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THE HOMOTOPY TYPE OF MSU

By Davip J. PENGELLEY

0. Introduction. This paper examines the homotopy type of the
Thom spectrum MSU associated with special unitary cobordism. For odd
primes p, standard methods show that the p-localization MSU(,, is
equivalent to a wedge of suspensions of the Brown-Peterson spectrum BP.
For p = 2, however, this is not the case, and our work is devoted to deter-
mining the 2-primary homotopy type of MSU. This involves a new in-
decomposable spectrum, and our main results are the following.

There is an indecomposable 2-local spectrum, which we call BoP,
such that MSU ;) is equivalent to a wedge of suspensions of BoP and BP.
Under the equivalence, the Thom class lies in a BoP summand. As a com-
odule over the dual Steenrod algebra A [11], H4(BoP; Z/2) is a sum of
suspensions of B = Z/2[§‘1‘, ;‘%, . g“}, ...] C A, where {; is the con-
jugate of Milnor’s generator £;. There is one suspension of B beginning in
each nonnegative dimension divisible by 8.

BoP bears strong similarities to BP and the (—1)-connected K-theory
spectra bo and bu. In particular, in Section 6 we show there is a map
BoP = bo(y inducing an epimorphism v of homotopy groups. In fact, v4
induces an isomorphism of torsion subgroups, and its torsion free kernel
is concentrated in even dimensions.

A brief summary of our methods is as follows. In Sections 1 and 2 we
describe the Adams spectral sequence for m4MSU;), including a com-
putation of the differentials, with particular attention paid to the product
structure. Anderson, Brown, and Peterson [4] gave a computation for
these differentials, but their proof requires some correction, and in any
case we will need the more extensive knowledge of the product structure.

In Sections 3 to 5, we construct BoP and show it is indecomposable.
To produce BoP, first the Sullivan-Baas construction is applied to MSU,
yielding a spectrum representing a bordism theory of SU-manifolds with

Manuscript received June S, 1981
Manuscript revised September 11, 1981

American Journal of Mathematics, Vol. 104, No. 5, pp. 1101-1123 1101
0002-9327/82/1045-1101 $01.50
Copyright © 1982 by The Johns Hopkins University Press

This content downloaded from
128.151.124.135 on Sun, 12 Jul 2020 21:15:47 UTC
All use subject to https://about.jstor.org/terms



1102 DAVID J. PENGELLEY

certain singularities. Then we produce a map from the 2-localization of
this spectrum to a wedge of BP suspensions, and the fibre is the desired
spectrum BoP.

Sections 6 and 7 are devoted to producing a homotopy equivalence
between MSU(; and a wedge of BoP and BP suspensions. Maps from
MSU ;) to a suspension of BoP are somewhat difficult to construct, so
maps to a suspension of bo(,) are constructed first, using the Adams spec-
tral sequence, and then lifted to BoP by obstruction theory.

Several of the indecomposable spectra which, like BoP, appear as
summands in cobordism Thom spectra, have proven extremely useful in
homotopy theory. The most notable are the FEilenberg-MacLane and
Brown-Peterson spectra, upon which the Adams and Novikov spectral se-
quences are based. Hopefully, BoP too will have a useful role to play in
homotopy theory. In particular, a generalized Adams-Novikov spectral se-
quence based on BoP has the advantage that the Hopf map 7 € 7, 8° ap-
pears on the zero line. To apply BoP effectively, it would be useful to find
a canonical description for it similar to Quillen’s construction [1] of BP,
and to know that BoP is a commutative ring spectrum. It must also be
shown that BoP has better flatness properties than bo.

I owe many thanks to my thesis advisor Doug Ravenel for his gener-
ous help and guidance. This work was supported by an NSF graduate
fellowship, Fulbright-Hays scholarship, and the English-Speaking Union,
Seattle Branch.

1. The Mod Two Homology of MSU. The Thom spectrum MSU is
a commutative ring spectrum. Thus H(MSU; Z/2) is a graded left A
comodule algebra [16], whose structure we will describe below.

Henceforth, ‘A algebra’ means ‘graded left A comodule algebra’,
unstated coefficient groups are Z/2, and ® means ®z,. We give the
polynomial algebra C = Z/2[xg, x19, ..., X (i # 2 — 1), ...] an 4
algebra structure by letting x,; be in grade 27, and defining the coaction
map by yxg; = {1 @ x4—3 + 1 ® xg;fori # 2/, Yoy = 1 ® x4, and
Yy = 1 @ x3).

Since the subalgebra B C A defined in the introduction is in fact a
sub-A algebra of A, we can give B ® C the natural A algebra structure of
a tensor product. In previous work [13], we showed that

THEOREM 1.1. There is an isomorphism HeMSU = B @ C of A
algebras.
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THE HOMOTOPY TYPE OF MSU 1103

We identify H, MSU and B ® C via such an isomorphism, and now
proceed to analyze B ® C. Let E(x) denote the primitive exterior Hopf
algebra on x, and let E be the quotient Hopf subalgebra E( ;%) of A. Let P
be the sub-A algebra Z/2[§f, g"%, R {12 , ...] C A, which is isomorphic
to H4BP and dual to the quotient A*/A*Sq'A* [7].

Lemma 1.2.  There is an A algebra isomorphism B = P[1;Z/2.

Proof. The isomorphism Z/2[¢1, &, &3, ...] = AD g Z/2 is well
known [16, p. S11], and squaring provides a Hopf algebra isomorphism
A=P. O

We will also need the following presumably well-known fact.

ProrosrrioN 1.3. If H is a connected graded commutative Z/2
Hopf algebra, D is an H algebra, and E is a quotient Hopf algebra of H,
then(m ® 1) e (1 ®X® 1) (1 ® Yp):HOgD — (HORZ/2) ® D is
defined and is an H algebra isomorphism.

Proof. After taking Z/2 duals, the formula for the map and the fact
that it is an isomorphism follow from the special case N = Z/2 of Proposi-
tion 1.7 in [10] along with the commutativity of H. It is straightforward to
check that it is an H algebra map. O

Together Lemma 1.2 and Propositon 1.3 imply

CorOLLARY 1.4, m @ D (1X®X®1(1®yY):POgC—~B®
C is a P algebra isomorphism and hence an A algebra isomorphism.

Next we examine P[1;C. By analyzing the E comodule structure of
C, we will be able to express PL1;C as a sum of cocyclic A comodules. Let
¥ be the quotient E-coaction map, and define SqZ:C - Cbyjc = {% ®
quc +1® c. qu is a differential and a derivation. Define

{xs,. it i=2
Y& = .
x5 if i#2 for i=1,

andlet Y = Z/2[yg, ..., yg, -..] C C. Note qu acts trivially on Y. For
i # 2/ let R; be the subspace of C spanned by {x%_,, x4x5_»|n = 0}. R;
is closed under qu. LetR = ; R; with diagonal qu action. The natural
mapR ® Y — C is clearly an E(qu) module isomorphism.

Since H *(R;,qu) = Z/2, R is a sum of a single trivial summand in

This content downloaded from
128.151.124.135 on Sun, 12 Jul 2020 21:15:47 UTC
All use subject to https://about.jstor.org/terms



1104 DAVID J. PENGELLEY

grade zero and a free £ comodule with primitives quR. We will write R’
for Sq°R. The desired description of PL1zC now follows:

ProposiTION 1.5. There is a sequence of A comodule isomor-
phisms

POC=POR) Q@Y= PUZ2®ERR)NPY
=BOPOR)N®TY.

We will need to know something about the algebra structure in this
description. Notice PLJzC contains the A subalgebra B @ Y. The A
algebra inclusion B C P provides an obvious B module structure on B @
(P ® R’), and hence a B ® Y module structureon B @ (P ®R')) ® Y.
The composite isomorphism of (1.5) is clearly a B ® Y module map.

2. The Adams Spectral Sequence for 7 MSU ;. The E, term of
the 2-primary Adams spectral sequence [1] converging to mxMSUy) is
given by Exti*(Z/2, HyMSU). We abbreviate Ext}*(Z/2, —) as
Ext(—). By (1.5) we need only know Ext(B) and Ext(P) to describe E,.
They are given by

TuHeEOREM 2.1. [9]. There are isomorphisms
Ext(B) = Z/2lq0, &, 4240, 45 @20 -+ -» q» -+ 1/ (qoh, BY)
and

EXt(P) = Z/2[q0’ d1> 925 -5 k> ]9

where h € Ext"” and g; € Extl‘zlﬂ_l. Under the isomorphisms the map
B — P induces the obvious algebra map.

Applying Theorem 2.1 to the description of H,MSU provided by
(1.5) immediately yields

THEOREM 2.2.
Ext(HMSU) = (Ext(B) ® (Ext(P) ® R)NX®RY
= (Z/2q0, b, 4190 41> Q2> -+ Gi» - - -1/(qoh, )

@ ((Z/Z[Q(), q1592s -+ 9k, - "1) ® R/)) ® Y’
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THE HOMOTOPY TYPE OF MSU 1105

with the Ext(B) @ Y module structure induced on the tensor product in
the obvious way using the algebra map Ext(B) — Ext(P) described in
2.1).

We will now use this description of Ext(H 4 MSU), along with a result
of Conner and Floyd, to determine the differentials in the spectral se-
quence. The reader is urged to construct a picture of the E, term as
described in (2.2). We will make frequent use of the following three lem-
mas, all proven in [4].

LemMA 2.3.  h is a permanent cycle, and for each r, ES* R Efﬂ’t“
is an epimorphism if t — s is even, a monomorphism if t — s is odd.

LemMaA 2.4.  d, is zero on the summand Ext(P) ® R’ ® Y of E,.

Lemma 2.5. q%qo and q‘lt are permanent cycles.
Since d, is a derivation, it is completely determined by (2.4), (2.5),
and the following theorem.

TeeOREM 2.6. There are elements

j+1_
qj’EE%‘ZJ 1 for j =2, and
v €EY¥ for i=1,
of the form

g/ = q; + decomposables in Z/2[g;, ..., g%, ...] ® Y,

and
y§; = yg + decomposables in Y,
such that
dyqi = 0,
and
dyy3i = hqi—1,
and

d,ys; = 0 if 87 is not a power of two.
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1106 DAVID J. PENGELLEY

Before proving the theorem, we will see how it immediately leads to
the description of E, and d, that we desire. Let Ext(B)’ denote the sub-
algebra Z/2[qo, %, 4190> 41> @3, - - -, Gi» - ..] of E, in which the element
qy in Ext(B) has been replaced by g{ for k = 2. From (2.2) and (2.6) we
have

COROLLARY 2.7. There is an isomorphism E, = (Ext(B)' @
(Ext(P) ® R")) @ Ywith Y = Z/2[y4, ..., V4, .- .|, and the differential
d, is described explicitly by (2.4), (2.5), and (2.6).

Proof of Theorem 2.6. Suppose inductively that appropriate g/ and
yg; have been found for all j such that 2/*1 < 8k and all i such that 8; <
8k.

Let / be the largest integer such that 2’ < 8k. Let G¥'* = Z/2[q}, q3,
v qi—1] ® Z/2[y4, ..., yéu—p] C EF*. Define a derivation d:G}' —
G by letting dyj; = g/ for 3 < j < I and lettingd = 0 on all the
other polynomial generators of G,. Notice that on Gy, d, = h-d by the in-
ductive hypothesis, and d is a differential. H*'*(Gy; d) is easily computed
using the Kiinneth theorem, and we find that H*' is nonzero only if  — s
= 0 (mod 8).

Case 1. 8k is not a power of two. Consider the ‘column’ E5’ with ¢
— s = 8 — 1, and the map

h-(ker d)° "7 /h-(im dy T2 — (ker dy)*!/(im d,)*".

Using (2.3) we see the numerators are equal. The left group is zero since
Hs_l’t_z(Gk; d) = 0, and thus the two denominators are equal. So d,yg
= d,y for some y € G%Sk. Defining yg. = yg + y completes the inductive
step.

Case 1. 8k = 2™ for some m. First we will examine the ‘column’
E5" witht — s = 2™ — 3. The same argument as in Case I shows that
dygm—1 = dyx for some x € Gi¥" "', Define Gm—1 = qm—1 T X, SO
d»q,,—1 = 0. The same argument also shows that E5° = 0 forz — s = 2"
— 3, 50 ¢,,—1 is a permanent cycle, and thussoisz-q,,—; € E%’Zmﬂ. From
Conner and Floyd’s work [8] we know mym_1MSU;) = 0, so i -q,,—; must
be in the image of a differential. The only possibility is dzzEg’zm -
E" T U NowEY" =GP @ {ym} @ R’ @ Y)*¥". From (2.4) we
know d, = 0 on the rightmost summand. Inductively d, has been deter-
mined on G%Z'", and h-q,,_ is clearly not in the image. Thus there must
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THE HOMOTOPY TYPE OF MSU 1107

be an element y € Gv>" such that dy(ym + y) = h-qj_;. Let yim =
yom ty. O

Finally, we will show that all higher differentials are zero. Let G*'*
=241, 43, - @iy - 1 ® Z/2Up4, ..., v, ...] C EF* withd asin
the proof of (2.6). H**(G; d) is easily computed, and H*'(G; d) = 0
unless¢ — s = 0 (mod 8). Now if ¢t — sisodd, E' = H' ""%(G; d), since
the map

he(ker d)’ "% /h-(im &) "% = (ker d,)*'/(im d,)*"

is an isomorphism, and multiplication by # maps G monomorphically in
E,. Thus Ej is rather sparse in the sense that E5’ = Oforz — s = 3, 5, or
7 (mod 8). This will enable us to prove

ProposITION 2.8. All the higher differentials d,:ES' — EST"' 41
forr = 3, are zero.

Proof. By the sparseness of Ej this is obvious except whent — s = 1
or 2 (mod 8).

Case .t — s = 1 (mod 8). Given x € E}', by (2.3) x = h-y for
some y. Now d,y = 0 by sparseness, sod,x = h-d,y = 0.

Case Il. t — s = 2 (mod 8). Given x € E}’, by (2.3) we have & -d,x
=d,(h-x)=4d,0) =0,sod,x = 0, again by (2.3). O

3. The Sullivan-Baas Construction. In this section we will apply the
Sullivan-Baas construction [6] to MSU to produce a spectrum whose
2-localization is closely related to the indecomposable spectrum BoP we
seek.

First we describe a sequence of elements in 74, MSU for use with the
Sullivan-Baas construction. Define zg; € Y fori = 2 by

yg if i#2
zg; — .
' 2ot =2
In our description of the Adams spectral sequence, zg; € Eg’Bi survives to
E%¥ by (2.6) and (2.8), and is thus represented by an element Zg; €

wgMSU. If h:meMSU — H MSU is the Hurewicz homomorphism,
h(Zg;) = zg;.
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1108 DAVID J. PENGELLEY

LemMma 3.1. The sequence {zg}i»» Iis a regular sequence in
H MSU.

Proof. We will follow zg; € Y under the composite S: Y = Z/2 ® Y
C POEC — B @ Cinvolvingthemap(m @ 1) e (1 @ X ® 1) e (1 ® ¢)
of (1.4). Notice that

SR = @xh+1@x if i#2
S(ys) = ,
S(x&-)=1®x8,- if l=2‘,

So if we write B ® C = Z/2[¢1, 3y -y &1y + -] ® Z/2[xg, x40, - -, X

@i#2—1,...]as Z/2[wy, wg, Ws, ..., Wy, ...] in the obvious way,
with w,; in grade 2/, we see that S(Y) = Z/Z[W%z + w4w%0, e, Wa
W4Wii_2 (l # 2"), ey W8y Wigy o ooy Wojy oo .], and

w4+ wawii_, + decomposablesin S(Y), if =2

S(zg;) = { ) ,
(wy; + decomposables in S(Y))* if = 2.

{8(zg;)}i=> is clearly a regular sequence in Z/2[wy, wg, wg, ..., Wy, ...].
O

Those aspects of the Sullivan-Baas construction relevant to our needs
are summarized by

TueoreM 3.2. Let {x, [M{], ..., [M,], ...} be a sequence of
elements in O (point) = 74 MSU, and let m, = h(IM,]) € Hy(MSU,.
Suppose {m,},-1 is a regular sequence in the algebra H MSU. Then
there are CW-spectra M(n) for n = 0 and maps M(n) 2% M(n + 1) with
M(0) = MSU, such that the composite M(0) 22 M(1) 2 ... P2=' M(n) is
an epimorphism in mod 2 homology with kernel the ideal generated by
{ml, ey mn}.

Proof. LetS, = {% [M{], ..., [M,]} and let MSU(S ) x(—) be the

bordism theory of SU-manifolds with singularity set .S, (see Baas [6]).
There are long exact sequences

3.3)
—.) Bn:'[Mn'l'l]N Vn
« = MSU(S,)(—) ———— MSU(S )% +dimm, ,(T) —
—.) 5y —

MSU(S,+ )% +dimm, () = MSUWS ) ge—1(—) — -+
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THE HOMOTOPY TYPE OF MSU 1109

relating the corresponding (reduced) generalized homology theories
MSU(S,)«(—) and MSU(S,, +1)%(—) on_the category of CW-spectra. It is
clear from the bordism definition of MSU(S,)«(—) that it satisfies the
direct limit axiom. Thus [3] it is represented by a CW-spectrum M(n), and
there is a map M(n) & M(n + 1) inducing the natural transformation v,,.
Of course M(0) = MSU.

If we apply the sequences (3.3) to the Eilenberg-MacLane spectrum
K(Z/2), then (3, is just multiplication by m,+; = h(IM,,+1]), so we see in-
ductively that it is a monomorphism, and conclude that the composite
M(0) 22 M(1) — - - "' M(n) has the desired property. O

Letting M = lim M(n), we have
Pn

CorOLLARY 3.4. With the hypotheses of Theorem 3.2, there is a
CW-spectrum M and a map MSU — P. M, such that p is an epimorphism in
mod 2 homology with kernel the ideal generated by {my, ..., m,, ...}.

Applying (3.4) to the sequence {%g;};»2» C w4MSU already de-
scribed, using (3.1) and localizing at the prime 2, we obtain

ProrositioN 3.5. There is a 2-local CW-spectrum X, and a map
MSU L. X, such that p is an epimorphism in mod 2 homology with ker-
nel the ideal generated by {zg;};>.

4. The Adams Spectral Sequence for 7, X. We now examine the
2-primary Adams spectral sequence converging to w4X by studying the
map of spectral sequences induced by MSU £ X. We begin by examin-
ing the map of F, terms.

Recall that Proposition 1.5 identified the A comodule H,MSU as
B® PQX®R’)) ® Y, with the obvious B & Y module structure from the
subalgebra B ® Y. Let Z = Z/2]zy, ..., zg, -..] be the polynomial
subalgebra of Y generated by the regular sequence introduced in Section
3. It follows from (3.5) that in homology p induces the natural map

BO®PRR)N@RY2B®PR®R)) ® Y|Z,

where Y||Z denotes the algebra quotient by the ideal generated by Z. The
induced map of E, terms is the natural projection

(Ext(B) ® (Ext(P) ® R")) ® Y — (Ext(B) ® (Ext(P) ® R')) ® Y||Z.

To grasp the behavior of the differentials d, we must first interpret
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1110 DAVID J. PENGELLEY

the behavior of this map when Ext(H,MSU) is identified as in (2.7).
Clearly the Y module action on (Ext(B)’ @ (Ext(P) ® R’)) ® Y induced
from that on Ext(HMSU) is still just multiplication in the right factor, so
in fact

ProposiTion 4.1. p:MSU ;) — X induces a natural projection
(Ext(B)’ @ (Ext(P) @ R")) ® Y22 (Ext(B)’ @ (Ext(P) ® R")) ® Y||Z

of Ext,(Z/2, —) groups.

Since p induces a map of spectral sequences, the differentials d, on
Ext(H4+X) are completely determined by those on Ext(HMSU) already
described in Section 2. The description of Ext(H 4X) provided by (4.1) has
a natural algebra structure respected by Ext(py), and d, is a derivation on
Ext(H 4+ X).

ProposITION 4.2.  The map Ext(py) has a splitting which is a map
of dy chain complexes.

Proof. From the definition of the sequence {zg;};», C Y it is clear
that Y||Z is an exterior algebra with generators represented by {y3};=3.
So there is an obvious identification of Y||Z with the subspace of Y
spanned by the monomials in the y;,’s in which no y,; appears to a power
greater than one. This splitting of Y — Y||Z provides a splitting of
Ext(py), and from the form of the differentials, as described in (2.7), it is
clear the splitting commutes with d,. O

ProposITION 4.3.  The map of E; terms induced by p is an epimor-
phism. All the differentials d, for r = 3 in the spectral sequence for T4 X
vanish.

Proof. The splitting of (4.2) shows the map of E; terms is onto. The
proposition now follows from (2.8). O

5. The Indecomposable Spectrum BoP. In this section we will pro-
duce BoP from X, examine the Adams spectral sequence converging to
mBoP, and show BoP is indecomposable.

Recall from Section 4 that as an A comodule

HX=B®PRR)NRY|Z=BRY|Z2)® PR ® Y|2).
This content downloaded from
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THE HOMOTOPY TYPE OF MSU 1111

From now on we identify H,X with this direct sum. Since the A algebra P
is isomorphic to H,BP, it appears that X may decompose into two wedge
summands, one a spectrum with homology B ® Y||Z, the other a wedge
of BP summands. We will show that it lies in a fibration between two such
spectra.

ProrositioN S.1. Let W denote the graded vector space R’ &
Y||Z and let #iry denote the canonical projection HyX = (B ® Y||Z) @
(P ® W) — P ® W. Then there is a map X = BP N W inducing fiy in
mod 2 homology.

Proof. The projection HyX = P @ W<%7/2 @ W = W corre-
sponds naturally to a map X = K(Z/2) A W, since W is of finite type and
H*(X; Z) is concentrated in even dimensions and is torsion free. In mod 2
homology, m induces the natural map H X LPRW—-AQ W,sincea
map of graded bounded below comodules is uniquely determined by its
composition with any projection of the target onto its A primitives. The ob-
structions to lifting m into BP A W lie in zero groups, so we obtain the lift 7
we seek. O

Now define BoP to be the fibre of 7, and let i: BoP — X be the inclu-
sion of the fibre. We immediately have

ProposITION 5.2. In mod 2 homology, iy is a monomorphism onto
the left summand B ® Y||[Zof (B ® Y||Z) ® (P @ W) = HyX.

We identify H,BoP with this summand, and remark that since Y||Z
is an exterior algebra on generators y;; with j = 3, HyBoP is a sum of
copies of the cocyclic A comodule B, with one copy beginning in each
dimension divisible by 8.

Next we compute the Adams spectral sequence for w4.BoP. Not only
does Ext(H 4+ X) split into the two summands Ext(B)’ ® Y||Z and Ext(P)
® W, but the form of the differentials, described by (4.1), (4.3), and
(2.7), shows this is a splitting of d, chain complexes, and hence the entire
spectral sequence for w4 X splits. Thus we have

ProrositioN 5.3. In the Adams spectral sequence converging to
74 BoP, with E, = Ext(B)’ ® Y||Z the differentials are as follows. d, is
2 4 / 14 !, — ’ b
zeroon {qo, h, 4190, 91, 93> -- > 4k» - - }» d2Y3i = hqj—, and d; is a de-
rivation with respect to the natural algebra structure of Ext(B)' ® Y||Z.
The higher differentials d, for r = 3 are all zero.
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1112 DAVID J. PENGELLEY

The indecomposability of BoP will follow from

THEOREM 5.4. Let p be a prime, and suppose F is a CW-spectrum
satisfying

(1) Fis p-local;

(2) Fis bounded below;

(3) Hy(F; Z) is of finite type over Zp;

(4) The image of the Z/p Hurewicz homomorphism wyF — H(F;
Z/p) has rank one.

Then F has no nontrivial wedge decomposition.

Proof. Suppose F = F’ V F”. Since the Hurewicz homomorphism
is additive on wedges, the Hurewicz isomorphism theorem along with (2)
and (4) shows that one of the wedge summands, say F’, has zero mod p
homology. H(F'; Z) = H(F'; Z,,)) is of finite type over Z ), so Hx (F'; Z)
is a sum of copies of Z ) and Z/p" (n = 1). If it were nonzero, then H . (F’;
Z/p) would be nonzero. Thus Hy(F’'; Z) = 0, so by the Whitehead
Theorem, F’ ishomotopy equivalent to a point. O

COROLLARY S5.5. BoP has no nontrivial wedge decomposition.

Proof. Clearly BoP satisfies (1), (2), (3) of (5.4). The image of the
mod 2 Hurewicz homomorphism is given by the zero line E%* in the
Adams spectral sequence for w4BoP. But the differentials, as described in
(5.3), show this is of rank one. O

6. Maps from MSU , to Suspensions of BoP. We ultimately intend
to show MSU ;) is a wedge of BoP and BP suspensions by producing a map
to such a wedge and showing it is a homotopy equivalence. In this section,
we produce the necessary maps from MSU(, to various suspensions of
BoP. Such maps are difficult to produce directly. As an intermediate step,
we first produce certain maps to suspensions of bo,. It seems that the
KO-theory techniques of [4, 17] would provide sufficient maps to bo(y),
but we will use the Adams spectral sequence since this method will also
produce a fundamental map we require from BoP to bo(y).

If M is a graded comodule or vector space, let M, denote the n'*
grade, M" the n-skeleton. If a graded vector space is concentrated in even
dimensions, we call it an evenly graded vector space (abbreviated egvs).

A priori the Adams spectral sequence with E, term isomorphic to
Ext}’*(HMSU, H 4bo) doesn’t necessarily converge to [MSU 3, boyl«,
since MSU is not a finite complex. We intend to obtain elements of
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THE HOMOTOPY TYPE OF MSU 1113

[MSU;), bo)ly by examining lu_n [MSU(Z), bo(yl«, where the spectra
MSU™ are an increasing sequence of fmlte subspectra of MSU (a choice
of 2n-skeleta for MSU) such that MSU™ — MSU induces an inclusion
onto (H 3 MSU )2" in homology (such subspectra exist since H(MSU; Z) is
torsion free and even dimensional).

The E, term for the Adams spectral sequence converging to [MSU (25’),
bogl« is given by Ext}*(H«MSU Y, H «bo), which we now examlne.

Let A¥ denote the subalgebra of A* generated by Sq and Sq Then
H#*po = A* ® a3 Z/2 [14; 15, Chapter XI], so Hybo = ALy Z/2 =
221, 6, 83 oen Gy - -1 (15, p. 324], with Ay = Z/2[¢y, s“z]/(fp o).
Using the change of rings theorem [16, p. 498], we have

LemmMA 6.1.
Xt *(Hx MSU)™", Hybo) = Ext§*(HxMSU)”", Z/2).

To compute these groups we must analyze the structure of Hyx MSU
=BRY) ®PE®R’'" ® Y) as a comodule over A;. The coaction in
fact makes H MSU a comodule over the Hopf subalgebra E = E(g'f) of
Aj. So, as in Section 1, we need only understand the induced qu action
on H MSU.

ProPOSITION 6.2. Asan A; comodule, B = 7Z/2 ® (E @ V'), with
V' an egvs.

Proof. Sq is a derivation and dlfferentlal on B with Sq X ;‘j) = g'J 1.
The Kiinneth theoremyields H 4 (B; Sq 2y =17/2, soBisasdescribed. O

Proposition 6.3. As an Ay comodule, P = E @ V", with V" an
egvs.

Proof. Hy(P;Sq*) = 0. O

COROLLARY 6.4. As an A comodule, HeMSU =Y ® (F ® V),
where V is an egvs.
We immediately deduce that

COROLLARY 6.5. As an A; comodule, (HeMSU)™ = Y™ @ V,, @
E® V"

To analyze lim [MS U(z), bo)ls, we now consider, for each k = 0,
the inclusion r:MSU¥*® — MSUM* % and the induced map of
Adams spectral sequences converging to

[MSU(82(;C+1)+6, bO(z)]* = [MSU(82k)+69 bO(Z)]*‘
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1114 DAVID J. PENGELLEY

From (6.1) and (6.5) we see we can describe the £, terms of the two
spectral sequences provided we know Ext A’*(Z/ 2,Z/2) and Extf’*(E Z/2).
It is well known [9] that

(6.6) Ext$'*(2/2,2/2) = Z/2[q0, h, 4190, 411/ (qoh, 1),

with the generators in the same bidegrees as in Section 2. Regarding
*’*(E Z./2), it will suffice to know that

LemMa 6.7. Ext} (E,Z/2) = 0ift — sis odd.

Proof. Consider the unreduced, normalized cobar resolution [2] A,
&® F(A,) for Z/2 over A;. The differential on the cobar resolution 1nduces
a differential on Hom} *(E, A; ® F(4,)) = Hom/$(E, F(A4,)) = E(Sq %)
® F(A,), with homology isomorphic to Extj’*(E Z/2). If we fllter the
chain complex E(Sq)* ® F(A,) by the skeletal flltratlon on E(Sg)%, we ob-
tain a spectral sequence converging to the desired Ext group, with F; term
isomorphic to E(Sg%) ® Ext}'*(Z/2, Z/2). Moreover, it is easy to check
that the only nonzero differential, d,, is given by d,(1 ® x) = qu ® hx
and dz(Sq ®x) =0, forx € Ext}*(Z/2, Z/2). The lemma now follows,
since Extj (Z/2, Z/2) N Ext”““(Z/Z Z/2) is onto if (¢t — s) is even,
one-to-one 1f (t — s)isodd. O

Now we can examine the induced map Ext(ry) of E, terms.

PROPOSITION 6.8. Ext*‘(r4) is onto if t — s is congruent to 7 or 0
mod 8.

Proof. Using the descriptions of (H*MSU)g(’“LD+6 and
(HMSU)®* "¢ provided by (6.5), we first notice that the composite

Y8k+6 ®E® V8k+4) & (H*MSU)8k+6 I3 (H*MSU)S(k+1)+6

is a split A; comodule monomorphism, so Ext(ry) ° Ext({) is onto. But
Ext(i) is an isomorphism for ¢ — s congruent to 7 or 0 mod 8 since Vg 14 is
concentrated in grade 8 + 6 and Ex‘tf‘itl(Z/Z, Z/2) = 0 fort — s congru-
ent to S or 6 mod 8. O

When (6.5), (6.6), and (6.7) are combined with the fact that Y is con-
centrated in dimensions divisible by 8, we find that

PROPOSITION 6.9. For any k = 0, Ext}' (HxMSU)*"°, 2/2) = 0
if t — s is congruent to 7 mod 8.
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THE HOMOTOPY TYPE OF MSU 1115

So the ‘columns’ with ¢ — s = 0 (mod 8) in the two spectral sequences
survive in their entirety to E,, and if we let E%(#) denote the induced map
of E, terms, it follows from (6.8) and (6.9) that

COROLLARY 6.10. E%(r) is onto for t — s = 0 (mod 8).

Now we need a technical lemma which ensures that the epimorphism
at the F,, level really means the induced homomorphism of mapping
groups is an epimorphism. We prove something slightly more general for
use later in this section.

LemMma 6.11. Suppose U, Vi, V, (respectively U;, U,, V) are
2-local spectra with U (respectively Uy, U,) finite and V1, V, (respectively
V) of finite type and bounded below. Consider the Adams spectral se-
quences for [U, Vily and [U, V] (respectively [Uy, V] and [U,, V).
If vy EA V, (respectively U, Lu 1) induces an epimorphism of E. terms,
for all groups with t — s = i for some fixed i, then [U, V], i [U, V,];

(respectively (U, V], [U,, V1)) is onto.

Proof. Let’F3, s = 0, denote the groups in the decreasing Adams
filtration of [U, V;]; (respectlvely [U; V] ) for j = 1, 2. Since the spectral
sequences converge,’E“h ='F} /’F t Yand ﬁ’F ; = 0 for all i and j.
Since the source spectra are finite dlmensmnal and the targets are bounded
below, the Adams and 2-adic filtrations induce equivalent topologies on the
mapping groups [12, p. 189]. So in particular, for i fixed, we can choose s
such that’F$ C 2- ’FO forj =1, 2.

Consider the induced commutative square

'F I F —— 'FY2-'F)

FFS —— 020

The lower horizontal is clearly onto. The left vertical is onto because the
Adams filtrations induce finite filtrations on the two groups, and by
assumption the map is onto when one passes to filtered quotients. Thus the
right vertical is onto. It now follows from Nakayama’s Lemma [5, Proposi-
tion 2.6] that IFO FO is onto, as desired. O

Now we are equipped to produce the maps we desire from MSU,, to
suspensions of bo,).
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1116 DAVID 1. PENGELLEY

THEOREM 6.12. If\:Y — ¥7/2is a graded homomorphism from
Y to the 8" suspension of Z/2, then there is a map MS Uy — E&bo(z) in-
ducing the obvious composition

=BRY®PAR ®Y)“BRY=Z/A1, 5.8 5jn-- 1O Y
= Hybo ® Y€ H, bo ® £¥7/2 = ¥H . bo.

Proof. \ is clearly an element of Homy®(HxMSU, Hybo) =
Ext%’_s'(H «MSU, Hybo). The restrictions .of A to the skeleta
(HMSU)* ™ for k = 0 are elements of Ext§ *((HMSU)**°, H,bo),
compatible with one another under restriction. Using (6.10), (6.11), and the
fact that

HomY “(HMSU)** V7, 2/2) X Hom§ ™ (H MSU)**°,2/2)

is clearly an isomorphism if k = #, we see there is a sequence of elements A, €
[MSU?zk)H, bo(;]_s;, compatible with each other under restriction, and
each inducing the restriction of N in mod 2 homology. Since [MSU ),
bop)l s — li;m [MSU 6’) , bo(y)] _g;is onto, the theorem follows. O

Recall that HyBoP = B ® Y||Z. Thus the BoP wedge summands in
the desired decomposition of MSU ,) ought to be indexed by Z. As afirst step
towards a projection MSU ;) — BoP A Z, we construct an appropriate map
MSU ) — boy) A Z by fitting together maps made available by (6.12). Since
Z is concentrated in dimensions divisible by 8, it follows from (6.12) that

THEOREM 6.13. If Y £ Zisa (graded) projection of Y onto the sub-
space Z, then there is a map pu:MSU ) — boy A Z inducing the obvious
composition
H MSU

=BRYV)®POR ®Y)=BQY-Z/21,15,8G, .55 1® Y
= Hybo ® Y2 H bo ® Z

in mod 2 homology.
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THE HOMOTOPY TYPE OF MSU 1117

Using a map of the type produced in (6.13) we wish to produce a map
MSU 5 — BoP A Z which will serve as a projection to the BoP summands we
claim exist in MSU ). First we need a suitable map BoP — boy,.

THEOREM 6.14. There is a map BoP = boy) inducing the obvious
map

BRY|ZXB®Z/2=B < Hybo

in mod 2 homology.

Proof. All the properties of MSU ) used in the proof of (6.12) are also
satisfied by BoP. So the same argument produces the desired map. O

THEOREM 6.15. vy :mBoP — m;bo(y is an epimorphism for all i
and an isomorphism for i odd.

Proof. 1In (5.3) we computed the E, term of the Adams spectral se-
quence converging to wyBoP, and all the differentials in the spectral se-
quence. The F, term of the Adams spectral sequence converging to T4 bo(y)
is Ext¥'*(Z/2, H 4+bo) = Ext;’{;*(Z/Z, Z/2), described in (6.6). There is no
room for nonzero differentials in the spectral sequence. Combining (5.3),
(6.6), and (6.14), we see that » induces an epimorphism of E, terms, and
hence, by (6.11), of homotopy groups. From the description of the two spec-
tral sequences it is clear that m;bo ;) and 7;BoP are zero fori odd unlessi = 1
{mod 8), in which case both groups are Z/2. The theorem follows. O

Let F be the fibre of v:BoP — bo(;. From (6.15) and the long exact
homotopy sequence we immediately have

COROLLARY 6.16. 74 F is concentrated in even dimensions.

In fact, Massey product and Toda bracket arguments can be used to
show that vy induces an isomorphism of torsion subgroups, so m4F is tor-
sion free. We will not prove this here.

Now we are prepared to produce the map MSU L BoP A Z we
seek. Note that for any such map, the induced map f4 in homology carries
the primitives in H4.MSU into the primitives Y||Z ® Z in H4(BoP A Z).

THEOREM 6.17. There is a map f:MSU ) — BoP A Z such that

2 ez 1r0z2=2

is the identity.
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1118 DAVID J. PENGELLEY

Proof. Consider any map u:MSU(y — bop A Z satisfying (6.13).
We would like to lift u to f making

S
MSU,y, /
\

I

BoP ANZ

vAid

bO(z) NZ

commute. The obstructions to such a lift lie in the groups H”(MSU,);
7p,—1F). Since H¥(MSU; Z) is torsion free and even dimensional, it fol-
lows from (6.16) that the obstruction groups are all zero. From (6.13) and
(6.14) it is clear fx has the desired property. O

7. The Decomposition of MSU;. In this section we will show
MSU , is homotopy equivalent to a wedge of suspensions of BoP and BP.

The map f:MSU; — BoP A Z produced in (6.17) will serve as the
projection to the BoP summands. But first we need to know more about
the homology behavior of this map. So far we only know that the restric-
tion of fx to Z C Yissuch thatZ 2% (Y]|2) ® Z¥42/2 ® Z = Z is the
identity. We will in fact need to know that Y = (Y||Z) ® Z is an isomor-
phism.

We will show this is forced by the differentials in the Adams spectral
sequences for T4 MSU and 74 (BoP A Z). The idea is roughly as follows.
Since we know fi(1) = 1 ® 1, it ‘ought’ to follow that Ext(fs)(g3) = g4
® 1. Since d, commutes with Ext(fy) and d,y§ = ¢ in both the spectral
sequence for T4 MSU ;) and for w4BoP, it follows that Ext(f)(yg) = y§
® 1, sofx(yg) = ys ® 1, as desired, etc. The details are rather technical,
and we will relegate them to a lemma, from which our main result will
follow easily.

To state the lemma, we need a few preliminaries. Recall that Y||Z is
isomorphic to the exterior algebra E(yg, ..., y3j, ...). Let L:Y||Z - Y
be the obvious splitting of the projection p: Y — Y||Z. In other words,

L({Iyz’fk) = {Iyz’jk for ji<jp < ---.

Now consider J:(Y||Z) ® Z Olyoyv2y. Clearly J is an isomorphism
and a map of right Z modules. Let I be the inverse of J. Specifically, any
monomial in the yg;’s can be written in the form
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THE HOMOTOPY TYPE OF MSU 1119
y= (IgyZJk)'z’
with z € Z and j; < ji4¢ for all k. Then
I(y) = (Il y4; .
») ( : ym) ®z

Let F¥Z denote @ Z;(and define F¥Y and F¥Y|| Z similarly). For
fixed, let w:Z — Zg, be the natural projection to grade 87. So id A w maps
BoP A Z onto BoP A Zg,. The technical lemma is as follows.

Lemma 7.1.  The diagram

rEyznez

(idAm),

Y-F¥z (Y|2) ® Zs,
idAT),

YL (Y|2)®Z

commutes.
Before proving the lemma, we will show how the decomposition of
MSU,, follows from it.

COROLLARY 7.2. f4:Y — (Y||Z) ® Z is a monomorphism.

Proof. Let0 #y €Y. Since Y = Y-F°Z, and NY-F¥Z = 0, there
is some 7 withy € Y-F¥Z buty ¢ Y-F*"*VZ 1f f,(y) = 0, then by (7.1),
(id A Ty ° I(y) = 0. But (Y-F¥Z) c (Y||Z) ® F¥Z since I is a Z
module map, so

1) € (Y]|Z) ® F¥Z) N ker((id A m)5) = (Y]|Z) @ F**VzZ.

Thus y = JU(p)) € Y-F***DZ, a contradiction. O
LemMA 7.3. Thereis a map g:MSU ) — BP A (R’ @ Y) such that

BOY)® PR ®Y)=HMSUp ™ HyBPAR' ® Y))
=PQRR' Y

is projection onto the second factor.
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1120 DAVID J. PENGELLEY

Proof. The proof of (5.1) carries over word for word to produce the
desired map. O

We can combine the maps f from (6.17) and g from (7.3) to produce a
map h:MSUp — (BoP AN Z) V (BP A (R’ @ Y)) that induces f and g
when projected onto the left and right summands of the target.

THEOREM 7.4. h is a homotopy equivalence.

Proof. In homology, consider the restriction 24:Y @ (R’ ® Y) —
(Y|2) ® Z) ® (R’ ® Y)tothe A primitives. Letx € Y @ (R’ ® Y) withx
#Z0.Ifx¢ Y, thenby(7.3),g4(x) # 0,50h4(x) # 0. lfx € Y, thenfy(x) # 0
by (7.2), so hy(x) # 0. Thus k4 is a monomorphism on primitives, and
hence a monomorphism. But the graded ranks of the source and target of
h 4 are the same, so %4 is an isomorphism. Since both source and target are
even dimensional, H(MSU 5); Z) and Hy (BoPANZ)V (BPAR' @ Y)); Z)
are torsion free and 2 must induce an isomorphism in integral homology.
Thusby Whitehead’s Theorem £ is a homotopy equivalence. O

Proof of Lemma 7.1. We will prove the diagram commutes when
restricted to Y-Zg,+ for any s = 0. For each s we will do this inductively
by showing it commutes on Yg;-Zg, 1, provided it commutes on Yy, -Zg, +¢
for n < i. To begin the induction we must show it commutes on Zg, 1. In
Ext®**(H MSU), Zg,,, C ket(d,). So

F@srvs) C ker(dy) N Ext™ T (H (BoP A Z)) = 2/2 ® Zg,+,.

Thus (id A )% ° fx(Zg,+5) = 0ifs > 0, and if s = 0, (id A T)x ° fx:Zs,
— (Y||Z) ® Zg, is, by hypothesis, the natural inclusion. In either case,
the diagram commutes, beginning the induction.

Definej, k by 2/ < 8i < 21 and 2% < 8i + s < 2. Letf = (id A
m) o f:MSU @) — BoP A Z — BoP A Zg,. Consider the diagram

B ® [(Y||Z)/F¥ %Y ||2)] ® Zs,
BRVN®PRR ®Y) —— B (Y]|2) ® Zs,

B8
B® (FY 'Y)Zg ] 2 B® FY (Y| 2)] ® Zs, = B ® (V]| Dgert 1 ® Zg,

involving the induced map f in homology, with 7 the natural projection.
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THE HOMOTOPY TYPE OF MSU 1121

The composite « ° fy ° B is trivial, since the target has nonzero
primitives only in grades less than 8; — 2/ + 8r + s, the source is concen-
trated only in grades at least as large as this number, and an A comodule
map (between bounded below graded A comodules) is determined by its
composition with a projection of the target onto the A primitives. Thus fy
factors as shown because j < k.

Now consider the restriction of 7 ° fy to the primitives. This is ob-
viously zero except (possibly) in grade 8i — 2/ + 8 + s, and in this grade
it equals 7 ° (id A m)g ° (id ® I) by the inductive assumption. But 7 °f* is
uniquely determined by its restriction to the primitives, since the source is
primitive in all grades less than or equal to 8; — 2/ + 8¢ + s, and these
are the only grades in which the target has nonzero primitives. Thus 7 © fy
=7o({d Ny °@{d @ I).

With this in hand let us consider (see Figure 1) the map induced by f
between relevant portions of the E,-terms of the Adams spectral se-
quences converging to woMSU ;) and w4«(BoP A Zg,). The commutative
diagram in the figure requires some justification ;

The vertlcal equalities are valid since (F® ?y). Zg,+s is an ideal in
Y, and Fo+~ 2* (Y]|Z) and F¥**~ 2k’Lg(YHZ) are ideals in Y||Z. To see
that d, and d, ® id really land in the subgroups shown, recall that on Y,
d, = h-d, with the derivation d as described in Section 2 (this is true also
on Y||Z in the spectral sequence for m4BoP; note dZ = 0 so d passes
naturally to a derivation on Y||Z). We leave it to the reader to check that
the definition of d on {yg,}, the fact that d is a derivation, and the fact
that multiplication in Y adds filtrations F*Y, ensure that d(Yjy) C
2/2043, s 4 ;] ® F¥?'Y. Thus since dZ = 0, dy(Yg;-Zg,+;) C
Ext(B)’ ® (F¥~ Y) -Zg,+s, as claimed. By the same reasoning d, ® id
behaves as shown.

The lowest horizontal Exto'*(f*) is the map we wish to determine.
We detect its behavior as follows.

- Ext(f,) ibs—2k Ext()
Ext(B) ® (F* 'Y)-Zgr, o2 Ext(B) @ F H(Y)|2) ® Zs —t Ext(B) ® (Y||ZD)grse-t ® Za,

_ Ext(f,, Ext(r)
Exi(B) ® (FY" YY) Zgy, 202

Ext(B)’ ® F¥* 2(¥||2) ® Zs, —2 Ext(B)’ ® (Y|Z)gss—2t ® Zs,

dz‘ dy®ud

Ext®*(f,)
Yy, Zgts

(Y |2)g,+5 ® Zg,

Figure 1
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1122 DAVID J. PENGELLEY

Let (j;, -..,J)) be the unique increasing integer sequence such that
l .
8i+s= L 2/m,
m=1
Note jl = k. Let

!
y= HlyZIJm € Y8i+s'

m=

Of course p(y) is the generator of (Y||Z)g;+; = Z/2.
Now

!
Ext(7) * (d, ® id)(p(y) ® z) = (Ext(r))<h ® nEI 9;,-1® p<m1}nyz'jm> ® Z>

-1
=h®qr-1& p<m111yz'jm> ® z,

since Ext(7) kills all but one of the terms in the sum. Thus Ext(7) ¢ (d, ® id) is
a monomorphism. So any map & such that Ext(r) ° (d, ® id) - & = Ext(r) °
Ext(fy) ° d, must equal the map Ext®*(Fy) of interest. We now show (id A
™)y © 1 is such a &, which will complete the proof.

Eatlier in the proof we showed that 7 o fy = 7 © (id A )y ° (id @ I),
so applying Ext(—) yields Ext(7) Ext(f*) = Ext(r) o Ext((id A m)g) °
d@®I).Now(id @ I)od =(d ®id) o IsincedZ =0,s0(d ®I)°d,
= (d, ® id) ° I. Thus Ext(r) o Ext(fy) ° d, = Ext(r) ° Ext((id A m)%) °
(dy®id) o I = Ext(r) ° (dy ® id) ° (id A )4 ° I, as claimed. O
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