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AN EQUIVARIANT TENSOR PRODUCT ON MACKEY
FUNCTORS

KRISTEN MAZUR

ABSTRACT. Let G be a cyclic p-group. We define an equivariant
symmetric monoidal structure on the category of G-Mackey func-
tors and show that the commutative ring objects in this frame-
work are G-Tambara functors. To develop this structure, for all
subgroups H in G we create norm functors that build a G-Mackey
functor from an H-Mackey functor. Unlike similar functors, we de-
fine our norm functors in terms of generators and relations based
solely on the intrinsic, algebraic properties of Mackey functors and
Tambara functors. Thus, our construction is computationally ac-
cessible.

1. INTRODUCTION

Let G be a finite group. A commutative G-ring spectrum comes
equipped with extra structure not seen in an ordinary G-spectrum.
Namely, it possesses norm maps that are multiplicative versions of the
transfer maps. Around a decade ago, Brun [Bru07] showed that we
see the algebraic shadows of these norm maps in the zeroeth stable
homotopy groups of commutative G-ring spectra. More specifically, it
is well known that m, of a G-spectrum is a Mackey functor (see for
example [May96]), but Brun proved that if X is a commutative G-
ring spectrum, then my(X) is a Tambara functor [BruO7]. Thus, it is
a Mackey functor with a ring structure (i.e. a Green functor) and an
extra class of maps that are the multiplicative analogues of the transfer
maps. These maps are appropriately called norm maps.

Our goal is to develop a framework under which the relationship
between Mackey functors and Tambara functors mirrors the relation-
ship between G-spectra and commutative G-ring spectra. Indeed, the
category of Mackey functors is symmetric monoidal, but the commuta-
tive ring objects under the symmetric monoidal product are not Tam-
bara functors. Notably, they do not have norm maps. Therefore, in
this paper we define an equivariant symmetric monoidal structure on
the category of Mackey functors under which Tambara functors are
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the commutative ring objects. Hill and Hopkins have developed an
appropriate notion of equivariant symmetric monoidal, calling it G-
symmetric monoidal [HH13]. They then call the commutative ring
objects under a G-symmetric monoidal structure the G-commutative
monoids [HH13]. We provide formal definitions of these concepts in
Section 2

Hill and Hopkins [HH13|, Ullman [Ull13], and Hoyer [Hoy1l4] have
independently defined G-symmetric monoidal structures on the cate-
gory Mackg of G-Mackey functors. At the core of these structures
are functors NG for all subgroups H of G that send an H-Mackey
functor to a G-Mackey functor. Hill and Hopkins and Ullman defined
N§ by passing to an H-spectrum via the Eilenberg-MacLane functor,
applying the Hill-Hopkins-Ravenal norm functor and then returning
to G-Mackey functors via my. In [UIIL3] Ullman then develops alge-
braic descriptions of N§ and the corresponding G-symmetric monoidal
structure and proves that Tambara functors are the G-commutative
monoids. Hoyer defined the functors N§ via coends.

In this paper, for G a cyclic p-group we define a G-symmetric monoidal
structure on Mackg without passing to spectra and without using co-
ends. Hence, we develop a concrete G-symmetric monoidal structure.
We construct new functors N§: Macky — Macke for all subgroups
H of G by appealing directly to the algebraic properties of Mackey and
Tambara functors. We use the word “construct” deliberately. Given
an H-Mackey functor M we build a G-Mackey functor NG M piece by
piece using only the intrinsic properties of Mackey functors and Tam-
bara functors. We then define the functors N5 via the map M — N§M
and prove the theorems below to create a G-symmetric monoidal struc-
ture under which Tambara functors are the G-commutative monoids.

For H a subgroup of G let i},: Mackg — Macky be the forgetful
functor. Further, let .7ety"™"** be the category whose objects are finite
G-sets but whose morphisms are only isomorphisms between G-sets.
Define the functor (=) ® (=): Let""** x Mackg — Mackg by the
following three properties:

e ) ® M := A, where A is the Burnside Mackey functor,

o G/H® M := N§i; M for all orbits G/H of G, and

e ( XIHY)®M = (XeM)O(Y @ M) for all X and YV in
yGtZiano.

Main Theorem 1. The functor (=) @ (—): Fete ™™ x Mackg —
Mackg defined above is a G-symmetric monoidal structure on Mackg.
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Main Theorem 2. Let M be a G-Mackey functor, and endow Mackg
with the G-symmetric monoidal structure defined in Main Theorem [1]
Then M is a G-commutative monoid if and only if it has the structure
of a G-Tambara functor.

Even before the emergence of Tambara functors in equivariant stable
homotopy theory, we have been interested in developing a structure on
Mackg that made Tambara functors into ring objects. Eleven years
prior to the publication of Brun’s paper [Bru(Q7], Dave Benson hosted
a problem session at the 1996 Seattle conference on Cohomology, Rep-
resentations and Actions of Finite Groups in which he invited speakers
to present problems related to the field [Ben]. T. Yoshida proposed
to define a tensor induction for Mackey functors that preserves tensor
products of Mackey functors and satisfies Tambara’s axioms for multi-
plicative transfer. The G-symmetric monoidal structure that we create
is such a tensor induction.

Furthermore, extending our construction to all abelian groups is an
open problem. We feel strongly that is can be done but many aspects
become more complicated.

We organize this paper into the following sections. In Section 2 we
provide precise definitions of G-symmetric monoidal and G-commutative
monoid. We also recall the diagrammatic depiction of Mackey functors
and Lewis’ constructive definition of the symmetric monoidal product
in Mackg. In Section 3 we provide two definitions of Tambara functors.
The first is Tambara’s original definition. The second is an axiomatic
and constructive definition specifically for GG-Tambara functors when
G is a cyclic p-group. We base the construction of the G-symmetric
monoidal structure given in Main Theorem [If on the second definition.
In Section 4 we develop the functors N§, before proving Main Theo-
rems [1] and 2 in Section 5.

2. PRELIMINARIES

We begin this section with Hill and Hopkins’ definitions for a G-
symmetric monoidal structure and a G-commutative monoid [HHI13].
We then recall various facts about Mackey functors that are crucial to
our G-symmetric monoidal construction on Mackg.

Definition 2.1. Let (¢,X,¢e) be a symmetric monoidal category. A
G-symmetric monoidal structure on € consists of a functor

(5) @ (=): Lett™™ x € — €
that satisfies the following properties.



4 KRISTEN MAZUR

(1) (XOY)®eC = (XO)R(Y®C(C)and X @ (CXR D) =
(X®C)X (X ®D).

(2) When restricted to .#et? ™15 x ¢ this functor is the canonical
exponentiation map given by X @ ¢ = %X,

(3) X ® (Y ® C) is naturally isomorphic to (X x Y) ® C.

Let .Zetl™ be the category of finite G-sets. Every object C' in €
defines a functor .
(—)®C: Fete™'™ = €,

and we define a G-commutative monoid as follows.

Definition 2.2. A G-commutative monoid is an object C'in € together
with the extension below.

in,lso —-)®C
Yetg ! L%

7
Ve
Ve
Ve
s

SetEin

Hence, a G-commutative monoid is an object C' for which it makes
sense to apply the functor (—) ® C' to maps of finite G-sets. In other
words, C' is a G-commutative monoid if and only if a map X — Y in
FLett™ induces amap X @ C - Y @ C in €.

2.1. Mackey Functors and the Box Product. We will visualize
the G-Mackey functor NG M using the standard lattice diagram for a
Mackey functor. For example, we give a Cy-Mackey functor in Figure
where res(? is the restriction map and ¢r? is the transfer map. To
reduce clutter we do not draw the Weyl action.

M(Cy/Cy)

7"esec2 < > trec2
M(Cy/e)

Ficure 1. M is a Cy-Mackey Functor

Further, a morphism ¢: M — L of Mackey functors consists of a
collection of homomorphisms {¢y: M(G/H) — L(G/H) : H < G}
that commute with the appropriate restriction and transfer maps. The
morphism ¢ is an isomorphism if every ¢ is an isomorphism.

We call the symmetric monoidal product in Mackg the box product
0. Category theoretic definitions of the box product can be found in
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[Lew81] and [Ven05]. We focus on Lewis’ constructive definition first
published in [Lew88] and later fixed in [Shul(] because it motivates
our definition of the G-Mackey functors NGM. For brevity we give
the definition of M O L only for two C,-Mackey functors. However,
Definition [2.3| naturally extends to a k-fold box product for any positive
integer £ and to the box product of C,»-Mackey functors for any cyclic
p-group Cpn

Definition 2.3. Given C),-Mackey functors M and L we define their
box product M O L by the diagram in Figure [2]

]m(trecp )

[M(C,/Cy) ® L(Cy/Cy) @ (M(Cp/e) ® L(Cy/€)) /1o, (o)) [ 7r

rese <

Cple) @ L(C,/e)

tre

\/

FIGURE 2. The Box Product of C),-Mackey Functors

The transfer map is the quotient map onto the second summand. The
restriction map is induced from resS? @rest? on the first summand and
by the trace of the Weyl action on the second summand. The Weyl
action on M(C,/e) ® L(C,/e) is the diagonal action: the generator ~ of
the Weyl group acts by v(m®l) = ym®-~l. Finally, F'R is the Frobenius
reciprocity submodule and is generated by all elements of the form
m' @tre? (1) — trS® (resS? (m') ®1) and tre” (m) @ U — tr$" (m@ress (I'))
for all m'in M(C,/C,), "in L(C,/C,), min M(C,/e), and lin L(C,/e).

3. TAMBARA FUNCTORS

We give two definitions of Tambara functors. The first is Tambara’s
original definition and holds for any finite group. The second is a new
definition that holds only for cyclic p-groups. However, the second
definition will act as a blueprint for our construction of the functors
Ng: Macky — Mackg. We will be able to prove Main Theorem
because the properties of the G-Mackey functor NG M directly mirror
the properties of a Tambara functor given in Definition

Tambara first defined Tambara functors in [Tam93]|, originally calling
them TNR-functors. TNR stands for transfer, norm and restriction.
His definition relies on a few technical constructions that we recall
below. These can also be found in [Tam93] or [Nak14].
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Given morphisms f: X — Y and p: A — X in etk

HfAbY

we define

yey,
HA: (y,0)| o: f~1(y) = A is a map of sets ,
i poo(x)=xforalze f(y)

The group G acts on [[; A by y(y,0) = (vy,70) where (yo)(z) =
vo(y~la).

Definition 3.1. For all morphisms f: X — Y and p: A — X in
FetE™ the canonical exponential diagram generated by f and p is

the commutative diagram below, where h(y,o) = y, the map e is the
evaluation map e(z, (y,0)) = o(x) and f’ is the pullback of f by h.

X~—"— A4 X xy ][, A

j |7

Y : A
L1

We call a diagram in .Zetf™ that is isomorphic to a canonical expo-
nential diagram an exponential diagram.

Let .Zet be the category of non-empty sets.

Definition 3.2. [Tam93] A G-Tambara functor S is a triple (S*, S, S,)
consisting of two covariant functors

S, Yetgm — SLet

S, Yetgm — Set
and one contravariant functor

S* FLetE™ — Let
such that the following properties hold.

(1) All functors have the same object function X +— S(X), and
each S(X) is a commutative ring.

(2) For all morphisms f: X — Y in Setf™ the map S.(f) is a
homomorphism of additive monoids, S,(f) is a homomorphism
of multiplicative monoids and S*(f) is a ring homomorphism.

(3) The pair (S*,S,) is a G-Mackey functor and (S*, S,) is a semi-
G-Mackey functor.
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(4) (Distributive Law) If

X P A c X/

] ;

Y Y’

is an exponential diagram then the induced diagram below com-
mutes.

S(X')

.| E

P ﬁ(y,)

Let O¢g be the orbit category of a group GG. We will provide a new
axiomatic definition of G-Tambara functors that holds when G is a
cyclic p-group. This definition is analogous to the definition of Mackey
functors using axiomatic relations given in [Web00].

Definition 3.3. Let G be a cyclic p-group with generator v. Then a
G-Tambara functor S consists of a collection of commutative rings

{S(G/H):G/H € Oc}

along with the following maps for all orbits G/H and G/K such that
H < K: the restriction map res: S(G/K) — S(G/H), the transfer
map trf: S(G/H) — S(G/K), and the norm map NX: S(G/H) —
S(G/K). These rings and maps satisfy the following conditions.
(1) Every S(G/H) is equipped with a W (H)-action.
(2) All restriction maps are ring homomorphisms, all transfer maps
are homomorphisms of additive monoids, and all norm maps are

homomorphisms of multiplicative monoids.
(3) (Transitivity) For all H' < H < K

resk, = reshresh
trg, = trﬁtrlf}',
N, = NENJ.
(4) (Frobenius Reciprocity) If H < K, then for all  in S(G/H)
and y in S(G/K)

(W)try (x) = try (resg (y)).
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(5) If H < K, then for all 4* in Wk (H), all z in S(G/H), and all
y in 8(G/K)
Yresg(y) = resp(y)
triy(v’z) = tri(z)
Ni(v'z) = Nj(x).
(6) If H < K <@, then for all z in S(G/H)

resitri(r) = Z vx
Y EWK (H)

ress NK(z) = H v
Y EWK (H)

(7) (Tambara Reciprocity for Sums) If H < K < G, then for all a
and bin S(G/H)

Nf(a+b) =

Vi@ NED Y ok (ZNH' (<a_b>§'))+tr§<gH<a,b>>

H<K'<K k=1

where gy (a, b) is a polynomial in some of the W, (H)-conjugates
of a and b, and each (ab)X’ is a monomial in some of the
Wi (K')-conjugates of a and b. These polynomials are univer-
sally determined by the group G in the sense that their exact
formulas depend only on GG and not on the particular Tambara
functor. The integers ixs are similarly universally determined
by G and so depend only on G.

(8) (Tambara Reciprocity for Transfers) For all subgroups H' <
H < K and all z in S(G/H")

Ny (trip(z)) = tri(f(z))
where f(z) is a polynomial in some of the Wy (H’)-conjugates
of x and is universally determined by the group G.

We refer to the last two properties of Definition collectively as
Tambara reciprocity. Moreover, we can use the proof of Theorem
to determine exact formulas for the polynomials given in Tambara reci-
procity. We show how to establish these formulas for a Cy-Tambara
functor in Example [3.7]

We collect the properties of Definition|3.3|into a lattice diagram much
like Figure[l] For example, a Cy-Tambara functor is pictured in Figure
. Further, a morphism ¢: S — S’ of Tambara functors consists of a
collection of ring homomorphisms {¢g: S(G/H) — S'(G/H) for all H <
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S(C4/C)
resg;l (Vg;T trg;
S(C4/Cy)

7"68502 Nec2 T trgz

o
2
~
&

FIGURE 3. S is a C4-Tambara Functor

G} that commute with the appropriate restriction, transfer and norm
maps.

Remark 3.4. If we forget all mention of the norm map in Definition [3.3]
then the leftovers fit together to form a definition of a commutative G-
Green functor. Green functors are the rings in Mackg under the box
product.

To prove that Definitions [3.2] and [3.3] are equivalent for G-Tambara
functors when G is a cyclic p-group we would need to check that the ax-
ioms of the first definition imply the second and vice versa. In [Web00],
Webb provides a proof of an analogous result for Mackey functors. We
will show that Definition 3.2] of a Tambara functor satisfies Definition
[3.3] so that we can use the axioms of Definition [3.3] to define the func-
tors N§: Macky — Mackg. However, we will not include a proof of
the reverse implication because it becomes messy and we will not need
it in subsequent sections.

Theorem 3.5. Let G be a cyclic p-group. A G-Tambara functor as
given in Definition satisfies the axiomatic relations of Definition
1.3,

Proof. Let G be a cyclic p-group, and let S be a G-Tambara functor
as defined in Definition [3.2] Showing that S satisfies properties (1)-
(5) of Definition is straightforward. Thus, it remains to use the
distributive law of Definition to show that S satisfies Tambara
reciprocity.

Let H and K be subgroups of G such that H < K. It suffices to
derive the Tambara reciprocity formulas only for K = G since the
norm map Nj in a G-Tambara functor S must agree with NJ in the
K-Tambara functor i}.S.

Let a and b be in S(G/H). We will first develop the Tambara reci-
procity formula for the norm of a sum N§(a +b). Let #; I %, be the
disjoint union of two single point G-sets and let V be the fold map.
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Then the diagram below is an exponential diagram,

G/H G/HUG/H G/H x Mapy (G, *; 1T *g)

| &

G/G Mappy (G, *; I *y)

and applying S to it yields the following commutative diagram.

S(G/H) <"~ S(G/H) & S(G/H) —— S(G/H x Mapy (G, * 1 %))

5(G/G) he S(Mapg (G, I %2))

The composition N§V.(a,b) equals NG(a + b). Thus, it remains to
determine h,m.e*(a,b). We first simplify S(G/H x Mapy (G, ;1 1L x3))
and S(Mapy (G, *1 Il %)) by decomposing G/H x Mapy (G, % I *9)
and Mapy (G, #1 11 %3) into disjoint unions of G-orbits.

The decomposition of Mapy (G, *; 11 %) consists of two copies of
G /G, some copies of G/ K’ for all subgroups K’ such that H < K’ < G,
and some copies of G/H. We do not need to know the exact number
of copies of every G/K’' and G/H in the decomposition. Instead it
suffices that these numbers are universally determined by G. Hence,
Mapg (G, #1 1T %5) is isomorphic to

c/aT[ere]] (H G/H) )H[ 11 (ﬁ(G/K%)]

H<K'<G

where the integers ¢ and ix/ are determined by G.

Now consider G/H x Mapy (G, *1 I1*5). Whenever H is a subgroup
of K, the G-set G/H x G/K is isomorphic to the disjoint union of
|G/ K|-many copies of G/H, which we denote [] 5/, G/H. Hence,
G/H x Mapg (G, *; 11 *9) is isomorphic to

G/HHG/HH(ﬁ(H G/H))H[ II (ﬁ(u G/H)k)

|G/ H| H<K'<G |G/K|

Therefore, the ring S(G/H x Mapy (G, *; 11 %5)) is isomorphic to

S(G/H)®S(G/H) @@(@ SG/H)@ &y é(@ SG/H)

|G/H| H<K'<G k=1 \|G/K'|
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Similarly, S(Mapg (G, *1 I *5)) is isomorphic to

S(G/G) & S(G/6) o DSC/H, o D) (@s G/K) )

j=1 H<K'<G

Next we establish a formula for the map e* in the above diagram:
e*(a,b) is a sequence of a’s and b’s, the order of which is determined by
the decomposition of Mapy (G, x;11%,) into G-orbits. More specifically,
the first summand of S(G/H x Mapg (G, %1 I1%3)) stems from the orbit
in Mapg(G,*; II %9) consisting of the constant map that sends all
elements of G to *;. Hence, e¢*(a,b) = a on that summand. Similarly,

e*(a,b) = b on the next summand. To give how e*(a, b) maps into each
(®|G/H\ S(G/H)); we index (Bq, 5 S(G/H)); using the elements of
G/H:

P S(G/H)=S(G/H). ® S(G/H), @ -+ ® S(G/H)ja/u1-1.

|G/H|
Then let the j% copy of G/H in Mapy (G, *; 11 %3) be the orbit of the
map f;. So, €*(a,b) is a on the y*-summand of B,q,y S(G/H); if
fi(7®) = %1 and b if f;(7*) = *2. (The choice of the element f; in the
orbit does not matter.) We denote the resulting sequence of a’s and b’s
in P/ S(G/H); by (4, B)!. Then e* maps (a,b) into each
(B/x S(G/K'))r analogously, and we denote the result by (A, B)K
Thus,

e'(ab) =ambePA B o B (@(A,B)f’).

Jj=1 H<K'<G
Next we establish the formula for 7. First, the map
w): @D S(G/H) - S(G/H)
|G/H|
is given by

2 G/H|-1
(Se, 8’77 872, . 8,Y|G/H|,1) —> 367577 572 .. .,->/| /H|

The map (7k.-): ®D\c/x S(G/H) = S(G/H) is analogous. Then T,
is

S,1G/H|-1.

NfeoNjoPhie P @ |:NH/ Vicr ]
j=1 H<K'<G k=1
where N$: S(G/H) — S(G/G) and NE': S(G/H) — S(G/K') are

the norm maps.
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Consider now the composition m.e*(a,b). Under m,, each (A,B)f
in e*(a,b) maps to a product of some of the Wg(H)-conjugates of a
and b. Denote this product (AB)#. Similarly, 7, maps cach (A, B)f’

to NE'((ab)K"), where (ab)k’ is the product of some of the Wq(K')-
conjugates of a and b. Thus, m.e*(a,b) equals

N§(a) ® N§(b) @@AB P <éNK )

H<K'<G

Finally, the map h, is the identity on the first two summands of
S(Mapy (G, *; I %3)), the transfer map tr% on each S(G/H); and the
transfer tr¢, on each S(G/K’).

Therefore, h,mee*(a,b) equals

o)+ 550 oo+ Y o (3o ()

H<K'<G

where each (ab)X" and gy (a,b) are as defined in Definition .

Next, let H' be a subgroup of H, and let x be in S(G/H'). To prove
the Tambara reciprocity formula for the norm of a transfer N§tr#, (z)
consider the exponential diagram below.

G/H G/H' G/H x Mapy(G, H/H')

| k

G/G . Mapp(G, H/H')

As a G-set Mapy (G, H/H') is isomorphic to

r

[ ),

q=1
and so G/H x Mapy (G, H/H') is isomorphic to

r

I II ¢/#

g=1 \|G/H| .

We do not need to know an exact value for r, since it suffices that it is
universally determined by G , H, and H'.
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Thus, applying S to the above exponential diagram results in the
following commutative diagram.

H

S(G/H) ——""— S(G/H') ——— @, (B SG/H))
5(G/6) = @, S(G/H),

The map e* is the diagonal map. To determine a formula for 7, let
the ¢'" copy of G/H' in Mapy(G, H/H') be the orbit of the map f,.
(The choice of the element f, in the orbit does not matter.) Addition-
ally, let v1¢/#1 be the generator of H in G. Since fq is H-equivariant,
it follows that yI¢/Alf, (4%) = f,(4/¢/H1+) for all 4* in G. Therefore, f,
maps |G/ H|-many elements of G/H' to the identity element of H/H'.
Denote the elements of G/H’ that map to the identity by v, v, ...,
yheril. Then f, induces a map

fo: €D S(@G/H), — S(G/H'),

|G/ H]|

q

given by
Jou(8e, 845 Spiarm-1) = Y825,y - "}/t‘G/H‘S,YlG/H|—1,
and so T, = P fox-

The composition m,e*(z) equals m.(D;_, (B g m 7)q), and under ,
each (€D,g/p *)q maps to a product of some of the W (H')-conjugates
of z. We denote this product x,. Thus,

et (x) = z,.
g=1
Finally, if v: @,_, S(G/H"), — S(G/H') is the fold map, then h, is
the composition ¢rf,v, and

N§tri (z) = hymee*(z) = tri (f(z))
where f(x) is a polynomial in some of the W (H')-conjugates of z. [

Fact 3.6. The following seemingly innocuous fact regarding Tambara
reciprocity will allow us to have some fun in Section 4.2l The mono-
mials of gy (a,b) and f(z) and the monomials (ab)X" do not contain
repeated factors. That is, for every 4™ in G, the elements v"a and
~™b appear at most once in any monomial in the formula for the norm
of a sum, and it is impossible for both v"a and +™b to appear in the
same monomial. Similarly, the element 4™x appears at most once in
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any monomial in the formula for the norm of a transfer. These facts
follow from the formulas for the 7, maps discussed in the proof of
Theorem [B.5]

Example 3.7. Let S be a Cj-Tambara functor with a and b elements
in S(Cy/e). We will develop a formula for N%(a + b). We start with
the exponential diagram below and then decompose Map,(Cy, *; 11 %5)
into G-orbits.

Cy/e Cy/ell Cy/e Cy/e X Mape(Cy, *1 1T %3)
Cy/Cy h Mape(Cy, *1 11 x3)

Let v be the generator of Cy. The G-orbits in Map,(Cy, *; IT*,) consist
of two copies of Cy/Cy, one copy of Cy/C5, and three copies of Cy/e.
Thus, Map.(Cy, *1 1T *9) is isomorphic to

evien | kevien |l | (]_[ Cu/e) ) [ cure

It follows that Cy/e x Map.(Cy, %1 IT *5) is isomorphic to

C’4/eHC4/eH ﬁ HC4/e H<C4/6HC’4/6>.

i=1 \|Cy/e]

J
Applying S to the above exponential diagram results in the diagram
below,

S(Cyfe) =<—— 5(Cy/e) B S(Cyfe) = S(Cy/e x Map,(Cy,#; Il x5))

N6C4 l lﬂ-*

S(Cy/Cy) = S(Map(Cy, %1 I %))
where S(Cy/e x Map.(Cy,*; 1L x9)) is isomorphic to

§(04/6) ) §(C4/6) ) é @ §(C4/6) ) (§(C4/6) ) §(04/6))
Jj=1 \|C4s/e| )
and S(Map.(Cy, x1 I *9)) is isomorphic to j
S(Ca/Ca) ® S(C4/Ca) ® 3 S(Cafe); @ 5(Cs/Ch).
=1
It remains to determine h,m,e*(a, b; We use representatlves of each of
the G-orbits in Map.(Cy,*; 11 %3) to define e*. The copies of Cy/Cy
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in Map.(Cy,*; I x5) are the orbits of the two constant functions. The
copy of Cy/Cs is the orbit of the map that sends the subgroup C; to #;
and (3 to *9. The three copies of Cy/e are the orbits of the following
three maps.

(6,"}/,’)/2l—>*1)( 3 r—>*1)<e,’y3r—>*1)
S N AN T e S B R N T Gl S
Hence, we define e* by

e*(a,b) = (a,b, (a,a,a,b),(bb,b,a),(a,b,b,a),(a,b)).
Then m,e*(a,b) becomes

(NS (a), NEH(b), aryary®ary®b, byby* by’ a, avby?bya, NE* (arh))

and finally h,m,e*(a,b) results in

N (a) + NOb) + 158 (NO((@b)) + 1 (ge(a. )
where (ab)$? = avb and

ge(a,b) = ayay*ay®b + byby*by*a + ayby*byia.

To develop the formula for Ng; (tr&2(x)) we start with the following
exponential diagram.

04/02 C4/6 < 04/02 X Mapc2(C'4,C'2/e)
04/04 h Map02(04,02/6)

The Cy-set Mapc,(Cy, Cs/e) is isomorphic to Cy/e, and we can think
of it as the orbit of the map below.

e,y +— e
R s

Thus, applying S to the above diagram yields the diagram below.

C.
tre 2

§<01/02) 5(Cy/e) ——= S(Cyfe) Tﬁ(@/e)
5(G/G) & S(Cyfe)
Further,

et (z) = m(z, x) = 2y,

and h,(zyz) = trf(zyx). It follows that Ng; (tr&2(x)) = trS(f(x))
where f(z) = zvyx.
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We can also uncover the formula for N%(a + b) by decomposing
H,ytewc4(€) v'(a + b) into orbits and the formula for NgQ4 (tr€2(x)) be

decomposing waeW% ©2) At (27T|C4/C’2|€WC2(6) ATICa/Cal x) into orbits.

4. CONSTRUCTING THE FUNCTORS N§

From here on, let GG be a cyclic p-group with generator v and let H be
a subgroup of G. In this section we define the functor NG : Macky —
Mackg that is the foundation for the G-symmetric monoidal structure
that we build on Mackg. In particular, given an H-Mackey functor
M, we create N§ by first building a G-Mackey functor N§M and then
proving that the map N§: Macky — Mackg given by M +— N§M
is a functor. We will then prove that for all subgroups K such that
H < K < @ the functor N§ is isomorphic to the composition N¢NJ.
Not only do we need this fact to prove Main Theorems [I] and [2, but
it also simplifies many of the remaining proofs in this paper. Hence,
we wait until Theorem to prove that N§ is strong symmetric
monoidal.

4.1. Weyl Actions. Let M be an H-Mackey functor and let K be a
subgroup of GG such that H < K < (G. The definition of the G-Mackey
functor N§M involves the |G/ K|-fold cartesian product of M(H/H)
and the |G /H |-fold box product of M. Thus, before defining NG M we
define an appropriate Weyl action on these products.
To define a W (K )-action on M (H/H)*I/Kl we index M (H/H)*|¢/K]

by elements of G/K, and let the generator v of Wg(K') permute the
factors. More specifically, denote an element in M (H/H)*I/Kl by

X|G/K
(4.1) mXIGE = e xomy x - x MG K1
Then ~ acts as follows:
x|G/K o
v (m G/ |) = y(me X my X - X mje/xi-1)
= Myle/K|-1 X Me X My X -0+ X MyG/K|-2.

Alternatively, if J is a subgroup such that K < J < G, then we can
reindex M (H/H)*I/Kl by (M (H/H)*/EN*IG/1 - (We will do this to
prove Theorem ) We write

leJ/Kl =M X m,Y|G/J\ X m.2ic/J| X oo X m,y(\J/K|—1)\G/J|
for an element in M (H/H)*//Xl and denote an element in

(M(H/H)¥7/EN) <y

(mx\J/K\)X\G/ﬂ _ (mle/Kl)e x (mXIJ/KI),Y VTR, (m><|J/K|),Y|G/J\—1'
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The Weyl action still shuffles the factors of (mXW K |)X|G/J‘, but now
each m>//Kl travels as a pack. Hence, if 4I¢//I(m>I//K1) is the action
of the generator of W;(K) on an element of M (H/H)*"/Kl then

(4.2) 7 (A7)
[’Y‘G/ﬂ (mle/Kl)wwcm—l} X (mXWK')e Korme X (mXU/Kl)v‘G/J'” '

Now suppose that H' < H. By Definition to define a Wg(H')-
action on MPIHI(H/H') it suffices to state how the generator ~ of
We(H') acts on a simple tensor. Using notation analogous to Equation

let v act by
(4.3) v (mPIeH =

|G/H]

(’Y m»ywc/H\—l) Q) Me @My @ - -+ @ Myla/m|-2,

where 714/ generates Wy (H'). Because we will need it to prove The-
0|G/J|
orem we will also endow (MDWH‘) with a Wg(H')-action:

v (m®|J/H|)®|G/J‘ is analogous to |D but now

7|G/J| (m®|J/H|) = (7‘G/H|m7(‘J/H‘_1)|G/J\)®me®m7\G/K\®' . '®m7(\J/H\—2)IG/J\ .

The following lemmas follow directly from our choice of indexing, yet
are vital in building the functors N§.

Lemma 4.1. The W (K )-modules M(H/H)X|G/K| and (M(H/H)xu/lq) x|G/J]|
are equivariantly isomorphic.

Lemma 4.2. If M is an H-Mackey functor, then for all subgroups H'
0|G/J|

of H, MPIC/HI(H/H') is isomorphic to (MDWH') (H/H') as

We(H')-modules.

4.2. Fun With Tambara Reciprocity. Suppose M is an H-Mackey
functor and H' < H < K < G. In order to create a G-symmetric
monoidal structure on Mackg under which Tambara functors are the
G-commutative monoids, we need to mirror the properties of G-Tambara
functors in the G-Mackey functor NG M. In particular, we need NG M
to reflect the Tambara reciprocity properties given in Definition[3.3] So,
for all subgroups K of G we will force (NGM)(G/K) to satisfy Tam-
bara reciprocity-like relations by quotienting out by a submodule gen-
erated by string of elements that are analogous to Tambara reciprocity.
Thus, in this subsection we will create elements in M (H/H)*I1/X| and
M(H/H"®\G/H that are like the polynomials (ab)X’, gr(a,b), and f(z)
defined in Tambara reciprocity.



18 KRISTEN MAZUR

To do this we first formally add an element 1 to M (H/H') such that
the stabilizer subgroup of 1 is all of H. Define a multiplication on
M(H/H') by Im = ml =m for all m in M(H/H'). If neither m; nor
mey is the element 1, then there is no multiplication m;ms. Then for all
79 € We(K) we can consider elements in M (H/H)*I%/%| of the form
19 x my; x 1¥I6/KI=1=7 where m.; # 1. We note that

1><j X My x 1X|G/K|_1—j — /yJ (m,yj X 1><|G’/K|—1) )
Further, if 4% and 47 in Wg(K) are such that j < k then we can
multiply:

(1)(] % m,-yj % 1X|G/K|—1—j) (1><k‘ % m,yk % 1><|G/K|—1—k)

= 19 xmy x DRI xm e x 1XIG/KIER

Thus, we can write an element m I/ Kl in M(H/H)*I%/%| as a (mul-
tiplicative) product over the W (K )-action:
G/K|-1
mXIG/KI H 77 (my x 1XIG/KI=1Y
=0
Moreover, if K’ < K, then we can embed m >/l into M (H/H)*IG/K’]
by
X/ o XIG/K] 1 XIG/K|-IG/K]|

Letting v/%/%1 be the generator of Wy (K') we define a Wi (K')-action
on this element by

AIG/K] <mx\G/K\ % 1x|G/K’\f\G/K|> — 1 XIG/K] sy |G/ K| o 1 XIG/K'|=2IG/ K|

We can similarly embed m*|¢/%l into M (H/H)®IG/H| via
mXIG/E] Ly ®IG/K| o 116/H|-IG/K|

;'G/m (resp. ma?‘G/K‘) to indicate that the element a

is the 47-th factor of m

x|G/K|
J

Therefore, for any a and b in M (H/H) we can consider the elements
majle/Kl % 1XIG/K'|-IG/E| 3p1d mijlG/Kl « 1XIG/K'|-|G/K]| iy M(H/H)X|G/K’|
along with their Wy (K')-conjugates. Additionally, in M (H/H)®I¢/Hl
we can consider ma?'G/m@l@‘G/H'_'G/K', mb?lG/m@l@'G/H'_‘G/K‘ and
their Wik (H )-conjugates. Recall from the Tambara reciprocity prop-
erty for sums that each monomial (ab)X" is a product of some of the
Wi (K')-conjugates of a and b and gy (a,b) is a polynomial in some of
the Wk (H)-conjugates of a and b.

We write ma
XIG/K] (resp. m®IG/Kl) and so

ma :mexmﬂ,x---xawx---xmv\c/;q_l.
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Lemma 4.3. We can evaluate (a_b)kK/ at the appropriate Weyl conju-
gates of ma;‘G/K‘ x 1XIG/KI=IGIKL gnd mijK;/K| x 1XIG/KI-IG/K] ¢
obtain an element (a;b;)K" in M(H/H)*I/%'l that contains no ones.
Similarly, we can evaluate gy (a,b) at the appropriate Weyl conjugates
of 'lna;@'G/K| ® 18IG/HIZIG/E] gnd ’rnb?lG/K| ® 18IC/HIZIG/E] o obtain a

polynomial gy (a;,b;) in M(H/H)®IG/Hl that contains no ones.

Proof. This result follows directly from Fact and from the way we
defined the element 1 in M(H/H). O

Although it is an abuse of terminology, we call the processes de-
scribed in Lemma evaluating (ab)k' at ’nmf'G/K| x 1XIG/K|-IG/K]
and 'mbjxla/K| x 1XIG/KIGIKT and evaluating gr(a,b) at ma;@‘G/K| ®
1816/ HI-1G/K| g mp? %/ @ 191G/ HI-1G/KI,

Finally, let H' be a subgroup of H and let ¢ = trk,(x) for some x
in M(H/H'). For every mchIG/KI let r; be the restriction resi, of the

. . xX|G/K
element m; in the " factor of mc; &/ |, so r; equals rest, (m;). Then

consider the corresponding element
Fe® @ Toimt @ Ty @ Togt @ -+ @ Tyjayuc 1 @ 191G/ HIZIG/K]
in M(H/H")®IG/HI
Lemma 4.4. Let H' be a subgroup of H and let x be in M(H/H'). We

can evaluate the polynomial f(x) of the Tambara reciprocity property
for transfers at

Te @+ @ Toimt @ Tni @ Taitt @ -+ @ Tja/xi-1 @ 1®IG/H|-|G/K|
to obtain a sum f(x;) in M(H/H')®I/H1 This sum involves no ones.

4.3. The Functors N§. Let M be an H-Mackey functor. We shall
now construct the G-Mackey functor NG M and prove key properties
about the map M + NG M.

Definition 4.5. Given an H-Mackey functor M define the G-Mackey
functor N§M as follows.

(1) For all subgroups H' of H define
(NEM)(G/H') = MO (H[H).

The W (H')-action on a simple tensor m®G/H is as described
in Section 4.1} If H” < H' < H then rest, and tril, are the
box product restriction and transfer maps given in Definition

2.3
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(2) Let K be any subgroup of G such that H < K < G, and let
K" be the maximal subgroup of K. We define (NSM)(G/K)
inductively by

(NSM)(G/K) = (Z{M(H/H)XG/K}@((NEM)(G/K”>) /WK<K~>)/TR,

and require that (NG M)(G/K) satisfies properties (a)-(d) given
below.

(a) Given m*|¢/Kl in M (H/H)*I¢/Kl let N(m>I¢/%]) denote
the corresponding generator of the free summand Z{M (H/H)
The generator v of Wg(K) acts on N(m*I¢/Xl) by permut-
ing the factors of m*|6/Kl as described in Section [4.1]

(b) The transfer map trk, is the canonical quotient map onto
(NGM)(G/K")) [wixm)- We will refer to (NFM)(G/K")) [wi )
as Im(tr%,) and an element in this summand as tr(z) for
some x in (NGM)(G/K").

(c) We define the restriction map res%, by

resk, (tr(z)) = Z v

YSEWK (K")

xIG/K|Y,

for all tr(x) in Im(trk,), and

N (Tsejsery m1941) i K7 >

Tesg//(N(mXIG/Kl)) = {® ®|G/K]| if K" H
K /K| m 1 =

for all generators N (m*I¢/Kl) where [Tk e (mXIG/KT) s
the | K/ K"|-fold Cartesian product of m*I%/*l and @) s mI/*]
is the analogous tensor product.

(d) The submodule T'R is called the Tambara reciprocity sub-
module. It is generated by all elements of the follow-
ing forms for all a and b in M(H/H), j such that e <
79 < 4IG/KI=1 "and ¢ such that ¢ = trf,(z) for some z in
M(H/H') and for some subgroup H' of H:

(4.4) N <m(a + b)*'G/K') N (maj'G/K'> N (mbj‘G/K‘>

J

_ Z tri, (ZN ((ajbj)kK,>> —tryy (gu(aj, b))

H<K'<K

and

(4.5) N <mc;‘G/K‘) — 0 (f(xy)).
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We gave descriptions of (a;b;)5', gi(a;,b;), and f(x;) in

Lemmas 4.3 and £.4]

Since G is a cyclic p-group, all subgroups are nested. Thus, if K”
is not maximal in K then we define res%, and trf, using the facts
that if K” < J < K, then res¥, = resf,resk and trk, = tritr].,,.
The Weyl equivariance of the Tambara reciprocity submodule follows
directly from the definitions of (a;b;)X’, gu(a;,b;), and f(x;) and
the way we defined the Weyl actions. In addition, the formulas for the
generators of the Tambara reciprocity submodule are directly borrowed
from the Tambara reciprocity formulas in Definition [3.3] Quotienting
out by TR will thus guarantee that Tambara reciprocity is satisfied
when we extend N§ to functors on Tambara functors and subsequently
prove Main Theorem [2]

Ezample 4.6. We can think of the module Z/2 as an {e}-Mackey func-
tor. We build the Co-Mackey functor N27Z /2. First, (N2Z/2)(Cy/e) =
Z/2 ® Z/2, and hence is simply Z/2 with trivial Weyl action. Then

(NE2/2)(Co/Co) = (ZAN(0), N()} @ Z/2 i) /1

and the T'R submodule is generated by all elements of the form N(a +
b) — N(a) — N(b) — tr€2(a®b). Thus, quotienting out by T'R gives the
following relations: N(0) = 0, trf2(1) = —2N(1), and 4N (1) = 0, and
so (N27,/2)(Cy/Cy) =2 Z/4. We give the lattice diagram for N27Z/2

is Figure [
7/4
7‘68602 < > trec2
72

FIGURE 4. The Cy-Mackey functor N27Z /2

e —
[ E—— N

Example 4.7. Using a process similar to Example [4.6] it is not difficult
to see that N“27Z is the Cy-Burnside Mackey functor A.

Theorem 4.8. For all subgroups H of G, the map N5 : Macky —
Mackg given by M+ NGM is a functor.

Proof. Given a morphism ¢: M — L in Macky we define the associ-
ated morphism N§(¢): NGM — NSL in Mackg as follows. For all
subgroups H' in H define N§(¢)x to be gbﬂ/G/H‘. If K is a subgroup
such that H < K < G, then we inductively define N (¢)x so that it is
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compatible with the appropriate restriction and transfer maps. More
specifically, let K” be the maximal subgroup of K. Then for all ¢r(z) in
the transfer summand of (N§M)(G/K) we define N§(¢)x(tr(z)) to be
tri, (NG (o) g (x)). If N(m>IG/Kl) is a generator of the free summand
of (NGM)(G/K), define N§(¢)x(N(m*IE/K1)) to be

N(¢r(me) X ¢p(my) x -+ X ¢y (myc/xi-1)).

The map N5 (¢)x preserves the Tambara reciprocity relations because
the polynomials (a;b;)X", gi(a;,b;), and f(x;) are universally deter-
mined by the group G. Further, by definition, the maps {NG(¢)x

K < G} form a natural transformation of G-Mackey functors, and the
assignment ¢ — N (¢) is functorial. O

We next prove that the functors N§: Macky — Mackg are com-
posable in the sense that N§ is isomorphic to N¢ N5 whenever K is
such that H < K < G. We prove this fact now because it will make
the proofs of subsequent theorems regarding N§ significantly easier by
allowing us to prove the statements only for the case when H is the
maximal subgroup in G.

Theorem 4.9. For all subgroups H < K < G the functor N§ is
isomorphic to the composition of functors NN .

Proof. Let M be an H-Mackey functor, and let J be the maximal sub-
group of G. Via induction on the size of G it suffices to show that N§
is naturally isomorphic to N¥N. We will construct an isomorphism
®: NYNHM — N§M by building a collection of isomorphisms

[@p: (NENJM)(G/P) — (NGM)(G/P) for all P < G}

that commute with the appropriate restriction and transfer maps.

For any subgroup H' of H we let ® . be the isomorphism of Lemma

[.2] since (NGM)(G/H') = MOS/"I(H/H'), and
(NSNyM)(G/H') = (NjM) (/1)
(MD\J/H|>D|G/J\ (H/H/)

Next let K be a subgroup of GG such that H < K < G, and let K" be
the maximal subgroup of K. Before defining ®x we will first simplify
(NYN{M)(G/K). This module equals (N#M)PIG/VI(J/K), and by
Definition [2.3] this box product is equal to the following module:

(NGM)(J/ K @ (NG N M)(G/K") i) [ rr-

The summand (NYN{M)(G/K")/w(xr) is the image of the transfer
map trk,  and thus we denote it [ m(tTK,/) Via Frobenius reciprocity
we identify all transfer elements of each (N M)(J/K) with elements
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in Im(tr¥,). Then since @, Z{M} is isomorphic to Z{[], M}, the
module (NY N M)(G/K) is isomorphic to the module given below:

(NSNGM)(G/K) = |z { (aa(r/H) 50 T @ ()| [

A generator of the free summand of (NYNJM)(G/K) is given by
N <(mX|J/K|)X|G/J|> and Wg(K) acts on (mX”/K')XlG/J‘ as described

in Equation The submodule FR stems from combining Frobenius
reciprocity with the Tambara reciprocity relations of each (N M)(J/K).
It is generated by the following two classes of elements for all a, b, 7,

r, and for all ¢ such that ¢ = trfl,(z) for any x and any subgroup H’
of H:

N <(m><|J/K|>e Y ( xIJ/K|>'Y7 ( XJ/K)WG/J|_1>
((mxwm - XU/K)VT x (m XJ/K)VGMI)
<(mx|J/K| “ o x ( X|J/K|>7T ( X|J/K|>WIG/“>
).

).
).
. trg,( (H (m51) .

N
N

H<K'<K |K/K|
X <;(a3b]) )A/r X oo X |K1/—I‘[<,| (mX|J/K|>7|G/J\ 1))
- trk (}% (m®|‘]/K|>e® @ g (g, bj)yr @ - ®|[§{| (m®J/K>7GN1>

and

N <(m><|J/K|>6 e x (mC]XU/K‘)VT NS, (mle/K>7G/J|1>
ok ( ® (mVK) o el e e @ (mMK)wG/“) |

|K/H| ‘ |K/H|

Thus, it suffices to use induction to build isomorphisms

Pt (NFNFM)(G/K) = (NGM)(G/K)

for all K. For the base case assume K is the subgroup K in which H
is maximal. We define ®z by defining two maps , one on the transfer
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summand

b <MD|J/H|>D|G/J
A

(H/H) /w) = MO (H/H) fw )

and one on the free summand
_\ x|G/J]| R
o2 { (asteryany =)y 2 {aatary ey,

Let ¢z be the isomorphism induced by ®p, and let gzﬁ’f( be the iso-
morphism of Lemma that rearranges the indices of a generator

~ \ X|G/J|
N ((mXJ/ K ‘) . We then have the diagram of short exact se-

quences shown below, and thus @ is an isomorphism by the Five
Lemma.

Im(trf)—— (NG N{,M)(G/K) —= (NS N{M)(G/K)/ tmiar)

El%} lth{ %L(ﬁg}

Im(trl)——— (NGM)(G/K) (NGM)(G/K)/ tmian)

The definition of ®; and proof that ®x is an isomorphism for any
subgroup K such that H < K < G is analogous.
It remains only to define ®¢. The module (NY N/ M)(G/G) is

(Z{(NFM)(J/])} & (NFNGM)(G/T) [ wan) [1r.

which equals
(Z{(Z{DL(H/H)} © Im(tr)]frr} © Tm(r) ) frr

Via T'R we can identify all elements in the transfer summand of (N7 M)(J/J)
with elements in I'm(tr§). Thus,

(NENJM)(G/G) = (ZAZAM(H/H)}Y} & Im(tr) Jrr.

Further, we derive the generators of the Tambara reciprocity submod-
ule directly from the formulas for Tambara reciprocity for sums and
transfers in Definition [3.3] Therefore, by Property [3] of Definition [3.3]
(NGN{M)(G/G) is isomorphic to (Z{M(H/H)} & Im(tr§)) /rr. We
then define ®¢ by defining two maps ¢¢ and ¢}, as we did above. It is
clear that these maps will pass to a well-defined isomorphism. U

Indeed, we now have composable functors NG : Macky — Mackg
for all subgroups H of G. However, we need these functors to be strong
symmetric monoidal if we want to use them to build a G-symmetric
monoidal structure on Mackg.
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Theorem 4.10. The functor NG : Macky — Mackg is strong sym-
metric monoidal for all subgroups H of G.

Proof. By Theorem it suffices to let H be maximal in G, in which
case the definition of N M simplifies nicely. Indeed, if H' is a proper
subgroup of G, then (NGM)(G/H') = MP'/HI(H/H"), and so the only
interesting module is (N§M)(G/G), which is

(240 (H/H)} & MO HIH) fwen) ) [ra:

Further, the Tambara reciprocity submodule of (N§M)(G/G) is rel-
atively simple. Since there are no subgroups between H and G and
only one copy of M(H/H) in the free summand of (NGM)(G/G), the
generators of T'R are elements of the forms

N(a+b) = N(a) = N(b) — triy(gu(a,b))

and
N(trip(x)) = trip (f(z))

for all @ and b in M(H/H), x in M(H/H') and H' < H. The polyno-
mial gy (a,b) is the polynomial gy (a,b) of Property [7|in Definition
evaluated at a ® 1919/H1=1 and b @ 1®9/¢/HI=1 (as described in Lemma
4.3)). Similarly, f(x) is the polynomial f(x) of Propertyin Definition
evaluated at z ® 1®/G/HI=1,

To show that N§ is strong symmetric monoidal we will build an
isomorphism U: NSMONSL — N§(MOL). To begin, we define Wy
for all subgroups H' of H. By definition,

(NFM ONGL)(G/H') = (M"/Hl o LY N (H/H),

and consists of simple tensors of the form m®|¢/H| @ [®IG/HI  The
generator vy of W (H') acts by v (m®I¢/H1) @~ (1¥19/H1) - On the other
hand, N§(M OL)(G/H') = (M O L)(H/H') with simple tensors

(M) =m, @l @m, @1, @ @myc/m- & Lyjc/m-1,
and v acts by
('y‘G/H'm,Y\G/H\fl X ’ylG/Hllﬂc/mq) QMR- ® My |G/H|—2 X ZW\G/HF%

Thus, we let Uy be an isomorphism analogous to that of Lemmas 4.1
and that rearranges the indices.

It remains to define Ug: (NSMONSL)(G/G) — NS(MOL)(G/G).
We simplify (N§M 0O N§L)(G/G) using a process akin to the sim-
plification of (NYNjM)(G/K) in the proof of Theorem 4.9 Thus,
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(NGM O NGL)(G/G) equals
(NFM)(G/G) @ (NZL)(G/G) & Im(tr))) / pr,
which is isomorphic to
(ZAM(H/H) x L(H/H)} & Im(trg)) /77

The submodule FR stems from combining the Tambara reciprocity
submodules of (N§M)(G/G) and (NGL)(G/G) with Frobenius reci-
procity. If we let @),z ™ denote the |G/ H|-fold tensor product of an

element m, then F'R is generated by

N((a+b)x1)=N(axl)=N@bx1)—trf | gu(a.b)@ Q) 1],
G/ H]

N(mx (y+2))—N(mxy)—N@mx z)—tr% ® m® gu(y, 2) |,
|G/H|

N(tri(d) < 1) —tr§ | trin (f(d) @ Q) 1]
|G/ H]|

and

N(m x trij(z)) =ty | Q) m @ tril.(f())
|G/H]|
for all a, b, and m in M(H/H),din M(H/H'),y z, and [ in L(H/H),
xin L(H/H') and subgroups H' of H.
Further,

Nj(MOL)G/G) = (Z{(MOL)(H/H)} & Im(tr)) /r,

and after combining the Frobenius reciprocity submodule of
(M O L)(H/H) with Tambara reciprocity,

N§(MOL)(G/G) = (Z{M(H/H) ® L(H/H)} ® Im(tr§})) /75

To define TR let gu(a®y,b®z) be the polynomial gy (a, b) of Property
in Definition [3.3| evaluated at ¢ ® y ® (1 ® 1)1 and b ® z ®
(1@ 1)®IG/HI=1 "and let f(d ® rest,(y)) and f(rest,(a) @ x) be the
polynomial of Property |8 of Definition evaluated at d ® rest, (y) ®
(1 ® 1)®IG/HI=1 and rest,(a) @ * ® (1 @ 1)®I¢/HI=1 respectively. Then
the following elements generate T'R for all a ® y and b ® z in
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M(H/H)® L(H/H),din M(H/H'"), z in L(H/H'), and subgroups H’
of H:

Na@y+b®z) —Na@y) - NO®2) - tri(gn(e ©y,b® 2)),
N(trip(d) @ y) — trip (f(d @ resg(y))),
N(a® tri(z)) — tr§,(f(rest, (a) ® x)).

We now define the isomorphism ¥ by employing a strategy similar

to the method used in Theorem [£.9] to define ® ;. Thus, we define ¥
by defining two maps, ¥¢ on I'm(tr$) and

Vo Z{M(H/H) x L(H/H)} — Z{M(H/H) © L(H/H)}.

Let ¢¢ be the isomorphism induced from ¥y, and define ¢, (N(a X y))
to be N(a ® y). Then the map ¢, will pass to an isomorphism

(NGM ONGL)(G/G)/rm@ry = N(M O L)(G/G)/ 1)

because the module N (M O L)(G/G)/ rm(r) is isomorphic to
M(H/H)/Im(tr) ® L(H/H)/Im(tr)7 and

(NEMONGL)(G/G)/ tmiery 2= Z{M(H/H)/ toniery < LUH/H) [ 1mery } @

where @ is the submodule generated by the elements N((a +b) x 1) —
N(ax1)—=N(bxIl)and N(m x (c+d)) — N(m x ¢) — N(m x d) for
all a, b, and m in M(H/H)/ @y and ¢, d, and 1 in L(H/H)/ mr).-
Hence, v, is an isomorphism by definition of the tensor product. We
then build a diagram of short exact sequences analogous to short exact
sequence in the proof of Theorem and use the Five Lemma to show
that Uq is an isomorphism. O

4.4. The Composition N7i5; M. We now let M be a G-Mackey func-
tor. In Main Theorem [I| we define the G-symmetric monoidal structure
on Mackg by letting G/H ® M be N§it, M. So, we do not just use the
functor N§, but rather the composition NGi%,. The Mackey functor
13 M is an H-Mackey functor that maintains the Weyl action defined
on M. Hence, for all subgroups H' of H, (i5;M)(H/H') is isomorphic
to M(G/H'). We can define a new Weyl action on N§i3 M that is iso-
morphic to the action in Definition but also remembers the Weyl
action defined on M. This new action will be useful because it more
transparently ties to Tambara functors. Moreover, with this new ac-
tion it is easy to see that the composition N§i3, M is the multiplicative
form of Ind% Res% M.

We define the new action below. Then in Theorem 4.3 we show that
it is isomorphic to the original Weyl action given in Definition [£.5] We
define the Weyl action on N§i% M as follows.
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e For all subgroups H' of H, the generator v of Wg(H') acts on
a simple tensor of (N$i%M)(G/H') by permuting the factors
of the tensor product and by acting on each factor. Thus,

(4.6) v (m®‘G/H|) = YM,le/ai-1 @ YMe @ YMy @ -+ @ YMyjG/H|-2.

e Let r = |G/H| — |G/K| + 1. For all subgroups K such that
H < K < @G the generator 7 of Wg(K) acts on a generator
N (mXI¢/Kl) of the free summand of (N} M)(G/K) by

(4.7)y (mX|G/K|) = Y'Mje/Ki-1 X YMe XYMy X 0+ XYM, j6/K| -2

Further, the restriction maps of N§i%, M must remain compatible
with the Weyl action. So, let (7jm)®‘G/H| ( XlG/Kl)
acting on each factor of the product:

(v/m) M =

or (yYYm) denote 7
vjme X ’}/jﬂl7 X ® '}/jm,y|G/H|—1.

If K is a subgroup such that H < K < G and K” is maximal in K,
then

|K/K"|—1 '
H (,y]|G/K|m>X|G/K|> K" > H
X x|G/K[yy _ =0
TGSK//(N(m )) o |[K/K"|-1 . ®|G/K|
® (9Kim) R
=0

To prove that the two Weyl actions are isomorphic let Ui}; M denote
the underlying H-Mackey functor of ¢3;M. So, Uij; M does not remem-
ber the Weyl action from M. Hence, the Weyl action on N§Ui3 M is
as defined in Definition [4.5]

Theorem 4.11. Given a G-Mackey functor M, the composition N it M
is isomorphic to NGU i M

Proof. We will define an isomorphism y: NGUit,M — N§it, M by
defining a collection of isomorphisms

{xp: (NGUip M) (G/P) — (N5 M)(G/P) for all P < G}.
First, if H' < H, then define
xu: (g M)IINGIHY) = (Ui M)P T (H H)

to be the identity on the image of the transfer map and

1®~® - ®~I¢H-1 on the tensor summand. Then for subgroups
K such that H < K < G let xg be the identity on the image of the
transfer and 1 x v x --- x 4/¢/EI=1 on the free summand. U
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5. PROOFS OF MAIN THEOREMS 1 AND 2

We now have enough tools to prove Main Theorem

Proof of Main Theorem[1. Let M be a G-Mackey functor. We will
show that the functor (=) ® (=): .Lets"** x Mackg — Macke de-
fined in Main Theorem [1|satisfies the properties of Definition 2.1 First,
it satisfies Property 1 by definition and Theorem [£.10] Further, if X is
a finite set, then we can regard it as a disjoint union of | X |-many copies
of the G-orbit G/G. Thus, (—) ® (—) satisfies Property 2 of Definition
2.1] because
X ®M=(G/Ge M) = Mo,

Finally, to show that Property 3 of Definition holds it suffices
to show that (G/K x G/H)®@ M = G/K @ (G/H ® M) for all orbits
G/H and G/K of G. Without loss of generality we assume that H is
a subgroup of K, so G/K x G//H is isomorphic to g kG /H. Then

(G/K x G/H) @ M = (G/H & M)? /" = Ny, (MAED),
Furthermore, G/K ® (G/H® M) = Ngi% N§i5 M. By Theorem[4.9]
NG = NENE . and hence, i3 N§i%, M is isomorphic to (N £ %, M)PIG/ KL
which in turn is isomorphic to Njji (MDlG/K|) via Theorem |4.10]
Therefore,

G/K ® (G/H x M) = NSNKix, (MD\G/K\> ~ NG, <MD\G/H|> .

O

Let Ab be the category of abelian groups, and let evy, g : Macky —
Ab and evg/q: Mackg — Ab be evaluation functors. We then have
a natural transformation evy/g — evg/GNg, and further, since the
evaluation map is lax monoidal, it preserves Green functors. Thus, the
above natural transformation is built to be compatible with both the
box product and the Tambara reciprocity submodule.

Definition 5.1. For all M in Macky let N: M(H/H) — (N$M)(G/G)
be the morphism defined via the natural transformation
evr/n — evg/aNg-

Hence, given an H-Mackey functor M, for all m in M(H/H), N(m)
is the corresponding generator in the free summand Z{M (H/H)} of
(NFM)(G/G).

We will use the morphism N in the proof of Main Theorem [2} Let
T ambg be the category of G-Tambara functors and let M be in Mackg.
To prove Main Theorem 2] we need to show that M is a Tambara functor
if and only if a map X — Y of G-sets induces amap XM — Y @ M
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in Mackg. We will prove the forward implication by extending the
functors NG: Macky — Mackg to functors NG : Tamby — Tambg
and then building an adjunction between N and the forgetful functor
v Tambg — Tamby. Given an H-Tambara functor S, we will use
Definition to define the internal norm maps in NG S.

Lemma 5.2. For all subgroups H of G the functor N§: Macky —
Mackg extends to a functor NG : Tamby — Tambg.

Proof. We need to show that for all subgroups H of G, if S is an H-
Tambara functor then N§S is a G-Tambara functor. However, by The-
orem it suffices to only show this when H is the maximal subgroup
in G. Since N§ is a strong symmetric monoidal functor it naturally
extends to a functor Greeny — Greeng. Here Greeng is the cate-
gory of G-Green functors. Hence, if S is an H-Tambara functor, then
we need only to define the internal norm maps NE : (N$S)(G/K') —
(NSS)(G/K) for all subgroups K’ < K in G.

Since the box product is the coproduct in Tamby [Str12, Prop 9.1], if
both H' and H" are subgroups of H with H” < H’, then we define N,
to be the |G /H|-fold box product of the norm map N, : S(H/H") —
S(H/H')in S. To define the norm N§: SP¢/H(H/H) — (N§S)(G/G)
let m: SPI9/H1 5 S be the multiplication map of S and let N§ be the
composition

SOl (g /H) ™ S(H/H) & (NGS)(G/G).

If H' is a proper subgroup of H, then define the norm map N§, by the
composition NGNE,. We have constructed the functor NG : Macky —
Mackg so that the above maps satisfy all properties of the norm maps
of a Tambara functor. U

Lemma 5.3. The functor NG: Tamby — Tambg is left adjoint to
the restriction functor iy : Tambg — Tamby.

Proof. Since we can compose adjunctions in a natural fashion [MLIS],
by Theorem it suffices to let H be maximal in G. Let R be in
Tambg and S be in Tamby. Further, let Tamby (S, i3, R) be the set of
morphisms from S to i, R in Tamby. We will show that Tamby (S, 5, R)
is in natural bijective correspondence with Tambg(NSS, R) by show-
ing that every morphism in Tambg(NGS, R) determines and is deter-
mined by a morphism in 7Tambg (S, i5;R).

Consider a morphism Q in Tambg(N§S, R), and note that every
element in (NGS)(G/G) is either in the image of the transfer map
or is a sum of elements in the image of the norm map. (Indeed, every
generator N(s) in Z{S(H/H)} is the norm of the element s® 1®I¢/#I=1
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in (NSS)(G/H).) Thus, the ring homomorphism Q¢ is completely
determined by Qp, and since H is maximal in G, the morphism (2 is
completed determined by the collection of ring homomorphisms
{Qu: SY9M(H/H') = R(G/H') : H' < H}.
By properties of the box product [Lew81, [Shul0] the above collection
of maps determines and is determined by a collection of maps
{0y : S(H/H")®I/H 5 R(G/H') : H' < H}
that satisfies the following properties.
e Each 0y is Wg(H')-equivariant.
o If H" < H', then
(5.1) Opn o (rest,)OIGMHI = restl o 0y,
QH/ o (N}I}I/I/)®‘G/H| = NI{_II/I/ (0] QH//.
e If H” < H’ then the following diagram commutes for all 1 < i <
|G/H|, where S' = S(H/H")*'®@S(H/H"\®S(H/H')®I¢/HI=i

T' = id® ' @ tri, ® id®I/H1= and R’ = (resth,)® ' ®@id ®
(rest,)®IG/HI=,

- S(H/H)EM P R(G/H)

H/

g

TZ
Si
s

§(H/H”)®|G/H| _H E(G/H”)
But we can write every s®I¢/Hl in S(H/H')®IG/Hl as a product over
the W (H')-action. Thus, each 6 determines and is determined by
a Wqg(H')-equivariant homomorphism Ay : S(H/H') — R(G/H') be-
cause we can write 0 (s®I9/H1) as the following product.

|G/H[-1
GH/(.S@‘G/H') = QH’ H ’7‘7 (S,\/j &® 1®|G/H‘)
7=0

G/H|-1
= I A (s @ 18077171
§=0

|G/H|-1

= H Y A (5.5).
=0

We conclude with a proof of Main Theorem
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Proof of Main Theorem [, Let M be a G-Mackey functor. We need to
show that the functor (=) ® M: Sets™** — Mackg extends to a
functor on Letf™ if and only if M is a G-Tambara functor. First,
suppose M is a Tambara functor. It suffices to show that a map of
orbits G/H — G/K induces amap G/H® M — G/K @ M. Consider
the K-Tambara functor i}, M. By Lemma there is an adjunction
between N and i%;, and hence a counit map N5 itit M — i3 M. We
define G/H ® M — G/K ® M by applying N¢ to the above counit
map.

Now, assume (—) ® M extends to a functor Let5"™ — Mackg. We
will first show that M is a commutative G-Green functor by showing
that M satisfies the categorical definition of a Green functor as given in
[Lew81] or [Ven05]. We will then show that the codomain of (—) ® M
is Greeng. We need the latter fact so that the internal norm maps that
we will define to make M into a Tambara functor are multiplicative.
Let * be the orbit G/G in Letf™. The projection map p: * I[Ix — x
induces a multiplication map M O M — M on M, and the inclusion
map i: ) — * induces a unit map A — M. Applying (—) ® M to
the following three diagrams in .#etf™ results in the commutative
diagrams in Mackg needed to make M a G-Green functor.

*H*H*&*H*
pllid p
* IT * P >ll/<
011 s —2 o 17 5 <21 1T & 1Tk ———> % IT *
x*/ N*%

To show that the codomain of (—)®M is Greeng we note that G/ H®M
is a commutative Green functor for all orbits of G because M is a
commutative Green functor and both functors NG and i% are strong
symmetric monoidal. Then given a map f: G/H — G/K in SetEn
we show that the induced map G/H ® M — G/K ® M is a morphism
in Greeng by applying (—) ® M to the diagrams below.

G/HUG/H ——~G/H f—>G/H
W N
G/KIG/K —~—~G/K G/K

To show that M is a Tambara functor it remains to define norm
maps NE: M(G/H) — M(G/K) for all subgroups H < K < G.
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However, we need only construct the norm maps N§ since we can
subsequently build every N by applying the process below to i3 M.
Let 7*: N§i%,M — M be the map induced from 7: G/H — G/G and
recall from Section {4.4] that (i5;,M)(H/H) is isomorphic to M(G/H).

Then we define the norm map N§ by the composition

M(G/H) Y (NGii M) (G/G) T M(G/G).

(We defined N in Definition [5.1]) This composition satisfies Property
3 of Definition by Theorem and Tambara reciprocity by con-
struction of the functor N§: Macky — Mackg.

To show that the norm map 7N factors through the Weyl action
(i.e. that 75N satisfies Property 5 of Definition recall that auto-
morphisms of G/H are given by multiplication by 4’ for some 7/ in
We(H), and these automorphims induce the Weyl action on G/H @ M.
Hence, the commutative diagram of G-sets on the left below induces
the commutative diagram of Mackey functors on the right.

G/H - G/H G/Heo M- G/He M
fe)le. M

It follows that 7% (N(17x)) = 75(N(x)) for all z in M(G/H).

Finally, we show that resGniN(x) = ILicwem vz for all z in
M(G/H). Using the discussion in Section [4.4] and properties of mor-
phisms of Mackey functors we have

resGmgN(a) = myresiN(a) =7 (a®ya® -+ ® 7\G/Hl—la) _

Since the G-symmetric monoidal structure is compatible with the for-
getful functor ig: LetEm — Fethin it follows that 7 is induced
from g, which is the fold map []; , H/H — H/H. Therefore,
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