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§ 1. Introduction and statement of results

In 1918 Hardy and Littlewood [2] proved that as T— 0
T
{1CG+in2de~TlogT. )
1

In 1928 Ingham [3] generalized this considerably by showing that as T— o

T

T
(n)(1 it ) L__'t dtN
i[(: G+inl™MGE -1y P

(log Ty***1, 2

wher (®(s) denotes the u™ derivative of {(s) (={?(s)). Since (W —it)
={®($+it), it follows in particular that

T
T

W +in)Pde~ log T)>#*1, 3
18 Gt i0]Pde~ 3 dog T) 3
which gives (1) when g=0. Our object in this paper is to prove some new types
of mean value formulae which are, when the Riemann hypothesis is assumed,
discrete analogues of (1)-(3).

We denote the non-trivial zeros of ((s) by p=pf+iy and we set L

T
log —. Our main result is the following

“on 27
Theorem. If T is sufficiently large and o is any real number satisfying |a| <3 L,
then
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where

o (2mai)
H(p, v, 2mo)=p! '
(v, 2n)=p 1;0(1+u+1)!(1+u+v+2)

The constant implicit in the O-term is independent of a.
As an immediate consequence we have

Corollary 1. Suppose that the Riemann hypothesis is true. If T, o, and H are as
in the Theorem, then

Y WG +i+al )OG—i(y+alY)

LsysT
1

= (1 (HM1
+O(T(log T*+"+1. (5)

T
—H(u, v, 2na)~ H(v, 1, —2m)) S (log T2
¥4

In particular,

Y WG+ +aLl )

1=y=T

T
- — H(u, s 210) — H(p, gty —270) ) — (log T)2#+2
(2u -~ H s 2m0) — i 1 mx))h(og )

+O0(T(log TY**+1). (6)
The constants implicit in the O-terms are independent of o.
In (5) and (6) we have discrete analogues of (2) and (3). Note that there are
~%log T terms in the sum in (6) and that the right-hand side of (6) is
u? T

~—— 2u+2
CaF DT 27 o T)

when ¢=0 and p=1. Thus, comparing (3) and (6), we see that on the Riemann
hypothesis the average of [{(3 +iy)|? over those zeros with 1 <y < T is smaller

2
by a factor of (—:{—1) than the average of | (5 +it)|* over all points with
U
1£t<T.
The case u=0 of (6) is a discrete analogue (1) and is of interest in its own
right so we state it as

Corollary 2. Assume the Riemann hypothesis is true. If T is sufficiently large and
o is a real number such that |a| < L/2, then

I (GG al )= (1 - (Sizz“ )2) % log? T+0(TlogT). (1)

The constant implicit in the O-term is independent of ao.



Mean values of the Riemann zeta-function and its derivatives 125

J. Mueller (see [6] and [7]) has recently found an interesting application of
Corollary 2. Denote by 05y, <y, =... the imaginary parts of the zeros of {(s)
in the upper half-plane and set

) log 7y,
A=limsup (y,—7,_;) 2gn ,
. logy,
p=liminf(y,—7,_,) zgny :

A.Selberg [8] has remarked that u<1 and A>1, and H. Montgomery [5],
assuming the Riemann hypothesis, has shown that 4 <0.68. Mueller’s result is

Corollary 3. If the Riemann hypothesis is true 1 =1.9.

As the proof of this is brief, we give it in Sect. 6.

This paper is, in revised form, a part of my doctoral thesis written under the direction of
Professor H.L. Montgomery. He suggested the problem which led to this investigation and made
many helpful comments concerning the form and content of my thesis. It gives me gerat pleasure
to express my gratitude to him here. I would also like to thank Professors D.J. Lewis, G. Piranian,
and J. Ullman for carefully reading my thesis, and the referee for his very belpful suggestions.

§2. Some formulae and estimates
Before we develop the basic idea of the proof of the Theorem, it will be useful

to set down certain formulae and estimates.
Throughout this paper s=o¢ + it denotes a complex variable.

Let
F<S)
N 2
A=) =m*"
r (1—5)
2

I'(s) being the gamma-function. The unsymmetric form of the functional
equation for {(s) is

(®)

{1 =9)=x(1=9){(s). ©
We also require the symmetric form of the functional equation. Set
£ =bsts— 0T (2) ¢ (10)
Then
E(s)=<&(1 =) an

The function &(s) is entire of order one and its only zeros are the non-trivial
zeros of {(s).
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We write Stirling’s formula for I'(s) in the form

1
logI“(s)-——(s—%)logs——s+%log2n+0(I?). (12)
This is valid for [s|=4 and Jargs|<n—§, where 6>0 is arbitrary but fixed (see
Whittaker and Watson [10; Chaps. 12, 13]). Using this, it is not difficult to
show that

ni

i(1—s)=e ¢ (%)H exp[itlogt/2ne] (1 +0 (%)) (13)

for ¢ fixed and 1> 1, say.
Euler’s psi-function is defined by

_T'(s)
¢(S)~F(S)- (14)
When |args|<n—d and [s|= 3, we have
Y(s)=logs+0 (1—;) (15)

This may be derived from (12) by means of Cauchy’s estimate for analytic
functions.

As is well known, in each interval (m,n+1) (n=2,3,...) we can select a
number 7, such that if y is the ordinate of any zero of {(s), then |T,—v|

> . In this way we obtain a sequence Z which will be fixed throughout

1
log T,
this paper.

Recall that if T is large and does not coincide with the ordinate of any zero
of {(s), then
¢ . L
Z(a+lT)= > ——+0(ogT)

ly=Tl<1 S—p

uniformly for —1<0=<2 (cf. Davenport [1; p. 99]). There are <log T terms in
this sum and if TeZ, each term is <logT. Thus, for each large TeZ and
uniformly for — 1 <652,

%(a-f- iT)<log?T. (16)

By logarithmic differentiation of (10) we have

&l
£ O=7

25—1

©+30(2) - logrt s

(7
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We deduce from this, (15), and (16) that
¢ . 2
E(U+IT)<1Og T (18)

for all large TeZ, uniformly for —1 <o <2,
Similarly, we may combine the estimate

i

%(a+it)<<1 (6za>1)
with (15) and (17) to obtain

%(6+it)<10g2|t| (19)

for 6za>1 and |t| 21, say.
Finally, we need the estimates

[f|2-o+e if 650
o +i <t -+ if 0<g <1 (20)
[t]? if 621,
where ¢>0 is arbitrary, |t|23, and v=0,1,2,.... These may be derived from

the case v=0, |t]=% (for which see Titchmarsh [9; pp.81-82]) by applying
Cauchy’s estimate for the derivatives of analytic functions to {(s) in a small
disc centered at s=o +it.

§ 3. Beginning of the proof

We can now begin the proof of the Theorem, although we will require a
section of lemmas (Sect. 4 below) to complete it.
Let 1<a<2 and let R denote the closed rectangle in the complex plane
with vertices at a+1i, a+iT, l —a+iT, 1 —a+i, where T is large. We define
1. ¢ , :
I=I(a v, 0)=5— | & ()W (s+id){V(1—s—id)ds,
27'[1 oR &

where OR is the boundary of R and the integral is taken in the counterclock-
wise sense. Also, we assume 6 is real and |6|<%. By the theory of residues

Huv,0)= 3 (PAp+id){M(1~p—id) (21)

1=y=T

provided that no zero p lies on OR. Since the ordinate of the first zero of {(s)
above the real axis is > 14 and no zeros lie on the vertical edges of R, we need
only insure that T is not the ordinate of a zero. This will be the case if TeZ,
the set constructed in Sec. 2. From now on we assume Te€J ; at the end of the
proof this restriction will be removed.
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To prove the Theorem we must estimate the integral I(y, v, ). To do this
we first split it into four parts corresponding to the four sides of R. We write

4

I, v, 0)= Z (1, v, 8),

where I, is the integral over [a+i,a+iT), I, is over [a+iT,1—a+iT), I; is
over [1—a+iT,1—a+i), and I, is over [1—a+i,a+i). Since |5| <%, the in-
tegral in I, is bounded, i.e. I, < 1. Next

I,< max %(04—iT)C(‘"(a—l—iT—Hé)C(V)(l—o—iT—i&)

l—afo=a

<log?T max |{W(e+iT+id){M(1—a—iT—id)

1-aso=a
by (18). The last line is

<log?T( max + max + max )[{¥(oc+iT+id){M(1—o—iT—id),

l1-as6=0 Osgost 1Z20=<a

which by (20) is
§]Og2 T(Ta~%+25+T%+2£+Ta—~%+25)_

Since a>1 and £>0 is arbitrary, we obtain
I, T t+e
This and the estimate for 1, lead to
I(u, v, 8) =1, (1, v, )+ I3(pt, v, 6) + O(T o~ 79, (22)
We now consider I;. The logarithmic derivative of (11) is

%(s)=—%(1~s>.

Using this and the fact that both {¥(s) and éé (s) satisfy the reflection principle,
we get

1 1—a+i g/
L, v, 0)= —5— o5 =)W (s+i0) (1 —s—id)ds
1—a+iT
1 T¢ '
=§—j?(a—lt)l(‘"(l—a+1t—|—l§)(‘“)( —it—id)idt
1
4
jE (a+i){"™(1 —a—it—i){P a+it+id)idt
1
1 a+iT
=5— | < ()1 —i8) M (s +id)ds

—II(V,,LL, )
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This and (22) yield

(v, 8)=1,(u, v, 8)+1,(v, u, 8) + O(T*~%%9), (23)

Our problem is now reduced to estimating I, (g, v, o).

§3. Lemmas

Our first two lemmas are modified versions of Lemmas 3.2 and 3.3 of
N. Levinson [4].

Lemma 1. There is a small ¢ >0 such that

r(l+¢) 1 t t a~%d

1, = t t
e I
-:(2n)1“‘r e—zr+m/4+0(ra—%)

for large v and a arbitrary but fixed.

Proof. This result follows from the usual stationary phase techniques. If we set
t=r{1+ x) then we can write

I,=Qn)t~e~irra+?] |
where
I = [ exp(irf(x))(1+x)*"*dx
with -
fxy=(1+x)log(l+x)—(1+x).

2
Now f (z)=%+... is holomorphic in a neighborhood of z=0 with only a

double zero at z=0. Thus u(z)=12f(z) =z+... is holomorphic and '(z)=+0 in
a neighborhood of z=0. We make the change of variables u(z)=u and obtain,
if ¢ is sufficiently small,

u(c)

L= | emgudu
u(—c)

where g(u)=1+... is holomorphic in a neighborhood of u=0. Now integration
by parts yields

u{c)
j e;ru2/2du+0 ( )
u(—~c)

o 2m\t 1
P omnann (2) oo (1)

u(—c)

and

by the method of stationary phase; this proves Lemma 1.
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Lemma 2. For large A and A<r<B<2A4

B t t a—+4 , .
[ exp [itlog (FE)] (—2;) dt=Q2n)! ~4r*e~ "+ L E(r, A, B), (24)
A

where a is fixed and where

s Aa+% Ba+%
Er A B =0 o[ Vo B )
(r 4, B) =045+ (|A—r|+A%)+ (|B—r|+Bé’> (25)

Forr<A orr>B,

B a-4%
fexp [itlog (i)] (—t‘) dt=E(r, A, B).
A re 2n

Proof. If A<r<A+A* or if B—B*<r<B the integral is 0(4°) by Titchmarsh
[9], Ch. 1V, 4.5, Lemma 4.5. If instead 4 + A* <r <B—B*, we have

B _ t t \e-%
/jlexp [ltlog (;;)] (Zr_) di=I,+J,+J,,

r(t—e¢ ) l t t a—%d
J = :E exp [(lt og (r_e:)] (2—7;) t

and similarly for J,. Now integration by parts shows that

|J,|=0 (A“‘%/logﬂ)

and of course a similar estimate holds for J,. Finally, if either r<A4—A* or
r>B+B?, the required estimate follows by integration by parts. In view of
Lemma 1, this completes the proof.

Lemma 3. For m=0,1,2, ..., A large, and A<r<B=<2A,

H _ t t % t\"
Fowp inton (1] (57 (1o 37)"a

=(2m)! ~opfeirtri4 (log é) + E(r, A, B)(log A)",

where

while for r< A or r>B,

f [itlo (t )](t )H<10 ! )mdt—E(r A, B)(log A)"
Aexp el on Eox TR g4

where E(r, A, B) is (25).

Proof. The proof of Lemma 3 is easily obtained from Lemma 2 and integration
by parts and therefore we omit it.
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Lemma 4. Let E(r, A, B) be as in (25), where A is large and A<BZ2A. Assume
{b,}¥_ | is a sequence of complex numbers such that b, <n® for any ¢>0. Then if
a>1,

© b .
Y, nEQnn, 4, B<a**.

ne 1

Proof. Choose ¢ so that 0<g<a—1. By (25)

o0

b
> n" EQ2nn, A, B)< z n="*EQ2nn, A, B)

n=1 n=1
1
<Aa % n——a+s+Aa+%
{Y Z n | A—2nn|+ A%
1
+ Bt )
,,;1 n*~¢(|B—2mn|+ B?)

The proof of the lemma is completed by noting that

Z n—a+£<1
n=1
and
i 1
St (|C=2anj+ CH

<C Y

indeed the last inequality is easily established by considering separately the
ranges |C —2zn|< C* and |C—2nn|= CE,

Lemma 5. Let {b,}> | be a sequence of complex numbers such that for any ¢>0,
b,<n’. Let a>1 and let m be a non-negative integer. Then for T sufficiently
large,

T . n
3] (n_ b"n””"“)x(l—a—it) (log{;) dt
- b, (log n)" + O(T*~*(log T)"). (26)

15nST/2n

e

Proof. By (13) we have

1 (2 n‘"‘i')X(l-—a—it) (log{—>ndt

2“ T/2 =

1 T
=5

© £ \a-4 ¢t \m
—a—it —ni/4 o s
T/2 (,,;1 bun ) exp [lt10g2 ] (27E) (loan) dt
T 20
( 1y lbn|n“‘>t“‘%(log t)'"dt). (27)
T/2 \n=
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o0

Since b,<n’, Y |b,/n~"<1 for a>1. The error term is therefore

n=1

<T* *(log )™ (28)

To treat the main term on the right-hand side of (27) we write it as

. t t \o-% t A"
L R TS [ 14 W P
'l ¢ 2n T;z PR el o %8 2x 9)

the inversion of summation and integration being justified by absolute con-
vergence. Now the integral in (29) is of the form estimable by Lemma 3 with 4

T
=5 B=T, and r=2nn. Thus (29) is equal to

I P 8

b,(logn)™ + (logT) Z b,n=°E (2nn Z T)

T/dn<nsT/2=n

for large T. By Lemma 4 the second term is
< T *log TY™.
Hence (29) is equal to

b,(logny™+0(T* *(log T)™).

T/4n<n<T/2n

Using this and (28) in (27) we obtain

3
bn=" ") (1—-a—it) (log~) dt
2n T/2 n;
= Yy b,(logn)" +O(T* *(log T)™) 30)
T/An<nsT[2n

T
for T=T,, say. Now let I be the unique integer such that T, < T <2T,. Adding

T T
together the result of (30) for the ranges [?’ Eﬁ] (G=1,..., 1), we find that

L jT (Z b,n~*" ”)x(l——a——lt) (log~) dt

277: T/zl 1
= )3 b,(log n)" +0(T*~*(log T)™.

T2t lp<nsT/2n
Noting that
1 T/21

= —~a-it i L)m 1
5 1{ (an ) a zt)(logzn dr <

n=1
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and
Y b,(logn)" <1,
T,

1=nsT/21+1g
we obtain the result.

Lemma 6. For ¢ fixed, v=0, and |t|=1 we have

101 —5)=x(1—s) (—1og;—‘) +0(t7H(log 1)) 31

Proof. We proceed by induction on v. The case v=0 is obviously true. Now
suppose the lemma proved for v=0, ..., u—1. We differentiate the identity

x'(l—s)=x(1—s)-";(1~s)

and obtain

(5= (“; 1) (1 —s) (’%)(“"V'”u—s). (32)

v=0

2%(1 —s)y=logn—3% (%)“%‘f’ (1;)

and by (15) and Cauchy’s estimate for the derivatives of an analytic function
applied to a small disc centered at s, we find that

We have

X ol L
;(l—s)- log2 +0<ltl> (33)
X' )
(;) (1—-9)= (l 1) for vz1. (34)
Also
x(1=s)=0(tI"%)  for |t|z1. (35)

The required result now follows from (32)-(35) and the induction hypothesis.

Lemma 7. Let {(W(s){M(s)= ) —+—"— 4 (,u, Y (Re s> 1), where pu, v=0. Then for x=1,

n=1

!
3 4,9 =(= 0 K toga 4 Olog . (40

Proof. Lemma 7 is a simple exercise but we give a proof for completeness. We
have

(=1 Y A, v)= ), (logdy'(logr)®

nEXx dr<x

=(Y Y +Y Y -3 Y )logdtdogr).

dsyxrsxjd rSyxdsxfr dSyxrsyx
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Since
Y (logd)*=z(log z)*+ O(z(log z)*~ 1),
d=<z
our sum is
v 123
T (logdy> (log f) + Y (ogn (log f) +0(x(log x)**+).
d<yx d d reyx r r

Now we can replace the last two sums by integrals, again introducing a
remainder term O(x(logx)}**"), and we have to deal with

Vx vdt VX ndt
x | (logo) (logf) —+x | (logt) (logi) —
{ t 1 t] t
dt
t’

=X ? (logt)* (log )

If we make the change of variable t=exp (u log x), we see that

X "dt 1
{ Qlogty* (log%) —t~=(logx)‘“”+1 fu*(t—u)du
1 0

ulv! y
vy 1B

by the well known beta integral, and our lemma follows.

Lemma8. Let [¥(s) Z,’("’(s)%(s—i &= i ﬂ(l:;s_vﬁ)

n=1

(0>1), where u,v=0 and o

is a real number. Then for x21

® (idlogx)
B (V1 1y! n+v+2 e
2 Bl D= It ixllog ™R )
+O(x(log x)+>+ 1.
Proof. We write {#¥(s){"(s)= Zl (#’ Y) as in Lemma 7 and %—(s) -y Arf:l ).
n= n=1
Then
Z B ([l,V 6)— (d)d“sAn/d(,ua )

d)d?® Y A (V)

esx/d

Using Lemma 7 to estimate the inner sum, we find that

1 A(d) u+v+1
B —_(— 1 tv+1 ,Lt v ( __)
n§x n(#s v’ 5) ( 1) (“+v+1)' Z d1 —1id d

ol g 40 fues) )
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or

(6, 9)+0(xL, ,,(x,0), (36)

u+v+1

pulv!
B S = _1u+v+1____h L
; v 0= (= Y

where

_ A(d) x\¥
L, (x, 5)—d§xdl_w (logg) .
To estimate L, let y(x)= Y A(d) and write
dsx
)
x(X, 0)= f i dv ).

By the prime number theorem with remainder, Y¥(x)=x+E(x), where
E(x)<xexp(—c]/logx) for some fixed ¢>0 and x=1. Thus

X K K
log —
(os) (‘Og )
yioio —is

L.(x,8)={

35 dE{u).

The second integral on the right is
T E(u) u\*~1 e x\*
- (K (log;) +(1—id) (log ;> )du
x d
<(log x)* +(log x)* [ exp(—c}/logu) 7“
1
<(log x)".

=E(1)(log x)*

In the first integral we replace (10g ) by Z ( )( 1)*(log x)*~*(log u)*, u'® by

ié 10 u) . . . .
( g ) , and change the order of summation and integration to obtain

x d
%, () (- 1rtogxr=* f toguyp

A= 0
PESES K (—1)’1
(log x) Z ( )l+/1+1‘

3

_i
n
@3y
<o U
The innermost sum equals

!

1
(1—x)dx =t
£" —x =TT
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so the entire expression is equal to
© (iélogx)

1 K-+ 1
ktlog ™ Y e T

This gives

© . 1
L,(x, 8)=x!(logx)*' Y (iolog )

2 Ugrny T OWogxy).

Using this in (36) we easily find that

©  (idlogx)
B 1u+v+1 Tv!x(l ptv+2
L Bl 0)=(=1) vixlog Xy )
+0(x(log x)**+>*1).
This proves the lemma.

Lemma 9. Suppose that for a fixed A>1,

Y a,=x(logx)*+O0(x(logx)*~") (x=2).

nEx

Then if k21 is fixed,

Y a,(logny=x(logx)***+O0(x(logxy***=1)  (x=22).

nsx
Proof. Trivial, by partial summation.

Lemma 10. Let A, v be integers with A=>1 and v=0. Then

M Y x! 1
,Eo(_l) <K>(l+x)!:(v+i)(/1—1)!'

Proof. The sum equals

) . vt : v+ A
Kg0(__1) (=) (A+x)! (v+,1)r 2 (=1 ( )

A S ()

The last sum is the coefficient of x* in (1 —x)***(1—x)~* and is therefore equal

-1
to the coefficient of x” in (1 —x)***~1 e (—1) (v+i ) So the above is

vl (v+l——1)_ (v+iA-1)! 1

TN\ v TG v+ G-I

§5. Completion of the proof

We are now in a position to estimate the integral I,(g, v, d) and thereby to
complete the proof of the Theorem. By (21) and (23) we have
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Y, (Pp+id) (MU —p—id)=1,(p,v,0)+1,(v,p, )+ O(T* ¥+, (37)

1<ysT

where 1 <a<?2, |8]£d, Ted, and

a+iT

11(,u,v,5):21” | 6()(“"(s+15)§(”(1 s—id)ds.

a+i
A simple change of variable gives

a+i(T+9) é

s o) =m |

27”a+¢(1+6) é

(s—i8){W ()M (1 —s)ds

Now for a fixed a>1, the integrand is bounded over the interval [a+i, a+i(l
+0)]. Also, by (19) and (20), the part of the integral along [a+iT, a+i(T+J)]
is

<10g T- TE/3- Ta——%+£/3 < T""%+£.
Thus

a+iT gr

Liwv.o)=5— | E(s-ié){“”(s){‘v)(l —§)ds+O(T*++%)

Taking the vth derivative of (9) according to Leibniz’s rule, we find that

v

== 3 ) (=0 -s)

Hence "
I (u,v,8)= Z (V) (=11, (u, v, 5)+0(Ta_%+£), (38)
k=0 K
where
Lo v 9= j % (5 —16) {(5) (M (5) 09 (1 — 5)ds.

By Lemma 6, (19), and (20) it is not difficult to see that

(_ v—K

T
I (1 v,8)= j%(OH—lt—16)5”"(a+1t){""(a+zt)
1

~X(1—a—it)(log%) dt+O0(T*~*+9),
By (15) and (17)

¢ Y e i b 1
Z(a+zt—16)—?(a+zt—zé)+§10g2 +4 +0 (t)

for t=1, say. Hence
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Iix(:u';v 5)
o ; (a+it—i&) P (a+i{@(a+it)y(1—a—i) (10 )vgkdz
2 4 g2
+(;213:_ijXC("’(a+lt)C"‘)(a+lt)x(l —a—it) (IOgL)V o
(=1~ Tmi ) .
+ 5 g i {Ma+ity{™(a+i)y(l—a—it) (log_) dt

+0(}|C‘“’(a+it){"‘)(a+it)x(1 —a—it)(log t)”"‘#)
+O(’}““f+£).
The next-to-last error term is O(T*~#*) by (13) and (20) so we may write
Ly v, 0)=(= 1) (L oy + 1 a + 1 ,3) $O(TO72), (39)
To treat I,,, write

Semigrg= Y PR ooy
C n=1 n

as in Lemma 8. Then

T

1 & . . t\VK
Loi=3s | (Z B.(1,x, 5)n‘“‘”>x(1—a—tt) (log~2;> dt.

Since the B,’s are easily seen to be <n® for any £>0, we have by Lemma 5 that
for T sufficiently large

L= Y B,ux d)(logn’ ™ +0(T* *(log T)* %)

nsT/2n

It now follows from Lemmas 8 and 9 that

(108 T

o i og-«) .
I, = (=1 gkl Z__ﬂ___ I,( T)H 2
Lt o (+pu+rx+2)) 2n

+O(T(log T * 1Y+ 0(T* *(log T)' %) (40)
for all large T.
Next, writing
o 4 (u, K)
L

n=1

{W(5){*(s)=

as in Lemma 7, we have

1x2 _’T (

1

(c>1)

S A (k¢ -“~">x(1—a~m (logl—>v -
’ 27

n=
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The A,’s are <n® for any £>0, hence by Lemma 5

ILo=% Y Awe)logn) "' +0(T* *(log T)'~*+1)

n=T/2n
for sufficiently large T. By Lemmas 7 and 9 we then find that

(—1F+eplx! T T \#+v+2 ,
22T 3k )] 2 (ng;;) +O(Tlog Ty

+0(T* " 2(log T)*~*+1). 41
The treatment of I,, ; is analogous to that of I, , and leads to

(= 1y *ulxcl mi T ( T>u+v+l
=L~ (log— O(T(log Ty**"
R e R T +O0(T(log T)™™)

+O0(T* *(log T)* %), (42)

for all large T.
Combining (39)-(42), we see that

T i
iolog —
v
o (l+pu+x+2)!

s

T T p+v+2 1
I s ,5 - —1u+v ' ’_— 1 -4> —_
et v, 0) = (=P atiet o (Oan TS I

+0(T(10g T)u+v+ 1)+0(Ta—5-+s)_

I

Hence, by (38) and Lemma 10,

T T \u+v+2 v v !
Lo L flog TP S ()
(v, 8y =(—1)"""u o og o {2 x;o( ) i) urrt D)

_l;io (ié log ;%)l é:o (=1) (;) (—II/I:—'K—;Z_)'}

+O0(T(log TY*+* 1)+ 0(T~*+*)

T +v+2
= (= 1y (log;-)u 1
4 T 2u+v+1)y

+0(T(log T)**+** 1)+ 0(T*~++),

T 1
idlog—
U (15 og2n>

oU+p+DW+pu+v+2)

M s

il

It follows from this and (37) (with a=3, say) that

" . , . u+vl T \p+v+2
T (i1 —p—io)=(~1r > (log )

1<ysT 2x

1 T T
. {,u+V+1—H (u,v,élogz—t—)—H (v,u, -6logﬁ)}

+O(T(log T)***+ 1),
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where T is a sufficiently large element of 7, 5| <%, and

0 (iC)l
H(u, v, )= ! .
Wy =1 Y T A g v )

1 T
Taking d=aL™', where L=2—log2— and « is a real number satisfying
la| £L/2, we obtain n T

. T T \a+v+2
)) c<“>(p+mL—1)z;<v>(1—p—iaL“)=(~1)“”**(“’g—)
L=y=T 2n 2n

1
. — — +v+ 1
{II —— H(u, v,2mo)— H(v, , 2mx)}+0(1 (log T)" ) (43)

This is clearly equivalent to (4) when TeJ . To remove the restriction on T
note that increasing T by a bounded amount introduces O(log T) terms into
the sum in (43), and by (20) these are no larger than O(T**%). Moreover, the
right-hand side of (43) changes by at most O((log T)****?). Since these errors
are smaller than the O-term in (43), (43) holds for all large T within O(1) of an
element of 7, that is, for all large T. The proof of the Theorem is now
complete.

§6. Proof of corollary 3

Assume the Riemann hypothesis is true and let 0<y,<v,<... denote the
ordinates of the zeros of {(s) in the upper half-plane. Integrating both sides of
(7) with respect to « over the interval [ — /2, /2], we have

yn+B/2L

Y | KG+inPdi~F(B)TlogT.

12 ET yn~p/2L

Fe="T 1- () 4

-Bi2 ma

where

Now if we choose
(yn - yn — 1) 27t

A=li
B> 1:n sup fog7,

it is clear that the left-hand side above will be greater than
T
JICG+inlae,
1

which is ~TlogT by (1); that is, F(f)>1. But a machine calculation shows
that F(1.9)=0.997.... Hence A=1.9.

The same argument could of course be based on a comparison of (3) and
(6) with u>0. But as p increases this seems to lead to progressively worse
lower bounds for A.
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