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Abstract—Bott’s periodicity theorem is applied to calculate higher-order differentials of the Adams
spectral sequence of homotopy groups π∗(SO). The resulting formulas are used to find higher-order
differentials of the Adams spectral sequence of homotopy groups of spheres.
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One of the main methods for calculating homotopy groups of topological spaces, including those of
spheres, is based on spectral sequences. The first such sequence was constructed by Adams in [1]. It
converges to the stable homotopy groups of a topological space, and its initial term is expressed in terms
of the Steenrod algebra and the homology of this space. Later, Massey with Peterson [2] and Bousfield
with Kan [3] constructed instable analogs of the Adams spectral sequence converging to homotopy
groups of a topological space.

The initial term E1 of these spectral sequences is described by using the algebra Λ [4]. This is the
differential graded algebra defined by generators λi of dimension i ≥ 0 and the relations

λ2i+n+1λi =
∑

j

(
n − j − 1

j

)
λ2i+j+1λi+n−j.

Here and in what follows, we assume the base ring to be the field Z/2.
As a graded module, the algebra Λ is generated by admissible sequences λi1 . . . λik , that is, by

sequences with i1 ≤ 2i2, . . . , ik−1 ≤ 2ik .
At the generators, the differential is defined by

d(λi) =
∑

j

(
i − j

j

)
λj−1λi−j.

The algebra Λ is isomorphic to the term E1 of the Adams spectral sequence of stable homotopy
groups of spheres, and its homology with respect to the differential d is isomorphic to the term E2 of this
sequence.

For the graded module M , let Λ(M) denote the submodule of the tensor product Λ ⊗ M generated
by all elements of the form λi1 . . . λik ⊗ xn, where xn is the n-dimensional generator in M and λi1 . . . λik
is an admissible sequence with ik < n.

A graded module M is called a Λ-comodule if a map ϕ : M → Λ(M) reducing dimension by one and
satisfying the relation d(ϕ) + ϕ ∪ ϕ = 0 is defined.

For a Λ-comodule M , we can define a new differential dϕ on Λ(M) by setting dϕ = d + ϕ∩. We
denote the corresponding complex by Λϕ(M).
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BOTT’S PERIODICITY THEOREM 711

In [2], Massey and Peterson proved that if the homology of a simply connected topological space
is isomorphic to the exterior algebra over the graded module M , then there is a spectral sequence
converging to the homotopy groups of this space whose term E1 is isomorphic to Λ(M). Moreover, the
Steenrod operations on the homology of a topological space determine the structure of a Λ-comodule
on M , for which the homology of the complex Λϕ(M) is isomorphic to the term E2 of the spectral
sequence.

In particular, the homology of the n-sphere Sn have the trivial structure of a Λ-comodule; therefore,
the homology of the complex Λ(Sn) is isomorphic to the term E2 of the Adams spectral sequence of
homotopy groups of the n-spheres.

The problem of finding higher-order differentials of the Adams spectral sequence is extremely difficult.
It has been attacked by both geometric and algebraic methods. Initially, higher-order differentials
were determined geometrically by means of higher-order homology operations on the homology of
the topological space under consideration [5]. However, the geometric construction of higher-order
homology operations is very complicated and can be used for calculations only in certain special cases.

The other, algebraic, way consists in employing the structure of a E∞-coalgebra, which exists on
the homology of a topological space. In [6], it was shown that this structure determines the weak
homotopy type of a topological space and can be used for calculating higher-order differentials of the
Adams spectral sequence. Moreover, by using this structure, we can define a differential d̃ on Λ(M) so
that it complements the differential dϕ and the homology with respect to it is isomorphic to the term E∞

of the Adams spectral sequence. On this basis, in [7], [8], some calculations were performed; however,
this way involves serious difficulties as well, which prevent the calculations from being completed.

Although the problem of finding higher-order differentials of the Adams spectral sequence has not
been solved so far, it is possible to completely calculate the homotopy groups of some topological spaces.
Such spaces include the classical topological groups SO, U , and Sp; calculations for these groups use
Bott’s periodicity [9] and yield

πi(SO) ∼= πi+8(SO), πi(U) ∼= πi+2(U), πi(Sp) ∼= πi+8(Sp).

These groups are interesting in that their homotopy groups are calculated without applying the
Adams spectral sequence. Moreover, the attempts to calculate homotopy groups for them by using the
Adams spectral sequence were unsuccessful. Thus, so far, the terms E2 of the corresponding spectral
sequences have not been calculated, much less the higher-order differentials.

In this paper, we apply Bott’s periodicity to calculate the higher-order differentials of the Adams
spectral sequence for the homotopy groups π∗(SO) and use the resulting formula to determine the
higher-order differentials of the Adams spectral sequence of homotopy groups of spheres.

Recall [10] that the homology H∗(SO) of the special orthogonal group SO is isomorphic to the
exterior algebra over a graded module X generated by elements xn of dimension n ≥ 1. Moreover,
the graded module X itself is the homology module of the real projective space RP∞. The homology
H∗(U) of the unitary group U is isomorphic to the exterior algebra over a graded module Y generated by
elements y2n−1 with n ≥ 1 of dimension 2n− 1. The homology H∗(SU) of the special unitary group SU
is isomorphic to the exterior algebra over a graded module Y ′ generated by elements y2n+1 with n ≥ 1
of dimension 2n + 1. The homology H∗(Sp) of the symplectic group Sp is isomorphic to the exterior
algebra over a graded module Z generated by elements z4n−1 with n ≥ 1 of dimension 4n − 1.

It follows from the above considerations that, for the homotopy groups π∗(SO), π∗(U), and π∗(Sp),
there arise spectral sequences whose initial terms are isomorphic to the complexes Λ(X), Λ(Y ), and
Λ(Z), respectively. At the generators xn ∈ X, y2n−1 ∈ Y , and z4n−1 ∈ Z, the differential dϕ is defined
by

dϕ(xn) =
∑

i

(
n − i

i

)
λi−1xn−i,

dϕ(y2n−1) =
∑

i

(
2n − 1 − i

i

)
λi−1y2n−1−i =

∑

i

(
n − i − 1

i

)
λ2i−1y2(n−i)−1,
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dϕ(z4n−1) =
∑

i

(
4n − 1 − i

i

)
λi−1z4n−1−i =

∑

i

(
n − i − 1

i

)
λ4i−1z4(n−i)−1.

Moreover, in the complexes Λ(X), Λ(Y ), and Λ(Z), new differentials d̃ can be introduced so that
the homology with respect to these differentials are isomorphic to the terms E∞ of the corresponding
Adams spectral sequences.

There is a relationship between the groups π∗(SO) and the stable homotopy groups of the spheres σ∗,
which comes from the J-homomorphism J : π∗(SO) → σ∗ [4]. On the term E1 of the Adams spectral
sequence, J is defined by

J(λi1 . . . λik ⊗ xn) = λi1 . . . λikλn;

in particular, J(xn) = λn.

This implies that, in order to calculate the differential d̃ at the elements λn of the complex Λ, it
sufficient to evaluate it at the elements xn ∈ X = H∗(RP∞) of the complex Λ(X).

Proposition 1. If the topological space under consideration is the special orthogonal group
SO, then the differential d̃ on Λ(X) can be defined so that the higher-order differentials at the
elements x2m and x4m+1 vanish.

PROOF. First, let us show that the differential d̃ can be chosen so that the higher-order differentials
at the elements x2m vanish.

Let d̃ be a differential on Λ(X) such that the homology with respect to d̃ is isomorphic to the homotopy
groups π∗(SO). We determine a differential d′ on Λ(X) by setting

d′(λi1 . . . λik ⊗ xn) =

{
λi1 . . . λikλm−1 ⊗ xm, n = 2m,

0, n = 2m − 1.

It is easy to see that the homology of Λ′(X) with respect to this differential is generated by the
elements λi1 . . . λik ⊗ x2m−1, where λi1 . . . λik is an admissible sequence with ik < 2m − 2.

There is a chain equivalence between the complex Λ(X) with differential d′ and the graded module
Λ′(X) considered as a complex with zero differential. The corresponding maps

ξ′ : Λ′(X) → Λ(X) and η′ : Λ(X) → Λ′(X)

and the homotopy h′ : Λ(X) → Λ(X) are defined by

ξ′(λi1 . . . λik ⊗ x2m−1) = λi1 . . . λik ⊗ x2m−1,

η′(λi1 . . . λik ⊗ xn) =

{
λi1 . . . λik ⊗ xn, n = 2m − 1,
0, n = 2m,

h′(λi1 . . . λik−1
λik ⊗ xn) =

{
λi1 . . . λik−1

⊗ x2n, ik = n − 1,
0, ik < n − 1.

It follows from perturbation theory [11] that, on Λ′(X), we can define a differential d̃′, maps

ξ̃′ : Λ′(X) → Λ(X) and η̃ ′ : Λ(X) → Λ′(X),

and a homotopy h̃′ : Λ(X) → Λ(X) so that the complex Λ′(X) with this differential is chain equivalent
to the complex Λ(X) with differential d̃:

d̃′ = η′tξ′ + η′th′tξ′ + η′th′th′tξ′ + · · · ,

ξ̃′ = ξ′ + h′tξ′ + h′th′tξ′ + · · · ,
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η̃ ′ = η′ + η′th′ + η′th′th′ + · · · ,

h̃′ = h′ + h′th′ + h′th′th′ + · · · ,

where t = d̃ − d′.
Let us define a differential d̂′ on Λ(X) by setting

d̂′ = d′ + ξ′d̃′η′.

A direct calculation shows that d̂′ is a differential on Λ(X) whose higher-order components vanish at
the elements x2m.

The next step is to correct the differential d̂′ so that its higher-order components vanish at the
elements x4m+1 too.

Let us define a differential d′′ on Λ′(X) by setting

d′′(λi1 . . . λik ⊗ xn) =

{
λi1 . . . λikλ2m−1 ⊗ x2m+1, n = 4m + 1,
0, n = 4m + 3.

It is easy to see that the homology of Λ′′(X) with respect to this differential is generated by the
elements λi1 . . . λik ⊗ x4m+3, where λi1 . . . λik is an admissible sequence with ik < 4m + 1.

There is a chain equivalence between the complex Λ′(X) with differential d′′ and the graded module
Λ′′(X) considered as a complex with zero differential. The corresponding maps

ξ′′ : Λ′′(X) → Λ′(X) and η′′ : Λ′(X) → Λ′′(X)

and the homotopy h′′ : Λ′(X) → Λ′(X) are defined by

ξ′′(λi1 . . . λik ⊗ x4m+3) = λi1 . . . λik ⊗ x4m+3,

η′′(λi1 . . . λik ⊗ xn) =

{
λi1 . . . λik ⊗ xn, n = 4m + 3,
0, n = 4m + 1,

h′′(λi1 . . . λik−1
λik ⊗ x2n+1) =

{
λi1 . . . λik−1

⊗ x4n+1, ik = 2n − 1,
0, ik < 2n − 1.

It follows from perturbation theory [11] that, on Λ′′(X), we can define a differential d̃′′, maps

ξ̃′′ : Λ′′(X) → Λ′(X) and η̃ ′′ : Λ′(X) → Λ′′(X),

and a homotopy h̃′′ : Λ′(X) → Λ′(X) so that the complex Λ′′(X) with this differential is chain equivalent
to the complex Λ′(X) with differential d̃′.

Expressions for d̃′′, ξ̃′′, η̃ ′′, and h̃′′ are similar to the corresponding expressions for d̃′, ξ̃′, η̃ ′, and h̃′.

Let us define a differential d̂ on Λ(X) by setting

d̂ = d′ + ξ′d′′η′ + ξ′ξ′′d̃′′η′′η′.

A direct verification shows that d̂ is the required differential on Λ(X).
Let us find the consequences of Bott’s periodicity πi(U) ∼= πi(Ω2SU) for the term E1 and the

differentials of the Adams spectral sequence. First, we calculate the homology H∗(Ω2SU).
Recall that if the homology of a simply connected space is isomorphic to the exterior algebra over

a graded module M on which comultiplication is trivial, then the homology of the loop space over this
space is isomorphic to the polynomial algebra over the desuspension S−1M [5].

This implies, in particular, that the homology H∗(ΩSU) of the loop space over the special unitary
group is isomorphic to the polynomial algebra with generators x2n = s−1y2n+1 of dimension 2n.

To calculate the homology H∗(Ω2SU) of the double loop space over SU , we represent the polynomial
algebra with generators x2n as the exterior algebra with generators x2k

2n.
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On the elements x2n, comultiplication is not trivial; it is defined by

∇(x2k

2n) =
∑

i

x2k

2i ⊗ x2k

2(n−i).

Considering the spectral sequence for the homology H∗(Ω2SU), we see that the term E1 of
this spectral sequence is isomorphic to the polynomial algebra with generators s−1(x2k

2n). It can be
represented as the exterior algebra with generators (s−1(x2k

2n))2
i

as well.
The differential d1 on the generators is defined by

d1(s−1(x2k

2n)) =

{
(s−1(x2k

n ))2, n = 2i,
0, n = 2i + 1.

This implies that the term E2 of the spectral sequence is isomorphic to the exterior algebra with
generators s−1(x2k

4i+2). Moreover, since the higher-order differentials of this spectral sequence vanish,
the homology H∗(Ω2SU) is isomorphic to this exterior algebra.

Thus, the following assertion is valid.

Proposition 2. The term E1 of the spectral sequence for the homology H∗(Ω2SU) is isomorphic
to the exterior algebra with generators (s−1(x2k

2n))2
i
. The homology itself is isomorphic to the

exterior algebra with generators s−1(x2k

4i+2).

Note that any odd positive integer 2n − 1 has a unique representation in the form 2k(4i + 2) − 1;
hence there is a one-to-one correspondence between the generators y2n−1 of the homology H∗(U) and
the generators s−1(x2k

4i+2) of the homology H∗(Ω2SU).

This correspondence generates a homology isomorphism H∗(U) ∼= H∗(Ω2SU). Bott showed in [9]
that it induces a continuous map U → Ω2SU and, therefore, induces an isomorphism of homotopy
groups

π∗(U) → π∗(Ω2SU) ∼= π∗+2(U);

the latter implies the periodicity of the homotopy groups π∗(U).
Let us rewrite the generators of the homology H∗(Ω2SU) specified above by using elements of the

Dyer–Lashof algebra acting on the homology of the iterated loop spaces [12].
Recall that the Dyer–Lashof algebra R is defined by generators Qi of dimension i ≥ 0 and relations

Q2i+n+1Qi =
∑

j

(
n − j − 1

j

)
Q2i+j+1Qi+n−j.

As a graded module, the Dyer–Lashof algebra is generated by admissible sequences Qi1 . . . Qik

(“admissible” means that i1 ≤ 2i2, . . . , ik−1 ≤ 2ik).
Recall that the redundancy of an admissible sequence Qi1 . . . Qik is defined as i1 − · · · − ik.
For a graded module M , let R(M) denote the submodule R ⊗ M generated by all elements of the

form Qi1 . . . Qik ⊗ xn, where xn is the n-dimensional generator of M and Qi1 . . . Qik is an admissible
sequence with redundancy at least n. By Rm(M) we denote the submodule R(M) generated by
elements of the same form for which ik < n + m.

The generators of the term E1 of the spectral sequence for the homology H∗(Ω2SU) determined
above can be rewritten in the form

s−1(x2k

2n) = Q2kn . . . Q2n ⊗ s−2y2n+1,

(s−1(x2n))2
i
= Q2in−2i−1

. . . Q2n−1 ⊗ s−2y2n+1,

(s−1(x2k

2n))2
i
= Q2k+in−2i−1

. . . Q2k+1n−1Q2kn . . . Q2n ⊗ s−2y2n+1.
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At the generators, the differential is defined by

d(Q2kn . . . Q2n ⊗ s−2y2n+1) =

{
(Q2ki . . . Q2i ⊗ s−2y2i+1)2, n = 2i,
0, n = 2i + 1.

For the generators of the homology H∗(Ω2SU), we have

s−1(x2k

4m+2) = s−1Q2k−1(4m+2) . . . Q4m+2 ⊗ s−1y4m+3.

Thus, Proposition 2 can be reformulated as follows.

Proposition 2′. The term E1 of the spectral sequence for the homology H∗(Ω2SU) is isomorphic
to the exterior algebra over the module R2(S−2Y ). The homology itself is isomorphic to the
exterior algebra over the module S−1R1(S−1Z).

Let us rewrite the generators found above in terms of elements algebra of the Λ. Recall that the
redundancy of an admissible sequence λi1 . . . λik is the number i1 − · · · − ik. Let Λm(M) denote the
submodule Λ(M) generated by the elements λi1 . . . λik ⊗ xn, where xn is the n-dimensional generator
of M and λi1 . . . λik is an admissible sequence with redundancy at least n − m.

The algebras R and Λ isomorphic; the elements Qi of the algebra R correspond to the elements λi of
the algebra Λ. For the graded module M and m ≥ 1, this correspondence determines an isomorphism

R(S−mM) ∼= S−mΛm(M).

The generators of the term E1 of the spectral sequence for the homology H∗(Ω2SU) specified above
can be rewritten as

s−1(x2k

2n) = s−2λ2kn . . . λ2n ⊗ y2n+1,

(s−1(x2n))2
i
= s−2λ2in−2i−1 . . . λ2n−1 ⊗ y2n+1,

(s−1(x2k

2n))2
i
= s−2λ2k+in−2i−1 . . . λ2k+1n−1λ2knλ2n ⊗ y2n+1.

For the generators of the homology H∗(Ω2SU), we have

s−1(x2k

4m+2) = s−2λ2k−1(4m+2) . . . λ4m+2 ⊗ y4m+3.

Thus, Proposition 2′ can be reformulated as follows.

Proposition 2′′. The term E1 of the spectral sequence for the homology H∗(Ω2SU) is isomorphic
to the exterior algebra over the module S−2Λ2(Y ). The homology H∗(Ω2SU) itself is isomorphic
to the exterior algebra over the module S−2Λ1(Z).

The isomorphism H∗(U) → H∗(Ω2SU) induces the map

f : Λ(Y ) → Λ(S−2Λ2(Y ))

defined at the generators by

f(λi1 . . . λik ⊗ y4m+1) = λi1 . . . λik ⊗ s−2y4m+3,

f(λi1 . . . λik ⊗ y2k(2m+1)−1) = λi1 . . . λik ⊗ s−2λ2k−1(2m+1) . . . λ2(2m+1) ⊗ y4m+3.

Note that, for the graded module M and m ≥ 1, there is an isomorphism

gm : Λ(S−mΛm(M)) ∼= S−mΛ(M),

which is defined at the generators by

gm(λi1 . . . λiks−mλj1 . . . λjl
⊗ xn) = s−mλi1 . . . λikλj1 . . . λjl

⊗ xn.

This implies the following assertion.
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Proposition 3. The map ν : Λ(Y ) → Λ(Y ), which increases dimension by two, is the composition
of the maps f and g2 and the double suspension and defined at the generators by

ν(λi1 . . . λik ⊗ y4m+1) = λi1 . . . λik ⊗ y4m+3,

ν(λi1 . . . λik ⊗ y2k(2m+1)−1) = λi1 . . . λikλ2k−1(2m+1) . . . λ2(2m+1) ⊗ y4m+3,

commutes with the differentials and induces an isomorphism of the spectral sequences of the
homotopy groups π∗(U) and π∗+2(U).

Summarizing the above considerations, we obtain the following theorem.

Theorem. The differential on the complex Λ(X), where X = H∗(RP∞), the homology with respect
to which is isomorphic to the term E∞ for the homotopy groups π∗(SO), can be chosen so that
the higher-order differentials δ vanish at the generator x2m and x4m+1 and are defined by

δ(x4m+3) =
∑

i≥0

(
m − i − 1

i

)
λ4i+1ν(x4(m−i)−1),

where

ν(x2k(2l+1)−1) = λ2k−1(2l+1) . . . λ2(2l+1)x4l+3,

at the generators x4m+3.

Proof. By Proposition 1, the differential d̃ on Λ(X) can be chosen so that the higher-order differentials δ
vanish at the generators x2m and x4m+1. The generators x4m+3 are the images of x4m+1 under the map ν
defined by ν(x4m+1) = x4m+3. Since the map ν commutes with the differentials, it follows that

d̃(x4m+3) = ν(d(x4m+1)) =
∑

i

(
2m − i

i

)
λ2i−1ν(x4m−2i+1).

Moreover, if i is even, then ν(x4m−2i+1) = x4m−2i+3. The corresponding terms are components of the
differential d1 and do not give values of the higher-order differentials δ. Discarding these terms, we
obtain the sum

∑

i

(
2m − 2i − 1

2i + 1

)
λ4i+1ν(x4(m−i)−1) =

∑

i

(
m − i − 1

i

)
λ4i+1ν(x4(m−i)−1).

Using the formulas for the map ν from Proposition 3, we finally obtain the required expression for the
higher differentials δ.

Corollary. The differential on the algebra Λ with respect to which the homology is isomorphic to
the term E∞ for the stable homotopy groups of spheres can be chosen so that the higher-order
differentials δ vanish at the generators λ2m and λ4m+1 and are defined by

δ(λ4m+3) =
∑

i≥0

(
m − i − 1

i

)
λ4i+1ν(λ4(m−i)−1),

where

ν(λ2k(2l+1)−1) = λ2k−1(2l+1) . . . λ2(2l+1)λ4l+3,

at the generators λ4m+3.

In particular,

δ(λ7) = λ1λ2λ3, δ(λ11) = λ1λ4λ2λ3, δ(λ15) = λ1λ6λ7 + λ5λ4λ2λ3.
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