CHAPTER 3: LOW DIMENSIONAL COMPUTATIONS
1. Introduction

In this chapter, we illustrate how our algorithm works by computing ni for

0 = N =8, In addition we introduce notation and derive results that will be
useful in our higher dimensional computations. Moreover, we are able to make
gloabal computations of E'&t and Eit for all n, t as well as global

s 3

computations of E;t for all r, nand O < t =< 8.

In Section 2, we compute nf and ni and determine the behavior of the spectral
sequence on the entire 1 and 2 rows. We also determine all dz-differentials
in the spectral sequence and give the global computation of E'. In Section 3,
we compute ui and determine the behavior of the spectral sequence on the
entire N row for 3 = N = 8. We also determine all a* differentials in the
spectral sequence and give the global computation of Es. Then in Section 4,

we compute nf and n§ and determine the behavior of the spectral sequence on
the entire 7 and 8 rows. We conclude Section 4 with a summary of some
important notation which is introduced in this chapter. The results about

nf derived in this chapter are summarized in the initial parts of the tables

in Appendices 1 to 4.

As the reader may have noticed, the computations of this chapter are in the
range where the elements 7, v and ¢ of Hopf invariant one exist. That may

explain why the spectral sequence has such a simple description in this range.

2. d2 Differentials and the Determination of E4

Consider the following diagram of E2
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M
(2) (2) 1

Figure 3.2.1: E°
N,P

4 = % = = = 2
Now Ez,o Ea,o nzBP Z(Z)V1 2(2)(2M1). Therefore d (M1) must be a

nonzero element m of n‘f of order two. There are no other possibilities for

nonzero differentials to land in Eg X Therefore, n?= 227?- Consider the

following diagram of E%.

P
2 ?
1 Zzn Zz'nM1
2
(¢} 4 Z M Z M
(2) (2) 1 {(2) t N
0 2 4
X 2
Figure 3.2.2: E
N,P

Now E: L EZ Lz 0, and dz(Mf) = 0, Thus, dz(n-Ml) = 112 must be a nonzero
element of n(j of order two. There are no other possibilities for nonzero
differentials to land in Eg > Thus, ni = 22172. We have thus proved the

first part of the following theoren.

THEOREM 3.2.1 (a) nf =z and ni = 2"

(b) 0% e <2,1,2>.
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PROOF. (b) Consider the Atiyah~-Hirzebruch spectral sequence:

2

g S
N

_ .S
= HN{K(ZZ),HP) — nn+p(K(22))

s P

Here K(Z)) is the Eilenberg-Maclane spectrum with nE(K(Zz)) = ni(K(Zz)) =z,
*
Let F:BP — K(Zz) such that F (¢) = 1. Then F induces a map of spectral

sequences Fr:E; P 3 ’E; o From [30, Theorem 3.2] we see that the cellular

s 3

chains of K(Zz) can be written as C,K(Zz) = z[gl,€k| k =z 2] with 8(&1) = 2.

Recall from [20] that E. = CK(Z) e m. Thus ’E' = 2€ and d'(£.) = 2.
N,p N 2 p 1,1 1 1

[

Now FZ(Ml) = Sf and hence dz(ngf) = nz. By Theorem 2.4.2, nz € <2,n,2>.l

We repeat our argument one more time. Consider the following diagram of Ez.

P
3 ?
2 2
2 Zzn 22n M1
2
1 22n Zanl Zan1
0|z Z M z M
(23 (2) 1 (2) 1
> N
0O 2 4
. 2
Figure 3.2.3: E
N, P
Now O = E: . = E; 2 and dz(an) = 0. Thus, ns = da(nZMl) is a nonzero element

of order two in ni. We now use Quillen operations to extend our computation

to compute the d2 differentials on the entire 1 and 2 rows.

THEOREM 3.2.2 (a) d°(M) = mf  for N = 1,
(b) Let M =M, M =3M -M and M =M - MM for N = 3.
1 1 2 2 1 N N 1 N-1

Then §N is a a? cycle for N = 2.

PROOF. (a) The only nonzero Quillen operation of degree 2M1-2 on MN is



PzA

and r
2

N-1

2,7 .2 P N
(b} d (MZ) = 3d (Mz) d (M1) 0.

2
= nMN

oazmu) = d%or
n-1 N-1

A

2 2
4 -4 (M )MN_1 = 0.1

1

2 - 2
oA (MN) = d (MI) =7, Thus, d (MN) M

2
N-1"

. 2.7, _ 2 P
For N = 3, d (MN) = d (MN) d (M1MN~1)

Observe that H,BP = Z(2 [gﬂ } N = 1]. Thus, we can use these new polynomial

)

generators to describe the behavior of the d*-differentials in the entire

spectral sequence.

THEOREM 3.2.3 Let uq(n):ni B 1 ns*ldenote multiplication by .
q

For every p 2 1, nS can be written as a direct sum of cyclic groups 2
P

1 =k =st, such that:

(i)

(i1)

(1i1)

Z X
2n(k) k

® H,BP is a direct summand of the p row, 2

X,
N{(k} k
2

*,p’

Kernel up(n) is generated by (Xklnx =0} v (ZXklnX # 0};

Image ppd(n) has a Z2 basis {2

{1,...,t}.

"(k*dxk|k € A} for some subset A of

Define B<2> as the subalgebra 2(2)[Mf,§“EN z 2] of E: o Then o is the

direct sum of the following summands:

(a)

(b)

(c)

(d)

if ‘nXk # 0 and k ¢ A then

is

if

is

if

is

if

(Z N(k)xk
2

® Z (zkal)) ® B<2>

N{k}-1
2

a direct summand of the p row of Eé;

nXk # 0 and k € A then

(2 X e
N(k)-1"k
2

z
N(k)-1
2

(2XkM1)) ® B<2>

a direct summand of the p row of Eq;

nXk = 0 and k € A then

® Z

(Z N(k)-le N(k} k 1
2 2

XM ® B2>

a direct summand of the p row of Eﬁ

nXk = 0 and k ¢ A then 2 X

(
2

k)Xk ® H,BP is a direct summand of the p
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row of E'.
PROOF. The decomposition of nf as a direct sum of cyclic groups with the
required properties follows routinely from the fundamental theorem of
abelian groups. Note that Image a% = n-nf ® B<2> and Kernel d? =

z X ® HBP) o (e

(e (Z 2XM o 2 X) ® B<2>.
(klnxk_m N0k 1

(xinx =0y N(k)~1 K N(k) k
Kk 2 2

The description of E' in {a)-(d) is a direct consequence of this observation.l

COROLLARY 3.2.4 Ei = E: _— 0 for all N = 0.
PROOF. In the remarks preceeding Theorem 3.2.2 we saw that n3 # 0. Thus,

this corollary follows from Theorem 3.2.3(b). ||

COROLLARY 3.2.5 E. = (2, © 2 _2M) ® B<2>.
,0 (2} 2) 1

PROOF. This corollary follows from Theorem 3.2.3(a).}}

3. d4 Differentials and the Determination of EB

We continue our analysis of the spectral sequence by considering the following

diagram of 158

P
3 ?
2 0 0
1 0 0 0
2 3 =
0 A Z _2M Z M Z 2M » Z M
(2) (2) 1 (2} 1 2y 1 (2) 2
N
0 2 4 6
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v € EZ: 3 of order 4. Thus we have the following composition series for n?:

0 — 227)3 —_— ni—-—-—-) 24; 3 O
let v € ni be a lifting of v. Either 4v = n3 and niz Za or 4v = 0 and

ns = 241) ® Zzns. By Theorem 2.4.2, we see that

a
2v € <, 2,0 [3.1]
By Theorem 3.2.1(b), 122 € <2,71,2>. By Theorem 2.3.3(b), 4v € 2<3,2,%>

=<2,m,2>n = 1}3. We have thus proved the following theorem.

THEOREM 3.3.1 ni = Zp and n° = 4p.

We use Quillen operations to extend our computation of d*-differentials to the

entire O row.

THEOREM 3.3.2 (a) d“(ﬁz) = vM_ and d"(sz) = 2uM, .

(b) a*(M) = svM M+ 20M M .
N 1 N-2 N-1 N-2
PROOF. (a) r.ed (M) = dor (M) = -3v and r ed’(2M’) = deor_(2M’) = 6w.
1 2 1 2 1 1 1 1

Thus d"(ﬁz) = SuM_ and a*(eM) = er mod (4) in E: , = Z2yM. The Hazewinkel

=W

generator V_ = 2M -~ aM® =2y -2 (2M3) is a dicycle. Thus 2voM, = 2d*(M)
2 2 1 3 2 3 1 1 2

= 5d4(2M:;) and d*(2M)) = 2vM . Note that our definition of v in Theorem 3.3.1
was only made modulo (4). Thus, define » so that d4(f4_2) is v and not Sv.

{(b) The only nonzero Quillen operations of degree 22 6 on EN are

Sy w2 W= —om? 4,7y o
LN (MN) = M1 and Tr o oa (MN) 2M1. Thus, d (MN) =
1 R-2 N-1  N-2
4 2 v 2 4 1,
3vM M + 2vM M = 2vM M+ VMM mod (4). Then r od (M) =
1 R-2 H-1 N-2 N-1 H-2 1 N-2 ‘}Ax-z N
d °P4AN_2(H") = d (3 M2 3 Ml) Sle. Note that P4AN_2(MN—1MN—2) 0 and

r (M M } = M. Therefore, d‘;(g) = 2uM Mz + 5vM M4 l
N-2 1 N N-1 N-2 1 N-2

We use the preceding theorem to define several very important d4—cyc1es.
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COROLLARY 3.3.3 The following elements are all dQ—cylces.
(a) <M> = M+ 2M M.
1 12

1
(b) <M> = M + M.

2 2 1

(c) <M >

M+ SM M + 14M’.

3 21 1

PROOF. It is straightforward to use the previous theorem to compute
d‘<M‘:>, d“<M§>, d“<M3> and to find that each of these differentials is

zero. |

The following two lemmas will be used to compute E° and to prove the existence

of polynomial generators <MN>, N =z 3, which are d4—cycles.

LEMMA 3.3.4 In the notation of Theorem 3.2.3, assume that vXk has order 2°
where B = 1, 2 or 3. Letewlif'*nxkxo,c=0iank=0andB=B—62.

Then the kernel of d® restricted to 2 N(k)Xk ® 2[<M:>,<Mz>] is the
2

2[<M:>,<Mz>]— module spanned by

(X, 2°Mx, 2PM, %% , vx, vvx, 2®Mx, 22MX ).
k 1 k 1k 1 k 2 Kk 12k 12 k 1 2 k
PROOF. Observe that d*(X ) = 0, a*(MX ) = vX, d*(MX ) = vM X and
k 1k k 2k 1k

A MMX) = v(M+M)X . If 79X = 0 then d°(MX) = 0, d*(MX) = vMX,

12k 2 1 k k 1 k 1k 1k
d*MMX) = vMX and d*(MMX ) = v(MM+M )X . If 79X # O then d (M X )

1 2 k 1 k 1 2 k 12 1 k k 1 k

4 3 4 - 2 4 3 = 4
=0, d(2MX) = 2vM X, d*(ZMMX ) = 2vMX and d*(2MMX ) = 20(MM+M)X .
1 k 1 k 1 2k 1 k 1 2k 12 1 k

. 3 AT B . . B . .
Since n = 4p, VMIMZXR has order 2 if A is odd and has order 27 if A is even.

The conclusion of the lemma follows from these observations.l

LEMMA 3.3.5 In the notation of Theorem 3.2.3 and Lemma 3.3.4, assume that vXk
has order ZB where B is 1, 2 or 3. Then the image of d4 in

z X)) e Z[<M;‘>,<Mz>] is the 2[<M':>,<M2>]—modu1e spanned by
2
(X, vM X, 2%0MK , v(M+M)X, 25UM M X }.
k 1 k 1 k 2 1 k 1 2 k
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PROOF. This result follows from the computations of d4—differentials in the

proof of Lemma 3.3.4.
. . . S S
Our first applications of these lemmas is to compute n, and L

THEOREM 3.3.6 nf = 0 and n§ = 0.

PROCOF. It follows from Lemma 3.3.5 that E23= 0. It follows from Lemma 3.3.4

»

that EX =2 V © 2 (8¥) = E° . We saw in Corollary 3.2.4 that
6 (2) 2 (2) 1 6,0

=]

E: L = E: 2 0. Therefore, there are no possibilities for nonzero
s . " r r S S
differentials to land in E or E. . Thus, n, =mn. = 0.]]
0,4 0,5 4 8

It follows from Lemma 3.3.5 that va, 2va and QUMfﬁz are not d'-boundaries.
This leads to the following theorem.

2

THEOREM 3.3.7 (a) Let »® = a*(vM’). Then 1:2 = 2%

{b) A[8] = dS(ZUMf) is a nonzero element of order 2 in ni.

(c} Al14] = d12(4vagz) is a nonzerc element of n?(
PROOF. (a) Since qu is not a d4—boundary and ET g = 0, v # 0. Since v has

odd degree, 2v® = 0. By Theorem 2.4.2,
vl e <N, v, [3.21
(b) Since ZVM? is not a d4—boundary and E:,s = 0, A[8)] # 0. From
Theorem 2.4.4(a), we see that
Al81 € <m,v,2v>. [3.3]
Therefore 2A[8] € 2<9,v,2v> = <2,7n,v>2r = 0 because <2,n,v> € w_ = O.

5
{c}) Since 4»Mf§2 is not a d'-boundary and E:; 5 = 0, Al14] = 0.}

We next apply our lemmas is to produce the d4—cylces <MN>, N z 3, which will

be used in our computation of E°
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THEOREM 3.3.8 For N = 3, there are polynomial generators <MN> of H,BP which
survive to ES.
PROOF. We construct the <MN> by induction on N z 3. We already found <M3> in

Theorem 3.3.4(c¢). Assume that N = 4 and that we have found <Mk> for

3=k <N Then d*(M) e {ZVM M o Z oM [6=0,1} ® ZIM%,<M>, <M >, .. <M >]
N 8 1 2 4 2 1’ 2 3 N-1
and d4(ﬁx) is a d4—cycle, a ds-cycle and a dlz—cycle. The tables in
Figure 3.3.2 shows that all such cycles are in the image of d* on
S = {2 ® 2 M} e 2 [Mz,ﬁ ,...,ﬁ }. In those tables an entry ¢-— X in
(2) ()1 (2 1" 2 N-1

row kv, column M means that X hits kvM and an entry — Y in row kv, column M
means that kvM hits Y. Thus there is an element U € S such that

4 _ A IRV
a(U) =d(M). Let <M>=M - UJ

4v eﬂnzM «4M e~n2M e—nleﬁz 6—4M?§2 e—4(MTEz—MT)

2v | «—2M | «2M | «2M M | —A[8] | «2M°M | «2(MM -M°)
1 2 12 1 2 1 2 1

v M M v oM | MM —M
1 2 1 12 1
1 M M2 M M +M M M
1 2 1 2 1 2

4 e—nQMfﬁg — 5A[14]

2w _>A[8mf m._>A[81§2

v — M —wZ(M M +MY)
2 12 1
MM MM
12 12

Figure 3.3.2: d° on E. ,
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The final application of our two lemmas is to compute . We begin by
strengthening the two lemmas to obtain a global calculation of all di—cycles

and all d'-boundaries. First we introduce an important algebra.

DEFINITION 3.3.3 Llet B<4) be the subalgebra 2(2)I<M:>, <M§>,<M3>, .. .<MN>, N

of Ei o

LEMMA 3.3.10 In the notation of Theorem 3.2.3, assume that vXk has order 28
where B = 1, 2 or 3. Letezlif'nxkto, let € =0 iank=0and let

B =B - 52. Then the kernel of d4 on Z N(k)Xk ® H,BP is the B<4)- module
2

spanned by {X, 2Mx , 2P , 2%°x , v.x, vvx, MM x, 2°MHM K},
k 1 k 1k 1 k 2k 1 2k 1 2k 12k

The image of a* in 2 gV Xk ® H,BP is the B<4>-module spanned by
2

£ - .3 € =
WX, vMX, 2 vaxk, v(MAMIX , 2vM M X ).

PROCF. Recall that nf is the direct sum of the Xk and therefore E- is the

direct sum of the Z X o z(z)m‘f,mir 0se<3, 0=f=<1} ® B<4>. Since all the
2

elements of B<4> survive to Ea,
o H(e 2 X o2 {MerI O0=e =3, 0=f = 1},d2) ® B<4>.
KK (2y 1 2

Now H<2> = H, (e 2Z . Xk ® 2(2){MTM§I 0<e =3 0=f= 1},d2) is given by
2

Theorem 3.2.3. Then E° = H,(H<2>,d%) @ B<4>. Thus, Kernel d* =

(Kernel d4IH<2>) @ B<4> and Image at = (Image d4IH<2>) ® B<4>. Therefore,

this lemma follows from Lemmas 3.3.5 and 3.3.6.}

THEOREM 3.3.11 Let p (v):nS — nia denote multiplication by v. In the
q q
notation of Theorem 3.2.3, assume that the Xk have the following two

addditional properties:

B(k)

(1) Kernel up(v) is generated by (Xklek = 0} v {2 XkIUXk + 0}

where u-)(k has order Zs(k);
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N(k) -7 (k)

(ii) Image ppg(v) is the direct sum of {Z Xklk € S} for

N(k) -7 (k)
2 ¥

some subset S of {1,...,t}.

Abuse notation by denoting B(k) by B and y(k) by y. Let € = 1 if n-Xk # 0 and

N(k)-1

let £ = 0 if n-Xk =0. Let 8 =1 1if 2 Xk is divisible by n and let 8 = O
. N(k)-1 s c e s L .
if 2 Xk is not divisible by ». Then E  is the direct sum of the
following B<4>-modules Xk<4>.
N(k)-1 . e .
(a) If 2 Xk is not divisible by v and vXk = 0 then
X <4> = [2 X o2 (2°xM.) 1 & B<2>.
Kk N(k)-8 "k N(k)-£ 1
2 2
N(k)-1 . e
(b) If 2 X 1s not divisible by v and vX # 0 then
X <4> = (2 X o 2 2°MX o Z Bk o z 2PM%x
k N(k)-8 "k N(k)-€ 1k N(k)-$3-3 1k N(k)-B 1k
2 2 2 2
z M+MIX o Z Pumx oz 28M°M X
2N(k)—6 2 17k 2N(k)-B 12k 2N(k)—6—a 12 k
B, 3=
@ Z 2°MM X ]leB<4>.
Ntk -B 1 2k

(c) Assume that X is divisible by v, vY = 2““"’7xk and vX_ = 0.

Let A =0 if n¥ = 0 and let A =1 if Y # 0. Then

X<4> = [2Z X o Z 2°MX o Z MX o Z 2°M7X
k N(k)-¥ k N(k)-¥-€ 1k N(K)-Y+A 1 x N(k)~-E 1k
2 2 2 2
o Z M+M)X o 2Z 2°MMX oz 22M°M X
N -7 2 1 'k 2N(k)—7-c+h 12k 2N(k)—6 12k
®2Z 2°M°M X 1 @ B<4>,
NK)I-€ 1 27k
. c N(k)-Y
{(d) Assume that Xk is divisible by v, vY = 2 Xk, and vXk¢O.
Define A as in (c). Then
X<4> = [z X o 2 2°MX o 2 Pux o 2 2°M x
k 2N(k)-7 k 2N(k)—7—€ 1k 2N(k)—B—7+A 1k 2N(k)—B—5 2 k
z M+M)X o 2 Puux o 2z 2PM°M X
2N(k)—7 2 1k 2N<k)—B—7+A 12 k 2N(k)—3—6 12k
2 2°M°M X ] @ B<a>.
NOR-BT 12k

PROOF. This theorem follows from considering the various cases of the

preceding lemma and Theorem 3.2.3.'
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COROLLARY 3.3.12 E; = E, = 2(2}{\11,vf,vf,vz,vlvz,vaz, 8MM )} © B>,

PROOF. Ef follows from Theorem 3.3.11(b). E. = Ef because n§ = 0.}

,0 * 0 ,0

In the next theorem, we analyze the behavior of the spectral sequence on the

3 row .

{1 s 2= —
THEOREM 3.3.13 (a) E; _ = {Z (M) o Z,(2vM M) © Z,(2vMM )} © B>,

(b) a°(ES

[y

) = {Z,Al8] o zZAIS}M‘f © ZAIBIN} @ B<4>.

8 3=
(c) E, , =2,(4MM) e B>

s

(d) d'*(E,%) =z Al14] & B>,

»

14

(e} E,,E’3 = 0.

PROOF. (a) This follows from Theorem 3.3.11(d).

{b) This follows from Theorem 3.3.7(b) and Figure 3.3.2.
(c) This is an immediate consequence of (a) and (b).

(d) This follows from Theorem 3.3.7(c).

(¢} This is an immediate consequence of (¢} and (d).]]

We conclude this section with the determination of the behavior of the
spectral sequence on the 6 row. We will require a relation in n§ which is a

nontrivial extension. The relation will be deduced from the following lemma.

LEMMA 3.3.14 If X « nf such that 2X = 0 and nZX # O then there is an element
Y € <1,2,%> such that 2Y = nZX.

PROOF. By Theorem 3.2.1(b), n° € <2,7,2>, and 7°:X € <2,7m,2>X = 2<n,2,%>. |}

Although the proof of the following two theorems require several technical
results which will be proved later, the results seem more appropriate to this

chapter than to Chapter 5. Therefore, we record them here.
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THEOREM 3.3.15 (a) pe = nA[8] is a nonzero element of ng of order two.
6
(b) E*,s = 0.

PROOF. (a) A[8]M1 is not a ds—boundary and therfore can not bound because
E,“’1 = 0. Therefore 7n-A[8] = dZ(A[S]Ml) is nonzero. If nzA[S] # 0 then by
Lemma 3.3.14 there is Y € <7,2,A[8]> such that 2Y = nZA[8]. Thus,

modulo v-nf ® n-ng, Y € <7,2,Al8]>

< <1,2,<n,v,2v>> by the proof of Theorem 3.3.7(b)

= <<, 2,0, v,20> + <, <2,7,v>,2v> by Theorem 2.3.3

= <2v,v,2v> by Theorem 2.4.1, noting <2,n,v> € ”S =0

= <v, 4v,v> by Theorem 2.3.3(d), (e)

= <w,n,v> = n2<v,n,v> by Theorem 2.3.3(a), (d).

Therefore 2Y € 2n2<u,n,v> = 0 mod 2v~n§. As we shall see in the next

. S
section, w_ = 2 o0 and v-o
7 16

0. Thus nzA[8] = 2Y = 0. Therefore nA[B]M1 must
be a boundary. Since nf = 0 and E: 2 = 0, nA[8]M1 can only bound from the

0 row or the 6 row. In the next section we shall see that Eigo

2

-2 V3 ez 186VW_e Zz _16M° and in Chapter 4 we will see that 16M°
(2) 2 (2) 1 2 (2) 1 1

survives to E'2 and dlz(IGMT) = 31' Thus nA[8]M1 must bound by a
d*-differential from the 6 row. Since n§= 22v2, it follows that Ve = nAl8].
By Theorem 2.4.2,

nAl8] € <n, v, > [3.4]

(b) This result is now an immediate consequence of Theorem 3.3.11(d).J]

THEOREM 3.3.16 2A[14] = O
PROOF. O € <7,2,A[8]> because <7m,2,A[8]> € nfo which, as we shall see, equals
n-ng. Also <2,A[8],v> € n?a which, as we shall see, is zero. Note that

vA[8] e v<n,2,v2> = <v,n,2>v2 = 0. [3.5]
Thus by Theorem 2.2.7, <m,2,A[8],v> is defined. Note that hypothesis (i) of

Theorem 2.4.3 is satisfied. Therefore,
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Al14] e <n,2,A[8],v> [3.8]
Note that vA[8] € w<m,2,v°> = <v,u,2>v° = 0. By Theorem 2.3.6(a),
2A[14] € 2<m,2,Al8],v> c <<2,7,2>,A[8],v> = <0, Al8),v> ¢ <m,nAl8],v>
= <n,v3,v> > <n,v,v3> = <7n,v,nA[8]> > <n,v,n>Al8] = v2A[8) = 0. Thus,

2A[14] = 0 modulo n-nfS + v'nf1 which as we shall see is zero.'

4. d8 Differentials and the Seven Row

We continue the study of our spectral sequence with an analysis of

d®. g2

x o ES . and an analysis of all the differentials which originate on

the 7 row: a ds—differential which defines o? € nf4, a d1°~differentia1 which
defines A[18] € 3?8, a d'?~differential which defines cli18] e K?B and a

d24—differentia1 which defines A[30] € "20' In the process of this analysis,

we construct polynomial generators (MN) of H,BP for N = § which survive to

E'°. We conclude the section with a complete analysis of the 8 row.
Observe that Ec = 2 _<M> and E° = E° =2 _(16M). Thus, o = d<M>
8.0 (2) 1 8,0 8,0 (2) 1 1

is a nonzero element of nf of order 16. Since E: o o, nf = 0 and n-ni = n'vz

= 0, there are no other nonzero differentials which land in E; . Thus, we

*

have proven the first part of the following theorem.

THEOREM 3.4.1 nf = 215 o and n-o # 0.

PROCF. To show that 7m0 # 0, it suffices to show that GMI is not a
d®-boundary. Observe that E° = z _(2M<M>) o Z _(V?V)). Note that
10,0 (2) 101 (2) 12

d8(2M1<M:>) = 100M1 and Vsz is an infinite cycle. Thus oMl does not bound.l

We next compute d® on several of the key elements of Ei o
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LEMMA 3.4.2 (a) d8<M:> = 0.
(b) d%M> = 150M°,
2 1
(c) d%M> = 5oM.
3 2
(d) We can choose <M4> such that d8<M4> = :zchleM3 modulo (4o).
PROOF. (a) This differential defines o.
(b) d8<MZ> = dB(Mg+Mf) = 150‘Mf, using the Quillen operation FoA -
1
(c) d®M> = a®(M +5M'M +14M') = 150M_ + 110M° = SoM_ using the Quillen
3 312 1 2 1 2

operations Ty and r,

2

(d) Observe that we can choose <M > = M -M Mo+M M +2M°MM +2M°M M +5M°<M >
4 4 13 22 123 123 1 3

A
1
modulo (4). Then d° of such an <M> is 20 MMM_modulo (40). ]

Next we analyze the da—differ‘entials which originate on the 7 row.

THEOREM 3.4.3 (a) o = ds(a M:) is a nonzero element of order 2 in ni

8, .8 8 .8 8
{b) [28(20') ® H,BP] @ [d (E*,o) ® 22] = Kernel [d :E*,7 - E,’“].

2 8 .8 8
() [Z,0" @ HBP] / Image [d .E,,,’7 — E*,u]
= [z M, MM, MM} e B<4>]
2 1 12 T1e

2 4 2 4 2 4 2 = 4 2
o |Z B <M, M <MB<MD>, MMM, M <MP><eMS>,
2 1 2 1 1 2 1 1 2 2 1 2

MM <M ><MPsre ZI<MB>E <M52 <M >, .. <M >, L ]]
12 1 2 1 2 3 N
® [z M <MY, MM <MY o ZI<MSE <MB>, <M >, L. <M >, L !]
2 2 1 12 1 1 2 3 N
® [2 MM > [<M>Z MBZ M2 M >, <M, 1].
2 1 3 1 2 3 4 N

(d) For N = 4, there are polynomial generators {MN}’ of H_BP which survive to

E® and d®{M}’ € (20). Let B'<8> = Z[<M>Z aM>ZM > (M}, . . {M}’, ... 1.
N 1 2 3 4 N
(e) Ei"? = (2,(20) ® H,BP] / [d°(Ey ) n (Z,(20) ® H,BP)].
PROOF. (a) E°. =2 <M>% ez vvdh 0 2 VEM> 0 2 V. <Mo>.
16,0 (2) 3 (2) 1 2 1 (2) 1 2 (2) 1 3

Clearly da(E‘:6 0) ¢ (2¢). Therefore, vM': is not a boundary and

o° = da(a-M:) # 0. By Theorem 2.4.2,

o e w, o, v> [3.7)
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(b), (¢), (d) These parts of the theorem will follow from the table in
Figure 3.4.1. The symbol = in the right hand column of that table means

"congruent modulo dB(Ef 7)".

o
oMM — 5 oM
12
4
o'<M1>-————-—-——-—~)o‘
2 2
o-M1<M>———-««—~> O‘Mz

> ——————y M

[N
N
[

o—g <M
2
oMf§2<M‘:> — 5 MM
MM 5 e (<MD MPME)
1 2 2 1 1
o‘M2<M > - 0‘qu
1 1

2
2
oM <M>> —_— 0'2(M2M +M5) e 0‘2MS
2 2 12 1 1
oMM M> 5 E(M MM MY

1 2 2 12 21

W

MM > 5 g (<M >+M <M>)
3 3 T2 1

N e

MESCM > s e (MO<M_ > +M <M2>)
3 1 3 2 2

[\

MM> ——— 5 FP(MM) = oM
2 3 2 1 1

MM <M > —— 5y GP(M <M >+MIMD) = oM <M >
12 3 1 3 1 2 1 3

4 2 2.2
<M >M D> ————— oM
1 2 2

sow
N

0'M§<M s> O'ZMsz

e
NN

oM <M ><M> ) o'zﬁ M2
2 22

bt

oMM <MHMD 5 oB(MM MMM
12 17 T2 122 1 2
oMM > s oP(M M MY
1 3 3 21

oMM>M> — crz(MZ::M >+MM }
1 3 13 12

N '

oM <MB>M> — crz(E <M >+MI<M 2>)
2 3 2 3 12
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MM MM > s P (MM <M >+ MDD +MO<M >)
12 1 3 12 3 1.2 13
<M4><M2><M > 0'(<M2><M >+M2<M4‘><M S+M <M4><M2>)
172" s 2”7 1T T8 T2y e
MMM > —y cz(M4<M >+MM_<M2>)
12 3 13 12 2
oM MM > ——5 P(<MDZMM <M >) = MM <M >
2 2 3 2 12 3 12 3
2

MM <MP><M > ——5 02 (M <MO><M >+M Mi<M >+MEcM™>2)
12 2 3 1 2 3 21 3 1 2

o?(M <M2><M >+M MP<M >)
12 3 21 '3

- 2
MMM > —3 02 (<MP><M >+MP<M >+M MT<M>>)
1 4 3 2 3 1 3 21 2

[

oMM MM > 5 o2 (MPMP> <M > +MOcM >+MOM_<MP>)
1 3 1 2 3 1 3 12 2

-

2
2

[
NONN N

oM <MB><MPS<M > 3 0P (M <ME><M >+MM <M >+M<M5>?)
2 3 2 3 1 2 3 1 2

-

o2 (M <MP><M >+MM <M >)

o . - 2 2 3 12 3
oMM KM ><KM ><KM > —

re z 3 5 2 2 2 8 6 .2 2

o?(M MM >+M M <M ><M >+M M <M >+M <M >7)

12 3 12 2 3 21 3 12
= 02(M5<M2><M >+M2ﬁ <M2><M >+§ M8<M >)
12 3 12 2 3 21 3

Figure 3.4.1: d°-Boundaries

We prove that (b)), (c¢) and (d) are valid for E§’7 simultaneously by induction
on N. Of course we only need to worry about (d) when N is of the form

2P - 10, and in that case we have to show that {Mp}’ exists. Clearly (b), (c)
and (d) are valid for small values of N. Assume that 27-10 < N = 29110 and
that (b), {c), (d) are valid for Ei,? if k < N. Let

A= Z[Mf,<M§>2,<M3>2,(M4}’,...,{Mq)’], and let B be the set of all monomials

in the given polynomial generators of A. Let R be the set of elements in the
right hand column of the above table, and let L be the set of elements in the
left hand column of the above table. The elements of R are summarized in the
table of Figure 3.4.2 below. In that table an entry * indicates that the
given element bounds modulo other entries of the table. Note that this table
. . 4.2 2.2 2
is valid when tensored with Z [<M >%, <MD>® <M >, <M >, ..., <M >, ... 1. In

27 1 2 3 4 N
particular, it is evident from the table that {r'b|r € R and b € B} 1is

linearly independent. Therefore { I-b | 1 € L and b € B } are showing how all
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the elements in the kernel of dB:E8 —> E8 are boundaries for t = N.

t,7 t,14
This proves (b). The image of d:E. ,— ES ., IS the

4 2 2.2 2 :
22{<M1> ,<M2> ,<M3> ,<M4>,...<MN>,...]—modu1e spanned by the elements in the

right hand column of Figure 3.4.1. Examination of that column, as depicted in
Figure 3.4.2, verifies that the assertion made in (¢) is true. If N = 2qﬂ410
then d?<b%*1> is a d8-cyc1e. By our proof of (b}, this ds—cycle is in

[2,(20) ® H,BP] © da(Z(z)[<MT>,<M:>,<M3>,(Mi}’,...,(Mq)’]). So write

d8<Mq+l> = 20X + ds(y) for some y € 2(2)[<M:>,<Mz>,<M3>,{M4}’,...,{Mq)’].

Let {Mq”}’ = <M > - y. This completes the proof of the induction step.

q+1

(e) This statement is a consequence of (b).J}

2 2
@ |1 <M <M oM > | <MP oM [ <Mt <M > [<MBo <M > | <M <ME> <M >
1 2 3 1 2 1 3 2 3 1 2 3
1 * * * E 3 * *
M > * * »* »* »*
1
M2 * * #* * »*
1
ﬁ * * * »*
2
Mzﬁ * * * *
1 2

Figure 3.4.2: Summary of a®- Boundaries

We digress to prove a result from which it will follow that v-o = 0.

THEOREM 3.4.4 Llet ¢ ¢ HE such that ¢Mf and ¢ﬁ2 are both boundaries.

Then v-¢ = O.

PROOF. Since ¢Mf bounds, d‘(¢Mf) = 0. Therefore v-¢ is a d>-boundary which
means v+¢ is divisible by n. Then d4(¢ﬁ;) = quM1 is zero if and only if

v-¢ =0 in no. Since gM_ bounds, it follows that v-¢ = 0.
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COROLLARY 3.4.5 v-o = 0 and n-0°~ = O.
PROOF. Note that o Mf = d8<M2> and o ﬁz = d8<M3>. By Theorem 3.4.4, v-o =0.

2, _ .8, 2= 2 _ 2, 02 _
Now oM = d (ﬁMiMz). Thus, 7no° = d°(¢ M1) = 0.

We next prove that the analogue Theorem 3.4.3 which analyzes the

dlo—differentials which originate on the 7 row.

THEOREM 3.4.6 (a) alis] = d‘o(aM?) is a nonzero element of order 2 in ﬂfs

consists of the [d°(E, ) n (Z (20)eHBP)]-cosets of

tm
~J
o
[AS)
i

[28(20){A} ® B’<8>}

® [28(2¢MT“ES<M:>7<M2>5<M3>€ | 0= apB,7,8¢c=<1 () % (1,1)
and (8,) # (1,1)} ® B’<8>1.

Here A is the following set:

(MM +M M <M>, MM <M >+M MZ, MM +MP<Me>,
12 12 2 1 2 3 1 2 12 1 2
MM <MP>+M M <M >, MM +M13, ME<M SMEMIEM |
12 2 1 2 3 2 3 1 2 3 1 1 2
M MM +MOM <M >, MMM M LM, MMM +MOM <M >,
22 3 1 2 3 1 2 3 1 2 123 12 3
MM <M > +MO<ME> <M >+MM <M>>, M <MB>MM +MIOM <M >},
1 2 3 1 2 3 1 2 2 2 1 2 3 1 2 3
(c) d"°(E,°) < Z,Al16] ® B<2> and
10 10 10
[Z,Al16] ® B<2>] / Image [d .E*,7 — E*,1e]

= Z A[B1{MM <M*>, MM M>aS>, MEMPs<M >, MM <MP><M >,
2 12 1 12t 2 11 3 12 1 3
MM <M <M >, M <MP><MB<M >, MM <M><MP><M >} @ B’ <8>.
11 2 3 2 1 2 3 12 1 2 '3
{(d) For N 2z 4, there are polynomial generators {MN)" of H,BP which survive to

E® and dB{MN}" e E(7,12).

Let B"<8> = Z[<M>Z% <M>2M > (M}, ..., {M}", ... 1.
1 2 3 4 N
PROOF. (a) E° = 2 {V<M >,V <M, vicM®> V2V aMb> v <M}>%).  Therefore,
18,0 {2} 1 3 2 4 1 2 1 2 1 1 1
8 8 2 5 10 5
d (E y = 2 {20MM ) ® Z (40M ) and E = Z (20M ). It follows that there
18,0 8 12 4 1 10,7 2 1

»

must be a nonzero differential originating on ZGMT = 0V1<M:>. Now ZUMT
. 10 10 5 . S
survives to E~ and d (Zch) defines a nonzero element A[16] of LI By

Theorem 2.4.2,
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Al1B] € <n,2,0%. [3.8]
Then 2A[16] € 2<n,2,0°> = <2,7,2>0° = 7%~ = 0. Hence 2A[16] = O.
(b), (c), (d) The proof of the remainder of this theorem is analogous to the
proof of the last four parts of Theorem 3.4.3. We create a new table in
Figure 3.4.3 from the table in Figure 3.4.1 by changing each o to Al16) and
multiplying each monomial in the first and second columns by Vi. In addition
there are monomials u in Z{Mf,ga,ﬁs,{M4}’ e ,{MM}’ ,o-a1 ® 28(20-) which map to
20‘Mf§2 under a Quillen operation and hence dw(20~p} # 0. Such monomials u
must be divisible by Mfﬁa or by Mziis. We include the 2op of this form in the
table in Figure 3.4.3. Note that all 2ou which are not listed in Figure 3.4.3

10
are d -cycles.

8 r 10

E E
* 0 * 7 * 16

v1<M’:> —— 20M,
v <M2> —_— z«rM:3
1 2 1
VM> —» 20M ﬁ
13 12

4 3 3]
>
V<M, +2<M1><Mz> — 20(MM )

2¢M1<M':> 5 A[16)
20M<M*> 5 Al161M°
1 1 1
20M M <M*> A[161M
i2 1 2
20M°M_<m*> > A[161M°M
1 2 1 1 2
v <M< 5 20M M
1 1 2 12
20M <M > Al161M}
1 2 1
20(M M_<M>+M°M <M*>) 0
i2 2 12 1
20MM_<M>> > AL161M M
12 2 21
v <M4><M > — 20M (<M >+M <M4>)
1 1 3 1 3 2 1
2 2 s Z2
V <MD><M > — 20M (M <M >+M <M™>)
1 2 3 1 1 3 2 2

20 (M M_<M >+M><M>>) > Al161M°
12 3 1 2 1



V <M <M <M > —  20M (ME<M >+M_<M><M5>)
1 i 2 3 1 2 3 2 1 2

2
VMDD —
2 2

V <MB><M >
2 2 3

20 (MM _<M_>+M'M°)
12 3 1 2

20M <Mb><>>
1 2
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w

W

1
2ch3<M4> <M2>
11 2

20M M <M*><M5>

1 2 1 2
4
1

ZGMSE <M ><M2>
12 2

20M <M><M >
1 1 3

W

20‘M3<M4><M>
101 3

20M M <M*><M >
1 2 1 3

20 (MM <M*><M >+M M <M <M >+MP<MD>2)—
12 1 3 12 2 3 1 2

20 (M <M°><M >+M
1 2 3 1

2

20 (M M <ME><M >+M
12 3

2

20 (MM _<M°
12 2

3

><M >+M7<M>>
3 2

20M <M4><M2><M >
1 2 3

1
20M <M
1 1

><M2><M >
2 3

M <MY><M>)
2 1 2
<M>>2
2

S
1
7 2
1

+MOM <M >) —
12 3

11,2
+M1 <M2>) ————y

3

20(M M <MH><M><M >+MeeMS>Sy
1 2 1 3 1 2

2
2
20(MM <M*> <M
1 e
26 (MM _+M°)
12

1
20 (MM _<M*

1 2 1
2

20 (MM <M2>+M M <M >
12 2 1 2 3

>+ME<M> )
1 2

S<M >+M M <M ><M>
3 12 3 2

20(M2H <M >+MO<M >+M <M2>)
12 3 1 3 2 2

Zo-Mzﬁ <M4><M2>
12 1 2
4

20 (MM <M
12 1

><M >+M<M
3 1

2
2
2

><M >+MM <M>) —
3 1 2 2

20 (MM <MZ><M >+MO<M>M >) —
12 2 3 1 2 3

2¢M2ﬁ <M4><M2><M >
12 1 2 2

>

20 (M°M_+M2)
2 3 1

20 (MMM +MM <M>>)
123 12 2

20 (M M°M_+M°M <M >)
22 3 12 3

-

0
Al161IM

2
Al181MM°

12

= 2
AL1BIM M
Al16IMM M

1 2 2
AL16IM,

o
ALIBIMM,

- 10
A[lS](M2<M3>+M1 )

Al161MM°
1 2

A[16 1M <M >
1 3
A[161M°M <M >
1 2 3
A[16]1M M<M >
21 3
A[168] (M<M >+M ME<M®>)
2 3 21 2
2 2 6 2
>
Al18] (MiME<M:3>+Ml!»12<M2 )
2
Al161] M2M2<M3>

AL161M°M M2 >
122 3

AL168]M <M>>
1 2
0
A[16] (MP<M >+M'M)
1 3 1 2
AL168]<M*><M*><M >
1 2 3
0

0
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20 (<M >MM_+M TeM®>) 0
1 2 3 1 2

20 (M<M>MM +MOM <M >) s 0
1 1 2 3 12 3

20(M <M>MM +M M <M>) — 5 0
2 1 23 1 2 3

Figure 3.4.3: d10~Boundaries

The analysis of the table in Figure 3.4.1 which we used to prove
Theorem 3.4.3(b)-(e) applies to the table in Figure 3.4.3 to prove (b), (c)
and (d) of our Theorem. The right hand column of the table in Figure 3.4.3 is

summarized in the table of Figure 3.4.4 below to assist in verifying (c).}}

AL16]] 1 [<M*> [<M®> <M > |<M*> <MD [aMPs <M > [<MP><M > | <MP><MP><M >
1 2 3 1 2 1 3 2 3 1 2 3

1 * * * * »* * »* *

M2 * * * * * *
1

ﬁ * * * * * * *
2

MM » * * *

1 2

Figure 3.4.4: Summary of d'®- Boundaries

We continue our analysis of differentials which originate on the 7 row by
considering the d'®-differentials which originate there. We will eventually
see in Chapter 4 that they land in a direct sum of ZBS and Z4s. In the next
theorem we analyze these d ~differentials tensored with Z,. We use the

notation E(S) to denote the reduced exterior algebra generated by the set S.

THECREM 3.4.7 (a) There is an element C[18] € nfs such that the projection

of C[18] into E;zla has order four and equals dlz(ZGM?).
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(b) Let K(12) = {X € E, _IX survives to E'* and

X € Kernel [d'%E2. — 5 E2 1)
, 7 *.18

Then K(12) / {[d°(E, ) ® Z,(40) ® H,BP] n K(12)]} =

K, o zl<M>h, o> >t M s>% My, My, )]
2 1 2 3 4 S N
where K = 2 (20){<M*> Maf> MM > MMM o E(<MD>? % 5% <M >)
2 2 1 1 2 2 3 123 1 2 3 4

modulo the following relations:
(1) 20<M> + 20M<M> = 0;
2 1 1
(i1) 20<M > + 20M <M™> = 0;
3 2 1
(i11) 20<M > + 20M M M <M*> = 0;
4 1 23 1

(iv) 20M<M > + 20M <M>> = 0;
1 3 2 2

(v) 20M<M > + 20M M M <M> = 0;
1 4 1 2 3 2
(vi) 20M <M > + 20M MM <M > = O;
2 4 123 3
(vii) 20<M><M > + 20M<M*><M > + 20M <M*><M> = 0;
2 3 1 1 3 2 1 2
(viii) 2¢r<M2><M > + 20M2<M4><M > + 20MM M <M4><M2> = Q;
2 4 1 1 4 1 2 3 1 2
(ix) 20<M ><M > + 20M <M'><M > + 20M M M MM > = 0;
3 4 2 1 4 123 1 3
(x) 20M<M ><M > + 20M <M>><M > + 20M MM <M><M > = 0;
1 3 4 2 2 4 123 2 3
(x1) 20<M>><M ><M > + 20M<Mb><M ><M > + 20M <M><M><M >
2 3 4 i 1 3 4 2 1 2 4
+ 20M M M <M4><M2><M > = 0,
123 i 2 3

(c) Let T = 22 ® [ZBC[18] ® H,BP]. Then

T 7/ {T n Image [dlzinz_, — Eizml}
= 22{M‘;‘M’23<M‘:>e‘“<M§>"‘2’<Ma>"‘3’---<MN>e‘“’- .+ |0=a=3, 0=B=1,e(N)=0 for N=z1

and either (i) a+B22 or (ii) e(1)e(2) is odd while e(3) is even}.
(d) For N 2 5, there are polynomial generators {MN} "’ of H_BP which survive

to E° such that dB(MN} " e (40).

PROOF. (a) E°. =2 ViMbhZ ez (sMM M) 0 2 <MbHaf>
20,0 (2) 1 1 (2) 1 2 1 (2) 1 2

©2Z VV<M> e2 V<M> ®2 V<M> Thus, BE? ) =
(2) 12 2 ()1 3 (2) 2 3 20,0

Z (8M°) © Z (M) ® Z (20M°M ). Hence E°. = Z (20M°). Now 20M<M’>
2 1 16 2 8 12 12,7 4 1 1 1

’

A’ 20Mf<M:> must be a dm-cycle.
1

. 10 . 2 A4
survives to E . Since 20’M1<M1> € Image r
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Therefore d12(20'M;3) is a nonzero element of Eézm of order four. This element

H

is the projection into E;zla of an element C[18] € 11?8. By Theorem 2.4.2,
cl18] € <, o, 20>. [3.9]

{b)~{d) The proof will be analogous to the proof of Theorem 3.4.3(b)-(e) and
will use the table in Figure 3.4.5 below. The entries in the middle column
are all the B"<8>-module generators of Eiz., according to Theorem 3.4.4(b).

The only change that we have made is to replace 20’(M?§2<M2>+M1§2<M3>) by

2M1M2M3 since they are equal modulo other entries in the table.

12
* 0 * 7 * .18

2<M:‘> - 5 20

24M> 5 20M°
2 1

2<M> ——— 5 2oM
3 2

<M1> —————d 20'<M4>

20M <M‘: > C[18]

2014 <M‘> - Cl18]M
vV MbhaBo ey <MD s 20 (MM <M MM+ M <MD>)
2 1 2 i 1 12 1 1 2 2 2
2<M4><M2> —y 20<M2>+M2<M4>
1 2 2 1 1

2.2 2
M 5 oMM
2 1 2

20M <M>> Cl18]M
2 2 2

20(M°M <M>+M M <M >) ——— 5 C[18IM°
12 2 12 3 1

W

2M>M> —— 20(<M3>+F42<M:>)

2<M2><M > ey 20 (MM >+M <M>>)
2 1 3 2 2
<M>E  , 2oM <M >
3 2 3
20‘<M4><M2> > C{18]M:
20M<M> <M> > Cl18]<M>>
1 1 2 2
2«54— <M< y C[18] (M“M +M <M2>)
1 2 12 1 2

P —
{Ma} 20‘M1 M2M3
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20M<M><M > CL181(M +M")
1 1 3 3 1

2<r§ <ME><M > > C{18IM <M >
2 1 3 i 3
20 (MM <M*><M >+MIME> <M >+M'M <M>>) ——3 C{181M <M >
1 2 1 3 1 2 3 12 2 2 3

2<M4><M2><M >y 2¢(<M2><M >+M2<M4><M >+ﬁ <M4><M2>)
1 2 3 2 3 101 3 2 1 2

20M2<MZ><M > > C[18]IM <M>>
1 2 3 2 2
VV <MS<M> —5  20(M M <M>+MM <M>M )
2 3 1 2 2 3 2 1 2 1 3
20(<MS>MM M TeM®>) 5 cl18IM™M
1 23 1 2 1 3
20(MP<MHMM +MOM <M >) ——5  CL18] (KME><M >+M <M™><M>)
1 1 23 1 2 3 2 3 2 1 2
20 (M_<MH>MM +M M <M >) ——s  C[18] (MM M +M MM +M %)
2 1 23 1 2 3 12 3 2 1

1 3

<M >2+V <M2><M >+V <M4><M > — 25{M7Q +M ﬁ <M2>+<M4><M2>)
3 12 3 2 1 3 12 12 2 1 2

20 (MM <M >+M M+MP <M ><M > —s  Cl18]M*M
1 2 3 12 1 1 3 1 2

Figure 3.4.5: d'?-Boundaries Mod Two

There is a new phenomenon in the table of Figure 3.4.5. The nonzero

8 .. . 4 2 2.2 2
d -differentials on <M1> , <M2> ) <M3> and <M4> extend to nonzero

d®-differentials on

4 4e(11< 2 4e(2)< e{N)

<M:>2Q<ME>QB<M3>27<M4>5<Ml> M2> $38(3) yy J2e(8) (4 e(S)

Ms M4 Ms} '{MN}
for all «, B, 7%, § € {0,1}, a + B+ 7y + 8> 0and e(k) =20, 1=%k=N. That
is, the images of these d®-differentials are the only dg-boundaries in
Ze {Z (20){<M*> M<M®> M<M> MMM} o E(<M>2 <M>% <M >Z <M >)
2 8 1 127 2 3’123 1 2 3 4

@ Z[<MHE MY <M > M >Z M, L M, L )

1 2 3 4 5 N

This determines the 11 relations in K(12)/{[d°(E, )eZ, (40)eH,BPInK(12)1}. Now
the proof of the remainder of this theorem is a direct analogue of the proof
of Theorem 3.4.3(b)~(e). The right hand column of the table in Figure 3.4.5
is summarized in the table of Figure 3.4.6 to assist in the proof of (c}. The
only additional observation required to prove (d) is that all of the ds{Mn}",
N =z 5, must be elements of {24(40) e HBPl n E;47 because if that were not so
then we could apply a Quillen operation to see that 20M12 or 26(MZE3+MT<M3>)

is a da—boundary which we know is not the case. Thus, the {MN)“’ exist. |j



60

Cl18] | 1 <M [ <M <M > [<M > <M [<MP> <M > [ <MP><M > [<MP><ME><M >
1 2 3 TS 1 2" g 17T
1 ¥* * * * * *
M * * * * *
1
M * »* * #*
2

Figure 3.4.6: Summary of d'?- Boundaries Modulo Two

In the previous theorem we analyzed the dlz—differentials which originate on
the 7 row modulo two. In the next theorem we analyze these d'®-differentials

modulo four. We continue with the notation of the previocus theorem.

THEOREM 3.4.8 (a) K(12) / {d*(Ey ) © Z,(80)] n K(12)} =
4 4 2 4 4 2
< ? 3
[Kz ® Z{ M1> ,<M2> ,<M3> ,<M4> ,{MS} ,...,{MN} }]
4 3 2 s
® [2 (40 (M <M ><M >+M'M <M’ >))® B <8>].
2 1 1 3 12 2

12, .12 12
1}

(b) Let U = Z,® [Z4(2v*) ® H,BP]. Then U / {U n Image [d ":E, . * 18

e(N)>. .

4 2>e(2)< '<MN

= 7 {20*M MMV ey >3,
2 1 2 1 2

M3 0 =a=<3 0=gs=1,

e(N) =z 0 for Nz1, « + 8 = 3 and if e(3) is odd then either

(1) e(1) is even or (ii) e{1l) is odd, e(2) is even, a = 1, B = 0}.
{c) For N z 5, there are polynomial generators {F%}iv of H,BP which survive
to E° such that dB{MN}iv e (8o).
PROOF. Again the proof is analogous to the proof of Theorem 3.4.3(b)-(e). It

makes use of the table in Figure 3.4.7 below. In addition, observe that

12
d (Ké) < 22(4C[18]) ® H,BP.

8 r 12
E*’o E*’7 E*,13
4
4<M1> > 4o
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4<M2> > 40'M2
2 1
2V <M> 4oM>
1 2 1
4<M > aoM
3 2
2V <M > 40M M
1 3 1 2
2V <M> aoMM
2 2 12
AA <M2> 4oMM
1 1 2
T<M > 4¢r<M4>
VEcM >42V <M®> —— 5 4oM <MD
1 3 2 2 1 1
aoMi<M*>
1 1
aoM><M>
1 1
4 2 4
VV<M>42V <M ><M™> ——— 4ch <M™>
12 3 1 1 2 1
4oM M <M*>
1 2 1
aoMM_<M*>
1 2 1
4rrM3M <M
2 1
4<M4><M2> 4cr(<M2
1 2 2
2v <Mb><M®> >
1 1 2
VD3 e T 01 i SN Y CPI VN
1 1 2 1 1 2

4<ME><M >+2V <MP><ME>+v3cMP><M >+2v <MP>P aoMMD>
2 3 2 1 2 1 1 3 1 1 1 2

ov <Mis<M®
2 1 2

VvV <M4><M2>
12 1 2

4V2<M2><M>
1 2 3

40(M M <M2>+M3M <M4>)

40MM <M2>
1 2

a<Mi><M >
1 3

4
2V <M '><M >
101 3

4<M2><M >

N

2V <M ><M >

L]

2V <M ><M >

-

VV<M>
13 3

> 4oM MM
1 2 3

N

>+M <M >)

40 (M <M >+M <M >)
1 2 11

40 (M <M>+MM _<M*>)
2 2 1

4rrM2M <M2>+4b_4 <M ><M >
12 2

4o(<M >+M <Mb>)
3 2 1
40(M <M >+M M <M*>)
1 3 1 2 1
2 = 2
4o (M7<M >+M <M™>)
1 3 2 2
3 = 2
40 (M <M >+M M <M™>)
1 3 12 2

40 (M <M >+M M <M*>)
2 3 22 1

2C[18]

2C1181M,
2c[18]M°

2C[18] (M +M>)
2 1

2C[18IM M
1 2

2cl 18]M;5
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V.V <M>
23

NN
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4oMM M
123

V V <M ><M >+2V <M4><M2>2——> 40‘(M3M <M >+ﬁ <M4><M2>
3 101 2 1 3 2 1 2

12

nN

VM M> —
1 2 3

AMHS MM > e
1 2 3
2V MBS <MBM > —
1 1 2 3

VM <M >
1 1 4 3

2V <M< > —
2 1 2 3

VV MMM ——
12 1 2 3

2

do<MP><M>> N
1 2

>
M

AoM <M ><M > ———

W

4(er<M M

[
NN

4(7M?<M PM> —

— et

Ll
[

4oM <M ><MD>
2 2

N

aoM M2<M4><M

M <M

> —

[N
NN

40M SAM™> ———.—.— . ,y

N
n

1
4
1
4

W =
N

40M M <M ><M2> ——

1

-
Mo BN

4o (<M ><M >+M°M <M2>)
3 12 2

o

4o (M <M M >+MM <MB>) o
1 i 3 12 2

4oM <M

N
[’

I
3

T e
'Y

4oM <M ><M3> —_——

Lol

4oM <M >M
2 3

AoM M <Mb><M > —
1 2 1 3

doMM <MbHaM>
121 3

LoMM <Mb>aM> —
12 1 3

2cl 18]M:
2cl18] Mf
2l 18]<Mz>
2C[181M <M>
1 2
4 7
2C1181 (M M_+M)

- 2 8
2c[181] (M?M2+M1M2+Ml )
2C[ 18] (M_<M>>+M<M>)

2 2 1 2

2C[18] (M M <M>>+M' %)
1 2 2 1

o

4

200181 (<M >+M*M_ +M”)
3 i 2 i

2C[18] (M <M _>+MM +M>)

1 3 12 1
2c[18IM°M°
12

2 b2 ]

2Cl18] (M1<M3>+M1)

3

1

2C[18] (M <M >+M <M >+MM)
2 3 3 1 2

2C[181(M M _<M_>+MM°+M°M )
12 3 12 12

4o~(<M2><M >+MEME> <M >+M <M4><M2>)
2 3 1 1 3 2 1 2

L0(M <MP><M >+M<M*><M >+M M <M*><M>>)
1 2 3 1 1 3 12 1 2

A (M2 <MP><M >+<M*>2eM >+M2M <M*><MP>)
1 2 3 1 3 1 2 1 2

AM MM > — 3 2C[18]1(M M <M>+MTaM>)
1 2 3 1 2 2 1 2

Lo (M <MP><M >+MM <MP><M >+M M <Mb><i>)
2 2 3 1 2 1 3 2 2 1 2

2

Lo(M M <M><M >+MM <M*><M >+M M M <M
1 2 3 1 2 1 3 122

2

L0 (MM <M2><M >+MOMY) —
12 2 3 1 2

2

4

><M2>)
1 2

6 2
2Cl 18]M1<M2>

AoMM <M><M > ——— 5 201181 (MM +M M +M_<M*>MPaM M)
1 2 3 13 12 2 1 2 1 2

2

oM MM >
1 2 3

40M1<M‘:><M2><M3> ——ee 3

4 4 2
2Cc[18] (M1<M3>+M1<M1><M2>)

5 g 2
2C[18] (M1<M3>+M1<M2>)
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40M2
1

LoM<MP> M5 <M > —_— 2C[181{(M <M>M +MS<M2>)
1 1 2 3 1 2 3 1 2

MMM > 5 2C[18](<MDOM +M <M>>)
1 2 3 2 3 1 2

4oM <M4><M2><M > —— s 2c[18] (M MM S+MO<ME><M >+M M <M4><M2>)
2 1 2 3 2 1 3 11 3 121t 2

QoMM <MS><M><M > 5 2C[18] (M<M><M >+M°M M )
12 1 2 3 1 2 3 1 2 3

4oMM <M><M><M > — 5 2C[18] (M <M>M_+Mo<Mo><M >+M 2<M>>)
12 1 2 3 2 2 3 1 2 3 1 2

oMM <M*><M><M> — 5 2C[18] (MM MM +M'M <M >+M'°M_+MM M%)
1 2 1 2 3 122 3 1 2 3 1 3 1 22

20‘(M3§ +M<M >+2M M <MD>3) —5 0
23 1 3 1 2 1

Figure 3.4.7: d'? Boundaries Modulo Four

To prove (b) we summarize the boundaries of the right hand column of the table

in Figure 3.4.7 in the table of Figure 3.4.8 below. The proofs of {(b) and (c)

are analogous to the proofs in the previous theorems.l

2cl18] 1 M | <MP [ <M > LMt <M [ <M <M > | <M > <M <MP> <M >
1 2 3 1T 2 17 3 2 3 17 2" T
1 * »* #* * * *
M * * »* * »* * *
1
2
Ml * * » * * *
M * * * * * *
2
M ;1- #* * * * »* *
12

Figure 3.4.8: Summary of d'®- Boundaries Modulo Four

We will see in Chapter B that C[18] has order eight. At this point, however,

we can not yet eliminate the possibility that C[18] has order four. This

accounts for the indeterminate symbol € in the following theorem. With the

insight from Chapter 5, the reader can replace £ by 4C[18]Mf
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THEOREM 3.4.9 If 4C{18] # O then let r = 12 and £ = 4C[18]M1. If 4Cl{18] = O

then r = 14 and there is £ € nio which projects to a nonzero element of E:)420.

In both cases, the following is true.

(a) Ef’;z = 2, (20){<M

>

453 MEM®>3 M <M >3 M MM <M >, M <M ><M>EeM >Z,
i 12 2 3 123 472 3 1 3

MMM <M><M >, M MM <M><M >, M M M <MD>af><M >}
123 1 4 123 2 4 123 1 2 4
4 4 2 4 4 2 ¥ s
@ z{<M1> ,<M2> ,<M3> ,<M4> ,{Ms} ,...,{MN} I It
(b) [Z,(£) e H,BP] / d'[Z,(80) e H,BPI
= {Zz(EM1) ® B<2>]
2 3 4 2 3
o [Z,(6MM <M >) o B> / {<M§> <M_><M, >, <Mi> <M%< ><M >) ]
4 2 2 3 " 2 4 n
® [22(§<M1><M2><M3>{1,Ml,Mz}) ® B"<8>] @ [22(€M1<M1><M3>) ® B"<8>].
(c) For N =z §, there are polynomial generators {MN} of H,BP which survive

to Em.

PROOF. We begin by computing dﬁ:E8 —_ Ei .

to see that B -2 (20')M7.
22,0 s 14,7 8 1

Observe that E.. = Z <MS<M> © 2 VV<M> o Z ViV <M>
22,0 {(2) 1 3 (2 1 2 3 (2) 1 2 2

0z V<M>M> 0z VeMhZ oz VieM2  Thus, d®(E2 )
(2) 1 i 2 (2) 2 1 (2) 1 1 22,0
=z (oM) o Z (20M M) © Z (40M!M ). Note that d®(oM'M) = oM and
8 3 4 1 2 2 1 2 1 2 2
10 4 O 12 7 . .
d (20'M1M2) =19 M1' Thus E14 7 = ZB(Zcr)M1 as asserted. Therefore if 4v* # 0

then d12(8o-MZ) = 4v*M = €. On the other hand, if 4v* = O then

E* = Z (40M’) and d'*(40M’) is a nonzero element € of g .
14,7 2 1 1 0,20

{a}, (b), (c) Once again the proof is analogous to the proof of

Theorem 3.4.3(b)-(e). It makes use of the table in Figure 3.4.9 below.

E E
* 0 * 7 * rig

VM >+2V V <M — 5 goMeM>
1 3 1 2 2 1

1
3 .4
<M > 5
8oM <M, 13
VAV <M >+2VieMi> <M —> 8oM M <M>
12 3 1 1 2 12 1
8oM2M_<M'> N
12 1 1
8oMM_<M'> 5 &M
12 1 2

ViMB<M >+V vV cMb2av v oS? goMM >
1 2 3 13 1 1 2 1 12 2
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AV <M <M >+V3eMI><M >4V v M aMBr e MY >y BoMI> <MD
O U P IR vz e 27 172

8oM <MDMD> — EM:

11 2
BOMM +MMY) — 5 goMcMB><MD>
23 13 11 2

BoMo<Mb>MD> — §<M2>

11 2 2

goM <MbHaM> — 5 e
2 1 2 1

8oM M <M><M> — 5 eM'M
2 1 2 12
4

D e

BoMM <Mb><M> §M2<M2>
2 2 1z

[

1
oMM <M><M> gﬁ <M>>
1 2 1 2 2 2
A0 (M <M'><M >+MM <M>) —  €MM
1 1 3 1 2 2 1 2
VAV <M 342V V <M> — 5 8oM M <M%>
13 3 2 3 2 1 3 1
B(M MM +M 'MP) — 5 8o (MM ><M >+M <M ><M>)
1 2 3 1 2 1 1 3 2 1 2
BoMMb>M> — 5 E(<M >4MM)
1 1 3 3 12

(MMM +M M M2) — 5 80 (M <M*><M >+M M <M*><M>>)
1 2 3 3 2 1 3 2 1 2

W

1 2
(MMM +MOMPM_+M*MC+M'MY) — 8o (M M <M ><M >+M'®)
1 2 3 1 2 3 1 2 1 2 1 2 3 1

)

BoMM <M>M> — 5 EMP<M >
12 1 3 1 3
8oMM <MH><M> — 5 (M <M >+MM)
12 1 2 3 12

W
5]

VM <MP> <M 342V V<M 348MOM <MP> M2 ovieM® <M 2egamt>S o 8oMC M <M >
1 2 3 13 1 1 2 2 2 1 1 1 2 3

N
N

1
2
2

[ S

VIV <MP><M2s<M >4V V<M PevieM s<aMB 2y v <MD BB <Mt s 8oMIM <ME><M >
2 1 2 3 2 3 1 3 1 2 2 2 1 1 2 2 3

W o= W

BoM M <M >M> — 3y (M +MOM7)
12 3 1 2

NN

4

2
4 4 2

Bo<M ><M ><MT>
1 1 2

NN

>dM> — ey <
M, E<M

8oM <M>aMreM > — §M4<M >
11 2 3 13

8M MM 8o (ME<M®> <MZ> <M > +MOM_<M>> <M > +Mo<ME > <M5> %)
1 2 3 1 1 2 3 1 2 2 3 1 1 2
><M

2
2
1

8¢M:13<M: >M> s g<r42>ii3
4

8oM <M ><M
2 1

NN

><M > ey E (M <M><M_ >+M <MP><Mo>)
3 1 3 2 2

[\M]

8oM M <M><M><M >y EMM M
1 2 3 1 2 3

NN

1
BoMM_<MP><M><M > — gM2<M2><M >
12 1 2 3 1 2 3
BoMM <MI><M>M > ——— g(ﬁ MM _+MOM <M >)
t2 1 2 3 223 12 3

20<M:>3 0
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2o<M> M 5 eMM <MD
1 2 12 1

20M°<M>>3 0
1 2

20'<M4><M >2 ——— ey f;’Mzﬁ <M2>
1 3 12 2

20M3M><M>E e M ad>
1 2 3 12 1 2

20M <M >° 5> 0
2 3

20<M*><M > > .‘;’Mzﬁ <M _>
1 4 12 3
20MMOM > — §M2§ <Mi><M >
1 2 4 12 1 3
- o—
20M <M <M > —— 5 EMOM <MO><M >
2 3 4 12 2 3
20MMM<M> — 3 0
123 4

20<MB>3MeE 5 eMM <uB®
1 2 12

-

2c~Mf<M P Vi SN gmfﬁzm

[ ]

2

1
;‘><M2>

[AR
NN

2
20<MiM > 5 eMM <MD
1 3 12 2 1
20MM > 2> M >% s eMPM o3>
1 1 2 3 12 1 2
20M <MHZM>® 50
2 1 3
20eMH3M > 5 eMPM <M ><MD?
1 4 12 3 1

20M2M>2ME M > s EMPM <M ><MDP
1o ey 12

20M <M>ZM >M > ——— 5 EMM <ME><M ><M >
217 g e 12 e

>

2eM M M <MH>%M > — 50
123 4

S N

20<Mb><MBHEM 5% 5 MM (<M P>

1 2 3 12 1 3 2
20MEMS M >2 5 MM <M<

1 2 3 12 1 2
20M <M>EM >3 eMM MMM >

2 2 3 12 1 2 3
20<M>MDEM > 5 EMPM [ <M ><MD>ZrcMI><M > ]
1 2 4 12 3 2 1 4

3 2

2oMEMSH3 M > £M
12 4 1

M <M*><M ><MP>?
2 1 3 2
20M <MD>ZM SM > — E_,‘Mzﬁ [<M2>3<M >+<MP><M >3]
2 2 3 4 12 2 3 1 3
20M M M <M>%<M > ——— 5 0
123 2 [
20<M><M>EM > gMzﬁ [<M >3 aMB><M >
1 3 4 12 3 4 4
20MEME> <M >ZM > ———5 EMPM_[<MP><M > M <MP> <M > ]
1 2 3 4 12 1 3 1T 2 a4

20M <M >3M > 5 eMM <MP><M >
2 3 4 12 2 3
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20M MM <M >5<M> — €M2f~i_ M*>EMP> M >?
123 3 4 12 1 2 3

4
3<M >2+<M >2<M2>3}

20M>O MM >% 5 eMM_[<M>
1 2 3 12 2

N
=

1
20M<M > MBI > EMzﬁ [ <M eMP> %M > M5 2eM >7)

1 1 3 12 1 1 2 3
4

M)
»N

20M <MH>EMBEM > MM [<M>
2 1 3 1 2 1

n

3

N

<M7><M >2+<M2>3<M >2]
2 3 2 3

NN

3 ayl 4
MEM > 5 MM <M AU A M >
2 4 1 2 1 2 3 1

2.2
3<M ><M >+<M"k
2 3

20<M*> SeM >
1 4

20Mf<M4>2<M2>3<M > ey &Mfﬁ2[<m4>

2
><M2> <M >1]
4 2 4

e

2a§2<M >2eM

NN

1 1
— 3 3
>EM ><M > — gMzM [<Mb>2eM?>3em >+<M>ZeM >
3 4 12 1 2 3 1 3

=

+<MB3M >4+<MP <M >2eM >
2 4 1 3 4
20M M M <M>2eM>2eM > —5 0
1 23 1 2 4
2

20<M>3M SEM > 5 oMM (<M > MRS B> >
17 8 T 1z 3 1”7 T

3

20M2<M4>2<M2><M >2<M > - gMzﬁ [<M4>3<M >3+<M >3<M2><M >+<M4><M >2<M >1]
101 2 3 4 12 1 3 2 [ 1 3 4
2

=

20M <M>EM ST > gMZ;i [<ME><M >
2 1 3 4 12 2 3

4]

<M4> +<M2><M >2<M >1]
1 2 3 [

2

20M M_M_<MP>ZM >ZeM > s eMIM <> <M %em 5P
1 23 1 3 4 12 1 2 3

2

20 <M <M 2M >%M > 5 MM [<MDP S
1 2 3 4 12

<M >3+<M >T<M >+<M4><M >2<M >]
3 4 1 3 4
3

W NN

4
><MP> %M >3 r Mt <M 3eM > ]
2" 3 2" s

2
20MM> M >3 M > 5 eMM (<M

1 2 3 4 12 1 1
2

3

N

20M <M>ZM >3M > 5 MM [<MD3M >Z M MP> <M >Pem > )
2 2 3 4 12 2 3 1 20 3 4
20M MM <M>%<M >ZeM > — EMzﬁ [<MP>3<M ><M >+<MP><M >7<M >
123 2 3 4 12 2 4 13 4
20<M> M2 M >ZeM > EMZE [<M>2eM®>2eM >3t > 2% >
1 2 3 4 12 1 3 1 2

N W

4
+<M4>3<M >2<M >1
1 3 L3
4 2 - 2 3 .4 2.3
20MP <M EM M >3 M > 5 eMM [ MBS PeME> P >t PeM®> 3 >
1 1 2 3 4 1 2 1 2 3 1 2 4
+<M*> M2 %M %M > ]
TR 37 4
- . s — 3
20M <MH>EM> M >3 eM > gMZM [<ME>ZeMD> 3 em > P> B aMPs < >%eM >
2 1 2 3 4 12 P 1 2 4
+<M2>3<M >2<M >}
2 3 4
4 2. pl
20M M M_<M>2MB2M >%5M > 5 eMM_[<MDEME P > >+ eMh>3am >5m >
12 2" g Ty 1e 20 g 1 4
+<M2>2<M >3<M >}
20 "TaT Ty

Figure 3.4.9: d" Boundaries

To prove (b) we summarize the boundaries of the right hand column above in the

table below. The proof is analogous to the proofs of the previous theor‘ems'l



68

£ 1 <M <M [ <M > | <ME><MP> [<MP><M > [ <MP> <M > | <MP><MPoeM >
1 2 3 1 2 1 3 2 3 1 2 3

1 #* * * * * * ¥

Mz * * * * £ 3 *

1

ﬁ * * * * * * *

2

N ERE t t 1

12

Some of these elements bound and some do not bound. The bounding elements
are marked by in the table below. An entry * indicates that the box bounds.
In addition, the sum of all the boxes with the same letter as entry bound.

EM2M P MBS M > <MBaMB MM > <M
1 2 1 2 3 1 2 1 3 2 3
1 * * * »* * *
M2 * * * * * *
1
<M2>2 * A B * * E
<1~43>2 A C * D,E *
<M > B C D
4
<M‘:>2<M2>2 F G I J N
<M:>2<M3>2 F * H X L,N 0
<M*>%eMm > G H L
1 4
<MZ>2eM >3 I K M * p Q
2 3
<M>>%eM > J M, N P R
2 4
<M3>2<M4> N,M, L 0 Q R
¥>ZeMe>2em »2 S T U
1 2 3
<M4>2<M2>2<M > S T \4
1 2 4
MP>2eM >3 > s U v
1 3 4
<M2>2M >%M > T u '
2 3 4
<M >2MP>2eM >3 >
1 2 3 4

Figure 3.4.10: Summary of d"- Boundaries
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The previous theorem has left a remnant of a few elements on the "2¢ row".
We see in the next theorem that these elements map monomorphicly under
d°-differentials to elements of 228 ® H,BP in the s+7 row. We shall show in
Chapter 6 that s = 24, and in Chapter 8 we will show that this element

S .
8 € Too is the (in)famous element 64 of Arf invariant one.

THEOREM 3.4.10 (a) There is an s > 6 and a nonzero element

0eE of order two such that d°(20M°) = o.
24-s,s8+6 1
(b) Image [d®:EZ* — E2* 1 = zol1, D% af>? <M >%)
7 * 7 2 1 2 3
4.4 2.4 4 2 , ,
<M™> > > Cs R N
® Z[ M1 ,<M2 ,<M3> ,<M4 ,{MS} , .(MN} , i
sS+2
(c) E, . =0

b
r+2

PROOF. By Theorem 3.4.8(b}, E2 . = 22(20Mi2). Thus, there must be a nonzero

:

d®-differential originating on 26Mi2 hitting an element 6 of order 2. Part (b)
is a consequence of Theorem 3.4.8(a) and the computations in Figure 3.4.11.
By Theorem 3.4.9{a), d° is an isomorphism from Ei . to the elements listed

*

in (b), and 5" = 0.]

5 s
E*'7 L
2o~<kv1‘;>3 0
20M<ME>3 a<M*>?

1 2 1
20M <M >3 a<M>>2
2 3 2

2o0MMM<M> — 5 <M >?
123 & 3

20M <M ><MBHZM 2 5 gaMt>EeuS
2 3 1 3 1 2

2oM MM <MB><M > — 5 gaMt>EM 2
123 1 -3 1 3

2

N

20M MM <MH><M> — 5 geMDeM >F
123 2 4 2 3

20M M M <M4><M2><M > — 9<M4>2<M2>2<M >2
123 1 2 4 1 2 3

Figure 3.4.11: Summary of d°-Boundaries

We conclude with a complete analysis of the 8 row. The element A mentioned in

the theorem will be shown to be nA[14]M1 in Chapter 5.
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THEOREM 3.4.11 (a) ni = ZZA{8} ® Zzno.
(b) 7nAl81 and nzc are both nonzero.
{¢) The only differentials which land on the 8 row are determined by the
leading differentials dZ(UMl) = 7o and dig(ZUM?) = A[8].
(d) The only differentials which originate from the 8 row are determined by
the leading differentials dz(nch) = nzc, dz(A[S]Mx) = pAl8] and
a“ (AI8IMM) = a.
12

PROCOF. (a}, (b), (c) ni = 0 and E: , = 0. Thus the only nonzero

differentials which can land in E;B originate from the 7 row and the 3 row.
These differentials were analyzed in Theorems 3.3.13 and 3.4.1. It was shown

in Theorems 3.3.7 and 3.3.15 that 2A[8) = 0 and nA[8] # 0. Note that anl is
not a dz-boundary, nO'M1 is not a d4-boundary because n§= o, nch is not a

d6~boundary because Ei 5 0 and nle is not a d8~boundary because E:GI = 0.

Thus, nzo * 0.

() E, = 22A[8][Mf,§2,..,ﬁN,...] and by Theorem 3.3.13(b) it follows that

Ei g = Zz(AIS]Mfﬁz) ® B<4>. Thus there must be a nonzero differential

2

dt(A[S]Mlgz) = A. Clearly d" is a monomorphism with image 22A ® B<4>, Thus,

te2
E;? = 0.1

The following Toda bracket is not easily seen from the Atiyah-Hirzebruch

spectral sequence. We therefore record it as a corollary.

COROLLARY 3.4.12 Al8] = <v,n,v>

PROOF. Multiplication by % is a monomorphism on ni. Now n<v,n,v> = <n,v, >V

u

3w = nAl8]. Thus <v,nm,v> = Al8].]

We conclude by summarizing the notation we introduced in this chapter. This

notation will be used throughout the remainder of this work.
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DEFINITION 3.4.13 (a) We have the following d2—cycles:

M =3 - M
2 2 1

M - MM> for N = 3.
N N 1 N-1

X
1]

{(b) We have the following d4—cycles:

<M> =M+ 2MM
1 1 12
M> =M + M
2 2 1

- 4 7
<M> =M + 5MM_+ 14M
3 3 12 1

<M4> a polynomial generator in HsoBP'

(c) We have the following da—cycles:

(MN), N = 5, which are polynomial generators of H,EP.

{(d) We have the following subalgebras of H,BP:

B<2> = 2 [MLM,

. 4
MM, ceea My .1 is a subalgebra of E*,o’

B<4> = 2 [<M4>,<M2>,<M >, <M >,...,<M> ...] is a subalgebra of Ei H
) 1 2 3 4 N ,0

B<8> = 2 [<M"‘>2 M2, <M >% <M > {M},...,{M},...]1 is a subalgebra of ES
- e U WA M W - i N *,0

such that d’(B<8>) < Z_(20) @ H,BP.



