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1. Introduction

Consider the Hopf map 7 : A%\ {0} — P! that takes (z,y) to [z : y]. In motivic homotopy theory,
A2\ {0} and P! are models for the motivic spheres $*2? and S?! respectively. Therefore, 7 represents an
element of the stable motivic homotopy group 7 ;.

Computations of motivic stable homotopy groups share many similarities to the classical computations,
but the motivic computations also exhibit “exotic” non-classical phenomena. One of the first examples is
that 7 is not nilpotent, i.e., n* is non-zero for all k [11].

Working over C (or any algebraically closed field of characteristic zero), we have an Adams spectral
sequence for computing motivic stable 2-complete homotopy groups with good convergence properties [12,
6,7]. The Es-page of this spectral sequence is the cohomology Ext4 of the motivic Steenrod algebra A. In
the Adams spectral sequence, n is detected by the element h; of Ext,. The failure of 1 to be nilpotent is
detected by the fact that h} is a non-zero permanent cycle for all k.

A further investigation of the motivic Adams FEs-page reveals a number of other classes that survive
hi-localization, i.e., classes = such that h¥x is non-zero for all k. The first few are ¢y in the 8-stem, Ph; in
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the 9-stem, dy in the 14-stem, and eg in the 17-stem. A fairly predictable pattern emerges, involving classes
that all map non-trivially to the cohomology of motivic A(2) [8].

However, in the 46-stem, a surprise occurs. The class By is hi-local. This element is not detected by
the cohomology of motivic A(2). At this point, it has become clear that an algebraic computation of the
hi-localized cohomology Ext[h;'] is an interesting and non-trivial problem.

The first goal of this article is calculate Ext A[hfl]. We will show that it is a polynomial algebra over
Fy[hi'] on infinitely many generators.

Theorem 1.1. The hy-localized algebra Exta[hy'] is a polynomial algebra over Fo[hi'] on generators v} and

vy for n > 2, where:

(1) v} is in the 8-stem and has Adams filtration 4 and weight 4.
(2) v, is in the (2" — 2)-stem and has Adams filtration 1 and weight 2™ — 1.

Although it is simple to state, this is actually a surprising answer. The elements dy, ey, and epg are
indecomposable elements of Ext 4 that are all hi-local. From consideration of the May spectral sequence, or
from the cohomology of A(2), one might expect to have the relation e} + dg - egg = 0.

In the terms of Theorem 1.1, €} + do - egg corresponds to hjv3 + hiv3v,. Theorem 1.1 says that this
expression is non-zero after hi-localization, so it is non-zero before localization as well. The only possibility
is that e + do - eog equals h}Bj.

The relation e} + do - eog = h}B; in Ext 4 is hidden in the motivic May spectral sequence. As described
in [9], it is tightly connected to the classical Adams differential ds(hihseq) = h3 By [3, Corollary 3.6].

Our hi-local calculation surely implies other similarly exotic relations in higher stems. We do not
yet possess a sufficiently detailed understanding of Exts in that range, so we cannot identify any ex-
plicit examples with certainty. However, we expect to see a hidden relation eg(egg)? + do - €og® =
hY - g?B; in Exta in the 91-stem. Here, we anticipate that epg® and ¢?B; are indecomposable ele-
ments.

So far, we have only discussed the entirely algebraic question of computing Ext 4 [hflL which informs
us about the structure of Ext4. But Ext A[hfl] is also the FEs-page of an Adams spectral sequence that
converges to the 2-complete motivic stable homotopy groups of the n-local motivic sphere S%°[n~1], which
is the homotopy colimit of the sequence

n n g-2.-2 n

SO’O S—l,—l

In order to compute 7, .S%°[n~!], we thus only need to compute Adams differentials on Ext4[h]!]. There
are indeed non-trivial differentials. In the non-local case, we know that da(eg) = hido and da(epg) = h3e?
[9]. This implies the analogous hj-local differentials da(vs3) = hiv3 and da(vys) = h1v3.

Unfortunately, we have not been able to identify all of the Adams differentials. We expect the answer to
turn out as stated in Conjecture 1.2.

Conjecture 1.2." For all k > 3, there is an Adams differential da(vy) = hﬂ);%,l-

Conjecture 1.2 has the following immediate consequences.

L After the first version of this manuscript appeared, Conjecture 1.2 was proved by Andrews and Miller [2].
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Conjecture 1.3.”

(1) The Ex-page of the hy-local Adams spectral sequence is
Folhi (vt va] /03

(2) The 2-complete motivic stable homotopy groups of the n-local motivic sphere are

77*’*(5070[,'7—1]) = F2[77i17/%€]/627
where 1 has degree (1,1); p has degree (9,5); and € has degree (8,5).

Proof. Given the Adams differentials proposed in Conjecture 1.2, we can compute that the hi-local Es-page
is equal to Fa[hi][v}, va] /v3. For degree reasons, there are no possible higher differentials, so this expression
is also equal to the hi-local E.-page.

There are no possible hidden extensions in Ew, so we obtain . ,(S%%[n~!]) immediately. O

Remark 1.4. The hi-localization of the element Phy of Exty4 is hlv‘f7 and p is the standard notation for the
element of g 5 detected by Phy. The hq-localization of the element ¢y of Ext 4 is h?vq, and € is the standard
notation for the element of g 5 detected by cg.

We present one more consequence of Conjecture 1.2.

Theorem 1.5.% The following are equivalent:

(1) Conjecture 1.2 holds.
(2) At p = 2, the «aj-localization of the classical Adams—Novikov spectral sequence FEs-page is a free
Fy [a%l]-module with basis consisting of elements of the form ay, for k=1 and k > 3.

Here b is an integer that depends on k. The point is that «y, is the generator of the classical Adams—
Novikov Fs-page in degree (2k — 1,1).

Proof. Recall that 7 is an element of 7o 1. Because 7n? is zero, we know that the n-localization Ct[n~?]
of the cofiber C7 of 7 splits as SYO[n~1] v SH=1[n~1]. Therefore, 7, .(C7[n~']) is the same as two copies of
o (S0 ]).

We explain in [9, Proposition 6.2.5] that m, .(C7) is equal to the classical Adams—Novikov Es-page.
Therefore, 7. .(C7[n~']) is the same as the a;-localization of the Adams-Novikov Ea-page. O

The origin of this work lies in the second author’s attempt to analyze the Adams spectral sequence
beyond the 45-stem. The hi-local calculations discussed in this article are a helpful tool in the analysis
of Adams differentials. We expect that the hi-local calculations will continue to be a useful tool in the
further analysis of Adams differentials. For example, our work leads us to anticipate an Adams differential
da(e0g®) = h3(epg)? in the T7-stem.

2 Because Conjecture 1.2 is settled, so is Conjecture 1.3.
3 Andrews and Miller [2] show that part (2) of Theorem 1.5 holds, thereby establishing Conjecture 1.2.
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In this article, we are working exclusively in motivic homotopy theory over C. A natural extension is
to consider hi-local and n-local calculations over other fields. Preliminary calculations over R show that
the picture is significantly more complicated. We do not yet understand how n-local motivic calculations
depend on the base field. We plan to explore this in more detail in future work.

The questions studied in this article become trivial in the classical situation, where hj is zero in the
cohomology of the classical Steenrod algebra, and n?* is zero in the classical 4-stem. This is consistent with
the principle that T-localization corresponds to passage from the motivic to the classical situations [9], and
that 7h{ and 7n* are both zero motivically.

However, 7 is not nilpotent in Z/2-equivariant stable homotopy groups. The equivariant analogues of our
calculations are interesting open questions.

Our work raises the question of why Nishida’s nilpotence theorem [14] fails in motivic homotopy theory.
In addition to 7, there are other non-nilpotent elements, such as the element p of mg 5 detected by Ph;.
More generally, the elements pigg+1 of Tgp41,45+1 detected by P*h; are also non-nilpotent. Starting in the
32-stem, there are other families of elements that are not nilpotent. These elements will be the subject of
future work.

1.1. Organization

Section 2 contains a review of the motivic Steenrod algebra and sets our notation. Section 3 computes
Exta[hi'], as stated in Theorem 1.1. For completeness, we also discuss Ext 4(2)[h] ']

Section 4 discusses the same computation from the point of view of the motivic May spectral sequence.
The point of this section is that it allows us to analyze in Section 5 the localization map Ext, — Ext A[hfl]
in detail through a range. This leads to some hidden relations in Ext 4 that are needed in [9]. The localization
map is essential for deducing information about Adams differentials in Ext from Adams differentials in
Exta[h;']. We also consider the May spectral sequence and the localization map for A(2) in Sections 4
and 5. These sections are intended to be read in conjunction with the charts in Section 8.

Section 6 gives some computations of Adams differentials in support of Conjecture 1.2. We also discuss
the role of a speculative “motivic modular forms” spectrum.

Much of the data for our computations, especially regarding the May spectral sequence, is given in tables
to be found in Section 7.

2. Background
We continue with notation from [9] as follows:

(1) My is the motivic cohomology of C with Fy coefficients.

(2) A is the mod 2 motivic Steenrod algebra over C, and A, . is its dual.

(3) A(n) is the My-subalgebra of A generated by Sq',Sq?, Sq*, ..., Sq?", and A(n)y is its dual.
(4) Exty is the trigraded ring Ext 4 (Mg, M5).

(5) More generally, Extp is the trigraded ring Extp(My, M) for any Hopf algebra B over M.

(6) Ag is the mod 2 classical Steenrod algebra, and A is its dual.

(7) A(n)q is the My-subalgebra of A generated by Sq',Sq?,Sq?, ..., Sq?", and A(n)% is its dual.
(8) Extga,, is the bigraded ring Exta,, (F2,F2).

(9) More generally, Extp is the trigraded ring Extg(F2,F2) for any Hopf algebra B over Fs.

The following two theorems of Voevodsky are the starting points of our calculations.

Theorem 2.1. (See [17].) My is the bigraded ring Fa[7], where T has bidegree (0,1).
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Our main object of study will be a localization of Ext 4. It will be more convenient for us to work with
the dual A, . = Homyy, (A4, My).

Theorem 2.2. (See [18; 19, Theorem 12.6].) The dual motivic Steenrod algebra A, . is generated as an

My-algebra by & and 7;, of degrees (2(2° — 1),2" — 1) and (2F1 — 1,2¢ — 1) respectively, subject to the
relations

2
T =T&iv1-

The coproduct is given on the generators by the following formulae, in which & = 1:
Almg) =1, @1+ Z{gil ® 7
A(k) = Zfﬁﬂ ®&-

Remark 2.3. The quotient A, ./7 = A, . ®um, F2 is analogous to the odd-primary classical dual Steenrod
algebra, in the sense that there is an infinite family of exterior generators 7; and an infinite family of
polynomial generators &;. On the other hand, the localization A, ,[r~!] is analogous to the mod 2 classical
dual Steenrod algebra, which has only polynomial generators ;.

2.1. Ext groups

We are interested in computing a localization of Exts. Before localization, this is a trigraded object.
In [9], classes in Ext4 are described in degrees of the form (s, f,w), where:

1

(1) f is the Adams filtration, i.e., the homological degree.

(2) s+ f is the internal degree, corresponding to the first coordinate in the bidegrees of A.
(3)

(4)

3
4

s is the stem, i.e., the internal degree minus the Adams filtration.
w is the motivic weight.

In the cobar complex, &; represents an element h; of Exta in degree (1,1, 1). Because we will invert hq,
it is convenient to choose a new grading that is more hj-invariant. Except where otherwise noted, we will
use the grading (¢, f, ¢), where:

(1) t = s —w is the Milnor-Witt stem.

(2) f is the Adams filtration.

(3) ¢ = s+ f — 2w is the Chow degree [9], which turns out to be a convenient grading for calculational
purposes.

The terminology “Milnor-Witt stem” arises from the work of Morel [11], which describes the motivic
stable homotopy groups 5 ,, with s —w = 0 in terms of Milnor-Witt K-theory.

The terminology “Chow degree” arises from the fact that the grading s + f — 2w is a natural index from
the higher Chow group perspective on motivic cohomology [4].

3. The hj-local cohomology of A

The goal of this section is to compute Ext A[hl_l] explicitly. We will accomplish this by expressing A, .
as a series of extensions of smaller Hopf algebras.
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Definition 3.1. For each i > —1, let B; be the subalgebra of A, . generated by the elements £, and also by
TOs -5 T5-

In particular, B_; is a polynomial M-algebra on the elements &j.
Lemma 3.2. Extp_,[h]"] is isomorphic to My[hi!].

Proof. We have an isomorphism B_; — A% ®p, M of Hopf algebras. Under this mapping, the element hy
in Extp_, corresponds to ho in Exta,. Adams’s vanishing line of slope 1 [1] implies that Exta,[hg'] is
isomorphic to Fo[hT!]. O

We proceed to compute Extp, [h;'] inductively via a Cartan-Eilenberg spectral sequence [5, §XVI.6],
[16, A1.3.14] for the extension of Hopf algebras

B,-1 — B, — E(m,),

where E(7,) is an exterior algebra on the generator 7,,. The extension is cocentral, so the spectral sequence
takes the form

Ey 2 Extp, , ® Extg(,) = Extp,_, [v.] = Extp, .

The Es-page of this spectral sequence has four gradings: three from Extp  and one additional Cartan—
Eilenberg grading associated with the filtration involved in construction of the spectral sequence. However,
we will suppress the Cartan—Eilenberg grading because we won’t need it for bookkeeping purposes.

The class v,, has degree (2" — 1,1,1) in the Es-term. The differentials take the form

d, : Etfe) _y plt=1,f+1c)
Proposition 3.3.

1) Extpg, [T = Msy[hE!, vg].
Byl 2[5 Vo
2) Extg, [T 2 Fy[hit! vd].
Byl 211,y
3) Extp |h 1 =, hil,v4,vg,...7vn for allm > 2.
n i1 1 1

In each case, v; has degree (28 —1,1,1).
Proof. When n = 0, Lemma 3.2 says that the Cartan—Eilenberg spectral sequence takes the form
Ey 2 My [hi![vo] = Extp,[h1].

Since 7y is primitive, the spectral sequence collapses at Ey. We conclude that Extp,[h7!] = My[hE!, v)
with vy in degree (0,1,1).

Taking now n = 1, the computation of Extp, [hfl] in the previous paragraph tells us that the spectral
sequence takes the form

By 2 Ma[hi!, vo,v1] = Extp, (b1 ],

with vy in degree (0,1,1) and v; in degree (1,1, 1). The coproduct formula

AlM)=n®1+&L®@m+107
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gives rise to the differential da(v1) = hyvg. It follows that F3 = Mg[hlil,’l}%]. There is next a differential
d3(v?) = Th3, which can be verified by the cobar complex calculation

d(mi|m1& + &lmomi|& + T&almolés + & 7ol (T + T061)) = &G é
The class v} in degree (4,4, 4) cannot support any higher differentials for degree reasons, and we have
Extp, [h'] 2 Es = Ey 2 Fo[hit, v]].

For n > 2, the argument is by induction, using a Cartan—Eilenberg spectral sequence at every turn. Each
of these spectral sequences collapses at Fy since there are no possible values for differentials on v,,. O

Theorem 3.4.
Exta[hy ] = Folhi!, v, v, vs, .. ],
where hy has degree (0,1,0); v{ has degree (4,4,4); and v,, has degree (2" —1,1,1) for n > 2.

Proof. Since A is colim B,,, Exta equals colimExtp, . The calculation follows from part (3) of Proposi-
tion 3.3. O

Remark 3.5. Theorem 3.4 implies that the part of Ext4[h;'] in Chow degree zero is equal to Fo[hi?].
Another more direct argument for this observation uses the isomorphism between Ext,_, and the Chow
degree zero part of Ext 4 [9]. This isomorphism takes classical elements of degree (s, f) to motivic elements
of degree (s, f,0). The classical calculation Ext 4 [hy '] = F2[hZ!] corresponds to the Chow degree zero part
of Extalhy?].

3.1. The hy-local cohomology of A(2)

For completeness, we will also explicitly calculate Ext 4(2) [h7!], where A(2) is the M-subalgebra of A
generated by Sq', Sq?, and Sq*.
Dual to the inclusion A(2) < A is a quotient map

A*,* — A(2)*,* = MQ[&D5277-0’7-177-2]/(5;135%77-(? = 7'&1, 7—12 = T€27T22)'
We filter A(2). . by sub-Hopf algebras
B_1(2) € By(2) C B1(2) C A(2)««

where B_1(2) is the subalgebra generated by & and &2; By(2) is generated by &1, &2, and 79; and By(2) is
generated by &1, &2, 79, and 71. The notation is analogous to the notation in Definition 3.1.

Lemma 3.6. Extp_ (g [h1] ds isomorphic to Mg[hit17(11], where a; has degree (4,3,0).

Proof. We have an isomorphism B_1(2) — A(1)%'®p, Ma. Under this mapping, the element h; in Extp_,(2)

corresponds to hg in Ext 4(1),,. It is well-known that Ext 4(1),, [hal] is isomorphic to Fy [ha—Ll, a®], where a°!

cl

has degree (4, 3) (for example, see [16, Theorem 3.1.25]). O
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Proposition 3.7.

(1) Extpg, o[k '] = Ma[hi?, a1, vo].
(2)
(2) Extp,(g)lhi '] 2 Falhi' a1, 0]
1 +1
(3) EXtA(2)[hI ]g Fg[hl ,al,v‘f,vz].

In each case, ay has degree (4,3,0); vg has degree (0,1,1); vi has degree (4,4,4); and vy has degree (3,1,1).

Proof. The proof uses a series of Cartan—Eilenberg spectral sequences as in the proof of Proposition 3.3,
given Lemma 3.6 as the starting point. 0O

Remark 3.8. The classes aj, v}, and h?vy correspond respectively to the classes u, P, and ¢ in [8, Theo-
rem 4.13].

Remark 3.9. Using the structure of Ext 42),,[hg '], similar arguments show that
Ext 4(3) (R =Ty [hlﬂ, g, b1, v}, v2,v3),
where g has degree (8,4,0) and b3y has degree (12,2,0). Using the structure of Ext 4(s),, [hal],
Ext 44 R 2T,y [hfl, g%, A1, b1, v, va, v3,v4],
where g2 has degree (16,8,0), A; has degree (24,4,0), and by; has degree (28,2,0).
4. The hj-local motivic May spectral sequence

Although Theorem 3.4 gives a complete description of Ext 4[h7 1], it unfortunately tells us very little about
the localization map Ext 4 — Ext A[hl_l]. The problem is that the proof of Theorem 3.4 is incompatible with
the motivic May spectral sequence approach to Ext 4, as carried out in [9].

A detailed understanding of the localization map allows for the transfer of information from the well-
understood Ext A[hfl] to the much more complicated Ext4. In this section we carry out the computation
of the hi-localized motivic May spectral sequence. This will allow us to obtain information about the
localization map in Section 5.

We recall the details of the motivic May spectral sequence from [6]. This spectral sequence has four grad-
ings: three from Ext 4 and one additional May grading associated with the filtration involved in construction
of the spectral sequence. We will grade this spectral sequence in the form (m — f,¢t, f,¢), where m is the
May grading, f is the Adams filtration, t = s — w is the Milnor-Witt stem, and ¢ = s + f — 2w is the Chow
degree.

The E;-page is a polynomial algebra over My on generators h;; for i > 1, 7 > 0, where

(1) hjo has degree (i — 1,271 —1,1,1).
(2) hi; has degree (i —1,2771(2¢ — 1) —1,1,0) for j > 0.

Note in particular that hs,o has Chow degree 1, while h;; has Chow degree 0 for j > 0. In a sense, this
wrinkle in the gradings is the primary source of “exotic” motivic phenomena that do not appear in the
classical situation.

The d;-differential is given by the classical formula

dy(hij) = > hijhi ik
0<k<i
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The May d,-differential takes the form

d, : E;n—f,t,f,c N E:”L—f—f’yt—Lf-FLC_

4.1. The hy-local E1-term

The elements hy, are typically abbreviated as h,. Consider the hj-localization Ej[h]'] of the May
FE1-page. In order to simplify the calculation, we introduce the following notation.

Definition 4.1. In E;[h] ], define

(1) h;LO to be hn() + h;lhgohnflyl.
(2) hly_y5tobe hy 1o+ hit S 020 hiihn g

We may replace the algebra generators h,o and hy, 12 by hy,q and h;,_; 5 to obtain another set of algebra
generators for F;[h; '] that will turn out to be calculationally convenient.

Definition 4.2.

(1) Let F) be the My[hi!]-subalgebra of F;[h '] on polynomial generators hg, hoo, b1 for all n > 2, and
hlo for all n > 1.

(2) Let G be the Fa-subalgebra of El[hl_l] on polynomial generators hj,, for n > 3 and h;; for ¢ > 1 and
J=3.

Note that Fy is a differential graded subalgebra of E1[hy '] since dy(hag) = h1ho and dy (hn1) = hihy, 1 o
The generators of F are indicated in the figure below as the elements that are outside of the shaded region.

Note also that G is a differential graded subalgebra of F;[h "] because di(hy, o) = Z;L:_; ho—j b o if
n > 3. The generators of Gy are indicated in the figure below as the elements in the shaded regions.

Proposition 4.3. E1[h]*] splits as a tensor product Fy ®p, Gy .

Proof. This follows immediately from the definitions, using that h/, and h/, can be used as algebra gener-
ators in place of h,o and h,. O

}LD

We will now show that the perhaps obscurely defined subalgebra G is isomorphic to the familiar classical
May FEi-page.
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Proposition 4.4. Let E! be the E;-page of the classical May spectral sequence. Consider the algebra map
S: E§' — Gy determined by

(1) S(hnO) = h;l+270 fOT’ alln > 1.
(2) S(huk) = hnjyo foralln>1 and k > 1.

The map S is an isomorphism of differential graded algebras.
Proof. We need to check that S preserves the May d; differential. This is a straightforward computation. O

4.2. The hy-local Esy-term

We now have a good understanding of F;[hy'] from Propositions 4.3 and 4.4. Next we analyze the
hi-localization Es[hi '] of the motivic May Es-page. Since localization is exact, Fy[h'] is isomorphic to
the cohomology of the differential graded algebra Ej[h; ).

Proposition 4.5. Ey[h]?'] is isomorphic to
M [h¥][b2o, bo1, bst, bat, - . .| @k, Ga,
where b;; = hfj and G is the cohomology of the differential graded algebra Gy from Definition /.2.

Proof. This follows from the splitting given in Proposition 4.3. The calculation of the cohomology of the
subalgebra Fj from Definition 4.2 is straightforward. 0O

Because of Proposition 4.4, we know that G5 is isomorphic to the classical May Fs-page. May’s original
calculation [10] of the classical Eo-term in stems below 156 gives us complete understanding of G in a
much larger range because the map S from Proposition 4.4 approximately quadruples degrees.

Generators and relations for Ey[h;'] up to the Milnor-Witt 66-stem can be found in Tables 1 and 2,
where we use the following notation. We remind the reader that all tables may be found in Section 7.

Notation 4.6. For an element = in the classical May spectral sequence, let x be the element S(x) of the
h1-localized motivic May spectral sequence from Proposition 4.4.

According to this notation, the classical element ¢y = hiho(1l) may be written as ¢y = h%hg, so that
the elements ¢y and hg are practically interchangeable. As the primary goal of our computation is to
relate the answer to Ext4, we will most often choose to work with ¢y. However, we will opt instead to
use hg when it illuminates the structure of the hj-localized motivic May spectral sequence, especially in
Section 4.3.

See also Table 3 for additional notation used on later pages. The names of many classes in the May
spectral sequence have been chosen to agree with the notation of [9], and we denote the remaining new
classes by y,,.

4.8. The hy-local May differentials

We now understand Eg[hfl] in a very large range of dimensions. The next step is to compute the higher
differentials to obtain E.[hy ).
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Proposition 4.7. Tuble 1 gives the values of the May do differential on the multiplicative generators of Fo [hl_l]
through the Milnor-Witt 66-stem.

Proof. As discussed in [6, §5], the dy differential of the motivic May spectral sequence is easy to determine
from the classical do differential; the formulas are the same, except that powers of 7 must sometimes be
inserted to balance the weights. This, combined with the fact that hi-localization kills the classes hg and ho,
leads to the values in Table 1. O

The values of the May dy differential given in Table 1 allow us to compute E4 [hl_l} directly. A chart of
E4[hy'] through the Milnor-Witt 66-stem is given in Section 8.

Remark 4.8. The element ey = ba1ho(1), or hihgby, is a permanent cycle. The relation e = h%h()Qg =
dy-g = h1_2c% - g leads to similar relations eg - egg = hl_chgQ, €og - €0g = hl_2cgg3, etc. Therefore, the
elements e%, eg - eog, and (609)2 are represented in cg-towers in Section 8.

Remark 4.9. We do not attempt to list all relations in the May E, pages for » > 4. Many of the relations
that we use or that appear in the charts in Section 8 are simple consequences of Es-relations and May
differentials. One exception is the relation cq - y45 = 0 in the F4-page. The class y45 is decomposable, equal
to

Yas = gv + hjhgA,.
The differential
d2(hob31b41 + bagbaibar + baob1bs1) = g + ho’hz Ay + hy (baobui + bsobs1),
combined with the Fs relation hgh; = 0, shows that hgyss = 0 in Ej.

Now we proceed to the higher May differentials and the higher hi-localized pages of the motivic May
spectral sequence.

Proposition 4.10. For r > 4, some values for the May d,. differentials are given in Tables j—10. The May d,
differentials are zero on all other multiplicative generators of E, [hl_l] through the Milnor—Witt 66-stem.

Proof. Most of the differentials are forced by the known structure of Ext4[h; '] given in Theorem 3.4. For
example, Theorem 3.4 implies that hfvsvs are the only non-zero elements in the Milnor-Witt 22-stem with
Chow degree 2. We know that h¥eq-eqg survive the May spectral sequence to detect these elements. However,
the element ¢ in the May FEj4-page is also in the Milnor—Witt 22-stem with Chow degree 2. Therefore, it
cannot survive the May spectral sequence. The only possibility is that dg(¢) equals hycZhs.

There are a handful of more difficult cases, which are handled individually in the following lemmas. O

Lemma 4.11.

(1) da(P) = hghs.
(2) dy(A) = hyP.

Proof. For the first formula, we use Nakamura’s squaring operations [13] in the May spectral sequence to
compute that
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da(P) = d4(Sqg(bz20)) = Sq;d2(b2o) = Sq; (hghy)
= SQ1(h(2))SQO(h2) + SQO(h(Z))S%(hZ) =0+ hgh?"

The proof for the second formula is similar:

ds(A) = d4(Sqg(bso)) = Sq;da2(bso) = Sq; (hzbzo)
= Sq; (h3)Sqg(bz2o) + Sqg(hs)Sq; (b2o) = hyP +0. O

Lemma 4.12. d6(Cog¢A1) = hIDéAl

Proof. The class DA, cannot survive by Theorem 3.4. There are no classes for it to hit, and the only
other differential that could possibly hit h] DA is dlo(hfgcog4¢). But dio(9*¢) = hi3gyss, so cog’e is a
dip-cycle. O

Lemma 4.13.

(1) ds(A1P) = hy°cledhe.
(2) ds(P?) =hghy.

Proof. Start with the relation Co -A1¢ = h2eq-A1 By. We will show in Lemma 4.14 that Ay By is a permanent
cycle. Therefore, c3A1¢ is a permanent cycle. However, Aj¢ cannot survive by Theorem 3.4, so we must
have dio(A14) = hiedhs. Since dio(c3A1¢) must be zero, it follows that cZeZhs must be zero in Eyg[hy ).
The only possibility is that ds(A;P) = hy ®c3e2hg. This establishes the first formula.

For the second formula, we use Nakamura’s squaring operations [13] as in the proof of Lemma 4.11 to
compute

ds(P?) = ds(Sqy(P)) = Sa;da(P) = Sq; (hghs)
=h8hy +Sq,(hg)hs =hdh,. O

Lemma 4.14. le(AlBl) =0.

Proof. We know that d16(eog ) = hibeohg, yet 3 - eog* = h? 22 - epg” is a permanent cycle. So cZeghg must
be zero in ElG[hfl] The only possibilities are that le(AlBl) hic3eohg or di4(g3B1) = hicdeohs.

In the notation of Theorem 3.4, cg, €g, egg and eqg® correspond to h?vy, hivs, hvy, and hidvs respectively.
Since these elements are algebraically independent, we conclude that the relation h3eg(egg)? + 3 - eog® = 0
in Eo[hy '] must be resolved by

hieo(eog)” + - eog® = hig* By

in Exta[h ).
Similarly, the relation e? - egg® + (e0g)® = 0 in Eo [k '] must be resolved in Ext [k '] by

€5 - eog”® + (e0g)® =

where z is either h{3A; By or hSg3By. Multiply the first hidden relation by eZ, multiply the second hidden
relation by c2, and add to obtain

hied(eog)” + c§eog)® = hied - g*Bi + cha.
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Again using Theorem 3.4, the left side of this last relation is not zero, so the right side is also not zero.
This implies that = cannot be h3g3 By, since hie - g2 By equals hjcZ - g B in the May spectral sequence
with no possible hidden extension.

Therefore,  must be hi3A; By, and A; B; must survive the May spectral sequence. O

4.4. Eoo[hl_l] and ExtA[hl_l]

The May differentials given in Section 4.3 allow us to compute E..[h; '] explicitly through the Milnor—
Witt 66-stem. See Section 8 for a chart of this calculation.
The final step is to pass from Eq [k '] to Exta[h] '] by resolving hidden extensions.

Proposition 4.15. Table 11 lists some relations in Extalhy'] that are hidden in E.[hi']. Through the
Milnor-Witt 66-stem, all other hidden relations are multiplicative consequences of these relations.

Proof. Arguments for the relations involving g2 B; and A, B; were given already in the proof of Lemma 4.14.
The other relations in Table 11 are established similarly. O

Finally, we have calculated Ext[h] '] through the Milnor-Witt 66-stem with the May spectral sequence
and obtained the same answer as in Theorem 3.4. Multiplicative generators for Ext[h; '] through the
Milnor-Witt 66-stem are given in Table 12.

4.5. The hy-local May spectral sequence for A(2)

We sketch here the calculation of the hi-localized May spectral sequence over A(2). The Ej-term is a
polynomial algebra on the generators hg, hi, ha, hog, ko1, and hsg.

Then dj(hgo) = hohy and di(h21) = hihe. As in Section 4.1, we replace hsg by hh, = hl_lho(l) =
hso + hy *haohar, so that dy(hyo) = 0.

The FEs-page is then the polynomial algebra Mg[hitl, bao, ba1, hsg], and the only differential is
da(bao) = Th3.

It follows that Ej is given by Fo[hE!, b3y, ba1, k). No more differentials are possible, and Es = E..

Note that b, ba1, and hj, correspond respectively to v{, hl_lal, and vy in the notation of Proposition 3.7.

5. The localization map

The calculation of Ext,4 is given in [9] up to the 70-stem. In this section, we will use the May spectral
sequence analysis of Ext 4[h] '] from Section 4 to determine the localization map

L:Exta — Extalh]!]

in the same range. A detailed understanding of the localization map is essential for transfer of information
between the localized and non-localized situations.

Proposition 5.1. Tuble 13 lists some values of the localization map L : Ext 4 — Ext[h] '] on multiplicative

generators of Ext 4. Through the 70-stem, the localization map is zero on all generators of Exta not listed
in Table 13.

Proof. Note that Ext4[h] '] is concentrated in degrees (t, f, ¢) such that ¢t —c is even. Many of the generators
of Ext4 are in degrees (¢, f,c¢) such that ¢t — ¢ is odd. Therefore, all of these generators must map to 0 in
the localization.
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The values of L on u, v, v/, v, and U follow from applying the May Ej relation h{A = d3 + Pg to the
May descriptions of these classes.

The remaining values are again determined by their May descriptions, together with the value of L(By),
which follows from the relation h]B; = h3e} + 3 - egg established in Proposition 4.15. 0

Table 13 gives values for the localization map in two forms. First, it uses the notation from Theorem 3.4
involving the elements v,,. Second, it uses a different notation for the generators of Exta[h; } given in
Table 12 that is more compatible with the standard notation for Ext 4.

With a detailed understanding of the localization map in hand, we can establish some hidden relations
in Ext4 that are needed in [9].

Corollary 5.2. The following hidden extensions hold in Ext 4:

(1) e} +do-eog = h}B.
(2) dov + eou = hiz’'
(3) eou + dov' = h3coz’.

Proof. Table 13 says that L(e +do-eog) equals hfvi +hjvivy, which is non-zero. It follows that e+ do - eog
is non-zero in Ext 4. From the calculation in [9], the only possibility is that it equals h}B;. This establishes
the first formula.

The argument for the second formula is similar. Table 13 says that L(dov+equ) equals hvivivy +hSvivs,
which is non-zero. It follows that dgv 4+ egu is non-zero in Ext 4, and the only possibility is that it equals
hiz'

For the third formula, Table 13 says that L(equ’ + dgv’) equals hivivav3 + hivivivy, which is non-zero.
It follows that egu’ + dyv’ is non-zero in Ext 4. There are several possible non-zero values for equ’ + dgv’.
However, egu’ + dov’ must be annihilated by 7 because both u’ and v” are. Then h?coz’ is the only possible
value. O

5.1. The localization map for A(2)
For completeness, we also describe the localization map
Ext 42y — Ext4(2) (Y]
The calculation of Ext 4(2y is given in [8].
Proposition 5.3. Table 14 lists some values of the localization map L : Ext g2y — Ext 42 [hl_l] on mul-
tiplicative generators of Ext o). The localization map is zero on all generators of Exts(z) not listed in

Table 14.

Proof. The generators for Ext () are given in [8, Table 7]. The values of L follow by comparison of the
localized and unlocalized May spectral sequences for A(2). O

Now consider the diagram

Exty — Extalh]!]

| |

EXtA(Q) EXtA(g) [h;l]
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in which the horizontal maps are localizations and the vertical maps are induced by the inclusion A(2) — A.
Given that Ext4[h;'] and Ext a2 [h7!] are computed explicitly in Theorem 3.4 and Proposition 3.7, one
might expect that the map Exta[h]'] — Ext A@2) [h7!] would be easy to determine. The obvious guess is
that this map takes v to vf, takes vy to vg, and takes v, to 0 for n > 3. However, the Cartan-Eilenberg
spectral sequences of Section 3 hide some of the values of this map.

Lemma 5.4. The map ExtA[hfl] — Ext () [hfl] takes v}, va, v, v4, vs, and ve to v}, va, hf?’alvg,

-9 3 —21 7 —45 15
hi“ajve, hi “"aivz, and hi “a;’vs.

Proof. This follows from the May spectral sequence calculations of Section 4. The given values for
Extalh;'] — Ext 4(2) [h7'] are apparent on the May E.-pages. We are using that a; is represented
by a1 = h1by;. O

Lemma 5.4 suggests an obvious conjecture on the complete description of the hi-localized restriction
Exta[hi '] — Ext o) [h'].
n—2 e
Conjecture 5.5. The map Extalhy '] — Extz)[hy"] takes vf to v and takes v, to hf3(2 71)@? Sy
forn > 2.

6. The Adams spectral sequence for S[n—1]

Recall that Ext 4 is the Fa-page for the motivic Adams spectral sequence that converges to the 2-complete
motivic stable homotopy groups 7. . of the motivic sphere S%°. The element h; in Ext4 detects the motivic
Hopf map 7 in my ;.

Definition 6.1. Let S%°[p~1] to be the homotopy colimit of the sequence
5§00 My bt Ay oA A

The homotopy groups 7. .(S%9[n~1]) are then the target of an hj-localized Adams spectral sequence
whose FEs-page is Ext A[hfl]. However, we must consider convergence. A priori, there could be an infinite
family of homotopy classes linked together by infinitely many hidden n-multiplications. These classes would
not be detected in Ext A[hfl]. But this cannot occur, as the argument of [1] carries over readily to the
motivic setting to establish a vanishing line of slope 1 in Ext 4.

In the (s, f, w)-grading, the Adams differentials behave according to

. s, f,w s—1,f+rw
dy: E; — B .

In the hi-invariant grading, this becomes

. it fie t—1,f+r,ctr—1
d.: BV — E7 .

Proposition 6.2. The Adams do differential for S*°[n=1] takes the following values.

(1) da(vi) =0.
(2) d2(U2) = O
(3) dQ(Ug,) = hl’U%.
(4) d2(U4) = hl’Ug.

Proof. The first two formulas follow immediately because there are no possible non-zero values. The third
formula follows from the Adams differential da(eg) = h3dp in the unlocalized case [9], together with the fact
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that the localization map takes cy and eg to h3vy and hjvs. The fourth formula follows from the Adams
differential da(egg) = hie3 in the unlocalized case [9], together with the fact that the localization map takes
ep and egg to hjvs and hivy. O

Proposition 6.2 suggests an obvious conjecture for the values of the Adams dy differential on the rest of
the generators of Ext A[hfl]. See Conjecture 1.2 for an explicit statement.

6.1. Motivic modular forms and Adams differentials

In the classical case, the topological modular forms spectrum ¢mf is a spectrum whose Fs-cohomology is
equal to the quotient Ac1//A(2)c1. This implies that Ext 4(),, is the Ey-page of the Adams spectral sequence
converging to the 2-complete homotopy groups of tmf.

One might speculate that there is a motivic spectrum mmf (called “motivic modular forms”) whose
motivic Fa-cohomology is isomorphic to A//A(2). Then Ext,) would be the Es-page of the motivic
Adams spectral sequence converging to the 2-complete motivic homotopy groups of mmf. However,
no such motivic spectrum is known to exist. See [15] for one piece of the program for constructing
mmyf.

In any case, we assume for the rest of this section that mmf does exist, and we explore some of the
computational consequences.

Lemma 6.3. (See [8, §/.4].) Suppose that mmf exists. Then, in the Adams spectral sequence
EXtA(Q) = W*,*(mmfﬁ
there is an Adams differential da(a1) = h3co.

Proof. Since da(eg) = h3dp in the Adams spectral sequence for S%0, it follows that da(eg) = h3doy in the
Adams spectral sequence for mmf as well.

We have the relation coa; = h3eq in Ext A(2) [8]. Therefore, a; must support a differential, and h2cy is
the only possible value.

Note that the element a; was called w in [8]. O

Proposition 6.4.* Suppose that mmf exists. Then Conjecture 1.2 is equivalent to Conjecture 5.5.

Proof. The existence of mmf ensures that the Adams dy differential is compatible with the map r : Ext 4 —

Ext 4(2), so that da(r(vy,)) = r(da(vy)). For degree reasons, r(v,) is either equal to h;?’(zn_gfl)a%niz_l

or it is zero. Also for degree reasons, da(vy,) is either equal to hyv2_;, or it is zero.

Suppose that Conjecture 1.2 holds. Then r(dz(v,)) equals hir(v,—1)?. We may assume by induction that

2 3(2"*2_2) on=2_o
n—1 ay

V2,

r(vi_,) equals hy v2. In particular, this shows that 7(dz(v,)) is non-zero. But r(ds(v,))

equals da(r(vy)), so r(vy,) must also be non-zero. This establishes Conjecture 5.5.

Now suppose that Conjecture 5.5 holds. Then dy(r(vy,)) is equal to h;3(2n_272)+1a%n_272v§ because of
the differential da(a;) = hicy from Lemma 6.3. But da(r(vy,)) equals r(da(vy)), so da(v,) must also be

non-zero. This establishes Conjecture 1.2. O

4 Conjecture 1.2 is settled, so Proposition 6.4 now says that if mmf exists, then Conjecture 5.5 holds.
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7. Tables
Table 1
Generators for May Es [hl_l} in t < 66.
Description (m— f,t, f,¢) do
h(] h;QCo = hgo + h;lhzohzl (2, 3, 1, 1)
h; hs (0,3,1,0)
ho hy (0,7,1,0)
bag ho + hi 2h3oh3, (6,14,2,2) hZh,
hs 5 (0,15,1,0)
ho(1) hT ho(1,3) = hsohs + hy “haohsihas + haohas + hT Yhaohaihs (4,18,2,1) hoh2
ba1 baz = h34 (2,22,2,0) h%hs + h3
bso h3o + ki 2h3gh3, (8,30,2,2) hzbzo
ha he (0,31,1,0)
h, (1) h3(1) = hahss + hazhas (2,34,2,0) h;h3
b2z boa = h3, (2,46, 2,0) hZhy + h3
bs1 bss = h3, (4,54,2,0) habszy + hobas
bao hZy + hy *hZohZ, (10,62,2,2) habso
hs hy (0,63,1,0)
bao bao = h3, (2,2,2,2) Thi
bo1 ba1 = h3, (2,4,2,0) h2hy
bs1 b1 = h3, (4,12,2,0) hobay
bay bar = hj, (6,28,2,0) hsbs;
bs1 bs1 = h2, (8,60,2,0) haba;
Table 2
Relations for May Es[h] '] in t < 66.
Relation (m—f,t, f,c)
hoh; (2,6,2,1)
hihs (0,10, 2,0)
hzbzo + hoho(1) (6,21,3,2)
hzhg (0,22,2,0)
hzho(l) + hob2y (4,2573,1)
hsho(1) (4,33,3,1)
baobz1 + hZbse + ho(1)? (8,36,4,2)
hohi (1) (4,37,3,1)
hgbz; +hih;(1) (2,37,3,0)
hshy (0,46, 2,0)
bzghl(l) + hihsbgg (8,48,4, 2)
hshi (1) + hybas (2,49, 3,0)
ho(1)hs (1) (6,52,4,1)
b2obaz + hibsi + hibso (8,60,4,2)
ba22ho(1) + hohabgy (6,64,4,1)
hahy(1) (2,65,3,0)

Table 3
Notation for the hi-localized May spectral sequence.
Description (m—f,t,f,¢c

P bgo (4,4,4,4)
€ bzlho(l) = h1h0b21 (47 77 47 1)
g b3, (4,8,4,0)
B b2ob21 + h3bs; (8,18,4,2)
Bl C()B (10,21,7,3)
) h1b21 B (10,22,7,2)
Ay b2, (8,24,4,0)
Dy gho(l) + hohobai b3 (8,26,6,1)
p b3, (12,28, 4, 4)
S1 hlhib21b31 -‘rhlngg +h;1h3h5bgl (6,30,7,0)
D} hibaoho(1) (10,32, 8, 3)
Y34 hs?bar + h2hs(1) (2,34,4,0)
Y35 haba1 (6,35,3,0)
do ho(1)? (8,36,4,2)
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Table 3 (continued)

Description (m— f,t, f,c)

v h2b30 (8,37,3,2)
(=Th) b20h0(1) (6,40,4, 1)

g b3, (4,44, 4,0)
Yas5 gv +hZhsA; (12,45,7,2)
Y60 h8ba1bso + hZbsob2ibsig (14,60, 12,2)
A b2, (16,60, 4, 4)
Y61 haho(1)bs1 + hoba2bsi + hohZba1 + hobsibag (8,61,5,1)
Y64 bsohi(1) (10, 64,4, 2)

Table 4
The hi-localized May d4 differential.
(m—f,t,f,c) dy
g (4,8,4,0) hihy
Ay (8724747 O) gh5
P (12,28,4,4) hihs
Yss (6,35,3,0) Y34
v (8,37,3,2) h2h3
A (16,60, 4, 4) hyP
by v (14,65, 5, 2) h3yea
Table 5
The hi-localized May dg differential.
(m — f,t,f,c) deg
1) (10,22,7,2) hicihs
cog® (14,27,15,1) hi%Dy
hag® (12,31,13,0) hlsy
cogd (16,33, 14, 3) hI D}
hag (14,37,12,2) hido
hagD4 (12,41,11,1) h8eq
hags1 (10,45,12,0) hig
hag® Ay (20, 55,17,0) hls14q
cogpAy (24,57,18,3) hIDLA,
9%yas (20, 61,15, 2) hyeo
hagdA (22,61,16,2) hYA1do
cogdpP (28,61,18,7) hIDLP
hagdba (20,65,14,2) h{bs1do
hagDaly (20, 65,15, 1) h8Ajeo
Table 6
The hi-localized May dg differential.
(m — f,t,f,c) ds
g° (8,16,8,0) h¥hs
A% (16,48,8,0) g2he
AP (20,52,8,4) hi%co?elhs
P2 (24, 56, 8, 8) h8hy
coA1yss (16,62,10,1) hSye1
Table 7
The hi-localized May d; differential.
(m— f,t,f,c) dio
A1 (18,46, 11, 2) h3eghe
oP (22,50,11,6) hy7cShe
cog® (26,51,27,1) hi® A1 Dy
4 (26, 54,23, 2) hi®gyas
g% ¢ (28, 60,22, 4) h}%cobso Dy
g2A1 ¢ (26, 62,19, 2) hP*A v
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Table 8
The hi-localized May di2 differential.
(m—f,t,f, ¢ di2
hsg® (24, 63, 25,0) hi%haheg®
@2 (20,44,14,4) h2che
cog*o (28, 57,26, 3) h1°bso Dy
e0gA1d (26,61, 19, 3) h8heeo
cog?¢? (30, 63,25, 5) h1%bso D}
g?A1Dy (24,66, 18,1) h8hegD4
Table 9
The hi-localized May di4 differential.
(m—f,t,f.c) dia
g%¢ (18,38, 15,2) hicihe
eog® (28,55,28,1) h3'ba1 Dy
greod (30, 61, 27, 3) h18b41 DY
Table 10
The hi-localized higher May differentials.
(m — f,t, f,¢) d, Value
gt (16,32, 16,0) dis hi%he
eag® (28,54, 28,2) dis h3'hed
g° (32,64,32,0) ds2 h$?hy
Table 11
Hidden Relations in Ext [k !].
(t,f,¢)
h?eg + cg ceog = hZBl (21,14, 3)
hieo(e0g)® + c3 - eog® = h]g* By (37,22,3)
hies - eog+ch - eog® = hi*B1¢ (43,28, 5)
e? - eog® + (e0g)® = h13A1 By (45,24, 3)
hSel + hicles - eog + hicheo(eog)® + ¢l - eog® = h2°PB; (49,34,7)
Table 12
Generators for Exta[hy '] in t < 66.
May name Theorem 3.4 name (t, f,c) Adams da
o h2vy (3,3,1)
P v} (4,4,4)
eo h3vs (7,4,1) cg
€0y hivs (15,8,1) h3ed
eog® h}%vs (31,16,1) h3(eog)?
eog hi've (63,32, 1) hi(eog®)?
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The localization map Ext4 — ExtA[hl_1

]
Element May description (s, f,w) Theorem 3.4 value Table 12 value
P*hy (1,1,1) + k(8,4,4) hyvik hy P®
Pk (8,3,5) + k(8,4,4) h2viky, Pk
P*d, (14,4, 8) + k(8,4,4) h2 dky2 hy?PFc2
PFeq (17,4,10) + k(8,4,4) h3v1 vs3 PFeq
eog (37,8,22) hlvy eog
u Ah1dg (39,9,21) lL“}(vlv3 + v5) hy3(PeZ + c§)
Pky, (39,9,21) + k(8,4,4) h3viF (viv2 + 0S) hy3P*(Pe + c5)
v Ahieg (42,9, 23) h4(u V4 + viv3) hi3(Peog + hi *cheo)
Pky (42,9, 23) + k(8,4,4) hivi(vivg + vivg) hi3P*(Peog + hi*cheo)
B, coB (46,7, 25) hi(vivg + v3) hy7c2eog + hi"ed
u’ Acodp (46,11, 25) hi(vivavi + v3) hl_4(Pcoe(2J + hl_Gcg
Py’ (46,11, 25) + k(8,4,4) RiviE (vivav? + v]) hy*P*(Pcoel + hich
v’ Acoeq (49,11,27) h‘;’(vilvzm + v‘;’vg) hf4(Pcoeog + hf4cgeog
Pky’ (49,11, 27) + k(8,4,4) Rtk (vivavs + v5vs) hT*P*(Pcoeog + hi*c5eo)
Bs ho(1)B; (53,9, 29) h?(vgu + v2v§) hi%co(hi?cZeog + ;g)
z’ ho(1)BP (53,10, 28) h3vt(vive + v3) hT®P(hi%ceog +ed)
Bay ho(1)®B (59, 10, 32) h5 (vava + v3v3) hy8c2(hy2cteog + ed)
BQQ bgldoB (62 10 34) h?(ugvgml + ’Ug) h;GEO(hfzcgegg Jr 68)
U AZh2dg (64,14, 34) h(v8vzvg 4+ v3%) hy%(P2%egeog + hy'ci?)
P2y’ (69,18, 36) h3vi2(v3vg + v3) hy8P3(hT2ckeog + €d)
Table 14
The localization map for Ext () — ExtA(z)[hfl].

Element May description (s, f,w) Value

P (8,4,4) v}

c (8,3,5) hivs

u h1b21 (11,3,7) al

d (14, 4,8) h3v3

e (17,4,10) ajve

g (20, 4, 12) hi%a?

Ahy (25,5,13) hi%via? + hyvl

Ac (32,7,17) hi%vivsa? + hyvd

Au (35,7,19) hy%vtad +viay

A? (48,8,24) hT%v8at + 08

8. hj-localized motivic May spectral sequence charts

The following is a key for reading the charts.

(1)

(2) The vertical axes indicate the May filtration minus the Adams filtration.

(3) Dots indicate copies of Fa.

(4) All of our calculations are free as a module over the polynomial ring F3[P], so the charts only show the

The horizontal axes indicate the Milnor-Witt stem, i.e., the stem minus the motivic weight.

spectral sequence modulo P. The solid squares labeled P serve as a reminder of this.

Lines of slope 2/3 indicate multiplications by c.

Horizontal blue lines indicate multiplications by hy = hy.

(5)
(6) Arrows of slope 2/3 indicate infinitely many multiplications by c¢g.
(7)
(8)

The May d,. differential takes elements one unit to the left and r units downward.

In addition to the May dy¢ differentials, the chart of the Ejg-page also indicates the remaining higher

differentials. In our range, all differentials except for dig and dss are trivial.
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