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dZtJerenl connectc~. compon:nls of M 11/ G. Morcov(r, the coz/nrcled COlnpO-

'/tenls may have (hjfez'ent dzmensions, as well as thr sazne dimension.
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7Lz -equi variant J amcs Construction
by

Slawomir RYBICKI

PnSf'lItu! by A. PE u:z )iiS [{Ion N oven/her 17, 1988

SUlluuary. In this paper we investiga.te a rela.tion between the James spa.ce J(X) with an
action of 7L2 and the 7L2-space nV SV X for V the nontrivial one-dimensional representation
of the group 7L2. After defining the action on J(X) we prove that the 7L2-spaccs J(X) and
fll' Sl/ X are weak 7L2-homotopica.lly equivalent. As an applicat.ion of the result we get a
construction of a 7L2-EHP sequence.

Introduction. In this paper by (X, q) we denote arcwise-connected
and compact topological 12-space X with chosen nondegenerated base point
:1:0 E X and a continuous map q : X ---+ IR+ such that

(i)

(ii)

q-I(O)=XO'

q(g. :1') = q(:t:) for all 9 E 12 and x E X.

In Section I of this paper we formulate definitions of spaces 1'17 (X, q)
and srv rF(X,q) and give some their properties. Moreover, we construct
a fibering which fiber is the space (S2*F rV (X, q))712•

Section 2 contains definition of an action of the group 12 on the space
J(X). We also define a continuous 12-equivariant map A : J(X) --+

S2*F1'F(X,q). In addition we construct a quasi-fibering \vhich fiber is the
space J( X )712•

In Section :3 we formulate and prove the main result of this paper.
Namely, we prove t.hat the lllap /\ is a weak 12-horllotopic equivalence.

As an applicat.ion, in Section 4 we give a construction of 12-BlIP se-
<[lienee for a case not knowJl before.

1 S ['l'( \.') ('\I "" n*l'j-'I'( 1,' ) nFSI' "" d th .. paces ~''',q ,.] "''', Jt ~''', q , Jt ••" an elr prop-
erties. Let us define t.he spaces st· X amI r" (X, q) in the following way

S \' X = S" !\ X an d 1'v (X, q) = V X X / {( v, x) : IIv II ~ q(.r)}.
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We define the action of the group "l2 on the spaces rV(X,q) and SVX by
the formula.'1·I(v,x)1 = 1(.'1,v,.'1·x)l. The space rV(X,q) is called "l2-Moore
suspension on the "l2-space (X,q). It is easy to see that the above spaces
are "l2-homeomorphic.

Next we define the space f2* v r v (X, q) as follows

[2*vrv(X,q) = ((1',J) E ~+ X F(V,rv(X,q)):
V v E Vllvll ;:: l' => f(v) = xo}.

We consider the space J2*v rV(X,q) as "l2-space with the action of"l2 given
by the formula .'1' (1',J) = (1',.'1' J).

The space [2*v rv (X, q) is called the "l2-space of the M007'e loops on the
"l2-Moo1'e suspension of the "l2-space (X,q).

LEMMA 1.1. [2*V rV (X, q) is homotopically equivalent to [2v SV X.

vVe omitt easy proof of this Lemma. Let us introduce a structure of a
manoid on the space [2*v rV(X,q). For (1',J) and (s,.'1) E [2*v rV(X,q) we
define the multiplication by (1', J) * (s, g) = (1' + S, h), where

{

f(v+s,W) forvE(-(1'+s)·w,(1'-s)·w)
h(v)= .'1(v-1'·w) forvE ((1'-s)·w,(r+s)·w)

Xo forvtJ-(-(1'+s).w,(1'+s)·w)
Next we construct a fibering with fiber equal to ([2* v rV (X, q))7L2. First we
define the Z2-space or'Moore paths

p*v(rv(X,q)) = {(r,J)'E ~+ X F(V,rv(X,q)): 3x,x E rV(X,q)'Vv E V
or(v) ·llvll;:: l' => f(x) = x and or(v) '11vll ~ -1' => f(x) = x}.

The group "l2 acts on the space p*v rV(X,q) by .'1' (1',J) = (1',.'1' J). The
equation PI (1', J) = f( r . w) defines a continuous map

PI : (p*v rV (X, q))7L2 ----+ rV (X, q).
Note that pl1(xo) = ([2*v rV(X,q))7L2.

LEMMA 1.2. The map PI : (p*V rV(X,q))7L2 ----+ rV(X,q) defined as
above is a fibering.

Proof is standard and left to the reader. An easy computation shows
that the space (p* v rV (X, q) )7L2 has the same homotopy type as the space
X7L2. We define a homeomorphism e : rV (X, q) ----+ rV (X, q) by e(l( v, x )1)
= !(v, .'1 . x )1, where .'1 is the nontrivial element of "l2. The map PI = eo PI :
(p*v rV(X,q))7L2 ----+ rV(X,q) is a fibering.

We see that the exact homotopy sequence for the fibering can be written
in the following form

... --+ 71'n(([2*v rV(X,q))7L2) --+ 71'n(X7L2)---+

2. "l2-equivariant James construction and its properties. "'!e use
the definition of James construction given in [4]. The James constructIOn o.n
the space (X, q) will be denoted by J(X). The elements. of the space JC"'\)
will be written in the form :rl 1:k. vVe define an actIOn of the group "l2
on the space J(X) as follows

{
x1 ..... :rk for.'1=OE"l2

g. (:1:1 ..... Xk) = (g. :r,,) ..... (g .. 1:1) for .'1 = 1 E "l2

The space J(X) with this action of "l2 is called "l2-equivariant James con-
struction on the "l2-space (X, q). . . .. - . , *V l/ _

Let us define a continuous "l2-eC!lUvanant map A :"\ --~ f2 S (X, q)
bv formula 1(x) = (q(X),A];( )), where A:c(n) = l(v,·1:)I· The map A extends
t~ a continuous "l2-equivaria~t map A : J(X) -~ f2*v rll(X,q) defined by
A(:rl ..... :rkl = 1(:rI)' .... A(:rd· .,. _ 7L"

vVeshall construct a quasifibering, which fIber ISthe space J("\') -. Form
a map f :X X J(Xl2 -~ J()( )7L2 by formula

f(;1:, XI ..... :rd =:1" :rl····· Xk' (g .. 1:),

where .'1is the nontrivial element of "l2. We define the cone ell (X, q) in the
following way

eV(X,q) = ((v,x) E ~r X X : Ilvll ~ q(x)}/{(v,x) E V X X:

Ilvll = q(x) and or(v) ~ O}.

We are given an injection X X J(X)7L2 -----' ell(X,q) X J(X)7L2 defined by
(:1'.11) _----' (1Iq(x),w,:r)I),y). Let Ell = (C1'(X,q) X J(X)7L2)UjJ.(X)7L2 be

.J \ 'l/ l"V(X)the cylinder of the map f. Now let us defllle a. map p: 1'0 -----' " .q as
follows

p(l(v,x)l,y) = l(v,.1:)1 and p(y) = Xo·
By the James Lemma in [5] it follows that the map p is a quasifibering.

We h'ave obtained the folo~ing exact sequence of the quasifibering

( )7L2) i. (·£Il) p •... -----' 71'n(J X. . ---+ 71'n ~ ---+

----+ 71'n(rll(X,q)) ~ 71'n_l(J(X7L2) ----+ ...

On the space Cl/ (X, q) X J(X)7L2 we define the following relation

(I(q(:r)· w,x)!,V) rv (xo,x, y. (g. x)),
where 9 is the nontrivial element of "l2' Note that Ell = eV(X,q) X

J(X)7L2
/
rv

• • ]'v EV
Let us introduce the following filtration E~ 1ll the space '., : n =

ev (X, q) X In(X)/ rv for n = 1,2,3, ...



86 S. Rybicki

THEOREM 2.1 (Milnor Theorem). Let Z and X be topological spaces with
filtmtions Zn and Yn respectively and f : Y --'> Z be a map preserving the
filtmtions. If

a) for all n ~ 1 the pairs (Zn+ 1, Zn) and (Yn+ 1, Yn) are cofiberings,
b) for all n ~ 1 the maps fn = flzn : Zn ---+ Yn are homotopy equiva-

lences,
then the map f : Z ---+ Y is a homotopy equivalence.

"For the proof of the above theorem see for instance [5].

LEMMA 2.1. The space EV has the 8ame homotopy type a8 the 8pace
./yl2.

Proof. Let 9 be the nontrivial element of the group 1..2. We define a
continuous map h: EV ---+ (p*V rV(X,q))l2 as follows

(I( )1 (
~ q(xd .

h v,x ,Xl· ... ·Xk)= L.J--+q(x)+or(v)·II:/;II,. 2,=1
Idv,x) * )'(X1 ..... Xk) * IZ(V,X)),

. where Il(V,X): V ---+ rV(X,q) is given by

for or(t) ·lltll ~ -(q(:/;)
+ or(v) ·llvll)

for -(q(x) + or(v) ·llvll)
~ or(t) . Iltll ~ 0

for 0 ~ or(t) '11tll
and where 12(V,X): V ---+ rV(X,q) is defined by

I(v,g ·x)j for (q(x) +or(v) ·llvll)
~ or(t) . Iltll

IZ(V,X)(t) = 1((lltll- q(x))· w,g' x)1 for 0 ~ or(t) '11tll
~ q(x) + or(v) '11vll

Xo for or(t) . Iltll ~ 0

Let II : {O} X X l2 ---+ Xl2 be the projection. We denote the coordinates
of the map h as h(y) = (s(y), t(y)). We define a map d : EV

--l- Xl2 in
the following way d(y) = II(t(y)(O)). Let us apply Theorem 2.1. to the
following case

Z = EV
, Y = Xl

2, Zn = E;: and f = d.

11(V,X)(t) =

f'{ -", xli

1~~lItll-q(x)), "',q' xli

It is easy to see that for n ~ 1
a) the pairs (Zn+l,Zn) and (Yn+1,Yn) are cofiberings,
b) the map dn = dlZn : Zn ---+ Yn is a homotopy equivalence.
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By Theorem 2.1 it follows that the map rI is a homotopy equivalence. 0
Using Lem~la 2.1 we simplify the exact sequence of the quasifibering

p: EV---...-+ fV (X, q). We obtain the following exact sequence

••• --l- Jrn(J(X)l2) ~ Jrn(Xl2)--l-
--l- Jrn(rv(X,q)) ---+ Jrn_l(J(X)l2) ---+ ...

In our notation the Theorem 2.2 has the following form

THEOREM 2.2 (James Theorem). The map), : J(X) --l- [2*vrV(X,q)
is a weak homotopy equivalence.

The proof of the theorern (an be found in [4]. A stronger version of the
theorem is due to [9].

3. 1..z-equivariant James Theorern. In this section we formulate and
prove the main theorem of the paper.

THEOREM 3.1 (1..z-equivariant .James l'heorem). For every finite 1..2-CW
complex J( the map .

),* : [f(,J(X)]z2 ~ [1(, f!*v rV(X,Q)]l2

is an i80nwrphi8m.

Proof. An easy computation shows that the map h : EV
--l-

(p*\i rl' (X, Q))l2 defined in Lemma 2.1 is a homotopy equivalence. It fol-
lows immediately that hlJ(Xjll2 = ),l2.

\Ve shall prove that the constructed exact sequences offibering and quasi-
fibering are isomorphic. \lVe have the following commutative diagram

By the Five Lemma tile l\lap

/\~2 : Jrn(J(X)l2) ---7 Jrn((f!*v rV(X,q))l2)

is an isomorphism for any 11 EN. From this it follow? that the maps A*
and ),~2 are isomorphisms. Using the above and Proposition 11.2 in [1] we
complete our proof.
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4. Application of 22-equivariant James Theoren •. In this section
we lise notation introduced in [I], wlwre the exact sequence of 22-pair ex, A)
\Vas constructed. This sequence is of the following form

... -' 7l"p,,,(A) -i~ 7l"p,'1( X) ~ 7l"p,(I(X, A) !}~7l"p,(I-dA) -~ .

Let LIS fix indexes l' and 8 and write the above exact sequence for the 22-pair
(J( Er.s), Er,S)

_~ "" (\-,,,,8.) --':::...."". (J( \.r,s)) j.. . • ." p,q --.J . "p,'1 --.J -~

_~ Jr. (J(. y.'r,B) \ ""s') ~ . . ( \ 'r,s)1'," ~,~ . 7l"p.'1_1 --.J -----e, •••

The "Jnceo sr\' j'\'( y') 1 '210 \'10 71 I ... 0' < ·.Ci " , q an( J. ' LJ' are 1L2' IOmotoplcally equivalent.
l~enote by I a homotopy equivaJence between these spaces. By the proper-
1]es of I, he exact sequence of pair (X,A) and Theorem :3.1 we deduce that
the above sequence is eqllivaknt to the sequence

-----e, T." (\'roB) _ 2.:1,0. ~ ." ( yor+ 1.s) II.
• • • It P,f}......J . -- II p+ 1,11 . ...;.J . -----+

~ ('J( \-"',S) \ ,,,(8) iI. ( ~r ,- 7l"1) (I ~ LJ --~ 7l" J ' ,.)-~I ..' p,q_ ........J ••••

If 0'* is the isomorphism of tile groups (D1,oEI,oE"'S) and
7l" (\'r+l,s) 11 plO \. III . 1 1 I• 11'+1,(1 LJ , ,len LJ ' = 0'*0;*0/\*01* anc * = h0"\- O~(- 00'- It
can .be verifie.d t,hat the groups 7l"p,,,( J( Er.s), Er,s) an~I 7l"1"(~(J( 1.,~"'s /\ i''':s))
are Isomorpluc for p + q < :3· (I' + 8)- :2 and (/ < r + 8 - J. Denote by 0'*

this isomorphism.
\Ve are given an action of 22 on tlte space Er,s /\ Er,s by

{
( (j . 11) II ((j . r)!J . (.1: /\ y) = "J " •

,7: /\ y
for g = 1 E 22

for g = 0 E 22

PHOPOSITION .1.1. A8sIlme that fI+ q <:3· (1' + s) -:2 (lnd q < T + s-1.
The -"impliest Iorm oI the c.wet .wquencc lor the flair' (J( E"'S), 2~o".S) i8 the
Iollowirl!}

\,1,0
-----e, Jr . (\01',05) _~__ . ('-'1'+1.,) 'II. ocr, oJ!,

• • • 1',(/ --.J . 7l"p+ 1,,/ --.J ------.

". -I'" n*oa-1
01J-

1

-~7l" (\,+5+,,+8) "'. ("'1',05)1'+1,'1 --.J ---~ Jrp.q_1 --.J -----e, ...

Proof. Using the isomorphism 0'* we simplify the sequence (*)
\,1,0

-----e, T." (r'·I',s·.) ~. (. ",,+1.,) cr. all,
••• . II p,q..;..../ .--. Jrp+l,q ~

•.J -1
-----e, Jr (J( \'1',-' /\ "",S)) l. ocr. . ( \'1'(8)p,q ..:......J.;..J ITp,q-l...:...J . -----;.. ...

It can be proved that the space ~'r,s /\ ~"',s with action (**) of 22 IS 22-

homeomorphic to the space 1.,'1'+.5,1'+8.

71.2 _cqulVorwllt J 01lle8 ('on.<1 rue/ioll
---------_. ---

89

Applying the ahove remark and Theorem :3.1 we concl11c!c that the grOilp
Jrp,rl(J(E"'S n ~""S)) is isomorphic to Jrp+I,'j(EI'+s+l.r+,). Denote the iso-

morphism by ')* .

Finally we get

( "1'+8+1.1'+')-~ 7l"p+l,'1 LJ

o

NOT/\.TIONS.

V a one-diIlH'Tlsionalliontrivial representation of the group 22,

W E V - a versoI' of t he rep resen tation V,
01'(1') = sgn(I.:), where I! = /,;'11',

8" = V u {X!} one-point compactiftcatioll of tIl(' representation V
with a chosen base point ,ro = X!,

F(A. B) - the space of all continuous maps from a topological space A
into a topological space 13, considered vvith compact O]Wll topology,

F(A,B) .... the space of aJl these continuous maps from the topological
space A. into the topological space B, which preserve base points, considered
with compact-open topology,

(;- is any group,
[Z, Tk ---the set of G-homotopy classes of C;'-equivariant maps from a

G-space Z to a G-space T preserving base points,
XG -- the set of all fixed points of the action of the group G on the

G-space X,
fH : X If -----e, Y H_ the restriction of the G-equivariant map I :X -----e,

Y to the set of fixed points of the actioll of the subgroup II of the group G,
DVS"X = P(SV,Sv /\X).
Given 22-spaces A and B we define the following action of the gro11p 22

on the space F(A,B): (g. f)(a) = g. I(g· a), where f E F(A,B), g E 22

and a E A.
We illtroduce the action of the group 22 on the space F(A, B) in analo-

gous way.
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Summary. It is natural to try to place the new polynomial invariants of links in algebraic
topology (e.g. to try to interpret them using homology or homotopy groups). However,
one can think that these new polynomial invariants are byproducts of a new more delicate
algebraic invariant of 3-manifolds which measures the obstruction to isotopy oflinks (which
are homotopic), We propose such an algebraic invariant based on skein theory introduced
by Conway (1969) and developed by Giller (1982) as well as Lickorish and Millett (1987).

Let M be an oriented 3-manifold and R a commutative ring with 1. For
ro, ... ,rk-1 E R we define the kth skein module Sk(M;R) (ro, ... ,rk-1) as
follows:

Let £( M) be the set of all ambient isotopy classes of oriented links in
M. Let M(£, R) be a free R-module generated by £(M) and S.c(M)(ro, ... ,
rk-1) the submodule generated by linear skein expressions roLo + rILl +
... + rk-1Lk-1, wh0fc Lo.L1, ...• Lk-1 are classes of links identical except
the parts showli ill Fig. I.

:xx: ...:x:
Fig.

DEFINITION 1 . The R-module

Sk(M; R)(ro, ... , rk-d = M(£, R)j S.c(M)(rO,"" rk-d
is called the kth skein module of M.

EXAMPLE 2.
(a) Sk(M;R)(O, ... ,0) = M(£,R),


