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1. INTRODUCTION

From Last Summer to now, I have done research under the mentor-
ship of Dr. Tucker. Our research started with reading some papers
about the Grigorchuk group and group growth, which shows the tree
structure and transitive group action.

This special structure raised our interest about the subgroup of the
transitive permutation group. Thus, we wanted to find out for which n
does G < S, contain two normal subgroups of the same index Ny, N
with only V; is transitive (acting on [n]). Finally, we proved that group
Spq With p, ¢ are prime,p < ¢, contain two normal subgroups of same
index Ny, Ny with only NV is transitive if and only if plg.

In our proving process, we have attempted to start our research
with simple examples, such as S5, 57, S11... This has led us to see some
interesting groups, like Mathieu groups. This also allows us to read
and cite Jone Gareth’s papers related to the subgroup of primitive
permutation groups.

This series of research processes has filled me with interest in the
subgroups of transitive permutation groups of prime degree. Have we
figured out all types of these subgroups? What are their similarities or
differences in nature?

To start to discuss the transitive subgroup of S, let we review the
definition of transitive subgroup:

Definition 1.1. A subgroup G of S, is called a transitive subgroup of
S, if it acts transitively on the set 1,2,...,n.

For example, Dihedral group D, is a transitive subgroup of S, with it
have rotation r that act transitively on p — cycle. Thus, which groups
will have the same properties with the transitive permutation on p
elements? And what kind of subgroups they have? In this paper, we
will discuss the classification of transitive permutation group of prime

degree.
1
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2. BURNSIDE’S RESULT

The transitive group of prime degrees has always received a lot of at-
tention. In 1911, Burnside classified transitive groups of prime degree,
showing that such groups are doubly transitive or contain a normal
regular p — group with p prime[2]. Then, with a well-known Classifi-
cation of the finite simple groups (CFSG), all doubly transitive groups
are known([8], Thm 5.3), which means all doubly transitive groups of
prime order are known, so we can easily obtain the Burnside’s theorem
result:

Theorem 2.1. Burnside’s Result In Doubly Transitive Group A group
G which s at least doubly transitive either must be simple or must
contain a simple group H as a normal subgroup.

Let we recall the definition of doubly transitive:

Definition 2.2. A group action of a group G on a set S is said to be
doubly transitive if given any (z,y) and (2,') with  # y, 2’ # v/,
all elements of S, there exists g € G such that gr = 2’ and gy = ¢/'.

Here, we only discuss the transitive permutation group of the prime
degree case.

Theorem 2.3. Let G be a transitive permutation, then G is either
doubly transitive or solvable.

Let us prove the theorem 2.3 step by step.[3]

Proposition 2.4. Let U be a non-empty, proper subset of F,\{0}. Let
m be a permutation of F, such that i —j € U for i, € I, implies
7(i) —n(j) € U. Then there are a,b € F,, such that n(i) = ai + b for
all i € F).

Proof. By an iterated application of 7, since 7 is in finite order, we can
see that i—j € U if and only if w(i) —m(j) € U. In particular, replacing
U by its complement in F,\{0} preserves the assumption. Therefore
we can assume |U| < 21,

Let ¢« € F, be fixed. For v € U we have (i +u) —i € U, hence
m(i+u)—m(i) € U. As 7 is a permutation, the elements 7(i +u) —7(7)
are different for different u. Thus {7 (i +u) — (i) | u € U} = U, hence
{r(i+u) |ueU}={n(i)+u|ue U} Inparticular, for all w € N
we obtain

S ow(itu) =D (a(i) +u)”.

uelU uelU
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Let f(X) € F,[X]| be the polynomial of degree n < p — 1 with
f(i) = m(i) for all ¢ € F, (note that n # 0). Suppose wn < p—1. Then
Yower J(X Fu) =37 o (f(X) + )" is a polynomial of degree < p
which vanishes identically on I, thus

D AX +u) =) (f(X) +u)” =0

uelU uelU
Setting S(k) = Y,y u”, by the binomial identity we obtain that

S - 00 =3 () st
uelU k>1
Note that all derivatives of a polynomial P € F,[X] of degree < p—1
are linearly independent with decreasing degrees, and since f(X)" is
a polynomial of degree nw, X™ is an F,-linear combination of the
derivatives of f(X)“. Thus we can obtain that

S+ )™ — X = 37 S(k)gas(X),
uelU k>1

where g,(X) is a polynomial of degree at most ¢n.

Let r > 1 be minimal with S(r) # 0. Then the degree of the right
handside is at most n(w — r).

Suppose that » < nw. Then the coefficient of X™~" on the left
handside is (up to a nonzero factor) S(r). Since S(r) # 0, we must
have nw —r < n(w —r), so n = 1, and we are done.

It remains to consider r — 1 > nw. Suppose we have chosen w
maximal with nw <p—1. Then p — 1 < n(w + 1) < 2nw < 2(r — 1),
sor>(p+1)/2.

This shows S(k) = 0 for k¥ = 1,2,...,(p — 1)/2. Assume that

U = {ui,...,ux}. The corresponding Vandermonde matrix V :=
(uih), is invertible. Now let M be the matrix (u?). .
i,j=1,....k J74,5=1,....k

Then, foy the multilinearity of the determinant, it follows that

det(M) = det (M") = uy ... up-det (V') = uy...up-det(V) #0

since 0 ¢ U and det(V) # 0. Therefore, M is invertible as well.
Note that the sum of the entries of each column j of M is equal to
S(). Ask=|U|<(p—1)/2and S(j) =0for j=1,2,...,(p—1)/2,
we obtain vM =0 for v = (1,...,1) € F’;, contradicting the fact that

M is invertible. Thus, |U| > (p+ 1)/2, again a contradiction.
O

With the proposition, we can prove Theorem 2.3:
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Proof. Let GG be a transitive permutation group on p elements. As p
divides the order of GG, there is an element 7 € G of order p. Assume
that G acts on F,,, with 7(i) = i+1 for all i € F,,. Suppose that G is not
doubly transitive. So G has at least two orbits on the pairs (7, ) with
i # j. On the other hand, 7 permutes cyclically the pairs (i, 7) with
constant difference, so there is a non-empty proper subset U of F,\ {0}
such that 7(:) —w(j) € U for all m € G and 4, j with ¢ — j € U. By the
proposition, G is a subgroup of the group of permutations i — ai + b
with a € F,\{0},b € F,,. In particular, G is solvable. O

Now, let we go back to the non-solvable case of Burnside’s result.
The structure of finite primitive groups is characterized by the famous
O’Nan-Scott Theorem(Jordan, [5], 4.1A). Here, we only discuss the
almost simple structure.

Definition 2.5. A finite group G is almost simple if there exists a
non-abelian simple group S such that S C G C Aut(S).

G embeds into Aut(S) in a way that contain S. Note that S embeds
into S by conjugation. All the associations with automorphisms are by
using conjugation.

Definition 2.6. a characteristic subgroup is a subgroup that is
mapped to itself by every automorphism of the parent group.

Definition 2.7. A group is said to be characteristically simple if
it has no proper nontrivial characteristic subgroups

Definition 2.8. A nontrivial subgroup H of a group G is termed a
minimal normal subgroup if it is normal and for any normal sub-

group K of GG such that K < H, either K = H or K is trivial.

Theorem 2.9. Let G be a finite group and let N be a minimal normal
subgroup of G. Then N 1is characteristically simple

Lemma 2.10. A finite group is characteristically simple if and only if
it is the direct product of isomorphic simple groups

Theorem 2.11. Doubly transitive groups are primitive

Proof. To prove this, we need to show every block is trivial block.
Take a block Y with two distinct elements y;,y,. Given an arbitrary
x € X, since G is doubly transitive, we can choose 7 € G such that
7(y1,92) = (y1,x). But then 7Y NY # (), since y; is in both. Thus
7Y =Y sox €Y as well. Thus, Y = X. O

Thus, we can start our prove the theorem 2.1: let G be a doubly
transitive permutation group of prime degree p on a finite set €2, and
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let N # idg be a minimal normal subgroup of G. We wanted to show
that N C G C Aut(N).

Proof. With theorem 2.9, GG is primitive on p elements, thus, N is
transitive on 2 and N is characteristically simple. Which means there
exist simple group 951,95, ..., Sk such thatN = S; x Sy x ...S; and
S; =2 S for all 1 < i < k. If N is solvable, then |[N| = p and
Nisregular, implying N = S; = C,. Thus, N is the unique minimal
normal subgroup, so N is the unique Sylow p — subgroup of G so that
G is solvable. Thus, it is a contradiction, so N is not solvable, and so
is S7. Thus, S; is non-abeliean. As N is transitive on €2, we have p||N]|;
in particular, p||Si|. If k > 2, then p* is a factor of |N|, a contradiction
to N C G C S,. Therefore kK =1 and N = S;. Hence GG contains a
non-abelian simple minimal normal subgroup N. U

So we prove N < G and we need to show G < Aut(N)

Definition 2.12. the centralizer of a subset S in a group G is the
set Cg(S) of elements of G that commute with every element of S, or
equivalently, such that conjugation by g leaves each element of S fixed.

Lemma 2.13. Let G be a transitive permutation group of prime degree
p and let S be a minimal normal subgroup of G such that S is non-
abelian and simple. Then Cg(S) = idg.

Proof. Let s € C(S)NS and g € G, then, we have g 'sg = g 'gs = s.
Thus, Cg(S) NS is a normal subgroup of S. As S is simple, we should
have either Cg(S) NS = idg or Ce(S) NS = S. For the first case,
S is a subgroup of Cg(5); thus, S is abelian, a contradiction. Thus,
Cq(5) = idg. O

With Lemma 2.13, we have Aut(N) = idg.

Theorem 2.14. (N/C Theorem) For a subgroup H of group G, the
N/C Theorem states that the factor group Ng(H)/Cq(H) is isomorphic
to a subgroup of Aut(H), the group of automorphisms of H.

By N/C Theorem, thus we have G = G/idg = Ng(N)/Ce(N) <
Aut(N) Thus, G is almost simple.

3. CLASSIFICATION OF THE FINITE SIMPLE GROUPS

Back to the history of Classification of the finite simple groups, in
1983, Guralnick studied primitive simple groups of prime power degree:
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Theorem 3.1. (Guralnick,[}]) Let S be a non-abelian simple group
with H < S and |S : H| = p*,p prime. (S is acting on the cosets of
H. And given any embedding of S into the permutation group, we can
take H to be the point stabilizer of a point.) Then one of the following
statements holds:

(1) S = A, and H = A,_1 with n = p°.

(2) S = PSL(n,q) and H is the stabilizer of a point or a hyperplane
of ¥y. Then |S : H| = (¢" —1) /(¢ — 1) = p*. (Note that n also is
prime.)

(3) S =PSL(2,11) and H = As.

(4) S = M23 and H = MQQ or S = M11 and H = MlO-

(5) S = PSU(4,2) = PSp(4,3) and H is a parabolic subgroup of S
of index 27.

We will define the PSL(n, ¢), M3, and so on later.

G.Jones’s PhD thesis in 1975, investigated primitive permutation
groups of prime power degree, but at that time, an explicit description
on such groups was not available. But he points out that

Lemma 3.2. Every finite simple group is either A,,, PSL,(F,), one of
sporadic groups, or some other things like PSL,(F,). That classifica-
tion says all the prime degree permutation groups that are primitive are:

(1)Generalized dihedral.

(2)A,, or S,.

(3)Weird ones for 11 which is G = PSLy(11), Myy, andMss with
q = 11,11 and 23, which have the permutation group of the form (113 —
11)/2 with PSLy(11) is not isomorphic to Ay .

(4)General simple semilinear groups over finite fields, which are sim-
ple extensions of PSL,(F,), which acts on a set of size ¢" ' + ¢" % +
o1

With Considering a = 1 in Guralnick’s theorem we obtain the desired
groups.

Corollary 3.3. Let GG be an almost simple transitive permutation group
of prime degree p, in particular, S < G < Aut(S) for some non-abelian
simple group S. Then S is one of the following groups:

(1) S = Ap

(2) S = PSL(n,q) withp = (¢" — 1) /(¢ — 1), where n is prime;

(3) S = PSL(2,11) with p =11

(4) S = My, with p =11 or S = Mz with p = 23.

Proof. Let G be almost simple and let S be non-abelian and simple such
that S < G < Aut(S). Moreover, let G be a transitive permutation
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group of prime degree p on €. Let w € Q be fixed. We set H := G.,.
Then, by the orbit stabilizer theorem, we have |G : H| = p, and H is
a maximal subgroup of G. Hence HS = H or HS = (. Since S is
a subgroup of G, the action of S on (Q is faithful. If HS = H then
S < H = G, and thus every element of S stabilizes w, a contradiction
to S being transitive on (2, since w® = ) by the definition of transitivity.
Hence HS = G and the second isomorphism theorem implies

p=|G:H|=|HS:H|=|S:SNH|
The claim follows by applying Theorem 3.1 to S.

4. CLASSIFICATION APPLIED

Now, let we discuss the four cases in Corollary 2.9. For case 1,
Jordan[5] has proven the Jordan’s theorem

Theorem 4.1. (Jordan,[5],3.3E) let G be a primitive permutation
group on ) of degree n that contains a cycle of prime length p fizing
k > 3 points, so that G < Sym(Q)). Then, A, < G.

Proof. We will skip p = 2 or 3 cases here. Thus, suppose p > 5 andf2
is finite of size n, assume n > p+ 3. We wanted to show that G > A,,.
First of all, we wanted to show G is doubly transitive and for each
a € €, , acts primitively on Q/a.

Now, let consider the set S consisting of all I' C €2 such that I' #
and G (q\r) acts primitively on I'. Then S # ) because supp(z) € S.

Lemma 4.2. (Jordan, [5], 3.3.16) Let H and K be subgroups of Sym(£2)
with supports A and I respectively. If each of H and K acts primitively
on its support, and ANT # O, then (H, K) acts primitively on AUT.

Thus, with lemma 4.2, we have if A, € S with ANT # 0 and

AUT #£ Q, then AUT € S. Now, Let A be a maximal element of S
containing supp(x), we claim that |[A| = n — 1. With G is primitive,
there exists y € G such that AY N A # () or A. And it is clearly that
AY € S, so by the maximality of A, we can get that AYUA = €. Thus,
we have n < 2|A|.
Now, suppose that 6 € Q\A. Since we have 2|A| > n, for all z €
Gs, ANA* #£ (), and we have § ¢ AU A*. Thus, AUA* € S. So by
the maximality of A, A = A? for all z € G. Since G is primitive, Gs
is a maximal subgroup of G, and so G5 = G(a}. Since this is true for
all points 6 € Q\A, and the point stabilizers of G are distinct maximal
subgroups since G is not regular, therefore Q\A = {§} as claimed.
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From the result above, we get that GG is doubly transitive, and G acts
primitively on its support and G5 contain a 3-cycle.

Then, we can use induction for n > p + 4 to show Gy still contains a
3-cycle.

Theorem 4.3. (Jordan, [5], 3.3A(i)) Let G be a primitive subgroup of
Sym(Q), if G contains a 3-cycle, then G < A,

Thus, with Theorem 4.3, done. U

Gareth Jones’s 2014 paper[6] gives a more general theorem that also
deals with the case k = 0,1, 2.

And let us skip cases 2 and 3 and talk about case 4 first. In 1986,
Mathieu discover some multiply transitive permutation groups, includ-
ing two sporadic simple groups MijandMas

Definition 4.4. (Mathieu Group) Mathieu groups are the five spo-
radic simple groups M1, Mis, Mo, MozandMs, introduced by Mathieu.
These five groups are multiply transitive permutation groups on 11, 12,
22, 23, or 24 objects.

Bertram Huppert and Norman Blackburn showed that the automor-
phism groups reveal no other almost simple groups with socle M11
respectively M23.[7]

Definition 4.5. Scole is the subgroups generated by the minimal nor-
mal subgroups of G

Theorem 4.6. (Huppert and Blackburn, [7], Chapter XII) For i =
11,23, 24, we have Aut (M;) = M; and for i = 12,22, we have
|Aut (M;) : Inn (M;)| = 2.

As Aut (My;) = My and Aut (May3) = Mag, the only almost simple
transitive permutation group of degree 11 respectively degree 23 with
socle My, respectively Mss is the Mathieu group of each degree itself.

Both Mathieu groups are full automorphism groups of ¢t - (v, k, \)-
designs containing 11 respectively 23 points.

Theorem 4.7. (Huppert and Blackburn, [7], Chapter XII (1) The
Mathieu group My is the automorphism group of a 4-(11,5,1) design.
(2) The Mathieu group Mag is the automorphism group of a 4-(23,7,1)
design.
At- (v,k,\)-design with A = 1 as in Theorem 4.5 is called a Steiner
system. Both Steiner systems are not symmetric, as the 4 -(11,5,1)-
design has 66 blocks and the 4-(23, 7, 1)-design has 253 blocks. This

leads to the fact that both Mathieu groups each only have a single
permutation representation.
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5. GrRoup PSL,11

Now, let talked about the case 2: PSL511.
Let A := {a, 3,7, 6, ¢} and consider the action of A := Ax on ) := A%
We label the ten elements of €2 as follows

o 1 2 3 4 5 6 7 8 9
de ae af By o ay [ ye da Pe

and calculate the images of some particular elements of A under this
action:

(aBvy) — a=(197)(235)(486)
(67)(ed) = b= (18)(25)(49)(67)
(af)(€d) = ¢ = (16)(35)(47)(89)
(@0)(6y) = yr = (01)(24)(56)(79)
(ad)(Be) — y2 = (02)(16)(37)(45)
Then H := (b,y1) = A and Hy = (a,b) = Ss;. The orbits of H

are {0},{1,4,6,7,8,9} and {2,3,5}, and so 1,y; and y» form a set of
representatives for the (Hy, Hy)-double cosets in H. Let oo be a point
not in €, and define = := (000)(35)(48)(79).

To prove GG is doubly transitive, we need go through the Theorem
5.1:

Theorem 5.1. (Jordan, [5], 7.5A) Let H < Sym(2) be a transitive
group of rank r. Fiz o € Q and let yo = 1,y1,...,y,—1 be a set of
representatives for the (H,, H,)-double cosets in H. Now choose a
point w not in Q and put Q* := QU {w}, and let x € Sym (Q*) with
w € supp(x). Then G := (H,x) is a transitive extension of H whenever
the following conditions hold:

(i) 2* € H;

(ii) xy;x € HeH fori=1,...,r —1; and

(11i) tHox = H,.

Proof. Put K := HU HxH. We shall first show that K is a subgroup
of Sym (£2*). Indeed, (i) shows that K is closed under taking inverses,
so it is enough to show that KK C K. However, from (iii) and (ii) we
have x'Hyy; Hox ' = Hyxy,xH, C HxH for each ¢ > 1, and so by
(i) and (iii):

cHy =2 'Hr ' =o' Hyx ' Uy o ' HyyiHyo P C HUH2H =
K

Hence KK C HUHxHxH C HKH = K as required. Thus K is a
subgroup and so G = (H,z) = HU HzH
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Finally, G, = H since w is fixed by H but not by any element in
HxH. Thus G is a transitive extension of H 0

Thus, observe that (zy)* = 1 and (z)° = ¢, G = (H,z) are
satisfied the (i)-(iii) condition of Theorem 5.1. Thus G is a 2-transitive
group of degree 11 and order 11 - 10 - 6.

And PSLy(11) is a group with a doubly transitive representation of
degree 12 that is isomorphic to G

6. SIMPLICITY OF PSL(n,p)

PSL(n,p) is not naturally a subgroup of S, but of S,.;. And a
very interesting point about PSL(n,p) is that it is not known if there
are infinitely primes that can be written as (¢" — 1)(¢ — 1) for some

prime power ¢. In this section, we wanted to show the simplicity of
PSL(n,p).

Definition 6.1. The special linear group SL,(F) of degree n over a
field F is the set of n x n matrices with determinant 1, with the group
operations of ordinary matrix multiplication and matrix inversion.

For a field F' and integer n > 2, the projective special linear group
is the quotient group of SL,(F') by its center:

PSL,(F) = SL,(F)/Z (SL,(F))

In 1831, Galois claimed that PSLs (F,) is a simple group for all
primes p > 3 without proof. This turns out to be the case for all
fields and all n with two exceptions:

PSL; (F) 2 S,
PSL, (F3) & Ay

To prove PSL,(F) is simple for all F when n > 2, we will study
the action of SL, (F) on linear subspaces of I, which is the projective
space P"71(F) and show it satisfies lwasawa’s criterion.

Theorem 6.2. (lwasawa’s criterion) Let G act doubly transitively on
a set X. Assume the following:

(1) For some x € X the group Sy has an abelian normal subgroup
whose conjugate subgroups generate G.

(2) [G,G] =G.

Then G/K is a simple group, where K is the kernel of the action of
G on X.
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Note: the kernel of an action is the kernel of the homomorphism
G — Sym(X)

For nonzero v € F™, write the linear subspace F, as [v]. Pick
[v1] # [vo] and [wy] # [wy] in P"Y(F). We seek an A € SL,(F)
such that A [v;] = [wy] and A [vs] = [ws]. Extend {vy,vo} and {wy,wy}
a bases of F" {vy,ve,...,v,} and {wy,ws,...,w,} respectively. Let
L : F* — F™ be the linear map where v; — w;. The determinant of
this map is non-zero and thus we can scale the n-th coordinate pro-
jection map by a suitable scalar to construct a new linear map of de-
terminant 1 which satisfies double transitivity for (vy,v2) and (wy, ws).
Thus, PSL, (F') acts doubly transitively.

If A € SL,(F) is in the kernel of this action the Av] = [v] for all
nonzero v € F™ and so Av = \,v where \, € F*. Thus all vectors are
eigenvectors, and the only such matrices with this property are scalar
diagonal matrices which is exactly the center of SL,, (F).

Consider the stabilizer of the point

1
c P 1(F)
0

which is the group of n x n determinant 1 matrices

a x
0 M
where a € F*, M € GL,_;(F), and * is a row vector of length n — 1.

For this to be in SL,(F) we must have a = ..
The group

(3 e

is abelian and normal as it is the kernel of the projection of H —
GL,_1(F).

The elementary matrices I,, + AL;; have 1 ’s on the main diagonal
and a A in the (4, j) position. Therefore its determinant is 1 , so such
matrices are in SL,,(F').

Elementary matrices have two key properties:

(I)For n > 2 each I, + AEj; is conjugate in SL,,(F)
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(2)These matrices generate SL,,(F')
I, + Ey5 € U so we have that subgroups of SL,(F') which are con-
jugate to U generate.

Finally, we wanted to show that [SL,(F),SL,(F)] = SL,,(F').

All we need is to show that [, + E5 is a commutator in SL,,(F') since
our facts about elementary matrices give that the commutator (which
is normal) contains all elementary matrices, and thus generates all of

SL,,(F).

Let
101 1 00
g=|010],Ah=|010
00 1 01 1
then
110
ghgth = 0 1 0 | =13+ Eyp
001

This extends to I,, + Fq3 via

L1 o 110 0
010 0

01 0 -
00 I 001 0
n=2 000 I,

(g 0 h o0 g 0 “/ho0 \7!
N 0 In73 0 InfS 0 Inf3 0 Inf3

Thus, by lwasawa’s criterion we have prove the simplicity of PSL(n, p)
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