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Outline

The Adams spectral sequence



Context

v

Joint work with Robert R. Bruner on THH(tmf) and its circle action.

v

Aim to study v3-periodic homotopy detected by

S — K(tmf) — THH(tmf)'S" |

v

Prime p =2, H = HF>.
Steenrod algebra A = H*(H) = (Sq* | k > 1).
Adams spectral sequence for X

v

v

E;' = Exty!(H'(X). F2) =5 mt-s(%4).



Baas—Madsen (1972)

» Nils Baas and Ib Madsen constructed spectra X with prescribed cohomology
modules

H*(X) = A/A{Q;,....Q},
where @Q, € Ais the Milnor primitive in degree 2p" — 1 = 21 — 1,

» Example:
H*(k(n)) = A/A{Qn} = A®g(q,) F2 = A//E[Qn]

where k(n) — K(n) is the connective cover of the n-th Morava K-theory, and
E[Qn] C Ais the exterior algebra.

» Adams SS
E2 = EXtA(A//E[Qn],FQ) = EXtE[Qn](FQ,Fg) = Fg[Vn] — ﬂ'*k(n)

collapses, so m,k(n) = Fa[vy] with |v,| = 2p" — 2 = 21 — 2,



Adams SS for k(2)
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Figure: Exti:’['QZ](]Fg,]Fg) — s m_sk(2)



Complex K-theory

» H*(ku) = A//E(1) where ku — KU is the connective cover of complex

K-theory.
» E(1) = E[Qy, Qi] with Qy = Sq' and Q; = [Sq', S¢?].
Qs
» Adams SS

E2 = EXTA(A//E(1),F2) = EXTE(1)(F2,]F2) = Fg[ho, V1] — 7T*kU

collapses, so m.ku = Z[v1] with |v4| = 2.



Adams SS for ku
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Figure: Ext;zi’(’”(IFg,IFg) — m_skU



Real K-theory

» H*(ko) = A//A(1) where ko — KO is the connective cover of real K-theory.
> A(1) = (Sq", S¢?) C A.

e~ \

7Sq>0

\/\/

» Adams SS E; = EXtA(A//A(1) ) EXTA( )(FQ,FQ)
Faolho, hy, v, wy]/(hohy, b3, hyv, v2 hawy) = m.ko collapses, so
mko = Z[n, o, B]/(2n, 1%, na, o = 4p).



Adams SS for ko
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Figure: Extj’(q)(Fg,Fg) — m_sko



Hopkins—Miller / Hopkins—Mahowald (1994)

» Mike Hopkins and Mark Mahowald constructed a topological modular forms
spectrum tmf with H*(tmf) = A//A(2), where A(2) = (Sq', Sq?, Sq*) C A.

» dim A(2) = 64.

» André Henriques (2004) created the picture of A(2) on the next page:



Andre Henriques, december 2004.
The subalgebra A(2) of the Steenrod algebra

with generators Sq', S¢?, Sq* and relations given by

o ol 4 5



Adams SS for tmf

Adams SS

v

E, = EXTA(A//A(Z),IFg) = EXtA(z)(]Fz,FQ) = m,tmf.

v

Theorem (Shimada-lwai (1967)):

]FZ[hO7 h17h27 007 o, d0757 60777 67g7 Wy, W2]

Extaz)(F2,F2) = (54 relations)

v

Bruner’'s ext can reproduce such calculations in a finite range.

v

How to prove that the apparent patterns persist?



Adams E>-term for tmf, t — s < 12
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Figure: Extj’(z)(]Fg,IFg) = m_stmf



Adams Ex-term for tmf, t — s < 24
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Figure: Extj’(’z)(]Fg,]Fg) — s m_stmf



Adams Es-term for tmf, t — s < 48
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Remaining steps to determine . tmf

Determine Adams d», d3, ds and Es = E,, [Hopkins—Mahowald].
Examine additive and multiplicative extensions.
Similar strategy applies for tmf-modules like THH(tmf).

Alternative: Use Adams—Novikov / elliptic SS [Hopkins—Mahowald, Bauer
(2008)].

v

v

v

v



Outline

The Davis—Mahowald spectral sequence



Davis—Mahowald (1982)

» Don Davis and Mark Mahowald calculated Exta)(M, F2) for a number of
A(2)-modules M related to Fo[x] = H*RP>.

» Spectral sequence

7 = B (M Ny ) =, Bt ()

for specific A(1)-modules N,;, o > 0.
» Multiplicative structure only observed in hindsight.



Module coalgebra

v

Steenrod algebra A = (Sq* | k > 1).

Coproduct 4:(Sq¥) = >, Sq' © S¢/.
Cocommutative sub Hopf algebras A(1) C A(2) C A.
A(1) is not normal as a subalgebra of A(2).

v

v

v

A(2) — A2)//A(1) = A(2) ®a1) F2
is a quotient A(2)-module coalgebra, but not a quotient algebra.



Comodule algebra

Dual Steenrod algebra A, = Fo[&x | k > 1] with & = 2K — 1.
Coproduct ¢(&k) = >, =k & @ 6_,2’

Commutative quotient Hopf algebras A. — A(2). — A(1)..
A(1). = Fa&1,&]/(87, 65)-

A2). = Faol&1, &, 85)/(€8,63. €3).

v

v

v

v

v

A(2). Dapr), F2 = E[7,E8,&] — A(2).
is a sub A(2).-comodule algebra, but not a sub coalgebra.



General context (a la Cartan—Eilenberg/Adams)

v

I Hopf algebra over a field k.
A sub Hopf algebra of T.
Q =T//N=T ®n k quotient I'-module coalgebra of I'.

v

v

AN—T = Q

v

Aim: Calculate algebra Ex{{(k, k) in terms of Exty(N, k) for suitable
A-modules N.



Dual context (a la Eilenberg—Moore/Milnor—Moore)

v

I'. Hopf algebra over a field k.
A, quotient Hopf algebra of T',.
Q. =T, 0O, k sub I'.-comodule algebra of I'...

v

v

v

Aim: Calculate algebra Extf (k, k) in terms of Exty (k, R) for suitable
A-comodules R.



Cartan—Eilenberg (1956)

v

Suppose (temporarily) that A is normal in T
Q =T//Nis a quotient Hopf algebra of I'.
Cartan-Eilenberg spectral sequence (CESS)

v

v

EJ*® = Extg(k, Ext{(k, k)) =, ExtSt7(k, k)

v

Equivalently

Ey® = Extg, (Exty (K, k), K) =, ExtS™ (k. k)



CESS for A(1)

v

Example: T = A(1), A = E[Q4], Q = E[Sq", S¢?].
Ext\"(F2,F2) = Fa[v4] trivial Q-module, Exty™(F2,Fo) = Faolho, hy].

v

ES"" =TFalho, hi] @ Fa[v4].

v

d2(V1) = hoh1.

Ey™* = TFa[ho, m]/(hohy) @ Fa[vZ].
d3(V12) = h?, E4 = E.

v



(Es, ds) of CESS for A(1)
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Figure: E5>®* = Eth[Zq1,sq2](]F27 EXtE’[Bd(Fg,IFg)) =, Extja‘)”*(lﬁ‘g,lﬁ‘g)



Davis—Mahowald (1982)

v

Allow (from now on) that A is not normal in T
Q =T//Nis aT-module coalgebra.
Require (suitable) '-module coalgebra resolution (2 ® N,, d) — k.

v

v

v

Davis—Mahowald spectral sequence (DMSS)
E7S* =, ExtZ"*(k, k)
where

EPS* = Ext®*(Q® Ny, k) = ExtS* (T @p Ny, k) = ExtS*(N,, k), .

v

Assume I is cocommutative to make untwisting Q @ N, = T ®@a N,
comultiplicative.



DMSS, dual formulation

v

I, commutative Hopf algebra.

A, quotient Hopf algebra of I'.

Q, =T, Op, k left I'.-comodule algebra.

Require (suitable) I',-comodule algebra resolution k — (. ® R*, d).

v

v

v

v

Get multiplicative Davis—Mahowald spectral sequence

EJS" = Exty*(k,R%) = Ext "7 (k, k).

v

Untwisting 2, ® R? = T, Oa, R? is multiplicative for commutative TI...



DMSS for A(1)

v

Example: T = A(1), A = A(0) = E[Sq"], Q. = E[¢2,&,].

Resolve using A(1).-comodule algebra R* = F»[x», X3], with coaction
v(X2) =1® X2, v(X3) =1 ® X3 + &1 @ Xo.

Resolution F» — Q, ® R* has differential d(£2) = xo, d(&) = Xa.

v

v

H":Fg{xg,...,xg}:lﬁ‘g{xéxé li+j=0o}.

Extj\’(’g)*(Fz, RC) = Fa[ho], Eth’(B)*(Fg, R') = Fo{x,}.

v



DMSS (E:, d;) for A(1)
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Figure: E"®" = Extyg (F2, R%) ==, Exty ()" (F2, F2)



DMSS E;o — EXTA(1)(F2,F2)
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Figure: hy = Xo, v = hox2, wy = X3



Main construction, 1/4

v

. — A and Q. c I, as above.

Assume a graded I',-comodule algebra R* = @@, R” and homomorphisms
d: Q2 ®R —Q, R

such that (Q. ® R*, d) is a differential graded I'.-comodule algebra and the
unit k — (. ® R*, d) is a quasi-isomorphism.

Get an exact complex

v

v

v

05T -0 oR A0 oR 4. 0RRS ..



Main construction, 2/4

» Consider I',.-comodules M, N.

» Let (Cf (k, M), d) be the cobar complex with cohomology Ext? (k, M) in
degree s.

» Here

Gt (kM)=T,®  -a@l.eoM

with s copies of I',.

» Alexander—Whitney pairing C2 (k, M) ® Ct (k,N) — Cﬁj’(k, M @ N) induces
cup product in Ext.



Main construction, 3/4

» The unit induces a quasi-isomorphism
Ct.(k, k) = Cf.(k, Q. @ R)

of differential graded algebras (DGAs).
» The RHS is a filtered DGA, with

F° = Ct.(k,Q. ® R*>7)

and
F"/F(er1 =Cf, (k,Q. @ R?).



Main construction, 4/4

» Get an algebra spectral sequence
E{*® =, ExtZ"(k, k)
with
Ef’s = Extf (k,Q. @ R%) = ExtZ (k,T.Op, R?) = Ext} (k,R%).

» Uses untwisting Q. ® R = T, Ox, R? and change-of-rings along ', — A,.

» Product E{* ® E]"* — E{™™" equals pairing induced by A.-comodule product
R°® RT — RTT,



Outline

Calculation of Ext over A(2)



Main example: A(2)

» . =A(2). - A(1). = A, commutative Hopf algebras.

Q, = A(2)* DA(‘I)* Fo = E[£14’53553]

left A(2).-comodule algebra.

v

Resolve by A(2).-comodule algebra

R* = IET2[X47X67X7] .

v

Coaction v(xs) = 1® X3, v(Xe) = 1@ X + £3 @ Xa,
v(x7) =10 X7 +& @ Xg + &2 @ Xy
Resolution F» — Q, ® A" has differential d(¢?) = x4, d(&2) = X6, d(&3) = x7.

v



DMSS for A(2)

v

Graded pieces R* = @, R°.

R = Fo{xixix¥ |i+j+k=o0}.

v

Algebra spectral sequence

BT = Bxty(,) (F2, A7) =0 EXGET (R F2)

v

Abutment equals the E,-term of the Adams SS converging to m.tmf.



A(1).-comodules R’

RO = FF,.

> R :]FZ{X4>X6)X7}: /_\

X4 X6

v

X7

2 2 21.
» R? = Fo{X3, XaXe, XaX7, X§, X6 X7, X5 }-

N N )

X4 Xg —— XaX7 X& —— XpX7 X2

~_ -

2
X4

2, 2
R® = Fo{x3, X2 x5, X2

v

2 2 2 2 3
X7, XaXE, XaXo X7, X3, Xa X2, XaX7, Xe X2, X3 }.



c=0

> E?,*,* = Extzg;)* (FZ,]Fz) = ko**.
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o=1
» R' = Fo{Xq, Xe, X7} = Z4H*(S Uy e Uso 63).
» £l = Extylyy. (F2, R') = ksp™*{hp}.

S

_ 4] V/h2
-~ wihp




o=2

2 _ 2 2 2
> R =T2{X, XaXe, XaX7, X§, X6 X7, X5 }.

> = Extyl;) (F2. F?) = Gy {3},
S
8
4
hg ag,ohz
0



=3

» dim R® = 10.

3,%,% * % k%
| 4 E1 = EXtA(1)*(F2, RS) = GS {hg}

S

3
h2 3330 hg

0 4 8 12 16



Extensions by Fao[x5]

v

x4 € R*is A(1).-comodule primitive.
A(1).-comodule algebra extension

v

}FZ[X?] — R* — R*.

R* = @, R° where R7 = Fo{xXix[xk | i+ j+k =0,0 < k <3}.
Algebra extension

v

v

Fa[x3] — E;o — EP™T.



The charts G~

» E7S = Extj’(’:)*(lﬁ‘g, R7).
» Starts with A(1).-comodule primitive x7 in (t — s, s) = (40,0).
» Define chart G by
YOG = Extj"(’;)* (Fa, R%).
» Starts at origin (f — s, s) = (0, 0).
> Contributes G3'{hg} towards Extg 7" (Fz, F2).
» Gy* = ko** and G}"* = ksp**.



Adams covers of ku

» Can calculate G, for ¢ > 2 in terms of Adams covers ku(c) of ku.
» Consider minimal Adams tower of ku = ku(0):

. ——ku(o + 1) ku(o) ku(1) ku
A \L k\ \L ‘\
V7, £2H Hvs2H H

» Product ku A ku — ku lifts to pairings ku(c) A ku(t) — ku(o + 7).



Comodule syzygies

v

H*(ku) = A®g(1) Fa, 50 Hi(ku) = A, Ogqyy, Fo.
Generally,

v

H. X ku(o) = A, Ogq), Q). (F2)
where Q‘EU)*(IFQ) is the o-th E(1).-comodule syzygy of F».

v

Adams chart for X7 ku(o) is

Exty”(F2, A Ogr, Q). (F2)) = Extgy) (F2,QF), (F2)).

v

E(1).-comodule pairing

QF (1), (F2) ® Qfy, (F2) = QF ) (F2).



Adams spectral sequence for ku{s) (in the case o = 3)
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The chart G* (in the case o = 3)
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A comparison result for o > 2

v

Proposition: G,* is the subchart of the Adams chart for ku(c) where the
classes with t — s = 2 are omitted.

Additively

v

G, =Fs{ans|5>0,0<n<s+o,n#1}

with an s in Adams bidegree (t — s, s) = (2n, s).

ko**-module action is given by hg - ans = @ns+1, h1 - ans =0,

V- ans = apni2st3and Wy - ans = aniasi4-

The pairing G5* @ G-* — G}, is given by ans - am¢ = ani+m,s+t-

v

v



Proof

» Explicit, injective, A(1).-comodule algebra homomorphism
¢: R* = Fa[xq, %6, X71/(6F) = @D T2 A1)« Deqry. 1y, (F2) -

» For o > 2, short exact sequence
0— F")O' — ZSUA(1)* DE(1)* Q%(.')*(Fg) — Z4U+2A(1 )* DA(O)* FQ —0

induces SES
0— Gy* — ku(o)"* — Fa[hgl{ai 0} — 0.

» Graded algebra homomorphism
¢.: P G — P ku(o)*

determines product at the LHS.



DMSS (Eq, dy)-complex
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Figure: Fo[x?] — E;™" — @, G2 {hg}



DMSS d?: E2** — E{*
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Figure: d?(v) = h3h,



DMSS d}: E/** — EZ**
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Figure: d (v'h2) = hoh3



DMSS o?: EZ** — E>*
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DMSS o?: E>** — Ef*
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Figure: d13(ag70hg) = hg, d13(a5,2hg) = 33,2h‘21, d?(ae’g,hg) = <’:14’3/"l‘21



DMSS d14 E147*7* - E15,>k,*
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Figure: df(ap.0h}) = h3, d*(as1hi) = as 1h3, d¥ (as2h}) = as2h3



DMSS df: E)™ — B}
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Figure: d?(azoh3) = hS, d?(as,0h3) = asohl, d7 (as,1h3) = aa,1hS



DMSS df: E>* — E[™
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Figure: d?(ag’ohg) = h;, d16(a570hg) = as’oh;, d?(as’ohg) = a4,oh;, d?(agyghg) = 37,3h;



DMSS E> foro <0
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Figure: Fo[w4]-basis for E?
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DMSS E; foro < 1
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Figure: cg = hyv'ho
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DMSS E; foro <2
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Figure: o = 33,1h§, do = a4’2h§, W1h§ = hgdo
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DMSS E; foro < 3
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DMSS E; for o < 4

s

9
i :
®
ado

ARSI

€ hp 9

5
16 20 o4

28 32 36

Figure: hof8 = asohl, g = asoht, ade = a7 3hé



DMSS E, for o <5
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Figure: W33 = as 0h3, hog = a4 0h3, aeo = ar2h3, doep = ag 3h;



DMSS E, for o < 6
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Figure: h5g = as,0h§, ag = ar1hj, dog = as2hj



Summary of E;

» Section S: R* — R* makes (E;, di) a subcomplex of (E, di).
> d7(anshg) = an_2sh3"" for n=1,2 mod 4, is zero otherwise.
» Homology E3 = H(E;, dy) repeats with

g: Eg — Eg+4

surjection for o = 2, isomorphism for o > 3.
» Foreach o > 3,

EZ = Fao[ws{anshg }

is free of rank six, where 0 <s<3,s+0c-2<n<s+candn=0,3
mod 4.



Short and long exact sequences

» x8 = (x4)? € R®is A(2).-comodule primitive. (Will represent ws — v5.)
» Short exact sequence of cochain complexes

0 Er S E/(x8) » Er{x¥) >0
induces long exact sequence
B S E 08 5 B3 S BT

» Connecting homomorphism 6: Eg{x4} — E‘”r5 contains “remainder” of
d;-differential.



E; free over Fa[wi]

E E E E E
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Figure: g: Eg — Eg** onto for o = 2, iso for o > 3
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E; © E;{x3} free over Fa[ws]
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Figure: Add E;{x7} to E;



5: Ez{x4} — E;*®
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Figure: §(x3) = hag



DMSS E;/(x8)
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Figure: Fo[wy]-basis for E; /(x8)
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DMSS E; free over Fo[wy, ws]

E B EBE B B E EBE E B

S

Figure: Fo[wy, wa]-basis for E
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Collapse at E;

» No room for further differentials: £5 = EZ_.
» Algebra generators for EZ:

L ho [ hi | he |G| a|d]| B
f—s|0 1|3 |8 12| 14|15
s |1]|1|1|3|3|4]|3




DMSS E;o - EXtA(Q)(F2,F2)
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The Shimada-lwai algebra
» Theorem (Shimada-lwai (1967)):

Extpo)(F2, F2) = Falho, hy, he, Co, v, b, B, €0, 7, 6, 9, Wy, wal /1

(13 generators) where the ideal / is generated by

hohy, hiha, heho = B3 hoh3, hS, ...,
ot = hiwo + w1 9%, hao® = My, a3, hgady = hpwy 3, hp3?

(54 relations).
» Verify relations in Extyo)(F2, F2) by machine calculation.

» Use a Grdbner basis to check that the Shimada—Iwai algebra is free as an
Fa[wy, wo]-module, on an explicit list of generators.

» Observe that the Davis—Mahowald E..-term is free over Fo[wq, wo], with the
same number of generators in each bidegree.



Extacz)(F2, F2)
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