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ABSTRACT. We prove that the element h% is a permanent cycle in the Adams
spectral sequence. As a result, we establish the existence of smooth framed
manifolds with Kervaire invariant one in dimension 126, thereby resolving the
final case of the Kervaire invariant problem.

Combining this result with the theorems of Browder, Mahowald-Tangora,
Barratt—Jones—Mahowald, and Hill-Hopkins—Ravenel, we conclude that smooth
framed manifolds with Kervaire invariant one exist in and only in dimensions
2,6,14,30,62, and 126.

1. INTRODUCTION

For a smooth framed manifold in dimension 4k+2, the Kervaire invariant, taking
values in Fo, determines whether the manifold could be converted into a homotopy
sphere via surgery — it takes value 0 if the manifold can be converted to a homotopy
sphere and 1 otherwise. Formally speaking, the Kervaire invariant is defined as
the Arf invariant of the quadratic refinement of the intersection pairing in the
cohomology of the manifold with Fy coefficients. Using this invariant, Kervaire
[32] discovered a PL-manifold in dimension 10 that does not admit any smooth
structure.

The Kervaire invariant problem seeks to identify the dimensions in which there
exists framed smooth manifolds with Kervaire invariant one. In these dimensions,
exactly half of the cobordism classes of framed manifolds have Kervaire invariant
one, and the other half have Kervaire invariant 0. The Kervaire invariant problem
is closely related to many problem in differential topology, especially Kervaire—
Milnor’s classification theorem [33] on exotic smooth structures on spheres.

In this paper we prove the following Theorem 1.1.

Theorem 1.1. There exists framed manifolds of Kervaire invariant one in dimen-
sion 126.

Together with previous results by Browder [10], Mahowald-Tangora [43], Barratt—
Jones—Mahowald [4], and Hill-Hopkins—Ravenel [22], this is the last case of the
Kervaire invariant problem.

Corollary 1.2. The dimensions that there exists framed manifolds of Kervaire
invariant one are 2, 6, 14, 30, 62, and 126.

In dimensions 2, 6, and 14, the product of spheres S' xSt, §3x 53,87 xS can be
framed to have Kervarie invariant one. In dimension 30, an explicit framed manifold
of Kervarie invariant one was constructed by J.Jones in [31]. For dimensions 62 and
126, we would like to comment that no explicit manifold of Kervarie invariant one
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was known, although 50% of all framed manifolds in these two dimensions have
Kervarie invariant one.

Our Theorem 1.1 is a consequence of Browder’s theorem (Theorem 1.3) and the
following main theorem of this paper, Theorem 1.4.

Theorem 1.3 (Browder [10]). There ezists framed manifolds in dimension n of
Kervaire invariant one if and only if

(1) n =211 —2 and

(2) the element hjz in the Adams spectral sequence survives to the Eo,-page.

The Adams spectral sequence [1] converges to the stable homotopy groups of
spheres, which, by Pontryagin’s theorem, correspond to framed manifolds up to
framed cobordism. When the element h? survives (see below for an introduction to
the Adams spectral sequence and the element h?), the homotopy classes it detects
are denoted by 6; € myi+1_5. Browder showed that these classes correspond to
framed manifolds with Kervaire invariant one.

Theorem 1.4 (Theorem 7.1). The element hZ survives to the Es-page in the
Adams spectral sequence.

In addition to Theorem 1.1, further implications of Theorem 1.4, particularly in
manifold topology and unstable homotopy theory, can be found in [46, 41, 22, 3],
among others.

Recall that the 2-primary Adams spectral sequence has the following form.

Eyt = Exty (Fp, Fy) = m_,S°,
dr . Es’t N E5+r,t+r71
° T T N
Here the FE»-page is the cohomology of the mod 2 Steenrod algebra A, S° is the 2-
completed sphere spectrum, and the spectral sequence converges to the 2-completed
stable homotopy groups of spheres. In general, for a spectrum X, its HFy-Adams
spectral sequence is denoted by Ef*(X), converging to the 2-completed homotopy

groups of X.
For the sphere, Adams [1] computed the Adams 1-line:

F,, if t = 27 for some j > 0,

1,
EXtAt(]FQ’FQ) - {O otherwise

Denote by h; the generator of Fy in the bidegree (s,t) = (1,27). Adams |2] proved
that the element h; survives in the Adams spectral sequence if and only if j > 3,
resolving the famous Hopf invariant problem. In fact, Adams proved that

da(hy) = hoh?_, # 0, for j > 4.

The Kervaire invariant element hf lives on the Adams 2-line, which is generated
by elements of the form {h;h;} that are subject to the relations h;h;y1 = 0. No-
tably, hZ was the last unknown element on the Adams 2-line whose survival in the
Adams spectral sequence remained uncertain prior to our work. As a corollary of
Theorem 1.4, we have:

Corollary 1.5. On the Adams 2-line, the only non-trivial elements that survive in
the Adams spectral sequence are:

hoha, hohs, haohg, hihj (j >3), b2 (j <6).
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Proof. From Adams’s Hopf invariant one differentials, Lin’s computations of the
Adams 4-line [39], and the Leibniz rule, we know that the only elements that
survive to the Adams Fs-page are

hoha, hohs, haha, hahs, hshs, hshe, hah; (5> 3), b3 (j < 6).

May [44] proved that the first three elements and h3 for j < 3 survive. Mahowald—
Tangora [43] proved that hohs supports a nonzero dz-differential, hzhs supports a
nonzero dy-differential, and h? survives. Isaksen-Wang-Xu [28] proved that hzhe
supports a nonzero ds-differential. Mahowald [42] proved that hqh; for j > 3
survive. Barratt—Jones—Mahowald [4] proved that h2 survives (see [55, 28] for
alternative proofs). Hill-Hopkins—Ravenel [22] proved that h? supports nonzero
differentials for j > 7 (the targets of these differentials are still unknown). Finally,
by Theorem 1.4, hZ survives. (Il

Before Hill-Hopkins—Ravenel’s proof on the non-existence of §; for j > 7, Barratt—
Jones—-Mahowald [3] had an inductive argument trying to establish the existence of
all 8;: They proved that if there exists a 6; satisfying 2-6; =0, 9]2 = 0, then there
exists a 0,11 satisfying 2-6;,1; = 0. In particular, the problem of whether a 6;,
of order 2 exists is known as the strong Kervaire invariant problem. It was known
that 2-60; = 0 for j < 5 (see [43] for j = 4 and [55, 28] for j = 5). Although we
prove that g exists in this paper, the following questions are still open:

Question 1.6. Does there exist a 0g that has order 2%
Question 1.7. Does there exist a 05 such that 62 = 07

By Barratt—Jones—Mahowald’s theorem [3], if the answer to Question 1.7 is pos-
itive, then it would imply our Theorem 1.4 and a positive answer to Question 1.6.
We plan to study these questions in a future project.

As suggested by the proof of Corollary 1.5, computation of differentials in the
Adams spectral sequence has a long history. See Section 2 of [52] for a brief summary
at all primes and computations at the prime 2 up to around 60-stem. For more
recent computations up to around 90-stem, see [28, 27, 54, 29].

Many methods were introduced to compute differentials in the Adams spectral
sequence. We highlight some of the major methods as follows.

(1) Multiplicative structure of the Adams Fs-page and the Leibniz rule.

By computing the Adams Fs-page with its multiplicative structure via the
May spectral sequence, and comparing with Toda’s unstable computations,
May [44] computed all differentials up to the 28-stem.

(2) Higher product structure — interactions between Massey products and Toda
brackets through Moss’s theorem [47].

(3) The Mahowald trick [43], which translates between differentials and exten-
sion problems.

By using both Moss’s theorem and the Mahowald trick, Barratt—Mahowald—
Tangora [43, 5] computed all but one differentials up to the 45-stem; The
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remaining one was computed by Bruner [11] using power operations.

(4) Comparison with the motivic Adams spectral sequence via the Betti real-
ization functor [20].

By comparison via the Betti realization functor, Isaksen [25] gave rigorous
arguments for all but one differentials in both the motivic and classical
Adams spectral sequence up to the 59-stem; The remaining one was com-
puted by Xu [30] using the higher Leibniz rule for motivic Massey products.

(5) Wang-Xu’s RP>-method [52].

Using Lin’s algebraic Kahn—Priddy theorem [38], Wang—Xu introduced a
technique to prove Adams differentials inductively using differentials in sub-
quotients of RP*>°, and completed computations of Adams differentials up
to the 61-stem. (See also [53] for application of this method on extension
problems.)

There is a nice geometric application of these differentials in stems 60 and
61. The sphere S®! has a unique smooth structure and it is the last odd
dimensional case: The only ones are S!, S3, S° and S

(6) Gheorghe-Isaksen—Wang—Xu’s motivic cofiber of tau method [21, 28].

By identifying the algebraicity of the special fiber of a motivic deformation,
Gheorghe-Wang—Xu [21] proved that the motivic Adams spectral sequence
of the cofiber of tau is isomorphic to the algebraic Novikov spectral se-
quence for BP,, which can be completely computed in a large range by
Wang’s program [51]. Then differentials in the classical Adams spectral
sequence follow from naturality.

Using this method, together with some others, Isaksen-Wang—Xu [28] com-
puted Adams differentials up to the 90-stem, with only a few exceptions.

(7) HFs-synthetic/filtered spectra method [49, 13, 18, 17].

The homotopy ring of the HFy-synthetic sphere [49, 16] can be viewed as
a tool to encode homotopical information of the classical Adams spectral
sequence, in analog to the relation between the homotopy ring of the C-
motivic sphere [25] and the Adams—Novikov spectral sequence.

By studying the HFy-synthetic sphere, Burklund-Isaksen—Xu [17] proved a
few Adams differentials up to the 90-stem that were left out by Isaksen—
Wang-Xu [28].

Our strategy for proving our main Theorem 1.4 that hZ survives is three-fold.

e Lin’s Program.
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By establishing the theory of noncommutative Grobner bases for Steenrod
algebras [35], Lin made computer programs that compute Ext groups in a
very effective way. We use Lin’s program to compute the Adams F>-pages
for a vast collection of finite spectra and the maps between them. For a
detailed account of the range of Adams Fy data computed, see [37].

Building on the theory of secondary Steenrod algebras [6, 48, 19|, we also
leverage Lin’s program to compute Adams ds-for certain finite spectra. De-
tails on the dp-differentials we have computed can also be found in [37].

Additionally, Lin’s program facilitates the propagation of differentials and
extensions by employing the Leibniz rule and the naturality of Adams spec-
tral sequences and extension spectral sequences (Definition 2.1).

The Generalized Leibniz Rule and the Generalized Mahowald Trick.

The use of HF5-synthetic/filtered spectra allows us to discuss elements on
the Adams E,,-page as classes in the homotopy groups of certain synthetic
spectra [49, 18]. In particular, naturality on synthetic homotopy groups
allows us to discuss jump-of-filtration phenomena on any Adams FE,-page
in a rigorous way.

Using HF5-synthetic spectra, we develop the Generalized Leibniz Rule (The-
orem 6.1) and the Generalized Mahowald Trick (Theorem 6.12), which can
be viewed as generalizations of the classical Mahowald’s trick and geometric
boundary theorem studies by Ravenel, Behrens and others [50, 8, 40, 14].
We then use them to further propagate differentials from the known ones.

With the Generalized Leibniz Rule and the Generalized Mahowald Trick,
Lin’s program becomes even more powerful, enabling the derivation of ad-
ditional differentials. The program rigorously verifies the conditions of the
relevant theorems and generates human-readable proofs [36] for all differ-
entials computed by the machine. In the Appendix, readers will find tables
of Adams differentials that are used in the proof of the main Theorem 1.4.

The inductive approach and adhoc arguments near stem 126.

By studying Barratt—Jones-Mahowald’s inductive approach [3] in the HF5-
synthetic context, Burklund—Xu (Proposition 7.19 of [18]) proved that hZ
is a permanent cycle in the classical Adams spectral sequence if and only
if Anf2 = 0 in the homotopy group of the synthetic sphere. Here X is our
notation for the synthetic deformation parameter, and 05 is any synthetic
homotopy class that is detected by hZ on the Adams Fa-page.

There are 105 additive generators in stem 125 of the classical Adams Fs-
page — these are the potential targets that could be hit by a nonzero dif-
ferential from hZ. Using Lin’s program and the inductive approach, we can
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rule out 101 out of the 105 elements.

By further applying the Generalized Leibniz Rule and the Generalized Ma-
howald Trick, we can reduce the possibility of a nonzero differential sup-
ported by hZ to only one case: A nonzero diz hits a certain element in
stem 125, filtration 14 (see Proposition 7.8(2)). A necessary condition for
this nonzero d;, is an n-extension from stem 124, filtration 10 to stem 125,
filtration 14 (see Proposition 7.8(5)).

By a careful inspection of the homotopy groups of the synthetic sphere
(and on certain Adams E,-pages) near stem 126, we use adhoc arguments
to prove that the n-extension in the previous paragraph cannot happen (see
Proposition 7.9) and conclude that hZ survives in the Adams spectral se-
quence.

Organization. In Section 2, we setup and discuss properties of an extension
spectral sequence for a map f : X — Y between two spectra, whose Ey-page is iso-
morphic to the direct sum of E.,-pages of the Adams spectral sequences of X and
Y, and differentials correspond to f, : m, X — m,Y, filtered by the Adams filtra-
tion. This setup allows us to discuss the jump-of-filtration phenomena rigorously.
In Section 3, we recall and discuss certain properties of HFg-synthetic spectra. In
Section 4, we discuss the extension spectral sequence from Section 2 in the con-
text of HFs-synthetic spectra. In Section 5, we discuss extensions on a classical
Adams FE,-page, defined in terms of HFs-synthetic spectra. In Section 6, using
the language of Sections 4 and 5, we develop the Generalized Leibniz Rule and the
Generalized Mahowald Trick. In Section 7, we use the inductive approach, and ad
hoc arguments prove that hZ survives in the Adams spectral sequence. Necessary
information of the classical Adams spectral sequence for the final ad hoc arguments
is included in the Appendix.
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2. A SPECTRAL SEQUENCE FOR EXTENSIONS

In this paper, we assume that all symbols X,Y, Z, W, ... for spectra represent 2-
completed connective spectra of finite type. In particular, their HFo-Adams spectral
sequences converge strongly.

Consider a map f : X — Y between two spectra and we can construct the
following chain complex

0— mX % Y — 0
whose homology is
ker(m, f) @ coker(m, f).

We encounter f-extension problems when analyzing the homotopy groups through
the FE.-pages of the HF3-based Adams spectral sequences. To address these exten-
sions, we introduce the following spectral sequence.

Definition 2.1. For a map f : X — Y, we define an f-extension spectral se-
quence (denoted f-ESS) as the spectral sequence derived from filtering the above
chain complex according to the Adams filtration on m,. The Ey-page of this spec-
tral sequence is isomorphic to the direct sum of E..-pages of the Adams spectral
sequences of X and Y:

Byt = E3H(X) @ E3H(Y) = ker(m., f) @ coker(r, f)
where the dy differential is induced by f on the E., pages.
Differentials in this spectral sequence has the form

d7fz . fE;sl,t N fEfL-HL’tJ'_n.

To prevent confusion between differentials d,, in the Adams spectral sequence of
a spectrum X and those in the f-extension spectral sequence, we denote the latter
with a superscript, writing them as df .

In the remainder of the paper, we denote by AF(f) the Adams filtration of a map
f. Recall that AF(f) > k if and only if there exist k composable maps f1,..., f,
each inducing a trivial map in HIFy-homology, such that f is homotopic to the
composition fi o---o fi (see [50, Theorem 2.2.14] for example).

Notation 2.2. Let /Z%!(X) c E%!(X) be the subgroup consisting of elements
for which the f-extension differentials df, ..., dS vanish. Let fBSf(Y) c ESf(Y)
be the subgroup generated by the sum of images of the f-extension differentials
df,... df. We define 'B>! (V) = 0 and /Z°% (X) = E51(X).

By definition we have
TBy =1 (X) & (B () B, (V).
A nonzero d, differential takes the form
df T2 (X) = B Y) /T BR T (Y).
When we write
dj\(x) =y
for z € E%H(X) and y € ESF™17(Y), it is understood that z belongs to /2% | (X),

and
df(x) =y + BT (Y).
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Furthermore, we may sometimes write
d(z)=y mod M
for some subgroup M C E3r™!*7(Y). This means that
& (@) = y+m+ By
for some m € M.

Definition 2.3. We say there is an f-extension from z € E3!(X) toy € ESI™H"(Y)
if df () =y in the f-ESS. We say this f-extension is essential if y is nontrivial in
the E,,-page of the f-ESS, or equivalently

y & B (Y).
Otherwise we refer to it as inessential.

Notation 2.4. For z € E%'(X), we denote by {x} the set of all classes in m;_ X
that are detected by x. We use [z] to refer to a specific class or a general class in
{z}, with the choice understood from the context.

Proposition 2.5. Consider f : X — Y, x € E3/(X), y € EX™"(Y) and
y' € EsFmttm(Y) for m,n > 0.
(1) There is an f-extension from x to y, i.e., df (x) =y in the f-ESS if and
only if there is a class [x] € {x} such that flx] € {y}.
(2) An f-extension from x to y is inessential, i.e., y is trivial in the E,-page
of the f-ESS if and only if there exists an element ¥’ € ESI®'t%(X) for
0 < a < n such that we have an essential differential dﬁfa(:r’) =vy. Equiv-
alently, there exists a class [z'] € {2'} C m. X with AF(z") >AF(x), such
that f[z'] € {y}.
(8) Suppose we have an f-extension from x to both y and y'.
(a) If m =n, then y—y' € TBST""™(Y') and there exists an element z' €
Esfatte(X) for 0 < a < n such that we have an essential differential
d;fzfa(x/) =Yy- yl
in f-ESS. Equivalently, there exists a class [2'] € {2’} C m.X with
AF(z") >AF(x), such that f[z'] € {y —y'}.
(b) If m > n, then the f-extension from x toy is inessential.

Proof. Part (1) is straightforward from the setup of the extension spectral sequence
and Definition 2.3. Parts (2) and (3) follow from Part (1). O

Corollary 2.6. If the Adams filtration of f is k, then dlf =0 fori<k.

Proof. When k > 0, it is clear that dg = 0, which means that for any s and
[z] € Fom(X), we have f([z]) € Fs41m.(Y). Since AF(f) = k, we know that there
exist k maps
X=X x, & . Ix =y
such that each f; induces trivial map in HF3-homology (hence AF(f;) > 0) and f
is homotopic to the composition fi o ---o fi. Then for any s and [z] € Fym,(X),
inductively we have
fi(lz]) € Fopami(X1)
fao fi([z]) € Fspami(X2)
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f([z]) = fr oo fi([7]) € Foyrme(Xg) = Fyqpmi(Y).
(

By Proposition 2.5.(1) this means that df:c =0forany r € EL(X)andi < k. O

Definition 2.7. (1) For x € E3!(X), we say that the an f-extension df(z) = y
has a crossing that hits Adams filtration p for some p < s + n, if there exists
an element 2’ € E5F*!*¢(X) with @ > 0 and an f-extension df, (z') = /' for
0 #y € Esratmittatm(y) guch that

p=AF(y)=s+a+m < AF(y) = s +n.

(2) We say that an f-extension d; (z) = y has no crossing that hits the range AF
> p if there does not exist an element 2/ € ESI*!T%(X) with @ > 0 and an
f-extension df (z') = o/ for 0 # ¢/ € Estatmittatm(y) such that

p<AF(y)=s+a+m < AF(y) = s +n.

(3) We say that an f-extension df (z) = y has no crossing if it has no crossing that
hits the range AF> AF(x) + 1.

s+n Y
df,
p=s+ta+m y
d,
s+a x’
s T

FIGURE 1. A crossing of df that hits Adams filtration p

Remark 2.8. The following statements are equivalent.

e An f-extension df (x) = y has no crossing that hits the range AF> p.
e If for any a > 0 there is an f-extension from 2’ € ESI®!T%(X) to some
nontrivial 3/, then AF(y’) < p or AF(y') >AF(y).

Remark 2.9. We do not require the crossings in Definition 2.7 (1)(2) to be es-
sential. A crossing implies the existence of an essential crossing, possibly a shorter
one.

Proposition 2.10. An f-extension from x to y has no crossing in the range AF > p
if and only if for all [x] € {z} such that AF(f[z]) > p we have f[z] € {y}. In
particular, we have

(1) An f-extension from x to y has no crossing if and only if for all [z] € {z}
we have f[z] € {y}.
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(2) An f-estension df(x) =0 has no crossing if and only if for all [z] € {z},
AF(f[z]) > AF(x) + n.
(3) If AF(f) = n, then all df-differentials have no crossing in the f-ESS.

Proof. First we prove the only if part. Assume by contradiction that there exists
[z] € {«} such that f[z] = [¢] ¢ {y} is detected by 3/ € Eo(Y) with AF(y’) > p.
Then there is an f extension from z to y’. By Proposition 2.5 (3), y’ (if AF(y) >
AF(y")) or y — ' (if AF(y) = AF(y')) or y (if AF(y) < AF(y’)) should be hit by
a shorter df differential. This shorter differential is a crossing of the f-extension
from x to y that hits AF > p, which is a contradiction. Now we prove the if part.
Assume that the f-extension has a crossing from 2’ to y’ with p < AF(y') < AF(y).
Then there exists [¢'] € {2’} such that f([z']) € {¢/'}. Note that [z] + [2'] € {«}
since AF(z') > AF(z), we have

{v'} if AF(y') < AF(y)
2]+ [2]) = fl2]) + £([2']) = Wl + [y] € :
{y+y'} ifAF(y)=AF(y).
However, by assumption we should have f([z] 4 [2/]) € {y} and it is contradictory
to the equation above in either case.
Hence the main statement is true. Part (1) (2) are special cases of the main
statement and Part (3) holds for degree reasons. O

Example 2.11. Consider the Hopf map 1 : S' — S between 2-completed spheres.
It is known that it induces a surjective map on mse (see [IWX] for example).

e In the n-ESS, we have the following nonzero differentials — these are the
essential n-extensions:
(1) d;’(hg,do) = h1h5d0 in AF= 6,
(3) dg(hlgg) = Ahgcl in AF= 8,

e The n-extension dj(hoh3hs) = hihsdy is inessential.

This is a zero differential on the Es-page of the n-ESS due to the nonzero
d]-differential that hits hihsdy. Note that although this n-extension is
inessential, we still have a class [hoh3hs] € {hoh2hs} such that n- [hoh3hs] €
{h1hsdp}, due to the presence of an essential n-extension from hsdy to
hyhsdg.

e The n-extension dj(h%hs) = Mhy has a crossing that hits AF= 6.
In fact, both the essential extension d (hsdy) = h1hsdy and the inessential
extension dg(h0h§h5) = hihsdy are such crossings. Due to the existence of a

crossing, the following statement is NOT true:

For all [h3hs] € {h3hs}, we have 0 - [h3hs] € {Mhy}.
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In fact, there exists a class [h3hs] € {h3hs} such that - [h3hs] € {hihsdo}
due to the crossing n-extension from hsdy to hyhsdy.

e The n-extension dj (hsdy) = h1hsdy has no crossing by part (3).
Theorem 2.12. Consider a homotopy commutative diagram of spectra

x— .y

ZT>W
Suppose m,n, 1 >0, 0<k<m+1—n,

r € B3N (X) y € B3 (Y),
z € Esrmittm(z) e psfmtbitmilyy)

and

(1) di(z) =y,

(2) dy,(x) = z,

(8) the differential in (1) or the differential in (2) has no crossing,

(4) di(z) = w, and has no crossing that hits the range AF > s +n +k,
(5) d}_,y =0, and has no crossing.

Then d! (y) = w. (See Figure 2.)

m+l—n

Proof. First we find a representative [z] of  such that

(2.13) pla] € {z}
and
(2.14) fla] € {y}.

If (1) has no crossing, by (2) we can pick [z] € {z} such that (2.13) holds; If (2)
has no crossing, by (1) we can pick [z] € {z} such that (2.14) holds. In both cases
the other equation also holds because of the no crossing condition.

By (5), (2.14) and Proposition 2.10 (2) we know that ¢f[z] has AF > s+ n + k.
Since the diagram on the Adams E..-pages commutes, we have

AF(gplz]) = AF(qf[z]) > s +n+ k.
Combining with (4), (2.13) and Proposition 2.10 we have
gplz] € {w}.
Therefore, qf[z] € {w} and by (2.14) there is a g-extension from y to w. O

Corollary 2.15. Consider a homotopy commutative diagram of spectra

X —Y
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s+m+1

s+n+k

s+m

FIGURE 2. A demonstration of Theorem 2.12

Suppose m,n,l > 0,

v € BE(X) y € B (Y),
z € Emitm(Z)  w e BspmtitmEl ),

and

(1) df(z) =y,

(2) dp,(z) = 2,

(3) the differential in (1) or the differential in (2) has no crossing,
(4) dj(z) = w, and has no crossing.

Then d} ;. (y) = w.
Corollary 2.16. Consider a homotopy commutative diagram of spectra

x— .y

N

Z
Suppose n,m > 0,
r € BESNX), y € ESf™N(Y), 2 € ESTIT (7))

and

(1) d(z) =y,
(2) dy,(z) = z,
(3) the differential in (1) or the differential in (2) has no crossing.

Then dl _ (y) = z.

m—n

Proof. This is a special case of Corollary 2.15 when Z = W and g = idy.
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Corollary 2.17. Consider a homotopy commutative diagram of spectra

Suppose n,m > 0,
z e BEYN(X), z€ EI™TNY), w e BT ()

and

(1) d (@) = 2,

(2) df(z) = w, and has no crossing.

Then d2

m+l(‘r) =w.

Proof. This is a special case of Corollary 2.15 when X =Y and f = idx.

Corollary 2.18. Consider a homotopy commutative diagram of spectra

x—L vy .

s
Z—W
Assume PE™ = PE** and ‘Ey" = ER* for some r > 0. Then
(d7, dY) : EXN(X) @ E(Y) = BN (2) @ B (W)

induces a map from the f-ESS to the g-ESS.

13

Proof. SincePEy" =PE* and ‘B = YE*, we know that dP, d? have no crossings.
By Corollary 2.15, we have dj o d? = di o d{; and therefore (dP,d?) induces a map

Ty T

from 'ET* to 9E}*. Inductively we can apply Corollary 2.15 again and show that

(d?,d?) induces a map from /E** to 9E** and dY o dP = d% o df for all n.

Corollary 2.19. If the composition go f of two maps f : X =Y, g:Y — Z is
trivial, and df,(z) = y for v € E3H(X) and y € E3X™H(Y), then y is a permanent

cycle in the g-ESS, i.e., we have d%,(y) =0 for all m > 0.

Proof. This follows immediately from the following commutative diagram

x—1.y
[
0——Z7

and Corollary 2.15.

There is a second short proof using homotopy groups. By Proposition 2.5, we
know that there exists [z] € {z} such that f([z]) € {y}. Let [y] = f([z]) € {y} and
O

we have g([y]) = g(f([z])) = 0. Hence y is a permanent d9 cycle.

O
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Proposition 2.20. Suppose that the sequence of spectra

xhy%z

induces a sequence of homotopy groups
TeX % Y LN A

that is exact in 7Y . Then all permanent cycles in EX*(Y) of the g-ESS are
boundaries in the f-ESS.

Proof. If we consider the following sequence

(2.21) 0o mX L ry ™% 1.7 50

and treat it as a chain complex filtered by the Adams filtration, we obtain an
extension spectral sequence comprising df and d9 differentials. The abutment of
this spectral sequence, when projected onto the Y component, is zero. Therefor,
all permanent d9-cycles are killed by d7-differentials.

Again we offer another proof via homotopy groups. Assume that y € EX*(Y)isa
permanent d9 cycle. By the convergence of ESS we know that it detects an g-torsion
[y] € {y} with ¢g([y]) = 0. Hence there exists [z] € 7. X such that f([z]) = [y] by
exactness. Assume that [z] is detected by z € EZL*(X). Then there exists an f
extension from z to y. O

Corollary 2.19 and Proposition 2.20 are particularly useful because they provide
numerous potential applications whenever we have a cofiber sequence of the form

xLy%orhsx
These results can also be implemented in a computer program to facilitate their
application.

3. HF5-SYNTHETIC SPECTRA

In Section 2, we explored classical extension problems in the context of commu-
tative diagrams and cofiber sequences of spectra, framed in terms of the extension
spectral sequence. The power of the extension spectral sequence can be further
enhanced by generalizing and applying it to the category of HFs-synthetic spectra,
a topic we will discuss in Section 4.

In this section, we recall some recent work of Pstragowski [49] and Appendix A
of Burklund—Hahn—Senger [16] on E-synthetic spectra, which is strongly motivated
by the work of Hu—Kriz—Ormsby [24], Isaksen [25] and Gheorghe-Wang—Xu [21] on
the C-motivic spectra. We will specialize some of these results to HFs-synthetic
spectra, refining and highlighting specific properties.

The stable, presentable, symmetric monoidal co-category Synyp, of HF2-synthetic
spectra is constructed in [49], along with a functor

v : Sp — Synyp,,

from the oo-category of spectra Sp. This functor is lax symmetric monoidal and
preserves filtered colimits. However, v does not generally preserve cofiber sequences.
Instead, the following holds.
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Proposition 3.1 ([49, Lemma 4.23]). Suppose that
xLysyz
is a cofiber sequence of spectra. Then
vX i> vY 2 vz

is a cofiber sequence of HFy-synthetic spectra if and only if

0 — HF, X 220 gy, v 2249 g, 7 5 0

is a short exact sequence.

Definition 3.2 ([49, Definition 4.6]). The bigraded spheres S** are the synthetic
spectra defined by X5~ *v(S™).

Definition 3.3 ([49, Definition 4.27]). The natural comparison map
SOt =3py(S7) = p(xst) = §%°

in the category of HFs-synthetic spectra is denoted by A € mp _15%°. We denote
by S%0/X the cofiber of X. In general for synthetic X the following

AMidy : 301X — X,

is a natural transformation and by abuse of notation this map is also denoted by
A. We denote by X/ the cofiber of A which is equivalent to (S%Y/\) A X.

Remark 3.4. For every n > 1, S°0/A\" is an E,-object in Synyg, (see [15, Ap-
pendix B, C] for example).

Remark 3.5. The element A\ can be viewed as a parameter of a categorical defor-
mation on Syngg, (see [49]).

>\71

generic fiber

mod A\

special fiber

Spay Synyr, D(A,-Comod)

Inverting A, the generic fiber is equivalent to the classical category of 2-completed
spectra Sp,. Modding out by A, the special fiber is equivalent to Hovey’s derived
category [23] of comodules over the mod 2 dual Steenrod algebra D(A.-Comod).
Historically, this synthetic deformation is motivated by, and analogous to, the mo-
tivic deformation conjectured by Isaksen and proven by Gheorghe-Wang-Xu [21]:

Specifically, there exists a map

between p-completed motivic spheres. This element 7 can be viewed as a parameter
of a categorical deformation on the category of cellular objects over S0,

—1 —
A T 0.0 mod T
— O0-M —F D BP-Com
Spp generic fiber S od special fiber (BP* P-Co Od)

Inverting 7, the generic fiber is equivalent to the classical category of p-completed
spectra Spg. Modding out by 7, the special fiber is equivalent to Hovey’s derived
category of comodules over the Hopf algebroid BP,BP.
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Theorem 3.6 ([16, Theorem A.8|). The synthetic Adams spectral sequence for vX
YRR (U X) = Ty (VX))

has an FEs-page
YREY T (vX) = By (X) @ FalAl

with differentials
dr . synEi,t,w N synE;s;—&-r,t+'r—1,w.

Here E5(X) = Exty"(X) is the classical Adams Es-page of X. An element in
E3'(X) is viewed as having tridegree (s,t,t) in Y"Ey"" (vX), and X is in tride-
gree (0,0,—1). Given a classical Adams differential d'(z) = y, the corresponding
synthetic differential is d,.(x) = X"y, which is \-linear, and all synthetic Adams
differentials arise in this way.

Remark 3.7. Here, we use a third grading of the synthetic Adams F>-page that
differs from [16] but more compatible with [17]. Specifically, we view elements in
E3'(X) as having tridegree (s, t,t), instead of (s, t,s) as in [16]. This choice ensures
that differentials and maps preserve the third degree, which proves convenient for
the extension spectral sequence in the HF5-synthetic category in Section 4.

Theorem 3.8 ([16, Theorem A.1]). The synthetic Adams spectral sequence for vX
is isomorphic to the A-Bockstein spectral sequence (with no sign difference because
we are working over Fo here). More specifically, we have

(1) By'(X) = ms (vX/N).

(2) If we have a classical Adams differential d,.x =y for

z € By (X) 2= msu(VX/ ),
then x admits a lift to m—s (v X/A\""1) whose image under the T-Bockstein
vX/ATE s 2T XN
is equal to d,(z).

Remark 3.9. The isomorphism with the A-Bockstein spectral sequence in Theo-
rem 3.8 and the correspondence of differentials between the classical and synthetic
Adams spectral sequences in Theorem 3.6 can be interpreted as manifestations of
the rigidity of the synthetic Adams spectral sequence. This type of rigidity was first
observed by Hu-Kriz—-Ormsby [24] and Isaksen [25] in the context of the motivic
Adams—Novikov spectral sequence, and it was utilized extensively in the work of
Gheorghe-Wang—Xu [21]. Subsequently, Burklund—Xu [18] uncovered the rigidity
of the motivic Cartan—Eilenberg spectral sequence and performed computations
based on this property. See also [26], [13] for applications of this type of rigidity.

Together with Remark 3.5, HFo-synthetic spectra can be seen as a categorifica-
tion of the classical Adams spectral sequence, just as cellular motivic spectra can
be viewed a categorification of the classical Adams—Novikov spectral sequence.

Notation 3.10. Consider the classical Adams spectral sequence of X. Let B! (X)
denote the subgroups of Eg’t(X ) generated by the sum of images of Adams differ-
entials dy,...,d,. Let Z5'(X) denote the subgroup of E3'(X) consisting of el-
ements on which ds, ...,d, vanish. For r = 1, we define Z"'(X) = EJ*(X) and
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By (X) = 0. For r = oo, let Z%!(X) be the intersection of all Z5*(X), and B(X)
be the union of all B3*(X). We then have the following inclusions

0=B1CByCB3C--CBxxCZoC---CZgCLyCZ =FEs.
In this article, we interpret a classical Adams differential d, as the map
dy: 270 (X) = B3N X0 /BTN,
and follow the pattern in Notation 2.2 for writing differentials.

The following two propositions are taken from [16, Corollary A.9, A.11]. Note
that our third grading, w, differs from that used in the reference.

Proposition 3.11. The E.-page of the synthetic Adams spectral sequence for vX
is given by
Z(X) /B, (X)) ift>w,

EStY(vX) = )
0 otherwise .

Proposition 3.12. The E..-page of the synthetic Adams spectral sequence for
vX /A" forr > 2 is given by

s,t s,t .
Egé)t’w(l/X//\r) ~ erter(X)/BH»tfw(X) ZfO S t‘_w <,
0 otherwise.

Notation 3.13. For convenience, whenever n < 0 or m < 0, we will define
Zn(X)/Bm(X) as a trivial group. This is a bit counterintuitive to the definition of
Z, and By, but it allows us to consistently express the following

B (vX) = 23 (X) /By, (X)
and
B (wX/N) = 20 (X)) Br o (X).

Remark 3.14. The isomorphisms in Propositions 3.11 and 3.12 are compatible
with the synthetic maps A” =" : =" *7uX/\" = vX/A" and p : vX /N — vX/\
for ' > r > r”. The induced map

NI B (WX AT = BT (XA
corresponds to the quotient map (when all subscripts are positive):

AT fot—&-w(X)/Bfitfw(X) - Z:ft—i-w(X)/Bs’t

Ut —r (X)
Similarly, the induced map

pi BS (WX /N = B3 (wX /AT
corresponds to the embedding map (when all subscripts are positive):

p: Zift—&-w(X)/Bfitfw(X) - Zﬁ”lww(X)/Bfitfw(X)

These data do not extend beyond classical information. However, when we consider
amap f: X — Y, we can obtain interesting extensions, as will be discussed in
Section 4.
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Example 3.15. Consider the first few nonzero differentials in the classical Adams
spectral sequence from the 15-stem to the 14-stem:

da(hy) = hoh3, d3(hohs) = hodo, ds(hghs) = hido,

where

hg € Eth’l, hs € Extzs, hy € EXt}L{lG, dg € EXti’lg.

The FEs-page of the synthetic Adams spectral sequence for %9 has the form
SynE;’*7*(SO’O) o EXt:* ® ]Fg [/\]7
and we have
hO c synEl,l,l hg c synEl,S,S h4 c synEl,lﬁ,lﬁ dO c synE4,18,18
2 ’ 2 ’ 2 ’ 2 .
The corresponding nonzero synthetic Adams differentials for S0 are
da(hs) = Ahoh3, ds(hohs) = Nhodo, ds(hghs) = A\*hido,
along with their A-multiples. As a result, the 14-stem of the synthetic E.-page is
generated by \-free elements h3 and dy, along with the following A-torsion elements:
hoh3, hodo, Ahodo, hgdo, Ahido.
On the other hand, since hoh3 € Exti"17 is a ds-cycle, we have
0=BM" c By = Z3'" = B3 = Fofhoh3},
which matches the description:
Z3\ T BRT > Wo{hoh3} if w =17,
E3MT(890) 2 $ Z31 T /BRI, =0 if w < 16,
0 if w > 18.
The element hoh3 detects homotopy classes of AF = 3 in T14,17- Due to the
presence of the A-free element dj in the synthetic E.-page, the element Ady also
detects homotopy classes in 714 17, but with AF = 4. This illustrates why it is more
convenient to describe the E..-page as in Proposition 3.11, rather than in terms of
synthetic homotopy groups.
As a comparison, the only nonzero synthetic Adams differential in the 14-stem
for S90/)\% is
da(hs) = Ahoh3,
and the elements Ahy, hohy, h3hy are all permanent cycles.
For S%%/)\3] the nonzero synthetic Adams differentials in the 14-stem are

da(hg) = Mhoh3, da(Ahy) = N2hoh3,
d3(hoha) = XN*hody, ds(hgha) = X>hido,

and the elements A\?hg, Ahoha, AN2hohy, AhZhy, \2h2hy are all permanent cycles.
These results can be compared with the statements in Proposition 3.12.

Proposition 3.16 ([16, Lemma 9.15]). If a map f : X — Y has Adams filtration
AF(f) = k, then there exists a factorization

0=k y

. 2
S0k
e )\k
-
e



ON THE LAST KERVAIRE INVARIANT PROBLEM 19

where f: YO,y X — vY is called a synthetic lift of f.
In Proposition 3.16 the map v f can be also factorized as follows:

Z/XL)VY

P
,\’“l /{/
o f
0k, X

Proposition 3.17. Suppose that we have a distinguished triangle of spectra

xLy 4 zhvx

with AF(h) > 0, and consequently a short exact sequence on HF5-homology

0o HX 2 gy ™9 gz _so.

Then there exists a distinguished triangle of synthetic spectra

v v 0,—17
vX sy Yz Z 0 501 mx - w0y x
such that vh = Mh.
Proof. The proof is contained in the proof of [16, Lemma 9.15]. (]

Remark 3.18. For h in Proposition 3.17, let h be a synthetic map such that
vh = Afh, then h is equal to A*~'h up to some \-torsion.

Notation 3.19. For a map f : X — Y which is part of a distinguished triangle
x Ly %oroyex,

we define

[0 it AR(S) =0,
e(f)_{1 if AF(f) > 0.

When AF(f) =0, we also denote vf by f In both cases, we have
f:x0eNyx 5oy
and vf = A f. Further more, C'f ~ X0=¢@pCf or equivalently,

e if f induces a trivial map or an injection on HF5-homology, then C' f ~vCf;
e if f induces a surjection on HF;-homology, then C'f ~ X%~ 1vCf.

With the notation above, we can rewrite Proposition 3.17 into the following form
which will be used in Theorem 6.12 and help us unify different cases.
Proposition 3.20. Suppose that we have a distinguished triangle of spectra

xhy 9% zhex

such that e(f)+e(g)+e(h) = 1. Then we have a distinguished triangle of synthetic
spectra,

vX L x0—eDyy &y y0—elh—elo)y 7 2y 501 3 x

(For simplicity we often omit the suspensions before maps but keep the suspensions
before spectra.)
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Remark 3.21. When AF(f) > 1, it is often more advantageous to work with C f
rather than C f , as the A-Bockstein spectral sequence for C f corresponds to a mod-
ified Adams spectral sequence, which differs from the classical one but may provide
additional information. On the other hand, given the equivalence C'f ~ vCf from
Notation 3.19, the rigidity Theorems 3.6 and 3.8 imply that the synthetic Adams
spectral sequence for C f is isomorphic to the A-Bockstein spectral sequence, and
aligns with the classical Adams spectral sequence for C'f. Since the computational
data used in this work is based on the classical Adams spectral sequence, we defer
the exploration of C'f to future work.

To illustrate this in more detail, consider the example of the synthetic lift 77~3 €
3,6 Of n3 € w3, which has AF = 3. We can examine several A\-multiples of 73:

)\77~3 € M35, 77}’ = )\277~3 € m3,4, V(773) = )\377~3 € 73 3.

Now, consider the synthetic 2-cell complexes formed by taking the cofibers of
these maps:

C®), COWP), CO*P) = C) = w(C?), CN*P) = Cu(ip’).

The rigidity Theorems 3.6 and 3.8 apply only to C(ﬁ3), as it is equivalent to
v(Cn?). In this case, its synthetic Adams Er-page is A-free over Ext’y"(Cn?); in
particular the identity element from the top cell has tridegree (s,t,w) = (0,4,4).
There is a correspondence of differentials between the classical and synthetic Adams
spectral sequence, and a synthetic differential generates A-torsion corresponding to
its length. 3 3

For C(n3),C(An?) and C(A3n3), their synthetic Adams Ea-pages remain \-free,
but the identity element from the top cell has tridegree

(s,t,w) = (0,4,6),(0,4,5),(0,4,7)

respectively. As a result, each supports a nonzero Adams ds-differential killing
h$ from the bottom cell when multiplied by 1, A\, A3, respectively. This leaves no
A-torsion, Al-torsion and A3-torsion in 4,6, Tespectively.

On the other hand, the A-Bockstein spectral sequences for C(13) and C(An?)
correspond to a modified Adams spectral sequence in the sense of [7, Section 3],
with the AF of n? “modified" to AF = 1 and AF = 2, respectively. In particular,
the Ey-page of the A-Bockstein spectral sequence for C'(n?), i.e., m, .C(n3) /A, may
contain more multiplicative information than Ext’*(Cn?).

4. SYNTHETIC EXTENSIONS

The extension spectral sequence introduced in Section 2 can be generalized for
HF3-synthetic spectra. Consider a map f : X — Y between two connective finite
HIF,-synthetic spectral. By filtering

To,n f

0= Ty X —= Ty Y — 0
using the Adams filtration, we obtain an f-extension spectral sequence:
TEyhY = B3t (X)) @ ESPY(Y) = ker(my o f) @ coker(my . f)
n our solution to the Kervaire invariant problem, we only consider finite synthetic spectra.

However, the arguments in this section apply to any synthetic spectra for which the synthetic
Adams spectral sequence strongly converges.
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with differential
Al 23 (X) = B () B )

n—1
where /Z3** and /B¥** are analogous to the notations in Notation 2.2, with the
addition of an extra degree.

In fact all the definitions and results in Section 2 remain valid in this synthetic
setting, provided we include the extra weight degree in addition to the topological
degree and ensure that all maps also preserve the weight degree. For convenience,
we will not restate these results here but will occasionally refer to them and apply
their synthetic versions when needed.

Notation 4.1. There are certain special maps between synthetic spectra that we
want to consider. For any n < m < oo and a spectrum X, we have the following
distinguished triangles of HF5-synthetic spectra

s0ny x/ymn Ay xyym P xpn O s,y zmen

We simply write p = pp.m, 6 = 6,,m by abuse of notation if n, m is understood in
the context. When m = oo, this sequence is interpreted as

S0y x AN X L px /A L sy X,
Many arguments for finite m implies the corresponding statement when m = oo

because of
vX =limvX /AT

as shown in [16, Proposition A.13].

We also note that our grading for the triangulation translation functor is smash-
ing with S19) which is consistent with [16, Appendix A] but is different from [18,
Section 7].

Proposition 4.2. The only nonzero differentials in the extension spectral sequences
for the maps \™ and p from Notation 4.1 are the dy’s:

)" = \" and df = p.
As a result, these dy’s have no crossings.

Proof. First, we show that the the following sequence is exact in the middle:
(4.3) E3bw(R0-ny X/ Am—n) A%, ESbw (v X /™) 2, ESbw(vX/A\M).
We apply Proposition 3.11 and prove this case by case.
When ¢t —w < 0 or t —w > m, the middle group ES""(vX/A™) = 0, so the

sequence is exact in the middle.
When 0 <t —w < n, the sequence is isomorphic to

0= Znl (X)) Bit (X)) = 23 (X)) B (X)

m—t+w
which is exact in the middle because the second map is clearly injective.
When n <t —w < m, the sequence is isomorphic to

err;t—t—&-w(X)/Bfitfwfn(X) - Zfr;t—t—i-w (X)/Bfitfw(X) - 0
which is exact in the middle because the first map is clearly surjective.

Thus, we have shown that (4.3) is always exact in the middle. Combined with
Corollary 2.19 we conclude that all df‘n, d? are trivial for i > 0. (]
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Remark 4.4. From the proof above, we see that in (4.3), A" is surjective or trivial,
while p is injective or trivial.

However, the §-extension spectral sequence for
§:vX/\" — by X/ men
is more complicated, as it encodes classical Adams differentials ds through d,,.
Remark 4.5. For the convenience of readers to check gradings, whenever we write
df(z) = Ay

for f: ¥™YvX — vY, x € E'W(vX) and y € ES2'2%2(vY), the following
conditions must hold:

So =81 +mn, tg —so =t; —s1 + m, and wy = wy + w.

Proposition 4.6. Suppose in the classical Adams spectral sequence of X we have
d.(z) =y, where x € Z>"(X) and y € Z5F™17=1(X). Consider the map

§:vX/\t = Ty X/ A,
(1) If r > n+ 1, then we view x as an element of
B (0X/N) = Z31(X),
and X"~ "Ly as an element of
Erttr—Litn (g, x meny o gstnttr=l oy petrttr—1 oy

m—r+1
We then have
di(x) = A1y,
which is trivial if r > m.
(2) If r <n+1, then we view N1~z as an element of

B (XA 2 25 (X) /Bty (X),
and y as an element of
Bt b=l X) o st l(X),
In this case, we have
) = .
Proof. Since 6 = 0y, is the composition of p and d,  as the following

VX /A"

On,m
671,00

rh-nyX —— Db X/ AT

it suffices to prove the case when m = oo by Corollary 2.17. In the rest of the proof
we will write §,, = 0, 00-
First, we prove by induction on n that

(4.7) d () = A"y mod BETTHTTT(X)
when » > n + 1, and
(4.8) Ao (A1) =y mod BSTPMTTTH(X)
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when r < n + 1. (These two expressions coincide when r = n + 1.) For n = 1, the

claim holds since the 7-Bockstein spectral sequence is isomorphic to the classical

Adams spectral sequence. Now, assume n > 2 and the claim holds for n — 1.
Consider the following commutative diagram.

01y X/ At — A X/ An

T

Lh-rpX
By Corollary 2.16, if < n, we have
A2 (A1) = dr (A" TTr) =y mod BIITTTTTH(X).

If r > n+1, x can be viewed as an element of the E.-pages of vX /A"~ or vX/\".
We then have

Al (z) = dir (Ax) = d2»'(z) = A"y mod BIITTTTH(X)
which implies
din (x) = )\T‘—’I’L—ly mOd B:i’{7t+’l‘71(X)7

since r —n+1 < r—1 and hence the indeterminacy B, _, 1 introduced by dividing
A is contained in B,_;. The induction for (4.7) and (4.8) is now complete.

We will show that BST7"*""1(X) in both equations are actually equal to the
sum of images of d5* through d°" . Consider any ¢ € BST7"""1(X) and assume
that d,..x’ = 3y’ is an essential classical Adams differential for 2 < v’ < r — 1. If
r >n-+1, using (4.7), we have

df}z (Ar—r"r) = )\rfnfly/ mOd BS+T,t+’I"71(X)’

r’'—1

and if r <’ + 1, using (4.8), we have

df? ()\"J“l*’"’z’) =3 mod BS'H’H'T_l(X).

r’'—1

Notice that the extra indeterminacy here is B, _; instead of B,_;. By induction
on r, this shows that B*"1""*"~!(X) equals the sum of images of dJ* through d°" ,.
Therefore, we can omit B! (X) and simply write

d)r(z) = A"y
when r > n + 1, and

B0 =y
when r <n + 1. O
Remark 4.9. The d’(x) we calculated in Proposition 4.6 may be inessential.
Corollary 4.10. For z,y,d in Proposition 4.6 we always have
(4.11) dd(\x) = \otronTly

f0<a<nand0<a+r—n—1<m—n (the differential is trivial if a exceeds
this range).
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Remark 4.12. As indicated in the proof, the right-hand side of equation (4.11)
(considered as a subset of Z53™#+7=1(X)) is a coset of

BEPH)

which is the same as the value of the classical Adams differential d,(z) = y. This
implies that the equation (4.11) holds if and only if d,.(x) = y. Therefore the §-ESS
encodes the same information as the classical Adams spectral sequence.

Example 4.13. We continue the discussion from Example 3.15 regarding the im-
plications of the classical Adams differentials in the 14-stem:

da(ha) = hoh3, d3(hohs) = hodo.

The reader is advised to begin by identifying the elements on the F..-pages of
the synthetic Adams spectral sequences for S%° and S%°/\F for k = 1,2,3 in the
relevant tridegrees, as illustrated in Example 3.15.

For 07 : S%9/X\ — S1.=1 we have

d3 (ha) = hoh?, d3* (hohs) = Ahodo.

For 83 : S%0/\%2 — S%=2 we have
d32(Mhg) = hoh?, d32 (hohs) = hodo, d52(Ahoha) = Mhodo
For 83 : S%0/\3 — S173 | we have
d3*(N2hy) = hoh3, d5?(Mhoha) = hodo, d3*(A\2hohs) = Ahodo.

Definition 4.14. Suppose r > n + 1 and d,.(z) =y, where

re EYY(X), yeByTtTTTHX).
A crossing of d,(z) = y on the E,,;1-page refers to an essential Adams differential

dr—a—p(z") =1/,
where
o€ BiTutta(x), o e Eitrbttrob=lix

with0<a<n—-1and 0<b<7r—n—1. SeeFigure 3.

)

Remark 4.15. The crossing defined here is opposite to crossings in Moss’s theorem.

The emphasis on a crossing occurring “on the E,,;1-page" in Definition 4.14 may
seem counter-intuitive. However, this is clarified in Proposition 4.16 and Exam-
ple 4.18 that follow.

Proposition 4.16. The Adams differential d,.(x) =y has a crossing on the E,y1-
page if and only if the corresponding 6, -extension

dy(z) = Ny

for
Sp v X/AT = BTy X

has a crossing.
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s+r | Y
s+r—>b |y
s+n+1

s+n \

s+n—1 d

=

s+a

FIGURE 3. A crossing of d,.(z) = y on the F,+1-page

Proof. By Propositions 3.11, 3.12 and 4.6, a crossing of d’"(z) = A"~"" !y takes
the form

df’ia,b()\%?/) — )\r—n—l—by/’
where 0 <a<n—1,0<b<r—n-1,

Nt € B X0 & 23T (X) /BT (X),

and
y/GAE;jr_b¢+r_b_1(V)()
By Corollary 4.10, we see that this crossing corresponds to the classical Adams
differential
dr_qp(z") =1y .
O

Remark 4.17. From Definition 4.14, it immediately follows that there are no
crossings of any differential on the Fs-page, as this would require 0 < a <n—1=0.
According to Proposition 4.16, this reflects the fact that 0;-extensions have no
crossings for degree reasons.

Example 4.18. We examine the following classical Adams differentials from stem
38 to stem 37:
d3(61) = hlt, d4(h0h3h5) = h%I,
where both targets, hit and h2z, reside within the same (s, t)-bidegree in Ext**.
According to Definition 4.14, this nonzero ds-differential is a crossing of the dy-
differential on both the Fs-page and the E4-page, but not on the FEs-page or any
E,.-page for r > 5.
This corresponds to the following facts:
(1) For the map 45 : S%°/A\% — S1:72 the differential

d%2(Ney) = Ahqt
is a crossing for the differential

d? (hohshs) = Ah2z.
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(2) For the map 43 : S%0/A3 — S1:73 the differential
d%*(Ney) = hyt
is a crossing for the differential
d%* (hohshs) = hiz.

In both cases (1) and (2), the target elements have the same weight.
(3) In comparison, for the map d; : S%%/\ — S1:71 we have the differential

d5t (hohshs) = N2h2z,

which does not have any crossing differential. The only differential whose
target resides in the same (s, ¢)-bidegree is

d3 (e1) = Mhat,

but its target has a different weight.
(4) For later pages, specifically for r > 4, and considering the synthetic spec-
trum S%0/\", there is still a crossing for the differential

dy (N "2hohshs) = hiz.

However, the element hghshs itself does not survive to the synthetic Adams
E-page, as it supports a nonzero Adams differential:

dy(hohshs) = Nhiz.

5. EXTENSIONS ON A CLASSICAL FE,.-PAGE

To state the Generalized Leibniz Rule in terms of the classical Adams spectral
sequence, we need to define f-extensions not only on homotopy groups but on the
E.-page as well.

Notation 5.1. For a map between classical spectra f : X — Y, consider the
associated synthetic map from Notation 3.19

f: vy X = vy,
For any 2 < r < oo, we denote the following mod A" ! reduction maps by fr_lz
fro1 20Dy X /AT 5 py AL
The Ey-page of the fr,l—ESS is isomorphic to
fAT_lE(s),t,tfkﬁLe(f) gEs,t,t—k(VX/)\r—l) ® Egét,t—k+e(f) (Vy//\r—l)

o0

(25 (X)/BIL (X)) & (25 iy (V) By (V))-

A nontrivial d{f‘l differential can be interpreted as a map from the subgroup
AT_ s, tt—k s, s,
(5.2) Pzt X) € 220 (X)) Bl (X)
to the quotient group
s+n,t+n s+n,t+n fr1s+n,t+n,t—k
(53) (erlfkfnJre(f) (Y)/B1+k+n7e(f) (Y))/ ! an,1 (Y)

The differential dﬁr‘l is trivial for degree reasons when

n<AF(f)orn>r—2—k+e(f).
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Definition 5.4. Let z € Z>' (X) and y € ij?’_t:fe(f)(Y) for some

e(f) <n<r—2+e(f).
We say that there is an (f, E,)-extension from z to y, denoted by
(5:5) i Pr(z) =y
if there exists a synthetic fT,l-extension
(5.6) dfr—1(z) = APy,

where x is viewed as an element of the subgroup (5.2) with k = 0, and \»~¢(Fy is
viewed as an element of the quotient group (5.3) with k& = 0.

We say that this (f, E,)-extension in (5.5) is essential if the corresponding syn-
thetic f._i-extension in (5.6) is an essential differential in the f,_;-ESS.

For r = oo, we similar define an (f, F )-extension using the corresponding
synthetic f—extension.

s+ s+

An—elfy

s+n s+n

E2(X) EQ(Y) E;&t75+*’t(VX//\T71) E;tfer*,t(Vy/)\rfl)

FIGURE 4. (f, E,)-extension

Remark 5.7. Consider an (f, E,)-extension d/-¥r(z) =y in (5.5). The element y

should be interpreted as a coset with indeterminacy given by BfiZf:(?) (Y), plus

the sum of images of dj;’“,; ! differentials. This (f, E,)-extension is essential if this
coset does not contain 0.

Example 5.8. We present the following examples of (f, E,.)-extensions.
(1) Consider f =v: 5% — S° We have an (f, F)-extension:

A" (hs) = hahs,

where hs € E){‘c}q’?’2 and hohs € Exti’?’ﬁ.

In fact, the classical homotopy class v € 73 is detected by he with AF =1
in Ext, and this (f, Es)-extension simply states that, in Ext, the product
of h5 by hg is h2h5.
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For the same map f as in (1), we have an (f, F3)-extension:

3" (hoh?) = hop,

where hoh3 € Exti{33 and hgop € Exti’{%.

By definition, f = [ho], detected by hy in tridegree (s,t,w) = (3,4,4)
of the synthetic Adams Es-page. This (f, E3)-extension states that for the
synthetic map

fo = [ha] /A : §31 /A% — SO0 /2%,
there exists a synthetic fg—extension
dJ? (hoh%) = Ahop.

This is equivalent to the existence of a synthetic homotopy class [hoh?] in
7T30+3733+4S3’4/)\2, detected by hoh? on the synthetic Adams E.-page, that
maps to the unique class [Agp] in 733,375%°/A2, detected by Ahgp on the
synthetic Adams F..-page. In other words, we have

[hoh?d . [hg] = [)\h()p] in 7T33’37SO’0/)\2.

We will justify this (f, F3)-extension later on in Example 6.19 using the
Generalized Mahowald Trick, Theorem 6.12.
For the same map f as in (1), we also have an (f, E)-extension:

Ay "> (hoh?) = hop.

This is equivalent of saying that the relation in 7r33’375070/)\2 from (2), can
be lifted to a relation

[hohi] . [hg] = [)\hop] n 7T33,37SO’0,

for some classes [hoh3] in T30+3.33145>* and [Ahop| in 733 375°°.

We will justify this (f, P )-extension later on in Example 6.24 using
Corollary 6.23, which allows us to stretch extensions across pages.
Consider f =2:8% — S% We have an (f, E.)-extension:

d5F= (hoh2) = 0.

By definition, f = [ho], detected by hg in tridegree (s,t,w) = (1,1,1) of
the synthetic Adams Fo-page. We remark that there is a relation A - [hy] =
2 in mpnS%0. For the synthetic map [ho] : S%1 — S99 this (f, Exo)-
extension is equivalent to the existence of a synthetic homotopy class [hoh3]
in 7'1'14,1,17»570’07 such that

[hoh%] . [ho] =01in 7T1471850’O.

In fact, by inspection, we learn that 7m14,155%° = Z/2, generated by [Ahodo],
which is an [ho]-multiple of a class [Adp] in a higher Adams filtration than
hoh%. Therefore, there exists a class [hoh3] whose [ho]-multiple is zero.

In other words, we have an essential (f, Fo,)-extension:

d]""= (do) = hodo,
which makes the following alternative (f, Fo,)-extension inessential:

dF>= (hoh3) = hodo.
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Definition 5.9. A crossing of the (f, E,)-extension df*#r(z) = y in (5.5) is defined
as an essential (f, E,_,)-extension from some 2/ € Z5T%"+®

r—1l—a (X) to
+n—b,t+n—b +n—b,t+n—b
v ez ey (YNBI L ()
(where \ denotes the difference of sets and it means that y’ should survive to
the classical Adams E,_,, 1y c(s) page while it should not be hit by an Adams

differential of length at most 14+n—b—e(f)) for 0 < a <r—2and 0 < b < n—a—e(f).
See Figure 5.

s+

N N s+r
\} \\
\ \\\
“\\\ \\dzrfnJrE(f)
\ \
\\1\ d2T77L+b+6(f) \‘\ ' Yy )\”_e(f)y
s+n Wd>r—q N s+n
W
d>r iy An—b=e(f)yy
s+n—>b \ I s+n—>b
\\\ gl tr—a
sta s+a
s s
B> (X)

E;t7'9+*’t(VX/AT71 ) E;étfsﬁ»*,t(yy/)\'rfl )

FIGURE 5. A crossing of an (f, E,)-extension

Proposition 5.10. An (f, E,)-extension df,Fr(x) =y (5.5) has a crossing if and
only if the synthetic f,_i-extension df[’l(m) = "=y (5.6) has a crossing.

Proof. By definition a crossing of the synthetic extension (5.6) has form

(511) dir_a_b(Aaxl) _ )\nfbfe(f)y/
for some 2’ € Z TV (X) and ¢ € Z:f?__sﬂ'fe_(l})(}/) Consider the following
commutative diagram

»Oey X/ \r—1-a Lilf& v

% ba

EO,e(f)+aVX/)\r71 _ EO,ayy/Arfl
r—1

We see that (5.11) lifts to

(5.12) dflr:aliz (x/) _ /\n—a—b—e(f)y//
for some 3" € fo?:ﬁi;::(?) (Y) such that

[/ —

y y/ HlOd Bs+n—b,t+n—b

14+n—b—e(f) (Y)
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where the indeterminacy BT~ =0 (y') is introduced by dividing A*. Therefore,

1+n—b—e(f)

the differential (5.11) is essential if and only if the differential (5.12) is essential and

y' ¢ B

s+n—>b,t+n—>b
14+n—b—e(f)

(Y). This completes the proof. |

The above Definition 5.9, and Proposition 5.10 can be similarly defined and
stated for the case r = oco.

Example 5.13. For the four (f, E,.)-extensions in Example 5.8, we consider their
crossings.

(1)

For f =v:S% — SO with an (f, F)-extension:
d{""2(hs) = hahs,
there are no crossings for degree reasons. In fact, since the map fl = [ha]/A
has AF =1, d{l—extensions have no crossings.
For f =v: 5% — S with an (f, F3)-extension:
di" (hohi) = hop.
we can verify that it has no crossings from two perspectives.
First, by Definition 5.9, a crossing of this (f, E3)-extension would have

n = 2, e(f) = 1, which implies @ = 1,b = 0. This corresponds to an
essential (f, Fp)-extension from some

o€ Z}7(8%) = ExtyP(S%) = Ty,
generated by h3h3, to some

y e Z77°8(8%) = Ext*®(8°) 2 Iy,
generated by hgp. However, since in Ext we have

hghi - ho = 0 % hop,
this (f, E'3)-extension has no crossing.
Alternatively, as seen in Example 5.8(2), this is equivalent to a synthetic
fo-extension
d* (hoh) = Mhop,

where

fo = [ha] /A% 1 53 /X2 — S%0 /X2,
By Proposition 5.10, this (f, E5)-extension has a crossing if and only if the

synthetic fs-extension has a crossing, which is a non-trivial differential of
the form

df (') =y

For degree reasons, the only possible candidates are
o' = Mh3h3, ¥ = Ahop.

This again contradicts the relation in Ext, confirming that there is no cross-
ing.
For f =v:8% — 5% with an (f, Ew )-extension:

Ex

d} = (hoh3) = hop,

we can similarly confirm, using both perspectives outlined in (2), that it
has no crossings.
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(4) For f=2:5%— S° with an (f, Ex)-extension:
d} "= (hoh3) = 0,
the discussion in Example 5.8(4) can be rephrased to indicate a crossing of
the form .
dI > (dg) = hody.
We comment that this dj-differential is also a crossing of the inessential
(f, Foo)-extension:

d5F> (hoh2) = hodo.

Proposition 5.14. Consider f : X — Y, z € Z3H(X) and y € Z5T™H(Y).
Then
B () =y
implies that
df(z + B (X)) = y + BY(Y).
(The implied differential could be inessential.)

Proof. This follows directly from inverting A, which induces a map of spectral
sequences from the f-ESS to the f-ESS. The induced map on the Ey-pages are of
the following form:

75t s,t df{ st s,t
(X)) By (X)) —— Z3(Y)/B

1+t—w—e(f) (Y)
)‘IJ/ J()\l
af
E3N(X) : E3(Y)

]

Remark 5.15. Since the synthetic Adams E.-page contains more information
than the classical Adams E..-page, the (f, E)-extensions similarly provide more
information compared to the classical f-extensions.

6. THE GENERALIZED LEIBNIZ RULE AND GENERALIZED MAHOWALD TRICK

Now, we introduce the theorem of the Generalized Leibniz Rule, a valuable tool
for computing new Adams differentials.

Theorem 6.1 (Generalized Leibniz Rule). Let f : X — Y be a map between two
classical spectra. Suppose that 2 <n <r,e(f) <m<n-—2+e(f),l>e(f), and
we have

st s+m,t+m
veZ(X), ye Zri_lfmjLe(f) (Y)

Too € Zs—i—r,t—&-r—l(){)7 Yoo € Zs+r+l7t+r+l—1(y)
and the following conditions hold:

(1) dr(2) = Too,

(2) df;En (x) =y,

(3) d{’EOO (‘roo) = Yoo,

4) the differential in (1) has no crossing on the E,-page or (2) has no crossing.
g g

(5) the differential in (3) has no crossing.
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Then we have an Adams differential
drt1-m(Y) = Yoo
Proof. Consider the commutative diagram of synthetic spectra

$0e(f)y x/an-t Iyt

| |

phontltelyX — 5 nbontlyy,
f

By condition (1) and Proposition 4.6, we have
(6.2) 2% (x) = N "o
By conditions (2) and (3), and Definition 5.4, we have

(6.3) dlr= (z) = Am—ely

and
dlf (Too) = /\lie(f)yooa

which implies
(6.4) dlf(/\rfnxoo) _ )\rJrlfn—e(f)yoo.

Applying Proposition 4.16 and Proposition 5.10 to conditions (4) and (5), we
know that the differential in (6.2) or (6.3) has no crossing, and that the differential
in (6.4) has no crossing.

Therefore, we can apply Corollary 2.15 and obtain

d’

P T y) = ATy

By Remark 4.12, this is equivalent to

dri1—m (y) = Yoo-
O

Remark 6.5. We can further generalize Theorem 6.1 by using the conditions in
Theorem 2.12 rather than those Corollary 2.15. We leave this generalization to the
reader.

We emphasize that the no-crossing conditions in Theorem 6.1, the Generalized
Leibniz Rule, are crucial. We first demonstrate the strength of the Generalized
Leibniz Rule with Example 6.7, which uses a do-differential to prove a ds-differential
in the classical Adams spectral sequence. Additionally, Example 6.8 shows that,
without the no-crossing condition, the conclusion could be false.

Remark 6.6. A version of the Generalized Leibniz Rule without the no-crossing
conditions is presented in the synthetic setting in Chua’s work [19, Theorem 12.9].
However, there is no doubt that this version is incorrect. Indeed, Example 6.8 is a
counter-example to Chua’s theorem. For further details, see Remark 6.10.
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Example 6.7. We show that the Generalized Leibniz Rule can be used to prove
the following classical Adams differential

d3(h2hs) = hop,
using the classical Hopf invariant one differential
dz(hs) = hoh,
and the (f, F3)-extension
dj™ (hoh3) = hop,
for the map f =v: 5% — SO from Example 5.8.
Specifically, we have:
n=2r=2 s=1,t=35 m=1,1=2, e(f) =1,
and
x = hs € Ext*? = Z1%°(8%), y = hohs € Ext%*® = Z7%0(80),
Too = hoh} € Ext’™ 22 Z335(5%), yoo = hop € Ext™® = Z3:3(5°).
In terms of the conditions in Theorem 6.1, we have:
(1) da(hs) = hoh3,
(2) dI"®2(hs) = hahs, from Example 5.8(1),
(3) d}F>=(hoh2) = hop, from Example 5.8(3),
(4) (a) the differential in (1) has no crossing, from Remark 4.17, and

(b) the differential in (2) has no crossing, from Example 5.13(1),
(5) the differential in (3) has no crossing, from Example 5.13(3).
Since all conditions of Theorem 6.1 are satisfied, we conclude that there is a classical
Adams differential
d3(h2hs) = hop.

Example 6.8. We show that, without the no crossing conditions, the Generalized
Leibniz Rule could lead to incorrect conclusions.
Consider the map f = 2: S° — S°, and the classical Hopf invariant one differ-
ential
do(hs) = hohs.
Set
n=2r=2 s=1,t=16, m=1, 1 =2, e(f) =1,
and
x=hy € Bxt}'® = 711980 y = hohy € Ext%'7 = 2217 (8,
Too = hoh2 € Ext}'T =2 Z3:17(8%) o = 0 € BExt}" = z2:19(59),
In terms of the conditions in Theorem 6.1, we have:
(1) da(ha) = hoh3,
2) d{’EZ (hg) = hohg, since the product of hy by hg is hohy in Ext,
) dlF=(hoh2) = 0, from Example 5.8(4),
) (a) the differential in (1) has no crossing, from Remark 4.17, and
(b) the differential in (2) has no crossing, for degree reasons,
(5) the differential in (3) has a crossing:

df"*>(do) = hodo,
from Example 5.13(4).

(
(3
(4
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For condition (5), if there were no crossing for the differential in (3), then the
Generalized Leibniz Rule would imply a classical Adams differential

ds(hohs) =0,

which is incorrect. This example illustrates that the no-crossing conditions are
essential when applying the Generalized Leibniz Rule.

Remark 6.9. As noted in Example 5.8(4) and Example 5.13(4), the essential
(f, Ex)-extension:
df"> (do) = hodo,

is a crossing for both the (f, F)-extension,
yEoo
dy" (hoh3) = 0,
and the inessential (f, E )-extension:
A= (hoh2) = hody.

This indicates that, in Example 6.8, if we were to disregard the no-crossing condition
(5), and apply the Generalized Leibniz Rule to these two cases of the (f, Ex)-
extensions, we would arrive at two conflicting classical statements:

d3(hohs) = 0, d3(hohs) = hodo.

Remark 6.10. In Chua’s work [19, Theorem 12.9], it is stated that for a synthetic
map « : X — Y, and an element = € m, X/, there exists a differential from
a maximal a-extension of x to a maximal a-extension of d,.(z). According to [19,
Definition 12.5], a maximal a-extension of 2’ is defined as a[z’], where [2/] represents
a lift of 2’ to the E,/-page, chosen such that a[z’] is the most A-divisible among all
such lifts.

In the context of Example 6.8, let r = 2,7" = oo,

a = [ho] : SO — 500,

and consider © = hy in Ext, with 2/ = da(x) = hoh3.
As noted in Example 5.8(4), the (f, F)-extension:

yEoo
df "> (hoh3) = 0
is equivalent to the existence of a synthetic homotopy class [hohg] in 7r14’175070,

such that
[hohg] . [ho] =01in 7T14’1SSO’O.

Similarly, the inessential (f, F)-extension:
dfF> (hoh2) = hody
implies the existence of another synthetic homotopy class [hoh3] in 77147175070, such
that
[hohg] . [ho] = [hodo} in 7T14’1850"0.
Between these two lifts of hoh3, the first [hoh3] is clearly the maximal [ho]-extension
according to Chua’s definition [19, Definition 12.5]. Consequently, the incorrect

version of the Generalized Leibniz Rule in [19, Theorem 12.9], would lead to an
incorrect conclusion:

d3(hohy) = 0.
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Next, we discuss the Generalized Mahowald Trick.

In order to apply the Generalized Leibniz Rule, we need to provide a method for
computing extensions on specific Adams Fj-pages, such as the (f, Es3)-extension
d573 (hoh2) = hop in Example 6.7. This is provided by Theorem 6.12 (the Gener-
alized Mahowald Trick). The crux of the proof of the Generalized Mahowald Trick
lies in the following lemma.

Lemma 6.11 (May [45]). Let X Y - Z > EX and X' =Y’ — Z' = X' be
distinguished triangles of (synthetic) spectra. By smashing these distinguished tri-
angles together, we obtain the following commutative diagram of cofiber sequences:

XANX —YANX ——ZAX

Lo

XANY — s YANY — = ZAY

Lol

XNZ — s YNZL ——ZNTD

Ifaem(XANZ") andb € m,(Y ANY’) map to the same element in 7,(Y NZ'), then
there exists ¢ € m,(Z N X") such that

(1) b and ¢ map to the same element in 7,(Z NY'), and
(2) a and ¢ map to the same element via boundary maps in m,_1(X N X').

Proof. The proof follows directly from [45, Lemma 4.6].

In fact, consider V in Axiom TC3 of [45, Section 4] and the corresponding
commutative diagram. By [45, Lemma 4.6] we know that V' is the pull back of the
following diagram.

V——YAY’

XNZ ——YANZ
Since a and b map to the same element in 7, (Y A Z’), we know that we can find
v € V such that v maps to a in 7, (X A Z’) and b in 7, (Y AY’). Then we let ¢ =
Jz(v) € m(Z A X'), where j5: V — Z A X’ is the map in the commutative diagram

in Axiom TC3 of [45, Section 4]. This lemma follows from the commutativity of
the diagram. Il

Theorem 6.12 (Generalized Mahowald Trick). Consider a distinguished triangle
of spectra

xLy%zhex
with e(f) + e(g) + e(h) = 1. Suppose that r = n+m+1, ny =n—e(f) > 1,
my=m—e(g)>0,l; =1—e(h) >0, and

re ZEHIN), y e 2 y)
ze 7;(2), g€ zZrttr1(2),
such that
(1) d;L’E'”'f =x, wherer' =r —my=n1 +1; +1,
(2) d,z = v,
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(3) the (h, E.)-extension in (1) has no crossing, or the Adams differential (2)
has no crossing on the E,.-page,

(4) d5Fritty =g

Then we have x € Zflixii(_;) (X) and

S Entmtite
dlyEnmttte o

B:/—&-n-‘rl,t-l—n-l—l—l (Y)

=y mod

(See Figure 6.)

s+r
s+l+n
s+1 x.
s
Ey(X) Ey(Y) Ey(Z) By (2X)

FIGURE 6. A demonstration of Theorem 6.12

A X Ly 30y & 50—eeta)y, 7 By 310, x
S(L()/)\r [)\llx]
: |
500 /37" =1 [7] ———— [\12]
GhorHL A Y] ——— A7)
At l
S1O/A Aiz] — Ay

FIGURE 7. Elements in the homotopy groups of the smash prod-
ucts
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Proof. Consider the following two distinguished triangles of synthetic spectra
vX Ly 50-eDy 8y s0e(D=el9), 7 By 50153y — w10, x

r_q O 7 )\Tl—l
S0,0/)\T‘ £> S0,0/)\’I" 1 1 Sl, r +1//\m1+1 Sl,O//\r

and their smash product. See Figure 7.
By condition (1), we have

(6.13) 4= (z) = Az

where h,_y is the map 20y Z/X7"~1 — X /A"~ induced by h. By condition
(2), we have

(6.14) 41 (z) = A™7.

Applying Proposition 4.16 and Proposition 5.10 to condition (3), we know that
the differential in (6.13) or the differential in (6.14) has no crossing. Hence, there
exists )

[i‘] € {f} - 7Tt,s7t(VZ/)\r _1)

such that R )

hr’—l([f]) € {/\llx} C 7Tt7571,t71+e(h)(VX//\r 71)
and

dr—1([2]) € {A™G} C Tomsmr a1 (WZ/A™F).

By condition (4), we have
A (y) = A"
This implies that there exists
[v] € {y} C Mot trnti1 (WVY/ AT

such that

Gmi1([Y]) € (NG} C oot o1 (WZ/ A,
where G, 41 is the map £0¢@py/Ami+l 5 p7Z/xm1+1 induced by §.

Due to degree reasons (Proposition 3.12), A™'§ detects a unique element in
homotopy,

N™9) € Mg o —1 (vZ) /AL
Therefore, we have
O —1([]) = gm, 41 ([y]) = [N 7],
By Lemma 6.11, there exists

[)‘llx} € Tt—s—1,t—1+4e(h) (VX/)‘T)a

such that
(6.15) p((Na)) = hpr 1 ([2]),
(6.16) Fr(\a]) = A [y,

where p is the map vX/\" — vX/A" !, and f, is the map X0y X /A" — vY /A"
induced by f .

The equality in (6.15) indicates that [A'x] can be lifted to the E.-page of
vX /A", so we have

s+l t+1—1
TEZ, e (X).
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The equation in (6.16) indicates that
Al (Az) = Aty
Therefore, by dividing A\, we have
d,,fln+7n+e(h) (I) = /\nly mod Bi,—&-n+l,t+n+l—1(y)

for z in the o, page of vX /A1t = p X/ \rtm+e(h) By definition, this is equivalent

to

yEntm e(h —
d‘,i tmtite(n) . ijn+l,t+n+l 1(Y).

=y mod
d

We refer to Theorem 6.12 as the Generalized Mahowald Trick, as this approach
was first utilized by Mahowald and his collaborators in various works (see, for
example, [43]), particularly in the case where m; = I3 = 0. The synthetic setting
advances this method by allowing for the consideration of cases where m; > 0,1; > 0
as well.

Remark 6.17. Several versions of classical generalizations of Mahowald’s origi-
nal trick appear in the literature and are often referred to as geometric boundary
theorems. Notable examples include the works of Behrens [8], and Ma [40].

Remark 6.18. A synthetic generalization of the Mahowald Trick, again lacking
any no-crossing conditions, is also presented in Chua’s work [19, Theorem 12.11].
This version is also incorrect for similar reasons.

Example 6.19. We apply the Generalized Mahowald Trick to prove the claim in
Example 5.8(2) regarding an (f, E3)-extension:

5" (hoh2) = hop,

for the map f =v:9% = S°.
Specifically, let X = SV = S° Z = S°/v, where Z is the cofiber of v € 73, we
have a distinguished triangle

3 Y 580 L g0/, L g4
We set
f=v,g=1i, h=gq, e(f) =1, e(9) =0, e(h) =0.
The short exact sequence on HFs-homology
00— HF,,8° " HF,, 8%/ — " HF,,5* — 0,

induces a long exact sequence on Ext-groups
-h * % - * % * *, % -h:
2 Ext T (89) —— Ext’y (SO/Z/)#EX'EA’ (84) —25 ...

We use Atiyah—Hirzebruch notation (as in [52, 53, Notation 3.3]) to denote elements
in Ext’};"(S°/v). Specifically, if an element  in Ext’;"(S°/v) satisfies
¢.(7) = a # 0 € Ext* (5%,
we denote x by a[4]; otherwise, due to exactness,
x = i, (b) for some b € Ext’y*(S°),

and in this case, we denote x by b[0].
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We have
m=0,1=0,n=2,r=21r=2 n=1 m =0, [;=0,

and

= hoh} € Ext}> = 777°(8%),
T = hoh3[4] e Bxt%%7(8°/v) =~ 733780 ),
y = hop € Ext%* =~ 723850y,
7 = hop|0] € Ext%**(8°/v) >~ 7538(80/v).

For conditions in Theorem 6.12, we have:

(1) dl"2 (hoh2[4]) = hoh2, since in Ext hy - hoh? = 0.

(2) da(hoh3[4]) = hop[0]. This is a classical Adams dp-differential for S°/v,
and can be computed using Lin’s computer program via the method of the
secondary Steenrod algebra [6, 48, 19].

(3) (a) The differential in (1) has no crossing, as it is a dp-differential, and

(b) the differential in (2) has no crossing, from Remark 4.17.

(4) dg’E2 (hop) = hop[0], as hep is not divisible by ho in Ext.

Since all conditions of Theorem 6.12 are satisfied, we conclude that x = hoh?
survives to the FE3-page, and there is an (f, E3)-extension:

A} (hoh) = hop,
as promised.

The outcome of the Generalized Mahowald Trick, as stated in Theorem 6.12, is an
f-extension on a specific Adams page, such as the (f, F3)-extension dg’ES (hoh?) =
hop in Example 5.8(2) and Example 6.19. In practice, the source of an (f, E,)-
extension may survive to later Adams pages, prompting interest in the (f, Es,)-
extensions, such as the (f, F)-extension dg’E"o (hoh?) = hop in Example 5.8(3),
which is applied in Example 6.7. The following Propositions 6.20 and 6.23 describe
the relationships between extensions across different pages.

Proposition 6.20. Suppose that we have an (f, E,)-extension di-Fr(z) =y, where

xeZ2(X) and y € Zﬁjf’f;frle(f)(Y). Then for all 2 < ' < r, we also have

(6.21) db B (z) = y.
Furthermore, if di-Fr(z) = y is essential and n < v’ — 2 + e(f), then (6.21) is

inessential if and only if there exists some 0 < a’ <n —e(f) and an element

= Zs+a',t+a' (X)\Zs+a/,t+a/ (X)

r’'—1—a’ r—1—a’
such that
dfr'—l ()\a’x/) — )\n—b—e(f)y/

n—a’—b

for some b > 0.
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Proof. Consider the following commutative diagram:

$0e(f)y x /A1 L Ly A

o

’ S — ’
DEEEI gh e A o

By Corollary 2.18, (px,py) induces a map from the f,_1-ESS to the f, _1-ESS.
Therefore, by naturality,

dir‘l(x) = A"y implies d{f”l(m) = An—elhy,

which, by definition, is
4 (@) = .
Next, we prove the second part of the proposition. By Definition 5.4, the (f, E;.)-
extension (6.21) is inessential if and only if there exists 0 < a < n —e(f) and

A e Egja,t+a,t(VX/>\r'7l) o~ Zs+a’t+a(X)/BS+a’t+a(X),

r'—1—a 1+a
such that

(6.22) Lt (Neal) = Aoy,

and this differential is not induced by (px, py), as we assume that df-Fr(z) = y is
essential.

There are two scenarios where this differential is not induced by (px, py). The
first case occurs when A%z’ is not in the image of px at all, which is equivalent to
x' ¢ 22T (X). (See Figure 8.)

r—l—a

sS+r

s+

s+n

s+a

FIGURE 8. Extensions across pages

The second case occurs when A®z’ is in the image of px, but it supports an
essential f,_j-extension that is strictly shorter than the differential (6.22).
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To further explore this scenario, we replace x with \*z’ and analyze succes-
sive essential extensions. This process is repeated iteratively until the first case is
reached. Ultimately, this leads to the existence of some 0 < a’ < n — e(f) and an
element

€ Z U (N2 (X)

such that
dfr/—l ()\a' /I) :)\nfbfe(f)y/

n—a’—b

for some b > 0. This represents a crossing of dfr"l( )= An—elfy,
O

The following Corollary 6.23 is the contrapositive statement of the second part
of Proposition 6.20.

Corollary 6.23. Suppose r > r' and there exists an (f, E,./)-extension

df,E,,./ (l‘) =y
for x € 72" (X) and y € Zsf"ﬁt:’ie(f) (Y). Assume that this extension has no
crossing of the form dn (@) =y foranyb>0,0<a<n-—e(f), and
Y€ I O\Z T (X),

Under these conditions, we also have an (f, E,.)-extension
B _
P (@) = y.

Example 6.24. In Example 6.19, we use the Generalized Mahowald Trick to es-
tablish the (f, F3)-extension:

d§ " (hoh3) = hop,

for the map f = v : S% — SY as discussed in Example 5.8(2). However, to apply
the Generalized Leibniz Rule in proving the classical Adams differential

dsz(hahs) = hop
in Example 6.7, we need the E..-page version of the (f, F3)-extension:
d} "> (hoh3) = hop.

We apply Corollary 6.23 to confirm this.
As checked in Example 5.13(2), the (f, E3)-extension has no crossing. Conse-
quently, by Corollary 6.23, we obtain the required (f, F)-extension:

dF> (hoh3) = hop.

7. PROOF OF THE MAIN THEOREM
In this section, we present the proof of our main Theorem 1.4.

Theorem 7.1 (Theorem 1.4). The element hZ survives to the Es-page in the
Adams spectral sequence.

We first recall the following theorem, known as the inductive method, originally
by Barratt—Jones—Mahowald [3] and later extended to the HFs-synthetic setting by
Burklund-Xu [18, Proposition 7.19].
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Notation 7.2. Let 05 = [h2] represent any synthetic homotopy class in 62,6242 50,0
detected by h? in the Adams Ey-page. For convenience, we use the same notation,
05, to denote its image in 72 624+25%° /A" via the map S%0 — S%0/X" for all r > 1.
Similarly, let n = [h1] € m1,1415%°.

Theorem 7.3 (Barratt—Jones—Mahowald, Burklund—Xu).
(1) The element h survives to the E,. 3-page of the classical Adams spectral
sequence if and only if for some 05,

)\779§ =01 771257125+4SO’0/)\T+1.

2) In particular, h% is a permanent cycle in the classical Adams spectral se-
6
quence if and only if for some 05,

B2 =0 in T125125+45".
Remark 7.4. The statement in Theorem 7.3(1) was originally stated as
n0% = 0 in 125 125455"0 /A"

in [18, Proposition 7.19]. Upon inspection, a5 125+55"? doesn’t contain any A-
torsion classes, so this is equivalent to the version we stated, which is more consistent
with the statement in part (2).

Remark 7.5. Theorem 7.3 is proved using the quadratic construction on a map
from the mod 2 Moore spectrum to the sphere spectrum, where the restriction on
the bottom cell is 65. Therefore, it is necessary to use a 65 of order 2.

Notably, [55, 28] confirms that all classical 05’s indeed have order 2. Further-
more, from Proposition 3.11 and an analysis of the differentials in the classical
Adams spectral sequence, we find that 7T62’62+25070 doesn’t contain any A-torsion.
Consequently, all synthetic 85’s also have order 2, making it valid to apply Theo-
rem 7.3 to any 0s.

Additionally, since the proof of Theorem 7.3 shows that the expression An6?
corresponds to the total differential §; : S%%/\ — S1=1 on h2, the value of the
expression Anf? is consistent for every choice of f5. (Note that our grading for the
triangulation translation functor is smashing with S'°, which is consistent with
[16, Appendix A] but is different from [18, Section 7], so the target of §; is ST71. )

We pay special attention to the following three elements on the classical Adams
Es-page (see Figure 9 and Tables 7, 9, 5, 6 in the Appendix):

14,125+14
hihawipo,12 € Exty )

8,126+8
2126,8,4 + T126,8 € Exty )

2 10,124410
h0$12478 S EXtA s
4 25,125425
g Ahig € Ext) .

For the right side of Figure 9, we use dashed differentials to indicate the shortest
possible nonzero differentials that these elements could support.
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From Figure 9 and Tables 5, 9, 7, 6 in the Appendix, we know that

Fact 7.6. (1) x126,8,4 + T126,8 Survives to the Eg-page.
(2) hihaz109,12 is a permanent cycle, and can only be killed by

de (719684 + T126,8) or dia(h?).

(3) hiw124,8 survives to the E-page.
(4) In Extis’125+25, the element g*Ahig is the only one that survives to the
classical F5-page.

Remark 7.7. From Table 9 in the Appendix, we have

dg(I12676) = h5l’9478, or h5l’94,8 + h6(A61 + Co + hgh%) 7£ O

Therefore, the element x196 6 € Exti"l%ur6 cannot kill hyhaz109,12-

We will apply Theorem 7.3 to prove the following Proposition 7.8.

Proposition 7.8. Ezxactly one of the following two statements is true:

(1) The element h% survives to the Es -page.
(2) There is a nonzero classical Adams differential

d12(hg) = h1h4$109,12~

Furthermore, statement (2) is true if and only if the following three statements are
all true:

(3) de(x126,8,4 + T126,8) = 0.

(4) There exists a 05 such that 02 is detected by A6h3x12478. In particular,

02 = \[h3wi048] #0 € 7T124,124+4SO’0

for some [hEw1248].
(5) There exists a homotopy class [h3x124,8) such that N3n[hdz124,8] is detected
by /\6h1h4x109712. In particular, we have

Nnhgaia ] = A[h1hawio9,12] € Ti25,125485""
for some [h1hax109,12].

By further analyzing classical Adams differentials, we reduce the n-extension
in statement (5) of Proposition 7.8 to a specific 2-extension in stem 125 (Corol-
lary 7.18), and then compare it with a particular v-extension in stem 125 (Lemma 7.20)
to demonstrate that the 2-extension cannot hold. This ultimately leads to the proof
of Proposition 7.9.

Proposition 7.9. If statement (3) is true, then statement (5) in Proposition 7.8
must be false.

Proof of Theorem 7.1. From Proposition 7.9, at least one of statements (3) or (5)
in Proposition 7.8 is false. Consequently, statement (2) is also false, which confirms
that statement (1) in Proposition 7.8 is true. O

In the rest of this section, we prove Propositions 7.8 and 7.9.
To prove Proposition 7.8, we first establish Lemmas 7.10 and 7.11, which demon-

strate that the existential statements (4) and (5) in Proposition 7.8 are equivalent
to their corresponding universal statements (4') and (5').
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Lemma 7.10. The statement (4) in Proposition 7.8 is equivalent to the following
statement (4):

(4°) For every 05, we have Og 18 detected by )\ﬁh%xl%g. In particular,
03 = A[hor104,8) # 0 € T124,124145°
for some [h3w1248].

Proof. We only need to show that statement (4) implies statement (4').
According to [28],

o2 2L/2BL/2GL/2DZL)2,

and is generated by 65 and classes of AF = 6,8,10. Therefore, the indeterminacy
of the classical 05, or the difference of any two choices of classical 65, lies in AF > 6.
As explained in Remark 7.5, Tg2,62425%C contains no A-torsion, and therefore,
the indeterminacy of the synthetic 05 also belongs to AF > 6. Since every 05 has
order 2, the indeterminacy of the synthetic 62 lies in AF > 12.
Therefore, if for some 65, 62 is detected by this specific element A6h3$124,8, which
is nonzero in AF = 10, then for any 65, 62 is nonzero and detected by A°h2z124 5.
O

Lemma 7.11. The statement (5) in Proposition 7.8 is equivalent to the following
statement (5'):

(5°) For every homotopy class [h3x124,8), we have A3n[hdw124 8] is detected by
A6h1h4x109,12, In particular, we have

Nnlhgzizas] = A[hihazi09,10] € 125125185
for some [h1hax100,12].

Proof. We only need to show that statement (5) implies statement (5), which is
sufficient to show that the indeterminacy of [h%xl%g], or the difference between
any two homotopy classes [h%$124)8], when multiplied by A*7, belongs to AF > 15,
given that [h1h4l‘109712] has AF = 14.

Since [h3wz124,3] has AF = 10, the indeterminacy is generated by cycles in AF >
11 of stem 124. We observe that classical cycles in AF = 11,12 of stem 124 are all
killed by Adams ds or ds-differentials, and cycles in AF = 13 are all annihilated by
h1 in Ext. Therefore, we conclude that the indeterminacy, when multiplied by A3n,
belongs to AF > 15. O

Remark 7.12. From Fact 7.6(2) and the rigidity Theorems 3.6 and 3.8 for the syn-
thetic Adams spectral sequence for S0, the right side of the equation in statement
(5") is nonzero if and only if statement (3) is true.

By Lemmas 7.10 and 7.11, we will freely interchange statements (4) and (4'), as
well as (5) and (5'), depending on the context.

Now we prove Proposition 7.8.

Proof of Proposition 7.8. From the proof of Theorem 7.3 [18] we know that
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where §; is the map S%%/\ — Sb~1. Suppose that 70?2 is detected by A\"~5T;, in
AF = n of the synthetic Adams spectral sequence for some T}, € Eth’125+". This
implies a differential in the §;-ESS:

A% o (h3) = \"72T,.
By Theorems 3.6, 3.8 and Corollary 4.10, this is equivalent to a synthetic Adams
differential

dp—o(hg) = \"7°T;,
and a classical Adams differential

dp_o(h2) = T,.

This differential is nonzero if and only if 7T}, is nonzero on the classical E,,_s-page,
i.e., not the image of a differential d<,—3. In particular, when Anf2 = 0, we conclude
that h2 is a permanent cycle.
We first show that statements (3), (4') and (5') together imply statement (2).
By statements (4') and (5), we have that for any 6,

>\779§ =An- >\6[h3I124,8] =t )\377[h8$124,8] = Alo[h1h4$109,12]-

Recall from Fact 7.6(2) that hjhszi0912 is a permanent cycle, and can only be
killed classically by

de (712684 + T126,8) Or di2(h3).

Therefore, statement (3) implies that the expression )\lo[hl h4109,12] is nonzero in
synthetic homotopy, leading to a nonzero classical d;s-differential:

di2(h2) = hihawi09 12-

We will complete the proof of Proposition 7.8 by showing that if one the state-
ments (3), (4) or (5) is false, then statement (2) is also false, and in this case,

2 0,0
nbs =0 € T125,125455

making statement (1) true. This conclusion is reached by estimating the Adams
filtration of 62 and subsequently that of the expression n62.

We begin by estimating the Adams filtration of 952, in 7r124’124+45070. First, we
observe that this group 7r1247124+45070 does not contain any A-torsion classes. This
is because, in the 125-stem, the group (from Table 7 in the Appendix)

Extfj‘l%H =0 fori <4,

and thus, by the rigidity Theorems 3.6 and 3.8 for the synthetic Adams spectral se-
quence for S%% in the 124-stem, A\-torsion classes can only appear in 7124 124455
for j > 7.

Additionally, by analyzing classical Adams differentials, the Adams filtration of
62 is at least 10. In the case where it is of Adams filtration 10, it is detected by the
element h3x124 s, which, according to Fact 7.6(3), is a permanent cycle and cannot
be killed.

Upon further inspection of the differentials associated with elements in stem 124
and filtration between 10 and 13, we are left with three possibilities:

(a) 02 = X\° - [hdw124,8], which is statement (4), or
(b) 02 = )\ - [egAhgg], where egAhgg is permanent cycle in AF = 13, or
(c) 62 is a A%-multiple.
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Since in Ext, we have hy - eAhgg = 0, we deduce that in either possibilities
(b) or (c), nh? is a A%-multiple. In other words, nf? has AF > 15. In the group
T125.125+55%°7, the only class that is a A'°-multiple is actually A-free: By Fact 7.6(4),
it is A2%g*Ahyg in AF = 25 and is detected by tmf (see [9] for the Hurewicz image
of tmf). Since #5 maps to zero in tmf, we have that 762 maps to zero in tmf and
therefore must be zero in this case.

This shows that if statement (4) is false, then nf2 = 0, and therefore h2 is a
permanent cycle.

Hence, we focus on the remaining possibility (a), assuming statement (4) holds:

9? =A% [h8m124,8].

By the proof of Lemma 7.11, the only nonzero possibility for A3n[h3z1048] is
AS[hyhyw109,12]. Therefore, if statement (5) is false, then using the same tmf de-
tection argument, we conclude that 762 = 0, and consequently, h2 is a permanent
cycle.

Finally, if statement (3) is false, an inspection reveals the only alternative clas-
sical differential:

d6($126,8,4 + $126,8) = h1h4$109,12-

This, combined with the tmf detection argument, would again imply 762 = 0, and
consequently, h2 is a permanent cycle. This completes the proof. (I

Before we prove Proposition 7.9, we first state and prove a few lemmas.
For Lemma 7.14, we draw attention to the following element in Ext:

21239 + hox123,8 € EXt?4123+9-
From Tables 3, 7 in the Appendix, we have
Fact 7.13. (1) w1239 + hoz123,s survives to the Adams Ei2-page, and is not

killed by any classical differential.
(2) We have a classical nonzero differential

dao(x125,8) = h1(z123,9 + hoz123,8) + hgl”lm,s-
Lemma 7.14. There exists a homotopy class
Q] = [$123,9 + hofE123,8] S 7T123,123+950’0/)\9

with the following properties:

(1) For any homotopy class [hiw1248], there exist homotopy classes

0,0 /19 0,0 /19
0 € M124,1244135 JN, a3 € T125,1254159 SN,

such that
N - an = NP[hizioas] + A € Ti24,1244757% /N7,
n-as=\-az € mi25,1254145° 0 /A%,
(2) Aoy - [ho] = 0 € mi23,103475° 0 /A%,

Proof. From Fact 7.13(1), the element 1239+ hoz123,s survives to the Adams Eo-
page, and is not killed by any classical differential.
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Let a1 = [$123,9 + h0$12378] € 7T1237123+950’0//\11 denote any homotopy class
detected by 1239 + hoz123,8. For simplicity, we also use a; to denote its images in
T123,123+9500 /AT for 1 < r < 10, under the following sequence of maps:

SO’O/)\H S0,0/)\lO .. SO’O/)\

a1 = [T123,9 + hoZ123,8] ! o | b Z123,9 + hoT123,8
From the nonzero ds-differential in Fact 7.13, we have

hyi - (21230 + hoT123.8) = h3T 1248,
on the classical F3-page. This implies synthetically, for 2 < r < 11,
An-aq + A[h3w124,8] € 7T124,124+950’0/)\T
lies in AF > 11 for any [hdz124,8].
By inspection, as in the proof of Lemma 7.11,
/\377 cayp + )\3 [h8I124,8] S 7T124,1241-|r7»g()’()/)\9

has AF > 13. The only possibility for it to have AF = 13 is that it is detected by
the element A\%e¢gAhgg. (Note that the class [AShyz109,12] is irrelevant due to the
nonzero differential d3(AShyw109.12) = A8h1x12271572.) Since in Ext we have

hl . 60Ah6g = O,

we may choose as € 7r1247124+1350’0/)\9 to be any class detected by A\begAhgg, with
the property that nas is A-divisible. Thus, there exists an ag such that nas = Aas.

This proves the required property (1).

For the relation in property (2), we will first prove it in 7123 12317.5%9/A1! and
then map it to m23,123+75%%/\%.

By Proposition 3.12 for the synthetic Adams spectral sequence for S%°/A! the
expression

A ay - [ho] € mi3,123475%0 /AN

has AF > 17. In particular, the values
M (123,112 + T123,11 + hoheBs) in AF =11,
MhZ2193 132 in AF =15
can be ruled out due to the nonzero Adams differentials
dr(A* - (2123112 + T123,11 + hoheBa) ) = MPhix121 17,
d3(\® - hgw123,13,2) = A0h3T122,16,

in the synthetic Adams spectral sequence for S%° /A1, which are zero in the spectral
sequence for S%0/\9.

Therefore, the expression A®-aj - [ho] is A0-divisible in 7123 1234+ 75%°% /A, Map-
ping it further to 7T123’123+7SO’0//\97 we conclude that it is zero. O

For Lemma 7.16, we draw attention to the following element in Ext:

2 11,125+11
h0x125$972 S EXtA .

From Table 7 in the Appendix, we have
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Fact 7.15. The element h%x125,972 survives to the Adams Fs-page, and is not killed
by any classical differential.

Lemma 7.16. Assuming that both statements (3) and (5') in Proposition 7.8 are
true, the synthetic Toda bracket

(Nau, [hol,n) C mi25125475%° /A7

does not contain zero, and is detected by )\4h(2)a:125’9,2. Here a = [®123,9 + hoT123.8]
refers to the homotopy class described in Lemma 7.14.

Note that the synthetic Toda bracket in Lemma 7.16 is well defined, as the
homotopy class «; in Lemma 7.14 satisfies the relation A3« - [hg] = 0.

Remark 7.17. According to Fact 7.15, it is not yet known whether the ele-
ment h8$125$9’2 supports a nonzero ds-differential. Assuming that both state-
ments (3) and (5) in Proposition 7.8 are true, Lemma 7.16 specifically implies
that /\4h%x125,972 detects a nonzero homotopy class in 7r1257125+750’0//\9. There-
fore, under these assumptions, we would have ds(h3z125,9,2) = 0.

Proof of Lemma 7.16. We assume both statements (3) and (5') in Proposition 7.8
are true. From statement (5'), we have

Nnhdzi248] = A[h1haw109,12] € T125.125485".
Mapping this relation to S%9/)\?, and applying the following relations from Lemma 7.14
Nnap =N [h3$124,8] + Aay € 7T124,124+7SO’0/)\9,
n-ay =\ € Ti5.1254145° /A7,
we have
n-Nnay =n- N[hgz12a8] + 1 Noas
= )\G[h1h4$109,12] + >\7Oé:3 € 7T125,125+850’0/)\9,

which, from statement (3) and Remark 7.17, is nonzero and detected by A6h, ha109,12
in AF = 14.
On the other hand, since n? = ([ho], 7, [ho]), we have
n- /\377041 = )‘30[1 ! <[h0]7777 [hOD = <)\3011, [ho], 77> : [ho]

Therefore, the synthetic Toda bracket (A3ay, [ho],7) does not contain zero, and
its [ho]-multiple is detected by AShihywig912 in AF = 14. Since hjhaT109.12 is
not ho-divisible in Ext, the synthetic Toda bracket is detected by an element in
AF < 12.

This synthetic Toda bracket (A3aq, [hol, n) lies in T125 1254+75%° /A%, whose AF <
12 part is generated by

[hg7125,5] in AF =7,
N[he(Aeq + Co + hSh2)] in AF =9,
[\*h32125.00] in AF = 11.
From Table 9 in the Appendix, we have
0 # ds(z126,6) = Nhswoss + possibly A2hg(Aey + Cp + h§h3).
In both scenarios, A?[hg(Ae; + Co + h§h2)] remains and is in AF = 9.
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For the rest of the proof, we only need to rule out the cases [hgz1255] in AF =7
and A?[hg(Aer + Co + h§h2)] in AF = 9.
For [h3z1255] in AF = 7, due to the nonzero ds-differential

2,2
d3(x126,4) = A“h§Z125,5,

it can be chosen to be annihilated by A2.

However, from statement (3) and Remark 7.17, A8[h1hy7109.12) Temains nonzero
in the homotopy of S%°/\?. Therefore, the synthetic Toda bracket is not annihi-
lated by A2. As discussed earlier, its [ho)-multiple is detected by Ahy ha109,12, and
thus, this case of [h3z125 5] can be ruled out.

For A?[hg(Aeq +Co+hih2)] in AF = 9, we first consider a classical Toda bracket
in stem 125:

(05,2, [Aey + Co + hiRZ]).

From [55, 28], g2 = Z/2 ® Z/2 & Z/2 & Z/2, so in particular both 65 and
[Ae; + Co + h§h?2] have order 2, and this classical Toda bracket is well defined.
From classical do-differentials:

dg(hﬁ) = hohg, dQ(hghG) = ho(Ael + Co + hghg),
we obtain the following Massey product on the Es-page
he(Aey + Co + hih?) = (h2, ho, Aey + Co + h3hZ),

and we check that it has zero indeterminacy. Further analysis shows that there are
no crossing differentials, as per the criteria of Moss’s theorem [47, Theorem 1.2]
(noting that crossing differentials in Moss’s theorem have a different meaning from
our definition). Therefore, we have a classical Toda bracket

[hﬁ(A@l + Co + hghg)] € (05,2, [A€1 + Co + hghgb

Synthetically, by inspection, we also have 205 = 0 and 2[Ae; + Cy + h§hZ] = 0.
It follows that there is a corresponding synthetic Toda bracket

[he(Aer + Co + h3hZ)] € (05,2, [Aeq + Co + hih3]).
Multiplying by A\2[ho], we get:
N[ho] - [he(Aeq + Co + hSh2)] = A2[ho] - (85,2, [Aer + Co + hSh2))
= \-(2,05,2)[Aey + Co + hSRZ]
= \3n0s[Ae; + Co + h§hZ].

Note that all expressions in the above equation have zero indeterminacy.

If the synthetic Toda bracket (A3, [hol, n) were \2[he(Aeq + Co + h§h2)], map-
ping the above equation to S%°/)\° we would then have a nonzero equation in
T125,1254+8500 /A%,

Nn[hdz124,8] = A8 [h1haz100,12] = (N3, [hol, n)[ho] + A°na
= N[he(Aer + Co + h§h2)[ho] + A°nas
= \3nfs[Aey + Co + h§h2] + Xonas.
For this equation to be nonzero, we must have a nonzero equation

N [hgz1248] = A205[Aer + Co + hghZ] + A\oaz in mi2412475 /N,
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However, in Ext, we have
hg(Am + Co + hghg) =0+ h(2)$124,8 c EX,CIlL‘O,124-~-1o7

so this equation is not possible.

We have ruled out the possibility that the synthetic Toda bracket (A3ay, [ho],n)
is detected by A%[hg(Aey + Co + h§h2)] or [h3x1255). Therefore, we conclude that
it must be detected by [AhZz125.9 2]. ]

From the proof of Lemma 7.16, we have the following [hg]-extension.

Corollary 7.18. Assuming that both statements (3) and (5') in Proposition 7.8
are true, we have a relation: For any homotopy class [\N*h3w125 9 2],

[)\4h31‘12579,2} . [ho] = )\6 [h1h4l‘109712] 75 0e 77125,125-‘1-85070/)‘9’
for some [h1hax109,12].

Proof. From the proof of Lemma 7.16, there exists a homotopy class [)\41131‘1257972
contained in the synthetic Toda bracket (A3aq, [ho],7), and we have

INhZ2125.0.2] - [Ro] = (N3, [hol,n) - [ho] = A8 [h1haz109,12] + N a3,

Since A" is in a strictly higher filtration than /\6[h1h4x109,12], we may choose
another class [h1h42109,12] such that the right-hand side of the above equation is
simply A8[h1ha109,12]. From the discussion of this synthetic Toda bracket in the
proof of Lemma 7.16, we know that the difference of any two classes detected by
A*h2x195 9 2, when multiplied by [ho], is not detected by A®[h1h4x109.12]. Therefore,
the corollary holds for any choice of [A\*h3z125.9.2]- ]

We have one more Lemma 7.20 before we prove Proposition 7.9.
We draw attention to the following element in Ext:

h1$121)7 € EXt%122+8.
From Table 2 in the Appendix, we have

Fact 7.19. The element hiz121,7 survives to the Adams Eg-page, and is not killed
by any classical differential.

Lemma 7.20. There exists a homotopy class [AN*hiz1217] € T122,120445%° /A%,
such that

[)\4}1133121,7] : [h2] = /\[)\5h(2)$125,9,2} S 7T125,125+5SO’0/>\9-

Proof. From Fact 7.19, we know that the element hix121 7 may only support a
nonzero d,-differential for r > 6. By Proposition 4.6, )\4h1x12177 detects nonzero
homotopy classes in 7T122’122+4SO’0 /A%, and hence the required existence of such a
homotopy class.

For the desired relation, we follow Example 6.19 and apply the Generalized
Mahowald Trick Theorem 6.12. Consider the distinguished triangle

§3 Y 450t g0y, T g4
The short exact sequence on HF3-homology

00— HF,,8° " HF,, 8%/ — " HF,,S5* — 0,
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induces a long exact sequence on Ext-groups
P Bt (80) — o Bxty (S0 /v) —5s Exty(S) 2 -
Also recall for notations, if an element z in Exty*(S%/v) satisfies
¢«(7) = a # 0 € Ext’*(S%),
we denote x by a[4]; otherwise, due to exactness,
x = i,(b) for some b € Ext’*(5°),

and in this case, we denote = by b[0].
We consider

T =hizi217 S Extfi{l?’o7
T = hiz121,7[4] + ®126,8[0] + 2126,8,2[0] c Extil34(50/V),
y = hiw1250,2 € Ext! 1%,
§ = h3z125,0.2[0] € Extjléll’l%(So/V).

For conditions in Theorem 6.12, we have:
(1) dg’EQ(h1$121,7[4] + 2126,8[0] + Z126,8,2[0]) = h12121.7.
(2) dg(h11]121)7[4] =+ 37126,8[0] + -'17126,8,2[0]) = h%.’l?12579)2[0]. This is a classical
Adams d3-differential for S°/v, and is obtained from our computations.
(3) (a) The differential in (1) has no crossing, as it is a dp-differential, and
(b) Upon inspection, the differential in (2) has no crossing.
(4) dijQ (hgl‘12579,2) = h%$125,972[0], as h%l‘1257972 is not divisible by hg in Ext.
Since all conditions of Theorem 6.12 are satisfied, we conclude that there is an
([h2], E4)-extension:

ha],E4 2
dé 2l (h1I121,7) = hol”125,9,2-

In other words, we have the following relation:

[Riz191.7] - [ha] = A2[h3T125.0.2] € 1251254950 /A%,

Using the map p : S%%/\°% — S§%0/)3 from Notation 4.1, we lift the above relation
and obtain:

[h1$121,7] : [hQ] = P\zhgwus,g,z] € 7Tl25,125+950’0/>\5-

In fact, since h1z121,7 - ho = 0 in AF =9 of Ext, we might obtain a relation of the
form:
[hiz121,7) - [ho] = [Az] + [N*hw125,0,2] € T125,1254950 /A%,

for some element x in AF = 10. However, upon inspection, for all = € Ext}f’l%ﬂo,

the homotopy class [Az] either does not exist or can be chosen to be zero.
Using the map \* : £%748%0/)\5 — §0.0 /A9 from Notation 4.1, we further push
the above relation and obtain the following relation:

[/\4h1$121,7] . [hQ] = /\[)\57131‘125,9,2] c 7T125,125+5SO’0//\9-

This completes the proof. ([
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Now we prove Proposition 7.9.
We draw attention to the following elements in Ext:
heMdy € Ext! 122

12,122+412
h521391711 € EXtA .

From Table 2 in the Appendix, we have
Fact 7.21.

(1) The element heMdy survives to the Adams Es-page.
(2) The element hsxo1 11 survives to the Adams Es-page.

Proof of Proposition 7.9. We assume that statement (3) in Proposition 7.8 is true.
For the sake of a contradiction, we also assume statement (5') is true.

From Lemma 7.20 and Corollary 7.18, there exists a homotopy class
[)\4h1l‘12177] S 7T122’122+4SO’O/)\9, such that

[Nhiz191,7] - [ho] - [ho] = AN hgz125,9,2] - [ho]
= X3[h1haw109.12] # 0 € m125125465"° /N7,

for some [h1haz109,12]. Note that statement (3) in Proposition 7.8, Fact 7.6(2),
and Proposition 4.6 imply that the expression )\S[hlh4x109,12] is nonzero in the
homotopy of S%0/\.

Since the element detecting hqihaT109,12 in not an hp-multiple in Ext, we must
have the expression

[N hiz1917] - [hol
in 77122,122+5SO’0/)\9 be nonzero, and have AF < 12. Upon inspection, the only
possibilities are:
)\G[thd()] in AF = ].1, )\7[h5[L'91_’11] in AF = 12.

From Fact 7.21 both hgMdy and hsxgy,11 are nonzero permanent cycles in the
classical Adams spectral sequence, so either possibility would lift to a relation in
the homotopy groups of S%°.

For the case of \S[hgMdy], consider the expression

N[heMdp)] - [ha] € 1251254105,
Since hgMdy - ho in AF = 12 is killed by a classical do-differential, we know that
NheMdo] - [ha] € 712512541157

is in AF > 13. Upon inspection, the permanent cycles in Ext}f’l%ﬂg are all killed
by dy or dy-differentials, and thus,

NheMdp) - [ha] € m125,125+105"°

is in AF > 14. Therefore, for the above relation in the homotopy of S%°/\? to
hold, we must have

/\Q[hﬁMdo] : [h2] = )\4[h1h4$109,12] € 77125,125+1050’0~
For the case of A[hswg; 11], consider the expression
AMhszo1 11] - [ha2] € T125.1254+125"°.
Since hsxgi 11 - he in AF = 13 is killed by a classical dp-differential, we know that

Ahswo111] - [ha] € T125,1254125°
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is in AF > 14. Therefore, for the above relation in the homotopy of S%°/)\% to
hold, we must have

AMhszo1.11] - [ha] = A2 [h1haw100.12] € T125,1251125°.

In both cases, A*[h1h42109.12] is a A[hg]-multiple in the homotopy of S%°. Since
the classical v € w3 has AF = 1, we have

590 /(A[hg]) =~ v(S°/v).

By the rigidity Theorem 3.6 of the synthetic Adams spectral sequence for S%°/(\[h2]),
we know that the element \*h; hat109,12[0] must be killed by a synthetic Adams
differential, which corresponds to to a statement that in the classical Adams spec-
tral sequence of S°/v, the element hqhyr109,12[0] must be killed by a d,-differential
for r < 5.

‘ s ‘ Elements ‘ d, ‘ value ‘
h§2RZ[0] dy | hithe[0]

14 2126,14[0] d; " | (((w123,11,2) + (T123,11) + hohe[Ba])[4])
Q2D3(h3[4]) + Dazes g[0] d; " | (((z123,11,2) + hs(292,10))[4])
Ds63,8(0] dy | hoQ216s80]
hélh%[(ﬂ d;l hé“h7[0]
hi2120,11(h1[4]) dip | ?

13 h12125,12,2[0 ds | diwg7.10[0]
hexse,10(hoha[4]) ds | h12124,15(0]

(((w122,13) + hi(x12011) + hihe(Mdo))[4]) | da | #125,15[0] + hiw125,12[0]
hohs119,11[0] dy | hiw125,12[0]
d1294,5[0] dgl Z127,10[0]

12 h(l)ohg[o} dgl h8h7[0
((hs(z91,11) + ho(w122,11))[4]) ds | Qaxes,80]
h3119,11[0] dy | h3z125,12[0]
hihi[0] dy " | hShe[0]

11 L %126.11 (0] d; " | 2127,5[0]
h1Z125,10,2[0] + h1Z125,10[0] Permanent
h1$125,10 [0] dyg |7
h%xl%,g[O] dgl h0x127,7[0}

10 hgh%[()] d;l hgh7[0]

%126,10[0] ds3 | nxgss[0]
hoz126,8[0] dy ' | w127.7[0]
TR0 4T T ASho(0

9 }L1x12518[0] dlg ?
how126,8,3[0] dy | hozi25,12[0]
Z126,9[0] ds | hizi125,8[0]

TABLE 1. The classical Adams spectral sequence of S°/v for 9 <
s < 14 in stem 126

However, from Table 1 (obtained from [37] [36], and can be visualized from [34]),
in the classical Adams spectral sequence of S°/v, the element hih4z109,12[0] is not
killed by any d, for r <5 (from the range of 9 < s < 14 in stem 126). Therefore,
we arrive at a contradiction. [
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8. APPENDIX: THE CLASSICAL ADAMS SPECTRAL SEQUENCE IN THE RANGE
122 <t -5 <127,5 <25

We provide a brief overview of Lin’s computer program for computing Adams dif-
ferentials and extensions. The program’s functionality for propagating differentials
and extensions relies on the following data:

e The Adams Fs-pages of a collection of CW spectra.

e Maps between these Fs-pages.

e Adams ds-differentials for certain CW spectra.

e There are three manually added differentials: dsh3*he = h3P%dy and
dehi®hy = h3x126,60 in the Adams spectral sequence of S° (from the image
of J), and dsvi® = B%g in the Adams spectral sequence of tmf, derived
from power operations (Bruner—Rognes [12]).

Detailed descriptions of these data are available in [36]. Lin’s program extends
these results by computing additional Adams differentials using tools such as the
Leibniz rule, naturality, the Generalized Leibniz Rule, and the Generalized Ma-
howald Trick. All computed differentials and extensions are accessible via interac-
tive plots [34].

Moreover, the proofs provided in [36] offer more information than the interactive
plots. These proofs include numerous disproofs of potential differentials, even for
cases where the differentials remain unresolved. For example, consider

21,126+21 ; ¢0
Z126,21 € E5 (S7).

The spectral sequence plot for S° shows that Z126,21 survives to the Ey-page, but
the value of dy(z126,21) undetermined. By analyzing the proofs in [36], we observe
that many potential values for d4(x126,21) have been ruled out. Consequently, we
conclude:

d4($126,21) = %125,25,2 + T125,25 + 94Ah19 + possibly d360934~

Tables 2-12 present results from Lin’s program for the classical Adams spectral
sequence of the sphere in the range 122 <t — s < 127, s < 25.
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| s | Elements | dy | value \
95 e0g>Ah1g d;l > A’m
dog[Ba] dy | djwes,s
’ 24 ‘ dogAQQQ ‘ dg ‘ doeogBAh% ‘
23 Rh1$113,18,2 dy ' | 719320
hidoz10s,17 ds | diMy
e0g°Mg d§1 h3hsx116,16
22 | 122,22 ds h5d0$107,19
hodox108,17 ds | h3dow107.18
21 h%d0€0$91711 Permanent
dor108,17 dy | doeg AR3[B4] + hodoz107,18
hgT122,16 ‘ dy ' | hohswii6.16
20 gd(Oo + hghé) ds gdAhén
hodoeoTor,11 ds | h§z121.16
19 hiw122.16 dy! h3®'(116,16
doeoTo1,11 do | hod3ros 12
hir122.16 dy ' | h2z193.13.2
18 | hiwi21,17 d7_1 Z123,11,2 + 123,11 + hohe[Ba)
dor108,14 ds | hodgxos 12 + hiw121,16
17 h0$122,16 dg_l hoI123,13,2
93[H1] d?jl Ah%l‘ggyg
122,16 + ho£122,15,2 d3_1 £123,13,2
16 Ah%l‘gg,lo dgjl 123,13
ho122,15,2 Permanent
15 T122,15 ds3 93A
T122,15,2 do h%h4$106,14
[ 14 [ howi22,13 | d3' | 2123112
h3heMdg dy ' | 19311
13 hfxlgo)ll Permanent
T122,13 ds h0h4-73106,14
hohe M d dy ' | 2123,10
12 | how122,11 d; " | howias s
hso1 11 Permanent
11 LZiz2u+ heMdg dy' | 1038
heMd Permanent
[9-10 | \
[ 8 [hiwiay lds |7 ‘
[ 0-7 | |

TABLE 2. The classical Adams spectral sequence of S° for s < 25
in stem 122
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‘ s ‘ Elements ‘ d, ‘ value ‘
[ 25 ] |
=
h1Ph1$113,18,2 d2 T124,22
24 [ dZAR3Myg dy " | doxr10,18
do]\/[PZL‘56A’10 d4 ]\/Ingg,lg
A2 3
‘ 23‘9Am ‘dg‘eogAhlg ‘
[21-22 ] \
[ 20 [ 19320 | ds | Phiziisas2 ‘
2 W =
€09“Te6,7 + hgr123,13,2 dy " | T124,17
§ =T33
19 h0-73123,13,2 dg h[)3?124,14,2
p P — =T p
hoeo®106,14 + hihs®i16,16 5 | eorio7,12
p) V)
highs®1i16,16 dz | eog“Myg
5 =T ;2
hiT123,13,2 5 | h§T124,14,2
18 €0%106,14 + hohsT116,16 Permanent
I
hohsT116,16 dy | hgT122,16
2 i =
h§x123,15 + hgT123,13,2 dy " | hoT124,14
1 =
17 h096123,1372 d2 h01’124,14,2 + h01'124,14
do109,13 Permanent
3
h337116,16 dy h0-73122,16
3 =
h0-75123,15 + h0$123,13,2 d2 T124,14
3 =
16 h033123,13.2 dg 124,14,2 T 124,14
—T1
h1-73122,15,2 d3 h43?109,12
=
2123,15 d4 T124,11,2 + T124,11
—1
15 h4l‘108,14 d5 h0$124,9
P p)
h§T123,13,2 ds | hiT122,16
3, -1 R
hgr123,11 5 | hoTi24,11
14 h033123,13.2 ds h0$122,16
P 3
Ah5rg3 8 ds | g°[Hi]
2 =
h§xi23,11 5 | Ti2a11
13 | 123,132 ds | T122,16 + hoT122,15,2
P
123,13 ds | Ah5zg2 10
. 2 —1 ,
ho123,11 + hihe[Ba) 3 | T124,92 + hoT124,8
=T
12| 2193,12 3 | T124,9 + hoT124,8
h3he[Ba] dgl heA
2 =
h§x123,9 5 | 1249
=
hs292,10 5 | Ti246
11 Z123,11,2 + T123,11 + hohe[Bud] | dr hizi2117
Z123,11 + hohe[Ba] ds hox122,13
ho hs [34] dg hé hGAfdo
=
hoI123,9 2 2124,8
- =
10 | 123,10 + he[Ba] 3 | Ti247
he|Ba dy | hohgMdy
9 Z123,9 + hoT1238 dia |7
hor123,8 ds | howi22,11 + hohsMdy
[ 8 [wiss | ds [ wi22.11 + heMdy ‘
[ 07 ] \

TABLE 3. The classical Adams spectral sequence of S° for s < 25
in stem 123

57
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‘ s ‘ Elements ‘ d, ‘ value
T =TT17.9
h T124,14.2 dy " | hgTi2s,14
U TATZ p
25 | iT101,18 do | dgAhszes 13 + hoPdoT101,18
doeoA3hlg d2 d%gBm
10 —T ;38
24 ho T124,14,2 d2 }1017125,14
p) =1
hidoz110,18 dy "~ | hoeoios,17
9 —T ;7
hox124,14,2 2 | hoxi2s14
p) =
923 dogAh5[By] + hodow110,18 | dy ™ | eo%i08,17
—1
hodoz110,18 ds ™ | T125,20
doz110,19 Permanent
g —T 16
hg-73124,14,2 d2 hol’125,14
TAZ =T X
99 | 9 A%t d3 " | 9%105,15
124,22 dy h1Ph13€113,18,2
2 2
d01‘110718 d2 dOAhQAIg‘
7o —T1 5.
91 héx124,14,2 2 | hixi25,14
2 T
hodg[AA g 2 | dogxor,11
G —T [ ;4
20 hg-73124,14,2 d2 hol’125,14
) =T -
di[AAg] 5 | hMTi24,14
5 —T 13
19 hoI124,14,2 d2 h0x125_14
doz110,15 Permanent
. 4., —T1 R
18 hox124,17 + hgT124,14,2 5 | 125,16
7 T2
hox124,14,2 2 | hgxi2514
3 =
hgﬂ?124,14 d2 T125,15
pp =T .
17 h§Tr124,15 5 | hoTi25,14
p) B
124,17 dy | eog“Tee,7 + hgr123,13,2
3 6
hox124,14,2 do | hgT123,13,2
. —T1 R
hox124,15 2 | 125,14
—T
h1x123,15 5 | haziis,12
16 | h2z194.14 Permanent
2 2
€07107,12 d3 | egg*xee,7 + hoeoT106,14 + hghsri16,16
7 5
hgx124,14,2 do | hgT123,13,2
=T
T124,15 1| heTe2,10
15 h37110,13 + hoT124,14 Permanent
2 i
hox124,14 do | h§T123,15 + hgT123,13,2
7
h(1$124,14,2 do hol123,15
=1
h1I123,13 d2 T125,12
—T
h1$123,13,2 d2 T125,12,2
14 [ Ah3woy s Permanent
. 3
%124,14 do | hoT123,15 + higxi123,13,2
2124,14,2 dy h0$123,15
=4 71 3
hgxi24.8 dy" | hiziass
67,2 =1
13 [H1](Aer + Co + hghg) ds 125,10,2
eoAhgg Permanent
h4€L'109,12 ds h11'122.,15,2

TABLE 4. The classical Adams
s < 25 in stem 124

spectral sequence of SO for 13 <
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=
how124,11,2 + hoT124,11 | dy ™ | T125,10

P T =
h§T124,10,2 + hoTi248 | dy | hoTi2592

12 | hizi248 dy ' | h3wis s
hi2123,11,2 d§1 125,9
hol‘124,11 do h8$123711
h0$124,10,2 + h8$124,8 dEI £125,9,2
h3T1248 dy " [ hozi2s,s
11 | z124,11,3 d; " | 212582
T124,11,2 + 124,11 dy | 12315
T124,11 ds | h3z123.11
h1T123.9 + h3T1248 dQI T125,8
%124,10,2 + RoT124,9 dy " | he[Hy
10 | 124,10 + hgz124,8 d; " | he[H1] + hoz1255
h3z124.8 Permanent
h0I124,9 ds h433108714
Z124,9,2 + ho%1248 ds ho%123,11 + h%hb‘[Bd
9 | Z124,9 + ho%1248 ds | 123,12
hoT124,8 dy | h3zi1230
EREDT [ dy [ howizsyo ‘
hoT124.6 dy " | 21955
7 hGA d5 héhﬁ [B4]
T124,7 ds Z123,10 + he [Ba]
[ 6 [ 21246 [ ds | hswoz,10 ‘
[0-5 ] |

TABLE 5. The classical Adams spectral sequence of S° for s < 12
in stem 124

‘ s ‘ Elements ‘ d, ‘ value ‘
2 —1 =
digeog[B] dy hiw125,20
1 =T
o5 | £125,25,2 + 125,25 + g Ah1g | dj | T126,21 + possibly hiz125,20
g Ahig Permanent
T125,25 dy | hoT124,26
o) TAT2
‘ 24 ‘ eogAZg ‘ do ‘ dog*Ahs
2 3
923 hieorios,17 d3 | dgeoMg
hy d hit
01125,14 2 0 L124,14,2
3 =
g°Mg d4 2126,18
- % —T1 .
99 | 1%102,15 + hgw125,14 dy" | 9T106,14 + €0T109,14,2
he d hiv
0L125,14 2 0 L124,14,2
p)
hoeo10s,17 dy | hidor110,18
=
T125 21 dy | dor112,13
7 g
21 | hywis,14 dy | hgT124,14,2
P
€07108,17 dy | dogAh3[Ba] 4+ hodoT110,18
=
hodogror, 11 dy " | 126,182
P
20 | 125,20 dsz | dogAh3[B.]
G g
h01’125,14 ds h01‘124,14,2

TABLE 6. The classical Adams spectral sequence of S° for 20 <
s < 25 in stem 125
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9%105,15 ds 92A2t
19 h8$12514 do ’1(7)3U124,14,2
dogTg1 11 ds | hodi[AAg]
18 d%wg7 10 ds ' | hiziasaze
héI125714 do h81124,14,2
17 hiQozes dy ' | hoDawes s
h3z125.14 ds | hjz124,142
hoQ2%6s 8 dy ' | Daxesg
16 h12124,15 d; T | h2z126.10
125,16 ds | hox124.17 + hiT124.142
h%$125714 do h%£124,14,2
hizi25.12 d51 hoh3T119,11
Q268,38 d; " | hizi2s,10
15 | hi%124,14 ds | 3[AAg]
125,15 ds | h3z124.14
hoI125714 do h(z)I124,15
h3w12512 (151 h3x119,11
14 | hihyw109,12 Permanent
125,14 do h()1124,15
hiz125.9,2 dy! 126,11
hgfb’ms& 51 hoZ126,10
13 | nwoa,s di' | hiwioss
hox125,12 df h12125,8,2
h3118,12 ds | hiz123,15
hohee2,10 dy '] 19610
hirias.00 + hiziass | d3' | 21260
12 [ hgz1258 dy ' | 21260 + hoT126.8.3
125,12 do | hi%123,13
2125,12,2 do h1$123,13,2
h1%124,10,2 dy ' ] 1068
h12124,10 dy' | 712682
11 h%(l?lg‘gtg’g d5 ?
heZ62,10 ds | 124,15
h3z125.8 ds | hiz1o48
ho%zsg) dgl 2126,8,3
2125,10,2 d,g [Hl](Ael -+ C() -+ hghé)
10 | 125,10 do | hoTi24,11,2 + hoT124,11
ho%zsg),z do h(2)55124,10,2 + héI124,8
h’é””l?S,S d2 }11351:124,8
he(Aer + Co + hih2) Permanent
h5294,8 d; |7
9 2125,9 ds h155123,11,2
T125,9,2 da hin124,10,2 + h8$124«,8
hoZ125,8 ds | h3z1oas
g [T12582 ds | 2124113
2125,8 ds | hizi23,9 + h3T1048
[ 7 [Raiass [ d5" [ 1264 ‘
6 he[Hi] ds | 2124,10,2 + hoT124,9
h[)¢12515 dy 124,10,2 + T124,10 + h01124,9 + h(2356124,8
[ 5 [@2ss [d2 [ howi246 ‘
[0-4] |

TABLE 7. The classical Adams spectral sequence of S° for s < 19

in stem 125
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‘ s ‘ Elements ‘ d, ‘ value
‘ 25 ‘ hg:cl%,lg ‘ d;l ‘ h31h7

doegAh3Mg dy " [ doz113,1s

2 h§»’5126.1s d;gl h80h7
g*Ahocy d; '] g3C”
dopdoz\/[2 d;l doeo[AAlg}

923 Ry 126,18 dy ' hdhy
126,23 dy " | eor110.15

929 hoz126.21 + hoT126.18 | g’ | hiT126.18.2
héxlgg’lg d;l h(1)8h7
}7/87E126,18 (l;l }I/(1)7h,7

21 | hizi25,20 dy | dgeog[Bi]
T126,21 ds | 125,252 + T125,25 + 9 Ahyg + possibly djeggBa

20 h/gl’126’18 ds:i héGh']
do112,16 d5 T127,15

19 h?(’)x126,18 d?zi hésh7
9" Tee,7 3 9%107,12
126,18 1+ €0T109,14,2 dr |7

18 €02109,14,2 dy gsj\'fg . <
gT106,14 dy | i%102,15 +9° Mg+ hgTi25,14
2126,18,2 do | hodogTo1,11
hi°h2 dy ' | hithy

17 hiT124.15 dy " | heweana
126,17 dg |7
d0$112,13 dy T125,21
h&*h2 dy T | hi3hy

16 | hZDsxes s d; " | 212713
h3T194 14 51| hawioso + h3T1978

MR 4" | hi?hs
h,ng.’I?(;gjg (12 }I/(Z)QQZI}6878
hi?h? dyt | hihy

14 | #126,14 dy " | howiaag
h1h3$118,12 dgl h11’126.&,2
Dixes g dy | hoQ2es g
hith? dy ' [ hi’hs

13 | hiz125,12,2 ds | diwg7 10
710]1396119,11 do 7l8$125,12
dixoss dy | 212700
h0I126,11 d;1 h356120,9

12 [ hlORZ 2" | SRy
h(%x126,10 dy h1I124,15
hax119,11 do | h3z12512
h271969 dy | howiar s
h3hZ dy " | h8hy

11 h12125,10,2 + h1x125,10 Permanent
hiz125,10 dy | QaTess
T126,11 do }1/(43.’1/'125,9,2
ho%126,10 dy | hyzia58

TABLE 8. The classical Adams spectral sequence of S° for 11 <

s < 25 in stem 126
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hoT126,9 dy " [ 21078
hZz196.8 dy " | howiar7
10 [3H2 dy " | hlhy
h27126.8.3 dy' | z107.7.0 + T1077
126,10 do | hohexe2,10
hoT126,8 dy ' | wio77
hgh% d;l h8h7
9 il1$125,8 dy NnT94,8
}l1x125,8,2 dy hoﬂf125,12
Z126,9 ds | h3z125.9.2 + hiz1258
h(1$126,8,3 ds h8$125,9.2
o2 41 | hohs
?

}LG(C/ + X2) d17
g | Z12684 + 21268 | ds | ?

T126,8 ds ]1135124,10,2
2126,8,2 ds | hiT124,10
2126,8,3 da | hoTi2s,9
- [ hahE 4y | hihy
]'Llhﬁ[Hl} dlg ?
¢ Lhohd dy U] h3hy
T126,6 ds hsxga,g + possibly he(Aey + Co + hShé)
5 [ (4, | Wahs |
4 }Lghg (1;1 hoh7
7
126,4 ds | hiTi2s,5
BRI o i |
AL CRE |
[0-1] |

TABLE 9. The classical Adams spectral sequence of S° for s < 10
in stem 126

‘ s ‘ Elements ‘ d, ‘ value ‘
27 10,
ho hy ds ho 2126,18
25 | iT104,18 do | dyxsas,2 + hodoT112,22
dogA“hlg da doeog‘;m
2 =T
hodol“u:s,ls d2 h()gﬂfms,l?
—1T
24 | hiwi26,23 ds | 212821
23 g
ho hr ds hol’126$18
2 =T
eogAh3[Ba] + hodoz113,18 | dg | 9Z108,17
23 hodo.’l/'113>18 d4 hodo.’l/jlg)gz
doPdozg1 11 ds | hizi2s,25
27 -
ho hy ds h01126718
=T
dox113,18,2 dy "~ | doeoor, 10
2T T
22 | h3lhs d3 | hir126,18
2
doI113,18 dy d()eoAth[Q
6. -1 5.
h01127«,15 d2 h01128714
21 T127,21 t g“C” Permanent
20 o
hZ°h; ds | hgTize,18
gJC” d3 g4Ah261

TABLE 10. The classical Adams spectral sequence of S° for 21 <
s < 25 in stem 127
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hyz 127,15 dy " | hgw18,14

20 [ doeg[AAg] dy | doPdoM?
h(1)9h7 ds hgl’ms,ls
hiz197 15 dEI hiT108 14
h1%126,18 Permanent

19 | epr110,15 dy | 126,23
h1%126,18,2 ds | ho%i26,21 + hgT126,18
h,(l)gh7 d3 }1/3$126,18
hdw197 15 2_1 h(2)1’128,14
hihewea,14 dy ' | h3hewes,s

18 | g*AhiH, ds ' | gr10s,11
hi%126,17 Permanent
h(1)7h7 ds h833126,18
hihow124,14 dy ' | w128.15
h&w197 15 51 | 712815 + hoT12s 14

17 | hdhezea1a 5 | hohewes,i3
9T107,13 d; " | hohazia1 11
h(1)6h7 ds h?ﬂ’ms,ls
h0$127,15 + h0h2$124,14 dEI T128,14
hoheres,14 dy " | hewes 13

16 hoha124,14 Permanent
127,16 Permanent
h®he d3 | hoT126,18
9r107,12 ds3 95?066,7
h17196,14 d2_1 2128,13,2
hot124,14 Permanent

15 T127,15 ds dol’uz,lﬁ
hthr dy | hg’hg
heres,14 dy | hizi24.15
hogAhgg dy ' | 2198122

14 | hohsr120,12 dy " | hazionan
h,63h7 do h(1)4hg
hiz127,10 dy " ] howias.10
gAhgg ds' | 2128102

13 | hax120,12 dy " | hazi25,8.2
127,13 ds | hgDsxes s
héziw d2 hédhé
héz 127,10 dy " | w12s.10

12 | hywy26,11 5T | haziars
Wy dy [ hZR2
hohsz120,9 d; " | h3Dahe

1 hohaZ124,9 Permanent
ho%127,10 Permanent
h60h7 d2 }Lélhé
h%$12578 Permanent
h233124,9 + h(z)mz?,s dg ’l§$124,14

10 hiz197 8 dy | T126,14
127,10 dy | diTosg
h3r120,9 dy | hoT126,11
]L8h7 d2 }Léohé

TABLE 11. The classical Adams spectral sequence of S° for 10 <
s < 20 in stem 127
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(1]
2]
(3]

[4]
(5]
[6]
(7]
(8]
[l
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hiz127 7 dy ' | homias
hir126.8 Permanent
9 h11'126,8,2 ds h1h3$118,12
hoxi27 8 ds | h3z1269
STy PR AT
hoz127,72 + hoTi277 + h2x1276 | dy ' | T1286
h3x127.6 dy ' | howios 5
hohgA Permanent
8 | hat124,7 do |7
T127.8 dy | ho126.9
hox127,7 do | h3z126 8
Tl &y [ B512
hor1276 dy ' | 21085
hix126.6 dio |7
7| Tio7,7,2 + Ti27,7 ds | h3z126.8.3
T127,7 dy | hoT126,8
i &y | hiiz
6 L2127 ds |7
Mo &y | oIz
BUE & T
BLE & i
NI ds |7
"Zhy & | T30
[ 2 [ hohs [ dy | hihd \
[ 1] hs | da | hohg |
0] |

TABLE 12. The classical Adams spectral sequence of S° for s < 9
in stem 127
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