RO(G)-GRADED HOMOTOPY MACKEY FUNCTOR OF HZ FOR
Cp» AND HOMOLOGICAL ALGEBRA OF Z-MODULES

MINGCONG ZENG

ABSTRACT. In this paper we compute the RO(G)-graded homotopy Mackey
functor for HZ, the Eilenberg-Mac Lane spectrum of constant Mackey functor
for G = C2, and give some computation for larger G. As an application, we
use it to give some computation of homological algebra of Z-modules.

1. INTRODUCTION

In the Kervaire invariant one paper [HHR16|, Hill, Hopkins and Ravenel devel-
oped a computational tool for equivariant stable homotopy theory, namely the slice
spectral sequence. It is later refined by Ullman in [Ull13] to obtain a better multi-
plicative property. The slice spectral sequence computes w4 X, the RO(G)-graded
homotopy Mackey functors of a G-spectrum X, from RO(G)-graded homotopy
Mackey functors of ”slices” of X. In many cases, slices of an interesting spectrum
(e.g. MU and its norm in [HHRI16], Tmf;(3) in [HM17] and Morava E-theories
in [HS|) are suspensions of HZ or its variants by virtual representations. Therefore,
if we want to compute the RO(G)-graded homotopy Mackey functor of these spec-
tra, we need to understand the RO(G)-graded homotopy Mackey functor of HZ.
This is the main topic of this paper.

In this paper, we will focus on the computation of RO(G)-graded homotopy
Mackey functor of HZ for G = C)2. The main result, including the RO(G)-graded
multiplicative structure, is Theorem RO(G)-graded homotopy Mackey functor
of HZ for G = C,, is known for decades, and its computation can be found in [Dug05|
and |Gre]. Computing everything in terms of Mackey functor is essential, since we
need to make use of homological algebra of Mackey functors. We will use four
different ways to compute and explain 7w, HZ, for G = Cpn:

(1) Cellular Method. Notice that m, HZ = H,(S™"; Z), where H, (—;Z) is
the Mackey functor valued ordinary homology with coefficient Z. Then we
can use G-cellular structure of S~ to compute its homology. When V is
an actual representation or the opposite of one, SV has at most one G-cell
in each dimension, therefore the chain complex can be easily computed. In
fact, this chain complex of Mackey functors is determined by its underlying
chain complex of abelian groups. If V= V; — V5, where V; and V5 are two
actual representations, we can use the product cell structure on SV. In this
case, we get a double complex. When we filter the double complex by cellu-
lar structure of S¥* and S~"2, we get two spectral sequences. Comparison
between these two spectral sequences can deduce a lot of differentials, and
gives a complete answer when G = Cpe.
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(2) Cofibre of a Method. We can build G-spectra L, with the following
properties:
e 7,(L,) can be computed.
e For oriented representation V, £V L,, ~ SIVIL,, . therefore its RO(G)-
graded homotopy Mackey functor is just shift of integer graded one.
e There are cofibre sequences SV A HZ — SV+"do A HZ — SV A L,
where )¢ is the representation given by multiplication by a primitive
p™-th root of unity on the complex plane.
Assume we know 7, (SV AHZ) and 7, (SY AL,), we can try to compute the
connecting homomorphism and extensions, to figure out «, (SY"* A HZ).
(3) Tate Diagram Method. Consider the Tate diagram from [GM95|, which
is a homotopy pullback of ring spectra:

X——=X

L

Xh— s Xt

Notations in the diagram will be explained in Section In our compu-
tation X = HZ, and we can compute 1*(HZh) and g*(HZt) by group
cohomology. If we can compute E*f( , then we can use homotopy pullback
to compute my HZ, not only as RO(G)-graded Mackey functor, but as a
RO(G)-graded Green functor, which includes its graded ring structure.

(4) Duality Method. There are two dualities in the homotopy category of
HZ-modules, namely equivariant Anderson duality and Spanier-Whitehead
duality. Equivariant Anderson duality, denoted by Iz, is constructed in
[Ric16|. In our case it computes m,(S*~*~V A HZ) from =, (SY A HZ) by
a short exact sequence. The HZ-module Spanier Whitehead duality will
send SV A HZ to SV A HZ, and there is a universal coefficient spectral
sequence convergent to m,(S™Y A HZ) with E,-page

Eaty’ (x,(SY NHL), L)

Therefore some homological algebra of Z-modules is required. We will show
how to compute these Ext Mackey functors and use them to calculate the
spectral sequence. These two dualities gives an explanation of structure
of my HZ, especially an algebraic explanation of the ”"gap” phenomenon
in [HHR16, Section 8].

The universal coefficient spectral sequence can be used reversely: We can com-
pute 7y HZ by other methods and use the spectral sequence to calculate homolog-
ical algebra. This approach is taken in Section [f] We can compute various Eat
Mackey functors and obtain pure algebra propositions by topological means.

In Section 2] we will review definitions and tools needed for our computation.
We will go over four different methods of computation in Section [3] Section [] is
focused on the computation for G = Cp2. In Sectionwe discuss some computation
about large cyclic p-groups. In Section [6] we use our computation to explore some
homological algebra of Z-modules.
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2. DEFINITIONS AND TOOLS

In this section, we review some definitions and constructions that will be used
in our computation.

2.1. Mackey Functors and Z-Modules.

The definition of Mackey functor and some properties are given by Thévenaz
and Webb in [TW95] and Lewis in [Lew80]. We will use Burng for the Burnside
category, and (Mackg,d, A) for the category of Mackey functors, its tensor prod-
uct(the box product) and its tensor unit(Burnside Mackey functor). All Mackey
functors in this paper will be presented with an underline.

We use Lewis diagram to represent Mackey functors. Let M be a Mackey functor,
We will put M (G/G) on the bottom and M (G/e) on the top. Thus restrictions are
maps going downwards and transfers are maps going upwards. Weyl group action
will be indicated by G-module structure on each M (X), since our group G is always
abelian. For example, a Lewis diagram of a C),2-Mackey functor M is the following:

M(Cp2/Cl2)

2 2
Res} £ )\Trg

M(CPZ/CP)

Res? £ )\Trg

M(Cz/e)

Now we give some examples of Mackey functors which will be used in our com-
putation.

Definition 2.1. Given a G-module M, the fized point Mackey functor M is defined
as M(G/H) = M*H, the H-fived point of M, as an G/H-module. Restrictions are
inclusions of fived point, and transfers are summations over cosets. Q is the trivial
Mackey functor and Z is the constant Mackey functor of Z.

Definition 2.2. A Mackey functor M is called a form of Z if M(G/H) = Z with
trivial G-action for all H C G.

Remark 2.3. Notice that by the double coset formula of Mackey functors, in a
form of Z composition of restriction and transfer between adjacent level in Lewis
diagram is multiplication by p, thus one of them is isomorphism and another is
multiplication by p. Therefore, for G = Cyn, there are 2" isomorphism classes of
forms of Z.

Definition 2.4. Let Z;, ,, , , wheret; =0 or 1 be the form of Z for Cpn such
that Resgz,l =pt for 1 <i<n.

There is another class of Mackey functors that will appear in the computation:
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Definition 2.5. Let B, , . be the cokernel of Z; ;, . +
is isomorphism on G /e-level.

_ — Z, where the map

m

Example 2.6. Z, , for Cp2 has the following Lewis diagram

B, o for Cp2 has the following Lewis diagram

Z[p

1 Jo

Z[p

()

0

Example 2.7. Z , , for Cps has the following Lewis diagram

By.1.1 for Cps has the following Lewis diagram

Z/p?

Z[p

]

0

]

0

Inside Mackg, the category of G-Mackey functors, we will only be interested in
Modg, the category of Z-modules. The following proposition identifies Z-modules
by a simple condition.
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Proposition 2.8 ( [TW95, Proposition 16.3]). A Mackey functor M is a Z-module
if and only if it is cohomological, i.e. TrH, Rest,(z) = [H : H'|x for all H' C H C
G and allz € M(G/H)

Notice that all Z, , ., and B, , ., are Z-modules.
The following is a simple lemma, but it is useful in computatoin.

Lemma 2.9. Let M be a Z-module that M(G/e) is torsion, then M(G/H) is
torsion for any orbit G/H.

Proof. Let = € M(G/H), then |H|z = TrH (ResH (x)) is torsion by Proposition
[2:8 so z is torsion. O

Since Z is a commutative monoid under box product, we can define box product
in Z-modules, Oz, by the coequalizer diagram

MUZON = MUN — MUz N

Tensor unit of Uz is Z. It has a right adjoint, the internal hom of Z-modules,
denoted by Homy.

Proposition 2.10. The category Modg has enough projective and injective objects,
and the set

{Z[X]| X a finite G-set}

forms enough projective objects.

Provided tensor product, internal Hom and enough projective and injective ob-
jects, it is a standard course to define derived functors used in homological algebra.

Definition 2.11. For N € Mody, we define E:ctiz(—,ﬂ) to be the i-th right derived
functor of Homg(—, N) and MZ(—, N) to be the i-th left derived functor of —OgN.

A nice fact about homological algebra of Modg is that we know its global coho-
mological dimension:

Theorem 2.12 ( [BSW17, Theorem 1.7] [Arn81]). If G is cyclic and finite, then
Modg, has global cohomological dimension 3. More precisely, any Z-module has a
projective resolution of length at most 3.

Remark 2.13. Even though this theorem is nice, we will make no use of it through
the paper, since the minimal resolution might not be the easiest to compute. How-
ever, as we will see, this theorem gives very nice control of universal coefficient and
Kiinneth spectral sequences.

There is another kind of Hom and Ext functors that will be very useful, which is
defined level-wisely using Hom and Ezt of abelian groups. See [Ricl6, Section 3].

Definition 2.14. Given an abelian group A and a Mackey functor M, The level-
wise Hom functor, Homp (M, A) is the Mackey functor defined by the composition

Burng % Ab M Ab
And the level-wise Ext functor, Exty (M, A) is the Mackey functor defined by the

composition

Ext(—,A)
—_—

Burng % Ab Ab
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Both subscript L stands for ”level-wise”, to distinguish this Hom and Ext from
the ”internal” one defined above. These two types of Hom and FExt functors behaves
very differently: Hom,(Z,Z) = Z but Homp(Z,7) = Z*. We will see in Theorem
how these functors are related.

Definition 2.15. Given a Mackey functor M, we will use M™* for Homp(M,Z)
and MF for Ext;,(M,7).

. ~
For forms of Z, Z; 4 4 =Ly 4 14, 11,

2.2. Indexing Groups.

We need to address our indexing group of homotopy Mackey functor carefully.
From a standard point of view, homotopy Mackey functors of a G-spectrum is in-
dexed by RO(G), the group of finite dimensional virtual R-representations of G. For
G = Cyn, RO(G) is generated by the trivial representation and R?-representations
given by multiplication by a primitive p’-th root of unity, for 1 <i < n (For p = 2,
the representation given by multiplying —1 on R? is isomorphic to sum of two copies
of sign representation). We know from [Kaw80| that for different primitive p’-th
roots of unity v and 4/, their corresponding representation spheres are not stably
equivalent. However, if we are interested in HZ, the following theorem of Hu and
Kriz tells us that different choice of primitive p’-th root of unity doesn’t matter.

Theorem 2.16 ( [HK, Lemma 1)). If~,v" are primitive p'-th roots of unity, then
SYANHZ~ 8" NHLZ.

We give a proof in Section

By this theorem, for G = C)», we will not distinguish among different primitive
pi-th roots of unity, therefore we can think of our indexing group as direct sum of
n + 1 copies of Z, generated by trivial representation and representation spheres
corresponding to a primitive p’-th root of unity for each 1 < i < n. We will denote
the representation by multiplying a primitive p’-th root of unity on complex plane
An—i and set A := Ag. If p =2, \,,_1 = 20, where o is the sign representation on
Con.

In this paper, we will use * for integer grading, and % for RO(G) grading.

2.3. Equivariant Anderson Duality. The classical Anderson duality is defined
in |[And|, and a Cy-equivariant version of it appears in |Ric16]. We need a version for
Cpn-equivariant spectra. However, all definition and properties in [Ricl6, Section 3]
will work with identical proof, so we will only list the definition and properties we
need without giving proofs here.

Proposition 2.17. Let A be an injective abelian group, then X — Hom(r%,(X), A)
defines a cohomology theory.

We will use 14 for the G-spectrum representing Hom(7%,(—), A).

— %

Definition 2.18. Let X be a G-spectrum, the Anderson dual of X, denoted by
I7(X), is defined to be the homotopy fibre of Fun(X,Ig) — Fun(X,Ig,z).

Proposition 2.19. Let E and X be G-spectra, then there is a short exact sequence
of Mackey functors, natural in both X and E:

0 — Exty(BEx_1(X),Z) — I(E)*(X) — Homy(Ex(X),Z) — 0
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Corollary 2.20. (1) If M is a form of Z, then I;(HM) ~ HM™.
(2) If M is a Z-module with M (G /e) =0, then Iz(HM) ~ S~ *HMF®.

Proof. (1) is a direct consequence of the short exact sequence of Anderson duality
and uniqueness of Eilenberg-Mac Lane spectra.

For (2), by Lemma all M(X) are torsion, so the result follows again from the
short exact sequence. (Il

Corollary 2.21. If R is a commutative ring spectrum and M is a R-module, then
I7(M) is naturally an R-module. Furthermore, if M, N are R-modules, then

[{OT)’LR(]\47 Iz(N)) ~ Iz(M AR N)

2.4. Universal Coefficient and Kiinneth Spectral Sequences.

The equivariant version of universal coefficient and Kiinneth spectral sequences
are developed by Lewis and Mandell in [LMO06]. Ext and Tor used in these spectral
sequences are defined in Definition [2.11

Theorem 2.22 ( [LM06, Theorem 1.1]). Let R be a commutative G-ring spectrum,
X be a G-spcetrum and M be an R-module.

(1) There is a natural strongly convergent homology spectral sequence of R, -
modules
B, =Tor;(R.X,M,) = M, X
with differentials
d": Eg,t — E:—r,t+r—l
(2) There is a natural conditionally convergent cohomology spectral sequence of
R, -modules
Ey' = Baty' (R,X,M,) = M°M'X

with differentials
dr . Es,t N Es+7',t—7'+1
We will mostly use the case when R = HZ, and M = R for the universal

coefficient spectral sequence, and M = ¥V HZ in the Kiinnneth spectral sequence.

Corollary 2.23. (1) Given a G-spectrum X, there is a spectral sequence with
Ey-page
Eat (H,(X;Z),2)
and is convergent to H*(X;Z).

(2) Given G-spectra X,Y, there is a spectral sequence with E,-page
z
Tory;(H,(X;2),H,(Y;Z))
and is convergent to H (X NY;Z).
By Theorem these spectral sequences are strongly convergent and can only
have dy, d3 and potential extensions, making them very reasonable to compute.
Notice that the version we need is the Z-graded version rather than RO(G)-graded

version, because if we are using the RO(G)-graded version, then the spectral se-
quence collapse at E, and its input equals to its output.
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2.5. Some Elements in HZ, .

We define two families of elements in HZ,, which plays a crucial role in our
computation. More detail including proofs of this section is in [HHR17b, Section 3].

Definition 2.24. (1) For an actual representation V with V¢ = 0, let ay €
(5% be the map S® — SV which embeds S° to 0 and oo in SV. We
will also use ay for its Hurewicz image in w_v, (HZ).

(2) For an actual orientable representation W, let uy be the generator of
E|W‘(SW;Z)(G/G) which restricts to the choice of orientation in

Hyw (SV:2)(G/e) = Hyy (S 2)
In homotopy grading, uw € EIW|—W(HZ)(G/G).

Proposition 2.25. Elementsay € m_y(HZ)(G/G) anduw € 7y _w (HZ)(G/G)
satisfy the following:
(1) aV1+V2 = ay,av, and UW,+Wy = UW, UW, -
(2) Res$G(ay) = a; = (v and Res$ (uy) = ug = (V)
(3) |G/Gylav =0, “where Gy is the isotropy subgroup of V.
(4) The gold relation. For V,W oriented representations of degree 2, with
Gy C Gw,
awuy = IGw/Gv|av’uW
In terms of oriented irreducible representations of Cyn, the gold relation
reads
For0<i<j<m,axuy = pifja&u,\j
(5) The subring consists of m;_(HZ)(G/G) where V is an actual representa-
tion s
Zlay,,ux,]/(p" ‘ax, = 0, gold relations) for 0 <i,j <n
We will call this subring BB¢g, standing for “basic block”. We will use
BB for the graded Green functor in the corresponding RO(G)-degree of
BBg. We will omit G if there is no ambiguity.

3. GENERAL STRATEGY

We have four different approaches to HZ, and this section serves as an intro-
duction of them.

3.1. Cellular Method.

Since HZy = HZy(S7V;Z), and S~V is a G-CW- complex we can compute
HZy via cellular homology of all SV, If we write V = ZZ o @i\, then SV =

/\:‘:01 Saixi . FEach S%* has a cellular structure given in [HHR17a, Section 1.2].
And we can produce different filtrations by filtering along these cellular structures.
In this way we will get n — 1 different spectral sequences with different Fo-page but
all converge to H,(SY;Z). Then we can compare Ey-pages and try to figure out
all differentials and extensions.

The following lemma is crucial in our computation, and it is easily seen from
cellular structure of representation spheres.
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Lemma 3.1. Let G = Cy» and H = C), as the subgroup of G. Let Vg = X7 a;\;
be a virtual G-representation with no copies of Ag. Since Vi has no copies of \g,
it factors through G/H. Let Vg g be the virtual G/H-representation that gives
Ve by composition with the quotient map, then H,(SV¢;Z) can be computed by
H,(SVeru;Z) by the following:

Hi(SYerm; Z)((G/H)/(H'[H))  for H C H'
H;(SYerm; Z)((G/H)/e) for H=e

With Resf . H,(SV¢;Z)(G/H) — H;(SV¢;Z)(G/e) the identity map and
Tri . H,(SVe;2)(G/e) — H,;(SVe;Z)(G/H) multiplication by p.
Furthermore, av,,,, (or uvy,, ) maps to ay (or uy ) under the above isomorphism.

In terms of irreducible representations, ax, (or uy,) in G/H maps to ax,., (orux,,,)
inG.

HA(SY:2)(G/H) = {

Proof. Since all irreducible summands in Vg are from G/H, all G-cells of SV¢ are
of the form S* A G/H’, for some nontrivial H' C G. In the Z-coefficient cellular
chain complex, such a G-cell is corresponding to the Mackey functor Z[G/H’|. For
Ve, m, the corresponding G/H-cell is S*A((G/H)/(H'/H))+, and in chain complex
it gives Z[(G/H)/(H'/H)]. Now we see that the algebraic description in the lemma
is true in chain level with respect to all chain differentials. Therefore it is true in
homology. O

Remark 3.2. This lemma will be the heart of our induction. We can compute
. (SY AN HZ) if V contains no copy of Ao by computing in quotient group. Then
we can compute 7, (SV I N HZ) by different methods.

As promised, we will give a proof of Theorem here.

Proof of Theorem [2.16. We only need to show that S7 A S~ A HZ ~ HZ, where
v and v’ are two different primitive p’-th roots of unity. Therefore, we only need to
compute 7, (SY A SY A HZ). By [HHR17a, Section 1.2], the cellular chain complex
of 87, C,(57) is

Z = Z[Cyn | Cpi] <= Z[Cpn | Cpi]
Where all chain maps are determined by the fact that S is S? when forget the
group action. Similarly, Q*(S_V/) is

Z[Cpn [Cpi] <= Z[Cyn [Cpi] <~ L

Now one can compute the total homology of C, (S7)0zC, (S~7) and see it is con-
centrated in degree 0 and H, = Z O

3.2. Cofibre of a Method.

Definition 3.3. Let Ly, be the cofibre of the map a¥ : SONHZ — S™ A HZ for
n > 0, and the fibre of the map a¥  : SN ANHZ — S° NHZ. If p =2, we define
Ll to be X7 L,, for all n.

Lemma 3.4. If V € RO(G) is orientable, then £V L, ~ XIVIL,,.

Proof. We only need to prove this lemma for V = \;. The map uy, : S A S™0 —
SAi A S™o induces isomorphism between 7, (3%L,,) = m, (X4 L,,) by direct compu-
tation using cellular structure given in [HHR17a, Section 1.2]. (]
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Following this lemma, we consider cofibre sequences obtained by smashing the
defining sequence of L,, with SV, for V with no copies of Ag:

SY NHZ — SVt o N HZ — SY AL,

. (SY A HZ) can be computed by Lemma [3.1| through induction, and =, (S A
L,) = x,(SVIAL,) is also known. Therefore, we need to understand the connecting
homomorphisms and extensions to compute 7, (SYV " A HZ).

The first nontrivial connecting homomorphism can be determined by the fact
that in m,(SYV+"* A HZ) has only one form of Z but r, L, has two, so the form
of Z of 7,L, in the wrong dimension must kill the form of Z in «,(SY A HZ).
A large number of connecting homomorphism can be determined by the fact that
the connecting homomorphism is a map of HZ-modules, therefore commutes with
multiplication by ay and wy .

Some extensions can be computed by the following lemma.

Lemma 3.5. (Lemma 4.2 in [HHR17b]) Let G be a finite cyclic 2-group with sign
representation a, and index 2 subgroup G', and let X be a G-spectrum. Then in
74X (G/G) the image of TrG&, is the kernel of multiplication by a,, and the kernel
of Resg, is the image of multiplication by a,.

Remark 3.6. When p > 2, we can still make similar argument. The difference is
that the 1-skeleton of S*=1 in Cyn is not an element in the Picard group any more.
We need to manually compute all maps from the smash product of SV with this 1-
skeleton into HZ. If we ignore the full multiplicative structure, the computation is
similar to p = 2 in this section.

This lemma tells us that if an element x maps to nonzero y under the connect-
ing homomorphism but a,x maps to 0, then there will be a nontrivial extension,
as  must lies in the image of transfer. Similarly, if y is killed by connecting ho-
momorphism but a,y is not, then a,y will support a nontrivial restriction in the
extension.

As we will see in Section [£.3] the above argument determines all connecting
homomorphisms and extensions for G = Cpe.

3.3. Tate Diagram Method.

Consider the Tate diagram constructed in [GM95]:

Diagram 3.7.
X, —>X—>X
X, —— Xh o xt
Where

X=EGANX =a,'X
X, =EG  NX
X" = Fun(EG,, X)
X'=EGAX" =ay X"
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And the right square is a homotopy pullback of ring spectra.
In our case X = HZ. Our computation goes as follows:

Assume that we know (S A HZ) for all V with no copies of \g. Since
all such V factor through a quotient group, this can be done by induction
of order of G by Lemma [3.1

For any V we can compute E*(SV/\HZ}L), . (SYAHZ,) and 7, (SY ANHZ")
and maps between by the corresponding spectral sequences, they all collapse
at Fs-page in our case, and maps between then are simply the corresponding
maps in group homology and cohomology.

For V' with no copies of \g, we can compute ,(S" A a;\ol HZ) and the right
vertical map by knowing all other five terms in Tate diagram.

For V 4+ n\g, notice that both a;olH Z and HZ' are ax,-periodic, therefore
we can compute m,(SV T A HZ,) and 7, (SV A A a;olHZ).

In the fibre sequence SV "0 A HZ, — SV+7do A HZ — SV 720 A a;olHZ,
we know the first and third terms. Connecting homomorphism and exten-
sion can be computed by comparison with the bottom row of Tate diagram,
which we fully understand.

The main advantage of Tate diagram is that the homotopy pullback is a pullback
of ring spectra, so we can compute the ring structure of w, (HZ) by this method.

A very important technique in Tate diagram computation is tracking name of
elements. We will use the following notation system:

Definition 3.8. o For elements in m,_HZ, where V is an actual repre-

sentation, we will use (5) of Proposition to name them, that is, as
monomials of ay, and uy,.

For elements in E*th, we will use ay and uy for their image under the
middle vertical map of Tate diagram. In fact,

Ty (HZ") = Zluy, , ax,)/ (0" ax, = 0)

and

Plax Uy,
ay, = —>——

u,\o

by homotopy fixed point spectral sequence and the gold relation.
Since m HZ' = a;olﬂ*(HZh) =Z/p" [ui,ai], we use the same names as
in HZ".
For elements in my (HZy,). If it is the generator of my_v(HZ,)(G/G)
for some V€ RO(G) and let V.= Vi — Vo, where Vi and Va are actual

n
P uvy
u

Vi

representations. Then it maps to % Therefore we will use to
2

name it. All other elements are from w4 ,1(HZ") via connecting homomor-

phism(which is an isomorphism in that degree), therefore we name then as

desuspension of their preimage. For example, the image of ﬁ € E,\O(HZt)
0

will be named as Z_lﬁ in 7y, (HZy).

When G = C,p, for elements in m; ,\(HZ) for n > 0, since they are all
coming from HZ,, we will use the same name as their preimage in HZ;, .
For elements in L;V(GXOIHZL first we assume V' has mo copies of Ag.

In this case, if x € L—_V(a;\:HZ) is from w,_y,(HZ), then we will use the
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name inm, v (HZ). If x maps nontrivially to m,_,_, (HZ;,) under connect-
ing homomorphism, then we will use the name of its image in w; i, (HZ")
to name it(the connecting homomorphism of the top row of Tate diagram
factor through HZt). For a general V, we use ay,-periodicity and names
i those representations without Ao to name them.

e For elements in wy HZ, if the element comes from HZ,, we use the name

there. If it maps nontrivially to a;olHZ, we use the name of its image.

Remark 3.9. The way of naming elements in n, HZ(G/G) and z*a;:HZ 18
actually an induction using Lemma [3.1 We will see very detailed examples in
computation in Section[{.]] and[5, We need this naming system to give a description
of the multiplicative structure of wy HZ.

3.4. Duality Method.

Consider H,(5%7*;Z), by direct cellular computation, we see that it is concen-
trated in dimension 0, and H,(S?~*;Z) = Z*. Combining with Corollary we
have the following lemma.

Lemma 3.10. For G = Cyn, Iz(HZ) ~ X2 " HZ.

By this lemma, we can think of Anderson duality as a duality with centre of rota-
tion 2_;0, while universal coefficient spectral sequence computing Hompgz(—, HZ)
has centre of rotation 0. Therefore we can use these two dualities one followed by
another, to compute w, (HZ).
The computation goes as follows:
e Assume that we know m,(SY A HZ) for all V with no copies of \g, by
Lemma B.11
e Compute 7, (Iz(SV A HZ)) = r,(S?>~*~V A HZ), using proposition m
e From 7, (S? 2 ~V)AHZ), we can use universal coefficient spectral sequence
in 2.22] to compute m, (SV*+=2 A HZ).
e Repeat the procedure, and we can compute for all V € RO(G).

The following theorem is standard, but combining with Anderson duality, it gives
a short cut in computation of universal coefficient spectral sequence.

Theorem 3.11. The category of unbounded chain complexes of Z-modules with pro-
jective model structure is Quillen equivalent to the model category of HZ-modules.

Proof. This follows directly from [SS03, Theorem 5.1.1]. The set of tiltors is
{X1 NHZ|X € Setg} and its endomorphism ringoid is Modg, the category of
Z-modules. O
Corollary 3.12. Extiz(M, N)=n_,(Hompuz(HM,HN)) and MZZ(HM, HN) =
1w, (HM Az HN). Here Hompg and Az are the derived internal Hom and smash
product of HZ-modules.

The following theorem and its corollary is essential to our computation.

Theorem 3.13. If M is a Z-module with M (G/e) = 0, then Ext’Z(M, Z) is con-
centrated in i = 3, and Ext%(M, Z) MPE.

M F is defined as the ”level-wise” Ezt! of M as in Definition m
We need a lemma for the proof.
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Lemma 3.14. Let M be a Z-module with M (G/e) =0, then S HM ~ HM.
Proof. Consider C,(S*), the cellular chain of S*, which is

z < 7[G) 2 7]d)

Now, l*(EAHM) =H,(C, (S)\)DZM)- However,
ZIGIOzM(X) = M(X x G) =0

Since X x G is a free G-set and M evaluating on free G-set is 0 since M (G/e) = 0.

Therefore E*E’\HM is concentrated in degree 0, and wy = ZUz M = M. O
Proof of Theorem [3.13 By Lemmd2.9] M is level-wisely torsion. And by Corollar
3.120  Eaty(M,Z) = 7 Hompy(HM, HZ). Now by Lemmg3.10

HZ = Y*2I;(HZ), therefore
Hompz(HM, HZ) ~ S* 2Hompz(HM, I(HZ))

~ YA 21, (HM) by Corollary
~ A3 g ME by Corollary
~ N 3HMF by Lemma
O
Corollary 3.15.
Z i=0
Mig(ztmtl,m,t,uz) = Bg,tl,...,tn =2
0 otherwise

Proof. Apply Theorem [3.13] to the Ext long exact sequence induced by the short
exact sequence

(]

Remark 3.16. M%(Zto,th__,tn,Z) = Homy(Zyy 4, 1,,L) = Z can be seen by
algebra: We can construct the generator starting by an isomorphism in G /e-level.
Notice that the target’s restrictions are isomorphisms. Therefore a map in Cyn /Cpi-
level can always be lifted: If t; = O then it lifts to the same map and if t; = 1 it
lifts to its p-multiple. By this procedure, the resulting map between Mackey functors
always has an underlying isomorphism, thus the generator in Hom,(G/G) restricts
to 1 in Homy(G/e) = Z. So we see that all restrictions are isomorphisms in the

internal Hom. This procedure can effectively compute all internal Hom between
forms of Z.

The following theorem is a first taste of the duality method.
Theorem 3.17. If M is a form of Z, then HM ~ SV AN HZ for some V € RO(G).

Proof. Consider Resg” in M, it is either 1 or p. If the restriction map is 1, then by
Lemma if the G/Cp-Mackey functor whose Lewis diagram is M with bottom
cut is SV A HZ for some V' € RO(G/C,), then HM ~ SV A HZ where V is the
composition of V' with the quotient map G — G/C,. If the restriction map is p,
then the corresponding transfer map is 1. Therefore Resg” in M* is 1. And by the
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argument above, HM* = SV A HZ for some V € RO(G). Then by Corollary
HM = S22V NHZ. ([

Remark 3.18. (1) This theorem tells us that in wy (HZ), every form of Z will
appear.
(2) Ewven though V is constructed implicitly in the proof, we can track down the
induction and construct V' explicitly. See the example below.

Example 3.19. For G = Cs, consider the Mackey functor Z, 1, which has the
Lewis diagram

Then HZy 5 ~ S~ 0t M= %2 A H7,

Similarly, one can use the Kiinneth spectral sequence to compute H,(SY1+"2;Z)
from M%*(ﬂ*(Svl;Z),ﬂ*(SVQ;Z)). This spectral sequence can help in tracking
multiplicative structure, but has many nontrivial differentials and extensions. An
interesting application is to do things reversely: We can compute HZ, by other
method first, and its comparison with both universal spectral sequence and Kiinneth
spectral sequence will tell us a lot about Ezt, and TorZ. This approach is taken
in Section B

4. COMPUTATION OF w4 HZ FOR G = C)2

In this section, we will apply all methods to compute HZ, for G = C)2. As
discussed in section our indexing group RO(Cp2) is freely generated by 1, A1, Ag
for p odd and by 1,0, \¢ for p = 2. The computation will be identical for all odd
primes and orientable representations for p = 2. For non-orientable representations
in Cy, we will use the cofibre sequence Cy/Co, — S° — S7 to derive our result.
We will use v as generator of Cy.

We will use cellular method and cofibre method to compute several examples.
A complete computation is done by Tate diagram, with a full description of mul-
tiplicative structure. Finally, we will use duality to explain the result and relate it
to homological algebra.

4.1. RO(G)-graded Homotopy Mackey Functors of HZ for C,..

For G = Cp2, w4 (HZ) is described as follows, with names of Mackey functors in

Definition

Theorem 4.1. Let V = mAg + nAi. We describe w,_\,(HZ) in several different
cases:
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(1) There are 3 Eilenberg-Mac Lane spectra of forms of Z other than Z itself:
STMT2NHZ ~ HZ,
STMYPANHZ ~ HZ,
SN ANHZ ~ HZ,
(2) If m,n >0, then

BO,l 0<4i<2n andi is even
T v(HZ) =< By, 2n<i<2(n+m) andi is even
Z i=2(n+m)
(3) If m,n <0 and it is not one of the Eilenberg-Mac Lane cases, then
Eo,l 2n—1<1< -3 and i is odd
B,; 2(m+n)<i<2n-—1andiisodd
Zy,; i=2(m+n)andm <0
Zo, i=2(m+n)andm=0

m_v(HZ) =

(4) If m >0 andn < 0, then w,_,(HZ) is the direct sum of two graded Mackey
Junctors C; ., ,, and D, where

_ [ By 2n<i<2(n+m) andi is even
=hmn T 7, 1=2(n+m)
p, —[ Bl i=n
—Lmn By 2n<i< -3 andiis odd
(5) If m < 0, n > 0 and it is not one of the Filenberg-Mac Lane cases, then

m;_y(HZ) is the direct sum of two graded Mackey functors C, ,,, and
D; s where
By, i=2n-3
o _ ) By 2(m+n) <i<n-3andiis odd

~=tm.n Zy; i=2(m+n)andm < —1
Zyy (i=2(m+n)andm = -1)
D = Bo)lwhere 0 <i<2n—3 and trivial otherwise.

=immn

This theorem gives a complete description for 7, (HZ) for Cp2 and p > 2. For
p = 2, we still need to describe all the cases where V' is non-orientable. In this case
we need some more Z-modules in Cy:

Definition 4.2. (1) Z_ is the Cy-module Z with action by multiplying —1 and
Z_ is its fixed point Mackey functor. Z_ has Lewis diagram

Z._
and let Z* be Homp(Z_,7Z) as in Definition .
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(2) Let B_ be the Z-module with Lewis diagram

(3) Let M =Z_orZ*, then M is the Mackey functor which is isomorphic to M
when the orbit is not C4/Cy, and M(Cy/Cy) = Z)2 is hit by the transfer.
Z_ has Lewis diagram

7.)2

And Z* has Lewis diagram

Be careful that Z* is not (Z_)*.
Theorem 4.3. Let V = mAg + no. since 20 = A1, we can assume n is odd.
;v (HZ) is the following:
(1) There are four Eilenberg-Mac Lane cases:
S ANHZ~HZ_
S¥3 NHZ ~ HZ_
SYMINHZ ~ HLZ
S¥ A NHZ ~ HL*

(2) If myn >0, then

By, 0<i<n andiis even

Eo,l n<i<2m-+n and i is even
n<i<2m+n and i is odd
1=2m+n

m_v(HZ) =

IN &
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(3) If m,n <0, and is not one of the Eilenberg-Mac Lane cases, then

30,1 n<i< -3 andi is odd
By, 2m+n<i<n-—1andiisodd
m_v(HZ)=¢ B 2m+n<i<n-—1andiis even
75 i=2m+nandm <0
Z i=2m+n and m=0
(4) If m >0 andn < 0, then m,_v,(HZ) is the direct sum of two graded Mackey
functors C, and D

~i,m,n =Zim,n-*

Byy n<i<2m-+n andi is even
Cimn=94 B. n<i<2m+m andi is odd
Z i=2m+n
When n < —1,

p_[Bl i=n
=i,m,n Bo,l n <1< -3 andi is odd

D;,,_1=B_ wheni=—1.
(5) If m < 0 and n > 0 and it is not one of the Eilienberg-Mac Lane cases,

then m,_y (HZ) s the direct sum of three graded Mackey functors C,

~i,m,n’
Qi,m,n and Ei,m,n'
By, 2m+n<i<n-—3andiis odd
Cimn= B 2m4n<i<n-—3andi is even
7" i=2m+n
D n=Bg; for 0 <i<n—3,ieven and for all m
E;pmn =B fori=mn—3 and for all m, and trvial in all other cases.
Remark 4.4. (1) All orientable Eilenberg-Mac Lane cases are direct conse-

quences of Theorem [3.17 and the non-orientable one can be computed di-
rectly through cellular method.

(2) The part C, ,, , are coming from SmAo N HZ, D; .., are Mackey functors
coming from S™™ A HZ and E; . are coming from a exotic restriction

between the former two. This can be seen clearly in cofibre of a computation
in section[{.3

(3) The graded Green functor structure, with names of elements in each Mackey
functor above, is discussed in Section[{.4).

The rest of this section is dedicated to computing and explaining the above
result by four different methods in section [3} In cellular method and cofibre of a
method, we will only compute certain examples instead of the full RO(G)-grading,
to illustrate how these methods work. A full computation is given by the Tate
diagram in Section [£.4]

In spectral sequences and charts, it is not convenient to put forms of Z and B in
them. Therefore in the following tables we introduce a more compact way to present
Cp and Cp2-Mackey functors. These notations are first introduced in [HHRI17b].
Generally speaking, a box means a form of Z, a circle shape means torsion, and
overline means Z_.
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The following is the table of symbols for Cp-Mackey functors.

Name Z Z,=1Z"| Z_ Z_ B,
Symbol O N O O .
Lewis Diagram Z Z 0 Z]2 Z/p
(e O e | ()
Y/ Z y/ 7. 0

Notice that [J and T are only defined for p = 2.

The following table is symbols for C)2-Mackey functors.

Name Z Lo, VAR Zy g Z_
Symbol O N ! = [m]
Lewis Diagram Z / / Y/ 0
(e O 0] oD ) ()
Z Z Z Z y/
1( 517 1( jp p( 31 p( 31 1£ 52
Z Z Z Z Z_
Name Z_ /s /Al Z[Cy2 | Cyp)
Symbol g @ 4 O R
Lewis Diagram | Z/2 0 Z]2 Z Z]p
o 1| () [l 1| s(e | o)
Y/ Z- Z— Z[Cp2 [ Cy] Z[p[Cp2/Cy)
el s o{) D)
z | Z- | 2_ | 2Cp/c) 0
Name B, By, Bio Bfo B_
Symbol o ° v A °
Lewis Diagram | Z/p? Z/p Z/p Z/p 0
(3 (Y o] o | )
Z[p 0 Z[p Z/p L[p
OO0
0 0 0 0
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Name Z]Cype)
Symbol 0
Lewis Diagram Y/
A ( j v
Z[sz / Cp]
A£ )\v
Z[Cp2]

All Mackey functors involving Z_ are only defined for p = 2. Not all of Mackey
functors in the table are named systematically.

4.2. Cellular Method.

We will focus on the example of H,(S3*~2*1:7) and all other RO(G)-grading
can be computed in a similar way. We will use C, (S") for cellular chain complex
for SV.

The cellular chain complex for S3% is O, (53*0):

Z <~ 7[C,p) < Z[C,p) < Z[C,2] < Z[C,2] Z[C,] Z[C,]
0 1 2 3 4 5 6

Where a}l the maps are determined by the fact that in G/e-level the homology
should be H, (S Z).
The cellular chain complex for S=2M is O, (S~2*1)

Z[Op"’ [Cpl =— Z[Op2 [Cpl =— Z[OPQ [Cpl =— Z[sz [Cpl=—1L
4 -3 -2 -1 0

Now H (53 ~2X1; Z) can be computed by the total homology of C, (S3*)0zC, (S~2M).
If we filter the double complex by C, (S3*), we will get a spectral sequence with
following F1-page and d;:

0| N_| o
B
_9 E
&
4 5
=
-6 6
—4 —2 0 2

All d; is determined again by the fact that the underlying space is S2. Thus we
get the following Fs-page.
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0|V | e
-9 o
—4 o
—6
-4 -2 0 2

As we can see, there is a potential d3 which cannot be determined. Now we filter
the double complex by C,(S72*). We get the following E; with d;:

4| e, ., o, a
0 0 . 8
2 . . . a
. . . |
0
—4 -2 0 2 4 6

By comparison with the spectral sequence filtered by C,(53*) above, we will
eventually get to F,; with no rooms for differential, here green vertical line means

nontrivial restrictions:

41v v \ N
2 . . °
0
—4 -2 0 2 4 6

From here, we know that H _,(S3*~2*1;7) is nontrivial, so the first spectral
sequence has trivial d3. We can summarize the result as follows:

B, ifi=-4

By, ifi=-3
H($* M) =< By, ifi=-2,0

Z ifi=2

0 otherwise
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4.3. Cofibre of ¢ Method.

The original idea of this method is due to Doug Ravenel, and it is used in
[HHR17b|, Section 6].

We will assume p = 2 in this subsection, because we want to make direct use of
3.5

Notice that when p = 2, \; = 20. And indicated by the following lemma, we
will use o instead of A\; as part of our index. First, we need to compute m, L,, and
7, L}, defined in Their homotopy Mackey functors are the following:

Ly, i=1
_ ) By 1<i<2nandiiseven
mi(Ln) = Z i=2n
0 otherwise
VA
B 2<i<2n+1andiisodd
m(Ly) =19 By, 2<i<2n+1andiiseven
Z_ 1=2n+1
0 otherwise

By Lemma this determines w4 L,,. Now we will fix n = 4, and consider the
fibre sequences

S™mo A HZ L0 gAhotmo \ g gmo A [ for all m € Z

The following figure shows the long exact sequence in homotopy Mackey functors of
this fibre sequence when m varies. The horizontal axis indicates m; while the verti-
cal axis indicates m in S™7. Elements named in red are those from z,(S™° A HZ)
and elements named in blue are those from =, L,, and &, L/, .

2 ° 0| 4| o o o 0
o |4 | eo|® | e || e e | O
0 0|4 o o o 0O
O/ 4| e|®|e|e s |e T
-2 N | 4o o o O
|@|e|e|s|e|s|e|O
°
—4 nuo o o O
O @(®yels|e|s|e|D
[ ]
—6 ﬂuooo o O
[ ] [ ] — —
0|« ;’;'O‘D
°
—8 nuooooo O
Olal® s e|®e®lelT
D D D
—IOKI.Eoooooog
—10 -8 —6 —4 —2 0 2 4 6 8 10
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Now the connecting homomorphism ¢ has degree (—1,0), so goes from a blue
element to the red element on its left. First, observe that after the connecting
homomorphism, the result should be 7, (S™8 A HZ) if we forget its C structure,
which means the left most § must be isomorphism on G/e level (Since the only
nontrivial homotopy group on G/e level in the result must be m,,45). So, d fits into
one of four exact sequences below.

s
0 —>N—4d—V—0
.5 .
0—>e—>4d—1—V—=0

Y
0—e—4d—0—>e—0

5
0 —>N—0—>0—0

Also, there are potentially nontrivial connecting homomorphisms from e or o to
e. But they are all trivial because § commutes with a, multiplication and after
multiple by a, once or twice, they cannot fit with each other. After applying ¢, we
obtain the following picture.

2 ° o o o o O
o o|o | s |0 |0 |e|e|T
0 ) o o o =]
e | ® o |0 o | @ o o ]
-9 v o o [¢) O
V| ie| o | o |eo|o|e|e |
—4 V| e | o o o O
Ve ’i els|e | s|le O
—6 V| e | o|e|oO o 0
V! e .i. .i. sle |l
-8 V| e | o|e|o|e|oO O
V| e .i. .i° .i. =]

—10/v|e|o|e|o|e|0o|e|O

—-10 -8 —6 —4 -2 0 2 4 6 8 10

By Lemmal|3.5|and a,-multiplicative structure, we see that all possible extensions
are trivial. So we know m_, 4 ma, 4+« HZ. We can change the number of copies of Ag
and apply the same method to compute all HZ, . This method computes m, (HZ)
as a module over BB, but cannot tell about the full ring structure.

For rr,(SY A HZ) with negative coefficient on \g, the computation is very similar
and we will not repeat.
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4.4. Tate Diagram Method.

In this subsection, we assume that all representations are orientable. This in-
cludes all representations for odd prime, and the index 2 subgroup RO(G) generated
by 20 and Ao for Cy. We will use ay, for as, in this subsection, to unify notations for
all primes. When we are working between different groups, we will put the source
of representation as a superscript. For example, )\g ? means the representation \g
on C, as defined in Section

We start with computation in Cp, to both illustrate the method and track name
of elements. Computation in C) is well known, and is written in [Gre| Section 2C].

First, by homotopy fixed point spectral sequence, we know that

E*(th)(G/G) = Z[uiﬂako]/(pa/\o)

The Mackey functor structure is determined by Res(uy,) = 1 and Res(ay,) = 0,
i.e. each form of Z is the constant Z. Now, by inverting ay,, we see that

14 (HZ)(G/G) = Z/plu, ,af)]

and the underlying spectrum is contractible. The map ﬂ*(HZh) — my  (HZ) is
the ay,-localization.

Now, 74 (HZ,,) is the direct sum of kernel and cokernel of ay,-localization, since
there is no nontrivial extension by degree reason. Following Definition [3.8] we have
the following description as a module over @Cp

| u
14 (HZy)(G/G) = Z(pu},) ® Z/p(S™ u,—5*)For i € Z and j > 0
ay,

Where each puf\o generates Z*(G/G) instead of the constant Z. Specially, in the
integer grading, we have

ul

m.(HLZ;)(G/G) = Zp) & Z/p(S™" 22 )For i > 0
ay,

Now, we can compute 7, (a;olH Z) as direct sum of kernel and cokernel of the
map 7, (HZ;,) — 7, (HZ). We have
— U)
m.(a5 HL)(G/G) = Z/pl -]
0

Then by ay,-periodicity,
4 (ay, HZ)(G/G) = Z/plur,, ay,]

Now we consider m;_,,,,  of the Tate diagram.
If m > 0, then

HZ) = ZipuT) & Z/p(5-1 30 %0 ypor 5
E*fm)\o( fh) - <pu)\0> &) /p( T> or ¢ > 0.
0
And
a™ ul
g (05 HZ) = Z,/p( 2020
Ao

yFor i > 0.
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Therefore ,the connnecting homomorphism maps those elements in 7, .y (a;o1 (HZ))
who has positive powers of ay, in the denominator into the corresponding desus-
pended elements in w, .\ (HZj), and in my,, ,,,,, there is a nontrivial extension

0 = Z{pUumrg) = Z{Uumrg) —> Z/p{umnr,) — 0

The following picture shows the case m = 2, with the bottom row z*szo(agolHZ)
and top row 7, oy (HZ;). Arrows indicate connecting homomorphism, and green
vertical line means an extension involving an exotic restriction.

Al ) o
O e . .
0 2 4 6 8 10

So we know that for m > 0,
T (HZ)(G/G) = Z{u}. ) © Z/p(af\ouf\’g_@For 0<i<m.

In this case, all torsion classes in m, ,,\ (HZ) are coming from m, (a;ﬂlHZ).
For m < 0, the only difference is that m; _,,\ (HZ,) can be nontrivial for i < 0
while m, .\, (a;olHZ) can’t. By similar computation, we see that in this case,
HZ)(G/C) = 2Ly 0 2/p(E ' — D) for 0 < ¢
Tmmng (HLZ)(G/G) = Z(—r) ® Z/p(57" =) for 0 <i < [m].
Ao Uxo Ao

The awkward notation of ulfgl on the denominator is caused by the fact that uy
is only defined for actual representations.

For m = —2, the following picture shows the long exact sequence. It gives an
interpretation of the gap, as the torsion class in dimension —1 is killed, and only
classs in dimension< —3 can survive.

—4 -2 0 2 4 6

Now we start to do Cp2 computation. By Lemma and computation above,
we already know m, , y (HZ) for all n, with names of elements. The first step of
computation is the homotopy orbit spectrum.

i

u
mx(HZy) = Zp*uul ) @ Z/p* (S ufl uf, a20> for m,n € Z and i > 0.

0

Where each p*uf’ u} generates a Z, ;(G/G), while each torsion summand is one
0 1 )
of B, 1(G/G).
We compute two easier cases first:
If m,n > 0, then for computing =
the Tate diagram. First,

HZ), we can start with of

*—mko—n)\l( *—nA\1

T, (HZ,)(G/G) = Z(p*u3,) & Z/p? (5703, 22) for i > 0
A

0
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While
Tonr, (HL)(G/G) = Z(u},) ® Z/pla),uy ") for 0<i<mn

Where each Z generates Z and Z/p generates By, ;.

Therefore, we see that in dimension 2n —nAq, the map HZ, — HZ is Z, ; — Z
which is an isomorphism in G/e-level. And in other dimension this map is trivial.
So

g*_ml(a;olHZ)(G/G) = Z/p(af\lugfi> for0<i<n

7 2 2—1 n ug\o f 0<4
S Z/p™ (X7 ux, —5*) or 0 < j.
ay,
Here all p-torsions are from HZ, and all p?-torsions are from HZ, pulling back by
connecting homomorphism.
Now we can move to 7, ;5 —nx, -
can be read off directly:

Homotopy Mackey functors of homotopy orbit

g

u
Ty mng—nry (HZ)(G/G) = Z(p*uf ul, ) @ Z/p* (7 uf ulf, —52) for i > 0

ay,
And we can compute agolH Z by ay,-periodicity:
T mrg—nns (Ax, HZ)(G/G) = Z/plaZ,a} u ") for 0 <i<mn
u
@Z/p2<271a§”;u§1 aj0> for 0 < j.

Ao

We see that classes of HZ,, in dimension i — mAg — nA; for i > 2(m +n) are killed
by connecting homomorphism. In dimension 2(m + n) — mAg — nA1, there is a
nontrivial extension

02y, >2—By;—0

And connecting homomorphism or extension is trivial in other degrees. The con-
clusion is:

Tw—mAo—nA;

(HZ)(G/G) = Z{uX,uy,) ® Z/p(aé\p%uff@ for0<i<n

® Z/pQ(af.\OuTD_juKJ for0<j<m
Where Z generates Z, Z/p? generates B, ; and Z/p generates B, ;. This is precisely
BB, The following picture describes this long exact sequence for m = 2 and
n=2.

4| o o o
0| e . [¢) o o (¢} [¢) o
0 2 4 6 8 10 12 14

If m,n <0, we also start with m, _,  of the Tate diagram. We know that

Tonn, (HZy)(G/G) :Z<i>@2/p2<z*1 Uy ) for i > 0

[l e
A1 A1 A0
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and
b, ,
Ty—nn, (HZ)(G/G) = Z( ol |> S Z/p(E™ W) for 0 <i < |n|
uy, ay,
Here each Z/p is By ; (G/G).
So we can compute T, 5, (a;olHZ). In w5, ,»,, the map from HZ, to HZ
is Zy 1 — Zg;, and underlies an isomorphism. Therefore it is injective and has

. . 1 Ul .
cokernel B¥ . On torsion classes, generators in HZ,, are ¥~!—20— and those in

Inl i
A1 T

HZ are X! *1 . However, gold relation in Proposition [2.25 tells us
U)\l Cl)\l

[P R SY R
u)\o a/)\l =p a/)\ou/\l
-1 “ixo iv—1 UAAl _ . el s . .
Therefore X mr— sends to p'X mr— = 0, since it is p-torsion and i > 0.
u a
A N A O
Thus, all connecting homomorphism on torsion classes are trivial. So we know that

Y@ Z/p(S! A1> for 0 < i < |n

|n| [n|
Mo “Al ay,

T, (a3, HZ)(G/G) = Z/p

® Z/p*( O, ) forj >0

[n| 3
A D

Moving to = we have

—k— on 77,)\1’
P’ 2 /1 ul ,
E*fm)\()f’n)\l (th)(G/G> = Z< ‘ [n] > S2) Z/p <E o > for >0
u

ml, [l Il s
)\[) )\1 )\0 )\1 )\0

by reading from RO(G)-graded homotopy and

%

_ p Uy .
- ro-on 03 HENG/G) = 2/pta5, £ © Z/p(S 7, ) for 0 <i < [n
)\0 A1 A
J
2/ m u/\o .
© Z/p(al, EIPE; ) for j >0
A1 7o

from ay,-periodicity. By comparing names of elements, we see that under connect-
ing homomorphism, all Z/p? in a;olH Z maps isomorphically into corresponding
Z/p* in HZ;, and in Ton—mhg—ni,» the map E(Ifl — B, ; is nontrivial, with cok-
ernel By ;. All other Z/p in a;ngZ has no target to hit. Therefore we draw the
conclusion:
2 i
_ D 251 YA .

(HD)(G/G) = L) © 2/ (57! i) for 0.<i < [m|

] [l Inl i
>\0 >\1 /\0 /\1 )\0

T —mAo—nAs

o Z/p(E"ta )‘lj ) for 0 < j < |n

O
A DXy

For m = n = —2, the connecting homomorphism is described in the following
picture:



RO(G)-GRADED HOMOTOPY OF HZ 27

0 V| o e}
-8 -6 -4 -2

Remark 4.5. The above computation can be done by cellular method easier than by
Tate diagram, since ST+ with m,n the same sign, has a very simple cellular
structure. However, the Tate diagram method is better at tracking multiplicative
structure, and easier to generalize to more complicated cases.

Before we dive into the case where m,n has different signs, it is helpful to compile
E*(axolHZ) into a single chart. In the following chart we present 7, ;). (a;olHZ),
with horizontal coordinate 7 and vertical coordinate j. We can omit Ay because the
spectrum is ay,-periodic. Generators of Mackey functors are described above.

5/V| e|Oo|e|O|e|O|e]|O o o [¢) o [¢) o [¢) o
e|/O|e|O|@|O o o o o o o o o

3 V| e|O|e|O ¢} o o o o o o o
V|ie|O o o o o o o o o

1 v (¢} ¢} ¢} o ¢} o ¢} o
o o o o o o o o

-1 ° o o o o o o o
. . o o o o o o

-3 . ° . o o o o o
. . . . o o o o

-5 ° . . . . o [} o

-10 -8 -6 -4 -2 0 2 4 6

oo
—
jan}
—
[\
—
B

Now we are ready for the rest of m, (HZ). First we deal with the case m > 0
and n < 0. First, we read from the chart that

%

— m 2 — m u 1 .
L_m/\o_ml(a%lHZ)(G/G) = Z/P<a,\om> ®Z/p(E 1“>\o n/\ —) for 0 <i <|nf
m

In| i

A1 A1 A
J
©Z/p? 0] — Do) for j > 0
PG Tl 5 orJ
uy, @y,
and
2,,m m ,,1
pruy —1 UxUN .
T mrg—nr, (HZp,) = Z<T‘O> S Z/p* (5" ‘;‘ ¢0> fori >0
’U,)\U UAOCLXO

By the same method, we see that in this case, all torsion class in HZ;, are
killed by connecting homomorphism, and in g, 4 ) —mag—na, » there is a nontrivial
extension of forms of Z:

0%2171~>Z%BL1%0
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So we conclude that

uyy ug\l )
E*fm)\gf’n)\l (HZ) = Z< [n > S2) Z/p<a)\0 ‘n > D Z/p< aAo In| ; > for 0 < < ‘nl
Uy, Uy, Uy, @y,
w
m >\0 ;
B Z/p*(ay TIPS ) for0<j<m
PYROW
The connecting homomorphism for m = 2 and n = —2 is described in the chart:
” B Ee) o o
0lVY | e | O [¢) o (¢} [¢)
—4 -2 0 2 4 6

The last case is m < 0 and n > 0. We also start with HZ,, and a;olHZ:

p
sy, (HE)(G/G) = 280 22 0 o) o 0
Uxo Uy, a>\0
and
Ty —mAo—nA1 (agolHZ)(G/G) = Z/p(a;’za)\luzl Z) for0<i<n
®Z/p* (S a uR, ).‘0) for 0 < j

)\0
We see that in this case, all Z/p?-torsion in a;o HZ maps isomorphically into
HZ,,. For Z/p-torsions, gold relation will cause some subtlety. First we assume

n—1

that m < —1,then the Z/p torsion of the highest integer degree is afrax,uy, ,and
m,+1

its target under connecting homomorphism is generated by X! AOTM(H m=—1
0

this element doesn’t exist). Gold relation tells us that
Ax UNg = PANUN,
Therefore the connecting homomorphism in this degree is Z/p 57 /p?, and in terms

of Mackey functor, it is By, — B, ; with cokernel B, ;. For other Z/p-torsions,

similar arguments tells us that the map is Z/p 2z, Z/p?* for i > 1, therefore are
trivial. The last problem is that in o (,, | ) there is a potential extension
ifm+n>0:

—mAg—nA1?
O—>Z11—>?—>301—>0

Z, 1(G/G) is generated by = |m| , while the B ; (G/G) is generated by a’ a/\lmugfj'm.

Ao
Again, by gold relation, if m = —1, this extension is nontrivial, and the middle term
is Zy . If m < —1, the extension is trivial. So we conclude that, if m < —1,

2, n m+1
prux ayy UX,
B —wrgon () = 2 © 2 fp(m 2
Ao 0
@Z/p(af\'ga/\lu;fl B forl<i<n

®Z/p* (5! A, A0) for 0 <4 < |m| —1

Iml i
/\0 )\0
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Where Z is Z, ,(G/G), Z/p(Z*%) is B, o(G/G), all Z/p* are B, ,(G/G)
and all other Z/p are B, ,(G/G).
Ifm=-1,
puy,
’UJ)\U
Where Z is Z; o(G/G) and all Z/p are B, ;(G/G).

Toing—nn, (HZ) = Z{—2) ® Z/p(ay la} ui ) for 1 <i<n

Remark 4.6. When m = —1 andn = 1, we see that St M AH7Z ~ HZLO' It is
predicted by Anderson duality in Theorem[3.17 More generally, Anderson duality
can give an interpretation of the appearance of Z, , for m = —1, see Section .

We also provide pictures for connecting homomorphism in this case. The follow-
ing is for m = -3 and n = 4:

4| o o o o
0| e . . (¢} )
0 2 4 6 8 10
The following is for m = —1 and n = 3
” Be) o
0| e . ) o )
0 2 4 6 8
An Exotic Multiplication. In the above computation, we see that Z%; = p:%ol

(A geometric argument is given in [HHR17a), Proposition 3.3]), that is, the generator
of my,_x, (HZ)(G/G) supports a nontrivial ay,-multiplication:

pux,
Arg—— = ax,
U)\O
2.2
Then if we think about the square of this generator, which deserves the name pu?" ,
A1

then we see that it supports a nontrivial aio—multiplication:

2,2
2 P7UN, o
Ao u X
Ao
p?ul
However, the element —=1, if we characterize as the image of transfer of a generator
o

in G/e-level, will be killed by ay,, by [HHR17b, Lemma 4.2]. Therefore (%)2
0
cannot be in the image of transfer. Notice that myy oy, HZ = By, ; © Z, ;, where
2
pa?l, and it maps to an ay,-tower in a;olHZ.
A0

the torsion class is generated by

2 2.2
LA ST S
a? uZ

g BY)
the summation of p-torsion element and the element in the image of transfer. Notice

Therefore, the only way of avoiding contradiction, is that (ps%)2 =
0

2

that since paaz“ is killed by uy, by gold relation, this exotic multiplication will
2o

only occur in m,,(y,_x,)(HZ) but not other gradings where the Mackey functor is

By, © Z; ;. Summarizing above, we have the following.
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Proposition 4.7.
(pU)\l )= pa% pnugh
UAO a”)’\LO uS\lo
That means, the n-th power of the generator of my _y, (HZ)(G/G) is the summation

of the p-torsion class and p™2-multiple of Tr]fz(l) in the corresponding degree.

After all the work, what we have done is actually describe 7y (HZ)(G/G) as a

ring, therefore describe 7, (HZ) as a RO(G)-graded Green functor. The folllowing
theorem concludes this section.

Theorem 4.8. (1) As a module over BBc ,, my (HZ)(G/G) is
e I[fm,n >0,

Ty —irg—nn (HZ)(G/G) = Z(uFiu},) ® Z/plal, af,ul, ") foro<i<n
® Z/p2<a,§\ouf\i_ju§1> for0<j<m
e [fm=0andn <0,
_ p —1 ugq .
£ (HD)(G/G) = 2Ly @ 2/p(s~ 1 2y for 0 < < |
uy. uy.ak,

e [fm<0andn <0,
2 i

_ Uy .
T mrg—nr, (HZ)(G/G) = Z(w> S Z/p* (S 1W> for 0 <i < |m|
Ao A1 u>\0 u>\1 a)\O
1 uf\
©Z/p(E ay, m lj ) for0<j<|n|
Uy, A
1 1
e Ifm>0andn <0,
HZ) = 2(%%) & 2/pla, ) & Z/p(s ap, — 0<i
ﬂ*—m)\o—nAl( Z) =7 ‘n|> D /p<a)\0 ‘n|> ® Z/p( ax, I ) for 0 <i<|n
Uy, A Uy, Ay,
u}
B Z/p*(ay’ m Oj ) forO<j<m
uyay,
o Ifm=—1andn >0,
pu&l -1 43 ,n—i .
E*+A07RA1(HZ) = Z<Kl> @Z/p<a,\01a>\1u>\1 ) for1<i<n
0

o Ifm< —1andn >0,

2 m+1_n

prus, —1% WX
Toomag-n (HE) = 2= t) © Z/p(5 7 =)
’U,)\O 0
@Z/p<a1;:;az)\lu;l;z> fOT']_ <i1<n
u? ui
OL/p (S TE20)  for 0<i < |m| -1
uy,'ad,

(2) The ring structure of my (HZ)(G/G) is determined by the following:
o Multiplication between elements without desuspension sign is deter-
mined by their names from Tate diagram, with one execption as Propo-

sition [
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o All elements with desuspension sign is a square zero extension of the
above ring.

Proof. We only need to prove the square zero extension part. Assume x,y €
Ti—mo—n, (HZ)(G/G) are elements with desuspension sign. First, if x,y are tor-
sions in m,n < 0, then xy = 0 since all torsions there are in odd dimension. Now
if at least one of x,y is from the part m > 0 and n < 0, then by the module
structure, x = af\ox' and y = a} y', where 2’ and y’ are torsions in m,n < 0,
therefore xy = ai\tjx’y' = 0. If z is from the part where m < —1 and n > 0,
then it is ay,-torsion. However, any torsion in even degree is in the subalgebra
of Z[ufo, ui,ai] /(p*ay,), where no element is killed by ay,. Therefore z kills all
elements in odd degree. [l

Remark 4.9. All p-torsions inw,_(HZ)(G/G) where V an actual representation
or the opposite of one, except the family aklaiouil, are ay, oo-dwisible, and not
ax,-torsion. Therefore they support ay, tower of length oo going both ways. This
phenomenon is not seen in C,. The following figure is m,,\, _3x,+i(HZ), with
horizontal coordinate i, and vertical coordinate m. Black vertical lines indicates
multiplication by ay,. The only exotic multiplication of Proposition in this

figure is in (0, 3).

4| o olelolr| A
4 4 é) /l (Jf o | A
{44
2 b taA
) XD ==
0 [ e
INHRBRONE
9 l l l b 5 O
—4 -2 0 2 4 6 10

4.5. Duality Method.

In this section, we will use Anderson duality and universal coefficient spectral
sequence to compute w4 (HZ), and to present its rich structure. This method is
not perfect: there is a certain ds and extension problem the author does not know
how to solve inside this method, however by comparing to the Tate diagram, we
can resolve these problems easily. Therefore, we will use results from the previous
section freely and this section serves more as an exploration of relations between
7 (HZ) and homological algebra.

As a warm-up, we compute 7y (HZ) for C), by this method.

The starting point is m,(S° A HZ), which is Z concentrated in dimension 0.
Applying Anderson dual to it, we get Iz(HZ) ~ HZ" ~ S* % A HZ by
therefore 7, (S~ A HZ) is concentrated in dimension —2, and is Z*. Now we
apply universal coefficient spectral sequence of Theorem to S™* A HZ. The
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FEs-page is exactly Exté(z*, Z) without any differentials. Thus by Corollary [3.15
we know that

B, i=0
T, (SMANHZ) = Z i=2
0  otherwise

Now we apply Anderson dual again to S* AHZ. Now Iz(S* AHZ) ~ S?> 2 ANHZ
by Lemma [3:10} and by Proposition 2.19] we know that

B =B, i=-3
(ST ANHZ) =] Z* i=—4
0 otherwise

Apply universal coefficient spectral sequence to S —2% A HZ, we have the following
E5 page by Theorem and Corollay|3.15[in Adams index, converging to x;(S 2o A
HZ):

We see that there is no room for differential, and read

B, i=0,2
m(SPANHZ) = Z i=4
0  otherwise

By repeat using Anderson dual and universal coeflicient spectral sequence, we can
compute 74 (HZ). The result is in the following chart, where horizontal coordinate
is copies of 1 and vertical coordinate is copies of A\g. It is essentially a sub-chart
of the chart in [Gre| pp. 6], only consisting of orientable representations, but with
Mackey functor value instead of abelian group value:
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5 N | e o . .
Al ° 3 °
3 N | e .
A .o
1 N
]
—1 o O
o o 0
-3 o . . O
o . . o O
_5 o . . o . O
—10 -8 —6 —4 -2 0 2 4 6 8 10

We can see intuitively in this chart how Anderson duality and universal coef-
ficient spectral sequence are working. Anderson duality is a duality with centre
of symmetry (—1, %) and it rotates the whole chart by 180-degree and change
Mackey functors to their level-wise dual, with a 1 shift on torsion Mackey func-
tors. Universal coefficient spectral sequence is a duality with centre of symmerty
(0,0), but there is a gap of length 3 in Ext, of torsion classes, so after rotation
by 180-degree about the origin, we need to shift all torsion classes by 3. Also, in
the universal coefficient spectral sequence, if the form of Z is not Z itself, it will

produce a nontrivial Ext3 term in duality.

Now we start to compute in Cpe. We will compute m, (S"%2% A HZ), to
compare to previous sections. The starting point is 7, (S™?** A HZ), which can be
read from the chart above by Lemma [3.1

By, i=-3
m(STPMANHL) = § Lo, 0= —4
0 otherwise

Now we apply Anderson duality in Cp2 to it. By the standard short exact sequence
argument, we compute , (S™0F2A A HZ):

Bo,l i=0
L‘(SiAOHAl NHZ) = ZI,O i=2
0 otherwise

The next step is applying universal coefficient spectral sequence to
m, (ST F2M A HZ). We get a spectral sequence convergent to m, (S ~2* A HZ)
with Es-page
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As we can see, there is a potential d3 from Z in (-2,0) to By, in (-3,3).
“20 exist for

7
uN

However, by computation from Tate diagram method, we know that

1
all n > 0, so the generator of Z(G/G) is a permanent cycle, therefore dg is trivial.
So our conclusion is the following:

BY, i=-4
m (ST AHZ) = %0’1 i _ :3
6 otherwise

We can therefore apply Anderson duality and universal coefficient spectral sequence
repeatedly to compute r, (8™ *2*). Since Z% exist for all n > 0, all potential dg
A1

are trivial in this situation. The following two charts shows ,,5 1o, +m(HZ) and
Tng—20, +m (HZ), the horizontal coordinate is m and the vertical coordinate is 7.

Notice that Anderson duality and universal coefficient spectral sequence are p-
resenting two kinds of duality between these two charts. We should think of these
two charts as two 2 dimensional slices in a 3 dimensional chart, since our indexing
group is free of rank 3.

Tmag—2, ++H Z. Horizontal coordinate is * and vertical coordinate is m.

4 o e} [e] °

o—{1]

| o——o—{]
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Moo +2, ++ HZ. Horizontal coordinate is x and the vertical coordinate is m.

@ o T .
1 7 °
Al °
~1 vt O
YLl |9
-3 Pt 9] [g
NI INE
-5 v oo ¢ b b & 0
-8 —6 —4 -2 0 2 6

5. G = Cpn FOR n > 2

For n > 2, all methods above only works partially. Cellular method becomes
hard to compute, since we need to compare more spectral sequences, and compar-
ison cannot guarantee the result. In cofibre of a method, there will be potential
connecting homomorphisms which cannot be resolved by a,-multiplication. In Tate
diagram method, the only problem is that when we compute m,(SV A a;olH Z) for
those V' without Ay, there might be nontrivial extension of Z-modules which the
author cannot resolve. In duality method, the main problem is that we have no
direct argument for the possible d3 and extension between filtration 3 and 2.

However, some very interesting phenomenon can be seen in attempt to answer
the following question: ”Fix G = Cpn, Given two actual representation Vi, Vs,

what's the smallest k such that 2" is defined in T4 (HZ)?" In the case of Cp2
we have the following from Section [4 i

Proposition 5.1. For G = Cp

j
Zf exist for all t > 0. Therefore Zfo exists for all i,7 > 0.
A1 A1

=

)
(2) # eaist for alli > 1 and cannot be divided by p.
A1
(3) B4 emists and cannot be divided by p.
2 1
(4) I]JA exist for all 1 < 0 and j > 2 and cannot be divided by p.
WX

0

When the order of group becomes larger, the answer is still computable, but
becomes more complicated. For example, in general, the following proposition
gives a first look at this complexity:

Proposition 5.2. For G = Cpn,
(1) Ziﬂ exists if ko < ky.
k

1
n—k—2
(2) 2% exists for i > 2 and are not divisible by p.

u’
Ak+1

Proof. (1) By Theorem we know S 10 A HZ ~ HM for M a form
of Z. Therefore, the universal coefficient spectral sequence convergent to
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m, (SMo =M1 A HZ) collapses at Es-page, and the corresponding form of Z
is Ext)(M,Z) = Z. Therefore Zizo exists.
We can assume k = 0, since if k 1> 0 we can compute inside the quotient
group Cpn /Cpr and A, on Cyn is Ag on Cpn /Cpr. We use Tate diagram of
7 in this proof.

Consider the map m, (S~ A HZ,) — w,.(S™" A HZ). When
*=—2i+1,themapis B, ; ; — By, ;. On G/G-level, the source is

UNg 1

generated by £71 oo and the target is generated by ¥~!'—~L—. So by
0%,

—.
ax; Uy,

.....

gold relation, this map on G /G-level is multiplication by p:Z/p" LN Z/pn L.
. n—2
Therefore 7_,; (S~ /\a;\olHZ) (G/G) = 7/ (p?) is generated by Z—220

k2
ax; Uy,

Therefore, when we shift to S* =1 in dimension —2i + 2 and G/G-level,
the Tate diagram gives the following:

7 —— E72i+2(s>\0_i)\1 A HZ)(G/G) - Z/(p2)

-, S

Z : Z Z/(p")

IR

The bottom extension force the top extension to be nontrivial, with the

n—2
middle vertical map Z 25 7. Since we know in H Zh, the corresponding
generator is Zfo, the generator of T_,;, ,(S* = A HZ)(G/G) should be

A1

Uy
A

O

6. HOMOLOGICAL ALGEBRA OF Z-MODULES

As we see, homological algebra of Z-modules appears to be very different from the

classical homological algebra. Computation in previous sections can be interpreted
as RO(G)-graded homological algebra MZ* (Z,Z). From a more classical point of
view, w4, HZ tells us a lot about Euxt, which is more difficult to compute using
projective or injective resolutions.

Theorem 6.1. Let M, N be two forms of Z, such that HM ~ SY* A HZ and
HN ~ SV2 A HZ (See Theorem , then M%(M,ﬂ) ~r (SV2"Vi AHZ)

Proof. By Corollary we have

Eaty(M,N) = n_,(Hompz(HM, HN))
~ 7 (Hompz(SY* NHZ,SY> N HZ))
~n_, (27" AHZ)

O
Example 6.2. If G = C)2,
Z 1=0
MZ(ZLO’ZOJ) = IB%; i—=9

0 otherwise
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Proof. Since Z, o ~ S~ ™ A HZ and Zy ; ~ S***' A HZ, by the above theorem,
Exty(Zy o, Zy,) = m, (S22 A HZ). And 7, (S*~2M1+2 A HZ) is computed in
Section 0
Remark 6.3. This example shows something counter-intuitive: There is a non-
trivial extension of Z-modules
OHZOJ%M%ZLO*}O
However, in Cp, by similar computation,
Euty(Zy,Z,) = Exty(Zy,Zy) =0

So, if we only look at adjacent parts of M, it splits. Such an extension can be
constructed as follows:
Let M be the Z-module with Lewis diagram

YASY/

(]

YASY/
DL

We call generators of Z&Z in Cpz /Cpi-level a; and by for 0 < i < 2, then restrictions
and transfers are defined as follows:

Resgz(az) = pay, 36852 (b2) = a1 + b T7"£2 (a1) = ag, Tng (b1) = —ag + pby
Resl(a1) = ag, Resy(b1) = ap+pby  Tr7(ao) = pay, Tr}(bo) = —a1 + by

Now, ZO,I — M maps generator in each Z to the corresponding a; and M — ZI,O
maps a; to 0 and b; to generators in each level. Now, we try to construct a section
Zy o — M. We start with Cy2 [e-level, by sending 1 to tag+by for somet € Z. This
forces 1 in Cp2 /Cp-level going to (tp — 1)ai + by, and therefore p in Cp2/C)2-level
goes to (tp — 2)as + pba. But this element is not divisible by p if p > 2. So the
section cannot exist.

The following theorem says that we can exchange two variables of Ext; via
Anderson duality, when they both are torsion.

Theorem 6.4. Let M and N be Z-modules that M (G/e) and N(G/e) are torsion,
then Exty(M,N") = Ext;(M", N).

Proof. Since both M and N are torsion by Lemm we know that I(HM) =
Y 1HMP and Iz(HN) = S~'H(N¥). Therefore,
Hompz(HM,HN®) = Hompz(HM, % (I;(HN)))
=~ S Homz(HM, Iz(HN))
=~ Y1, (HMUOzHN)
=~ S I, (HNOZHM)
=~ S Homyz(HN, I;(HM))
=~ Hompug(HN, HM")
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