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ABSTRACT. Let G2 be the Morava stabilizer group at the prime 2. We con-
struct a resolution of the K (2)-local sphere at the prime 2 in terms of certain
homotopy fixed point spectra which are closely related to the spectrum of
topological modular forms. This resolution is in certain ways analogous to the
centralizer resolution of the K (n)-local sphere constructed in previous work of
the author if p is an odd prime and n = p — 1.
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1. Introduction

Let p be a prime, let n > 0 be an integer and let K(n) be the n-th Morava
K-theory at p. The category of K(n)-local spectra is a basic building block of
the stable homotopy category of p-local spectra and the K (n)-localization of the
sphere, LK(n)SO, plays a central role in this category. The homotopy of LK(n)So
can be studied via the Adams-Novikov spectral sequence, and by [11] this spectral
sequence can be identified with the homotopy fixed point spectral sequence for
the action of the extended Morava stabilizer group G, on E,. Here F, denotes
the 2-periodic Landweber exact spectrum whose coeflicients in degree 0 classify

The origin of this paper goes back to the early 2000’s and was stimulated by the joint work
with P. Goerss, M. Mahowald and C. Rezk [I5]. Some of the results were announced in [21]
but proofs of the existence of the centralizer resolutions were never published. Recent work by
Beaudry [2], [3], [4], by Bobkova and Goerss [8] and a joint project with Beaudry and Goerss
[5] have underlined the importance of these resolutions. The author apologizes for the delay in
making these results available and he is happy to acknowledge helpful discussions with Goerss,
Mahowald, Rezk, Beaudry and Bobkova which have led to this research, to improvements of the
original results and to simplifications of the proofs.
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deformations (in the sense of Lubin and Tate) of a suitable formal group law T,
of height n over F,» and G, is the automorphism group of I',, in the category
of formal group laws (cf [32]). The FEs-page of this spectral sequence is given by
the continuous cohomology HY. (G, (E,).) of G, with coefficients in (E,).. It
becomes therefore interesting to find resolutions of the trivial module for the group
Gy, from which one can calculate this continuous cohomology.

If p is large with respect to n then the Ey-page satisfies B3 = 0 for s > n? and
the spectral sequence collapses at its Fs-page. In the sequel we concentrate on the
case n = 2 because the case n = 1 is well understood and very little is understood
in explicit terms if n > 2.

For n = 2 the spectral sequence collapses if and only if p > 3. In these cases the
homotopy of L K(2)50 has been calculated in [33] without using the point of view of
group cohomology. The results have been reinterpreted in [6] and an independent
calculation for the Moore space has been carried out in [27] by using an explicit
projective resolution of length 4 of the trivial Go-module Z,.

If n = 2 and p < 3 the mod-p cohomological dimension of the group Gs is
infinite and there cannot be any projective resolution of the trivial Go-module Z,
of finite length. However, for p = 3 very useful resolutions of the trivial Ge-module
Zy, of length 4 in terms of more general modules and corresponding topological
resolutions of LK(2)50 exist; a “duality resolution” has been constructed in [15]
and a “centralizer resolution” in [2I]. These resolutions complement each other
and they have been crucial in recent progress of our understanding of K (2)-local
homotopy theory at the prime 3. In particular they have been used for proving
the chromatic splitting conjecture for n = 2 [14], for determining Hopkins’ Picard
group of K (2)-local spectra [25], [16] and for identifying the Brown-Comenetz dual
of the K(2)-local sphere [17].

If n =2 and p = 2 our understanding is less complete although the chromatic
splitting conjecture has already been successfully analyzed in [4] and [5] by heavily
using the algebraic and topological duality resolutions for an important subgroup Si
of G,. The existence of an algebraic duality and an algebraic centralizer resolution
of length 3 for S} was already announced in [21], as well as a topological centralizer

resolution for the homotopy fixed point spectrum Eg Sé, in all cases without proofs.
For the algebraic duality resolution the construction was finally established in [2]
and the construction of its topological counterpart was given in [8]. The latter paper
relied heavily on the existence of both the algebraic and topological centralizer
resolution for S} for which no proof has been published yet. The main purpose of
this paper is to fill this gap in the literature and extend the announced results from
the group S} to S, which is another important subgroup of G, and even to G.
Such extensions appear to be impossible for the algebraic and topological duality
resolutions.

1.1. Preliminaries on Morava stabilizer groups at n = p = 2. We refer
to [13] and [19] as general references for background on formal group laws.

1.1.1. Let I' be a formal group law of height n defined over IF,, let ¢ = p”
and assume that the automorphism group S,(I') := Autg (') is isomorphic to
S, := Sn(T'x), the automorphism group of the Honda formal group law (cf. Remark
for more on this condition on S;(T")). Because the formal group law is defined
over I, the Galois group Gal of the extension F, C F, acts on S, (I') and we get
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extended automorphism groups
Gn(T) =S,(T) x Gal .

For n = p = 2 there are two important candidates for I'. In fact, there are two
particularly interesting formal group laws I' of height 2 over the prime field Fa: the
Honda formal group law 'y, i.e. the [2]-typical formal group law with [2]-series
[2]r,, () = 2*, and the formal group law 'z of the supersingular elliptic curve over
Fy with affine equation 32 +y = 2. In the remainder of this introduction I" always
refers to either I'y or to I'g.

If F, denotes the algebraic closure of Fo then the endomorphism rings of both
formal group laws satisfy

Endy, (T) 2 Endg, (T) |

and because both formal group laws become isomorphic over Fy their endomor-
phism rings are already isomorphic over F4. Consequently the automorphism groups
So(T") = Auty, (') of these two formal group laws over the field F, are abstractly
isomorphic. If I' = 'y this group is the classical second Morava stabilizer group
at p = 2 and usually denoted Sy, and Go(T") is usually called the extended Morava
stabilizer group and denoted Go. While the groups S»(T") are abstractly isomorphic
this ceases to be true for the groups Go(I") (cf. Lemma [Z2).

The endomorphism rings Endp, (I") contain W, the ring of Witt vectors of
F4. They are generated as a non-commutative W-algebra by the endomorphism
ér € Endg, (T') given by &r(x) = 22, In order to describe the endomorphism rings
more explicitly we denote the image of w € W with respect to the lift of the
Frobenius automorphism of F; by w?. Then the canonical algebra map from the
free non-commutative W-algebra W(ér) generated by &r to Endg, (I') induces an

isomorphism
(1.1) W(r)/(érw — wép, & — 2u) = Endg, (T)
where
(1.2) w=dt T=Tn
-1 I'=Tg.

An explicit isomorphism between the two rings is given by the W-algebra map
which sends £y to gy where we can take for y any element in W with the property
y7y = —1 (cf. [2] for an explicit choice of y).

The ideal generated by &r is a two-sided maximal ideal m with quotient F4 and
the endomorphism rings are complete with respect to the m-adic topology. This
also defines a decreasing filtration on the group Sy (I") indexed by half integers % >0
given by

Fi=Fi$(I):={geS:(I')[g=1 mod ({)}

and successive quotients

Jpo = [FEi=0
Fy i>0.

The group
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is a profinite 2-group. It is the normal 2-Sylow subgroup of S3(I"). Both groups
play an important role in this paper. We use different fonts to clearly distinguish
between them.

Inverting 2 in the endomorphism rings gives two isomorphic division algebras
which we denote by D3(T"). They contain Qo as their center and are of dimension
4 over Qo. The division algebras are equipped with a valuation

v Dy(T)* — %Z

which extends the valuation on Qo which is normalized by v(2) = 1.

The group of units Dy (T")* of Dy(T") contains Sy (T") as the group of elements of
valuation 0 and from (L)) it is clear that the action of the Galois group on So(T") is
realized by conjugation by & in Do(T')*. Therefore we get canonical isomorphisms

Dy(T)*/(2)  T'=Tnu

(1.3) Ga(l) = Da(l)*/ 65} = {DQ(F)X/<—2> I=Tg.

We note that with respect to these isomorphisms the natural projection from G (T")
to Gal corresponds to the homomorphism

Do(1)* /(€8) — 57/

induced by the valuation v.

The groups S3(I") and Gz(I") contain —1 as unique central element of order
2 and dividing out by the subgroup Cs generated by it gives us quotient groups
which we will denote PS(T") and PGo(T'). From (L3) it is clear that we have
isomorphisms

PGo(Ty) 2Do(Ty)*/(2,—1) 2Do(Tg)* /{(—2,—-1) 2 PGy(TE) .

1.1.2. From (LI) we see that Endg, (T") is a free W-module with basis 1 and
&r. Right multiplication induces W-linear maps and the determinant gives a mul-
tiplicative homomorphism
det : Endy, (T') - W

which, in fact, takes its values in Zs. It is explicitly given as follows: if a,b € W
then
det(a + bér) = aa® — 2ubb”
with u =1 or u = —1 as in ([2). This determinant induces an epimomorphism
det : So(T") — Z5

which is often also called the reduced norm. Finally we get an epimorphism given
as composition
Ga(T) = So(T) x Gal "X ZX x Gal — ZF — ZF /{*1}

in which the second and third part are given as the obvious projections. Let G (I")
be the kernel of this composition and S}(T') resp. S3 its intersection with Sy(T)
resp. S2(T"). We observe that the action of Gal on Sz(T) leaves S}(T') invariant and
G3(I") is equal to the semidirect product S3(I') x Gal. By the definition of G3(T")
it is clear that every finite subgroup of Gy(I') is contained in G3(T).

The central element —1 = 1 —uéZ (where u is as in (L2))) is contained in S3(T")
and generates a central subgroup Cs of order 2. If H is any closed subgroup of
G2(T") containing Cy then we will denote the quotient H/Cy by PH.
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1.1.3. The groups S}(T), PS}(T), G3(T'), PG(T") and PS3(T') contain certain
finite subgroups which figure in the statements of our main results. In all cases
except that of G3(I") the isomorphism type of the ambient group is independent of
' and only when we discuss finite subgroups of G3(T") the choice of I matters. In
the other cases we will therefore from now on omit I' from our notation.

If F is a finite subgroup of G}(I') which contains the central Cy and for which
Fy := F NS} is of index 2 in F then we have a commutative diagram of groups
with exact rows

1 — F — F — Gal — 1

(L4) I I L=

1 — PF, — PF —» GCal — 1

In the following table we give a list of closed subgroups F' C Gi(I') and the
corresponding groups PF C PG}, Fy C S}, PFy C PS) and PFy N PSs C PS3
which will be relevant for stating our main results. Subgroups of PSS} will play an
important role in Section

| F || G2 | G48(F) | G48 | Glg(r) | CS | CQ x Gal |
15 [Fo [ ST | Go | Go | Cs [Ca] C5 |
[P L PS; | As | Ay | G |G| {1} |

|

[PRoNPSI PST | By | By | {1} [Co] {1} |

We refer to Section 2 in particular Lemma 2.2] Lemma 23] Lemma 2.4] and
Lemma for more details on this table. Here we are content to explain that
in this table C,, denotes a cyclic group of order n, Gal is the Galois group of the
extension Fy C Fy, &,, and &), denote symmetric groups on n letters, A, and
A, alternating groups on 4 letters, and Ey and E) groups isomorphic to Cy x Cs.
The groups G4 and G, are groups of order 24 both isomorphic to SLo(F3). The
isomorphism type of the groups Gus(I'), G'js(I') and G12(T") depends on I'. The
first two are maximal subgroups of G3(I') of order 48 which are non-conjugate in
G3(T") but become conjugate in Go(T). In fact, we have (cf. Lemma 2.2))

GLy(Fy) T =Tp
Oss I'=Ty

Gus(D) = Glg(T) = {

where O45 denotes the binary octahedral group. For the groups G12(I") we get (cf.

Lemma [2.3])
Cyx 63 I'=T
Gra(T) 2 X O3 E
Cg X C4 I'= FH
where C3 x C4 denotes the semidirect product of C3 with Cy acting non-trivially

on Cj3.

1.2. Main results. Let G be a profinite group, let X be a profinite G-set
such that X = lim; X; with finite G-sets X; and let W be the ring of Witt vectors
for a finite field &k of order ¢ = p™ for a prime p and an integer n > 0. We define

(1.6) WI[X]] = lim; , W /p*[[X] .

Suppose that G is equipped with a continuous homomorphism ¢ : G — Gal to the
Galois group Gal of the extension I, C IF,.
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98 HANS-WERNER HENN

The Galois-twisted completed group ring Wy[[G]] of G is the W-module W[[G]]
with multiplication induced by (w1g1)(waga) = w19 weg1gs if 91,92 € G, wi,wy €
W and if 9*wsy is the result of the Galois action of ¢(g;) on wy. A p-profinite
W [[G]]-module will also be called a Galois-twisted p-profinite G-module, or simply
a Galois-twisted profinite G-module if p is understood from the context. In order
to keep notation simple we will write W[[G]] instead of W4[[G]].

Analogous to [21] we introduce relative homological algebra in the context of
Galois-twisted p-profinite G-modules. Let F(G) be the set of conjugacy classes
of finite subgroups of G and assume that F(G) is a finite set. A Galois-twisted
p-profinite G-module P will be called F-projective if it is a direct summand in
a module of the form € W[[G]]@W[F]M r where each Mp is a Galois-twisted
- proﬁnlt‘ W([F]-module, the direct sum is indexed by conjugacy classes of finite
subgroups of G and the tensor product is the completed tensor product. In the
sequel we will also write M 1¢ instead of W([[G]]@wr M.

The class of F-projective Galois-twisted p-profinite G-modules determines in
the usual way a class of F-exact sequences: a sequence of Galois-twisted p-profinite
G-modules M’ — M — M" is called F-exact if the composition M’ — M" is
trivial and

HOIHW[[G” (P, M/) — HOIIIW[[G” (P, M) — HOIIIW[[G” (P, MN)

is an exact sequence of abelian groups for each JF-projective Galois-twisted p-
profinite G-module P.

An F-resolution of a Galois-twisted p-profinite G-module M is a sequence of
Galois-twisted p-profinite G-modules

Py:...-P—>FP—M—0

where each P; is F-projective and each 3-term subsequence is F-exact. We note
that F-exactness is equivalent to the complex being split when restricted to any
finite subgroup of G.

Here is the main algebraic result of this paper in which W is now the ring of
Witt vectors of Fy and the subgroups of Gy(I") are those of table (3.

THEOREM 1.1. Let I" be either 'y or I'g. There exists an F-resolution of the
trivial Galois-twisted profinite Go(I')-module W

P,:0—>P, P3P, —>P —+FP—W-=0
with
= Wil @ WG

P =Wt e Wg @WT‘EZSF)@WTG, &

Py=W1gEGk, oW TG2<F O W1

G12 F)
G2(T) G2 (T)
=W TG212 oW TCEXGal
P wigh,

The main work in establishing Theorem [[.]] lies in the proof of the following
analogous result for the group Gi(I').

IThe assumption that Mg is p-profinite was regrettably missing in [21].
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THE CENTRALIZER RESOLUTION AT THE PRIME 2 99

THEOREM 1.2. Let I' be either 'y or I'g. There exists an F-resolution of the
trivial Galois-twisted profinite Gi(T')-module W

P,:0—>P—>P—P—>PFPh—>W—=0

with

By = W1g() o wg ()

GL(M) Gl (r)
=W TGIZ(F eW1a

P - WTC2><Gal
Py = WG

REMARK 1.3. a) The resolutions for the group Gi(T") resp. for Go(T)) are
really obtained from resolutions for PGL resp. PGy via the obvious projections
G3(I') — PG} resp. Go(I') — PGa. In terms of the table (LF) in the corresponding

resolutions for Gl( ) — PG} resp. Go(I') — PGg a summand of the form W TG2 0

resp. W T a( gets replaced by W TPFl resp. W TPF (cf. Theorem F.H]). We note
that the form of the resolutions for PG3 resp. PG, is independent of the choice of
Ir.

b) Restricted to S} the resolution for G3(T") is an untwisted F-resolution of W
which is a W-linear extension of the algebraic centralizer resolution announced in
[21] and used in [8]. We refer to Remark B3] for a justification of the terminology
centralizer resolution.

Next we will describe the topological analogues of these algebraic resolutions.
As in [21] we call a sequence of spectra

(1.7) Xe:ix =X 1 2% Xo 2 X, 2.

a complex of spectra if the composite of two consecutive maps is null-homotopic.
Such a complex is called a resolution of X_; if in addition each of the maps az :

X;_1 — X;, 1 > 0, can be factored as X;_1 i> W; -5 X, such that W;_; iy

Xi_1 N W, is a cofibration for every ¢ > 0 (with Wy the cofibre of ag). We say
that the resolution is of length n if W,, ~ X, and X; ~ % if i > n.

Here are the main topological results of this paper. In their statements Fo
should really read Eo(T") where FE5(T") is the 2-periodic Landweber exact spectrum
whose coefficients in degree 0 classify deformations (in the sense of Lubin and Tate)
of I'. In order to keep notation readable we will nevertheless simply write E5 instead
of E5(I"). By the Goerss-Hopkins-Miller theorem (see [18], [32]) I" acts on Es, in
particular there exist homotopy fixed point spectra EX for all finite subgroups F
of Go(T") and by [11] also for all closed subgroups.

THEOREM 1.4. Let ' be either 'y or I'y. Then there exists a resolution of

E;LGé(F) of the form

hG;(I)

* — B, 20 X 25 X, 2B X, 23 X ok
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100 HANS-WERNER HENN

with
X, = E;‘G“S(F) v ESGQS(D
X, = BFe®)y ghts
X, = ES2xCal
X = By

THEOREM 1.5. Let I' be either 'y or I'y. Then there exists a resolution of

Ly (2)S" ~ EQ(GQ(F) of the form

*—}LK(Q)SO%XQ&Xl &XQ&Xg%X;L—)*
with

Xy = ENOe0)y gl ghoas)y phis®

X, = EG2*Galy gy phts
X3 = EgbGlz(r) V EQCgXGal
X4 — EQLGIZ’(F)

REMARK 1.6. a) Because G45(I") and G/j4(T") are conjugate subgroups of Go(T"),

the homotopy fixed point spectra E;L Gas(M and E; %5 have the same homotopy

type.
1
b) There are corresponding resolutions for E;L % and B2 which are obtained
by replacing E4F by ESF where F and Fj are the finite subgroups of table (IZH).

The paper is organized as follows. In Section 2 we discuss the finite subgroups
of the Morava stabilizer groups at n = p = 2 which figure in our main results and in
Section 3 we study the mod-2 cohomology algebra of PS5 via its restriction to the
cohomology of elementary abelian 2-subgroups. The calculation of this cohomology
algebra is crucial input for the construction of the algebraic centralizer resolutions
in Section 4. In Section 5 we show how to realize the algebraic resolutions topolog-
ically.

2. Important finite subgroups for Morava stabilizer groups at n =p =2

In this section we will elaborate on table (L) and describe more explicitly the
relevant finite subgroups. We remark that in the general case of any prime p and
any height n finite subgroups of S,, have been studied by Hewett in [23] and [24]
and finite subgroups of G,,(I') have been studied by Bujard [10].

We will start by recalling from [2] the description of explicit maximal subgroups
G4 and G%, of Sy and we prefer to work with So(T'y) and write S instead of £p.

Let w be a third root of unity in W* and let

(2.1) Ti=14+2w.
By Hensel’s Lemma the element —7 € Zy has two square roots in Zs. We pick the
one which satisfies v/—7=1+4 mod (8) and let

1—-2w

(2.2) a: N

Licensed to Univ of Rochester. Prepared on Sat Aug 14 07:03:08 EDT 2021for download from IP 128.151.13.32.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/publications/ebooks/terms



THE CENTRALIZER RESOLUTION AT THE PRIME 2 101

We note that m and « both belong to Se and the reduced norm of « is —1 while
the reduced norm of 7 is 3.
The following lemma is proved by direct calculation (cf. Lemma 2.4.3 of [2]).

LEMMA 2.1. Let
i:= é(1+2w2)(1—a8), j= %(1+2w2)(1—aw25’), k:= %(1+2w2)(1—aw5) .

Then the elements {+1,+i, 47, +k} form a subgroup of S5 which is isomorphic to
the quaternion group Qg. This subgroup is invariant by conjugation by w, more

precisely

1

j=wiw !, k=wjw?!

i =wkw .
Furthermore

1
w=—s(+itj+k). O

We let G24 be the subgroup generated by Qg and w. It is isomorphic to the
semidirect product of Qg with Cj,

(23) G24 = QS X Cg .

It is easy to verify that the 16 elements of GGo4 which are not in Qg are the elements
of the form 3(£1=+4+ j+k) so that

1
(2.4) Goa = {=1,%i, £, =k, 5 (1 £i £ j £ k)}

We also note that the center of Gay4 is the subgroup {£1} and Qg is a characteristic
subgroup.

LEMMA 2.2. Let T be either I'g or I'y.

a) The subgroup of G2(T') generated by Gay and the image of 1 +i € DS in
G2(T") is a mazimal finite subgroup Gas(I') of Go(T") of order 48.

b) Gus(T) is a subgroup of GL(T).

¢) The quotient PG4g(T) is isomorphic to &4 independent of T'.

d) There are isomorphisms G4s(T'r) = GL2(F3) and Gus(Tg) = Ous. The
groups GLa(F3) and Ous are not isomorphic.

e) The intersection Gug(T') NSY is Gy, PGay is isomorphic to Ay and PGay N
PS3 is the 2-Sylow subgroup of Ay, isomorphic to Cy X Cs.

PROOF. a) It is easy to see, for example from (Z4]), that the element 1+ ¢
normalizes the group Gas. The order of 1+ i as element of DJ is clearly infinite.
However, because of (1 +14)? = 2i and because of ([L3J), its square in Go(T) is an
element of S3(I"), equal to 7 if I' = I'y and equal to —i if I' = I'. Because Gaq is a
maximal finite subgroup of Sy of order 24 it follows that G4g(T') is a maximal finite
subgroup of Go(T") and is of order 48.

b) Any finite subgroup of Gz (T') is contained in G3(T).

c) For F' a subgroup of G let Ng(F) resp. Cg(F) denote the normalizer
resp. centralizer of F' in G. Conjugation in DS induces a monomorphism from
Npx (Qg)/CD; (Qs) to Aut(Qs), the group of automorphisms of Qs. The latter
group is well known to be isomorphic to &4 and the subgroup Ay of &y is realized
by conjugation in Go4/Co = PGa4. The element 1 + i belongs to ND; (Qs) and it
is easy to check that conjugation by it does not belong to A4. Hence conjugation
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102 HANS-WERNER HENN

induces an epimorphism PGus(I") — Aut(Qs) = &4 which for cardinality reasons
has to be an isomorphism.

d) The automorphism group of the elliptic curve with equation y?+y = 2 over
F, is isomorphic to Ga4 (cf. Appendix A of [34] and Section 2.4 of [3]). This group
injects into the automorphism group of the formal group law over F4. Because the
elliptic curve is already defined over Fo we get an injection Gay X Gal — Go(I'g) and
the image is G4s(I'g). It is elementary to verify that the group of F4-points of the
elliptic curve is of order 9, isomorphic to Z/3 x Z/3 and that Ga4 x Gal realizes all
automorphisms of this subgroup. Hence G45(T'g) is isomorphic to Aut(Z/3®Z/3) =
GLs(Fs3).

Next it is easy to construct an isomorphism between Ous and G4g(I'y) which
restricts to the identity on Gao4; in fact, Osg can be realized within the classical
unit quaternions such that Ga4 corresponds to the subgroup which contains the
elements of (24) and the element (1 + i) € Gusg(I'y) corresponds to the element
T5(1+1) € Ous.

In order to see that GLy(F3) and Oug are not isomorphic it is enough to see
that their 2-Sylow subgroups are not isomorphic. In the case of GLy(F3) this is
the semidihedral group of order 16 while in the case of Oyg this is the generalized
quaternion group of order 16 and these two groups of order 16 are not isomorphic.

e) This is now obvious. O

Then we define
(2.5) Ghy = mGoym ™!, Gle(T) := 1Gus(T)rt .

The groups Ga4 and Gb, are known to be non-conjugate in S} and, up to
conjugacy, they are the two maximal finite subgroups of S3 (cf. [2]). Consequently
G4s(T) and G'5(T) are non-conjugate in G3(T") and, up to conjugacy, they are the
two maximal finite subgroups of G3(I'). Likewise, &, and &/, are non-conjugate
in PG}(T') and, up to conjugacy, they are the two maximal finite subgroups of
PGL(T).

LEMMA 2.3. Let T' be either 'y or I'y.

a) The subgroup of Go(T') generated by Cs = (—w) and the image of j —k € D
in Go(T') is a subgroup G12(T") of Go(T") of order 12.

b) G12(T) is a subgroup of GL(T).

¢) The quotient PG12(T) is isomorphic to &3 independent of T'.

d) There are isomorphisms G12(Tg) 2 Cy x &3 and G12(Tg) = C3 x Cy.

e) The intersection G12(T') NS} is Cg, PCs is isomorphic to Cs and PCgMN PS3
is the trivial group.

PROOF. a) The element j — k normalizes the subgroup Cs generated by —w.
In fact, a direct calculation in the division algebra using that w = —%(1 +i+j+k)
shows

(G—hkw(—k) " =w?.

The order of j—k as element of D is clearly infinite. However, because of (j —k)? =
—2, its square in Go(T") is an element of So(T'), equal to 1 if I' = T'r and equal to
—1if ' =Tg. Then it is clear that G12(T") is of order 12.

b) Any finite subgroup of Gy(I') is contained in G3(T').
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c¢) This is immediate from the calculation in part a). The image of w in PG12(T")
generates a normal subgroup of order 3 and the image of j — k is of order 2 and
acts non-trivially on the image of w.

d) This follows because the image of j — k in G15(T") is of order 2 in the case
of I' = I'g and of order 4 in the case of I' = T'y.

e) This is again obvious. O

The following two lemmas are elementary and their proof is left to the reader.

LEMMA 2.4. Let I' be either 'y or I'y.

a) The subgroup of Go(T') generated by the image of 1 +i € DS in Go(T) is a
subgroup Gg of Go(I") of order 8 which contains Cy = (i) and is, up to isomorphism,
independent of T'.

b) Gy is a subgroup of G3(T).

¢) The quotient PGy is isomorphic to Cy.

d) The intersection GgNS} is the subgroup Cy generated by i, PCy is isomorphic
toC'gandPC’4ﬂPS21:PC’4. [l

LEMMA 2.5. Let I be either I'g or I'y.

a) The subgroup of Go(I') generated by —1 and the Galois group is a subgroup
Gy of Go(T') of order 4 which is isomorphic to Co x Gal independent of T.

b) Gy is a subgroup of G3(T).

¢) The quotient PG4 is isomorphic to Gal.

d) The intersection G4 NS} is the subgroup Co generated by —1 and PCoy =
PCy N PS} is the trivial group. O

3. The mod-2 cohomology algebra of PS1

Our approach to analyze the mod-2 cohomology algebra of PS3 depends cru-
cially on Quillen’s F-isomorphism theorem. We start by briefly recalling Quillen’s
theory.

3.1. Quillen’s F-isomorphism for the mod-p cohomology of a profi-
nite group. Let G be a profinite group and let p be a fixed prime. The continuous
cohomology H}(G;F,) of G with coefficients in the trivial module F, will be ab-
breviated by H*(G;F,), or simply by H*G if p is understood from the context. We
recall that if G is the (inverse) limit of finite groups G; then H*G = colim; H*G;.

We will assume that H*G is finitely generated as IF,-algebra. By work of Lazard
[26] it is known that this holds for many interesting profinite groups, for example
for profinite p-analytic groups like GL(n,Z,), the general linear groups over the
p-adic integers, or the automorphism groups of formal group laws over finite fields.

In case H*G is finitely generated as F,-algebra Quillen has shown [30] that
there are only finitely many conjugacy classes of elementary abelian p-subgroups of
G (i.e. groups isomorphic to (Z/p)™ for some natural number n). In other words,
the following category A(G) is equivalent to a finite category: objects of A(G) are
all elementary abelian p-subgroups of GG, and if F; and Fs are elementary abelian p-
subgroups of G, then the set of morphisms from F; to Es in A(G) consists precisely
of those homomorphisms « : £ — Fs of abelian groups for which there exists
an element g € G with a(e) = geg™! for all e € F;. The assignment F +— H*E
determines a functor from the opposite category A.(G)°P to graded F,-algebras.
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THEOREM 3.1. (Quillen) [30] Let G be a profinite group and assume H*G is
a finitely generated Fp-algebra. Then the canonical map

qG - H*G — limA(G)opH*E

is an F-isomorphism, in other words q has the following properties.
o If © € Kerqg, then x is nilpotent.
o Ify € limyger H*E then there exists an integer n with y?" € Img.

In the sequel we will call A(G) the Quillen category of G.

Let A.(G) be the full subcategory of A(G) whose objects are all elementary
abelian p-subgroups except the trivial subgroup. The centralizer Cg(E) of an
elementary abelian p-subgroup F is a closed subgroup and hence inherits a natural
profinite structure from G. The assignment E — H*Cg(F) extends to a functor
from A.(G) to graded Fp-algebras and the restriction homomorphisms H*G —
H*Cg(E) (for E running through the non-trivial elementary abelian p-subgroups
of G) induce a canonical map p : H*G — lim 4, () H*Cq(F). The main result of
[20] reads as follows.

THEOREM 3.2. Let G be a profinite group and assume H*G is a finitely gener-
ated Fy-algebra. Then the canonical map p : H*G — lim 4, gy H*Cq(E) has finite
kernel and cokernel.

REMARK 3.3. a) In the current approach this theorem is no longer needed.
However, it played a crucial role in the initial approach to construct resolutions for
PS} and is ultimately the reason for naming our resolutions centralizer resolutions.
Furthermore, in [2I] the theorem played a crucial role for constructing algebraic
centralizer resolutions at odd primes, which as the algebraic resolutions of this
paper are JF-resolutions in the sense of Section

b) Theorem is not useful if G contains central elements of order p, because
then H*G appears in the limit. In these cases one can use the theorem to study
the quotient of G by the maximal central elementary abelian p-subgroup of G and
this was the origin for considering the groups PS3 and PSJ.

3.2. The Quillen category of PSi. We recall from Section 2 that S con-
tains two subgroups isomorphic to Qs and they give rise to two elementary abelian
2-subgroups E» and E} in PS} which are contained in the normal 2-Sylow subgroup
Py,

The following result has a significant overlap with Section 2.4 of [2].

PROPOSITION 3.4. a) Up to conjugacy PSs contains three elementary abelian
2-subgroups of rank 1 and two of rank 2.

b) All automorphism groups of the category A(PS3) are trivial and there is
exactly one morphism from each rank 1 group to each of the rank 2 groups.

PROOF. a) If F is an elementary abelian 2-subgroup of PS4 then its inverse
image Ein S3 is an extension of E by Z/2. The structure of the possible finite 2
subgroups of the division algebra D5 is explicitly known: in fact, any finite abelian
subgroup of a field must be cyclic and generates in the division algebra a cyclotomic
extension the degree of which must divide 2. Hence any abelian 2-subgroup is
cyclic of order 2 or 4 and this implies that any finite 2-subgroup is isomorphic to a
subgroup of Qs (cf. Theorem 4.3 of Chapter IV in [9]). In particular we see that
the 2-rank of F is either 1 or 2.
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Now suppose that Fy and F5 are two elementary abelian 2-subgroups of rank 1
of PS}. Then Fy and F; are two subgroups 1som0rph1c to Z/4 and by the Skolem
Noether theorem any isomorphism ¢ : F1 — F2 can be realized by conjugation by
an element of u € Dy, i.e. p(z) = uzu~! for any x € Fy. If we denote a generator
of Fy by i then 1+i € D) centralizes F, so we can change u by any power of (14-7)
and conjugation by wu(1 4 4)™ will still give ¢. Because the valuation of 1+ i is %
we can choose an integer n such that (1 4 i)™u is of valuation 0. In other words,
we can suppose that u is an element of So. Furthermore, the element 1 + 2i € Sy
has reduced norm 5 and is thus a topological generator of So/S}. It also centralizes
Fy and by multiplying w by a suitable p-adic power of 1 + 2¢ we can even assume
that v is in S1. This implies that all rank 1 subgroups of PS} are conjugate and
therefore the quotient group S3/S: = FJ which is generated by the image of w
acts transitively on the PS3i-conjugacy classes of elementary abelian 2-subgroups
of rank 1.

Thus there are either three or one PS3-conjugacy classes of elementary abelian
2-subgroups of rank 1. If there was only one then conjugation by w would have to
be the same as conjugation by an element in PS4 and this would mean that there
is an element in S} of the form wu’ with «/ € S3 whose image in PS} centralizes
Fy, and hence wu' normalizes Fy. However, Ny (ﬁl)/C’S% (Fy) is isomorphic to a
subgroup of

Ny (F1)/Cryx (F1) = Aut(Fy) = Cs

hence Ng, (F}) contains the centralizer Cs, (F}) = Z,[i]* as a subgroup of index at
most 2. This implies that Ng, (ﬁl) is a profinite 2-group and cannot contain an
element as wu/which would have non-trivial image in F}.

Next suppose F} and F, are two elementary abelian 2-subgroups of rank 2 of
PS}. Then Fy and F, are two subgroups of S} isomorphic to Qg and again by
the Skolem Noether theorem any isomorphism ¢ : ﬁl — ﬁg can be realized by
conjugation by an element of u € DY, i.e. ¢(x) = uzu~! for any z € F;. In
particular, we have an isomorphism

Ny (F1)/Cyy (Fi) = Aut(Qs) = &

In order to determine the number of conjugacy classes of elementary abelian 2-
subgroups of rank 2 of PS3 we need to know something about the structure of
the normalizer Ng,(Qg). The centralizer C’D; (Qs) is isomorphic to Q5 and the
quotient NDQX (Qg)/C’sz (Qs) is generated by the image of the group Ga4 and the
element 1+ ¢ (cf. the proof of part a) of Lemma 22)). Furthemore the centralizer
Cs, (Qg) is isomorphic to Z5 and we get an isomorphism

(31) NSQ (QS) = Z; ><C2 G24
between Ns,(Qs) and the central product Z5 X, Gay4 as well as an isomorphism
(32) NSz (QS)/CSz(QS) = PG24 - A4 .

Because the normalizer NDX (F 1) always contains an element 3 of valuation 2 3
we can assume by changing u, i necessary, by a suitable power of y that there is
an isomorphism ¥ : fl — ﬁg which is realized by conjugation in Ss. In particular,
in Sy there is only one conjugacy class of subgroups isomorphic to Qg and in PSs

there is only one conjugacy class of elementary abelian 2-subgroups of rank 2. This
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means that the group S»/S} acts transitively on the set of conjugacy classes of
subgroups of S§ which are isomorphic to Qg. Because the center acts trivially on
the set of conjugacy classes and the image of the center in Sy /S} is of index 2 there
are at most two conjugacy classes of Qg’s in S3. We claim that there are two of
them given by Qg and 7Qgm~! where Qg is the 2- Sylow subgroup of the group
Goy4 of SectionPland 7 € S5 is the element defined in ([2.1]). If they were conjugate
then 7 could be written as product zn with x € S} and n € ND; (Fl) However,

from the description of NDQX (ﬁl) given above, we see that the reduced norm of such
a product can never be equal to 3, the reduced norm of 7.

b) It is clear that the automorphism groups of elementary abelian 2-subgroups
of rank 1 are trivial. For the automorphisms of a rank 2 subgroup we note that (3.2)
implies that the automorphism group Aut4(ps,)(PQs) is C3 because conjugation
by any element of the subgroup Qs of Ga4 induces the trivial automorphism. This
in turn implies that Aut 4(ps1)(PQs) is trivial.

It remains to show that there is exactly one morphism from each rank 1 to
each rank 2 object, or equivalently, that the three non-trivial elements in a rank 2
object are non-conjugate in PS3. If they were conjugate in PS3, then there would
be an element in PS} of the form w*'z with  in PS} which centralizes the rank 1
subgroup generated by one of these elements, respectively its preimage in S would
normalize the preimage, and this contradicts what we have seen in the proof of part
a) above. O

REMARK 3.5. We can choose representatives Fy and F} for the two conjugacy
classes of elementary abelian 2-subgroups of rank 2 such that Fy N E} is cyclic of
order 2. In fact, if Fy is such that E, is the subgroup of Ga4 generated i and j
then conjugation by 1 + 2¢ fixes ¢ and carries EQ to Eé In S} the group Eg is not
conjugate to Eé, hence in the quotient PS} we get that Fy and E) are non-conjugate
and intersect in the subgroup generated by the image of .

3.3. Quillen’s F-isomorphism for PS} and the mod-2 cohomology al-
gebra of PS}. The inverse limit in Quillen’s Theorem [3.1]is always a subalgebra
of the product [[; H*E where E runs through the maximal elementary abelian
subgrous of G, up to conjugacy. By Theorem [B.4] there are, in the case of G = PS3,
two of them, both or rank 2 with mod-2 cohomology both given by Fa[xz,y] with
and y of cohomological degree 1.

PROPOSITION 3.6. There is an isomorphism of graded Fs-algebras
lim g ps1) H"E = {(p1,p2) € Fa[z,y| x Falz,y] | p1 — p2 is divisible by zy(z +y)}

PrOOF. If E; and Es are two non-conjugate elementary abelian 2-subgroups
of rank 2 of PS5 then the non-trivial elements of F; and E, belong to the three
non-conjugate elementary abelian 2-subgroups Fi, Fy and F3 of rank 1. If we
choose the non-trivial elements of Ey and Es as €], €} and e} for j = 1,2 then the
morphisms in A(PS3) are given by the homomorphisms «; ; : F; — E; which send
the nontrivial element of Fj to the element e’ of E;.

Then the inverse limit is given by pairs of polynomials (p1,p2) € H*E; X H*E,
such that of 1p1 = aj,ps for i = 1,2,3, or if we identify H*Ey with H*FEy via
the abstract group isomorphism which sends e} to e? for i = 1,2,3 then p; — po
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is divisible by each of the three non-trivial degree one elements in Fs[z,y] and the
claim follows. |

The quotient homomorphism S3 — S3/F1S) = Fy = Cy x Cy induces a sur-
jection PS3 — F, and the explicit form of the elements 4, j and k given in Lemma
211 shows that both subgroups E2 and F} map isomorphically to this quotient.

COROLLARY 3.7. As a module over H*(S3/F153) = Fa[x,y| the inverse limit
is the free submodule of Fo[x, y] X Fa[x, y] generated by the classes (1,1) and (xy(x+

y)70)' O

The following result describes the algebraic duality resolution of the trivial Si-
module Zs. This resolution has been established in Theorem 1.2.1 and 1.2.6 of [2].
The subgroups of S occurring in the statement are those of (LH) and IS5 is the
augmentation ideal of the completed group algebra Zs[[S3]]. The notation used is
analogous to that of Section In other words, if G is a profinite group and X is
a profinite G-set such that X = lim; X; with finite G-sets X; then we define

(3-3) Zo[X]) = lim; , Z/2%([X3]]

and if F' is a finite subgroup of G and M is a profinite Zs[F]-module then M 1%
denotes the Z[[G]]-module Z>[[G]]®z, x| M.

THEOREM 3.8. a) There is an exact complex of profinite Zso[[S3]]-modules

S; Os Sz 02 S3 O S3 €
0— ZQ TG/M—) Zio TCS—> Zo TCS—> Zo TG24—> Zo — 0

b) The maps Oy, 02 and O3 are trivial modulo (2,153). O

REMARK 3.9. a) In fact, the central subgroup C5 acts trivially in this complex
and according to table (0] the complex can be considered as a complex of profinite
PS}-modules

1 1 1 1
(3.4) 0= Zs Tif’-’% Zo o2 2 2y 152 2 72,10 55 2, 5 0

or even as a complex of profinite P.S3-modules

1 8 1 6 1 6 1
(3.5) 0 — Zs T§f2—3> Zs Tfff % 7, Tfff By Ly 1255 Ly — 0.

b) For every profinite PSi-module M there is a duality spectral sequence as-
sociated to the complex of ([B.3])

By = Extly,(1pey)(Co, M) = Extytip 1 (Zo, M) = H'(PS3, M)

Z2[[PS3]]
with

1

Lo tpo? =0
1

o _ )2 Tfff s=1,2

s PS}

ZQ TE; s=3

0 else .
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If M = Fy we can identify the Fj-term via the usual Shapiro-type isomorphisms

with
H*(E3) 2 Fyz,y] s=0
H*({1})=F =1,2
(3.6) ppr = L) = .
H*(B)) 2 Falz,y] s=3
0 else .

PROPOSITION 3.10. The duality spectral sequence for the group PSs and M =
Fy collapses at its E1-term.

PROOF. By part b) of Theorem B8 we have d; = 0 and by (B8] any higher
differential would have to originate at the vertical edge. However, as we have noted
before the composition of the inclusion of Ey into P.S3 followed by the quotient map
PS} — Fy4 is an isomorphism. This implies that the vertical edge of the duality
spectral sequence survives to E,, in particular all differentials originating at the
vertical edge are trivial. |

THEOREM 3.11. a) The map of Theorem Bl
Gpsy  H*(PSY) > lim y psy o H' (E)

is surjective with kernel YFy @ L.2Fy where XFFy is the graded Fo-module Fy con-
centrated in degree k.

b) The Poincaré series x := Y., o dimg, H"(PS3)t" is given by

1+¢3 9
= —— +t+1°.
X =D +t+

¢) The Bockstein homomorphism induces an isomorphism between the kernel

of qpsy in cohomological degree 1 and 2.

PROOF. a) The spectral sequence ([B6) is a spectral sequence of modules over
H*(PS3/F1PS},Fs) = Fy[x, y]. By Proposition B.I0 we get a filtration

0CGs3CGyC Gy CGy= H*(PS%,]FQ)
by H*(PS3/F1PS};Fy) = Fafz, y]-modules G; with associated graded given by
Go/Gr =TFafz,y], G1/Gy=Fy, G2/Gy=%"Fs, Gz =% Folz,y] .

Because both inclusions Fs C PS3 and E} C PS3 split the projection map
from PS} to PSY/FyPS) the image of g maps onto the diagonal in H*(FEs) x
H*(E}). Furthermore G maps trivially to H*(E2;F3). By linearity with re-
spect to H*(PS3/Fy PS3;Fy) the quotient G1/G3 maps also trivially to H*(Eb; Fo)
and then the generator of the Fa[z, y]-module G3 must map to (0,zy(z + y)) €
lim 4(pg1yer H*(E;F2) because otherwise Quillen’s map could not be an F-iso-
morphism. Part a) follows.

b) This is an immediate consequence of part a) and Corollary B.71

c) It is enough to show that the reduction homomorphism H'(PS3,Z/4) —
HY(PS3,7Z/2) is trivial. The cohomology of the group S, has been first investi-
gated by Ravenel [31]. For a recent acount see [22]. In particular, it follows from
Proposition 3.5.3 of [22] that the quotient of PS5 by the topological closure of

Licensed to Univ of Rochester. Prepared on Sat Aug 14 07:03:08 EDT 2021for download from IP 128.151.13.32.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/publications/ebooks/terms



THE CENTRALIZER RESOLUTION AT THE PRIME 2 109

its commutator subgroup is isomorphic to (Z/2)3. As a consequence we find that
mod-2 reduction

H(PS3,7/4) = Hom (PS5, Z/4) — Homs(PS5,7Z/2) = H(PS;,7/2)

is trivial and hence the mod-2 Bockstein is injective. ]

4. Algebraic centralizer resolutions

4.1. Galois-twisted modules. We take up the notions introduced in Section
So we assume that n > 1 is an integer, p is a prime and Gal is the Galois group
of the field extension F, C F, where ¢ = p", and W denotes the ring of Witt
vectors of F,. Furthermore let G be a profinite group equipped with a continuous
homomorphism ¢ : G — Gal and let S be the kernel of ¢. As before we consider
the Galois-twisted completed group ring Wy[[G]] of G and Galois-twisted p-profinite
W [[G]]-modules. In order to keep notations simple we will, as before, simply write
W[[G]] instead of W4[[G]].

Note that for n = 1 we recover the usual completed group ring Z,[[G]]. In
general, the action of S on a Galois-twisted profinite G-module is W-linear while
the action of G is only Z,-linear. The groups we have in mind are G,,, G}, PG,, and
in particular the closed subgroups F' of (L)) of these groups in the case n = p = 2.
In all these cases the homomorphism ¢ is surjective.

A crucial input for the sequel is the following result.

PROPOSITION 4.1. Suppose that G is a finite group equipped with a continuous
homomorphism ¢ : G — Gal and let P be a Galois-twisted p-profinite G-module.

a) If P is WI[S]]-projective then P is W[[G]]-projective.

b) If P is F,[[S]] projective then P is F,[[G]]-projective.

ProoF. We give the proof of part a). The proof of part b) is completely
analogous. Let ¢ : P — M be a homomorphism of Galois-twisted profinite G-
modules and let # : M — N be an epimorphism of Galois-twisted profinite G-
modules. Because P is W[[S]]-projective there exists a W[[S]]-linear homomorphism
@ : P — M such that 7p = ¢.

IfheS, geG, € Pand X\ € W then

NN ghe(h™ g™ z) = (“7N)gplg~ ')

hence (9))g@(g~1z) is constant on S-orbits for the translation action of S on G on
the right and

P M,z Y (Ngdlg )
geG/S
is well-defined. Furthermore, ¢ is a W[[G]]-linear map. In fact, if h is in G then
@) = Dyeass " ONhgB ) = Spoeas(N)hgBg )
= YCigec/s("INhg@((hg) " hr) =y (ha) .

Because 7 is a homomorphism of Galois-twisted profinite G-modules, we have

mp(z) = Y (PNgnglgTle) = Y (PNgelgTle)= Y (Ne(x) .

geG/S geG/S geG/S
Finally, G/S can be identified with a subgroup of Gal and by Hilbert 90 there exists
A € W such that EQGG/S 9\ =1 and this shows that P is projective. ([l
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COROLLARY 4.2. Suppose that G is a finite group equipped with a homomor-
phism ¢ : G — Gal, and suppose that S := Ker¢ is of order prime to p. Then the
trivial Galois-twisted profinite G-module W resp. the trivial Galois-twisted profinite
G-module Fy is a projective W[[G]]-module resp. F,[[G]]-module. O

LEMMA 4.3. Suppose that G is a finite group equipped with a homomorphism
¢: G — Gal and let 0 — My, — Ms — M3z — 0 be an exact sequence of Galois-
twisted p-profinite G-modules which is split as sequence of W-modules. If M is
projective then the sequence is split as a sequence of Galois-twisted profinite G-
modules.

PRrOOF. This proof is actually extracted from the proof of Lemma 16 of [21].
We begin with the following observation. If M; is projective as Galois-twisted
profinite G-module then M is a direct summand in the induced module W[G] Qv
M. Furthermore for a finite group the induced module and the coinduced module
Homyy (W[G], M) are isomorphic.

The existence of a W-linear splitting of the monomorphism M; — M, implies
that any W[G]-linear map ¢ from M; to the coinduced module Homw(W[G], M)
can be extended to a W[G]-linear map ¢ : My — Homw (W[G], M;). Now we take
for ¢ any W[G]-split inclusion of M; into Homw(W[G], M;). Then the composi-
tion of ¢ with a W[G]-linear splitting of ¢ provides the desired splitting of the
monomorphism M; — Ms. [l

In the sequel the kernel of the augmentation W[[G]] — F, is denoted by I,G,
or simply by I if p and G are clear from the context. The other crucial input in the
construction of the centralizer resolution is the following Nakayama type lemma
which is analogous to Lemma 4.3 of [I5]. A Galois-twisted p-profinite W[[G]]-
module M is called I-complete, if the canonical map M — lim, M/I™"M is an
isomorphism. We note that for a profinite p-group S any finitely generated profinite
W[[S]]-module is I-complete (cf. Proposition 5.2.17 of [29]).

LEMMA 4.4. Let G be a profinite group equipped with a continuous homomor-
phism ¢ : G — Gal such that Ker¢ contains a profinite p-subgroup S of finite in-
dex. Let f : M — N be a morphism of finitely generated Galois-twisted p-profinite

W[[G]]-modules.

a) If Torg(f) : TorXV[[SH(M7 F,) — Torgw[[S”(N, F,) is surjective, then fis sur-
jective.

b) If Tory(f) : Torzw[s]](M7 F,) — Torzw[[s]](N, F,) is an isomorphism for g =0
and surjective for ¢ =1 then f is an isomorphism. ]

4.2. The algebraic centralizer resolution for G4(T") and Gz(T"). The fol-
lowing theorem establishes Theorem of the introduction. The finite subgroups
of PG} and G4(T') occurring in this theorem are those specified in table (L5) and
Section [21

THEOREM 4.5. Let I be either I'y or I'g.

a) There is an F-resolution of the trivial Galois-twisted profinite PG}-module
W of the following form

PG} 03 PG} 02 PG} PG}
O—>WT63 — W e —>WT63 SWte,
01 PG} PG} €
— W1s, ®WTGQ — W-—=>0.
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b) There is an F-resolution of the trivial Galois-twisted profinite G3(T")-module W
of the following form
0— W TgQ 1;% 03 RN T(éz?(xfcral 02 RERW TG2(F) oW TGQ(F
G5(T)
48(T")
PROOF. The second complex is obtained from the first one by simply consider-
ing a complex of profinite W[[PG3]]-modules as a complex of profinite W[[G1(T")]]-
modules via the canonical projection G3(I') — PGJ. The property of being an
F-resolution is preserved by the analogue of Lemma 14 of [21]. So we concentrate
on constructing the first complex. In order to simplify notation we will write this
complex in the sequel as

GL()

S WGy ®W G ¢y — W—0.

0P =P =P =P —=-W=0.

The existence of an exact complex follows from splicing the exact sequences of
LemmalL6 Lemma@9and Lemma@ IO below. The F-projectivity of the resolution
will be established in Lemma [£I1] below. O

Our strategy for the remainder of the proof of Theorem is analogous to the
strategy used in Section 4 of [I5] in the construction of the duality resolution for
p = 3. In the following computations we will abbreviate Ext@w PS%H(M ,IFy) simply

by Ext*(M) and TorW[[PS2]](IF4, M) simply by Tor,(M). We observe that we have

isomorphisms
(4.1) Ext(M) = Tor,(M)*

for any profinite W[[PS3]]-module M if (—)* denotes the Fy-linear dual.

We also note that Ext*(—) and Tor.(—) define functors from the category
of Galois-twisted profinite W[[PG}]]-modules to Galois-twisted IF4[[PG%/P521]]-
modules and this will be important in the proof of Lemma 8 Lemma 9] and
Lemma [FI0 below. Note that the quotient group PGL/PS1 is 1somorphlc to
PS1/PS » Gal 2 F x Gal = &

As input for our construction we will use Lemma 4] and the isomorphisms
(@T) together with the calculation of Ext*(W) = H*(PS3;F,). The latter is given
by Theorem [B.I1] with coefficients extended from FFy to Fy.

LEMMA 4.6. a) There is a short exact sequence of Galois-twisted profinite PGA-
modules

PS} PS} ¢
(4.2) 0= Ni = Poi=Wig? ©Wlg,> — W—0

where € is given by augmentation.
b) We have the following Poincaré series

L+t+12
XCe = ;dimh Coker(Ext" (e))t" = %
XK = Y dimg, Ker(Bxt"(e))t" = t + 1>
n>0
> dimg, Ext”(Ny)t" LHEHE
= 1 X L .
- n>0 . ' 1-t¢
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112 HANS-WERNER HENN

PROOF. It is clear that ¢ is surjective. As modules over W[[PS3]] we have
PS; PS}

Po=W1tg 2 @ WTE;
where Fy and E) are the elementary abelian 2-subgroups of rank 2 of table (LH).
By the Shapiro lemma there is an isomorphism

EXt*(P()) = H*(EQ, F4) o H* (Eé, IF4)
and Ext*(g) corresponds via this isomorphism to the restriction homomorphism
H*(P3217]F4) — H*(EQaIF4) @ H*(EQJFZL) .

The long exact sequence in Ext*(—) associated to the short exact sequence (2]
gives a short exact sequence of Fy[PG}/PSi]-modules

(4.3) 0 — Coker(Ext*(¢)) — Ext*(N;) — Ker(Ext*t'(¢)) = 0
and by Theorem B.I1] the Poincaré series of Coker(Ext*(¢)) is given by
2 1+t 1—t3  1+t417

1—-t)2 (1-t)2 (1-t2  1-—t
while that of Ker(Ext*(¢)) is given by ¢ + ¢2. The result follows. O

REMARK 4.7. (cf. Remark B.E) We can and will choose &4 and &) such that
G4 N &) = Cy. In fact, if we choose as generator of the subgroup Cj the image of
1+ (as in Lemma[24) and for &4 the group PGag of Lemma [22] then conjugation
by 1+ 2i fixes C4 and we can take the conjugate copy of &4 as &). Then it is
elementary to check that &4 N &) = Cy.

LEMMA 4.8. There is a homomorphism of Galois-twisted profinite PG3-modules
1

(4.4) b Whe? — Ny
with the following properties.

a) The Poincaré series

XK 1= Z dimg, Ker(Ext™(¥))t", Xxcv = Z dimy, Coker(Ext"(¢))t"

n>0 n>0
are given by
XK = 1+t XC,ip =2+t.

b) As a Galois-twisted G3 = PG}/PSs-module Coker(Ext®(v))) is isomorphic
to the cokernel of the inclusion Fy = F4[G3/Gal]%s — F4[&3/Gal| of Galois-twisted
S3-modules.

PROOF. Consider the map of Galois-twisted profinite PG3-modules
1 1 1
(4.5) 0 :WIL? = Py=Wig2 @ W Tgfz

which sends the generator e; to (eg, —ej)).
Here e is given as e® 1 € W[[PG1]|@wic,;W and eo resp. € as the analogous
element in W[[PG3]]|&w(s, W resp. in WHPG%H@W[[GU]W- Clearly ey is trivial,

1
hence ¢ factors as composition ¥ : WTgf’z — N; followed by the inclusion of Ny
into Py. In order to analyze Ext* (1)) we start by analyzing Ext*(¢).
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THE CENTRALIZER RESOLUTION AT THE PRIME 2 113

As modules over PS2} there are isomorphisms
WG = Wik o Wilg, o Wi,
WSS @ W 1gs? = Wips: @ Wip,?
and the induced map Ext*(¢) becomes a homomorphism
2
H* (B2, Fa) ® H* (B}, Fa) - @) H* (' Cow ™, Fy)
i=0
whose kernel is the inverse limit of Corollary [3.7] with Fa-coefficients replaced by

F4-coefficients. Therefore K (¢) := Ker(Ext*(¢)) has Poincaré series % and the

exact sequence

2
0— K(p) = H*(Ea,Fy) © H*(E}, Fy) - @D H* (' Cow ™, F4) = C() = 0
i=0
shows that C(y) := Coker(Ext"(¢)) has Poincaré series x¢,, given by
1+¢3 3 2 B34+31—t)—1 3 —3t+2
= — — = = t 2 .
Xeo = Y1t a=0p =0 gz '
Now we turn towards analyzing Ext*(¢)) and we consider the exact sequence (3]
0 — Coker(Ext*(¢)) — Ext*(N;) — Ker(Ext**(¢)) = 0.

Because egp is trivial Ext*(p) factors through Coker(Ext*(e)) and the restriction of
Ext* (1) to the submodule Coker(Ext*(g)) of Ext*(Ny) is induced by Ext*(¢). If
Xk is the Poincaré series of the kernel of this restriction then we have an identity

Xie + 3 dimz, Ext™ (W 1502)6" = o0 + > dimg, Coker(Ext" (<))t
n>0 n>0

We have just seen that xc , = ¢+ 2 and therefore Lemma [£.6] implies the following
identity of Poincaré series

1+t+¢2
XCp + Z dimp, Coker(Ext"(e))t" =t + 2+ %
n>0
3 . n PG3\\,n
= > dimp, (Bxt™(W1g,?))t"
n>0

and this shows that xx = 0.

In other words, the restriction of Ext*(¢)) to Coker(Ext*(g)) is injective. Part
a) will therefore follow if we can show that there are elements € Ext®(N;) respec-
tively 7 € Ext'(N;) which are both in the kernel of Ext*(1) and which project in
the exact sequence ([@3) to non-trivial elements in Ext'(Ker(g)) = Fy respectively
in Ext?(Ker(e)) = Fy.

The short exact sequence [3) is a sequence of Galois-twisted PG}/PSi = &3-
modules and we know from Lemma8] that Ker(Ext**!(¢)) is trivial unless * = 0 or
+x = 1 and in this case its value is F4. The Galois-twisting arises from the canonical
homomorphism G} — Gal which induces a homomorphism PG}/PSi = &3 — Gal
with kernel Cj cyclic of order 3. Therefore Corollary shows that the short exact
sequences

0 — Coker(Ext’(¢)) = Fy — Ext’(N;) — Ker(Ext' () =F4 — 0
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114 HANS-WERNER HENN

and
0 — Coker(Ext!(e)) = F2 — Ext'(N;) — Ker(Ext?(¢)) = F4 — 0

are split exact as sequences of Galois-twisted Fy4[&3]-modules. Hence Ext’(N;) is
isomorphic to the trivial Galois-twisted module F,®F4. On the other hand it is clear
that as F4[&3]-module Ext’ (WTgfé) is isomorphic to F4[S3/Gal] and therefore its
Cs-invariants are isomorphic to Fy. The image of Ext®(¢p) is isomorphic to F, and
therefore necessarily equal to these invariants. Hence the image of Ext®(p) must
agree with the image of Ext’ (1)) because otherwise ExtO(WTgf’;) would contain a
F4[C3]-submodule of dimension 2 with trivial action of C5. This shows the existence
of T and also proves part (b) because we have just seen that Coker(Ext’(v)) is
isomorphic to the cokernel of the inclusion

Fy = F4[S5/Gal]% — F4[S5/Gal] .

Finally we use that for each profinite W[[PG}]]-module M the short exact
sequence of trivial Galois-twisted W[[PG3]]-modules

0— W/(2) =3 W/4) - W/(2) =0
induces a connecting homomorphism

6+ Fixt" (M) = Extly sy (M, W/ (2)) = Bt gy (M, W/(2)) = Bt (M)

which is functorial in M and commutes with the connecting homomorphisms asso-
ciated to short exact sequences 0 — M7 — My — M3 — 0 in the first variable of
Ext. If M = W is the trivial module then part c¢) of Theorem BI1] says that this
connecting homomorphism induces an isomorphism between the kernel of Ext(e)
and the kernel of Ext?(¢). In the exact sequence [{@3) for * = 0 we have just seen
that there is a lift of a generator 2 € Ext'(Ker(¢)) to an element Z € Ext’(N;)
such that 7 is in the kernel of Ext’(¢). Then § := 6() is in the kernel of Ext* (1))
and projects to a non-trivial element in Ker(Ext?(¢)). O

LEMMA 4.9. There is a short evact sequence of Galois-twisted profinite PGA-

modules

(4.6) 0= Ny — Py i= W52 @ WiE®2 25 Ny -0

such that the Poincaré series xo 1= ), dimg, (Ext™ (N2))t" is given by
X2=3+1,

and such that there is an isomorphism of Galois-twisted F4[PGL/PS3] = F4[S3]-

modules

EXtO(NQ) = F4[63/Gal] .

PROOF. By the isomorphisms of (1] we have Coker(Torg (1)) = Ker(Ext® (1))
and by the previous lemma this is isomorphic to the necessarily trivial Galois-
twisted module Fy.

By Corollary W is a projective Galois-twisted W[G&3]-module. Hence, the
canonical epimorphism W — F4 can be lifted against the canonical projection

N; — Torg(Ny) — Coker(Torg())) = Fy

to a W[[PG}]]-linear homomorphism

W WESE Ny
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THE CENTRALIZER RESOLUTION AT THE PRIME 2 115

Then the homomorphism
p: P =WIE% @ Wikt 5 Ny

is defined via its restriction to the two summands given by ¢ and ¢’. By construc-
tion the map p induces an epimorphism on Torg(—). By Lemma [£.4] it is therefore
surjective and Ns is defined as its kernel and we have established the short exact

sequence ([L4).

The long exact sequence in Ext*(—) associated to the short exact sequence
([#H) gives a short exact sequence

(4.7 0 — Coker(Ext*(p)) — Ext*(Ny) — Ker(Ext*™(p)) = 0 .
Because WTQ(S% is isomorphic to W[[PS3]] as PSi-module we get Ext*(WTé?é) =

F, concentrated in degree 0 and hence Ext*(p) agrees with Ext*(¢) for x > 0. For
* = 0 the difference is that

Ext’(p) : Ext’(Ny) 2 F, @ Fy — Ext®(P)) = (Fy)*
is injective with cokernel isomorphic to the cokernel of Exto(w) while
1 .
Ext®(y) : Ext’(N;) 2 Fy @ Fy — Ext® (W, ?) = (Fa)?

has kernel Fy. It follows that yo = 3 + ¢ as claimed.

For the last statement we use that the short exact sequence (7)) for * = 0 is
one of Galois-twisted F4[&3]-modules and identifies by part b) of Lemma [£.8 with
the sequence

0 — Coker(Fy — F4[&3/Gal]) — Ext®(Ny) — Ker(Ext'(p)) =F4 — 0 .
By Proposition [£.]] the sequence is split just as the sequence
0 — Fy 2 F4[65/Gal]% — F4[S5/Gal] — Coker(Fy — F4[G3/Gal]) — 0

and this implies ExtO(Ng) >~ Fy @ Coker(Fy — Fy[S35/Gal]) 2 Fy[S3/Gal]. |
LEMMA 4.10. There is a short evact sequence of Galois-twisted profinite PGA-

modules

(4.8) 0= Pyi=WiE% & P = Wi 5 N, -0,

ProOOF. By Proposition [L] the Galois-twisted G3-module W[S3/Gal] is pro-
jective. Hence the canonical epimorphism W[S3/Gal] — F4[&3/Gal] can be lifted
against the canonical projection

Ny — TOT()(NQ) = F4[63/Ga1]
to a W[[PG}]]-linear homomorphism
1 ~ 1
Whgar = (WIGH) Te,*— N2 -

Then the homomorphism P, — Ny induces an epimorphism on Torg(—). By Lemma
A4 it is therefore surjective. Let P be its kernel so that (48] is a short exact
sequence. By the isomorphisms of [@J]) and by the previous lemma we get

Fy ¢=0

Torg(Ps) = {0 q>0
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By Corollary the Galois-twisted G3-module W is again projective. Hence the
canonical epimorphism of Galois twisted G3-modules W — F,4 can be lifted against
the canonical projection

P; — TOI‘()(Pg) >y
to a W[[PG1]]-linear homomorphism of Galois-twisted profinite PG3-modules

1
Y Whee® — Py .

By construction the map induces an isomorphism on Tor,(—) for all ¢ and by
Lemma [£4] it is therefore an isomorphism. O

LEMMA 4.11. The evact compleves of Galois-twisted profinite PGA-modules
respectively G3(I')-modules of Theorem are F-resolutions of the trivial Galois-
twisted module W.

PROOF. By the obvious analogue of Lemma 14 of [21] it suffices to consider
the case of PG}. Furthermore it suffices to show that the complex is split after
restriction to any finite subgroup F' and for this it is enough that the short exact
sequences of Lemmal4.6] Lemmad.9and Lemma[I0 are split exact after restriction
to F. Furthermore it suffices to consider to restrict attention to maximal finite 2-
subgroups which are given by &4 and &) (cf. the discussion before Lemma 23)).
The maps

1 1
W — Wig.? @ WTQ‘?

given by sending x to (£&4,0) resp. z to (0,28)) are clearly W[S,] resp. W[S/]-
linear and provide splittings of e. Lemma 3] shows that for any finite subgroup
F of PG} the exact sequence of Lemma [L.I0 is split as sequence of W[F]-modules.

1
In particular, as W[F]-module Nj is a direct summand in WTgff and therefore Ny
is projective as W[F]-module. So Lemma [.3] also applies to the exact sequence of

Lemma and this completes the proof. O

Finally we turn towards the construction of an F-resolution for the trivial
Galois-twisted profinite G-module W for G = G2(I") resp. G = PGy. We observe
that because of Go(I')/G3(T") = PGy/ PG} = Zy there is a short exact sequence of
Galois-twisted profinite Go(TI") resp. PGo-modules

(4.9) 0 — W[[Za]] &5 W[[Zs]] = W — 0

where g is a topological generator of the group Zs. In fact, for every prime p there is
a well known isomorphism Z,[[T]] — Z,[[Z,]] which sends T" to g — e where g is any
topological generator of Z, and this extends to an isomorphism W[[T]] — W[[Z,]].
Via this isomorphism the augmentation is just given by the map which sends T to
0.

By the analogue of Lemma 15 of [21] induction of the F-resolutions of Theorem
from PG} to PGy resp. from G3(I') to Go(I') gives an F-resolution of the

W[[PGs]]-module W Tigf resp. of the W[[G2(T')]]-module W Tgfg; of the form
2 2

(4.10) 0= Qs 2 Qs 2 Q1 2% Qo — W[Zy]] - 0.
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In the case of G2(I") the modules in this resolution are given as

Q3 _WTgiiF%)

Ga(T)
Q WTC‘z(XGal
Q1= WTgﬁr) & Wi
_ G (F
Qo WTG48 @ O Wie H

and the monomorphism of the exact sequence (IIQI) can be covered by a map of
complexes

P P P
0 = Q3 — Q2 — Q1 — Qo QWT@(F) -0

(4.11) ! ! ! ! Lg—e

p) o P e
0 = Q3 — Q2 — Qi — Q — Wigimy —0-

In the case of PGy we need to make the appropriate replacements indicated in
Remark [[31
The following result is a more precise form of Theorem [[.11

THEOREM 4.12. The total complex of the double compler Q. . of (Il is a
Galois-twisted F-resolution of the trivial W[[Go(I')]]-module W.

PRrROOF. It is clear that Tot(C), is a complex of F-projective modules. The
fact that the complexes Homyy(g, ) (P, Qi,«) are exact for i = 1,0 and each F-
projective module P implies that the complex Homyy(g, ) (P, Tot(Q)«) is exact
for each F-projective module P. ([l

5. Topologically realizing the algebraic centralizer resolutions

5.1. Preliminaries on Morava modules. Let I" be a formal group of height
n defined over the field F, with ¢ = p™. By the Goerss-Hopkins-Miller theorem the
extended Morava stabilizer group G, (I") acts on the spectrum FE,(T') (see [18],
[32]); we recall that F, (') is a Landweber exact spectrum given by a 2-periodic
theory with coefficients 7, (E,(I")) = mo(E, (I'))[ut'] (with u € 7_5(E,(T"))) whose
associated formal group law over mo(E, (T")) is a universal deformation of I" in the
sense of Lubin and Tate. In particular there is a (non-canonical) isomorphism
between mo(F,(T")) and W[[ui,. .., u,—1]], the ring of formal power series over the
ring of Witt vectors W = W(F,) of F,, in the variables uq, ..., u,—1. The maximal
ideal (p,u1,...,un—1) of this power series ring will be denoted m. To keep notation
simple we will abbreviate in this section E,(T") by E,, and G, (T") by G,,.

For the purposes of this paper, a Morava module is an m-adically complete
(E,)«-module M equipped with a continuous G,-action (continuous with respect
to the m-adic topology on M and the profinite topology on G,) such that for
g€ Gy, acem By, A€ Wand x € M we have

glax) = g(a)g(x) and g(Az) =IAg(z) .

So a Morava module is a Galois-twisted module but it need not be p-profinite and
therefore not be a module over the (twisted) group algebra W[[G,,]]. The category
of Morava modules will be denoted £G,,. A morphism in this category is an (Ey,).-
linear map M — M’ which commutes with the action of G,,. We note that such a
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map will be automatically continuous with respect to the m-adic topologies on M
and M'.
The Morava module of a spectrum X is defined as

(En)*X = W*LK(n)(En A X) .

This is an (E,).-module which is complete but not necessarily Hausdorff with
respect to the m-adic topology if m denotes the maximal ideal of mo(E,,). All Morava
modules in this section will be Hausdorff, in fact they will all be pro-discrete (cf.
Corollary B.5]).

For the Honda formal group law the following result is well-known and can be
found in [1T] or in [35]. We give a proof which is very close to that in [35].

PROPOSITION 5.1. Let E,, be the Lubin-Tate spectrum associated to a defor-
mation of a formal group law I' over Fy which is already defined over IF,,. Assume
that the Frobenius endomorphism & defined by &r(x) = xP satisfies an equation
&L = pu in the endomorphism ring of I' (over F),) where u is a p-adic unit. Then
there is an isomorphism

(5.1) ¢: 7T*LK(H)(ETL A Eyp) = mapg(Gn, (En)+)
which is adjoint to the map
Gn X 7T*LK(n) (En A En) — W*(En)
given by
(g € Gpoz: S™ = By AEy) — (S™ -5 B, AE, 24 B, AE, 25 E,)
where p is multiplication on E,.

We prepare the proof of the proposition with two remarks, one on formal group
laws and another one on g-Boolean algebras.

REMARK 5.2. a) Let ¢ = p™ and let k be a field which contains F,. The
endomorphism £ commutes with an endomorphism Y, a;z° € Endg(D) if and
only if af = a; for all i, i.e. a; € F, for all i. Hence the canonical map

Endg, (') — Endj,(T)

is an isomorphism if and ony if £} is central in which case it must satisfy an equation
& = pu in the endomorphism ring of I' (over F,) for some p-adic unit u.

b) More generally, if k is a finite field of order p™ and K its algebraic clo-
sure then the endomorphism ring over k is isomorphic to the centralizer of %' in
EndK (F)

REMARK 5.3. a) Let I' be any formal group law over F, and consider as in the
proof of Theorem 12 of [35] the functor which sends an F,-algebra A to the set of
pairs (8, f) where 8 : F, — A is any ring homomorphim and f is an isomorphism
a,I' = B,I of formal group laws where « is the ring homomorphism defining the
F,-algebra structure on A. This functor is corepresented by the I -algebra

B(T) :=F, @1 Lb', by,.. ] ®LF,
where the Fj-algebra structure comes from the first tensor factor F,, L is the
Lazard ring, IF, is considered as an L-algebra via the homomorphism classifying

I' and L[bgﬂ,bl, ...] is an L-algebra via the usual units n; and ng in the Hopf-
algebroid (L, L[boil, b1,...]). The algebra B is generated over F,®F, by the elements
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b;, 1 = 0,1,..., with respect to complicated relations determined by nr and the
homomorphism L — F, classifying I'.

Now assume that the formal group law I' is already defined over IF,. Then
we have o, I' = S3,I'" because there is only one algebra homomorphism F, — A
and then f is an automorphism of a,I' = B,I'. If furthermore (f = pu then for
any endomorphism Y, a;z' € Enda(auI') we have al = a; and the complicated
relations must include the relations b = b; for all i. Therefore B(T') is a g-Boolean
algebra, i.e. an F -algebra which satisfies ¢ = x for any « € B.

b) Let B be a g-Boolean algebra. A g-Boolean algebra which is an integral
domain only has ¢ solutions to the equation ¢ = x, hence any prime ideal in such
a B is maximal and is the kernel of a unique Fg-algebra morphism B — F,. So
we can identify the spectrum spec(B) with Homp, (B, F,). Furthermore B is
the colimit of its finite IF;-subalgebras and this defines a profinite topology on its
spectrum spec(B). The structure theorem for g-Boolean algebras says that the
evaluation map from B to the algebra of continuous functions on its spectrum

B = map,, (spec(B),F,), @ (> (x))

is an isomorphism.

In fact, if € B is any element then 297! is idempotent. Hence, if 297! # 1
then B is the product of the ideals generated by 29~! and 1 — x9~!. From this
one sees immediately that the evaluation map is an isomorphism if B is finite. The
general case follows by observing that for a profinite set S = lim;S; with S; finite,
the set of continuous functions map,,,(S,Fy) is equal to colim;map(S;, Fy).

We are now ready for the proof of Proposition (.11

PrROOF. It is enough to prove the isomorphism in degree 0 after reducing
modulo the ideal generated by the maximal ideal m in mo(E). The Fy-algebra
(En)oE, /m agrees with the algebra B(I') considered in part a) of the previous re-
mark. By the assumption on I' and part b) of the preceeding remark (F,,)oFE,/m is
an F,-Boolean algebra and is therefore isomorphic to the ring of continuous func-
tions on its spectrum. The spectrum of (E,)oE,/m identifies with the profinite
set of pairs (8, f) where $ is a ring homomorphism from F, to itself and f is an
automorphism of «,I' = B,I", and this is exactly equal to G,,. (]

In the remainder of this section we assume that I" satisfies the assumption of
Proposition 5.1.

The group G, x G, acts on 7, (L) (E, A Ey)). The action of the left hand
factor is the one used in the definition of the Morava module of 7. (L g (n)(En A Ep)).
We will also need the action of the right hand factor and we need to know how this
action translates to the right hand side of the isomorphism (5.1)). We record this
in the following lemma whose proof is straightforward.

LEMMA 5.4. Let g, hy and hy be elements of G, and x be an element of
(LK (n)(En A Ey)). Then

¢((h1, h2)x)(g) = hag(a)(hy ' gha) -
In other words, the action on the left hand copy of E,, corresponds to the diagonal
action on the set of continuous maps while the action on the right hand copy of Ey,
corresponds to the action on G,, on the set of continuous maps given by the action
on the source on the right. ([l
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The results of [11] on homotopy fixed points will now carry over to the case of
E, = E,(T) if T satisfies the assumptions of Proposition Bl In particular we have
the following result.

COROLLARY 5.5. Let K be a closed subgroup of G,,. Then there is an isomor-
phism of Morava modules

(Bn)(ER") 2 mapy (Gn/K, (En)x) = Homwcan—cts (W([Gn /K], (En)x)

if G, acts diagonally on the set of continuous maps respectively continuous Galois-
twisted homomorphisms. O

Let M be a Morava module and let x € M, g € G,. If & : M — (E,). is an
(Ey,)«-linear map let ®(a) : M — map,_,,(G,, (Ey)«) be given by

(@(e)(2))(9) = golg™") -

Conversely, let 8 : M — map_,(Gy, (Ey).) be a morphism of Morava modules
where G,, acts on map_,;(Gy, (Ey).) diagonally. Then let ¥(5) : M — (E,). be
given by

(B)(x) = (B(x))(e)

where e € G,, is the unit. For h € G,, let h* 8 : M — map,_,,(G,, (F,).) and
hxa: M — (E,)« be given by

(h* B(x))(9) = (B(x))(gh) and (h*a)(z) = ha(h™'z).
The proof of the following lemma is straightforward and left to the reader.

LEMMA 5.6.

a) ®(a) is a homomorphism of Morava modules.
b) U(B) is (En)«-linear.

¢) The map

¢ : Homg,,), (M, (Ey)«) — Homgg, (M, map.; (G, (En)«)), o $(a)
is an isomorphism with inverse given by
VU : Homgg, (M, map,;,(Gy, (En)«)) = Homg, ), (M, (En).), B— ¥(3).

d) The action of G on Ly (E, A Ey,) on the right hand smash factor
translates via the isomorphism of Proposition [5.1] and via the isomorphisms ® and
U of part c) into the diagonal action on Homg, ) (M, (Ey).), i.e. for h € G, we
have ®(h * ) = hx ®(«) and V(h* ) = hx ¥(F). O

The following two results are analogous to Proposition 2.6 and Proposition
2.7 of [15]. There they were crucial in realizing the duality resolution at n = 2
and p = 3 and here they are crucial for constructing the centralizer resolution for
n = p = 2. In these results we use the following notation: if F is a spectrum and
X = lim; X; is an inverse limit of a sequence of finite sets then E[[X]] is defined as
holim; E A (X;)4+. We observe that if X is such a profinite set with a continuous
action of a finite group K and if F is a K-spectrum then E[[X]] is a K-spectrum via
the diagonal action. If X and Y are spectra then we denote the function spectrum
by F(X,Y).
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PROPOSITION 5.7. Let K1 be a closed subgroup and Ks a finite subgroup of G, .
a) Then there is a natural equivalence (where the homotopy fized points on the
left hand side are formed with respect to the diagonal action of Ks)

Eo[[Gn/Ea]]"? =~ F(EY ERF2)
b) If Ky is also an open subgroup then there is a natural decomposition
EnH(G’n/KVIHhK2 = H Er}zLKm
Ko\G,, /K1
where K, = KoNz K271 is the isotropy subgroup of the coset K and Ko\G,,/K;
is the finite set of double cosets.
¢) If K1 is a closed subgroup and K, = (), U; for a decreasing sequence of open
subgroups U; then
F(E}, EM2) ~ holim, By [[Gy /U] ~ holim; — [] Bl
Ko\G,/U;
where K, ; = Ko NaU;z~! is, as before, the isotropy subgroup of the coset zU;. [
The following remark is taken from Section 1.3 of [21].

REMARK 5.8. If U; C U; then the map
I EMfe— I EM
Kz\Gn/Ul KZ\Gn/Uj
in the inverse system of part (c) of the proposition can be described as follows: if
z € G, /U; has isotropy group K, ; and its image 2’ € G,,/U; has isotropy group
K, ; then the restriction of the map to the factor determined by x sends By
. hK,/ . . . .
via the transfer to the factor EnK” 7 determined by x. Because K5 is finite this
implies that on homotopy groups the inverse system is Mittag-LefHer.

PROPOSITION 5.9. Let K7 and Ko be closed subgroups of G,, and suppose that
K> is finite. Then there is an isomorphism

((Eu)<[[Gn/ K1) ™ = Homeg, ((Ba) B, (E,).E}?)
such that the following diagram commutes

7 (En[[Gn /KL ]PE2)  — ((Ew):[[Gn/E1)) "

o fa

m P (B Epfe) — Homeg, (En)EpS, (En) ER52)

where the top horizontal map is the edge homomorphism in the homotopy fixed point
spectral sequence, the left-hand vertical map is the isomorphism given by Proposition
B and the bottom horizontal map is the E,-Hurewicz homomorphism. O

We will also need the following result from Section 1 of [§].

LEMMA 5.10. Let K C G, be a closed subgroup and let Ko = KNS,,. Suppose
the canonical map
K/Ky— G, /S, = Gal
is an tsomorphism.
a) There is a Gal-equivariant equivalence

Gal, A EME — EhEo
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b) For any profinite Morava module M we have isomorphisms
H*(K,M) = H,(Ko, M), H*(Ko,M) =Wz, H*(K,M). O

5.2. Realizing the centralizer resolution for Gi(I') and for G(T'). The
construction of the topological centralizer resolutions of Theorem [[L4] and Theo-
rem comes in two steps. In Proposition .11l we first construct a complex of
spectra X, such that the complex of Morava modules (E2).(X,) is isomorphic to
the complex Homyy(gay—cts(Pe, (E2)+) if Ps denotes the complexes of Theorem [l
Here Homyy|gay—cts denotes continuous homomorphisms of Galois-twisted continu-
ous Gal-modules. This part is analogous to the first step in the construction of the
duality resolution resp. centralizer resolution at n = 2 and p = 3 in [I5] resp. [21].
In the second step we refine the complex of spectra to a resolution, i.e. we construct
the necessary factorisations of the maps «;. This step follows the strategy used in
the proof of Theorem 25 and Theorem 26 of [2I]. The crucial result is Proposition
We give details of the proof of Theorem The proof of Theorem [ is
completely analogous with details which are less involved.

PrOPOSITION 5.11. Let I' be either 'y or I'g. Then there is a complex of
spectra

Xo % = Ly S® = By 1) 20 X 20 X, 92, X, 9% X, 24 X, 5 «
with
Xo = ERGus0)  ghGis(®)

Xy = EFOe0)y gl ghoas)y phis®

X, = EG2*Galy gy phts
X3 = EgbGlz(r) V EQCgXGal
X, = By

such that the complex of Morava modules (E2).(Xa) is isomorphic to the complex
of Morava modules Homyy(Gat—cts(Pe, (E2)+) if Ps denotes the compler given by
Theorem [LI1

PRrOOF. By Corollary we can choose X; as the explicit (wedges of) homo-
topy fixed point spectra appearing in the statement of the proposition such that
we have isomorphisms of Morava modules

(EQ)*(XZ) = HomW[Gal]—ctS(Pi, (EZ)*)

for i =—1,0,1,2,3,4. It is therefore enough to show that the Es-Hurewicz homo-
morphisms

(5.2) Tl (X, Xiy1) — Homeg, ((E2):Xi, (E2)«Xit1)
are surjective for i = —1,0,1,2,3 and the Fs-Hurewicz homomorphisms
(5.3) ToF (Xi, Xit2) — Homeg, ((E2).Xi, (E2)« Xit2)

are injective for i = —1,0,1,2. In fact, we will see that in most cases these homo-
morphisms are even isomorphisms.
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By the explicit nature of the spectra X; it is enough to show that the FEs-
Hurewicz homomorphisms

(5.4) moF(Ey ™", E3™*) = Homeg, (E2). By ™", (E2).Ey"?)

are isomorphisms for every combination of K7 and K5 with K; running through

GQ(F), G48(F), 218(1“), Glg(r)7 Cg, CQ x Gal and KQ running through G48(F),
1s(D), G12(T), Cs, Cy x Gal, except possibly in the case that K; and K, are

equal to either Gys(I") or G)g(T"). In this case we will see that we still have at least

a surjection and this is good enough.
In fact, by Proposition it is enough to show that the edge homomorphisms

mo(Ea[[Ga/K1]))"* — mo(Es[[G2/ Ki]]) 2
of the descent spectral sequences are isomorphisms for every combination of K; and
Ky, except if K1, Ko € {G4s(T"), G)5(T')}, and that in this case it is still surjective.
For this we use Proposition 5.7 and the usual lim-lim'-sequence for the homo-
topy groups of holim;. First we note that the lim*-terms lim" ]| Ka\Ga/U; 1 (E;L K’)

arising from part c) of Proposition 57 are trivial. In fact, this follows from Remark
because the inverse system satisfies the Mittag-Leffler condition. Furthermore,

because of
70(E2[[Go/K1]))™? = lim H 7o (Bp) e
KQ\Gz/Ui
it is enough to show that for every K, ; the edge homomorphism
(5.5) mo(Ey o) = mo(By) Ko

of the homotopy fixed point spectral sequence is an isomorphism in degree 0 re-
spectively surjective in degree 0. The groups K ; always contain the central C5.
Furthermore, by Lemma it is enough to assume that K5 is contained in S,.
The relevant groups are then Gy, Qg, Cg, C4 and Cs. By Lemma [5.10] the edge
homomorphism is a surjection for Ga4 if and only if this is the case for G45(T).

The relevant calculations can be found in [I] and [12] in the case of G4s(T'g),
in [28] in the case of Cg, in [7] in the case of Cy, and in [8] in the case of Co. In [8]
there is also a nice discussion how the calculations of [1], [12], [7] and [28] which
concern the homotopy groups of spectra of topological modular forms with various
level structures translate into calculations of the homotopy groups of our homotopy
fixed point spectra.

In all these cases the edge homomorphism is always an isomorphism. So it
remains to consider the case of QQs. The homotopy fixed point spectrum E;G“
is 192-periodic with periodicity generator given by A® where the modular form A
is the algebraic periodicity generator for the Gas-module (Es),.. With respect to
the action of Qg there is an invariant A such that A3 = A (cf. Theorem A.4 of
[3]). Then Eg 9% will be 64-periodic with periodicity generator A8 and there is an
equivalence

EDQs o phGas \ 564 phGas | 5128 phGas
So we need to understand the edge homomorphism
(B ©24) = i (B2) 9

not only for £ = 0 but also for k¥ = 64 and k = 128. The calculations in [I] and
[12] show that this is still an isomorphism for k¥ = 64 while for k£ = 128 it is only
surjective with kernel isomorphic to F4 and given by a class denoted A®c. The case
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of Qg can only arise if K, Ky € {Gys(I),G'ig(T')}; in case Ky = G, all K, ; are
equal to Ks. (Il

To complete the proof of Theorem [[L5]it remains to construct the factorizations
Xi—l i) Wz l> Xz of (67 for i = 1,2,3,47 such that each Wi—l B Xi—l & Wz
is a cofibration (with Wp being the cofibre of ap). We note that these factorisations
will realize the splitting of the exact complex of Morava modules (F3).(X,) into
the usual short exact sequences. In particular, this will show that vy : (Eg). Wy —
(F2)«X4 is an isomorphism, hence 74 is an equivalence and the resolution is of
length 4.

The factorizations are constructed inductively. In the case i = 1 we simply use
that the composition ajaq is null homotopic. Now let 2 < ¢ < 4 and suppose that

for 0 < r < i we have already constructed factorizations X,_1 & W, 2% X, of

«, such that W,_; - X, 1 ﬁ> W, is a cofibration for 1 < r < 4. In order to
factor «; it is enough to show that the composition «;7;_1 considered as element
in WoF(Wi_l,Xi) is null.
The already constructed cofibrations can be used to analyze m,F(W;_1, X;).
In fact, if Z is any spectrum then these cofibrations determine a finitely convergent
Adams type spectral sequence which has the form
(5.6) EVY (Wi, Z) = m_sF(W;_1, Z)
with differentials d3t : ESY(W;_1,Z) — ESTH=1(W,_1, Z) and
F(X; o 47) 0<s<i
B Wiy, 2) = { TH Kz 2) 05 8 <
0 s>1.

Clearly QYi—1 is in the kernel of B'le : Wo(F(Wi_l,Xi)) — Wo(F(Xi_Q,Xi)).
This implies that «;v;_1 must be detected in higher filtration, i.e. in one of the
groups ESf(W;_1,X;) for s > 0. By the following result these groups are trivial,
so the factorization exists and the induction step is complete.

PROPOSITION 5.12. Let i € {2,3,4}. If Z = X, then in the spectral sequences
(B6) we have E5*(W;—1,X;) =0 for all s > 0.

PROOF. If s > i then we already have E{*(W;_1, X;) = 0. The d;-differentials
are induced by the maps «; and hence we need to show that for 1 < s < i —1 the
sequences

*

(5.7) T F(Xi1 0 X0) 5 F(X g X)) 5 o F(Xo sy X0)
are exact in the middle and that for s =¢ —1
(5.8) of s F(Xo, Xi) = 7 F(X -1, X;)
is onto. The following two lemmas imply Proposition (|
LEMMA 5.13. E3"(Ws, X4) = 0 for every t.
PRrROOF. In this case Proposition (5.7 shows that
F(X 1y, X4) = By F(Xo, Xa) = (Bs[[Ga/Gas(D)]]VES[[Ga/Glg(D)]]) "2
and the map F'(Xo, X4) — F(X_1,X4) corresponds to the map
(B2l[G2/Gas(D)]] V E2[[G2/Gls (D)]]) 912 (1) — By[[Go/Gy])" 12T
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induced by the unique map Go/Gug(T') [[ G2/G)s(I') — G2/G3. The latter map
has a G12(I")-equivariant section and this implies that the map

2 ((Ba[[G2/Gas (D)]] V Es[[G2/ Gl (D)]])* 92 (7)) = 7o (E2([Ga/Go))"12M)
is split surjective and hence
af = mF(Xo, X4) = mF(X_1, X4)
is surjective for every t. ]
LEMMA 5.14. Leti € {2,3,4}, t € {0,1,2} and s > 0. Then
Ey'(Wii1,X:) =0

PROOF. The spectrum X; is a wedge of homotopy fixed point spectra E;Fi’j
for certain explicitly given finite subgroups F; ;, j =1,...,m;,

m;
Xi=\/E"" .
i=1

Then, for any spectrum Y we have a homotopy equivalence natural in Y

(5.9) F(Y, X))~ \/ F(Y,Ey"™7) ~ \| F(Y, Ey)"i .
j=1 j=1

If Y = X, o 5 then Y is again a finite wedge of homotopy fixed point spectra
E;LG” with explicitly given closed subgroups G ;, j = 1,...,n,. For each of these
wedge summands Proposition [5.7] and Proposition (with K the trivial group)

give an isomorphism
hGgs j ~ hGS,J‘
T F(Ey 7", Ey) = Homeg, ((E2)« By 77, (E2)«E2)

and because (E2).FE2 = Homs(Ga, (E2),) is coinduced this simplifies by Lemma
to an isomorphism

hGs j ~ hGS,j
T (Ey 7, Ea) = Homyg,), ((B2)+Ey *7, (E2)x) -

These isomorphisms combine to give an isomorphism
(5.10) TP (Xi—o_s, o) = Hom(g,), ((F2)«Xi—2-s, (F2)x) -

Again by Lemma this isomorphism is compatible with the action of Go which

acts on the left hand side via its action on E5 and on the right hand side diagonally.
From (59) and (GI0) we get a (direct sum of) descent spectral sequence(s)

converging to my—,F(X;_2_s, X;) with Es-term given by

(5.11)

myg
E29(s,i):=EP H? (F; ;, Homg,). (E2): 29X _2_s, (E2).)) = mpoF (Xi_2—s, X;).
j=1
From the isomorphism of complexes (£s2).(Xs) = Homygai—cts(Pe, (EF2)«) and the
fact that the appropriately truncated complex

O—-N;,—-P,—>... > FB—>W=0
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is W[F ]—splitﬂ for every finite subgroup of Gy we deduce that the complex
0— (EQ)*X,1 — (EQ)*X() — ... (EQ)*XZ‘,1 — (E‘Q)*VVz —0

is (Esq).[F]-split.

Now let ¢ € {2,3,4}, 0 < s <i—1and t € {0,1,2}. By Lemma [ETI5] below
there are isomorphisms

BN Wi, X;) = mF(X_a_s, Xi) = EY2(s,4) = EY*(s,4)
and the differential di’t : Ef’t(Wi,l, X;) — Ef“’t(Wi,l, X;) is induced by the map
Qi—o—s: Xi—3-s = X;_o_¢ (with X_o = %). Because the complex
0— (Eg)*X_l — (EQ)*XO A 4 (Eg)*Xi_g — (Eg)*Wi_l — 0

is m.Es[F; j]-split we deduce that for ¢ € {0,1,2}

mi Ht FZH E *Z%Wi, , E . =0
E;*%wil,xl-)u{gaj-l (Fsg Bomz,. (B2)- B Wicss (B).)) 5 =0

as claimed. O

LEMMA 5.15. Let i € {2,3,4}, s and t be integers, 0 < s < i and t € {0,1,2}.
In the spectral sequences (BI1]) we have

Ey*(s,i) =2 B (s,i) 2 mF(Xi—a—s, Xi) .

Proor. If K; is a closed subgroup and Kj is a finite subgroup of Gy then
Proposition [£.7] gives an equivalence

F(EY™, E3™) ~ By[[Go/ K\ ]]"
in particular an isomorphism
m F(EY"Y, By) = m, Bo[[Go/ K1) -

The spectrum X; 5, is a wedge of homotopy fixed point spectra with respect to
explicitly known closed subgroups G, ;, 7 = 1,...,n, and X; is also a wedge of
homotopy fixed point spectra with respect to explicitly known closed subgroups
F;;, j = 1,...,n;. Therefore the E>-term of the spectral sequence (LI} can be
rewritten as

m; ms
EY(s,i) = D@D HP (Fi 5, 7 Bal[G2/ G b)) = mqpF(Xi—2s, Xi)
j=1 k=1

This spectral sequence is the direct sum of spectral sequences indexed by j and k.

If K, is an open subgroup of Gy and K5 is a finite subgroup of Gs then by
part b) of Proposition 2.6 of [15] the function spectrum F(E21, E22) is identified
with E5[[Go/K;]]"®2 and this is a finite product of homotopy fixed point spectra
of the form EQLF where F' is always a subgroup of K5. In our case K> is one of the
groups Cy x Gal, Cg or G12(T") and the homotopy groups m; for ¢t = 0,1,2 of the
homotopy fixed point spectra EL are always given by H"?!(F, (Es).). In fact, as
in the proof of Proposition [5.11] one sees that because of Lemma 510 it is enough to
consider the cases that F' is either Cs, Cy or Cg and then the necessary information
is provided by [28], [7] and [8].

2We use this opportunity to point out an annoying typo on line 2 of page 164 of [21]. Instead

of “Zp-split” it should have read “Zp[F]-split”.
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Therefore for ¢t € {0,1,2}, K; open and Ky € {C2 x Gal,Cs, G12(I")} we get
isomorphisms

(5.12) m(F(ByS, By?)) & HY (Ko; m(Ba[[G2/ K1) -

A general closed subgroup K; can be written as an intersection of a decreasing
sequence of open subgroups U; and then

F(EMO BIE2) ~ holim F(ERV: ) ER2)

and Remark 5.8 show that for ¢t = 0, 1,2 the sources of the isomorphisms of (512))
are given as the obvious inverse limit. For the target one uses that

T (B2[[G2/ K1]]) = lim;m. (E2[[G2/Ui]])

if K1 =), U; for U; a decreasing sequence of open subgroups of Go. Because the
inverse limit is an exact functor on the category of profinite abelian groups we find
that H*(F,—) commutes with inverse limits of profinite coefficient modules and
thus the case of open subgroups implies the case of closed subgroups. |
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