K(1)-LOCAL E,, RING SPECTRA

M. J. HOPKINS

1. CERTAIN K (1)-LOCAL SPECTRA

Let C be the topological model category of K (1)-local spectra.
Some useful examples of objects of C are p-adic K-theory, K, the
Adams “summand” B of K, and the sphere S. At the prime 2, the
spectrum B is KO, and is not a summand of K.

The group Z, of p-adic units acts on K via the Adams op-
erations. If A is a p-adic unit we will denote ¥, : K — K the
corresponding Adams operation. Let u C Z) be the maximal fi-
nite subgroup. When p is odd, yu is the group of (p — 1) roots of
unity, and when p is 2 it is the group {1}. The spectrum B is the
homotopy fixed point spectrum of the action of 1 on K. The action
of the Adams operations on K restricts to an action of Z /u ~ Z,
on B.

2. HoMOTOPY GROUPS OF K (1)-LOCAL SPECTRA
Let g be a topological generator of Z /u, and
Yy:B— B
the corresponding map. For any object X of C, there is a fibration

(g—1)AL
_—

X —-BAX BAX.

This makes it easy to compute the homotopy groups of X in terms
of the homotopy groups of B A X. Take for example X to be the
sphere spectrum. The action of 1, on myB = Z, is trivial. This
means that the element 1 in the rightmost m9B comes around to
give a non-trivial element

C S 7T_1;S’O.
1
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We will see that ( plays an important role in things to come.
Though not mentioned in the notation, the element ¢ depends on
the choice of generator g.

Given an element f € moK A K and A € Z;, let f(\) be the
element of moK = Z, which is the image of f under the map
induced by the composite

KAK 2L KAK S K.

Thinking of A\ as a variable, this defines a map
oK A K — Homes(Z,) , Zy).

Proposition 1. The above map is an isomorphism. It gives rise
to isomorphisms

T K NK =~ Homcts(Z;,w*K)
7. K A B ~ Hom (2 [, e KK)
7B A B ~ Hom (2, /1, 7 B).
L

With respect to the above isomorphism, the actions of 14 A 1
and 1 A 1), are given by

(g AL F)(A) = f(Ag)
(1A Pq HA) = 1/’qf(971)‘)-

Let

MC:SOLCJGO

be the mapping cone of ¢, and fix a generator g of Z;/u. By
definition, we have a diagram

S0 M,
[ s
B B

SO

'ng*l
The maps
lod,v: My — B
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form a basis of hoC(M¢, B). From the above diagram it follows
that

Yot =1+ 100.
This will be more useful when written in homology. Thus define
{a,b} C myB N M,
by
(t,a) =1 (t,b) =0

(lod,a) =0 (lod,b) =1.
One easily checks that
Lemma 2. Under the map

10BN My — moB A B — Homcts(Z; [ 16 Zyy)

the element a goes to the constant function 1, and the element b
goes to the unique homomorphism sending g to 1. ]

3. THE CATEGORY OF FE,, RING SPECTRA

The topological model category of E., ring spectra in C will be
denoted C¥~. The spectra K have unique E,, structures, and the
Adams operations act by F., maps. This gives the spectrum B an
FE, structure as well.

Let BY, | be the image in C of the unreduced suspension spec-
trum of the classifying space of 3,,. There are two natural maps

BZP+ — 59,

One is derived from the map ¥, — {e} and will be denoted e. The
other is the transfer map

By, —5°
and will be denoted Tr.

Lemma 3. The map

By, &) g0 g0

Pt

is a weak equivalence in C. ]
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Define maps in hoC
0,¢:5°— BY,,
by requiring

To(6) = o=ty Tr($) =0

-1
€(0) =0 () =1.

The map B{e} — BY, gives rise to a map

e:S°~ B{e}, - BY,,.
It follows from the definition that
eoe=1,
and from the double coset formula that
Troe = pl.
It follows that
(4) e =1 —pb

Let E € CP~, and € myE. The E,, structure associates to x
a map

P(x):BY,, — X
with the property that
P(x)oe=zP.

We define operations

by
O(x) = P(x)ob Y(x) = P(x) 0.
In view of (4) we have
P(x) —a? = pb(z).

Thus the operation 1 is determined by 6. One easily checks that
1 is a ring homomorphism, and that 6 does what it has to so that
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the above equation will remain true:

p—1
O(z+y) =0(x) +0(y) — Z % (f) iypi

0(zy) = 0(x)0(y) + 0(x)y” + 0(y)z”.

Since the Adams operations are E,, maps, they commute with
the operations ¥ and 6 when acting on

7TOK A R.

4. SOME ALGEBRA

We now work in the category of p-complete abelian groups, and
we want to consider comutative algebras with operations 6 and
¥ as described above. Let’s call them Frobenius algebras (even
though this collides with another use of the phrase). T think the
forgetful functor from Frobenius algebras to p-complete abelian has
a left adjoint. I should also check that the category of Frobenius
algebras has limits and colimits.

In any case, there is a free Frobenius algebra on one generator.
The underlying ring is

Zp[x,ml,xg, . ]

One defines 0 by setting 0(x;) = z;4+1 (0(x) = z1), and extending it
to the whole ring by requiring that pf(z) + zP be a ring homomor-
phism. One needs to check that this works, and it does. We’ll call
the free Frobenius algebra on one generator z, T{x}. The following
result plays an important role in everything we do.

Theorem 5 (McClure). For any K(1)-local Es ring spectrum E,
the natural map of Frobenius algebras

E.®T{z} — m.ENT{S"}
is an isomorphisms.

There is another, perhaps more useful description of this free
algebra. Let W = Zy[ag, a1, ...] be the p-completion of the Witt
Hopf algebra. The classical result says that if one defines elements
w; € W by

p" p" n
Wy = Gy + pay +--+pray,
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then W has a unique Hopf algebra structure for which the w; are
primitive. One defines ¢ by ¥ (w;) = w;+1, and checks that this
extends uniquely to a Frobenius structure on W. This is the map
which co-represents the classical Frobenius map.

Define a ring homomorphism

Zp[wo,wl,...] — Zp[$0,$0,...]

by sending wg to x = g, and requiring that it be compatible with
the map .

Lemma 6. The above map extends uniquely to an isomorphism of
Frobenius algebras

W — Z,[zo, 21, ... ].
OJ

The proof of the above lemma makes use of the following result
of Dwork:

Lemma 7. Let A be a ring with a ring homomorphism ¢ : A — A
satisfying

¢(a) =a? mod p

(thus if A is torsion free, then A is a Frobenius algebra). Let
wo, w1, ... be a sequence of elements of A. In order that the system
of equations

ag = W
ag + pa; = wy
a§2 + pal + p*ag = ws
al" 4+ P an = w,
have a solution, it is necessary and sufficient that for each n
wp, = ¢(w,—1) mod p".

This gives the map. The isomorphism follows easily from the
fact that, modulo indecomposables,

_an
Wy =P Aan

Y"r = px,.
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This gives the free Frobenius algebra on one generator the struc-
ture of a Hopf algebra. We knew it had one anyway, since it was
free.

5. CONTINUOUS FUNCTIONS ON Z,

Another important example of a Frobenius algebra is the ring
C of continuous functions

Ly — L,
with ¢ (f) = f. The point of this section is to describe a small

projective resolution of C.
Each p-adic number A can be written uniquely in the form

A= Z a;p’
i>0

with each a; = a;(\) equal to 0 or a (p — 1) root of unity. The
o are continuous functions from Z, to Z,, and satisfy

ol = a,.
For i < n, the a; can be regarded as functions from Z/p™ — Z,.

Proposition 8. For each m,n, the map
Z/p" o, at, ...y oom—1] /(o — a;) — Homys(Z/p™, Z/p")
s an isomorphism.
Corollary 9. The map
Zplow, aq, ... 1/ — a;) — Homes(Zy, Zyy)

is an isomorphism. UJ

Proof of Proposition 8: When m = 1 the injectivity follows from
the linear independence of characters (of u,_1), and surjectivity
follows from the fact that both groups are finite of the same order.
For the general case, note that for finite (discrete) sets S, and T,
the natural map

Homs(S, Z/p"™) @ Homets (T, Z/p"™) — Homess (S x T, Z/p™)

is an isomorphism. Apply this to the (set-theoretic) isomorphism

z/pm™ L2 TT (10} U o) -
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Lemma 10. Under the map of Frobenius algebras
t: W — Homes(Zy, Zy)
sending aqg to the identity map, one has

t(a;) = a; mod p.

Proof: This map sends each w; to the identity function. To work
out the values of a; mod p we work by induction on i. Suppose
we have proved the result for ¢ < n. The inductive step is provided
by the congruence

n n—1
Wp, = ag +pa11? +---+p"a, mod pn+1.
Since for ¢ < n, we have
a; =a; mod p

it follows that

afi = afi =q; mod ptt,
and so
p"iiafi =p"‘a; mod p"TL.
Solving for a,, then gives the result. O
Map

T{z} - C
by sending z to the identity map Z,. The element ¢ (z) — x then

goes to zero.

Lemma 11. The commutative diagram

y—0

T{y} —— Zp

wa(w)—wl l
T{z} —— C

is a pushout square in the category of Frobenius algebras. The left
vertical map is étale. .
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6. STRUCTURE OF B
Define T¢ by the pushout (in K (1)-local E« ring spectra)

761 —* , g0

| l
S0 — TC.

By definition of ¢ and the fact that B is E., there is a canonical
map

T¢ — B.
Since B A ( is null, we have
ToB NT¢ = T{b},

where b was defined earlier. The same thing holds with B replace
by K, only in that case, the odd homotopy groups are zero. Under
the map of Frobenius algebras

oK ATy = T{b} — 1K A B = Homes(Z,) /11, Zy)

the element b goes to the unique abelian group homomorphism
sending g to 1. Let’s use this homomorphism to identify Z; /u
with Z,, and hence moK A B with Homes(Zp, Z,,) After doing this,
we find that b maps to the identity map of Z,.

Now consider the element ¢(b) —b. This is fixed under v, since

wg(w(b) - b)) = wgw(b) - %(b)
= Pihg(b) — Yy (b)
=Yb+1)—(b+1) =) —b.
Lemma 12. The maps

K ATC DN AT

(g—1)A1
_—

m.BATC B ATC

are surjective. The map
L ¢C — T B ANT;

is therefore a monomorphism, with image the invariats under 1.
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We therefore have a unique element f in my7T'( whose image in
moBANT¢ =~ moK ANTC is ¢¥(b) — b. This leads to the diagram

TS0 —* , g0

/| |

¢ —— B.
Our main result is

Proposition 13. The map K. f is étale. The above diagram is a
pushout in CF> . I

7. K(1)-LOCAL FEo,-ELLIPTIC SPECTRA

We first recall the geometric interpretation of the operation .
In general, an E,, structure on a complex oriented cohomology
theory E gives the following structure. Given a map

f:mFE — R
and a closed finite subgroup H C f*G, one gets a new map
’(/JH : 7TOE — R

and an isogeny f*G — 9*G with kernel H. When the formal
group is isomorphic, locally in the flat topology, to the formal mul-
tiplicative group, one can take f to be the identity map, and H
the “canonical subgroup” of order p. Since it is so canonical, it is
invariant under all automorphisms of G, and one doesn’t even need
a formal group in this case.

An elliptic spectrum is a ring spectrum F with moqqF = 0, and
for which there exists a unit in 7o F, (hence E is complex orientable
and we get a canonical formal group G over moFE), together with
an elliptic curve over mgF and an isomorphism of the formal com-
pletion of this elliptic curve with the formal group G.

An E, elliptic spectrum is an E, spectrum E which is elliptic,
and for which the isogenies described above come equipped with
extensions to isogenies of the elliptic curve.

Suppose that F is a K(1)-local E, elliptic spectrum with

7T1K/\E:O
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(this is automatic if moE is torsion free). Then the sequence

mE — moBAE LN BAE

is short exact. There is therefore an element b in mgB A E with
Pgb = b+ 1. Such a b is well-defined up to translation by an
element in the image of myE. Here is another description. Choose
an extension of the unit to a map

t: My — E.
The map ¢ is unique up to translation by an element in 7y E. Now
look at the image of the element b € mgK A M¢ in mgK A E. This
class, which we shall also call b is well-defined up to translation by
an element in the image of mgE. The fact that it satisfies ¥,b = b+1
follows from the commutative diagram

moB A M, LN B A M

l l

TWBANE ——— mBAE.
(Yg—1)A1

Suppose we have chosen such a b. Since 9 and ¢, commute (14
is an Fo, map) one easily checks that 1 (b) is another such element.
It follows that ¢ (b) — b lies in

molk C myB A E.

We are interested in choosing such a b as canonically as possible,
and looking at the element ¢ (b) — b. This will be the obstruction
to making an F., map from B to E, but it also tells us quite a bit
about the E,, structure of E. Since the map

moBAE — mgKNANE

is an isomorphism, it suffices to make this calculation in my K A E.
Let’s first do this at the prime 2. Let ¢4 € mgFE be the normalized
modular form of weight 4. The g-expansion of ¢4 is given by

cy =1+ 240 Z o3(n)q"”,

n>1

o3(n) =Y d°.
d|n

where
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Let g € Z be an element which projects to a topological generator
of Z3 /{£1}. Let u € mo K be the Bott class. We have
g*=1 mod 16,
and checking the g-expansion gives
u*=¢, mod 16.
Now consider the element
B log(cq/u?)
N log g*

9

where
xn-&-l

log(1+x) = Z(—l)"

o n-+1

is regarded as a 2-adic analytic function. Then, since ¥4cs = ¢4 (it
is in the image of mgE), and wgu4 = g*u*, we have

thgb = _log(164/g:u4)
0gg
_ log(c/ut) | logg*
- log g* log g4
=b+1,

so b is an Artin-Schrier element.
Now let f = ¢(b) — b. The element f is a a modular function
(since 94 f = f), and so is an element of

Lo [j_l] )
3
where j = %4 is the modular function.

Lemma 14. The map
Lo[f] = Za2[j ']

is an isomorphism.

Proof: 1t clearly suffices to do this modulo 2.
Working mod 2 we have

b= Zag(n)q" mod 2

n>1
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Writing
n=2"p" . pptt
One easily checks that the number of divisors of n is
(T+mg) X -+ x (14+my),
and that the number of odd divisors of n is

(1+mq) x -+ x (14+my).

It follows that o3(n) is even unless n is the product of a power of
2 and an odd square. This gives

b= Z qu(Qd'H)2 mod 2,
m,d>0

and so

P(b) — b= g+’

d>0

— ¢} gHaarn/)
d>0

since the operation v is given in terms of g-expansions by

U(a) = ¢*.
As for 71 we have
jflfézA mod 2,
3
Ca

and
A= qH(l — ¢ = qH(l —¢*)® mod 2.
The congruence
P(b) —b=7"1 mod 2

is then a consequence of the following special case of the Jacobi
triple product identity

D (=1*2d + 1) D2 = TT (1 - 242

d>0 k>0
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At the prime 3 we can attempt the analogous thing with cg
(which represents v3)

c6 =1 — 504 Z o5(n)q".
n>1
It seems as if the following identity holds

1

0366 =;j"' mod 3.
I have checked out to the ¢ = 300 term. Oddly, the analogous
result for p > 3 seems not to hold, though I'm not really sure what
“analogous” means.

Remark 1. Fred Diamond and someone else (whose name I didn’t
catch) have told me that the mod 3 result is also true, and that
both follow from known congruences for the Ramanujan 7 function
as described in Serre’s course in arithmetic.

In fact there is a better approach which will give us more infor-
mation. Note that

_ log(ca/u)
o log g*

- Z o3(n)¢" mod 8,

n>1
and so
Yb—b=Y (03(n) —o3(n/2))q" mod 8,

n>1
where we adopt the convention that o3(n) = 0 if n is not an integer.
Now it’s easy to check that

03(2n) = o3(n) mod 8,
so that

b —b= Z (o3(n))g" mod 8.

nodd
On the other hand,

1 A
7 =3=q H(l — ") = ZT(n)q" mod 8.
4 n>1

It follows from a congruence of Ramanujan (see [1, page 4]) that

)= {0 mod 8 if n is even

7(n) = e
o3(n) mod 8 if n is odd.
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This means that we have the congruence
Yb—b=3j"' mod 8.

Returning to the prime 2 we will now build a canonical K (1)-
local E, ring spectrum mapping to any K (1)-local elliptic spec-
trum. Since ¢4 and § commute, the element

H(f) € 7TOE

is a modular function, and hence is can be written as a 2-adically
convergent power series in j~!. By lemma 14 there is a 2-adically
convergent power series h with

0(f) = h(f)-
This gives a universal relation in the homotopy groups of any K (1)-
local E, ring spectrum.

Returning to T, and continuing our horrible practice of not
choosing good notation, let b € mgB A Ty once again denote the
universal “b,” let f € moT be the unique element whose image in
moB NT¢ is

f=1(b) =0,
and, finally, set

y=0(f) —h(f) € mTt.
This gives the vertical map in the following diagram. The require-
ment that it be a pushout defines the K (1)-local E ring spectrum
M.

TS0 —* 50

d l

T — M.
by construction it is clear that there is a pretty canonical map from
M to any K (1)-local F.-ring spectrum.
Proposition 15. The map
K.y: K.TS° — K.T;
is smooth of relative dimension 1 (it is also flat, but I suppose that

is a consequence of smoothness). Therefore

KM=KT, ©
K.TS%y
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and

.M = KO.,[j7'].

Proof: The map T'SY — T comes about as the composite
750 XM, pgo Lo,

Since K. f is etale (Lemma 11) it suffices to show that the map
K, (0(x) — h(x)) is smooth of relative dimension 1. If we write out
the rings, we are looking at the map of F-algebras

Zg[y(hyl,...] — Zg[xo,xl,...}
Yo — w1 — h(xo).

It is easy to check that h(zg) = 22 + ..., so that our map is of the
form

Yn — Tp41 mod decomposables.
This probably shows that the map

Zalyo, Y1, - - -][®o] = Za[xo, 1, .. .]
Yo — 1 — h(xo) ...

Xo — T

is an isomorphism. I've checked out to the ¢'° term and found
that h(zp) =0 mod 8. If this is true, then it also shows that the
above map is isomorphism.

I suppose that the smartest thing to do is to consider the in-
creasing filtration by the x;. One easily checks that the map is of
the form

Yi — Tir1 + t(xo, -, x),

which gives an easy inductive proof of surjectivity. Injectivity fol-
lows from “iso mod indecomposables” since the intersection of the
powers of the “augmentation ideal” is zero. O
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8. HOMOTOPY GROUPS OF T¢

Recall that g € Z,; is chosen so that g projects to a topological
generator of Z /u. Define h € Z,, by

¢t p>2
ol

g p=2.

Then for p odd, h =0 mod p and for p =2, h = mod 8. In both
cases

1+n)D =3 (_nb) h.

defines an element of Z,[b] (recall that this ring is p-complete.
Define a multiplicative map

i: B, — BTy = B, @ T{b},

by

(1) = v gDV (=)

i(v1) = g =uv(1+h)\77,
for p odd, and

i(20%) = 211592(_17) = 201+ )Y

i(vf) = vig* ™" = ot (14 ).

At the prime 2, the image of the element n € m KO is forced, since
it is in the image of the homotopy groups of spheres. Note that in
all cases, i(v) = v mod 2. This makes it easy to check that the
map at the prime 2 is multiplicative (where one needs, perhaps, to
worry about the elements in dimension 8k + 1 and 8k + 2, since

they are in the image of the homotopy groups of spheres).
We have a surjective map

B.T; — B.B

of F-algebras with an action of Z;. We are going to define an
additive section which is compatible with the action of Z;. For
this we need to refer to the “big Witt vectors.”

Consider the algebra

A:Z[al,ag,...}
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and define, for each n > 1
w?, = Z das/d.
d|n

The algebra has a unique Hopf algebra structure for which the w?,,
are primitive. In fact, the group functor represented by A is the
functor

R+— (1+zR[z])*.

The universal series in A is the series

a(z) = H(l —apz™),

and one easily checks that

xzdloga(x) = — Z wB, 2"

There is the following an analogue of Dwork’s lemma for the big
Witt vectors.
It is helpful to write a = (a1, ...) and define

(1—-2)* =a(x).
The “group law” is then defined so that
(1—2)*" =1 —2)%(1 —z)°.
Lemma 16. Suppose that A is a ring with endomorphisms
pp: A=A p prime
satisfying
¢p(a) =a? mod p.
Then, given a sequence wP,,wPs,--- € A, one can find a sequence
ai,asg, - € A if an only if for each prime p, each k > 1, and each
(m,p) =1, one has

prkm = ¢,(w?,,) mod p*.

If A is torsion free then such a solution is unique.

The proof is very similar to the p-typical one.
One application of this is that there is a unique map from the
ring of big Witt vectors to the ring of functions from Z to Z sending
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each w?,, to the identity map. One easily checks that this maps
sends the series (1 — ) to the map

n— (1—x)".
One useful consequence of this is that if we define elements ¢, € A
L = (—l)kak + monomials in a;, i < k
by writing
(1-2)* = ap(-a)*

then under the map described above, ¢ is sent to the binomial

function
" n
— .
k

In fact, the image of A in the ring of functions on Z is the ring of
“numerical polynomials,” and has basis these binomial functions.
The section we are describing results from lifting the “Pascal’s

triangle” identity
n+1 n n
(e =)+ ()

Lemma 17. There is a unique map of Hopf algebras
T:-A— A
with the property that for all n,

to A.

Tan :an+ 1.

With respect to the map to the ring of functions on Z, we have
Tf(n) = f(n+1).

Finally, the following “Pascal’s triangle” identity holds:

Tep = cp +cp—1.

Proof: Let’s define the elements T'a,, by writing

(1—2)1—2)* =]J(1 - Tana™).

The effect of T on the w; is easily checked by taking the log of both
sides. The rest of the lemma also follows easily. O
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We now map the ring A to the ring W.
Lemma 18. There is a unique map of Hopf algebras
fiA-W
with
fwPpm) =wr  (m,p)=1
This map is compatible with the action of T on W and on A.

Proof: We define ring homomorphisms
oW —W [ prime,
by setting ¢; = 0 if [ # p, and by setting
Ppan = ab.

The result then follows easiy from Dwork’s lemma. The compati-
bility with T" follows easily from the effect on primitives. O

The entire point of all of this was to define the binomial classes
in the Witt world. We abuse the heck out of the notation to do
this.

Definition 19. Let ¢, € W be the image of the classes ¢, € A
under the map defined above.

We can finally define our 1)4-equivariant section.
Lemma 20. The map
s Homcts(Z;< [t L) — moB N Ty
defined by
Homs(Z) /11, Zy) ——— moB AT

gl lz
Hom 1s(Zy, Z,) Do gy,

is g equivariant.
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Proof: This follows from the above when one notes that under
the vertical isomorphisms in the diagram, the map 1), is sent to
T. O

Finally, we can return to our computation of the homotopy
groups of Tr. We have defined a ring homomorphism

i:mBRT{f} - mBANT;

which is compatible with the action of 1, and whose image is fixed
under the action of 1,.

Lemma 21. The sequence

0= mBRT{f} = mBAT, 25 . BAT; — 0

s exact.

Proof: Consider the additive map

(22)  Homew(Z) /1, Zp) @ m B @ T{f} 2225 . B AT

We will see below that it is an isomorphism. Granting this, the
lemma then reduces to showing that the sequence

HomCtS(Z; [t ZLop) Yol HomCtS(Z; [t Zyp) — 0

constants

0—7Z,

is exact. But this is easy to check. Just use the basis of binomial
functions, and write down the map. O

We have used
Lemma 23. The map (22) is an isomorphism.
This really belongs with the discussion on Homes(Zy, Z,,).

Proof: This is the standard Milnor-Moore argument. We have
an exact sequence of (p-compolete) Hopf-algebras

Ty} 2020 b} — Homes(Z,, Z,)

and a section
s : Homes(Zy, Zyy) — T4b},
which is a map of co-algebras. It is formal to check that the maps

s®@¢: Homgs(Zy, Zp) @ T{y} — T{b}
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and
T{b} coproduct T{b} ® T{b}
[

Remark 2. The binomial functions have the “Cartan” coproduct.
This makes the section a map of co-algebras. This is needed for
the above proof (which I'd better write out to make sure.) In the
Milnor-Moore argument their hypothesis of “connected-graded”
makes this automatic.

Gee though, I don’t think it needs to be this hard.
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