions are related to Grothendieck topologies; see Definition A.41.

In [Lur09, page xii] Lurie says

Roughly speaking, an8-topos is an8-category which “looks
like” the 8-category of [spaces S]. We will show that this
intuition is justified in the sense that it is possible to recon-
struct a large portion of classical homotopy theory inside an
arbitrary 8-topos. In other words, an 8-topos is a world in
which one can “do” homotopy theory (much as an ordinary
topos can be regarded as a world in which one can “do” other
types of mathematics).
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Definition A.34. [Lur09, Definition 6.1.0.4] An 8-category X is an 8-
topos if there exists a small 8-category C with S-valued presheaf category
PpCq as in Definition A.32, and an accessible left exact localization functor
(see Definitions A.13, A.14 and A.23) PpCq Ñ X .

It is quasi-compact [Lur18b, Definition A.2.0.12] if every covering of X
has a finite subcovering: that is, for every effective epimorphism

²
iPI Ui Ñ 1

in X (where 1 is the final object of X ), there exists a finite subset I0 � I
such that the map º

iPI0

Ui ÝÑ 1

is also an effective epimorphism. We say that an object X P X is quasi-
compact if the 8-topos X {X is quasi-compact.

In Lurie’s words,

the class of 8-topoi is defined to be the smallest collection
of 8-categories which contains S and is stable under certain
constructions (left exact localizations and the formation of
functor categories).

The terminology in the following is explained in [Lur09, §6.1].

Theorem A.35. [Lur09, Theorem 6.1.0.6] Let X be an 8-category. The
following conditions are equivalent:

(i) The 8-category X is an 8-topos.
(ii) The 8-category X is presentable as in Definition A.11, and for every

small simplicial set K and every natural transformation α : p Ñ q
of diagrams p, q : K� Ñ X , the following condition is satisfied: If q
is a colimit diagram and α|K is a Cartesian transformation, then p
is a colimit diagram if and only if α is a Cartesian transformation.

(iii) The 8-category X satisfies the following 8-categorical analogues of
Giraud’s axioms:
(a) X is presentable.
(b) Colimits in X are universal.
(c) Coproducts in X are disjoint.
(d) Every groupoid object of X is effective.

Our next job is to define effective epimorphisms in an 8-topos, which
we will do in Definition A.39. The following discussion from [Lur09, §6.1.1]
about effective epimorphisms in an ordinary category is helpful.

Recall that if X is an object in an (ordinary) category C,
then an equivalence relation on X is an object R of C
equipped with a map

p : R ÝÑ X �X

such that for any object S, the induced map

HomCpS,Rq ÝÑ HomCpS,Xq �HomCpS,Xq
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exhibits HomCpS,Rq as an equivalence relation on HomCpS,Xq.
If C admits finite limits, then it is easy to construct equiv-

alence relations in C: given any map f : X Ñ Y in C, the
induced map

X �Y X ÝÑ X �X

is an equivalence relation on X.
If the category C admits finite colimits, then one can at-

tempt to invert this process: given an equivalence relation
R on X, one can form the coequalizer of the two projections
R ⇒ X to obtain an object which we denote by X{R. In
the category of sets, one can recover R as the fiber product
X �X{R X. In general, this need not occur: one always has

R � X �X{R X,

but the inclusion may be strict (as subobjects of X � X).
If equality holds, then R is said to be an effective equiv-
alence relation, and the map X Ñ X{R is said to be an
effective epimorphism.

Definition A.36. A simplicial resolution in an 8-topos X is an aug-
mented simplicial object (as in Definition A.1)

U�

 : Np∆�qop ÝÑ X

in which U�
�1 is a colimit of its underlying simplicial object

U
 � U�



��
Np∆qop

.

Example A.37. For a surjection of sets u : V0 Ñ V�1, in the Čech nerve
V
 (see Example A.30) we have

Vn � V0 �V�1 � � � � �V�1 V0 with n� 1 factors

�  pv0, . . . , vnq P V n�1
0 : upv0q � � � � � upvnq

(
�

º
xPV�1

pu�1pxqqn�1.

This is a simplicial resolution of V�1.

This should not be confused with the simplicial object of Definition A.27,
which is a groupoid object and is controlled by two different maps V1 Ñ V0.

Proposition A.38. [Lur09, Corollary 6.2.3.5] Let f : U Ñ X be a mor-
phism in an 8-topos X . The following conditions are equivalent:

(i) Viewing f as an object of the8-category X {X , the truncation τ¤�1pfq
is a final object of X {X .

(ii) The Čech nerve Čpfq of Definition A.29 is a simplicial resolution of
X.
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Definition A.39. An effective epimorphism is a morphism in an 8-
topos satisfying the conditions of Proposition A.38. An effective monomor-
phism is one that is p�1q-truncated as in Definition A.5.

Note that any morphism to a final object satisfies these conditions and is
therefore an effective epimorphism.

In the category Set, which is the simplest example of an 8-topos, ev-
ery morphism f : U Ñ X is 0-truncated as in Definition A.5. Its p�1q-
truncation, in which the preimage of each element of X is replaced by a
singleton if it is nonempty, is the inclusion of its image into X. The map f
is onto iff this is the identity map and a final object in Set{X , hence condi-

tion (i) above. The identification of Čech nerve of such an f as a simplicial
resolution is the subject of Example A.37, hence condition (ii).

A.5. Grothendieck topologies and 8-sheaves.

Definition A.40. Sieves. [Lur09, Definition 6.2.2.1] A sieve on an 8-

category C is a full subcategory Cp0q � C having the property that if
f : C Ñ D is a morphism in C and D belongs to Cp0q, then C also belongs to
Cp0q. In other words the sub-8-category Cp0q is closed under precomposition
with morphisms in C.

A sieve on an object C P C is a sieve on the 8-category C{C of mor-

phisms to C. Given a morphism f : D Ñ C and a sieve Cp0q{C on C, we

let f�Cp0q{C denote the unique sieve on D such that f�Cp0q{C � C{D and Cp0q{C
determine the same sieve on C{f .

Hence a sieve Cp0q is the full subcategory spanned by some collection of

objects along with all objects mapping to them. A sieve Cp0q{C on an object

C consists of a collection of morphisms to C (which need not include the
identity) along with all morphisms to their domains.

Observe that if F : C Ñ D is a functor between8-categories and Dp0q � D
is a sieve on D, then

F�1Dp0q � C �D Dp0q

is a sieve on C. Moreover, if F is an equivalence, then F�1 induces a bijection
between sieves on D and sieves on C.

Definition A.41. [Lur09, more of Definition 6.2.2.1] A Grothendieck
topology τ on an 8-category C consists of a specification, for each object
C of C, of a collection of sieves on C which we refer to as covering sieves.
These collections are required to satisfy the following properties:

(i) For every object C of C, the sieve C{C is a covering sieve.

(ii) If f : C Ñ D is a morphism in C and Cp0q{D is a covering sieve on D,

then f�Cp0q{D is a covering sieve on C.
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(iii) Let C be an object of C, let Cp0q{C be a covering sieve on C, and let

Cp1q{C be an arbitrary sieve on C. Suppose that for each morphism

f : D Ñ C belonging to Cp0q{C , the pullback f�Cp1q{C is a covering sieve

on D. Then Cp1q{C is a covering sieve on C.

Such a topology is finitary [Lur18b, Definition A.3.1.1] if for every object

C P C and every covering sieve Cp0q{C on C, there exists a finite collection of

morphisms

tCi Ñ C | 1 ¤ i ¤ n u � Cp0q{C
which generate a covering sieve of C (in other words, the smallest sieve Cp1q{C
containing each Ci Ñ C is also a covering sieve on C).

An 8-site pC, τq is an 8-category equipped with a Grothendieck topology.

Remark A.42. One can define a Grothendieck topology τ on an ordinary
category C in the same way. Such a pair pC, τq is a called a site.

Example A.43. Any8-category C may be equipped with the trivial Groth-

endieck topology in which a sieve Cp0q{C on an object C of C is covering if

and only if

Cp0q{C � C{C .
In other words, the covering sieve for each object C consists of all morphisms
to it.

A presheaf F P PpCq defines a collection of objects on which it is nonempty,

and we denote the corresponding sieve by Cp0qpFq. Conversely, given a sieve

Cp0q � C, there is a unique map of simplicial sets f : C Ñ ∆1 such that Cp0q
is the preimage of t0u. This construction determines a bijection between
sieves on C and functors f : C Ñ ∆1, and we may identify ∆1 with the full
subcategory of Sop spanned by the objectsH and ∆0 in the category of Kan
complexes. Since every p�1q-truncated Kan complex is equivalent to either
H or ∆0, we conclude:

Lemma A.44. [Lur09, Lemma 6.2.2.4] For every small 8-category C, the
construction

F ÞÝÑ Cp0qpFq
determines a bijection between the set of equivalence classes of p�1q-truncated
objects (Definition A.4) of PpCq and the set of all sieves on C.

Remark A.45. The p�1q-truncation of a presheaf F P PpCq is defined by

pτ¤�1FqpCq �
" H for FpCq :� H

∆0 otherwise.

Following [Lur09, §6.2.2], we now introduce a relative version of the above
construction.
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Let C P C be an object and let i : FC Ñ HpCq be a monomorphism in
PpCq, meaning a natural transformation of presheaves inducing a monomor-
phism (i.e., p�1q-truncated map) of Kan complexes FCpDq Ñ MapCpD,Cq
for each object D P C. We will replace the the set of p�1q-truncated
presheaves in Lemma A.44 by the set of such monomorphisms. This means
we need a replacement for the set of sieves on the right.

Let C{CpFCq denote the full subcategory of C{C spanned by those objects
f : D Ñ C of C{C such that there exists a commutative triangle

FC

HpDq HpCq

i

Hpfq

in PpCq. Applying the three functors in the diagram above to an object X
in C gives a diagram of spaces

FCpXq� s
iX

&&MM
MMM

MMM

MapCpX,Dq
f�

//

88r
r

r
r

MapCpX,Cq.

The morphism f must be chosen to that the indicated lifting exists and is
natural in X. As usual, both diagrams need commute only up to homotopy.

It is easy to see that C{CpFCq is a sieve on C and that equivalent subob-
jects of HpCq lead to the same sieve.

Proposition A.46. [Lur09, Proposition 6.2.2.5] Let C be a small8-category
containing an object C. The construction described above yields a bijection

pi : FC Ñ HpCqq ÞÝÑ C{CpFCq
from the set of monomorphisms to HpCq to the set of sieves on C.

Definition A.47. 8-sheaves. [Lur09, Definition 6.2.2.6] Let pC, τq be an
8-site and let S be the collection of all monomorphisms i : FC Ñ HpCq
which correspond (as in Proposition A.46) to covering sieves

Cp0q{C � C{C
for all objects C in C. An object F P PpCq (Definition A.32) is an 8-sheaf
or sheaf if it is S-local. We let ShvpC, τq denote the full subcategory of PpCq
spanned by the S-local objects. We will often omit τ from the notation.

For a presentable category D (Definition A.11) we let

ShvpC;Dq :� ShvpCq bD P PrL

denote the category of D-valued sheaves on C. This can alternatively be
defined as the full subcategory of presheaves that satisfy descent, namely the
sheaf condition (see [Lur18b, Remark 1.3.1.6]).
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Lurie omits the τ from his notation for this subcategory.
F is S-local if for each monomorphism i : FC Ñ HpCq corresponding to

a covering sieve, the map

i� : MapPpCqpHpCq,Fq Ñ MapPpCqpFC ,Fq
is an equivalence.

Example A.48. Sheaves on the poset category of a topological
space revisited. We will show how this definition plays out in Exam-
ple A.31. Let C be the ordinary category UpXq. We give it the Grothendieck
topology in which the covering sieves on U are those sieves tUα � Uu for
which U � �

α Uα.
The Yoneda presheaf HpUq of Definition A.33 assigns to each open subset

U 1 its set of embeddings into U . This set is a singleton if U 1 � U and the
empty set otherwise, so HpUq is p�1q-truncated.

There is a presheaf monomorphism i : FU Ñ HpUq if FU is supported
by, and is a singleton on, a collection of open subsets Uα � U that is closed
under inclusion. Hence each such presheaf FU is also p�1q-truncated. FU

corresponds as in Proposition A.46 to a covering sieve if the union (colimit)
of the Uα is U itself. This means that

FU � colim
α
HpUαq.

Let S be the set of all such inclusions FU Ñ HpUq for all open subsets U .
What does it mean for a presheaf F to be S-local? It means that for each
such i, the map

i� : MapPpUpXqqpHpUq,Fq Ñ MapPpUpXqqpFU ,Fq
is an equivalence, meaning a bijection of sets. The Yoneda lemma identifies
the domain with FpUq, since a morphism in the presheaf category is a natural
transformation of Set-valued functors on UpXq. Hence the set on the right
must be the same. Thus we must have

Fpcolim
α

Uαq � FpUq � MapPpUpXqqpFU ,Fq
� MapPpUpXqqpcolimα

HpUαq,Fq
� lim

α
MapPpUpXqqpHpUαq,Fq

� lim
α

FpUαq also by the Yoneda lemma.

Thus being S-local means the presheaf F converts colimits of open subsets
(such as pushouts) to limits. This is the classical sheaf condition.

Proposition A.49. Topological localizations and Grothendieck top-
ologies. [Lur09, Proposition 6.2.2.17] Let C be a small 8-category. Then
Grothendieck topologies on C are in bijective correspondence with equiva-
lence classes of topological localizations (Definition A.25) of the presheaf
8-category PpCq.
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The following takes Lurie four pages to prove.

Proposition A.50. A source of 8-topoi. [Lur09, Proposition 6.2.2.7]
For an 8-site pC, τq, ShvpC, τq is a topological localization (Definition A.25)
of PpCq. In particular, ShvpC, τq is an 8-topos.

Definition A.51. [Lur09, Definition 6.3.1.1] Let X and Y be 8-topoi. A
geometric morphism from X to Y is a functor

F� : X Ñ Y
which admits a left adjoint F � that is left exact as in Definition A.14.

Such functors are studied in [Lur09, §6.3.1], where they are typically
denoted by f� and f�.

Proposition A.52. [Lur09, Proposition 6.3.1.9]. Let

F� : X Ñ Y
be a geometric morphism between 8-topoi having a left adjoint

F � : Y Ñ X .

Then F � and F� carry m-truncated objects (Definition A.4) to m-truncated
objects and m-truncated morphisms to m-truncated morphisms, for any in-
teger m ¥ �2. Moreover, there is a canonical equivalence of functors

Y F� //

τ¤m

��

X
τ¤m

��
τ¤mY F� // τ¤mX

where τ¤m is the truncation functor of Definition A.4.

A.6. All things hyper: hypercompletion, hypercoverings, hyperde-
scent and hypersheaves.

Definition A.53. [Lur09, §6.5] An 8-topos X (Definition A.34) is hy-
percomplete if every 8-connective morphism (Definition A.4) in it is an
equivalence.

Recall that a morphism f : X Ñ Y in X is 8-connective iff for each
object W , the induced map

f� : MapX pW,Xq Ñ MapX pW,Y q
is a weak equivalence of Kan complexes. Thus each such map has an inverse,
but in general it need not be induced by a map from Y to X. Hence the
condition above is nontrivial.

Definition A.54. [Lur09, §6.5] Let S be the set of 8-connective morphisms
in an 8-topos X . An object Z is hypercomplete if it is S-local as in

Definition A.24. The hypercompletion pX � X (which Lurie denotes by
X^) is the full subcategory of such objects. A morphism f : X Ñ Y is
hypercomplete if it is hypercomplete as in object in the 8-topos X {Y .
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pX is known to be hypercomplete in the sense of Definition A.53 by [Lur09,
Lemma 6.5.2.12]. It is known to contain the full subcategory τ¤mX of m-
truncated objects (as in Definition A.4) by [Lur09, Lemma 6.5.2.9]. The
8-category of functors to it from a hypercomplete 8-topos Y is known to
be isomorphic to that of functors from Y to X itself by [Lur09, Proposition
6.5.2.13].

Definition A.55. [Lur09, Definition 6.5.3.2] and [AM69, Definition (8.4)].
Let X be an 8-topos. A simplicial object V
 P X∆ is a hypercovering
(sometimes called a hypercover) of X if for each n ¡ 0, the unit map

pηV
,n�1qn : Vn ÝÑMnpV q �
�
coskn�1 V


�
n

as in (A.20)

is an effective epimorphism as in Definition A.39. Here coskn�1 is the func-
tor of Definition A.16, and the codomain is the nth matching object.

We say that V
 is an effective hypercovering of X if the colimit of V

is a final object of X .

An augmented simplicial object V
 P X∆� with V�1 � X is an aug-
mented hypercovering, or a hypercover of X if the associated simpli-
cial object is a hypercovering in X {X .

For an object X in X , the 8-category X {X is again an 8-topos, by
[Lur09, Proposition 6.3.5.1], in which the identity map on X is a final object.
An effective hypercovering in X {X is equivalent to a hypercovering in X with
colimit X.

For each n ¡ 0, the map Vn Ñ V n�1
0 that sends an n-face to its pn� 1q-

tuple of 0-faces is an effective epimorphism as in Definition A.39.
The Čech nerve V
 of Example A.30 is known to be a hypercovering in

which each map ηV,n : Vn ÑMnpV q is an isomorphism; see [AM69, Enlight-
enment (8.5)(b)]. A finite skeleton of V
 is usually not a hypercovering.

Definition A.56. A presheaf F on a site pC, τq satisfies hyperdescent if
for every augmented hypercovering

U
 ÝÑ X,

the canonical map

lim
∆

FpU
q ÝÑ FpXq
is an equivalence.

Theorem A.57. [Lur09, Theorem 6.5.3.12] Let X be an 8-topos. The
following conditions are equivalent:

(i) For every X P X , every hypercovering U
 of X {X is effective.
(ii) The 8-topos X is hypercomplete.

Definition A.58. A hypersheaf on an 8-site pC, τq with values in S is a
sheaf as in Definition A.47 which is hypercomplete (as in Definition A.54)
as an object in the presheaf category PpCq. We denote the category of such
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by ShvhyppCq. The category of hypersheaves on C with values in a
presentable 8-category D is

ShvhyppC;Dq :� ShvhyppCq bD P PrL,

where the tensor product of presentable 8-categories above is as in [Lur17,
§4.8.1].

This can alternatively be defined as the full subcategory of presheaves
that satisfy hyperdescent as in Definition A.56, the analogue of the sheaf
condition for hypercoverings. This follows from [Lur09, Corollary 6.5.3.13]
together with the formula for the Lurie tensor product [Lur17, Proposi-
tion 4.8.1.17].

Definition A.59. [BMCSY25, page 567] Hypersheafification p�qhyp is
the left adjoint of the inclusion

ShvhyppC;Dq Ñ ShvpC;Dq
for C and D as above.

Proposition A.60. Deligne completeness for hypersheaves. [BM-
CSY25, Proposition 5.1], [Lur18b, Theorem A.4.0.5], and [AGV72, Propo-
sition VI.9.0]. Let X be an 8-topos which is locally coherent and hyper-
complete. Then X has enough points. In other words, given a morphism
α : X Ñ Y P X which is not an equivalence, there exists a geometric mor-
phism f� : X Ñ S such that f�pαq is not an equivalence.

The following is proved in the discussion in [BMCSY25, pages 567–568].

Proposition A.61. Sheaves on continuous G-sets. Let G be a profinite
group and C a compactly generated presentable 8-category. Then

ShvpFinG; Cq � colim
U⊴G

CBpG{Uq P PrL,

where U ranges over the open normal subgroups of G.
When C � S we also have

ShvpFinG;Sq � lim
U

SBpG{Uq � lim
U

BpG{Uq.
This filtered limit is the 8-category associated with a path connected space
BG, which has a canonical basepoint leading to a stalk given by

Fe :� colim
U⊴G

FpG{Uq.(A.62)

Moreover each such space valued sheaf is a hypersheaf.

Definition A.63. [BMCSY25, Definition 5.2] Let G be a profinite group,
let C P CAlgpPrLq be 8-semiadditive as in Definition 3.5, and let R P
CAlg

�
ShvpFinG; Cq

�
. We say that R is a continuous G-Galois extension

of RpG{Gq if for every open normal subgroup U ⊴ G, the object

RpG{Uq P CAlgpCqBpG{Uq
is a faithful G-Galois extension of RpG{Gq.
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Proposition A.64. [BMCSY25, Proposition 5.3] Let F : Finop
G Ñ CAlgpCq

be a finite product preserving functor such that FpG{Uq is a faithful G{U -
Galois extension of FpG{Gq for every open normal subgroup U ⊴ G. Then F
satisfies the sheaf condition, and hence is a continuous G-Galois extension.

Proposition A.65. [BMCSY25, Proposition 5.4] Let G be a profinite group,
let C P CAlgpPrLq be semiadditive, and let R be a continuous G–Galois
extension. Then there is a symmetric monoidal equivalence

C
�bR
K

//
ModRpShvpFinG; Cqq.

p�qpG{Gq
oo

Proposition A.66. [BMCSY25, Proposition 5.6] Let G be a profinite group
of finite virtual p-cohomological dimension, and let C P CAlgpPrLstq be p-local.
Let R be a continuous G-Galois extension with stalk R :� Re as in (A.62),
and let LR denote Bousfield localization with respect to R in C. For every
M P ModRpShvpFinG; Cqq, the presheaf LRM is a hypersheaf, and the map

M ÝÑ LRM

exhibits the target as the hypersheafification of the source.

Following [BMCSY25, Notation 5.7], for X P ShvpFinG; Cq, we shall
abuse notation and also denote the stalk e�X by X, and for every open
U ¤ G, denote by XhU the value of X at G{U P FinG.

A.7. F -descent and F -covers.

Definition A.67. F -descent and F -covers. [LZ17, Definition 3.1.1]
and [BHLS23, Definition 6.6]. Let C be an 8-category admitting pullbacks,
F : Cop Ñ D a functor, and u : V0 Ñ V�1 a morphism in C. We say that u
is of F -descent if

F � pV
qop : Np∆�q ÝÑ D
is a limit diagram in D, where

V
 : Np∆�qop ÝÑ C

is the Čech nerve of u as in Definition A.29. We say that u is an F -cover
if every pullback of u in C is of F -descent.

We illustrate with three examples.

Example A.68. Ordinary sheaves on a topological space. Let C
be the poset category UpXq of open subsets of a topological space X as in
Example A.31, in which pullbacks are intersections. Let u be the map of
Example A.30 associated with an open covering tUαu of X, and let F be an
ordinary sheaf on UpXq. Then u is of F -descent.

The pullback of u along an open inclusion A Ñ X is the corresponding
map for the open cover of A by its intersections with the Uαs. This is also
of F -descent, so u is of universal F -descent.
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Example A.69. The Čech nerve for a map f : X Ñ Y of spaces or spectra
is the simplicial object V
 given by

V0 V1 V2

X // X �Y X ////oooo X �Y X �Y X
//////oooo

oo � � �oooo
oooo

x0
� // px0, x0q

x0 px0, x0, x1q
px0, x1q #

11cccccccccccc
� --[[[[[[[[[[
[[�

mmZZZZZZZZZZ$
rrdddddddd

dd
x1 px1, x2q px0, x1, x1q

px0, x2q px0, x1, x2q,�
mm[[[[[[[[[[[�oo #
qqcccccccccc

c
px0, x1q

where the coordinates xi P X all have the same image under f .
Applying a contravariant functor F leads to maps

F pY q Ñ lim
∆

F pV
q Ñ F pXq,(A.70)

whose composite is F pfq, where the limit is the totalization of the cosimpli-
cial object F pV
q. The first map is an equivalence if f is of F -descent. If
the same is true for any pullback of f , then f is an F -cover.

Example A.71. Cyclotomically completed algebraic K-theory. If
the functor of interest (such as algebraic K-theory) is covariant, then we
have to start in the opposite category of its domain. Let

C � CAlg
�
SpT pnq

	op
.

Pushouts in CAlg
�
SpT pnq

	
are smash products over ST pnq, so the opposite

category has pullbacks as required in Definition A.67.
Let F be the functor KCyclopn�1q of Definition 2.4 (which has values in

SpT pn�1q), and let f be opposite of the map

ST pnq ÝÑ ST pnqrωpnqp8 s
Then (A.70) becomes

KCyclopn�1qpST pnqq Ñ lim
∆

KCyclopn�1qpV
q Ñ KCyclopn�1qpST pnqrωpnqp8 sq

where V
 is a cosimplicial spectrum built from ST pnqrωpnqp8 s. The first map
is an equivalence by Corollary 4.22. Proposition 6.5 is a similar statement

about the map fk : R
hppkZq ÝÑ R, where R � LT pnqBP xny equipped with the

Z-action of Theorem 5.9.

A.8. Finite sets acted on by a profinite group.

Definition A.72. The Grothendieck site of continuous finite G-sets
[MLM94, §III.9] and [CM21, Definition 4.1]. For a profinite group G, FinG

(denoted by TG in [CM21] and by TG in [BMCSY25]) is the Grothendieck
site defined as follows:
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(1) The underlying category of FinG is the category of continuous fi-
nite G-sets. Continuity means that each point is fixed by an open
(meaning of finite index) subgroup of G.

(2) A family of maps tSi Ñ SuiPI forms a covering sieve if it is jointly
surjective.

Given an 8-category D with all limits, we let ShpFinG,Dq denote the 8-
category of D-valued sheaves on FinG, as usual. We also write P>pFinG,Dq
for the 8-category of presheaves on FinG with values in D which carry
finite coproducts in FinG to finite products; equivalently, these are D-valued
presheaves on the orbit category of G.

If D is also presentable as in Definition A.11, we define the stalk of a
sheaf F by

Fe :� colimH�GF pG{Hq,
where the colimit is over all open subgroups H.

This Grothendieck topology is finitary as in Definition A.41. The category
of sheaves of sets on FinG is the category of continuous (discrete) G-sets.

Proposition A.73. The sheaf condition for presehaves on FinG.
[Lur18b, Prop. A.3.3.1]. Let G be a profinite group, and let FinG be the
site as above. A presheaf F on FinG with values in an 8-category D with
limits is a sheaf if and only if:

(1) For X,Y P FinG, the natural map induces an equivalence

F pX \ Y q � F pXq � F pY q.
That is, F P P>pFinG,Dq is coproduct-preserving.

(2) For every surjective map of G-sets u : T ↠ S, F pXq is the limit of
the Čech nerve of u as in Definition A.29.

Details of the following can be found in [CM21, §4.1]. For a finite group
G, FinG is the category of finite G-sets. A D-valued sheaf (for D as above)
on it is equivalent to D-valued functor on BG, which amounts to an object
in D equipped with a G-action.

A profinite group G is the limit of its finite quotient groups G{N for open
normal subgroups N . Its D-valued sheaf category is

ShpFinG,Dq � lim
N�G

FunpBpG{Nq,Dq.

where for N 1 ¤ N , the functor Fun
�
BpG{N 1q,D� ÝÑ Fun

�
BpG{Nq,D�

is

given by p�qhpN{N 1q.

Proposition A.74. Sheafification. [CM21, Proposition 4.12] Let D be
a presentable 8-category (Definition A.11) and let G be a profinite group.
Suppose that for every open normal subgroup N ¤ G and each subgroup
K ¤ G{N , the limit functor

p � qhK : FunpBK,Dq ÝÑ D
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commutes with filtered colimits of K-objects in D. Let F P P>pFinG,Dq be
a product-preserving presheaf on FinG. Then the sheafification F sh of F is
given by the formula

F shpG{Hq � colim
H 1¤H

F pG{H 1qhpH{H 1q,

as H 1 ¤ H ranges over all open normal subgroups.

Appendix B. Operads

B.1. The early work of May and Stasheff. Operads are originally de-
fined by May in [May72]. Light introductions to the topic are given by Eva
Belmont [Bel17] and by Jim Stasheff [Sta04]. More comprehensive treat-
ments are given by Martin Markl, Steven Shnider and Stasheff in [MSS02],
by Murray Bremner and Vladimir Dotsenko in [BD20], and by Jean-Louis
Loday and Bruno Vallette in [LV12].

Definition B.1. [May72, Definitions 1.1 and 3.12]

(i) A non-Σ (or nonsymmetric) operad pO, γq is a collection of
spaces tOpjq : j ¥ 0u where Op0q is a single point, Op1q has a special
point 1O related to the identity map, and for each j ¥ 0 and each
j-tuple pk1, . . . , kjq of nonnegative integers, there are structure maps

γpk1,...,kjq : Opjq �Opk1q � � � � �Opkjq Ñ Opk1 � � � � � kjq(B.2)

for which the associativity diagram (B.4) below commutes. We will
sometimes omit the subscript K on the structure map and the struc-
ture map γ in the operad. The integer j is the arity, and a point in
Opjq is an operation of arity j. The collection tOpjq : j ¥ 0u is
called an operadic sequence.

(ii) O is simply an operad (sometimes called a symmetric operad)
if in addition each space Opjq comes equipped with an action of the
symmetric group on j letters, Σj satisfying the equivariance condi-
tion of (B.5) below. The collection tOpjq : j ¥ 0u is called a sym-
metric sequence. In [MSS02] and [LV12] it is called a Σ-module
and an S-module respectively.

(iii) An operad O is Σ-free if each Opjq for j ¡ 0 is acted on freely by
Σj.

(iv) It is discrete if each Opjq is discrete. For any operad O, π0O is a
discrete operad, and the evident map ϵ : O Ñ π0O is the augmen-
tation of O.

(v) The mth truncation O¤m of O for m ¡ 0 is given by

O¤mpjq �
"

Opjq for 0 ¤ j ¤ m
H for j ¡ m.

We now spell out May’s associativity condition. Given a sequence of
positive integers K � pk1, . . . , kjq, let

|K| :� j, ||K|| :� k1 � � � � � kj and OpKq :� Opk1q � � � � �Opkjq,(B.3)



CYCLOTOMIC EXTENSIONS IN STABLE HOMOTOPY THEORY 59

so the structure map of (B.2) is γK : Op|K|q �OpKq Ñ Op||K||q.
Now suppose we replace each ki by a sequence of positive integers

Mi � pmi,1, . . .mi,kiq, with �M � pM1, . . . ,Mjq,
and we define

|�M | :� |K|, ||�M || :�
¸

1¤i¤j

||Mi|| and Op�Mq :�
¹

1¤i¤j

OpMiq.

It follows that

Op|�M |q � Opk1q � � � � �Opkjq
OpKq �Op�Mq � pOpk1q � � � � �Opkjqq � pOpM1q � � � � �OpMjqq

� pOpk1q �OpM1qq � � � � � pOpkjq �OpMjqq,
from which we have the map γ1

�M
:� γM1 � � � � � γMj to

Op||M1||q � � � � �Op||Mj ||q.
We also have a map

γ2
�M

:� γp||M1||,...,||Mj ||q : Opjq �Op||M1||q � � � � �Op||Mj ||q Ñ Op||�M ||q.
Then we have a diagram

Op|K|q �OpKq �Op�Mq
Op|K|q�γ1

�M
��

γK�Op�Mq // Op||K||q �Op�Mq
γ
�M
��

Op|K|q �Op||M1||q � � � � �Op||Mj ||q
γ2
�M // Op||�M ||q,

(B.4)

which is required to commute.
May’s equivariance condition on the structure map γ in the symmetric

case is as follows. There is a right action of the symmetric group Σj on Opjq
such that the following formulas hold for all c P Opkq, ds P Opjsq, σ P Σk,
and τs P Σjs :

γpcσ; d1, . . . , dkq � γ
�
c; dσ�1p1q, . . . , dσ�1pkq

�
σpj1, . . . , jkq

and γpc; d1τ1, . . . , dkτkq � γpc; d1, . . . , dkq pτ1 ` � � � ` τkq,
(B.5)

where σpj1, . . . , jkq denotes the permutation of j � j1 � � � � � jk letters that
permutes the k blocks of sizes j1, . . . , jk according to σ, and where τ1`� � �`τk
is the block sum permutation in Σj . More precisely, σpj1, . . . , jkq P Σj1�����jk
is the block permutation sending the sth block of size js to the σpsqth block,
and

τ1 ` � � � ` τk P Σj1�����jk

is the block sum permutation acting as τs on the sth block.

The following example motivates the associativity condition of (B.4).
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Definition B.6. [May72, Definition 1.2] For an object X in a topologically
enriched symmetric monoidal category C (such as that of pointed spaces),
the endomorphism operad EndX has

EndXpjq :� CpXj , Xq,
the space of maps from Xj to X. Here the action of Σj is induced by its

action on Xj by permuting coordinates. Then given maps gi : X
ki Ñ X for

1 ¤ i ¤ j, and f : Xj Ñ X, we define γKpf, g1, . . . , gjq to be the composite

Xk1 �Xk2 � � � � �Xkj � Xk1�����kj

pg1,g2,...,gjq
��

X �X � � � � �X � Xj

f
��

X.

Let
�i : CpXn, Xq � CpXm, Xq ÝÑ C

�
X n�m�1, X

�
be given, for 1 ¤ i ¤ n, by

pf �i gqpx1, . . . , xm�n�1q
� f

�
x1, . . . , xi�1, gpxi, . . . , xi�m�1q, xi�m, . . . , xn�m�1

�
.

The reader can verify that the diagram corresponding to (B.4) commutes
for this operad.

Definition B.7. [May72, §1] A morphism of operads

ϕ : pO, γq Ñ pP, δq
is a sequence of Σj-equivariant maps

ϕj : Opjq Ñ Ppjq
such that ϕ1p1Oq � 1P and the following diagram commutes, with notation
as in (B.3):

Opjq �Opk1q � � � � �Opkjq Op||K||q

Ppjq � Ppk1q � � � � � Ppkjq Pp||K||q.

γK

ϕj�ϕk1
�����ϕkj ϕj

δK

Definition B.8. Given an operad O, an object X in C as in Definition B.6
is an O-algebra, or O acts on X, if there is a operad morphism (Defini-
tion B.7) θ : O Ñ EndX . Such a map assigns to each point in Opjq a map
Xj Ñ X. The point 1O P Op1q gets sent to the identity map on X. The
Σj-equivariant map Opjq Ñ Map�pXj , Xq is adjoint to structure maps

Opjq �Σj X
j

θO,X
j // X, and Xj �Σj Opjq

θX,O
j // X.(B.9)
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For p P Opjq and xi P X for 1 ¤ i ¤ j, we will sometimes write

ppx1, . . . , xjq :� θO,X
j pp, x1, . . . xjq.(B.10)

These maps define the structure of X as an O-algebra. We will denote the
category of such algebras by OrCs.

We can make a similar definition in the nonsymmetric case by omitting
the symmetric group actions in (B.9).

Definition B.11. O-operations. Let X be an O-algebra as in Defini-
tion B.8. An O-operation on X is a map a : Xn Ñ Xm for n ¡ m
obtained as follows. Let

n � n1 � n2 � � � � � nm with ni ¡ 0 for 1 ¤ i ¤ m,

and let ai : X
ni Ñ X be a map in θpOpniqq � CpXni , Xq. Then

a :�
¹

1¤i¤m

pai : Xni Ñ Xq .

Definition B.12. Suppose X is both a P-algebra and a Q-algebra for op-
erads P and Q. Then the two structures interchange if for each k, ℓ ¡ 0,
the following diagram commutes.

pPpkq �Σk
Xkℓq �Σℓ

Qpℓq
θP,Xℓ

k �Σℓ
Qpℓq

��

Ppkq �Σk
pXkℓ �Σℓ

Qpℓqq
Ppkq�Σk

θX
k,Q

ℓ��
Xℓ �Σℓ

Qpℓq
θX,Q
ℓ

// X Ppkq �Σk
Xk

θP,X
k

oo

(B.13)

The structure maps θ are those of (B.9). The left and right actions of Σk

and Σℓ respectively on Xkl � Xxky�xℓy are induced by their actions on the
indexing set

xky � xℓy :� t1, 2, . . . ku � t1, 2, . . . ℓu .
We can make a similar definition for nonsymmetric operads by dropping

the action of either or both symmetric groups.

Definition B.14. [May72, Definition 3.1] Operads for topological monoids
and commutative topological monoids.

(i) Let M, also known as Assoc, be the discrete operad with Mpjq � Σj

with the evident structure maps. Hence an M-space is a topological
monoid.

(ii) Let N , also known as Comm, be the discrete operad with N pjq � pt.
with the evident structure maps. Hence an N -space is a commuta-
tive topological monoid. N is a terminal object in the category of
operads, i.e., any operad O admits a unique operad morphism to it.
It follows that commutative topological monoid is also an O-space
for any operad O.
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Definition B.15. [Sta63] The Stasheff non-Σ operad K, also known as
A8, has Kp1q � pt and Kpkq for k ¥ 2 is a certain contractible pk � 2q-
dimensional polytope called an associahedron. Kp2q is a point, Kp3q is a
line segment, Kp4q is a pentagon, and Kp5q is an enneahedron (image from
Wikipedia) with nine faces (three disjoint quadrilaterals and six pentagons)
and fourteen vertices. Each pentagonal face is a copy of Kp4q.

A space is a K-algebra if it has a multiplication which is associative up to all
higher homotopies. Each edge in Kp5q corresponds to a homotopy between
the two indicated ways to multiply five points.

The mth Stasheff non-Σ operad Am is the truncation K¤m as in Def-
inition B.1(v).

Hence every pointed space is an A1-algebra. An A2-algebra is a pointed
space equipped with a unital multiplication with no associativity condition,
and an A3-algebra is a homotopy associative H-space with no higher homo-
topy associativity.

More information about associahedra can be found in [CSZ15] and [Lod04].

Example B.16. The interchange condition for Q � A2. Since A2pℓq
is a point for ℓ ¤ 2 and empty for ℓ ¡ 2, We need consider the diagram of
(B.13) only for ℓ � 1 and 2, and we see that it commutes trivially for ℓ � 1.
For ℓ � 2, it reads

pPpkq �Σk
X2kq � A2p2q

θP,X2

k �A2p2q
��

Ppkq �Σk
pX2k � A2p2qq

Ppkq�Σk
θ
Xk,A2
2��

X2 � A2p2q
θ
X,A2
2

// X Ppkq �Σk
Xk

θP,X
k

oo

Since A2 is not symmetric, there is no Σ2-action as in (B.13). The diagram
means that for p P Ppkq and xi P X for 1 ¤ i ¤ 2k, we have

ppx1, . . . , xkq � ppxk�1, . . . , x2kq � ppx1 � xk�1, . . . , xk � x2kq,
with notation as in (B.10), where p���q is the monoidal stucture associated
with A2.



CYCLOTOMIC EXTENSIONS IN STABLE HOMOTOPY THEORY 63

Definition B.17. [May72, Definition 4.1] The little n-cubes operad En,
also known as Cn, has Enpjq being the space of j-tuples of rectilinear em-
beddings of In into In, the n-cube r0, 1sn, such that the j images of the
interior are disjoint. More precisely, a point in Enpjq is a collection of
maps ei : I

n Ñ In for 1 ¤ i ¤ j of the form

eipx1, . . . .xnq :� pai,1 � bi,1x1, . . . , ai,n � bi,nxnq,
where the coefficients ai,k and bi,k satisfy

ai,k ¥ 0, bi,k ¡ 0, ai,k � bi,k ¤ 1,

and the images of the interiors of the Ins under the maps ek for 1 ¤ k ¤ j
are disjoint.

This operad is of interest because it acts on ΩnX for any pointed space
X. The space Enpjq has a free action of Σj . E1pjq is homotopy equivalent
to Σj , and Enpjq is pn� 2q-connected for n ¥ 2.

It is known that an E1-structure is equivalent to an A8-structure; see
[Lur17, Example 5.1.0.7].

Definition B.18. Every En�1-algebra is also an En-algebra.

Proof. For each map

e � e1 > � � � > ek :
º

1¤i¤k

In Ñ In

as in Definition B.17, we can form a diagramº
1¤i¤j

In
e //

��

In

��º
1¤i¤j

In�1 re // In�1,

where the vertical maps send each n-cube to the face of the corresponding
pn� 1q-cube with xn�1 � 0, and the last coordinate of each map rei is xn�1.
Thus we get a map Enpjq Ñ En�1pjq and the result follows. □

Definition B.19. The E8-operad has

E8pjq :� colim
n

Enpjq,
(which is a contractible free Σj-space) where the maps Enpjq Ñ En�1pjq are
those constructed above.

B.2. Some generalizations. Returning to Definition B.1, the space Op1q
can be regarded as the space of morphisms in a topological category with a
single object. The special point in it is the identity morphism and (B.4) says
that composition of morphisms is associative. Thus an operad as defined by
May is a one object topological category with additional structure.
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This suggests three ways of generalizing Definition B.1 so as to accom-
modate more categories as special cases:

(i) The spaces Opjq of Definition B.1 could be replaced by objects in a
bicomplete closed symmetric monoidal category. This was studied
by Max Kelly in [Kel05], but he did not treat the Boardman-Vogt
tensor product there. It is also treated in [MSS02, Part II, Chapter
1].

(ii) The point Op0q could be replaced by a set C of colors. We require
Op0q to be a set no matter which symmetric monoidal category the
Opjq are allowed to belong to. The latter are replaced by spaces (or
whatever)

Opx1, . . . , xj ; yq for xi, y P C,

with the associativity diagram (B.4) suitably modified. The resulting
object is a colored operad, also known as a symmetric multicat-
egory. The term “multicategory” refers to the fact that morphisms
are generalized to functions of several variables. See Donald Yau’s
[Yau16].

(iii) Associated to a colored operad O is a small category CO with object
set Op0q and morphism sets Opx; yq for x, y P Op0q. The definition
can be modified so that CO gets replaced by an 8-category. Lurie
calls such an object an 8-operad in [Lur17, Definition 2.1.1.10].

We will only need the first of these.

B.3. Trees.

Definition B.20. [MSS02, §1.5], A tree is a finite connected contractible
graph. We will modify the standard convention that all edges in a graph
have two adjacent vertices and delete the vertices with only one adjacent
edge. This means that some edges will have only one adjacent vertex and
we call these edges external edges. The edges which are adjacent to two
vertices will be called internal edges. Occasionally it will be convenient
to use the standard convention with two vertices adjacent to every edge, in
which case we call a vertex adjacent to just one edge an external vertex.
The remaining vertices will be called internal vertices.

All trees are assumed to have at least one edge; the tree with just one edge
(and no vertices) is called the trivial tree. A rooted tree is a tree with a
distinguished external edge, called the root. The remaining external edges
are called leaves. An external vertex adjacent to a leaf will be called a leaf
vertex, and the external vertex adjacent to the root, the root vertex. A
rooted tree has a natural orientation with each edge oriented in the direction
of the vertex closest to the root. The root edge is oriented toward the root
vertex, but in the case of the trivial tree, this is ambiguous so we have to
choose an orientation. In any rooted tree, every vertex is adjacent to a single
outgoing edge.
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The valence of an internal vertex is the number of incoming edges. A
tree with no vertices of valence one is called reduced. In such a tree the
distance from the root of an internal vertex is one more than the number
of internal vertices between it and the root.

A corolla is a tree with no internal edges and a single internal vertex of
valence at least 2. We denote the n-leafed corolla by Tn. A binary tree is
one in which each internal vertex has valence 2. A planar tree is a tree
equipped with an embedding in the plane. A tree that is not so equipped is
said to be nonplanar, even though it can be embedded in the plane, unlike
a nonplanar graph.

Unless otherwise indicated, we will assume all trees are reduced, rooted
and nonplanar.

Definition B.21. The tree operad. [MSS02, §1.5] Let Treepnq for n ¡ 0
be the set of isomorphism classes of reduced nonplanar trees with one root
and n leaves, with distinct labels, usually the integers 1 through n. The
symmetric group acts by permuting the labels. The sequence

Tree � tTreepnq : n ¥ 1u
forms an operad in the category of sets. Given trees S P Treepkq and T P
Treepjq, for each 1 ¤ i ¤ k, let

S �i T(B.22)

be the tree obtained by grafting the root of T to the leaf of S labeled i.
There is a structure map γK as in (B.2),

γK : Treepjq � Treepk1q � � � � � Treepkjq Ñ Treepk1 � � � � � kjq(B.23)

in which, for 1 ¤ i ¤ j, the root of the tree with ki leaves is grafted onto the
ith leaf of the first tree.

The reader should consult [BV73, §1.4 and §2.2] for more information,
including the definitions of the terms twig, stump, cherry, cherry tree,
fully grown cherry tree, planted cherry tree (with no reference to
George Washington), and copse.

Remark B.24. How to draw trees. Linguists draw trees with the root
at the top, while botanists draw them with the root at the bottom. We will
follow the botanical convention.

The grafting process of (B.22) is illustrated in (B.25). In each tree the
leaves (top vertices) are numerically labeled, and the root is the bottom
edge. The two trees on the left each have a single internal vertex. Their
valences, the number of edges coming in from above, are 5 and 3. The tree
on the right has two, with the same valences as the corresponding internal



66 DOUGLAS C. RAVENEL

vertices on the left.
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(B.25)

An instance of the structure map of (B.23),

γp2,3q : Treep2q � pTreep2q � Treep3qq Ñ Treep5q
is shown here. A similar picture is on [BV73, page 14].
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� pT2 �2 T2q �3 T3

Example B.26. Some isomorphism classes of trees with few leaves.
There is one 2-leafed tree, T2.
There are two 3-leafed trees, T3 and T2 �1 T2 � T2 �2 T2 shown here.
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(B.27)

There are five 4-leafed trees, T4, T2 �1 T3, pT2 �1 T2q �3 T2, pT2 �1 T2q �1 T2

and T3 �1 T2.
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(B.28)

B.4. Free operads and coproduct operads.

Definition B.29. The free operad on a symmetric sequence. [MSS02,
§II.1.9] and [LV12, Theorem 5.5.1]. For any symmetric sequence S as in
Definition B.1(ii), the free operad FpSq has

FpSqpnq �
º

rT sPTreepnq

�
� ¹

vPV pT q

Spvalpvqq
�

M

AutpT q,

where:


 Treepnq is as in Definition B.21,

 V pT q is the set of internal vertices of T ,
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 the valence valpvq is the number of incoming edges at the internal
vertex v,


 AutpT q is the group of automorphisms of T preserving the root and
leaf labels.

For S � P >Q, we have

FpP >Qqpnq �
º
rT s

�
� ¹

vPV pT q

�
Ppvalpvqq >Qpvalpvqq�

�

M

AutpT q.(B.30)

where the coproduct is over all n-leafed trees T . Thus each internal vertex
of valence k in T is labelled by a point in P or Q of arity k.

Definition B.31. The coproduct of two operads P and Q (either of
which may or may not be symmetric) is given by

pP >Qqpnq �
�
�º
rT s

¹
vPV pT q

�
Ppvalpvqq >Qpvalpvqq�

�

M

�,

where � is the equivalence relation generated by replacing any P-only subtree
by its composite in P (meaning the corolla with the the same number of
leaves), any Q-only subtree by its composite in Q, and imposing the standard
operad relations.

Example B.32. The coproduct with A1. For Q � A1 as in Defini-
tion B.15, recall that A1p1q is a single point and A1pnq is empty for n ¡ 1.
Since the valence of each internal vertex exceeds 1, the space Qpvalpvqq in
(B.30) is always empty. It follows that P > A1 � P.

B.5. The Boardman-Vogt tensor product. Now suppose we have two
operads pP, γq and pQ, δq as in Definition B.1. Then we have the category
PrQrT ss whose objects are P-algebras in the category of Q-spaces. It is
known that there is an operad R such that this category is equivalent to
RrT s, which is also equivalent to QrPrT ss, the category of Q-algebras in the
category of P-spaces. An object in PrQrT ss � QrPrT ss is both a P-algebra
and aQ-algebra in which the two structure interchange as in Definition B.12.

This leads to a symmetric monoidal structure, theBoardman-Vogt ten-
sor product (BV product for short) of [BV73, Definition 2.14, page 41], on
the category of operads, which we will write as

R � P bBV Q.

Roughly speaking, P bBV Q is the quotient of the coproduct P > Q of
Definition B.31 imposed by the interchange requirement.

Example B.33. The BV product does not preserve homotopy equiv-
alence. We know that the operads Assoc of Definition B.14, A8 of Defini-
tion B.15 and E1 of Definition B.17 are homotopy equivalent. We also know
that AssocbBV Assoc � Comm by an argument originally due to Beno Eck-
mann and Peter Hilton [EH61]. They showed that if a set is equipped with
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two associative multiplication maps that interchange in the sense of Defini-
tion B.12, then they must coincide and be commutative. On the other hand,
Gerald Dunn [Dun88] shows that E1 bBV E1 � E2, but E2 is not equivalent
to Comm. In [Moe23] Ieke Moerdijk suggests a solution involving dendroidal
sets, which are introduced by him and Ittay Weiss in [MW07], but that is a
story for another day.

We learned the following description of the BV product from the paper
[DH14, Definition 1.2] by Bill Dwyer and Kathryn Hess. Like every pub-
lished definition that we know of, theirs is written with symmetric operads
in mind, but it can be modified to include the nonsymmetric case.

Definition B.34. The composite of two symmetric sequences. [DH14,
Notation 1.1] For any two symmetric sequences (see Definition B.1(ii))

X � tXpnqun¥0, Y � tY pnqun¥0

of simplicial sets, a representative of a typical element of arity j in the
composition product X � Y of the two sequences is denoted by

px; y1, . . . , yk; τq,
where

x P Xpkq ys P Y pjsq with
ķ

s�1

js � j and τ P Σj .

The right action of ν P Σj on such an element is given by

px; y1, . . . , yk; τq � ν � px; y1, . . . , yk; τνq.
The equivalence relation on representatives of elements of X � Y satisfies

px; y1, . . . , yk; τ1 ` � � � ` τkq � px; y1 � τ�1
1 , . . . , yk � τ�1

k ; Idq,
where τ1 ` � � � ` τk is the block sum of (B.5), and

px � σ�1; y1, . . . , yj ; Idq � px; yσp1q, . . . , yσpjq; Idq,
for all σ P Σj and τs P Σjs as above, where x and ys are as above.

If P is an operad, it has an equivariant multiplication map

γ : P � P Ñ P
as in (B.2). For p P Ppkq and ps P Ppjsq for js as above, we write

ppp1, . . . , pkq :� γpp; p1, . . . , pk; Idq P Ppjq.(B.35)

Note that since γ is equivariant as in (B.5), it is specified by its values on
elements of P � P with representatives of the form

pp; p1, . . . , pk; Idq.
For operadic sequences as in Definition B.1(i) a typical element of

arity n in the composition product is denoted by simply

px; y1, . . . , ykq,



CYCLOTOMIC EXTENSIONS IN STABLE HOMOTOPY THEORY 69

with no symmetric group element.

Definition B.36. The Boardman-Vogt tensor product of operads P
and Q is the operad

P bBV Q

that is the quotient of the coproduct P >Q of operads (see Definition B.31)
by the equivalence relation generated by

γpp; q, . . . , qloomoon
k

; Idq � γpq; p, . . . , ploomoon
ℓ

; ξk,ℓq

for all p P P pkq and q P Qpℓq, where ξk,ℓ P Σkℓ is the transpose permutation
that “exchanges rows and columns.” That is, for each m with 1 ¤ m ¤ kℓ,
there are unique integers i and j with 1 ¤ i ¤ k and 1 ¤ j ¤ ℓ for which
m � pi� 1qℓ� j ¤ kℓ, and we have

ξk,ℓpmq � pj � 1qk � i.

In the nonsymmetric case the equivalence relation is generated by

γpp; q, . . . , qloomoon
k

q � γpq; p, . . . , ploomoon
ℓ

q.

The only BV product we will need is EA2 :� E1 bBV A2, which appears
in [BHLS23, Theorem C] and is described in Example B.38.

Example B.37. The Boardman-Vogt unit. Let Q be the Stasheff operad
A1 of Definition B.15. In Example B.32 we saw that P > A1 � P for any
operad P. This implies that P bBV A1 � P. A similar argument can be
made for A1 bBV Q for any Q. Thus A1 is the Boardman-Vogt unit.

Example B.38. The operad EA2 :� E1bBVA2 (where A2 and E1 are as in
Definitions B.15 and B.17) is of interest because it appears in [BHLS23, The-
orem C]. In Section 5 of that paper, the authors construct Adams operations
on BP xny (which is known to have an E3-structure) as EA2-algebra auto-
morphisms, that being the strongest structure for which their proof works. It
is not known to be the strongest structure preserved by their operations.

An A2-structure on a spectrum X is a map

X _ pX ^Xq Ñ X

which is the identity on the first summand and a unital multiplication θX,A2
2

as in (B.9) on the second one.
For an E1-ring spectrum Y we have the map

θE1,Y
j : E1pjq� ^Σj Y

bj Ñ Y

of (B.9). The space E1pjq is homotopy equivalent to Σj.
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Then for an EA2-spectrum Z, the following is required to commute as in
Definition B.12.

pE1pjq� �Σj Σ2j{Σjq ^Σ2j Z
b2j

E1pjq� ^Σj pZ ^ Zqbj
θ
E1,Z^Z
j //

E1pjq�^Σj
pθ

Z,A2
2 qbj

��

Z ^ Z

θ
Z,A2
2��

E1pjq� ^Σj Z
bj

θ
E1,Z
j // Z

Hence an EA2-structure is slightly stronger than an E1-structure but weaker
than an E2-structure. It is known that for an EA2-ring R, THHpRq has an
A2-structure, meaning a unital multiplication with no associativity or com-
mutativity condition.
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