
CHAPTER 7: THE NEW STEMS (n~, 46 ~ N ~ 84) 

1. I n t r o d u c t i o n  

I n  S e c t i o n s  2 t h r o u g h  5 we c o n t i n u e  t h e  c o m p u t a t i o n s  o f  C h a p t e r  6 t o  d e t e r m i n e  

t h e  n e x t  19 s t a b l e  s t e m s .  The t a b l e s  o f  l e a d e r s  i n  t h i s  c h a p t e r  o n l y  i n c l u d e  

t h o s e  l e a d e r s  o f  d e g r e e  l e s s  t h a n  67 .  We a r e  u n a b l e  t o  d e t e r m i n e  t h r e e  g r o u p  

e x t e n s i o n s  i n  d e g r e e s  54 ,  62  a n d  63 .  I n  p a r t i c u l a r  we c a n  n o t  d e t e r m i n e  

w h e t h e r  2 A [ $ 4 , 1 ]  e q u a l s  z e r o  o r  ~ A [ 8 ] D [ 4 5 ] .  W h e n e v e r  we d e a l  w i t h  A [ 5 4 , 1 ]  we 

t a k e  i n t o  a c c o u n t  b o t h  p o s s i b i l i t i e s  f o r  2 A [ S 4 , 1 ] .  I n  S e c t i o n  6 we c o l l e c t  

a l l  t h e  c o m p u t a t i o n s  o f  t e n t a t i v e  d i f f e r e n t i a l s  w h i c h  a r e  d e t e r m i n e d  b y  t h e  

l e a d i n g  d i f f e r e n t i a l s  d i s c o v e r e d  i n  t h e  p r e v i o u s  s e c t i o n s .  The  r e s u l t s  o f  

this chapter are summarized in Appendices 1 to 4. 

computations of ~, 46 ~ N ~ 59, agree with the tentative computation of The 

these stems by Mark Mahowald using the Adams spectral sequence [55]. Tables 

of the Adams spectral sequence through degree 64 are given in Appendix 6. 

2. Computation of ~, 46 ~ N ~ 50. 

I n  t h e  t a b l e s  o f  l e a d e r s  b e l o w ,  a l l  l e a d e r s  o f  d e g r e e  g r e a t e r  t h a n  52  w i l l  

h a v e  a n  a s t e r i s k  a t  t h e  l e f t .  T h e y  w i l l  b e  o m i t t e d  f r o m  a l l  o t h e r  t a b l e s  o f  

leaders in this section except for the last one. 

R e c a l l  f r o m  t h e  t a b l e  o f  l e a d e r s  i n  F i g u r e  6 . 3 . 7  t h a t  t h e r e  a r e  f i v e  l e a d e r s  

o f  d e g r e e  47 a n d  f o u r  l e a d e r s  o f  d e g r e e  48.  L e t  ¢ = d 6 ( n A [ 4 0 , 1 ] M : ) .  We show 

t h a t  ¢ = O. By T h e o r e m  2 . 4 . 2 ,  ¢ e <~2, A [ 4 0 , 1 ] , v >  = < < 2 , n , 2 > , A [ 4 0 , 1 ] , u >  

= < 2 , < ~ , 2 , A [ 4 0 , 1 ] > , u >  + < 2 , n , < 2 ,  A [ 4 0 , 1 ] , v > > .  Now 2 < n , 2 ,  A [ 4 0 , 1 ] >  

2 
= < 2 , ~ , 2 > A [ 4 0 , 1 ]  = ~ 2 A [ 4 0 , 1 ]  = O. H e n c e  n d i v i d e s  < ~ , 2 , A [ 4 0 , 1 ] > ,  

0 e < 2 , < n , 2 ,  A [ 4 0 , 1 ] > , v >  a n d  ¢ e < 2 , n , < 2 , A [ 4 0 , 1 ] , u > > .  ( ¢  i s  n o t  d i v i s i b l e  b y  u 
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S 
w h i l e  t h e  o t h e r  e l e m e n t s  o f  ~ a r e  d i v i s i b l e  by n and  t h u s  h a v e  o r d e r  t w o . )  

46 

Now "~<2, A [ 4 0 , 1 ] , v >  = < ' ~ , 2 , A [ 4 0 , 1 ] > v  = O. Thus ,  < 2 , A [ 4 0 , 1 ] , v >  = 2 k C [ 4 4 ] .  

T h e r e f o r e ,  ¢ e <2, n,2kC[44]> = k<2,n,2>C[441 = kn2C[44] ,  a c o n t r a d i c t i o n ,  

s i n c e  ¢ i s  n e t  d i v i s i b l e  by "~. Thus ,  ¢ = 0 and  ~A[40,  1]bt a must  bound.  T h e r e  
1 

i s  o n l y  one  p o s s i b i l i t y :  da(B[34]M~M2 ) = nA[40,1]bt~  and  

o-B[34] = h A [ 4 0 , 1 ] .  [ 7 .11  

C l e a r l y  C [ 4 4 ] <  t r a n s g r e s s e s .  No te  t h a t  2C[421M 2 t r a n s g r e s s e s  b e c a u s e  2vC[421 

-- 16D[45] = O. O b s e r v e  t h a t  2C[2012btM e q u a l s  C[20]~M t i m e s  t h e  i n f i n i t e  
1 2 2 

c y c l e  21,tl, and d 6 ( C [ 2 0 1 2 % )  = A [ 4 5 , 2 ] .  T h e r e f o r e  d 6 ( 2 C [ 2 0 1 2 M l < )  = 2A[45 ,21M 1 

= O, and  2C[2012MMI 2 t r a n s g r e s s e s .  Thus ,  -0C[44]M 1, D[45]M 1, A [ 4 5 , 1 ] M  1 and 

A[45 ,2 ]b t  c a n  n o t  be  b o u n d a r i e s .  We h a v e  t h u s  p r o v e d  t h e  f o l l o w i n g  t h e o r e m .  
1 

THEOREM 7 . 2 . 1  ~46S = Z2n2C[44] e Z2nD[45] e Z2nA[45,1] ® Z2nA[45,2] . 

The computations i n  Section 6 show that we have the following leaders. 

Row Degree Leader Row Degree Leader 

2 . 17 
17 51 W ~'1M1 40 48 2C[2012M 

1 2 

32 50 A[32, 1] (M2H +M 3) 42 48 2C[42]M 3 
1 3 2 1 

38 SO "8°'A[30]M~M2' B[38]M61 42 50 '~2C[2012M1M2 

38 52 2B[38]M4M 44 48 C[44]M 2 
I 2 1 

39 51 r;B [ 38 ] M3M 45 49 A[45,  1]M 2 Z8D[45 ]M ~ 
1 2 1 '  

39 49 A[39 llM~M2, A[a9,1]M s 45 51 8D[4S]M~ A[45,2]M 
' 1 '  ' 2 

A[Sg,S]M~M 2 46 48 ~]2C[44]M1, wD[45]M 1, 

40 52 (NA[39,3]+~o-A[32,1]lM~%, nA[45,1]M 1, ~A[45,2]M t 

A[40,  l]M 8 
1 

FIGURE 7 . 2 .  1: L e a d e r s  f r o m  Rows 1 t o  46 o f  D e g r e e  a t  L e a s t  48 

LEMMA 7 .2 .2  (a) ~2A[32,1] = 0 

(b) ~A[39,3]  = 0 
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PROOF. ( a )  o ' 2 A [ 3 2 , 1 ]  ~ A [ 3 2 , 1 ] < v , ~ , v >  = < A [ 3 2 , 1 ] , u , ~ > u  c v ' ~  S = 0.  
4 3  

(b) Since A[39,3] ~ <v,B[34],n>, ~A[39,3] e ~<u,B[34],~> 

= <~,u,B[34]>n = <~,v,<n,2, A[32,1]>>n D <~,u,n,2>nA[32,1] = 0 because 

S 
<¢,v,w,2> e ~13 = O. Note that the four-fold Toda bracket is defined by 

Theorem 2.2.7(a) because <~,u,n> = 0 and <u,n,2> = O. Thus, 

¢A[39,3] e n(Indet <~,v,B[34]>) = {O,n~B[38]} since nB[34] = 0 and 

W2~2A[30] = O. Therefore, ~(A[39,3] + knB[38]) = O. Note that A[39,3] is 

defined as de(B[34]<) and is thus only defined modulo Z2nB[38]. Therefore, 

we can define A[39,3] so that ¢A[39,3] = O. Alternatively, we shall see that 

~B[38] = 4D[45], and thus 0 = n~B[38] = ~A[39,3]. R 

T h e r e  a r e  s e v e n  l e a d e r s  o f  d e g r e e  48 and  s i x  l e a d e r s  o f  d e g r e e  49. By 

Lemma 3 . 3 . 1 4 ,  i f  ~2A[4S, 1] o r  n 2 A [ 4 5 , 2 ]  i s  n o n z e r o  t h e n  i t  must  be  d i v i s i b l e  

by two. Let ds(2C[20]2MiM2 ) = B[47]. Since A[45,2] = ds(C[2012%), it 

follows from Theorem 2.4.2 that 

B[47] ~ <n,2, A[45,2]>. [7.2] 

Thus 25147] ~ 2<W, 2,A[45,2]> = <2,W,2>A[45,2] = n2A[45,2]. Let 

A[47] = d6(2C[421%). By Theorem 2.4.4(c), 

A[47] ~ <n,u,2C[42]>. [7.3.] 

Thus, 2A[47] ~ 2<n,v,2C[42]> = <2,n,u>2C[42] = O. By 6.18, 

2C[44] ~ <~,u, vA[30]>. Thus, 2vC[44] ~ v<~,v,uA[30]> = <u,¢,v>vA[30] 

= ~2vA[30] = O. Therefore, B[47] is the only elements of CokJ which may not 
47 

have order two. Thus, n2A[45,1] = O, and nA[45, I]M i must be a boundary. In 

addition, n2C[44]M must bound because n3C[44] = 4vC[44] = v~2A[30] = O. 
I 

There are only three leaders of degree 49 which do not clearly transgress: 

A[39, I]M~M2, A[39,1]M~ and A[39,3]M~%. I f  d8(A[39,1]M~M 2) equals ~A[45,1]M I 

or w2C[44]Mi then rA applied to dS(A[39,1]M~M2 ) produces a contradiction 
1 

because there is no possibility for a hidden differential on A[39,1]M3M . 
12 
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Thus, A[39,1]M~M 2 t ransgresses.  Therefore,  2C[2012MI%, 2C[42]M 2, C[44]M~, 

~A[45,2]M and ~D[4S]M can not bound. 
I 1 

The on ly  p o s s i b i l i t y  f o r  n2C[44]MI and ~A[45,1]M I to be boundaries is  

{dS(A[39,1]M~),de(A[39,3]M~%} = {~2C[44]MI, ~A[45,1]M1}. Now 

~A[39, I ]  e ~<vA[31] ,u,~> = <~,vA[31],u>W and v<~,uA[31] ,u> = <u,~,pA[31]>u 

: <u,~,v>vA[31]  = ( ~ ) v A [ 3 1 ]  : O. There is  on ly  one leader o f  degree 50 below 

the 34 row: A[32,1](M~M3+<). As we sha l l  see in  the proof  o f  Theorem 7 .2 .4 ,  

A[39,1]M~M must bound and the on ly  p o s s i b i l i t y  i s  dS(A[32,1](M2MI 3+M3))2 

= A[39,1]M2M . Thus, A[45,1]M 2 can not bound and uA[45,1]  i s  nonzero. 12  I 

Therefore,  <~,uA[31] ,u> m A[45,1 ] ,  ~A[39,1] m nA[4S,1] and dS(A[39,1]M s) 
I 

~A[45,1]M I. Thus, dB(A[39,1]M s)1 = n2C[44]M~' d ( [39,3]M = ~A[4S,1]MI and 

~A[39,1]  = D2C[44]. [ 7 . 4 ]  

We have t h u s  proved  the  f o l l o w i n g  theorem. 

THEOREM 7.2.3 S = Z4B[47] ¢ Z A[47] ® zznZD[45] ¢ Z2vC[44] ® Z32~ 5 /[47 2 

where 2B[47] =w2A[45,2]. 

The computations in Section 6 show that we have the following leaders. 

Row De~ree Leader Row D e~ree Leader 

2 .17 C[44]M~ 17 51 n ~lM1 44 52 

+M ~) 4s 49 A[45,1]M~ Z (D[4S]M~) 32 50 A[32' l ](M~M3 2 

38 50 n~A[30]M~M2, B[38]M~ 45 Sl 8D[45]M~, A[45,2]M 2 

38 52 2B[SS]M4M 46 52 nA[45,1]M 3 
12 1 

39 51 nB[38]M3M "46 66 n2C[44]M7M 
12  12  

39 49 A[39,1]M~M 2 47 49 ~2D[4S]M1, ~2A[45,2]M1, 

40 52 (~A[39,3]+~A[32,1])M~M2, A[47]M I, B[47]M I 

A[40, I]M 6 47 51 uC[44]M 2 
I I 

42 50 ~2C[2012M 
12 

FIGURE 7.2.2: Leaders from Rows i to 47 of Degree at Least 49 
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T h e r e  a r e  n i n e  l e a d e r s  o f  d e g r e e  49 and  f o u r  l e a d e r s  o f  d e g r e e  50. S i n c e  

dS(C[20]2M 2) = A [ 4 S , 2 ] ,  dS(n2C[20]2M1M2) = n2A[45 ,2]M 1. Note  t h a t  

= d l° (A[39 ,1]b~lM 2) = d l° (¢A[32 ,3]M2M ) e < A [ 3 7 ] , ~ , v >  by  Theorem 2 . 4 . 2 .  

Assume t h a t  ~ i s  n o n z e r o .  Then  ~ <  c a n  n o t  bound ,  v~ * 0 a n d  v~ ~ (~ ) .  Thus ,  

e < < A [ 3 2 , 3 ] , - ~ , v > , o - , v >  = < A [ 3 2 , 3 ] , < ~ , v , ~ > , v >  + < A [ 3 2 , 3 ] , ~ ) , < u , ~ , v > >  = 

< A [ 3 2 , 3 ] , O , v >  + < A [ 3 2 , 3 ] , n , ~ >  = < A [ 3 2 , 3 ] , ~ , ~ 2 >  s i n c e  ~ i s  n o t  d i v i s i b l e  by  v. 

S ince  A [ 3 2 , 3 ]  = d12(~rSM:%)= d12[(cr2M:)o-M2], Theorem 2 . 4 . 6 ( c ) i m p l i e s  t h a t  

A [ 3 2 , 3 ]  ~ <A[19] ,c r ,  v ,~> .  [ 7 . 5 ]  

Then u~ ~ v < A [ 3 2 , 3 ] , ~ , ~ >  = A [ 3 2 , 3 ] < ~ , ~ , v >  = A [ 3 2 , 3 ] A [ 1 9 ]  

A [ 1 9 ] < A [ 1 9 ] , ~ , v , ~ >  c < A [ 1 9 1 2 , ~ , v , ~ >  = k<~c rA [30 ] ,~ ,u ,~>  s i n c e  ~A[19 ]  2 = O; 

= k [ d S ( ~ A [ 3 0 ] M 1 % )  + I n d e t  < n ~ A [ 3 0 ] , ~ , v , ~ > ]  by Theorem 2 . 4 . 6 ( c ) ;  

= k [de(4C[44]MiM2)  + I n d e t  < ~ A [ 3 0 ] , ~ , v , ~ > ] ;  

s d = I n d e t  < ~ c r A [ 3 0 ] , ~ , v , n > ]  s i n c e  4C[44]M M i s  a d - b o u n  a r y .  
1 2 

S 
By Theorem 2 . 3 . 1 ( b ) ,  t h e r e  i s  n< e ~4s s u c h  t h a t  u~ E < n ~ A [ 3 0 ] , # l , n > + < n < , v , ~ > .  

Then  v~ e ~ A [ 3 0 ] < n , f l l , n >  + v2< = CA[30](vf l  ) + v2< = v2<. T h e r e f o r e ,  

v d i v i d e s  ~, a c o n t r a d i c t i o n .  Thus ,  A[39,1]M2M must  be  a b o u n d a r y .  The o n l y  
1 2 

possibility is: d8(A[32,1](M:Ma+M:)) = A[39,1]M:M 2. Since d4(4D[45]M:) = 

4vD[4S] = n3D[4S] = 0 in E 4, 4D[4S]M 2 must bound from below the 40 row. 
1 

There is only one possibility: dS(B[38]M:) = 4D[45]M~ and 

~B[38] = 4D[45]. [7.6] 

Now w3D[4S] = 4vD[45] = v~B[38] = O, and weD[4S]MI must be a boundary. There 

is only one possibility: dS(w(rA[30]M~M2) = neD[45]MI . We have thus proved 

the following theorem. 

S 
THEOREM 7.2.4 

48 = Z4vD[45] ~ Z2vA[45,1] ® Z2nA[47] ~ 22~B[47] e Z2n~ s. 

The computations in Section 6 show that we have the following leaders. 



217 

Row Degree Leader Row Degree, Leader 

2 . 17 8D[4S]M 3, A[45,2]~ z 17 51 n ~i~i 45 51 

*32 62 A[32,  1]M8M 46 $2 ~A[4S,  1]M 3 
1 3 1 

~'38 62 B[38]M2M M *47 53 ~2D[45]M~, B[47]M 2 
1 2 3  

38 52 2B[38]M;< *47 55 n2A[ 45, 2] Ml< 

39 61 *eB[ 38 ] M3<, A[39, t ] < M  2 *47 57 A[ 47 ]M~< 

40 52 (wA[ 39,3] +~9¢A[ 32, i] )M3%, 47 SI vC[ 44]M~ 

Af40, 48 52  A[45,  D[451M  

44 52 C[44]M~ *48 54 2uD[45]M~ 

<M2> 48 SO ~A[47]M1, ~B[47]M *45 59 2D[45]M1 2 

*45 53 4D[46]M M 
I 2 

FIGURE 7.2.3: Leaders from Rows I to 48 of Degree at Least 50 

There are two leaders of degree 50 and six leaders of degree 51. Note that 

B[47] e <~,2 ,A[45,2 ]>  = <~,2,<~,v,C[2012>> 

= <~,<2,~,v>,C[2012> + ¢<~,2,~>,v,C[2012> = <~,0,C[2012> + <2v,u,C[2012>. 

Since oC[20] = O, B[47] e <2u,u,C[2012>. Thus, nB[47] e ~<2v,v,C[2012> 

= <~,2v,u>C[20] 2 = A[8]C[20]  2 = <u,~,v>C[20] 2 = u<W,u,C[20]2> = vA[45,2]  and 

nB[471 = vA[45,21. [7.71 

Therefore, d4(A[45,2]M2 ) = nB[47]M .i If ~]2A[47] were nonzero, it would be 

divisible by two. Since there is no other possibility for a nonzero element 

2 , 17 
Of CokJ49, ~2A[47] = 0 and  ~A[47]M 1 must  bound.  S i n c e  ~ ~1M1 e Image  r A , 

1 

it can not hit ~A[47]M i. Let X represents A[39,1]M3M2 as an element of E s 

with a X = (A[39,1] Acr A N2 ) u (A[39,1] A BOlj). Since ~A[39,1] = n2C[44], 

we can represent A[39,1]M3M2 by X u (•C[44] A Not) which transgresses. There 

remains only one possibility: dl°(DB[38]<%) = wA[47]M i. We have thus 

proved the following theorem. 

S 2 
THEOREM 7 . 2 , 5  rE49 = Z2~ 6 e Z2~ ~s" 
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The c o m p u t a t i o n s  i n  S e c t i o n  6 show t h a t  we h a v e  t h e  f o l l o w i n g  l e a d e r s .  

Row D e ~ r e e  L e a d e r  RPW Deff ree  L e a d e r  

17 51 2 . 17 45 51 8D[45]M 3 "0 ~ 1 iVll 1 

38 52 2B[38 ]M4M 46 62 nA[4S, I]M 3 
I 2 1 

39 51 A[39, 1]M~% 47 Sl r e [  44]M~ 

A[40, I]M s ~48 54 wA[47]M 3 
1 1 

44 S2 C[44]<M4> ~48 56 nB[47]MIM 2 
1 

FIGURE 7.2.4: Leaders from Rows I to 49 o£ Degree at Least 51 

We h a v e  f o u r  l e a d e r s  o f  d e g r e e  51 and  s e v e n  l e a d e r s  o f  d e g r e e  52.  S i n c e  

dI2(B[38]M:%) = 4D[4S]~, it follows that dI2(2B[38]M:%) = 8D[4S]M:. 

Clearly AlSO, I] = d34( 2 M 17) and A[50,2] = dle(A[39,1]M:%) are nonzero. 

Recall that C[44] = d14(nA[30]MIM :) and note that wA[30]MI 2 M2 is represented by 

= (Poe A n A A[30] A pl ) u (~o2 A 8nA[3o] n) u (~4 A BunA A[30] A ~1 ) 

u (B<~,v,w>A A[30] A gl ) u (~4 A A[31] A po ) u (pa A BA[31]n A ~2 ) 

u (~4 A B<V,W,A[30]~>U<AI31],D,V>) U (B A[sl]A ~01) U (B<¢,~[3,],~>A ~i ). 

Observe that ~, without the last term, shows that 0 = d12(nA[30]MIM:) 

= <~,A[31],n>M . Thus, <~,A[31],n>M is zero in E 12. Therefore, 
1 1 

<~,A[31],n> e Z2nA[39,2] e Z2nA[39,3] e Z2n~a c Indet <¢,A[31],n>, and 

nA[3o]n) A A[30]  A n) 0 ~ <~,A[31],n>. Now B ~ = (Bo A B u (B<~,u,n > 

u (~ A B ) u (B A B ) u (B A u) which 
<U,W,A[30]W>U<A[31],D,U> ~A[31] DU <~,A[31],~> 

r e p r e s e n t s  a n  e l e m e n t  o£ < ~ , ~ [ 3 1 1 , v ] ,  0 n ' A [ 3 0 ] n  

C[441 e < ~ , [ A [ 3 1 ] , v ] ,  0 n ' ~A[30] >" [ 7 .8 ]  

L e t  ~ d e n o t e  t h e  m a p p i n g  c o n e  o f  A [ 4 0 , 1 ]  w i t h  p : S  ~ E t h e  c a n o n i c a l  map. I n  

t h e  A t i y a h - H i r z e b r u c h  s p e c t r a l  s e q u e n c e  f o r  ~ ,BP,  p (nA[30]M:M:)  s u r v i v e s  t o  
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E 12. S i n c e  nA[40 ,  1] v 0 an d  w2A[40, 1] = O, p: S ; ~ i s  a n  i s o m o r p h i s m .  
42 42 

The o n l y  p o s s i b i l i t y  f o r  d12(p(~A[30]M~M~)) t o  be  n o n z e r o  i s  

dl2(p(nA[30]M:M:)) = p(2C[42]M:)which implies that dI2(~gA[30]MI<) = 2C[42]M 1 

which contradicts that 7)A[30]MIM2 survives to E 14. Thus, P(nA[30]M3M2)I 2 

survives to E 14 and r2h shows that dl"(p(nA[30]M:~2)) = p(C[44]M:). 
1 

Therefore p(pC[44]) = 0 and A[40,1] divides vC[44]. The only possibility is 

~ A [ 4 0 , 1 ]  = v C [ 4 4 ] .  

Thus ,  d S ( A [ 4 0 , 1 ] < )  = vC[44]M~. C l e a r l y  2 A [ 5 0 , 2 ]  = O. 

S e c t i o n  7 . 3  t h a t  n A [ 5 0 , 2 ]  ~ O. T h e r e f o r e  2 A [ 5 0 , 1 ]  = O. 

[7 .9 ]  

We sha l l  see in  

We have thus proved 

the following theorem. 

S 
THEOREM 7.2 .6  ~so = ZzA[50' 1] e Z2A[SO,2] 8 Z2~)~ 6. 

The c o m p u t a t i o n s  i n  S e c t i o n  6 show t h a t  we have  t h e  f o l l o w i n g  l e a d e r s .  S i n c e  

this is the final table of leaders of this section, we include the leaders of 

all degrees. 

Row Degree Leader Row Degree Leader 

9 63 ~2~M21M2 40 68 A[40,2]M6M 
1 2 1 2 

11 57 4BI(MT~M +MI°~M +M14~) 40 62 (nA[39, 3 ] + ~ A [ 3 2 ,  1 ] )M3M 
1 2 3  1 2 3  1 2 1 2 

2 . 15~ 
17 69 ~ ~1~1 m 2 44 62 C[44]<M4>1 

18 64 4C[181M7~ M2~ 44 66 2C[441~ 1 2 2 3  1 
18 

19 65 ~2M1 44 58 4C[44]M~ 

21 $3 v C [ 1 8 ] < % %  45 $9 2D[46]M1<MZ>2 

22 62 v A [ 1 9 ] ~ < M  > 45 53 4D[45]M1M 2 12  3 

23 63 y2M: 0 46 52 nA[45 ,1]M~ 

24 60 ~A[ 23 ] M 15~ 46 66 ~2C[ 44 ] M~% 
12 

A[30]<M 4> 47 55 vC[44]M1M2,~2A[46,2]M1 ~2 30 60 
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32 62 A[32,1]M~M 47 $3 "~2D[45;]M~ B[47]M 3 ' 2 

34 64 2B[ 34]MSM M 47 57 A[47 ] M2M 
1 23 12 

36 54 A[36]M2<M > 48 52 vD[45]M~ uA[4S, 1]M 2 
1 3 ' 1 

38 62 B[38]M:%M 3 48 54 2uD[45]M31' nA[47]M:  

39 53 0%[32, 1 ] M~% 48 56 riB[ 47 ]Hi% 

39 61 A[39,1]M1M2M 3 50 66 A[SO,1]M:,  A[SO,1]M 2 

40 64 rio-A[ 32, I]MSM 50 52 A[SO,2]M 
1 3 1 

40 60 A[ 40, i ] M M 
2 3 

FIGURE 7.2.S: Leaders from Rows 1 to 50 of Degree at Least S2 

3. Computation of ~ ,  Sl ~ N ~ 55. 

We continue the computations of Section 2. In the tables of leaders below, 

all leaders of degree greater than 57 will have an asterisk at the left. They 

will be omitted from all tables of leaders in this section except for the last 

one. 

From F i g u r e  7 . 2 . 5 ,  we see  t h a t  t h e r e  a r e  s i x  l e a d e r s  of  degree  52 and f i v e  

l e a d e r s  of  degree  53. Observe t h a t  n, u t im e s  4D[45] and n, v t i m e s  D2D[45] 

and u t i m e s  B[47] a r e  ze ro .  T h e r e f o r e ,  4D[45]M1M 2, ~2D[45]M3i and B[47]M 2 must 

t r a n s g r e s s .  Assume t h a t  vA[45,1]M 2 i s  no t  a boundary .  Then u2A[45,1]  i s  
i 

n o n z e r o  and no t  d i v i s i b l e  by ~. In  p a r t i c u l a r ,  t h e r e  i s  no way f o r  nA[SO,2]M 
i 

to bound. Therefore, ri2A[50,2] is nonzero. By Lemma 3.3.14, ~2A[50,2] must 

S 
be divisible by two. This is impossible because all the other elements of 

52 

have order two. Thus, vA[45,1]M 2 must be a boundary .  
1 

We show that (riA[39,3]+no-A[32, I])M3M must be a boundary. Assume that 
I 2 

= d12((riA[39,3]+ri(rA[32, l])M3M 2) is nonzero. The only leader of degree 54 or 

56 below the 40 row is A[36]M~M 3 which we shall see must bound 4D[45]MIM 2. 

Thus, ~M I and (MI 2 can not bound. Therefore ~](, v( are nonzero and v( is not 
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2 
divisible by n. If n2~ is nonzero then n ~M I must be a boundary because 

W3~ = 4v~ = O. There are only four leaders of degree 56 below row 52: 

A[50, I]M2, C[44]<M~>, 2C[44]<M2>2 and nB[47]MIM 2. Now A[SO, I]M 2 transgresses. 

and dS(nB[47]M1%) = WA[52,2]M . Since <M2> has a representative with 
1 2 

b o u n d a r y  (~  A N2 ) u Bo~, C[44]<M2>2 h i t s  oC[44]M 21 i f  o-(21144] ~ 0 o r  t r a n s g r e s s e s  

i f  ot21441 = O. Then  2C[441<M2> h i t s  2o'C[441M 2 i f  2o'C[441 * 0 o r  t r a n s g r e s s e s  
2 1 

2 
t o  an  e l e m e n t  o f  <2,oC[441,u> i f  2oC[44]  = O. Thus ,  n ~M 1 c a n  n o t  be  a 

b o u n d a r y ,  2 ~  = 0 and  n~M 1 must  be  a b o u n d a r y .  Assume t h a t  d 6 ( n Z A [ 4 5 , 2 ] H l ~ )  

= w~M I. Then n~ e <u,~,~2A[45,2]> c <u,n3, A[4g,2]> = <u,4u,A[4g,2]> 

S ] . S  
D 2<u,2v,A[45,2]> = 0 and n~ • Indet <u,4v,A[45,2]> = u-~ + A[45,2 

49 7 

= ~A[45,2] • ~<C[20]2, u,n> = <~,C[20]2, u>n and ~ • <~,C[2012, u>. Then 

u~ • u<~,C[20]2, u> = <u,~,C[20]2>u, ~ • <u,~,C[2012> and n~ • n<u,~,C[20] 2> 

= <n,u,~>C[20] 2 = O, a contradicition. Thus, dS(n2A[45,2]MI~) can not equal 

18 19 
~H I. If ~2Mi hits W~M 1 then there is a hidden differential on ~2MI which 

can o n l y  h i t  2C[44]M 6. However ,  t h e r e  i s  no p o s s i b i l i t y  f o r  a h i d d e n  
1 

19 (~2MI9M2) 19 d i f f e r e n t i a l  on  ~2M1M2, r 3 h  = B2M1 and  2C[44]M~ ~ Image  p3A . 
1 1 

T h e r e  r e m a i n s  o n l y  one  p o s s i b i l i t y :  d6(uC[44]M1M z) = n~M 1. Then  

n~ e <u,n, uC[44]> = <u,n,u>C[44] = A[8]C[44] ~ <n,u,2u>C[44] = n<u,2u,C[441> 

and ~ e <u,2u,C[44]>. Thus, v~ • u<u,2v,C[44]> c <u2,2v,C[44]> 

m <u2 ,2 ,  uC[44 ]>  D < < n , u , n > , 2 ,  uC[44]>  ~ n<u,n,2,uC[44]>. T h i s  Toda  b r a c k e t  i s  

defined by Theorem 2.2.7(a) because <u,n,2> = 0 and <n,2,uC[44]> contains an 

element of CokJ = O. Since u~ is not divisible by n, 
49 

u~ e Indet <u2,2u,C[44]> = u2.~ S + ~. S Thus, u~ e {~A[47],~B[47]} and 
48 47" 

u~H~ ~ {dS(A[47]<M:>),dS(B[47]<M:>)}. This contradicts the fact that both 

A[47]<M2> and B[47]<M2> are boundaries. There remains no possiblity for n~M 1 
2 2 

to bound. This contradicition implies that ~ must be zero, and 

(DA[39,3]+n~A[32,1])M3M must bound from below the 37 row. There is only one 
12 

possibility: d2°(uC[18]MSM M ) = (nA[39,3]+n~A[32,1])M3M . 
1 2 3  1 2  
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Now the only possibility for uA[4S, I]M 2 to be a boundary is d1°(~A[32,1]M4M ) 
1 12 

= uA[4S, I]<. Then wA[45,1]<, C[44]M:, pD[4S]M21 and A[50,2]M 1 can not 

be boundaries. Therefore k = dS(nA[4S,1]M~), o<7[44], u2D[4S] and nA[50,2] are 

nonzero. We shall see that d8(2C[44]<) = AM 2. Therefore, 2o<7[44] = A and 
1 

2~C[44] e <~,nA[4S, l],u>. [7.10] 

If 2l = k~A[SO,2] + u2D[4S] then d8(4C[44]M~) = u2D[4S]M? since ~A[SO,2]< 

= dg(uA[4S, I]M~M2), This contradicts dg(u2D[4S]M~) = nA[8]D[4S]M I e O. Thus, 

2A = kWA[SO,2]. Assume that k = I. We will see that u2A[SO,2] is nonzero and 

not divisible by two. Then u2A[SO,2] e <n,u,n>A[SO,2] c <n,u,nA[SO,2]> 

= <W,u,4e/3144]> D 4C[44]<n,u,¢> = O. Thus, u2A[50,2] e Indet <n,u,4~C[44]> = 

= (7)), a contradiction. Therefore, k = 0 and 4e~3144] = O. We have thus 

proved the following theorem. 

THEOREM 7 . 3 . 1  S = Z4~C[44] e Z2nA[SO,2] e Z v2D[4S] ® Zg~ 6 ~Sl 2 

The computations in Section 6 show that we have the following leaders. 

Row Degree Leader Row Degree Leader 

3+M ) 47 57 A[47]M~M 2 

19 5S ~ M le 48 54 2vD[45]M 3, uA[4S,1]M~ 
2 1  1 ' 

36 54 A[36]M2M wA[47]M 3 
13  1 

~39 59 ~A[32,1]M4M 2 48 56 nB[47]M1% 12  

> 50 56 A [ 5 0 , 1 ] <  A[SO,1]N 2 "40 66 nA[39,3]M~%<M 3 

44 56 2C[44]M~ 50 54 A[SO,2]M~ 

4S 53 4D[4S]MIM 2 51 63 ~C[44]M I, nA[SO,2]M I 

47 55 vC[44]MIM2, n2A[4S,2]MIM2 51 5S 2oi3,[44]M~ 

47 S3 ~2D[4S]M~, B[471% 51 57 v2D[4S]M3I 

FIGURE 7 .3 .1 :  Leaders from Rows 1 to 51 of  Degree at Least 53 
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There are five leaders of degree 53 and five leaders of degree 34. Let <~ooi> 

A ~l ) u B Since represent <Ms> such that a <~ooi> = (~ A ~oi) u (Be. u <u,~,n>" 

~A[36] = 0 and pA[36] = nB[38], A[36]M2<M > can be represented by 
1 3 

[~2 A BA[36] ~ A ~oI] u [((~2 A A[36]) u (~I A B[38])) A <~ooi>] which has 

boundary (~I A B[38]] A ~ A #01) union elements of filtration degree six. 

Thus, dl°(A[38]M~<M3>) = ~B[aS]M1M 2 = 4D[45]M1%. Let 

A[52,1] = de(n2D[4S]M~). Then 

A[52,1] ~ <n, n2D[45],u>. [7.11] 

Thus, 2A[52,1] • 2<n,n2D[45],v> = <2, n, n2D[45]>u • u-~ S = O. Let 
49 

A[52,2] = de(B[47]%). Then 

A[52,2] e <n,u,B[47]>. 

Thus, 2A[52,2] • 2<n,u,B[47]> = <2,n,u>B[47] = O. 

[7 .12]  

By Lemma 3.3.14,  w2A[50,2] 

must be divisible by two. 

order four in mSs2" Thus, n~A[50,2] = O, and nA[50,2]M I 

A[SO,2]M~, nA[47]M31 and 2uD[45]M 31 transgress. Thus, 

d4(pA[4S, I]<) = nA[50,2]M I and 

u2A[45,1] = nA[50,2]. 

However, there is no possibility for an element of 

must bound. Clearly 

[7 .13]  

Now n~C[44], A[52,1] and A[52,2] are nonzero. Observe that A[52,1] can not be 

divisible by ~ because we shall see that uA[52,1] ~ O. If ~ times A[4S, I], 

A[45,2] or D[45] were A[52,2] then A[52,2]~ would be dS(A[45,1]<M3>), 

d8(A[4S,2]<M3 >) or dS(D[45]<M3>). This would contradict that A[4S, 1]<M3>, 

A[45,2]<M > and D[4S]<M > are boundaries. Note that A[4S,1], A[45,2] and 
3 3 

D[45] are only defined modulo nC[44]. Thus, we can define A[4S, I], A[45,2] 

and D[45] such that 

~A[45, I] = ~A[4S,2] = ~D[4S] = O. [7.14] 

We have thus proved the following theorem. 

S 
= ~o<~[ 44 ] THEOREM 7.3.2 ~52 Z2A[S2'I] ® Z2A[52'2] e Z 2 
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The computations in Section 6 show that we have the following leaders. 

Row Degree Leader Row De;~uee Leader 

11 57 4/31 (MTM-3M1 2 3+M1°M2M1 2 3+M14M-3):[ 2 50 56 A[50, l ]M~, A[~O, 1]M 2 

18 
19 55 ~2M1 50 54 A[50,2]M 2 

J36 60 A[36]M6M -2 "51 59 o'C[44]M 4 
1 2 1 

44 56 2C[44]M 6 51 55 2eC[44]M 2 
1 1 

45 57 4D [ 45 ] M3M "51 63 7)A[ 50,2 ] M3M 1 2  1 2  

4 7  55 ~c[44]~M 2, ~2A[45,2]M~ 51 57 ~2D[4~M ~ 

47 57 A[47]M2M2 52 54 ~C[44]M i, A[52,2]M 1 

48 54 2uD[45]<, nA[47]M 3 52 56 A[52,1]M 2 
1 1 

48 56 nB[47]MI% 

FIGURE 7.3.2: Leaders from Rows I to 52 of Degree at Least 54 

There are five leaders of degree 54 and five leaders of degree $5. Clearly 

°C[44]M21 and 2o'C[44]M 21 t r a n s g r e s s .  We show t h a t  no'C[44]M 1 must be a boundary .  

2 4 Observe t h a t  n3oC[441 = 4uo-C[441 = O. I f  n ~rC[4 I ~ 0 t h e n  n2o'C[44]M must be 
! 

a boundary .  There  a r e  o n l y  t h r e e  l e a d e r s  o f  deg ree  56 below row 52: 

A[50 ' l ]M2 '  2C[44]<M2>z and ~ B [ 4 7 ] N ~ .  Now A [ 5 0 , 1 ] M  t r a n s g r e s s e s ,  

da(C[44]<M~ >) = 2°'C[44]Mel and d6(nB[47]M1%) = nA[52,2]M 1 s i n c e  A[S2,2]  

= d6(B[471%).  ( I f  BA[S2,2] = 0 t h e n  ~ B [ 4 7 ] N l ~  t r a n s g r e s s e s . )  Thus, 

n2o-C[44]M can  no t  be a boundary ,  n2o-C[44] = 0 and noC[44]M must be a 
1 I 

boundary. 

Assume that ~ = dS(•A[47]M 3) is nonzero. By Theorem 2.4.2, ~ • <n2, A[47],u> 

= <<2,•,2>,A[47],u> = <2,<n,2,A[47]>,u> + <2,W,<2. A[47],u>> 

= <2,0, u> +<2, n,<u,A[47],2>> since CokJ = O; 
49 

- <2,<n,p,A[47]>,2> + <<2, n,u>,A[47],2> modulo (2, u); 

- kn<n,u,A[47]> + <0,A[47],2> modulo (2,u); 
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c (2,n,u). Since ~ is nonzero in E 6, ~ must divisible by two. However, there 

is no possibility for ~ to be divisible by two. Thus, ~ = 0 and wA[47]M 3 
I 

must bound. If d3°(-~2 MIs)I = nA[47]Mal then d3°(~2M~8M 2) = nA[47]MSMI 2" Since 

18 (~A[47]M~%) = wA[47]M 3 not ~A[471%, a r3A (~2M~8M2) = ~2M¿ ' r3A 1 
1 1 

contradiction. Therefore the only way for nA[47]M~ to bound is by a hidden 

differential which replaces a tentative differential which originates below 

the 39 row and lands above the 48 row. 

d32( 2 M19) = ~A[47]M 3. 
"D~I 1 1 

The only p o s s i b i l i t y  i s  

Now A[50, I]M 2 -  becomes a new leader of degree 54 which can not bound since 
I 

there are no leaders of degree 55 below the 17 row. Since A[SO,2]M 2 can only 
1 

18 
bound from below the 39 row, only #2M1 could hit it. In that case we can 

as above to show that rq^o~ (A[SO,2]M2M 2). = A[50,2]M2,, a contradicition. argue 
I 

18 
Thus ,  A [ 5 0 , 2 ] <  c a n  n o t  bound .  I f  /~2M1 h i t s  ~o42144]M1, A [ 5 2 , 2 ] M  1 o r  

2uD[45]M 3 then there must be a hidden differential on •2M16% which lands 

below the 52 row. There is no possibility for such a hidden differential 

18 
because A[50,  1]M 2 c a n  o n l y  bound  f r o m  b e l o w  t h e  17 row. Thus ,  /3zM 1 must  

transgress. Assume that d6(n2A[45,2]MiMz) = noC[44]M I. Then 

noC[44] ~ <u,•,n2A[45,2]> = <u,W,2B[47]> D <u,n,2>B[47] = O, and 71~C[44] is 

divisible by u, a contradiction. There remains only one possibility: 

d6(uC[44]M M ) = WoC[44]M . Now ~A[52,2], pA[50,1], uA[50,2] and 
I 2 1 

dS(2uD[4H]M a) = A[8]D[45] must be nonzero. We have thus proved the following 
I 

theorem. 

mSs3 = Z2A[8]D[4S] e Z2vA[50,1] 0 Z2uA[50,2] e Z2~A[52,2] THEOREM 7 . 3 . 3  

The computations in Section 6 show that we have the following leaders. 
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Row Degree Leader Row Degree Leader 

Ii 67 4~1(M7~M +MI°M2M +M'4M 3) 50 56 A[50 I]M 2 
1 2 3  1 2 3  1 2 

2 . IS~ 
m17 39 rl ~'1ml m2 31 35 20-C[441M~ 

18 
19 35 ~2M1 51 57 v2D[ 45 ] M31 

44 56 2c[44]  5 2  38 A[32,1]  

45 57 4 D [ 4 5 ] ~ M  2 "52 58 A [ 5 2 , 2 1 %  

47 55 w2A[43,2]MI% or vC[44]MIM 2 152 60 WB[51]MI% 

"47 65 vC[ 44 ] M3<M2> 53 55 hA[32 2]M1,A[8]D[43]M 
1 2 ' 1 

47 57 A[ 47 ]M2M 53 59 vA[60, 1]M 3 
1 2 1 

48 56   [47]M1  53 57  A[30,2]M  

FIGURE 7 . 3 . 3 :  Leaders  f rom Rows 1 to  53 o f  Degree a t  Leas t  55 

There are four leaders of degree 55 and four leaders of degree 56. 

A[52,1]M: and A[SO, I]M 2 transgress. Since A[52,2] = dS(B[47]~), 

~A[32,2]M I = dS(~B[47]MIM2). Clearly de(2C[44]<M2>)2 = 20C[44]M2"I Now 

= d36( - M Is) A[54,2] = de(~2A[43,2]MIM 2) and ~A[8]D[4S] A[54,1] ~2 1 ' 

= d2(A[8]D[43]MI ) must be nonzero. By Theorem 2.4.3(a), 

A[34,2] ~ <u,n, neA[45,2],n>. 

Note that dS(B[47]M2) = A[32,2] and dS(2B[47]M1%) = d8(~2A[45,2]MIM2 ) 

= A[34,2]. By Theorem 2.4.2, 

A[34,2] e <n,2,A[52,2]>. 

Therefore, 2A[34,2] e 2<n,2,A[32,2]> = <2,n,2,>A[52,2] = n2A[32,2] = O. 

C l e a r l y  

[7.16] 

[ 7 . 1 6 1  

We show that 2A[54,1] can only be a multiple of nA[8]D[45]. Assume that 

2A[64,1] = A[54,2] + AnA[8]D[46]. Then 

d3S(2~2M~6%) = A[S4,2]M1, uA[64,1] = 0 and A[54,1]M 2 will transgress to 

S such that 2~ = dS(A[54,21%) = A[59,1]. By define an element ~ e ~69 

Theorem 2.4.4(c), ~ e <W,p,A[54,1]> and 2~ e 2<n,u,A[54,1]> = <2, n,u>A[54,1] 

= O, a c o n t r a d i c t i o n .  Thus ,  2 A [ 5 4 , 1 ]  ¢ A [ 5 4 , 2 ] .  Thus ,  2 A [ 5 4 , 1 ]  
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= A n A [ 8 ] D [ 4 5 ] .  We a r e  u n a b l e  t o  d e t e r m i n e  w h e t h e r  o r  n o t  A i s  z e r o  b e c a u s e ,  

a s  we s h a l l  s e e ,  t h e  v a l u e  o f  k makes  no s i g n i f i c a n t  d i f f e r e n c e  i n  t h e  

c o m p u t a t i o n s  t h r o u g h  d e g r e e  64 i n  o u r  s p e c t r a l  s e q u e n c e .  

Now ~A[47] • ~<n,2C[42],v> b ~<n,2,vC[42]> = ~<n,2,8D[45]> = ~<n,2,2¢B[38]> 

~ 2 < n , 2 , 2 B [ 3 8 ] >  = <cr2, n , 2 > 2 B [ 3 8 ]  = 0 s i n c e  n<~2, n , 2 >  = 2<n,  cr2, n> = 2u~  2 = 0 

S 2 S 
w h i l e  ~ A [ 1 6 ]  = O. Thus ,  ~ A [ 4 7 ]  • l n d e t  ~ < n , 2 C [ 4 2 ] , v >  = ~ - ~  = ~ ¢ - ~  = 0 

46 45 

and 

~A[47] = O. [7.17] 

Since B[47] = dS(2C[20]2MM2), Theorem 2.4.5(a) implies that 

B[47] ~ <u,~,2C[2012,~>. [7.18] 

Then ~B[47] e ~<u,n,2C[20]2, n> D ~<u,n,2,nc[20]2> c <<~,u,n>,2, nc[20]2> 

= <0,2,nc[2012> = nc[2012-~ S = 0 and ~B[47] e Indet ~<u,n,2C[20]2, n> 
13 

= ~<u,n,~ S > + ~<u,X,n> with X = 2hC[42] + kn2C[20] 2 by Theorem 2.3.1(b); 
42 

= <~,u,n>'~ S + h¢<u,2C[42],n> + k~<v, n2C[20]2, n> = h~A[47] + k~<v,n, n2C[20]2> 
42 

= k<~,u,n>n2C[20] 2 = O. Thus, 

~B[47] = O. [ 7 .  t 9 ]  

We have thus proved the following theorem. 

THEOREM 7.3.4 S has a composition series 
s4 

Z2A[S4,1] • Z 2 A [ S 4 , 2 ] ,  Z2nA[8]D[45] 

where 2A[54,1] = AnA[8]D[45] and 2A[54,2] = O. 

We now have the following table of leaders. 

Row Degree Leader 

11 57 4~1 1 2 3 1 2 3 I 2 

19 57 2~2MI16M 2 

~44 66 2C[44]M2M 3 
1 2 

Row Degree Leader 

52 56 A[52 ,1]M~ 

~53 61 ~A [52 ,2 ]M1M 2 

53 57 u A [ 5 0 , 2 ] M  2 
1 
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47 

Sl 
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57 4D[4U]M3M ~53 63 A[8]D[4S]M2M 
12 12 

57 A[47 ]M2M *U4 60 A[54, 1]M 3 
1 2 1 

S7 v2D[4U]< 54 $6 A[ 54, 21MI, ~A[ 8]D[ 4S]M 1 

FIGURE 7.3.4: Leaders from Rows 1 to U4 of Degree at Least S6 

There are four leaders of degree U6 and six leaders of degree 57. Since 

3 ~ Assume that A[52,1]M~ is not a u = nA[8], d4(v2D[4S]M ) = nA[8]D[4S]M I. 

boundary. Then uA[S2,1] is nonzero and not divisible by W. Since A[S2,1] 

= dS(n2D[45]M2 ), A[U2,1] e <u,N, D2D[45]> c <u,n3, D[4S]> = <u,4u,D[4S]>. Then 

uA[52,1] ~ u<u,4u,D[45]> c <u2,4u,D[45]> = <<W,u,n>,4u,D[45]> 

9 n<u,n,4u,D[4U]>. Note that this Toda bracket is defined by Theorem 2.2.7(a) 

S 
because <u,n,4u> = 4A[8] + u-~ = 0 and <N,4u,D[4S]> 9 <n,p,4D[4S]> 

s 

= <n,v,~B[38]> 9 <n,v,~>B[38] = O. Thus, vA[U2,1] e Indet <v2,4v,D[45]> 

2 S + D[45]-~ S = n~iD[45] a contradiction. Thus, A[S2,1]M 2 must be a 
= v " ~ 4 9  1 0  ' 1 

b o u n d a r y .  Now A [ 5 2 , 1 ] M  2 c a n  o n l y  b o u n d  f r o m  b e l o w  t h e  47 row,  a n d  we s h a l l  
1 

see that A[52,1]MIM 2 must also bound. There i s  only one possibility: 

d8(4D[4U]M3M2 )1 = A[S2,1]M~ and A[52,1]MIM 2 bounds from below the 4S vow. 

Assume that ~ = dS(A[50, I]M 2) is nonzero. Then ~M I can not bound because we 

will show that the only leader of degree 58 below the 50 row must hit 

A[47]M2M . Thus, W~ ~ O. By Theorem 2.4.4(b), ~ e <u,~,A[UO, I]> and 
I 2 

D~ e D<u,D,A[50,1]> = <N,v,D>A[50,1] = p2A[50,1]. Thus, !9~M I 

= d4(vA[50, l]M3). However, we shall see in the derivation of S that 
I s8 

uA[50, I]M 3 must be a boundary. Thus, ~ = 0 and A[50, I]M must bound from 
I 2 

below the 17 row. There is only one possibility: A[50,1]M2 = d4°(4/31M~<%). 

Clearly 2~2M~ 9 = 2MI.2~2MI 8 survives to E 36 and hits 2A[S4,1]M I = O, i.e. 

19 
2~2M 1 t r a n s g r e s s e s .  S i n c e  A [ S 4 , 2 ] M  1 c a n  o n l y  b o u n d  f r o m  b e l o w  t h e  47 row,  

~ A [ S 4 , 2 ]  i s  n o n z e r o .  We h a v e  t h u s  p r o v e d  t h e  f o l l o w i n g  t h e o r e m .  
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THEOREM 7.3.5 Sss = Z2~A[54'2] ¢ Z16~6 

The computations of Section 6 show that we have the following leaders. This 

table contains the leaders of all degrees. 

Row Degree Leader Row De~ree Leader 

9 63 ~2~M21M2 44 66 2C[44]M2M 3 
I 2 I 2 

+4M6~ ) 44 58 4C [ 44 ] M 7 11 65 61 (5M~°Ma x 2 1 

2 , 1 S ~  
17 59 ~ ~1NI ~ 4S $9 2D[45]M1 <M2>2 

18 64  4C[18]M7M M2M 4S 63 4D[45MeM 
1 2 2 3  1 2  

22 62 uA[ 19 ]M7M2<M > 47 65 uC[ 44 ] M3<M2> 
1 2  3 1 2 

23 63  ~2M~ 0 47 57 A[47]M~M 2 

24 60 ~A[23]MISM 51 63 ~A[50,2]M3M 
1 2 1 2 

30 60 A[3OI<M > 51 59 oC[44]M 4 
4 1 

32 62 A[32,1]M~M 3 52 58 A[52,1]M: ,  A [52,2 ]M 2 

34 64 2B[34]M~M M 52 60 ~oC[44]M 
123 12 

36 60 A[36]M6~ 53 61 ~A[52,2]M 
1 2 1 2 

38 62 B[38]M2M M 53 S9 uA[50,1IM 3 
1 2 3  1 

39 61 A[39,1 ]M M M 53 57 uA[50,2]M 2 
1 2 3  1 

39 66 ~ A [ 3 9 , 3 ] ~ M  <M > 53 63 A[8]D[45]M2M 
1 2  3 1 2  

39 59 ~A[32,1]M4M 2 54 60 A[54,1]M~ A[54,21H 
1 2  ' 2 

40 64 ~ A [ 3 2 , 1 ] M S M  54 66  ~ A [ 8 ] D [ 4 5 ] M 3 H  
1 3  12 

40 60 A [ 4 0 , 1 ] M 2 M  3 55 57 ~ A [ 5 4 , 2 ] M  1 

40 58 A[40,2]M6M 
1 2  

FIGURE 7.3.S:  Leaders from Rows 1 to 55 o f  Degree at Least 57 
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We continue the computations of Section 3. In the tables of leaders below, 

all leaders of degree greater than 62 will have an asterisk at the left. They 

will be omitted from all tables of leaders in this section except for the last 

one. 

From Figure 7 . 3 . 5 ,  we see that there are four leaders of degree 57 and four 

leaders of degree 58. Note that uA[52,2] ~ v<n,v,B[47]> = <u,n,u>B[47] 

= A[8]B[47] = <n,2u,u>B[47] = n<2u, u,B[47]> = n<<n,2,n>,v,B[47]> 

= n<n,<2,n,u>,B[47]> + n<n,2,<n,u,B[47]>> = n<n,O,B[47]> + n<n,2,A[S2,2]> 

2 S 
= nA[S4,2] since n "= = 0 and ncB[47] = O. We will show in the derivation 

s3 

of S that pAlS2,1] equals 0 and does not equal uA[52,2]. Therefore, 
81 

uA[52,2] = nA[54,2] and uA[52,1] = O. [7.20] 

Thus, d4(A[S2,2]M 2) = wA[S4,2]M 1. Observe that 4C[44]M~ survives to E 10 since 

4~C[44] = O. Assume that d1°(4C[44]M~) = uA[50,2]<. Then 

2 uA[SO,2]  ~ < w , 4 C [ 4 4 ] , ~ >  = < n , ~  A [ 3 0 ] , ~ >  and u A [ 5 0 , 2 ]  ~ < n , ~ 2 , ~ A [ 3 0 ] >  b e c a u s e  

S S 
~ - ~  = ~ ¢ ' ~  w h i c h  can not c o n t a i n  vA[SO,2]. Thus, vA[gO,2] ~ <~ ,~ ,A[301>  

4 6  4 5  

= <n, vC[18],A[301> and u A [ 5 0 , 2 1  ~ < n , u , C [ 1 8 1 A [ 3 0 1 > .  Then u A [ 5 0 , 2 I N  2 = 
1 

d~(C[lalA[3OIM~M2), a c o n t r a d i c t i o n .  The re fo re ,  4C[441N~ t r a n s g r e s s e s .  (Note 

t h a t  A[30]'~S23 ={¢A[16]A[30],uC[20]A[30],A[30]~2}.  Now A[16]A[301 i s  

d i v i s i b l e  by n. A l s o ,  A[30]~2  ~ A[30]<2~1,16,~> = < A [ 3 0 ] , 2 ~ l , 1 6 > w  w h i c h  i s  

d i v i s i b l e  by n. I n  a d d i t i o n ,  A[30]A[141  ~ A [ 3 0 ] < 2 , A [ 8 I , v , n >  

c <<A[301 2,A[8]>,u n> which projects to zero in E 8. However, S projects 
' ' 44 

monomorphicly into E 8. Thus, A[30]A[14] = O. Now C[20]A[30] e 

A [ 3 0 ] < A [ 1 4 ] , 2 , n , v >  < < < A [ 3 0 ] , A [ 1 4 ] , 2 > , n , v > .  Thus ,  C [201A[30 ]  i s  z e r o  i n  E 8. 

S i n c e  S p r o j e c t s  m o n o m o r p h i c a l l y  i n t o  E s,  C [ 2 0 ] A [ 3 0 ]  = 0 . )  We w i l l  u s e  t h e  
5o 

f o l l o w i n g  lemma to  con t inue  our a n a l y s i s  o f  the  l e a d e r s  of  degree  57. 
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LEMMA 7.4.1 (a) ~A[40,2] = A[47] 

(b) p2A[SO, I] = 0 

(c) u2A[SO,2] is not divisible by n. 

PROOOF. (a) By 6.20, 2C[42] • <n,2, A[40,2]>. Thus, A[47] • <n,u,2C[42]> 

c <W,u,<~,2,A[40,2]>> = <<n,u,~>,2,A[40,2]> + <n,<u,n,2>,A[40,2]> 

= <u2,2,A[40,2]> + <w,O,A[40,2]> and A[47] • <u2,2, A[40,2]> c <p,2u,A[40,2]> 

<2u,u,A[40,2]> = <<n,2,n>,p,A[40,2]> D n<2,n,u,A[40,2]>. Note that this 

four-fold Toda bracket is defined by Theorem 2.2.7(a) because <2, n,u> = 0 and 

0 = dS(A[40,2]M ) • <~,u,A[40,2]>. Therefore, A[47] • Indet <v2,2,A[40,2]> 
2 

.mS S 2 S + A[40,2] = {~A[40,2]} because u.~ = O. Thus, ~A[40 2] = A[47]. 
= v "~41 7 41 ' 

(b) The hidden differential from the 17 row which hits wA[47]M M instead of 
12 

A[SO, I]M 2 shows that these elements have homologous representatives. 

Therefore, representatives of 0 = unA[47]MIM 2 and uA[50, I]M 2 are also 

homologous. Hence pA[50,1]M 2 must bound. In addition, 

d¢(A[SO'I]MIM2 ) = uA[50'l]M2"i Thus, u2A[60,1] = O. 

(c) By (a), dS(A[40,2]M~M2) = A[47]M~M 2. There remains no possibility for 

uA[50,2]M 2 to be a boundary. Thus, u2A[50,2] is nonzero and is not divisible 
1 

by 

19 
By Lemma 7.4.1(a), A[47]M~M 2 = dS(A[40,2]MSM2). Thus, uA[SO,2]M , 2~2M i can 

not bound and u2A[SO,2], A[56] = da8(2~2M119) are nonzero. Since 

2A[54,1] = A~A[8]D[4S] and d36(~2M118) = A[54,1], Theorem 2.4.2 implies that 

A[56] • <~, (2,~A[8]),(A[S4,1],AD[45])T>. [7.21] 

Then 2A[56] • 2<n, (2,hA[8]), (A[S4,1],AD[4s])T> 

= <2,n, (2, nA[8])>(A[S4,1],AD[46])T = <2,n,2>A[54,1] + k<2,•,nA[8]>D[45] 

= n2A[54,1] + 2A'~ID[45] since <2, n, wA[8]> = <2,n,u 3> D <2,n,u>u 2 = O. 

Now •2A[54, I] = O. Moreover, k' = 0 because hA[56] ¢ 0 so that A[56] 

A'~1D[45]. Thus, 2A[56] = O. We have now proved the following theorem. 
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THEOREM 7.4.2 Ss6 = Z2A[56] e Z2u2A[50,2]  e Z2n~ 6 

The computations in Section 6 show that we have the following leaders. 

Row De~ree  L e a d e r  Row Degree  L e a d e r  

2 . 1 5 , - - 2  
17 59 • 9(11"11 #'12 44 58 4C[44]M: 

14- 45 $9 2D[ 4S ] MI <M2> 19 61 ~2M1 M3 2 

22 62 uA[ 19]M7Me<M > 51 59 o"C[44]M 4 
1 2 3 1 

24 60 ~A[ 23]M1SM 52 58 A[52, 1 ]M 3 
1 2 1 

30 60 A[30]<M > 52 60 noi: [ 44 ] M 
4 1 2 

32 62 A[32,  1]M 8 53 61 8A[52,  2]  M 
1 1 2 

36 60 A[ 36 ] M6M -2 53 59 uA[ 50, 1]M 3 
1 2 1 

38 62 B[38]M2MM S4 60 A[54 IIM: A[S4,2]M 
1 2 3 ' ' 2 

39 61 A[39,  1 ] MIM2M 3 *55 63 hA[54,  2]M1M 2 

39 59 o-A[ 32, 1]M4M 2 56 58 A[56]M 
1 2 1 

40 80 A 40, 3 56 e2 v AESO,21M  

FIGURE 7.4.1: Leaders from Rows 1 to 56 of Degree at Least 58 

T h e r e  a r e  t h r e e  l e a d e r s  o f  d e g r e e  58 and  f i v e  l e a d e r s  o f  d e g r e e  59.  C l e a r l y  

eC[44]M~ t r a n s g r e s s e s .  S i n c e  D[45]<M4> b o u n d s  f rom t h e  18 row, 2D[45]  b o u n d s  
1 

f rom t h e  34 row and  2M 2 i s  a n  i n f i n i t e  c y c l e ,  2D[45]M2<M:> must  b o u n d  f rom t h e  

r - r o w  f o r  some 18 ~ r < 34. T h e r e  a r e  two s u c h  l e a d e r  o f  d e g r e e  60:  A[30]<M4> 

and  nA[23]MlSM I n  t h e  d e r i v a t i o n  o f  S dle(A[30]<M4 • we w i l l  show t h a t  >) 
I 2 ~58' 

= ~A[32,1]M4M 2. Thus, we must have d22(wA[23]MISM ) = 2D[45]M2<M4>. By 
1 2 1 2 1 

Lemma 7.4.1(b), vA[SO, I]M a transgresses• Since ~2A[32,1] = O, 
1 

cA[32'I]<M4><M2>I 2 survives to EI6• Since A[SS]M I can only bound from below the 

19 row, CA[32,1]<M4><M2> transgresses. 
1 2 

We show that A[52,1]M~ is a boundary. Assume that ~ = dS(A[52,1]~) ¢ O. 

There is no possibility for ~M 1 to bound from below the 52 row, and thus 
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~<, > and nA[23]M1SM n~ ~ O. (We shall see that A[40, I]M2M3, A[36]M A[30]<M I 2 

are needed to bound other elements.) By Theorem 2.4.4(a), ~ ~ <N,A[52,1],u> 

and n~ ~ n<n,A[N2,1],u > c <n2, A[S2,1],u> = <<2,n,2>,A[S2,1],u> 

D 2<n,2,A[S2,1],u> c 2.~ S which, as we shall see, must be zero. Thus, 
58 

n~ e Indet <n2, A[S2,1],u> and n( c u.~ S = O. Therefore, ~ = 0 and A[52,1]M~ 
s5 

must be a boundary. The only possibility is d36( 2 MISM 2) = A[S2,1]M 3. 
W ~1 1 2 1 

(Use Theorem 2.2.7(e) to show that the four-fold Toda bracket is defined. By 

Theorem 2.4.2, <n,2,A[52,1]> contains ds(2n2D[45]MIM2 ) = O. Therefore, 

<n,2,A[52,1]> is zero in E 8, and the only possibility is <n,2,A[52,1]> 

= nA[8]D[45] ~ Indet <n,2,A[52,1]>. Thus, <n,2,A[52,1]> contains O. Now 

n<2,A[52,1],u> = u<n,2,A[52,1]> = <u,n,2>A[52,1] = O. Observe that if 

= d40( 2 MIS~-2) ~A[56]  = 0 t h e n  A[56]M 1 ~ ~ 1 1  2 ' ~ ~ 0 and  #~ ~ 0 a s  we r e m a r k e d  

a b o v e .  S i n c e  2~ ~ 2 < ~ , u , A [ S 2 , 1 ] >  = < 2 , ~ , v > A [ 5 2 , 1 ]  = O, 2 ~  i s  d i v i s i b l e  by  

two w h i c h  we s h a l l  s e e  i s  i m p o s s i b l e .  Thus ,  2 ~  = 0 a n d  ~ M  1 mus t  b o u n d .  The 

S = Z2~A[59,2] However, only possibility is dS(nA[52,2]M I ) = n~M1, and 
~60 

m 

we shall see that nA[59,2] is divisible by two, a contradiciton. Therefore, 

nA[56] ~ 0 and <2,A[52,1],u> c Z u2A[50,2] c Indet <2,A[S2,1],u>. Thus, 
2 

S 
0 e <2,A[52,1],u>. Finally, ~ is generated by A[8]D[45], wA[52,2], vA[50,1] 

53 

and uA[50,2]. Note that u times A[8]D[4S] and nA[52,2] are zero while n times 

u A [ 5 0 , 1 ]  a n d  v A [ 5 0 , 2 ]  a r e  z e r o . )  

Now A[S6]M and 4C[44]M 7 can not be boundaries. Thus, nA[56] and 
1 I 

A[57] = dI4(4C[44]M 7) are nonzero. Since <~,4C[44],u> e COkJss = v-~sS2, 

<m, 4C[44],u> contains O. Also 0 E <4C[44],p,W> because CokJ = O. Since 
49 

S 
o-~ = O, <0~,4C[44],u,~> is defined by Theorem 2.2.7(c). By Theorem 2.4.6(c), 

48 

A[ST] ~ <cr, 4C[44],u,n>. [7.22] 

Then  A[57]  e < ~ , o - 2 A [ 3 0 ] , u , ~ >  D < ~ 2 A [ 3 0 ] , o - , u , n >  = <4C[44 ] , c r ,  u,7)> a n d  

2A[57]  ~ 2 < ~ , v , o ' , 4 C [ 4 4 ] >  + 2 . I n d e t  <o ' ,o '2A[30] ,v ,W>;  

c <<2,n,u>,~,4C[44]> + 2[<~,X,n> + <Y,u,n>] by Theorem 2.3.1(b); 
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= <0,o',4C[44]> + o'<X,n,2> + Y<u,n,2> = ~<X,n,2>. If uX = 0 then v<X,n,2> 

= <u,X,D>2 = 0 and <X,W,2> = 0 since multiplication by u is a monomorphism on 

COkJs0. Thus, X = huD[4S]+kuA[4S, l] and 2A[57] = o'<hvD[45]+kuA[4S, l],n,2> 

= ~(hD[4S]+kA[4S, I])<u,D,2> = O. Since A[ST] bounds from the 44 row which is 

below the SO row, A[S7] can not be divisible by ~. Thus, o'A[SO,2] = knA[S6] 

and 

D~A[SO,2] = O. [7.23] 

We have thus proved the following theorem. 

THEOREM 7.4.4 
S 2 

~S7 = Z2nA[S6] ® Z2A[S7] e Z2~ 7 ® Z2W 2r 6 

We now have the following table of leaders. 

Row De,Fee Leader Row Degree Leader 

r e - -  40 60 A[40,1]M2M 3 19 61 62M 1M 3 

22 62 vA[19]M7~<M > 4S 59 2D[45]M <M2> 
1 2 3 1 2 

24 60 nA[23]MlSM 51 59 oC[44]~ 1 2  1 

30 60 A[30]<M > 52 60 A[52,1]MM2, ~oC[44]MM 
4 2 

32 62 A[32,1]<M 3 $3 61 ~A[S2,2]M1M 2 

36 60 A [ 3 6 ] ~  53 59 p A [ 5 0 , 1 ] ~  
1 2  1 

38 62 B[38]~M2M 3 S4 60 A [54 ,1 ]< ,  A[54,2]M 2 

39 61 A[39,1]M1M2M 3 S6 62 u2A[50,2]< 

39 59 o'A[32 1 ] ~  57 59 A[S7]M 1, ~A[56]M 
' 1 2  1 

FIGURE 7.4.2: Leaders from Rows 1 to $7 of Degree at Least 59 

There a r e  s i x  l e a d e r s  of  degree  59 and e i g h t  l e a d e r s  of  degree  60. We 

digress to show that A[32,1] e <n,2,A[30]>. Note that dS(4M2<M4>2M ) 
I 1 3 

= 4O.M 13 modulo (8o'). I n  a d d i t i o n ,  i f  4M2<M4>2M s u r v i v e d  to  F.. 10 i t  would h i t  
1 1 1 3 

~2~MSM . Thus,  A[32, 1] i s  r e p r e s e n t e d  by the  boundary  of  a r e p r e s e n t a t i v e  of  
1 3 
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n2oj~SM which is homologous to the boundary of a representative of 4crM 13. By 
I 3 1 

Theorem 2 . 4 . 2 ,  t h e  b o u n d a r y  o f  a r e p r e s e n t a t i v e  o f  4oN l a  = M "2"20"N 12 i s  a n  
1 1 1 

element of <n,2,A[30]> and 

A[32,1] e <n,2,A[30]>. [7.24] 

% Recall that d8<M4> = 2~M i <M3>, and Ni' Not' <gool > is a representative of 

MI, ~, <Ms> , respectively. Then A[30]<M4> is represented by 

A ~I A A which has boundary A[30]<M4> u (~ A BA[3o].2 ~/oI <~ool >) 

A A ) u (~AB AwA A ) 
(~A[30] A B2~ ~oI <~ool > A[3o1.2 ~ol <~001 > 

= ~<A[30],2,W> A ~/Ol A <J/oo1> modulo elements of filtration degree 18. 

>) = ~A[32 1]M <M > = ~A[32,1]M4M 2 + dg(A[32,1]M~M T h u s ,  d l ° ( A [ 3 0 ] < M ¢  ' 2 3 1 2 2 3 ) 

= C A [ 3 2 , 1 ] M 4 M  2 i n  E 1°. 
1 2 

Since uA[54,2] • u<n,2,A[52,2]> = <u,n,2>A[52,2] = O, A[54,2]M must trans- 
2 

gress. If ds(W~C[44]MI%) = nA[56]M i then de(~[44]M2) = A[56], a contradic- 

must tion. Since A[ST]M i can only hound from below the 44 row, n~C[44]MI 2 

S 
transgress. In the derivation of ~s9' we show that A[52,1]MIM 2 is a boundary. 

S 
Since there is no possibility for an element of order four in ~s8' wA[56]MI 

must be a boundary. Since ~A[40,1] = uC[44], a representative ~ of 

A ~2). Then A[40,1] <M3> has boundary (C[44] A v A <~o2>) u (C[44] A Bv~ 

u (C[44] A ~2 A <~o2>) has boundary C[44] A ~2 A ~ A ~2 union elements of 

filtration degree 4. Thus, dlS(A[40,1]M2<M3>) = o~[44]M~. Recall that in the 

derivation of S we showed that d22(~A[23]M1SM ) = 2D[45]<M4>M . In the 
S7 I 2 1 2 

proof of Lemma 7.4.1(b) we showed that vA[50, i]M 2 must be a boundary. Since 

uA[50, i]M2= uA[50, I]M~ in E 4, uA[50,1]< must bound from below the 50 row. 

The only possibility is di8(A[36]M~<) = uA[SO,]]M~. There remains only one 

way for ~A[56]M i to bound: d4(A[54,1]M~) = ~A[SS]M i. Thus, 

uA[54,1] = ~A[56] and uA[54,2] = O. [7.25] 

Now A[57]M I can not be a boundary, We have thus proved the following theorem. 
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The c o m p u t a t i o n s  i n  S e c t i o n  6 show t h a t  we h a v e  t h e  f o l l o w i n g  l e a d e r s .  

Row Degree Leader Row Degree,, Leader 

14- 
19 61 ~2M1 M 3 S1 61 e'C[ 44 ] M~M 2 

22 62 uA[19]MTM2<M > 62 60 A[S2 I]MIM 2, ~oC[44]MI% 
1 2 3 

32 82 A[32, 1]N~M 3 53 61 "8A[$2, 2]M1M 2 

38 62 B[38]M2M M *53 63 vA[SO, I]M2M 
1 2 3  1 2 

*39 63 e'A[ 32,  1]M6M 2 54 60 A [ 5 4 , 2 ] M  
i 2 2 

39 61 A[39,1 ]M M M $6 62 u2A[SO,2]M 3 
1 2 3  1 

45 61 2D[45]M <M > $8 60 ~A[57]M 
1 3 1 

FIGURE 7.4.3: Leaders from Rows I to 58 of Degree at Least 60 

T h e r e  a r e  f o u r  l e a d e r s  o f  d e g r e e  60 and f i v e  l e a d e r s  o f  d e g r e e  61.  S i n c e  

~A[S6] = vA[S4,1], d4(A[S4,1]M~) = nA[SS]M I . Since D[45]<M3 > is a 

d28-boundary and 2M 1 is an infinite cycle, 2MID[45]<M3 > must be a boundary. 

Let A[S9,2] = dS(A[54,2]M2). By Theorem 2.4.4(c), 

A[59,2] • <n,u,A[54,2]>. [7.26] 

Thus, 2A[S9,2] ~ 2<W,p,A[S4,2]> = <2,n,u>A[54,2] = O. Let 

A[sg, I] = dS(noC[44]MiM2 ). By Theorem 2.4.5(a), 

A [ 5 9 , 1 ]  e <n, n o C [ 4 4 ] , n , u > .  [7.27] 

Thus, 2A[69,1] e 2<n, noC[44],n,u> c <<2, n, noc[44]>,n,u> = <<noc[44],n,2>,n,u> 

= <~oc[44],<n,2,n>,v> + <nac[44],~,<2, n,v>> = <noc[44],2v,u> + <noc[44],n,o> 

s 
= A[8](oC[44]) + u.~ = {u3A[SO,2],uA[S6]} = {nA[8]A[50,2]} because s6 

uA[S6] e p<n,(2,nA[8]),(A[S4,1],AD[4s])T> = <u,n,(2,wA[8])>(A[S4,1],AD[45]) T 

= < v , ~ , 2 > A [ 5 4 , 1 ]  + A < v , w , ~ A [ 8 ] > D [ 4 S ]  = A < v , ~ , v 3 > D [ 4 5 ]  = Xv2A[8]D[4S]  = O. 

O b s e r v e  t h a t  < n 2 , u , n , 2 >  i s  d e f i n e d  by Theorem 2 . 2 . 7 ( a )  s i n c e  <n2, u , n >  

= < v , ~ , 2 >  = O. Then ~<W2, u , D , 2 >  = <W2, p ,<D,2,W>> = <~2, p , 2 u >  = wA[8] .  S i n c e  
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S 
m u l t i p l i c a t i o n  by n i s  a monomorphism on ~ , 

8 

A[8] E <W2, p,D,2>. 

Thus, A [ 5 0 , 2 ] A [ 8 ]  = A[SO,2]<n2, u,n,2> c < < A [ 5 0 , 2 ] , n 2 ,  u > , n , 2 > .  Now 

<A[50,2],~2, u> D <~A[50,2],~,u> which contains da(~A[60,2]M ) = O. 
2 

A [ 5 0 , 2 ] A [ 8 ]  = k < u 2 A [ 5 0 , 2 ] , n , 2 >  = k u A [ 5 0 , 2 ] < u , n , 2 >  = 0 s i n c e  2 - ~  S 
58 

2A[59,1] = 0 and 

We show that A[52,1]M M 
12 

is not zero. 

[7.28] 

Therefore, 

= 0. Thus, 

u3A[50,2] = uA[56] = O. [7.29] 

must be a boundary. Assume that ~ = d8(A[52,1]MIM2 ) 

Let ff denote the mapping cone of 2uD[45] with p:S > ~ the 

canonical map. In the Atiyah-Hirzebruch spectral sequence for ~BP, 

p(2D[45])MSM clearly survives to E 6. The only possibility for 
1 2 

ds(p(2D[4S])M~M 2) is O-i(~)M~. In that case, d6(p(2D[4S])MIM2 ) = o-l(n)H1 and 

0 = ]9a-1(~]) = a-l(n2), a contradiction. Thus, p(2D[45])MSH survives to E 8 
1 2 

and d8(p(2D[4S])MSM ) = p(A[52,1])MM . Then p(~) must be zero in E 8. If 
1 2 1 2 

S 
p(~) = d2(O-l(h~2~+k~A[8])M1) then in ~., ~ ~ <~,hT}2cr+k~A[8],2vD[4S]> 

D <n, hn2o-+knA[8],2>uD[45] = O, a contradiction. If p(~) = d4(8-1(~)M 2) then 
1 

~ <u,~,2uD[45]> D <u,~,u>2D[45] = ~2(2D[45]) = O, a contradiction. Note 

S 
that p(~) can not be in Image d s because ~ = O. 

5 

and A[52,1]MtM 2 must bound from below the 47 row. 

= A[52,1]MIM 2 then r A °d34(~2MlSM3)1 2 = A[52,1]MIM 2, 
2 

is only one remaining possibility: 

Thus, ~ e 2vD[45]'~ S = O, 
11 

Note that if d34(~2MI4H 3) 

an impossibility. There 

dI4(A[39,1]M M M ) = A[52,1]M M . 
i 2 3 I 2 

is 

Since oC[44]M2M survives to E 6, it must transgress. Observe that the 
I 2 

14- 
14- M also shows that /~2Mi M s argument above that ~2M1 M 3 can not hit A[H2,1]M I 2 

can not hit A[S4,2]M 2 nor ~o<7144]MIH 2. Thus, A[54,2]M 2, WoC[44]MIM 2 can not 

be boundaries, and A[59,1], A[59,2] are nonzero. By Lemma 3.3.14, n2A[57] 

must be zero since it can not be divisible by two. Thus, ~A[57]M I must be a 

boundary. In Lemma 7.4.7(c) we shall see that nA[52,2] = nC[20]A[32,2], and 
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thus ~A[52,2]M % = C[20](~A[32,2]MIM 2) t ransgresses .  I f  d8(~C[44]M~%) 

14- 
= nA[B7]M 1 then fl2M1M 3 t ransgresses  to a nonzero element B which i s  

indecomposable by Lemma 1.3.10. However, in  the proof  o f  Lemma 7 . 4 . 7 ( e )  

we s h a l l  see t h a t  2B = ~A[$9,2]  and B = C[20] 3, a c o n t r a d i c t i o n .  Thus, 

d'°(,2MI'M3) = nA[S7]M. Since ¢C[44]~1% transgresses, 

~2C[44] = O. [7.301 

Since A[S2,1]  • <v,~,~2D[4S]>, ~A[52,1]  • ¢<v,~,n2D[4S]> 

= <¢,#,~>~2D[45] = O. Since A[52,2 ]  • <B[47 ] ,v ,~> ,  ~A[$2,2]  • <~ ,B [47 ] ,v>n  

c ~'CokJ = O. Thus, 
s8 

~A[S2,1] = ~A[S2,2] = O. [7.31] 

We have thus proved the following theorem. 

S 
THEOREM 7.4.6 

s9 = Z 2 A [ 5 9 , 1 ]  ® Z 2 A [ 5 9 , 2 ]  • Zafl 7 

The c o m p u t a t i o n s  i n  S e c t i o n  6 show t h a t  we h a v e  t h e  f o l l o w i n g  l e a d e r s .  

R .ow D e ~ r e e  L e a d e r  Ro__ww D#;~ree L e a d e r  

22 62 PA[ 19]MTM2<M > "S2 64 A[S2, I]MSM 
1 2  3 1 2  

32 62 A[32, 1]M:M 3 53 61 •A[S2,2]M1% 

38 62 B[ 38 ]M2M M 56 62 v2A[50,2]M 3 
1 2 3  1 

<M > 59 61 A[Sg,1]M1, A[~9,2]M 45 61 2D[4B]M1 3 i 

FIGURE 7.4.4: Leaders from Rows 1 to 59 of Degree at Least 61 

T h e r e  a r e  f i v e  l e a d e r s  o f  d e g r e e  61 a n d  f o u r  l e a d e r s  o f  d e g r e e  62 .  S i n c e  

A[59,1]M 1 and A[59,2]M I can only bound from below the 54 row, u2A[50'2]M31 must 

S 
transgress. Recall that in the derivation of ~s9 we showed that 2D[4S]MI<M3 > 

must bound from below the 34 row. Moreover, 2D[4S]M<M > equals 2M times the 
3 2 

boundary D[4S]<M > and must bound from below the 34 row. The lowest row of 
3 
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such an element of degree 66 is the 24 row. T h e r e f o r e ,  d14(A[32,1]M~lM3 ) 

= 2D[45]M <M >. 
1 3 

Let ~ = dl°(~C[44]~lM2). Then o<7144]~% has a representative 

~o A.) ~ (c[44] A B A = (C[44] A ~2 A ~ A I) u (C[44] A ~2 A B u v~ oI ) 

u (C[44] A ~2 A B<~,u,n> ) u (Bc[44]<u,~,v> A ~1 ) with 

A B ) u (u A B )] u [B A n] Observe a ~ = C[44] A [(By ~ un <~,u,n> c[44]<u,~,p> " 

that @ [(B A B ) u (u A B )] = <v,~,p> A n- Thus, a ~ represents an 
v~ vD <~,v,W> 

element of <C[44],<u,~,v>,n> = <C[44],o-2, n>. By Theorem 2.4.2, 

~M I = d16(~reA[30]<~) = O, and ~M 1 must bound from between the 4S and Sl 

rows, i.e. from the 47 row. There is no leader of degree 83 in the 47 row. 

9 - -  
Thus, ~ = 0 and oC[44]M-M must bound from below the 40 row. Assume that 

I 2 

d14(B[38]M ) = 0<7144]M~M 2. Since d12(A[40,1] <M 3 
1 

that a representative of B[38]M4M is homologous to a representative of 
1 3 

A[40,1]M2<M3>. Then r A shows t h a t  a r e p r e s e n t a t i v e  o f  B[38]M41 i s  homologous  
3 

to a representative of A[40, I]M 2. Therefore, 4D[451 = 0~B[38] = dS(A[40,1]%), 

a contradiction. The o n l y  o t h e r  p o s s i b i l i t y  for" 0C[44]M2M to  bound f rom 
1 2 

below the 40 row i s  da°(uA[19IM7M2<M >) = ~C[44]MeM . 
12 3 12 

We show that nA[S9,1] = O. Assume that nA[S9,1] ~ O. Since we shall see that 

there is no possibility for an element of S to have order 4, n2A[S9,1] = 0 
61 

by Lemma 3.3.14. Thus, nA[59,1]M I must be a boundary. Clearly 

dS(wA[54,2]MI%) = nA[59,2]M I. The arguments in the derivation of uSsl that 

2 21. 4GM:9 % and not bound BESO G also apply to show that D o-M I M2, 

show that these elements do not bound nA[59,1]M I. (The argument there shows 

that if d'2(4fl2M:S%)= nA[B9,1]M 1 then de(nA[54,2]M%) = nA[S9,1]M I. Hence 

dS(A[S4,2] ) = A[S9,1], a contradiction.) In the derivation of ~61 we will 

also show that dS(~A[50,2]M~M2) = v2A[50,2]< and that 4D[45]M~M 2, 

~A[32,1]M6M 2 are boundaries. Since vA[SO, I]M2M = r A (pA[SO, I]M3M ) and there 
12 12 1 2  

1 
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is no possibility for a hidden differential on I~A[SO, I]~IM 2, pA[50, I]M2M e must 

transgress. Note that ds(A[8]D[45]M~M2) = D[45]d8(A[8]<%) = D[45]nA[14]M . 

If d8(A[8]D[4S]<%) = nA[Sg, I]M I then A[S9,1] = A[14]D[4U]. Since 

A[59, I] = d8(~oC[44]M%) and A[14] = di2(4u<%), it would follow that twice 

a representative of 2uD[45]M3M union 
I 2 

A ~2 A ~tOl ) ] represents A #I A ~2 A /ioi ) u (2uD[4S] A Bzn a [ (B4UD[4S ] 

noC[44]Ml%. Thus, n¢C[44] e <2D[45],2u,u> c <D[4S],4u,u> = <D[4S],W3, u> 

= <n2D[45],W,u>. Therefore, noC[44]M I = ds(•2D[45]M1%), a contradiction. 

Hence d8(A[8]D[4S]M2%) ~ nA[U9,1]M I. Thus, IIA[S9,1]M I can not be a boundary, 

a contradiction. Hence wA[S9, I] = 0 and A[sg, I]M 1 must bound from below the 

S2 row. The only possibility is d22(B[38]M~%%) = A[59,1]M I. 

Now nA[Ug,2] and B[60] = d8(nA[52,2]M M ) are nonzero. To identify 2B[SO] as 
1 2 

hA[US,2], we derive several relations. 

LEMMA 7.4.7 (a) n2A[45,2] = nA[14]A[32,2] and 

nA[4U,2] ~ A[t4]A[32,2] modulo (n2C[44],nA[4S,1]). 

(b) A[54,2] = A[14]C[20] 2 

(c) uA[52,2] = uC[20]A[32,2] and 

A[52,2] = C[20]A[32,2] modulo {A[52,1],~oC[44]). 

(d) A[U9,2] = A[14]A[4S,2] 

(e) B[60] = C[20] 3 and 2B[60] = nA[S9,2]. 

(f) nB[47] = A[8]C[20] 2 

(g) w2C[ 2013 = uA[14]A[4S,2] 

PROOF. (a) dS(A[8]C[20]MI~) = nA[32,2]M 1. Thus, n2A[4H,2]Mt 

= dS(n2C[20]2Mt%) = d s ( A [ 8 ] A [ 1 4 ] C [ 2 0 ] H l ~ )  = A [14 ]d6 (A [8 ]C [20 ]M1%)  

= ~A [14 ]A [32 ,2 ]M  . 

(b)  A [14 ]C [20 ]  2 ~ A [ 1 4 ] < ~ , ~ A [ 3 2 , 2 ] , ~ , u >  ¢ < ~ , ~ A [ 1 4 ] A [ 3 2 , 2 ] , ~ , u >  

= <~ ,~2A [4U,2 ] ,~ ,u>  = A [ 5 4 , 2 ] .  
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(c) uA[52,2] = ~A[54,2] = ~A[14]C[20] 2 = uA[32,2]C[20]. 

(d) A[59,2] e <n,u,A[54,2]> = <n,u,A[14]C[2012> = A[14]<n,u,C[20] 2> 

= A[14]A[45,2]. 

(e) 2C[20] 3 = C[2012<u,n,nA[14]> = <C[20]2, p,n>wA[i4] = A[4S,2]wA[14] 

= hA[S9,2] = O. The o n l y  possibility f o r  C[20] 3 iS  B[80]. 

(f) nB[47] = vA[4S,2] = v<n,#,C[20]2> = <u,n,u>C[20] 2 = A[8]C[20] 2. 

(g) pA[14]A[45,2] = wA[14]B[47] = A[14]A[8]C[20] 2 = D2C[2013. 

The above relations were motivated by relations (d) and (e) which were 

observed by Mark Mahowald from the Adams spectral sequence. We have now 

proved the following theorem. 

S 
THEOREM 7.4.8 ~ = Z B[60] and 2B[60] = nA[59,2]. 

80 4 

The computations of Section 6 show that we have the following leaders. Since 

this is the final table of leaders of this section, we inlcude the leaders of 

all degrees. 

Row Degree Leader Row Degree Leader 

9 63 ~2~M21M2 46 66 ~2C[44]M7M 
1 2 1 2 

20- 
11 6S ~1M1M 3 47 65 vC[44]M3<M2>l 2 

18 64 4C[181MTM MaM 51 65 oC[441M4M 
1 2 2 3  12 

2O 
23 63 z2M 1 52 64 A[S2,1]M~M 2 

32 66 A[32,1]M2<M > 53 63 ~A[50,1]M~Mz, A[8]D[45]M2M 
1 4 1 2 

34 64 2B[34]MSM M 54 66 nA[8]D[45]M3M 
1 2 3  1 2  

39 63 ~A[32,1]MSM 2 55 63 ~A [54 ,2 ]M l<  
12  

40 66 ~A[39,3]M3M <M > 56 62 v2A[50,2]M 3 
1 2  3 1 

40 64 ~ A [ 3 2 , 1 ] ~ < M  > 56 66 A[56]M2M 
1 3 I 2 

44 66 2C[44]M2M 3 59 65 A[59,1]M2, A [ 5 9 , 1 1 % ,  
1 2  
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65 2D[45]<M4><M2> A[59,21% 
I 2 

63 4D[4S]~M 2 60 62 Z4B[60]M I 

FIGURE 7.4.5: Leaders from Rows I to 60 of Degree at Least 62 

5. Computation of =~, 81 s N ~ 64. 

We continue the computations of Section 4. In the tables of leaders we 

include all leaders of degree less than 67. This will suffice to compute 

through the 64 stem modulo group extension problems which we can not resolve 

in the 62 and 63 stems. We use Tangora's computation [S9] of E of the Adams 
2 

spectral sequence through degree 70 to see that A[61] is not divisible by v, 

to eliminate one group extension in degree 62 and to eliminate several 

possible differentials in degree 64. Diagrams summarizing his computation are 

given in Appendix 6. 

From Figure 7.4.5, we see that there are three leaders of degree 62 and nine 

leaders of degree 83. Let g denote the mapping cone of 2 with p:S 

canonical map. If d6(~A[50,2]<%)= u2A[50,2]M~ then in the 

Atiyah-Hirzebruch spectral sequence for ~.BP, dS(p(W)<~) : p(u)2M~. Thus, 

d4(p(u)2M~) = p(nA[8])M 1 is zero, and nA[8] is divisible by n 2, a 

d I0" A <M2) then A[50,2]M3M shows that contradiction. If In [50,2] = B[60]MI 1 2 

hA[SO,2]<% is homologous to nA[S2,2]Ml% since B[60] = de(nA[52,2]Ml%). 

Then r shows that A[SO,2]M 2 has a representative with boundary DA[52,2] 
( 1 ,1 )  1 

which contradicts that uA[50,2] is nonzero and not divisible by n. 

) g the 

We show that uA[57] = O. Assume that ~A[S7] = nA[59,2]. Since 

dlg(4C[44]M7%) = A[571% and dS(2c[44]MT~) = 2o~[44]M?~, there must be a 

hidden differential dr(4c[44]M~%) = X with X in either the 53 or 55 row. 

There are three possibilities for X: uA[50, I]M12M2, A[8]D[45]M2~ and 
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nA[S4,2]M M. Now uA[SO, I]M2M can only bound from below the 36 row, and 
1 2  12 

thus X ~ uA[50, I]M2M . A representative of X will be homologous to a 
I 2 

representative of A[57]M 2. Thus, a representative of X will have boundary 

which represents DA[S9,2]M . We know that this true if X = ~A[54,2]MIM 2 

because A[54,2]M has a representative with boundary A[59,2]. Moreover, we 
2 

know that this is false if X= A[8]D[4S]b~IM2: dS(A[8]~l%) = A[14]M I, 

A[14]D[4S] ~ A[S9,1] (see the derivation of S ) A[59,2] = A[14]A[4S,2] and 
80 ' 

we can thus choose a representative of D[45] such that A[14]D[45] = O. 

Therefore, dI2(4C[44]M:M ) : nA[S4,2]MIM 2. Let ~ denote the mapping cone of 

DAIS4,2] with p:S > ~ the canonical map. In the Atiyah-Hirzebruch spectral 

sequence for ~.BP, dI4(p(4C[44])M:M 2) = p(A[57])% and d4(p(A[57])M 2) = 

p(wA[S9,2])M,. Thus, p(nA[S9,2]) = 0 and nA[S9,2] e nA[54,2]-~ S = 0 a 
s 

contradiction. Therefore, vain7] v nA[59,2] and 

vA[h7] = O. [ 7 . 3 2 ]  

Since  B[60] = dS(nA[52,2]M1M2),- we see  f rom Theorem 2 . 4 . 5 ( a )  t h a t  

B[60] e <n, w A [ 5 2 , 2 ] , ~ , u > .  [ 7 . 3 3 ]  

Thus ,  2 B [ 6 0 ]  e 2 < ~ , ~ A [ 6 2 , 2 ] , ~ , u >  £ < < 2 , ~ , ~ A [ 5 2 , 2 ] > , ~ , # >  = < ~ A [ B 4 , 2 ] , ~ , u >  

b e c a u s e  v // 2 B [ 6 0 ] ,  S = Z 7 } A [ 5 4 , 2 ]  e Z2~" 6 and  < 2 ~ ' 6 , ~ , v >  = ~'6<2 ~ , # >  = O. 55 2 

Thus, nA[H4,2]M 2 has  a r e p r e s e n t a t i v e  w i th  boundary  2B[60] and 

dS(nA[S4,2]M1M2 ) = 2B[60]M 1. Note t h a t  nA[S4,2]M1% must be nonze ro  in  E 6. 

Thus, d4(A[52,1]M~M2) can  not  equa l  ~A[54,2]M1%. T h e r e f o r e ,  uA[52 ,1]  e q u a l s  

0 and not  nA[S4 ,2] .  S i n c e  d 1 2 ( B [ 3 4 ] < )  = 2D[45] ,  d~2(2B[34]M:M2M3 ) 

= 4D[45](MSM +M2M ). We w i l l  show in  t he  d e r i v a t i o n  o f  S t h a t  ~A[32,1]M6M 2 
1 2  1 3  62 1 2  

= d22(4C[18]M:M2M:M3). Since B[60]M l could only bound from below the 53 row, 

20 
uA[SO, I]M M2, A[8]D[4S]M2M 2 and wA[54,2]MIM 2 transgress. Since ~2MI = 

r A (~'2< 1) and there is no possibility for a hidden differential on ~2M~ I, 
1 

d38( M 2°) Thus, ~2M: ° transgresses. We shall see in ~2 i can not equal B[60]M I. 



Section 8.3 that O 
s 

transgress to 

A[S4,1] = d36( 

Theorem 2.4.6 

= A<nA[8]D[4S] 

B[60] E Indet 

d S ( n A [ S 4 , 2 ] M 2 )  

4~2M:SM 2 transgresses. Let A[61] = de(v2A[SO,2]M~). 

A[61] e <~,v,u2A[50,2]>.  
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exists and  t h a t  the o n l y  possibility is f o r  1920"M21M 2 to 
1 2 

Assume that d42(4/32MllS %) = B[60]M I. Recall that 8 s • 

M 18) , , f12 1 " By Theorem 2 2 .7 (b ) ,  <A[S4,1] 4 ,n ,v> is  def ined.  By 

(d) ,  B[60] e <A[54,1 ] ,4 ,  n,u> ~ <2A[54 ,1 ] ,2 ,n ,u>  

,2 ,~ ,v>  3 A~D[45]<A[8] ,2 ,n ,~> = O. By Theorem 2 . 3 . 1 ( b ) ,  

<A[S4,1],4,W,u> = <wA[54,2],~,u> + <A[S4,1],W2, u> = 

modulo (Tl, u). Thus B[60] = 0 in E 8, a contradiction. Therefore 

By Theorem 2.4.4(c), 

[7.34] 

Then 2A[61]  e 2<n,u,v2A[50,2]> = <2,n,u>u2A[SO,2] = O. Note that 

w~A[S4,1] = 0 and w~A[S4,2] = ~(vA[S2,2]) = O. We shall see that n2B[60] is 

nonzero. Moreover, A[61] projects to h (A+A') in the Adams spectral sequence, 
o 

an element of filtration degree 9 which can not be divisible by ~. Therefore, 

C A [ S 4 , 1 ]  = CA[S4,2] = O. [7.35] 

We have thus proved the following theorem. 

S 
THEOREM 7.5. 1 

61 = Z2A[61] ® Z2wB[60] 

The computations of Section 6 show that we have the following leaders. 

Ro,w Degree Leader Row Degree Leader 

9 63 ~2~M21M2 46 66 ~2C[44]MTM 
1 2 1 2 

20-- 
47 6S uC[44]~<M 2> 11 65 ~lMl Ha I 2 

18 64 4C[18]M7M M2M S l  63 ~A[50 ,2 ]~M 
i 2 2 3  1 2  

23 63 ~2M~ 0 B2 64 A [ S 2 , 1 ] < M  2 

32 66 A[32,1]M2<M > 53 63 uA[50,1]M~M 2, A[8]D[45]M2M 
1 4 t 2  

34 64 ZB[34]~M M S4 66 ~A[SID[4SlM3M 
1 2 3  12  

39 63 ~A[ 32, 1]MSM 2 56 66 A[56]M~% u2A[ SO, 2] M2M 
12  ' 1 2  
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<M > 69 65 A[59 ,1 ]M 2, A [ 5 9 , , ] M 2 ,  40 66 nA [ 3 9 , 3  ] M~M 2 3 

40 64 ~A[32,, ]MS<M > A[S9,21% 
1 3 

44 66 2C [44 ]M2M 3 60 66 B [ 6 0 ] M  
1 2 2 

4~ 65 2D[ 4~ ] <M~><M2> 61 63 A [ 6 I  ]M1, ~ B [ 6 0 ] M  
1 2 1 

45 63 4D[ 4~]MSM 
! 2 

FICURE 7. S. I: Leaders from Rows I to 61 of Degree at Least 63 

From Figure 7.5.1, we see that there are eleven leaders of degree 63 and four 

leaders of degree 64. We observed in the derivation of S that 
61 

<%% +M2~ ~ if 4cI,8~M7~2~ survives to E ~8 then d:2(2B[34] ) = 4D[4S](M~M2 I 3 " I 2 2 3 

d28(4C[,8]MTM MeM ) = 2D[45]M2M s i n c e  d28(4C[ ,8]MllM ) = D[45] and  
1 2 2 3  1 3  1 2 

2D[45](M6M1 2 +N3)2 i s  a d - b o u n d a r y .  However,  d4(2D[45]M M a) = 2uD[45]H 3 ~ O. 

Thus ,  4C[18]NTM M2M must  h i t  an  e l e m e n t  b e l o w  t h e  45 row. The o n l y  
1 2 2 3  

possibility is d22(4C['8]MTM M2M ) = ~A[32,1]MsM 2. 
1 2 2 3  1 2  

We show  t h a t  ~ A [ 3 2 , , ] M S < H  > t r a n s g r e s s e s  and  t h a t  d l ° (A[52 ,1]M3M ) = A[61]M . 
I 3 1 2  1 

S 
S i n c e  p . ~  = O, A[8 ]A[SO,2 ]  e < ~ , v , 2 u > A [ 5 0 , 2 ]  = ~ < u , 2 v , A [ S O , 2 ] >  

ss 

c <u,2u,wA[gO,2]> = <u,2v, v2A[4S, l]> = <v,2u,u2>A[4S, 1] = O. Thus, 

A [ 8 ] A [ 5 0 , 2 ]  = O. O b s e r v e  t h a t  hA[61]  e ~ < u 2 A [ 5 0 , 2 ] , u , n >  c n < A [ S O , 2 ] , u 3 ,  n> 

= n<A[50,2l ,nA[8] ,n> ~ ~<A[50,2],A[81,n2>( <A[SO,21,A[8I,n3> 

= <A[SO,2],A[8],4u> ~ 2u<A[50,2],A[8],2> c 2 v - ~  S = O. Thus ,  h A [ 6 , ]  e 
59 

(n2,~A[SO,2]) ,  hA[61]  = 0 an d  A[61]M must  be a b o u n d a r y .  S i n c e  
1 

noA[32,1]M~<M3> = r& (nA[39,3]M~Hz<M3 >) (see the derivation of $64 ) and there 
I 

T i s  no p o s s i b i l i t y  f o r  a h i d d e n  d i f f e r e n t i a l  on  nA[39 , 3 ]M  M2<M3>, 

~ I  ~ . '  ~<~ > ,  3 ~ a n  b o u n d  n e i t h e r  ~ 0~ ~<%. ~ ~0.~ ~<%. ~ ~,,~1 n o r  

~B[60]M . Thus ,  ~ A [ 3 2 , , ] M S < M  > t r a n s g r e s s e s .  The o n l y  r e m a i n i n g  p o s s i b i l i t y  
1 1 3  

i s  dl°(A[52,1]M~M ) = A[S, ]M a. 

B[62] = d4°'t~2M2°)l ' A [ g 2 , 1 ]  = d44(~Z~M21M2)'l 2 A [ 6 2 , 2 ]  = d44(4~2Mi~Mz), Now 

A [ 6 2 , 3 ]  = d l ° ( v A [ 5 0 , 1 ] M ~ M 2 ) ,  A [ 6 2 , 4 ]  = d l ~ ( n A [ 5 0 , 2 ] M ~ < ) ,  
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A'[62] = dlO(A[8]D[45]M~%) and ~2B[60] are nonzero. We shall see i n  

Section 8.3 that A[62,1] = 8 and that 28 = O. By Theorem 2.4. S(b), 
s 5 

A[62,3] e <n,v, vA[50,1],v>. [7.36] 

Thus, 2A[62,3] e 2<n,v, uA[50, l],v> c <<2,n,u>,#A[SO,1],v> = <O,uA[HO, l],v> 

S Now vA[59,2] = W2B[60] and A[S9,1]M 2 bounds. Thus, vA[59,1] • (n) 
= V "  ~S9" 1 

= Z2~2B[60] ,  and t h e r e  i s  a c h o i c e  o f  A [ 5 9 , 1 ]  such t h a t  

v A [ S 9 , 1 ]  = O. [ 7 . 3 7 ]  

As o b s e r v e d  by Mark Mahowald,  A [ 6 2 , 3 ]  i s  r e p r e s e n t e d  by by  h n i n  t h e  Adams 
5 

s p e c t r a l  sequence £rom w h i c h  i t  f o l l o w s  t h a t  

A [ 6 2 , 3 ]  e < A [ 3 0 ] , 2 ,  A [ 3 1 ] > .  [ 7 . 3 8 ]  

Then 2 A [ 6 2 , 3 ]  • 2 < A [ 3 0 ] , 2 , A [ 3 1 ] >  = < 2 , A [ 3 0 ] , 2 > A [ 3 1 ]  = ~ A [ 3 0 ] A [ 3 1 ]  = O. Note 

t h a t  v < 2 , ~ , n A [ 1 4 ] >  = 2 < ~ , ~ A [ 1 4 ] , v >  = 2 ( 2 C [ 2 0 ] )  = v ( v A [ 1 4 ] )  and 

~ < 2 , ~ , ~ A [ 1 4 ] >  = < ~ , 2 , ~ > n A [ 1 4 ]  = 2 v ( n A [ 1 4 ] )  = O. Thus, 

< 2 , ~ , ~ A [ 1 4 ] >  = v A [ 1 4 ] .  [ 7 . 3 9 ]  

Since dO(A[8]D[45]<%) = D[45]d8(A[8]M~M2 ) = D[45](nA[14]MI), A'[62] • 

<n,wA[14],D[4S]>. Thus, 2A'[62] e 2<n, wA[14],D[4S]> = <2,w, nA[14]>D[4S] 

= vA[14]D[4S] = O. We shall see in the derivation of S that 
63 

2B[62] = A'[62]. Thus, 

2B[62] • <n, nA[14],D[46]>. [7.40] 

Since A[62,2] = d44(4f12M:9%) and A[56] = d38(2f12M:eM2), Theorem 2.4.6(d) 

implies that 
A[62,2] • <v,n,2,A[56]>. [7.41] 

Now 2A[62,2] • 2<A[S6],2,n,v> c <<2,A[S6],2>,n,v> c <nA[S6],n,u> 

= <vA[S4,1],n,v> D A[S4,1]<v,n,v> = A[8]A[54,1] = <n,v,2v>A[54,1] 

= n<v,2u,A[54,1]>. Thus, 2A[62,2] • (n,v) = Z2n2B[60]. Assume that 2A[62,2] 

= n2B[60]. Let ~ denote the mapping cone o£ A[56] with p:S ~ ~ the 

S 
ca/nonical map and a:~[ ~ ~*-s7 the connecting homomorphism in the long 

exact sequence induced by multiplication by A[56]. In the Atiyah-Hirzebruch 

spectral sequence for g,BP, p(A[62,2])M I is nonzero in E 6 because 
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p ~ - 1 ( 2 )  = p ( A [ 6 2 , 2 ] )  would imply A[62,2 ]  • <v ,A[56] ,~2> and 

2A[62,2 ]  ~ 2<~2, A [56 ] ,p>  = <2,~2, A[56]>v,  A [$9,2 ]  e <2,~2, A[56]> and 

~A[59,2 ]  e ~<2,~2, A[56]> = <~,2,~2>A[56] = O, a c o n t r a d i c t i o n .  By 7.41,  

de(a-l(2)M1M2) = p (A [62 ,2 ] )M  1 and p ( A [ 6 2 , 2 ] )  e < v , ~ , a - l ( 2 ) > .  Then 

2p (A [62 ,2 ] )  • 2<v ,~ ,8 -1(2)>  c <2v,~ ,0-1(2)> 3 v<2 ,~ ,a - l ( 2 )> .  Thus, p ( A [ 5 9 , 2 ] )  

i s  an element o f  <2,~ ,a-1(2)> .  Then p (~A [59 ,2 ] )  • ~<2,~ ,a-1(2)>  

= <~,2,~>a-1(2)  = 2va-1(2) and p (B [60 ] )  is  d i v i s i b l e  by v. Thus, 

p (~B[60 ] )  = 0 and ~B[60] is  d i v i s i b l e  by A[56] ,  a c o n t r a d i c t i o n .  

There fo re ,  2A[62,2 ]  ~ ~2B[60] and 2A[62,2 ]  = O. We s h a l l  see tha t  

~A[62,4 ]  ¢ O. There fo re ,  A [62,4 ]  is  not d i v i s i b l e  by 2. We have thus proved 

the following theorem. 

THEOREM 7.5.2 S has a composition series 
62 

Z2A[62,4], Z2A[62,1] ~ Z2A[62,2] ~ Z2A[62,3] ® Z4B[62] • Z2D2B[60] 

where 2A[62,4] e Z2D2B[60]. 

The computations of Section 6 show that we have the following leaders. 

Row De~ree Leade r  Row Degree  L e a d e r  

11 65 ~1M~°% 52 66 A[52, I]M71 

32 66 A[32,1]M2<M > 56 66 A[S6]M2M2 v2A[SO,2]M2M 
1 4 ' 1 2 

40 64 "r/o'A[32,1]MS<M > 59 65 A[59,1 ]M 2, A[S9,1]M 2 
1 3 

40 66 "oA[39,3]M3M <M > A[59,2 ]M 
l 2 3 2 

44 66 2C[44]M2M 3 60 66 B[60]M 
1 2 2 

45 65 2D[45]<M4><M2> 62 64 A[62,1 ]M ,A[62 2]M 1, 
1 2 1 ' 

46 66 ~2C[ 44 ] M~M2 A[62,4]M1,2B[62]  MI, "~2B[ 60]M 1 

47 65 vC[ 44] M3<M2> 62 66 A[62,3 ]M 2 
1 2 

51 65 o'C[ 44 ] H41M2] 

FIGURE 7.5.2: Leaders from Rows 1 to 62 of Degree at Least 64 
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From Figure 7.5.2 we see that there are six leaders of degree 64 and eight 

l e a d e r s  o f  d e g r e e  65.  C l e a r l y  A [ 5 9 , 1 ] M  t r a n s g r e s s e s .  S i n c e  u A [ 5 9 , 1 ]  = O, 
2 

A [ 5 9 , 1 1 %  t r a n s g r e s s e s .  S i n c e  u A [ 5 9 , 2 ]  = D2B[60],  d 4 ( A [ S g , 2 ] M 2 )  = D2B[60]M1. 

S i n c e  2D[45]<M4><M2> i s  t w i c e  a b o u n d a r y ,  i t  must  be  a b o u n d a r y .  O b s e r v e  t h a t  
1 2 

a r e p r e s e n t a t i v e  o f  8M2SM2+M321 2 1 h a s  b o u n d a r y  2D2o-M21~l 2 u n i o n  61M12OM22 

modu lo  (261)  and  e l e m e n t s  o f  f i l t r a t i o n  d e g r e e  50. S i n c e  r A (61M2°M 3) 
1 

= MI~ M2°M21 2' 61<0% has a representative ~ with boundary 

(A[62,112 A ~1 ) u (A[62, i] A B2 n). Then ~ u (BA[62,112 A ~I ) represents 

20- 
20- A W) u (A[62,1] A B27}). Thus, 61M 1 M 3 61M 1 M 3 and has boundary (BA[62,112 

transgresses to an element B[64, I] of <A[62,1],2,W> and 

2B[64,1] ~ 2<W,2,A[62,1]> = <2,n,2>A[62,1] = n2A[62,1]. 

We show that hA'[62] = 0 and that A'[62] = 2B[62]. By 7.40, 

A'[62] ~ <w2, A [ 1 4 ] , D [ 4 5 ] >  and  h A ' [ 6 2 ]  • n<n2, A[14],D[45]> c <-03, A [ 1 4 ] , D [ 4 5 ] >  = 

< 4 u , A [ 1 4 1 , D [ 4 5 ] >  c <2 u ,O ,D[4 5 1 >  = 2u.~6So + D[4S]'r~Sle = {C[18 ]D[45 ] ' nc~ 2D[45 ]}"  

S S 
Now C [ 1 8 ] D [ 4 5 ]  ~ D[45]<o',2o',u> = <D[45],o',2o'>u c u-r~so = O. S i n c e  n-r~sa = 

Z2OA[8]D[45] ,  ~x2D[45] ~ nD[45]<o ' ,16 ,~xl> = - ~ 1 < D [ 4 5 ] , o - , 1 6 >  = k ~ x l A [ 8 ] D [ 4 5 1  

= k~x uaD[45]  = O. Thus ,  "oA' [62]  = 0 and  A' [6211,t must  be  a b o u n d a r y .  Assume 
1 1 

that d12(oC[44]M = A'[62]M I. Then a representative of A[40,1]M~%<M 3 

would show that oC[44]M s is homologous to A[8]D[4S]M2M . It would follow that 
1 I 2 

d14(wA[40,1]M3M <M >) = wA[8]D[45]M3M . However, this would contradict the 
1 2  3 1 2  

8 
fact that ~A[40, I]MaM <M > is a d-boundary. Thus, ~C[44]M4M transgresses. 

1 2  3 1 2  

Similarly, i f  dlS(vC[44]M~<M~>) = A'[62]M 1 then a representative of 

A[40,1]MS<M2> would show that uC[44]M2<M2> is homologous to A[S]D[4S]M2M . 
1 2 1 2 1 2 

Then dI4(~A[40,1]M~<~2>) = ~A[8]D[4S]M~M 2 which c o n t r a d i c t s  the fact that 

8 
wA[40,1]M7<M2> is a d-boundary. The only remaining possibility is 

1 2 

= = , M 20) d4°(2~2M 21) = 2B[62]M 1 d"°(2~'2M~l) A' [62]M 1. Since 2)'2M~1 (ZMI] L~'2 1 ' 

and A ' [ 6 2 ]  = 2 B [ 6 2 ] .  
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We show that A[62,4]M 1 can not be a boundary. Assume that dls(vc[44]M~<M~>)a ~ 

= A[62,4]M . Let ~ denote the mapping cone of nC[44] with p:S ) ~ the 
1 

S S 
canonical map. Let 0 : ~ .  > g*-46 d e n o t e  t h e  c o n n e c t i n g  homomorphism in  t h e  

l o n g  e x a c t  s e q u e n c e  i n d u c e d  by m u l t i p l i c a t i o n  by  ~C[44] .  The f o l l o w i n g  

o b s e r v a t i o n s  show t h a t  p ( A [ 6 2 , 4 ] ) M  i s  n o n z e r o  i n  E la o f  t h e  A t i y a h - H i r z e b r u c h  
1 

s p e c t r a l  s e q u e n c e  f o r  g .BP.  

1) n does  no t  d i v i d e  A [ 6 2 , 4 ] .  

2) d2(C#- l (~l )M1)  = 8-1(ni~1) and O-I(#A[14])M1 = ds(O-I(A[8])M:M2) .  

3) The o n l y  e l e m e n t s  f rom Z88-1(/31) ® H6BP which s u r i v i v e  t o  E 6 a r e  

di2-boundaries. 

4) The only elments from [Z2a-I(~A[8]) ® Z2~-l(I)2tr) (9 Z2~-1(0~1 ) ] ® HsBP 

which survive to E 8 are d1°-boundaries. 

5) The only element from Z a-1(2~) ® H BP which survives to E I° is 
8 I0 

o-l(2o-)M:,  and dlO(o-l(2~z)M~) = 0 - 1 ( A [ 1 6 ] ) .  

6) The o n l y  e l e m e n t s  f rom Z a - l ( v )  ® H BP which  s u r v i v e  t o  E 14 a r e  
8 1 6  

Z2a-I(u){M:,MI<M3>}. Assume that one of these elements 8-1(u)X bounds 

@(A[S2,4])M . Let ~' denote the mapping cone of W with p':S > ~' the 
1 

canonical map and 8 the connecting homomorphism in the long exact 

s e q u e n c e  i n d u c e d  by m u l t i p l i c a t i o n  by n. In  t h e  A t i y a h - H i r z e b r u c h  

s p e c t r a l  s e q u e n c e  f o r  g ' I B P ,  p ' ( A [ 6 2 , 4 ] ) M  1 = d 1 2 ( C [ 4 4 1 8 ' - l ( u ) X )  = 

C[44]d12(0 - l ( v ) X ) .  Thus, p ' ( A [ 6 2 , 4 ] )  i s  d i v i s i b l e  by C[44] .  The o n l y  

p o s s i b i l i t y  i s  p ' ( A [ 6 2 , 4 ] )  e { C [ 4 4 ] p ' ( C [ 1 8 ] ) , C [ 4 4 ] p ' ( D ~ 2 ) }  and 

A[62 ,4 ]  e {C[44]C[18] ,C[44]n~2}+Zz~2B[60] .  Now C[44]C[18]  = 

d12(2oC[44]M~) = 0 i n  E lz and A[62 ,4 ]  i s  n o n z e r o  i n  E lz.  Thus,  A[62 ,4 ]  

i s  d i v i s i b l e  by  ~, a c o n t r a d i c t i o n .  T h e r e f o r e ,  n e i t h e r  e l e m e n t  o f  

Z28-1(v){M:,Ml<M3>} can  bound p ( A [ 6 2 , 4 ] ) M  1. 

Now dle(p(uC[44])M3<MZ>) = p ( A [ 6 2 , 4 ] ) M  . A p p l y i n g  r A we s e e  t h a t  
1 2 1 ' 

1 

p (C[44] )M M <M2> shows t h a t  p(uC[44])M2<M2> i s  homologous  t o  p(0C[44])M3M not  
1 2  2 1 2 1 2  
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p ( n A [ S O , 2 ] } < % ,  a c o n t r a d i c t i o n .  Thus ,  d16(uC[44]M~l<<>} i s  n o t  A [ 6 2 , 4 ] M .  

T h e r e  i s  no o t h e r  way f o r  A [ 6 2 , 4 ] M  1 t o  bound  f r o m  b e l o w  t h e  51 row,  and 

A[62,4]M 1 i s  n o t  a b o u n d a r y .  

Now A [ 6 2 , 1 ] M  1, A [ 6 2 , 2 ] M  1 and  nCA[32,1]M:<M3> c a n  o n l y  bound  f r o m  b e l o w  t h e  

40 row. T h e r e  a r e  no s u c h  l e a d e r s  o f  d e g r e e  65 r e m a i n i n g  w h i c h  c o u l d  bound  

a n y  o f  t h e s e  e l e m e n t s .  Thus ,  A[63]  = d 2 4 ( ~ ¢ A [ 3 2 , 1 ] < < M 3 > ) ,  ~ A [ 6 2 , 1 ] ,  ~ A [ 6 2 , 2 ]  

and ~ A [ 6 2 , 4 ]  a r e  n o n z e r o .  S i n c e  ~ 2 A [ 6 2 , 1 ]  and  n 2 A [ 6 2 , 4 ]  w i l l  be  s e e n  t o  be 

n o n z e r o ,  2A[63]  e Z 2 n A [ 6 2 , 2 ] .  We h a v e  t h u s  p r o v e d  t h e  f o l l o w i n g  t h e o r e m .  

THEOREM 7 . 5 . 3 .  S h a s  a c o m p o s i t i o n  s e r i e s :  
63 

Z2A[63], Z2~A[62,1] ~ Z2wA[62,2] e Z2~A[62,4] e Z128~ 7 

where 2A[63] c Z2~A[62,2].  

The computations of Section 6 show that we have the following leaders. 

Row Degree Leader Row De~ree Leader 

32 66 A[32 1]M2<M > 56 66 A [56 ]<M u2A[50,2]M2M 
' 1 4 2 '  1 2 

> 65 AEsg, AEsg, l l M  40 66 nA[ 39,3 ]"3M2<"3 ' 2 

44 66 2C[44]M2M 3 60 66 B[60]M 2 
1 2 

45 65 2D[4S] <M4><M2> 62 66 A[62, 1 ]M~, A[62,2 ]M~, A[62,3 ] M:, 
1 2 

47 65 uC[44]M3<M2> 63 6[5 A[63]M , nA[62,1]M1, 
1 2 

51 65 o-C[44]M~M 2 "~A[62,2]M 1, ~A[62,4]M 1 

52 66 A[B2, 1]M 7 
1 

FIGURE 7.5.3: Leaders from Rows 1 to 63 of Degree at Least 65 

T h e r e  a r e  t e n  l e a d e r s  o f  d e g r e e  65 and  f o u r t e e n  l e a d e r s  o f  d e g r e e  66.  I n  
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the derivation of K S we showed that 2D[45]<M4><M2> must bound. Since 63 i 2 

2D[45]<M4><M2> can only bound from below the 34 row, the only possibility is 
1 2 

dl 'CA[32'1]M~<M, >) = 2D[45]<M'><H2>l 2 " C l e a r l y  A[62,1]M~, A[62,2]M 21, A[62,3]M~, 

2B[62]M~ and A[62,41M~ transgress. Since vB[60] = uC[20] 3 = O, B[6OIM 2 

t ranss resses .  Note tha t  d38(2~2M~°M 2) = A[S6]M;, r& (2~2M~°M2) = 2~2M~2 and 
1 

d~4(2~2M~ 2) = A[62,2]. Thus, A[56]M41 is homologous to A[62,2]M I, 

de(A[56]M12~) = nA[62,2]M 1 and 

~A[56] = ~A[62,2]  

can not hit DA[62,1]M1, ~A[62,4]M I 

[7.42] 

In addition, u2A[SO,2]M2M or A[S3]M 
1 2 1 

because u2A[SO,2]M~M 2 is in Image r A and there is no possibility fop a hidden 
1 

differential on u2A[HO,2]M3M . Thus, u2A[50,2]M2M also transgresses. 
1 2 1 2 

Clearly DA[8]Dt45]M~M 2 survives to E I° and dI°(nA[8]D[45]M~Mz) : 

~M = 0 Therefore, nA[8]D[45]M~M must nd1°(A[8]D[45]M 2)MI = D(2B[S2])M I . i 2 

transgress~ Since uA[37] = noA[32,1] + DA[39,3], nA[39,3]MS<M > = 
1 3 

I 3 Applying r A , we see that d m 4 ( ~ A [ 3 9 , 3 ] M  <M3>) = 
1 

2o- uC[44]M3<M2>, oC[44]M4M and A[59,1]M 2 can only bound A[63]M 1. Since ~lM1 M3, 1 2 1 2 

f r o m  b e l o w  t h e  40  row,  n o n e  o f  t h e s e  e l e m e n t s  c a n  b e  a b o u n d a r y .  

The remain ing leaders of  degree 66 are n2C[44]M~M2 , 2C[44]M~M 3 and A[52,1]M~. 

Note tha t  A[59,1]M 2, A[59,1]M 2 can on ly  bound from below the 38 row, 52 row, 

r e s p e c t i v e l y .  I f  d14(~C[44]M~M2 ) = A [ 5 9 , 1 ] ~  then n2C[44]MVl has a 

r ep resen ta t i ve  w i th  boundary A[59,1]  and d14(n2C[44]MTM2) = A[59,1]M 1 which 

8 
contradicts that n2C[44]MSM is a d-boundary and that A[59, I]M bounds from 

1 2 1 

the 38 row. Thus, the only possible differentials are dlS(~2C[44]MT~) 

= DA[62,4]MI, dI6(2C[44]M~M~) 

dlZ(A[S2,1]M~) = ~A[62,4]M I. 

that the order of K S is 2 s. 
64 

d °C C 44JM  or = A[59,1] , M ) = wA[62,4]M 1 

HoweveP, we see from the Adams spectral sequence 

Thus, w2C[44]M:~, 2C[44]M~M: and A[52,1]M: must 

transgress. 
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Let A[64,11 = d1&(o~[44]H~M2 ), A[64,21 = d6(A[S9,1IH~), A[64,3]  = 

d6(A[59,1]M2), B[64,11 = dS'(/3 M~°M 3) and B[64,21 = d18(vC[44]M3<<>). Then 

A[64,1 ] ,  A[64,2 ] ,  A [64,3 ] ,  B[64,1] ,  B[64,2 ] ,  n2A[62,1] and ~2A[62,4] must be 

nonzero. By Theorem 2.4.6(c), 

A[64,1]  e <n,v,oC[441,~>. [7.431 

Thus modulo 2.1ndet <n,u,¢C[44],~>, 2A[64,1] e 2<n,v,¢C[44],~> 

= 2<n,v,~,~C[44]> = <<2,n,u>,~,~C[44]> = <0,~,¢43144]> = ~C[44].~ S = O. Then 
13 

2A[64,1] ~ 2.1ndet <n,u,~C[44],~> = 2<n,v,X> u 2<n,Y,~> u 2<Z,~C[44],¢> where 

S S S 
X e ~ with vX = O, Y e ~ with ~Y = cry = 0 and Z e ~ = O. Thus, 

S 9  S 5  S 

S 
2 A [ 6 4 , 1 ]  e < 2 , ~ , v > X  U < 2 , ~ , ~ A [ 5 4 , 2 ] > ~  U 2 ~ ' ~  = ~ < 2 , ~ , ~ A [ 5 4 , 2 ] > .  Now 

$7 

~ < 2 , ~ , ~ A [ 5 4 , 2 ] >  = < W , 2 , ~ > A [ 5 4 , 2 ]  = 2 v A [ 5 4 , 2 ]  = O. T h u s ,  2 A [ 6 4 , 1 ]  = ~ ( ~ A [ 5 6 ] )  

2 
= O. u A [ 6 1 ]  e ~ < ~ , v , v  A [ 5 0 , 2 ] >  = < V , ~ , u > p 2 A [ S O , 2 ]  = A [ 8 ] v 2 A [ B O , 2 ]  = O, a n d  

v A [ 6 1 ]  = O. [ 7 . 4 4 1  
By T h e o r e m  2 . 4 . 4 ( a ) ,  

A [ 6 4 , 2 1  ~ < n , A [ 5 9 , 1 ] , v > .  [ 7 . 4 5 ]  

S 
T h u s ,  2 A [ 6 4 , 2 ]  e 2<~,A[59,1],u> = <2,  n , A [ 5 9 , 1 ] > v  c u - ~  = O. By 

T h e o r e m  2 . 4 . 4 ( b ) ,  

A [ 6 4 , 3 ]  e < A [ 5 9 , 1 ] , ~ , v > .  [ 7 . 4 6 ]  

S Thus, 2A[64,3] e 2<A[59,1],~,v> = < 2 , A [ S 9 , 1 ] , ~ > u  c v . ~  = O. R e c a l l  t h a t  i n  
61 

S 
t h e  d e r i v a t i o n  o f  n we s h o w e d  t h a t  2 B [ 6 4 , 1 ]  = ~ 2 A [ 6 2 , 1 ]  a n d  

63 

B [ 6 4 , 1 ]  e < ~ , 2 , A [ 6 2 , 1 1 > .  [ 7 . 4 7 1  

I f  2 A [ 6 2 , 4 ]  = 0 t h e n ,  b y  Lemma 3.3.14, n 2 A [ 6 2 , 4 ]  mus t  be  d i v i s b l e  b y  2. I£  

2 A [ 6 2 , 4 ]  = ~2B[601 t h e n  ~ 2 A [ 6 2 , 4 1  e < 2 , ~ , 2 > A [ 6 2 , 4 1  c < 2 , ~ , 2 A [ 6 2 , 4 ] >  

= < 2 , ~ , ~ 2 B [ 6 0 ] >  = < 2 , ~ , v A [ 5 9 , 2 ] >  ~ <2,~,v>A[Sg,2] = 0 m o d u l o  ( 2 ) .  T h u s ,  i n  

b o t h  c a s e s  wZA[62 ,4 ]  i s  d i v i s i b l e  b y  2. The  o n l y  p o s s i b l i t y  i s  

2 B [ 6 4 , 2 ]  = ~ 2 A [ 6 2 , 4 ] .  We h a v e  t h u s  p r o v e d  t h e  f o l l o w i n g  t h e o r e m .  

S 
= Z2A[64 , B [ 6 4 , 1 ]  e THEOREM 7 . 5 . 4  ~64 1] ¢ Z 2 A [ 6 4 , 2 ]  ¢ Z 2 A [ 6 4 , 3 ]  e Z 4 

Z B [ 6 4 , 2 ]  ® Z 2 ~  7 
4 

w h e r e  2 B [ 6 4 , 1 ]  = ~ 2 A [ 6 2 , 1 ]  a n d  2 B [ 6 4 , 2 ]  = ~ 2 A [ 6 2 , 4 ] .  
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I n  t h e  Adams s p e c t r a l  s e q u e n c e  gg2 = C [ 2 0 ] C [ 4 4 ]  and  h3Q 2 = ~ A [ 5 7 ]  a r e  n o n z e r o  

i n f i n i t e  c y l c e s  d i s t i n c t  f r o m  B [ 6 4 , 1 ] ,  2 B [ 6 4 , 1 ] ,  B [ 6 4 , 2 ]  a n d  2 B [ 6 4 , 2 ] .  S i n c e  

b o t h  C [ 2 0 ] C [ 4 4 ]  a n d  ~ A [ 5 7 ]  a r e  z e r o  i n  E 14, { C [ 2 0 ] C [ 4 4 ] , ~ A [ 5 7 ] }  

= { A [ 6 4 , 2 ] , A [ 6 4 , 3 ] } .  N o t e  t h a t  ~A[57]M 2 : dS(A[57]<M2>)  = 0 i n  E e b e c a u s e  
1 2 

14 < 6 
A[57]<M2> is a d -boundary. Since A[64,2] is a d -boundary and A[64,3]M 2 

2 I 

is nonzero in E s, 

~A[ST] = A[64,2] and C[20]C[44] = A[64,3]. [7.48] 

6. Tentative Differentials 

In this section we give the tentative differentials determined by the 

differentials on leaders of degree greater than or equal to 47 which were 

determined in this chapter. We continue the computations made in Chapter S, 

Section 4 and use the same format and notation. These computations are 

complete through degree 68. 

2 
DEGREE 9: ~ m and 

1 

The only differential i n  degrees less than 70 is d3°( 2crM21M 2) = A[62,1] 

DEGREE 11: ~1 

The leading differential d4°(4~I {M7~I 2 3+MI°M-2MI 2 3+M14~))I 2 = A[50, I]M 2 determines 

tentative differentials whose kernel in degrees less than 70 is given below. 

These differentials are computed by making the following assignments to 

monomials in Zs~ 1 ® H46BP: M7M3M is assigned I and all other monomials are 
123 

assigned O. 



DEGREE GROUP GENERATOR 

( S 4 , 1 1 )  Z 20  0 1 0 
2 
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DEGREE 

(68,11) 

GROUP GENERATOR 

Z 4 /  7 0 1 1  
2 

4 /  13 3 1 0 
6/ 4 6  1 0 
6/  10 4 I 0 
I /  20 3 0 0 
5/  22 0 1 0 
1/ 26 1 O 0  

The leading differential dS2(~iM[OM3)O- = B[64,1] determines tentative 

differentials by making the following assignments to monomials in 

.3~.~. are Z8~1 ® Hs4B~: M~4~21 2 3' Ml%M3' M3~-'3~, 2 4' ~7%M4' M~<, M13~21 3' M17%%' M21M21 2 

assigned I and all other monomials are assigned O. We have the tentative 

differential dS2(~iM~2 %) = B[64,1]M~. There are no remaining elements in 

degrees less than 70. 

2 
DEGREE 17: "~ Zi  and ~2 

The leading differential d32( 2 Mi9) # 7i I = ~A[47]M~ is computed by assigning I to 

2 ..-?6 2 .7~4 2 .13..-~2 2 .IS and assigning 0 to all 
the monomials # $1MIM2, # ~IMIM2, ~ ~1M1M2, D ~IMI 

the other monomials of degree 55. The tentative differentials have kernel in 

M14M degrees less than 70 given by the table below, and the new leader is ~ 
i I 2 

DEGREE BAS I S DEGREE BAS I S DEGREE BAS I S 

( 3 4 ,  17)  14 i 0 0 ( 3 6 ,  17)  IS I 0 0 ( 4 2 ,  17)  14 0 I 0 

15 2 0 0 (44 ,  17)  15 0 I 0 (46 ,  17)  13 I 1 0 
2 3 0 0 0  

14 3 0 0 (48 ,  17) 14 1 1 0 15 3 0 0 

(50 ,  17) 12 2 1 0 15 1 I 0 (52 ,  17) 13 2 1 0 
1 9 0 1 0  

The leading differential d32(~2M:4 <) = ALSO, I] is computed by assigning I to 

2 M~n4 2 .11.-2 2 .17 ~ MeM -s, ~ MgM 3, ~ MI4M and 0 to 
the monomials n E 1 M 2, W ~IMI M 2, W EIM 1 , 2 1 2 2 1 2 2 1 2 

all other monomials of degree 51.  These tentative differentials have the 

following kernel in degrees less than 70: 
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DEGREE BAS I S DEGREE BAS I S 

(42, 17) 15 2 0 0 (46, 17) 13 1 1 0 
23000 

The l e a d i n g  d i f f e r e n t i a l  d38( 2 MlSM 2) = A [ 5 2 , 1 ] M  3 d e t e r m i n e s  t e n t a t i v e  

differentials which are a monomorphism on the remaining elements in degrees 

l e s s  t h a n  70.  Thus ,  t h e r e  a r e  no r e m a i n i n g  e l e m e n t s .  

DEGREE 18: C[ 18] 

The differential d22(4C[181M]M2M~M3) = ~A[32'I]MSM212 leaves no remaining 

elements in degrees less than 69. 

DEGREE 19: ~2 

The leading differential d3S(~2M~8)" = A[54,1] determines tentative 

differentials whose kernel in degrees less than 70 is given below. These 

d i f f e r e n t i a l s  a r e  c o m p u t e d  by m a k i n g  t h e  f o l l o w i n g  a s s i g n m e n t s  t o  m o n o m i a l s  o f  

ZgB2 ® H3sBP: Mlsl i s  a s s i g n e d  I ,  and a l l  o t h e r  m o n o m i a l s  a r e  a s s i g n e d  O. The 

new ~2-1eader is 2~2M~SM ~. 

DEGREE GROUP GENERATOR DEGREE GROUP GENERATOR DEGREE GROUP GENERATOR 

( 3 8 , 1 9 )  Z 2 /  16 1 0 0 ( 4 2 , 1 9 )  Z 14 0 1 0 Z 2 /  18 1 0 0 
2 2 2 

(44 ,  19) Z 2 /  19 1 0 0 (46 ,  19) Z 1 /  14 3 0 0 Z 2 /  20 1 0 0 
4 2 2 

6 /  22 0 0 0 6 /  20 I 0 0 

(48 ,  I9 )  Z 14 1 1 0 (50 ,  19) Z 1 /  15 1 1 0 Z 2 /  15 3 0 0 
4 2 2 

7 /  l g  0 1 0 
1 /  22 1 0 0 Z 2 /  22 1 0 0 

2 

The leading differentials d38(2~2M~SM2 )I - = A[56] determines tentative 

differentials by making the following assignments to monomials of 

Z8/~2'- ® H38BP: Mlsl i s  a s s i g n e d  1, M13M21 2 i s  a s s i g n e d  6 and  a l l  o t h e r  m o n o m i a l s  
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are assigned O. The kernel of these differentials in degrees less than 70 is 

14- 
given by t h e  t a b l e  b e l o w  and t h e  new ~ 2 - 1 e a d e r  i s  ~2M1 M s. 

DEGREE GROUP GENERATOR DEGREE GROUP GENERATOR DEGREE GROUP GENERATOR 

( 4 2 , 1 9 )  Z 1 /  14 0 1 0 ( 4 4 , 1 9 )  Z 4 /  19 1 0 0 ( 4 6 , 1 9 )  Z t /  14 3 0 0 
z 6 /  18 1 0 0 2 2 6 /  20 1 0 0 

( 4 8 , 1 9 )  Z 14 1 1 0 ( 5 0 , 1 9 )  Z 1 /  15 1 1 0 
4 2 

7/ 18010 
7/ 22 I 00 

d4°(~zM~ determines tentative The leading differential 4M s) = nA[57]M I 

Is 2 
differentials which are computed by assigning I to ~2MI M 2 and 0 to all other 

monomials of Z8~ m ® H42BP . The kernel of these differentials in degrees less 

than 70 is given by the table below. 

DEGREE GROUP GENERATOR DEGREE GROUP GENERATOR 

(44 ,  19) Z 4 /  19 1 0 0 (48 ,  19) Z 2 /  14 1 1 0 
2 2 

The l e a d i n g  d i f f e r e n t i a l  d44(4~zMIlSM z) = A [ 6 2 , 2 ]  d e t e r m i n e s  t e n t a t i v e  

d i f f e r e n t i a l s  w h i c h  a r e  c o m p u t e d  by mak ing  t h e  f o l l o w i n g  a s s i g n m e n t s  t o  

monomials of Z8/~ 2 ® H44BP: MISM1 2 is assigned i, MlSM21 2 and M z21 are assigned 2, 

MI3M s is assigned 8, MISM and MI2M M are assigned 4 while all other 
1 2 1 3 1 2 3 

m o n o m i a l s  a r e  a s s i g n e d  O. T h e r e  a r e  no t e n t a t i v e  d i f f e r e n t i a l s  i n  d e g r e e s  

less than 70. The only remaining element is 2~2M14MMs " I  2 

DEGREE 21: uC[18] 

The leading differential d'4(.Cr18 M % s ) = (,At39,31+. At32,11     

determines tentative differentials which are a monomorphism on the remaining 

elements of Z2(uC[18]) ® H~BP in d e g r e e s  less than 68. 

DEGREE 22:  uA[19]  

The leading differential d3°(uA[19]M~M~M3 ) = oC[44]M~ leaves no remaining 

elements in degrees less than 69. 
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DEGREE 23: ~2 

The leading differential d4°( M 2°) = B[62] determines tentative 

5o and 0 to all other monomials of differentials by assigning I to ~2MI 

ZI6~ 2 ® H4oBP. The kernel in degrees less than 70 is given by the table 

below, and the new ~2-1eader is 2~2MISM2. 

DEGREE GROUP GENERATOR DEGREE GROUP GENERATOR DEGREE GROUP 

(42,23) Z 2/ 18 1 0 0 (44,23) Z 2/ 22 0 0 0 (46,23) Z 2/ 
2 4 2 

6/ 

Z 2/ 20 1 0 0 
8 

The leading differential d4°(2~zM~SM 2) = 2B[62]M I determines tentative 

21 and 0 to all other monomials of differentials by assigning 1 to ~2MI 

Z16~ 2 ® H42BP. The kernel in degrees less than 70 is given by the table 

below, and the new Y2-1eader is 2~2M~2. 

DEGREE GROUP GENERATOR DEGREE GROUP GENERATOR 

( 4 4 , 2 3 )  Z 2 /  22 0 0 0 ( 46 ,23 )  Z 4 /  20 1 0 0 
4 4 

GENERATOR 

2 3 0 0 0  
2 0 1 0 0  

DEGREE 24: ~A[23] 

The l e a d i n g  d i f f e r e n t i a l  d22(DA[23]MllSM 2) : 2D[45]M~M 2 d e t e r m i n e s  t e n t a t i v e  

differentials which are a monomorphism on the remaining elements of degree 

l e s s  than 69. 

DEGREE 30: A[30] 

The leading differential d:6(A[30]<M >) = ~A[32,1]M4M 2 determines tentative 
4 12 

differentials which are a monomorphism on 

Z2A[30]'(M4> ® Z2[<ld'~>2,'(ld2>21 2 ,<Ma>2,<M4>2,{Ms},...,{Mn } ' ' ' "  ]" There  a r e  no 

r e m a i n i n g  e l e m e n t s .  
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The leading differential d8(A[32,1](M12M3+<) = A[39,1]MleM2 determines 

tentative differentials with kernel in d e g r e e s  l e s s  t h a n  69 g i v e n  by 

Z2A[32,1]{<Ma, MmM +M2~+MS~+M14M }. The new A[32,1]-leader is A[32,1]MSM . 
1 4  1 2  1 2  1 2 1 3  

The leading differential dI4(A[32,1]M:%) = 2D[4S]MI<M3 > determines no 

tentative differentials by a s s i g n i n g  1 to  A[32, 1]NaM and 0 t o  a l l  o t h e r  
1 3 

monomials  o f  Z2A[32 , 1] ® HaoBP. The o n l y  r e m a i n i n g  e l e m e n t  i n  deg ree  l e s s  

than 69 is A[32, I] (MaM +M2~+Ma~+MI4M ). Moreover, 
1 4 1 2 1 2 1 2 

d32(A[32, i] (M2M +Me~+MS~+M14M )) = 2D[4S]<M4><M2>. 
1 4  1 2  1 2 1 2 1 2 

DEGREE 34: B[34] 

The leading differential ds(B[34]M~M2 ) ~ = ~A[40, I]M;q determines tentative 

differentials by making the following assignments to monomials of 

Z 2® [Z4B[34] ® H14 BP]: M4MI 2 and M 71 are assigned 1 and all other monomials 

are assigned O. The kernel of these tentative differentials in degrees less 

than 69 is given by the table below. 

DEGREE GENERATOR DEGREE 

( 12 ,34 )  6 0 0 0 (14 ,34 )  

GENERATOR DEGREE GENERATOR 

0 0 1 0 (18 ,34)  2 0 1 0 
4 1 0 0  6 1 0 0  

(20 ,34 )  4 2 0 0 (22 ,34 )  4 0 1 0 (24 ,34 )  6 2 0 0 
8 1 0 0  

(26 ,34 )  0 2 1 0 6 0 1 0 (28 ,34)  14 0 0 0 
4 3 0 0  1 0 1 0 0  

(30 ,34 )  8 0 1 0 2 2 1 0 (34 ,34 )  4 2 1 0 
12 1 0 0  6 3 0 0  8 3 0 0  

1 0 0 1 0  
1 4 1 0 0  

The leading differential de(p[34]M 6) = 2D[45] determines tentative 
i 

differentials by assigning 1 to B[34]M 6 and 0 to all other monomoials of 
I 
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Z 2 ® (Z4B[34] ® Hi2BP). These t e n t a t i v e  d i f f e r e n t i a l s  a r e  a monomorphism on 

the elements of the table above. There are no elements of 

Z2® [Z4B[34] ® Hi4 BP] r e m a i n i n g  in  d e g r e e s  l e s s  t h a n  89. 

The leading differential dle(2B[34]M~MeM 3) = 4D[45]M~M 2 

t e n t a t i v e  d i f f e r e n t i a l  d12(2B[34]M ~M ) = 2D[45]MS<M2>. 
1 2 3  1 2 

r e m a i n i n g  e l e m e n t s  in  d e g r e e s  l e s s  t h a n  6S. 

d e t e r m i n e s  t he  

There  a r e  no 

DEGREE 36: A[36] 

The leading differential dI°(A[S6]M2M ) = 4D[45]M M determines tentative 
1 3 1 2 

differentials which have kernel in degrees less than 69 equal to 

Z2(A[SS]M:<). Moreover ,  dlS(A[36]M:~): vA[50, I]M:. 

DEGREE 38: n~A[30] = hA[37] 

The leading differential dI°(D~A[30]M~%) = D2D[45]MI determines tentative 

differentials which are a monomorphsim on Z2w~A[30]M:< ® B<4>. There are no 

r e m a i n i n g  e l emen t s .  

DEGREE 38: B[38] 

The r e l a t i o n  c~B[38] = 4D[45] d e t e r m i n e s  t e n t a t i v e  d S - d i f f e r e n t i a l s  in  d e g r e e s  

less than 89 with kernel Z 2(B[SS]M~<M3). Moreover, d22(B[SS]M:<%) 

= A[SS, I]M i. 

DEGREE 39: nB[38] 

~% d e t e r m i n e s  t e n t a t i v e  The l e a d i n g  d i f f e r e n t i a l  di2(~B[38]M ) = ~A[47]M 1 

differentials which are a monomorphism on Z2~B[S8]M:< ® B<4>. There are no 

r e m a i n i n g  e l e m e n t s .  



260 

DEGREE 39: A[39,1] = ¢A[32,3] 

The l e a d i n g  d i f f e r e n t i a l  d S ( A [ 3 9 , 1 ] < )  = •2C[44]M1 d e t e r m i n e s  t e n t a t i v e  

d i f f e r e n t i a l s  which in  d e g r e e s  l e s s  t h a n  70 have k e r n e l  

Z2A[39'I]{M~M2'<M2'M6M1 2+M3M2'M 1 2 I 2' M3 MI. 2 3M M ,M2MI 2 3M ,MI°M, 2' M3M, 2 3M +M'M3, MIIMI 2 1 2 MIM2}, 6.-73 

Thus, the new A[39,1]-leader is A[39,1]M2M . 
I 2 

The l e a d i n g  d i f f e r e n t i a l  de(A[32,1](M2M +M 3) = A[39,1]M2M d e t e r m i n e s  13 2 12 
t e n t a t i v e  d i f f e r e n t i a l s  which in  d e g r e e s  l e s s  t h a n  70 have c o k e r n e l  

Z2A[39,1]{M3M2, M1M~z, M1M2M3, M2M2M3, M3M123M +M4M 312' MllM' 2'M:<}" Thus, the 

A [ 3 9 , 1 ] - l e a d e r  i s  A[39, I]M3M . 
1 2 

new 

The leading differential dI°(A[39,1]M3M 2) = A[50,2] determines tentative 

differentials which are a monomorphism on Z2(A[39,1]M:M 2) ® B<4>. The only 

6.-73 
remaining elements in degrees less than 70 are A[39,1]{MIM2Ms, MIM2}. 

Moreover, dI~(A[39,1]MIM2M 3) = A[S2,1]MIM 2. 

DEGREE 39: A[39,3] 

The l e a d i n g  d i f f e r e n t i a l  dg(A[39 ,3]M:%)  = nA[45,1]M1 d e t e r m i n e s  t e n t a t i v e  

d i f f e r e n t i a l s  which a r e  a monomorphism on Z2(A[39,3]M:M 2) e B<4>. There  a r e  

no remaining elements. 

DEGREE 39: ~A[32,1]  

The leading differential dI°(~A[32,1]M~M 2) = uA[45,1]M: determines tentative 

differentials with kernel in degrees less than 68 equal to 

:M22 < : >) = ~A[32,1]M'M 2 and Z2~A[32,1]{M , M }. Moreover, d16(A[30]<M4 I 2 
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The leading differential ds(2C[2012M M ) = B[47] determines tentative 
I 2 

(2C[2012){MIM M~M 2} ® B<4>. differentials which are a monomorphism on Z 2 2' 

There are no remaining elements. 

DEGREE 40: A[40 ,1 ]  

The l e a d i n g  differential d8(A[40, I]M~) = uC[44]M 2 determines tentative 

differentials with kernel in degrees less than 69 equal to 

<%%. Z2A[40, I]{M2M 3, } Thus, the new A[40, l]-leader is A[40, I](M2M 3 I 2 

The leading differential dI2(A[40']]M2M3). = °C[44]M41 determines the tentative 

differential dI2(A[40, I]M2MM ) = oC[44]M 6. There are no remaining elements. 
1 2 3 1 

DEGREE 40: A[40,2] 

The leading differential dS(A[40,2]M6M ) = A[47]M2M determines only the 
1 2 1 2 

tentative differential d8(A[40,2]M~M3 ) = A[47]M~% in degrees less than 69. 

There are no remaining elements. 

DEGREE 40: nA[39,3] 

The lead ing  d i f f e r e n t i a l  d2°(uC[lS]M6M2M 3) = (~A [39 ,3 ]+~A [32 ,  1])M3M 
1 2 

determines t e n t a t i v e  d i f f e r e n t i a l s  w i th  image 

Z2(nA[39,3]M~M2+n~A[32,1]M~M2){1,<M4>l ' <M2>'2 <M~ >2} in  degrees less than 69. 

The o n l y  r e m a i n i n g  e lement  i s  ~A[39,3]bt3M <bt >. 
1 2 3 

DEGREE 40: nuA[32,1] 

The leading differential dls(nCA[32,1]M:<M3>) = A[63] determines the tentative 
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differential dI6(~A[32,1]MI<M~><M3>) = A[63]M:. 

elements in degrees less than 69. 

There are no remaining 

DEGREE 41: hA[40,1] 

The l e a d i n g  d i f f e r e n t i a l  dS(B[34]M:M 2) = nA[40,1]M~ d e t e r m i n e s  t e n t a t i v e  

d i f f e r e n t i a l s  which a r e  a monomorphsim on the  r e m a i n i n g  e l e m e n t s  in  d e g r e e s  

less than 88. 

DEGREE 42: C[42] 

The l e a d i n g  d i f f e r e n t i a l  dS(2c[42]M 3) = A[47] d e t e r m i n e s  t e n t a t i v e  
1 

differentials which are a monomorphism on Z2(2C[42] ){MIS, M:M2, M:M2} ® B<4>. 

There are no remaining elements in degrees less than 69. 

DEGREE 42: w2C[20] 2 

The leading differential dS(n2C[20]2MiM2 ) = n2A[45,2]MI determines tentative 

differentials which are a monomorphism on Z2D2C[20]2{MI<,M~<} ® B<4>. There 

are no remaining elements. 

DEGREE 44: C[44] 

The l e a d i n g  d i f f e r e n t i a l  d~(C[44]M 2) = uC[44] d e t e r m i n e s  t e n t a t i v e  
1 

differentials which are a monomorphism on Z 2 ® (ZsC[44]{M:,<,M2%} ® B<4>). 

The remaining elements from Z 2 ® (Z8C[44] ® H, BP) in degrees less than 89 are 

Z C[44]{<M:>,<M2>2 ,<M3>,<M4><M2>,<M~><M3>,<M: > 3 } ' I  2 Thus, the new C[44]-leader 

is C[44]<M4>. 
1 

The l e a d i n g  d i f f e r e n t i a l  dS(C[44]<M~>) = o<7[44] d e t e r m i n e s  t e n t a t i v e  
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differentials which are a monomorphlsm on 

Z2C[44]{<M~> <~2>,<M >,<M4><M2> <M4><M >,<S4> 3} There are no remaining 
' 3 1 2 ' I 3 1 " 

elements from 22 ® (Z8C[44] ® H~BP) i n  degrees less than 69. 

The leading differential d12(2C[44]<) = 2~C[44]< determines tentative 

differentials with kernel on Z 2 ® [Z4(2C[44]) ® H.BP] in degrees less than 69 

equal to Z2(2C[44] ){M2M 3, MSM +MSM2+M3M3}. 
12 I 3 12 12 

The leading differential d14(4C[44]M;)V = A[57] determines tentative 

differentials which are a monomorphism on Z2(4C[44]){M~' M6M12 'M7~12' M4~13 }° 

o n l y  r e m a i n g  e l e m e n t  i n  d e g r e e s  l e s s  t h a n  69 i s  4C[44]M3M 3. 
1 2 

The 

DEGREE 4S: D[45]  

The leading differential dI2(B[34]M:) = 2D[45] determines tentative 

differentials with cokepnel in Z 2 ® (Z8(2D[45]) ® H.BP) in degrees less 

than 68 given by the table below, The 2D[45]-leader is 2D[45]M 2. 
1 

DEGREE GENERATOR DEGREE GENERATOR DEGREE GENERATOR 

(4,45) 2 0 0 0 (6,45) 3 0 0 0 (8,46) 1 1 0 0 

(IO,4S) 2 1 0 0 (12,45) 3 1 0 0 6 0 0 0 

(14,45) 1 2 0 0 7 0 0 0 (16,4S) 1 0 1 0 

2 2 0 0 5 1 0 0 (18,4S) 2 0 1 0 

3 2 0 0 6 1 0 0 ( 2 0 , 4 5 )  3 0 1 0 

0 1 i0 1300 4200 

7 1 0 0 I0 0 0 0 (22,45) I 1 I 0 

4 0 1 0  2 3 0 0  5 2 0 0  

1 1 0 0 0  

The d8-differentials determined by the relation ¢B[38] = 4D[45] have cokernel 

on the elements from Zg(4D[45]) ® H~BP in degrees less than 68 equal to 
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(Z2(4DI4S]}<MIM2, M?M 2} ® B<4>) e Z24D[4S]M~M 2. Thus, the new 4D[45]-leader is 

4D[45]M M2, and the new 8D[45]-leader is O. 

The leading differential dg(D[45]M 2) = uD[45] determines leading differentials 
1 

which are a monomorphism on [Z4@ (ZIsD[4S]{M~,M2,~M2} ® B<4>)] 

® [Z 2 @ ((Ze(2D[4S]){Ml%,M~M 2} ® B<4>)]. The remaining elements from 

Z ® (ZIeD[45] ® H~BP) in degrees less than 88 are 

Z2(2D[45]){MI<<>,M1<~>,M <M >,<M4><M2>,<M4>M ,MS<~>}. Thus, the new 2 3  1 2 1 3 1 2  

D [ 4 5 ] - l e a d e r  i s  O, and the  new 2 D [ 4 5 ] - l e a d e r  i s  2D[45]M2<M~>. 

The leading differential d22{~A[23]MIS~} = 2D[45]M2M determines tentative 

differentials with image Ze(2D[45]){M4M M <M >,M3<M~>} in degrees less 
1 2' 2 3 

than 68. The remaining elements from Z 2 ® [Zs(2D[4S]) ® H~HP] are 

Z2(2D[45]){MI<M3>,<M4><Me>,MS<M2>} and the new 2D[4S]-leader is 2D[4S]MI<M3> 
1 2 I 2 ' 

~M <M > and The leading differentials dI4(A[32,1]M 3 ) = 2D[45]M1 3 

dI~(A[32,1]MI2<M4>) = 2D[4H]<M4><M2> determine no tentative differentials in 
1 2 

degrees less than 68. The only remaining element from 

Z 2 ® [Zs(2D[45]) ® H~BP] is 2D[45]MS<M2>. 
1 2 

The leading differential dl°(A[36]M~%) = 4D[45]MIM 2 determines tentative 

differentials with cokernel on the remaining elements from Z4(4D[45]) ® H~BP 

in degrees less than 68 equal  to  Z2(4D[4S]){M~M2'MeM1 2'l~M 1 2<M4>}'1 Thus, the  

new 4D[45]-leader is 4D[45]M3M . 
1 2 

The leading differential dI2(4D[45]M~M2 ) = A[52,1]M~ determines tentative 

differentials which are a monomorphism on Z2 (4D[4Sl){M3M1 2 'M3MI 2<M4>}'I Thus, 

the o n l y  r ema in ing  e lement  from Z4(4D[45])  ® H, BP in d e g r e e s  l e s s  than  69 i s  

4D [ 45 ] MSM . 
1 2 

The leading differential d12(2B[34]M~MeM 3) = 4D[45]M~M e determines the 
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tentative differential d12(2B[34]Ml ~-3~)23 = 2D[45]MS<M2>" There are no 
1 2 

remaining elements from Z8C[44] ® H.BP in degrees less than 69. 

DEGREE 45: A[45,1] 

The l e a d i n g  d i f f e r e n t i a l  d4(A[45,1]M:) = uA[45,1]  d e t e r m i n e s  t e n t a t i v e  

differentials which are a monomorphism on Z2A[45,1]{<, %, M12~} ® B<4>. 

are no remaining elements. 

There  

DEGREE 45: A[45,2] 

M2 determines tentative The leading differential d4(A[45,2] ) = nB[47]M i 

differentials which are a monomorphism on Z2A[45,2]{M2, M~M 2} ® B<4>. There 

are no remaining elements. 

DEGREE 46: wD[45] and nA[45,2] 

Both w2D[45] and n2A[45,2] are nonzero. Thus, the only element of E 4 with a 

representative in (Z2nD[45] ® Z2nA[45,2]) ® H~BP is O. 

DEGREE 46: n2C[44] 

The leading differential d2(nC[44]M ) = n2C[44] determines tentative 
I 

differentials with image Z2(~2C[44]) ® B<2> and c o k e r n e l  Z2(n2C[44]M1) ® B<2>. 

The n2C[44]-leader i s  n2C[44]MI. 

The leading differential dS(A[39,1]M~) = •2C[44]M I determines tentative 

differentials with cokernel in degrees less than 69 equal to 

z2 2ct 41{MT , ,Ms  .,2 Moreover, = 11% 
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The leading differential d2(A[4S, I]M I) = nA[45,1] determines tentative 

differentials with image Z2(wA[4S, I]) ® B<2> and cokernel 

Z2(nA[45,1]M I) ® B<2>. The nA[4S, l]-leader is nA[45,1]M I. 

The leading differential dS(A[39,3]M2M 2) = wA[4S, I]M I determines tentative 

differentials with image Z2wA[4S, I]M I ® B<4>. The remaining elements ape 

Z27;A[4S, I]{ ~,MI%,M~%} ® B<4>, and the new nA[45,1]-leader is nA[45,1]M 3.I 

The leading differential dS(nA[4S, I]M 3) = 2oC[44] determines tentative 
1 

differentials which ape a monomoPphism on Z2wA[ 45,1]{<,MIM2,<%} ® B<4>. 

Theme are no remaining elements. 

DECREE 47: w2A[4S,2] = 2B[47] = nA[14]A[32,2] 

The leading differential d2(nA[45,2]Ml) = n2A[45,2] determines tentative 

differentials with image Z2(n2A[45,2]) ® B<2> and cokernel 

Z2(n2A[4H,2]MI) ® B<2>. The n2A[45,2]-leader is n2A[45,2]MI. 

The leading differential dS(~2C[2012Ml~) = n2A[45,2]Ml determines tentative 

differentials  with image Z2n2A[4H,2]{MI,M~} ® B<4>. The remaining elements 

are Z2D2A[45,2]{MIM2, M~M2} ® B<4>, and the new W2A[45,2]-leader is 

n2A[4S,2]MI%. 

The leading differential de(n2A[45,2]MiM2 ) = A[S4,2] determines tentative 

differentials which are a monomorphism on Z2n2A[4S,2]{MIM2, M~M2} ® B<4>. 

Thus, there are no remaining elements. 

DEGREE 47: ~2D[45] 

The leading differential d2(~D[45]M ) = ~2D[4H] determines tentative 
I 
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differentials with image Z2(~2D[45]) ® B<2> and cokernel Z2(w2D[45]MI) ® B<2>. 

The n2D[4S]-leader is w2D[45]M . 

1 

The tentative differentials determined by the leading differential 

di°(w~A[30]M~%) = ~2D[45]M 1 have image Z2~2D[45]M i ® B<4>. The remaining 

elements are Z2(~I2D[45] ){M:,MIM2, M:%} ® B<4>, and the new ~2D[45]-leader is 

~2D[ 45 ] M 3. 
1 

The leading differential dS(n2D[45]<) = A[52,1] determines tentative 

differentials which ape a monomorphism on Z2(w2D[45]){M~,MI%,M~M 2} ® B<4>. 

There are no remaining elements. 

D_EGREE 47: uC[44] 

The leading differential d4(C[44]M 2) = uC[44] determines tentative 
i 

differentials with image Z2uC[44]{I,MI,M 2} ® B<4> and cokernel 

Z2uC[44]{<,<,MIM2, M:M2, M~M 2} ® B<4>. The uC[44]-leader is uC[44]M~. 

The leading differential dS(A[40, I]M:) = uC[44]M21 determines tentative 

differentials whose image in degrees less than 88 is all of 

~ 3 ~ uC[44]M3<M2>. The remaining e le- Z2uC[44]{M ,M ,M M 2} ® B<4> except for Z 2 i 2 

uC[44]M3<M2> ® Z uC[44]{MIM2, M~M 2} ® B<4>, ments in degrees less than 68 are Z 2 i 2 2 

and the new uC[44]-leader is uC[44]M M . 
i 2 

The leading differential ds(uc[44]MiM2 ) = neC[44]M i determines tentative 

differentials which are a monomorphism on Z2uC[44]{MIM2, M~M 2} ® B<4>. The 

only remaining element in degrees less than 68 is uC[44]M3<M2>. Moreover, 
i 2 

dis(uC[44]M~<M:>) = B[64,2]. 

DEGREE 47: A[47] = ~A[40,2] 

The leading differential ds(2c[42]M~) = A[47] determines leading differentials 
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with image Z2A[47]{I,M~,<} ® B<4>. Since ~A[47] ~ O, the remaining elements 

are Z2A[47]<< ® B<4>, and the new A[47]-leader is A[47]<%. 

The leading differential d8(A[40,2]M~<) = A[47]M~< determines tentative 

differentials with image in degrees less than 68 equal to Z2A[47]M~% ® B<4>. 

There are no remaining elements. 

DEGREE 47: B[47] 

The  leading different ial  ds(2C[2012M1%) = B[47] determines tentative 

dif ferent ia ls  with image Z2B[47]{I,M~} ® B<4>. Since DB[47] # O, the 

remaining elements are Z 2 ® (Z4B[47]{M2, M~M 2} ® B<4>), and the new 

B[47]-leader is B[47]M 2. 

The leading different ial  dS(B[47]<) = A[52,2] determines tentative 

differentials which are a monomorphism on Z 2 ® (Z4B[47]{M2, M~<} ® B<4>]. 

There are no remaining elements. 

DEGREE 48: DA[47] 

The leading different ial  dZ(A[47]M I) = DA[47] determines tentative 

di f ferent ia ls  with image Z2(DA[47]) ® B<2> and cokernel Z2(DA[47]MI ) ® B<2>. 

The DA[47]-leader is DA[47]M I. 

The leading different ial  d4(~B[38]M~M 2) = DA[47]M I determines tentative 

di f ferent ia ls  with image Z2DA[47]M I ® B<4>. The remaining elements are 

Z2DA[47]{M~,MIM2, M~M2} ® B<4>, and the new DA[47]-leader is nA[47]M3'I 

d32( 2 MI9, The leading different ial  D ~I I j = DA[47]M~ determines 

differentials which are surjective in degrees less than 69. 

tentative 

Thus, there are 

no remaining elements. 
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The leading differential d4(A[45,1]M~) = uA[45,1] determines tentative 

differentials with cokernel Z2uA[45,1]{M~,M~,MlM2, M~M2, H~M2} ® B<4>. The new 

uA[45,1]-leader i s  uA[45, I]M 2. 
1 

The leading d i f f e r e n t i a l  d10(o"A[32, 1]H~M 2) = pA[45,1]H12 determines tentative 

differentials with image in degrees less than 69 equal to 

Z2PA[4S,1]{~,MIM} ® B<4>. The remaining elements in degrees less than 69 are 

Z2vA[45,1]{M~,M2M2, M3M2} ® B<4>, and the new vA[45,1]-leader is pA[45,1]M~. 

The leading differential d4(uA[45,1]M~) = u2A[45,1]M 1 = nA[50,2]M I determines 

tentative differentials which are a monomorphism on 

Z2uA[45, I]{M~,M2M ,M3M } e B<4>. There are no remaining elements in degrees 
12 12 

less than 69. 

DEGREE 43: vD[45] 

The leading differential d4(D[45]M 2) = uD[45] determines tentative differen- 
1 

tials with image [Z4(uD[45]){I,M1,M 2} ® B<4>] e [Z2(2vD[45]){M~,MiM 2} ® B<4>]. 

The remaining elements are [Z4(uD[45]){M~,M~M2, M~M2} ® B<4>] @ 

[Z2(uD[4S]){M ~,MIM 2} ® B<4>]. Thus, the uD[45]-leader is uD[4S]M 2.1 

The leading differential d4(uD[45]M 2) = u2D[45] determines tentative 
1 

differentials which are a monomorphism on 

Z 2 ® (Z uD[45]{M~,M3, MI IM2 'M2MI 2'M~M2} ® B<4>). The remaining elements are 

Z2(2vD[45]){M3, M2M M3M }, and the new uD[45]-leader is 2uD[45]M 3. 
1 12' 1 2  1 

The leading differential dS(2uD[4S]M~) = A[8]D[45] determines tentative 

differentials which are a monomorphism on Z2(2uD[45]){M ~ M2M ,M3M }. Thus 
' 1 2  1 2  

there are no remaining elements. 
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DECREE 48: nB[47] 

The leading differential d2(B[47]Mi) = nB[47] determines tentative 

differentials with image Z2(WR[47]) e B<2> and cokernel Z2(wB[47]M i) e B<2>. 

The nB[47]-leader is nB[47]M i. 

The leading differential d4(A[4S,21%) = nB[47]M i determines tentative 

differentials with image Z2nB[47]{MI, ~} ® B<4>. The remaining elements are 

ZzWB[47]{MI%,~%} ® B<4>, and the new nB[47]-leader is WB[47]MI~. 

The leading differential dS(nB[47]M1%) = wA[52,2]M determines tentative 

differentials which are a monomoFphism on Z2WB[47]{MIM2, M~M 2} @ B<4>. Thus, 

there are no remaining elements. 

DECREE 50: A[50,1] 

The leading differential d34( 2 M 17) = A[50,1] determines tentative differen- 

tials with image in degrees less than 69 equal to Z2A[SO,]]{I,M i} ® B<4>. 

Thus, the remaining elements are Z2A[50, I]{~,M~,M2, MiM2, M2M M3M } ® B<4> 
1 2'  1 2  

and the  new A [ 5 0 , 1 ] - l e a d e r  i s  A [ 5 0 , 1 ] M  2. 
1 

The leading differential d4(A[50,11<) = uA[50,1] determines tentative 

differentials which are a monomorphism on 

Z2A[50, I]{<,~,MIM2,<M2,<M2} ® B<4>. The remaining elements in degrees 

less than 89 are ZzA[50, I]M ® B<4> and the new A[50, l]-leader is A[SO, I]M 2. 
2 

The  l e a d i n g  d i f f e r e n t i a l  d4°(4~l(HTM3M1 2 3+MI°M2M1 2 3+M14M'3")l 2 ) = 

determines tentative differentials with image Z A[SO, I]M 
2 2 

less than 69. Thus, there are no remaining elements. 

A [ 5 0 , 1 ] M  2 

® B<4> i n  deg rees  

DECREE 50:  A[SO,2] 

The leading differential di2(A[39,1]M3M) 
i2 

= A[SO,2] determines tentative 
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differentials with image equal to Z2A[50,2] ® B<4>. Since 7}A[50,2] is 

nonzero, the remaining elements are Z2A[50,2]{M~,M2, M~} ® 13<4>, and the 

A[fO,2]-leader is A[50,2]M 2. 
1 

The leading differential dg(A[50,2]M~) = uA[50,2] determines tentative 

differentials which are a monomorphism on Z2A[50,2]{M~,M2, M~M 2} ® B<4>. 

there are no remaining elements. 

Thus, 

DEGREE 51: oC[44] 

The leading differential de(C[44]<M~>) = oC[44] determines tenatiative 

differentials with image Z2(oC[44] ) {1 ,M~,~,M~,~,M~}  in degrees less than 68. 

Since DEC[44] ~ O, the remaining elements are 

Z2(oC[44]){M ~ <M2, M 6 M4M ,M2M2}. Thus, the oC[44]-leader is oC[44]M 4. 
' 1' 1 2  1 2  1 

The leading differential dI2(A[40,1]M2<M3>) = °C[44]M41 determines the 

tentative differential dI2(A[40, I]M2M <M >) = o<3144]M s. The remaining 
1 2 3 1 

elements in degrees less than 68 are Z2(°C[44]){M~M2'M~M2 'M2M2}I 2 ' and the new 

oC[44]-leader is oC[44]M2M . 
I 2 

The leading differential dS°(uA[19]M7M2<M >) = oC[44]M2H determines no 
1 2 3 1 2 

t e n t a t i v e  d i f f e r e n t i a l s  in  degrees less than 68. The remaining elements in 

degrees less than 68 are Z2(o~E[44]){M~M2, M~<} and the new oC[44]-leader is 

oC[44]M~M 2. Moreover, d14(o~[44]M~M2 ) = A [64 ,1 ] .  

DEGREE 51: 2oC[ 44] 

The leading differential dS(nA[45,1]M 3) = 20C[44] determines tentative differ- 
I 

entials with image  Z 2 ( 2 o ' C [ 4 4 ] ) { 1 , M l , b t  2} ® B<4>. The r e m a i n i n g  e l e m e n t s  a r e  

Zz(2OC[44]){M~,<,MIM2, M~Me, M~M2} ® B<4>, and the 2oC[44]-leader is 20C[44]M2.1 
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The leading differential de(2C[44]<M2>) = 2aC[44]M 2 determines tentative 
2 1 

differentials with image in degrees less than 68 equal to all the remaining 

elements listed above. 

DEGREE 51: u2D[45] 

The l e a d i n g  d i f f e r e n t i a l  d 4 ( p D [ 4 5 ] < )  = v2D[4S] d e t e r m i n e s  t e n t a t i v e  d i f f e r e n -  

t i a l s  w i t h  image Z2v2D[45]{I ,  M I ' < '  M2'M1M2} ® B<4>. The r e m a i n i n g  e l e m e n t s  

are Z 2u2D[45]{Ms,M2MI 1 2 'M3MI 2 } ® B<4>, and the paD[45]-leader is u2D[45]M 3.I 

The leading differential d¢(u2D[45]M:) = nA[8]D[45]M i determines tentative 

u2D[45]{M 3 M2M M:M 2} ® B<4>. differentials which are a monomorphism on Z 2 I' I 2' 

There are no remaining elements. 

DEGREE 51: nA[BO,2] 

The l e a d i n g  d i f f e r e n t i a l  d2(A[50,2]MI) = nA[50,2] d e t e r m i n e s  t e n t a t i v e  

d i f f e r e n t i a l s  w i th  image Z WA[50,2] ® B<2> and c o k e r n e l  Z2~A[50,2]M 1 ® B<2>. 

Thus, the nA[HO,2]-leader is wA[50,2]M. 
I 

The leading differential d4(uA[45,1]M:) = nA[HO,2]M I determines tentative 

differentials with image Z2DA[50,2]{MI,M:,MIM 2} ® B<4>. The remaining ele- 

ments are Z219A[50,2]<< @ B<4>, and the new ~]A[50,2]-leader is WA[50,2]M~<. 

The leading differential d6(nA[HO,2]M~M 2) = A[62,4] determines tentative 

differentials which are a monomorphism on Z2nA[SO,2]M~M 2 ® B<4>. There ape no 

remaining elements. 

DEGREE 52: A[S2,1] 

The leading differential ds(wZD[4S]M~) = A[52,1] determines tentative differ- 



273 

e n t i a l s  w i t h  image  Z2A[S2 ,1 ]{1 ,M1 ,M 2} ® B<4>. The r e m a i n i n g  e l e m e n t s  a r e  

Z2A[S2,1]{~I,M :,M1 2M ,M2MI 2'M3M 1 2 } ® B<4>, and the A[52,1]-leader is A[S2,1]N2.1 

The leading differential d8(4D[45]M~M2) = A[S2'I]M21 determines tentative 

differentials with image Z2A[52,1]M: ® B<4>. The remaining elements are 

Z2A[S2'I]{M~I'MIM2'M2MI 2'M3M 1 z } ® B<4>, and the A[S2,1]-leader is A[52,1]M 3.1 

The l e a d i n g  d i f f e r e n t i a l  d36(n~12 MlS~2)l 2 = A[52,  1]M: d e t e r m i n e s  t e n t a t i v e  

d i f f e r e n t i a l s  w i t h  image  i n  d e g r e e s  l e s s  t h a n  69 e q u a l  t o  Z2A[S2,1]{M:,M:M2}.  

The r e m a i n i n g  e l e m e n t s  i n  d e g r e e s  l e s s  t h a n  69 a r e  

Z2A[52,1]{MIMz, M~M2, M7 MSM } and the new A[52,1]-leader is A[52,1]MIM 2. 
1 '  1 2 ' 

The leading differential d]4(A[39,1]MMM ) = A[52,1]MM determines no 
123 1 2  

t e n t a t i v e  d i f f e r e n t i a l s  i n  d e g r e e s  l e s s  t h a n  69.  The r e m a i n i n g  e l e m e n t s  i n  

d e g r e e s  l e s s  t h a n  69 a r e  Z2A[52 1]{M~M2, M7 MSM } and  t h e  new A [ 5 2 , 1 ] - l e a d e r  
' 1 '  1 2 ' 

is A[S2,11M3M . 
I 2 

The l e a d i n g  d i f f e r e n t i a l  d l ° ( A [ 5 2 , 1 ] M : M 2  ) = A[61]M 1 d e t e r m i n e s  t e n t a t i v e  

d i f f e r e n t i a l s  w h i c h  a r e  a monomorphism on Z A[52,1]M3M e B<4>. The o n l y  
2 1 2 

remianing elements in degrees less than 69 are ZzA[52,1]{M],M?Ma}. 

DEGREE 52: A[S2,2] 

The leading differential ds(B[47]M ) = A[52,2] determines tentative 
2 

differentials with image Z2A[H2,2]{I,M ~} ® B<4>. Since nA[52,2] is nonzero, 

the remaining elements are Z2A[S2,2]{M2, M:M 2} ® B<4>, and the A[52,2]-leader 

is A[52,2]M 2. 

The leading differential d~(A[H2,2]M2) = nA[54,2]M I determines tentative 

differentials which are a monomoPphism on Z2A[52,2]{M2, M~M 2} ® B<4>. There 

are no remaining elements. 



DEGREE 52: n~C[44] 
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The l e a d i n g  d i f f e r e n t i a l  d2(oC[44]M ) = noC[44] d e t e r m i n e s  t e n t a t i v e  d i f f e r e n -  
1 

t l a l s  w i t h  c o k e r n e l  Z2~oC[44]N 1 ® B<2>, and the  ~ o C [ 4 4 ] - l e a d e r  I s  ~oC[44]H 1. 

The l e a d i n g  d i f f e r e n t i a l  d6(vC[44]MIM 2) = ~ o C [ 4 4 ] H  d e t e r m i n e s  t e n t a t i v e  

d i f f e r e n t i a l s  w i t h  image Z2~oC[44]{M1,M~l} ® B<4>. The r e m a i n i n g  e l e m e n t s  a r e  

Z 2 , o C [ 4 4 ] { M l ~ , ~ l ~ }  ® B<4>, and t he  new , o C [ 4 4 ] - l e a d e r  i s  noC[44]M1H 2. 

The l e a d i n g  d i f f e r e n t i a l  de (n~C[44]Ml~)  = A[59 ,1 ]  d e t e r m i n e s  t e n t a t i v e  

d i f f e r e n t i a l s  which a r e  a monomorphism on Z2(~oC[44]){M1~,M:H 2} ® B<4>. 

There  a r e  no r e m a i n i n g  e l e m e n t s .  

DEGREE 53: nA[52 ,2]  

The l e a d i n g  d i f f e r e n t i a l  d2(A[S2,2]M 1) = nA[52 ,2]  d e t e r m i n e s  t e n t a t i v e  

d i f f e r e n t i a l s  w i th  image Z ~ A [ 5 2 , 2 ]  ® B<2> and c o k e r n e l  Z2DA[52,2]M * ® B<2>. 

The ~ A [ S 2 , 2 ] - l e a d e r  i s  ~A[S2,2]M 1. 

dS(nB[47]Ml~ 2 d e t e r m i n e s  t e n t a t i v e  The l e a d i n g  d i f f e r e n t i a l  ) = nA[S2,2]M 1 

d i f f e r e n t i a l s  w i th  image Z2nA[S2,2]{M1, ~ }  ® B<4>. The r e m a i n i n g  e l e m e n t s  a r e  

Z2~A[S2,2]{MIH2, M:N2} ® B<4>, and the new ~A[52,2]-leader is ~A[52,2]MM 2. 

The l e a d i n g  d i f f e r e n t i a l  dS(nA[S2 ,2 ]Ml~)  = B[60] d e t e r m i n e s  t e n t a t i v e  

d i f f e r e n t i a l s  which a r e  a monomorphsim on Z 2 ~ A [ 5 2 , 2 ] { M l ~ , ~ l ~ }  ® B<4>. 

a r e  no r e m a i n i n g  e l e m e n t s .  

There  

DEGREE 53: A[8]D[45] 

The leading differential dS(2vD[45]M~) = A[8]D[45] determines tentative 

differentials with image Z2A[8]D[45]{I,M~,H 2} ® B<4>. Since ~A[8]D[45] # O, 
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the remaining elements are Z A[8]D[45]MZM ® B<4>, and the A[8]D[45]-leader 
2 1 2 

The leading differential de(A[8]D[4S]~1%) = 2BIG2] determines tentative 

differentials which are a monomorphism on Z2A[8]D[4S)MI2% ® B<4>. There are 

no remaining elements. 

DEGREE 53: vA[50,1] 

The leading differential d4(A[50,1]~ I) = uA[SO, I] determines tentative 

differentials with image Z2PA[50,1]{I,MI,M~,M2, MIM 2} ® B<4>. The remaining 

elements ere Z2vA[BO, I]{M s M2M ,M3M } ® B<4> and the vA[50,1]-leader is 
1' 12 12 

uA[SO,1]M 3. 
1 

The leading differential diS(A[36]Mis~ 2) = pA[50,1]M 3 detemmlnes no 

tentative differentials in degrees less than 68. The remaining elements ape 

(Z2vA[SO, I]{<M2, MI3H2} ® B<4>)• Z2uA[50, I]M7, and the new vA[~O,l]-leader 

is vA[50, I]M2M . 
1 2 

The tentative differential dI°(vA[50, I]M~M2 ) = A[62,3] determines tentative 

differentials which are a monomorphism on Z2uA[SO, I]{M~M2, M~M2} ® B<4>. 

The only remaining element in degrees less than S8 is uA[SO, I]M~. 

DEGREE S3: vA[SO,2] 

The leading differential d4(A[SO,2]M~) = uA[50,2] determines tentative 

differentials with image Z2vA[SO,2]{I,MI,M 2} ® B<4>, The remaining elements 

are Z2vA[SO'2]{M~' M3'M1 12M ,MmMI2, M~M2} ® B<4>, and the vA[50,2]-leader is 

vA[S0,2]~. 
1 

The l ead ing  d i f f e r e n t i a l  d&(vA[50,2]H 2) = v2A[50,2] de te rmines  t e n t a t i v e  
1 
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differentials which are a monomorphism on 

Z2vA[50'2]{M2'M311M M 'M2M IM3M2 } ® B<4>. There are no remaining elements. 
' I 2 12' 

DEGREE 54: A[54,1] 

The leading differential d36(f12M118) = A[54,1] determines tentative 

differentials with image Z2A[S4,1]{I,MI,M2, Me, MIM2 } ® B<4> in degrees less 

than 69. The remaining elements in degrees less than 69 are 

Z2A[54,1]{<,<M2, M3M} ® B<4>, and the A[54,1]-leader is A[54,1]M 3. 

The leading differential d4(A[54,1]M~) = nA[hS]M 1 determines tentative 

differentials which are a monomorphism on Z2A[54,1]{M~,M~M2, M~M 2} ® B<4>. 

There are no remaining elements in degrees less than 69. 

DEGREE 54: A[54,2] = A[14]C[20] 2 

The leading differential ds(n2A[4S,2]MIM2) = A[54,2] determines tentative 

differentials with image Z2A[S4,2]{I,M ~} ® B<4>. Since wA[54,2] ~ O, the 

remaining elements are Z2A[54,2]{M2, M~M 2} ® B<4>, and the A[54,2]-leader is 

A[54 ,2 ]M 2 • 

The l e a d i n g  d i f f e r e n t i a l  d6 (A [54 ,2 ]M ) = A [59 ,2 ]  de te rm ines  t e n t a t i v e  
2 

differentials which are a monomorphism on Z2A[54,2]{M2, M~M 2} ® B<4>. There 

are no remaining elements. 

DEGREE 54: nA[8]D[45] 

The leading dlffepential d2(A[8]D[45]MI) = nA[8]D[45] determines tentative 

differentials with image Z2nA[8]D[45] ® B<2> and cokeFnel 

Z2nA[8]D[45]M I ® B<2>. The nA[8]D[45]-leader is nA[8]D[45]M I. 
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The leading differential d4(uZD[45]M~) = nA[8]D[45]M I determines tentative 

differentials with image equal to Z2(nA[8]D[45]){MI,M~,MI%} ® B<4>. The 

remaining elements are Z2nA[8]D[45]M~M 2 ® B<4>, and the new nA[8]D[45]-leader 

is nA[8]D[45]MSM . 
I 2 

DECREE 55: nA[54,2] 

The leading differential d2(A[54,2]MI) = nA[54,2] determines tentative 

differentials with image Z2DA[54,2] ® B<2> and cokernel Z2nA[54,2]M I ® B<2>. 

The nA[S4,2]-leader is nA[S4,2]M . 
I 

The leading differential d4(A[52,2]M 2) = nA[54,2]M I 

differentials with image ZeDA[54,2]{MI,M ?} ® B<4>. 

Z2nA[54,2]{M~,<~} ® B<4>. 

determines tentative 

The remaining elements are 

The leading differential dS(DA[54,2]MIM 2) = nA[59,2]M I determines tentative 
i 

differentials which are a monomorphism on Z2DA[54,2]{MIM2, M~M 2} ® B<4>. There 

are no remaining elements. 

DEGREE 56:  A [ 5 6 ]  

The leading differential d38(2,~2MI16M 2) = A[56] determines tentative differen- 

tials with image in degrees less than 69 equal to Z2A[SS]{I,M~,M 2} ® B<4>. 

Since ~A[56] ~ O, the only remaining element is A[SS]M2M . 
I 2 

DECREE 56: uZA[50,2] 

The leading differential d4(uA[SO,2]M~) = u2A[50,2] determines tentative 

differentials with image Z2(u2A[50,2]){I,MI,M ~,M2,MIM2} ® B<4>. The remaining 

elements are Z2(u2A[50,2]){M~,M~M2, M~M2} ® B<4>, and the u2A[50,2]-leader is 

u2A[50,2]M 3. 
1 
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The leading differential dS(u2A[50,2]M 3) =A[61] determines tentative 
i 

differentials which are a monomorphism on Z2(u2A[50,2]){~I,~IM2, M~M2} 

There are no remaining elements. 

® B<4>. 

DEGREE 57: A[S7] 

The leading differential dlg(4C[44]M~) = A[57] determines tentative 

differentials with image Z2A[57]{I,M~,%,M ~} in degrees less than 68. Since 

wA[57] ~ O, the only remaining element in degrees less than 68 is A[ST]M~M . 2 

DEGREE H7: nA[S6] 

The leading differential d2(A[SS]M ) = nA[S6] determines tentative 
1 

differentials with image Z2nA[S6] ® B<2> and cokernel Z2nA[S6]M i ® B<2>. 

nA[SS]-leader is wA[SS]M i. 

The 

determines tentative The leading differential d4(A[54,1]M ) = nA[SS,2]M i 

differentials with image Z2nA[SS]{Mi,M~,MIM 2} ® B<4>. The remaining elements 

are Z2(~A[56]<%) ® B<4>, and the new WA[56]-leader is wA[58]MI3~. 

DEGREE S8: nA[S7] 

The leading differential d2(A[57]M I) = ~A[57] determines tentative differen- 

tials with Image Z2nA[57] ® B<2> and cokernel Z2nA[S7]M ! ® B<2>. The 

nA[57]-leader is nA[57]M i. 
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The l e a d i n g  d i f f e r e n t i a l  dg(~2M114 % )  = ~A[57]M 1 d e t e r m i n e s  t e n t a t i v e  d i f f e r e n -  

t i a l s  with image in degrees less than 69 equal to ZznA[57]{MI,<,MI%,M:}. 

There are no remaining elements. 

DEGREE 59: A[59 ,1 ]  

The l e a d i n g  d i f f e r e n t i a l  d8(~oC[44]M1M2) = A[S9,1]  d e t e r m i n e s  t e n t a t i v e  

d i f f e r e n t i a l s  w i th  image Z2A[S9,1]{1,M :} ® B<4>. The r e m a i n i n g  e l e m e n t s  a r e  

Z2A[59,1]{M ,<,M,MM2, M~M2, M:M 2} ® B<4>, and the A[59,1]-leader is 

A[59, 1]M . 
1 

The l e a d i n g  d i f f e r e n t i a l  d22(B[38]M~M2M3 ) ~ - -  = A[59,1]M 1 d e t e r m i n e s  no t e n t a t i v e  

d i f f e r e n t i a l s  i n  d e g r e e s  l e s s  t h a n  68. The r e m a i n i n g  e l e m e n t s  a r e  

Z2A[59,1]{M:,M2, M1M2} , and t he  new A [ 5 9 , 1 ] - l e a d e r s  a r e  A[S9,1]M: and 

A [ 5 9 , 1 ] M .  
2 

The l e a d i n g  d i f f e r e n t i a l s  d6(A[59,1]M~) = A[64 ,2 ]  and dS(A[59 ,1]H 2) = A[64 ,3]  

d e t e r m i n e  t e n t a t i v e  d i f f e r e n t i a l s  which a r e  a monomorphism on 

Z2A[59,1]{M:,M2, M1Mz, M:Hz, M:M 2} ® B<4>. (The f i r s t  l e a d i n g  d i f f e r e n t i a l  

d e t e r m i n e s  t e n t a t i v e  d i f f e r e n t i a l s  by a s s i g n i n g  1 to  A[59,1]M 3 and 0 t o  
1 

A[59,1]M 2. The second  l e a d i n g  d i f f e r e n t i a l  d e t e r m i n e s  t e n t a t i v e  d i f f e r e n t i a l s  

by a s s i g n i n g  1 t o  A[59,1]H~ and A[S9,1]M2.)  There  a r e  no r e m a i n i n g  e l e m e n t s  

in  d e g r e e s  l e s s  t h a n  68. 

DEGREE 59: A[59 ,2 ]  = A[14]A[45 ,2 ]  

The l e a d i n g  d i f f e r e n t i a l  d6(A[f4,2]M2 ) = A[59 ,2 ]  d e t e r m i n e s  t e n t a t i v e  

d i f f e r e n t i a l s  w i th  image ZzA[59,2]{1,M ~} ® B<4>. S ince  ~A[59,2]  ~ O, the  

r e m a i n i n g  e l e m e n t s  a r e  Z 2 A [ 5 9 , 2 ] { ~ , M : ~ 2 ~  ® B<4>, and t h e  A [ 5 9 , 2 1 - 1 e a d e r  

i s  A [ 5 9 , 2 ] M .  
2 
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The leading differential d~(A[59,2]M 2) = ~2B[60]MI determines tentative 

differentials which are a monomorphism on Z2A[59,2]{M2,M:~} ® B<4>. There 

are no remaining elements. 

DEGREE 60: B[60] = C[20] 3 

The leading differential dS(nA[S2,2]M,M2) = B[60] determines tentative 

differentials with image equal to Z2B[60]{I,M ~} ® B<4>. Since nB[60] ~ O, the 

remaining elements from Z 2 ® (ZcB[60] ® HjBP) are Z2B[60]{M2, M~M 2} ® B<4>, and 

the B[60]-leadep is B[60]M 2. 

DEGREE 60: 2B[60] = nA[59 ,2 ]  

The l e a d i n g  d i f f e r e n t i a l  dZ(A[S9,2]M ) = nA[59 ,2 ]  d e t e r m i n e s  d i f f e r e n t i a l s  
1 

with image Z2(nA[59,2]) ® B<2> and cokernel Z2(nA[59,2]M I) ® B<2>. The 

nA[S9,2]-leader is nA[Sg,2]M I. 

The leading differential dS(nA[S4,2]MIM2) = nA[59,2]MI determines tentative 

d~fferent~als with image Z2nA[59,2]{MI,M :} ® B<4>. The remaining e]ements are 

Z2~A[59,2]{MI%,M:M 2} ® B<4>, and the new wA[Sg,2]-leader is wA[Sg,2]MIM 2. 

DEGREE 61: A[61] 

The leading differential d6(u2A[50,2]M:) = A[61] determines tentative 

differntials with image Z2A[61]{I,M:, ~} ® B<4>. The remaining elements are 

Z2A[61]{MI'b~I'MI 2 ~ 'M2~1 2 'M3~1 2 } ® B<4>, and the A[Sl]-leader is A[61]M I. 

The l e a d i n g  d i f f e r e n t i a l  dl°(A[S2,1]M~M2) = A[Sl]M 1 d e t e r m i n e s  t e n t a t i v e  

d i f f e r e n t i a l s  w i t h  image Z2A[Sl]M:M 2 ® B<4>. The r e m a i n i n g  e l e m e n t s  a r e  
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Since ~2B[60] ~ O, the only element of E 4 with a representative in 

Z2~B[60] ® H~BP is zero. 

DEGREE 62: A[62,1] = e 
s 

The leading differential dS4(n2crM21M2) = A[62,1]  determines no tentative 
l 2 

differentials in d e g r e e s  l e s s  t h a n  69. S ince  ~A[62,1]  * O, the  r e m a i n i n g  

e l e m e n t s  i n  d e g r e e s  l e s s  t h a n  69 a r e  Z2A[62,1]{N~,M2}, and the  A [ 6 2 , 1 ] - l e a d e r  

i s  A[62,1]M 2. 
1 

DEGREE 62: A[62,2] 

The leading differential d44(4~2M~SM 2) = A[62,2] determines no tentative 

differentials in degrees less than 69. Since ~A[62,2] ~ 0 the remaining 

elements are Z2A[62,2]{M~,M2} , and the A[62,2]-leader is A[62,2]M~. 

DECREE 62: A[62,3]  

The leading differential d1°(uA[SO, l]M~M2 ) = A[62,3] determines tentative 

differentials with image Z2A[62,3]{1,M 1} ® B<4>. The r e m a i n i n g  e l e m e n t s  a r e  

Z2A[62'3]{M21' M31'M2'MIM2'M~M2'M~M2} ® B<4>, and the A[62,3]-leader is 

A[62,3]M 2. 
1 

DEGREE 62: A[62,4] 

The leading differential dI2(nA[50,2]M3M 2) 

differentials with image Z2A[62,4] ® B<4>. 

elements are Z2A[62,4]{M~,M2, M~M 2} ® B<4>, 

A[62, 4]M 2. 
I 

= A[62,4] determines tentative 

Since ~A[62,4] ~ O, the remaining 

and the A[62,4]-leader is 
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The leading differential  d4°( M 2°" B[62] determines tentative different ia ls  
~2 i ) = 

whose image in degrees less than 69 equals Z2B[62]{1,MI,~I,%}. The only 

remaining element is B[62]M 3. 
1 

DEGREE 62: 2B[62] 

The leading differential dI°(A[8]D[4S]M~%) : 2B[62] determines tentative 

differentials with image Z2(2B[62]) ® B<4>. The remaining elements are 

Z2(2B[62]){M i,M12,Mi ,3 M2, MIM2, M~M2, M~M2} ® B<4>, and the 2B[62]-leader 

is 2B[62]M . 
I 

The leading differential d¢°(2~2M:SM 2) = 2B[S2]M i determines a tentative 

differential with image 2B[S2]M 2 in degrees less than 69. The only 

remaining elements are Z2(2B[62]){M~,M~}. 

2 0 DEGREE 62: n B[6 ] 

The leading differential  d2(nB[SO]M ) = n2B[60] determines tentative 
1 

different ia ls  with image Z2~2B[60] ® B<2> and cokernel Z2~ZB[60]MI ® B<2>. 

The ~2B[GO]-leader is w2B[60]MI. 

The leading differential d4(A[59,2]M2) = n2B[SO]MI determines tentative 

differentials with image Z2(w2B[60]){MI,M~} ® B<4>. There are no elements 

remaining in degrees less than 69. 

DEGREE 63: A[63] 

The leading differential d24(n~A[32, i]M~<M3>) = A[63] determines tentative 



283 

differentials with image Z2A[63]{1,M ~} in degrees less than 68. The only 

remaining element in degrees less than 68 is A[63]M 1 and d24(A[39,3]M~M2 ) = 

A[63]M. 
1 

DEGREE 63: nA[62,1] and nA[62,4] 

Since n2A[62,1] ~ 0 and nZA[62,4] ~ O, the only element of E 4 with a 

representative in (Z2nA[62,1] e Z2nA[62,4]) ® H,BP is zero. 

DEGREE 63: ~A[62,2] 

The leading differential d2(A[S2,2]M I) = nA[S2,2] determines tentative 

differentials with image Z2nA[62,2] ® B<2>. The remaining elements are 

Z2nA[62,2]M 1 ® B<2>, and the nA[62,2]-leader is wA[62,2]M I. 

:M2 determines tentative The leading differential de(A[S6]M ) = nA[S2,2]M I 

differentials with image ZewA[62,2]M 1 ® B<4>. The remaining elements are 

Z2nA[62'2]{<'~I'M2'MM1 2 'M2M1 2 'M3M1 2 } ® B<4>, and the new wA[62,2]-leader is 

nA[S2,2]M 2. 
1 


