
CHAPTER 8: THE ELEMENTS OF ARF INVARIANT ONE 

i. Introduction 

One of the most important open problems in homotopy theory is whether or not 

S 
there exist elements 8 ~ 

N N+I 
2 -2 

of Arf invariant one. These elements arose 

in the work of Kervaire [26] and Kervaire and Milnor [27] as obstructions in 

surgery theory. Browder [14] showed that the nonvanishing of these 
N+I 

obstructions is equivalent rio the elements h2s ~ E22 -2,2 = Ext$(Z2, Z2 ) N*I 
2 -2 

S 
being infinite cylcles in the class~cal Adams spectral sequence for ~. Thus, 

S 
an element 8 ~ 

N N+I 
2 -2 

cohomology operation 
N 

the mapping cone of 8 : 
N 

(8.1.1) 0 = 

has Arf invariant one if and only if the secondary 

defined by the following Adem relation is nonzero in 

N N+I ~ i 
Sq2 -2 Sq2 . 

i=o 

The first three elements of Arf invariant one are merely n 2, v2and u 2. The 

S S 
next two elements of Arf invariant one, 84 e ~30 and 8 s e ~62' have been shown 

to exist using the classical Adams spectral sequence [37], [II], It i s  not 

known whether 8 exists for N ~ 6. The reader can find a more detailed 
N 

exposition of this problem i n  [12] and [13]. 

In Section 2 we show that the element A[30] e S has Arf invariant one by 
30 

c a l c u l a t i n g  t h a t  t h e  s e c o n d a r y  o p e r a t i o n  • i s  n o n z e r o  i n  t h e  m a p p i n g  c o n e  o f  
4 

A[30]. In Section 3 we identify 0 s as A[62,11 by showing that 024 = 0 using an 

a r g u m e n t  o f  Mahowa ld  b a s e d  u p o n  a g e n e r a l i z a t i o n  o f  [34A,  T h e o r e m  1 6 ] .  The  

construction of Barratt, Jones and Mahowa~d [Ii] shows that 8 exists but does 
s 

not determine the order of fl . The argument of Section 3 shows that there are 
s 

choices of 8 of order two. 
s 
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N 

I n  [35]  Mahowald showed  t h a t  t h e  e l e m e n t s  h h ~ E 2 ,2 o f  t h e  Adams s p e c t r a l  
1 N 2 

S 
s e q u e n c e  a r e  i n f i n i t e  c y c l e s  w h i c h  a r e  r e p r e s e n t e d  by t h e  e l e m e n t s  ~t N ~ ~ N" 

2 

I n  S e c t i o n  2 we i d e n t i f y  ~a a s  A [ 3 2 , 1 ] .  I n  S e c t i o n  3,  we i d e n t i f y  "~6 

a s  B [ 6 4 , 1 ] .  

2. The Existence of e 
4 

S = Z A[30] and A[30] = d12(2~M~2). We will Recall from Theorem 5.3.10 that H3o 2 

show that the secondary operation ~ is nonzero in the mapping cone of A[30]. 
4 

It follows that A[30] = O has Arf invariant one. We will assume the 
4 

definitions and basic properties of secondary cohomology operations and 

functional cohomology operations [47]. 

Let f: S 23 

by <M4> 3. 
1 

E 8. Let i:BP (14) ~ BP (16) be the natural 

there is a filing F of 20T to BP(14): 

Bp(14) 

$23 "~ i 

2 ° f x ~  Bp( i s )  

> BP (16) be the attaching map of the cell represented in homology 

This map has image in the 16-skeleton becasause <M4> 3 survives to 
1 

inclusion. Since dS(2~<M4> 3) = O, 
I 

FIGURE 8 . 2 . 1 :  Definition of F 

The next step is to define a map G:Z7C ) C . We begin by defining 
r F 

G GJE7Bp (s) E7Bp (8) BP (s) = : --9 as the composite of the projection map 
1 

P ~7Bp(8) Z7Bp(8)/ ~7Bp(6) $I~ v S I~ followed by g V : > = ~ where the first 

sphere is represented by <M4> in homology, the second sphere is represented by 
1 

MIM2 in homology and g is the attaching map of the cell represented by <M4> 21 

in homology. Since <M4> 2 survives to E s and dS(<M4> 2) = 2~<M 4>, the following 
i 1 1 

diagram commutes: 
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G 
77Rp__ ( 8 ) 1 

T TBp(8)/TTBp(6) = sis v S zs 

............ > Bp(8) 

2o" V '~ 6) S 8 > BP (8)/BP ( = SSV 

FIGURE 8.2.2: Definition of G 
1 

Z7Bp(16) Bp(16) P' is the natural projection map above. Now define G : ....... ~ as 
2 

the composite of the projection map 

P" : ~7Bp(16) ' X7Bp(IS)/ Z7Bp(I4) = $23 V 3S23 

followed by (8 A ~)'V 3j" Here the first copy of S 23 is represented by <M4> 3 
1 

in homology and ~: (DS, s 7) > (BP(8),S) represents <M4>. Also, I 

(g A ~)':S Is A S 8 ............ ) BP (16) is an extension of 
gA~ c 

S Is A D 8 BP (8) BP (8) BP (16) as the upper > A ) , thinking of D 8 

hemisphere of S 8. This extension to S Is smash the bottom hemisphere exists as 

a map into BP (8) because 2or 2 = 0 in t[ S. The top square in Figure 8.2.3 

commutes because G restricts to 2~ on E 7 of the cell C represented by <M4> 2 
2 I 

in homology. Thus, the map G must exist making the bottom square commute. 
3 

Now G 3 maps all cells into BP (.4) except for the cell E7C, and G 2 on this cell 

is 2~ A I. In zTcf, CE7S 23 is attached to this cell by ETf. Therefore G 3 on 

this cell is 2cr A f which, as in Figure 8.2.1, lifts to BP (14). Thus G 3 lifts 

to a map G. 
Z7S23 _ 1 

r Tf 

771 ~p( I 6) 
G 
2 

) S 30 

2o-t" J ~ B p (  / 14) 

) Bp (16) 

~.TCf ................................... ..3.. .................... -~ C2crf<  -- C F 

.............................................. G_ .................................................................................... ! 

FIGURE 8.2.3: Definition of G 
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In H (CG;Z2), let u(X) denote the element dual to X e H,(CG;Z2). Let 

Y e HIs(CG;Z 2) denote the element determined by the first sphere in 

Figure 8.2.2. By the definition of G , Y represents a cell with the same 
i 

attaching map as <M4> 2. Therefore, SqlSu(1) = u(Y). Thus, the functional 
1 

16 Ho(CF;Z2) s e c o n d a r y  cohomology o p e r a t i o n  Sqg i s  d e f i n e d  on u(1)  ~ and e q u a l s  

S7u<M4> E HIs(z7C ;Z ). By the  P e t e r s o n - S t e i n  fo rmu la :  G o@ ( u ( 1 ) )  

= Sq31SqGI(u(1) ) +Sq3°Sq~ (u ( 1 ) ) +Sq2aSq~ (u( 1 ) ) +Sq24Sq~( u( 1 ) ) +SqlSSq~S (u( I ) ) 

Since Hk(Z7Cf;Z2) = 0 for k = 0,1,3, we must have Sq~(u(1)) =0, Sq~(u(1)) = 0 

and Sq~(u(1)) = O. Since GI;Z7Bp(6) = i, Sq~(u(1)) must be 0 not S7u(1). 

~ 16~ l S ,  , Thus, G o@4(u(1)) = bq bqc Lull)) = SqlSCS7u<M4>) = S7u(<M >3) ~ O. Thus 
1 

@4(u(1)) ~ 0 in H31(CF;Z2). Note that there is a unique top dimensional cell 

of degree 31 in C F which determines a nononzero element ~ ~ H31(CF;Z2). Hence 

= @4(u(1)) ~ 0 Since d12(2~M~ 2) = A[30] and F represents the boundary of 

2~M 12, the triangle in the following diagram must commute up to homotopy. 
1 

Therefore, there is an induced map J making the square commute. 

C~*) 

Bp (14) 

A[30]'~ 
S 

> CF 

J 

) CA[30 ] 

Now @ Cu(c)) = @ oJ (u(1)) = J o@ Cu(1)) = J (T) ~ O. 
4 4 4 

Thus, A[30] must have 

Arf invariant one. We have thus proved the following theorem. 

THEOREM 8 . 2 . 1  A[30] has  Arf  i n v a r i a n t  one. 

We derive several Toda brackets involving elements related to 8 . The first 
4 

Toda bracket below was proved by Hoffman [24]. We give a proof using our 

spectral sequence. 
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THEOREM 8 . 2 . 2  ( a )  e = A [ 3 0 ]  • <0",2o-,20",0-> 4 

( b )  ue  = u A [ 3 0 ]  e < C [ 1 8 ] , o . , 2 0 " >  & 

( c )  8 = A [ 3 0 ]  ~ <o. ,2o. ,o .2 ,2> = <o"2,2,~r2,2> 
4 

(d) ~O 4 = ~ A [ 3 0 ]  ~ <A[16],2,~2> 

PROOF. ( a )  R e p r e s e n t  <M~> 2 b y  g8 s u c h  t h a t  O(g  a) = (o. A 21a 
:t 

2 '~r  S = O, o.A[14] = 0 a n d  0 3 '  = O, i t  f o l l o w s  t h a t  <o.,2o.,2o.> S i n c e  
22 

= 2<o',2o',o.> = O. T h u s ,  2o.M ~2 ~ E 2~ i s  r e p r e s e n t e d  b y  
1 24,7 

= (g~ A o. A 298) u (B A ~8 ) u (g4 A B A 2~ ) u (B 
02~ ~ 0"20" <O., 0"2,0-2> 

) u (S 2o). 

A ~4 ) 

u (#4 

u ((tAB ). 
<o.2 ~ 0"2,0-> 

A B  ) 
<o-2 ~ 0"2, o'> 

because aM = (B A B ) u (B A 0") Since 
22 0"20" <0", o-2, oe> 

d24(20"Ml12) = A[30], OM represents A[30] and clearly aM E <~,0"2,0"2,~>. 

(b), (c) The four-fold Toda bracket <cr, 2o.,2,2> is defined by 

Theorem 2.2.7(a) because <c%2c%2> • S = 0 and <2cr,~2,2> = ~<2,~2,2> + 2"~ S 
29 22 

= 0"('00 "2) = O. NOW u A [ 3 0 ]  e u<cr, 2o',20",cr> c <<u ,o . , 2o .> ,2o ' , o '>  = <C [18 ] ,2O . ,0 "> .  

Since CokJ = Z u2C[20], uA[30] • <C[18],0",2~> c <C[18],~2,2> 
26 2 

= <<u,c%2o.>,~2,2> = p<~,2c%~2,2>. Thus, <cr, 20",~2,2> contains A[30]. Note 

that <o.2,2, o.2,2> is defined by Theorem 2.2.7(a) because <~2,2,~> e /IS = 0 
29 

and <2,~r2,2> = n~ 2 = O. Now <o.2,2,~2,2> c <cr, 2o.,2,2> = {A[30]}. 

(d) nA[30] • n<2,0"2,2o.,~> c <<n,2,o.2>,2¢,~> = <A[16],2~,~> + <n~l,20",o.>. Now 

<~l,2o.,o.> D W<~1,2o.,o.>. Since u<i~l,2Cr, o.> = <u,~l,20">o. = O, <~i,2o.,o.> can not 

equal A[30] and must therefore equal zero. It follows that <~2rl,2o.,o.> 

S S 
+ cr-~ = W~ where u~ = O. Thus, <7}~-1,2~,o.> = 0 and 

= W~'I " ~IS 24 

w A [ 3 0 ]  e < A [ 1 6 ] , 2 ~ , ~ > . ~  

S 
We conclude this section b y  identifying the Mahowald element ~s • I[32 

as A[32,1]. 
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Let ~s be any element of S which projects THEOREM 8.2.3 to h h 
32 1 S 

t h e  Adams s p e c t r a l  s e q u e n c e .  T h e n  ns  p r o j e c t s  t o  A [ 3 2 , 1 ]  i n  E 2¢ 
0,32 

Atiyah-Hirzebruch spectral sequence. 

in E 32'2 of 

of the 

PROOF. From t h e  c o m p u t a t i o n  o f  E o f  t h e  Adams s p e c t r a l  s e q u e n c e  b y  
2 

Tangora [59], it follows from the fact that h h is an infinite cycle that 
1 S 

h : h  a i s  a n o n b o u n d i n g  i n f i n i t e  c y c l e .  T h u s ,  i f  Ws i s  a n y  e l e m e n t  t h a t  

projects to hlh s then n2ns . O. Since n2"~$32 = Z2n2A[32,11 for any choice of 

A[32,1] modulo Z2A[32,2] @ Z2A[32,3] e Z2n?; 3, it follows that 

~9 s e A[32,1] + (Z2A[32,2] ® Z2A[32,3] @ Z2n~(3). NOW the theorem follows from 

the observation that Z2A[32,2] e Z2A[32,3] ® Z27)~" 3 projects to zero i n  E 24 
0,32 

of the Atlyah-Hirzebruch spectral sequence.~ 

3. The  E x i s t e n c e  o f  e 
s 

I n  t h i s  s e c t i o n  we show t h a t  A [ 6 2 , 1 ]  h a s  A r f  i n v a r i a n t  o n e  a n d  i s  t h u s  

e n t i t l e d  t o  b e  d e n o t e d  a s  0 s. We a l s o  i d e n t i f y  t h e  Mahowa ld  e l e m e n t  n 6 a s  

B [ 6 4 , 1 ] .  I n  a d d i t i o n ,  we d e r i v e  a f e w  m i s c e l l a n e o u s  r e s u l t s  w h i c h  a r e  

r e l e v a n t  t o  t h e  A r f  i n v a r i a n t  p r o b l e m .  We b e g i n  w i t h  t h e  f o l l o w i n g  w e l l  known 

lemma w h i c h  c a n  b e  p r o v e d  f r o m  a c o m p u t a t i o n  o f  E x t ~ ( Z 2 ,  Z 2) a s  t h e  h o m o l o g y  o f  

t h e  A - a l g e b r a .  

LEMMA 8 . 3 . 1  The  f o l l o w i n g  e l e m e n t s  a r e  n o n z e r o  i n  E x t ~ ( Z  2, Z 2) : 

( a )  h a n d  h 2 f o r  N -> O; 
N N 

( b )  h h 2 a n d  h h f o r  N -> 3;  
O N  1 N 

( c )  h h  2 f o r  N ~ 4; 
1 N 

(d) h2h 2 for N -> 5. 
I N 

A d a m s ' s  p r o o f  [ 2 ]  o f  t h e  n o n e x i s t e n c e  o f  e l e m e n t s  o f  Hopf  i n v a r i a n t  o n e  i n  

d e g r e e s  2 ~ - 1 ,  N ~ 4, i s  e q u i v a l e n t  t o  t h e  f o l l o w i n g  d i f f e r e n t i a l s  i n  t h e  Adams 

s p e c t r a l  s e q u e n c e .  The  e l e m e n t s  l i s t e d  i n  Lemma 8 . 3 . 1  a n d  t h e  d i f f e r e n t i a l s  
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o f  T h eo rem 8 . 3 . 2  f o r  N z 4 a r e  d e p i c t e d  i n  F i g u r e  8 . 3 . 1 .  N o t e  t h a t  t h e r e  a r e  

o t h e r  e l e m e n t s  i n  t h e  b i d e g r e e s  o f  t h a t  f i g u r e  w h i c h  a r e  n o t  d e p i c t e d .  

de(hN) h 2 f o r  N z 4. THEOREM 8 . 3 . 2  = ho N-1 

5 

4 

3 

2 

1 

h 2 
N - 1  

2N-2 2N-I 2 N 2N+1 2~+2 

FIGURE 8 . 3 . 1 :  P a r t  o f  E 2 o f  t h e  Adams S p e c t r a l  S e q u e n c e  (N z 6)  

The following lemmas will be used to identify e as A[62,1]. The entire 
S 

a r g u m e n t  i s  b a s e d  upon  i d e a s  o f  Mahowald [34A] and  i s  a r e w o r d i n g  o f  a 

d e t a i l e d  p r o o f  w h i c h  he  s e n t  t o  me. 

LEMMA 8 . 3 . 3  < ~ , 2 , A [ 3 0 ] >  c Z 2 ( n C [ 4 4 ] )  $ Z 2 ( 8 D [ 4 5 ] )  

PROOF. N o t e  t h a t  ~ 2 < ~ , 2 ,  A[30]>  = ~ < 2 ,  A [ 3 0 ] , ~ 2 >  c cr2"~ S = O. A l s o ,  
3 3  

v2< 2 2 , A [ 3 0 ] >  = 2 < 2 , A [ 3 0 ] , v 2 >  c ~ .  S = ~ ( 4 C [ 4 4 ] )  = O. I n  a d d i t i o n ,  
37  

2 < ~ , 2 , A [ 3 0 ] >  = c r~<2 ,A[30] ,2>  = O. The o n l y  e l e m e n t s  o f  S w h i c h  s a t i s f y  
45  

these three conditions are Z2(~C[44]) e Z2(SD[45]). ~ 

LEMMA 8 . 3 . 4  
S 

I f  { e ~ and  ~A[36]  = 0 t h e n  

( C [ 4 4 ]  e < ~ , ~ A [ 3 0 ] , # , ¢ > .  
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PROOF. By Theorem 2.4.6(a), if <n, nA[30],u,~> were defined then it would 

contain C[44]. How <nA[30],p,¢> m A[30]<n,p,¢> = O, nA[30].~ S = 0 and 
~. S 

I I  35 

= O. Thus, <nA[30],u,~> = O. However, A[36] ~ <n, nA[30],~>. Since 

~A[36] = O, <n~,nA[30],v,~> is defined by Theorem 2.2.7(b). Thus, 

(C[44] e <7)(,~A[30],~,~>.~ 

LEMMA 8.3.5 (a) A[16]A[36] = O. 

(b) ~A[16]A[30] = O. 

(c) A[16]C[44] = O. 

PROOF. (a) A[16]A[36] • A[36]<n,2,~2> = <A[36],n,2>~ 2 e cr2"~ S = O. 
38 

(b) nA[16]A[30] e nA[30]<n,2,~2> c <0,2,~2> = 2. S = O. 
33 

(c) Since A[16]A[36] = O, A[16]C[44] e <nA[16],wA[30],v,~> 

D <nA[16]A[30],n,u,~> = <O,n,u,~>. (Note that <nA[16]A[30],n,u,~> is defined 

by Theorem 2,2.7(b) because 0 e <nA[16]A[30],n,v> and 0 = <n,e,~>.) Since 

S = O, A [ 1 6 ] C [ 4 4 ]  • < ~  ~ A [ 1 6 ] ' ~  S ~'~s3 9 'u'~> + 43 + <nA[16],~ s' ~> 

2 ~>+<nA[16] ,nA[14]C[20] ,~>+<nA[16] ,vA[32 ,3 ] ,~>+<wA[16] , f14 ,~  > = <~6,V~>+<7) ~S,V, 

= <~s,u,~>+n~s<W,u,~>+<nA[16],nC[20],O>+A[16]A[32,3]<n,u,~>+A[16]<n, f14,~> 

= <~e,v ,~>.  By Theorem 4 . 2 . 3  and F i g u r e  4 . 2 . 2 ,  i t  f o l l o w s  t h a t  <as, U,~> 

p r o j e c t s  t o  an  e l e m e n t  of  f i l t r a t i o n  degree  a t  l e a s t  26 i n  t he  Adams s p e c t r a l  

s equence .  The o n l y  such  e l emen t  i s  h2pSg = d2(h p4k). Thus, 0 = <~s ,u ,~>  
o o 

= A [ 1 6 ] C [ 4 4 ] . ~  

LEMMA 8 . 3 . 6  A [30 ]  2 = 0 

PROOF. A [30 ]  2 e A [ 3 0 ] < 2 , 2 , 2 , 2 >  c < < A [ 3 0 ] , 2 , 2 > , 2 , 2 >  

C <wC[44],2,cr2> + <8D[4S],2,0-2> D C[44]<19,2,cr2> + <2~B[38],2,~2> 

D C[44]A[16] + ~<2B[38],2,~2> C ~. S = O. Since •A[36] = O, 
53 
2 S < 2 

A[3012 • 7)C[44]'~Ss + 8D[45]'~S + ~ "~ = ~'I C[44] • ~I 7) ,7)A[30],v,cr> 
I S  48 

c <n 2, n l [  30 ],  <u, o-', ~1>> ~ <7) 2, A[ 30 ] ,  7)<u, o', ~'1>> = <n 2, A[ 30 ] ,  <n, u, o">~1> 
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. S = <w2, A[30] O> = 02 S = O. Thus, A[30] 2 e <u,~,~ l> '~S c {u2C[20] n~3} '~ 
' S8 34 ' 34 

= ~ 3 A [ 1 4 ] C [ 2 0  ] = ~ A [ 1 4 ] C [ 2 0 ] < 8 ~ , 2 , ~ 2 >  = ~ A [ 1 4 ] ~ 2 < C [ 2 0 ] , 8 ~ , 2 >  • ( ~ .  S ) .  S 
31 28 

= (~3)(A[8]C[20]) = 0.~ 

THEOREM 8.3.7 A[62,1] + Span {A[S2,2],A[S2,3],A[62,4],B[62],n2B[60]} 

are all the elements of S of Arf invariant one. In particular, there are 
62 

choices of 8 of order two. 
s 

PROOF. Since 8 = A[30] exists, 20 = 0 and 82 = O, it follows from 
4 4 4 

[ 1 2 , T h e o r e m  2 . 1 ]  t h a t  0 e x i s t s  a n d  h a s  o r d e r  two .  From F i g u r e  8 . 3 . 1 ,  we s e e  
5 

t h a t  a n y  e l e m e n t  e s o f  A r f  i n v a r i a n t  o n e  s a t i s f i e s  n2es  * O. S i n c e  

2 S Z2~eA[62,1] ® Z2n2A[62,4], Span {A [62 ,2 ] ,A [62 ,31  B[62] n2B[60]} • i762 = , , 

has Adams filtration at least three. Since A[62,4] = dI2(~)A[50,2]M3%) 

= d12(u2A[45,1]M3%) and C[20] = d12(u3M3M2) , uA[62,4] = C[20]A[45,1]. From 

F i g u r e  8 . 3 . 1 ,  uO i s  n o n z e r o  a n d  i s  r e p r e s e n t e d  i n  t h e  Adams s p e c t r a l  s e q u e n c e  
N 

b y  h h 2 i n  f i l t r a t i o n  d e g r e e  t h r e e  w h i l e  C [ 2 0 ] A [ 4 5 ,  1] h a s  Adams f i l t r a t i o n  a t  
2 s 

l e a s t  n i n e .  T h u s ,  A [ 6 2 , 4 ]  h a s  Adams f i l t r a t i o n  a t  l e a s t  t h r e e .  Now a l l  t h e  

elements of Span {A[62,2],A[62,3],A[62,4],B[S2],n2B[60]} have Adams filtration 

a t  l e a s t  t h r e e .  T h e r e f o r e ,  a l l  t h e  e l e m e n t s  o f  

A[62,1]+Span {A[62,2],A[62,3],A[62,4],B[62],n2B[60]} have Arf invariant one.~ 

Next we identify the Mahowald element •6 in terms of the Atiyah-Hirzebruch 

s p e c t r a i  s e q u e n c e .  R e c a l l  t h a t  ~6 d e n o t e s  a n y  e l e m e n t  o f  r~$64 w h i c h  p r o j e c t s  

to h h in E s4'2 of the Adams spectral sequence. 
I 6 ~o 
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THEOREM 8.3.8 (a) Any choice of D6 projects to B[64,1] in E 54 of the 
0,64 

A t i y a h - H i r z e b r u c h  s p e c t r a l  s e q u e n c e .  

(b)  A l l  t h e  c h o i c e s  o£ D6 a r e  

B [ 6 4 , 1 ]  + ( Z 2 A [ 6 4 , 1 ] ® Z 2 A [ 6 4 , 2 ] ~ Z 2 A [ 6 4 , 3 ] e Z 4 B [ S 4 , 2 ] ~ Z 2 ~ 2 A [ 6 2 , 1 ] ~ Z 2 ~ 6 ) .  

2 + Zz~2A[62 ,4 ]  and  4~ 6 = O. ( c )  A l l  t h e  v a l u e s  o f  2D 6 a r e  D e s 

(d)  T h e r e  a r e  c h o i c e s  o f  ~s and  D6 s u c h  t h a t  D~ = 2~ 6. 

PROOF. S i n c e  A [ 6 4 , 1 ] ,  A [ 6 4 , 2 ] ,  A [ 6 4 , 3 ] ,  B [ 6 4 , 2 ] ,  ~ 2 A [ 6 2 , 1 ]  and ~ 7  p r o j e c t  t o  

z e r o  i n  E64'22 o£ t h e  Adams s p e c t r a l  s e q u e n c e ,  a l l  t h e  c h o i c e s  f o r  D6 a r e  

D6 = B [ 6 4 , 1 ]  + p A [ 6 4 , 1 ]  + q A [ 6 4 , 2 ]  + r A [ 6 4 , 3 ]  + s B [ 6 4 , 2 ]  + t D 2 A [ 6 2 , 1 ]  + u ~  7. 

A l l  o f  t h e s e  e l e m e n t s  p r o j e c t  t o  B [ 6 4 , 1 ]  i n  E s4 . M o r e o v e r ,  2D 6 = 
0,64 

2 B [ 6 4 , 1 ]  + 2 S B [ 6 4 , 2 ]  = D 2 A [ 6 2 , 1 ]  + s D 2 A [ 6 2 , 4 ]  = ~285 + s D 2 A [ 6 2 , 4 ]  and  4~ 6 = O. 

2 2 
Note that ~s projects to h2h 2 i n  the Adams spectral sequence. Thus, ~s is not 
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2 

zero, and by Mahowald [36] there are choices of ~5 and D e such that 2~6 = ~s. ~ 


