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A REMARK ON MACKEY~FUNCTORS
Harald Lindner

In the following note we characterize the category of Mackey-
functors from a category C, satisfying a few assumptions, to a
category D as the category of functors from Sp(C), the category
of "spans" in C, to D which preserve finite products. This
caracterization permits to apply all results on categories of
functors preserving a given class of limits to the case of
Mackey~functors.

We recall (cf. [3], §6) the definition of a Mackey-functor:

¥¥: C—3 D and My : c°— D (C° the dual category) is called
a Mackey-functor (from C to D) iff

( 1) For every object A€lC]: M¥A = My A (=: MA)
( ii) If (1) is a pullback diagram in C, then the diagram (2)
commutes:
b Vil
(1 Pe—e—3 B (2) VP w——3 MB
a g M*a M*g
A —F—C MA-—;{-;;—? MC

(111) My ¢ c®°——3 D preserves finite products.

If only (i) and (ii) are satisfied, we will call (M*,M*) a
P-functor (P for pullback-property or pre-Mackey-functor). If
(M*,M*) and (N*,N*) are both Mackey~functors (or both P-functors)

273



2 LINDNER

from ¢ to D, a natural transformation from (M*,M ) to (N*,N*)
consists of a family of = {QFA t MA—y NA! Aéigl} such that of
is both a natural transformation from M¥ to N* and from Mg to N*.
Hence there is a (illegitimate) category of Mackey-functors
(resp. P-functors) from C to D, Furthermore, if (M*SM*J

£—> D is a P-functor and 6 : D—3 E is any functor, the
composition G(M¥,My) := (GM*,GM,) is a P-functor from C to E.
We obtain therefore a 2-functor TTb ¢ Cat—> CAT (QEE denotes
the 2-category of ll—categories, Wa rixed universe, CAT denotes
the 2-category of small 10-categories, Y a universe such that
Mme 10? hence the illegitimate W -categories are in CAT (cf. [6]
3.5, 3.6)), mapping a category D to the category of P-functors
from C to D.

2. THEOREM: Let C be a category with pullbacks. The 2-funcior

e e -

T]‘C : Cat ——» CAT is 2-representable.

PROQF: A representing object for the 2-functor TTE is the
following (illegitimate) category Sp(C) (Sp(Lg) is the "classi-
fying category" (cf. [2], 7.2) of the bicategory of "spans® in C
(cf. [2], 2.6)): The objects of Sp(C) are the objects of C. The
morphisms in Sp(C) from A to B are the equivalence classes of
the following equivalence relation on the set (actually a W-set)

L1 c(®,mmc(P,B) : (het—p—LyB)nu (ael-pr ) arr
peicl

there is an isomorphism i : P——>P' such that &' 1 = a
and b' i = b, We denote the eguivalence class of (a,b) by

[a,b]. The composition in Sp(C) is defined as follows:

P >B ——E P—2 55— 55
= 5 =]
e
Daci * e | o

A A °
7 ¢ [aa,en]
dvi o°° [d:f] di
D D
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We now define two functors F¥ : C ~—35p(C) and E* :
c%——35p(C) by requiring (for fi: & —>3C)

%
(3) ) = [1,,1] Fe(£) 1= [£,1,]

This forces (F*,F*) to satisfy the condition 1(i). The condition
1(i1) is also satisfied, since (Fyg)(F¥f) = [a,0] = (F¥0)(Fa):

p—1—3p ——b—-)B

P 3B
ull pull
]' back lg o’ F*g " back l‘ F‘*b
A————>c° 3
a°

P
oo F*f l ° F*a
A

tw

—
?

"é.

i

Now let (M*,M.) : C——D be a P-functor. If H : Sp(C)——D
is any functor such that ur¥ - M¥* and HF* = My then the follow-
ing equation holds for all a : P—34 and b : P—>sB d4n C:

() H([a,0]) = H((F¥b) (Fya)) = (HF¥p) (HFya) = (1¥0) (Mya)

The right hand side of (4) does not depend on the particular
choiche of the representing element (a,b) of the equivalence
class [a,b]. In fact, if (a,b) ~~(a',b'), i.e. there exists an
isomorphism i : P —= P! satisfying a' i = a and bd' i = D
then (M¥b)(Mya) = (M¥b1) (M¥1) (M) (Ma'), but  (F1) (d) = 1,
as can be seen by applying 1(ii) to the pullback (5). Therefore,

(5) P-——i—-)p'

il |

p"‘*—f———)P'
any such functor H : Sp(C) —> D is uniquely determined., On the

other hand, given a P-functor (M*,M*) : C—>D, we define H :
5p(C)—> D by (4). Using 1(ii), we can easily prove that H is in
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4 LINDNER

fact a functor. Furthermore, (4) clearly implies HF* = M* and
HF g = My

Finally, let o : (M¥,My)— (N¥,N,) : C——3D be a natural
transformation (of P-functors). If H and I, resp., denote the
corresponding functors from Sp(C) to D, then o is a natural
transformation from H to I and vice versa. This completes the
proof.

In order to prove a corresponding theorem for Mackey-functors

we first consider a lemma:

3. LEMMA; Let C be a category with pullbacks and finite COo-

products. Let the initial object of C be strictly initial, and

e D e e o—

row is a coproduct diagram, the two squares are pullbacks if and

only if the top row is a coproduct diagram. Then Fy : ¢%—33p(g)

preserves finite products.

vy v
(6) B,—»D é&——8B

S

A1—————+ C&— A
u1 2

2

o

2

Y2

Before proving the lemma, we remark that the hypotheses of the
lemma are satisfied in all the situations where Mackey-functors
have been considered, e.g. if C is the category of all functors
from a small category B (e.g. a group) to the category of sets
(cf. [3], lemma 6.4).

PROOF: The assumption that the initial object of C be strictly
initial clearly implies that E* preserves the terminal object of
QO. Now let A1—31906—E§-A2 be a coproduct diagram in C. Further-
more, let [Xj’qj] : X—>»C (j = 1,2) be two morphisms in Sp(Q)
such that (E*ui)[x1,q1] = (E*ui)[kz,qe] for 1 = 1,2 (ef, dia-
gram (7), page 5). This implies the existence of isomorphisms
P. ¢ P1i___9 PZi (i = 1,2) such thats

i

(8) asy Py = 8y4s Xy Gp3 Py = Xy gy  for 1= 1,2,

1
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i Py
(7) P.i~—j-l—>Ai——‘—.>Ai (9) Py A,
J <7
pull o’ v u
qji back ig° P i i
—c’ *'4 P ——C
J qj o P

a. a.
The hypothesis of the lemma forces Pj‘——llgg.e—_gg;P.z to be a
coproduct diagram in C. Therefore (8) implies [x,,q] = [Xz,qé].

Finally let [Xi’pi] P X—> A, (i = 1,2) be two morphisms in

8p(C) (xi : Pi————)X, Py ¢ Pi————)Ai). We choose a coproduct

v N
diagran P1-—l—)P€——§—-P2 in C and obtain (unique) morphisms
p:P—>sC and x: P—3X such that PV, = Uy Py and
X vy = Xy for 1 = 1,2. The hypothesis of the lemma forces (9)

to be pullbacks for i = 1,2, This clearly implies (E*ui)[x,p] =
: Fug  Feup :
[xi,pj} for i = 1,2, Hence A é——C——— A, 1is a product
diagram in Sp(C).
Combining this result with the previous theorem, and taking
into account that [Sp(C)} = IC|, we obtain as a corollary:

4. THEQOREM: Let C satisfy thé hypotheses of the previous lemma,

and let D be any category. The category of Mackey-functors from

C to D is canonically isomorphic to the category of all finite-

product-preserving~functors from Sp(C) to D.

This isomorphism is clearly natural with respect to D (and C);
and the theorem can be formulated as the representability of a
2~functor.

This theorem makes it possible to apply the results of [1,4,5]
to the category of Mackey-functors from { to D. In particular
we note that this category admits an inclusion-functor into the
category [5p(g),g] of all functors from Sp(C) to D which is an

adjoint functor, It inherits therefore completeness and cocom-~
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6 LINDNER

pleteness properties from D.

Finally we remark that the construction of [3], §6, which
assigns to every category D the category Bi(D) (such that |Bi(D)]
= |p| and Bi(D)(4,B) = D(4,B)MD(B,A) ), is not as useful as
Sp(€) in order to characterize Mackey-functors, but it has, how-
ever, the following universal property: it provides an adjoint
functor "Bi" for the forgetful functor J : gggd-——yggi (Qﬁﬁd is
the category of categories A, equipped with a "duality", i.e.,

a functor D : AO—-—QA such that D(DO) = 1A). (This construction
can be carried out for categories enriched over a monoidal cate=

gory which has finite products).
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