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One flourishing branch of category theory, namely coherence theory, lies at the
heart of algebraic K-theory. Coherence theory was initiated in MacLane’s paper
{13]. There is an analogous coherence theory of higher homotopies, and the
classifying space conmstruction transports categorical coherence to homotopical
coherence. When applied to interesting discrete categories, this process leads to the
products and pairings (and deeper internal structure) of algebraic K-theory.

In much of the literature on algebraic K-theory, the underlying coherence theory
is tacitly assumed (as indeed it is throughout mathematics). However, the details of
coherence theory are crucial for rigor. For one thing, they explain which diagrams
can, and which cannot, be made simultaneously to commute. For example, a
symmetric monoidal category is one with a coherently unital, associative, and com-
mutative product. It can be replaced by an equivalent permutative category, namely
one with a strictly unital and associative but coherently commutative product. One
cannot achieve strict commutativity except in trivial cases.

Thomason [26] has given an amusing illustration of the sort of mistake that can
arise from a too cavalier attitude towards this kind of categorical distinction when
studying pairings of categories, and one of my concerns is to correct a similar
mistake of my own.

In [17], I developed a coherence theory of higher homotopies for ring spaces up to
homotopy and for pairings of H-spaces. That theory is entirely correct. [ also
discussed the analogous categorical coherence, proving some results and asserting
others. That theory too is entirely correct, my unproven assertions having been
carefully proven by Laplaza [unpublished]. However, my translations from the
categorical to the homotopical theories in [17], that of course being the part |
thought to be obvious, are quite wrong.

The moral is that to treat the transition from categorical coherence to homo-
topical coherence smoothly and rigorously, one should take advantage of the
definitional framework established by the category theorists. Given the work of
MacLane, Kelly, Street, Laplaza, and others [9, 10, 24], this transition is really quite
easy. One can handle the simplest coherence situations satisfactorily without it, as in
Segal’s original passage from permutative categories to [-spaces [22] or my original
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passage from permutative categories to  -spaces [16], but these procedures are
inadequate to handle the full generality of morphisms between permutative
categories and inappropriate for the study of more complicated types of categorical
input. In particular, neither cited approach works to handle pairings, at least not
with the very simple topological notion of pairing that [ shall introduce here. I
should have learned this philosophy from MacLane. In fact, I learned it from
Thomason.

This analysis of the categorical input is half of the remedy needed to retrieve and
extend the results of [17]. The other half is a generalization of the homotopical
coherence theory needed to make it accept the space level categorical output as
input, and this generalization should be of independent interest. While I talked
about the generalized E« ring theory at Aspen, that theory will be presented in a
sequel. Here I shall restrict myself to the simpler theory of pairings. Only the
pairings on the relevant spectra, and not their deeper infrastructure, are of present
use in algebraic K-theory, and this separation of material allows at least an attempt
to make the exposition accessible to algebraists. The two theories have a quite
different flavor, and there is a real need for a full treatment of pairings since
nothing in the literature is adequate for spectrum level theoretical work. It is
essential to study naturality, associativity, etc., up to natural isomorphism (or even
natural transformation) on the category level and up to homotopy on the spectrum
level. Such a theory has not been worked out before. I shall illustrate by proving the
“‘projection formula’’ relating K.R to K, S when given a ring homomorphism S—R
such that R is a finitely generated projective S-module. While that formula was
known, the corresponding formula in mod ¢ K-theory was not. With our topo-
logical proof, the latter is no more difficult than the former. I should admit that this
formula actually could be obtained without much difficulty from alternative
approaches, but the much deeper fact that the formula comes from a commutative
diagram of spectra could not.

A quick review of additive infinite loop space theory will establish notations and
set the stage for the present theory.

The idea of homotopical coherence theory on H-spaces is to specify enough
higher homotopies for the product on an H-space Y to ensure that Y has a
classifying space, or is an n-fold or infinite loop space. It would be horrendous to
specify the required homotopies explicitly, so one incorporates them in some
abstract framework. See Adams [2] for a nice intuitive discussion. There are two
main ways of doing this, either by use of parameter spaces % (/) for j-fold products
or by use of sequences {X»} which look formally and homotopically as if they were
sequences {Y"} of powers of a based space Y.

In the former approach, the spaces % (/) are so related as to comprise an operad
(as described in section one below), and an action of % on Yis just a suitably related
collection of maps #(j) x Y/— Y. See {15, Section 1].

In the latter approach, due to Segal [22], one starts with the category /7 with
objects the finite based sets n={0,1,...,n} and morphisms ¢ : m—n such that
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#~'(j) has at most one element for 1< <n. Thus /T consists of injections,
projections, and permutations. One defines a /7-space to be a functor [7—.7, where
J is the category of (well-behaved) based spaces, such that the n projections n—1
induce an equivalence & : X,— X (and a technical cofibration condition is
satisfied). One lets .7 be the category of sets n and all based functions. An .#-space
(or I'-space) is a functor #—.7 whose restriction to /7 is a I1-space.

In our axiomatization of infinite loop space theory [20], Thomason and I
developed a common generalization of these two notions. A category of operators is
a topological category # with object set {n{n=0} such that # contains /7 and is
augmented over .# by a functor which restricts to the inclusion on f1. A #-space is a
continuous functor % — .7~ whose restriction to /7 is a [1-space. When % = .7, this is
Segal’s notion. When X ={Y"} for a space Y, this is essentially an operad action.
To make the last assertion precise, we associate a category of operators 7 to an
operad % insuch a way that a #-action on Y determines and is determined by a ‘-
action on {Y"}. For that operad ./ such that each .+ (/) is a single point, . s
precisely 7.

See [20, Sections 1, 4] for details of these definitions; the cited sections are short
and are independent of the rest of that paper.

Let us say that an operad % is spacewise contractible if each #'(j) is contractible.
For such #, there is an essentially unique functor from #-spaces to spectra. It now
seems perfectly clear that the notion of #-space is definitively the right one for the
study of coherence homotopies on (additive) H-spaces.

This sketch makes it very natural to seek a development of homotopical
coherence theory for pairings of H-spaces in which the underlying additive
coherence theory is based on the use of #-spaces. While the categorical applications
are based on the use of #-spaces, our passage from .#-spaces to spectra will exploit
the extra generality, and the extra generality is bound to have other applications.

We introduce the notion of a pairing of #-spaces and state our main theorems on
the passage from space level to spectrum level information in Section 1. We recall
the notion of a pairing of permutative categories, state our main theorems on the
passage from category level to space level information, and prove the projection
formula in Section 2. We review the passage from permutative categories to .#-
spaces in Section 3 and prove the theorems stated in Section 2 in Section 4.

Our theorems in Section 1 are stated in terms of maps DAE— F of spectra in the
stable category. If we were willing to settle for pairings of spectra in the crude old-
fashioned sense of maps DAE,;— Fi.j such that appropriate diagrams commute up
to homotopy, then we could simply elaborate the proofs I gave in [17, IX Section 2]
via the generalization of the additive theory given in [20, Section 6]. However, at
this late date, no self-respecting homotopy theorist could be satisfied with such an
imprecise treatment. The extra precision requires the introduction of a notion of
pairings of #,-prespectra, a review of how smash products are constructed in the
stable category, and a study of the passage from pairings of J,-prespectra to
pairings of spectra, all of which is given in Section 5. Since the problem of con-
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structing pairings in the stable category arises very often in stable homotopy theory
and the general prescription we shall give is adequate for many applications far
removed from our present concerns, this material should be of independent interest.

We prove the theorems of Section 1 in Section 6. We shall use the **May
machine’’, but [ have little doubt that, upon restriction to #-spaces, the results
could also be proven by use of the ‘‘Segal machine’’. Note that nothing in the earlier
sections is bound to any particular choice of machinery. There is probably also a
uniqueness theorem for pairings along the lines of the uniqueness theorem in [20],
but at this writing there are unresolved technical obstructions to a proof. Of course,
one can simply translate the pairings here along the equivalence of additive
machines to introduce pairings in the Segal or any other machine,

Our notion of a pairing (X, X)— X on an .#-space X is simpler than Segal’s notion
in [22, Section 5] of a multiplication on X. The extra complication is unnecessary
for the known applications starting from categorical input but is necessary for appli-
cations in étale homotopy theory. In an appendix, we explain how to generalize our
theory of pairings to accept the more complicated input data. After writing the body
of this paper, but before writing the appendix, I learned that Robinson [30] has
recently used the Segal machine to construct pairings of spectra from (generalized)
pairings of .#-spaces; he has not considered commutativity and associativity
diagrams (or naturality on the up to homotopy morphisms our theory accepts).

Loday [12] gave the first systematic study of products in algebraic K-theory. It is
immediate from the diagram following Corollary 6.5 below and a direct comparison
of definitions that the appropriate specializations of our pairings agree with his
pairings. The basic difference is that he obtains space level diagrams which only
commute up to weak homotopy. There is one lim! ambiguity obstructing their
commutativity up to space level homotopy and another lim! ambiguity obstructing
their commutativity up to spectrum level homotopy. Our theory circumvents these
ambiguities. The extra precision is irrelevant if all one cares about are the actual K-
groups but is essential to the more sophisticated spectrum level analysis (which can
lead to powerful calculational consequences, as in recent work of Thomason for
example).

Waldhausen [29, II Section 9] used pairings of Q-constructions on exact
categories to obtain pairings in algebraic K-theory, the point being that connectivity
allows direct use of induced pairings of classifying spaces. This gets around the first,
but not the second, lim! ambiguity mentioned above. It is intuitively clear, although
I have not checked the details, that his result [29, 9.26] can be used to show that his
pairings in algebraic K-theory agree with ours.

By the axiomatization of the spectra of algebraic K-theory given by Fiedorowicz
[16] (but see also Thomason [26]), the present theory of pairings directly implies that
the machine-built spectra of algebraic K-theory are equivalent to those obtained ring
theoretically by Gersten [7] and Wagoner [27].

I am much indebted to Steinberger for finding the mistakes in [17] and to
Thomason for a number of very useful discussions of this material. The mod g
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projection formula is proven here at Thomason’s request, with a view towards
applications in his work. Also, at the end of Section 3, [ use an argument given to
me by Thomason to generalize my uniqueness theorem for the passage from
permutative categories to spectra (18] so as to allow its application to lax rather than
strict morphisms. I am very grateful to Steiner for his paper [23], which vastly
improves the geometric theory of [17] and thus of section 6 below. The appendix is
included at Friedlander’s request, with a view towards applications in étale
homotopy theory.

1. Pairings of %-spaces

Wedges and smash products of finite based sets induce functors V : [TX[T—1]
and A : ITxIT—1II, and similarly on the larger category #. To be precise, we
identify mvn with m+n in blocks and identify mAn with mn via lexicographic
ordering of pairs.

A pairing of IT-spaces f: (X, Y)—Z is a natural transformation of functors
f: XAY—Zo A, That is, we require maps fmn : XmA Yn—Zmn such that the follow-
ing diagrams commute for morphisms ¢ : m—p and v : n—q in /7:

Xm/\ Yn e, Zmn

J [ ()

XoNYq 2 7,
The simplest example occurs when X, Y, and Z arise from powers of based spaces
U, V, and W. Here we are given a pairing of based spaces, that is a map
S: UAV—W, and the maps fmn : UTAV"— W™ can and must be defined to have
(i, /)th coordinate the given map applied to the ith coordinate in U™ and the jth
coordinate in V. Because ¢ ~!(r) and w ~!(s) have at most one element for 1 <r<p
and 1 =s5s=<gq, the commutativity of (*) is automatic.

We regard pairings of [1-spaces as underlying space-level scaffolding, and we
want to elaborate to take account of products and richer internal structure on X, Y,
and Z. For example, X, Y, and Z could be #-spaces rather than just [7-spaces in the
definition above. If they arose from spaces U, V, and W, then these spaces would be
Abelian monoids and the diagrams (*) for ¢ and y in # would be equivalent to
bilinearity of the original map f: UAV—W. We have the following simple and
natural generalization of this notion of a pairing of #-spaces.

oAy

-

Definition 1.1. Let %, 7, and £ be categories of operators. A pairing A : ¥x 49— ¢
is a functor such that the following diagram commutes:

Ix[T—— X G ——— FxF
YT
£

1 7
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Let X, Y, and Z be a #-space, a Z-space, and an &-space, respectively. A pairing
f: (X, Y)—Zis a natural transformation of functors XAY—Z<A. That is, f consists
of maps fmn : XmAYn—Zmn such that the following parametrized version of the
diagram (*) commutes:

(A X fmall xTx 1)
—_—

#(m, p) X Xm>!< G, q) X Yn £(mn, pq) X Zmn.
| .
XpxYq Zpq

Here the vertical arrows are evaluation maps (and we have suppressed the evident
quotient maps to smash products). A morphism f—f’ of such pairings is a triple
(e, B, y) consisting of morphisms of %-, Z-, and £-spaces such that the following
diagram of functors commutes up to homotopy:

XnyY|—L—=|ZoA
a/\ﬁ{ I YA

l S
X'NY —— Z'°A\

While morphisms of #%-spaces are just natural transformations, with no
homotopies allowed, we emphasize that it is not sufficient to require the last
diagram to commute strictly. The following general definition makes the phrase
‘‘up to homotopy’’ precise.

Definition 1.2. Let % be a topological category and let 4 and &’ be natural transfor-
mations between continuous functors X and Y from % to 7. A homotopy h : d=d’
consists of homotopies

hn:Xn/\1+_'Yn, hn:dn—': ’n,
for objects ne % such that the following diagrams commute for morphisms
¢:m—-nin %:

XY —2 Ym

| b

XoN* —2 Y,

L%

Here XAI* = X x I/+*x I, and use of this reduced cylinder amounts to restriction
to homotopies through based maps. Thus a homotopy # : d=d" is a homotopy
through natural transformations X— Y.

We next write down unit, associativity, and commutativity specifications. While
this could be done in the general context above, we restrict attention to ring type
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pairings for notational simplicity. However, we remark that (left or right) module
objects over ring objects have obvious definitions for which all of our results
throughout the paper remain valid (where ‘‘objects’’ are #-spaces, permutative
categories, /,-prespectra, or spectra).

Note that /7 and .# are permutative categories under A. That is, A is associative
and unital with unit 1 and is commutative up to the natural isomorphism
7 : A~ Aot specified on the object (m, n) as the transposition permutation

t(m,n) : mn=mARn—>nAm=nm,

the left and right equalities being lexicographical identifications. As here, we shall
write ¢ for transposition functors and t for transposition isomorphisms throughout
the paper.

In particular, for #-spaces X and X’, the transposition homeomorphisms
XinX;— X;AX; specify a natural isomorphism 7 : XAX'—(X'AX)et of functors
EX % 7.

Note too that there is an obvious definition of the smash product YAX : b= T
of a space Y and a functor X : %— 7.

Definition 1.3. A permutative category of operators is a category of operators A
which is a permutative category under a pairing A: 4 x %— % whose unit is 1 and
whose commutativity isomorphism r : A— Aot is given by the permutations (m, n)
in [TC %. Thus [7— % and #— 7 are morphisms of permutative categories.

A 7“-space X is said to be a ring #-space if it has a unit e : S9=X (that is, a
second basepoint 1€ X)) and a pairing f: (X, X)—X such that the following
diagrams of functors commute up to homotopy:

SOAX —2 X\AX,  XAX| —=— XASO

L7

X X

and

XAXAX Al (X oAAX = (XAX)o(AX 1)
IAfi SN X))

XAXoA) = (XAX)o(1 x A) T2 xopo(l x A)=XoAs(AX1)

X is said to be commutative if the following diagram of functors commutes up to
homotopy:

XANX —L— Xon

l ln

(XAX)t —L— Xopot
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A map « : X— X' of ring #-spaces is a map of #-spaces such that there is a path
connecting 1 to a(l) in X and the triple (¢, @, @) is a morphism of pairings of ‘-
spaces.

Our passage from pairings of #%-spaces to pairings of spectra will depend on the
use of operads. Briefly, an operad % is a sequence of spaces #(J) such that
% (0) = { »}, there is a unit 1 € #(1), the symmetric group % acts from the right on
7(J), and there is a suitably associative, unital, and equivariant family of maps

Y ER)X EUDX X B EU i+ e+ k).
See [15, p. 1]. The associated category of operators # has morphism spaces

Amm= 11 I “Co-'U)D.

pe Fma) lsj<n
Its composition is specified on [20, p. 215]. All useful categories of operators seem
to be of this form. The following is the operad level precursor of the pairing data we
have assumed on categories of operators.
Definition 1.4. A pairing A : (%, 7)—# of operads consists of maps
A e X 7 k)= 6(jk)

such that the following properties hold, where ce #(J) and de - (k).
() If ue2; and ve Xy, then

cundv = (eAd)(unv),

where uAv is regarded as a permutation in 2.
(ii) If cqe “{hy) for 1=g=jand d-e 4(i;) for | <r<k, then

y<cl\d; X (Cq/\dr)>w = y(c; X cq>/\y(d; X dr),
q.r) q r

where w is the natural distributivity isomorphism

V hgAi— <v hq>/\ (V i,>
q.r q r

regarded as a permutation (via block and lexicographic identifications of the source
and target). A permutative operad is one equipped with a unital (with unit 1) and
associative pairing A : (%, ¥)— % which is commutative in the sense that

cAd = (dAe)t(J, k).

An elementary inspection of definitions gives the following result, which only
asserts the correctness of the preceding definition.

Lemma 1.5. A pairing N\ : (%,7)— ¢ determines and is determined by a pairing
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A: (%, 7). Anoperad % is permutative if and only if the associated category of
operators % Is permutative.

Examples appear in [15, p. 72], [17, p. 250], and Section 6 below. However, the
example to concentrate on is % =.+, with #= 7. 1f # is spacewise contractible,
then a %-space X determines a spectrum EX whose zero-th space EoX is a ‘‘group
completion”” of X and there is a unique such functor E; see [20]. With this
definitional apparatus, our main theorems read as follows. We shall recall what the
‘‘stable category’’ is in Section 5.

Theorem 1.6. Let A\ : (%, 7)— & be a pairing of spacewise contractible operads.
Then pairings f:(X,Y)—Z of a #-space X and Z-space Y to an 4-space Z
Sfunctorially determine pairings Ef : EXAEY—EZ in the stable category.

Theorem 1.7. Let % be a permutative spacewise contractible operad and let X be a

ring #-space. Then EX is functorially a ring spectrum. That is, the following
diagrams commute, where S is the sphere spectrum and e : S—EX is induced by
e:S'—Xx:

SAEX —2s EXANEX —25— EXAS

Ef

EX

and

Efnt

EXNEXNEX —— EXANEX

IAES l Ef

EXNEX —2— EX

I[f X is commutative, then EX is commutative; that is, the following diagram

commutes:
’J EX
EXAEX s

Of course, these diagrams must be interpreted in the stable category, and the
proof will require an understanding of the coherence isomorphisms for the unity,
associativity, and commutativity of the smash product in that category. We reiterate
that these results are much stronger than mere assertions about pairings of spectra in
the classical sense.

Our proof of Theorem 1.6 will have as a byproduct an analogous result on
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pairings of machine-built m-fold and n-fold loop spaces to machine-built (m + n)-
fold loop spaces. Of course, the use of three different operads is essential to any
such result.

The module theoretic version of Theorem 1.7 is perhaps more interesting than the
version stated. In practice, machine-built commutative ring spectra have a great deal
more internal structure. That will be the subject of the sequel, but the basic idea will
become apparent in Section 3.

As a matter for amusement, our proofs of Theorems 1.6 and 1.7 will actually
work without the spacewise contractibility hypothesis on the operads in question.

2. Pairings of permutative categories

Write 7./ and .#.«/ for the object and morphism spaces of a small topological
category .¥; we require the identity function 7./ —.# =/ to be a cofibration. Let Cat
denote the category of small topological categories and continuous functors (and
suppress the adjectives henceforward). In the applications to algebraic K-theory,
everything will be discrete.

A pairing of categories is simply a functor ® : .« x 4> %. If «/, 4, and ¢ are
symmetric monoidal categories (under @ and 0), we obtain the notion of a pairing
by requiring the zero objects to act as strict zeros, a®0=0 and 0® b =0, and
requiring a coherent natural bidistributivity isomorphism

(@@a)RQ D)= (@@ @R HND (@R L)D (@R D).

The meaning of coherence here has been made precise by LaPlaza [unpublished, but
see 9 and 10]. We insist on strict zeros since we want to arrive at smash products on
the topological level; with a bit of extra verbiage, we could manage just as well with
nullity of zero coherence isomorphisms.

To avoid excess parentheses and other more substantial annoyances, it is con-
venient to restrict attention to permutative categories. Then one way to make
coherence precise is to require prescribed subsets 4.« of /< and 9% of ¢ 2
which generate /.« and ¢ # under @. One requires strict zeros and strict equality

m n
(_z m)@( ) b,->= L ai®b;

i=1 j=1 (i.4)
for all sequences (ai,...,am) and (b1,...,bn) of objects in ¥« and ¥# and of
morphisms between objects of ¥« and % #. Here the right-hand sum is taken in
lexicographic order. One requires these equalities for different orderings of the a;
and b; to be compatible with the commutativity isomorphisms for =/, #, and % [see
17, p. 247 (where various ®’s should be @’s in (#*))].

The use of permutative rather than symmetric monoidal categories results in no

loss of generality. As shown in [17, IX.1.2], passage from symmetric monoidal to
permutative categories preserves pairings, the proof there showing that the use of
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generating sets of objects in formulating coherence is not as artificial as it might
appear at first sight. While we no longer have any pressing mathematical need to
replace symmetric monoidal by permutative categories, since this step is not
essential for the passage 10 .#-spaces given in the next section, strictly as a matter of
taste I prefer to eliminate all coherence isomorphisms that can be eliminated.

Thus our objects of study will be permutative categories and their pairings.
However, as observed by Thomason [25], the notion of morphism used in {17] and
implicitly in [22] is unnecessarily strict. A morphism of symmetric monoidal
categories should be a functor F : ../ —./’ together with coherent natural transfor-
mations A : 0—F(0) and @ : Fa® Fb— F(a+ b), the coherence diagrams being those
of Lewis [9; see also 17, p. 153]. There is no need for A and @ to be isomorphisms,
hence no possibility for them to become the identity on passage to permutative
categories. Thus a morphism of permutative categories should be the same thing as
a morphism of underlying symmetric monoidal categories.

Similarly, we define a morphism of pairings of symmetric monoidal or
permutative categories to be a triple (£, G, H) of morphisms of symmetric monoidal
or permutative categories such that the following diagram commutes up to a
coherent natural transformation ¥ : FRG—-H=X:

s .

A X B

Q

FxG H

)

A'X B

The precise meaning of coherence in this particular situation is probably not in the
literature, but can be extracted by the methods of [9, 10]. Certainly passage from
pairings of symmetric monoidal to pairings of permutative categories is functorial.

We define a ring permutative category to be a permutative category ./ with a unit
object 1 (and resulting unit injection e : *— /) and a pairing ® : « X o/ —./ such
that the following diagrams of categories commute up to coherent natural
isomorphism:

1 lxe
X — XA, A XA ——— A X *
s &

4 4
and

A XA XA =2 X

1x® 3

A XA —2 g
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We say that =/ is commutative if the following diagram commutes up to coherent
natural isomorphism:

X \
X /

o XA

Coherence here has been made precise by LaPlaza [9 and unpublished]; see also
Kelly [10]. A morphism F : ./ —.«' of ring permutative categories is a morphism of
permutative categories such that there is a morphism 1—F(1) in .= and the triple
(F,F,F) is a morphism of pairings of permutative categories (compare Definition
1.3).

Passage from symmetric monoidal to permutative categories by the usual
procedures [e.g., 16, Section 4] would not reduce any of the natural isomorphisms
above to identities, as a glance at the proof of {17, [X.1.2] will make clear. [t is for
this reason that use of homotopies was essential to the definitions in the preceding
section. If we concentrate on comrmutative ring theory and resolutely ignore the
possibility of pairing different categories, the situation changes completely
(compare {17, VI Section 3]), and much sharper results than those to follow emerge.
These will be studied in the sequel.

Henceforward, we leave all unspecified details of coherence to the interested
category theorist, but with the warning that this means that all substantive work in
the proofs of the following theorems is also being left to the category theorist.

As will be recalled in Section 4, there is a functor which associates an #-space
B./ to a permutative category .. Its first space B/, is equivalent to the classifying
space B./. We shall prove the following results in Section 4.

Theorem 2.1. Pairings & X # — % of permutative categories functorially determine
pairings B x B#A— B % of F-spaces.

Theorem 2.2. [f «/ is a ring permutative category, then B4/ is functorially a ring 7-
space. If & is commutative, then B2/ is commutative.

Write £« =EB. This passage from permutative categories to spectra was
axiomatized in [18] (see Remarks 4.1 below). The previous theorems feed directly
into those of the first section to yield pairings of spectra from pairings of categories.
We apply this to prove the ‘“‘projection formula” for higher algebraic K-theory.

Corollary 2.3. Let f: S—R be a homomorphism of commutative rings (with unit)
such that R is a finitely generated projective S-module via f. Let Z(R) and 7(S) be
the categories of finitely generated projective R and S-modules (made permutative).
Let f. 1 P(R)— P(S) be the forgetful functor which sends an R-module P to P
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regarded as an S-module by pullback along f. Let f* : 2(S)— #(R) be the extension
of scalars functor which sends an S-module Q to the R-module R®s Q. By passage
to spectra and then to homotopy groups, f. and f* induce homomorphisms

f« : Ku.R—K.S and f*:K.S5—K.R
such that f* is a morphism of commutative graded rings and

Sol S * ) =falx)y
in Kq.rY for xe KgR and y € KS.

Proof. Since #(R) is a commutative ring permutative category, E#(R) is a com-
mutative ring spectrum. By definition, or by a standard argument if one prefers
another definition, K.R = n.E2(R). The product on KR is obtained by composing
the smash product between maps from sphere spectra to £:2(R) with the product of
EZ(R), hence K,R is a commutative graded ring. Since f*: 2(S)— 2(R) is a
morphism of ring permutative categories by virtue of the coherent natural
isomorphism

(ROs QRrR(R®sQ)=RRs(QVs D),
f*: EAS)—EZ(R) is a map of ring spectra and f* : K,.§—K,R is a ring homo-
morphism. The coherent natural isomorphism

PRrR(R®sQ)=P®sQ

of S-modules gives the commutativity of the following diagram up to coherent
natural isomorphism:

P (R)X P(R) «=L— 2 (R)x 2(S) == 2(S)x 2(S)

[

2(R) - 2(S)
This may be viewed as a morphism of pairings of permutative categories, hence

induces a similar commutative diagram on passage to spectra, and the projection
formula follows.

The special case g=0 of the projection formula was proven by Quillen [21,
Section 7, 2.10]. The general case is implicit in Loday [12] and is given a different
proof in Gillet (8, 2.9].

The advantage of our proof is that one can easily apply standard topological
constructions to it. For example, Browder {4] has shown the efficacy of introducing
coefficients into algebraic K-theory. Let M be the Moore spectrum with Oth
homology group Z; for some prime power g=p” and with no other non-zero
homology groups. Then

K (R; Zy) = n (EP(R)AM).
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If p#2, M has a product. If also p# 3, then M is a ring spectrum and therefore so is
EAM for any ring spectrum E. Now the projection formula in mod g K-theory is
immediate: one need only replace E2(R) and E#(S) by their smash products with
M in the proof just given.

3. Street’s first construction

Our passage from pairings of categories to pairings of F#-spaces is based on use of
Street’s first construction in [24]. Since we need facts about this that are most simply
verified just by looking at it, we review the relevant definitions. While the work here
is due to Street, understanding of its relevance to infinite loop space theory is due to
Thomason [25].

The category theorist will know that the following three definitions specify the 0-
cells, 1-cells, and 2-cells of a 2-category [14, p. 44], but we eschew all avoidable
categorical terminology (pace Saunders).

Definition 3.1. Let % e Cat. A lax functor A : ¥ —Cat is a pair of functions which
assign a category A(n) to each object n of % and a functor A(p) : A(m)—A(n) to
each morphism ¢ : m—n of % together with natural transformations

o(n) : A()~id and a(y, @) : A(wg)—~>AW)A(®)

for each identity morphism 1 : n—n and each composable pair of morphisms (i, ¢)
such that the following diagrams of functors commute:

A(¢)A(1) oo 1) o(l.9)

A(p) — A(1)A(¢)
A@e(m) “mA@)

A®)

and

Alwwp) —2222— A(wy)A(p)

alw, yd) FHw, y)A(9)

A(w)A(wo)

A(y)o(y, 0)

A(w)AW)IAB)

In our applications, the o(n) will be identities and the g(y, ») will be isomor-
phisms. This is not Street’s definition but its opposite, called an op-lax functor by
Thomason [25].

Definition 3.2. Let 4,B: ¥—Cat be lax functors. A (left) lax natural transfor-
mation d : A— B is a pair of functions which assign a functor d(n) : A(n)—B(n) to
each object n of ¥ and a natural transformation

d(¢) : B(p)d(m)—d(n)A(p)
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to each morphism ¢ : m—n of % such that the following diagrams of functors
commute for | : n—nand v : n—p:

B()yd(n) —22— d(m)A(1)

otmd(n) /mgw

d(n)
and
B(wo)d(m) L2 d(p)A(wo)
oly, 9)d(m) Ap)o(w. p)
B(w)B(@)d(m) —=2220 B(y)d(m)A(p) ——2% d(p)A(w)A(9)

The composite of d: A—=B and e : B—C is specified by (ed)(n)=e(n)d(n) on
objects and by the composite
(ed)(9) : C(@)e(m)d(m)

on morphisms. There results a category of lax functors and lax natural transfor-
mations.

e(¢)d{m) e(n)d(9)

e(n)B(g)d(m) ——— e(n)d(n)A(¢)

In our applications, the d(¢) will usually be isomorphisms. The name adopted in
the following definition is non-standard.

Definition 3.3. Let d,d’ : A—B be lax natural transformations of lax functors
4—Cat. A natural homotopy & :d—d’ consists of natural transformations
o(n) : d(n)—d'(n) such that the following diagram of functors commutes for
¢ -m—n:

B(p)d(m) 2" B(p)d(m)

d(¢) a'(p)

d'(mA(®)

a(n)A(@)

d(m)A(¢)

If &' : d’—d” is another natural homotopy of lax natural transformations 4~ B,
then 0’6 : d—d” is specified by (§0)(n)=J'(n)d(n). If e, : B— C are lax natural
transformations and € : e—¢’ is a natural homotopy thereof, then &d : ed—e'd’ is
the natural homotopy with (ed)(n) the common composite, “‘e(n)d(n)’’, in the
diagram

e(n)o(n) e(n)d'(n) e(md'in)

e(n)d(n) T e'(n)d'(n)

Me (n)d(n)m
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Of course, all this is utterly familiar to the category theorist, who will immediately
see the standard 2-category condition (e'd)(ed) = (£'€)(d°9):

d
[a
A =t B —s C
g
-

~
%

Homotopy theorists may be appalled by this definitional apparatus, but it is
unquestionably right for the purposes at hand.

In nature, lax functors % — Cat are ubiquitous but actual functors are rare. Street
[24] introduced the following rectification of lax functors to genuine functors.
Much more can be said about its categorical properties, but we restrict attention to
what we shall use.

Theorem 3.4. There is a functor, written A— A on objects and d—d on morphisms,
from the category of lax functors 4 —Cat and lax natural transformations to the
category of genuine functors % —Cat and genuine natural transformations. For
each object n of %, there is an adjoint pair of functors ¢ : A(n)—A(n) and
n 1 A(n)y—A(n), and the n are the functors of a lax natural transformation A—~A. If
A is a genuine functor, the ¢ specify a genuine natural transformation A—A. If
S : d—d'is a natural homotopy of lax natural transformations between lax functors
A and B, then there are induced natural transformations 5(n) : d(n)—d'(n) such
that the following diagram of functors commutes for ¢ : m—n:

Bp)d(m) —2227 B(p)d(m)
d(mA(p) =222 F(n)A(p)

That is, 8 is a natural homotopy of genuine natural transformations. Passage from
d to & preserves both compositions of natural homotopies.

For the benefit of homotopy theorists lost in the notation, we explain what this
says homotopically before proceeding to the proof. Let # be the category with
objects 0 and 1 and one non-identity morphism ¢ : 0— 1. Recall that a natural trans-
formation y : F— G between functors ./ — 4 determines and is determined by the
functor x : «/ x .#— 4 which restricts to Fand G on « x {0} and =¥ x {1} and is the
common composite yF(a)=G(a)y on morphisms (a,7). Recall too that the
classifying space functor B preserves products and carries .# to /, hence carries
categories, functors, and natural transformations to spaces, maps, and homotopies.



Puairings of categories and spectra 315

In particular, it carries adjoint pairs of functors to inverse homotopy equivalences.

Now restrict attention to based categories and consider the theorem. BA: 4—7
is a functor with BA(n) equivalent to BA(n), Bd : BA— BB is a natural transfor-
mation, and, the heart of the matter for our purposes, considering &(n) as a functor
A(n)x #—B(n), BJ is precisely a homotopy between natural transformations in the
sense of Definition 1.2. Thus the theorem serves to convert the lax notions to which
categorical coherence theory naturally gives rise to exactly the sort of space level
data one needs to apply our homotopical coherence theory.

We give the constructions, since we need the details, but we omit all verifications
in the following outline proof of the theorem. Write x(a) for the value of a natural
transformation y on an object a.

Proof. For an object ne %, A(n) is the category whose objects are pairs (¢; a),
where ¢ : m—n is a morphism of % and a is an object of A(m), and whose
morphisms (¢; a)—(¢’;a), ¢’ : m’—n, are pairs (y; @), where y : m—m’ satisfies
¢’'w=¢ and where ¢ is a morphism A(y)(@)—a" in A(m’). The composite
(v'; a)w; a) is (w'w; B), where # is the composite

olw', wHa) Aw)a)

A(y'y ) a) A(wNA(w)a)

The identity morphism of (¢;a) is (1; o(m)(a)). For a morphism w : n—p in %,
A(w) : A(n)—A(p) is the functor specified on objects and morphisms by

A(w)(¢;a)=(wo;a) and A(w)(w;a)=(v; a).

This completes the construction of the functor A : % —Cat.
The functor € : A(n)— A(n) is specified by

&(@; a)=A@)(a) and e(y;a)=A(@Na)°o(@,w)(a).
The functor 5 : A(n)—A(n) is specified by
n(b)=(1;6) and n(B)=(1;B8°0(n)(b))
for be A(n) and B : b—b" in A(n). The counit en—id and unit id—zne of the
adjunction are specified by the morphisms
o(m)(d) : A()(®)—b and (p; 1) : (95 a)—(1; A(@)(a)),
and the latter morphisms also specify the natural transformations
n(®) = A(@)n(m)=n(mA(@)

required for # to give a lax natural transformation A— 4.

For a lax natural transformation d : A— B, the genuine natural transformation
d: A—B is given by the functors d(n) : A(n)—B(n) specified on objects and
morphisms by

d(n)@; a)=(¢p;d(m)@) and d(n)(w;a)=(v;dim)(@)d(w)a)).

A(p)a) —— a".
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For a natural homotopy 6 : d—d’, the natural transformation §(n) : d(n)—d'(n) is
specified by the morphisms

(1; 6(m)(a) e o(m)d(m)(@)) : (¢; d(m)(a))—(¢; d'(m)(a)).

We have ignored the topology so far in this section. We assume for simplicity that
% is discrete, since this holds in our applications. Via disjoint unions and products,
the sets #A(n) and . # A(n) inherit topologies from the spaces #A(m) and .« A(m).
Here points of .# A(n) must be regarded as triples (source, morphism, target) in
order to obtain continuous source and target maps. When, as holds in our
applications, the o(n) are given by identity morphisms, the identity functions
#A(n)— #A(n) are cofibrations because the identity functions #A(m)—.#A(m)
are cofibrations.

We need a few general observations about the constructions above. For typo-
graphical simplicity, we write S4 = A4 in the remainder of this section.

Lemma 3.5. Lax functors A : % —>Cat and B : #—Cat induce a product lax
Sunctor AxXB: % x.#—Cat, and S(A X B)=SA X 8B. Similar assertions hold for
lax natural transformations and natural homotopies thereof.

Lemma 3.6. If F: #— % is a functor and A : ¥—Cat is a lax functor, then
AF : #—Catis a lax functor and application of F to the first coordinate of objects
and morphisms specifies a natural transformation { : S(AF)—S(A)F which is
natural with respect to lax natural transformations d: A—B and natural
homotopies thereof.

Clearly the following diagram commutes when defined:
S(AFF)

<
; T S(AF)F’
S(A)FF’ /

We shall be interested in lax functors #—Cat, where we shall have { : S(4°A)—~
S(A)eN for A FxF-F If 11: F—-FxF is specified by 1(n)=(n,1) and
1n{¢)= (¢, 1) on objects and morphisms, then Aoy is the identity. The diagram just
given shows that the composite

S(AoAo1) —— S(A°N) o1 —1ms S(A)

is the identity, and similarly for 12=t:;. The diagram also implies the commutativity
of the following associativity diagram, the composites having common value {:

A XD
_—

S(A oA (A X 1)) —— S(A°A)o(AX 1) S(A)oAs(AX 1)

i
S(A°A(1 x/\))._i_» S(A°A) (1 X A) W xA)

S(A)oAs(1 X A)
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For the study of commutativity, we shall need a much less obvious analog. Recall
the natural commutativity isomorphism r: A°A—A°A<r from section one and
define a lax natural transformation t : A eA—A oAt by letting the (m, n)th functor
(m, n) : A(mn)—A(nm) be A(t(m, n)) and letting

(¢, w) : A(wAg)t(m,n)—~t(p, )A(PAY)

be the natural transformation a(r(p, ). pAw)ea(wAg, (m,n))~!. We assume the
o(w, ) are isomorphisms, as that will be obvious in our examples; we see that the
definition makes sense by applying A to the diagram

mAn — pAg

r(”l.")[ l[lp'q)

nAm —=%> gqAp

Lemma 3.7. The following diagram of functors commutes up to a natural
homotopy which is itself natural in A:

S(AoN) —— S(A)°A

[S(A)r

S(AoNoT) —— S(A)oAe°T

Str)

Proof. A typical object of the category S(A eA)(m, n) has the form ((4, v}; @), where
u:i—=m, v:j—n, and ae A({j). We have

(S(A)YD((u, v); @) = (S(A)TYuAY; a) = (t(m, n}uAv); a)

and
CoS(T) (e, v); @) = Ll(u, v); T(i, S W @) = (vAu; T(i, j ) @)).

The required natural transformations

(£oS(z))(m, n)—(S(A)7°{)(m, n)

are specified by the morphisms

(G, /) 1)+ (vAu; t(h f) (@)~ (x(m, n)(uAv); a)

in S(A4)(m, n). The remaining verifications are tedious exercises.
4. The passage from permutative categories to 7-spaces

We first apply Theorem 3.4 to construct a functor from permutative categories to
#-spaces and then use this functor to prove Theorems 2.1 and 2.2. Symmetric
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monoidal categories would work just as well but would serve only to complicate the
notation.

We associate a lax functor A : #—Cat to a permutative category . as follows.
Set A(n)= " For a morphism ¢ : m—nin ~ specify the function A(@) : A(m)—~

A(n) by
A(¢)< X a,«)= X ( ¥ a,)
(=1 J=t \ el =;

on objects and morphisms, where the empty sum {s interpreted as the object 0 or its
identity morphism. Note that A(1) is the identity functor and let g(n) be the identity
transformation. For w : n—p,

A(y/(p)( >,Z a,’>= >p< Y a
1

i= k=1 (woKi) =k
while
A(W)A(¢)< x a,-)= X T % a.
i=1 k=1 wij)=k ol)=;

The sums are taken in different order, and the commutativity isomorphism in =
determines a natural isomorphism o(y, @) 1 A(we)— A(w)A(®); its kth coordinate
rearranges sums ordered by increasing / to sums ordered by increasing j and for
fixed j increasing /. If ¢ or y is the identity, no rearrangement is necessary and
a(y, @) is the identity. The second diagram in Definition 3.1 commutes by
coherence.

For a morphism F : v/ — .3 of permutative categories, the functors F*: /" 4"
and natural transformations B(¢)F "~ F"A(¢) with jth coordinate

¥ F(a,-)—*F( ¥ ar)
oiy=j o =j

determined by @ : FOF—Fo@ (orby A : 0—=F(0)if j¢ Im ¢) specify a lax natural
transformation A — B of lax functors. Again, the second diagram of Definition 3.2
commutes by coherence.

We have associated functors 4 : #—Cat and natural transformations £ : 4- B.
We shall also write 4 = &/ to emphasize that it is a collection of categories A(n) = ./
to which the classifying space functor B can be applied. We give =/, the base object
0=(0 : 0—n; 0); this uses the convention that ./ is the trivial category with object
0. Then the lax functor A and induced functor A both take values in based
categories (because w°0=0 for any morphism w in #). It is now clear from the
general discussion in the previous section that Bz is an Z-space and BF is a

morphism of #-spaces.

Remarks 4.1. A different functor &/ : #—Cat was introduced by Segal [22, Section
2] and made precise in [18]. That construction is smaller and perhaps more elegant;
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=/t is precisely ./, and .7/ is equivalent to ./" rather than just related to it by an
adjunction. [t is a basic insight of Thomason that .+ is usually the more powerful
tool. In particular, Theorems 2.1 and 2.2 are direct consequences of coherence
theory using .=/, but cannot be proven using 7. On the other hand, the uniqueness
theorem in [18] for the passage from permutative categories to spectra depends on
the fact that each ./, is a permutative category. I do not see how to prove such a
result for «/, hence a generalization of the uniqueness assertion to non-strict
morphisms is not quite immediate (in contradiction to a claim in [25]). However, we
shall give a proof of such a generalization, due to Thomason, at the end of the
section. The appendix will give a comparison of .7 to ./ and will show how to
develop a theory of pairings based on use of /.

With these preliminaries, we show how the category theorist’s work on coherence
proves Theorems 2.1 and 2.2 for us.

Let ® : #Xx.4— 7% be a pairing of permutative categories. We define a lax
natural transformation ® : A X B—CoA of lax functors .~ x .#—Cat as follows.
The (m, n)th functor

®(m’n) : »T/IHX % no, (6 mn

has (4, j)th coordinate the given pairing applied to the ith coordinate of .- and the
Jth coordinate of 4" For morphisms ¢ : m—p and y : n—q in #, the functors

Clony)e@mn) and  &(p,q)°(A(¢) X B(w))

from /"X #" to %P7 have respective (r,5)th coordinates given on objects and
morphisms ( X7L; a;, X}.| b)) by

Y a®b; and (z a()@( D b,).

o) =rwlit=s o)=r wijy=s

The given natural distributivity isomorphism provides a natural isomorphism

X, w) 1 ClPoAW) e (m, M)~ R (P, q) °(A(®) X B(w)).

If r¢Im ¢ or s¢Im y, we use the nullity of zero here, and we could use nullity of
zero isomorphisms if the zeros of «# and # were not strict. If ¢ and y are identities,
then so is @ (¢, w). The second diagram of Definition 3.2 commutes by coherence.

Converting ® to a natural transformation by Street’s first construction and
applying Lemmas 3.5 and 3.6 to the source and target, we obtain a natural transfor-
mation @ : 4 x B—~CoA of functors # x #—Cat. By inspection of definitions, the
zeros of A(m) and B(n) act as strict zeroes for & (even if this only holds up to
isomorphism for ¥ and #). Upon usage of the commutation of the classifying
space functor with products, we see that the induced maps

B® : B/mX BEy— B Emn

factor through smash products and specify a pairing of .#-spaces.
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For functoriality, suppose given a morphism of pairings

Fxé o

|

A'X B =2

——

Then F@ G and H~ induce lax natural transformations from 4 X B to C’' oA with
induced natural transformations F® G—(HA)°®. The natural transformation
¥ : FQG—H-@ given as part of the definition of a morphism of pairings induces
a natural homotopy of lax natural transformations, by coherence again, and thus a
natural homotopy ¥ : FRG—~(HA)*&. Verification that composition behaves
properly up to homotopy is an exercise in the use of the first notion of composition
specified in Definition 3.3.

Turning to Theorem 2.2, let &/ be a ring permutative category under the
coherently unital and associative pairing ® : .« X & —.«. With e : *— the unit
injection, the diagrams

XA~ (F XAz and (A X AN — A x

I

I

AoAory AceAopy

of lax functors .#—Cat commute up to natural homotopies determined coordinate-
wise by the unit isomorphism of .». Similarly, the diagram of lax functors #3—Cat

AXAXA ®x1 (A A)XxA=(AXA)o(AX])

lx@l

AX(AN)=(AXA)(1XN)

Ro(Ax1)

Bt x Ay
—_—

AN(I X A)=A°N(AX])

commutes up to a natural homotopy determined coordinatewise by the associativity
isomorphism of . The diagram of Definition 3.3 amounts to a typical coherence
diagram relating distributivity to associativity; specifically, it says that the two
visible ways of going from

(re)e(z.2)e( .

2i® (b cx),

o =rw(j)=s k)=t

to

by first distributing and then associating or first associating and then distributing,
coincide. Again, if .« is commutative, the diagram of lax functors #*—Cat



Pairings of categories and spectra 321

AXA{———?‘—‘—"A"/\

(AxA)ot —2 AoAot

commutes up to a natural homotopy determined coordinatewise by the com-
mutativity isomorphism of =/. Here t on the right is specified above Lemma 3.7 and
7 on the left is given by the transposition isomorphism in Cat. Let
1=(1:1-1; 1)e #/,. Upon application of Street’s first construction, quotation of
the unit, associativity, and commutativity properties of { given in and above Lemma
4.7, and passage to classifying spaces, we conclude that the diagrams above imply
the desired homotopy commutativity of the analogous diagrams of Definition 1.3.
This proves Theorem 2.2, its functoriality assertion following from that of Theorem
2.1 and a trivial check of units.

I probably should point out where the mistake occurs in my erroneous earlier
treatment.

Remark 4.2. In [17, IX Section 1], I introduced a particular pairing of operads
(7, 7)— % and defined the notion of a pairing of Z-spaces. That notion was
exactly our present notion of a pairing of Z-spaces between [T-spaces arising as
powers of actual spaces. I then asserted [17, IX, 1.4] that a certain diagram of
categories determined by a pairing of permutative categories was commutative.
That diagram would have given a pairing of -spaces on passage to classifying
spaces, but in fact it only commutes strictly on generating objects and morphisms. It
does commute up to natural isomorphism, but that is not good enough for the
machinery of infinite loop space theory. The point of using Street’s theory is that it
so beautifully converts diagrams which commute up to natural isomorphism to

diagrams which commute strictly.

Finally, we give the promised generalization of the uniqueness theorem in [18].
An infinite loop space machine E defined on permutative categories is a functor
from permutative categories to connective spectra together with a natural group
completion 1 : B/ —Ep./. This makes sense with either strict or lax morphisms of
permutative categories. We know by [18] that, up to equivalence, there is a unique
such machine when strict morphisms are understood. The following result, which
specializes constructions due to Thomason [26, 27], immediately implies the corres-
ponding uniqueness assertion when lax morphisms are understood. The point is
that, up to equivalences (in the sense of strict morphisms which induce equivalences
upon passage to classifying spaces), we can convert lax morphisms to strict
morphisms, and such equivalences v — /" induce equivalences E—~E.." by [I8,
Lemma 5].

Proposition 4.3. There is a functor, written -/ —. on objects and F—F on
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morphisms, from the category of permutative categories and lax morphisms to the
category of permutative categories and strict morphisms. There is a natural adjoint
pair of functors

n:o—« and e: A4—
Such that ¢ is a strict morphism of permutative categories (and n is a non-unital lax
morphism of permutative categories).
Proof. Let &/ have objects [k;ay,...,ak], where k=0 and the a, are objects of .. [n
particular, there is an object 0={0; ]. Let =/ have morphisms

lv; an,...,a) : ks ay,...,a) = J; by, ..., b)),

where y : {I,...,c}={1,...,j} is a surjective function and @4 is a morphism
Y win=q @ bgin /. The composite of such a morphism with another morphism

{o; B, ..., B3 : UU; by, ..., b~ 1i5cny ...l

is [pw; ¥1, ..., v], where y, is the following composite:

v
a9, y) L oigi=p %y B
sy p gt oy oy P
tow)(ry=p Q) =p wiri=q olq)=p

Here o(¢, ) is the evident permutation isomorphism. There are no non-identity
morphisms with source or target 0. (That is, 0 is a disjoint basepoint for .=/.) The
sum on . is specified by

Fian...,a]@lk; b, ...,ol =+ k;ai,...,a, b ..., 04

on objects and similarly on morphisms. Certainly @ is strictly associative with strict
unit 0. The evident block shuffle permutations of j+k letters (and identity
morphisms in /) give the required natural commutativity isomorphism @ — @ o¢.
For a lax morphism F : =/ — .=/, define a strict morphism F : /= - by

Flk;ay, ...,ak =[k; Fay, ..., Fai
on objects and by
Fly; ay, ..., o) =[w; ah, ..., o]
on morphisms, where «y is the composite
y Fay—2— F< > a,> —L, mp,.
wiri=q wiry=q

Here & is the natural transformation required of a lax morphism, composition is
preserved by coherence, and F strictly preserves @ by a glance at the definitions.
The functor n : « —+ is specified on objects and morphisms by

nla)=[1;a] and nla)=[l;a].
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A natural transformation @ o(n X n)—n <@ is specified by the morphisms
[¢2;1] : [2;a+ b]—[1; a+ b],

where ¢ is the unique surjection {1,..., £} — {1}; however, there is no morphism in
« between 0 and 7(0)=[1;0]. The functor ¢ : ¥— . is specified on objects and
morphisms by

k
elk;a,...,ail= ¥ a- and ely;an, ..., =8,
r=1

where § is the composite

u d Yhoiag ¢
Ya—> L ¥ a——="5 ¥ by

r=1 q=1 win=q g=1
the first morphism here is the evident permutation isomorphism. We set £(0)=0. It
is obvious that ¢ strictly preserves sums; it preserves commutativity isomorphisms
by virtue of the role played by permutations in its definition on morphisms. The
composite €7 is the identity functor, and the unit Id—ne¢ of the required adjunction
is the natural transformation specified by the morphisms

k
[@x: 1] : [k;m,.--,ak]—’[l; T a,].
1

r=

5. Pairings of /,-prespectra and of spectra

The proofs of Theorems 1.6 and 1.7 will proceed by passage from pairings of #-
spaces to pairings of .#,-prespectra to pairings of spectra. We give the second step
first, and we precede it by a sequence of definitions closely analogous to those of
section one.

Let ./, denote the category of finite-dimensional real inner product spaces and
their linear isometric isomorphisms. Observe that .7, admits the coherently
associative, unital (with unit {0}), and commutative operation @. The natural
commutativity isomorphism 7 : @ —@® ot is given by the transposition isometries
VEW-W®V. Let S: .7,— .7 denote the sphere-valued functor obtained by one-
point compactification; in particular, S{0} = 5% We abbreviate St=r and write
for the evident natural isomorphism SAS—S°®. Define

ZVX=XASV and QYX=F(SV,X),
F(Y, X) being the function space of based maps Y—X.
Definition 5.1. An ./,-prespectrum is a continuous functor 7 : .#,—.7 together
with a natural transformation o : TAS— T°@ such that the following conditions

hold.
(i) o : TV=TVAS{0}~T(V®{0})=TV is the identity map.
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(i) The following associativity diagram commutes:

onl

TVASWASZ ——— T(V@® W)ASZ
o J
| ,
TVAS(W@Z) —— TV WD 2Z)

(iii) The adjoint 6 : TV—-Q2¥T(V@® W) of & is an inclusion.
A morphism f: T— T of #.-prespectra is a natural transformation such that the
following diagram of functors commutes:

TAS —— To®

//\l[ J/°@

T!AS _—g;——p T’ o@
Let #,[7] denote the category of .4,-prespectra.

Remark 5.2. For a based space Y, there is an evident .7,-prespectrum F(Y) with
Vth space YASV. In particular, S=F(S% is an .#,-prespectrum. The functor
F: 7—-J4,[7] is left adjoint to the zero™ space functor. That is, a map Y— T{0}
extends uniquely to a morphism F(Y)— T of ./,-prespectra.

Observe that the transposition XAY— YAX induces a natural isomorphism
T : TAT' = (T'AT)et of functors .7, x.#,— 7 for J,-prespectra T and T". The first
diagram to follow may be viewed as one of functors #i— .7, A more conceptual
formulation will be given in the appendix.

Definition 5.3. A pairing w : (P,Q)— T of .f,-prespectra is a natural transfor-
mation w : PAQ—T°® of functors 7. X ./, —~.7 such that the following diagrams
commute:

1ATAL

PVASWAQV'ASW —— PVAQV'ASWASW' —== T(V@ VIAS(W® W)

L ECRACR)]
_—

PV@MINQV@® W) —— T(VOWR V'@ W) Tvev'ewaew)

A morphism w—w’ of such pairings is a triple (b,¢,f) of morphisms of .-
prespectra such that the following diagram of functors commutes up to homotopy:

PAQI——=1T®

o l H/@

j :
PAQ —— T'o®

Definition 1.2 makes the last notion precise.
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Definition 5.4. An .7,-prespectrum 7T is said to be a ring .7,-prespectrum if it has a
unit map e : S—7T of .4.-prespectra and a pairing w : (7, T)— T such that the
following diagrams commute up to homotopy:

Lne

TAS —=— TAT —~— (TAT)et  TAT TAS
T-® LR To@® ot To@®
and
TATAT 2 (Te@)AT=(TAT)*(D x 1)

lAwl wlz x1)

TA(To@) = (TAT) o(1 X @) = To@ o(I X @)= To@ °(D x 1)

T is said to be commutative if the following diagram commutes up to homotopy:

w

AT ——— To@

(TAT)ot —=— To@ ot

A morphism f: T— T’ of ring 4,-prespectra is a map of ./,-prespectra such that
e’ =fe : S~ T and the triple (f,f,f) is a morphism of pairings.

Remark 5.5. S is a commutative ring ./,-prespectrum with the identity functor as
unit e and with w =0 : SAS—S°@. For any ring .#,-prespectrum 7, e : S—7T is a
morphism of ring .#,-prespectra by virtue of the diagram

ent LAe

SAS TAS TAT

N

So@ —284 To@

Remarks $.6. In (17, p. 73], Quinn, Ray, and I introduced the notion of an .%,-
prefunctor. This is precisely a strictly unital, associative, and commutative ring .7, -
prespectrum. That is, all diagrams in Definition 5.4 commute, without homotopies.
(We only prescribed 7, e, and w there since we could then set o = w(1Ae) and deduce
the diagrams in which it appears.) We showed that the spectra associated to .%,-
prefunctors are E« ring spectra and observed that Thom spectra are naturally
occurring examples. We shall see in the sequel that the derived notion of an #-
spectrum is general enough for all of multiplicative infinite loop space theory. In
particular, the spectra associated to bipermutative categories will be seen to be #-
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spectra, provided that the May machine is used for the construction. (It will be seen
that the Segal machine inevitably leads to considerably more complicated output
when fed the same multiplicative input.)

The reader will surely not find it hard to believe that suitable machinery converts
the input data of section one to the output data prescribed above. On the other
hand, this output data feeds naturally into stable homotopy theory.

Theorem 5.7. There is a functor E from 4,-prespectra to spectra under which
pairings (P,Q)— T of J,-prespectra functorially determine pairings EPAEQ—ET in
the stable category.

Theorem 5.8. If Tis a ring .#,-prespectrum, then ET is functorially a ring spectrum.
If T is commuzative, then ET is commutative.

To begin the proofs, we require a notion of spectrum compatible with the notion
of an ,-prespectrum. We follow the approach to spectra and the stable category
outlined in {17, [I]. Details will appear in {19] and also in {5], where an equivariant
generalization is given.

Let U be any countably infinite dimensional real inner product space. We are
thinking of U=(R>) for anyj= 1. A prespectrum D indexed on U consists of based
spaces DV for all finite-dimensional V'C U (or all V in a large enough family of
subspaces) and based maps g : DVASW—D(V + W) whenever V is orthogonal to W
in U. These spaces and maps are required to satisfy conditions (i)—(iii) of Definition
5.1 with external direct sums replaced by internal direct sums. Clearly an /,-
prespectrum determines a prespectrum indexed on U for any U.

A prespectrum D indexed on U is said to be a spectrum if each ¢ : DV—
QWD(V+ W) is a homeomorphism. Thus, when U=R*®, DR’ {s homeomorphic to
QDR*' A prespectrum D functorially determines a spectrum LD by an obvious
passage to limits. That is,

LD V)= | Q%D + w),
ViW
where the union is taken over loops of inclusions & and the required homeo-
morphisms are evident. '

Morphisms of prespectra (or of spectra) are collections of maps DV — D'V strictly
compatible with the structural maps ¢. Two morphisms are homotopic if their
component maps DV — D’V are homotopic through homotopies which at each time ¢
comprise a map of prespectra. Clearly passage from .f,-prespectra to prespectra
indexed on U is functorial and homotopy-preserving, where homotopies between
morphisms of .#,-prespectra are homotopies of natural transformations.

Let 2U and #U denote the categories of prespectra and spectra indexed on U,
and use a prefix A to denote homotopy categories. There are sphere spectra S? in
h7U, hence there are homotopy groups, and there is a concomitant notion of weak
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homotopy equivalence. There is a category H.» U obtained from A.7 U by formally
inverting its weak equivalences. Passage from A.»U to H.7 U is equivalent to the
familiar process of replacing spectra by CW-approximations (with the right notion
of CW-spectrum in .» /). We abbreviate #R*= .7 and #R*= 7. Itis H7 that we
understand to be the stable category, and we have an evident composite functor

E: AT~ hF LT =h?—hs—~H7.

This stable category, like any other worthy of the name, is equivalent to that
introduced by Boardman [3] and explained in elementary terms by Adams [1]. The
present construction has various advantages, the trivial passage from .#,-prespectra
to the stable category just given being an illustrative example.

The reason for bothering with different ‘‘universes’” U is that there is an obvious
“‘external”’ smash product functor 2U X #U’'— 2(U® U’) specified by

DOADYV@V)Y=DVAD'V".

(Here we exploit the fact that prespectra need not be defined on all finite
dimensional subspaces W of U® U’.) We extend this to a functor on spectra by

EAE’ = L(VEAVE"),

where v is the evident forgetful functor from spectra to prespectra. Technically, the
inclusion condition in our definition of a prespectrum need not be satisfied by
vEAVE’, so the functor L must be extended to prespectra defined without this
condition. The extension is due to Lewis [11; see also 19]. It follows formally that L
commutes with A,

L(DAD)Y=L(VLDAVLDy=LDALD'.

To exploit these smash products, we need change of universe functors. For a
linear isometry g : U— U/, there is an evident functor g*: #U’'— 2 U specified by
(g*DYV)=D'(gV) for VC U. Clearly g*restricts to g* : #U’'— #U, and g*L = Lg*.
When g is an isomorphism, these functors g* are isomorphisms of categories with
inverses g, =(g " Y)* In general, g* admits a left adjoint g, : 2U— 2U". We define
g.=Lg,v: #U'— U’ and have that g, is left adjoint to g* and satisfies g.L = Lg,.
The construction of g, is given in [5, VIII and 19] and it is shown there that g, and
g* induce inverse equivalences of categories between A7 U and H¥U’ and that, up
to coherent natural equivalence, these stable category level functors are the same for
different linear isometries g and g’. We shall write = for equivalences that only hold
in stable categories and = for spectrum level isomorphisms. By the explicit
definitions, there are coherent natural isomorphisms

8ENNF=(g®h)(ENF) and (g'g8).(E)=g.g.E.

Write #(R®Y=%; so that ;= .. The ‘‘internal’’ smash product on the stable
category H.7 is the composite functor

HF¥XH? =HAXHS —>— H ~—5 HA\=HY
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determined by any linear isometry g : R®@ R®—R>. Technically, to pass from the
spectrum level to the stable category level, we must first replace given spectra by
CW-approximations; this is the standard procedure for handling functors, such as
A, which need not preserve weak equivalence. The internal smash product is unital,
associative, and commutative up to coherent natural isomorphism, and to prove
Theorem 5.8 we need to know exactly what these isomorphisms are.

Define the stabilization functor 2* : 7 =% by Z*Y=LF|(Y), where F|(Y)=
{ZVY} denotes the suspension prespectrum of Y. Let i: R*=»R*@®R™ be the
inclusion onto the first summand. We have a smash product

EAY = L(vEAY),
where the prespectrum level version is specified by
(TAYY(V)=TVAY =(TAF(Y)iV)=iXTAF(Y))(V).
That is, TAY =i%TAF(Y)). By adjunction and application of L, we obtain
IL(TAY)=TAFI(Y)in #; and [ (EAY)=EAZ*Y in 7a.
Define a natural isomorphism 8 in H* by the diagram
EAY=(gi).(ENY)

s "
ZAENZ®Y)=g, i (ENY)

Here the top equivalence is that between the functors 1, and (gi)., where
1 : R*—=R* is the identity linear isometry. When Y=5° S§=X%5% is the sphere
spectrum and g : E—EAS is the required unit isomorphism in H.%.

For associativity, we use the following composite a, where we exploit the evident
associativity of the external smash product in obtaining the vertical isomorphisms.

g(g® 1).(DAEAF) = g(1®g) .(DAEAF)
i i
24(8.(DAEINF)) —— g.(DAg.(EAF))

For commutativity, we use the following composite 7, where 7: R*@®R>—
R*@® R= is the transposition isometry and FAE=rt,.(EAF) expresses the evident
commutativity of the external smash product.

g(ENF)=(87).(ENF)
1

2+(FAE)=g.T.(ENF)

We can now prove Theorems 5.7 and 5.8. We already have our functor
E: 4. |71 HZ. For an J,-prespectrum 7, write T; for the induced prespectrum
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indexed on (R®)’. Thus ET = LT). It is immediate from the definitions that a pairing
w : (P,Q)— T induces a map

w: PAQ;—T;.; in P
for each / and j. Application of L then gives

Lw : LPALQ=L(PINQ)—LTi+; in %isj.
Let f : (R=)'=(R™)/ be any linear isometry. We have a map 7,—f *7;in #; specified
by the maps

TUIV) : TV=TV=>Tf(V)=(f*T)V)

given for V'C(R™) by the fact that T is a functor #,—.7. Passing to adjoints and
then to spectra, we obtain

¢:fuT—T;jin # and L¢: f.LTi=Lf.Ti—LT;in %,

The functoriality of T and naturality of w on the .7,-prespectrum level translate
directly to give functoriality and naturality properties of the prespectrum level maps
¢ and w. If fis an isomorphism, then ¢ and L¢ are isomorphisms by inspection. We
need a technical lemma. Its proof requires use of the explicit definition of the f, and
is deferred to the end of the section.

Lemma 5.9. Let f and [’ be linear isometries (R®)'~(R*®).. Then the natural
equivalence f, =f', fits into the following commutative diagram in H7;:

Lol Ti=fLT;

N/
LT;
It follows that all of the L¢ are natural equivalences. Now specialize. Choose

linear isometries f : R*—>R*@PR> and g : R*@R*®—R™. Application of g, to Lw
and use of L¢ gives the desired pairing Fw via the diagram

EPNEQ =g (LPIANLQ)—g.LT>

Ew i

ET= (gf).(LTl)Eg.ftLT]

in the stable category H.7, the last equivalence being the natural one between (gf).
and 1,, 1 : R®—R™, Here we could have used g* rather than f, and exploited
g.8*=1, but use of f, will simplify the proof of Theorem 5.8. Since a morphism of
pairings of .#,-prespectra clearly induces a homotopy commutative diagram in #2,
the functoriality of this passage from pairings of ./,-prespectra to pairings of
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spectra is obvious. This proves Theorem 5.7 and the functoriality claim in Theorem
5.8.

For the proof of Theorem 5.8, observe that Ew is actually independent of the
choice of f. Indeed, Lemma 5.9 and the coherence of our change of isometries
equivalences gives the commutative diagram

.S LTi=(gf)(LTh)
Q

4
g‘.L TZ i [l L Tl
N v

.S LT =(gf)(LTy)

Let T be a ring .#.-prespectrum. We must derive the diagrams displayed in Theorem
1.7 (with X replaced by T) from the diagrams displayed in Definition 5.4. For the
unit diagrams, we need the observation that

o: T\A5\—T and ¢ :i.Th— T

coincide under the identification of 7|\AS| with i, Ti. (Here Si=Fi(S% is the
suspension prespectrum of S°) The unit condition involving 1Ae in Theorem 1.7 is
then easily verified simply by choosing f=1/ in the construction of Ew, the point
being that Ew and the coherence isomorphism # are then defined in terms of exactly
the same equivalence (gi), = 1.. For the unit condition involving eAl, one chooses f
to be the inclusion ri of R™ onto the second summand of R*@® R~ in defining Ew
and notes that the relevant coherence isomorphism is r3. For this diagram, and for
commutativity, one must observe that

1 IANT=(TAT)°t and Tr: Te@—=To@ ot

on the ., -prespectrum level correspond to the external commutativity isomorphism
TAT=1.(TAT) and to instances of ¢! on the prespectrum level. For the
commutativity diagram, Ew ot = Ew, 1t is convenient to use any given f to define one
of the instances of Ew and to use rf to define the other. Since the remaining work is
the purely formal exercise of writing down large diagrams and verifying that the
information above guarantees their commutativity, we leave further details to the
interested reader. _
We have left one unfinished piece of business.

Proof of Lemma 5.9. We shall be sketchy since we don’t wish to go into full detail
on the relevant constructions. The space of linear isometries (R*)'—(R*®)/ is con-
tractible (e.g. [17, p. 10]), hence we can choose a path of isometries # connecting f to
S’ By [5, VIII], h induces a functor h, : #/~ #; and thus A, =Lh,v : ¥~ 7, For
Ee 7, the inclusions of {0} and {1} in / induce natural weak equivalences
S+E—-h,E<f,E, by [5, VIII}. This diagram gives the equivalence f,E=f,E in H.7;
exploited in the arguments above. We claim that there is a map ¢ : A.7:— T, such
that the following diagram commutes:
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ST h, T, ST
\ lw//
T;

Upon application of L, this will imply the lemma. For WC(R*®), (h,T)W) is
obtained by choosing ¥ C(R*)  such that A(/x V)C W and letting (k. T)(}) be the
smash product of 7;V with the Thom complex of the complementary bundle over /
of the bundle map I x V—Ix W determined by A. For ¢ [, the fibre is the comple-
ment W, of A{V) in W, and the maps ¢ : TVASW,— TW glue together to specify
¢ (h.TYW)->T;W. The maps ¢ on f,T; and f.T; are restrictions. With these
indications, the details are straightforward from the constructions in [5, VIII
Section 4], which are largely concerned with setting up sufficient language to explain
how to choose the V’s consistently so as to obtain a prespectrum and to show that
everything becomes independent of choice on passage to spectra.

6. The passage from %-spaces to .7, -prespectra
We shall begin by proving the following result.

Theorem 6.1. Let # be any operad whatever. Then there is a functor T from % -
spaces to 4,-prespectra.

The point is that the spacewise contractibility of % assumed in section one serves
only to identify the homotopy type of the zero-th space of the associated spectrum.
It has nothing to do with the general constructions. We shall then prove the
following results.

Theorem 6.2. Let A : (%, 2)—4 be a pairing of operads. Then pairings
[ (X, Y)~Zof a “-space X and 7-space Y to an é-space Z functorially determine
pairings Tf : (TX, TY)—>TZ of /.-prespectra.

Theorem 6.3. Let % be a permutative operad and let X be a ring #-space. Then TX
is functorially a ring 7 ,-prespectrum. If X is commutative, then TX is commutative.

With EX=ETX, Theorems 6.2 and 6.3 combine with Theorems 5.7 and 5.8 to
prove Theorems 1.6 and 1.7, generalized to arbitrary operads. While our main
interest is of course in the spacewise contractible case, there may well be useful
applications of the full generality. We record one amusing trivial case. There is a
trivial permutative operad »# with .#(0) = {0}, #(1)= {1}, and (/) empty for j> 1.
The associated category of operators is precisely I7. It will be immediate from our
constructions that there is a natural equivalence F(X)— TX for a [1-space X, where
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F(X1) is the suspension .#,-prespectrum introduced in Remark 5.2, Therefore
Z*X = EX in the stable category.

Corollary 6.4. A pairing (X, Y)—~Z of [1-spaces induces a pairing Z*X\ANZ>Y,—
2*Z\ of spectra. I[f X is a ring I1-space, then =X\ is a ring spectrum, and =X is
commutative if X is commutative,

In fact, this observation has a bit more than just amusement value. Qur con-
structions are natural in %, and 72 is an initial object in the category of operads. For
a 4-space X, there results a natural map 7 : Z=X,— EX. By the definitions in section
one, the structures in Theorems 6.2 and 6.3 have underlying I7-structures.

Corollary 6.5. Under the hypotheses of Theorem 6.2, the following diagram
commutes in the stable category.

ZEXINE Y — 2*Z,

ini J

EXNEY —— EZ

i

Under the hypotheses of Theorem 6.3, i : 2*X = EX is a map of ring spectra.

The map [ is adjoint to a natural map 1 : X1— EoX. The natural equivalence
Z2(XAY)=2*XAZ*Y in the stable category for spaces X and Y and the adjunction
between 2 and the zero-th space functor Q*E = Ej yield the following composite
natural map w of spaces for spectra £ and F:

Q2Z(EoAFo) = Q(ZENZ*Fy)

|

Eo\Fy—=2— Q>(EAF)

Q% (ene)

Here n and € are the unit and counit of the adjunction. An elementary diagram
chase shows that the diagram of the previous corollary implies the following
commutative diagram:

XIAY) —-—f”—> Z

EoX/\EoY—@Dﬂ'!EOZ

We recall the following result, which is the characteristic property of infinite loop
space machines [20].
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Theorem 6.6. [f + s spacewise contractible, then 1: X \—=EoX is a group
completion.

The proofs follow the same lines as in [17], but the arguments there can be made
very much cleaner by virtue of a lovely improvement of my theory contributed by
Steiner [23]. In [17, VII Section 1], [ tried to prove the following result by taking
Xv(j) to be the space of suitable j-tuples of embeddings V'~ V. This worked only
“‘partially’’, and the failure led me to introduce the perfectly hideous notions of
partial operads and partial monads. Steiner very cleverly observed that everything I
hoped for could be proven by using suitable j-tuples of paths of embeddings. The
little convex bodies partial operads of [17] should therefore be consigned to
oblivion, along with the partial notions to which they gave rise, and supplanted
henceforward by Steiner’s operads. We recall his definitions in the following proof.

Theorem 6.7 (Steiner). There is a continuous functor x from 4, to the category of
operads, written ¥y on objects V and g : .¥v— Xw on morphisms g : V—W. Here
continuity means that the evaluation maps

Fe(V, WYX v ()= X w(j)

are continuous for all j. ¥y is the trivial operad and, for V+#0, ¥ ij) is X;-free and
has the Z;-equivariant homotopy type of the configuration space F(V, j) of j-tuples
of distinct points of V. Further, there is a system of pairings

AN (v, W)= HAvow

which is natural with respect to morphisms in ¥, X 4, and satisfies the following
properties.

(i) Inclusion: The map o : X (j)—= ¥vzul{/j) specified by o(c)=cAl, where
1 e #u(l) is the unit, is a closed inclusion.

(ii) Unity: For ce #(j) and 1 € ¥o(1),

Inc=c and cAl=c in Xj).
(iii) Associativity: For be xz(i), ce Xw(j), and de ¥ w(k)
(bACIND = bA(cAd)  in X zgve u(ijk).
(iv) Commutativity: For ce X{j) and d € ¥ulk),
cnd =1(W, VY({(dAc)t(j, k) in Xvzw(jk),
where T(W, V) : WO V~V@ W is the transposition.
Proof. Let /v be the space of embeddings V— V and let &y be the space of paths
h . I /v such that A(1) is the identity map Qf V and each A(t) is distance reducing.

Let #1(/) be the 2j-invariant subspace of & consisting of j-tuples {4, ..., ) such
that the 4(0) have disjoint images. We have composition maps §yx &y~ £y and
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product maps 4 v X £ w— 4z u specified by
(Heh)(n)y=h()oh(t) and (A xj) 1) =h(1)xj(),

and we let | € .1(1) be the constant path at the identity map. The structural maps y
of the . are given by blocks of composites and the pairings A are given by lexico-
graphically ordered pairwise products, exactly as for the little cubes operads [13, pp.
30 and 72]. We have action maps 4. (V,W)x4y—~u  specified by
(gh)(t) =gh(t)g~"', and these apply coordinatewise on j-tuples to give g : #1(j)—
#w(j). The formal verifications are trivial, and the topological assertions are
proven by Steiner [23].

The maps ¢ of (i) specify inclusions of operads ¥ — ¥vz w. Define ¥« to be the
union of the operads ¥y for VC R®. The ¥(/) are Z,-free and contractible, hence
¥ w is an E operad.

Steiner’s point is that this use of paths controls the homotopy type of the .7 (),
while use of just the initial embeddings #(0) gives natural actions of the .1 on V-
fold loop spaces just like those of the little n-cubes operads on n-fold loop spaces
(15, p. 40].

Proposition 6.8. There is a natural action 8 of ¥v on QVY. The action of ¥y on
QVQYY = QYWY coincides with the restriction to ¥y of the action of ¥ve w, and
there results a natural action of X on the 0" spaces of spectra indexed on R=,

Operads naturally determine monads in .7 [15, Section 2]. As Steiner points out,
one has the following assertion just as in (135, p. 44] for the littie cubes operads, the
group completion property being due independently to Cohen and Segal. Recall that
Q¥ZYis a monad in 7 and that suspension gives a map of monads ¢ : 2'Z"'—
QVOIWZVOW (¢ g [15, pp. 17 and 42)).

Theorem 6.9. Define av: KyY—QVZ"Y to be the composite
KvY 0 KyQVsVy —— QVzVY.

Then av is a weak equivalence if Y is connected and is a group completion in
general. The av specify a morphism of monads Kv—~QVEY, and the following
diagram of monads commutes.

Ky —— QVzV

Ay w T
Kvaw QVewzvow

The adjoints Bv : ZYKv—ZV specify an action of the monad Kv on the funcror
XV, as explained in (15, pp. 86—88].
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We can now prove Theorem 6.1 by arguments like those of [20, Sections 5-6].
There we constructed a monad C in the category [7[./'] of [T-spaces such that a ¥ -
space is the same thing as a C-space. There is an adjoint pair of functors

L:M[71=.7 and R: /7—[I[/]

specified by LX =X and RY = {Y"}. The monad Cin [T[./"] extends the monad Cin
/ in the sense that CRY =RCY. By a formal argument [20, p. 219], if C acts on a
functor F, then € acts on the functor FL.

For simplicity of notation, write #%v for the product operad % x .»i. The
projections induce morphisms 7 : Cy—Kvand y : Cv—C of monads in [7[/]. By
pullback along y, a C-space X is a Cv-space. By pullback along 7, the K,-functor
ZVL is a Cv-functor. By [15, Sections 9 and 11], there results a two-sided bar
construction

(TXYV)=BZ"L,Cv, X).

More explicitly, (TX)(V) is the geometric realization of a simplicial space whose
space of g-simplices is ZVLC{X. The action of linear isometries on paths of
embeddings and on spheres passes through the construction to yield maps

(TX)(g) : (TXYV) = (TX)(W)

for g : V—W. All functors in sight are continuous, and we have the continuous
functor TX : 4, — .7 required for Theorem 6.2.

To construct g : TXAS—(TX)°®, we recall first that suspension commutes with
realization [15, 12.1]. By the adjoint of the diagram in Theorem 6.9, the maps
o : Cv—Craw induced from 1xag : # X .#1— 4 X ¥yzw determine the required
maps

(TXYWNSW =ZWBZVL, Cv, X)
i
“ BZEVOWL, Cv, X)

B(l,0,1)
(TX)Y VO W)=BE YL, Cvaw,X)

Properties (i)—(iii) in Theorem 6.7 imply properties (i)—(iii) in Definition 5.1. We
have proven Theorem 6.1.

The use of 7, -prespectra here is just a reinterpretation of my earlier constructions
and, with the little cubes operad there replaced by the Steiner operads here, the
proof of Theorem 6.6 is exactly the same as in [20, 6.4].

We are ready to return to our theme of pairings. We take more or less seriously
the full categorical generality of the constructions of [15, Section 9]. Given a monad
C in any category ¢ whatever and given a C-object P in ¥ and a C-functor
F: v'— # in any other category ¥, we are entitled to a simplicial object B.(F, C, P)
in #.
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Let Pair .7 be the category of pairings XAY—Z of based spaces; its morphisms
are homotopy commutative diagrams. This category will play the role of ¥, but our
B.(F,C, X) will have faces and degeneracies given by strictly commutative diagrams
and our morphisms will be homotopy commutative diagrams of simplicial spaces, in
the sense that the homotopies on g-simplicies will be compatible with the faces and
degeneracies. By the product and homotopy preserving properties of geometric
realization [15, 11.5 and 11.9], we will arrive back in Pair .77 upon realization.

Let Pair I7[.7] be the category of pairings XAY—Z of I1-spaces; its morphisms
are homotopy commutative diagrams of functors. This category will play the role of
¥. Applied to all variables, the functors L : [T[.7]— 7 and R : 7 —[I[.7] induce
functors

L : Pair I71{7]—Pair 7/ and R : Pair 7 —Pair [I[./].

The following lemma may be viewed as giving monads (C, D)—E in Pair IT[.7].
We refer to strict morphisms of pairings when no homotopies are required.

Lemma 6.10. Let A : (%, ¥)— & be a pairing of operads. Pairings f: XNY—>Z of
spaces functorially determine pairings f: CXADY—~EZ of spaces such that
n=(n,nn) and u=(u,u,u) are strict morphisms of pairings. Pairings f: (X,Y)—~Z
of [I-spaces functorially determine pairings f: (CX,DY)—EZ of I1-spaces such
that =4, 4,7) and ji= (L A4,4) are strict morphisms of pairings. Both functors
preserve strict morphisms. If f is a pairing of spaces with associated pairing of I1-
spaces Rf, then Rf=RF.

Proof. For the first statement, fis induced by the maps

(A SRS M x Tx 1) é(jk)fo"

CHIXXIx o(k)yx Y*

For the second statement, fpq : CoXADyY— EpeZ is induced by passage to coends
from the maps

- -~ (A X fompd(E x T 1)
Z(m,pP) X XmX (N Q)X Y ———

£(mn, pq) X Z .

The verifications are easy, being combinatorial from Definition 1.4 in the first case
and categorical in the second. In both cases, the functoriality is immediate from the
continuity of the functors involved, which allows their application to homotopies.

When % = 7 = &, we write f=Cfand &= C¢ on pairings and their morphisms.
The following lemma may be viewed as giving actions of these monads on objects
of Pair [7[.7]. The proof is an immediate verification from Definition 1.1.

Lemma 6.11. A pairing f: (X, Y)—Z ofa ?-space X and a 7-space Y to an £-space
Z determines and is determined by a strict morphism of pairings & from
F:(CX, DY)~ EZ to f such that £/ = | and &= EE.

Finally, the following observation will lead to actions of our monads on functors.
The proof is exactly the same as for the little cubes operads [15, p. 72].
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Lemma 6.12. For spaces X and Y, the following diagram commutes:
KvXAKwY —— Kroam(XAY)
ayAdw [ arzw
i
QVEVXAQWEWY —Lo QVEWSTVOW(XAY)
Passing to adjoints, we see that a pairing f: XAY—Z of spaces gives rise to a
commutative diagram
SVKvXAESWKwY —— ZVOWKyawZ

ﬁt’/\ﬂu'l lsyg W

ZVXAEYY Zveowz

This may be interpreted as saying that we have a functor (£, Z%*)—>Z"®¥ from the
category Pair .7~ to itself and an action of the monad (Kv,Kw)—Kvew on this
functor. The formal arguments of [20, p. 219] apply equally well to pairings and, by
pullback along the projections 7, we deduce an analogous diagram which may be
interpreted as asserting that the monad (Cv, Dw)— Evgwin Pair I1[.7] acts on the
functor (ZVL,ZWL)—>ZVOWL from Pair [7[.7] to Pair /.

The verbiage may seem a bit strained, but the ideas should be clear enough. The
lemmas above combirne to show that a pairing fof a %-space X and a -space Y to
an 4-space Z gives rise to maps

Tof : SVLCYXNEYLDG Y- ZVEWLEY 50 Z

which together specify a map of simplicial spaces. Upon passage to geometric
realization, we obtain

Tf  (TXHNNTYW)=(TZHVD W).

The Tf clearly specify a natural transformation of functors ./, x.#,—.7. The
defining diagram for a pairing of .#,-prefunctors in Definition 5.3 commutes by
virtue of the case k=1 of Theorem 6.7(iv), in which z(j, 1) is the identity
permutation. The point is that the %, 7 and X, Y coordinates of our constructions
are obviously mapped in the same way by the two composites in that diagram, and
the sphere and Steiner operad coordinates are also mapped in the same way by
inspection and use of the cited commutativity relation. Since we have kept track of
functoriality throughout, we have now proven Theorem 6.2 and the functoriality
claim in Theorem 6.3.

It remains to show that the diagrams given by Definition 1.3 for a ring % -space X
imply the diagrams in Definition 5.4 required for a ring .7,-prespectrum.

For the unit diagrams, e : $%— X determines

e: S=F(SH-F(X)CTX,
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where the inclusion is given by the spaces of 0-simplices £ YL X = 2" X contained in
the (TX)(V). Note that ZYX| maps to Z¥(49X1) under the unique iterated
degeneracy operator from 0-simplices to g-simplices. Here A(x) =[1;x]e LC X for
xe X\, where 1 =(1,1)e ¥ (1) X ¥v(l). These degeneracies are relevant because of
the role played by degeneracies in the commutation of realization with products.
The composite (Tf)(1Ae) : TAS—T°@ is given on g-simplices at the simplicial
space level by

ZVLEIXASW —— SVLELXAZ(AIX) —s SVEWLC ou X,

This differs from the corresponding level of o only in that here the X coordinates of
ZVLC{ X are paired with 1 € X, whereas they are mapped identically under ¢. The
homotopy f(lAe)=1 given in Definition 1.3 therefore implies the homotopy
(TfY1Ae)=0c required in Definition 5.4. If we transpose in the middle before
applying T,f in the composite above, then the result differs in the symmetric way
from the composite of o with Tot(V, W), hence f(eAl)=1 implies the other unit
diagram in Definition 5.4,

Similarly, to check the associativity or commutativity of T f, it suffices to consider
the relevant diagram at the level of smash products of spaces of g-simplices. By
Definition 1.3 and Theorem 6.7, we have precise associativity and commurativiry
for the operad coordinates. The given associativity or commutativity homotopy for
X induces homotopies on the relevant spaces of g-simplices, and these homotopies
as g varies specify a simplicial homotopy and so pass to realizations. This proves
Theorem 6.3.

Remark 6.13. The arguments above simplify to show that a pairing of a Fy-space X
and a .~ w-space Y to a ¥y w-space Z induces a pairing

B(EVL,Kv, X\)AB(ZWL,Ku, Y)

BZEVEYL, KRvew, Z).
Such pairings also enjoy unity, associativity, and commutativity properties. Here
QVB(ZVL,Kv, X) is a group completion of X. That is, our theory applies directly to
these V-fold delooping machines.

Appendix. Generalizations and variants of the theory

The following is a straightforward generalization of Segal’s definition {22,
Section 5] of a multiplication on an #-space (or /-space) and of our Definition 1.1.

Definition A.1. Let A : ¥x 5—~£bea pairing of categories of operators. Let X, Y,
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and Z be a 4-space, a Z-space, and an #-space, respectively. A (generalized) pairing
(X, Y)—Zisafunctor M : ¥x 77— T together with natural transformations

g :M—-XXY and f:M—Z-A

such that each gmn : Mm n—= XmXx Yn is an equivalence. We require (@, ) : Mm n—
Mp qto bea Xy x Zy-equivariant cofibration if ¢ : m—p and v : n—q are injections
in IT (compare [20, 1.2]). Diagrammatically, we are given

%G~ £

Y

TXT —> 7

Among other things, the cofibration condition ensures that g, . induces an
equivalence of pairs

(Mm.n,Mm,OVMO,n)_’(XmX Yo, (XmX Yo)V(Xo X Yn)),

and naturality implies that fim n(MmovMo,x) C Zo. At least if Xo= Yo=Zo={*}, as
could be arranged functorially by {20, App. B] and will be assumed tacitly below (in
order to ensure the appearance of smash products), the case when M=Xx Yand g
is the 1dent1ty 1s precisely the notion of pairing given in Definition 1.1. The case
when ©¥=57=4=7and X=Y=2Z1is essentially Segal’s notion of a multiplication
on X.

Morphisms of pairings are quadruples (a, §, y, §) of natural transformations such
that the following diagram of functors commutes up to homotopy:

XXY —— M—I— ZoA

axpj Fl j’yA

XxXY —~— M —L Z7on

Unit, associativity, and commutativity conditions on a #-space X with a pairing
(X, X)— X can be expressed in terms of homotopy commutative diagrams involving
auxiliary functors P,P': ¥—.7 and Q : 43—/

X1XX<-E—M1.*—I’X XXXL*-g—M..l—f’X
X

SX ¢——P —— X XXS80 e P
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gx| fxl

XxXxX MxX —— (XA XX=(XXX)(AX])
Ixg = Ig(/\xl)
X>|<M - o) Mo(AX1)
1xfl SN <y

21 x Ay St xN)y

X X(XoNA)=(XXX)o(l X A)——Mo(1l X A)——=(X°N)o(I1 X N)=(XN)°o(AX 1)

XxX —— M—L— Xop

(XX X)t —2— Mt —L— Xopor

While this does give a generalized notion of (commutative) ring #-space, it is clearly
all much more cumbersome than Definition 1.3 and therefore to be avoided when-
ever possible.

If we use the functor =7 of [18, Const. 10] to pass from permutative categories to
F-spaces, then we are forced to use this generalized notion of pairing rather than the
simpler notion of the body of the paper. We show this in the following elaboration
of the cited construction. A special case was sketched by Robinson [30]. We assume
familiarity with {18, Const. 10] and we write n:,1=z(§”,, in it. We sometimes write 4
instead of &, in parallel with Section 4.

Construction A.2. Let ® : &/ X Z— ¢ be a pairing of permutative categories. We
construct a diagram

7 x
Cat x Cat —— Cat

of functors and natural transformations which yields a pairing (B+/,B#)—B7% on
passage to classifying spaces.

Step 1. Construction of the categories %mn: The objects of Zm» are systems
(A,B,C, I, where

A=<Ar,7fr_r’>, B=(Bs, 7Z5'5'>, and C=<C1y7tt,l’>

are objects of m, #n, and % mn and where 71, is a nullary and distributive system
of isomorphisms A,® Bs— Cras. Here rCm sCn, and the precise requirements are
that

ITos=0: Ae®Bs=0Q B;—Co, I1:0=0: A-®Bo=A®0—Co,
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and that the following diagram commutes:

(A ,@A r)® (Bs@ Bf) = (A r@ Bs)@ (A r@ B;')@ (A r’® B;)@ (A r'® BS’)

.‘!r,r'@f!s,:’[ lnf.ssn'.rzn'.>5nr;x'

A ry r'® Bsus’ Cr/\s@ Cr/\s’@ Cr'/\.v@ Cr’/\s'

TeGrsus } l Teatsus) rasUs) ATreas, ras S s ras)
Cirumaisus) = ClranUrasIU(ras U (ras)

The morphisms of % m,»are triples (a, 8, y) of morphisms A=A’ in ./ m, B—B'in 4,
and C— C’ in % = which are strictly compatible with the /7.

Step 2. Construction of functors (¢, W) : Zmn— Zpq:Letg : m—pand y : n—q
be morphisms of # x 7. Define

(¢’ W)(Ay Bs C) HF,S) = (¢A’ WB’ (¢/\W)(C)v/l u, V)’

where Ay v=1Tp'( ') for uCp and vCq. Here ¢ ~'(u) is to be interpreted as
{0} U {i|@(i) e u—{0}} and similarly for y ~(v). Define

(9, w)(e, B, y) = (9o, wh, (DAW)(¥))-

The definition makes sense in view of Step 2 of [18, Const. 10], and it is easily seen
that these data specify a well-defined functor D : # x #—Cat.

Step 3. Construction of g : DA x B and f: D—C°A: The requisite (m, n)th
functors Zmn— ' mX #nand Zm n— % mn are specified by

(A’Br C9Hf.5)'—°(A!B): (a,ﬂ, )’)"‘(a,ﬁ)
and
(A)B’C’HF,S)HC) (asﬁv }’)"')’

Naturality with respect to morphisms of # x 7 is clear. Construct a functor
wim,n) : A mx Zn— Zm,n by sending (4, B) to (4,B,C, 11,5 and (a,p) to (o, 5,¥),
where C and y are obtained from (A4, B) and (¢, 8) via the composite functor

ToX F d(m) x 5(n)
m n >

v(mn)

Amx =" g Emn.

Here &6(m) : m— ™ and v(m) : &/™— ./ m are the inverse equivalences defined in
Step 2 of [18, Const. 10]; the specification of the /7,5 is dictated by the conditions of
Step 1. Then g(m, n)v(m, n) =1d, and the /7, of general objects determine a natural
equivalence &(m, n) : Id— v(m,n)g(m, n), just as in [18, Const. 10].

Passage from & to A is only functorial on strict morphisms of permutative
categories, and passage from #x #—% to (4,B)—~C is only functorial on
morphisms of pairings given by natural isomorphisms. Thus use of this construction
results in considerable loss of information. One could go on to treat unit,
associativity, and commutativity conditions in terms of 4, but one would only end
up with more complicated proofs of weaker results than in the body of the paper.
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Instead, we use the following elaboration of [18, Const. 10] to obtain a direct
comparison between A and A. Recall the lax functor 4 : ¥ —Cat of Section 4.

Proposition A.3. Let ./ be a permutative category. There are lax natural transfor-
mations § : A=A and v : A=A such that Sv=1d : A~ A and there is a natural
homotopy & : 1d—vé of lax natural transformations such that each &(n) is a natural
isomorphism of functors ./ n= ./ p.

Proof. The component functors 8(n) : .«/,—.%" and v(n) : /"= ./, and the natural
isomorphisms &(n) are specified in [18, Const. 10]. For ¢ : m—n in .7, the requisite
natural transformations

3(@) - H(P)om)—=d(m)/(#) and  v(p) : F(P)v(m)—v(n).¥(9)

are specified on objects (Asns:) of “m and (Ay,...,Am) of #™ by the
isomorphisms
Y AimAueiy and r A~ % L A
oliy=j #liret-{0} jer={0} ot)=j
given by the system {5} and by the commutativity isomorphism of ./, respectively.
Verification that the relevant coherence diagrams commute is left as an exercise.

Corollary A.4. There is a natural transformation A— A of functors #—Cat such
that each &/n— + n induces an equivalence on passage to classifying spaces.

Proof. With A4 as an intermediary, this is immediate from Theorem 3.4; &V is the
required transformation.

Of course, there results an equivalence EB«/— EB./ on passage to spectra.
We have a similar comparison on the level of pairings.

Proposition A.5. Let ® : o« X B % be a pairing of permutative categories. Then
there is a lax natural transformation v : AXB—D (between actual functors
F X F—Cat) such that the left square commutes and the right square commutes up
to natural homotopy in the diagram

AXB

AxB «—*— p —L— CoA

Proof. Step 3 of Construction A.2 gave functors v(m, n). Natural transformations

v(®, ¥) : D(g, w)v(m, n)=v(p, @)(A(9) x B(w))
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(of functors ./ mx An— Zpqfor ¢ : m—pand y : n—q) are easily obtained. Indeed,
they are dictated by requiring
gev=Id and fov=vAo®o(dxd)
as lax natural transformations between functors .7 x #—Cat. With this specifi-
cation, the result follows from Proposition A.3.
Corollary A.6. There is a natural diagram of functors

2 CoA

AxB AxB

v s
AxB «—— D —— Co°A

such that the left square commutes, the right square commutes up to natural

homotopy, and the vertical arrows induce equivalences on passage to classifying

spaces.

Proof. This is immediate from Theorem 3.4 and Lemmas 3.5 and 3.6.

Naturality refers to strict morphisms of pairings of permutative categories. We
conclude that our results proved about the spectra EBz/ carry over to their
equivalents £B.«/. Thus the generalized definition of pairing in Definition A.1 serves
no useful purpose in the usual categorical applications. However, it is necessary in
applications to étale homotopy theory, and for this reason it is worth going on to a
generalization of our recognition principle. Since the generalization presents only
notational complications, we shall be rather sketchy. We begin by generalizing the
material of Section 5.

Definition A.7. An 4, X J,-prespectrum is a continuous functor R : /., X f,—.J
together with a natural transformation
0 : RASAS—Ro(® X @)o(1xtx1)

of functors .#3—.7 such that ¢ is appropriately unital and associative and the
adjoints

G : R(V, VY= F(SWASW,R(VO W, V'@ W")
are inclusions; compare Definition 5.1.
We can define .7 -prespectra similarly; the case n=3 is needed for the study of

associativity of pairings. The smash product of .#,-prespectra P and Q is an f, X 4,-
prespectrum with respect to the structural maps

(GAGYIATAL) : PYAQV ASWASW'—P(V® WINQ(V'® W').
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If Tis an #,-prespectrum, then T°@® is an f, X ,-prespectrum with respect to the
structural maps

TU@t@DDeoo(lAw) : TV VIANSWASW -T(VE W@ V' O W’).

This allows the following generalization and conceptualization of Definition 5.3.

Definition A.8. A (generalized) pairing (P, Q)— T of #.-prespectra is an 4, X ./,-
prespectrum R and maps

Ww:R—PAQ and w :R—=T®
of /. x J,-prespectra such that each component map
y(V, W): R(V, W)= PVAQW

is an equivalence. Morphisms of pairings are defined in the evident way in terms of
homotopy commutative diagrams of functors.

There is an analogous generalization of Definition 5.4, involving auxiliary
F X F,-prespectra for the unit diagrams and an auxiliary fi-prespectrum for the
associativity diagram. We leave the details to the interested reader.

Theorem A.9. Theorems 5.7 and 5.8 remain valid as stated with respect to the
generalized notions of a pairing of f.-prespectra and of a ring ./ .-prespectrum.

Proof. For any pair of universes U and U’, an .4, X ,-prespectrum determines a
prespectrum indexed on U® U’ in an evident and natural way. In particular, a
pairing as above gives a diagram

PAQ «——R—"= To®

of prespectra indexed on R*@ R*, with y a spacewise equivalence. We pass to
spectra indexed on R*@ R* and then to spectra indexed on R* just as in Section 3.
Here y is a weak equivalence, hence an isomorphism in the stable category, and
there results the required pairing EPAEQ—ET in H¥. Unit, associativity, and
commutativity conditions are also handled just as in Section 5, the only compli-
cations being purely notational.

Theorem A.10. Theorems 6.2 and 6.3, and therefore also Theorems 1.6 and 1.7,
remain valid as stated with respect to the generalized notions of a pairing of a *%-
space and a “-space to an é-space and of a ring %-space.

Proof. On general nonsense grounds, the category % x 7 determines a monad
C x D in the category (/T x IT)[ 7] of functors M : [Tx [T~ 7 such that an action of
CxD on M is the same thing as an extension of M to a continuous functor
% x 7 — 7. The (p, q)th space is a coend

(Ex Dpatd)= 1L #(m, p) X Z(n, Q) X Mimn/(~),

L n)
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and the equivalence relation is such that
(CXxD)p Xx Y)=CpXxDgY

for functors X, Y : IT— 7. Let L’ and L” be the functors which assign My, : [T~ .7
and M, o0:1T-7 to M : IITxIT—.7. Then the functor (L,L"”) has the evident
product construction as right adjoint. With notations as in Section 6, the functor

No(ZVL,EWLY=ZYLAZYL : I 7 X T[T~ 7
has an evident right action by (Cv, Dw), and it follows formally that the functor
SVLUNZWLL" : (T xID[.T )~ .7
has a right action by CvxDw. For a functor M : 4 x Z— .7, there results an
Fu X J.-prespectrum RM with (V, W)th space
(RMY(V, W)=BEVLL'AZ¥LL",Cvx Dw, M).
When M = X x Y, there is a natural homeomorphism
RXX YY)V, W)=(TX)VINTY)W).

Now consider a pairing (X, Y)—Z as in Definition A.1. The transformations g and f
induce maps

ZVLCIXAZWLD Y —(ZVLLAZWLLYC v x Dw)I(M)

2 vz ”LE?/@ ”'Z.
These specify maps of simplicial spaces and so induce maps
(TXYNNMTY )W) = (RM)V, W)=(TZ)(VE W)

on passage to realization. These maps specify a pairing of .#,-prespectra in the sense
of Definition A.8 (the cofibration condition of Definition A.l being needed to
ensure that the first map is an equivalence). The remaining verifications are exactly
parallel to those in Section 6.
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