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We construct spectral sequences for computing the cohomology of automorphism
groups of formal groups equipped with additional endomorphisms given by a p—adic
number ring. We then compute the cohomology of the group of automorphisms of
a height four formal group law which commute with additional endomorphisms of
the group law by the ring of integers in the field Q,(,/p) for primes p > 5. This
automorphism group is a large profinite subgroup of the height four strict Morava
stabilizer group. The group cohomology of this group of automorphisms turns out
to have cohomological dimension 8 and total rank 80. We then run the K(4)-local
E4—Adams spectral sequence to compute the homotopy groups of the homotopy
fixed-point spectrum of this group’s action on the Lubin—Tate/Morava spectrum Ejy.
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1 Introduction

This paper is intended as a companion and sequel to [20]. In J P May’s thesis [9], he
used the results of Milnor and Moore’s paper [13] to set up spectral sequences for
computing the cohomology of the Steenrod algebra, the input for the classical Adams
spectral sequence; in Chapter 6 of [17], Ravenel adapts May’s spectral sequences for the
purpose of computing the cohomology of automorphism groups of formal group laws,
ie Morava stabilizer groups, which are the input for various spectral sequence methods
for computing stable homotopy groups of spheres and Bousfield localizations of various
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2142 Andrew Salch

spectra. Here we adapt Ravenel’s tools to the task of computing the cohomology of
automorphism groups of formal group laws with additional endomorphisms' by a
p—adic number ring A, ie formal A-modules. We show (Theorem 5.1) that these
automorphism groups are closed subgroups of the Morava stabilizer groups, so that
the machinery of Devinatz and Hopkins [4] can be used to construct and compute
the homotopy fixed-point spectra of the action of these automorphism groups on
Lubin-Tate/Morava E —theory spectra; and then, most importantly, we actually use
all this machinery to do some nontrivial computations: in Theorem 4.5, we compute
the cohomology of the group scheme strAut(lGIZ/”Z[m) of strict automorphisms of a
height four formal group law which commute with “complex multiplication” by the
ring of integers in the field Q,(,/p) for primes p > 5. This is an eight-dimensional
pro-p—subgroup of the sixteen-dimensional height four strict Morava stabilizer group
scheme. The group cohomology

H*(strAut(; GIZ/”z[m); Fp)

turns out to have cohomological dimension 8, total rank 80 and Poincaré series
A+ 9)* A +352 +5%) =1 +45 +95% 4 165> +205* +165° + 955 + 457 + 58,

We then run the descent/ K(4)—local E4—Adams spectral sequence to compute the ho-
motopy groups of the homotopy fixed-point spectrum E ff A”t(lGlzfz[ﬁ]®Fn Fp)xGal(k/Fp)
smashed with the Smith-Toda complex V(3) (which exists, since we are still assuming
that p > 5). The computation is Theorem 5.2; see the statement of Theorem 5.2 for
a presentation of the homotopy groups of that spectrum, or Corollary 5.3 for just its

Poincaré series.

Part of the appeal of Theorem 5.2, the main result of this paper, is that it is one of
extremely few calculations of v4—periodic homotopy groups which have ever been
made. Beyond that, deeper v4—periodic calculations can be made by building upon
Theorem 5.2; in particular, see our [19] for some applications of the computations in
this paper as input for further, more difficult computations which eventually arrive at
the cohomology of the height four Morava stabilizer group scheme at primes p > 7.

The computations in Section 4 appeared already in the (unpublished, and not submitted
for publication) announcement [19]; any version of that announcement which is ever
ISometimes one says that formal 4—-modules are “formal group laws with complex multiplication by A”,
but this terminology is ambiguous, since the theory of complex multiplication on abelian varieties really

demands that the ring A have as large a rank as possible given the dimension of the abelian variety, a
restriction whose analogue for formal group laws we do not make in this paper.
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submitted for journal publication will feature at most only an abbreviated version of
these computations, with the idea that the complete versions are those provided here.

This paper benefited from insightful suggestions of its anonymous referee, and I am
grateful to the referee for this. I am also grateful to J Greenlees for his editorial help,
and also for his patience, as well as the referee’s.

Conventions 1.1 In this paper, all formal groups and formal modules are implicitly
assumed to be one-dimensional and commutative.

“Formal group” is used to mean “formal group law”, ie a power series satisfying appro-
priate associativity, commutativity, unitality and inverse axioms, as in Hazewinkel [5]
or Ravenel [17]. We do not mean “formal group” in the coordinate-free sense, ie a
group structure on the formal affine line Al asin Smithling [21]. Similarly, our formal
modules all have chosen coordinates, ie they are given by formal power series data.
(The difference between the “coordinate-free” and “coordinate-chosen” definitions is,
of course, simply a choice of power series generator for the ring of global sections
of A!. The statements of the computational results in this paper apply equally well to
formal modules in the coordinate-free sense, although some of the proofs only make
sense after a choice of coordinate.)

Whenever G is a formal group or a formal module over a field k, we will write
Aut(G) for the automorphism group scheme of G, ie Aut(G) is the functor from
commutative k—algebras to groups which sends a k—algebra A to the automorphism
group of G ®j A. For emphasis: our notation Aut(G) designates a group scheme, not
a group. Similarly, strAut(G) is the group scheme of strict automorphisms of G, ie
strAut(G): Comm Alg(k) — Groups sends A to the subgroup of Aut(G)(A) consist-
ing of those automorphisms which are given by formal power series in A[X] which
are congruent to X modulo X 2. In particular, when G is p—typical, strAut(G) is
corepresented by the Hopf algebra k ® pp, BP« BP ® pp, k , where k is a BPy—module
via the classifying map BPx — k of G. In the special case in which BPx — I, sends
vp to 1 and sends v; to 0 if i # n, strAut(G) is corepresented by the Morava stabilizer
algebra X (n), as in Section 6.2 of [17].

The notation k[strAut(G)]* then refers to the commutative Hopf algebra of functions
on the group scheme strAut(G); see Waterhouse [22] for a textbook treatment.

It is well known (see eg Theorem 6.2.3 of [17]) that, if k is finite, then Aut(G) and
strAut(G) are pro-étale; that is, after a separable base change, they become pro-constant.
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Hence Aut(G ® k) and strAut(G ®y, k) are k —linear duals of honest profinite groups.
This point is discussed more at the start of Section 5. The cohomological consequences
of Aut(G) being a group scheme and not a group are rather slight: see the proof of
Theorem 5.2 for an easy Galois descent argument which lets us pass between the
cohomology of the group scheme Aut(G) and the continuous group cohomology of
the automorphism group of G ®j, k.

Throughout, we will use Hazewinkel’s generators for BP, (and, more generally, for the
classifying ring V4 of A-typical formal A—-modules, where A is a discrete valuation

ring).

By a “p—adic number field” we mean a finite field extension of the p—adic rationals Q,
for some prime p.

When a ground field & is understood from context, we will write A(xq,...,x,) for
the exterior/Grassmann k —algebra with generators xi, ..., Xp.

Given a field k, we write k{x1, ..., x,} for the abelian Lie algebra over k with basis
X] ) .Xn .

When L is arestricted Lie algebra over a field & and M is a module over the restricted
enveloping algebra VL, we write H,: (L, M) for restricted Lie algebra cohomology,
ie He (L, M)=Ext},; (k, M), and we write H} (L, M) for unrestricted Lie algebra

res
cohomology, ie Hy, (L, M) = Extf;; (k, M), where UL is the universal enveloping

unr

algebra of L.

Whenever convenient, we make use, without comment, of the well-known theorem of
Milnor and Moore, from [13]: given a field k& of characteristic p > 0, the functors P
(restricted Lie algebra of primitives) and V (restricted enveloping algebra) establish an
equivalence of categories between restricted Lie algebras over k and primitively gener-
ated cocommutative Hopf algebras over k, and this equivalence preserves cohomology,
ie HY (L, M) =Ext}, (k,M).

res

Whenever convenient, we make use of the Chevalley—Eilenberg complex of a Lie
algebra L to compute (unrestricted) Lie algebra cohomology Hj.(L, M), as in [2].

Many of the differential graded algebras in this paper have a natural action by a finite
cyclic group; given an action by a finite cyclic group C,, on some DGA, we will always
fix a generator for C, and write o for that generator.

Algebraic & Geometric Topology, Volume 21 (2021)
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2 Review of Ravenel’s filtration and associated May spectral
sequences

This paper continues from [20]; for a brief introduction to formal 4-modules, their
moduli, A-typicality, A—height and so on, the reader can consult that paper. A more
complete account is in [16], and an even more complete account is [5, Chapter 21].
Briefly, the most important fact we will use is that, for 4 the ring of integers in a
p—adic number field, the classifying ring of A—typical formal A—modules is V4 =~
A[vf‘, vi“, ...], and the classifying ring of strict isomorphisms of 4-typical formal
A-modules is VAT =~ VA[tlA, t{l, ...], with v,f and t,f each in grading degree
2(¢g"™ — 1), where ¢ is the cardinality of the residue field of A.

Definition 2.1 and Theorem 2.2 appeared in [20]:

Definition 2.1 Let K be a p—adic number field with ring of integers 4 and residue
field k, and let n be a positive integer. Let k” be a field extension of k, and let
a € (k')*. We write aGlA/,, for the formal A-module over k' classified by the map
VA -k’ sending v,fl to a and sending vlf4 to 0 if i #n.

We remind the reader of our convention, from Conventions 1.1, that the symbol
strAut(G) refers to the strict automorphism group scheme of a formal group law G,
and k[strAut(G)]* is the commutative Hopf k—algebra of functions on that group
scheme.

Theorem 2.2 Let L/K be a finite field extension of degree d, with K and L p-
adic number fields with rings of integers A and B, respectively. Let k and { be the
residue fields of A and B, let e be the ramification degree and f the residue degree of
L/K, let g be the cardinality of £, and let w4 and g be uniformizers for A and B,
respectively. Let n be a positive integer. If £’ is a field extension of £ and B € ({')*,
then the underlying formal A-module of 5(}5” is aGf/ dn> Where

Ly en__ n_

o= —eﬂ(q D/(@"=1)

Tp
Furthermore, the ring map
@) k@[strAut(aGl,,)T* = k@[ 4.1/t = )1 forall i)

S B F PR - )T for all i) = (strAut(sGE )"

classitying the strict formal A-module automorphism of aGf/ 4n underlying the uni-

B

versal strict formal B-automorphism of gG n

sends 1/ to t/], if i is divisible by

Algebraic & Geometric Topology, Volume 21 (2021)



2146 Andrew Salch

the residue degree [ of L/K, and sends liA to zero if i is not divisible by the residue
degree f.

Ravenel writes S(n) for the Hopf algebra IFpn[strAut(lGIZ/”n)]*; most of his con-
structions and computations work equally well for the more general Hopf algebra

Fp[strAut(aGf/dn)]*.

Definition 2.3 and Theorems 2.4 and 2.5 were given in Section 6.3 of [17].

Definition 2.3 (Ravenel’s numbers) Fix a prime number p and a positive integer 7.
Let dp; be the integer defined by the formula
~_J0 if i <0,
e {max{i,pdn,i_n} if i >0.
(Clearly d, ; depends on the prime number p, but the choice of prime p is suppressed
from the notation for d ;.)

Now equip the continuous [, —linear dual Hopf algebra
FplstrAut(;G /)] 2 Fp ® pp, BP«BP ® pp, Fp 2 Fplt1. 12,1/ (¢} —1; for all i)

with the increasing filtration in which the element tl-j is in filtration degree s, (j)dn,i,
where 5,(j) is the sum of the digits in the base p expansion of j. Here the BPy—
module structure of [, is given by the ring map BPx — F, sending v, to 1 and
sending v; to O for all i # 0. We call this filtration the Ravenel filtration.

Theorem 2.4 [17, Theorems 6.3.1-6.3.3] The Ravenel filtration is an increasing
Hopf algebra filtration, and its associated graded Hopf algebra E°S(n) is Fp —linearly
dual to a primitively generated Hopf algebra. The Hopf algebra E°S(n) is isomorphic,
as an IF,—algebra, to a truncated polynomial algebra

E°F,[strAut(;G\f,)]* = Fplti j 1 1< 0. j € Z/nZ)/1]);,
where the coproduct is given by

Do<k<ilkj ®li-kk+j if i <pn/(p—1),
22 Alt,j) =\ Xosk<itk,j ®li—kk+j + bi—njtn—1 il i=pn/(p—1),
Lij @1 +1Q®¢tij+bin jtn1 ifi > pn/(p—1),

where t; j is the element of E OIFP [strAut(lGIZ/”n)]* corresponding to

tl.pj € Fp[strAut(lGIZ/”n I*,

Algebraic & Geometric Topology, Volume 21 (2021)
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to,j = 1 and X is the image in EOIFp[strAut(lGIZ/"n I* of an element

X € Fp[strAut(lGIZ/”n)]*.
The b elements have a fairly complicated combinatorial description; see [17, 4.3.14].

The Hopf algebra E°F) [strAut(lGIZ/”n |* is the [F,—linear dual of the restricted en-

veloping algebra of a restricted Lie algebra L(n). Let x; j denote the Fj,—linear
Z,

functional on E°F p[strAut(y G In

|* which is dual to t; ; ; then the set
{xij:i>0,je€Z/nZ}
is an I pn —linear basis for L(n). We describe the bracket and the restriction & on L(n):

[xi,j, Xk1] = {8£+1xi+k,f —8jpXika i ik < pn/(p—1),

0 ifi +k>pn/(p—1),

Xitn,j+1 ifi>n/(p—1)ori=n/(p—1)and p > 2,
§(Xi,j) = { Xan,j + Xan,j+1 ifi=nandp=2,

0 ifi<n/(p—1),

where 87 =1 if a = b modulo n, and 85 = 0 if a # b modulo n.
The two spectral sequences of May’s thesis [9], in this context, take the form:

Theorem 2.5 We have spectral sequences

ES"" = HYU(L(n):Fp) ®r, P(bij:i > 1, j € Z/nZ) = HE! (L(n);Fp).

2 unr res
(2—3) dr' rs,t,u N Es+1,t,u+r—1
. r 9
and
Z
(2-4) Eiyt ~ HY(L(n);Fp) = Hs,t(strAut(lGl/"n);IFp),

N 4 s+1,t—r
dy:r®" — E; ,

where H . is (unrestricted) Lie algebra cohomology and H.%, is restricted Lie algebra
cohomology. Furthermore, the filtered DGA which gives rise to spectral sequence (2-3)
splits as a tensor product of a term with trivial E,—term with a term whose E,—term

is
p . . noo.
H*(L(n, L—p_lJ),Fp) ®F, P(b,,J 1<i < _p—l’] eZ/nZ),

where L(n, | pn/(p— l)J) is the quotient restricted Lie algebra of L(n) in which we
quotient out by the elements x; ; with i > | pn/(p —1)]. Consequently there exists a
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spectral sequence
bt (22 5, 1 22 202 )
(2-5) = HGH(L(n):Fp).

res

.S, hu s+1,t,u+r—1
dp:r>" — E3 .

Computation of the Chevalley—Eilenberg complex of L(#n) and of L (n, Lpn/(p— l)J)
is routine, and appears in Theorem 6.3.8 of [17]:

Theorem 2.6 Let [C(n, m) be the differential graded I, —algebra which is the exterior
algebra A(h;,j:1 =i <m, j € Z/nZ) with differential

i—1

d(hij) = Z hi,jhi—k,j+k,
k=1

with the convention that h; y, = h; ;. Then
n n
(e[ 25 1)) = (2 [ 27 )< ).

3 Generalizations for formal 4 -modules

Recall that a graded Hopf algebra A over a field k is said to be finite-type if, for each
n € 7, the grading degree n summand A" of A is a finite-dimensional k —vector space.

Proposition 3.1 Let K/Q, be a field extension of degree d and ramification degree e
and residue degree f. Let q = pf, let A be the ring of integers of K, let w be a
uniformizer for A and let k be the residue field of A. Let n be a positive integer, and let
w ek bea (g¢"—1)/(q"—1)™ root of ¢/ p. Then the underlying formal Zp —module
of wa/n is IGIZ/”dn, and the Ravenel filtration on Fp[strAut(lGIZ/"dn)]* induces a
compatible filtration on the Hopf algebra,

(3-6)  k()srAut(Gil ) = k@)l top. .. )/ — w7 V4 for all i).

The associated graded Hopf algebra E 0k(a))[strAut(wGi‘l/n)]* is the graded k —linear
dual of a primitively generated finite-type Hopf algebra, which, as a quotient of

EOFp[strAut(lGlz/”dn)]* ®F, k(w), is given by

k(o)ltirj:i>1,] € Z/fnZ]/(lfj for all i, j),

Algebraic & Geometric Topology, Volume 21 (2021)
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with coproduct

Do<k<ilk,j Oli-kk+j if i < pdn/(p—1),
G-7) At j) =\ Xosksi tk,j ®li—kje+j T bi—dn,j+an—1 if i = pdn/(p—1),
t,'j®1+1®ljj+bi_dnj+dn—l if i > pdn/(p—1).

Here t; ; is the element of E 0k(a))[strAut(a,(G:1 /n)]* corresponding to

i € k(o)strAut(WG {1,
and I
fo,j =1, tijapn=0? @ V1,

(3_8) . — j+1i1—
;=0 if f1i>0, bijym=w? @ Vp;

Proof The claim that the underlying formal Zp —module of ,G A /n is 1G Vdn | i

simply a special case of Theorem 2.2, as is the isomorphism (3-6). The fact that the
Ravenel ﬁltrat1on on IFp[strAut(lG1 T )]* induces a filtration on the Hopf algebra
k(w)[strAut(, G )]* is stralghtforward the Hopf algebra k(w)[strAut(, G /n)]*
is the quotient of (F p[strAut(lGl Tl ) ®F, k(w) by the ideal I generated by
tl. o w?' _lt, ;¢ for all i and by ¢#; for all j not divisible by f; these generators
for this ideal / are all homogeneous in the Ravenel filtration.

Computation of the associated graded, including the formula for the coproduct, is
routine: simply reduce the formulas of Theorem 2.4 modulo /. Deriving formula (3-8)
requires consulting the definition of b; ; in [17, 4.3.14] in terms of Witt polynomials;
the essential observations here are that b; ;+;, modulo p, is obtained from b; ; by
replacing each element #,, with ¢/, and that

ap/tin o (p—a)p!TIm _ pI"api o o p'"\(p—a)p) _  piti(pli-1),ap’ o, (p—a)p’

t; ® =@ )P @ YITUP =P WP T et .
The fact that E Ok(a))[strAut(wal/n)]* is finite-type is immediate from its given pre-
sentation; and it is dual to a primitively generated Hopf algebra since its linear dual is a
Hopf subalgebra of the linear dual of E OFp[strAut(lGIZ/”dn)]* ®F, k(w), which is
primitively generated. a

Theorem 3.2 (structure of PE Ok(a))[strAut(wal/n)]) Let K/Q)p be a field exten-
sion of degree d and ramification degree e and residue degree f. Let A be the ring
of integers of K, let w be a uniformizer for A, and let k be the residue field of A.
Let n be a positive integer, and let w € k be a (¢¢"—1)/(¢g"—1)™ root of ¢/ p.

Let PEok(a))[strAut(a,GA )] be the restricted Lie algebra of primitives in the k(w)—
linear dual Hopft algebra ( 0k(a))[strAut(a,G1 | Bl ) Let xA be the element of
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PEok(a))[strAut(wal/n)] dual to the indecomposable t; j € E Ok(a))[strAut(wa‘/n)]*.
Then {xl{!j : fli, j€Z/fnZ} is a k(w)-linear basis for PEok(w)[strAut(wa/n)],
and dual to the natural surjection

FplstrAut(;G 1,1 ®F, k(@) — k()[strAut(,Gl,)]*.

we have an inclusion of restricted Lie algebras over k(w),

Z
PEok(o)[strAut(,G{},)] > PEok(o)[strAut(; G| Tl
(3_9) A el J (Al in n
i) = pr (¢'=D@™"=1/(q —l)xi’ijn‘
£=0
When p = n¢, the bracket on PEOk(a))[strAut(wa‘/n)] is given by
S A TP A .

G100  [xfxd]= {8i+jxi+k,j =Sy e¥itne itk =pdn/(p=1),

A 0 if i +k> pdn/(p—1),
where gfl’ =1 if a=b modulo fn, and ?fg =0 if a # b modulo fn. The restriction
on PEOk(a))[strAut(wa/n)] is given by

X it ifi>dn/(p—1),

XAy X ifi=dn/(p—1)and [n|i,

(3-11) Exl) = X i ifi=dn/(p—1)and fnkti,
xl‘;li’j if i <dn/(p—1)and fn|i,
0 if i <dn/(p—1)and fnti,
where x71 =xA

i+n,fn xi+n,0'

Proof For (3-9), we check where elements in E OIFp[strAut(lGIZ/” dn)]* are sent in
E Ok(a))[strAut(wa‘/n)]* by the canonical surjection
7
EOIFP[strAut(lGl/”dn)]* ®F,n k(@) — EOk(a))[strAut(wal/n)]*,

using the description of the map (2-1) in Theorem 2.2 to accomplish this. The map
Z J
Fp[strAut(lGlfdn)]* ®F,n k(w) — k(a))[strAut(w(Gf‘/n)]* sends 17" to
Jjot+iifn fn__fn_fn fny plo J i_ jin_ n_ Jjo
tiP — ((_ - ((tiP Yyt e )P — P =D(g1"=1)/(q l)tip ,
where jo and j; are the unique nonnegative integers such that j = jo, + j; fn and
Jjo < fn; hence the map

E°Fp[strAut(1G 7y, )] ®F,u k(@) — E%(@)[strAut(,Gih,)]*

sends 7 j to WP’ (qi_1)(qj1n_1)/(qn_1)ti,j0. Formula (3-9) follows at once.
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Now suppose that p = ¢. We compute the Lie bracket in PEok(a))[strAut(wa‘/n)]:

e—1 e—1
A _A
[xi,jvxk,z] = [ Z Xi,j+afn Z Xk,z+bfn]
a=0 b=0
e—1 e—1
= Z Z[xi,j-l-afn’xk,e—i-bfn]
a=05b=0

L+bfn Jj+afn
Zazo b:0(8,+] +afnxl+k jtafn— 8k+g+bfnxi+k,€+bfn)

= ifi+k=<pdn/(p-1),
0 if i +k>pdn/(p—1),

i -1

z+] Za 0x1+k jtafn— k+€ ZZ:O Xitk L+bfn
= if i +k <pdn/(p—1),
0 if i +k> pdn/(p—1),
j A

51+; i+k,j 5k+£xi+k,l’

where 53 =1 if a = b modulo fn, and 53 =0if a £ b modulo fn.

For the restriction on PEyk (w)[strAut(y, Gf/n

e—1
5( Z xi,j+efn)
£=0

in PE()IFp[strAut(lG1 /dn )]; but this immediately means contending with the non-

)], we could proceed as above, computing

linearity of the restriction map, which complicates the computation. Instead it is
easier to compute £ on PEok(a))[strAut(w )] in basically the same way that
Ravenel computes & on PE[F), [strAut(lG1 Tin )] in the proof of [17, Proposition 6.3.3];
we sketch that method here. To compute & (x ) we just need to find which el-
ements 7, € E Ok (w)[strAut(, G i /n)] have the property that the (p—1)% iterate
Ao---0A(lgp) of A, applied to 7, p, has a monomial term which is a scalar
multiple of the p—fold tensor power #; ; ® ---® t;,j. When i > dn/(p — 1), then
i +dn> pdn/(p—1) and hence, by formula (3-7), we have

Ativdnj+1) =tivdnj+1® 1+ 1®tivan jr1 +bij
1/p —L
=livdn,j+1® 1 +1®livanj+1— Z ;(z)tt{fj@tt{)j ’
o<{<p

and hence, after p — 1 iterations of A applied to #;y4,, j+1, We get a copy of the
monomial 4 ; ® ---®1; ;. When pi < pdn/(p—1) and i = k fn for some positive
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integer k, then formula (3-7) gives us that the (p—1)*' iterate of A, applied to A(zp;,;),
contains the monomial

Ufn,j @lifn,j+kfn @lkfn,j+2kfn @ Qlifn,j+(p—kfn
=lkfn,j Qlkfnj @  Qlifn,j-

It is simple to show that no further monomials #, , have the property that their (p—1)™
iterated coproducts contain the p' tensor power monomial #,; ® - -+ ® #;, j . Formula
(3-11) follows.

: A _ A A : .
The relation X infn = Xitno follows from the fact that X in.fn 18 dual to ;14 1
and xlfin’o isdual to f;4p0. m|

Definition 3.3 Let K/Q, be a finite extension with degree d, ramification degree e
and residue degree f, and let A be its ring of integers, 7 a uniformizer for A4, and k the
residue field of A. Let n be a positive integer, and let @ be a (g¢"—1)/(g"—1)™ root,
in k, of ¢/ p. We have the restricted graded Lie algebras PE ok(a))[strAut(wa/n)]
and PEok(a))[strAut(lGIZ/" )] over k(w), and we write Lg(n) and L(dn), respec-
tively, as shorthand for them. If £ is a positive integer, we will also write L(dn,{)
for the quotient Lie algebra of L(dn) in which we quotient out all generators X;_j
for which i > £ (this notation agrees with that of Theorem 2.5); and we will write
L g(n, £) for the quotient Lie algebra of L g(n) in which we quotient out all generators
xlf:lj for which i > £. We have an obvious commutative diagram of homomorphisms
of Lie algebras,
LA(n, &) — L(dn, )

I

LA(n) —— L(dn)
Now here is a very useful corollary of Theorem 3.2:

Corollary 3.4 The restricted Lie algebra lel’[f/ﬁ](n, m) is isomorphic to the re-
stricted Lie algebra LIZP (n,m)= L(n,m) aslongasm < pn/(p—1).

May actually constructed two different types of spectral sequence in his thesis [9]; the
spectral sequence of a filtered Hopf algebra, as in (2-4), is the one most typically called a
“May spectral sequence”. The other spectral sequence, of [11, Corollary 9] (as in (2-3)),
is the one which computes restricted Lie algebra cohomology from unrestricted Lie
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algebra cohomology; we will call that spectral sequence the Lie—May spectral sequence
to distinguish it from the May spectral sequence (unfortunately, there is probably no
perfect choice of terminology to be made here; eg Chapter 6 of Ravenel’s book [17]
refers to both spectral sequences as May spectral sequences).

Theorem 3.5 Let K/Q, be a field extension of degree d and ramification degree e
and residue degree f. Let A be the ring of integers of K, let  be a uniformizer for A,
and let k be the residue field of A. Let n be a positive integer, and let w € k be a

(g°"—=1)/(g"—1)" root of 7¢/p.

We have the morphism of Lie—May spectral sequences

Hi (L(dn); k(@) @ik (@)[{bij:i 21,0 = j <dn—1}]= HZ(L(dn); k(w))

o] |

Hip (L3 (0): k(@) ®k @)k (@)[{bij 2 11, 0= j = fn=1}]= HE(L{ (n): k()

with b; ; in bidegree (2, 0) (these two gradings are, respectively, cohomological degree
and Lie-May degree) and with auxiliary bidegree (p || ;| 2p7 T (pt —1)) (these two
gradings are, respectively, the grading coming from the Ravenel filtration and the
grading coming from the topological grading on BP, BP) in each spectral sequence,
where ||t; ;| is the Ravenel degree of t; j. The elements in HY (L2 (n); k(w)) are in

bidegree (0, t). The differential is, as is typical for the spectral sequence of a filtered

. t t — 1
cochain complex, di*: ES' — ST

If p = nt®, then we have a tensor splitting of each of these Lie—May spectral sequences
such that the splittings are respected by the morphism (3-12) of spectral sequences: the
Lie—May spectral sequence

Hy (L(dn): Fy) ®E, Fqlthij:i 21,0 < j <dn—1}] = H(L(dn):F)

res

splits into a tensor product of a spectral sequence

(1 an 2250, ol 1 1= 4805 <an |
(L (an 295,

with a spectral sequence with trivial E~,—term; and, likewise, the Lie—May spectral

sequence

HE (L) Fy) ®r, Folibij: f1i,0<j < fn—1}]= HEA(L{(n);Fy)
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splits into a tensor product of a spectral sequence

HJ;I(LA( 5dn> ]Fq)®]FqIFq[{b :f|i,1§i§%,0§j§fn_1}]

= H*

(4 2

which we will call the reduced Lie-May spectral sequence, with a spectral sequence

with trivial E s, —term.

We have a morphism of spectral sequences
dn
unr( (d 5 1)’Fq)
. d . d
®]Fqu|:{bi,j3 < _p—nl’ <j=< }]ﬁH;S< (dn P n)IF)
A dn
Hu*nr(Ll( 113 1) F‘])

&, Fo| {bij: [ 1ii = %,ij 5fn—l}]:Hrig(Lf(n,_;’i’i);yq)

Proof That the morphism (3-12) of spectral sequences exists follows from May’s
construction of the Lie—May spectral sequence in [11]. The splittings occur because
of formula (3-10), which tells us that the unrestricted Lie algebra underlying L(dn)
splits into a product of L(dn, pdn/(p — 1)) with an abelian Lie algebra generated
by {x;j :i > pdn/(p — 1)}, and the unrestricted Lie algebra underlying L‘l“(n)
splits into a product of L4(n, pdn/(p — 1)) with an abelian Lie algebra gener-
ated by {xfj 21 > pdn/(p — 1)}; and formula (3-9) tells us that the morphism
L‘l‘l(n) <> L(dn) respects these product splittings. By formula (3-11), the restriction
on PEOIFp[strAut(lGIZ/”dn)] sends X;j j t0 Xjy, j4+1 When i > dn/(p —1); so the
filtered chain complex (see Theorem 5 in [10] or Corollary 9 of [11]) whose associated
spectral sequence is the Lie—May spectral sequence has the property that it splits into
a tensor product of a cohomologically trivial filtered chain complex and one whose
associated graded chain complex has cohomology

unr(L(dn pdn/(p— 1));]Fq) ®r, Fgltbij:1<i<dn/(p—1),0=<j <dn—1}].
An analogous statement holds for the bracket and restriction on PE([F,[strAut(; (Gl / B

and the filtered chain complex giving its Lie—-May spectral sequence. a
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Definition 3.6 Let K/Q), be a field extension of degree d and ramification degree e
and residue degree f. Let A be the ring of integers of K, let & be a uniformizer
for A, and let k& be the residue field of 4. Let n be a positive integer, and let w € k
be a (g¢"—1)/(¢"—1)™ root of 7¢/p. We write ICﬁ (n) for the Chevalley—Eilenberg
DGA of the Lie algebra Lﬁ (n). If m is a positive integer, we write ICC‘;I (n,m) for the
Chevalley—Eilenberg DGA of the Lie algebra La“}(n, m). (Note that the Chevalley—
Eilenberg DGA depends only on the underlying unrestricted Lie algebra.)

The cyclic group Cy, acts on IC;‘)1 (n) by sending h; ;j to h; j41, and, when w =1,
this action reduces to an action of C, on Ing (n).

The DGAs K2 (n) and K2 (n, m) are equipped with several gradings which we will
need to keep track of: the cohomological grading; the topological grading (sometimes
also called the “internal grading”) inherited from BP, BP, which is only defined modulo
2(p fn _1); and the Ravenel grading, inherited from the Ravenel filtration. Note that
the Cg4,—action preserves the cohomological gradings and the Ravenel grading, but
not the internal grading; this behavior will be typical in all of the multigraded DGAs
we consider, and we adopt the convention that, whenever we speak of a “multigraded
equivariant DGA”, we assume that the group action preserves all of the gradings except
possibly the internal grading.

The presentation in Theorem 2.6 generalizes as follows:

Observation 3.7 It is easy and routine to extract a presentation for the Chevalley—
Eilenberg DGA from Proposition 3.1, without using the formulas in Theorem 3.2:
Ing (n) is the exterior algebra (over k(w)) with generators given by the set of symbols
hi,j with i divisible by the residue degree f and satisfying 1 <i,and j € Z/fnZ;
the differential is given by

i—1

d(hij) =Y hgjhizij+k-
k=1

with the convention that /; x4 7, = WP @ —Dp, k- Similarly, IC (n,m) is the sub-
DGA of ICC’;1 (n) generated by all h; ; with i <m.

When w =1 and 4 = Z pl&/p] and m < pn/(p — 1), we write K(n,m) as short-
hand for ICZP[ﬂ(n m) and ICZI’ (n, m); this notation is unambiguous because of
Corollary 3.4.
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4 Cohomology computations

4.1 The cohomology of the height 2 Morava stabilizer group scheme

The material in this subsection is easy and well known, appearing already in Section 6.3
of [17]. Still, we give a relatively full account of the computation in Proposition 4.1,
largely to fix notation for the elements in that computation which will play a role in
our later spectral sequence calculations.

Proposition 4.1 Suppose p > 2. Then we have an isomorphism of trigraded C,—
equivariant [, —algebras,

H*"*(L(2,2)) = Fp{l, ho, h11, hiona, hiinz, hioh11n2} ®F, A(G2),

with tridegrees and the C,—action as in Table 1 (remember that the internal degree is
always reduced modulo 2(p?—1), and recall from Conventions 1.1 that we write o fora
generator of Cy), where the cup products in Fp{1, h1o, h11,h10m2. h1102, hioh1112}
are all zero aside from the Poincaré duality cup products, ie each class has the obvious
dual class such that the cup product of the two is high117,, and the remaining cup
products are all zero.

Proof We have the extension of Lie algebras

1 = Fp{x20,x21} = L(2,2) = L(2,1) = 1,

coh. class  coh. degree internal degree Ravenel degree image under o
1 0 0 0 1
hio 1 2(p—1) 1 hi
hi 1 2p(p—1) 1 hio
) 1 0 2 §)
hiom2 2 2(p—1) 3 —hyi1n2
hiinz 2 2p(p—1) 3 —h10m2
hio82 2 2(p—1) 3 hi182
hi18> 2 2p(p—1) 3 hio82
hiohi1n2 3 0 4 hiohi1m2
hion282 3 2(p—1) 5 —h111282
hi1m282 3 2p(p—1) 5 —h1om282
hioh11m282 4 0 6 hioh11m28>
Table 1
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and to compute the resulting spectral sequence in cohomology, we take the Chevalley—
Eilenberg DGAs and then compute the Cartan—Eilenberg spectral sequence for the
extension of C,—equivariant trigraded DGAs

1> K(2,1) = K(2,2) > Alhao, hay) — 1.

Since the differential on (2, 1) is zero (see Observation 3.7), H***(K(2,1)) =~
K(2,1) = A(hyo,h11). A change of [Fj,—linear basis is convenient here: we will write
¢, for the element /19 + hp1 € A(hog, ha1). (This notation for this particular element

is standard. As far as I know, it began with [12].) We will write 1, for the element
hao —hay.

We have the differentials

dé'z:O, dny, = —2h19h11. O

Table 1 has one row for each element in an [, —linear basis for the cohomology
ring H***(K(2,2)), but from now on, for the sake of brevity, when writing out
similar tables for grading degrees of elements in the cohomology of a multigraded
equivariant DGA, I will just give one row for each element in a set of generators for
the cohomology ring of the DGA.

Proposition 4.2 Suppose p > 3. Then the cohomology H*(strAut(;G/5);Fp) of the
height 2 strict Morava stabilizer group scheme is isomorphic, as a graded ¥, —vector
space, to

H***(K(2,2)) = Fp{l, hio. h11. hionz. hiinz, hioh11m2} ®F, A(52)

from Proposition 4.1. The cohomological grading on H*(strAut(G/;);Fp) cor-
responds to the cohomological grading on H***(K(2,2)), so that hig,h11,{> €
Hl(strAut(Gl/z); Fp), hionz, hiinz € H2(strAut(Gl/2); Fp), and so on.

The multiplication on H*(strAut(G,); Fp) furthermore agrees with the multiplica-
tion on H***(K(2,2)), modulo the question of exotic multiplicative extensions, ie
jumps in Ravenel filtration in the products of elements in H*(strAut(G/,):Fp).

Proof Spectral sequence (2-3) collapses immediately, since p > 3 implies that 1 >

[2/(p—1)]. Hence COtorE;],Ft,[strAut(Gl/2)]* (Fp,TFp) 2 H***(K(4,2)).

We now run spectral sequence (2-4). This is, like all May spectral sequences, the spectral
sequence of the filtration (in this case, Ravenel’s filtration) on the cobar complex C*(A)
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of a coalgebra A induced by a filtration on the coalgebra itself. To compute differentials,
we take an element x € H*(C*(E®A)), lift it to a cochain X € H*(C*(A)) whose
image in the cohomology of the associated graded H* (E occe (A))) ~ H*(C*(E%A))
is x, and then evaluate the differential d(X) in the cobar complex C*(4). If d(¥) =0,
then X is a cocycle in the cobar complex C*(A4) and not merely in its associated
graded E®C*®(A), hence X represents a cohomology class in H*(C*(A)); if d(X) #0,
then we add correcting coboundaries of lower or higher (depending on whether the
filtration is increasing or decreasing) filtration until we arrive at a cocycle which we
recognize as a cohomology class in the spectral sequence’s E|—page.

It will be convenient to use the presentation
Fplti,j:i21,0<j 1]/}, foralli, )

2 .
for EO(IFP[strAut(lGl/z)]*) ~ E° (Fp[l‘l,tz, .. .]/(ll.p — ¢; for all i)), where f; ; is
the image in the associated graded of tip " The coproduct on

Fpltr,j:i 21,0 < j <1]/(tf; foralli, j),
inherited from that of Fp[strAut(G/,)]*, is given by

l
AWij) =D tej ®likjt)
k=0

forall i <|2p/(p—1)]; see Theorem 6.3.2 of [17] for this formula.
h1o, h11 The class hjg is represented by ¢ ¢ in the cobar complex
C*(E°(Fp[strAut(; G /2)]*)),

which lifts to #; in the cobar complex C* (IF plstrAut(1Gy, 2)]*). Since #; is a coalgebra
primitive, ie a cobar complex 1—cocycle, all May differentials are zero on /; o. The
C,—equivariance of the spectral sequence then tells us that all May differentials also
vanish on /11 .

{5 There is no nonzero class in cohomological degree 2 and internal degree 0 for ¢,
to hit by a May differential of any length.

h1om2, h11m2 The cohomology class /191, in the Chevalley—Eilenberg complex
of the Lie algebra of primitives in E O(Fp[strAut(lGl /2)]*) (of which K(4,2) is a
subcomplex) is represented by the 2—cocycle 11,0 ® 2,0 — 11,0 ® 12,1 — 11,0 ®11,0f1,1 in
the cobar complex of E O(Fp[strAut(l Gy /2)]*). This 2—cocycle lifts to the 2—cocycle
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Ht,—41 t2p -H® tlp-"1 in the cobar complex of [Fj[strAut(;G;/,)]*. Hence all
May differentials vanish on /191>, and by C—equivariance, also /i117;.

So the May differentials of all lengths vanish on the generators of the ring

*, %, %k
Colorpo (saut(1 G121 (Ep. Fp).
So H*(strAut(1G/2): Fp) = cOmr*E;’;]F";[str Au(1Gyyp o o) = H***(K(2,2)) as
a graded IF,—vector space. |

Here is a chart of Table 1, displayed using the Adams convention (ie the vertical axis is
cohomological degree, and the horizontal axis is internal degree minus cohomological
degree), at the prime p = 7:

4 .
3 . . .
2 . .
(4-13) 1 e . .
0 .
-1 0 93

Not pictured in (4-13) is v, in bidegree (0, 96), which generates another copy of the
rest of the diagram; the rest of the diagram is repeated every 96 degrees (in homotopy,
ie along the horizontal axis).

4.2 The cohomology of the automorphism group scheme of a
,,[,/ |-height 2 formal Z pl+/P]-module

Proposition 4.3 Suppose p > 3. Then we have an isomorphism of trigraded C,—
equivariant [, —algebras

H***(K(2,3)) = Az,3 ®F, ML),
where
Ao 3 = Fp{l, hio. hi1, hiohso, hi1hsi, eao. n2ea0. hion2hzo. hiinahsy,
hion2hsohsy, hiinahaohsy. hiohiinahzohsy |,

with tridegrees and the Cy—action as in Table 2 (remember that the internal degrees
are still reduced modulo 2(p? — 1)), where the cup products in Aj 3 are all zero aside
from the Poincaré duality cup products, ie each class has the dual class such that the
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coh. class coh. degree internal degree Ravenel degree  image under o
1 0 0 0 1
hio 1 2(p—1) 1 hiy
hi 1 2p(p—1) 1 hio
hiohso 2 4(p—1 l+p hi1hsy
hi1hs 2 4p(p—1) 1+ p hioh3o
€40 2 0 1+p —e€40
N2€40 3 0 3+p nN2€40
hiom2h30 3 4(p—1) 3+p —h11n2h31
hiinahsy 3 4p(p—1) 3+p —h1om2h30
hion2h3ohs: 4 2(p—1) 3+2p hy1mah3ohs,
hi1m2h3ohsy 4 2p(p—1) 3+2p hionah3ohsy
hioh11mahsohsy 5 0 4+2p —h1oh11n2h30h31
¢ 1 0 2 ¢
Table 2

cup product of the two is h1gh11m2h30h31, and the remaining cup products are all zero.
The classes in Table 2 listed above ¢, are listed in order so that the class which is n
lines below 1 is, up to multiplication by a unit in IFj,, the Poincaré dual in A; 3 of the
class which is n lines above high11n2h30h31 .
Proof We have the extension of Lie algebras

1 = Fpi{x30,x31} > L(2,3) > L(2,2) = 1

and we take their Chevalley—Eilenberg DGAs, then compute the Cartan—Eilenberg
spectral sequence for the extension of C,—equivariant trigraded DGAs

1 —->K(2,2) = K(2,3) > A(hzg, h31) — 1.
We have the differentials
dhzo = —hion2, dhz1 =humna,  d(hsohsi) = —hionahsr —hiinahso
and their products with classes in H***(K(2, 2)). The nonzero products are
d(hithso) = —hiohi1nz,  d(hiohzohs1) = hiohi1n2h3o0,
d(hiohs1) = —hioh11n2,  d(hi1hsohs1) = —hiohiin2hs:.

We write e4¢ for the cocycle highs1 —hi11h30. Extracting the output of the spectral
sequence from knowledge of the differentials is routine. a
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coh. class coh. degree internal degree Ravenel degree image under o
1 0 0 0 1
hio 1 2(p—1) 1 hi1
hii 1 2p(p—1) 1 hio
hiohso 2 4(p—1) l+p hi1hsy
hi1hs 2 4p(p—1) l1+p hioh3o
hiona—n2h30 2 2(p—1) 1+2p —h11n4+n2h30
hi1na—n2h3; 2 2p(p—1) 1+2p —h1ona+n2h3
n2€40 3 0 3+p N2€40
hiom2h3o 3 4(p—1) 3+p —hi1n2h31
h11nah3y 3 4p(p—1) 3+p —hion2h30
hioh3ona 3 4(p—1) 1+3p —hi1h3ing
hi1hsing 3 4p(p—1) 1+3p —hioh3zona
Naeqo +4n2h30h31 3 0 1+3p naeso +4n2h30h31
hiom2h30h31 4 2(p—1) 3+2p hiimahsohs;
hi1n2h30hs3, 4 2p(p—1) 34+42p hionahsohsy
hiomahsona 4 4(p—1) 3+3p hiin2hsina
hiin2hzinag 4 4p(p—1) 3+3p hiom2h30ma
hiomah3zohsing 5 2(p—1) 3+4p —hi1n2h30h31n4
hi1mahzohsing 5 2p(p—1) 3+4p —hionahzohsing
hioh11mahsohsing 6 0 4+44p hioh11m2hsohsing
2 1 0 2 82
$a 1 0 2p $a
Table 3

Proposition 4.4 Suppose p > 3. Then we have an isomorphism of trigraded C,—
equivariant I, —algebras

H*"*(K(2,4)) = Az,4 ®F, A(52.84),
where
Az 4 = Fp{1, hyo. hi1, hiohso, hi1hsy, hiona —n2hso. hiina —n2hs1, n2es0,
hiomahso, hiimahsy, hiohsona, hi1hsina, naeso +4n2hsohsy,
hiomahsohsy, hiinahsohst, hion2hsons, hiinz2hiina,
hiomahsohsina. hiinahsohsina, hiohi1n2hsohsina},

with tridegrees and the Cy—action as in Table 3.
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The classes in Table 3 listed above {, are listed in order so that the class which is n
lines below 1 is, up to multiplication by a unit in IF,, the Poincaré dual in A, 4 of the
class which is n lines above hioh11n2h30h3114.

Proof We compute the Cartan—Eilenberg spectral sequence for the extension of Cp—
equivariant trigraded DGAs

1>K(2,3) > K2,4) > Al(hgg. hg1) —> 1
arising from the extension of Lie algebras
1 = Fp{xs0.x41} = L(2,4) - L(2,3) = 1.

A change of Fj,-linear basis is convenient here: we will write {4 for the element
hao+ha1 € A(hgo, har), and we will write 14 for hag—h4y. We have the differentials

dl4s =0, dng=hioh31+h3ohi1 = eso,
and a nonzero product with a class in H***(K(2, 3)),

d(nz2e40n4) = hioh11n2h30h31.

Extracting the output of the spectral sequence from knowledge of the differentials is
routine. The three classes /1974, h1114 and ngeqo in the Eoo—term are not cocycles
in H***(K(2,4)); adding terms of lower Cartan—Eilenberg filtration to get cocycles
yields the cohomology classes /1904 —n2h30, h110a—N2h31 and ngeqo +4n2h30h31 .
Note that this implies that there are nonzero multiplications in A, 4 other than those be-
tween each class and its Poincaré dual; for example, i1o(h1004—n2h30) =—h10n2h30.

O

Theorem 4.5 Suppose p > 5. Then the cohomology H* (strAut(lGIZfz[m);Ep) of

the strict automorphism of the Zp[ﬁ]—height 2 formal Zp[ﬁ]—module IG‘IZ/”z[m

is isomorphic, as a graded I, —vector space, to
H* " (K(2,4)) = Az 4 ®F, A(52,84),

from Proposition 4.4. The cohomological grading on H* (strAut(lGIZf’z[“/ﬂ);]Fp)

corresponds to the cohomological grading on H*"**(K (2, 4)).

The multiplication on H* (strAut(y GIZ/" 2[«/?]); Fp) furthermore agrees with the multipli-

cation on H***(K(2,4)), modulo the question of exotic multiplicative extensions, ie

jumps in Ravenel filtration in the products of elements in H* (strAut(; GIZ/”Z[m); Fp).
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In particular, the Poincaré series expressing the IF, —vector space dimensions of the
grading degrees in H* (strAut(y Glzf’z[m); Fp) is

(14 5)2(1 + 25 + 452 + 65 +45* +25° +5°).

Proof The reduced Lie-May spectral sequence of Theorem 3.5 collapses immediately,
since p > 5 implies that 1 > |4/(p —1)]. Hence,

%, %  ITE R K
CotOr fog, auqe 2Py Fo- Fp) = HEHE (2. 4).

We now run the May spectral sequence

k%, %

* 9 * b * ~
(4-14) El = COtorEO]Fp [strAut(; G

2yt (Fp. Fp) = H*(strAut(; G, ;’jﬂ) F,).

See the appendix and the proof of Proposmon 4.2 for the general method we use. It
will be convenient to use the presentation

Fp[li,j > 1,0=<; < 1]/([1'1)1‘ forall i, j)

for EO(Fp[strAut(lGIZ/"z[‘/—J)] ) = EO(]Fp[tl,tz,. ]/(tpz—t, for all i)), where #;,; is

the image of tp in the associated graded. The coproduct on

Fplti,; - z>10<]<1]/(t for all i, j),

inherited from that of [Fp[strAut(; (GIZ/”Z[ m)]* , is given by

i
Atij) =tk ®lick et
k=0
foralli < |4p/(p — 1)J reduce the n = 4 case of Theorem 6.3.2 of [17] modulo the
ideal generated by tp —t; for all i to arrive at this formula.

hi0, h11, 2 There are no nonzero May differentials of any length on these classes,
by the same computation as in the proof of Proposition 4.2.

hi1oh30, h11h31 The class hjghsg is represented by the 2—cocycle

1,2 1,2
(4-15) 11,0 ®13,0 = 11,0 ®11,002,0 — 511 o B 12,0 + 511 o B 12,1
1,2 1,3
— 20,0 ®l1,001,1 — 311 o ® 11,1

in the cobar complex C*(E O(IFp[strAut(lGIZ/pz[‘/ﬂ)]*)) , which lifts to the 2—cochain

+1
H®L—t1 @i —si®L+3ti @l —1i ! — 1l r?
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in the cobar complex C ’(Fp[strAut(lGl /2)]*). Since this 2—cochain is also a 2—
cocycle, all May differentials vanish on /11 /13 9. The Cy—equivariance of the spectral
sequence then tells us that all May differentials also vanish on /11/43;. (Also, the referee
made the useful observation that the vanishing of the May differentials on /;¢/3¢ and
on /h11h31 can also be deduced by expressing those two classes as Massey products.)

hi1om4, h11n4 The only elements of internal degree 2(p — 1) and cohomological
degree 3 are scalar multiples of &1¢8>C4, but h1¢82C4 is of higher Ravenel degree
than /19n4. Hence h1gn4 cannot support a May differential of any length. By C,—
equivariance, the same is true of /11174.

n2e40 The only elements of internal degree 0 and cohomological degree 4 are [F),—
linear combinations of {31240, {4N2€40, {2Nae40 and {4n4e4p, but all four of these
elements have higher Ravenel degree than 7,e4¢, S0 again 1je4¢ cannot support a
May differential of any length.

hion2h3o, h11m2h31, n4e40 Similar degree considerations eliminate the possibility
of nonzero May differentials on these classes.

¢4 The class {4 is represented by the 1—cocycle

1.2 1,2
(4-16) 14,0 + 140 —11,003,1 —11,113,0 — 315 0 — 3151 +11,001,112,0

+1t1,001,1%2,1 — %112,0112,1,
in the cobar complex C '(E O(Fp[strAut(l GIZ/”Z[\/E)]*)) , which lifts to the 1—cochain

ta+1] —titf —1Pi3 =302 =127 4P Ty 4 PP L30T
in the cobar complex C'(Fp[strAut(lGl/z)]*). Since this 1—cochain is also a 1-
cocycle, all May differentials vanish on {4 . (The referee observed that it is perhaps also
possible to deduce the vanishing of the May differential on {4 by finding an expression
of {4 in terms of a norm map, along the lines of Theorem 6.2.7 and Proposition 6.3.13
of [17], obviating the need to use a cocycle representative for {4; we do not pursue
that alternative proof here.) Now suppose that ¢ > 1 is some integer and that we have
already shown that d, vanishes on all classes, for all » <q. Then d;(n2€40-74€40) =0,
ie d, vanishes on the duality class in the algebra A; 4. For each element in that algebra,
we have shown that d, vanishes on either that element, or on its Poincaré dual. Since
d, also vanishes on the duality class, d, vanishes on all elements in that algebra. Since
d, also vanishes on ¢, and {4, d, vanishes on all classes. By induction, the spectral
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sequence collapses with no nonzero differentials. So

* Zp1y7p) ~ IR o TR K
H™ (strAut(4 Gl/z ):Fp) = CotorEO]Fp[StrAut(] Gzp[ﬁ])]* (Fp.Fp)=H (K(2,4))
as a graded IF, —vector space. a

S Topological consequences

It is well known, eg from the Barsotti—Tate module generalization of the Dieudonné—
Manin classification of p—divisible groups over k (see [8]; also see [15] for a nice treat-
ment of the theory of Barsotti—Tate modules), that the automorphism group scheme of a
formal A-module of positive, finite height over a finite field is pro-étale; in more down-
to-earth terms, the_Hopf algebra corepre_senting the group scheme Aut(wal/n Qr k)
is the continuous k—linear dual of the k—linear group ring of some profinite group,
namely, the automorphism group (honestly a group, not just a group scheme!) of
("Gl /n ¢
simply write Aut(wG1 n Ok k) for that profinite group.

® k. In this section we will cease to work with group schemes and we will

The following is a generalization of a result in [20], and the argument is almost word-
for-word the same:

Theorem 5.1 Let K/Q, be a field extension of degree d . Let A denote the ring of
integers of K, and let 7 denote a uniformizer for A and k the residue field of A. Let
q be the cardinality of k, and let » denote a (¢¢"—1)/(¢"—1)" root of 7€/ p in k.
Then Aut(wG Ok k) is a closed subgroup of the height dn Morava stabilizer group
Aut(lGl/a,n ®JF,, k).

Proof By Theorem 2.2, the underlying formal Z p—module of wG1 In 15 lGl Tin
Hence the automorphisms of wGl n Ok k are the automorphisms of lGl / dn OF, A k
which commute with the complex multiplication by A4, and hence Aut(a,G R k)
is a subgroup of Aut(lGl/dn ®F, k).

Now let G, denote the automorphism group of the underlying formal Z p—module
a-bud of IGIZ/"dn ®F, k, so that Aut(lGIZ/"dn ®F, k) is, as a profinite group, the
limit of the sequence of finite groups --- - G3 — G, — G;. Let H, denote the
subgroup of Aut(lG1 Jin OF, k) consisting of those automorphisms whose underlying
formal Z —module a—bud automorphism commutes with the complex multiplication
by A, ie those whose underlying formal Zp—module a-bud automorphism is an
automorphism of the underlying formal 4-module a—bud of wa/ - The index of H,
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in Aut(y Gl Jdn ©F, k) is at most the cardinality of Gy, hence is finite. Now we use the
theorem of Nikolov and Segal, from [14]: every finite-index subgroup of a topologically
finitely generated profinite group is an open subgroup. The group Aut(lGIZ/"dn ®F, k)
is topologically finitely generated since

e its pro-p—subgroup strAut(lG‘IZ/”n ®F, Fpn) is a p-adic analytic Lie group,
hence topologically finitely generated (see [7], or Theorem 5.11 of [6] for an
English- language summary of the relevant result), and

e Aut(; Gl /n ®F, [Fpn) is a split extension of the finite group IF > by the topolog-
ically finitely generated group strAut(; (Gl n ®F, Fpn), hence it too is topologi-
cally finitely generated.

So H, is an open subgroup of Aut(; (Gl Jin ®F, k). Every open subgroup of a profinite
group is also closed; consequently each H, is a closed subgroup of Aut(; Gl in ®F, k)

and consequently so is the intersection (), Ha But ) a H, is the group of all formal
power series which are automorphisms of lGl in ©F, k and whose polynomial trun-
cations, of any length, commute with the complex multiplication by A. Consequently
Aut(wGA R k) = (4 Ha is a closed subgroup of Aut(lGIZ/"d ®F, k). a

Since Aut(w(G1 n Ok k) is a closed subgroup of the height dn Morava stabilizer group
Aut(l(Gr1 Jdn ©Fp k), we can use the methods of [4] to construct and compute the
homotopy fixed-point spectra

h Aut(, G, ® k)
4

The homotopy fixed- pomt spectrum Eh Aut(lGl/dn@’Fpk)’“G“l(k/ Fp) ~ Lg(4)S has a
Eh Aut(wGl/n ®/(k)>4Gal(k/IF1,

o EhAut(w l/n®kk)>4Ga1(k/k)

natural map to ), but this map is far from being an equiva-
lence; still, very few computations of homotopy groups of K(4)-local spectra exist in

the literature, so Theorem 5.2 is perhaps of some interest.

Theorem 5.2 Let p be a prime number such that the Smith— Toda complex V(3) exists,
h A G Y P @, Fp) Gal (k)
ie p > 5. Then the V(3)-homotopy groups of E,~"\1>1/2 Fp £p ») are

isomorphic to "
Az.4 ®F, A(L2,84) ®F, Fp[v™7],

where vP° 1 = v4, where A; 4 is as in Proposition 4.4, and the topological degrees
and E4—Adams filtrations are as in Table 4.

Proof See [3; 4] for the equivalence

h Aut(, G2 @, Fyp) xGal(F, /F
LK(n)S E Ut(l 1/n Fp p))d a( 17/ p)
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homotopy class topological degree E4—Adams filtration
1 0 0
hio 2p—3 1
h11 2]72 — Zp —1 1
h10h30 4[)—6 2
hi1hsq 4p> —4p -2 2
hioma —n2h30 2p—4 2
hi1na —n2h3; 2p*—2p-2 2
n2€40 =3 3
hiom2h30 4p—1 3
hiimahsy 4p*—4p-3 3
hiohzona 4p—1 3
hi1hsing 4p*—4p -3 3
Naeqo +4n2h30hs; -3 3
hion2h3ohsy 2p—6 4
h11n2h30h31 2p2—2p—4 4
hiom2h30m4 4p—38 4
hyimahzing 4p*—4p—4 4
hion2h3ohsing 2p—1 5
hiim2hsohsing 2p*—2p—5 5
hioh11m2h3oh3ina —6 6
& -1 1
84 -1 1
v 2p? -2 0

Table 4

2167

Since V(3) is E(3)-acyclic, Lga4)V(3) is weakly equivalent to L g4V (3), so
Lx@4)V(3) ~ Lgw)V(3) = V(3) A Lg4)S since E(4)-localization is smashing;
see [18] for the proof of Ravenel’s smashing conjecture. Since V(3) is finite,

(E4 A\VO)YIY ~ EFG AV (3),

and now we use the X = V/(3) case of the conditionally convergent descent spectral
sequence (see eg [1, 4.6] or [4])

ES' = H3(G; (En)(X)) = mi—s(En A X)MC),  dy: EST — ESTHITIL

The agreement of this spectral sequence with the K(4)-local E4—Adams spectral
sequence is given by Proposition 6.6 of [4].

Algebraic & Geometric Topology, Volume 21 (2021)



2168 Andrew Salch

In the case n =4 and X = V(3), we have (E4)x = W(Fp)[[ul,u2,u3]][uil] with v;
acting by w;u'"?" fori =1,2,3, and consequently (E4)«(V(3)) = Fp[uil]. One

needs to know the action of Aut(lGIZ/”z[ﬂ ®F, Fp) X Gal(Fp/]Fp) on Fp[uil] to

compute the E,—term of the spectral sequence; but Aut(lGIZ/”zf ®F, Fp) has the
finite-index pro-p—subgroup strAut(4 GIZ/”Z[ﬁ ®F, Fp). We will use the fact that a pro-

p—group admits no nontrivial continuous action on a one-dimensional Fp —vector space;
this is not a new observation, but a proof goes as follows. We have FX U; j (IF)< ), so
GL, (IFP) contains no elements of order p, butif G is a pro-p—group acting contmuously
on Fp, then, since ]F is discrete, the kernel of the action map G — GL; (]Fp) must be
open, ie closed and finite-index. So the action of G on [, must factor through a finite
quotient of G, ie a finite p—group which embeds in a group Fp with no elements of
order p; so the action must be trivial.

So strAut(y GIZ/”Z[ ‘fﬂ ®F, Fp) acts trivially on Fp[uil] and we only need to know the
action of Aut(lGZ"[ﬁ] ®F, Fp)/strAut(lGIZ/pz[‘/—] ®]F,, ) = ]F C on T, [u:':l] from
Section 1 of [3] we get that an element x € IF , acts on Fp{u’} by multlphcatlon by x/.
Consequently the (collapsing at E5) Lyndon—Hochschlld Serre spectral sequence of

the extension

1— strAut(lGIZfz[m QF, Fp) - AUt(1G1Z/pz[m ®IF,, F, p) — FI):Z — 1

7 plVPl, =
/D hA (G ®r,
gives us that H} (Aut(lGZ"[ ®F, Fp); V(3)(E, wGGy FpFp)

1/2 )) vanishes if
¢ is not divisible by 2(p%—1), and is given by Theorem 4.5 if ¢ is divisible by 2(p2—1).
So there is a horizontal vanishing line of finite height already at the E,—page of the

spectral sequence, hence the spectral sequence converges strongly.

More specifically, the cohomology computed in Theorem 4.5 is a Gal(F, »/Fp)—form of

AN hAw( G2V P gr F)
H (At Gy Y7 @5, Fp): V3)agpeoy; (Ey /2" e, By ).

and

~ pl/P] = _
Z h Aut( G ®rp Fp). \ Gal(F,/F
H:(AUt(lGl/pz[ﬂ ®F, Fp): V(3)y(p2_1); (E, vz ) I, /Fp)

is also a Gal(]I_?p /Fp)—form of

7 hau( G2V P g )
H (At G Y @p, Fp)i V3o (By 2 F),

Since the nonabelian Galois cohomology group H'! (Gal(]Fp /Fp): GLy (Fp)) classifying
Gal(Fp /Fp)—forms of n—dimensional Fp —vector spaces vanishes (this is a well-known
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generalization of Hilbert’s Theorem 90), the invariants of the Gal(F,/F,)-action on

7 —
hauG Gl Y P o, Fy)

Zyl =
H (Aut(lGl/’zm ®F, Fp); V(3)a(p2—1); (E, )

agree, up to isomorphism of graded IF,—vector spaces, with the results of Theorem 4.5
(this Galois descent argument was suggested to me by T Lawson). There is no room for
differentials in the descent spectral sequence, so E» = E in the spectral sequence. O

Corollary 5.3 The Poincaré series for the homotopy groups of V(3) smashed with the
. Zply/p] il A .
fixed-point spectrum ERAtGG, 5™ @k, Fp)»Gal(k/Fp) jg

(S—6+25—3+1+S2p—7+s2p—6+s2p—4+s2p—3+S4p—8+2s4p—7+s4p—6

+s2p2—2p—5+S2p2—2p—4+s2p2—2p—1+s4p2—4p—4+2S4p2—4p—3+S4p2—4p—2)

(o,¢]
S(1+s71)2 Z 272,

n=—00

Appendix Explicit Milnor-Moore theory

Throughout this appendix, we assume g is a Lie algebra over a field k of characteristic
not equal to 2, and that either g is finite-dimensional or that it is equipped with an
N —grading such that the Lie bracket is of degree 0 (ie if x € g”* and y € g", then
[x, y] € g"™") and such that g" is a finite-dimensional k—vector-space for each n € N

Several times in this paper (eg (4-15) and (4-16)), we have given cocycle representatives,
in the cobar complex for the linear dual of the universal enveloping algebra Ug of g,
for elements in the cohomology of g. In this appendix we explain how these cocycle
representatives are obtained. The author of this paper is doubtful that the mathematics
in this appendix is actually new, but a search for this material in the literature did not
turn up anything, so even if these ideas are folklore, we think it is of some value to
write the ideas out.

One has an equivalence between the category of Ug-modules and the category of
(unrestricted) representations of g, and as a consequence one gets an isomorphism

(A-17) Ext"{]El (k. k)~ H} (g,k).

However, if one wants to run a May spectral sequence, like (4-14), whose input is
Exty, g(k, k), then, to compute May d, —differentials for r > 1, one typically needs
to know how to represent elements in the cohomology of g as cocycles in the cobar
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complex of (Ug)*. (Let us be careful about the relationship between unrestricted Lie
algebra cohomology and the input of a May spectral sequence like (4-14): the input for
(4-14) is, a priori, the cohomology of the restricted Lie algebra of primitives in the Hopf
algebra E°F, [strAut(lGIZ/pz[*/I_’])]*. However, when p > 5, the immediate collapse
of the reduced Lie-May spectral sequence of Theorem 3.5 implies that the restricted
Lie algebra cohomology of the primitives in E°F[strAut(; G‘IZ/”Z[‘A/E)]* agrees with
the unrestricted Lie algebra cohomology of the Lie subalgebra LZoIVP1(2, 4) of the
primitives in E°F,[strAut(; GIZ/”Z[“/E)]*. Of course this Z ply/P]-height 2 statement
generalizes to other heights and endomorphism rings other than Z,[,/p], at appropri-
ately large primes, as given by Theorem 3.5.)

So, after one has used (convenient, algebraically tractable) Lie algebra cohomology
methods to calculate H .(g,k), one needs to translate the names of elements in
H} (g, k) that one has from Lie-algebra-theoretic methods — eg from the Chevalley—
Eilenberg complex of g — into cocycle representatives in the cobar complex of (Ug)*.
Here is how one can do this: let C*(Ug™*) denote the cobar complex (as in Definition
A1.2.11 of [17]) of the k-linear dual Hopf algebra of Ug, and let CE®(g) denote the
Chevalley—FEilenberg complex of g, in the sense of [2]; that is, CE"(g) = A"(g*) with
differential given on 1-cochains by the dual of the map

N (@) = g@ca g,
and with the differential given on higher cochains by the Leibniz rule and the fact that
every higher cochain in CE®(g) is a linear combination of products of 1—cochains.

We have a natural inclusion of g as a vector subspace of Ug; let j: g — Ug be twice
this natural inclusion map. (The factor of 2 will be necessary to get diagram (A-18) to
commute, below; remember that at the start of this appendix, we stipulated that the
characteristic of the ground field k is not 2.) Dualizing, we get amap (U g)* — g*, and
since the underlying k —algebra of the cobar complex C*((Ug)*) is the free associative
k—algebra on C!((Ug)*) = (Ug)*, the universal property of the free associative
k —algebra gives us a canonical map of graded k —algebras p: C*((Ug)*) — CE*(g).

We claim that p is not only a map of graded k —algebras, but is also a chain map, ie p
is a morphism of DGAs over k. One checks easily that the diagram

Ug <T Ug®rUg

(A-18) j] wf el

g gQ®k g —— A%(g*)*

bracket
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commutes, where V is the multiplication on Ug, and i is the inclusion of A?(g*)*
into g ®x g as the vector space of antisymmetric tensors. (But it is worth noticing
that, if one tries to include j ® j as a vertical arrow in (A-18), the resulting diagram
wouldn’t commute; in particular, the left-hand square would fail to commute.) Taking
the linear dual of diagram (A-18) yields the commutative square

Ug)* — (Ug)* ®k (Ug)*

| l

gF ————— A*(g")
in which the vertical maps are given by p, the top horizontal map is the differential
Cl((Ug)*) — C?((Ug)*) in the cobar complex, and the bottom horizontal map
CE!(g) = g* — A%(g*) = CE?(g) is the differential in the Chevalley—Eilenberg
complex of g. So p commutes with the differentials on the 1—cochains. An analogous
argument for higher cochains gives us that p is a chain map.

Clearly p is surjective (since j is surjective, and so j®x" is surjective for all 1), so
if we write I for the kernel of p, then I is a differential graded ideal of C*((Ug)*)
with the property that the DGA C*((Ug)*)/I is isomorphic to CE®(g). With all that
said, the process for representing elements in H.(g, k) by cocycles in C*((Ug)*)
is very simple: given an element x in H (g, k), one represents x by an n—cocycle
in CE*(g) =~ C*((Ug)*)/1, lifts that n—cocycle to an n—cochain in C*((Ug)*), and
then adds “correcting terms” in 7 to get an n—cocycle in C*((Ug)*).

We demonstrate this process “in action” to show how the cocycle representative (4-15)
for hyohso € um(LZP[ﬂQ 4)) was obtained; /jgh3¢ denotes the element of
Huzm(LZP[ﬂA(L 4)) which arose as the product of /119 € um(LZI’[ﬂ(Z, 1)) and
h3o € Hulm(LZl’[m (2,3)/L%rIvP1(2,2)), and which survived the Cartan—Eilenberg
spectral sequences of Propositions 4.3 and 4.4. Since hy¢ is represented in the
Chevalley-Eilenberg DGA (and the cobar complex) of LZrlVP] (2, 1) by the 1—cocycle
t1,0 and since h3g is represented in the Chevalley—Filenberg DGA (and the cobar com-
plex) of LZI’W_](2 3)/LZ1’[~/—] (2,2) by the 1—cocycle 3,9, h10h30 is represented in
CE? (LZI’[:/—J (2,4)) = A2 (LZPW—JQ, 4)*) by t1,0t3,0, which we see is a 2—cocycle
in CE*(LZrIVP1(2, 4)):

dce(t1,03,0) = —t1,0(t1,0t2,1 + 12,0t1,0) = 0.

The element #1 o3, lifts to the 2—cochain 71 ¢ ® 13,9 in C’((ULzP[ﬁ](Z, 4))*), but
there it is not a 2—cocycle:
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deobar (11,0 ®13,0)

—11,0®(11,0®1,1+12,0R11,0)

1,2 1,2 1,2 1,3
= cobar([1,0®t1,0t2,0+§t1’0®t2,0_§t1’0®t2,1+§t1,0®t1,011,1+§t1,0®t1,1)-

. 1 1 1 1
Since 11,0 ® t1,0l2,0 + 5112,0 Q10— 5112,0 ®t1+ 5112,0 ®11,0t1,1 + 3113’0 ®ty1,1 €1,
we have our cocycle representative (4-15) for /119h3¢ in the cobar complex.
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