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Abstract. We prove a simple transcendence criterion suitable for function

field arithmetic. We apply it to show the transcendence of special values at

non-zero rational arguments (or more generally, at algebraic arguments which
generate extension of the rational function field with less than q places at

infinity) of the entire hypergeometric functions in the function field (over Fq)

context, and to obtain a new proof of the transcendence of special values
at non-natural p-adic integers of the Carlitz-Goss gamma function. We also

characterize in the balanced case the algebraicity of hypergeometric functions,
giving an analog of the result of F. R. Villegas, based on Beukers-Heckman

results in the classical hypergeometric case.

0. Introduction

Number theorists study the number fields and the function fields (over finite
fields) together as global fields in view of the strong analogies that exist between
them.

Transcendental number theory originated with Liouville’s result of 1844 (see [17])
that an algebraic irrational cannot be “well approximated” by rationals. K. Mahler
[18] showed in 1949 that Liouville’s theorem holds for function fields over any field,
and also that the Liouville’s inequality is best-possible if the ground field k is of
positive characteristic p, by considering α =

∑
t−p

i ∈ k((1/t)), which is algebraic
of degree p, as well as of the approximation exponent p. In particular, naive analog
of Roth’s theorem fails. (See [30, Cha. 9] for a survey of general situation which is
not even conjecturally fully understood yet).

So we need stronger approximations in function fields than in number fields
counterparts to conclude transcendence by Diophantine approximation. On the
other hand, for many naturally occurring quantities in the function field arithmetic
related to Drinfeld modules and Anderson’s t-motives, such as periods, special
values of exponential, logarithm, gamma, and zeta functions etc., different tech-
niques that exist (algebraic group techniques, more developed motivic machinery,
automata method, strong diophantine approximation criterion of special kind etc.)
in function fields have been used to prove very powerful results. See [30, Cha. 10,
11] for a survey of older results and [4, 21, 22, 7] for some recent results.

Many quantities of interest that occur naturally in the function field arithmetic
have expansions that are Fq-linear (or closely related to such) so that they are
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2 Transcendence and hypergeometric functions

spread out with only exponents being q-powers. Further, for proof by contradic-
tion assuming algebraicity, we can assume that algebraic equation is also Fq-linear
naturally by looking at the Fq-span of the roots as roots of a new equation. This
was used successfully by Wade [33, 34, 35] to prove several transcendence results.

The present work is divided into three parts and organized as follows.
In the first part consisting of Sections 1-4, we first record and prove in Section 1 a

simple but general transcendence criterion (Theorem 1) which is essentially a quan-
titative and generalized version of the Wade’s modification of the classical method.
This is suitable for many naturally occurring quantities of interest in function field
arithmetic. Then in the second section, we give an application of Theorem 1 prov-
ing transcendence of values of hypergeometric function [25, 30] in the function field
arithmetic, in the (non-trivial) entire case, at any non-zero algebraic argument of
degree less than q, or more generally, at any non-zero algebraic argument which
generates extension of the rational function field that has less than q places at in-
finity. In this case, it is not yet known whether one can apply the highly successful
period techniques of [4, 21, 22, 7], which when they can be used, often give stronger
algebraic independence results.

In Section 3, independent of all these transcendence methods and criteria, we
characterize directly in the balanced case the algebraicity of these hypergeometric
functions, giving an analog of the result of F. R. Villegas [32] which is based on
Beukers-Heckman [6] results in the classical hypergeometric case.

In Section 4, we prove a few results on algebraicity of the second analog [25, 30]
of hypergeometric functions using the “solitons” of Anderson. (See [4, 30, 27] and
especially [29] for the background on the name and references to Anderson’s work).
These results are partial compared to the complete results for the first kind and we
hope to return to this issue in a future paper. We remark here that in the function
field arithmetic, even when we deal with Fq[T ], there are typically two analogs of
cyclotomic theories, gamma functions, zeta functions, hypergeometric series etc.
(see [30]), one parametrized by characteristic zero numbers and the other by finite
characteristic numbers.

We now give a brief comparison with the known results in the classical case and
refer to Section 2 for comparison with the known results in the function field case.
The determination of which hypergeometric functions with rational parameters are
algebraic was made by Beukers-Heckman (following Schwartz in the simplest case).
There are also many important results eg., by Siegel, Shidlovsky, Wolfart, Cohen,
Wustholz, Brownawell, Beukers about the description, finiteness or infinitude of the
set of special values which are algebraic when these functions are transcendental.
We refer the reader to the excellent surveys (given at Arizona Winter School 2008
available as lecture notes at the website http://swc.math.arizona.edu) by Beukers
and Tretkoff for more details and references. In particular, in the entire case (in
fact, in much more general setting of E-functions) Beukers [5] gave algebraic in-
dependence results improving the results of Siegel and Shidlovsky, and described
explicitly the finite set of possible algebraic special values in terms of the “denom-
inators of relevant differential equations”. In some sense, the analog [25, 30] of the
differential equation in our setting has no “denominators” at the parameters we
handle and so naive analog (unproved so far) of Beukers result would imply that
their values at non-zero algebraic values should be transcendental. We achieve a
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weaker transcendence result mentioned above, but with more direct approximation
methods.

In the second part (Section 5), we give another application of Theorem 1 by
presenting a new proof of the result [20] (originally proved by automata method)
proving transcendence of the Carlitz-Goss gamma values at non-natural p-adic inte-
gers. Note that the special case giving the transcendence of the values at fractions
treated in [26, 3] by automata method has been vastly generalized to determina-
tion of full algebraic relations between the values at fractions in [7], but the period
method of [4, 21, 7] does not apply to non-fractional p-adic integers.

A preliminary version of Theorem 1 was firstly announced in [41] and many
previously known criteria due to Wade, Spencer, de Mathan, Denis, Hellegouarch,
Laohakosol et al. can be also deduced relatively easily from it by making suitable
choices of multipliers that we record. For many of these, although quite different in
appearance, the proofs are indeed variants of the original proofs as they are based
on the same principles, but are obtained in a uniform way by using Theorem 1.
All these are treated and discussed in the third part (Section 6), just as promised
in [41]. Roughly, Wade’s method is a general technique for proving transcendence,
and each criterion in Diophantine approximation is the mathematical reformulation
of this technique related to a special type of multipliers.

In more detail, to show by Wade’s method the transcendence of a formal power
series α, we often proceed as follows. Firstly, suppose by contradiction that α
satisfies a non-trivial equation, which can be assumed to be Fq-linear, by considering
the equation satisfied by elements in the Fq-span of the roots. The q-th power being
a nice operation in characteristic p, where q is a power of p, this largely preserves the
arithmetic structure of the coefficients of the original series. Secondly, multiply the
equation by an appropriate polynomial (called multiplier), taking into account this
structure, to obtain I+Q = 0, where I is a polynomial different from zero, and Q is
a formal power series with negative degrees only. Thus we arrive at a contradiction,
exactly as in many classical proofs, where I and Q represent an integer and a proper
fraction respectively. So the main point of each criterion mentioned above consists
just in choosing a special type of “good” multipliers fit for the problem in hand.
Due to the specialty of the chosen multipliers, each criterion cited above has its
limitations. For example, the multipliers for Theorem 8 and Theorem 9 are Qn’s,
but they are not good for Theorem 7, which needs Lq

r

2n/Ln as its multiplier. It seems
that our Theorem 1 has enough flexibility because it does not impose any stringent
condition on the multipliers, and only has one restriction on the approximation’s
accuracy. Without Theorem 1, it seems hard to show, by any other criterion cited
in the work, the transcendence of values of hypergeometric function treated in
Theorem 2.

Some results of the present work are announced without proof in the Note [31].

1. A new diophantine criterion

Fix p > 2 a prime number and q = pw with w > 1 an integer. Let L be a valued
field of characteristic p, endowed with a non-archimedean absolute value |·|. Let A
be a subring of L. We denote by K the fraction field of A. For example, one can
take A = Fq[T ], K = Fq(T ), L = Fq((T−1)), and |·| = |·|∞ the canonical ∞-adic
absolute value, where Fq is a finite field with q elements.

The following criterion improves and generalizes Theorem 1 in [41].



4 Transcendence and hypergeometric functions

Theorem 1. Let α ∈ L. Then α is transcendental over K if and only if there exists
a sequence (αn)n>0 in L satisfying the following two conditions:

(1) There exists a sequence (δn)n>0 of positive real numbers such that

|α− αn| 6 δn

for all integers n > 0;
(2) For all integers t > 1, there exist t+ 1 integers 0 6 σ0 < · · · < σt such that

for every (t+1)-tuple (A0, . . . , At) of not all zero elements in A, there exist
an infinite set S ⊆ N and t + 1 sequences θj = (θj(n))n>0 (0 6 j 6 t) of
positive integers increasing to +∞ such that for all integers j (0 6 j 6 t)
with Aj 6= 0, we have

lim
S3n→+∞

|βn|
δq
σj

θj(n)

= +∞,

where βn is defined by

βn =
t∑

j=0

Ajα
qσj

θj(n).

Remark: Condition (1) is indeed a definition of (δn)n>0. Only Condition (2) is
truly important. It is also worthy to point out that we do not suppose αn ∈ K,
and in practice we can thus use for example algebraic approximations instead of
rational approximations. In most of our applications, often we need only consider
the simplest case where σj = j and θj(n) = n− j (0 6 j 6 t).

Proof of Theorem 1.
Assume that α is transcendental over K. For all integers n > 0, set

δn = 2−n, and αn = α.

Then for every (t+ 1)-tuple (A0, . . . , At) of not all zero elements in A, we have

βn :=
t∑

j=0

Ajα
qσj
n ≡

t∑
j=0

Ajα
qσj 6= 0,

for α is transcendental. The conclusion comes directly.

Now we show the sufficiency by contradiction. Suppose that α were algebraic of
degree t over K. Then the t+1 elements αq

σ0
, αq

σ1
, . . . , αq

σt are linearly dependent
over K, and thus we can find A0, . . . , At in A, not all zero, such that

β :=
t∑

j=0

Ajα
qσj = 0.

In the following we shall give two proofs of the sufficiency.
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Proof by Diophantine approximation: For all n > r (n ∈ S), we have

|β − βn| =

∣∣∣∣∣∣
t∑

j=0

Aj(α− αθj(n))q
σj

∣∣∣∣∣∣
6 max

06j6t
Aj 6=0

|Aj |
∣∣α− αθj(n)

∣∣qσj
6 max

06j6t
Aj 6=0

|Aj | δq
σj

θj(n)

6 max
06j6t

|Aj | · max
06j6t
Aj 6=0

δq
σj

θj(n).

But β = 0, thus by Condition (2) of Theorem 1, we obtain

+∞ = lim
S3n→+∞

|βn|
max

06j6t
Aj 6=0

δq
σj

θj(n)

6 max
06j6t

|Aj | ,

which is absurd. So α is transcendental over K. �

Proof by Wade’s method: For all integers n > t, define

βn =
t∑

j=0

Ajαθj(n)
qσj , and Jn =

t∑
j=0

Aj(α− αθj(n))q
σj
.

So 0 = β = βn + Jn. Thus by virtue of Condition (2) of Theorem 1, for 0 6 j 6 t
with Aj 6= 0, we have

lim
S3n→+∞

|βn|
δq
σj

θj(n)

= +∞.

In particular βn 6= 0 for all sufficiently large n ∈ S. For such an n ∈ S, put

Fn =
Jn
βn
, and Mn =

1
βn
.

Then 0 = Mnβ = 1 + Fn. Furthermore, we also have, for S 3 n→ +∞,

|Fn| 6
t∑

j=0

|Aj |

∣∣∣∣∣ (α− αθj(n))q
σj

βn

∣∣∣∣∣ 6
t∑

j=0

|Aj | δq
σj

θj(n)

|βn|
→ 0.

Thus there exists at least an n ∈ S such that |Fn| < 1. This is absurd. Consequently
α is transcendental over K. �

Remark: In the case that K = Fq(T ) and L = Fq((T−1)), we can assume A0 6= 0
in Theorem 1. For this, it suffices to apply Cartier operators, and proceed as in [1].
Since we need this point in the proof of Theorem 9, we explain this now.

For all integers k (0 6 k < q), and for all f =
∑+∞
n=n0

u(n)T−n ∈ L, define

τk(f) =
+∞∑

n=[(n0−k)/q]

u(qn+ k)T−n.
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The Cartier operator τk is additive and for all f, g ∈ L, we have τk(fgq) = τk(f)g.
Suppose that we have α ∈ L, and Aρ, . . . , At in Fq[T ] with Aρ 6= 0 and ρ > 1 such
that

t∑
j=ρ

Ajα
qj = 0.

Since
∑q−1
k=0 T

−k(τk(Aρ)
)q = Aρ 6= 0, there exists an integer ` (0 6 ` < q) such

that τ`(Aρ) 6= 0, and

t∑
j=ρ

τ`(Aj)αq
j−1

= τ`

 t∑
j=ρ

Ajα
qj

 = 0.

Repeating the above procedure, we finally arrive at the case where A0 6= 0.

2. Application I: Hypergeometric functions for Fq[T ]

We first introduce some notation and quantities which occur in the arithmetic
related to Carlitz module. For motivation and various properties, see [11, 30].

Let C∞ be the topological completion of a fixed algebraic closure of Fq((T−1)).
It is topologically complete and algebraically closed, and plays the role of C in our
study. However, unlike C, C∞ is not locally compact.

For all z ∈ C∞, set

deg z := logq |z|∞ :=
log |z|∞

log q
, and v∞(z) := −deg z.

Note that v∞ is the ∞-adic valuation associated with |·|∞, and that deg z is just
the usual degree of z if z ∈ Fq[T ]. Finally we say that α ∈ C∞ is algebraic or
transcendental if α is algebraic or transcendental over Fq(T ).

For each integer j > 0, put

[j] = T q
j

− T, Dj =
j−1∏
k=0

[j − k]q
k

, and Lj =
j∏

k=1

[k].

Then for each integer j > 1, [j] is the product of all the monic prime polynomials
in Fq[T ] whose degree divides j, and its zeros form the finite field Fqj , Dj is the
product of all the monic polynomials of degree j in Fq[T ], and Lj is the least
common multiple of all the polynomials of degree j in Fq[T ]. Finally we have

Dj = [j]Dq
j−1, and Lj = [j]Lj−1.

All these polynomials [j], Dj , and Lj are fundamental for the arithmetic on Fq[T ]
and also occur in the formulas for Carlitz module structure, and in the expansions
of its exponential, logarithm, etc.

Now let us recall rFs, the hypergeometric function for function fields introduced
in [25]. For motivation, various properties such as solutions of differential-difference
equations, specializations, etc., we refer to [25, 28] and [30, §6.5].

Fix a ∈ Z. For all integers n > 0, define
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(a)n =


Dq−(a−1)

n+a−1 if a > 1,

(−1)−a−nL−q
n

−a−n if n 6 −a and a 6 0,

0 if n > −a > 0.

For all integers r, s > 0 and for all ai, bj ∈ Z (1 6 i 6 r, 1 6 j 6 s) with bj > 0 (so
that there are no zero denominators below), consider the formal power series

rFs(a1, . . . , ar; b1, . . . , bs; z) :=
+∞∑
n=0

(a1)n · · · (ar)n
Dn(b1)n · · · (bs)n

zq
n

.

We often denote it by rFs(z), when the parameters are well understood.

Examples. If r = s = 0, then we obtain the Carlitz exponential

0F0(z) = eC(z) :=
+∞∑
n=0

zq
n

Dn
.

Let r = s = p = Char Fq, bj = aj + 1 = 2 (1 6 j 6 p). Then

(rFs(z))q =
+∞∑
n=0

(1)pqn
Dq
n(2)pqn

zq
n+1

=
+∞∑
n=0

zq
n+1

[n+ 1]p−1Dn+1
=
e

(p−1)
C (z)
(p− 1)!

,

where e(p−1)
C (z) is the (p − 1)-th derivative of eC(z) with respect to T . For r = 0,

s = 1, and b1 = m+ 1, we get the Bessel-Carlitz function

Jm(z) :=
+∞∑
n=0

zq
m+n

Dm+nD
qm
n

, and 0F1(−;m+ 1; z) = Jq
−m

m .

We note that the normalization here is slightly different from that of [10].

If there exists some integer i (1 6 i 6 r) such that ai 6 0, then for n > −ai, we
have (ai)n = 0. In this case rFs is a polynomial in z.

As we are interested in algebraicity and transcendence questions, we avoid this
triviality, and in the following we shall always suppose

0 < a1 6 a2 6 · · · 6 ar and 0 < b1 6 b2 6 · · · 6 bs.

By direct calculation, the radius of convergence R of rFs satisfies

R =


0 if r > s+ 1,

q−
Pr
i=1(ai−1)+

Ps
j=1(bj−1) if r = s+ 1,

+∞ if r < s+ 1.

If R = +∞, then rFs is entire, and not a polynomial by our hypothesis, so by the
classical method of comparing its growth estimates on expanding circles and getting
incompatibility if it is assumed to satisfy a polynomial equation with polynomial
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coefficients (see for example Theorem 5 of [36] for details), we see that rFs is a
transcendental function.

We characterize the algebraicity of the functions in the “balanced case” r = s+1
in the next section, and in the next theorem we look at its special values, in the
entire case.

Theorem 2. Let r, s > 0 be integers such that r < s+ 1, and let

0 < a1 6 a2 6 · · · 6 ar and 0 < b1 6 b2 6 · · · 6 bs
be integers. Then

rFs(γ) := rFs(a1, . . . , ar; b1, . . . , bs; γ) :=
+∞∑
n=0

(a1)n · · · (ar)n
Dn(b1)n · · · (bs)n

γq
n

is transcendental for all γ ∈ C∞\{0} algebraic over Fq(T ) and such that Fq(T, γ)
has less than q places above the infinite place of Fq[T ] (In particular, γ can be any
non-zero rational or non-zero algebraic of degree less than q).

Proof. Let γ ∈ C∞\{0} be algebraic. Put K = Fq(T, γ) and let OK be the integral
closure of Fq[T ] in K. We denote by d the number of places of K above the infinite
place of Fq[T ], and suppose d < q.

Set ` = max(ar, bs). Then for all integers n > 0 and a > 1, we have

(a)q
`

n = Dq`−(a−1)

n+a−1 =

n+a−1∏
j=1

[j]q
n+a−1−j

q`−(a−1)

=
n+a−1∏
j=1

[j]q
`+n−j

.

In particular, we obtain

deg(a)q
`

n = q`−(a−1)(n+ a− 1)qn+a−1 = (n+ a− 1)qn+`.

Set b0 = 1. For all integers n > 0, we have (b0)n = Dn, and then
r∏

k=1

(ak)q
`

n =
r∏

k=1

n+ak−1∏
j=1

[j]q
`+n−j

=
n+a1−1∏
j=1

[j]rq
`+n−j

r∏
k=2

n+ak−1∏
j=n+ak−1

[j](r−k+1)q`+n−j ,

Dq`

n

s∏
l=1

(bl)q
`

n =
s∏
l=0

(bl)q
`

n =
s∏
l=0

n+bl−1∏
j=1

[j]q
`+n−j

=
n+b0−1∏
j=1

[j](s+1)q`+n−j
s∏
l=1

n+bl−1∏
j=n+bl−1

[j](s−l+1)q`+n−j .

For j ∈ Z, put

a(j) = r − k + 1, if ak−1 6 j 6 ak − 1,
b(j) = s− l + 1, if bl−1 6 j 6 bl − 1,
c(j) = a(j)− b(j),

c−(j) = max(0,−c(j)),

where by convention, we set a0 = b−1 = −∞ and ar+1 = bs+1 = +∞.
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From the definition, we obtain immediately

a(j) = b(j) = 0, for all integers j > `,
c−(j) 6 b(j) 6 s+ 1.

Moreover we also have

α := (rFs(γ))q
`

=
+∞∑
n=0

∏r
k=1(ak)q

`

n

Dq`
n
∏s
l=1(bl)

q`
n

γq
n+`

=
+∞∑
n=0

n+`−1∏
j=1

[j]c(j−n)qn+`−j

 · γqn+`
.

For all integers m > 0, define

wm =
∏r
k=1(ak)q

`

m

Dq`
m
∏s
l=1(bl)

q`
m

· γq
m+`

=
m+`−1∏
j=1

[j]c(j−m)qm+`−j
· γq

m+`
,

αm =
m∑
n=0

wn,

δm = |α− αm|∞ .

In particular, we have

degwm = qm+`[(r − s− 1)m+
r∑

k=1

(ak − 1)−
s∑
l=1

(bl − 1) + deg γ].

Then for all integers

m >

(
r∑

k=1

(ak − 1)−
s∑
l=1

(bl − 1) + deg γ

)
/(s+ 1− r),

we obtain

δm =

∣∣∣∣∣
+∞∑

n=m+1

wn

∣∣∣∣∣
∞

6 sup
n>m+1

|wn|∞

6 sup
n>m+1

qq
n+`[(r−s−1)n+

Pr
k=1(ak−1)−

Ps
l=1(bl−1)+deg γ]

= qq
m+1+`[(r−s−1)(m+1)+

Pr
k=1(ak−1)−

Ps
l=1(bl−1)+deg γ].

Fix t > 1 an integer, and A0, A1, . . . , At ∈ Fq[T ] not all zero. We denote by ρ the
least integer such that Aρ 6= 0. To simplify the notation, we suppose without loss
of generality ρ = 0. The general case can be proved similarly and directly but with
much more complicated notation.

For all integers m > t, set

βm =
t∑

j=0

Ajα
qj

m−j .

Since a1 > 1 and b0 = 1, we have

a(0) = r and b(0) = s+ 1,
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so c(0) = r − (s + 1) < 0. Since for j > `, a(j) = b(j) = 0 and thus also c(j) = 0,
we can find a greatest integer j0,

m 6 j0 < m+ `

such that c(j0 −m) < 0 and c(j −m) > 0 for all integers j > j0.
Let f ∈ Fq[T ] be monic and irreducible of degree j0. Then f depends on j0, thus

on m. We denote by vf the associated f -adic valuation over Fq(T ), and extend it
over K. Choose an integer

N > `+ max
06j6t

degAj

such that for all integers m > N , we have vf (γ) = 0.
Fix m > N an integer. For all integers 0 6 n 6 m, we have

vf (wn) = vf

n+`−1∏
j=1

[j]c(j−n)qn+`−j
· γq

n+`


=

n+`−1∑
j=1

c(j − n)qn+`−jvf ([j]) + qn+`vf (γ)

=
+∞∑
j=1

c(j − n)qn+`−jvf ([j])

= c(j0 − n)qn+`−j0 ,

since c(j − n) = 0 if j − n > ` (note that m > `, thus 2j0 > m + `), and f | [j] if
and only if deg f divides j, and in the latter case we have vf ([j]) = 1.

If 0 6 n < m, then j0+m−n > j0, and thus we have c(j0−n) > 0. Consequently,
for all integers 0 6 k < m, we have

vf (αk) = vf

(
k∑

n=0

wn

)
> min

06n6k
vf (wn)

= min
06n6k

c(j0 − n)qn+`−j0 > 0,

and for k = m, we have

vf (αm) = vf

(
m∑
n=0

wn

)
= c(j0 −m)qm+`−j0 < 0,

since for all integers 0 6 n < m, we have

vf (wn) = c(j0 − n)qn+`−j0 > 0 > vf (wm) = c(j0 −m)qm+`−j0 .

As a result, we obtain

vf (βm) = vf

 t∑
j=0

Ajα
qj

m−j

 = vf (A0αm) = vf (αm) < 0.
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So βm 6= 0. Let E ∈ Fq[T ]\{0} be such that Eγ ∈ OK. Set

Hm = Eq
m+`

m+`−1∏
j=1

[j]Gm,j , with Gm,j = max
06n6m−l

06l6t

c−(j − n)qn+`+l−j .

Note that

βm =
t∑
l=0

Alα
ql

m−l =
t∑
l=0

Al

(
m−l∑
n=0

wn

)ql

=
t∑
l=0

Al

m−l∑
n=0

n+`−1∏
j=1

[j]c(j−n)qn+`+l−j

 · γqn+`+l
.

Thus Hmβm ∈ OK \ {0}. Denote by v(i) (1 6 i 6 d < q) the valuations at infinite
places of K which extend the usual infinite place of Fq[T ]. Then by the product
formula, we obtain immediately

d∑
i=1

v(i)(Hmβm) 6 0.

But v(i)(βm) (1 6 i 6 d) is bounded below independently of m, so there exists a
constant c > 0 such that for all sufficiently large integers m, we have

v∞(βm) 6 ddegHm + c 6 (q − 1) degHm + c,

where v∞ is the valuation corresponding to C∞.
Fix 0 6 l 6 t. For all integers

1 6 j 6 m− t− logq
s+ 1

s+ 1− r
,

we have j 6 m− l, and

(s+ 1− r)qm > (s+ 1)qj+t.

However by definition, for all integers n > j, we have

c(j − n) = a(j − n)− b(j − n) = r − (s+ 1) < 0.

So c−(j − n) = s+ 1− r, and then

max
06n6m−l

c−(j − n)qn+`+l

= max
(

max
06n<j

c−(j − n)qn+`+l, max
j6n6m−l

c−(j − n)qn+`+l

)
= max

(
max

06n<j
c−(j − n)qn+`+l, (s+ 1− r)qm+`

)
= (s+ 1− r)qm+`,

for we have c−(j − n) 6 s+ 1 (0 6 n < j). In conclusion, we obtain

max
06n6m−l

06l6t

c−(j − n)qn+`+l = (s+ 1− r)qm+`, for 1 6 j 6 m− t− logq
s+ 1

s+ 1− r
.
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On the other hand, if j > m− t− logq
s+1
s+1−r , then

max
06n6m−l

06l6t

c−(j − n)qn+`+l 6 max
06n6m−l

06l6t

(s+ 1)qn+`+l = (s+ 1)qm+`.

By combining the above two inequalities, finally we obtain

v∞(βm) 6 (q − 1) degHm + c

= (q − 1)

qm+` degE +
m+`−1∑
j=1

max
06n6m−l

06l6t

c−(j − n)qn+`+l

+ c

6 (q − 1)
[
qm+` degE + (s+ 1− r)qm+`

(
m− t− logq

s+ 1
s+ 1− r

)
+(s+ 1)qm+`

(
`+ t+ logq

s+ 1
s+ 1− r

)]
+ c

6 (q − 1)qm+`

(
degE + (s+ 1− r)(m− t)

+(s+ 1)(`+ t) + r logq
s+ 1

s+ 1− r

)
+ c,

and then for all integers 0 6 j 6 t, we have, when m→ +∞,

v∞(βm) + qj logq δm−j

6 (q − 1)qm+`

(
degE + (s+ 1− r)m+ (s+ 1)(`+ t) + r logq

s+ 1
s+ 1− r

)
+ c

+qm+1+`

(
deg γ + (r − s− 1)(m− j + 1) +

r∑
k=1

(ak − 1)−
s∑
l=1

(bl − 1)

)
∼ −qm+`(s+ 1− r)m→ −∞,

which just means

lim
m→+∞

|βm|∞
δq
j

m−j
= +∞.

So (rFs(γ))q
`

(and thus rFs(γ)) is transcendental, by virtue of Theorem 1. �

As a direct consequence of Theorem 2 (see examples of specializations at the
beginning of this Section), we obtain the following Theorem.

Theorem 3. For all algebraic γ ∈ C∞\{0} as in the Theorem above, all the eC(γ),
e

(p−1)
C (γ), and Jm(γ) are transcendental, where m > 0 is an integer.

Remarks: (1) For eC(γ) and Jm(γ), this is a special case (where γ is restricted
as in our theorem) of the known result (where γ is allowed to be any non-zero
algebraic). But for e(p−1)

C (γ), it is stronger than the known result by L. Denis [9]
where γ was assumed rational. Also note that since the derivative of an algebraic
element is algebraic, we are proving the transcendence of the lower derivatives also,
and that higher derivatives are zero as we are in characteristic p.

(2) It is interesting to note that the original proof of L. I. Wade [33] for eC relied
heavily on the functional equation satisfied by eC which defines the Carlitz module
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structure, and the proofs of L. Denis [10] for Jm or [8] for e(1)
C (γ) were based on

the difference equations satisfied by them which define a t-module structure and
gave in fact algebraic independence. Indeed all the three proofs used implicitly
or explicitly the ideas of Drinfeld modules and the classical procedure to prove
the transcendence or algebraic independence over an algebraic group. However, it
seems difficult to apply these techniques in the case of the hypergeometric function.

(3) In the function field case setting of Drinfeld modules and higher dimensional
t-motives, Jing Yu [37] introduced an analog of E-functions, called Eq-functions.
He proved an analog of Schneider-Lang result for them, which implies in particular,
that given a finite extension L of Fq(T ), a transcendental Eq-function takes values
outside L for the arguments in L except for finitely many possible exceptions. We
note here that our hypergeometric functions in the entire case are Eq-functions.
This can be deduced by checking all the conditions in the definition of Eq-functions
by straight manipulations from our explicit formula. In more details, we use the
estimates for degwm and for degrees of denominators, and the divisibility properties
[30, 4.13] of Di (in particular, that it is a good analog of factorial of qi making the
multinomial coefficients integral). Thus Jing Yu’s result complements our result,
neither implying the other.

3. Characterization of the algebraic functions in the balanced case

For the balanced case r = s+ 1, we have the following theorem.

Theorem 4. Let r, s > 0 be integers such that r = s+ 1, and let

0 < a1 6 a2 6 · · · 6 ar and 0 < b1 6 b2 6 · · · 6 bs

be integers. With the notation as above, the following properties are equivalent:

(1) For all integers j (1 6 j 6 r), we have aj > bj−1;
(2) For all j ∈ Z, we have c(j) > 0;

(3)
(
rFs(a1, . . . , ar; b1, . . . , bs; z)

)q` ∈ Fq[T ][[z]];
(4) rFs(a1, . . . , ar; b1, . . . , bs; z) is an algebraic function.

Proof. Note that our formula for the hypergeometric function coefficient shows that
(2) is equivalent to (3).

(1)⇒(2): From the definitions, we have

c(j) = a(j)− b(j) = 1− k + l,

where ak−1 6 j 6 bl − 1 6 al+1 − 1, thus k − 1 < l + 1 and so c(j) > 0.
(2)⇒(1): Fix 1 6 i 6 r and j = ai. By definition, we have a(j) 6 r − i. Thus

b(j) = a(j)− c(j) 6 a(j) 6 r − i.

So by definition again, we obtain ai = j > bs−b(j) > bs−r+i = bi−1.
(2)⇒ (4): Note that for all integers n > 0 and 1 6 k 6 n, we have

a(k − n) = r, and b(k − n) = s+ 1,
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and thus c(k − n) = 0. Then∏r
k=1(ak)q

`

n

Dq`
n
∏s
l=1(bl)

q`
n

=
n+`−1∏
j=1

[j]c(j−n)qn+`−j
=

n+`−1∏
j=n+1

[j]c(j−n)qn+`−j

=
n+`−1∏
j=n+1

(
T q

n+`
− T q

n+`−j
)c(j−n)

=
`−1∏
j=1

(
T q

n+`
− T q

`−j
)c(j)

which is a sum of 2
P`−1
j=0 c(j) terms of the form ±T kqn+`+h, with k, h > 0 bounded.

So (rFs(z))
q` is a finite Fq[T ]-linear combination of the formal power series

gk(z) =
+∞∑
n=0

T kq
n+`

zq
n+`

.

However we have

(gk(z))q =
+∞∑
n=0

T kq
n+1+`

zq
n+1+`

=
+∞∑
n=1

T kq
n+`

zq
n+`

= gk(z)− T kq
`

zq
`

.

Then gk(z) is an algebraic function, and so is rFs(z).
(4)⇒ (3): By definitions of (a)n and `, we see that (rFs(z))

q` ∈ Fq(T )[[z]].
To show that the coefficients are polynomials rather than rational functions, we
proceed as in [32] and notice that by argument as in Eisenstein theorem, there is
a ∈ Fq[T ] \ {0} such that an times the n-th coefficient is integral (i.e., a polynomial
in T ). Next we use the results due to L. Carlitz that Dn and Ln are the product
and least common multiple of all monic polynomials of degree n respectively (see
eg. [30, §2.5]). The expression of the coefficients in terms of Dn’s and Ln’s now
shows that if the coefficients are not integral, then for large n, the denominator of
the coefficient of zq

n

will be divisible by a prime of degree (note [30, p. 14] that
there are primes of every degree n) larger than the degree of a and thus cannot
be cancelled by multiplication by any power of a, contradicting the integrality
mentioned above.

Another way to see this implication is to use the characterization of algebraic
functions proved independently by H. Sharif and C. Woodcock [23] and by T. Harase
[12] generalizing the automata criterion of Christol (see also [2]). Indeed we only
need the following special case of their criterion (see [39, Theorem 4]):

Let Fq(T ) be the algebraic closure of Fq(T ) in C∞, and u = (u(n))n>0 be a
sequence with terms in Fq(T ). Then the formal power series

∑+∞
n=0 u(n)zq

n

is al-
gebraic over Fq(T )(z) if and only if the Fq(T )-vector space generated the family of
sequences

(
u1/qk(n+ k)

)
n≥0

(k ∈ N) has a finite dimension over Fq(T ).

Assume that rFs(z) is an algebraic function. For all integers n > 0, set

u(n) =
∏r
k=1(ak)q

`

n

Dq`
n
∏s
l=1(bl)

q`
n

=
n+`−1∏
j=1

[j]c(j−n)qn+`−j
.

Then by the above result, the Fq(T )-vector space generated by the family of se-
quences

(
u1/qk(n + k)

)
n≥0

(k ∈ N) is of finite dimension. Thus there exists an
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integer t > 1 such that for all integers k > 0, we can find Ak,j ∈ Fq(T ) (0 6 j 6 t)
such that

u1/qk(n+ k) =
t∑

j=0

Ak,ju
1/qj (n+ j), for all integers n > 0.

For all integers n > 1, let fn ∈ Fq[T ] be a fixed monic and irreducible polynomial of
degree n. We denote by νn the associated fn-adic valuation over Fq(T ), and then

extend it over Fq(T ). If (rFs(z))
q` 6∈ Fq[T ][[z]], then ∃j0 ∈ Z (1 6 j0 6 `− 1) such

that c(j0) < 0. Fix k > t+`−j0. Note that fn+k+j0 | [m] if and only if deg fn+k+j0

divides m, and in the latter case νn+k+j0([m]) = 1. Thus for all integers n > 0,

νn+k+j0(u(n+ k)) = c(j0)q`−j0 , and νn+k+j0(u(n+ j)) = 0 (0 6 j 6 t),

But for all integers j (0 6 j 6 t), if Ak,j 6= 0, then νn+k+j0(Ak,j) = 0 for all large
integers n, and then

0 > c(j0)q`−j0−k = νn+k+j0(u1/qk(n+ k)) > min
06j6t

νn+k+j0(Ak,ju1/qj (n+ j)) = 0.

Absurd. So we must have (rFs(z))
q` ∈ Fq[T ][[z]]. �

Remarks: (1) Unlike the classical hypergeometric specializations of interest at
rational arguments ai, bj , this hypergeometric function is defined only at the integral
arguments. But q = pw with p > 2 a prime and w > 1 an integer, then we can
extend the definition of the hypergeometric function to rational arguments with
denominators dividing w (as suggested in [25, p. 226], but not published) as follows:
As L. Carlitz noticed, the definition

[n] := T q
n

− T

for an integer n can be extended by the same formula to n now being a rational
with denominator dividing w. Now extend the definition of Dn for n rational with
denominator dividing w by the formula

Dn =
dne−1∏
j=0

[n− j]q
j

and use the same formula for (a)n and the hypergeometric functions with now
arguments being such rationals. They still satisfy the hypergeometric equations,
there are some interesting specializations, and characterization of algebraic func-
tions among them is now an open question, which we hope to address in future.

(2) As explained in [25, 28, 30], the hypergeometric function satisfies the analog
of Gauss differential equation [30, p. 229] where the analogs of operators zd/dz and
zd/dz+a are the operators ∆ and ∆a respectively, in these references. A. Kochubei
[14] has suggested using the interpretation ∆a = ∆− [−a] mentioned in [30, p. 229]
and [28, p. 46]. He considers this as ∆[−a] instead and redefines for a ∈ C∞,
∆a = ∆− a and solves the corresponding Gauss equation to get a hypergeometric
function with parameters a ∈ C∞, specializing to the one considered above when
the parameters are of special form [−a]. This looses some analogies that we have,
but retains some other properties after this reinterpretation (see [14]). This is
another direction in which the study can be pursued.
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4. The second analog of hypergeometric functions in function field
arithmetic

In [25, 30], there is another analog of hypergeometric functions rFs defined
(called the second analog there) where the arguments are in C∞ a priori. For these
analogs, (a)n := en(a) :=

∏
(a− f), with f running over all polynomials of degree

less than n. Note that this is zero for large n, when a itself is a polynomial, so that
the bad or trivial cases now are when a ∈ Fq[T ]. So we focus on a’s which are in
Fq(T ) \ Fq[T ]. Question now is for what such parameters do we get an algebraic
function. Let us start with some simple facts and collect some tools.

From the definition, we see that (θa)n = θ(a)n for θ ∈ F∗q and (a)n = (a + i)n
for large n where i ∈ Fq[T ].

(i) So for algebraicity question at rational parameters, we can ignore integral
translations and sign (in F∗q) changes.

(ii) Since (a)n is now additive (see [30, p. 45]) in a, if rFs(a, ai; bj ; z) and
rFs(a′, ai; bj ; z) are algebraic, then so is rFs(a+ a′, ai; bj ; z).

In the balanced case, the coefficient of zq
n

is a monomial in terms of the form
(a)n/Dn. These terms are described by specializations of “two variable” algebraic
functions called solitons by G. W. Anderson [4, 27, 29, 25, 30]. We recall the
relevant results now.

First we note special cases [27, p. 309]: with ζa being the primitive (i.e., a
generator of A-sub-module giving) Carlitz a-torsion, for a ∈ Fq[T ], we have

(iii) (1/T )n/Dn = −1/(−T )(qn+1−1)/(q−1) = −ζT /ζq
n+1

T ,
(iv) (1/T 2)n/Dn = (ζT 2ζq

n+1

T −ζq
n+1

T 2 ζT )/ζ2qn+1

T . We write this as adq
n+1

+bcq
n+1

,
with a = ζT , b = ζT 2 , c = 1/a. Note d = −b/a2.

More generally, we have Anderson’s formula:
(v) (a)n/Dn =

∑
αq

n

i βi, for some algebraic αi and βi and with i running from
1 to the degree of the denominator of a (αi, βi are explicit in the original theorem
of Anderson (see [30, Theorem 8.4.4]), but we do not need the explicit form right
now). We write

(
a
qn

)
for (a)n/Dn because of the analogy with binomial coefficients

(see [30, §4.14]).

Theorem 5. (1) The function 1F0(a/b; ; z) is algebraic if a/b is a proper fraction.
(2) If s+1Fs(aj ; bi; z) is algebraic, then s+2Fs+1(aj , a; bi, b; z) is algebraic, where

a is a proper fraction and b is a proper fraction with denominator of degree one.
(3) If s+1F(a1, · · · , as+1; b1, · · · , bs, z) and r+1Fr(a′1, · · · , a′r+1; b′1, · · · , b′r; z) are

algebraic, then s+r+2Fs+r+1(ah, a′i; bj , b
′
k, c; z) is algebraic if c is fraction with degree

one denominator.
(4) If you stay in the balanced case, you can add or remove parameters having

degree one denominators retaining algebraicity. In other words, if s+1Fs(aj ; bi; z) is
algebraic, and a, b (as+1, bs respectively) are fractions with degree one denominators,
then s+2Fs+1(aj , a; bi, b; z) (sFs−1(aj ; bi; z) respectively) is algebraic.

Proof. We know [30, p. 234] that 1F0(a/b; ; z) = eC(ab logC(z)) is an algebraic
function F (z), since it satisfies polynomial equation Cb(F (z)) = Ca(z), where C is
the Carlitz module with logC the corresponding logarithm. This implies part (1).

By (iii) (with T replaced by degree one prime T +c, c ∈ Fq, as Fq[T ] = Fq[T +c])
and by (v), the part (2) follows because of the following: If f(z) =

∑
fnz

qn is
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algebraic, then ∑
fn(a)n/Dnz

qn =
∑

βif(αiz)

is algebraic.
By the result of Furstenburg, Harase, Sharif-Woodcock [23, 12, 2], we know that

Hadamard products of algebraic functions are algebraic, so that we can combine
two algebraic parameter sets, while adding or removing fractions with degree one
denominators using (iii), to keep the balanced case hypergeometric form. This gives
part (3).

The last part again follows from (iii), with T replaced by degree one prime. �

Corollary 1. Any function s+1Fs(ai; bj ; z), with ai being any proper fractions and
bj being fractions with denominators of degree one, is algebraic.

Remark: In contrast to the situation in the last section, the algebraicity is not
equivalent to the integrality in this case, as we can see by using fractions 1/(T−f)’s,
f ∈ Fq, in numerator and denominators and using (iii).

Theorem 6. (1) The function 2F1(1/T, 1/T ; 1/T 2; z) is transcendental.
(2) The function q+1Fq(1/T, (θ1T +1)/T 3, · · · , (θqT +1)/T 3; 1/T 2, · · · , 1/T 2; z)

is transcendental, where we denote the elements in Fq by θ1, . . . , θq.
(3) When q = 2, q+1Fq(1/T 2, (θ1T+1)/T 3, · · · , (θqT+1)/T 3; 1/T 2, · · · , 1/T 2; z) =

2F1(1/T 2 + 1/T 3, 1/T 3; 1/T 2; z) and 2F1(1/T 3, 1/T 3; 1/T 2; z) are algebraic.
(4) When q = 2, 2F1(1/T 2, 1/T ; 1/(T+1)2; z) and 2F1(1/T 2, 1/T 2; 1/(T+1)2; z)

are transcendental.

Proof. By simple manipulation using (iii) and (iv), the function in (1) reduces to

ζ2
T

ζT 2

∞∑
n=0

(z/ζqT 2)q
n

(ζT /ζT 2)qn+1 − (ζT /ζT 2)

which is seen to be transcendental by comparison to

2F1(1, 1; 2, z)q =
∞∑
n=0

(zq)q
n

(T qn+1 − T )

which is transcendental by Theorem 4. This proves (1).
Note that

∑
fnz

qn is algebraic if and only if
∑
αβq

n

fnz
qn is algebraic, where

α, β are non-zero algebraic. We shall write such a relation between the sequence of
coefficients of these series by ≡ equivalence.

The sequence of coefficients of zq
n−1

of the function in part (2) is(
1/T
qn−1

)
Dn

Dq
n−1

·
∏
θ∈Fq ((θT + 1)/T 3)n−1

(1/T 2)n
·

(
1/T 2

qn

)
(

1/T 2

qn−1

)q ,
which is easily seen, using (iii), (iv) and the definition of (a)n, to be ≡ equivalent
to

(T q
n

− T )

(
1/T 2

qn

)
(

1/T 2

qn−1

)q = (T q
n

− T )
adq

n+1
+ bcq

n+1

aqdqn+1 + bqcqn+1 .
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Subtracting off (T q
n − T )/aq−1 (which is a sequence of coefficients in an algebraic

series) and using b/a = −d/c, we are left with

(T q
n

− T )
(−bq + baq−1)cq

n+1

aq−1(aqdqn+1 + bqcqn+1)
≡ (T q

n − T )
((d/c)qn − (d/c))q

.

Put x = d/c. Now using Carlitz module torsion definitions, we see that xq − x =
1/T . Hence our quantity becomes

T q
n+1(1/T − 1/T q

n

)
xqn+1 − xq

≡ (xq − x)− (xq − x)q
n

xqn+1 − xq
= −1 +

1
(xqn − x)q−1

.

The corresponding function is seen to be transcendental by comparison to the func-
tion qFq−1(1, · · · , 1; 2, · · · , 2; z), which in turn is transcendental by Theorem 4. This
proves (2).

When q = 2, by the calculation above in case of part (3), we reduce to the
coefficient

(T q
n

− T )
adq

n+1
+ bcq

n+1

adqn + bcqn
.

Subtracting off (T 2n + T )(c2
n

+ d2n) corresponding to an algebraic function, we
reduce to

(T 2n + T )(a+ b)(cd)2n

adqn + bcqn
≡ (T 2n + T )
adqn + bcqn

≡ 1/T 2n + 1/T
x2n + x

= 1 + x2n + x.

The corresponding function is algebraic by comparison to 1F0(2; ; z) dealt in Theo-
rem 4 (with T replaced by x). The algebraicity of the second function then follows
by part (1) of Theorem 5 and (ii). This proves (3).

Let F denote the first function in (4). Let x = ζT 2/T and y = ζ(T+1)2/(T + 1).
Then x2 + x = 1/T and y2 + y = 1/(T + 1). By (iv), we see just as before that the
coefficient f(n) (ignoring

(
1/T
qn

)
using ≡ and (iii) as before) of zq

n

in F is

x+ x2n+1

y + y2n+1 =
1/T + 1/T 2 + · · ·+ 1/T 2n

1/(T + 1) + 1/(T + 1)2 + · · ·+ 1/(T + 1)2n

Let

Pn =
n∑
j=0

T 2n−2j , and Qn =
n∑
j=0

(T + 1)2n−2j = Pn(T + 1).

If F were algebraic, then as in the proof of Theorem 4, the F2(T )-vector space

generated by the sequences
((
f(n+ k)

)1/2k)
n≥0

(k ∈ N) would be of finite dimen-

sion, and thus there exists some integer d > 1 such that for all integers k > 0, we
can find Ak,j ∈ F2(T ) (0 6 j 6 d) with

(
f(n+ k)

)1/2k =
d∑
i=0

Ak,i
(
f(n+ i)

)1/2i
, for all integers n > 0,

which just means that we have(
(T + 1)2n+k

T 2n+k · Pn+k

Qn+k

)1/2k

=
d∑
i=0

Ak,i

(
(T + 1)2n+i

T 2n+i · Pn+i

Qn+i

)1/2i

.
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In particular, for all integers n > 0,

Pn+d+1

Qn+d+1
=

d∑
i=0

A2d+1

d+1,i

(
Pn+i

Qn+i

)2d+1−i

.

Using the analog [15] of the Dirichlet theorem on primes in arithmetic progressions,
we see that there are primes of large enough degree which are congruent to one
modulo (T + 1)2, but not congruent to one modulo T 2. Using the definition of
(a)n for a = 1/T 2, we see that Pn = (T 2n−1/Dn)

∏
b, where b runs through the

polynomials congruent to one modulo T 2 and of degree at most n+ 1. We thus get
existence of primes ℘n+d+1 dividing Qn+d+1 but coprime with Pn+d+1 such that
deg℘n goes to ∞ with n. For all integers 0 6 i 6 d, we have

Qn+d+1 −Q2d+1−i

n+i = (T + 1)2n+d+1−2d−iQd−i.

Denote by vn the ℘n+d+1-valuation extended over F2(T ). Then for all large integers
n, ℘n+d+1 does not divide Qd−i, and so it does not divide Qn+i either. Thus
vn(Qn+i) = 0 (0 6 i 6 d). We can also suppose vn(Ad+1,i) = 0 (0 6 i 6 d). Then

−1 > −vn(Qn+d+1) = vn

(
Pn+d+1

Qn+d+1

)
= vn

(
d∑
i=0

A2d+1

d+1,i

(
Pn+i

Qn+i

)2d+1−i)

> min
06i6d

vn

(
A2d+1

d+1,i

(
Pn+i

Qn+i

)2d+1−i)
= min

06i6d
2d+1−ivn (Pn+i) > 0.

This contradiction proves that F is transcendental. The same argument shows that
the second function in (4) (whose coefficients lead to the same denominator but the
square of the numerator) is also transcendental. �

Remarks: (1) Our results so far are consistent with the statement (with naive
analogy with Theorem 4) that if rFs (with r = s+ 1) is an algebraic function, then
the degree of the denominator of aj is at least the degree of the denominator of
bj−1 (or bj), when arranged in order. But the last part of Theorem 6 shows that
degree equalities can still lead to transcendental functions in contrast.

(2) Some transcendence results are already known in the entire case. For exam-
ple, 0F0(z) = eC(z) = 1F1(a; a; z). Some more examples follow from Theorem 2
and connections between the two analogs (for some special parameters and with
change of variables) mentioned in the proofs above.

(3) In [6] monodromy techniques are used to understand the algebraicity issue
in the classical case. We have proceeded differently above, but it is plausible that
Berkovitch’s new non-archimedean monodromy techniques, once sufficiently devel-
oped, might solve in future the algebraicity issue in our case in a way parallel to
the classical case.

5. Application II: The Carlitz-Goss gamma values

For all integers j > 0, put

Dj = Dj/T
degDj .
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Then
∣∣Dj − 1

∣∣
∞ = q−(q−1)qj−1

, for all j > 1. Hence Dj tends to 1 in Fq((T−1))
when j goes to +∞. So for all p-adic integer n ∈ Zp with

n =
+∞∑
j=0

njq
j (0 6 nj 6 q − 1),

the following infinite product

Π(n) :=
+∞∏
j=0

D
nj
j := lim

k→+∞

k∏
j=0

D
nj
j

converges in Fq((T−1)). This is the Carlitz-Goss factorial function (See [11, 30].
The gamma function can be defined by translating the argument by one, as in
the classical case). See [11, 30] for various properties such as functional equations,
interpolations at finite primes, relations to periods and Gauss sums, etc.

If n ∈ N, one sees at once Π(n) ∈ Fq(T ). By automata theory, M. Mendès France
and J.-Y. Yao showed in [20] that Π(n) is algebraic over Fq(T ) if and only if n ∈ N
(see [20, 40] and [30, Cha. 10, 11] for a quick review about this subject). By an
argument of J.-P. Allouche [3], this result is a corollary of Theorem 7 below, which
is a special case of Theorem 2 in [16] and can be deduced from Theorem 2 in [40],
proved by Wade’s method.

Theorem 7. Let u = (u(m))m>1 be a sequence in Fq which is not ultimately zero.
Then the following formal power series

α =
+∞∑
m=1

u(m)
[m]

is transcendental over Fq(T ).

Proof. For all integers n > 1, set

αn =
n∑

m=1

u(m)
[m]

,

from which we obtain at once

|α− αn|∞ =

∣∣∣∣∣
+∞∑

m=n+1

u(m)
[m]

∣∣∣∣∣
∞

6 sup
m>n+1

1
|[m]|∞

= sup
m>n+1

q−q
m

= q−q
n+1

,

where the last term will be denoted by δn.
Let r > 1 be an integer, and let A0, . . . , Ar in Fq(T ) with Ar 6= 0. Up to taking

a q-th power, we can always choose the parity of r so that the following set

S = {n ∈ N |n > r + degAr and u(2n− r) 6= 0}



Dinesh S. THAKUR, Zhi-Ying WEN, Jia-Yan YAO, and Liang ZHAO 21

is infinite. For all integers n > 1, 0 6 j < r, and 1 6 s 6 r − j, put

βn =
r∑

k=0

Akα
qk

n−k,

Hn =
Lq

r

2n

Ln
β2n+r =

Lq
r

2n

Ln

r∑
k=0

Ak

2n+r−k∑
m=1

u(m)
[m]qk

,

Bn,j,s =
r−s−j−1∑
k=0

(−1)k+1
k∏
i=0

[s+ i]q
r−s−i

· [2n+ s]q
r−s−k−1−qjLq

r

2n−k−2,

Cn,j,s = (−1)r−s−j+1

r−s−j∏
i=0

[s+ i]q
r−s−i

·
Lq

r

2n−r+s+j−1

[2n+ s]qj

In =
Lq

r

2n

Ln

r∑
k=0

Ak

2n∑
m=1

u(m)
[m]qk

+
r−1∑
k=0

Ak

r−k∑
s=1

u(2n+ s)[2n+ s]q
r−s−qk L

qr

2n−1

Ln
.

+
r−1∑
k=0

Ak

r−k∑
s=1

u(2n+ s)
Bn,k,s
Ln

,

Qn = Hn − In.

Then by Lemma 4.1 in [33] (see also [40]), we obtain

Qn =
r−1∑
j=0

Aj

r−j∑
s=1

u(2n+ s)
Cn,j,s
Ln

.

From now on, we assume n ∈ S. Then 2n − r > n, and Ln[2n − r] | Lq
r

2n−1.
For k > 1, [k] divides [2k] = [k]q

k

+ [k]. So Ln[k]q
j | Lq

r

2n for 0 6 j 6 r and
1 6 k 6 2n. Indeed if ` is the greatest integer such that 2`k 6 2n, then 2`k > n,
and Ln[2`k]q

r | Lq
r

2n. Now Ln[2n− r] | Lq
r

2n−k−2 for 0 6 k 6 r − s− j − 1, since in
this case qr > 2 and k + 2 6 r. Thus

Ln[2n− r] | Bn,j,s (0 6 j < r, 1 6 s 6 r − j),

from which we deduce In ∈ Fq[T ], and we have

In ≡ Lq
r

2n

Ln

r∑
j=0

Aj

2n∑
k=1

u(k)
[k]qj

(mod [2n− r])

≡ Ar
Lq

r

2n

Ln

2n∑
k=1

u(k)
[k]qr

(mod [2n− r]),

since Ln[k]q
j | Lq

j

2n, [2n− r] | L2n, and qr − qj > 1 for 0 6 j < r.
Let k be an integer such that 1 6 k 6= 2n− r 6 2n. Then we have

Ln |
L2n

[k]
and [2n− r] | L2n

[k]
,
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and thus Ln[2n− r][k]q
r | Lq

r

2n, for we have qr > 2. As a result, we obtain

In ≡ Ar
Lq

r

2n

Ln

u(2n− r)
[2n− r]qr

(mod [2n− r])

≡ u(2n− r)ArLq
r

r

Lq
r

2n−r−1

Ln
(mod [2n− r]),

since for all integers k > 1, we have

[2n− r + k] ≡ [k] (mod [2n− r]).

Therefore In 6= 0 for we have u(2n− r) 6= 0, and n > degAr.
Let j, s be two integers satisfying 0 6 j < r and 1 6 s 6 r − j. Then

deg

(
Lq

r

2n−r+s+j−1

Ln[2n+ s]qj

)

=
qr+1

(
q2n−r+s+j−1 − 1

)
q − 1

− q (qn − 1)
q − 1

− q2n+s+j

6 −q (qn − 1)
q − 1

→ −∞ (as n→ +∞).

So there exists an integer N > 0 such that for all integers n > N , every term of Qn
is of negative degree. Hence for all n ∈ S with n > N , we obtain

degHn = deg(Qn + In) = deg In > 0,

which implies immediately that we have

deg β2n+r > − deg
Lq

r

2n

Ln
=
q (qn − 1)
q − 1

−
qr+1

(
q2n − 1

)
q − 1

.

Finally for all integers 0 6 v 6 r, we have, for S 3 n→ +∞,

deg β2n+r − qv logq δ2n+r−v >
q (qn − 1)
q − 1

−
qr+1

(
q2n − 1

)
q − 1

+ q2n+r+1

>
q (qn − 1)
q − 1

→ +∞.

Consequently α is transcendental over Fq(T ) by virtue of Theorem 1. �

6. Application III: Some classical transcendence criteria

In this section we show that many classical and well-known transcendence criteria
are indeed special case of our criterion Theorem 1, just as promised in [41].

Let K be a fixed field of characteristic p, and let ∆ ∈ K[T ] be monic and
irreducible. For each P ∈ K[T ]\{0}, we denote by v∆(P ) the greatest integer
n > 0 such that P is divisible by ∆n in K[T ]. By convention, we put v∆(0) = +∞.
Then we extend v∆ over K(T ) by setting

v∆(P/Q) = v∆(P )− v∆(Q),

for all P,Q ∈ K[T ] with Q 6= 0, and we call it the ∆-adic valuation on K(T ).
For all P,Q ∈ K[T ] with Q 6= 0, we define

v∞(P/Q) = deg(Q)− deg(P ), and
∣∣∣∣PQ
∣∣∣∣
∞

= q−v∞(P/Q),
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and we call v∞ and |·|∞ respectively the ∞-adic valuation and the ∞-adic absolute
value on K(T ). Finally we denote by K((T−1)) the topological completion of K(T )
relative to |·|∞, and we set degα = −v∞(α), for all α ∈ K((T−1)).

Motivated by Wade’s method and some considerations for Diophantine approx-
imation in positive characteristic, B. de Mathan proved in [19] a very powerful
transcendence criterion, which has many interesting applications in the study of
transcendence of formal power series arising from the Carlitz module. Inspired by
this result and automata theory but ignorant of Theorem 8 below, the third author
gave in [38] a series of transcendence criteria, including a particular one, which had
an important application in the study of the automaticity of the partial quotients
of the formal power series of Baum-Sweet.

Much more generally, L. Denis established in [9] the following criterion which also
has many other interesting applications, for example, the proof of the transcendence
of the special values at non-zero rational arguments of the Bessel-Carlitz function.

Theorem 8. Let α ∈ K((T−1)). Suppose that there exist two sequences (Pn)n>0

and (Qn)n>0 in K[T ]\{0} satisfying the following four conditions:
(1) For all integers n > 1, ∃ Λn ∈ K[T ] such that Qn = ΛnQ

q
n−1;

(2) There exist two real numbers c2, c3 > 0 such that for all integers n > 1,

deg(Λn) 6 c2 deg(Λn+1) + c3;

(3) There exist a real number c1 > 0 and a sequence (tn)n>0 of real numbers
bounded below by a constant η > 0 such that for all integers n > 0,∣∣∣∣α− Pn

Qn

∣∣∣∣
∞
6

c1

|Qn|tn∞
;

(4) For every (r+1)-tuple (A0, . . . , Ar) of elements not all zeros in K[T ], there
exist an infinite set S of integers n such that

Cn := A0Pn +A1ΛnP
q
n−1 + · · ·+ArΛnΛqn−1 · · ·Λ

qr−1

n−r+1P
qr

n−r

is different from zero, and for all couple of integers υ, τ > 0,

lim
S3n→+∞

degCn + (tn−υ − 1) degQn
tn−τ (deg Λn + 1)

= +∞.

Then α is transcendental over K(T ).

The present version of condition (3) corrects a minor error (which did not alter
any applications) in [9].

Proof. Let r > 1 be an integer, and let A0, . . . , Ar be elements in K[T ] with Ar 6= 0.
For all integers n > 0, we define

αn :=
Pn
Qn

, δn :=
c1

|Qn|tn∞
,

βn :=
r∑
j=0

Aj

(
Pn−j
Qn−j

)qj
(n > r),

Cn := βnQn = A0Pn +A1ΛnP
q
n−1 + · · ·+ArΛnΛqn−1 · · ·Λ

qr−1

n−r+1P
qr

n−r (n > r).

By Condition (2) of Theorem 8, we have, for all integers n > 1,

deg Λn 6 c2 deg Λn+1 + c3,
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from which we deduce immediately, for all integers j > 1,

deg Λn 6 c
j
2 deg Λn+j +

(
j−1∑
i=0

ci2

)
c3 6 c

j
2 deg Λn+j +

(c2 + 1)j

c2
c3.

Notice also that for all integers n, v (n > v > 0),

Qq
v

n−v = Qn/

v−1∏
j=0

Λq
j

n−j .

So we have

qv degQn−v = degQn −
v−1∑
j=0

qj deg Λn−j

> degQn −
v−1∑
j=0

qj
(
cj2 deg Λn +

(c2 + 1)j

c2
c3

)
= degQn − av deg Λn − bv,

where we set

av =
v−1∑
j=0

(qc2)j , and bv =
v−1∑
j=0

(q(c2 + 1))j

c2
c3.

Then we obtain

v∞(Qn/CnQ
qvtn−v
n−v )

= degCn + qvtn−v degQn−v − degQn
> degCn + (tn−v − 1) degQn − tn−v(av deg Λn + bv)
> degCn + (tn−v − 1) degQn − dvtn−v(deg Λn + 1),

with dv = max(av, bv). So we have, by noting that tn−v(deg Λn + 1) > tn−v > η,

v∞(Qn/CnQ
qvtn−v
n−v )

> η
degCn + (tn−v − 1) degQn − dvtn−v(deg Λn + 1)

tn−v(deg Λn + 1)

= η
degCn + (tn−v − 1) degQn

tn−v(deg Λn + 1)
− ηdv.

Finally by Condition (4) of Theorem 8, we obtain

lim
S3n→+∞

v∞(Qn/CnQ
qvtn−v
n−v ) = +∞,

which is equivalent to say

lim
S3n→+∞

|βn| /δq
v

n−v = +∞.

So α is transcendental over K(T ), by virtue of Theorem 1. �

In a manner quite different from that of L. Denis, Y. Hellegouarch [13] obtained
the following criterion which also generalizes the result of B. de Mathan [19].

Theorem 9. Let Fq be the finite field with q elements. Let α ∈ Fq((T−1)). Suppose
that there exist two sequences (Pn)n>0 and (Qn)n>0 of non-zero elements in Fq[T ]
satisfying the following three conditions:
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(1) For all integers n > 1, there exists Λn ∈ Fq[T ] such that Qn = ΛnQ
qsn

n−1,
where (sn)n>0 is a bounded sequence of positive integers;

(2) There exist some normalized absolute values |·|n 6= |·|∞ such that for all
integers i > 1,
(a) limn→+∞

|Pn|n
|Pn−i|q

sn+···sn−i+1
n

= +∞ and limn→+∞ |Pn|n = 0,

respectively
(b) limn→+∞

|Pn/Qn|n
|Pn−i/Qn−i|q

sn+···sn−i+1
n

= +∞.

(3) For all integers n > 0, |Qnα− Pn|∞ 6 εn, where (εn)n>0 satisfies
(a) For all integers h, k, ` > 0,

εn = o
(
|Λn+h|−k∞ |Pn+`|−q

−(sn+`+···sn+1)

n+`

)
(n→ +∞),

respectively
(b) For all integers h, k > 1, εn = o

(
|Λn+h|−k∞

)
(n→ +∞).

Then α is transcendental over Fq(T ).

This version corrects some minor errors in [13].
Y. Hellegouarch presented in [13] many interesting applications of his criterion,

in particular a new proof of the result of [26] about the transcendence of the special
values of Carlitz-Goss gamma function at some non-zero rational arguments, proved
initially by automata theory.

Proof. Let r > 1 be an integer, and A0, . . . , Ar ∈ Fq[T ] not all zero. We denote by ρ
the least integer such that Aρ 6= 0. To simplify the notation, we suppose ρ = 0. The
general case can be proved similarly and directly but with much more complicated
notation. Moreover just like what was explained in the Remark following the proof
of Theorem 1, the general case can also be reduced easily to the special case ρ = 0
with the help of Cartier operators.

For all integers n, i (n > i > 1), define

η(n, i) = sn + · · ·+ sn−i+1.

By convention, we set η(n, 0) = 0. Since (sn)n>0 is bounded, then there exists an
infinite set S of integers n > r such that the (r + 1)-tuple(

η(n, 0), η(n, 1), . . . , η(n, r)
)

is equal to a constant (σ0, σ1, . . . , σr).
For each integer n > 0, put

αn :=
Pn
Qn

, δn :=
εn
|Qn|∞

,

βn :=
r∑
j=0

Aj

(
Pn−j
Qn−j

)qη(n,j)
, Cn := βnQn ∈ Fq[T ] (n > r).

In particular, for all integers n ∈ S, we have

βn =
r∑
j=0

Aj

(
Pn−j
Qn−j

)qσj
.

According to the statement of Theorem 9, we should distinguish two cases.
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In Case (a), we obtain, from Condition (2.a) of Theorem 9 and the fact that the
absolute value |·|n is bounded on Fq[T ], that

max
16j6r

∣∣∣∣∣QnAj
(
Pn−j
Qn−j

)qη(n,j) ∣∣∣∣∣
n

= max
16j6r

∣∣∣∣∣AjP qη(n,j)n−j

j−1∏
i=0

Λq
η(n,i)

n−i

∣∣∣∣∣
n

< |A0Pn|n ,

for all sufficiently large integers n. Consequently

|Cn|n = |A0Pn|n = |A0|n |Pn|n .

Note that the sequence (|A0|n)n>0 only takes a finite number of values, and that
all the absolute values (except the ∞-adic one) over Fq[T ] are bounded by 1. Then
by the product formula of absolute values, we can find a constant c > 0 such that

|Cn|∞ >
c

|Pn|n
,

for all sufficiently large integers n.
Recall that for all integers n > 0, we have δn = εn/ |Qn|∞. Then∣∣∣∣α− Pn

Qn

∣∣∣∣
∞
6 δn.

Now by Condition (3.a) of Theorem 9, we have, for all integers h, k, ` > 0,

εn = o

(
|Λn+h|−k∞ |Pn+`|−q

−(sn+`+···sn+1)

n+`

)
(n→ +∞).

Hence for all integers v, h, k > 0,

εn−v = o

(
|Λn−v+h|−k∞ |Pn|

−q
−η(n,v)

n

)
(n→ +∞).

In particular, by choosing appropriately h, k > 0, we obtain

εq
η(n,v)

n−v = o

(
|Pn|−1

n

v−1∏
i=0

∣∣∣Λqη(n,i)n−i

∣∣∣−1

∞

)
(n→ +∞),

and thus,

lim inf
S3n→+∞

|βn|∞
δq
η(n,v)

n−v
= lim inf

S3n→+∞

|Qn−v|q
η(n,v)

∞ |Cn|∞
|Qn|∞ εq

η(n,v)

n−v

> c lim
n→+∞

(
εq
η(n,v)

n−v |Pn|n
v−1∏
i=0

|Λq
η(n,i)

n−i |∞

)−1

= +∞.

So α is transcendental over Fq(T ), by virtue of Theorem 1.
In Case (b), we deduce from Condition (2.b) of Theorem 9 that

max
16j6r

∣∣∣∣∣Aj
(
Pn−j
Qn−j

)qη(n,j)∣∣∣∣∣
n

<

∣∣∣∣A0
Pn
Qn

∣∣∣∣
n

,

for all sufficiently large integers n. Consequently

|Cn|n = |Qnβn|n = |A0Pn|n 6= 0,
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and Cn 6= 0. So |Cn|∞ > 1, for all sufficiently large integers n. Now for all v > 0,
by choosing appropriately h, k > 0 in Condition (3.b) of Theorem 9, we obtain

εq
η(n,v)

n−v = o

(
v−1∏
i=0

|Λq
η(n,i)

n−i |
−1
∞

)
(n→ +∞),

and thus

lim inf
S3n→+∞

|βn|∞
δq
η(n,v)

n−v
> lim inf

S3n→+∞

|Qn−v|q
η(n,v)

∞

|Qn|∞ εq
η(n,v)

n−v

= lim
n→+∞

(
εq
η(n,v)

n−v

v−1∏
i=0

|Λq
η(n,i)

n−i |∞

)−1

= +∞.

Once again by Theorem 1, we obtain that α is transcendental over Fq(T ). �

More generally, for a fixed integer κ > 1, we denote by A = K[T1, . . . , Tκ ]
the integral domain of polynomials in T1, . . . , Tκ with coefficients in K, and by
K = K(T1, . . . , Tκ) the fraction field of A. For all polynomials F ∈ A, we write
degF for the total degree of F , and define, for all P,Q ∈ A with Q 6= 0,∣∣∣∣PQ

∣∣∣∣
∞

:= qdeg(P/Q)) := qdegP−degQ.

The topological completion of K relative to |·|∞ is noted K∞.
The following result intersects Theorem 1 in [16], and generalizes slightly the

criterion of S. M. Spencer, Jr. (which generalizes in turn Wade’s criterion [33]),
proved by Wade’s method in [24].

Theorem 10. Let (Gn)n>0 be a sequence in A\{0} such that Gqn | Gn+1 in A for
all integers n > 0. Let (Bn)n>0 be a sequence not ultimately zero in A. Suppose
that there exists a sequence of real numbers (dn)n>0 satisfying

(1) dn → +∞ (n→ +∞),
(2) max(degBn+1, 0) 6 (q − 1)hnqn − dn+1q

n+1, for all integers n > 0,
(3) dn−r − hn + hn−r > η, for all n > n(r) and r > 1, with η > 0 a constant,

where hn = degGn/qn for all integers n > 0. Then the following series

α =
+∞∑
n=0

Bn
Gn

is transcendental over the field K.

Proof. Let r > 1 be an integer, and A0, . . . , Ar in A not all zero. Without loss of
generality, we suppose A0 6= 0. Indeed if σ is the least integer such that Aσ 6= 0,
we can study αq

σ

in the place of α by noting that αq
σ

also satisfies the hypotheses
of our theorem. However we can also work directly with α, but the notation will
become much heavier and we should replace A0 by Aσ everywhere.
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For all integers n > 0, put

Λn+1 := Gn+1/G
q
n, Qn := Gn, Pn := Qn

n∑
j=0

Bj
Gj

,

αn :=
Pn
Qn

, δn := qv(n+1),

βn :=
r∑
j=0

Aj

(
Pn−j
Qn−j

)qj
(n > r).

Then Λn+1, Pn ∈ A, Qn+1 = Λn+1Q
q
n, and Qnβn ∈ A, since Gqn | Gn+1 in A for

all integers n > 0. .
Firstly notice that the above series α converges in K∞. Indeed for n→ +∞,

deg(Bn/Gn) = degBn − degGn 6 (q − 1) degGn−1 − dnqn − degGn
6 −degGn−1 − dnqn → −∞.

So we have |Bn/Gn|∞ → 0 (n→ +∞).
Secondly notice that (hn)n>0 is increasing since Gqn | Gn+1 for all n > 0.
For all integers n > 1, set v(n) = max(degBn, 0) − degGn. Then (v(n))n>0 is

ultimately decreasing. Indeed for all large integers n,

v(n)− v(n+ 1) > degGn+1 − degGn −max(degBn+1, 0)
> degGn+1 − degGn − (q − 1) degGn + dn+1q

n+1

> dn+1q
n+1 > 0,

since Gqn | Gn+1, degBn+1 6 (q − 1) degGn − dn+1q
n+1, and dn+1 → +∞.

As a result, we obtain, for all large integers n,∣∣∣∣α− Pn
Qn

∣∣∣∣
∞

=

∣∣∣∣∣∣
+∞∑

j=n+1

Bj
Gj

∣∣∣∣∣∣
∞

6 sup
j>n+1

∣∣∣∣BjGj
∣∣∣∣
∞
6 sup
j>n+1

qv(j) = qv(n+1) = δn.

Let S be the set of all integers n > r such that βn 6= 0. We distinguish below
two different cases.

Case I: the set S is finite. Then ∃ ρ > r such that βn = 0 for all n > ρ, i.e.

(1) 0 = Qnβn = A0Pn +A1ΛnP
q
n−1 + · · ·+ArΛnΛqn−1 · · ·Λ

qr−1

n−r+1P
qr

n−r.

For all integers i, j (i > j > 1), put

Λi,j =
i∏
l=j

Λq
i−l

l , and Λi,i+1 = 1.

Then Λi,j = Gi/G
qi−j+1

j−1 , and we have

deg Λi,j =
i∑
l=j

qi−l
(
qlhl − qlhl−1

)
= qi(hi − hj−1).

Notice also that we have Λi,l = Λi,jΛ
qi−j+1

j−1,l for 1 6 l 6 j 6 i.
Now Relation (1) becomes

(2)
r∑
i=0

AiΛn,n−i+1P
qi

n−i = 0,
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from which we obtain A0Pn ≡ 0 (mod Λn,n). So Λn = Λn,n | A0Pn for all n > ρ.
Multiplying both sides of (2) by Aq0, we get

(3) A1+q
0 Pn +A1Λn(A0Pn−1)q +

r∑
i=2

ArΛn,n−i+1A
q
0P

qi

n−i = 0.

Hence Λn,n−1 | A1+q
0 Pn for all n > ρ + 1 since Λn−1 | A0Pn−1. Now multiplying

both sides of (3) by Aq
2

0 , we obtain

A1+q+q2

0 Pn +A1Λn(A1+q
0 Pn−1)q +Aq0A1Λn,n−1(A0Pn−2)q

2

+
r∑
i=3

ArΛn,n−i+1A
q(1+q)
0 P q

i

n−i = 0.

Therefore Λn,n−2 | A1+q+q2

0 Pn for all n > ρ+ 2, since we have

Λn−1,n−2 | A1+q
0 Pn−1, and Λn−2 | A0Pn−2.

By induction, we obtain finally Λn,n−i | A
qi+1−1
q−1

0 Pn for all n > i+ ρ. In particular,

we obtain Λn,ρ | A
qn−ρ+1−1

q−1
0 Pn for all n > ρ. So

Hn := A
qn−ρ+1−1

q−1
0 Pn/Λn,ρ ∈ A.

Note that for all integers n > ρ+ 1,

Pn = Qn

n∑
j=0

Bj
Gj

= Bn +Gn

n−1∑
j=0

Bj
Gj

= Bn + Λn (Gn−1)q−1
Pn−1.

Thus we have

Bn = Pn − ΛnG
q−1
n−1Pn−1 = Pn −G(q−1)qn−ρ

ρ−1 ΛnΛq−1
n−1,ρPn−1.

Multiplying both sides of this relation by A
qn−ρ+1−1

q−1
0 , we get

A
qn−ρ+1−1

q−1
0 Bn = Λn,ρHn −Aq

n−ρ

0 G
(q−1)qn−ρ

ρ−1 ΛnΛq−1
n−1,ρΛn−1,ρHn−1

= Λn,ρ
(
Hn −Aq

n−ρ

0 G
(q−1)qn−ρ

ρ−1 Hn−1

)
,

for Λn,ρ = ΛnΛqn−1,ρ. Therefore Λn,ρ | A
qn−ρ+1−1

q−1
0 Bn.

Let E be the set of all integers n such that Bn 6= 0. Then E is infinite and for
all integers n > ρ+ 1 in E, we have

degBn > deg Λn,ρ −
qn−ρ+1 − 1
q − 1

degA0

= qn(hn − hρ−1)− qn−ρ+1 − 1
q − 1

degA0.

However by hypothesis, we also have

degBn 6 (q − 1)qn−1hn−1 − dnqn.
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Consequently we obtain

qn(hn − hρ−1)− qn−ρ+1 − 1
q − 1

degA0 6 (q − 1)qn−1hn−1 − dnqn

6 qnhn−1 − dnqn,
which implies immediately

dn + (hn − hn−1)− hρ−1 6 deg(A0) < +∞.
But hn > hn−1 and dn → +∞ (n → +∞). Thus we arrive at a contradiction.
Hence, Case I cannot hold and S is infinite.

Case II: the set S is infinite. Let 0 6 j 6 r be an integer. For n→ +∞,

qjv(n− j + 1) + degQn
= qj [ max(degBn−j+1, 0)− degGn−j+1] + degGn
6 (q − 1)hn−jqn − dn−j+1q

n+1 − qn+1hn−j+1 + qnhn

= −qn+1 (dn−j+1 − hn + hn−j+1)− (q − 1)qn (hn − hn−j)
6 −qn+1η → −∞.

Therefore, for all integers 0 6 j 6 r, we have

lim
n→+∞

|Qn|∞ δq
j

n−j = lim
n→+∞

qq
jv(n−j+1)+degQn = 0.

But deg(Qnβn) > 0 for all integers n ∈ S. So

lim
S3n→+∞

|βn|∞
δq
j

n−j
= +∞,

and thus α is transcendental over K by Theorem 1. �

Remark: V. Laohakosol et al. obtained five criteria in [16] by Wade’s method,
which generalizes respectively the five classical results of L. I. Wade [33, 34, 35].
Although apparently all of them are quite different from Theorem 1, they can
however be deduced from the latter. These five results can be divided into two
classes. The first class contains the first, the fourth, and the fifth criterion, of
which all the involved formal power series converge relatively quickly, and thus are
easy to treat. The second class consists of the second, and the third criterion.
This time the formal power series in question converge rather slowly, and thus are
difficult to settle down. Since the underlying ideas are the same and to avoid some
technical and routine verifications, we have only established by Theorem 1 some
special cases (see Theorem 10 and Theorem 7) of the first two criteria in [16], leaving
the reader to check the rest. See also [41] for the last two criteria.
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