Quasi-coherent sheaves on the Moduli Stack
of Formal Groups

Paul G. Goerss and Who?*

For years I have been echoing my betters, especially Mike Hopkins, and
telling anyone who would listen that the chromatic picture of stable homotopy
theory is dictated and controlled by the geometry of the moduli stack Mgg
of smooth, one-dimensional formal groups. Specifically, I would say that the
height filtration of Mg, dictates a canonical and natural decomposition of a
quasi-coherent sheaf on Mpgg, and this decomposition predicts and controls the
chromatic decomposition of a finite spectrum. This sounds well, and is even
true, but there is no single place in the literature where I could send anyone in
order for him or her to get a clear, detailed, unified, and linear rendition of this
story. This document is an attempt to set that right.

Before going on to state in detail what I actually hope to accomplish here,
I should quickly acknowledge that the opening sentences of this introduction
and, indeed, this whole point of view is not original with me. I have already
mentioned Mike Hopkins, and just about everything I'm going to say here is
encapsulated in the table in section 2 of [15] and can be gleaned from the notes
of various courses Mike gave at MIT. See, for example, [14]. Further back, the
intellectual journey begins, for myself as a homotopy theorist, with Quillen’s
fundamental insight linking formal groups, complex orientable cohomology the-
ories, and complex cobordism — the basic papers are [40] and [41]. But the
theory of formal groups predates Quillen’s work connecting algebraic topology
and the algebraic geometry of formal groups: there was a rich literature already
in place at the time he wrote his papers. Lazard did fundamental work in ’50s
(see [30]), and there was work of Cartier [2] on what happens when you work
localized at a prime, and even a thorough treatment of the deformation theory
given by Lubin and Tate [31]. In short, Quillen’s work opened the door for the
importation of a mature theory in geometry into homotopy theory.

It was Jack Morava, I think, who really had the vision of how this should
go, but the 1970s saw a broad eruption of applications of formal groups to
homotopy theory. The twin towers here are the paper of Miller, Ravenel, and
Wilson [34] giving deep computations in the Adams-Novikov Spectral Sequence
and Ravenel’s nilpotence conjectures [42], later largely proved by Devinatz,
Hopkins, and Smith in [6] and [16]. This period fundamentally changed stable
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homotopy theory. Morava himself wrote a number of papers, most notably [36]
(see also Doug Ravenel’s Math Review of this paper in [43]), but there are
rumors of a highly-realized and lengthy manuscript on formal groups and their
applications to homotopy theory. If so, it is a loss that Jack never thought this
manuscript ready for prime-time viewing.!

Let me begin the account of what you can find here with some indication of
how stacks come into the narrative. One simple observation, due originally (I
think) to Neil Strickland is that stacks can calculate homology groups. Specifi-
cally, if F, and F, are two 2-periodic Landweber exact homology theories and
if G and H are the formal groups over Ey and Fj respectively, then there is a
2-category pull-back square

Spec(EyF) — Spec(Fp)

i .

Spec(Ep) — Megg.

This can be seen in Lemma 2.11 below. I heard Mike, in his lectures at Miinster,
noting this fact as piquing his interest in stacks. Beyond this simple calculation,
Strickland should certainly get a lot of credit for all of this: while the reference
[48] never actually uses the word “stack”, the point of view is clear and, in fact,
much of what I say here can be found there in different — and sometimes not so
different — language.

For computations, especially with the Adams-Novikov Spectral Sequence,
homotopy theorists worked with the cohomology of comodules over Hopf alge-
broids. A succinct way to define such objects is to say that a Hopf algebroid
represents an affine groupoid scheme; in particular, Quillen’s theorem mentioned
above amounts to the statement that the affine groupoid scheme arising from the
Hopf algebroid of complex cobordism is none other than the groupoid scheme
which assigns to each commutative ring A the groupoid of formal group laws
and their strict isomorphisms over A. Hopf algebroids were and are a power-
ful computational tool — as far as I know, the calculations of [34] remain, for
the combination of beauty and technical prowess, in a class with Secretariat’s
run at the Belmont Stakes — but an early and fundamental result was “Morava’s
Change of Rings Theorem”, which, in summary, says that if two Hopf algebroids
represent equivalent (not isomorphic) groupoid schemes, then they have isomor-
phic cohomology. A more subtle observation is that the change of rings results
holds under weaker hypotheses: the groupoid schemes need only be equivalent
“locally in the flat topology”; that is, the presheaves 7y of components and m;
of automorphisms induces isomorphic sheaves in the fpgc topology. (See [17]
and [12] for discussions of this result.) In modern language, we prove this result
by combining the following three observations:

1My standard joke is that if you see this manuscript on eBay or somewhere, you should let
me know. But, of course, it’s not a joke.



e the category of comodules over a Hopf algebroid is equivalent to the cat-
egory of quasi-coherent sheaves on the associated stack;

e two groupoid schemes locally equivalent in the flat topology have equiva-
lent associated stacks; and

e equivalent stacks have equivalent categories of quasi-coherent sheaves.

Note that in the end, we have a much stronger result than simply an isomor-
phism of cohomology groups — we have an entire equivalence of categories.
Once we've established an equivalence between the category of comodules
and the category of quasi-coherent sheaves (see Remark 3.4) we can rewrite the
cohomology of comodules as coherent cohomology of quasi-coherent sheaves; for
example,
Ext};u o (52 MU, MU,) = H*(Mgg, w®")

where w is the invertible sheaf on Mg, which assigns to each flat morphism
g : Spec(R) — Mgg the invariant differentials we of the formal group classified
by G. Thus, one of our most sensitive algebraic approximations to the stable
homotopy groups of spheres can be computed as the cohomology of the moduli
stack Mgg.

There are other reasons for wanting to pass from comodules over Hopf al-
gebroids to quasi-coherent sheaves. For example, there are naturally occuring
stacks which are not canonically equivalent, even in the local sense mentioned
above, to an affine groupoid scheme. The most immediate example is the mod-
uli stack U(n) of formal groups of height less than or equal to some fixed integer
n > 0. These stacks have affine presentations, but not canonically; the canonical
presentation is a non-affine open subscheme of Spec(L), where L is the Lazard
ring. Thus the quasi-coherent sheaves on U (n) are equivalent to many categories
of comodules, but no particular such category is preferred (except by tradition
— this is one role for the Johnson-Wilson homology theories F(n),) and the
quasi-coherent sheaves themselves remain the basic object of study. The point
is taken up in [21] and [37].

Here is what I hope to accomplish in these notes.

e Give a definition of formal group which evidently satisfies the effective
descent condition necessary to produce a moduli stack. See Proposition
2.6. This can be done in a number of ways, but the I have chosen to use
the notion of formal Lie varieties, a concept developed by Grothendeick
to give a conceptual formulation of smoothness in the formal setting.

e A formal group law is equivalent to a formal group with a chosen coor-
dinate. The scheme of all coordinates for a formal group G over a base
scheme S is a torsor Coordg over S for the group scheme A which assigns
to each ring R the group of power series invertible under composition. Us-
ing coordinates we can identify Mg, as the quotient stack of the scheme
of formal groups by the algebraic group A. See Proposition 3.13. This
makes transparent the fact that Mg is an algebraic stack (of a suitable



sort) and it makes transparent the equivalence between comodules and
quasi-coherent sheaves.

The stack Mgz is not an algebraic stack in the sense of the standard
literature (for example, [29]) because it does not have a presentation by
a scheme locally of finite type — the Lazard ring is a polynomial ring on
infinitely many generators. It is, however, pro-algebraic: it can be written
as 2-category (i.e., homotopy) inverse limit of the algebraic stacks Mgg(n)
of n-buds of formal groups. This result is inherent in Lazard’s original
work — it is the essence of the 2-cocycle lemma — but I learned it from Mike
Hopkins and it has been worked out in detail by Brian Smithling [47]. An
important point is that any finitely presented quasi-coherent sheaf on Mgg
is actually the pull-back of a quasi-coherent sheaf on Mgg(n) for some n.
See Theorem 3.25.

Give a coordinate-free definition of height and the height filtration. Work-
ing over Z,), the height filtration is a filtration by closed, reduced sub-
stacks

L S M) S M(n—1) C - C M(1) € Mg

so that inclusion M(n) C M(n —1) is the effective Cartier divisor defined
by a global section v,, of the invertible sheaf w®®" 1) over M(n—1). This
implies, among other things, that M(n) C Mg is regularly embedded,
a key ingredient in Landweber Exact Functor Theorem and chromatic
convergence. The height filtration is essentially unique: working over Z,),
any closed, reduced substack of Mgg is either Mg, itself, M(n) for some
n, or M(0co) = NM(n). See Theorem 5.13. This is the geometric content
of the Landweber’s invariant prime ideal theorem. The stack M (o) is
not empty as the morphism classifying the additive formal group over
F, factors through M(oco). This point and the next can also be found
in Smithling’s thesis [47]. Some of this material is also in the work of
Hollander [13].

Identity H(n) = M(n) — M(n + 1), the moduli stack of formal groups
of exact height n, as the neutral gerbe determined by the automorphism
scheme of any height n formal group I'y, over F,,. See Theorem 5.35. This
automorphism scheme is affine and, if we choose I',, to be the Honda
formal group of height n, well known to homotopy theorists — its ring
of functions is the Morava stabilizer algebra (see [44], Chapter 6) and its
group of Fy,» points is the Morava stabilizer group. This is all a restatement
of Lazard’s uniqueness theorem for height n formal groups in modern
language; indeed, the key step in the argument is the proof, essentially
due to Lazard, that given any two formal groups G and Gy over an IFp-
scheme S, then the scheme Isog(G1, G2) of isomorphisms from G to Gy is
either empty (if they have different heights) or pro-étale and surjective over
S (if they have the same height). See Theorem 5.23; we give essentially
Lazard’s proof, but similar results with nearly identical statements appear
in [25].



e Describe the formal neighborhood ﬁ(n) of H(n) inside the open substack
U(n) of Mgy of formal groups of height at most n. Given a choice of I', of
formal group of height n over the algebraic closure F,, of IF,, the morphism

Def(F,, I,)—H(n)

from the Lubin-Tate deformation space to the formal neighborhood is
pro-Galois with Galois group G(F,,T,,) of the pair (F,,T',). Lubin-Tate
theory identifies Def (IF‘p,Fn) as the formal spectrum of a power series
ring; since a power series ring can have no finite étale extensions, we may
say Def(F,,T,,) is the universal cover of H(n). If T, is actually defined
over Fp, then G(F,,T',,) is known to homotopy theorists as the big Morava
stabilizer group:

G(F,,T,,) 2 Gal(F,/F,) » Autg, (T,).

From this theory, it is possible to describe what it means to be a module
on the formal neighborhood of a height n point; that is, to give a definition
of the category of “Morava modules”. See Remark 7.28.

o If ' — My, is a representable, separated, and flat morphism of algebraic
stacks, then the induced height filtration

CNMRm)CNh-1)C---CN(1)CN

with V'(n) = M(n) X pmq, N automatically has that the inclusions NV (n) C
N(n — 1) are effective Cartier divisors. The Landweber Exact Functor
Theorem (LEFT) is a partial converse to this statement. Here I wrote
down a proof due to Mike Hopkins ([14]) of this fact. Other proofs abound
— besides the original [28], there’s one due to Haynes Miller [33], and
Sharon Hollander has an argument as well [13]. The morphism from the
moduli stack of elliptic curves to Mgz which assigns to each elliptic curve
its associated formal group is an example. It is worth emphasizing that
this is a special fact about the moduli stack of formal groups — the proof
uses that H(n) has a unique geometric point.

e Give proofs of the algebraic analogs of the topological chromatic conver-
gence and fracture square results for spectra. Work over Z,) and let
in @ U(n) — Msgg be the open inclusion of the moduli stack of formal
groups of height at most n. If F is a quasi-coherent sheaf on Mgg, we can
form the derived push-forward of the pull-back R(iy).iF. As n varies,
these assemble into a tower of cochain complexes of quasi-coherent sheaves
on Mg and there is a natural map

F— holim R(iy )iy F.

Chromatic convergence then says that if F is finitely presented, this is
morphism is an equivalence. The result has teeth as the U(n) do not



exhaust Mgg. To examine the transitions in this tower, we note that the
inclusion M(n) = Mg —U(n — 1) C My is defined by the vanishing of
a sheaf of ideals Z,, which is locally generated by regular sequence. Then
for any quasi-coherent sheaf on Mg, there is a homotopy Cartesian square
(the fracture square)

|

Rin-1)uify 1 F —= Rlin—)si 1 (L(F))

where L(F )Q(n) is the total left derived functor of the completion of F.
Both proofs use the homotopy fiber of

F—R(in)inF

which is the total local cohomology sheaf RI" v(,,)F. This can be analyzed
using the fact that M(n) C Mg, is a regular embedding and Greenlees-
May duality [10]; the requisite arguments can be lifted nearly verbatim
from [1], but see also [7] — the fracture square appears in exactly this form
in this last citation. Chromatic convergence is less general — the proof
I give here uses that any finitely presented sheaf can be obtained as a
pull-back from the stack of n-buds Mgg(m) for some m. This allows one
to show that the transition map

between the various total local cohomology sheaves in zero in cohomology
for large n.

This document begins with a compressed introduction to some of the alge-
braic geometry we will need. While I can bluff my way through a lot of algebraic
geometry, I am not a geometer either by inclination or training. There are bound
to be minor errors, but I hope there’s nothing egregious. Corrections would be
appreciated.

Acknowledgements: I hope I’ve made clear my debt to Mike Hopkins; in
not, let me emphasize it again. Various people have listened to me talk on this
subject in the past few years; in particular, Rick Jardine has twice offered me
extended forums for this work, once at the University of Western Ontario, once
at the Fields Institute. Some of my students have listened to me at length as
well. Two of them — Ethan Pribble [38] and Valentina Joukhovitski [24] — have
written theses on various aspects of the theory.
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1 Schemes and formal schemes

This section is devoted entirely to a review of the algebraic geometry we need
for the rest of the paper. It can — and perhaps should — be skipped by anyone
knowledgeable in these matters.

1.1 Schemes and sheaves

We first recall some basic definitions about schemes and morphisms of schemes,
then enlarge the category slightly to sheaves in the fpgc-topology. This is
necessary as formal schemes and formal groups are not really schemes.

Fix a commutative ring R. Schemes over R can be thought of as functors
from Algp to the category of sets. We briefly review this material — mostly to
establish language.

The basic schemes over R are the affine schemes Spec(B), where B is an
R-algebra. As a functor

Spec(B) : Algp—Sets
is the representable functor determined by R; that is,
Spec(B)(A) = Algr (B, A).
If I C B is an ideal we have the open subfunctor U; C Spec(B) with
U(A)={f:B—A| f(I)A= A } C Spec(B).

This defines the Zariski topology on Spec(B). The complement of U is defined
to be the closed subfunctor Z; = Spec(B/I); thus,

Zi(A)y={f:B—A| f(I)A=0 } C Spec(B).
Note that we can guarantee that
Ur(A)U Z;(A) = Spec(B)(A)

only if A is a field.
If X : Algrp — Sets is any functor, we define a subfunctor U C X to be
open if the subfunctor

U xx Spec(B) C Spec(B)

is open for for all morphisms of functors Spec(B) — X. Such morphisms are in
one-to-one correspondence with X (B), by the Yoneda Lemma. A collection of
subfunctors U; C X is called a cover if the morphism UU;(F) — X (F) is onto
for all fields FF.

As a matter of language, a functor X : Algp — Sets will be called an
R-functor.



1.1 Definition. An R-functor X is a scheme over R if it satisfies the following
two conditions:

1. X is a sheaf in the Zariski topology; that is, if A is an R-algebra and
ai,...,a, € A are elements so that ay +---+ a, = 1, then

X(A) — [[ X (Ala;]) —= [1 X (A[q; *a; 1)

7 J
is an equalizer diagram; and

2. X has an open cover by affine schemes Spec(B) where each B is an R-
algebra

A morphism X — Y of schemes over R is a natural transformation of R-
functors.

An open subfunctor U of scheme X is itself a scheme; the collection of all
open subfunctors defines the Zariski topology on X.

There is an obvious sheaf of rings Ox in this topology on X called the
structure sheaf of X. If U = Spec(R) C X is an affine open, then Ox(U) = R;
this defintion extends to other open subsets by the sheaf condition. A sheaf F
of Ox-modules on X is a sheaf so that

1. for all open U C X, F(U) is an Ox (U)-module;

2. for all inclusions V' — U, the restriction map F(U) — F(V) is a morphism
of Ox (U)-modules.

A sheaf F of Ox-modules is called quasi-coherent if, in addition, we have that

3. there is an open cover by open subschemes U; C X so that for each U; in
the cover there are sets I and J and exact sequence of sheaves

o) —oY) - Fly,

A quasi-coherent sheaf is locally free if the set J can be taken to be empty. Let
Mod x and Qmod yx be the categories of O x-module sheaves and quasi-coherent
sheaves respectively.

If X; — Y « X, isadiagram of schemes, the evident fiber product X; xy X5
of functors is again a scheme; furthermore, if U = X; — Y is an open subscheme,
then U xy X5 — X is also an open subscheme. Thus, if f : X — Y is a
morphism of schemes, and F is a sheaf in the Zariski topology on X, we get
sheaf f,.F on Y with

[f.F(U) = FU xy X).

In particular, f,Ox is a sheaf of Oy-algebras and if F is an Ox-module sheaf,
f+«F becomes a Oy-module sheaf. Extra hypotheses are needed for f,(—) to send
quasi-coherent sheaves to quasi-coherent sheaves. See Proposition 1.3 below.



1.2 Remark. We use this paragraph to give some standard definitions of prop-
erties of morphisms of schemes.

1.) A morphism f : X — Y of schemes is flat if for all open U C Y,
f+Ox(U) is a flat Oy (U)-algebra. The morphism f is faithfully flat if it is flat
and surjective. Here surjective means X (F) — Y (F) is onto for all fields.

2.) A scheme X is called quasi-compact if every cover by open subschemes
U; C X has a finite subcover. A morphism of schemes X — Y is quasi-compact
if for every quasi-compact open V' C Y, the scheme V xy X is quasi-compact.

3.) A morphism f : X — Y of schemes is called quasi-separated if the
diagonal morphism X — X xy X is quasi-compact.

4.) A morphism f : X — Y of schemes is finitely presented if for all open
UCY, f.Ox(U) is a finitely presented Oy (U)-algebra; that is, f.Ox(U) is a
quotient of Oy (U)[x1,...,x,] by a finitely generated ideal.

Any affine scheme Spec(R) is quasi-compact as the subschemes Spec(R[1/f])
form a basis for the Zariski topology. It follows that every morphism of affine
schemes is quasi-compact and quasi-separated.

The following is in [3], Proposition 1.2.2.4.

1.3 Proposition. Let f : X — Y be a quasi-compact and quasi-separated
morphism of schemes. If F is a quasi-coherent Ox-module sheaf, then f.JF is
a quasi-coherent Oy module sheaf.

The functor f, from O x-modules to Oy-modules has a left adjoint, of course.
If f: X — Y is a morphism of schemes and F is any sheaf on Y, define a sheaf
f~'F on X by
[f~1F)(U) = colim F(V)

where the colimit is taken over all diagrams of the form

U——X

|

V—Y

with V open in Y. If F is a Oy-module sheaf, then f~!F is a f~!Oy-module
sheaf and
fFF =0x Qf-10y fflf.

If F is quasi-coherent, so if f*F. Thus we have an adjoint pair
f*: Mody —= Modx : f..

Here and always, the left adjoint is written on top and from left to right. If f
is quasi-compact and quasi-separated, this yields an adjoint pair

f*: Qmody ——= Qmody : f..

10



1.4 Remark (Faithfully flat descent). Let f : X — Y be an morphism of
schemes and let
XHZXXy---XyX

where the product is taken n times. If ¢ : [m] — [n] is any morphism in the
ordinal number category, define ¢* : X™ — X™ by the pointwise formula

A0, T0) = (Tg(0)s " > Th(n))-

In this way we obtain a simplicial R-functor X, augmented to Y. This is the
coskeleton of f.

A descent problem for f is a pair (F,v) where F is a sheaf on X and
Y 1 diF — djF is an isomorphism of sheaves on X xy X subject to the cocycle
condition

diy = dayipdgrp

over X Xy X Xy X. A solution to a descent problem is a sheaf £ over Y an
isomorphism ¢q : f*€ — F over X so that the following diagram commutes

dif*€ —C s dif*E

dﬁﬁoi ldéwo

A F ——— d§yF
»

where c is the canonical isomorphism obtained from the equation fd; = fdy. If
f: X =Y isflat and (F,4) is a descent problem with F quasi-coherent, then
there is at most one solution with £ quasi-coherent. If f is faithfully flat, there
is exactly one solution and we get an evident equivalence of categories. This
has many refinements; for example, one could concentrate on algebra sheaves
instead of module sheaves. See Proposition 1.12 below.

1.5 Definition (The fpgc-topology). Let X be a scheme. Define the fpqc-
topology on X as follows. The basic opens are the quasi-compact morphisms of
schemes V.— X. A cover of V.— X is a finite set of flat and quasi-compact
morphisms V; — V so that [[V; — V is surjective.

The acronym fpqgc stands for “fidelement plat quasi-compact”. Note that,
by taking disjoint unions, we can always insist that the cover have exactly one
element.

There is a structure sheaf (’)ﬁ(qp “ for X is the fpgc-topology which assigns to
each quasi-compact morphism V' — X the ring

(1.1) OLI(V) = H(V, Oy).

The notion of an Ox-modules extends to this topology as well. Let us write
Modg(p 9€ for the resulting category.

Let X be a quasi-compact and quasi-separated scheme. Then every open
morphism U — X is flat and quasi-compact; hence, there is a restriction mor-
phism

€ Modﬁ(mc—>ModX.

11



The functor €, has a left adjoint ¢*: if F € Mod)Z(” then for each flat and
quasi-compact morphism f : U — X we have a Op-module sheaf f*F and
these assemble into a presheaf. If F is quasi-coherent as a sheaf in the Zariski
topology, this is already a sheaf, by faithfully flat descent. In the more general
case, let ¢*F be the associated sheaf.

1.6 Definition. Let F € Modf(pqC be an Ox-module sheaf in the fpgc-topology.
Then F is cartesian if for any diagram

with all three of f, x, and y flat and quasi-compact, the natural map in Mod‘Z,ar
["Fuo—Fv
18 an 1somorphism.
The following is clear.

1.7 Lemma. Let £ € Modf{” be a quasi-coherent sheaf on X. Then €*& €
Modf;(pqC is cartesian and for each flat and quasi-compact morphism f : U — X,
the Oy -module sheaf f*E is quasi-coherent as a sheaf in the Zariski topology.

1.8 Proposition. Let X be a be a quasi-compact and quasi-separated scheme
and F a sheaf of Ox modules in the fpqc-topology. Then the following condi-
tions are equivalent.

1. The sheaf F 1is cartesian and for each flat and quasi-compact morphism
U — X the Oy-module sheaf Fyr is quasi-coherent in the Zariski topology.

2. The sheaf e,F = Fx is quasi-coherent and the induced morphism e*e, F —
F is an isomorphism.

3. There is a flat surjective quasi-compact morphism p:Y — X and sets I
and J so that there is an exact sequence of sheaves in Mod{,pqc

oY) — ol p*F 0.

This has the following consequence. Let us (for the moment) write Mod 5"
for the category of cartesian sheaves of Of(p %© modules. Assume X is quasi-
compact and quasi-separated. Then the adjoint functors

¢ : Qmody == Mod¥"" : ¢,

forms an equivalence of categories. As a result, we will write Qmody for
either category; we also drop the notation Of(p %€, The analogous statement for
categories of modules is false; a useful example to keep in mind is the sheaf
Qx/r of differentials; if ¢ : V' — X is any morphism of schemes, the map
i*Qx/r — y/r need not be an isomorphism.

12



1.9 Remark. Let Y be scheme and let Shyp..(Y) be the category of sheaves
of sets in the fpgc-topology on Y. If X — Y is a scheme, then X defines the
representable functor which assigns to all quasi-compact morphisms U — Y the
morphisms U — X of schemes over Y this defines a full and faithfully embedding
of schemes over Y into Shyq,.(Y). A sheaf of this form is called representable
and it is customary not to make a notational distinction between the scheme
and the sheaf. Note that Y itself is the terminal object of both categories.

We finish this section with a review of an important class of morphisms.

1.10 Definition. 1.) A morphism f: X — Y of schemes is called affine if for
all morphisms Spec(B) — Y, the R-functor Spec(B) xy X is isomorphic to an
affine scheme.

2.) A morphism f : X — Y of schemes is a closed embedding if it is
affine and for all flat morphisms Spec(B) — Y, the induced morphisms of rings

B =0y (B)—f.0x(B) = Ox(Spec(B) xy X — X)

18 surjective.

3.) A morphism f : X — Y of schemes is separated if the diagonal
morphism X — X Xy X is a closed embedding. A scheme over a commutative
R is separated if the morphism X — Spec(R) is separated.

If f: X — Y is an affine morphism of schemes, then the Oy algebra sheaf
f«Ox is quasi-coherent. Conversely, if B is quasi-coherent Oy-algebra sheaf,
define a R-functor Specy-(B) over Y by

Specy (B)(A) =[] Alga(B(Spec(4) — 1), A)
Spec(A)—Y

Then g : Specy (B) — Y is an affine morphism of schemes and q.Ogpec,, (58) = B.
This gives an equivalence between the category of quasi-coherent Oy -algebras
and the category of affine morphisms over Y. Restricting this equivalence gives a
one-to-one correspondence between closed embeddings X — Y and ideal sheaves
7 COy.

An analogous result with an analogous construction holds for quasi-coherent
sheaves.

1.11 Proposition. Let f : X — Y be an affine morphism of schemes. Then
the push-forward functor f. defines an equivalence of categories between quasi-
coherent sheaves on X and quasi-coherent f.Ox-module sheaves on'Y . In par-
ticular, fy is exact.

If f: T — S is a morphism of schemes and X — S is an affine morphism,
the f*X =T xg X is also affine. If f is faithfully flat, we have the following
result.

1.12 Proposition. Let f : T — S be a faithfully flat morphism of schemes.
The f*(—) defines and equivalence of categories from the category of schemes
affine over S to the category of descent problems in schemes affine over T.
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1.2 The tangent scheme

If A is a commutative ring, let A(¢) = A[z]/(2z?) be the A-algebra of dual
numbers. Here we have written ¢ = x + (22). There is an augmentation q :
A(e) — A given by € — 0.

Let R be a commutative ring and let X be a functor from Algp to sets (an
“R-functor”); for example, X could be a scheme. Define the tangent functor
Tanx — X over X to be the functor

Tanx(A) = X (A(e))

with the projection induced by the augmentation g : A(¢) — A. There is a zero
section s : X — Tanyx induced by the unit map A — A(e). If X — Sis a
morphism of R-functors, then the relative tangent functor 7any g is defined by
the pull-back diagram

’Tanx/s —— Tany

|

S—F Tang
If we let A(e1,e2) = Alx,y]/(2%, 2y, y?), then the natural A-algebra homomor-
phism A(e) — A(eq, €2) given by € — €1 + € defines a multiplication over X
’TanX/S X x TanX/S — TanX/S

so that Tany,g is an abelian group R-functor over X.

If X — S is a morphism of schemes, then 7any,s is an affine scheme over
X. See Proposition 1.18. We will see this once we have discussed the connection
between the 7Tany, g and the sheaf of differentials Qx/g.

Let X be an R-functor for some commutative ring R. Define the O x-module
presheaf of differential Qx,r by the formula

Qx/r(Spec(B) — X) = Qp/r.

This became a quasi-coherent sheaf in the Zariski topology. If f: X — Y is a
morphism of R-functors, define Qx/y by the exact sequence of Ox-modules (in
the Zariski topology)

[*Qyr — Ox/r — Qx/y — 0.
Since Qp,p = J(B)/J(B)? where J(B) is the kernel of the multiplication map
B®r B—B
this definition can be reformulated as follows. A proof can be found in [3] §1.4.2.

1.13 Lemma. Let X — S be a separated morphism of schemes, so that diagonal
morphism : A : X — X Xg X is a closed embedding. Then there is a natural
isomorphism x5 of quasi-coherent sheaves on X

Qx/s XA* T/ T?
where J is the module of the closed embedding A.

14



If X is not separated, we can still identify the differentials by a variation on
this method: if we factor the diagonal map as a closed embedding followed by
an open inclusion

X sy — =X xgX

then Qx/s = i*J/J? where J is the ideal defining j.
Needless to say, there is a closed connection between differentials and deriva-
tions.

1.14 Definition. Let F be a quasi-coherent sheaf on a scheme X. Then we
define the Ox -algebra sheaf Ox X F on X to be the evident square-zero extension
of Ox. Then a derivation of X with coefficients in F is a diagram of sheaves
of commutative Tings

Ox — ) 0y xF
Ox.

If g : X — S is a scheme over S, then an S-derivation of X with coefficients in
F is a derivation of X with coefficients in F so that

g+ f : ¢:Ox—q.O0x X q. F

is a morphism of Og-algebra sheaves. We will write Derg(X,F) for the set of
all S-derivations of X with coefficients in F.

1.15 Example. Suppose X — S is a separated morphism of schemes. Then,
by definition, A : X — X xg X is a closed embedding; let J be the ideal
of this embedding. Write (X xg X); € X xg X for the subscheme defined
by the vanishing of J2. Then the splitting provided by the first projection
p1: X Xg X — X defines an isomorphism

A*O(XXSX)l ~Ox X Qx/g.
Then the second projection defines an S-derivation of X
Ju: Ox—0x xQx/s

The morphisms f, or the resulting morphism d : Ox — Qx/g is called the
universal derivation.

The module of S-derivations is the global sections of the sheaf Derg(X,F)
which assigns to each Zariski open U C X the module of derivations

DerS(U,]:|U).

This is an Ox-module sheaf, although not necessarily quasi-coherent.

15



1.16 Proposition. There is a natural isomorphism of Ox-module sheaves
Homoy (x/s,F)—Ders(X, F)
given by composing with the universal derivation.

Proof. The inverse to this this morphism is given as follows. Let f : Ox —
Ox x F be any derivation and let fy be the zero derivation; that is, inclusion
into the first factor. Also let p: Ox x F — Ox be the projection. Consider the
lifting problem

(X Xg X)1

7
~
P P c
~
~

Specy (Ox x F) WX xs X.

Here we have written h for a morphism when we mean Specy (h). Since Ox X F
is a square-zero extension, this lifting problem has a unique solution g and that
g yields a morphism

A" Oxxsx), 2 0x xQx/9 = Ox 1 F
of Ox-algebra sheaves over Ox as needed. O

The following result follows immediately from the previous proposition upon
taking global sections. Note that if X = Spec(B) — Spec(k), this amounts to
the classical assertion that

Modp(Qp/k, M) = Dery (B, M).

1.17 Corollary. This is a natural isomorphism of modules over the global sec-

tions over X
Mde(Qx/S,f) = Ders(X, .7:)

given by composing with the universal derivation.

If F is a quasi-coherent sheaf of Ox-modules on a scheme X, we can form
the symmetric algebra Symg, , (F); this is a sheaf of quasi-coherent O x-algebras
on X and we denote by

V(F)—X
the resulting morphism of affine schemes. If A is an R-algebra, then
VA (A) =[] Moda(F(A), A).
Spec(A)—X

The diagonal map F — F & F gives V(F) the structure of an abelian group
scheme over X.
Proposition 1.16 implies the following result — in the latter proposition set
F = Ox and note that
Ox(e) = OX X Ox.
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1.18 Proposition. If X — S is a separated morphism of schemes, there is a
natural isomorphism of abelian group schemes over X

V(Qx/s) = Tany/s.
The following standard fact is useful for calculations.
1.19 Lemma. Leti: X — Y be a closed embedding of separated schemes over
S defined by an ideal T C Oy . Then there is an exact sequence of sheaves on X

#T)T 1> i*Qyys —> Qx5 —> 0

where d is induced by the restriction of the universal derivation.

Proof. Let F be a sheaf of Ox-modules on X. The statement of the lemma is
equivalent to the exactness of the sequence

0 — Ders(X,F) — Ders(Y,i.F) — Homo, (Z/T%,i.F)

which is easily checked. O

1.3 Formal Lie varieties

We next review the notion of a formal Lie variety, which can be interpreted
as a notion of a smooth formal scheme affine over a base scheme S with a
preferred section. The first concept (which appeared implicitly in Lemma 1.19)
is important in its own right.

1.20 Definition. Let i : X — Y be a closed embedding of schemes defined by
an ideal T C Oy . Then the quasi-coherent Ox-module

w; T T
1s called conormal sheaf or the module of the embedding 1.

Note that the canonical map Z/Z? — i,w; of quasi-coherent sheaves on Y is
an isomorphism.

1.21 Definition. Ifi: X — Y is a closed embedding of schemes defined by an
ideal T, define the nth infinitesimal neighborhood

Y, =Inf%(Y) CY

of X in'Y to be the closed subscheme of Y defined by the ideal T7F1.

More generally, suppose that X — Y 1is an injection of fqpc sheaves over
some base scheme S. Define Inf’sy (V) CY to be the subsheaf with the following
sections. If U — S is quasi-compact, then [Inf’% (Y)|(U) is the set of all a €
Y (U) which satisfy the following condition: there is an fpgc cover V.— U and
a closed subscheme V' C V' defined by an ideal with vanishing (n + 1)st power
so that

aly € X(V').
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1.22 Remark. The proof that the notion of infinitesimal neighborhoods for
sheaves generalizes that for schemes is Lemma I1.1.02 of [32]. This lemma is
stated for the fppf-topology, but uses only properties of faithfully flat maps of
affine schemes, so applies equally well to the fpgc-topology. In the same ref-
erence, Lemma I1.1.03, Messing shows that infinitesimal neighborhoods behave
well with respect to base change. Specifically, if X C Y is an embedding of
fpgc-sheaves over a scheme S and f : T — S is a morphism of schemes, then

(1.2) Inff.  (f7Y) = f*Inf% (V).

If X — Y is a closed embedding of schemes, we get an ascending chain of
closed subschemes
X=YCYCY, C.---CY.

The conormal sheaves X — Y, are all canonically isomorphic; hence this module
depends only on Y;. To get an invariant which depends on Y, filter Oy by the
powers of the ideal Z to get a graded Oy /Z-algebra sheaf on Y. By Proposition
1.11 this determines a unique graded Ox-algebra sheaf gr,(Y) on X with

gri(Y) = (% /1")
In particular, gry(Y) = w;. We immediately have that

grk(y)a k S n;
grp(Yn) =
0, k> n.

Now suppose Y is a scheme over S and e : S — Y is a closed inclusion and
a section of the projection Y — S. Let us define

Oy (e) € Oy

to be the ideal sheaf defining this inclusion. It can be thought of as the sheaf
of functions vanishing at e. In this case the natural map of Lemma 1.19

d:we =€e"Oy(e)/Oy(e)*—e* Qy/s

becomes an isomorphism; indeed, the exact sequence of the proof collapses to
an isomorphism.

1.23 Remark. Let S be a scheme, X a sheaf in the fpgc-topology over S and
e : S — X a section of the structure map X — S. Then we can make the
following definitions and constructions.

1. Let X,, = Inf$(X). We say X is ind-infinitesmal if the natural map
colimInf§(X) — X

is an isomorphism of sheaves.
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2. Suppose each of the X, is representable. Then w. can be defined as the
conormal sheaf of any of the embeddings S — X,,; furthermore w, =
e*Qx, /s for all n.

3. More generally, if each of the X, is representable define the graded ring
gr,(X) =limgr,(X,); then if k <n

gri(X) = grp(Xn).

1.24 Definition (Formal Lie variety). Let S be a scheme, X a sheaf in the
fpgc-topology over S and e : S — X a section of the structure map X — S.
Then (X, e) is formal Lie variety if

1. X is ind-infinitesmal and X,, = Inf'g(X) is representable and affine over
S for allm > 0;

2. the quasi-coherent sheaf w, is locally free of finite rank on S;
3. the natural map of graded rings Sym, (w.) — gr,(X) is an isomorphism.

A morphism f: (X,e) — (X', €') of formal Lie varieties is morphism of sheaves
which preserves the sections.

1.25 Remark. By Remark 1.22 and Equation 1.2 formal Lie varieties behave
well under base change. If (X, e) is a formal Lie variety over a base scheme S

and T — S is a morphism of schemes, then f*X — T has an induced section
f*e and

(X, e) (X, fe)

is a formal Lie variety. We will often drop the section e from the notation.

1.26 Remark. We show that, locally in the Zariski topology, every formal Lie
variety is isomorphic to the formal spectrum of a power series ring.

1.) Let S = Spec(A) and let X be the formal scheme Spf(A[[zy,- -, x¢]]).
Thus for an A-algebra B,

X(B)={ (by,...,bt) | b; is nilpotent } C B"
Let e : S — X be the zero section, then
X, = Spec(Alzy, - 2]/ (x1,...,2)" )

and w, is the sheaf obtained from the free A-module of rank t generated by the
residue classes of x1,- - ,z;. It follows that (X, e) is a formal Lie variety.

2.) Conversely, suppose that S = Spec(A) and that the global sections of
we on S is a free A-module with a chosen basis x1,...,x;. There is an exact
sequence of quasi-coherent Ox -sheaves

0— Ox,(e) = Ox, — e.05 —0
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whence an exact sequences of quasi-coherent sheaves on Og
0— q*OXn (6) - Q*OXn - OS — 0.

Here we are writing ¢ : X,, — S for the projection. Since ¢.Ox, (e) —
¢+Ox,,_,(e) is onto for all n and ¢.Ox,(e) = w. we may choose compatible
(in n) splittings w. — ¢.Ox, (e) and get compatible maps

Symg(we) — ¢:0x,,
which, by Definition 1.24.3 induce isomorphisms
Syms(we)/jnJrl - q*OXn

where J = @g>0Symy (w.) is the augmentation ideal. Since the global sections
of Symg(we)/J"™H! are isomorphic to Az, -+ ,z¢]/(x1, -+, )" we say that
the choice of the basis for the global sections of w, and the choice of compatible
splittings yield an isomorphism X 2 Spf(A[[z1,--- ,x¢]]) of formal Lie varieties.
This isomorphism is very non-canonical, however.

3.) Finally, for a general base scheme S, choose an open cover by affines
U; = Spec(4;) so that the sections of w, over U; is free. Then, after making
suitable choices, we get an isomorphism

Ui x5 X 2= Spf(Aif[z1, -+ 2e]]).

1.27 Remark (The tangent scheme of a formal Lie variety). Let (X,e)
be a formal Lie variety over a scheme S. Then 7any g is not necessarily scheme,
but only a sheaf in the fpqc topology. We'd like to give a description of Tanx g
as a formal Lie variety. Define Liey,s as the pull-back

LieX/S #Tanx/s

L

S—X.
More generally, define (Tanx,s), by the pull-back diagram
(Tany/s)n — Tany/s
| l
X, ——X,
so that (Tany,s): = Liex,g. There are natural maps
Tanxn/s - (Tanx/s)n
but these are not in general isomorphisms; however, we do have that

colimTany, /g — colim(7any,g), — 7Tanx,g

20



are all isomorphisms.
To analyze the sheaves (Tanx/s)n let us write ji : X,, — X, for the
inclusion. Then Lemma 1.19 shows that for all £ > 0, the natural map

- o
jk+1QXn+k+1/S - ]kQX7l+k/S

is an isomorphism of locally free sheaves on X,,. Write (Qx/g), for this sheaf.
Again Lemma 1.19 shows that there is a surjection

Qx/8)n—0x,/s

but the source is a locally free sheaf and the target is not in general. For
example, if n = 1, (x,5)1 = we but Qx,,5 = 0. Now we check, using that
X = colim X, and Lemma 1.18 that there is a natural isomorphism of abelian
sheaves over X,

Vx, (Qx/s)n) = (Tanx,g)n-
In particular

Vs(we) = Liex/s.

The natural map we = g«eswe — ¢+(Qx/5)n of quasi-coherent sheaves on S
defines a coherent sequence of projections

(Tanx/s)n—Liex/s

and ¢ : Liex,g — (Zanx/g)n is a section of this projection. Local calculations,
using Remark 1.26, now imply that the map (7anx/g,¢) is a formal Lie variety
over Liex,g; the scheme (7any,g), is the nth infinitesimal neighborhood of
Liex/s in TanX/S.

The local calculations are instructive. If S = Spec(A) and suppose X =
Spf(A[[z1,...,2]] with e : S — X defined by the ideal I = (x1,..., ), then

(Tanx/s)n = Spec((Al[z1,...,z]/I")[dzy, ..., dx])
In particular
Liex,g = Spec(A[dxy, . .., dzy]).

The projection (Tany,g), — Liex,gs is induced by the natural inclusion of A
into Al[x1,...,z]]/I™.
It is worth noting that in the case where t = 1,

Tany, /s = Spec(Az, dz]/ (2", na" " "dx)).

1.28 Remark. Let f: (X,e,;) — (Y, ey) be a morphism of formal Lie varieties
over a fixed base scheme S. Then f determines a sequence of morphims of
schemes affine over S

Fo i Xp = Inf(X) = Infi(Y) = Y,

with the property Inf$(f;) = fn when k > n. Conversely, given any such se-
quence of morphisms define f : X — Y by f = colim f,,; then f is a morphism
of formal Lie varieties. Thus we have a one-to-one correspondence between mor-
phisms of Lie varieties and compatible sequences of morphisms on infinitesimal
neighborhoods. This is the key to following results.
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1.29 Lemma. Let X and Y be two formal Lie varieties over a scheme S and
define the presheaf Isog(X,Y) to the functor which assigns to each morphism
1: U — S of schemes the set of isomorphisms i* X — i*Y of formal Lie varieties.
Then Isog(X,Y) is a sheaf in the fqpc-topology.

Proof. Suppose f : T — S is a quasi-compact and faithfully flat morphism of
schemes and suppose ¢ : f*X — f*Y is an isomorphism of formal Lie varieties
so that di¢ = dj¢ over T' x g T. Then

On : f*Xn—>f*Yn

also satisfies the sheaf condition. Thus, by faithfully flat descent for affine
schemes (Proposition 1.12), there is a unique isomorphism of affine schemes
tn + Xpn — Yy, so that f*¢, = ¢,. By uniqueness Inf$(¢r) = ¢,. Set ¢ =
colimt,. Then f*y = ¢ as needed. This argument extends to the entire site
by replacing S by U and X and Y by *X and ¢*Y respectively. O

The notion of descent problem was defined in Remark 1.4. The following
result can be upgraded to an equivalence of categories, as in Proposition 1.12.

1.30 Lemma. Let f : T — S be a faithfully flat quasi-compact morphism of
schemes. Let (X, @) be a descent problem in formal Lie varieties over T. Then
there is a unique (up to isomorphism) solution in formal Lie varieties over S.

Proof. This again follows from faithfully flat descent. We begin by using Propo-
sition 1.12 to get unique (up to isomorphism) schemes Y,, affine over S and
isomorphisms ¢,, : f*Y,, — X, solving the descent problem for X,,. Uniqueness
implies that there are unique isomorphisms S = Yy = S and infg(Y;) &2 Y,.
Thus Y = colimY,, is the candidate for the solution to the descent problem. We
must verify points (2) and (3) of Definition 1.24.

For (2) we have that f*w., = w., . Since a quasi-coherent sheaf F over Y is
locally free and finitely generated if and only if f*F is locally free and finitely
generated. (See [9]§2.6.) For (3), the map (with e = ey)

Sym, (we) — gr.(Y)

is an isomorphism because it becomes an isomorphism after applying f*(—).
Thus point (3) is covered. O

The notion of a category fibered in groupoids is defined in Définition 2.1
of [29]. The associated notion of stack is defined in Définition 3.1 of the same
reference.

Define a category Mgy fibered in groupoids over schemes as follows. The
objects of Mg, are pairs (S, X) where S a scheme and X — S is a formal Lie
variety over S. A morphism (7,Y) — (5,X) in Mgy is a pair (f,¢) where
f:T — S is a morphism of schemes and ¢ : Y — f*X is an isomorphism of
formal Lie varieties over T

1.31 Proposition. The category May fibered in groupoids is a stack in the
fpgc-topology.
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Proof. For a category fibered in groupoids to be a stack, isomorphisms must
form a sheaf (Lemma 1.29) and the groupoids must satisfy effective descent
(Lemma 1.30). O

2 Formal groups and coordinates

In the section, we introduce formal groups and the moduli stack Mgg of formal
groups — these are the basic objects of study of this monograph. Except on
extremely rare occasions, “formal group” will mean a formal group G — S we
mean a commutative group object in formal Lie varieties of relative dimensions
1 over S, as in Definition 2.2. Thus may think of G as affine and smooth of
dimension 1 over S.

We will begin with a definition of formal group which does not depend on a
theory of coordinates for formal groups; however, that theory is important, and
we will spend part of the section working out the details. Specifically, we note
that choices of coordinates amount to sections of scheme over S and we explore
the geometry of that scheme. The main result is Theorem 2.24, which shows we
are dealing with particularly simple scheme.

Part of this section also explores formal group laws, which are particulary
familiar to homotopy theorists.

2.1 Formal groups

A formal group will be mean of formal Lie group of dimension 1. We first note
that the category of formal Lie varieties has products. If X and Y are formal
Lie varieties over a scheme S, let X xXg Y be the product be the product sheaf
in the fpqc topology. We have that

X Xs Y = COlim(Xn Xs Y,L)

2.1 Lemma. The sheaf X XgY is a formal Lie variety and the product of X
and Y in the category for formal Lie varieties.

Proof. We leave most of this as exercise. The key observations are that
Inf§(X xgY) = Uppg=n Infl(X) x Inf&(Y)

and that
Wiex,ey) = Wex D wey -

O

This product has a simple description Zariski locally. (Compare 1.26.) If we
choose and affine open U = Spec(A) — S over which the global sections of w,,
and we, are free with bases {x1, -+, 2.} and {y1, -+ ,yn} respectively, then
there is an isomorphism of formal Lie varieties

(X Xs Y)|U = Spf(A[[xla o, Tmy Y1, 7ynH)
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2.2 Definition. Let S be a scheme. A formal group over S is an abelian group
object (G, e) in the category of formal Lie varieties over S with the property that

def
wWag = We

18 locally free of rank 1. A homomorphism of formal groups is a morphism of
group objects.

If f: T — S is a morphism of schemes and G is a formal group over S, then
f*G =T xg G is a formal group over T. If i : U — S is a Zariski open, we
write G|y for i*G.

2.3 Example (Formal group laws). A formal group (G,e) defines and is
defined by a formal group law Zariski locally. This is an expansion of Remark
1.26.

In more detail, if A is a commutative ring, a commutative formal group law
of dimension 1 is a power series

F(z1,22) = 21 +F 22 € Al[z1, 22]]
so that
1. 0+px=2+p0=uz;
2. 1 +F T2 =T +F T1;
3. (v1+F ®2) +F 23 = 21 +F (T2 +F 23).

If we think of a formal group law F' as the homomorphism F' : A[[z]] —
Al[x1, z2]] sending x to F(x1,x2), then F' defines a formal group G over S =
Spec(A) by setting G = Spf(A[[z]]) with multiplication

@ x5 G = Spt(Allz1, z3])) — 2 o Spt(A[fa])) = G.

Conversely, if G is a formal group choose a cover U; = Spec(A4;) — S by
affines so that for each ¢, the sections of wg is free of rank 1. A choice of
generator x for these sections defines an isomorphism

G

v, = Spf(Ai[[x]])
and the multiplication on G defines a continuous morphism of power series
A A[z]]— Ailz1, 22])-

Then et
Fi(ail,l’g) é A(SL’)

is a formal group law.
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2.4 Example (Homomorphisms). Homomorphisms of formal groups are de-
termined by power series, at least Zariski locally. A homomorphism ¢ : F —
F' of formal group laws over R is a power series ¢(z) € zA[[z]] so that

(2.1) o(x1 +F w2) = d(x1) +50 f(2).

A homomorphism is an isomorphism if it is invertible under composition; that
is, if ¢’(0) is a unit in A. Any homomorphism of formal group laws induces a
homomorphism of the formal groups defined by the formal group laws.

Conversely, let ¢ : G — G’ be a homomorphism of formal groups over S and
choose a cover U; = Spec(A4;) so that the global sections of both wg and wg are
free over A;. Choose a generator z and y for these global sections and let F' and
I’ be the associated formal group laws over A;. Then we get a commutative
diagram induced by ¥

Spf(A;[[x]]) Spf(As[[y]])

2| %)

Sp(Asllwr, a]] -~ SpE(As{[y1, 9o]])

If we let ¢;(z) = ¥*(y) € A;[z]], this diagram implies ¢; : F — F' is a
homomorphism of formal group laws

We now introduce the moduli stack Mgg of formal groups — meaning formal
Lie groups of dimension 1. This stack will be algebraic, in a sense. See Theorem
2.27 below.

2.5 Definition. Define the moduli stack of formal groups Mg, as the
following category fibered in groupoids over schemes. The objects in Mgy are
pairs (S, G) where S is a scheme and G — S is a (commutative, 1-dimensional)
formal group over S. A morphism (S,G) — (T, H) is a pair (f,¢) where f :
S — T is a morphism of schemes and ¢ : H — f*G is an isomorphism of
formal groups.

Of course, we still must prove the following result.

2.6 Proposition. The category Myge fibered in groupoids over schemes is a
stack in the fpgc topology.

Proof. The argument exactly as in Proposition 1.31, once we note that the
proofs of Lemmas 1.29 and 1.30 immediately apply to this case. O

2.2 Formal group laws

Here we review some of the classical literature on formal group laws.
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2.7 Theorem (Lazard). 1.) Let fgl denote the functor from commutative
rings to sets which assigns to each ring A the set of formal group laws over A.
Then fgl is affine scheme; indeed, if L = Z]x1,xo,- -] is the Lazard ring, then

fgl = Spec(L).

2.) Let Isofgl be the functor which assigns to each commutative ring A the
set of isomorphisms f : F — F' of formal group laws over A. Then Isofgl is
an affine scheme; indeed, if W = L[aa—Ll, ay,as,-- -], then

Isofgl = Spec(W).

Put another way, the functor which assigns to any commutative ring A
the groupoid of formal group laws over A and their isomorphisms is an affine
groupoid scheme. In the language of stable homotopy theory, the pair (L, W)
is a Hopf algebroid.

2.8 Remark. It is worth noting that the isomorphism L & Z[z1, zo,...] is not
canonical. The difficult part of Lazard’s argument is the symmetric 2-cocycle
lemma ([44] A.2.12), which we now revisit. Let

Calitsy) = gl +y)" " =]

where d = p if n is a power of p and d = 1 otherwise. This is the nth homo-
geneous symmetric 2-cocycle. Then Lazard proves that if F(z1,22) is a formal
group law over a ring A, then there are elements by,bs, ... in A so that

F(xl,xg) =21+ 22 + bng(xl,xg) + b203($1,$‘2) + -

modulo (a1, as,...)>%.
The isomorphism W = L[aZ', a1, .. .] is in better shape, as we are using the
usual coordinates on power series.

We now introduce the prestack Mgg of formal group laws. It will not be a
stack as it does not satisfy effective descent.

Let Affz be the category of affine schemes over Spec(Z). Recall from [29],
Definition 3.1, that a prestack M over Affy is a category fibered in groupoids
over Affy so that isomorphisms between objects form a sheaf in the fpgc topol-
ogy.

If F(x1,22) is a formal group law over a ring A and f : A — B is a ring
homomorphism, let f*F(x1,x2) be the formal group law over B obtained by
pushing forward the coefficients. The resulting formal group over Spec(B) is
the pull-back of the formal group over Spec(A) defined by F’; hence, we will
refer to f*F as the pull-back of F' along f.

2.9 Definition. Define a category Megg fibered in groupoids over Affz as fol-
lows. Then objects are the pairs (Spec(A), F') where A is a commutative ring
and F is a formal group law over A. A morphism (Spec(A), F) — (Spec(B), F)
is a pair (f,¢) where f : B — A is a homomorphism of commutative rings and
¢: F — f*F' is an isomorphism of formal group laws.
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2.10 Lemma. The category Mygg fibered in groupoids over Affz is a prestack.

Proof. Let S = Spec(A) and let F and F’ be two formal group laws over S.
We are asking that the functor which assigns to each morphism Spec(f) : U =
Spec(R) — S the set of isomorphisms

¢: (f7F) — (f*F)

be a sheaf in the fpgc-topology. Theorem 2.7.2 gives that this functor is the
the affine scheme Spec(A ®@r W @ A). O

The functor which assigns to each formal group law F' over a ring A the
associated formal group G over the affine scheme Spec(A) defines a morphism

Mfg1—>Mfg

of prestacks. This is not an equivalence, but we will see that this morphism
identifies M¢gg as the stack associated to the prestack Myggy. See Theorem 2.31.

The next result, first noticed by Neil Strickland, probably was the first
inkling that stacks were a good thing for stable homotopy theory.

2.11 Lemma. Suppose F;, i = 1,2 are formal group laws over commutative
rings A; respectively. Let

G; — S; = Spec(4;), 1=1,2

be the corresponding formal groups. Then the two category pull-back S1 X pq, S2
is an affine scheme. Specifically, if L — A; classifies F;, then there is an
isomorphism

S X Mg Sy = Spec(A1 QR W ®r AQ)

Proof. By construction we have a factoring

F;
S —— Mgl —— M.

of the morphism classifying G;. By Remark 2.4, the reduction map Mg — Mgg
is full and faithful; hence, the natural map

S1 X Mgy S2 — S1 X My, S2

is an isomorphism. If R is any commutative ring (S1 X g, S2)(R) is the trivial
groupoid with object set the triples

(fi, for & : f1FL— f3FY)

where f; : A; — R are ring homomorphisms. Applying Theorem 2.7.2 now
implies the result. O
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If Gy and G5 are two formal groups over a scheme S, let Isog(G1, G2) be the
presheaf of sets which assigns to any morphims f : U — S with affine source
the set of isomorphisms f*G; — f*G>. There is a pull-back diagram

Isos(G1,Ga) —= 5 X pmg S

l |

S S x S.

A

Proposition 2.6 we shows that Isog(G1,G2) is actually a sheaf. Lemma 2.11
immediately implies the following.

2.12 Lemma. Suppose F;, i = 1,2 are formal group laws over a single com-
mutative ring A and let

G; — S = Spec(4), 1=1,2

be the corresponding formal groups. Then the sheaf Isog(G1,G2) is an affine
scheme over S. Specifically, if L — A classifies F;, then there is an isomorphism

Isos(G1,G2) = Spec(A @aga (AQRL W @1 A)).

2.3 Coordinates

We now begin to discuss when a formal group can arise from a formal group
law. In the following definition, the base scheme need not be affine.

2.13 Definition. Let S be a scheme and q : G — S a formal group over S with
conormal sheaf w.. Then a coordinate for G is a global section

z € lim HO(S7 ¢:0a,, (e))

so for all affine morphisms f : U = Spec(4A) — S, x|y generates the global
sections if (we)|u-

Every formal group has coordinates locally, as in Example 2.3; this definition
asks for a global coordinate.

2.14 Remark. 1.) Let (G, z) be a formal group law over S with a coordinate
x. Since x provides a global trivialization of the locally free sheaf w,, Definition
1.24.3 allows us to conclude that

(2.2) G, = Specg(Ogx]/z™T1).
Equivalently, we have ¢.Og, = Og[z]/2"*!. In particular,

lim H%(S,¢.0q,) = H(S, Os)[[2]].
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2.) Suppose F' is a formal group law over a commutative ring A and Gp
is the associated formal group over Spec(A), as in Example 2.3. Then, as in
Remark 1.26.1, Gr has a preferred coordinate = defined by the definition

Gr = Spf(A[[z]]).
Then there is an equality of formal group laws
T1 +(Gp,x) T2 = T1 +F T2.

Conversely, if G is a formal group over Spec(A4) with a coordinate x, then
Equation 2.2 provides a natural isomorphism (not an equality) of formal groups
over Spec(A)

Gr—5G.

3.) If f:(G,x) — (H,y) is a homomorphism of formal groups over S with
chosen coordinates, then f is defined by a morphism of Og-algebra sheaves

¢ 4.0mn, = Os[lyll/(y"*") — Osl[2]l/(a"*") = p.Og,

and, thus, is defined by the power series
o(y) = f(x) € I(Os)][x]]
which is a homomorphism of formal group laws:
f(x1) +ry fx2) = f21 +ps 22).

Conversely, any such power series defines a homomorphism of formal group laws.
4.) Suppose we are given a 2-commuting diagram

and a coordinate for x for G over S. Then there is an induced coordinate for H
over T. Let ¢ : H — ¢g*G be the given isomorphism. Then the coordinate for
H is the image of x under the homomorphisms

* il
H(8,4.0g,(e)) —= H(T,4*¢.0g, (¢)) <— H(T,¢.0n, (e)).
The next step is to examine the geometry of the scheme of possible coordi-

nates for G. We begin with the following result.

2.15 Lemma. Let ¢ : G — S be a formal group over a quasi-compact and
quasi-separated scheme S. Then there is a quasi-compact and quasi-separated
scheme T and a faithfully flat and quasi-compact morphism f : T — S so that
f*G has a coordinate.
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Proof. Choose a finite cover U; — S by affine open subschemes so that the
global section of (we)|y, are free. Set f: T = UU; — S to the be evident map.
Then f is faifthully flat, quasi-compact and f*w, is isomorphic to Op. Since T'
is a coproduct of affines, the map

lim H(T, O+, (e)) — H(T, f*w.)
is onto, and we choose as our coordinate any preimage of a generator. O

2.16 Definition. Define a category Mcoora fibered in groupoids over schemes
as follows. The objects of Mecoora are pairs (q: G — S,x) where G is a formal
group over a scheme S and x is a coordinate for G. A morphism in Mcoord

(¢:G— S,2)—(¢ : G — §',2)
is a morphism of schemes f : S — S’ and an isomorphim of formal groups
¢:G— f*G'.

By forgetting the coordinate we get a projection map Mcoora — Meg; if we
consider this as morphism of categories fibered in groupoids over affine schemes,
Remark 2.14.3, factors this projection as the composite

i
Moora Mg Mg

2.17 Proposition. The morphism i : Mcoord — Mgl of categories fibered
in groupoids is an equivalence over affine schemes; that is, for all commutative
rings A, the morphism of groupoids

Mcoord (A) _)Mfgl(A)
s an equivalence of groupoids.
Proof. This is a restatement of Remark 2.14.3 and Remark 2.14.4. O

2.18 Corollary. The category Mcoora fibered in groupoids over schemes is a
prestack.

Proof. This requires only that if (G, z) and (H,Y") are two objects over a scheme
S, the the isomorphisms Isog((G, ), (H,y)) form a sheaf. But

Isos((G,x),(H,Y)) = Isog(G, H)

where Isog (G, H) is the the sheaf (by Proposition 2.6) of isomorphisms of formal
groups. U

We now give extensions of Lemmas 2.12 and 2.11, in that order.

2.19 Proposition. Let Gy and G2 be two formal groups over a quasi-compact
and quasi-separated scheme S. Then

Isos(G1,G2) — S

s an affine morphism of schemes.
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Proof. We prove this by appealing to Lemma 2.12 and faithfully flat descent.

First, suppose G; and G5 can be each given a coordinate. Then, for a
fixed choice of coordinate for G; and G5 and for any morphism of schemes
f: U = Spec(A4) — S, the formal groups f*G; over U has an induced coordinate,
and Lemma 2.12 shows

fIsos (G, Ga) = Isoy (f* G, f*G) = U
is affine over U; indeed,
(2.3) Isoy (f*G1, f*G2) = Spec(A @apa (AL W @1 A)).
Expanding this thought, define a presheaf A(G1,G2) of Og algebras by
A(G1,G)(f: U — 8) = H(U,Isou (f*G1, f*Ga))

where f : U — S runs over all flat morphisms with affine source. Then Equation
2.3 implies that A(G1,G2) is a quasi-coherent sheaf of Og-algebras. We then
have

Specg(A(G1, G2)) = Isos(G1, Ga)

over S. If f:T — S is any morphism of schemes, then f*G; also can be given
a coordinate, by Remark 2.14.4, and then Lemma 2.12 implies that

(2.4) [rA(G1,Ga) = A(f* Gy, [ G2)
as quasi-coherent Op-algebra sheaves. This is equivalent to the statement that
(2.5) T x5 Isog(G1,G2) = Isor(f*G1, [*Ga).

For the general case, we appeal to Lemma 2.15 to choose an fpgc-cover f :
T — S so that f*G; can each be given a coordinate. Then Isor(f*Gy, f*G2) =
Specr (A(f*G1, f*G2)) and Equation 2.4 (or Equation 2.5) yields an isomor-
phism of quasi-coherent Or (r-algebra sheaves

¢ : prA(f G, [7G2) —A(f" G, [7G2).

We check that this isomorphism satisfies the cocycle condition and we get, by
faithfully flat descent, a quasi-coherent Og-algebra sheaf A(G1, G2). Uniqueness
of descent and Equation 2.5 imply that Specg(A(G1,G2) = Isos(Gy, G2) over
S. O

2.20 Corollary. Let G — S and H — T be formal groups over quasi-compact
and quasi-separated schemes. Then the projection morphism

S X pgy T—8 x T

is an affine morphism of schemes. In particular S X pmg, T' is a scheme over S
and it is an affine scheme over S if T is an affine scheme.
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Proof. One easily checks that there is an isomorphism
S X e T = Is0gxr(p1 G, p3 H).
Now we use Proposition 2.19. O

In the following definition we are going to have a functor F' on affine schemes
over a scheme S. We'll write F|y for F'(U) to in order to avoid too many
parentheses.

2.21 Definition. 1.) Let G be a formal group over a scheme S. Define a
functor Coord(G/S) from affine schemes over S to groupoids as follows. If
i:U — S is any affine morphism, then the objects of Coord(G/S)|y are pairs
(i*G, x) where x is a coordinate for i*G. The morphisms f : (i*G,z) — (i*G,y)
of Coord(G/S)|y are those morphisms of formal group laws so that the under-
lying morphism of formal groups fo =1:i*G — i*G is the identity.

2.) Let us write Coordg — S for the functor of objects of the groupoid
functor Coord(G/S)

3.) By 2.14.4, a morphism f : (G,z) — (G,y) so that the underlying mor-
phism of formal groups is the identity amounts to writing the coordinate y as a
power series in x. We will call this a change of coordinates.

In the following result, note that we have an isomorphism, not simply an
equivalence.

2.22 Lemma. Let G — S be a formal group over a scheme S and let S — Mygg
classify G. Then there is an isomorphism of groupoids over S

A Coord(G/S)—8 X pyy Mgl

Proof. First we define the morphism. Let f : U = Spec(A) — S be a morphism
out of an affine scheme and let (f*G,x) € Coord(G/S)|y. Define A\(f*G, x) to
the the triple

(f:U—=SF,¢:Gp— Q)

where F' is the formal group law determined by z (Remark 2.14.2) and ¢ is
the natural isomorphism from the formal group determined by F' (Example 2.4)
to f*G. The inverse of A sends (f, F,¢) to the pair (f*G,z) where x is the
coordinate defined by ¢ (Remark 2.14.4). O

The next result follows immediately from Proposition 2.17. Notice only have
an equivalence in this case.

2.23 Corollary. Let G — S be a formal group over a scheme S and let S —
Mg classify G. Then there is an equivalence of groupoids over S

A Coord(G/S)—S X pmy, Meoord-

In the following result, we will call a groupoid scheme G over S affine over
S if both the projection maps obG — S and morG — S are affine morphisms.
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2.24 Theorem. 1.) Let G — S be a formal group over a quasi-compact and
quasi-separated scheme S. Then Coord(G/S) — S is a groupoid scheme affine
over S.

2.) For all morphisms f: T — S of schemes, the groupoid Coord(G/S)|r is
either empty or contractible.

3.) The objects Coordg — S of Coord(G/S) form an affine scheme over S.

Proof. Lemma 2.22 and Theorem 2.7 imply together that the objects and mor-
phisms of Coord(G/S) are, respectively,

S X My, Spec(L)

and
S X My, Spec(W).

Part (1) of the theorem follows from Corollary 2.20. Since Coordg is the scheme
of objects in Coord(G/S), part (3) follows from part (1).

For part (2), if f*G has no coordinate, then Coord(G/S)|r is empty. If,
however, f*G has a coordinate, then any two coordinates are connected by a
unique isomorphism, by Remark 2.14.3, and the groupoid is contractible. O

The reader familiar with the language will recognize that the scheme Coordg
of objects is actually a torsor for an appropriate group scheme. See Lemma 3.11.

2.25 Remark. Since the proof of Theorem 2.24 is at the end of a logical thread
which winds in way through most of this section, it might be worthwhile to
consider the example where S = Spec(B) is affine and G is a formal group which
can be given a coordinate y. Then if f : Spec(4) = U — S is any morphism
from an affine scheme, and (f*G,z) € Coord(G/S)|y is any coordinate for G
over U, then x can be written in terms of y; that is,

2 3 def

T =aoy +ar1y” +agy’ +--- = a(y)

where a; € A and ag is invertible. From this we see that the choice of the
coordinate y defines an isomorphism of schemes

Coordg = Spec(Blag?, a1, as,---]) = Spec(B @, W) = § X My, SPEC(L).

An isomorphism ¢ : (f*G,z¢) — (f*G,z1) in Coord(G/S)|y is determined by
a power series
I = )\01’0 —+ )\11'(2) =+ )\21'(3) + - = )\(l‘o)

and 21 = A(a(y)). This shows the choice of the coordinate y defines an isomor-
phism of schemes from the morphisms of Coord(G/S) to

Spec(B[a(ﬂ)ﬂ,al, .. .,)\(ﬂ)ﬂ,)\l, ...]) 2 Spec(B®r W o W).
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2.4 My is an fpgc-algebraic stack
We begin by defining our notion of an algebraic stack.

2.26 Definition. Let Y be a scheme and M any stack over Y. Then M is an
algebraic stack in the fpqc-topology if

1. the diagonal morphism M — M xy M is representable, separated, and
quasi-compact; and

2. there a scheme X and a surjective, flat, and quasi-compact morphism
X — M. The morphism X — M is called a presentation of M.

This is a relaxation of the usual definition of algebraic stack (as in [29],
Définition 4.1) where the presentation X — M is required to be smooth, so
in particular flat and locally of finite type. It turns out that Mg can be
approximated by such stacks, as we see in the next section.

The following result is obtained by combining Propositions 2.28 and 2.29
below.

2.27 Theorem. The moduli stack Mg is an algebraic stack over Spec(Z) in
the fpgc-topology. Let fgl = Spec(L) be the affine scheme of formal group laws
and let Gp — fgl be the formal group arising from the universal formal group
law. Then

Gp : fgl— Mg,

is a presentation for Mgg.

Let M be a stack and z1,z5 : S — M be two 1-morphisms. Then the
2-category pull-back of

M

A

(1,22

S—)>M XyM

is equivalent to the fpgc sheaf Isog(x1,x2) which assigns to each affine scheme
U — S over S the isomorphisms Isoy (f*x1, f*z2).

2.28 Proposition. The diagonal morphism
18 representable, quasi-compact, and separated.

Proof. We use Proposition 2.19: for any affine scheme S and any two formal
groups G1 and Ga, the morphism

ISOS(Gl, GQ) — S

is an affine morphism of schemes. Hence the diagonal is representable ([29],
3.13), quasi-compact, and separated ([29], 3.10). O
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2.29 Proposition. Let fgl = Spec(L) be the affine scheme of formal group
laws and let G — fgl be the formal group arising from the universal formal
group law. Then

Gp : fgl— Mg,

18 surjective, flat, and quasi-compact.

Proof. The morphism G is surjective because every formal group over a field
can be given a coordinate, and hence arises from a formal group law. To check
that it is quasi-compact and flat, we need to check that for all morphisms

G : Spec(A)— Mg
with affine, source, the resulting map
Spec(A) X ag, fgl — Spec(A)

is quasi-compact and flat. It is quasi-compact because it is affine (by Proposition
2.20). To check that is flat, we choose an faithfully flat extension A — B and
check that

Spec(B) X my, gl = Spec(B) Xgpec(a) Spec(A) Xy, fgl — Spec(B)

is flat. Put another way, we may assume G has a coordinate and arises from a
formal group law. Then, by Lemma 2.11

Spec(A) X pmy, fgl = Spec(A ®@r W)

and A — A®p W = Alag’, ay,.. ] is certainly faithfully flat. O

2.30 Theorem. The 1-morphism of prestacks
Mcoord_h/\/lfg
identifies Mgg as the stack associated to the prestack Mcoord -

Proof. We begin by giving a formal description of the stack Mcoora associated
to Mcoord, then prove that there is an appropriate equivalence Meoord — M.

First, we define an equivalence class of coordinates for a formal group G over
S as follows. A representative of this equivalence class will be a coordinate z
for f*G =T xg G — T where f: T — S is a faithfully flat and quasi-compact
morphism. If x; and x5 are coordinates for 77 xg G and T» X g G respectively,
then we say they are equivalent if pfx1 = p3xs as coordinates for (T} x sT2) X sG.
That this is an equivalence relation follows from the fact that Coordg is a sheaf
in the fpqc topology.

Now define the category Meoora fibered in groupoids over Affy as follows.
The objects are pairs (G — S, [x]) where G is a formal group over S and [z] is
an equivalence class of coordinates, as in the previous paragraph. A morphism
f:(G,[z]) — (H,[y]) is given by a morphism fy : G — H in Mjgs. That

35



Meoord 18 a stack is proved exactly as in Lemma 2.6. The projection map
Mcoord — Mig has an evident factorization

Mcoord _>Mc00rd —’Mfg .

We will prove that the first map has the universal property necessary for the
associated stack, and we will show the second map is an equivalence of stacks.
First, we must show that any factorization problem

A
Meoord —= N

7
-
v
-
v

Mcoord

has a solution A : Mcoora — N so that the triangle 2-commutes. To do this,
let (G — S, [z]) be an object in Mecoora and choose an fpge cover d : T — S
so that d*G has a coordinate x representing [z]. If we apply A to the effective
descent data

¢ (did*G,djz) — (dyd* G, djx)

we obtain a object w € N'(S) and a unique isomorphism
(2.6) d*w 2 \d*G, x).

Set A\(G, [z]) = w. In like manner, A can be defined on morphisms. The unique
isomorphisms of Equation 2.6 shows that the resulting diagram 2-commutes.

Second, to show that ./\;lcoord — Mg is an equivalence, note that for all
schemes S, the morphism of groupoids

Mcoord(s) _)Mfg(s)

is a fibration.That is, given any object (H, [y]) in Meoora(S) and any morphims
¢ : G — H in Mg/(S), there is a morphism ¢ : (G : [z]) — (H, [y]) in ./\;lcoord(S)
whose underlying morphism is ¢. This follows from Remark 2.14.5. If G €
Mig(S) is a fixed formal group, then the fiber at G is

ngll)lgl Coord(G/T)

where T runs over all fpqc covers of S. Combining Theorem 2.24.2 and Lemma
2.15 we see that this fiber is contractible. O

The following is an immediate consequence of the previous result and Propo-
sition 2.17.

2.31 Theorem. The 1-morphism of prestacks
Mfgl—’Mfg

identifies Mgg as the stack associated to the prestack Mgg.
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2.5 At a prime: p-typical coordinates

When making calculations, especially with the Adams-Novikov spectral se-
quence, it is often very convenient to use p-typical formal group laws instead of
arbitrary formal group laws. We delve a little into that theory here. A point to
be made is that it is not a formal group which is p-typical, but a formal group
law or, equivalently, a coordinate for a formal group.

Let A be a commutative ring over Z,) and let F' be a formal group law over
A. Then, given any integer n prime to p and a primitive nth root of unity ¢,
we can form the power series

(2.7) fn(x) = [%]F(ZU dplrdp-+p "),

Note that this is a power series over A.

More generally, if S is a scheme over Z,), G a formal group over S, and X a
coordinate for G, then we have a formal group law x1 + (g 4) T2 over H(S,05)
and we can form the power series f,,(z) over H%(S, Og).

2.32 Definition. 1.) A p-typical formal group law F' over a commutative
ring A is a formal group law F over A so that

fe(x) =0

for all primes ¢ # p. A homomorphism of p-typical formal group laws is simply
a homomorphism of formal groups.

2.) Let G be a formal group over a scheme S over Z). Then a coordinate x
for G is p-typical if the associated formal group law over H°(S, Og) is p-typical.
A morphism ¢ : (G,z) — (H,y) of formal groups with p-typical coordinates is
simply a homomorphism of the underlying formal groups.

2.33 Remark (Properties of p-typical formal group laws). Let us record
some of the standard properties of p-typical coordinates.

1. Let G be a formal group over a Z,)-algebra A with p-typical coordinate
x. Then there are elements u; € A so that

2
ple(x) = px +¢ ua? +q uga? +¢--- .

The elements u; depend on the pair (G, ), hence are not invariant under
changes of coordinate. However, f : A — B is a homomorphism of Z,)-
algebras, then

Pl (x) = pr +¢ f(ur)z? +¢ flug)a? +¢ - .

Thus, this presentation of [p]g(x) extends to schemes: given a p-typical
formal group law (G,x) over a Z, scheme, there are elements u; €
H(S,05s) so that [p]g(z) can be written as above.
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2. Let us write pfgl for the functor which assigns to each Z,) algebra A the
set of p-typical formal group laws over A. Then pfgl is an affine scheme.
Indeed, if we write V' = Zp[u1,uz, .. ] there is a p-typical formal group
law F over V so that

2
Plr(y) = py +F ury” +r w2y’ +p--- .
The evident morphism of schemes Spec(V') — pfgl is an isomorphism.

3. Let ¢ : (G,z) — (H,y) be an isomorphism of formal groups with p-typical
coordinates and let f(x) € R[[z]] be the power series determined by ¢.
Then there are elements ¢; € R so that

2
f_l(;v) =tox +¢ t12P +¢ tg +a .

More its true. If z is a p-typical coordinate, then y is p-typical if and only
if f~1(z) has this form.

As in Definitions 2.9 and 2.16 and Lemmas 2.10 and 2.18, we have prestacks
of Mpgg1 of p-typical formal group laws and Mpcoora of formal groups with
p-typical coordinates. We also have the analog of Proposition 2.17:

2.34 Proposition. The canonical morphism of prestacks
Mpcoord—V\/lpfgl
s an equivalence.

A much deeper result is the following. If X is a sheaf over Spec(R) in the
fpgc-topology and R — S is a ring homomorphism, we will write

def
X®rSEX X Spec(R) Spec(S).
2.35 Theorem (Cartier’s idempotent). The canonical 1-morphism of cat-
egories fibered in groupoids over Affy

Mptgl— Mgl @ Zp)
18 an equivalence.

Proof. Let A be a commutative Z,)-algebra. Cartier’s theorem (see, for exam-
ple, [44]A.2.1.18) is usually phrased as follows: Given any formal group law F'
over A there is a p-typical formal group law eF over A and an isomorphism
¢F : F' — el of formal group laws; furthermore, if F' is p-typical, then e’ = F
and ¢ is the identity. This implies that if ¢ : F — F’ is any isomorphism of
formal groups laws, then there is a unique isomorphism e so that the following
diagram commutes:

Fer

o

F/T>6F/
F/
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Rephrased, we see that we have a retraction e : Mggi(A) — Mpgg1(A) of the
inclusion of groupoids ¢ : Mpgg1(A) — Migg1(A) and a natural transformation
¢:1—te. U

The following is now and immediate consequence of Theorem 2.31 and The-
orem 2.35.

2.36 Corollary. The canonical 1-morphism of prestacks
Mpcoord—>Mfg & Z(p)
identifies Mgg X Spec(Z(p)) as the stack associated to the prestack Mpcoord -

Similarly Mpeoora — Mg ®Z(,,y identifies the target as the stack associated
to the prestack source. Compare Theorem 2.30.
The following now follows from Corollary 2.36 and Remark 2.33.2 and .3.

2.37 Corollary. Let V = Z[ui,uz,- -] and let Gp — Spec(V') be the formal
group formed from the univeral p-typical formal group law F. Then the map

SpeC(V) *)Mfg ® Z(p)

classifying G is an fpqc-presentation of Mgg @ Z(y,). There is an isomorphism
of affine schemes

Spec(V') X amy, Spec(V) = Spec(V[tad,tl,tg, ).

2.38 Remark (Gradings and formal group laws). There is a natural grad-
ing on the Lazard ring L and the ring V' = Z,)[u1, ua, - - -] which supports the
universal p-typical formal group law. This can be useful for computations.

To get the grading, we put an action of the multiplication group G,, =
Spec(Z[t*']) on scheme fgl = Spec(L) of formal group laws as follows. If

r+prpy= Zcijl‘iyj

is a formal group law over a ring R and A € R* is a unit in R, define a new
formal group law AF over R by

z+ary =2 ((Ax) +r (M)
This action translates into a coaction
V: L—Zt* @ L

and hence a grading on L: = € L is of degree n if ¢(x) = t"®x. Then coefficients
ai; of the universal formal group law have degree ¢ + j — 1; since

t+rpy=r+y+ 210 (x,y) + 2203z, y) + - -

modulo decomposables, we have that x; has degree i. In particular, c¢;; is a
homogeneous polynomial in xj with k < ¢+ j.
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The same construction applies to p-typical formal group laws and the p-series

2
Pla(z) = pr +¢ wa? +¢ uga? +¢ -

shows that, under the action of G,,, uj has degree p* — 1. Since the universal
p-typical formal group is defined over the ring V' = Z,)[u1,uz,---] we have
that the coefficients c;; of the universal p-typical formal group are homogeneous
polynomials in the uj where p¥ < i+ j.

The action of G,, extends to the entire groupoid scheme of formal group
laws and their isomorphisms. If ¢(z) = >, a;z" is an isomorphism from F to
G, define

(Ad)(z) = A"o(Aa).

The A¢ is an isomorphism from AF' to AG. If ¢ is universal isomorphism over
W = L[aoﬂ, ay, -], the a; has degree i. More interesting is the case of p-typical
formal group laws; if ¢ is the universal isomorphism of p-typical formal group
laws over V[tatl,tl,tg, -++], then

¢ 1 (z) = tox +¢ t1a? +¢ toa? 4o

and we see that the degree of t;, is p¥ — 1. Thus if a; is the ith coefficient of this

power series, we have that a; is a homogeneous polynomial in ¢; and uj; with
k. .

p¥ <.

3 The moduli stack of formal groups as a homo-
topy orbit

3.1 Algebraic homotopy orbits

First some generalities, from [29] §§2.4.2, 3.4.1, and 4.6.1. Let A be an group
scheme over a base scheme S. Let X — S be a right-A-scheme. Thus, there is

an action morphism
X Xs A—X

over S such that the evident diagrams commute. From this data, we construct
a stack X x FA, called the homotopy orbits of the action of A on X, as follows.

Recall that an A-torsor is a scheme P — S with a right action of A so that
there is an fpqc cover T'— S and an isomorphism of A-schemes over T’

TxgAN=T xg P.

If you want a choice-free way of stating this last, we remark that this is equivalent
to requiring that the natural map

(T xg P) x7 (T'xg A)—(T x5 P) xp (T x5 A)

over (T xg A) sending (z, g) to (xg, g) is an isomorphism.
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To define X x5 EA we need to specify a category fibered in groupoids.
Suppose U — S is a scheme over S. Define the objects [X xn EAJ(U) to be
pairs (P, ) where P — U is a A x g U-torsor and

a:P—->UxgX

is a A-morphism over U. A morphism (P, «) — (Q, 3) is an equivariant isomor-
phism P — @ so that the evident diagram over U x g X commutes. If V — U is
a morphism of schemes over S, then the map [X x FAJ(U) — [X x5 EAJ(V)
is defined by pull-back. This gives a stack (see [29], 3.4.2) ; we discuss to what
extent it is an algebraic stack.

There is a natural map X — X x, FA defined as follows. If f : U — X
is a morphism of schemes over S define P = U xg A and let a be the evident
composition over U

A
UxshLE Uxg X xgh—>Uxg X

given pointwise by (u, g) — (u, f(u)g).
Note that if U — X x, FA classifies P — U xg X, then a factoring

X

-

U—— X xp FA

is equivalent to a choice of section of P — U and hence an chosen equivariant
isomorphism U xg A — P over U. The notion of an algebraic stack in the fpgc
topology was defined in Definition 2.26.

3.1 Proposition. Let A be a group scheme over S and suppose the structure
morphism A — S is flat and quasi-compact. Let X be a scheme over S with a
right A-action. Then X xp EA is an algebraic stack in the fpgc topology and

q: X—X xp EA

18 an fpqc presesentation. There is a natural commutative diagram
X
X

where do(x,9) = x and di(x,g) = xg and the vertical isomorphism sends (x,g)
to the triple (x,xg,g: xg — x).

d
X xg A ——=

‘L ’
p1

X XXXAEAXT>
2
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3.2 Example. There are two evident examples. First we can take X = S itself
with the necessarily trivial right action, and we’ll write

BA Y S x, EA.
This is the moduli stack fo A-torsors on S-schemes. The other example sets
X = A with the canonical right action. Let’s assume A is an affine group
scheme over S. Then the projection map

AxpyFEA— S

is an equivalence. For if a: P — U xg A is and morphism of A-torsors over U,
then « becomes an isomorphism on some faithfully flat over. Since A — S is
affine, « is then an isomorphism by faifthfully flat descent. It follows that the
groupoid [A x FAJ(U) is contractible.

3.3 Remark. Note that the Cech cover of X x EA that arises from the cover
X — X xj FA is the standard bar complex given by the action of A on X.
Thus, X x EA is that analog of the geometric realization of this bar complex,
whence the name homotopy orbits.

3.4 Remark. Suppose that S = Spec(R), X = Spec(A) and A = Spec(T).
Then the group action X xg A — X yields a Hopf algebroid structure on the
pair (4, A®grTI'). The previous remark implies that there is an equivalence of
categories between quasi-coherent sheaves over X x, EA and the (A4, A ®; T')-
comodules. In fact, if M is such a sheaf, the M(X — X x, FA) determines an
A-module M and the isomorphism

M(X XXXAEAXHX XAEA) = (A@RA) ®AM
and the diagram of Proposition 3.1 determine the comodule action map.

3.5 Remark. Let’s compare this construction of X x, EA with a construction
in simplicial sets. Suppose A is a discrete group (in sets) and X is a discrete
right A-set. Then the simplicial set X x, FA is defined to be the nerve of the
groupoid with object set X and morphism set X x G. However, this groupoid
is equivalent to the groupoid with objects a : P — X where P is a free and
transitive G-set; morphisms are the evident commutative triangles. This is a
direct translation of the construction above. Equivalent groupoids have weakly
equivalent nerves; hence, if we are only interested in homotopy type, we could
define X x5 EA to be the nerve of the larger groupoid.

Next let is say some words about naturality. This is simpler if we make some
assumptions on our group schemes. A group scheme A over S is affine over S if
the structure map ¢ : A — S is an affine morphism. Since affine morphisms are
closed under composition and base change, the multiplication map A xg A — A
is a morphism of schemes affine over S. Thus the quasi-coherent Og-algebra
sheaf ¢*O, is a sheaf of Hopf algebras. In most of our examples, S = Spec(A)
is itself affine; in this case, A = Spec(H) for some Hopf algebra H over A.
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If A is a group scheme affine over S and P — S is a A-torsor, then P — S is
an affine morphism by faithfully flat descent. If ¢ : Ay — A5 is a morphism of
group schemes affine over S and P — S a A; torsor, let P x4, Ay be the sheaf
associated to the presheaf

A= (P(A) x5a) A2(A))/ ~
where ~ is the equivalence relation given pointwise by
(xb,a) ~ (x,ba)
with € P(A), a € Ay(A4), and b € A1(4).

3.6 Lemma. Let Ay — Ay be a morphism of groups schemes affine over S and
Let P — S be a Aj-torsor. Then P xa, Ao is actually a Ag-torsor over S.

Proof. If we can choose an isomorphism P 2 A; over S, then we get an induced
isomorphism P X, As = As. More generally, let f : T'— S be an fpgc-cover
so that

TxgP>=TxgA;.

Then
T xg (P XA, Ag) = (T Xg P) XTxgAs (T X g Ag) ~T xg Asg.

Since Ag is affine over S, T' xg Ag is affine over T' and faithfully flat descent
implies P x4, Ao is an affine torsor over S. O

Now suppose X is a right Aj-scheme, As is a right Ag-scheme and ¢ : X7 —
X5 is a morphism of Aj-schemes. Then we get a morphism of stacks

X1 XAy EA1 — X2 XAy EA2

sending the pair (P, ) to the pair (P X, Az, qa); that is, there is a commutative
diagram of A;-schemes

P4Q>X1

Lk

P xp, Ay —— X,

Such morphisms have quite nice properties. Recall that a morphism of
groupoids f : G — H is a fibration if for all x € H, all y € G and all mor-
phisms ¢ : * — f(y) in H, there is a morphism ¢ : 2’ — y in G with fu = ¢.
Equivalently the morphism of nerves BG — BH is a Kan fibration of simplicial
sets. We will say that a morphism of stacks M — A is a fibration if for all
commutative rings R, the map M(R) — N(R) is a fibration of groupoids.?

A topological version of the following result can be found in Remark 3.9
below.

2This begs for a much more extensive and sophisticated discussion. See [23] and [12].
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3.7 Proposition. Suppose f : Ay — Ay is a morphism group schemes affine
over S, X1 is a Ay-scheme, X5 is a Ay-scheme, and q : X1 — X5 is a morphism
of Ay-schemes. Then

X1 XAy EA1—>X2 X Aqy EA2

s a fibration of algebraic stacks in the fpgc topology.

[e3

Proof. Suppose we are given a diagram (over a base-scheme U suppressed from
P——
Q' 7> Q——

the notation)
X
lq
;Y

with (1) P a Aj-torsor and o a Aj-morphism; (2) Q" and @ both As-torsors,
As-map and ¢ is Ag-isomorphism; and (3) P — @ a morphism of Aj-schemes
with P xa, As = Q. Then we take the pull-back

Q/XQPLP

|

Q' —¢> Q.
Then Q' is a Aj-torsor and ) is a Aj-isomorphism. Finally, we must check that
the natural map (Q’ xg P) xa, A2 — @' is an isomorphism of As-torsors. If we
can choose isomorphisms P = A; and Q = Ay this is clear. The general case
follows from faithfully flat descent. U

It is also relatively easy to identify fibers in this setting. We restrict ourselves
to a special case.

3.8 Proposition. Suppose f : Ay — Ag is flat surjective morphism of group
schemes affine over S with kernel K. Suppose that X1 is a Ay-scheme, X5 is
a Aoy-scheme, and q : X1 — Xs is a morphism of Ay-schemes. Then there is a
homotopy pull-baack diagram

Xl XKEKi>Xl XAy EAl

Xog————> X5 XAy FEAs.

Proof. Let f : U — X5 a morphism of schemes. Then the composition U —
Xy xp, EAs classifies the pair (U x g A2, «) where « is the composition

A
UXSA2 [xha

UXSXQ XsAg

UXSXQ.
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The homotopy fiber at U is the groupoid with objects the commutative diagrams

Pr—C L Uxsx,

P

UXSAQHQ UXSXQ

where (P, 3) is an object in [X7 x A, EA1](U) and g is A; morphism so that the
induced map P xj, As — U Xg As is an isomorphism. Let P’ be the pull-back
of g at inclusions induced by the identity U — U X, Ag. Then P/ — U xg X5
is an equivariant morphism from a K-torsor to X5. This defines the functor
from the pull-back to X1 xx FK.

Conversely, given a K-torsor P over U and a K-morphism P — X; we can
produce a diagram

PXUXsK (U XsAl)HUX‘gxl

| |
P xpyxsr (UxgAy) —=U xg Xo.
Since K is the kernel of A; — As, projection gives a natural morphism of

As-torsors over U
P XUxsK (U Xg Ag) —-U Xg A2

of As torsors over U. This defines the functor back and gives the equivalence of
categories. O

3.9 Remark. In the topological setting of Remark 3.5 we gave two ways to
construct X x x FA. With the smaller, and more usual construction, a morphism

X1 XAy EA1—>X2 X Ao EA2

is a fibration only if Ay — As is onto. However, in the larger construction
using transtive and free A-sets, this morphism is always a fibration, by the same
argument as that given for Proposition 3.7. Either model allows us to prove the
analog of Proposition 3.8.

As a final generality we have:

3.10 Proposition. Suppose f : Ay — As is flat surjective morphism of group
schemes affine over S and let K be the kernel. Suppose that X1 is a Ai-scheme,
X5 is a Ay-scheme, and q : X1 — X5 is a morphism of Ai-schemes. If X1 — X5
is a K-torsor over Xo, then

Xl XAy EA14>X2 X Asy EAQ

s an equivalence of algebraic stacks.
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Proof. The hypothesis of X; — X, means that when the action is restricted
to K, then X is (after pulling back to an fpge-cover of Xp) isomorphic to
X5 xg K. The result follows immediately from Propositions 3.7 and 3.8, but
can also be proved directly. For if o : P — U xg X» is some As-equivariant
morphism from a As-torsor over U, then we can form the pull back square

QLUXSXl

.

PT>UXSX2

and B : Q — U xg X7 is a Aj-equivariant morphism from a A;-torsor over U.
This defines the necessary equivalence of categories. O

3.2 Formal groups

We now specialize to the case where S = Spec(Z), A = Spec(Z[aF", ay,...]) is

the group scheme of power series invertible under composition. We set X =
fgl = Spec(L) where L is the Lazard ring. Thus for a commutative ring R

A(R) = zR[[z]]"

and X (R) = fgl(R) is the set of formal group laws over R. The group schemes
A acts on fgl by the formula

(Fo)(a1,22) = ¢~ (F(d(x1), d(22)).

In Theorem 2.24 we produced, for any formal group G over an affine scheme
U, an affine morphism of schemes

Coordg—S.

The following is essentially a combination of Lemma 2.15 and Theorem 2.24.2.

3.11 Lemma. For a formal group G over a quasi-compact and quasi-separated
scheme U, the scheme of coordinates Coordg — U is a A-torsor over U.

Proof. The formal group G over U may not have a coordinate. However, Lemma
2.15 implies that there is an fgpc-cover f : V — U so that f*G has a coordinate.
Reading the proof of Lemma 2.15 we see that V' can be chosen to be affine. Then

V xy Coordg = Coord«¢

is certainly a free right A-scheme over V. See Remark 2.25 for explicit formulas.
O

The following result implies that every A-torsor over fgl arises in this way
from a formal group.
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3.12 Lemma. Let S be a quasi-compact and quasi-separated scheme. Let P —
S be a A-torsor and let P — S x fgl be a morphism A-schemes over S. Then
there is a formal group G — S and an isomorphism P — Coordg of A-torsors
over S. This isomorphism is stable under pull-backs in S and natural in P.
Furthermore, if P = Coordy, then there is a natural isomorphism G = H.

Proof. We begin with an observation. Let f : U — S be any morphism of
schemes so that fiber P(U, f) of P(U) — S(U)) at f is a free A(U)-set. Then
we have a commutative diagram

P, f) ——1gl(U)

l i

P, [)/AMU) =+ —— fg(U)

and the image of the bottom map is a formal group G over U. Since the fiber
of fgl(U) — fg(U) at Gy is Coordg, (U) we have that Gy has a coordinate and
we have an isomorphism of free A(U)-sets

(3.1) P(U, f) 2 Coordg, (U).

To get a formal group over S we use descent. Choose a faithfully flat and
quasi-compact map ¢ : T — S so that fiber P(T,q) is a free A(T)-set. This
yields a formal group G, over T' as above. Next examine the commutative
diagram

P(T)—=P(T xsT)

S(T) —= S(T x5 T)

where the horizontal maps are given by the two projections. Since the two maps
P1 q
T'xgT—=T——S5
P2
are equal the projection maps yield morphisms between fibers

Pi
P(T7Q) — P(TXSTanl)
pa

and hence a unique isomorphism p;G, = p3G,. This isomorphism will satisfy
the cocycle condition, using uniqueness. Now descent gives the formal group
G — S. Note that if P = Coordy, then G, = ¢* H; therefore, G = H.

We now define the isomorphism of torsors P — Coordg over S. Since both
P and Coordg are sheaves in the fpqc topology, it is sufficient to define a natural
isomorphism P(U, f) — Coordg(U, f) for all f: U — S so that both P(U, f)
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and Coordg (U, f) are free A(U)-sets. This isomorphism is defined by Equation
3.1 using the observation that

Coord-g(U) = Coordg(U, f).

3.13 Proposition. This morphism
Mfg—>fg1 XA EA
s an equivalence of algebraic stacks.

Proof. Lemma 3.12 at once supplies the map fgl xy EA — Mg, and the needed
natural transformations from either of the two composites to the identity. [

Note that A is an affine group scheme:
A = Spec(ZlaF?, a1, as, .. .]).
Let L be the Lazard ring and W = L®Z[aZ", a1, az, . ..]. Then the group action
fgl x A—fgl

yields a Hopf algebroid (L, W). Remark 3.4 now immediately implies the fol-
lowing result.

3.14 Proposition. There is an equivalence of categories between quasi-coherent
sheaves on Mgg and the category of (L, W')-comodules.

3.3 Buds of formal groups

One of the difficulties with the moduli stack Mg of formal groups is that it
does not have good finiteness properties. We have written Mg, as fgl x, EA
and neither the group A or the scheme fgl is of finite type over Z. However, we
can write Mg as the homotopy inverse limit of stacks Mgg(n) which has an
affine smooth cover of dimension n.

Let n > 1 and A, be the affine group scheme over Spec(Z) which assigns to
each commutative ring R, the partial power series of degree n

f(x) = apx + a12® + -+ + ap—12"™ € R[[z]]/(a" 1)

with ap a unit. This becomes a group under composition of power series. Of
course,
A, = Spec(Z[aZ!,ay,. .., an_1]).

Similarly, let fgl,, be the affine scheme of n-buds of formal group laws

F(z,y) € Rl[z,yll/(z,y)" .
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Thus we are requiring that F(x,0) = z = F(0,z), F(z,y) = F(y,z), and
F(x,F(y,z)) = F(F(xay)vz)

all modulo (z,y)"*!. The symmetric 2-cocyle lemma [44] A.2.12 now implies
that .
fgl, = Spec(Z[z1,xa, - ,Tp_1]) & Spec(Ly,)

and the modulo (z1,...,%,)?, the universal n-bud reads
Fu(xa y) =T+ Yy + LL’lCQ(lL', y) 4 wn—lon(xa y)
where C(z,y) is the kth symmetric 2-cocyle. The group A,, acts of fgl,,.

3.15 Definition. The moduli stack of n-buds of formal groups is the
homotopy orbit stack
Mfg<TL> = fgln XA EAn.

There are canonical maps
Mieg— Mg (n)— Mgg(n — 1).
3.16 Example. To make your confusion specific?, note that
Mig (1) = BG,, = Spec(Z) xg,, EGp,.

This is because A;(R) = R* = G,,(R) is the group of units in R and, modulo
(x,9)?%, the unique bud of a formal group law is = + y.

Mig(2) = A' x5, EAy
where Ay acts on A! by
(b, apz + arz?) — agh — 2(a1/ag).

Note that, modulo (z,y)3, any bud of a 1 formal group law is of the form
x4y + bxy.

The following implies that Mg (n) is an algebraic stack in the sense of [29]
Définition 4.1. See also [29], Exemple 4.6.

3.17 Proposition. The morphism
Spec(Ly,) — Mgg(n)

classifying the universal n-bud of a formal group law is a presentation and
smooth of relative dimension n.

3This is quote from Steve Wilson. See [50]§?
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Proof. That the morphism is a presentation follows from Proposition 3.1. To see
that it is smooth of relative dimension n, we must check that for all morphisms
Spec(R) — Mgg(n) the resulting pull-back

Spec(R) X ag, (ny SPEC(Ln) — Spec(R)

is smooth of relative dimension n. Since smoothness is local for the fpgc topol-
ogy, we may assume that Spec(R) — M;gg(n) classifies a bud of formal group
law. Then

Spec(R) X ae, (n) SPec(Ly,) = Spec(R[agl,al, v+ ,ap—1]) = Spec(R) x A,
and this suffices. O

Recall that that nth symmetric 2-cocycle is
1 n n n
Cnlz,y) = @ +y)" —a" —y"].

where
p, n=pF for a prime p;
d, =
1, otherwise.

Let G, be the additive group scheme and let Al(n) be the G, scheme with
action A'(n) x G, — Al(n) given by

(z,a) — x — dya.

3.18 Lemma. The morphism A, — A,_1 of affine group schemes is flat and
surjective with kernel G,. Furthermore there is an equivariant isomorphism of
G, schemes over fgl

n—1

fgl, = fgl, | x A'(n).

Proof. The kernel of A,,(R) — A,_1(R) is all power series of the form ¢,(z) =
z + az™ modulo (z"*1). Since ¢q(da (%)) = P(atar)(z) modulo (z"1), the first
statement follows. For the splitting of fgl, note that if ¢,(x) is an isomorphism
of buds of formal group laws F' — F’, then

Fl(z,y) = Fz,y) +ala” —y" — (x +v)"]
= F(z,y) — dnaC(z,y).

Thus the coaction morphism on coordinate rings
Zlzy, ..., x5)—Zx1,...,2,] @ Zla]
sends x; to z; is ¢ # n and x, to
z,®R1-1xd,a.

This gives the splitting. O
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3.19 Proposition. For all n > 1 the reduction map
Mg (n)— Mzg(n — 1)
s a fibration. If R is any commutative ring in which d, is a unit, then
Mig(n) @ R—Mgg(n —1) @ R
s an equivalence of algebraic stacks.

Proof. This follows immediately from Example 3.2, Propositions 3.7 and 3.10,
Lemma 3.18, and the folliowing fact: if d,, is a unit in A, then A!(n) is isomorphic
to G, as a right G,-scheme. O

3.20 Theorem. The natural map
Mgg— holim Mg (n)
s an equivalence of stacks.

Proof. We must prove that for all rings R the natural morphism of groupoids
Mg (R)— holim Mg (n)(R)

is an equivalence. By Proposition 3.19 we have that the projection map
Mig(n)(R)— Mig(n — 1)(R)

is a fibration of groupoids for all n. Thus we need only show Mgg(R) =
lim Mgg(n)(R), but this is obvious. O

The next result is an incredibly complicated way to prove that every formal
group over an algebra over the rationals is isomorphic to the additive formal
group. It proves more, however, as it also identities the automorphisms of the
additive formal group. For the proof combine Theorem 3.20 and Proposition
3.19.

3.21 Corollary. The projection map
Mig ® Q— Mg (1) © Q ~ B(Gyp © Q)
s an equivalence.

When working at a prime p, the moduli stacks Mg (p") ® Z(p) form the
significant layers in the tower. These should have covers by “p-typical buds”;
the next result makes that thought precise. Recall that the universal p-typical
formal group law F' is defined over the the ring V' = Z,)[u1,ug,---]. See
Corollary 2.37.
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3.22 Lemma. Let V,, = Zy[u1,. .., uy,] be the subring of V' generated by uy,
kE <n. The p"-bud Fyn of the universal p-typical formal group law F' is defined
over V,, and the morphism

Fpn : Spec(Vy,) — Mg (p™) @ Zp
classifying this bud is a presentation. Furthermore there is an isomorphism
Spec(Vin) X aey (n) Spec(Vy,) = Spec(Vn[zﬁl,tl, cee ).

Proof. We use the gradings of Remark 2.38. The n-bud of a formal group law
G is given by the equation

Gr(z,y) = Z cia'y’.

i+j<n

If F is the universal p-typical formal group law, we see that F,, is defined over
the subring of V generated by the u; with p¥ < n. Similarly if ¢(z) is the
universal isomorphism of p-typical formal group laws, then its bud

n—1
¢n($) — Z ai.TH_l
=0

is defined over the subring of V[taﬂ, t1,- -] generated by t; and uy, with p* < n.

To show that we have a presentation, suppose G is a p™ bud of a formal
group over a field k which is a Z,)-algebra. Since k is a field, we may assume
G arises from the bud of formal group law, which we also call G. Choose any
formal group law G’ whose p™-bud is G and choose an isomorphism G’ — G”
where G” is p-typical. Then the p™-bud of G” is isomorphic to G and, by the
previous paragraph, arises from a morphism g : V,, — k. Thus we obtain the
requisite 2-commuting diagram

Spec(Vy,)

Spec(k) —> Mig(p") @ Zp).

A similar argument computes the homotopy pull-back. O

3.23 Remark. It is possible to give an intrinsic geometric definition of an n-
bud of a formal group in the style of Definition 1.24 and Definition 2.2. First
an n-germ of a formal Lie variety X over a scheme S is an affine morphism of
schemes X — S with a closed section e so that

1. X = Inf5(X);

2. the quasi-coherent sheaf w, is locally free of finite rank on .S;
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3. the natural map of graded rings Sym, (w.) — gr,(X) induces an isomor-
phism
Sym, (we) /T — gr,(X)

where J = @p>0Symy, (w.) is the augmentation ideal.

An n-bud of a formal groupis then an n-germ G — S so that w, = wg is locally
free of rank 1 and there is a “multiplication” map

Inf4(G x5 G) — G

over S so that the obvious diagrams commute.

3.4 Quasi-coherent sheaves over Mg,

Better give some theory
We now consider the categories of quasi-coherent sheaves over the stacks
Mg and Mgg(n). Let m and n be integers 0 < n < m < oo and let

q=(m,n)=q: Mgg(m) — Mgg(n)

be the projection. To avoid cluttered notation we will write g for q(,,,) whenever
possible. Here we are writing Mg (00) for Mg itself.

Write Qmodyg, (n) for the quasi-coherent sheaves on Mgg(n). We begin by
discussing the pull-back and push-forward functors

q" : Qmodg, (n) —— Qmodg, (M) : g..

By Remark 3.4, the category of quasi-coherent sheaves on Mgg(n) is equiv-
alent to the category of (L,, W,)-comodules. In fact, if F is a quasi-coherent
sheaf, the associated comodule M is obtained by evaluating F at Spec(L,) —
Mg (n), and the comodule structure is obtained by evaluating F on the parallel
arrows

p1
Spec(Why) = Spec(Ln) X pey (n) SPeC(Ln) —= Spec(Ly,) ——= Mgg(n).

P2

We will describe the functors g, and ¢* by giving a description on comodules.
Let T'(n,m) be the group scheme which assigns to each commutative ring A
the invertible (under composition) power series modulo (z™*1)

T4 apz" Fap "+ Fap_12™ a; € R.
Then I'(n,m) = Spec(Z[an, Gni1,---,am-1]) and I'(n,m) is the kernel of the
projection map A,, — A,,.

By Proposition 3.8 there is an equivalence of algebraic stacks

SpeC(Ln) X Mg (m) Mfg<m> = fglm XT(n,m) EF(n,m)
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Let F be a quasi-coherent sheaf on Megg(m). Then the value of ¢,F when
evaluated at Spec(L,) — Migg(n) is H(Spec(Ln) X atg(ny Meg(m), F). If
M = F(Spec(Ly,)) is the (L,,, W, )-comodule equivalent to F, then these global
sections are the (L,,, W, )-comodule N defined by the equalizer diagram

N —— M:Z[an,anH, . .,am_l] QL. M

where the parallel arrows are given by left inclusion and the coaction map. The
assignment M +— N determines g, F.

To describe ¢*, we give the left adjoint to the functor just described on
comodules. If N is a (L, Wy)-comodule, define a (L,, Wy,,) comodule M =
Ly, ®1,, N with coaction map

Lm ®Ln N — Wm ®Lm ®Lm ®Ln N = Wm ®Wn Wn ®Ln N

given by
77R®¢ : Lm ®Ln N—)Wm ®Wn Wn ®Ln N.

3.24 Proposition. For allm andn, 0 <n < m < oo, the projection morphism
q : Mgg(m)—Mgg(n)
18 faithfully flat.

Proof. The morphism ¢ is flat if and only if the functor F — ¢*F is exact.
However, since the ring homomorphism L,, — L,, is flat, the equivalent functor
N +— Ly, ®r, N on comodules is evidently exact. The morphism ¢ is now
faithfully flat because it is surjective. U

Now consider the diagram of functors

Qmodyg, (n) Aoy Qmodg, (m)

*
n m
an

Qmody,.

Since there is a natural isomorphism ¢ = q;*nqzﬁn,m) we get (after identifying a
category with its nerve) a functor
q" : hocolim Qmodg, (n) — Qmodyg,.
Since the morphism q(y, ) : Mgg(m) — Mgg(n) is faithfully flat, the morphisms
qzknym) : Qmodg, (n) — Qmodg, (m)
are cofibrations; hence, we get an induced map
*

q" : colim Qmodyg, (n) — Qmody,.

For any module category Qmod y let Qmodéf denote the full-subcategory
of coherent (or finitely presented) modules.
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3.25 Theorem. The induced functor

*

q" : colim Qmodg, (n) —Qmodg,

18 faithful and induces an equivalence on the categories of coherent sheaves

q* : colim Qmodffgp <n>—>Qmodffgp

Proof. The first statement — that the functor ¢* is faithful on the larger category
— follows from Proposition 3.24. That result implies that each of the functors

qz(n,m) : QmOdfg<n> - QmOdfg<m>

is faithful. The equivalence for coherent modules follows from the description
of ¢* on comodules and the facts that L = colim L,, and W = colim W,,. O

4 Invariant derivations and differentials

4.1 The Lie algebra of a group scheme

We begin with a basic recapitulation of the notion of the Lie algebra of a group
scheme G over a scheme S. We will assume that the structure morphism G — S
is locally of finite type. The tangent scheme and the connection between the
tangent scheme and differentials was discussed in §1.3.

4.1 Definition. Let G — S be a group scheme, locally of finite type over S.
Let Lieg to be the scheme over S obtained by the pull-back diagram

Lieg —— Tang/s

L

S—6>G.

It follows immediately from Proposition 1.18 that
Lieg = V(wg)
where wg is the conormal sheaf of the unit S — G.

4.2 Remark. The scheme Lieg — S has a great deal of structure; we’ll em-
phasize those points which apply most directly here.

1.) Since Tang/g is an abelian group scheme over G, Lieg is an abelian
group scheme over S. More than that, it is an Als—module; that is, there is a
multiplication morphism of schemes

A} x g Lieg—Lieg
making Lieg into a module over the ring scheme A}. This is a coordinate free

way of saying that the abelian group Lieg(A) is naturally an A-module. To
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get this A-module structure, let a € A and define u, : A(e) — A(e) to be
the A-algebra map determined by wu,(e) = ae. Then Lieg(u,) determines the
multiplication by a in Lieg(A).

2.) The zero section s : G — Tang/g defines an action of G on Lieg by
conjugation; if x € G(R), this action is written

Ad(z) : Lieg—Lieg.

The naturality of the semi-direct product construction shows that there is a
natural isomorphism of group schemes over G

Tang/g =x¢ X g Lieg.
In particular, if G is commutative we have an isomorphism
(4.1) Tang/s =ye Xs LieG

which is natural with respect to homomorphisms of abelian group schemes.
3.) There is a Lie bracket

[ s ] : LieG Xg Lieg—>Lieg.

Thus, Lieg is an AL-Lie algebra. If G is commutative — as is our focus here —
this bracket is zero, so we won’t belabor it.

4.) The structure morphism Lieg — S is affine. Indeed, if e : S — G is the
unit morphism of G, then Proposition 1.18 implies that there is an isomorphism
of abelian group schemes

Lieg = Specg(Syme, (" Qq/s)) = V(e*Qx/s).

If G = Spec(A) is affine over S = Spec(R), then A is an R-Hopf algebra and
e*{lq s is the quasi-coherent sheaf determined by the R-module of indecompos-
ables QA.

The natural map d : wg — e*Qg/S of Lemma 1.19 is an isomorphism; we
will also identify this sheaf as the invariant differentials for G. See §4.2 below.

4.3 Remark (Invariant derivations). In Corollary 1.17 we wrote down a
natural isomorphism between the module Derg(G, O¢) of derivations of G over
S with coefficients in O¢ and the module of sections of ¢ : Tang,g — G. If s
is a section of Lieg — 9, then we get a section

s=5xG:G =58 xgG—Lieg x G = Tang/s

of Tang/s — G and the assignment s’ — s induces an isomorphism from the
module of sections of Lieg to the module of left invariant sections of 7Tang,g.
The inverse assigns to s the composition

S —> G > Lieg(S).

There is a sheaf version of this which defines an isomorphism from the lo-
cal sections of Lieg — G to an appropriate sheaf of invariant derivations in
DBTS (G, OG).
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Now let G — S be a formal group over S; we define Lieg exactly as above:
Lieg = e*Tang/g — S.

Let € : Lieg — Tang/s be the induced map. In Remark 1.27 we showed
that (Tang,s,¢) is a formal Lie variety over Lieg and that there is a natural
isomorphism of abelian group schemes

V(wg) = LieG

over S. Exactly as in Equation 4.1 we have an isomorphism (now as fpqc
sheaves)
TanG/S =ye X5 LieG

over S.

4.4 Remark. Let f : G — H be homomorphism of smooth, commutative
formal groups over S. In the presence of coordinates, it is possible to give a
concrete formula for computing Lie(f) and Tan(f).

First suppose that we choose can choose a coordinate y for G. Then y
determines an isomorphism

Ay : Gg—Lieg

from the additive group over S to Lieg sending a € G,(R) to ea € Lieg.
Next suppose that we also choose a coordinate x for H. Then the image of
y under f is a power series f(z) and we get a commutative diagram

GXsGa*)HXSGa

GxAy\L \LHX)\I

T an T an
G/S m H/S

where the top morphism is given pointwise by

(a,0) = (f(a), bf'(a)).

Restricting to the Lie schemes, we get a commutative diagram of schemes over
S
1(0)

G, —— G,

Li Lie .
1eg m H/S

Note that we have also effectively proved the following result.

4.5 Proposition. Let G be a smooth one-dimensional, commutative formal
groups over S. Then Lieg is a naturally a G,-torsor in the fpqc topology.
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Proof. The scheme Lieg — S is a G,-scheme because it is an Als—module. If
we choose an fpqc cover f : T — S so that f*G can be given a coordinate,
then we have just shown, in Remark 4.4, that a choice of coordinate defines an
isomorphism

F*Go—Liep(f*G) = f*Liec.

4.2 Invariant differentials

Let g : G — S be a group scheme over S with identity e : S — G. Let us assume
that G is flat — and hence faithfully flat — and quasi-compact over S. Then we
have a diagram

P1
GxSGH?G

(O

GXsG*);
P2

where f is an isomorphism give pointwise by f(z,y) = (z,zy) and m is the
multiplication map. From this we conclude that we have a modified version of
descent for ¢ : G — S: the category of quasi-coherent sheaves on S is equivalent
to the category of quasi-coherent sheaves F on G equipped with an isomorphism

(M) F—-m*F

satisfying a suitable cocycle condition we leave the reader to formulate.
To apply this, we note that we have diagram

pP1
GxsG—=@G

G S

q
and both the squares are Cartesian. This supplies an isomorphism
(P1)" Qs = Qaxsa/a Em* Qgys

which satisfies the necessary cocycle condition. The resulting quasi-coherent
sheaf wg on S is the sheaf of invariant differentials on G. Since wg is already
the name we’ve given to the conormal sheaf of the unit e : S — G we have
to justify this notion. So for the next sentence, let’s write wg for the invariant
differentials and e*{2 /g for the conormal sheaf. Then, by construction, we have
that

(4.2) q¢'we = Qays
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from which it follows that
(4.3) e Qg/s = "¢ wg = wa.
Thus, from now on, we make no distinction between the two.

4.6 Example. This definition is less arcane that it seems. Unwinding the proof
of faithfully flat descent, we see that there is an equalizer diagram of sheaves of
S

dp1
wG —— (I*QG/S Ti Q*Q(Gx sG)/G
m

where I have written ¢ for the canonical projections to S. To be even more
concrete, suppose S = Spec(R) and G is affine over R; that is, G = Spec(A)
for some Hopf algebra A over R. Then wg is determined by the R-module wy
defined by the equalizer diagram
diq
wa — Qa/R %; Qagray/a-

For example, if G = G,,, then A = R[z*!] with A(z) = 2 ® 2 and we calculate
that w4 is the free R-module on dz/x.

4.7 Remark. As Lieg = V(wg), the sheaf dual to wg is the quasi-coherent
sheaf which assigns to each Zariski open U C S the sections of Lieg|y — U. In
particular, the global sections of this dual sheaf are exactly invariant derivations
of G. If we need a name for this sheaf we will call it lieg /s.

These notions extend to formal groups, with a little care. In this case we
don’t have a sheaf {0g/s defined — although we could produce it if need be.
However, in Remark 1.27, we did define sheaves (Q2¢/s)n over G,, and we define

* def ;. ~ e *
7" Qq/s = limq.(Qq/s)n Z1limq* Qg /s
over S, where ¢ : G,, — S is any of the projections. Similarly
:Qaxa/c =1limq.q, xa,/a,-
The following allows us to call wg the sheaf of invariant differentials for G.

4.8 Proposition. Let G — S be a formal group over S. Then there is an
equalizer diagram of sheaves on S

dp1
weg — ¢:8q/s d:>> ROee e
m

4.9 Example. Suppose that S = Spec(A) is affine and that G can be given a
coordinate x. Then wg is determined by its S-module of global sections over S
and we we have an equalizer diagram of A-modules

HO(S, we) —— Alla]|de Z:A Allz, y]]dz.
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Let’s write F(z,y) = A(x) for the resulting formal group law and F,(x,y) for
the partial derivative of that power series with respect to x. Then an invariant
differential f(x)dx must satisfy the equality

Setting x = 0 and then setting y = = we get that

_ [0
Since F;(0,0) = 1, we conclude that wg is the quasi-coherent sheaf on Spec(A)
determined by the free A-module of rank 1 with generator

_ dx
T F(0)
4.10 Example. Calculating with Lieg and wg is standard, at least locally.
Compare Remark 4.4. Suppose S = Spec(A) and f : G — H is a homorphism
of formal groups over S. By passing to a faifthfully flat extension, we may as
well assume that G and H can be given coordinates x and y respectively; then
f is determined by a power series f(z) € A[[z]] and the induced morphism

df : wg—wg

is multiplication by f’(0).

4.3 Invariant differentials in characteristic p

As a warm-up for the next section, we will isolate some of the extra phenomena
that occurs when we are working over a base scheme S which is itself a scheme
over Spec(F,,). In this case there is a Frobenius morphism f : § — S. Indeed,
if R is an ), algebra, the Frobenius x — zP defines a natural morphism fg :
R — R of F,, algebras and

fs(R) = S(fr) : S(R)—5S(R),
If X — S is any scheme over S, we define X®) to be the pull-back
X(P) — X

]

— S
and the relative Frobenius F : X — X® to the unique morphism of schemes

over S so that the following diagram commutes

f
X - x(®)

NI

S —

!
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The following is an exercise in definitions and the universal properties of pull-
backs.

4.11 Lemma. Let X — S be a scheme over a scheme S over Spec(F)).

1.) There is a natural isomorphism Tangf'}s Tanxw) )g-

2.) If G — S is a group scheme over S, then there is a natural isomorphism
Lie) 2 Lieg) /-

3.) The relative Frobenius F : X — X®) induces the the zero homomorphism

Tany/s(F): Tany;s — Tan&‘?}s; that is, Tanx,s(F) can be factored

(p)

Tany/s — X i>)((p) — TanX/S

where s is the zero section.

4.) If G — S is a group scheme, the relative Frobenius F : G — GP) induces
the the zero homomorphism Lie(F) : Lieg — Lieqw) g; that is, Lie(F) can be
factored

Lieg — § —>= Liegm /s-

Proof. The first of two of these statements are an exercise in definitions and the
universal properties of pull-backs. The second two follow from the fact that if
R is an [Fp-algebra, the fr()(—) = (=)? : R(e) — R(e) factors

R(e) =2 p % p R(e).

O

While the morphism Lie(F) induced by the relative Frobenius F : G — G®)
is the zero map, the relative Frobenius

F: Lieg — Lie) 2 Lieg /s
is not. This is the map on affine schemes over S
V(we)—V(wa)” = V(wgw)
induced by the Frobenius morphism on algebra sheaves
Symg(wae ) — Symg(wg).

By restricting to the sub-Og-module wgp) of Symg(wew)) we get the map
needed for the following result. Sym,,(—) is the pth symmetric power functor.

4.12 Lemma. Let G be an algebraic group over S and S a scheme over F,.
Then the pth power map induces a natural homomorphism of quasi-coherent
sheaves over S

Wap) — Symp(wc;)
which, if G is smooth of dimension 1, becomes an isomorphism

wam = Symp("‘)G) = wgp'
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Proof. The last statement follows because wg is locally free of rank 1. O
The exact same argument now proves:

4.13 Lemma. Let G be a formal group over S and S a scheme over F,,. Then
the pth power map induces a natural homomorphism of quasi-coherent sheaves
over S

wgw — Sym,,(we)

yieds an isOmorphism

wee = Sym,(wg) = wEP.

5 The height filtration

The theory of formal groups in characteristic zero is quite simple: in Corollary
3.21 we saw that over Q, we are reduced to studying the additive formal group
law and its automorphisms. In characteristic p > 0 (and hence over the integers)
the story is quite different. Here formal groups are segregated by height and it
is the height filtration which is at the heart of the geometry of Mg. The point
of this section is to spell this out in detail.

5.1 Height and the elements v,

We are going to study formal groups G over schemes S which are themselves
scheme over Spec(F,). In Lemma 4.11 we introduced and discussed the relative
Frobenius F' and its effect on tangent and Lie schemes. The following is a
standard lemma for formal groups.

5.1 Lemma. Let f : G — H be a homomorphism of smooth one-dimensional,
commutative formal groups over S which is a scheme over Spec(F,). If

0 = Lie(f) : Lieg — Liey.
then there is a unique morphism g : G%) — H so that
f=gF :G—H.

Proof. Tt follows immediately from the natural decomposition 7ang,g = G x
Lieg that the induced map

Tan(f):7Tang/s — Tang,g

is the zero homomorphism as well. Because of the uniqueness of g it is sufficient
to prove the result locally, so choose an fqpc-cover ¢ : T — S so that ¢*G and
q¢*H can each be given a coordinate. As in Remark 4.4, we write f as a power
series f(x) and because Tan(f) = 0 we conclude that f/(z) = 0. Because we
are working over [F,,, we may write f(z) = g(a?) for some unique g(z) and we
let g define the needed homomorphism ¢* : G — H. O
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Let G be a formal group over S, with S a scheme over Spec(F,). Since G is
commutative the pth power map

[p] : G—G

is a homomorphism of formal groups over S. If G can be given a coordinate,
then Remark 4.4 implies that Lie([p]) = 0. More generally, we choose an fpqc
cover f: T — S so that f*G has a coordinate. Then, since f is faithfully flat
and f*Lie([p]) = 0, we have Lie([p]) = 0. Therefore, Lemma 5.1 implies there
is a unique homomorphism V : G®) — @ so that we have a factoring

G — G
1%
[p] J,
G.

The induced morphism Lie(V) : Lie(g;) — Lieg may itself be zero; if so, we
obtain a factoring

We may continue if Lie(Vs) = 0.

5.2 Definition (The height of a formal group). Let G be a formal group
over a scheme S which is itself a scheme over Spec(F,). Define G to have
height at least n if there is a factoring

n—l)

(») »?) (
G —1> L o) %...&G(m)

Vi
(] i

G.

Define G to have height exactly n if Lie(V,,) # 0.

Note that a formal group may not have finite height; for example, if Gy is
the formal additive group, then 0 = [p] : Gq — G, so it must have infinite
height. It follows from Lazard’s uniqueness theorem (Corollary 5.24) that every
infinite height formal group is locally isomorphic to the additive group.

5.3 Proposition. Let G be a formal group over a scheme S which is itself a
scheme over Spec(F,). Suppose that G has height at least n. Then there is a
global section

va(G) € HO(S,w2S® V)
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so that G has height at least n+ 1 if and only if v,(G) = 0. The element v, (G)
1s natural; that is, if H — T is another formal group, f : T — S is a morphism
of schemes and ¢ : H — f*G is an isomorphism of formal groups, then

f*vn(G) = vn(H)

Proof. Since G is of height at least n, we have the morphism V,, : G®") — G
and G has height at least n + 1 if and only if Lie(V,,) = 0. This will happen if
and only if the induced map

dVy s wg—weaen) = w%p .

is zero. The last isomorphism uses Lemma 4.13. Since w¢ is an invertible sheaf,
dV,, corresponds to a unique morphism

v (G) : (95—»(,02(1)”_1).
This defines the global section. The naturality statement follows from the com-
mutative diagram
Liegom M Liey
Lie((b(p"))l \LLie(@
F*Liegen —=> f*Lieg
O

5.4 Remark. The global section v, can be computed locally as follows. Let
S = Spec(R) be affine and suppose G — S can be given a coordinate z. Then
if G is of height at least n, the power series expansion of [p] : G — G gives the
p-series:

b](2) = 300" + aa® 4 -
If n(G,x) = dx/F,(0,z) is the invariant differential associated to this coordi-
nate, then

v (G) = ann(G, x)®pn71 € wg(;u"—l).
In particular, v, (G) = 0 if and only if a,, = 0.
We wish to define a descending chain of closed substacks
- CM(3) ST M(2) ST M(1) C Mgg

with M(n) the moduli stack of formal groups of height greater than or equal
to n. Of course, M(n) will be defined by the vanishing of p,vq,...,v,—1, but
it’s worth dwelling on the definition so that the behavior of M(n) under base
change is transparent.
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Let X be an fgpc-algebraic stack over a base scheme S. Recall that an
effective Cartier divisor D C X 1is closed subscheme so that the ideal sheaf
Z(D) C Ox defining D is locally free of rank 1.* If we tensor the exact sequence

0—-Z(D)— Oy - 0Op —0
of sheaves on X with the dual sheaf Z(D)™!, then we get an exact seqeunce
0—=O0x —=1I(D)"' —=0p ®p, I(D)"' —=0

with s a section of Z(D)~!. Conversely, given an invertible sheaf £, a section s
of £, and an exact sequence

0 Ox == L/Ox —=0

then the substack of zeros of s is an effective Cartier divisor with ideal sheaf
defined by the image of the injection

s L1504,

This establishes a one-to-one correspondence between effective Cartier divisors
and isomorphism classes of pairs (£, s) as above. We will say that the divisor
is defined by the pair (£, s). For example

M(l) c Mfg

is the effective Cartier divisor defined by (Ogg,p). Suppose M(n) has been
defined and classifies formal groups of height at least n.

5.5 Definition. 1.) Define the closed substack M(n + 1) C M(n) to be the
effective Cartier divisor defined by the pair (WP~ v,).

2.) Let H(n) = M(n) — M(n + 1) be the open complement of M(n + 1)
in M(n). Then H(n) classifies formal groups of exact height n or simply of
height n.

Then Proposition 5.3 implies that M(n+ 1) classifies formal goups of height
at least n + 1. The inclusion M(n) C Mg is closed; let Z, C Og be the
ideal sheaf defining this inclusion. Thus we have an ascending sequence of ideal
sheaves

0CZy=(p) STy C - O

and an isomorphism
(@) i w™ P T /T,

on M(n).

4Some authors (cf [26], Chapter 1) require also that D be flat over S. This implies that if
f:T — S is a morphism of schemes, then T' X g D is an effective Cartier divisor for 7" x g X.
But is also means that if X is a scheme with Ox torsion free then the closed subscheme
obtained from setting p = 0 is not an effective Cartier divisor for X over Z.
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5.6 Remark. A formal group G' — S has exact height n if the global section
v, (G) € HO(S,w? ~') is invertible in the sense that

—(p"—1
Uy wG(p )—>OS

is an isomorphism. This makes sense even if n = 0, where would have p invertible
in H°(S, Og). This defines the notion of a formal group of height 0.

5.7 Remark. We can follow up Remark 5.4 with a local description of Z,, and
the process of defining M(n). If G — Spec(R) can be given a coordinate  and
G has height a least n, then we can write

U (G) = u,n(G, :c)®pn*1.

The choice of generator n(G,z)®?"~1 for wgn*l defines an isomorphism R =

prn_l and the section v,, : R — w, ! becomes isomorphic to multiplication by
Uyn. Thus

In+1(G)/In(G) = (un)

is the principal ideal generated by wu,. Note that wu, is not an isomorphism
invariant, but the ideal is.

It is tempting to write, for a general formal group G with a coordinate, that
there is an isomorphism

In<G) = (pa Up, ... aunfl)-

In general, u,_; is only well-defined modulo Z,,_1(G), so we must be careful
with this notation. It is possible to choose a sequence p,uq,...,u,_1 defining
the ideal Z,,(R), but the choices make the sequence unpleasant. In the presence
of a p-typical coordinate, the situation improves. See the next remark.

5.8 Remark. The form v, is defined globally only when p = vy = +--v,_1 = 0.
But if GG is a formal group with a coordinate over a Z,) algebra R, then Cartier’s
theorem gives a p-typical coordinate x for G. Let F' be the resulting formal group
law for G. Then we can write the p-series

pl(2) = pr +7 wiz? +5 uga? +p ---
Remark 5.4 implies that if p =u; = ---u,—1 = 0, then
on(H) = wan(G,a)®"

and we really can write Z,,(G) = (p, w1, ..., Un—1)-
Note that v,(G) = 0 if and only if u, = 0. Since the morphism

Spec(Zpy[u1, ug, . . .]) —Mig @ Zy)
classifying the universal p-typical formal group is an fpgc-cover, this remark

implies the following result.
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5.9 Proposition. For all primes p and all n > 1, there is an fpqc-cover

X(n) et Spec(F(p)[tn, Uny1, - -.]) = M(n).

Furthemore,

p)lk(pa Uy .- 7un71) = P;(P,Ul» cey unfl) - OX(n)XM(,L)X(n)
and
X (1) X pmny X(n) = Spec(Fpltn, tni1,- - ][t(:)tl,tl,tQ, ).
If ¢g: Y — X is a representable and flat morphism of algebraic stacks and
D C X is an effective Cartier divisor defined by (L, s), then
* def
"D =DxxYCY

is an effective Cartier divisor defined by (¢*L,q*s). To see this, note that
because f is flat, we have an exact sequence

0 — f*I(D)—f*Ox—f*Op — 0
which is isomorphic to
0— f*Z(D)—Oy—0Ofp — 0.
Thus f*Z(D) 2 Z(f*D). From this we can immediately conclude the following.

5.10 Proposition. Let ¢ : N'— Mg, be a representable and flat morphism of
stacks and define

N(n) = M(n) X pe N
Then

L CNE) CN() N

s a descending chain of closed substacks so that
N(n+1) CN(n)
is the effective Cartier divisor defined by (wP" 1, v,,).

This implies that for all n the section v,, defines an injection

Oy Opr—wP 7L
If N' = Spec(R) — My classifies a formal group for which we can choose a
coordinate, this implies that each of the ideals Z,,(R) is generated by a regular
sequence. The Landweber Exact Functor Theorem 6.18 is a partial converse to
this result.

In these examples, the closed embedding N'(n) C N is a regular embedding;
that is, the ideal sheaf defining the embedding is locally generated by a regular
sequence. But we’re actually given more data. We crystalize this in the following
definition which generalizes the notion of a regular scale given in [33].
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5.2 Geometric points and reduced substacks of My,

Recall that we are working at a prime p, so that Mgz = Mg ® Z,). We will
show that Mgz has exactly one geometric point for each height n, 0 < n < oo
and use this to show that the substacks M(n) C Mpg; give a complete list of
the reduced substacks of Mgg.

We begin with the following definition.

5.11 Definition. Let M be an algebaic stack.

1.) A geometric point £ of X is an equivalence class of the morphisms
x : Spec(F) — M where F is a field. Two such morphisms (', F') and («",F")
are equivalent if F' and F" have a common extension F and the evident diagram

Spec(IF) —— Spec(F")

D

Spec(F') ——— M

2-commutes.
2.) The set of geometric points |X| has a topology with open sets |U| where
U C M is an open substack. When we write | X | we will mean this set with this

topology.
The following result implies that the topology of |[Mgg| is quite simple.

5.12 Proposition. Let U C Mg be an open substack and suppose that U has
a geometric point of height n. Then it has a geometric point of height k for all
k<n.

Proof. Let G : Spec(k) — U represent the geometric point of height n and
Spec(L) — Mgg be the cover by the Lazard ring. Then we have a 2-commutative
diagram

U X pmy, Spec(L) . Spec(L)
T |
Spec(k) e U Mg

obtained by choosing a coordinate for G. The morphism j is open and the
morphism ¢ is flat, as it is the pull-back of a flat map. Choose an affine open
Spec(R) C U X pqq, Spec(L) so that the morphism F' factors through Spec(R).
Let Gg be the resulting formal group over R.

By localizing R if necessary, we may assume that R — k is onto. Choose an
element w € R which reduces to v,(G) € k. Since G has height n, v,(G) # 0;
thus, w is not nilpotent. By forming R[w 1] if necessary, we may assume that w
is a unit. From this we conclude that Z,41(Go) = R. Since Spec(R) — Mgg is
flat, Proposition 5.10 implies that the ideals Zy(Go), k < n+ 1, is generated by
a regular sequence. (Note that Go has a canonical coordinate by construction.)
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Let kK < n and and let g, : R — Ry def R/Ti(Gp). We conclude immediately

that vg(¢;Go) is not nilpotent in Rj. Choose a prime ideal p in Ry so that
vi(g;Go) # 0 in R/p and let K be the field of fractions of of R/p. Then

Spec(K) — Spec(R) — U
represents a geometric point of height k. O

The importance of the closed substacks M(n) is underlined by the following
result.

5.13 Theorem. For alln, 1 < n < oo the algebraic stack M(n) is reduced.
Furthermore if N C Mgg is any closed, reduced substack, then either N' = Mgg
or there is an n so that

M(n)=N.

Before proving this result, we need to recall what it means for an algebraic
stack to be reduced and how to produce the reduced substack of a stack, as-
suming it exists.

Fix an algebraic stack M. We define a diagram C of closed substacks of M
as follows:

1. An object of C is a closed substack N/ C M so that the induced inclusion
on geometric points [N| — | M| is an isomorphism;

2. A morphism N; C N, is an inclusion of closed substacks.

This diagram C of closed substacks is filtered; furthermore it determines and
is determined by a filtered (or cofiltered) diagram {Zx } of quasi-coherent ideals
in O . Define

Tred = colimeop Zar.

The colimit is taken pointwise and, since tensor products commute the colimits,
Tred is a quasi-coherent ideal. Let

Mred g M

be the resulting closed substack. Note that M,eq is the initial closed substack
N C M so that |[N] = |M|. We say that M is reduced if M,o,q = M or,
equivalently, if Z..q = 0.

The sheaf Z,.q should be closely related to the ideal of nilpotents in Oay.
Some care is required here, however. If we define Nily(U) = Nily for any
fpge-morphism U — M, the resulting ideal sheaf may not be cartesian in the
fapc-topology; thus it is not evidently quasi-coherent. (If R — S is a faithfully
flat morphism of rings, then it is not necessarily true that Nils = S ®gr Nilg.)
However it is a sheaf in more restrictive topologies, such as the “smooth-étale”
topology central to [29].
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5.14 Definition. Let M be an algebraic stack in fpgc-topology and suppose
that X — M is an fpqc-presentation so that

pf./\/'ilX gNilXXMX gp;/\/ilx

as ideal sheaves in Oxx ,,x. Then descent theory yields a quasi-coherent ideal
sheaf Nilpg C Opq. This is the sheaf of nilpotents for M.

5.15 Remark. 1.) It is not immediately clear that Nl does not depend on
the choice of cover X — M; however, this will follow from Proposition 5.17 to
follow.

2.) If M has a smooth cover, then Nl , when restricted to the smooth-étale
topology, agrees with the sheaf Nl as defined in [29].

3.) In many of our standard examples, Nilx = 0 = Nilxx,x. In particular,
this applies to Mg and M(n), by Proposition 5.9.

We need the following preliminary result before preceding.

5.16 Lemma. Let M be an algebraic stack and N C M a closed substack. Let
X — M be an fqpc-cover. Then the natural map

[ X X pm N[ X] X pq) IV
i an isomorphism.

Proof. This morphism is onto for a general pull-back; that is, we don’t need
N — M to be a closed inclusion. To see that is one-to-one, note that X x oy N
is equivalent to closed subscheme Y C X and that, hence, the composite

Y] = [X X N|— X[ x ) V] = [ X]
is an injection. O

5.17 Proposition. Suppose that M is an algebraic stack in the fpqc topology
and there is an fpqc-presentation X — M so that Niln, is defined. Then

Nilpf = Lreq.

Proof. Let My C M be the closed substack defined by AMilx. Then X,eq —
My is a cover. Since |Xyed| = |X| and | Xyed| — |[Mo| is surjective, we can
conclude that |Mg| = |M]. This shows that M,.q C M, or, equivalently, that
Zrea C Nll./\/l .

For the other inclusion, let N' C M be a closed inclusion defined by an ideal
J and suppose |[N| = |M| and let Y = N x X — N be the resulting cover.
Then Y is the closed subscheme of X defined by J|x and the natural map

Y| —X] X V]

is an isomorphism, by Lemma 5.16. Thus, |Y| = | X|, which implies that X;cq C
Y, or Nilx C J|x. Since Nilx = (Nilap)|x and X is a cover M, this implies
that Nilyg C J. In particular, Nilag C Zreq. O
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5.18 Corollary. Suppose that M is an algebraic stack in the fpqc topology and
there is an fpqc-presentation X — M so that X and X X X are reduced.
Then M is reduced.

We next begin an investigation of the closed substacks of Mgg. Recall that
M(1) = Mg @ TF,.

5.19 Proposition. Let N'C Mg, be a closed substack. If N has a geometric
point of height n, then
M(n) CWN.

Proof. We begin with the following observation: suppose that A; and A5 are
closed substacks of an algebraic stack, that A is reduced in the strong sense of
Proposition 5.17, and that |[Ni| C [Na|. Then N7 C Ns. For if we let X — M
be a cover and Y; C X, i = 1,2 the resulting closed subscheme which covers of
N, then Y7 is reduced and Lemma 5.16 implies that |Y;| C |Y3|. Then Y; C Y,
and arguing as the end of the proof of Proposition 5.17, we have N7 C N>.

To prove the result, then, we need only show that there is an n so that
[IM(n)| C |N]|. Thus we must prove that if N C Mg, is closed and contains a
geometric point of height n, then it contains a geometric point of height & for all
k > n. This can be rephrased in terms of the complementary open U = Mgg—N
as follows: if U does not have a geometric point of height n, it does not have
a geometric point of height k, k& > n. But, by rephrasing this as a positive
statement, this becomes exactly Proposition 5.12. O

5.20 Proof of the Theorem 5.13. Suppose N' C Mg, is closed and reduced.
If N' # Mygg, then we have N' C Mgz, = M(1). Indeed, if U = Mgz — N is
not empty, then it must contain a geometric point of height 0, by Proposition
5.12. Let n be the smallest integer 1 < n < oo so that N has a geometric
point of height n. Then Proposition 5.19 implies that M(n) C N. Furthermore
|cM(n)| = |N|. The argument in the first paragraph of Proposition 5.19 shows
that M(n) = N.

5.3 Isomorphisms and layers

In this section we discuss the difference between the closed substacks M(n) and
M(n + 1); that is, we discuss the geometry of

def

H(n) = M(n) — M(n+1).

and the geometry of
def

M(o0) = NpyM(n).
In both case we will find that we have stacks of the form BA where A is the
group of automorphisms of some height n formal group law. The group A is not
an algebraic group as it is not finite; however, it will pro-étale in an appropriate
sense. See Theorem 5.23.
Here is a preliminary result.
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5.21 Lemma. The inclusion
fn: H(n)ﬁMfg
s an affine morphism of algebraic stacks.

Proof. Suppose Spec(R) — My, is classifies a formal group G with a chosen
coordinate z. Then the 2-category pull-back Spec(R) x a1, H(n) is the groupoid
scheme which assigns to each commutative ring S the triples (f,T',¢) where
f: R — S is a morphism of commutative rings, I' is formal group of exact
height n over S and ¢ : I' — f*G is an isomorphism of formal groups. An
isomorphism of triples (f,T, ¢) — (f,I",¢’) is an isomorphism of formal groups
¥ : T — I” so that ¢'¢p = ¢. Given such a triple, (f,T,¢), the existence of ¢
forces f to factor as a composition

R—> R/T,(G)[u;l] —2= 5

n

where [p]g(z) = upa?”" + --- modulo Z,(G). We now check that the morphism
of groupoid schemes

Spec(R/Zn(G))luy 1) — Spec(R) X at, H(n)

sending ¢ to (gq,(9q)*G,1) is an equivalence. For more general G, we use
faithfully flat descent to describe the pullback as an affine scheme. O

5.22 Remark. From this result and Proposition 5.9 we have that there is an

fpgc-cover

Y(n) def Spec(IE‘p[ufl, Un i1, Unta,--.]) — H(n).

and that
V(1) X3(n) Y (n) 2 Spec(Fplut!, tn g1, Unto, . - JtEt t,ta, .. ).

Now let S be a scheme and let G; and G2 be two formal groups over S.
Define the scheme of isomorphisms from G; to Go by the 2-category pull-back

ISOS(Gl,GQ) Mfg

| |

— > Mg X M.
S G1xGa fg fg

Thus if f : T — S is a morphism of schemes, then a T-point of Isos(G1,G2)
is an isomorphism ¢ : f*G1; — f*Gs of formal groups over T. By Proposition
2.19, Isos(G1, G) is affine over S.

If G3 is another formal group over .S, then there is a composition

Isos(G2,Gs) x5 Isos(G1, Ga) —Isos(G1, G3).
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In particular, Autg(G1) = Isos(G1,G1) acts on the right on Isos(G1, Ga).

Because isomorphisms are locally given by power series, it is fairly clear that
Isog(G1,G2) — S does not have good finiteness properties. To get well-behaved
approximations we assume S is a scheme over Z,) and define

ISOS(Gl,Gg)k Mfg<pk>

| E

S —ga Mes(P*) x Meg(ph).

Thus, for f : T — S, a T-point of Isog(G1,G2)k is an isomorphism of their
pF-buds ¢ : (G1)pr — (G2) .

Let Isos(G1,G2) oo = Isog(G1,G2) and let Isog(G1, Ga)o = S; then there is
a tower under Isog(G1,G2) and over S with transition morphisms

ISOS(Gl, Gg)k—JSOS(Gl, Gg)k_l.
Pointwise, these maps are fibrations, so we have that
Isos(G1,G2) — holimIsos(G1, Ga)x

is an equivalence.
The following is a refined version of Lazard’s uniqueness theorem. See Corol-
lary 5.24 below.

5.23 Theorem. Let S be a scheme over F, and let G1 and G2 be two formal
groups of strict height n, 1 < n < oo over S. Then

Isog(G1,G2)1—S
is surjective and étale of degree p™ — 1. For all k > 1, the morphism
Isos(G1, G2)r—Is0s(G1, G2)k—1
is surjective and étale of degree p™. Finally, the morphism
Isog(G1,G2)—S
is surjective and pro-étale.
The proof is below in 5.27.

5.24 Corollary (Lazard). Let F be a field of characteristic p and Gy and
Go two formal groups of strict height n. Then there is a separable extension
f:F — L so that f*G1 and f*Gs are isomorphic. In particular, if F is
separably closed, then G1 and G4 are isomorphic.

Proof. If the height n < oo, this follows from the surjectivity statement of
Theorem 5.23. If n = oo, then the p-series of G; must be zero; hence, a choice
of p-typical coordinate for G; defines an isomorphism from G; to the additive
formal group. O
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5.25 Remark. If G; and G2 are two formal groups over a scheme S classified
by maps G; : S — Mygg, we have a pull-back diagram

Isos(G1,Ga) —= 5 X pmg S

l |

5‘4>A S x S.

If S = Spec(A) is affine and each of the formal groups G; can be given a
coordinate, then this writes (by Lemma 2.12) Isos(G1,G2) as the spectrum of
the ring

A®(A®A)A QL W g A.

Thus if € A we have (using the standard notation for Hopf algebroids)
z =nr(x)
in this commutative ring. This makes it very unusual that
Isog(G1,G2)—S
is flat, let alone étale. Thus the Theorem 5.23 is something of a surprise.

5.26 Example. We can be very concrete about the scheme Autp(I',,) where
I, is of strict height n over over a field F. The formal group I';, can be given a
coordinate and we can dispaly Autg(T',,) as

Autp(T,,) = Spec(F @, W &, F)

where L — T classifies I',, with a choice of coordinate. For example, if 1 <
n < oo and if I';, is the Honda formal group over F, with coordinate so that
[p](z) = zP", then we have an isomorphism of Hopf algebras

n

(5.1) F, ®LW®LFP:Fp[a§1,a1,a2,~--]/(af — a;).

This is the Hopf algebra analyzed by Ravenel in Chapter 6 of [44]. The auto-
morphisms of the the p¥ buds are displayed as

Autp(Ty),» = Spec(FFylag! a1, ,ax]/(a? — a;).

In the infinite height case, the failure to be étale can be easily seen: if we take
I'ne = G, with its standard coordinate, then

(52) FP®LW®L]FP:Fp[a(jfl,al,ag,---].

This is closely related to the mod p dual Steenrod algebra.
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5.27 Proof of the Theorem 5.23. This argument is a rephrasing of an argu-
ment I learned from Neil Strickland [48]. But see also [25]. The properties listed
— étale, degree, and surjectivity — are all local in the fpgc-topology on S; thus
we may assume that S = Spec(A) is affine and that G; and G2 can be given
a simultaneous coordinate x. Furthermore, since all of these conditions remain
invariant under isomorphisms of the formal groups involved, we may assume
that G; and G4 are p-typical. This implies that we may write the p-series of of
the formal groups

n n+41
[p}GH (I‘) = Unxp +G1 ’an_;’_ll'p + ..

n n+1
[Pla, (z) = ula?" 4G, upyq 2 + e
and, hence, that the Verschiebungs may be written
VG1 (I’) = UnT +G1 Un_;,_l{ﬂp + ..
Ves (@) =y 4 -

Because the formal groups have strict height n, u, and u, are units.
First assume k = 0. Then an isomorphism ¢ : (Gi1), — (G2), of p-
typical formal group buds can be written ¢(x) = bpxr modulo (zP). Since

Va, (0P (2)) = ¢(Va, (z)) we have u;bgnac = upbox. Since by, un, and ul,
are all units we get an equation

(5.3) Bl —w =0
where v = uy,, /ul, is a unit. Thus,
Tsos(G1, G2)1 = Spec(Albol /(B ~' —v)).

This is étale of degree p™ — 1 over Spec(A) since by is a unit in A[bo]/(bgn*1 —0).
Surjectivity follows from the fact that A — A[bo]/ (bgn*1 — v) is faithfully flat.

Now assume k£ > 0 and keep the notation above. We make the inductive
assumption that Isog(G1, G2)x—1 = Spec(Ag—_1) for some A-algebra Ap_;. Sup-
pose we have an isomorphism

(,250(.%) . (Gl)pk—l — (GQ)pk—l
of p*~1-buds over some A-algebra R. We want to lift this to an isomorphism
¢ 1 (G1)pr—(G2)pr

so that ¢ = ¢g as isomorphisms of (G1) k-1 to (G2),k-1. We may write ¢(z) =

oo(z) +a, bra?". Then again we must have
Ve, (07 (2)) = ¢(Ve, (@)
and, equating the coefficients of z?" we get an equation

(5.4) b — vby +w =0

(6]



where v = u’;f /ul, is a unit. Thus,
Isos(G1,G2)k = Spec(Ak,l[bk]/(bﬁn — vby + w)).

This is faithfully flat, étale and of degree p™ over Spec(Ak_1). O

The projection morphism Isog(G1, G2)r — S has a right action by the étale
group scheme Autg(G1)r — S, 1 < k < co. The action induces a diagram of
schemes over Isos(G1, G2)

Isos(G1,G2)p x5 Autg(G1)y —Isog(G1, Ga)r xs Isos(G1,G2)k

ISOS(Gl,Gz)k ISOS(G1,G2)k

where the top map is given pointwise by

(¢, 9) = (&, 9¢).

This map is evidently an isomorphism; hence we have proven the following
result.

5.28 Proposition. The morphism Isos(G1,Ga)r — S is an Autg(G1)g-torsor.

We can specialize this result even further, but first some notation and defi-
nitions.

5.29 Remark. If X is a finite set, define Xz to be the scheme Spec(map(X,Z)).
Then for any category Y fibered in groupoids over affine schemes we get a new
functor Y x Xz. If Y = Spec(R), then

Y x Xz = Spec(map(X, R)) ' Xp.

If G is a finite group, the Gz is a finite group scheme over Z and the action of
G on itself extends to a right action on Y x Gz.
If X =lim X}, is a profinite set, define

Xz = lim(X%)z = Spec(colim map(Xg, Z)).

If G = lim Gy, is a profinite group, then Gz is a profinite group scheme over Z.
The notation Gz is cumbersome; we will drop it if G is evidently a profinite
group.
Now suppose X — S is a finite and étale morphism of schemes; let Autg(X)
denote the automorphisms of X over S. This is finite group. Then X is Galois
over S if the natural map

Auts(X) Xg X—X xg X
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given pointwise by (¢, z) — (z,¢(z)) is an isomorphism. If X = lim X, — S
where {X}} is a tower of finite and étale maps over S, then X is pro-Galois if
there there is a coherent set of morphisms Autg(X) — Autg(X) so that

Autg(X) = lim Autg(X%)
and each of the morphism X — S is Galois.

Suppose that I' is a formal group of height n over a separably closed field
F and let G;(T") be the F-points of Autp(I');. If & < oo, then Gg(I") has order
p"k — 1. The equations 5.3 and 5.4 imply that the natural map

Gk(F)]F—> Aut]F(I‘), k< oo

is an isomorphism. Furthermore,

def

GI) % Goo () = 1lim Gy ().

This displays G(I') as a profinite group. Note that the equations 5.3 and 5.4
also imply that

G(T) = FX

pn

and Gg(T")/Gp_1(T) = Fpn.

5.30 Theorem. Let S be a scheme over a separably closed field F and let G
and Gy be two formal groups of strict height n, 1 < n < oo over S. Suppose that
G1 obtained by base change from a formal group T of height n over F,. Then
for all k < oo, the morphism

Isos(G1,G2)r—S
is Galois with Galois group Gy (T'). Finally, the morphism
Isog(G1,G2)—S
is pro-Galois with Galois group G(T').
Proof. Let f:T — S be any morphism of schemes. Then
T x g Iso(G1,G2)k = Isor(f G, f*Ga)k.

In particular
Auts(G1)r = S Xspee(ry Autr(I) = Gp(I')s

and the result now follows from Proposition 5.28. O

The étale extensions we produced in the proof of Theorem 5.23 were of a very
particular type. See Equations 5.3 and 5.4. This can be rephrased Proposition
5.32 below, which can be proved by examining the proof just given. Here,
however, we give a more conceptual proof, based on the following observation.
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If R is an Fj-algebra, let us write fr : R — R for the Frobenius homomor-
phism sending z to P. Then M is any stack over Spec(F,), we get a Frobenius
homomorphism

fM : M—M

of stacks over Spec(F,) which, upon evaluating at an [, algebra R is given by

fam = M(fr) : M(R)—M(R).

For example if M(1) = Mg ® Spec(F,) is the moduli stack of formal group
over schemes over F,, then

fm(G—8) =GP = 8.

5.31 Remark (The Frobenius trick). Let A'(n) = M(n)[v;'!] be the moduli
stack of formal groups of exact height n, with 1 < n < oco. For all formal groups
G of exact height n the natural factoring of the morphism [p] : G — G in
Definition 5.2 yields a natural isomorphism

V,=V¢.ar) —a.

Thus, if far : N(n)—N(n) is the Frobenius — which, as we have just seen,
assigns to each G — S the formal group G») — S — we get a natural transfor-
mation

Vit far—1

from f}- to the identity of N (n).

5.32 Proposition. Let 0 < k1 < ky < 0o. Then the relative Frobenius

Isos(G1, G2)k, —>Isos Gl,GQ)(p)

~ 7

ISOS Gl, G2 k1

8 an isomorphism.

Proof. We will first do the absolute case of Isog(G1,G2) — S — that is, k; = 0
and ko = oo — and indicate at the end of the argument what changes are needed
in general.

The scheme Isog (G, Gg)(p) over S assigns to each morphism f : T — S of
schemes the set of isomorphisms

oG — Gy,

The relative Frobenius F : Isog(G1,G2) — Isog(G1,G2)®) over S sends a T-
point ¢ : f*G1 — f*Gs to the T-point ¢ : f*G(lp) — G(Qp). It is this we must
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show is an isomorphism. However, if we are given v, may produce ¢ using the
following commutative diagram of isomorphisms

n—1

ny ) n

vcll lvcz

e ———— G

As Voo = (Vg)®) we may conclude that ¢®) = 9 from the diagram

v V(P

G n+1 G
¢(p)l llz,(p") \Lw
* 1(p) w (Pt * 1(p)
A G A el AC
2 2

The same proof works in the relative case, but the notation is more compli-
cated. The scheme

Isos(GH, Gg),(j;) —Is05(G1, Go)k,

consists of pairs (¢1,12) where 11 and 19 are isomorphisms on buds

o fH(GO)EL —F(Ga) )

P

and
U1 1 fHGL)pir = (G2) pa -
so that
vo =P G — 7 (G) ).

The relative Frobenius sends
¢ : f* (Gl)ka _)f*(GQ)pk2

to the pair (¢, ™)) where ¢ is the reduction of ¢. The argument given in the
absolute case now adapts to show this is an isomorphism. O

5.33 Proposition. Let N(n) = H(n) if 1 < n < oo and let N'(oco0) = M(o0).
Let
g : Spec(A) — N(n), 1<n<oco

be any morphism. Then g is an fqpc-cover. In particular, g is faithfully flat.
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Proof. If g; : Spec(A;) — M(n)[vE!], then we have a 2-commutative diagram

Spec(B) L, Spec(As)

Spec(A1) —5= M(n)[v"]

where both f; and fo are faithfully flat: we take A = A; ®p, A2 in Theorem
5.24.

Now take g; to be faithfully flat and g5 to be arbitrary. Then g, f; is faithfully
flat and, since f; is faithfully flat, go must be faithfully flat as well. Since

Spec(Ar) ® aty, Spec(Aa) — Spec(Ay)
is affine; it follows by descent that Spec(As) — M(n)[v:F!] is affine as well. In

n
particular, it is quasi-compact. U

The following is now immediate. Of course, we will not go wild in our choice
of field I, almost always taking an algebraic extension of F,,.

5.34 Corollary. Let N'(n) =H(n) if 1 <n < oo and let N'(co) = M(c0). Let
F be a field of characteristic p and G — Spec(F) any formal group of height n,
1 <n < oo. Then the classifying map for G

Spec(F)—N(n)

is a cover in the fpqc-topology. In particular, H(n) and M(oco) each has a single
geometric point.

Now fix a formal group I',, over F, of height n; for example, the Honda
formal group. If n = co we may as well fix I', = G, the completion of the
additive group. Define Aut(T',,) to be the group scheme which assigns to each
Fp-algebra i : F,, — A the automorphisms of the formal group ¢*I';, over A. See
Example 5.26 for a concrete discussion.

5.35 Theorem. Let H(n) = M(n) — M(n+ 1) be the open substack of M(n)
complementary to M(n+1). Then H(n) has a single geometric point represented
by any formal group I, of height n over IFy,. Furthermore, the map

H(n)— B Aut(T';,)

sending a formal group G of height n over an Fp,-algebra A to the Aut(T'y,)-torsor
Iso(T'y, G) is an equivalence of stacks.

5.36 Theorem. Let M(co) = NM(n). Then M(oo) has a single geometric
point represented by the formal additive group G, over F,. Furthermore, the
map

M(o0)— B Aut(G,)
sending a formal group G of infinite height over an Fy-algebra A to the Aut(T'y,)-

torsor 1so(Gy, G) is an equivalence of stacks.
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The apparent choice of the formal group I';, makes this result a bit puzzling.
This can be rectified by coming to terms with the notion of a gerbe. Here we
appeal to [29] §3.15fF.

5.37 Definition. 1.) Let S be a scheme and X — S a scheme over S. Then a
gerbe over X is a stack q: G — X over X with the properties that

i.) for all affine U — S and all pairs of morphisms x1,22 : U — G so that
qr1 = qxo : U — X, there is an faithfully flat covering f : V. — U by an
affine so that there is an isomorphism f*x, = f*xq;

i.) for all affine U — S and all f : U — X over S, there is an faithfully flat
covering f :' V. — U by an affine so that there is a morphism x : V — G
with qx = fx.

2.) A gerbe q : G — X is neutral if there is a section s: X — G of q.
The following is exactly Lemma 3.21 of [29]

5.38 Lemma. Suppose q: G — X is a neutral gerbe over X. Then a section s
of q determines an equivalence of stacks over X

G ~ B Autg(s/X)

where Aut(s/X) is the group scheme which assigns to each f : U — X the group
Autg(f*x — U). This equivalence sends g € G(U) to the torsor Iso(sq(g), g)-

5.39 Proof of Theorems 5.35 and 5.36. Let N(n) = H(n) if 1 <n < oo and
let N(o0) = M(00). We claim that N'(n) — Spec(F,) is a neutral gerbe. Then
the result follows from Lemma 5.38. The two conditions to be gerbe are easily
satisfied in this case: (1) any two height n formal groups over an Fp-algebra A
become isomorphic after a faithfully flat extension and (2) every F, algebra A
has a height n formal group over it. Finally the choice of I',, shows that we have
a neutral gerbe.

5.40 Remark. The Morava stabilizer group S,, is defined to be the IF‘p points
of the algebraic group Aut(T',,); that is, if : i : F, — F, is the inclusion, then S,,
is the automorphisms over F,, of the formal group i*T',,. By Theorem 5.24, this
is independent of the choice of I';,. The big Morava stabilizer group G, is the
group of 2-commuting diagrams

NP

There is a semi-direct product decomposition

Spec(E,) ——> Spec(F,)
. Ty
M.

G = Gal(F,/F,) % S,.
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6 Localizing sheaves at a height n point

In this section we define and discuss the sheaves F[v,, !] when F is an Z,-torsion
quasi-coherent sheaf on the moduli stack Mg of formal groups. This is largely
groundwork for the results on chromatic convergence to be proved later, but we
do revisit the Landweber Exact Functor Theorem here, using a proof due to
Mike Hopkins [14]. We begin with a discussion of the derived tensor product
and derived completions, which — by results of Hovey [18] — have a particularly
nice form for the stacks under consideration here.

6.1 Derived tensor products and derived completion

We will want to control the derived tensor product of two quasi-coherent sheaves
on an algebraic stack M. While this works particularly well if M is quasi-
compact and separated, for the stacks encountered in homotopy theory we can
do even better: by using results of Mark Hovey, it is possible to give completely
functorial construction using resolutions by locally free sheaves. This is because
we will be able to assume that the category Qmod ,, of quasi-coherent sheaves
is generated by the finitely generated locally free sheaves on M. There is no
reason to expect this assumption to hold in great generality, of course, but it
holds when M is one the stacks that arises in the chromatic picture. We will
discuss this below in Proposition 6.6.

The following a restatement of some of the results of [18] §2, especially The-
orem 2.13 of that paper. Indeed, that result is a statement about the cofibrant
objects in a model category structure on chain complexes of quasi-coherent
sheaves. Weak equivalences can be deduced from point (2) of the statement.

6.1 Proposition. Let M be an algebraic stack so that the finitely generated
locally free sheaves generate the category of Qmod ,, of quasi-coherent sheaves
on M. Then for any chain complex of quasi-coherent sheaves F on M there is
a natural quasi-isomorphism of chain complexes

PM(F) =Ps — Fo
with the properties that

1. for all n, the sheaf P, is a coproduct of finitely generated locally free
sheaves;

2. for all finitely generated locally free sheaves V on M the morphism of
function complexes

Hom(V, P,)—Hom(V, F,)
18 a quasi-isomorphim.

Let F be a sheaf on M. In much of the sequel we will write F(R) for
F(Spec(R) — M). We note that the tensor product of quasi-coherent sheaves
behaves particularly well.
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6.2 Lemma. Let £ and F be two quasi-coherent sheaves in the fpqc-topology
on an algebraic stack M. Then presheaf ERQF = & @ F which assigns to each
flat and quasi -compact morphism Spec(R) — M the tensor product

E(R) ®r F(R)
18 a quasi-coherent sheaf.

Proof. To see that we actually have a sheaf, let R — S be faithfully flat exten-
sion. Then

E(R)®r F(R) —=E(5) @5 F(5) —= E(S @r 5) B (sars) F(S Or 5)
is, up to isomorphism,
E(R)®r F(R) — S ®g (E(R) ®r F(R)) == S ®r S ®r (E(R) ®r F(R)).

If we apply S®g(—) to the later sequence it becomes exact, as it has a retraction.
Since R — S is faithfully flat, it was exact to begin with. This proves we have
a sheaf; it is quasi-coherent because (as we have already noted)

S®rER)®r F(R)— E(S) @5 F(S).
O

6.3 Definition. Suppose M is an algebraic stack in the fqpc-topology so that
the finitely generated locally free sheaves generated Qmod,,. Let £ and F
be two quasi-coherent sheaves on M. Define their derived tensor product
ERlF=¢ ®éM F to be the chain complex of quasi-coherent sheaves (for the
fpgc-topology) with values at Spec(R) — M given by

E(R) ®r Pa(R)
where Py — F is the natural resolution of Proposition 6.1.

Many of the usual properties of tensor product apply to this construction.
For example, if
086 =& —E —0

is a short exact sequence of quasi-coherent sheaves, then we get a distinquished
triangle in the derived category of quasi-coherent sheaves

51 ®Lf—>52 ®éM.7:—>53 ®éM.7:—> (51 ®éM .7:)[—1]

This definition and the distinguished triangle generalize to the case when £ and
F are bounded below complex chain complexes of quasi-coherent sheaves.
Closely related to the derived tensor product is the derived completion.
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6.4 Definition. Let Z C M be a closed substack defined by a quasi-coherent
ideal sheaf I. Let F be a quasi-coherent sheaf on M. Then the derived com-
pletion of F at Z by

L(F)} = L(F)’s = holim(0O/I" @ F).
Thus, if Spec(R) — M is faithfully flat and quasi-compact, we can set
L(F)3(R) =1lim P,(R)/Z"(R)Ps(R).

This is an O-module sheaf, but not necessarily quasi-coherent, as inverse limit
and tensor product need not commute. If j, : Z(") C M are the infinitesimal
neighborhoods of Z defined by the powers of Z, then

L(F)% = holim(j,, )« (Ljn)*F

where (Lj,)* is the total left derived functor of j.

We now turn to the question of when the hypotheses of Proposition 6.1
apply. There is a classical and useful notion from stable homotopy theory which
guarantees that the finitely generated locally free sheaves generate the category
of quasi-coherent sheaves.

6.5 Definition. 1.) A Hopf algebroid (A, A) is an Adams Hopf algebroid
if the left unit A — A is flat and the (A, A)-comodule A can be written as a
filtered colimit of comodules A; each of which is a finitely generated projective
A-module.

2.) An algebraic stack M will be an Adams stack if there is an fpqc-
presentation Spec(A) — M so that

Spec(A) X aq Spec(A) = Spec(A)

is itself affine and the resulting Hopf algebroid (A, A) is an Adams Hopf alge-
broid.

This definition has a curious and unfortunate feature. We would like to
assert that if M has one fpgc-presentation Spec(A) — M so that (A4, A) is an
Adams Hopf algebroid then any other fpgc presentation would have the same
property. But this is not known. See [18], Question 1.4.2.> However, we do
have the following rephrasing of Proposition 1.4.4 of [18].

6.6 Proposition. Let M be an Adams stack. The the finitely generated locally
free sheaves generate the category Qmod ,, of quasi-coherent sheaves on M.

We now make good on our claim that most of the stacks in this monograph
are of this kind.

5This problem could be avoided by working with resolutions by appropriately flat modules;
these exist over any quasi-compact and separated stack. See [1] §1. I have chosen to use the
Adams condition only because it fits better with the culture of homotopy theory.
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6.7 Proposition. For all n, 0 < n < oo, the moduli stack Mgg(n) of n-buds
of formal groups is an Adams stack.

Proof. We show that the evident presentation
Spec(Ly,)— Mgg(n)
has the desired property. Recall from Proposition 3.1 that
Spec(Ln) X Mgy (ny SPeC(Ly) = Spec(W,) = fgl,, x A,

While we’ve not emphasized the fact, the algebraic groups A, and the
schemes fgl, have an evident action of the multiplicative group G,, — and,
hence, a grading on the rings of functions. Indeed, if a € R* = G,,(R) and
f(x) =apx + - - ap—12™ € A, (R), then we define (af)(x) by

(af)(x) = a™" f(az).

Similarly if z +p y € fgl,, (R), then we get a new element of fgl, (R) via the
formula

Ttary = a_l(aac +r ay).

Writing A,, = Spec(Z[a(jfl, ...yan—1]) and L, = Spec(Z[z1,- -+, Tp_1] Wwe imme-
diately have that the degree of a; is ¢ and the degree of x; is i.
The diagonal on W, is induced from the diagonal of Z[aoﬂ, .+, @p—1] which

is determined by the composition of power series. Let
An,i - Z[ah cee 7an—1]
be the elements of degree less than or equal to i, let

3 +1
Bni= _@<1An’ia5 CZlag,...,an—1]

—i1<s<1

and let
Wn,i = Ln ® Bn,i~

Then W, ; is a finitely generated free L,, module, a sub-comodule of W,,, and
colim; Wy, ; = W,. ]

6.8 Proposition. The following stacks are Adams stacks.

1. M(n), the closed substack of Mgg®Zy) of formal groups of height at least
n;

2. H(n) = M(n)[v™1], the open substack of M(n) of formal groups of exactly
height n;

3. U(n), the open substack of Mgg @ Zy of formal groups of height at most
n.
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Proof. Because we have base-changed over Z,), we can choose the morphism
Spec(Zpy[ui, ug, - - ]) — Mg @ Zp)

representing the universal p-typical formal group as the presentation. Then we
have presentations
Spec(Fplun, un—1,---]) = M(n)

and
Spec(Fp[ufl, Un—1,""" ]) - H(n)
and
Spec(Zp - tn1, uE']) — U(n).
Then we appeal to Theorem 1.4.9 and Proposition 1.4.11. of [18]. O

6.2 Torsion modules and inverting v,

In the next section on Landweber exactness, and later when we discuss chromatic
convergence, we are are going to need some technical lemmas about inverting v,
for Z,,-torsion sheaves on Mpgs. We begin with some definitions so that we can
work in some generality with algebraic stacks A flat over Mgg. The following
definition generalizes the definition of regular scale given in [33].

6.9 Definition. Let N be an algebraic stack and
0= CJ1CJC---COxNx

be an ascending sequence of ideal sheaves. Then the sequence {J,} forms a
regular scale for N if for all n, the ideal sheaf Jn11/Tn is locally free of rank
1 as a O/F, module. A regular scale is a finite if J,, = O for some n.

6.10 Remark. Given aregular scale on NV, let A/(n) denote that closed substack
defined by J,,. Then N (n) C N'(n—1) is an effective Cartier divisor for N'(n—1).
An embedding Z C N of a closed substack is called regular if the ideal defining
the embedding is locally generated by a regular sequence. Thus a regular scale
produces regular emeddings N (n) C A, but it is does more: it specifies the
terms in the regular sequence modulo the lower terms.

6.11 Example. Fix a prime p, let M = Mg, and let
0CT1 CTy C-- C O

be the ascending chain of ideals giving the closed substacks M(n) C Mg, clas-
sifying formal groups of height greater than or equal to n. This, of course, is
the basic example of a regular scale. This scale is not finite; however, if we let
in : U(n) — Mgg be the open substack classifying formal groups of height less
than or equal to n, then

i;kLIO - i:Il c i;klz-2 c.-.-C i;;ofg = OZ/{(n)

is a finite regular scale as i, Z,, = i, Iy = Oy(n) for k > n.
This example can be generalized to stacks A representable and flat over
Mgg. See Proposition 5.10.
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We now come to torsion modules and inverting v,. Let A/ be an algebraic
stack and let {J,} be a scale for N'. Let j, : N (n) C N be the closed inclusion
defined by 7, and let i,_1 : V(n — 1) — Mg be the open complement. (The
numerology is chosen to agree with case of Z,, C Og.) Let’s write O for Oy

6.12 Definition. An O-module sheaf F is supported on N'(n) if i, _;F = 0.
We also say that F is J,-torsion if for any flat and quasi-compact morphism
Spec(R) — Mg, the R-module F(R) is I, (R)-torsion.

In Definition 6.12 we do not assume that F is quasi-coherent; however, the
next result shows that the two notions defined there are equivalent for quasi-
coherent sheaves.

6.13 Lemma. Let F be a quasi-coherent O-module sheaf. Then F is supported
on N'(n) if and only if F is J,-torsion.

Proof. This is a consequence of the fact that 7, defines a regular embedding.
For each flat and quasi-compact morphism Spec(R) — Mg, choose — by passing
to a faithfully flat extension if necessary — generators (p, u1, ..., un—1) of Jp(R).

First suppose F is supported on N'(n). Then there are commutative dia-
grams

Spec(R[u; ']) == Spec(R)

L

Vin-1) N.

Thus R[u; '] ®r F(R) = F(R[u;']) = 0, and we may conclude that F(R) is
Jn(R)-torsion.

Conversely, suppose F is J,-torsion and Spec(R) — V(n — 1) is any flat
and quasi-compact morphism. Then J,(R) = R, so J,(R)* = R for all k > 0.
If + € F(R), then Rt = J,(R)*x = 0 for some k, whence 2 = 0. Thus
i F=0. O

6.14 Lemma. Let F be a quasi-coherent J,-torsion sheaf. Then the evaluation
defines a natural isomorphism

colim Home (0/JF, F) — F.

If i : N(n)x C N is the inclusion of the kth infinitesimal neighborhood of N'(n)
defined by the vanishing of I¥, then there is a quasi-coherent sheaf Fj, on N'(n)y
and a natural isomorphism

(fr)+Fr = Homo (O /I, F).

Proof. The first statement can be check locally, and there it follows from the
fact that 7, if finitely generated. For the second statement, we use the fact
that any closed inclusion is affine (see 1.10). From this it follows that (f%)«
induces an equivalence between the categories of quasi-coherent O/ -modules
on N and the category of quasi-coherent modules on N'(n);. See Proposition
1.11. U
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Suppose F is a quasi-coherent J,-torsion sheaf. The Lemma 6.13 implies
that ¢ _;F = 0. We next consider ¢;;F or, more exactly, the resulting push-
forward (in,).i%F, which is a sheaf on . The next result shows that the natural
map

(in)sinF — R(in)sinF
is an equivalence and gives a local description of (i,,).i%F.

6.15 Proposition. Let F be a quasi-coherent J,-torsion sheaf on N'. Let
Spec(R) — N be any flat and quasi-compact morphism so that J,,(R)/Tn—1(R)
is free of rank one over R/J,_1(R). Then we have an isomorphism

[(in)«in FUR) = Flug']

where u, € J,(R) is any element so that u, + J,—1(R) generates the R-module
In(R)/Tn—1(R). Furthermore,

R (in)2itF =0, s> 0.

Proof. By Lemma 6.14 and a colimit argument, we may assume that F = f,€ for
some quasi-coherent sheaf € on the kth infinitesimal neighborhood f : N'(n); —
N of N(n).

Consider the pull-back square

N(n)e xx V(n) —25V(n)

N(n)g N.

(In the case where N' = Mg and J,, = Z,,, we have that N (n); x V(n) is the
kth infinitesimal neighborhood of H(n).) Then @} (fi)«€ = (p2).pi€; thus, we
may conclude that we have an equivalence in the derived category

(6.1) R(in )iy, f+€ = [ R(p1)+Di€.

The open inclusion N'(n), X V(n) C N(n); is the complement of the closed
inclusion M(n 4+ 1) € N(n)g. Locally, this closed inclusion is defined by the
vanishing of u,,. We see that this implies

(6.2) R(p1)«pi€ =~ (p1)pi€ = E[u;l].
The result now follows because f, is exact. O

6.16 Remark. Now let f : N/ — Mg, be a representable and flat morphism of
algebraic stacks and let {7,} = {f*Z,} be the resulting scale. See Proposition
5.10. Regard v, as a global section of w?"~! considered as a sheaf over N/ (n).
Suppose F is actually an O/J,-module sheaf; that is, suppose F = (jn)+«&
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for some quasi-coherent sheaf £ on N'(n). Then we can form the colimit sheaf

Flv; 1] of the sequence

f’%]_-@wp"—l L>]:®w2(p"71)L>... .

We claim that Flu, ] 22 (i) .05 F.
By Equations 6.1 and 6.2, and because (j, )« is exact, it is sufficient to show

Elvn 1= (p1)«pi€.
Since multiplication by v, is invertible for sheaves on
N(n) xn V(n) =H(n) Xmg N,

the natural map € — (p1).p;€ factors as a map E[v, ] — (p1)«pi€. To show
this is an isomorphism we need only work locally. Let

G : Spec(R)— M (n)

be a flat and quasi-compact morphism classifying a formal group G. Taking a
faithfully flat extension if needed, we may choose an invariant derivation u € w51
for G generating the free R-module w(_;lg then the element

Uy, def u(pnfl)vn(G) €R= w%
generates J,(R) = Jn(R)/Jn-1(R). Then we have a commutative diagram

E(G) —>E(GQ) @ wP" ! — = €(G) @ WP D) —s

_\L \Lup”1 iuZ(pnl)
U

£(G) " &(G) &(@)

Un

Since the vertical maps are isomorphisms, the claim follows from Proposition
6.15.

This observation can be easily be generalized to the case where F is an
O/ Jk-module sheaf for any k > 1 because a power of v, is a global section of
the appropriate power of w.

Because of the previous remark, we feel moved to make the following defini-
tion.

6.17 Definition. Let f : N' — Mg be a representable and flat morphism of
algebraic stacks and let { T} = {f*L,} be the resulting scale for N'. If F be a
quasi-coherent J,,-torsion sheaf on N define

Flog'] = (in)sin F.



6.3 LEFT: A condition for flatness

Let f: N'— Mgg be a representable morphism of algebraic stacks. We would
like to give a concrete and easily checked condition on this morphism to guar-
antee that it be flat. This condition is a partial converse to Proposition 5.10
and a version of the Landweber Exact Functor Theorem (LEFT). This theorem
has a variety of avatars; the one we give here is due to Hopkins and Miller. See
[14] and [33]. The original source is [28].

In this section we will work over Mg, over Spec(Z), rather than at a given
prime.

Now let f : NN — Mg be a representable, quasi-compact, and quasi-
separated morphism of stacks. (The hypotheses on the morphism guarantee
that if F is a quasi-coherent sheaf on A/, then f,F is a quasi-coherent sheaf on
Mysg.) Let J,, C Op be the kernel of the morphism

On = f"Otg — [*(Otg/In).

Thus J,, defines the closed inclusion
G N(0) = M(n) X ey N = N.

Thus there is a surjection f*Z,, — J, which becomes an isomorphism if f is
flat. Also note that

From this we can conclude that the form v,, defines a surjection
Up * ON/jnfl - Jn/jnfl ®wp"—1.

This includes the case n = 0; we set vg = p. The basic criterion of flatness is
the following. Note that if A is a stack over Z, for some prime /, then the
hypotheses automatically true for all prime p # ¢. This remark will have a
variant for all our other versions of Landweber exactness below.

6.18 Theorem (Landweber Exactness I). Let f : N' — Mgz be a repre-
sentable, quasi-compact, and quasi-separated morphism of stacks. Suppose that
for all primes p,

1. vy : On )/ Tne1 — T/ Tn-1 @ wP" 1 is an isomorphism, and
2. Jn = Opn for large n.

Then f is flat. Conversely, if for all primes p, J, = On for some n, then f is
flat only if condition (1) holds.

6.19 Remark. The hypotheses of Theorem 6.18 imply, in particular, that the
ideals 7,, form a finite regular scale for A/; in particular, in the descending chain
of closed substacks

- CNRn)CNnr-1)C---CN(O)CN
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each of the inclusions is that of an effective Cartier divisor and that there is an
n so that N'(k) is empty for k > n. Furthermore, an inductive argument shows
that the natural surjections f*7Z,, — J, are, in fact, isomorphisms. Indeed, if
ffZn-1 =2 Jn_1, then we obtain a diagram

f*In/f* n—1

=

ON/f*Tucr_

T
jn/f*-’[nfl

and we can conclude f*Z,/f*Z,—1 — Jn/Tn—1 is an isomorphism.

By specializing to the affine case and using Remark 5.7, we obtain a more
classical version of Landweber exactness.

6.20 Corollary. Let g : Spec(A) — Mgy classify a formal group G with a
coordinate x. For all primes p, let p,ui,us,... be elements of A so that the
p-series can be written

pl(@) = wa® + -

modulo (p,u1,...,uk—1). Suppose the elements p,uy, ... form a regular sequence
and suppose there is some n so that

(paulv s 7un—l) =A
Then g is flat.

In Landweber’s original paper [28] the hypothesis that Z,,(G) = A for some
n was not required.

6.21 Remark. We can reformulate the hypotheses of Theorem 6.18 as con-
ditions on the quasi-coherent algebra sheaf f,Ox on Mpgs. As a matter of

notation, let’s write

FITn < ()i

for any F be a quasi-coherent sheaf on Mg,. We will say that the regular scale
{Z,} acts regularly and finitely on F if for all n

Op : F)Ty—F )T, @ wP" 1
is injective and F/Z,, = 0 for large n. Because have a pull-back square for all n

/\/l(n) XMngHN

| |
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we have that f.(On/Tn) = (f+On)/Tn.
Suppose the hypotheses of Theorem 6.18 hold. Then

Unp - O./\/’/jnfl i On/jn—l ®wp"_1

is injective and Oxr/J, = 0 for large n. Since f, is left exact, we have that
{Z,.} acts regularly and finitely on f,Ox .

Conversely, suppose {Z, } acts regularly and finitely on f.Ox. We will see
below in Theorem 6.25 that this implies that f is a flat morphism, which in
turn implies that f*7,, = J, and, hence, that

f*(In/Infl) = jn/jnfl'

This, in its turn, implies that the hypotheses of Theorem 6.18 hold. Thus,
Theorem 6.18 is equivalent to the following result.

6.22 Theorem (Landweber Exactness II). Let f : N — Mgz be a repre-
sentable, quasi-compact, and quasi-separated morphism of stacks. Suppose that
for all primes, the set of ideals {I,,} acts regularly and finitely on f.Ox. Then

f is flat.

Conversely, if for all primes p, f«On /L, =0 for some n, then f is flat only
if the set of ideals {Z,,} acts regularly and finitely on f.Opr.

This, in turn, is a corollary Proposition 5.10 and the following result.

6.23 Theorem (Landweber Exactness III). Let F be a quasi-coherent sheaf
on Mgg. Suppose that for all primes p, the set of ideals {Z,,} acts regularly and
finitely on F. Then F is flat as an Ogg module; that is,

Tor?(F,£) =0, s> 0.

Conversely, if for all primes p, F/I,F = 0 for some n, then F is flat only if
the set of ideals {Z,,} acts regularly and finitely on F.

Theorem 6.23 was proved by Mike Hopkins in [14]; the proofs here are the
same.

Let j, : M(n) — Mygg be the inclusion. The first result is this. The
argument requires careful organization of exact sequences.

6.24 Proposition. Suppose that for each prime p, the scale {Z,,} acts regularly
and finitely on F and that for each n,

Tor® ((F/T,)[w; Y], =) =0, s>n.
Then F is a flat Ogg-module sheaf.
Proof. By hypothesis, we have that for all large &,

Tor® (F /Ty, —) = 0.
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This begins a downward induction, where the induction hypothesis is that
Tor? ((F/Zns1), —) =0, s>n+1.

The final result is the case n = —1.
We make the argument for the induction step, using the following fact: if £
is any locally free sheaf, then

Tl (E® L,E") = Tor? (£, @ L

for any quasi-coherent sheaves £ and &’.
Since the scale {Z,,} acts regularly, we have an exact sequence

0— F/T, w P~V F/T. — F/Tni1 — 0.
The induction hypothesis implies that for any quasi-coherent sheaf £
vy : Tor(F /T, E)— Tor® (F/T,,,E) @ wP" !

is an injection for s > n.
Now recall that in Remark 6.16 we showed that F/Z,[v, '] can be written
as the colimit of the sequence

F|T, U FlT, @wP" 1 L]:/In @ w2 =) s
Thus, we have for s > n,
0 = Tory(F/Zn[v; 1], €) = colim Tory (F/Z,, £) @ w!P" 1.

Since each of the maps in the sequence is an injection, the induction step follows.
O

Now we must check the hypothesis of Proposition 6.24 in order to prove
Theorem 6.23. Recall from Definition 6.17, that if £ is any Z,-torsion sheaf,
then

Elvy '] = (in)sin€
where i, : U(n) — Mgg is the inclusion. In the case where & = F /T, we have
that & is the push-forward of the sheaf j*F on M(n). Since there is a pull-back
diagram
gn

H(n) —2= M(n)
knl ljn
U(n) —= Mg

we have
inF /Ty = (kn)«gninF-
Write f,, : H(n) — M;gg for the inclusion Thus we can conclude that
FlTalvg '] = (fo)s(fa)*F.

The next result then verifies the hypothesis of Proposition 6.24.
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6.25 Proposition. Let F be any quasi-coherent sheaf on H(n) and let € be any
quasi-coherent sheaf on Mgg. Then

Tor®((fn)«F,E) =0, s> n.

Proof. Recall from Lemma 5.21, that the inclusion f, : H(n) — My, is affine.
This implies that the category of quasi-coherent sheaves on H(n) is equivalent,
via the the push-forward (f,)s, to the category of quasi-coherent (f,)«O%n)
modules on Mg,. (Compare Proposition 1.11.) In particular, (f,). is exact on
quasi-coherent sheaves. Also, for all quasi-coherent sheaves £ on Mpgg, there is
a natural isomorphism

(fr)efn€ = (fn)xOni(n) @04, €.

It follows that there is a natural isomorphism

(63) (fn)*(]:) ®E = (fn)*(F ®(97-¢(n) f:;g)

which becomes an equivalence of derived sheaves
(fn)«(F) @ € = (fu)u(F @5, L(f1)E)-

By Theorem 5.35 we have that the morphism I, : Spec(F,) — H(n) classifying
any height n formal group over F, is an fgpc-cover; hence, the category of
quasi-coherent sheaves on H(n) is equivalent to the category of (IF,, Oaut(r,,))
comodules. Here we have written Spec(Oauy(r,,)) = Spec(Fy) X (n) Spec(Fy).
From this we have that the functor F ® ) (—) is exact, since the corresponding
functor on comodules is simply

F(Ty : Spec(Fy,) — H(n)) ®F, (—).
Thus we need only show that
HL(f7)€ =0

for s > n. Since (f,). is exact, we need only check that Hy(f,).L(f)E =0 for
s > n. We need only check this equation locally, thus we may evaluate at any
morphism

G : Spec(R)— Mg
classifying a formal group with a coordinate. Applying the formula of Equation
6.3 we see that locally these homology sheaves are given by

Torf(u;lR/In(G), £(Q)).

The result now follows from the fact that Z,,(G) is locally generated by a regular
sequence of length n. O

6.26 Remark. Almost all of the argument for Theorem 6.23 uses only that
we have a sequence of regularly embedded closed substacks {M(n)} of Mgg.
However, in the proof Proposition 6.25 we used Theorem 5.35 which, in turn,
ultimately depends on Lazard’s proof of the result that, over a separably closed
field of characteristic p, all formal groups of height n are isomorphic. Thus, it
does not appear to me that the Landweber exact functor theorem is a generality
— it seems quite specific to formal groups.
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7 The formal neighborhood of a height n point

In this section we make the following slogan precise: the formal neighborhood
in Mgg of a height n formal group I' over a perfect field of characteristic p is
the Lubin-Tate space of the deformations of I'. The exact statement is given in
Theorem 7.23 below.

Let Ugg (n) = Mgg— M (n+1) be the open substack of Mg, classifying formal
groups of height less than or equal to n. Then

H(n) = Usg(n) — Usg(n — 1)

is a closed substack of Ugg () defined by the vanishing of the ideal Z,,. Recall the
H(n) has a single geometric point, but that this point has plenty of automor-
phisms. See Theorem 5.35. We wish to write down a description of the formal
neighborhood H(n) of H(n) C Ugg(n). The answer is intimately connected with
the Lubin-Tate space of deformations of a height n formal group.

By definition, H(n) is the category fibered in groupoids over Affy , which
assigns to each Z,)-algebra B the groupoid with objects the formal groups G
over B so that

1. Z,,(G) C B is nilpotent; and

Thus, if ¢ : B — B/Z,(G) is the quotient map, the formal group ¢*G has strict
height n in the sense that v;(G) = 0 for i < n and v,(G) is invertible. A
great many examples of such formal groups can be obtained as deformations
of a height n formal group; thus, we now discuss deformations and Lubin-Tate
space.

7.1 Deformations of height n formal groups over a field

Fix a formal group I' of height n over a perfect field F of characteristic p. (In
practice, F will be an algebraic extension of a the prime field F,). Recall that
an Artin local ring is a Noetherian commutative ring with a unique nilpotent
maximal ideal. Let Artp denote the category of Artin local rings (A, m) so
that we can choose an isomorphism A/m = F from the residue field of A to
F. The isomorphism is not part of the data. Morphisms in Artp are ring
homomorphisms which induce an isomorphism on residue fields.

7.1 Definition. A deformation of the pair (F,T') to an object A of Arty is a
Cartesian square
r G

L,

Spec(F) . Spec(A)

~

where G is a formal group over A and f induces an isomorphism Spec(F) =
Spec(A/m).
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Deformations become a category Def(IF,T") fibered in groupoids over Artp
by setting a morphism to be a commutative cube

S
i G
Spec(F) — | = Spec(A")
i d

Spec(F) — Spec(A)

G/

T

where the right face is also a Cartesian.

7.2 Remark. We can rephrase this as follows. A deformation of " to A is
a triple (G,i,¢) where G is a formal group over A, i : Spec(F) — Spec(A4/m)
is an isomorphism and ¢ : I' — i*Gq is an isomorphism of formal groups over
F. Here and always we write G for the special fiber of G; that is, the induced
formal group over A/m. There is an isomorphism of deformations ¥ : (G, i, ¢) —
(G,i',¢') to Aif i =4’ and ¢ : G — G’ is an isomorphism of formal groups so
that

, "Gy
I / J/i*wo
Gy

commutes.
In either formulation of a deformation, we note that if G is a deformation of
I' to (4, m), then Z,,(G) C m and Z,,+1(G) = A.

7.3 Remark. Let R = (R,mg) be a complete local ring so that R/mp = F.
We write Spf(R) equally for the resulting formal scheme and for the the cate-
gory fibered in groupoids over Arty that assigns to each object (A, m) of Arty
the discrete groupoid of all ring homomorphisms which induce an isomorphism
R/mp = A/m; so, in particular, f(mg) C m. This is an abuse of notation, but
a mild one, and should cause no confusion. Indeed, the formal scheme Spf(R)
is the left Kan extension of the functor Spf(R) on Arty along the inclusion of
Artp into all rings.

7.4 Theorem (Lubin-Tate). The category fibered in groupoids Def(F,T") is
discrete and pro-representable; that is, there is a complete local ring R(F,T") and
a deformation

T H

i l

Spec(F) —— Spf(R(F,T"))

96



of T to R(F,T') so that the induced morphism
Spf(R(F,T"))—Def(F,T")
s an equivalence of categories fibered in groupoids over Arty.

7.5 Remark. The induced morphism Spf(R(F,T"))—Def(F,T") is not com-
pletely trivial to define. Given a homomorphism R(F,T") — A to an Artin local
ring which induces an isomorphism of residue fields, we are asserting there is
a unique way to complete the back square of the following diagram so that it

commutes.

r———

l

Spec(IF) — | — Spec(A)

e s

Spec(F) — Spf(R(F,T))

f*H

/

r

Thus, given f : Spec(4) — Spf(R(F,T), the universal deformation (H,j, ¢,)

gets sent to
def

F(H,j,¢0) S (FH, f5 5, bu)

where fo : Spec(A/my) — Spf(R(F,T")/m) is the induced isomorphism and we
have written ¢,, for both the universal isomorphism

¢u : I'—j"Hy
and the induced isomorphism
¢u: T—(fg '3)" (f*H)o = j* Ho.

In this language, the theorem of Lubin and Tate reads as follows: given a defor-
mation (G,i,¢) of T to A € Arty, there is a homomorphism f : R(F,T') — A
inducing an isomorphism on residue fields and a unique isomorphism of defor-
mations

¥ (G, ¢)—f"(H, j, u)-

The main lemma of Lubin and Tate is to calculate the deformations of I" to
the ring of dual numbers F[e], where €2 = 0. Indeed, they show for that ring
there is a non-canonical isomorphism

moDef (F, T)p(g = (Fe)"
where (—)* means the kth Cartesian power and

st (Def(F7 F)’ G)]F[e] = {1}
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for any deformation G. The general theory of deformations (see [46], Proposition
3.12) then shows that there is a (non-canonical) isomorphism

(7.1) moDef (F,T) = m"~*

where we are write m for the functor which assigns to an Artin local ring A its
maximal ideal my4. For any deformation G,

(7.2) 1 (Def(F,T),G) = {1}.

It immediately follows that the ring R(F,T') is a power series ring. More ex-
plicitly, since R(F,T) is local, Noetherian, and p-complete, the universal defor-
mation H can be given a p-typical coordinate x for which the p-series of H
becomes

Pla(x) =pr+5 wa? +5 - +5 un12” A una? g

Then there is an isomorphism

(7.3) R(F,T) = W(F)[[ur, .. tn1]
where W(F) is the Witt vectors of F and the maximal ideal m = Z,,(H) =
(p,u1,y-..,un—1). Note that u, is a unit. This isomorphism is non-canonical as

it depends on a choice of p-typical coordinate.
Equation 7.2 can be deduced from the following result.

7.6 Lemma. Let (A,m) be an Artin local ring with A/m of characteristic p.
Let G1 and Go be two formal groups over B so that (G1)o and (G2)o are of
height n < oo. Then the affine morphism

Isop(G1, G2)—Spec(A)
1s unramified. In particular, if we are given a choice of isomorphism
¢ : (G1)o—(G2)o
over (A/m), then there is at most one isomorphism ) : Gy — Gz over A so that
(¥)o = ¢.
Proof. By Theorem 5.23 the morphism
I50.4/m ((G1)o, (G2)0) —Spec(A/m)

is pro-étale; that is, flat and unramified. Since Spec(A/m) — Spec(A) is the
unique point of Spec(A), the main statement follows. (See Proposition 1.3.2 of
[35].) The statement about the unique lifting follows from one of the character-
izations of unramified: there is at most one way to complete the diagram

Spec(A/m) 4. Isop(G1,G2)

7
~
-
-
~
~

Spec(A) ——— Spec(A)

so that both triangles commute. O
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7.7 Remark. We can give an alternate description of deformations in terms of
formal group laws. Fix a coordinate x for I' and let FT be the resulting formal
group law over F. Define Def,(F,T) to be the groupoid-valued functor on Arty
which assigns to each Artin local ring (A, m) of Arty the groupoid with objects
all pairs (¢, F') where i : A/m — F is an isomorphism and F' is a formal group
law over A so that

i Fo(x,y) = Fr(z,y) € F[z,y]].

Here we’ve written Fy(x,y) for the reduction of F' to A/m. There is a morphism
Y:(i,F)— (i/,F)ifi=14 and ¢ : F — F’ is an isomorphism of formal group
laws so that
i*o(x) = x € F[[x]].
The set mpDef . (F,T) is the the set of x-isomorphism classes of deformations of
the formal group law Fr.
There is a natural transformation of groupoid functors

Def, (F,T)—Def(F,T).

This is a equivalence. It is obviously full and faithful, so we need only show
that every object in the target is isomorphic to some object from the source.

To see this, we’ll use the notation of Remark 7.2. Let (A, m) be an Artin
local ring over F and G a deformation of I to A. Since F is a field, Gg can be
given a coordinate; since A is local Noetherian, G can be given a coordinate
which reduces to a chosen coordinate for Gy. The isomorphism ¢ : I' — G
determines an isomorphism of formal group laws

¢ FGU(‘r?y)_)(i*)_lFF(xﬂy)'

Lift the power series ¢(x) to a power series () € A[[z]] so that g(x) = ¢(z)
and define a formal group law F'(z,y) over A by requiring that

1/)(5‘7) : Fg((E,y)—)F(.’E, y)
is an isomorphism. Then F'(z,y) is the required formal group law.

7.8 Remark. Following the example of Remark 7.3 we extend the notion of
deformations to all commutative rings by left Kan extensions along the forgetful
functor from Artp to rings. In more detail, let B be a commutative ring. Define
the category Arty/B to have objects the morphisms

A—DB

of commutative rings where (A, m) is an Artin local ring in Artp. Morphisms
in Art/B are commutative triangles. Since the tensor product A®z A’ of Artin
local rings is an Artin local ring, the category Arty/B is filtered and has a
cofinal subcategory consisting of those morphisms which are injections.

Define the groupoid Def (F,T") 5 of deformations of I over B to be the colimit

Def(F,T')p = colima,, g Def(F,T) 4.
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Thus a generalized deformation of I" to B is a deformation of " to an Artin local
subring A C B. This is probably easiest to understand using formal group laws.

Fix a coordinate of T and let Def, (F,T") be the groupoid defined in Remark
7.7. Then by that remark, there is an equivalence

COlimArt]F/B Def* (IF, F)A — Def(IF, F)B

and the elements of the source are easily described. The objects are equivalence
classes of pairs (F,7) where F' is a formal group law

F(z,y) =Y aya'y’ € Blfz,y]]

so that the coefficients a;; lie in an Artin local subring A C B and so that the
pair (F|a,i) € Def,(F,T')4. Isomorphisms in Def(F,I')p must similarly lie
over Artlin local subrings.

The following result extends and follows immediately from Remark 7.3 and
Theorem 7.4.

7.9 Theorem. The natural isomorphism of functors on commutative rings
Spf(R(F,T))—moDef (F,T")

18 an isomorphism and for all deformation G of I' over B
m(Def(F,I")5,G)={1}.

Now let H(n) C Uge(n) be the closed substack of formal groups of exact

height n and let ﬁ(n) denote its formal neighborhood. There is a 1-morphism
of groupoid schemes N
Def (F,T')—H(n)

which sends a deformation (G/B, ¢) to the formal group G.

Given a formal group G over B so that Z,,(G) is nilpotent and Z,,41(G) = B,
it is not necessarily true that G arises from a deformation; that would amount
to a choice of 2-commuting diagram

Def(F,T)

e

Spec(B)

o H(n).

Nonetheless, we have the following two results. Recall from Corollary 5.34
that if " is a height n formal group over a field F, then the induced map
Spec(F) — H(n) is a presentation. Such a formal group also defines a trivial
deformation; that is, I is itself a deformation of I" to F.
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7.10 Proposition. Let I' be a height n formal group law over an algebraic
extension of Fp,. Then the 2-commuting square

Spec(F) —— Def(F,T")

L

H(n) H(n)

s 2-category pull-back square.

Proof. Write P for the 2-category pull-back. By Theorem 7.9, an object in P
over a ring B is a triple (G, f, ¢) where G is formal group of exact height n over
B, f: R(F,T") — B is a ring homomorphism so that B - f(m) is nilpotent, and
¢ : G — f*H is an isomorphism of formal groups. Here H is the universal defor-
mation as in Theorem 7.4 and m C R(F,T") is the maximal ideal. A morphism
v (G, f,0) — (G, f,¢') is an isomorphism 1 : G — G’ so that ¢'vp = ¢. In
particular, such a triple has no non-identity automorphisms and P is discrete.
Given a triple (G, f, ¢), we have that

0=7,(G) =Z.(f"H) = B f(m);

hence, the morphism f : R(F,T') — B factors through F. Furthermore ¢ itself
defines an isomorphism

(G, f,0) = (f°H, [,1).
It follows that there is an equivalence Spec(F) — P sending g : F — B to the
triple (f*H, f,1) with f the composite R(F,I') = F — B. O

7.11 Proposition. The morphism q : Def(F,T") — ﬁ(n) is representable, flat,
and surjective.

Proof. We first show it is representable; in fact, we will show that given a
diagram

Spec(B) < H(n) Spf(R(F,T))

then
p1 2 Spec(B) X,y SPE(R(F,T)) — Spec(B)

is a formal affine scheme over B. By a descent argument, we may assume that
G has a coordinate. Then, arguing as in Lemma 2.11, we see that the pull-back
is equivalent to
Spf(B®r W @, R(F,T)),

the formal neighborhood of B@ W &, R(F,T') at the ideal Z,,(piG) = Z,,(p5 H)
where p;, i = 1,2 are the projections onto the two factors.

To see that ¢ is flat, we apply Theorem 6.18 (the Landweber Exact Functor
Theorem) and the descripition of R(F,T") given in Equation 7.3.

For surjectivity, note that if k is any field and g : Spec(k) — H(n) classifies
a formal group G, then Z,,(G) = 0 and G is a height n; that is, g factors
through H(n). The result now follows from the first part and the fact that
Spec(F) — H(n) is surjective — see Corollary 5.34. O
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7.2 The action of the automorphism group

Let G(F,T) = Aut(F,T), the automorphism of the pair (F,T"). An element of
G(F,T) is a pull-back diagram

r—=2% .7

.

Spec(IF) — Spec([F).

where ¢ is induced by a field automorphism. For historical and topological
reasons we call this the Morava stabilizer group of the pair (F,T"). We may
write such a diagram as a pair (o, \) where A : I' — ¢*T is the isomorphism
induced by g. If F is an algebraic extension of I, and I' is defined over F,, this
yields an isomorphism

G(F,T) = Gal(F/F,) x Aut(T)

where Aut(T") is the group of automorphisms of T' defined over F.
The group G(F,T) acts on the groupoid functor Def (F,T") on the right by
sending a diagram
——G

Spec(F) —— Spec(A)
to the outer square of the diagram

r J r G

o

Spec(IF) — Spec(FF) —— Spec(A)

This action commutes with the isomorphisms in Def(F,T"); thus we obtain a
right action on moDef (F,T") and hence a left action on R(F,T).

7.12 Remark. If, following Remark 7.2, we think of a deformation of I" to A
as a triple, (G,i,¢) and an element of G(F,T") as a pair (o, \) as above, then
the action of (o, A) on (G, 1, ¢) yields the triple

(G,io, (0" P)A).

Because moDef(F,I") is a set of equivalence classes, we must take a little
care in interpreting this action on R(IF,T"). See, for example, [5].

The following is the key lemma about this action.
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7.13 Lemma. Let A be a Artin local ring with residue field isomorphic to F
and let (G,i,¢) and (G',i',¢") be two deformations of (F,T"). Suppose there is
an isomorphism of formal groups v : G — G’ over A. Then there is a unique
pair (o, ) € Aut(F,T") so that ¢ induces an isomorphism

) (Grio, o™ (9)A)—(G', i, ¢).

Proof. This is simply the assertion that there is a unique way to fill in left face
of the following diagram so that it commutes
———Gy

e e
Y
Spec(F) ——|> Spec(A4/m)

e e

Spec(TF) — Spec(A/m)

r

Alternatively, writing down the equations provides both the pair (o, A) and

its uniqueness. Indeed, we need an equality of isomorphisms from Spec(F) to
Spec(A/m)

ic =1

and a commutative diagram of isomorphisms of formal groups

oo, t G
r \L(ig)*wo
e
i*Gy,.

O

The action of the Morava stabilizer group is actually continuous in a sense
we now make precise. Assume now that F is an algebraic extension of F,,. First
we notice that the extended automorphism group G(F,T') is profinite. Define
normal subgroups G (F,T") of G(F,T') as follows. The group G(F,T) is the set
of Cartesian squares

r—2>—>r
i |
Spec(F) —> Spec(F)

under composition. The subgroup G;(F,T") is the set of those squares so that o
is the identity and X induces the identity on the p*-bud of the formal group T.
Then Go(F,T') = Autp(T),

G(F,T)/Go(F,T) = Gal(F,F,)
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and
G(F,T) 2 1im G (F,T).

If F — [’ is an extension of subfields of Fp, then we get an injection of groups
Go(F,T") — Go(F,I') which preserves the subgroups above. Thus the following
result displays G(F,T’) as a profinite group. We remark that the equations de-
veloped in the proof make it possible to actually calculate G (F,T") /Gy (F,T)
for all F C Fp.

7.14 Lemma. There is an isomorphism
Go(F,,T) /G4 (F,,T) = Fpn
and for k > 0 a non-canonical isomorphism
Gi(Fp,T)/Gpi1(Fp,T) X Fpn

Proof. Choose a p-typical coordinate = for I' and write the Verschiebung V :
I'®") — T out in this coordinate as

V(z) = upx +r uppr12? +p - .

(Compare the argument of 5.27.) Note that w, is a unit. If A € Gy (F,T"), then

we have, for k =0,

Mz) =ar mod z?

where a is a unit and for £ > 0
Mz)=x+ az?’ mod P L.

By examining the equality A\(V (z)) = V(A®?")(z)) we see that in either case we
an equation
n k
upa? =ul a.

The result follows; indeed, when k = 0 we simply have the equation a?"~! = 1
and if k > 0 we are looking for the roots of

n k
upa? —ul a=0

under addition. If we choose a non-zero root r then the assignment b — rb for
b € Fy» defines the necessary isomorphism. O

7.15 Remark (The continuity of the action). Define Def (F,T") to be the
groupoid of triples (G, i, ¢) where G is a formal group over an Artin local ring
A, i : Spec(F) — Spec(A/m) is an isomorphism and

¢ : Fpk- —>i*(G0)pk

is an isomorphism of p¥-buds. The morphisms in Def(FF,T') are isomorphisms
¥ : G — G which induce the appropriate commutative triangle over F. (Note
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that Def¢(IF,G) is not the deformation of the buds, as these isomorphisms
are defined over the whole group.) Since every isomorphism of buds over a
Noetherian local ring can be lifted to an isomorphism of the formal groups, we
have that the evident map

Def (F,T')—Def(F,T")
is surjective on objects and G(F,I')-equivariant; furthermore, the induced map
(7.4) Def (F,T')— lim Def (F,T)

is an isomorphism. The action of G(F,T') on Defy(F,T') factors through the
quotient group G(F,T")/Gy(F,T). If we give Defy(F,T') the discrete topology
and Def(F,T") the topology defined by the natural isomorphism 7.4, then the
action of G(F,T") on Def(FF,T") is continuous.

7.16 Lemma. There is a natural isomorphism of functors on Artin local rings
[roDef (F,T)] /Gy (F,T) — moDef,(F,T)
and for all (G,i,¢) in Defy(F,T) 4,
m (Def(F,T)4,G) = Gi(F,T).

Proof. This is a direct consequence of Lemma 7.13. The natural transformation

moDef(F,T) /G (F,T')—moDef (F,T)
is onto. If (G,14,¢) and (G’,i,¢) are two deformations and

b (G, ¢0)—(Gi,¢')

is an isomorphism in the Def (F,T') there is a unique automorphism A of " over
F so that
¢ : (G7 Z.7 ¢)\)—><G/7 i? ¢/)
is an isomorphism in Def(F,T"). Note that A is necessarily in G (F,T").
Almost the same proof gives the statement about 7. Indeed, if (G, i, ®) is
any lift of (G, 4, ¢) to Def(F,T"), then an automorphism ¢ : (G, 4, ¢) — (G, 14, ®)
determines a unique element in Gy (F,T') so that ¢ induces an isomorphism

1/’ : (G7 i7 QEA)—)(Gv i7 (Zg)
The assignment 1 — A induces the requisite isomorphism. O

The functor Def(F,T") from Artin rings to groupoids can be extended to
all commutative rings using a left Kan extension as in Remark 7.8. Since we are
taking a filtered colimit, the natural transformation Def(F,T") — Def(F,T")
remains onto for all commutative rings. We get a natural sequence of maps

moDef (F,T) 5 — lim moDef (F,T) 5 /Gy, (F,T') — lim Def,(F,T) 5.

The first map, which is an isomorphism for Artin rings, is not immediately an
isomorphism in this generality because colimits don’t commute with limits in
general; however it is continuous and, as a result, an injection.
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7.3 Deformations are the universal cover

If X is a finite set, let’s also write Xy for the scheme Spec(map(X,Z)). Then
for any category Y fibered in groupoids over affine schemes we get a new functor
Y x Xz. If Y = Spec(R), then

Y x Xz = Spec(map(X, R)) < Xp.

If G is a finite group, then Gy is a finite group scheme over Z and the right
action of G on itself extends to a right action on Y x Gz.
If X = lim X} is a profinite set, define

Xz = lim(X;)z = Spec(colimmap(X;, Z)).

If G = lim G, is a profinite group, then Gz is a profinite group scheme over Z.
A right action of Gz on a category Y fibered in groupoids over affine schemes
will be continuous if Y = lim Y}, where Gz acts on Y}, through (G/Gk)z.

The notation Gz is cumbersome; we will drop it if G is evidently a profinite

group.
7.17 Theorem. The natural transformations of groupoids over Artin local rings

Def (F,T) x G(A,F)—Def(F,T) x5, Def(F,T)

H(n)

given by
((G,i,9),(0,N) — ((G,i,9),(G,ic,pA),1 : G — G)

is an equivalence.

Proof. A typical element in the pull-back is a triple

(7.5) (G,1,0),(G"i',¢'),¢v:G— G

where the first two terms are deformations and 1 is any isomorphism of formal
groups. A morphism in the pull-back

(777/) : ((Glaia¢)a( /17i/7¢/)7w1 : Gl - Gll) -
((G27.ja ¢)7( /Qail7¢/)7w2 : G2 - G/Q)

are isomorphisms v and v of deformations so that 12y = 7'¢;. Now we apply
Lemma 7.13. Given the typical element, as in 7.5, we get a unique pair (o, A)
in G(F,T') so that

(7.6) (L,9) : ((G,4,9),(G,io, o)), 1c) — ((G,i,9), (G, 7', ¢'), )

is an isomorphism in the pull-back. The assignment

((Gi, ), (G, 4"),4) = (G, 9), (G, io, )), 1)

becomes a natural transformation of groupoids sending a morphism (y,v') to
(7,7)- Then 7.6 displays the necessary contraction. O
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7.18 Definition. Let ¢ : Y — X be a morphism of categories fibered in
groupoids over some base category. The group Auty (X) of automorphisms of
Y over X consists of equivalence classes pairs (f,v) where f : Y — Y is a 1-
morphism of groupoids and ¢ : ¢ — qf is a 2-morphism. Two such pairs (f, )
and (f', 1) are equivalent if there is a 2-morphism ¢ : f — f' so that ¥'¢ = 1.
The composition law reads

(9, V), 0) = (9f, (f7¥)o).

There is a homomorphism

G(F.I)— Autg, (Def(F,I)

n)
sending (o, A) to the pair (f(, 1), 1) where f(, ) is the transformation
(G,i,9) — (G,io, pA).
7.19 Theorem. This homomorphism

G(F,T)— Autg,, (Def(F,T)).

)

18 an tsomorphism and induces isomorphisms
G(F,T)/Ggy1(F,T")— Autﬁ(n)(Defk(F, I)).

Proof. That the map is an injection is clear from the definitions. We now prove
that it’s surjective. Let (f,1) be an element of the automorphisms of Def(F,T")

over H(n). Let’s write
(G i,0) = (Gyrig, dy).

Then 1 gives isomorphism of formal groups ¥¢ : G — Gy. By Lemma 7.13
there is a unique pair (o, A\) € G(F,T") so that

d)G . (G,ia, ¢>\) — (Gf,if,¢f)

is an isomorphism of deformations. The uniqueness of (o, A) and this equation
give us the needed 2-morphism

¢ fony—f
O

We wish to show that the isomorphism of Theorem 7.19 is appropriately
continuous.

7.20 Lemma. There is a surjective homomorphism of groups

qr : Autgy (Def(F,T)) — Autg, (Def(F,T))

)
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which induces a commutative diagram of groups

G(F,T) AUtﬁ(n) (Def(F,I))

| :

G(F,T)/Ggy1(F, T) —— AUtﬁ(n) (Def(F,T)).

Proof. We use Theorem 7.19. Any automorphism of Def (I, I") of the form f,»)
immediately induces an automorphism of Def(IF,T"). This defines a morphism
GF,I)— Autg,, (Defy (F,T))
which factors through G(F,T)/Gg41(F,T'). It remains only to show that it’s

onto. To show this, we use a variant of the argument in the proof of Theorem
7.19. If (f, ) is an automorphism of Def(IF,T") over H(n), we again write

f(G,i,0) = (Gy,if, ¢p).

choose isomorphisms ¢ and ¢ ¢ lifting ¢ and ¢ respectively. Then Lemma 7.13
supplies an element (o, A) € G(F,I') so that

1/)@ . (G,ia, d_))\) — (Gf,if,(}gf).

The class of (o,\) in G(F,I')/Gy41(F,T) is independent of the choice and
supplies the needed 2-morphism to show surjectivity. O

The groupoid Defy(F,T") has a simple description. Indeed, Defy(F,T') as-
signs to each Artin local ring A the pairs (G,i) where ¢ : F — A/m is an
isomorphism. Since F is perfect, the universal property of Witt vectors ([4]
§I11.3) implies there is a unique homomorphism of rings W (F) — A which re-
duces to F modulo maximal ideals. Thus, we conclude that Defy(FF,T") is the
functor from groupoids to which assigns to each Artin local W (IF)-algebra A so
that

W(F)/(p)—A/m
is an isomorphism the groupoid of formal groups G over A so that Z,,(G) C m

and Z,,+1(G) = A. Thus we have proved:

7.21 Lemma. There is a natural isomorphism of categories fibered in groupoids
over Arty

Def(F,T) — W (F) @z, H(n).

7.22 Definition. A representable morphism q : X — Y of sheaves of groupoids
in the fpgc-topology is Galois if q is representable, faithfully flat, and if the
natural map

X x Auty(X)HX Xy X

18 an equivalence of groupoids over X.
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The main result of the section is now as follows.

7.23 Theorem. Let F = F, be the algebraic closure of the prime field and let
I' be any height n-formal group over F,. Then

q : Def(F,T)—H(n)
is Galois with Galois-group
G(F,T') = Gal(F/F;) x Autg ().

The discrete groupoid Def(F,T') ~ Spf(R(F,T")) itself has no non-trivial étale
covers, so the morphism q is the universal cover.

Proof. To get that ¢ is Galois, combine Proposition 7.11, Theorem 7.17, Theo-
rem 7.19, Lemma 7.20, and Lemma 7.21. That R(F,T") has no non-trivial étale
extensions follows from the fact that this ring is complete, local, and has an
algebraically closed residue field. O

7.24 Remark. All of these results can be rewritten in terms of the Lubin-
Tate ring R(F,T') of Theorem 7.4 if we wish. For example, we can define a

homomorphism
GF,I)— Autﬁ(n) (Spf(R(F,T))

as follows. We refer to Remark 7.5. Let (H, j, ¢,) be the universal deformation
over Spf(R(F,I')) and let (o, A) be in G(IF,T"). Then we get a new deformation
(H, jo, ¢, \) over Spf(R(F,T'), classified by a map

f= fon : SPE(R(F,T)) — Spf(R(F,T)).
Thus there is a unique isomorphism of deformations
=1 (H,j¢u) = [7(H, ], pu)-
The pair (f((,)\), w(a,/\)> now produces the 2-commuting diagram

flo.n)

Sp Spf(R(F,T))

f\/

(0, A) — (f(o.2), Y(on))

defines a group homomorphism

and the assignment

G(F,T)— Autg, (Spf(R(F,T))).

Theorem 7.19 then becomes the following result.
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7.25 Proposition. This homomorphism
G(F,T')— Autﬁ(n) (Spf(R(F,T))).
s an isomorphism.

Theorem 7.23 then reads as follows:

7.26 Theorem. Let I' be a formal group of height n over F), and let
¢ : SpE(R(F,, ) —H(n)

classify a universal deformation of T' regarded as a formal group over IF‘p, Then

q 1s the universal cover of the formal neighborhood ')'A((n) of I'; specifically, q is
pro-étale and Galois with Galois group the big Morava stabilizer group

G(F,,T)) = Gal(F,/F,) » Autg ().

7.27 Remark. Theorem 7.17 is the restatement of the well-known calculation of
the homology cooperations in Lubin-Tate theory. There is a 2-periodic homology
theory E(F,,I") with E(F,,I')o = R(F,,I') and whose associated formal group
is a choice of universal deformation of I. The E(F,,I") is Landweber exact and

E(F,, T)oE(F,,T) % oLy (E(F,,T) A E(F,,T))

=~ map(G(F,,T), R(F,,T))

where map(—, —) is the set of continuous maps. Proofs of this statement can
be found in [49] and [19]; indeed, the argument here is very similar to Hovey’s.

7.28 Remark. Theorem 7.26 allows us to interpret quasi-coherent sheaves on
H(n) as quasi-coherent sheaves on Spf(R(F,,I")) with a suitable G(F,T") action.
Let’s spell this out in more detail.

Let m = Z,,(H) C R(F,,T), where H is any choice of the universal deforma-
tion. Recall that a a quasi-coherent sheaf on Spf(R(F,,T)) is determined by a
tower

o My — My_q — - — M,
where M, is an R(F,,T)/m*-module, M — Mj_; is a R(F,,T")/mF-module

homomorphism and
R(Fy, T)/m* ™ @ ) e Mg— My

is an isomorphism. Under appropriate finiteness conditions, this tower is deter-
mined by its inverse limit lim M}, regarded as a continuous R(F,,I')-module.
A quasi-coherent sheaf on

has a similar description as modules over the tower

{map(G(F,,T), R(F,,T)/m")}.
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A Morava module is a tower of R(F,,T")-modules
= Mg = Mgy — - — My
so that
1. My is an R(F,,I")/m*-module and the induced map
R(Fy, T)/m* ! @p, 1) jme Mk— My
is an isomorphism;
2. Mj, has a continuous G(Fp, I')-action, where Mj, has the discrete topology;

3. the action of G(F,,I) is twisted over R(F,,T') in the sense that if a €
R(F,,I'), x € My, and g € G(F,,T'), then

g(az) = g(a)g(x).

Now Theorem 7.26 implies there in equivalence of categories between quasi-
coherent sheaves on H(n) and Morava modules.

8 Completion and chromatic convergence

In this section we give the recipe for recovering a coherent sheaf on Mg, (over
Zpy) from its restrictions to each of the open substacks of formal groups of
height less than or equal to n. This has two steps: passing from one height to
the next via a fracture square (Theorem 8.18) and then taking a derived inverse
limit (Theorem 8.22). The latter theorem has particular teeth as the union of
the open substacks of finite height is not all of Mgg.

The reader of the homotopy theory literature will see that, in the end, our ar-

guments, are not so different from the Hopkins-Ravenel Chromatic Convergence
of [45].

8.1 Local cohomology and scales

We begin by recalling some notation from Definition 6.9 and Proposition 5.10.
Let f : N'— Mg be a representable, separated, and flat morphism of algebraic
stacks. We will confuse the ideal sheaves 7,, defining the height filtration with
the pull-backs f*Z,,, which induce the height filtration on A. Thus, we let

0=20CT1 CI, C---COx

denote the resulting scale on V. Let N'(n) = M(n) X s, NV C N be the closed
substack defined by Z,, and let V(n — 1) be the open complement. We will write
in:V(n) = N and j, : N(n) — N for the inclusions. Finally, let’s write O for
On.
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If F is a quasi-coherent Z,,-torsion sheaf, we defined (in 6.17)
Flog '] = (in)«iy F.

The notation was justified in Remark 6.16. A local description of this sheaf was
given in Proposition 6.15.

We wish to recursively define quasi-coherent sheaves O/Z5° on N by setting
O/Z§° = O and then defining O/Z% | by the short exact sequence

8.1 0— O/IF — O)Iv, ] — OJI, — 0.
n +

n

In order to do this, we must prove the following lemma. In the process, give
local descriptions on these sheaves. See Equations 8.2 and 8.3.

8.1 Lemma. For all n > 0, the sheaf O/I3° is an I,-torsion sheaf and the
unit of the adjunction

OJI = (in)«inO/T;° = O/TF v, ]
18 1njective.

Proof. Both statements are local, so can be proved by evaluating on an affine
morphism Spec(R) — M which is flat and quasi-compact. By taking a faithfully
flat extension if necessary, we may assume that are elements u,, € R so that

Up + In(R) € O/, (R) = R/(ug, "+ ,Upn—1)

is a generator of Z,,(R)/Z,—1(R). Since we have a scale, multiplication by w,, on
R/(ug,- -+ ,un—1) is injective. Define R-modules R/(ug°,--- ,us ;) inductively
by beginning with R and by insisting there be a short exact sequence

0= R/(u®, upty) = R/(u, - uid )ug '] = R/ (i, up?) — 0.

Then inductively we have, using Proposition 6.15

and
(8.3) (in)+in O/TX(R) = R/ (ug®, -+, ups ) [uy, '],
The result now follows. O

We note that Proposition 6.15 also implies:

8.2 Lemma. For alln >0 and all s >0

R (in)+i50 /T =0
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8.3 Remark (Triangles and fiber sequences). In the rest of the section, we
are going to use a shift functor on (co-)chain complexes of sheaves determined
by the following equation. If C' is a cochain complex and n is an integer, then

H*Cln] = H*™C.

If C is a chain complex, then we regard it as a cochain complex by the equation
HsC = H_,C; thus, H,C[n] = Hs_,C. A distinguished triangle of cochain
complexes

A— B—C— Al

induces a long exact sequence in cohomology
= HA — H*B — H°C — H*A[l] = H*™'A — ...

To shorten notation we may revert to the homotopy theory conventions and say
that A — B — (' is a fiber sequence in cochain complexes.
If M is a sheaf, we may regard it as a cochain complex in degree zero; hence
M, s=mn;
H°M[-n] =
0, s#n.
We now introduce local cohomology, which will be an important tool for the
rest of this section.

8.4 Definition. Let Z C N be any closed substack with open complement
i: U — N. If F is a quasi-coherent sheaf on N, define the derived local
cohomology sheaf of F by the the distinguished triangle

(8.4) RTz(N,F) - F — Ri,i*F — RUz(N, F)[1].
Put another way, RT z(N,F) is the homotopy fiber of the map F — Ri.i*F.

If NV is understood, we may write RT'zF for RT z(N,F); if Z is defined by
an ideal sheaf Z C O, we may write R['zF for R['z (N, F).
The local cohomology of F at Z is then the graded cohomology sheaf

Hy(N,F) < H*RT 4 (N, F).

If V — N is an open morphism in our topology, then

is the set of sections s € F(V') which vanish when restricted to F(U xx V). U T
is locally generated by a regular sequence, then we can give the following local
description of I'z (N, F). Let Spec(R) — AN be any morphism so that Z(R) is
generated by a regular sequence uyg, ..., u,_1. Then there is an exact sequence

(8.5) Lz(N,F)(R) — F(R) — H]—‘(R) [u; ).

This has the following consequence. See Corollary 3.2.4 of [1] for a generaliza-
tion.
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8.5 Lemma. Suppose that the ideal T C Opnr = O defining the closed substack
Z C N s locally generated by a reqular sequence. Then for any quasi-coherent
sheaf F on N there is a natural equivalence

colimy, Rhom(0/I*, F) = RT z(N, F).

Proof. Before taking derived functors, we note that there is certainly a natural
map
colimy, Hom(O/T*, F)—T (N, F)

given by evaluating at the unit. We first prove that this is an isomorphism; for
this it is sufficient to work locally. Let Spec(R) — M where Z(R) is generated
by the regular sequence ug,--- ,ux—1. Then the exact sequence of 8.5 implies
that © € F(R) is in I'z(M, F)(R) if and only if for all ¢ there is a ¢; so that
uffm = 0. This yields the desired (underived) isomorphism. Since colimit is
exact on filtered diagrams, the derived version follows. O

We now set Z = N(n+ 1), defined by Z,, 41, so that V(n) = N — N(n+ 1)
and there is a distinguished triangle

RT n(n41)F — F = R(in)«iy,F — R ny1)F[1].

If F is a quasi-coherent Z,-torsion sheaf, then Proposition 6.15 applies and
(in)sinF = Flvg'].

The exact sequence defining O/Z2° and Lemmas 8.1 and 8.2 imply following
result.

8.6 Lemma. For alln > 1 there is an tsomorphism in the derived category
RN (myN,O/Z524) = O)T°[-1].
We also have the following key calculation.

8.7 Proposition. For all n > 1 there is an equivalence in the derived category
of quasi-coherent sheaves

RT p(ny(N, O0) ~ O/ [—n].

That is,
0, s #n;
O/I>*, s=n.

Proof. We proceed by induction to show that
REn(n) (N, O/L5% ) = OJL°[—k].

Lemma 8.6 is the case k = 1. To get the inductive case, we have an exact
sequence

0— O/Zgo—(kﬂ) - (in—k)*i:z—ko/szo—(k-&-l) — O0/I;2, —0.
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Hence we need to show that
RT N (n) (bn—k) 5 -, O/ L% (1) = 0,
or equivalently that
(in—k)win O/ L2 (k1) = Rlin—1)xin_1(in—)+in_O/T;2 (41

is an equivalence. Consider the sequence of inclusions

Vin—k) —L=vin-1) 2% N
\_/
in—k
We easily check that ¥ _; (in—k)« = fi; since i¥_; is exact we have an equivalence
R(in—k) sy 1O/ L% (1) = Rlin—1)s15 1 (in—1 )iy O/L3 111)

The result now follows from Lemma 8.2. O

8.8 Theorem. Let F be a quasi-coherent sheaf on N'. Then there are natural
equivalences in the derived category

RU N ()N, F) = OJT°[-n] @& F

Proof. This follows immediately from Lemma 8.5 and Proposition 8.7; indeed,
since O/ZF is locally finitely presented

RT \r(ny (N, F) =~ colim R hom(O/Z}, F)
~ colim Rhom(O/ZF, 0) @F F
~ R\ () (N, 0) @F F.
0

Another consequence of Lemma 8.5 and Proposition 8.7 is the following
result.

8.9 Proposition. There is an equivalence
colimy, Rhom(Q/ZF, ©) =, O/ZX[—n].

We also will be interested in what happens if we vary n. Consider the
sequence of inclusions

Recall that V(n) is the complement of A'(n + 1). In the case where N' = Mgg,
N (n) = M(n) classifies formal groups of height at least n, V(n) = U(n) classifies
formal groups of height at most n and H(n) = M(n) NU(n) classifies formal
groups of exact height n.
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8.10 Lemma. For all quasi-coherent F on N, there are fiber sequences of
cochain complezes of quasi-coherent sheaves

R(in)*i;RFN(n)}" — R(in)«(in)*F — R(in—1)s(in_1)"F
and
RY' pr(ne1)F — RO pr(n) F — R(in)*z’fLRl“N(n)}'

Proof. The fiber sequence which defines local cohomology (see Definition 8.4)
yields that these sequences are equivalent; so, we prove the first.
For any quasi-coherent sheaf on N, we have a fiber sequence

(8.6) RUy(my(V(n), iy F) — i F — Rfsiy, F.
Here we have taken the liberty of writing H(n) for V(n) N N(n) and we have
used f*ir =ik .

Next note that the adjoint to the equivalence R(in—1)s« = R(in)«Rfx yields
a commutative diagram

in RN () (N, F) " F 0% R(in—1)si%_1 F
Ry (V(n), inF) inF Rf.iy (F.

Finally, for all quasi-coherent sheaves £ on V(n — 1), the natural map
inR(iy, 1) E—Rf.E

is an equivalence; indeed, we easily check that % (i,—1)+«€ — f«& is an isomor-
phism and then we use that ¢}, is exact. From this we conclude that

is an equivalence. We feed this into Equation 8.6 and apply R(i,). to get the
result. O

Applying the second of the fiber sequences of Lemme 8.10 to F = O itself
and using Theorem 8.8, we get the fiber sequence

(8.7) O/T5[-n—1] = O/L¥[-n] — O/ [v™"][-n]

which is the evident shift of the defining sequence 8.1. From this we obtain the
following result.

8.11 Lemma. There is a natural commutative diagram

Ni lN

O/I5[-n—1] @4 F ——= 0/IF[—n] @5 F

where the bottom morphism is the boundary morphism induced by the short exact
sequence
0— O/I — O)I>[v, ] — O/1, — 0.
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8.2 Greenlees-May duality

There is a remarkable duality between local cohomology and completion first
noticed by Greenlees and May [10] and globalized in [1]. Similar results appear
in [3], which also has the general version of the fracture square we will write
down below in Theorem 8.17. The techniques of [1] apply directly to the case
of a qausi-compact and separated stack A/ and the closed substacks N(n) C
N arising from a scale. The main result we’ll use is the following. Derived
completion was defined in Definition 6.4.

8.12 Proposition. For all quasi-coherent sheaves F on M there is a natural
equivalence

L(}")//\\/(n) ~ Rhom(O/Z;°[—n], F).

This result is actually equivalent to an apparently stronger result — Greenlees-
May duality:

8.13 Theorem. Let £ and F be two chain complezes of quasi-coherent sheaves
on M . Then there is a natural equivalence

Rhom(REpr(n)€, F) ~ Rhom (&, L(F)pr(y)-

Certainly Theorem 8.13 implies Proposition 8.12 by setting £ = Oxq and
applying Proposition 8.7. Conversely, Theorem 8.8 gives a natural isomorphism

Rhom(RT ()€, F) = Rhom(O/I°[—n] @% £, F)
~ Rhom(&, Rhom(O/Z°[—n],F)).

Hence Theorem 8.13 follows from Proposition 8.12.

The argument to prove Proposition 8.12 goes exactly as in [1]; hence we will
content ourselves with giving an outline.

Lemma 8.5 allows us to define a natural map

P : L(]:)//\\/(n)—>R hom(RFN(n) (N, O), .7:)

as follows. First note that for O-module sheaves £ and F, there is a natural
map

(8.8) £ ® F—Hom(Hom(&, O), F)
given pointwise by sending r ® y to the homomorphism ¢, with
busy(f) = F(@)y.
The morphism of Equation 8.8 can be derived to an morphism
£ @ F—RHom(RHom(E, O), F).
Now & is defined as the composition
L(F)r(ny = holim(F ®" O/IF) — holim Rhom(Rhom(0O/Z}, 0), F)

>~ Rhom(colim Rhom(O/ZF, O), F)
& Rhom(RI n(n) (N, O), F).

Proposition 8.12 now can be restated as
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8.14 Proposition. For all quasi-coherent sheaves F, the natural map
D L(f)/A\/(n)—»R hom (R zr(ny (N, O), F)
s an equivalence.

The first observation is that the question is local; that is, it is sufficient
to show that there ® is an equivalence when evaluated at any flat and quasi-
compact morphism Spec(R)— M for which Z,,(R) is generated by a regular
sequence. This follows readily from the definition of completion (6.4) and the
remarks immediately afterwards. If we write I = Z,,(R) and M = F(R), then
we are asking that the map

&y : L(M)»— Rhom(RT;(R), M)

be an equivalence. This is exactly what Greenlees and May prove. There is
a finiteness condition in the argument which is worth emphasizing: for all 4.
the R-module R/(ud,--- ,uf,_,) has a finite resolution by finitely generated free
R-modules. The usual such resolution is the Koszul complex, which we now
review.

Let R be a commutative ring and let v € R. Define K(u) to the chain

complex

R——=R
concentrated in degrees 0 and 1. If u = (ug, ..., u,—1) is an ordered n-tuple of
elements in R, define

K(u)=K(up) @ - @ K(tup-1).

Note that if u is a regular sequence in R and [ is the ideal generated by
U, - - -, Up—1, then K(u) is the Kozsul resolution of R/I and

H,(K(u) ® M) = Tor®(R/I, M).

Now fix the n-tuple u and define u* = (u,...,uf,_;). The commutative
squares
R—R
Uj =
ui=?t
R—R

combine to give morphisms f; : K(u') — K(u’~!). Thus if the element of u
form a regular sequence,® then a simple bicomplex arguments shows that for
any R-module M there is an homology isomorphism

—~

L(M)? =~ holim; (K (u’) @ M).

60r, more generally, if the elements of u are pro-regular as in [10].
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This equivalence is natural in M, although it doesn’t look very natural in R or
1.
The dual complex

K*(u) ¥ Homp(K (u), R)
is a chain complex concentrated in degrees s, —n < s < 0. Note that if the u;
form a regular sequence
(8.9)
R/(UO,...,Un_1)7 §= -1
HSK*(u) = EXtI_%S(R/(UO, e ,’U,n_l)7 R) =
0, s # —n.
The dual of the maps f; give maps f; : K*(u’~!) — K(u’). Define
K*(u™) = colim K*(u").
We have have natural homology equivalences, assuming the elements in u form
a regular sequence:

K*(u®) ® M ~ colim K*(u*) @ M
~ colim Hom g (K (u'), M)
~ colim Rhomg(R/(z}, ..., x% 1), M)
~ RT';(M).

More is true, because K (u') is finitely generated as a chain complex of R-
modules we have that the map of Equation 8.8

K(u') ® M—Hom(K*(u’), M)

is an isomorphism, natural in M. Then the local version of Greenlees-May
duality follows:

L(M)} ~ holim(K (/) ® R)
~ holim Hom (K *(u*), M)
~ Rhom(colim K*(u’), M)
~ Rhom(RT(R), M).

It is an exercise is bicomplexes to show that this is, up to natural homology
equivalence, the map ® of Proposition 8.14.

8.15 Remark. The isomorphism
H_y(K*(w®) @ M) = Hj (R, M)

developed above extends the exact sequence of Equation 8.5. Indeed, K*(u*)
is exactly the chain complex

M= [ M = [ Ml w1 — - = Mugt - u ] =0 -

11 <i2
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8.3 Algebraic chromatic convergence

We now supply the two results we promised: a fracture square for reconstructing
quasi-coherent sheaves for the completions and a decomposition of a coherent
sheaf as a homotopy inverse limit.

We begin with a preliminary calculation. Compare Corollary 5.1.1 of [1].

8.16 Theorem. Let F be a quasi-coherent sheaf on N'. Then the natural map
18 an equivalence.

Proof. The question is local (again) and, therefore, reduces to the following
assertion. Let u = (ug,...,un—1) be a regular sequence in R, let I be the ideal
generated by this regular sequence, and let P be a projective R-module. Then

K*(u™®)®@ P—K*(u®) ® (P)}
is an equivalence. Indeed, if we apply homology to the map
K*(u') ® P—K*(u") ® (P)}
then, by Equation 8.9 we obtain the maps

Eth}%(R/(ulOa s 7ui —1)a P)—>EX'C§%(R/(U6, tee 7uiz—1)a (P)?)

n

Both source and target are zero if s # n and if s = n we have the map
P/(ug, -ty —y) = (P)7/ (- -y, 1)
which is an isomorphism. O

This result has the following fracture square as a consequence. Recall that
the open inclusion 4,1 : V(n—1) — A is complementary to the closed inclusion

Jn :N(n) — N.

8.17 Theorem (The fracture squares). Let F be a quasi-coherent sheaf on
N. Then there is a homotopy cartesian square in the derived category

F L(]:)j\\/(n)

R(infl)*i;,1.7:4>R(in—l)*i:b—ll/(f)j\\/(n)-
Proof. The induced morphisms on fibers of the vertical maps is exactly
RU () F =R A () L(F) Ny

which is an equivalence by Proposition 8.16. O
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8.18 Remark. An important special case is worth isolating. Let F be a quasi-
coherent sheaf on N and consider the sequence of inclusions

f in
V(n
S

in—1

(8.10) V(n—1)

Applying Theorem 8.17 to a complex of sheaves of the form R(i,).i"F where
F is quasi-coherent on A/, we get a homotopy cartesian square

R(in)sif F L(R(in)i5,F) N ()

| |

Rin 1)uify_F — Rlin—1) # 5y LIR(in )i )y -

The right hand vertical column of this diagram seems excessively complicated,
but expected to those familiar with the results if [20] §7.3. The topological
analog of these calculations supplies a fracture square of spectra

L, X — LK(n)X
Ly 1 X —— Ln—lLK(n)X-

The connection to completion is somewhat less than straightforward and given
by the equations

LK(n)X ~ LK(n)LnX = holim S/I ANL, X

where {S/I} is a suitable family of type n complexes.

Despite the unwieldy nature of the diagram of 8.10, the induced map on the
homotopy fibers of the vertical map actually simplies somewhat, as the following
result shows. Compare Proposition 8.16.

8.19 Proposition. For all quasi-coherent sheaves F on N, the natural map
RFN(n)]'— — RFN(,L)R(in)*iZ}-
s an equivalence.

Proof. This follows from the fact that
R(in-1)xiy, 1 F = Rlin-1)xi;, 1 R(in)«ip F
is an equivalence, which in turn follows from the fact that
in—1(in)s = f*

and the fact that ¢} _; is exact. O
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Now let’s specialize to the case where N = My, itself and i, : U(n) — Mg
be the inclusion of the open moduli substack of formal groups of height at most
n. Then we will show that if F is a coherent sheaf on Mygg, then the natural
map

F — holim R(iy) iy F

is an isomorphism in the derived category of quasi-coherent sheaves. This is an
algebraic analog of chromatic convergence. The statement has teeth, because
the open substacks U(n) do not exhaust Mgg; indeed, the morphism

Gy : Spec(Fp)— Mgg

classifying the additive formal group (which has infinite height) does not factor
through U(n) for any n.

The proof is below in Theorem 8.22. The observation that drives the argu-
ment in this: recall from Theorem 3.25 that if F is a coherent sheaf on Mg,
then there is an integer r and a coherent sheaf Fy on the moduli stack of buds
Mg (p") so that F = ¢*Fy. Thus we begin with the next computation.

8.20 Theorem. Let F be a quasi-coherent sheaf on Mgg(p”). Then for all
n > r and all s, the map on local cohomology groups

H 3y (n1) Mg, ¢ F) = Hig(n) (Mg, ¢ F)
18 zero.
Proof. We apply Lemma 8.11 and show that the induced map
O/, ®6 F — OJTF[1] @g F

is zero in homology. It is sufficient to prove this after evaluation at any affine
presentation f: X — Mgg. Let

X = Spec(Zy)[u1,uz, .. .]) o Spec(V)

and let f classify the formal group obtained from the universal p-typical formal
group law. Similarly, let

X, = Spec(Zy)[ur, s, - ., ur]) & Spec(Vy) — Mg (p")

classify the resulting bud. This, too, is a presentation, by Lemma 3.22. Let
M = F(X, — Mg (p")). Then

V ey, M= (¢"F)(X — Mgg)
and we are trying to calculate
Tory (V/(p™,...,u?), V ®v, M) — Tor,_ (V/(p™,...,up2y), V @v, M).

Since V is a free V,.-module, to see this homomorphism is zero it is sufficient to
note that

V/(poo7 cee u;z.ofl> - V/<poo7 v ’uzofl)[uvjl]
is split injective as a V,.-module as long as n > r. O
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8.21 Corollary. Let F be a quasi-coherent sheaf on Mgg(p”). Then
H (O)IF @ ¢*F)=0
fors>r.
Proof. Again one can work locally, using the presentations of the previous proof.

We prove the result by induction on n. If n < r the chain complex K*(u*)
o0

of V-modules supplies a resolution of length n of V/(p®°, ..., u2° ) by flat V-
modules; therefore,

H (0/IF @V ¢*F) =0, s>n.

So we may assume n > r. Then the previous result and the induction hypothesis
imply that

H(R(in)«i30/I0 @ ¢* F) = H(O/I;° @ ¢* F)
for s > r. Evaluated at Spec(V') — Mgy this is an isomorphism
Tory (V/(p™, . up? y)un '], V @y, M) 2 Tor [ (V/(p™, ..., u?),V @v, M).

Since n > r, we have

Torl (V/(p™, ... up> y)[u,'],V @y, M)
= Tor;/(V/(poo, o ul 1),V ey, M)[u,_ll].

Since s > r, the latter group is zero by the induction hypothesis. O

8.22 Theorem (Chromatic Convergence). Let F be a coherent sheaf on
M. Then the natural map

F— holim R(iy)wirF
1S a quasi-isomorphism.
Proof. There are distinquished triangles
RT () F — F — R(in)+inF — R pq(n) FI1];
therefore, it is sufficient to show that
holim R p () F == 0.
But this follows from Theorem 8.20. O

8.23 Remark. The reader will have noticed that chromatic convergence holds
in slightly greater generality: if Fy is any quasi-coherent sheaf on Mgg(p”) for
some 1 < 00, then the natural map

q* Fo— holim R(i,)+i*q* Fo

is a quasi-isomorphism.
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8.24 Theorem. Let Fy be a quasi-coherent sheaf on Mgg(p") and let F = q*Fy
be the pull-back to Mgg. Then the natural map

H*(Mgg, F)—H*(U(n), i, F)
is an isomorphism for s < n —r and injective for s =n —r — 1.

Proof. The failure of this map to be an isomorphism is measured by the long
exact sequence

RN Hs(Mfg7 RFM(n+1).7:) — H‘Q(Mfg,}-)
— H*(U(n),isF) — H* (Mg, RT pq(ns 1y F) — -+

where H*(Msg, R pq(n+1)F) is the hyper-cohomology of the derived local co-
homology sheaf RI" y(,,4+1)F. This can be computed via the spectral sequence

HP (Mg, HIRT pq(n41)F) = HPT4( Mg, RT pq(ns1)F)-
The isomorphism of Theorem 8.8
HORT py(y1)F =2 Hyg1-(O/ L35, @F F)

and Corollary 8.21 now give the result. O

References

[1] Alonso Tarrfo, Leovigildo and Jeremias Ldpez, Ana and Lipman, Joseph,
“Local homology and cohomology on schemes”, Ann. Sci. Ecole Norm. Sup.
(4), 30 (1997) no. 1, 1-39.

[2] Cartier, Pierre, Relevements des groupes formels commutatifs, Séminaire
Bourbaki, 21eme année (1968/1969), Exp. No. 359, 217-230. Lecture Notes
in Math., Vol. 179, Springer-Verlag, Berlin, 1971.

[3] Demazure, Michel and Gabriel, Pierre, Groupes algébriques. Tome I:
Géométrie algébrique, généralités, groupes commutatifs, Avec un appen-
dice Corps de classes local par Michiel Hazewinkel, Masson & Cie, Editeur,
Paris, 1970.

[4] Demazure, Michel, Lectures on p-divisible groups, Lecture Notes in Math-
ematics, Vol. 302, Springer-Verlag, Berlin, 1972.

[5] E. S. Devinatz and M. J. Hopkins, “The action of the Morava stabilizer
group on the Lubin-Tate moduli space of lifts”, Amer. J. Math., 117 (1995)
no. 3, 669-710.

[6] Devinatz, Ethan S. and Hopkins, Michael J. and Smith, Jeffrey H., “Nilpo-
tence and stable homotopy theory. I”, Ann. of Math. (2), 128 (1988), no.
2, 207-241.

124



[7]

Dwyer, W. G. and Greenlees, J. P. C., “Complete modules and torsion
modules”, Amer. J. Math., 124 (2002), no. 1, 199-220.

Grothendieck, A., “Eléments de géométrie algébrique. I. Le langage des
schémas”, Inst. Hautes Etudes Sci. Publ. Math., 4 (1960).

Grothendieck, A., “Eléments de géométrie algébrique. IV. Etude locale des
schémas et des morphismes de schémas. 11”7, Inst. Hautes Etudes Sci. Publ.
Math., 24 (1965).

Greenlees, J. P. C. and May, J. P., “Derived functors of I-adic completion
and local homology”, J. Algebra, 149 (1992) no. 2, 438-453.

Hartshorne, R., Residues and duality, Lecture notes of a seminar on the
work of A. Grothendieck, given at Harvard 1963/64. With an appendix by
P. Deligne. Lecture Notes in Mathematics, No. 20, Springer-Verlag, Berlin,
1966.

Hollander, S., “A homotopy theory for stacks”, to appear in Isr. J. of Math.
Hollander, S., “Geometric criteria for Landweber exactness”, preprint 2007.

Hopkins, Michael, “Complex oriented cohomology theories and the lan-
guage of stacks ” available at

http://www.math.rochester.edu/u/faculty/doug/papers.html.

M. J. Hopkins and B. H. Gross, “The rigid analytic period mapping, Lubin-
Tate space, and stable homotopy theory”, Bull. Amer. Math. Soc. (N.S.),
30 (1994) No. 1, 76-86.

Hopkins, Michael J. and Smith, Jeffrey H., “Nilpotence and stable homo-
topy theory. IT”, Ann. of Math. (2), 148 (1998), no. 1, 1-49.

Hovey, Mark, “Morita theory for Hopf algebroids and presheaves of
groupoids”, Amer. J. Math., 124 (2002), no. 6, 1289-1318.

Hovey, Mark, “Homotopy theory of comodules over a Hopf algebroid”,
Homotopy theory: relations with algebraic geometry, group cohomology,
and algebraic K -theory, Contemp. Math., 346, 261-304, Amer. Math. Soc.,
Providence, RI, 2004.

Hovey, Mark, “Operations and co-operations in Morava E-theory”, Homol-
ogy Homotopy Appl., no. 6 (2004) no. 1, 201-236.

Hovey, Mark and Strickland, Neil P., “Morava K-theories and localisation”,
Mem. Amer. Math. Soc., 139 (1999), no. 666.

Hovey, Mark and Strickland, Neil, Comodules and Landweber exact ho-
mology theories”, Adv. Math., 192 (2005) no. 2, 427-456.

125



[22]

[23]

[24]

Illusie, L,, Complexe cotangent et déformations. I, Lecture Notes in Math-
ematics, Vol. 239, Springer-Verlag, Berlin, 1971.

Jardine, J. F., “Stacks and the homotopy theory of simplicial sheaves”,
Equivariant stable homotopy theory and related areas (Stanford, CA,
2000), Homology Homotopy Appl., 3 (2001) no. 2, 361-384.

Joukhovitski, Valentina, “Topological modular forms and p™-level struc-
tures at the prime p”, Thesis, Northwestern University, 2006.

Katz, Nicholas M., “Higher congruences between modular forms”, Ann. of
Math. (2), 101 (1975) no. 2, 332-367.

Katz, Nicholas M. and Mazur, Barry, Arithmetic moduli of elliptic curves,
Annals of Mathematics Studies, 108, Princeton University Press, Princeton,
NJ, 1985.

Landweber, Peter S., “Invariant regular ideals in Brown-Peterson homol-
ogy”, Duke Math. J., 42 (1975), no. 3, 499-505.

Landweber, P. S., “Homological properties of comodules over MU, (MU)
and BP.(BP)”, Amer. J. Math., 98 (1976), no. 3, 591-610.

Laumon, Gérard and Moret-Bailly, Laurent, Champs algébriques, Ergeb-
nisse der Mathematik und ihrer Grenzgebiete 39, Springer-Verlag, Berlin,
2000.

Lazard, Michel, “Sur les groupes de Lie formels a un parametre”, Bull. Soc.
Math. France, 83 (1955), 251-274.

J. Lubin and J. Tate, “Formal moduli for one-parameter formal Lie groups,
Bull. Soc. Math. France, 94 (1966) 49-59.

Messing, William, The crystals associated to Barsotti-Tate groups: with
applications to abelian schemes, Lecture Notes in Mathematics, Vol. 264,
Springer-Verlag, Berlin, 1972. thesis

Miller, Haynes R., “Sheaves, gradings, and the exact functor theorem”
available from http://www-math.mit.edu/ hrm/papers/papers.html

Miller, Haynes R. and Ravenel, Douglas C. and Wilson, W. Stephen, “Pe-
riodic phenomena in the Adams-Novikov spectral sequence”, Ann. Math.
(2), 106 (1977), no. 3, 469-516.

Milne, James S., Etale cohomology, Princeton Mathematical Series, 33,
Princeton University Press, Princeton, N.J., 1980.

Morava, Jack, “Noetherian localisations of categories of cobordism comod-
ules, Ann. of Math. (2), 121 (1985), no. 1, 1-39.

126



[37]

[38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

Naumann, Niko, “Comodule categories and the geometry of the stack of
formal groups”, math.AT /0503308 .

Pribble, Ethan, “Algebraic stacks for stable homotopy theory”, Thesis,
Northwestern University, 2004.

Quillen, D.G., “On the (co)-homology of commutative rings”, Proc. Symp.
Pure Math. 17 (1970), 65-87.

Quillen, Daniel, “On the formal group laws of unoriented and complex
cobordism theory”, Bull. Amer. Math. Soc., 75 (1969), 1293-1298.

Quillen, Daniel, “Elementary proofs of some results of cobordism theory
using Steenrod operations”, Advances in Math., 7 (1971), 29-56.

Ravenel, Douglas C., “Localization with respect to certain periodic homol-
ogy theories”, Amer. J. Math., 106 (1984) no. 2, 351-414.

Ravenel, Douglas C., Mathematical Reviews MRT782555 (86g:55004) 1986:
review of Morava, Jack, “Noetherian localisations of categories of cobor-
dism comodules”. Ann. of Math. (2), 121 (1985) no. 1, 1-39.

Ravenel, D.C., Complex cobordism and stable homotopy groups of spheres,
Academic Press Inc., Orlando, FL, 1986.

Ravenel, D.C., Nilpotence and periodicity in stable homotopy theory, (Ap-
pendix C by Jeff Smith), Princeton University Press, Princeton, NJ, 1992

Schlessinger, Michael, “Functors of Artin rings”, Trans. Amer. Math. Soc.,
130 (1968), 208-222.

Smithling, Brian, “On the moduli stack of commutative, 1-parameter for-
mal Lie groups”, Thesis, University of Chicago, 2007.

Strickland, Neil P., “Formal schemes and formal groups”, Homotopy in-
variant algebraic structures (Baltimore, MD, 1998), Contemp. Math., 239,
263-352, Amer. Math. Soc., Providence, RI, 1999.

Strickland, N.P., “Gross-Hopkins duality”, Topology, 39 (2000) No. 5, 1021—
1033.

Wilson, W. Stephen, Brown-Peterson homology: an introduction and sam-
pler, CBMS Regional Conference Series in Mathematics, 48 Conference
Board of the Mathematical Sciences, Washington, D.C., 1982.

Department of Mathematics, Northwestern University, Evanston IL 60208
pgoerss@math.northwestern.edu

127



