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The main point of this talk

The 3-primary Arf-Kervaire invariant problem was
open until recently. claims to have solved
it. They may be right
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OpenAl

September 24

Abstract

We solve the Ki
in the mod-thr

Before getting into their paper, | will discuss the background

and history of the problem.
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The Arf-Kervaire invariant problem for a prime p is to determine
the fate of the elements

sz{ hz  forp=2

by forp>2 } e Ex5 ™V (z/p, 2/p)

for j > 0, where A denotes the mod p Steenrod algebra.
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The Arf-Kervaire invariant problem for a prime p is to determine
the fate of the elements

e  forp=2
0. =1 "
P2\ by forp>2

} e Ext3* """ (2/p, Z/p)

for j > 0, where A denotes the mod p Steenrod algebra. This

Ext group is the Ex-term for the classical Adams speciral
seguence converging to the p-component of the stable

homotopy groups of spheres.
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Defining the problem

The Arf-Kervaire invariant problem for a prime p is to determine
the fate of the elements

H forp=2 2.2p/(p-1)
L Ji )
0 { b forps? } € Ext (Z/p, Z/p)
for j > 0, where A denotes the mod p Steenrod algebra. This
Ext group is the Ex-term for the classical Adams speciral
sequence converging to the p-component of the stable
homotopy groups of spheres.

These classes correspond to the

Adem relations for S¢? S?  and
PP pp T (p-1).
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Defining the problem

The Arf-Kervaire invariant problem for a prime p is to determine

the fate of the elements

H forp=2
g, =1 i
! by forp>2

for j > 0, where A denotes the mod p Steenrod algebra. This
Ext group is the Ex-term for the classical Adams speciral

B @y z/p)

sequence converging to the p-component of the stable

homotopy groups of spheres.

These classes correspond to the
Adem relations for Sg?Sg® and
PP PP (-1 |n these bidegrees the
groups are known to be isomorphic to
Z/p in each case, generated by these
elements.

’ -

»/

Frank Adams
1930-1989
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Browder’s Theorem of 1969 states that
for p = 2, 6; is a permanent cycle in the
Adams spectral sequence if and only
if there is a framed manifold with non-
trivial Kervaire invariant in dimension
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Browder’s Theorem of 1969 states that
for p = 2, 6; is a permanent cycle in the
Adams spectral sequence if and only
if there is a framed manifold with non-
trivial Kervaire invariant in dimension
2/+1 _ 2. Such manifolds were known
to exist for 1 <j < 5.
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Again, we want to know the fate of the elements

2 _
0,-={ h?  forp=2

2,20/ (p-1) _
bj_y forp>2 }EEXtA =Z/p

The corresponding Adams-Novikov group, Ext22°. ;")

BP. (BP)
complicated. It is an elementary abelian p-group of rank

roughly j/2.
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Introduction (continued)

Again, we want to know the fate of the elements

h?  forp=2 2,20/ (p-1)
_ i ; =
0; { by forp>2 } € Ext} Z/p

The corresponding Adams-Novikov group, Extgﬁig’g;), is more

complicated. It is an elementary abelian p-group of rank
roughly j/2. The Thom reduction map

220(p-1) ¢ 2,20/ (p-1)
ExtBP*(BP) *>ExtA

is onto in all but one case, with

T = Bty o> 0 forj=1andp=2
B 0; otherwise
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Introduction (continued)

Again, we want to know the fate of the elements

h?  forp=2 2,20/ (p-1)
_ i ; =
0; { by forp>2 } € Ext} Z/p

The corresponding Adams-Novikov group, Extéﬁf’é%ﬁ% is more
complicated. It is an elementary abelian p-group of rank
roughly j/2. The Thom reduction map

220(p-1) ¢ 2,20/ (p-1)
ExtBP*(BP) *>ExtA

is onto in all but one case, with

T = Bty o> 0 forj=1andp=2
B 0; otherwise

A reformulation of the problem is the following:
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Introduction (continued)

Again, we want to know the fate of the elements

h?  forp=2 2,20/ (p-1)
_ i ; =
0; { by forp>2 } € Ext} Z/p

The corresponding Adams-Novikov group, Extgﬁig’g;), is more

complicated. It is an elementary abelian p-group of rank
roughly j/2. The Thom reduction map

220(p-1) ¢ 2,20/ (p-1)
ExtBP*(BP) *>ExtA

is onto in all but one case, with

T = Bty o> 0 forj=1andp=2
B 0; otherwise

A reformulation of the problem is the following:

Is any element of Exléﬁﬁg’g)ﬁ mapping to 0; a perma-

nent cycle?
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There is no known intrepretation of the problem at odd primes
in terms of manifolds. In 1978 we showed for that for p > 5, the
element ¢, for j > 1 is not a permanent cycle,
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There is no known intrepretation of the problem at odd primes
in terms of manifolds. In 1978 we showed for that for p > 5, the

element ¢, for j > 1 is not a permanent cycle, while ¢ is a
permanent cycle representing

B1 € Tope_pp-25S,
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Introduction (continued)

There is no known intrepretation of the problem at odd primes
in terms of manifolds. In 1978 we showed for that for p > 5, the
element 0; for j > 1 is not a permanent cycle, while ¢, is a
permanent cycle representing

B € 7T2p2—2p—287
Modulo some indeterminacy, there are differentials
dgp_1 (91') = h09ﬁ1 fOI’j > 1,

where ho € Ext;?*~" represents a4 € m2p_3S.
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Introduction (continued)

There is no known intrepretation of the problem at odd primes
in terms of manifolds. In 1978 we showed for that for p > 5, the
element 0; for j > 1 is not a permanent cycle, while ¢, is a
permanent cycle representing

B € 7T2p2—2p—287
Modulo some indeterminacy, there are differentials
dgp_1 (9]') = h09ﬁ1 fij > 1,

where ho € Ext;?*~" represents a4 € mp-3S. Thus the only

remaining case is p = 3.

Princeton University
Algebraic Topology
Seminar

and the
3-primary Kervaire
invariant problem

v

b

Doug Ravenel
The main point of this
talk

Introduction
Defining the problem

The role of the Morava
stabilizer group

Difficulties at p = 3

What might happen
Entering Fantasyland

Two spectral sequences
What does

The Tate spectral
sequence

A toy example

The real example



Princeton University
Algebraic Topology

In order to describe the difficulties at p = 3, we need to recall
the methods of of HHR for p = 2 and myself for p > 5.

«O» «F»r <«

22)CN(E

Seminar
OpenAl and the
3-primary Kervaire
invariant problem

b

Doug Ravenel

The main point of this
talk

Introduction

Difficulties at p = 3

What might happen

What Open/l does

The Tate spectral
sequence

A toy example

The real example



Princeton University
Algebraic Topology
Seminar
OpenAl and the

In order to describe the difficulties at p = 3, we need to recall et pretien
the methods of of HHR for p = 2 and myself for p > 5. The
starting point for p > 5 is the following 1967 result of Toda:

Doug Ravenel

The main point of this
talk

Introduction

Difficulties at p = 3

What might happen

What Open/l does

The Tate spectral
sequence

A toy example

The real example

«O» «F»r <«

it
v
a
it
v

22)CN(E



Princeton University
Algebraic Topology
Seminar

In order to describe the difficulties at p = 3, we need to recall
the methods of of HHR for p = 2 and myself for p > 5. The

invariant problem
starting point for p > 5 is the following 1967 result of Toda:

In the Adams-Novikov spectral sequence

Doug Ravenel
for an odd prime p there is a nontrivial dif- DI
ferential N . i
d2p—1 (92) = CV191 .

Difficulties at p = 3

| Hirosi Toda
1928-2026

What might happen

What Open/l does

The Tate spectral
sequence

A toy example

The real example

«O» «F» «

i
v
a
it
v
it

22)CN(E



Princeton University
Algebraic Topology
Seminar

In order to describe the difficulties at p = 3, we need to recall
the methods of of HHR for p = 2 and myself for p > 5. The

invariant problem
starting point for p > 5 is the following 1967 result of Toda:

In the Adams-Novikov spectral sequence

Doug Ravenel
for an odd prime p there is a nontrivial dif- The main poin o this
fe re n tl al Introduction

) =il e
We also show that there are relations

Difficulties at p = 3
‘ - a0 _g P

Hirosi Toda oo =Bty
1928-2026

What might happen

What Open/l does

The Tate spectral
sequence

A toy example

The real example

«O» «F» «

i
v
a
it
v
it

22)CN(E



The role of the Morava stabilizer group

In order to describe the difficulties at p = 3, we need to recall
the methods of of HHR for p = 2 and myself for p > 5. The
starting point for p > 5 is the following 1967 result of Toda:

In the Adams-Novikov spectral sequence
for an odd prime p there is a nontrivial dif-
ferential N

op-1(02) = a1 0P

We also show that there are relations

0 =0

Hirosi Toda
19282026

From this we can deduce that

Oop-1 (9;‘) = 041@;,1 forall j > 2.

u]
o)
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In order to describe the difficulties at p = 3, we need to recall
the methods of of HHR for p = 2 and myself for p > 5. The
starting point for p > 5 is the following 1967 result of Toda:

In the Adams-Novikov spectral sequence

for an odd prime p there is a nontrivial dif-
ferential

d2p—1 (’9\2) = 041@?

We also show that there are relations

o el o o
Hirosi Toda 6% =Orby -
19282026

From this we can deduce that

Obp1(0)) =@, forallj>2.

The hard part is to use chromatic methods to show that these
targets are all nontrivial.
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Jack Morava
1944-2025

We now know (but only suspected in the
late 70s) that the extended Morava stabi-

lizer group G,
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The role of the Morava stabilizer group
(continued)

We now know (but only suspected in the
late 70s) that the extended Morava stabi-
lizer group G, acts on the Morava spec-
trum E, in such a way that the homotopy
fixed point set £7°" is Lk(,S, the Bous-
field localization of the sphere spectrum
with respect to the nth Morava K-theory.

7
Jack Morava
1944-2025

This is a corollary of the Hopkins-
Miller theorem. For any closed sub-
group H c G, there is a homotopy

fixed point spectral sequence i“ '
i/

. hH ! “‘
H*(H;7.Ep) = m.E, Mike Haynes
Hopkins Miller
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The role of the Morava stabilizer group
(continued)

We now know (but only suspected in the
late 70s) that the extended Morava stabi-
lizer group G, acts on the Morava spec-
trum E, in such a way that the homotopy
fixed point set £7°" is Lk(,S, the Bous-
field localization of the sphere spectrum
with respect to the nth Morava K-theory.

Jack Morava
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This is a corollary of the Hopkins-
Miller theorem. For any closed sub-
group H c G, there is a homotopy

fixed point spectral sequence i“ '
i/

% ‘
H*(H; m.Ep) = m.E} Mike Haynes
Hopkins Miller
wpli_lch coincides with the Adams-Novikov spectral sequence for
E".
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The role of the Morava stabilizer group
(continued)

We now know (but only suspected in the
late 70s) that the extended Morava stabi-
lizer group G, acts on the Morava spec-
trum E, in such a way that the homotopy
fixed point set £7°" is Lk(,S, the Bous-
field localization of the sphere spectrum
with respect to the nth Morava K-theory.

Jack Moréva
1944-2025

This is a corollary of the Hopkins-
Miller theorem. For any closed sub-
group H c G, there is a homotopy

fixed point spectral sequence L '
i/

H*(H; m.Ep) = m.E} Mike Haynes
Hopkins Miller
which coincides with the Adams-Novikov spectral sequence for
EPH. One has the expected restriction maps for subgroups.
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The group G, is known to have a subgroup of order p (unique
up to conjugacy) when p — 1 divides n.

«O» «F»r <«

22)CN(E

Princeton University
Algebraic Topology
Seminar
OpenAl and the
3-primary Kervaire
invariant problem

Doug Ravenel

The main point of this
talk

Introduction

Difficulties at p = 3

What might happen

What Open/l does

The Tate spectral
sequence

A toy example

The real example



Princeton University
Algebraic Topology
Seminar
OpenAl and the
3-primary Kervaire
invariant problem

The group G, is known to have a subgroup of order p (unique b b
up to conjugacy) when p — 1 divides n. This leads to a PTG
composite homomorphism, the detection map

The main point of this
talk

Introduction
Extgp, (gpy — H* (Cp;i 1 Ep-1) —= H*(Cp; F o1 [u, u™)

Difficulties at p = 3

What might happen

What Open/l does

The Tate spectral
sequence

A toy example

The real example

«O» «F»r <«

it

v

a

it
v
i

22)CN(E



Princeton University
Algebraic Topology
Seminar
OpenAl and the
3-primary Kervaire
invariant problem

The group G, is known to have a subgroup of order p (unique
up to conjugacy) when p — 1 divides n. This leads to a
composite homomorphism, the detection map

Doug Ravenel

The main point of this
talk

Introduction
Extgp, (gp) — H*(Cpi mx Ep-1) —= H*(Cpi Fpot [, u™])

Difficulties at p = 3

where the second homomorphism is reduction modulo the
maximal ideal in 7. Ep_4 with |u| = -2.

What might happen

What Open/l does

The Tate spectral
sequence

A toy example

The real example

«O» «F»r <«

i
v
a
it
v
it

22)CN(E



The group G, is known to have a subgroup of order p (unique
up to conjugacy) when p — 1 divides n. This leads to a
composite homomorphism, the detection map

Extgp, (gp) — H*(Cpi mx Ep-1) —= H*(Cpi Fpot [, u™])

where the second homomorphism is reduction modulo the
maximal ideal in 7, E,_4 with |u| = -2. The action of C, here is

trivial, so the target is a bigraded form of the usual mod p
cohomology of Cp.
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The role of the Morava stabilizer group
(continued)

The group G, is known to have a subgroup of order p (unique
up to conjugacy) when p — 1 divides n. This leads to a
composite homomorphism, the detection map

Extgp, (gp) — H"(Cpi mxEp-1) —= H*(Cpi Fpoi [U, u'])
where the second homomorphism is reduction modulo the
maximal ideal in 7, E,_4 with |u| = -2. The action of C, here is
trivial, so the target is a bigraded form of the usual mod p
cohomology of Cp. For p odd this cohomology is

E(a) ® P(B) ® Fpot [u,u™"]

where o € H'"? and 3 € H?? each have topological degree 0.
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Again we have the detection map
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EXtBP*(BP) _ H* ( va T x Ep—1 ) = H*(pr ]Fpp_1 [u7 U_1 ]) T};zmainpointnfrhis

We showed that under this map we have frodiction

ay ~ U'Pa

—

6] [N u‘pi(p_1 )/8

Difficulties at p = 3

What might happen

up to unit scalar. Hence all monomials in the 8; and their

What Open/l does
products with a4 have nontrivial images. This implies that the e
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To summarize:

» The existence of an element of order p in S,_1 leads to the i
detection map above,

The main point of this
talk

Extgp, By ——— H*(Cp; FpP—‘ [u, u! 1 Introduction

Il
E(a)® P(B8) ® Fpo-1 [, u™"] -

Difficulties at p = 3

1 o What might happen
q b u "o
/\l ) _p/(p_.l) What Open/l does
0./ ! u ’8 The Tate spectral
sequence
T . . - A toy example
» The multiplicative relations among the #; and the Toda

differential on @, lead to differentials on all higher 8. They
are nontrivial by the detection data above.
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The group Extgﬁf’(g’,;)” is known to have |(j— 1)/2] other
generators besides ¢;. For p = 3 (but but not for p > 5), these

other generators, such as 37 in the bidegree of s, can also
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«O» «F»r <«

it

v

a
it
v
i

22)CN(E

Doug Ravenel

The main point of this
talk

Introduction

What might happen

What Open/l does

The Tate spectral
sequence

A toy example

The real example



Princeton University
Algebraic Topology

Seminar

OpenAl and the
3-primary Kervaire
invariant problem

Why does this approach fail for p = 3?

Doug Ravenel

The group Extgﬁig’;)1) is known to have |(j— 1)/2] other

~ The main point of this
generators besides 6;. For p = 3 (but but not for p > 5), these oo
other generators, such as 3 in the bidegree of 83, can also e

have nontrivial images under the detection map. This has to do
with the fact that they are v»-periodic and hence v,_-periodic.

What might happen

What Open/l does

The Tate spectral
sequence

A toy example

The real example

«O» «F»r <«

i
v
a

it

v

it

22)CN(E



Princeton University
Algebraic Topology
Seminar

OpenAl and the
3-primary Kervaire
invariant problem

Why does this approach fail for p = 3?

Doug Ravenel

The group Extgﬁf’(g’,;)” is known to have |(j— 1)/2] other

2 The main point of this
generators besides 6;. For p = 3 (but but not for p > 5), these oo
other generators, such as 37 in the bidegree of 63, can also —

have nontrivial images under the detection map. This has to do
with the fact that they are v»-periodic and hence v,_-periodic.

It turns out that 85 + 37 and hence 65 are permanent cycles What might happen
even though 65 is not.
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Why does this approach fail for p = 3?

i Doug Ravenel
The group Extgﬁf’(g’;)” is known to have |(j— 1)/2] other

The main point of this

generators besides ?, For p = 3 (but but not for p > 5), these B
other generators, such as 3 in the bidegree of 83, can also e

have nontrivial images under the detection map. This has to do
with the fact that they are v»-periodic and hence v,_-periodic.

It turns out that 85 + 37 and hence 65 are permanent cycles What might happen
even though 65 is not.

What Open/l does
The argument above establishes the nonexistence of 5, (in the e e specr
Adams-Novikov spectral sequence) for j > 1, but not that of 6; in
the classical Adams spectral sequence.
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It turns out that the way out of these difficulties is to use the
subgroup Cg < Sg rather than C; € S,.

«O» «F»r <«
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subgroup Cg < Sg rather than C; € S,.

For p = 2 similar considerations suggest using Cg ¢ S4, which is
the approach used by HHR.
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Difficulties at p = 3 (continued)

It turns out that the way out of these difficulties is to use the
subgroup Cg ¢ Sg rather than Cs ¢ S,.

For p = 2 similar considerations suggest using Cg ¢ S4, which is
the approach used by HHR. Our strategy was to construct a
ring spectrum Q with a unit map S — Q satisfying three
properties:
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Difficulties at p = 3 (continued)

It turns out that the way out of these difficulties is to use the
subgroup Cg ¢ Sg rather than Cs ¢ S,.

For p = 2 similar considerations suggest using Cg ¢ S4, which is
the approach used by HHR. Our strategy was to construct a
ring spectrum Q with a unit map S — Q satisfying three
properties:
(i) DETECTION THEOREM. If 0; exists, its image in 7. is
nontrivial.
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Difficulties at p = 3 (continued)

It turns out that the way out of these difficulties is to use the
subgroup Cg ¢ Sg rather than Cs ¢ S,.

For p = 2 similar considerations suggest using Cg ¢ S4, which is

the approach used by HHR. Our strategy was to construct a

ring spectrum Q with a unit map S — Q satisfying three

properties:

(i) DETECTION THEOREM. If 0; exists, its image in 7. is

nontrivial.

(ii) PERIODICITY THEOREM. 72 depends only on the
congruence class of kK modulo 256.
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Difficulties at p = 3 (continued)

It turns out that the way out of these difficulties is to use the
subgroup Cg ¢ Sg rather than Cs ¢ S,.

For p = 2 similar considerations suggest using Cg ¢ S4, which is

the approach used by HHR. Our strategy was to construct a

ring spectrum Q with a unit map S — Q satisfying three

properties:

(i) DETECTION THEOREM. If 0; exists, its image in 7. is

nontrivial.

(ii) PERIODICITY THEOREM. 72 depends only on the
congruence class of kK modulo 256.

(iii) GAP THEOREM. m_»Q = 0.
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Difficulties at p = 3 (continued)

It turns out that the way out of these difficulties is to use the
subgroup Cg ¢ Sg rather than Cs ¢ S,.

For p = 2 similar considerations suggest using Cg ¢ S4, which is

the approach used by HHR. Our strategy was to construct a

ring spectrum Q with a unit map S — Q satisfying three

properties:

(i) DETECTION THEOREM. If 0; exists, its image in 7. is

nontrivial.

(ii) PERIODICITY THEOREM. 72 depends only on the
congruence class of kK modulo 256.

(iii) GAP THEOREM. 7_»9Q = 0.

The nonexistence of ¢; for j > 7 follows from the fact that its
dimension is congruent to —2 modulo 256.
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Difficulties at p = 3 (continued)

It turns out that the way out of these difficulties is to use the
subgroup Cg ¢ Sg rather than Cs ¢ S,.

For p = 2 similar considerations suggest using Cg ¢ S4, which is

the approach used by HHR. Our strategy was to construct a

ring spectrum Q with a unit map S — Q satisfying three

properties:

(i) DETECTION THEOREM. If 0; exists, its image in 7. is

nontrivial.

(ii) PERIODICITY THEOREM. 72 depends only on the
congruence class of kK modulo 256.

(iii) GAP THEOREM. m_»Q = 0.

The nonexistence of ¢; for j > 7 follows from the fact that its
dimension is congruent to —2 modulo 256.

Ever since the discovery of the Hopkins-Miller theorem, it has
been possible to prove that £ satisfies the first two of these
properties
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Difficulties at p = 3 (continued)

It turns out that the way out of these difficulties is to use the
subgroup Cg ¢ Sg rather than Cs ¢ S,.

For p = 2 similar considerations suggest using Cg ¢ S4, which is

the approach used by HHR. Our strategy was to construct a

ring spectrum Q with a unit map S — Q satisfying three

properties:

(i) DETECTION THEOREM. If 0; exists, its image in 7. is

nontrivial.

(ii) PERIODICITY THEOREM. 72 depends only on the
congruence class of kK modulo 256.

(iii) GAP THEOREM. m_»Q = 0.

The nonexistence of ¢; for j > 7 follows from the fact that its
dimension is congruent to —2 modulo 256.

Ever since the discovery of the Hopkins-Miller theorem, it has
been possible to prove that £ satisfies the first two of these
properties without the use of equivariant stable homotopy
theory.
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dimension being presumably 972 = 4 - 3% (2 more than the 3
dimension of 6s) instead of 256. If all goes well, we would get a Pt

theorem saying ; does not exist for j > 5, leaving the status of DR
04 (in the 322-stem) open.

Introduction

What might happen

What Open/l does

The Tate spectral
sequence

A toy example

The real example

«O» «F»r <«

i
v
a

it

v

it

22)CN(E



Difficulties at p = 3 (continued)

For p = 3, the same goes for £/ with the periodicity
dimension being presumably 972 = 4 - 3° (2 more than the
dimension of 05) instead of 256. If all goes well, we would get a
theorem saying 6; does not exist for j > 5, leaving the status of
04 (in the 322-stem) open. We already know that 6; (in the
10-stem) and 63 (in the 106-stem) exist while 6, (in the
34-stem) does not.
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Difficulties at p = 3 (continued)

For p = 3, the same goes for £/ with the periodicity
dimension being presumably 972 = 4 - 3° (2 more than the
dimension of 05) instead of 256. If all goes well, we would get a
theorem saying 6; does not exist for j > 5, leaving the status of
04 (in the 322-stem) open. We already know that 6; (in the
10-stem) and 63 (in the 106-stem) exist while 6, (in the
34-stem) does not.
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Difficulties at p = 3 (continued)

For p = 3, the same goes for £/ with the periodicity
dimension being presumably 972 = 4 - 3° (2 more than the
dimension of 05) instead of 256. If all goes well, we would get a
theorem saying 6; does not exist for j > 5, leaving the status of
04 (in the 322-stem) open. We already know that 6; (in the
10-stem) and 63 (in the 106-stem) exist while 6, (in the
34-stem) does not.

both and
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Difficulties at p = 3 (continued)

For p = 3, the same goes for £/ with the periodicity
dimension being presumably 972 = 4 - 3° (2 more than the
dimension of 05) instead of 256. If all goes well, we would get a
theorem saying 6; does not exist for j > 5, leaving the status of
04 (in the 322-stem) open. We already know that 6; (in the
10-stem) and 63 (in the 106-stem) exist while 6, (in the
34-stem) does not.

both and
| have not studied the former
claim for lack of time.
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Difficulties at p = 3 (continued)

For p = 3, the same goes for £/ with the periodicity
dimension being presumably 972 = 4 - 3° (2 more than the
dimension of 05) instead of 256. If all goes well, we would get a
theorem saying 6; does not exist for j > 5, leaving the status of
04 (in the 322-stem) open. We already know that 6; (in the
10-stem) and 63 (in the 106-stem) exist while 6, (in the
34-stem) does not.

both and
| have not studied the former
claim for lack of time. Like the work of Lin-Wang-Xu at p = 2,
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Difficulties at p = 3 (continued)

For p = 3, the same goes for £/ with the periodicity
dimension being presumably 972 = 4 - 3° (2 more than the
dimension of 05) instead of 256. If all goes well, we would get a
theorem saying 6; does not exist for j > 5, leaving the status of
04 (in the 322-stem) open. We already know that 6; (in the
10-stem) and 63 (in the 106-stem) exist while 6, (in the
34-stem) does not.

both and
| have not studied the former
claim for lack of time. Like the work of Lin-Wang-Xu at p = 2, it
is a massive computation
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assembly uses 15453 factor multiplication matrices, including successive factors in (A.31). There are 137471 scalar zero and
Leibniz equations, 110060 of them having nonzero augmented row. Coefficient and augmented ranks are both 23119. Thus
the initial affine dimension is 265. The successive square eliminations have the following checkpoints:

Introduction

parameters scalar square equations polynomial row rank new affine restrictions

265 16412 72 38
227 16412 20 1 What might happen
226 16412 19 0

In each row quadratic monomials precede linear ones, as specified after (A.33); after the final refinement the affine rank is

23158. Apply (A.34) and (A.35) to its projected matrices. They give the sixteen rows of Table 5. The two additional stacked What OpenAl does
ranks are 1 and 2. Equations (A.36)—(A.38), using (A.40) in the second case, give (4,5, 5) and (6, 5, 5). Equation (A.39)
gives the pairs (3, 3), (2, 2), (4,4). The Tate spectral
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Difficulties at p = 3 (continued)

The proof of the Gap Theorem for p = 2 requires the use of
equivariant stable homotopy theory and the slice filiration,
which is an equivariant analogue of the classical Postnikov
filtration. Analyzing it for a general equivariant spectrum is
difficult. We do know how to do it directly for the case of
interest, the Morava Eg at p = 3 as a Cg-spectrum,
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Difficulties at p = 3 (continued)

The proof of the Gap Theorem for p = 2 requires the use of
equivariant stable homotopy theory and the slice filiration,
which is an equivariant analogue of the classical Postnikov
filtration. Analyzing it for a general equivariant spectrum is
difficult. We do know how to do it directly for the case of
interest, the Morava Eg at p = 3 as a Co-spectrum, or for E4 at
p = 2 for the group Cs.
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Difficulties at p = 3 (continued)

The proof of the Gap Theorem for p = 2 requires the use of
equivariant stable homotopy theory and the slice filiration,
which is an equivariant analogue of the classical Postnikov
filtration. Analyzing it for a general equivariant spectrum is
difficult. We do know how to do it directly for the case of
interest, the Morava Eg at p = 3 as a Co-spectrum, or for E4 at
p = 2 for the group Cs.

We do know how to do it for MUg, which is MU as a
C»-spectrum via complex conjugation,

Princeton University
Algebraic Topology
Seminar

and the
3-primary Kervaire
invariant problem

b

A
Ab

Doug Ravenel
The main point of this
talk

Introduction
Defining the problem

The role of the Morava
stabilizer group

Difficulties at p = 3

What might happen
Entering Fantasyland

Two spectral sequences
What does

The Tate spectral
sequence

A toy example

The real example



. . . Princeton University
D l — 3 d Algebraic Topology
ifficulties at p (continued) i To

and the
3-primary Kervaire
invariant problem

The proof of the Gap Theorem for p = 2 requires the use of oo Rt
equivariant stable homotopy theory and the slice filiration,
which is an equivariant analogue of the classical Postnikov R A
filtration. Analyzing it for a general equivariant spectrum is —
difficult. We do know how to do it directly for the case of o
interest, the Morava Eg at p = 3 as a Co-spectrum, or for E4 at stbilergroup
p = 2 for the group Cs. U PSS
What might happen
Entering Fantasyland
We do know how to do it for MU, which is MU as a oo specralsequences
C,-spectrum via complex conjugation, and for N2™" MUz, which e
is underlain by MU®@") with a Cyn.1-action. e

A toy example

The real example



In order to do a similar thing at an p = 3 we need a Cs-analog

MUs, (MU spoke) of the Co-spectrum MUg.
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Difficulties at p = 3 (continued)

In order to do a similar thing at an p = 3 we need a Cs-analog
MU-, (MU spoke) of the Co-spectrum MUs. It should be
underlain by MU and have two properties:

(i) It has a tractable slice filtration with a certain description.

(ii) Its geometric fixed point spectrum MU%Cs is a wedge of
suspensions of H/3, the mod 3 Eilenberg-MacLane
spectrum.
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Difficulties at p = 3 (continued)

In order to do a similar thing at an p = 3 we need a Cs-analog
MU-, (MU spoke) of the Co-spectrum MUs. It should be
underlain by MU and have two properties:

(i) It has a tractable slice filtration with a certain description.

(ii) Its geometric fixed point spectrum MU%Cs is a wedge of
suspensions of H/3, the mod 3 Eilenberg-MacLane
spectrum.

For p = 2, we have MU]g02 = MO, the unoriented cobordism
spectrum, which fits a similar description.
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Difficulties at p = 3 (continued)

In order to do a similar thing at an p =3 we need a Cz-analog
MUz, (MU spoke) of the Co-spectrum MUg. It should be
underlain by MU and have two properties:

(i) It has a tractable slice filtration with a certain description.

(ii) Its geometric fixed point spectrum MU%C3 is a wedge of
suspensions of H/3, the mod 3 Eilenberg-MacLane
spectrum.

For p = 2, we have MU]gCZ = MO, the unoriented cobordism
spectrum, which fits a similar description. This identification is
a pivotal step in determining differentials in the slice spectral
sequence needed to prove the Periodicity Theorem.
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Difficulties at p = 3 (continued)

In order to do a similar thing at an p = 3 we need a Cs-analog
MUz, (MU spoke) of the Co-spectrum MUg. It should be
underlain by MU and have two properties:

(i) It has a tractable slice filtration with a certain description.
(ii) Its geometric fixed point spectrum MUG%C3 is a wedge of
suspensions of H/3, the mod 3 Eilenberg-MacLane

spectrum.
For p = 2, we have MU]gC2 = MO, the unoriented cobordism
spectrum, which fits a similar description. This identification is
a pivotal step in determining differentials in the slice spectral
sequence needed to prove the Periodicity Theorem.
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Difficulties at p = 3 (continued)

In order to do a similar thing at an p =3 we need a Cz-analog
MUz, (MU spoke) of the Co-spectrum MUg. It should be
underlain by MU and have two properties:

(i) It has a tractable slice filtration with a certain description.

(ii) Its geometric fixed point spectrum MUG%C3 is a wedge of
suspensions of H/3, the mod 3 Eilenberg-MacLane
spectrum.

For p = 2, we have MU]gC2 = MO, the unoriented cobordism
spectrum, which fits a similar description. This identification is
a pivotal step in determining differentials in the slice spectral
sequence needed to prove the Periodicity Theorem.

?2??

It is our missing piece.
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Difficulties at p = 3 (continued)

In order to do a similar thing at an p =3 we need a Cz-analog
MUz, (MU spoke) of the Co-spectrum MUg. It should be
underlain by MU and have two properties:

(i) It has a tractable slice filtration with a certain description.

(ii) Its geometric fixed point spectrum MU%C3 is a wedge of
suspensions of H/3, the mod 3 Eilenberg-MacLane
spectrum.

For p = 2, we have MU]gC2 = MO, the unoriented cobordism
spectrum, which fits a similar description. This identification is
a pivotal step in determining differentials in the slice spectral
sequence needed to prove the Periodicity Theorem.

?2??

It is our missing piece. Maybe you can find it.
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Let’'s suppose the hypothetical MU, exists as described above.
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OpenAl studies the homotopy fixed point and Tate spectral
sequences for the Devinatz-Hopkins actions of the subgroups
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OpenAl studies the homotopy fixed point and Tate spectral
sequences for the Devinatz-Hopkins actions of the subgroups
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The Tate spectral sequence
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In 1995 John Greenlees and Peter May defined a
map
Nmé : XhG - )(hG7

where X is a spectrum with an action of a finite
group G, with homotopy orbit and homotopy fixed
point spectra X,,g and X"C. lts cofiber is called XC,
the Tate construction of X, because it is similar to
an algebraic construction defined by John Tate in
1952.
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The Tate spectral sequence (continued)

Li(s)S —— EJ°° EpG ELH Es
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We have known since 1996 that the Tate constructions E/f and
EC are both contractible. In each case there is a Tate speciral
sequence converging to its homotopy. It is obtained from the
homotopy fixed point spectral sequence by formally inverting
the element g in bidegree (2,0).

The homotopy fixed point spectral sequence occupies the
upper half plane,
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The Tate spectral sequence (continued)

Li(s)S —— EJ°° EpG ELH Es
E éG E éH

We have known since 1996 that the Tate constructions E/f and
EC are both contractible. In each case there is a Tate speciral
sequence converging to its homotopy. It is obtained from the
homotopy fixed point spectral sequence by formally inverting
the element g in bidegree (2,0).

The homotopy fixed point spectral sequence occupies the
upper half plane, and the Tate spectral sequence occupies the
full plane.
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The Tate spectral sequence (continued)

Li(s)S —— EJ°° EpG ELH Es
E éG E éH

We have known since 1996 that the Tate constructions E/f and
EC are both contractible. In each case there is a Tate speciral
sequence converging to its homotopy. It is obtained from the
homotopy fixed point spectral sequence by formally inverting
the element g in bidegree (2,0).

The homotopy fixed point spectral sequence occupies the
upper half plane, and the Tate spectral sequence occupies the
full plane. The two agree above the x-axis.
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A toy example

As an illustration, here again is the homotopy fixed point spectral
sequence for the Cs-action on E; at p = 3.
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A toy example (continued)

Here is the corresponding Tate spectral sequence.
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Note that this chart is periodic in two directions:
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Note that this chart is periodic in two directions: (36,0),
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evident action of Z & Z, the elements displayed fall into 18
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The Tate spectral sequence for
the action of Cy on the Morava
Eg is far more complicated. lts
&o-page was determined in 2025
by Eva Belmont and Rin Ray.

«O» «F» «
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Eg is far more complicated. lts
&o-page was determined in 2025
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The real example

The Tate spectral sequence for
the action of Cy on the Morava
Es is . s 3
&o-page was determined in 2025

by Eva Belmont and Rin Ray. il ’/
Its does not have finite type. i 7 .

OpenAl says the spectral sequence has differentials of several
different lengths. Andy Senger asked about it a few weeks ago
and was sent charts for 19 different &£,-terms. The longest
differential shown in them is d313.

However, like the toy example,
e it is biperiodic with lattices at each stage as before,
« it collapses after finitely many differentials, and
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The real example

The Tate spectral sequence for
the action of Cy on the Morava
Eg is . lis
&o-page was determined in 2025
by Eva Belmont and Rin Ray.
Its does not have finite type.

OpenAl says the spectral sequence has differentials of several
different lengths. Andy Senger asked about it a few weeks ago
and was sent charts for 19 different &£,-terms. The longest
differential shown in them is d313.

However, like the toy example,
e it is biperiodic with lattices at each stage as before,
« it collapses after finitely many differentials, and

« the rth differential can be nontrivial only for r =1 mod 4
(sparseness) .
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The real example (continued)

The Tate spectral sequence for the action of Cg on Eg
e is biperiodic,
« it collapses after finitely many differentials, and

« the rth differential can be nontrivial only for r = 1 mod 4.

Moreover claims
o lts £34-page has finite type.
o The images of ¢; for j > 5 are all in the same lattice.
« That lattice has to be a source, not a target,
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The real example (continued)

The Tate spectral sequence for the action of Cg on Eg
e is biperiodic,
« it collapses after finitely many differentials, and
« the rth differential can be nontrivial only for r = 1 mod 4.

Moreover claims
o lts £34-page has finite type.
o The images of ¢; for j > 5 are all in the same lattice.

« That lattice has to be a source, not a target, meaning that
such 6; cannot exist.
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The real example (continued)

The Tate spectral sequence for the action of Cg on Eg
e is biperiodic,
« it collapses after finitely many differentials, and
« the rth differential can be nontrivial only for r = 1 mod 4.

Moreover claims
o lts £34-page has finite type.
o The images of ¢; for j > 5 are all in the same lattice.

« That lattice has to be a source, not a target, meaning that
such 6; cannot exist.
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