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Abstract

Anick spaces are closely connected with both EHP sequences and the study
of torsion exponents. In addition they refine the secondary suspension and enter
unstable periodicity. In this work we describe their H-space properties as well
as universal properties. Techniques include a new kind on Whitehead product
defined for maps out of co-H spaces, calculations in an additive category that lies
between the unstable category and the stable category, and a controlled version
of the extension theorem of Gray and Theriault (Geom. Topol. 14 (2010), no. 1,
243-275).
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CHAPTER 1

Introduction

1.1. Statement of Results

By an Anick space we mean a homotopy CW complex T5,_; which occurs in
a fibration sequence.

(1.1) QQS2n+1 Tn SQn—l T2n71 Qs2n+1
where the composition

2
Q2g2n+1 T gan—1 E Q2g2n+1

is homotopic to the p"th power map on Q2527 +1,

We will say that a space is a homotopy-Abelian H-space if it has a homotopy
associative and homotopy commutative H-space structure.

Throughout this work we will assume that all spaces are localized at p > 5
unless otherwise indicated.

THEOREM A. There is a homotopy-Abelian Anick space for any n > 1 and
r>1.

We will write P2"(p") for the 2n dimensional Moore space S?"~! U, €2". From
(TI) we see that T,_1 is 2n — 2 connected and there is a 2n-equivalence

i: P2n(p'r) —_— T2n—1

For any homotopy-Abelian H-space Z, let [Ts,—_1, Z] g be the Abelian group of
homotopy classes of based H-maps from T5, 1 to Z. Let

pi(Z) = p"F  mgph 1 (23 Z/p"HF).
THEOREM B. [Ty,-1,Z]g = liinGk(Z) where Go(Z) = [P*™(p"),Z] =

mon(Z; Z/p") and there are exact sequences:

. B
0 —— pr(022) s Gr(2) — s Gr-1(2) ——pi(2).
In particular, if p"m.(Z) = 0, there is an isomorphism
[P2n(pr)’ Z] ~ [TZH—la Z]H

given by the restriction
P2(p") = Ty 1.

Several examples are given in Chapter [ In particular

COROLLARY C. Given two homotopy-Abelian Anick spaces for the same values
ofn, r and p > 3, there is an H map between them which is a homotopy equivalence.

1
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2 1. INTRODUCTION

COROLLARY D. In any homotopy-Abelian H-space structure on an Anick space,
the identity map has order p".

Let Ty, = S?"*1{p"}. Then analogous resultd]] to theorems A and B are well
known ([Nei83|, [Gra93al) when p > 3, and in particular, any map

a: P"T(p") — P (pT)
corresponds to a unique H-map & such that the diagram

PnJrl (pr> —a> Pm+1 (pr>

L,

«
Tn > Tm

commutes up to homotopy, for any n and m. This result was the object of the
conjectures in [Gra93al.

In developing these results, several new techniques of geometric homotopy the-
ory are introduced. These may be of some use in other problems. A summary of
some of these techniques can be found in section [[.4l

In an appendix, we show that these results do not generally hold if p = 3, and
we treat the special case when n = 1.

The author would like to thank Joseph Neisendorfer for many helpful conver-
sations during this work.

1.2. History
A map 7, : Q252+ —~ §2n—1 with the property that the composition

Q2g2n+1 T gan—1 E? Q2 g2n+1
is homotopic to the p"th power map was first discovered when p > 3 by Cohen,
Moore and Neisendorfer ([CMN79c|,|[Nei81]) and played a crucial role in deter-
mining the maximal exponent for the torsion in the homotopy groups of spheres.

In [CMNT9al, the authors raised the question of whether a fibration such as[I.]
could exist. The feasibility of constructing a secondary EHP sequence refining the
secondary suspension ([Mah75], [Coh83]) together with a theory of compositions
([Tod56]) was studied in [Gra93al, [Gra93b]. This led the author to conjecture
the existence of Anick spaces with theorems A and B and corollaries C and D.

At about the same time, David Anick was studying the decomposition of the
loop space on a finite complex ([Ani92]). His intention was to find a list of inde-
composable spaces which, away from a few small primes, could be used for decom-
position. This led to the construction of a sequence of spaces for p > 5. The limit
of this sequence is the space sought after in [Gra93a]. This work of Anick was
published in a 270-page book ([Ani93]). In [AG95], the authors showed that the
Anick space so constructed admitted an H-space structure when p > 5. They also
proved a weaker version of Theorem B. They showed that if p;(Z) = 0 for all k, an
extension to an Anick space existed, but there was no indication that the extension
would be an H-map or that it would be unique. At that time it was thought that
the torsion condition was a peculiarity of the approach and, it was conjectured that,
as in the case of Ty, = S?"*1{p"}, this requirement was unnecessary.

1In this case no torsion requirements are needed for Theorem B.
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1.3. METHODS AND MODIFICATIONS 3

In [The01], the author asserted theorem A and corollary C and that for each
homotopy Abelian H-space Z, there is an equivalence [P?"(p"), Z] ~ [T2n_1, Z]H-
This, however, is not consistent with the results in [Gral2|, where counter examples
are provided with Z is as Eilenberg—MacLane space. The assertions in [The01]
depend on the author’s Theorem 2.1 which is quoted as “to appear in Topology”
in the author’s bibliography. This, however, did not appear. Many of the results
in the author’s section 5 are inconsistent with results we obtain here. The main
result of the author’s section 4 is valid and we give a much simplified proof of it
here (2.9).

In [GT10] a much simpler construction of the Anick spaces was obtained which
worked for all p > 3. This result replicated the results of [Ani93] and [AG95] and
extended them to the case p = 3. Furthermore they showed that the homotopy type
of an Anick space that supports an H-space structure is uniquely characterized by
n, p and r.

In [Gral2], a proof was given that if p(Q2Z) = 0 for all k, there is at most
one extension of a map a: P?" — Z to an H-map &: T — Z and examples were
presented to show that this torsion condition is necessary. The proof we give here
is entirely different.

In [GT10], the authors constructed the EHP sequences conjectured in
[Gra93al.

Ton1 —2s QTy, — = BW,

E H
Ty ——= Q541 —— BWy
(where Ty, = S?"*1{p"}), and BW,, lies in a fibration sequence:
g2n—1 B2 Q252+l Y B,

More details appear in the next section. The only remaining unsettled conjecture
in [Gra93al for the Anick spaces is the following:

CONJECTURE E. There is a homotopy equivalence
BWn s QTZ?Lp—l(p)
where Ty,,—1(p) is the Anick space with r = 1.

In [Thell], Theriault constructed T, _1(2") for r > 3, but there is no H-space
structure in this case.

1.3. Methods and Modifications

Throughout this work we will fix n and abbreviate T, 1 as T if this will not
lead to confusion. The construction in [GT10] begins with a fibration sequence:

(1.2) W, — > 521 L gaganin v gy

where E? is the double suspension map ([Gra88|). The authors construct a fac-
torization of the map v:

QQSQn-i-l Q0 952n+1{pr} H BWn
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4 1. INTRODUCTION

where 0 occurs in the fibration sequence defining S?"T{p"}, the fiber of the degree
p” map on S?"*1. For any choice of H, there is a homotopy commutative diagram:

9252n+1 9252n+1
Tn p"
g2n—1 02 g2n+1 v BW,,
(1.3) Q0 H

T ety A gy,

Qs2n+1 - 952n+1

and consequently for each choice of H, the fiber of H is an Anick space by (LTJ).

In [GT10], the authors proceed to show that for any such choice, the Anick
space admits an H-space structure such that the fibration [[LT] is an H-fibration.
Furthermore, they prove

ProPOSITION 1.4 ([GT10, 4.9]). Fiz n, r and p > 3. Then any two Anick
spaces which admit an H-space structure are homotopy equivalent.

The H-space structure is constructed in [GT10] as follows. The authors con-
struct a splitting:

(1.5) ST ~GVW

where G is atomic and W is a 4n — 1 connected wedge of Moore spaces. A map

¢: G —= ST prY s constructed from ([LH) and the adjoint of the map E in (I.3)
G —=3T _E> S2n+1{pr}

and a space E is constructed as the fiber of ¢:

0

QSQn+1{pr} E G ¥ SQnJrl{pr}.

The H-space structure arises from a factorization of H through the space E:

(1.6) . H

G:G

h has a right homotopy inverse g: T'— QG defined by the splitting (5] since T'
is atomic. Thus T inherits an H space structure as a retract of 2G. The H-space
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1.4. OUTLINE OF MODIFICATIONS 5

structure depends on h and consequently on the choice of v,. The splitting (L)
and map s, are defined inductively. The space G is filtered by subspaces G, where

(1.7) Gi = G Ug,, CP2" (prtF)
and the fibration E — G is the union of the induced fibrations
QS Uy} — By — Gy,
The splitting (LX) is approximated by a sequence of splittings:
ST~ Gy v W

and v is simultaneously constructed by induction over the restriction of (L)
to Gg. The map vy, is then the limit of maps

Vi : Ek — BWn

The extension theorem [GT10, 21] is applied which guarantees that any map
vi_1: Ex_1 — BW,, extends to Fy. An arbitrary choice is made for each k > 0.
It seems likely that the number of choices for v, is uncountable.

1.4. Outline of Modifications

The basis of this paper is to modify and sharpen the construction in [GT10]
as described in section [[L3l As explained there, the H-space properties that the
Anick space inherits depend on a choice of a map

Vg : Ek — BWn
In Chapter [2] we introduce maps
Fki QGk * QGk — Ek

and prove that if we choose v such that vI'; is null homotopic for each k, the
induced H-space structure will be homotopy-Abelian. We also recall, at this point,
various facts about the Anick spaces that were developed in [GT10] which will be
needed in the sequel.

In Chapter B we recall from |[Grall| the construction of a Whitehead product
pairing

[G,X] x [H,X]—=|[GoH,X]

where G and H are simply connected co-H spaces and G o H is a new simply
connected co-H space. This generalizes the classical pairing:

[SA, X] x [£B, X] —[SA A B, X].

We also generalize Neisendorfer’s theory of relative Whitehead products and H-
space based Whitehead products in the mod p” homotopy of a principal fibration
[NeilOa] by replacing Moore spaces with arbitrary co-H spaces. We then reduce
the question of whether v;I'y is null homotopic to whether a sequence of iterated
H-space based and relative Whitehead products Gy o (Gi o ...Gy) — E), are an-
nihilated by vy for all ¢ > 2.

In Chapter M we construct mod p" =1 homotopy classes a(i) and c(i) in Ej
for i < k and a modp"t* homotopy class B, which will play a key role. We
also introduce “index p approximation” and show that the iterated Whitehead
product under investigation can be approximated by iterated Whitehead products
in homotopy groups with coefficients in Z/p® for r < s < r+k. This approximation
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6 1. INTRODUCTION

excludes the case n = 1 which is handled in the appendix. These classes are the
obstructions and we seek to choose v, which annihilates them.

When k£ > 0, the obstructions actually belong to two classes, A and C' depend-
ing on whether they involve the a(i) or the ¢(i). (It turns out that any obstruction
involving both a(i) and c¢(j) is automatically in the kernel of v4.) In Bl we sim-
plify the procedure by defining a quotient space Ji of Ej which is universal for
annihilating the classes as C. Jj is a principal fibration over a space Dy which is a
quotient@ of G}, and we seek a factorization of v:

By —> J, —*~ BW,
where v, annihilates the obstructions in A. In section 5.2l we introduce a congruence
relation among homotopy classes and the relative Whitehead products and H-
space based Whitehead products have better properties in the congruence homotopy
category. This allows for a further reduction in obstructions to a collection of
mod p” homotopy classes.

In Chapter [l we introduce the controlled extension theorem (6.I). This is a
modification of the extension theorem in [GT10, 2.2] which allows maps defined on
the total space of an induced fibration of a principal fibration over a subspace to be
extended over the total space under certain conditions. In the controlled extension
theorem, conditions are given for the extension to annihilate certain maps maps
u: P— FE. This is immediately applied to the case k¥ = 0 where we construct v,
by induction over the skeleta of a space Fj.

A complexity arises because for each k£ > 0, there are level k obstructions in
infinitely many dimensions. When we modify vy to eliminate these obstructions,
we can’t assume that it will be an extension of v;_; and consequently the level
k — 1 obstructions may reappear. A separate argument (6.40]) dispenses with this
issue. In section we introduce the inductive hypothesis ([6.7)) and a space Fy, is
analyzed to prepare for the inductive step. This is accomplished in section

In Chapter [, we discuss the universal properties of the Anick spaces. From
the fibration sequence (L6l we extract the following fibration sequence

QR oGl

*

which we think of as a presentation of T.

The proof of Theorem B depends on an understanding of the map R — G.
From [GT10, 4.8] we know that for any choice of vy, R is a wedge of Moore
spaces. Certain of these Moore spaces are needed to resolve the relationship be-
tween H,(Q2G; Z/p), which has infinitely many generators and H,(T'; Z/p) which
has two generators. These are the classes a(i) and c¢(i). The others are necessary to
enforce the homotopy commutativity in H.(T; Z/p"). These are either Whitehead
products or generalized Whitehead products¥ defined by co-H-spaces in [Grall).

2The space Dy, defined differently, occurs in the original construction of Anick ([Ani93]).
The results of [AG95| are obtained by replacing Dy, by Gj.

3In particular, the first element in 7. (G) of order p"T* could not be a classical Whitehead
product for k£ > 0. It is defined as a composition

PPt (prtk) — > Gy 0 G, —L> Gy,

where W is a generalized Whitehead product.
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1.5. CONVENTIONS AND NOTATION 7

The obstruction to extensions depend on certain homotopy classes
@: P2npk—1(pr+kr) . QGk*l
which must be annihilated in order for an extension to proceed.

In the appendix we discuss the case n = 1 and the case p = 3.

1.5. Conventions and Notation

All spaces will be localized at a prime p > 3 and usually we will assume p > 5.
H,.(X) and H*(X) will designate the mod p homology and cohomology. If other
coefficients are used (usually Z(,)) they will be specified in the usual way.

We write P™(p®) = S™~! U= e™ for the Moore space. Throughout we will fix
r > 1 and we will always have s > r. We will abbreviate P™(p") simply as P™.
We will write ¢,,,_1 and 7, for the usual maps

gm—1 bm—1 Pm(ps) ﬂ—mg Sm .

We designate the symbols 3, o, p for the maps
B: P™(p°) — P (p%)
p: P™(p") = P™(p"")
o P (p*) — P"(p*7Y)

with 8 = 1,y T, Tmp = Tm and oty—1 = Ly—1- These symbols will not be indexed
by the dimension and can be composed, so that we have formulas

B=oapp
p=op=po
Bo' = p'o'p
where p is the degree p self map. We write
6 = B’

and will frequently use the cofibration sequence

—(St V pt
_

(18)  Pm=i(p*) v P™(p°) P (p*t)

S t t
p Pm(pSth)U\/crﬁ

P™(p®) v P (p®)

especially when s =r+k—1and t = 1.

We will write v, (m)for the largest exponent of p that divides m and often set
s = vp(m). For any map x we will write Z for either its left or right adjoint, if there
is no possibility of confusion.

By a diagram of fibration sequences, we will mean a diagram in which any
sequences, either vertical or horizontal are fibration sequences up to homotopy.
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CHAPTER 2

Abelian Structures

We begin by reviewing some material about principal fibrations. In section 2]
we recall the construction of BW,, (|[Gra88]) and the extension theorem (|[GT10]),
and for certain principal fibrations we construct a natural map I': QB*«QB — F in
section 221 T is the lynchpin for generalizing Neisendorfer’s H-space based White-
head products. In23we give a short proof of a result of Theriault giving a criterion
for an H-space structure to be homotopy-Abelian. We use this to relate the map I'
to the obstructions for the induced H-space structure on the fiber being homotopy
Abelian. We conclude with Proposition which presents the conditions we will
establish in the next 4 chapters. Finally, we recall some results from [GT10] that
will be used in the sequel.

2.1. Preliminaries

In [Gra88], a clutching construction was described for Hurewicz fibrations in
case that the base is a mapping cone. This construction is particularly simple in
the case of a principal fibration.

Suppose ¢: B — X. We describe a principal fibration

X -~ pF_".B

where E = {(b,w) € B x PX | w(l) = ¢(b)}, where PX is the space of paths
w: I — X with w(0) = *.
In case B = By Uy C' A, we have a pair of principal fibrations:

QX —=0X
Ey E
7
//ﬂ'ol Wl
70
A By B

Clearly 6 lifts to a map #': A— Ey. We assert that there is a lifting §: A — Ej
such that the composition:

A—6>E0—>E

is null homotopic. For if the composition

/
A—9>E0—>E

9

Licensed to Univ of Rochester. Prepared on Thu Sep 12 15:07:34 EDT 2024for download from IP 128.151.13.59.



10 2. ABELIAN STRUCTURES

is essential, it factors through QX up to homotopy, and we can use the principal
action

QX x (E,EO) $ (EaEO)

to define a different lifting #: A — Ej of # in which the composition into E is null
homotopic. In particular, the composition

(CA, 4) T (B, Eo) —"= (B, Bo)
induces an isomorphism in homology.
ProPOSITION 2.1 ([Gra88]|) (Clutching Construction). Suppose
(E, Eo) —— (B, Bo)
18 a Hurewicz fibration with fiber F' where B = By Uy CA. Then there is a map
F x (CA,A) LA (E, Ey), and a pushout diagram

FxCA— s E

|,

FxA——E,
where mp: F' x CA— B is the projection onto CA C B. In particular

(2.2) E/Ey = F x Y A.
In case that 7 is a principal fibration with fiber F' = QX , we can take ¢ to be the
composition:

1x86 a

QX x (CA,A) — = 0X x (E,Eo) —_— (E,Eo)
where a is the principal action map.
The following result ([Gra88]|) is a simple application of 211

PROPOSITION 2.3. Localized at a prime p > 2, there is a fibration sequence

QZS2n+1 0 BWn ><547171 SQn E Qs2n+1

v 11

BW, BW,, x 84=1 and the homotopy fiber

where O factors Q2852n+1
of v is S?n1

g2n—1 E? 02g2n+l1 v > BW,,.

Furthermore if p > 5, BW,, has a homotopy-Abelian H-space structure and v is an
H-map.

Using the work of Cohen, Moore and Neisendorfer, Theriault has proved
ProOPOSITION 2.4 (|[The08]). BW,, has H-space exponentl p.

An important application of 2] is the extension theorem

1We say that an H-space has H-space exponent g if the ¢*" power map is null homotopic in
some association.
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2.2. WHITEHEAD PRODUCTS 11

EXTENSION THEOREM 2.5 ([GT10, 2.1]). Suppose A is a co-H space such
that the map 0: A — Ey is divisible by q in the co-H-space structure, and Z is a
connected H-space with H-space exponent q. Then the restriction

[E, Z] —[Eo, Z]
s onto.

This is a powerful tool and is the key to showing that each map vg_1: Er_1 —
BW,, extends to a map vy: Er — BW,, in [GT10]. In section we will enhance
this to the controlled extension theorem, which will allow for a good choice of
extension.

2.2. Whitehead Products

Whitehead and Samelson products in homotopy groups with coefficients were
introduced by Neisendorfer ([Nei80]). These included relative Whitehead products
and in [NeilOal, he introduced H-space based Whitehead products. These will be
useful in Chapter Bl where we will generalize these constructions to classes defined
on co-H spaces. At this point we will introduce a basic construction and show how
it is related to the question of homotopy-Abelian H-space structures.

For any space W, we define a homotopy equivalence of pairs

¢: (C(QW), QW) — (PW, QW)

by &(w, s)(t) = w(st).
Now construct a map

w: QU «QV — UV V.
We use the decomposition QU * QV = QU x C(QV)UC(QU) x QV where C is the
cone functor with vertex at 0 and define w by

QU x C(AV) 2= C(QV) >V —=UVV

C(QU) x QV L= C(QU) — U —=UVV
where € is an evaluation.

PrOPOSITION 2.6 ([Gan70]). w lifts to a homotopy equivalence with the ho-
motopy fiber of the inclusion UVV — U x V.

ProOOF. The homotopy fiber is the union of the parts over U and V; i.e.,
F=QU x PVUPU x QV.
According to [Str72], the pair (PW, QW) is an NDR pair, so the induced map
£ QU x C(QV)UC(QW) x QV — QU x PV UPU x QV

is a homotopy equivalence. (Il
Now suppose that
OX —-p-T.p

is a principal fibration induced by a map ¢: B — X where X is an H-space. We can
and will assume that the multiplication on X has a strict unit ([NeilOal 11.1.11]).
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12 2. ABELIAN STRUCTURES

PROPOSITION 2.7. There is a strictly commutative diagram,

OB+OB-L - E

of ol
BvB-Y -B

where V is the folding map. Furthermore, I' is natural with respect to the data.

Proor. The square

BV B B

l .

p X
BxB——XxX—X

is strictly commutative and induces a map of the induced principal fibrations. T is
the composition of £ with the map

QB x PBUPB x QB — E = {(b,w) € B x PX | w(1) = ¢(b)}

given by the formula
(w17 w2) — { E

where W(t) = u(p(wi(?)), p(wa(t))- .
Recall (for example [Gralll 3.4]) that there is a natural homotopy equivalence
SXAY)= XY

such that the diagram
(X AY) XY

| L
S(YAX) ~ VX

commutes up to homotopy, where the maps labeled 7 are the transposition maps.

1

PROPOSITION 2.8. Suppose that X is homotopy commutative. Then there is a
homotopy commutative diagram:

(QBAQB) o~ QB x QB
\
-7 T E
A
(QBAQB) o~ QB x QB

Proor. By |NeilOal, 11.1.11], we can assume that the homotopy of com-
mutation (1, x2) is stationary on the axes, where pg(x1,z2) = p(x1,22) and
w1 (1, x2) = p(xe,x1). We then define

@i (s) = pe (p(wr(s)), plwa(s)))
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2.3. THERIAULT’S CRITERION 13
and use this to define I';: QB * QB — E, a homotopy between I' and I'7. ]

2.3. Theriault’s Criterion

The map w: QB*xQB — BV B plays a role in a useful condition for an H-space
to have a homotopy-Abelian structure.

PrOPOSITION 2.9 ([The01l 4.12]). Suppose that

h )

QB F

™

E B

is a fibration sequence in which i is null homotopic. Suppose that there is a lifting
w of Vw in the diagram:

OB+QB X~ E
|
BvB-—Y - B
Then the H-space structure defined on F' by any right inverse g: F— QB of h

defines a homotopy-Abelian H-space structure.

PRrROOF. For any pointed space Z let G = [Z,QB] and X = [Z, F]. Then G is
a group which acts on X via the action map

OBxF-%sF

Since h has a right homotopy inverse, the orbit of x € X is all of X. The adjoint
of the composition

S(QBAQB)~QBxOB-“>BVB-Y B
is well known to be homotopic to the commuter map

QOB AQB -5~ QOB.

(See, for example, [Gralll 3.4]). Consequently, the existence of @w implies that
every commutator in G acts trivially on * € X; i.e., g(hx) = h(gx). Let N =
{g | gx = x} be the stabilizer of x. Then N is a normal subgroup since if g € N,
(hgh™ 1) (%) = (hg)(h~*%) = h~!(hg*) = g* = *. Consequently X = G/N is a
quotient group of G. It is Abelian since g(hx) = h(gx). This group structure
on X = [Z,F] is natural for maps in Z. Apply this in case Z = F x F and
Z = F x F x F to construct a homotopy-Abelian H-space structure on F. O

Now recall that we have fixed Gy and ¢, : G, — S?"TH{p"} and we set G =
UGk. Let E =|J Ex. Consider the commutative diagram:

Qs2n+1{pr}
(2.10) 0G«0G—1 L F
‘| |
avg—Y G
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14 2. ABELIAN STRUCTURES

PROPOSITION 2.11. If the composition:

0G * 0G = E =~ BW,
18 null homotopic, the induced H-space structure on T is homotopy Abelian.

ProOF. Compare ([2I0) with (I8 and apply 29). O

2.4. Compatibility of Modifications

In the sequel we will construct maps v : Er, — BW,, such that the composition:

T
OG, * QG — = B, -~ BW,

is null homotopic. We begin with an arbitrary choice of v as in [GT10] and
modify it using the controlled extension theorem (6.I)). Having done this, we have
no reason to assume that the composition:

B 1 ——> B, —> BW,

is homotopic to v,_1. However, all modifications occur in dimensions 2np* and
larger, so we can assume these maps agree up to dimension 2np* — 2. The proof of
Theorem A will then follow from

PROPOSITION 2.12. Suppose we can construct maps vy : FEy — BW,, for each
k > 0 such that:
(a) Q252 20 qgeiigry O g Y By,

induces an isomorphism in Happ_o
(b) The composition:

G, + OG> B, %~ BW,

is null homotopic for each k > 0.

(c) The restrictions of vier and vip_q1 to the ank — 2 skeleton of Eyx_1 are
homotopic.

Then there is a map

Voo: E— BW,

in (L6 such that vooT' is null homotopic and thus the induced H-space structure
on T is homotopy Abelian.

PROOF. Since the inclusion:

2nphti—2
U e —E
k>0

is a homotopy equivalence, we can define v, : E — BW, which restricts to vy on
k+1_
EZ™ 72 Since & : Q82"t1{p"} — E factors through Ej for each k, we have a
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2.5. PROPERTIES OF G AND T 15

homotopy commutative diagram:

952n+1{pr} 952n+1{pr}

L

BW,

E—— > F

By (a), the composition:
Q2sln+1 Qa; Qs2n+1{pr} H BWn

induces an isomorphism in Hgy,p,—2. Using cup product and the Bockstein, we can
conclude that this composition is an epimorphism in all dimensions and conse-
quently the fiber of this composition is S?"~!. Now compare with (I.3) to see that
the fiber of H is an Anick space.

In the diagram

(QGy * QG2 =2 o g2t 2 M gy

| |

G % QG L E

Voo

BW,,

the upper composition is null homotopic for each k, so the lower composition is null
homotopic as well, thus the result follows from Z.11] |

2.5. Properties of G and T

We now recall, for future use, the properties of G and T that we will be using
in the sequel.

THEOREM 2.13 (J[GT10]). Forp >3, r > 1 andn > 1, there is an Anick space
T; i.e., there is a fibration sequence

02g2n+1 ™ gon—1 T 0g2n+1
such that the composition
E? 7r
52n71 9252n+1 n 52n+1

has degree p". Furthermore we have the following properties:
(a) There exists a space G and maps f, g, h such that the compositions

¢ tosr 4.¢
T _9, QG e T
are homotopic to the identity, where g is the adjoint of g.
(b) Both T and G are atomic and p-complete.
(¢c) The homotopy type of T and G are unique satisfying these conditions.
(d) ZT AT is a wedge of Moore spaces.

Licensed to Univ of Rochester. Prepared on Thu Sep 12 15:07:34 EDT 2024for download from IP 128.151.13.59.



16 2. ABELIAN STRUCTURES

(e) For any H-space structure defined by the maps g, h in (a), there is an H-

map
E: T — Q8?1 {p"}

such that Eh ~ Q. ‘

(f) H*(T;Z) is generated by classes v; € H*"P'(T; Z) for each i > 0 subject to
the relations vip = pv;+1 and p'vg = 0.

(g) H(T) ~ Z/p[v] ® N(u) where |[v] = 2n and |u| = 2n — 1. Furthermore
B (vP") = yoP 1.
Z/p™t if m = 2np'

h) H,,(G; Z) =
) ( ) 0 otherwise.

(

(i) XG and X%T are each homotopy equivalent to a wedge of Moore spaces.
(j) Any choice of v: Ey, — BW,, in (ILG) has a right homotopy inverse.
(k) R is homotopy equivalent to a wedge of mod p* Moore spaces for s > r.
(1) G A G is homotopy equivalent to a wedge of Moore spaces

PROOF. Most of these are restatements of results in [GT10|. Properties (a),
(b), (¢), (d), (e), and (f) are respectively 4.4, 4.7, 4.9, 4.3(m), 4.6, and 4.1 of [GT10].
Property (g) follows immediately by applying the Serre spectral sequence to 1.1.
Properties (h) and (i) are 4.3(c) and 4.5 respectively. For (j), a right homotopy
inverse is given by the composition

BW,, — BW,, x $*""! ~ E(;) — Ey — Ej

constructed from the proof of Property (k) is 4.8. For (1) note that QG ~
T x ¥R since hg ~ 1. Thus

YOG T VEQRVETANQR ~ W, v ET
where W7 is a wedge of Moore spaces by (i) and (k). Thus X2QG € W and
SQGAQG W1 AQGVET AQG ~Wo VT ANXQG
~Ws VYT AT
which is in a wedge of Moore space by property (d). O
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CHAPTER 3

Whitehead Products

In this chapter we will review and extend some results in [Grall] which gener-
alize the notion of Whitehead products. In partlculall given two simply connected
co-H spaces G and H, we will construct a new co-H space G o H and a cofibration
sequence

GoH-YsGVH—>GxH.
Composition with W defines a more general notion of Whitehead products. In
section B] we will review the material in [Grall]. In section we will dis-
cuss relative Whitehead products and H-space based Whitehead products which
have been developed for homotopy groups with coefficients in Z/p” by Neisendor-
fer [NeilOa]. We will define these in the total space of a principal fibration using
co-H spaces in place of Moore spaces. In section [3.3 we will use these products to
decompose QG * QH and QG x H when G and H are co-H spaces and decompose
the map I' from section as a wedge of iterated Whitehead products when the
base is a co-H space. In section [3.4] we recall and generalize slightly the results of
Neisendorfer in the case that G and H are Moore spaces.
3.1. Defining Whitehead Products Using co-H Spaces
Given two simply connected co-H spaces G, H, we introduce a new co-H space
G o H together with a cofibration sequence:
GoH Vs GVH —~GxH.

To do this, suppose that G and H are given co-H space structures by constructing
right inverses to the respective evaluation maps:

[N 3o Ve B Se

H-2-y0H -2+ H.
We define a self map e: ¥(QG A QH) — Z(QG A QH) as the composition

1
sa A o) 22 g rom 201 s nam) 2% aa a5 222 06 A )

G o H is then defined as the telescopic direct limit of e. We then have:
ProprosITION 3.1 ([Gralll 2.1,2.3]). The identity map of G o H factors:

GoH—Y>50670H) —~Gon.

IThroughout Chapter Bl G and H will designate an arbitrary co-H space. Then we will
return G as to designating the co-H space corresponding to T in future chapters.

17
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18 3. WHITEHEAD PRODUCTS

Furthermore, if f: G— G’ and g: H— H' are co-H maps, there are induced
co-H maps so that the diagram

GoH—" o (QGN0H) —~GoH
fogl E(QfAQg)l fogl
Y’ 4

G oH —=X(QG' ANQH') —= G o H’
commutes up to homotopy.

Since G o H is the limit of the telescope defined by e, fe ~ 6, so the composition

GoH —Yo 5(QG A QH) — = S(QGAQH) — > Go

is homotopic to the identity. The map e, however, is a composition of 4 maps
between co-H spaces, and thus G o H is a retract of 3 different co-H spaces and one
of them, X(QG AQH), in two potentially distinct ways. This provides 4 potentially
distinct co-H space structures on G o H. We choose the structure defined by ¥ and
0; viz.,

Go H—2~ 5006 7 0H) 22 5060 H)

or equivalently

GoH - S(QGAQH) — S(QGA QH) v S(QGAQH) 20 GoHVGoH

where 0 is the adjoint of 6.

ProposiTioN 3.2 ([Gralll 2.3,2.5]). There are co-H equivalences
GoXX ~GAX,X(GoH) ~GAH which are natural for co-H maps in G and H
and continuous maps in X.

ProrosITION 3.3 ([Gral2, 3.3]). There is a natural cofibration sequence

GoH- Vo GVH—>GxH

where W is the composition:

GoH—¢>E(QG/\QH)—w>G\/H.

DEFINITION 3.4. Let a: G— X and 8: H — X. We define the Whitehead
productﬂ
{a,}: GoH— X

as the composition

Vv
God WVegvm Vi x

2We use the notation {, 8} rather than the usual [, 8] since in an important application we
need to make a distinction. That is the case when G and H are both Moore spaces. In this case Go
H is a wedge of two Moore spaces. By choosing the higher dimensional one, Neisendorfer [Nei80]
defines internal Whitehead products in homotopy with coefficients in Z/p". This is denoted [, 3],
while {a, 8} is the “external” Whitehead product.
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3.2. H-SPACE BASED AND RELATIVE WHITEHEAD PRODUCTS 19

PROPOSITION 3.5. Fach Whitehead product {c«, 8}: GoH — X factors through
the “universal Whitehead product”

w=Vw: ZOQXAQX) = XVX—>X.

PRrROOF. {a,(} is the upper composition in the commutative diagram:

GoH—¢>E(QG/\QH)w—>G\/H

| |

TOXAQX) L > XVX Y= X

The result follows since the bottom composition is w = Vw ]

3.2. H-space Based and Relative Whitehead Products

In this section we will discuss H-space based Whitehead products and relative
Whitehead products. In the case that G and H are Moore spaces, this material
is covered in |[NeilOal, and what we present is a mild generalization. We need
to consider Whitehead products instead of their adjoints—the Samelson products
(which Neisendorfer considered) since the domains are not necessarily suspensions.
We also consider principal fibrations, so these products occur in the total space
rather than the fiber of a fibration as in Neisendorfer’s version. We wish to thank
Joe Neisendorfer for several interesting conversations during the development of
this material.

We begin with a principal fibration

ox '~ pF-_".B

induced by a map ¢: B— X. The (external) relative Whitehead product then is
a pairing
[G,B] x [H,E] =[G o H, E].

In the case that X is a homotopy commutative H-space with strict unit, we also
define the H-space based Whitehead product. It is a pairing

(G, B) x [H, B] —~[G o H, B
Suppose we are given maps:

¢6—~p - cop H S F

We will use the notation
{a,7}r €[Go H, E]
for the relative Whitehead product and

{a,8}x € [Go H, F]
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20 3. WHITEHEAD PRODUCTS

for the H-space based Whitehead product. These products and the absolute White-
head product are related by the following formulas to be proved:

(3.6¢) m{a,B}x ~ {a,8}: Go H— B;
(3.6¢) {my, 76}« ~{v,6}: Go H—> E;
(3.11¢) m{a, 0}, ~{a,m}: Go H— B;
(3.11e) {mv,6}y ~{v,0}: Go H— E.
(3.12) {a,6}r ~{a,7d}x: Go H— E;

We begin with the H-space based Whitehead product. These are defined using
the map I" from (Z7)). The product {«, 5}« is defined as the homotopy class of the
upper composition in the diagram:

GoH -V o S(QGNQH) ~ G« QH — > OB+ 0B -1 > B
V
GvH avh BVB-—Y - B.

PRrOPOSITION 3.6. Given ao: G— B and 3: H — B, the homotopy class of
the H-space based Whitehead product

{a,}x: GoH—>FE

depends only on the homotopy classes of a and B. Furthermore
(a) If f: G'— G and g: H — H are co-H maps,

{a76}><(fog) ~ {O‘f769}><~

(b) Given an induced fibration

E’—€>E

Py

B —spB-YsX
and o' : G— B, f'+ H— B, we have
€{o/, B}, ~{€a €8}, GoH— E.
(¢) m{a,B}x ~{e,8}: Go H— B.

(d) Supposen: X — X' is a strict H-map and we have a pointwise commauta-
tive diagram
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3.2. H-SPACE BASED AND RELATIVE WHITEHEAD PRODUCTS 21

which defines a map of principal fibrations:

Then
&a, By ~{€a,éB}x: GoH— E'.
(e) {my,m0}x ~{v,0}: GoH— E.
PRrROOF. These all follow directly from the definition except for (e). To prove
this we apply (d) to the diagram

E—W>B
S
PX ‘- X

where k(b,w) = w. Give PX the H-space structure of pointwise multiplication of
paths in X. Then € is a strict H-map. This gives a map of principal fibrations:

E—>E
|l
FE —— B.

By (d) we have
{7, 0}« ~ {my,md}«.
It suffices to show that 7 ~ e by applying part (c) to the left hand fibration. The
space E C (B x PX) x PPX can be described as follows

E={(b,o) € Bx PPX | p(b) = a(1,1),0(s,0) = o(0,t) = *}

with 7(b, o) = (b,w) where w(t) = o(t,1) and e(b,0) = (b,w’) where w'(t) = o(1,1).
Define F': E x I x I — X by o. The result then follows from:

HoMoTOPY ROTATION LEMMA 3.7. Suppose F': AxIxI — B and F(a,0,t) =
F(a,s,0) = F(x,s,t) = . Then there is a homotopy

H:AxIxI—B

such that
H(a,0,t) = F(a,1,t)
H(a,1,t) = F(a,t,1)
H(a,s,1) = F(a,1,1)
H(a,s,0) = H(*,s,t) =%

PROOF. The left side and the bottom of the square are mapped to the base-
point. By rotating from the top to the right hand side pivoting at the point (1,1),
we obtain the required homotopy. (Il (Il
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22 3. WHITEHEAD PRODUCTS

We now describe the relative Whitehead product. We assume a principal fibra-
tion
OX ‘~g-"-B
induced by a map ¢: B— X (as in section [ZT]), but we won’t assume an H-space

structure on X. Define k: E — PX by the second component, so k(e)(1) = ¢n(e).
The principal action

a: QX x E——F
is defined by the formula

where w’ is given by
2t 0t
k(e)(2t—1) 1/2<
We then describe a strictly commutative diagram of vertical fibration sequences

op—% . ax

| |
OBxEUPB- o F
I
BvE-VT . B

where 2B x EU PB is to be considered as a subspace of PB x E, and the map
@ is given as follows: ¢|op5, 5 is the projection onto E and ¢|pp is end point
evaluation. The map I is defind by the formula

IM(w,e) = a(pw, e) for (w,e) € QXB X E
IM(w) = (w(1), p) for w € PB

wherd] w(t) = w(2t), and the map d: QB — QX is given by d(w) = pw. The left
hand fibration is the principal fibration induced by the projection 7 : BV E — B.
Observe that

OBXx EUPB~QOBx EUC(QB)~ QOB KX E.
We record an important commutative diagram

Q 1
OBxE—2"" _QXxE

(3.8) l ) l

OBx E~QBxEUPB—F

which will be useful in evaluating the relative Whitehead products in homology.

f

3For convenience, we extend maps [0,1] —— X to the real line by f(x) = f(0) for z < 0
and f(z) = f(1) for x > 1.
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3.2. H-SPACE BASED AND RELATIVE WHITEHEAD PRODUCTS 23

Consider the strictly commutative square
BVE=—=BVE
L
T
BxFEF—B.
Taking homotopy fibers vertically, we obtain a diagram of principal fibrations

Q
Q(B x E) i QB

]

QB x PEUPB xQF — QB x FUPB

l |

BVE BVE

The map ( is defined by the formula

1xe

OB x PE—-QOBxFE

PBxQE—' - PB

Combining these diagrams, we obtain a strictly commutative diagram

OB xQF =~ QBXPEUPBXQEgﬂBXEUPBLE
(3.9) l l Wl
W 1
For a: G— B and §: H — FE, we define the relative Whitehead product
{a,6},: GoH—=FE

as the composition

(3.10) GoH-%0G+QH —>0B+0E ~0Bx EUPBL-E
and, analogous to 3.6] we have

PropPOSITION 3.11. The homotopy class of the relative Whitehead product
{a, 6}, depends only on the homotopy classes of a and §. Furthermore
(a) If f: G" — G and g: H' — H are co-H maps, then
{a, 0} (fog) ~{af, dg}
(b) Given an induced fibration

E’—£>E

"y

B —s>B-—T1sX
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24 3. WHITEHEAD PRODUCTS

and classes o' : G — B', §': H— E’, we have
f{a ,(5 }r ~ {ga/ag(sl}%
(c¢) m{a, 8}, ~ {a,70}.

(d) Suppose we have a strictly commutative diagram

B;B'

Sol SO/\L
n '
X—X

inducing a map between principal fibrations:

ELE/

Then &'{a, 6} ~ {§a, {6}
(e) {7‘(”}/, 5}7“ ~ {77 5}

PRrROOF. All parts except (e) follow directly from the definitions. For part (e)
we construct a map of principal fibrations exactly as in B.6(e):

E—%>E
)
E-—"-B

Recall that e ~ 7, and since PX is contractible, both e and 7 are homotopy
equivalences. Choose 0: H — E such that 75 ~ 6. Then by part (d) we have

{W,—Ya 5}7" ~ ﬂ-{’Y? 5}7” ~ 6{77 6}7” ~ {F)/a 65}
by part (c). However this is homotopic to {y,76} ~ {7,8}. O

At this point we will discuss the compatibility of the H-space based Whitehead
product and the relative Whitehead product.

THEOREM 3.12. Suppose X is an H-space with strict unit and we are given
a:G— B, 0: H— E. Then

{a,6}; ~ {a, w6}«

PRrROOF. To prove this we will combine two homotopies and [B.12] is a conse-
quence of Proposition The first homotopy will replace the sequential compo-
sition of paths in the definition of the action map a and I with a blending of the
homotopies using the H-space structure in X. The second homotopy will apply the
homotopy rotation lemma (B.77). Recall the map k: B— PX with the property
that ek ~ om
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3.2. H-SPACE BASED AND RELATIVE WHITEHEAD PRODUCTS 25

LEMMA 3.13. There is a homotopy as: QX x E— E with a1 = a and ag given
by the formula
ag(w, €) = (m(e), u(w(t), k(e)(t)))
and a compatible homotopy I',: OB x EU PB — E with I} =T" and T}, given by
the formula

To(w, e) = (m(e), ulpw(t), k(e)(t))
I'H(w) = (w(l),wp) forwe PB

PROOF. Recall that any map w: [0,1] — X is to be extended to amap w: R —
X by defining w(z) = w(0) if z < 0 and w(x) = w(1) if > 1. Then, for example,

 fwixt) if 0<t<1/2
M(W(Zt)’ k(e)(Qt -1)) = {k(e)(?t —-1) if1/2<t<1

since w(1) = k(e)(0) = *, the unit for u. We define

as(w,e) = (m(e),ws)

0= 2 w0 ()

We define I',(w,e) = as(pw,e) and I (w) = (w(l),gpw (2% >> in case w €
-

PB. ]

where

Using I'{y we consider the composition

I‘V
OB+QF —° ~QBxEUPB " - E.

Using the identification QB «* QF ~ PB x QFE UQFE x PB, we have the following
formula for this composition

(3.14) (w1, wa) —— (Wi, wa(1)) —— (mwa(1), plpwi (t), k(w2 (1))(1)))-
We now apply B.7 to the homotopy
F:PEXIxI—X
given by F(w, s,t) = k(w(t))(s) to obtain a homotopy
H: PEXI— X

with
H(w,1,1) = kw(D)()
H(w,0,t) = prw(t)
H(w,s,0) =%
H(w,s,1) = prw(1)

From this we construct a homotopy
I's: QOBx PEUPB xQF — FE
given by
wi(l)  plpwi(t), H(ws,s,t))  if wa(l) =

FS(“’I’W):{m(l) plipr (1), H s, 5,8) i r(1) =+
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26 3. WHITEHEAD PRODUCTS

Then I'y = I'(1 % Q) and 'y = I'y¢. We have proved

PRrOPOSITION 3.15. If X is an H space with a strict unit, there is a homotopy
commutative diagram:

!
OBx EUPB—1

d |

0B« 0E 1 0By« oB O
Clearly follows from a
We next describe a simplification of the relative Whitehead product in case

G =XYA.

PRrROPOSITION 3.16. Suppose a: XA — B and §: H— E. Then the relative
Whitehead product

{a, 8}
ANH~YAoH ———F

is represented by the composition

ANH— o awg 2% opxp L g

where 0 is a right homotopy inverse to the pmjectior@ which pinches H to a point.

PrOOF. To construct the map 6 we need to generalize the context in which
the map ¢ was defined in The homotopy fiber of the map

CXUX XY 25y
which pinches C'X to the basepoint is of the form
CXxQYUX x PY CcCX x PY.

Using the homotopy equivalence &: (C(QY),QY) — (PY,QY) (see 2), we get a
homotopy equivalent fibration sequence

CXUX XY

2
2

3.17) B X Qv — ™y

XxY

Furthermore, the composition
X*QY—C>X><Y—>X/\Y

49 will depend on the co-H structure of H.
5Curiously there is also a cofibration sequence

’

Xy o xuxy 2 owy
where ¢’ is the composition

X*Y%X*QEY—% X x XY,

Licensed to Univ of Rochester. Prepared on Thu Sep 12 15:07:34 EDT 2024for download from IP 128.151.13.59.



B3l ITERATED WHITEHEAD PRODUCTS AND DECOMPOSITION OF QG * QH 27
collapses X UCX x QY to a point, so there is a commutative square

XY - o XxY

T

xAavay M6 x Ay,

The relative Whitehead product in [3.16] is given by the upper composition in
the homotopy commutative diagram

OB+ QE S~ 0BxEUPB L E

o] |

(SA)oH = S(OSANQH) ~ QNA+QH > OSAx HUPSA

o ] | |

ANH Y S(ANQH)  ~  A«QH —S> AxHUCA — ~ AxH

2

where the lower composition is the map 6. The right hand vertical map is the
composition
axd

Ax H OB x E~QBx EUPB.

By the homotopy commutative square above, # has a right homotopy inverse since
ev ~ 1, and 0 projects trivially to H since mo( is null homotopic. (Il

COROLLARY 3.18. Suppose a: XA — B and 6: H— E. Then for any ring
R, the homomorphism

({a,6}r)«: Ho(ANH; R) — H.(E; R)

is given by the composition

(par x 6), a.
H.(ANH;R) C Hy(Ax H;R) H.(QX x E; R) H.(E;R)
Proor. Apply B8 and a

3.3. Iterated Whitehead Products and the Decomposition of QG x QH
We need, also, to discuss iterated Whitehead products. Suppose
a;: Gy — X
for 1 < i < n. We define the iterated Whitehead product
{an,n-1,...,01}: Gpo(Gp_10---0Gy)...) =X
as {an, {an-1,...,a1}}. In case G; = G for each i we define
G = Gogin-il,

We also define Gl HV! as G o (G[i’”Hy]) when i > 1 and as G o HU! when i = 1.
Suppose now that a: G— GV H and : H— GV H are the inclusions. We
then consider

ad (@) ({a, B}) = {a,...,a,8}: GIUH -~ GV H.
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28 3. WHITEHEAD PRODUCTS

Given a principal fibration
OX ——F——>B
and maps «;: G— B, f: H — E, we define
{an,...,a1,B}r: Gpo(Gp—10---0(GroH)...) > F
as
{an, {an-1,...,a1,8}}r

By an iterated application of BIl(c), we have

(3.19) m{om,...,01, 8 = {on, ..., 01,70}

Now consider the principal fibration

G —=0Gx H—">GVH.
Let K = \/ GIH. Let 8: H— QG x H be the inclusion of the second factor.

i1
PROPOSITION 3.20. The maps ad’.(a)(B): GMH — QG x H define a homotopy
equivalence
KvH~\/GHVH-—>QGxH.
i>1

PROOF. According to [Gralll 3al, such a homotopy equivalence exists where
the maps

&: GUH -~ QG x H
are chosen so that 7&; ~{a, ..., a,73}. However by equation B19), n{a,...,a, 8},

~ {a,...,a,78}; since the map i: QG — QG x H is null homotopic, & ~
{a7"'aa7/8}r' O

We now consider the principal fibration
QG x QH ——= QG+« QH ——= G V H.
Using the map ©: GoH — QG*Q H we define iterated relative Whitehead products:
ad’ = adi(B)adl(a) () : HIGUN (G o H) — QG « QH

PROPOSITION 3.21. The maps adi? fori >0, j > 0 define a homotopy equiv-
alence
\/ HUGV(G o H) — QG « QH.
i>0
j=0

PRrROOF. Consider the diagram of principal fibrations

QH —2 506G x QH
QG % OH —— QG « QH
| g
QG x H GV H
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B3l ITERATED WHITEHEAD PRODUCTS AND DECOMPOSITION OF QG * QH 29

The maps adl: GU(G o H) — QG x H defined by B20/lift to QG x QH since ¢ has
a right homotopy inverse. Since the liftings project by 7w onto the maps:

ad’: GV (G o H)— GV H,

these liftings are homotopic to the relative Whitehead product defined by 7. How-
ever )G x H is homotopy equivalent to H V K so the maps

ad HIK — QG « QH
define a homotopy equivalence

\/ HUK — QG « QH.

i>0
Furthermore

K=\/GV(GoH)
j=0

and the relative Whitehead products defined by the left hand fibration are mapped

to the corresponding relative Whitehead products in the right hand fibration. Thus
we have

\V H[ilg[j](GoH) - V HU K — G+ QH =
i>0 i>0
j=0

THEOREM 3.22. Suppose
Ox ‘-p-".q

is a principal fibration induced by a map ¢: G — X where X is an H-space with
strict unit. Suppose v: EE— Z. Then the composition

0G+0G LB -Vsz
18 null homotopic iff the compositions
vad (@)({a, a}y): Gl ~ B 7
are null homotopic for each i > 0, where a: G — G is the identity map.
PROOF. In this case G = H and the map of principal fibrations

QG x QG —— QX

L

QG * QG E
Gve——~a
maps HUGU(G o H) to GI'H7)(G o G) which only depends on i + j. O
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30 3. WHITEHEAD PRODUCTS

3.4. Neisendorfer’s Theory for Homotopy with Coefficients

In the case that the co-H spaces are Moore spaces, the resulting Whitehead
products occur in the homotopy groups with coefficients. The adjoint theory of
Samelson products is due to Neisendorfer [Nei80], and was crucial in the work
of [CMIN79b,[CMN79c,[CMN79a]. This theory has been further developed
in [NeilOa] where H-space based Whitehead products were introduced.

We need to make a mild generalization of this in that we must consider the
case where

G=XP"(p") H =XP"(p°%) s=r.
In this case
GoH =XP™ ™ (pr) v SP™ T 1(ph).

This splitting is not unique and we must choose a splitting.
Choose a map

A: P (pt) — P™(p*) A P"(p%)
so that the diagram

P (pt) =S P7(p) A P ()

(323) 7r1n+n l l
Sm-i—n ; Sm A S

commutes up to homotopy. Such a choice is possible when m,n > 2 for p odd and
is unique up to homotopy.

Neisendorfer [Nei80] has produced internal Whitehead and Samelson products
for homotopy with Z/p® coeflicients. The Whitehead product of z € 7,41 (X; Z/p®)
and y € m,41(X; Z/p®) is an element

[2,y] € Tmtn+1(X; Z/p°)
defined as the homotopy class of the composition:

m-rn S m-rn S EA m S n S
(3.24) P (p%) = RPN (pt) === BP™(p*) A P™(p°)

= Py o Prti(pry T x

As we will need to consider such pairings with different coefficients, suppose
T € Tm1(X;Z/p") and y € 1 (X;Z/p" ). We can still form the external
Whitehead product:

SP(pT) A PP = Pt (pr) o pri(prt) YL

Since the map of degree p"** on P™(p") is null homotopic, there is a splitting:
Pm(pr) A Pn(pr+t) ~ Pm—i—n(pr) Vv Pm—&-n—l(pr).

We now choose an explicit splitting. Recall (LF) &; = Spt.
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3.4. NEISENDORFER’S THEORY FOR HOMOTOPY WITH COEFFICIENTS 31

PROPOSITION 3.25. There is a splitting of P™(p") A P™(p"™) defined by the
two compositions:

m—+n (17 A M (AT N[ AT 1/\pt m T n (. r+t
pmEn(p") —== P™(p") A P"(p") —— P™(p") A P"(p")

1A0
Pm+n71(pr) Ae Pm(pr) /\Pnfl(pr) N0y Pm(pr) /\Pn(pr+t)

PROOF. (1AT,)(1ApH)A = (1A7,)A induces a mod p homology isomorphism,
so (1 A p*)A induces a homology monomorphism. The second composition factors

A

1A Tpe
Pl (pr) — S P AP )

pm (pr> A Snfl

1A ln—1
———P"(p) AP ()

and the composition of the first two maps is a homotopy equivalence. Since the
third map induces a mod p homology monomorphism, this composition does as well.
Counting ranks, we see that the two maps together define a homotopy equivalence:

e: P (pr) v P TL(pr) —— P™(p") A P"(p"H) O
We apply this to the internal Whitehead product (824 to get
PROPOSITION 3.26.
{z,yye = [z,yp"]V [w,y0:]: P (p") v P 7H(p") — X. D

B.26] resolves the external Whitehead product with different coefficients into in-
ternal Whitehead products with coefficients in Z/p” as considered by Neisendorfer.
Suppose now that we are given a principal fibration

QX —F—-B

classified by a map ¢: B — X where X is a homotopy commutative H-space with
strict unit and we are given classes u € m,,(B; Z/p") and v € 1, (B; Z/p""). Then
we have

PROPOSITION 3.27.
{u,v}xe = [u,vp']x V [u,v8;]x : P (p") v P (phth) — E.
PROOF. Both {u,v}«e and [u,vp’]« V[u,vd;]« are the images under I' of maps:
P (pT) v P (pT) — B(QB A QB)
which are homotopic after projection
Y(QBAQB) —“>BVB

by Since Qw has a left homotopy universe, these maps are homotopic. Com-
posing with I': 3(QB A QB) — E finishes the proof. a

Similar to B.27, we have

PROPOSITION 3.28. {z,u},e = [z, up'], V [z, ud;], where x € 7, (B; Z/p") and
u € mp(E; Z/pth). O

Licensed to Univ of Rochester. Prepared on Thu Sep 12 15:07:34 EDT 2024for download from IP 128.151.13.59.



32 3. WHITEHEAD PRODUCTS

There is one special case of this that we will need in section This involves
relative Whitehead products [z, u|, when w: S"— E and x: P™— B. In this case

[z,u], = {z,u},: P"oS" ——=F.
PROPOSITION 3.29. [v,ur,], = [z,u],: P"t"" 1 —=F .

ProoF. {x,ur,}re = [z,umy,], V 0 since m,0; = 0. Consequently we have a
homotopy commutative diagram

Pm+n—1 V; Pm+n—2 Pm o P L OW"E P o S ~ Pm+n—1

{z,umn }r

[z, umy]r VO

E

where the upper composition is homotopic to projection onto the first factor. O
Suppose then we are given a principal fibration
OX —>pg-—"-B

induced by a map ¢: B — X where X is a homotopy commutative H-space with
strict unit. Suppose we are given classes

a€mm(B; Z/p"), BE€mp(B; Z/p"), v €mi(E; Z/p"), § € m(E; Z/p").

Recall that by using the map A we define the internal H-space based Whitehead
product

[OZ, ﬁ} X = {Oé, B}XA S 7Tm+n71(E; Z/pr)
and internal relative Whitehead product

[, Y] ={a, v} A € M1 (E5 Z/p").
These are related as in [3.6] B.11] and

PROPOSITION 3.30. (a) Tl Blx = [, B] € Tmgn—1(B; Z/p")
(b) [mey, mu0)x = [, 8] € mpye—1(E; Z/p")

(©) [e, 8]y = [, w6 € Tmye-1(E; Z/p")

(d) 7ol 8]y = [0 720) € Tomye1 (B3 Z/07)

(e) [71'*’}/, ]T - [7;5] € 7Tk+lfl(E; Z/PT)

According to Neisendorfer [NeilOal, we also have standard Whitehead product
formulas:

PrOPOSITION 3.31. The following identities hold:

(a) [a, flx = —(=1)tmTDOHD[B, o]

(b) [a1 + az,Blx = [oq, Blx + |2, B]x

(©) [ [Bmllx = [l Bl,mlx + (~)HDEHDIE, o ]
forn e m;(B; Z/p")

(') fe, [B.79] = [l B,y + (=1) " FDCHDIB (a4,

(d) BDa, Blx = [BMa, Bl + (=1)™ o, BB« where BT is the Bockstein
associated with the composition P*(p") — P**+1(p") for appropriate k.
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PROOF. See [NeilOa]. Neisendorfer considers the adjoint Samelson products,
so there is a dimension shift. (]
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CHAPTER 4
Index p approximation

The goal of this chapter is to replace the co-H spaces G%] from 3:22 by a finite
wedge of Moore spaces in case n > 1. The iterated Whitehead products involving
G, are then replaced by iterated Whitehead products in mod p® homotopy, which
are more manageable. In 1] we construct certain modp™*~! homotopy classes
a(i) and ¢(i) for ¢ < k. This is a refinement of a similar construction in [GT10],
and leads to a ladder of cofibration sequences. In[4.2] we construct new co-H spaces
Li when n > 1, and introduce index p approximation. Using this we exploit the
fact ([The08]) that the identity map of BW,, has order p to reduce the size of the
set of obstructions. This allows for the replacement of the iterated relative and H-
space based Whitehead products based on Gy, with iterated relative and H-space
based Whitehead products in the mod p® homotopy groups for r < s < r+ k. The
case n = 1 is simpler and we show that T is homotopy-Abelian in the appendix.
Nevertheless, the constructions in Chapters F [ and [6l will be used in Chapter [1in
case n = 1 as well.

4.1. Construction of the co-H Ladder

In this section we will assume an arbitrary H-space structure on the Anick
space as given in [GT10] and use its existence to develop certain maps a(k) and
c(k) for k > 1. We begin with a strengthenin of [GT10| 4.3(d)].

PROPOSITION 4.1. There is a map
e: P2npk' (prJrkfl) V. P2npk+1(pr+k71) T
which induces an epimorphism in mod p homology in dimensions 2np* and 2np* +
1. Furthermore the composition of e with the map
E 2n+1 g7
T ——= 8 {p }
is null homotopic, where E is adjoint to the map E of Z13)(e).
PROOF. Recall by ZT3(g)
HL(T) = Z/plo] © Afu)

where |v] = 2n, |u| = 2n — 1 and B0+ (vP') = wwP' 1,
Using some H-space structure map p we consider the Hopf construction:

H(p): X(TAT)— XT.
Note that in homology
(H(p), (c@x@y) =0 p(r®y)
1The additional property that Fe is null homotopic is included here and will be needed in 4.3

35
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36 4. INDEX p APPROXIMATION

if |z| > 0 and |y| > 0. We now define homology classes
(VRS Hgnpk+1(E(T A\ T), Z/p)
B € Haupr (X(T A T); Z/p)
by the formulas
a=—-0® ,Upk_l ® vpk_l(pfl)

ﬁ =0® ,Upk71 ® uvpkil(P_l)_l

so we have
(H(w), o =0
(H(p

Also Bk~ () and B +R=1(B) are both nonzero. By EI3(d), S(T A T) is a
wedge of Moore spaces; consequently there are maps

)
)

), B=c®uw? L

a: PPP L (prtk=ly o ST A T)
b: P2t (prthely o ST AT)

such that « is in the image of a, and f is in the image of b,. Combining these we
get a map e

H
P2npk+1(pr+k71) \/P2npk (prJrk:fl) aVvb E(F/\T) (k) ST

such that o ® " and o ® wv?" =1 are in the image of e,. From this we see that
there is a homotopy commutative diagram

P2npk (pr+k—1) V. P2npk+1(pr+k—1) € ZT2npk

(4.2) by l
H(p)

(T AT) T

where e induces an epimorphism in mod p homology in dimensions 2np”* and 2np* 4
1. It remains to show that the composition

Y _
ST AT) 2L sp B gy

is null homotopic.
However, since E: T — QS?"*1{p"} is an H map by ZI3(e), there is a homo-
topy commutative diagram:

s A T) S EEL sqgm gy Aas )
H(u)l le')
ST 2 SOS2H ).
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4.1. CONSTRUCTION OF THE CO-H LADDER 37

where 1/ is the loop space structure map on 252"+1{p"}. Since QS*"*+1{p"} is a
loop space, the right hand map is part of the classifying space structure

S(QS2HpT} A QS prY) o B>
H(u’)l l
EQS2n+1{pT} . S2n+1{pr}

where Eo is contractible and the bottom horizontal map is the evaluation map.
The result follows since E is the composition:

ST —— QS {pr} — g2t {pry. O
Now recall from ZT3|(a) the maps
T 0c o7

with hg ~ 1. Restricting we get 2t I QG . Let i be the restriction of ¢
to Gk. Then we have

T T2ne*
| o
OG ——=OG QG
| o
T L 82y} == Q5> {7}

where the left hand square commutes up to homotopy by 2-I3|(e). Since hg = 1, we
get the homotopy commutative square:

2t 9 oG,

L Q‘Pkl
E 2n+1 T
T —2 Q82+ {pry,

Since e factors through ETQ"”k, we combine this with ] to see that the central
composition

/?Ek

})277,;0’C (pr+k71) Vi P2npk+1(pr;k71) . ETank Gk

ST — = o S2n+1{p'r}

factors through Ej. We state this as

Licensed to Univ of Rochester. Prepared on Thu Sep 12 15:07:34 EDT 2024for download from IP 128.151.13.59.



38 4. INDEX p APPROXIMATION

PROPOSITION 4.3. For any H-space structure on T with corresponding maps h
and g, there is a lifting of gre to Ey

" (prh—1y  p2pt+l(prk—1) By velh)

r2ne” Ik Gh.

In the diagram below, the left column is a standard cofibration sequence (L])
and the right column is a fibration sequence defined by the pinch map 7: Gy —
Gk/Gkrfl ~ P2npk+l(pr+k)

01

P2npk (pr+k) QPankJrl (prJrk)

pr+k—l
2np® (o r+k 02
P (ptth) J
oVaop
P2npk (pr+k—1)vp2npk+1 (pr.:,_k_l) a(k) V c(k) B, Tk G

*(51 V P T
P2npk+l (pT—HC) P2npk+1 (pr+l<:) .

The homological properties of e and [£3] imply that the bottom region commutes
up to homotopy since gx has a right homotopy inverse. The maps 6, and 6, are
induced from this region in the standard way. For dimensional reasons 6, factors
through Gy_1 C J and since

Ey 1 ——Gr

|

Ek - Gk
is a pullback diagram, 65 factors through Ej_;. 6; factors through
P2npk71 (prJrk)

also for dimensional reasons. We obtain

Licensed to Univ of Rochester. Prepared on Thu Sep 12 15:07:34 EDT 2024for download from IP 128.151.13.59.



4.2. INDEX p APPROXIMATION 39

THEOREM 4.4. There is a homotopy commutative ladder of coﬁbmtionsE

P2npk (pv"—i-k) P2npk (pv"—i-k)

p7‘+k71 [e%%
k Br Tk—1

Pan (pv"-i-k) Ek—l Gk—l

oVop l
p2np” (1 v p2npt+1 (1 a(k) V c(k) o Th e

-0 Vp i
P2npk+1(pr+k) P2npk+1 (prJrk)'

Furthermore, for any choice of retraction vi_1: Er_1 — BW,,, we can construct
a(k) and c(k) so that vg_18k ~ *.

PrOOF. We need only demonstrate the last statement. Suppose we are given
a map f: panp" (p"+*) — Ej_1 so that the diagram commutes up to homotopy.
Given a retraction vgy_q: Fr_1 — BW,, , we get a splitting

QEk—l ~ Qﬁk_l x W,

by Z13(j) where Rj,_; is the fiber of v;_;. We can then write 8x = B, — ¢ where
€ is the component of Bk that factors through W, and S, factors through Rj_;.
Since each map P2nP* (p"t*) — W, has order p, € has order p and thus p"t*~13, =
p"t*18, as r+k—1 > 1. Thus the upper region commutes up to homotopy when

B, is replaced by Bx. Since p"t*~le = 0, ¢ factors

/

oVof panp® (prE-1) v Pgnpk+1(pr+k—1) - S E,

P2np’C (pr+k)
as the left hand column is a cofibration sequence. We now redefine a(k) and c(k)
by subtracting off the appropriate components of ¢ and the middle region now
commutes up to homotopy. Since this alteration of a(k) and c(k) factors through
FE_1, the projections to G vanish when projected to p2np* (p"**) so the bottom
region also commutes up to homotopy. ]

During the inductive construction of v, we will be assuming that v; is defined
for ¢ < k and the alterations in 4] have been made so that f§j is in the kernel
of v,_1.

4.2. Index p Approximation

The goal of this section is to replace the co-H space Gy by a sequence of
approximations. The end result will be to replace GL?] by a wedge of mod p® Moore
spaces for r < s < r 4+ k. We begin with a cofibration sequence based on the
ladder @41 Throughout this section we will exclude the case n = 1. The case n =1
is dealt with in the appendix.

2In order to keep the notation from being too cumbersome we will sometimes write B, a(k)
and c(k) for the composition 7108k, mra(k), and mgc(k) if it will not lead to confusion.
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40 4. INDEX p APPROXIMATION

PROPOSITION 4.5. For k > 1 there is a cofibration sequence

P2npk (pr+k) &k Ly Ck G i P2npk+1(p7"+k)
where Ly, = Gj_y vV P?%" (p”rk*l)\/PQ”karl(pT*k*l), i is induced by the inclusion
of Gi_1 and the maps mra(k) and mrc(k), and «' = p" T+ 1r.

PRrOOF. This is a standard consequence of a ladder in which each third rail is
an equivalence (as in the usual proof of the Mayer—Vietoris sequence). O

PROPOSITION 4.6. If n > 1, there is a unique co-H space structure on Ly so
that the cofibration in s a cofibration of co-H maps.

PROOF. Let P be the pullback in the diagram:
P Gr VG

.

LkXLkﬁGkXGk.

There is a map 7n: Ly — P which projects to the diagonal map on Lj and the
composition:

Ck

Ly —— G —— Gy V Gy.

We first assert that 7 is unique up to homotopy. Since Lj is a wedge of Moore
spaces, it suffices to show that if e: Ly — P projects trivially to Gy V G and
Ly x Ly, it is itself trivial. Now the homotopy fiber of the map P — Ly x Ly is
the same as the homotopy fiber of Gy V Gy, — Gj x Gy, i.e., Z(QGE A QGy); we
conclude that e must factor through 3(QG; A QGy), and that the composition

Li —> 2(QG, A QGy) —— Gy V Gy

is null homotopic. This implies that € is null homotopic and hence ¢ is as well since
Q(G V Gi) — Q(Gy x Gy) has a right homotopy inverse.

The map (, is a 2np* —1 equivalence since p2npt+1 (p"**) is 2np* —1 connected.
Since L and G are both 2n — 1 connected, this implies that the composition

E(QLk A\ QLk) E— E(QLk N QGk) —_— E(QGk N QGk)
is a 2np* + 2n — 2 equivalence. Now consider the diagram of vertical fibrations:

S(QLg A QL) — S(QG, A QGL) —= S(QG, A QGy)

l | l

Ly V Ly P GV Gy
LkXLk:LkXLk GkXGk.

From this we see that the map L, VV L, — P is a 2np* + 2n — 2 equivalence. Since
n > 1, that implies that there is a unique lifting of n: Ly — P to Ly V L, which
defines a co-H space structure on Ly such that ; is a co-H map.
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4.2. INDEX p APPROXIMATION 41

Similarly, we observe that the 2np* + 2n — 3 skeleton of the fiber of the map
LiV Ly — G V Gy, is P27 (pr+k) v p2ne" (pr+k) 5o the composition

Pt (prtk) B Ly —— L V Ly
factors through P2nP" (pr+k) v P2n?" (pr+k) and such a factorization defines a co-H

space structure on p2npt (p"**). That structure, of course, is unique. So this & is
a co-H map with the suspension structure. ([l

Warning: Lj does not split as a co-product of co-H spaces. In particular, the
inclusion P2”pk+1(p”‘k_l) —> Lj, is not a co-H map. If it were, the map

P2npk+1(pr+k71) C(k) Ek Tk Gk

would be a co-H map, contradicting [AG95 2.2].
Write [k]: X — XX for the k-fold sum of the identity map.

DEFINITION 4.7. Suppose L —f> G —2~ YK is a cofibration sequence of
co-H spaces and co-H maps. We will say that f is an index p approximation if
there is a co-H map ¢': ¥G — L2 K such that Xg factors

/
va Lo seg s
up to homotopy. f: L — G will be called an iterated index p approximation if f is
homotopic to a composition

L=Ly—-ILi—...— L, =G

where each map L; — L;; is an index p approximation.
Thus, for example, (;: Ly — Gy is an index p approximation.

PROPOSITION 4.8. Suppose that f: L — G is an iterated index p approximation
and v: G — BW,,. Then v is null homotopic iff vf is null homotopic.

PrOOF. We will only consider the case when f is an index p approximation,
as the general result follows by an easy induction. Suppose then that f: L — G is
an index p approximation and g factors up to homotopy:

/

g [p]

3G 2K ¥2K.

Assume that vf is null homotopic, so we can factor v as

g 4
G —— YK —— BW,,.
Consider the diagram:

Qp] (93074

ON2K OYBW,, —= BW,,

17

YK BW,,

OX2K

g

G

Since BW,, is homotopy associative ([Gra88]), the upper composition is an H-map.
This composition is thus inessential if its restriction to XK is inessential. However
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42 4. INDEX p APPROXIMATION

this restriction factors through [p]: YK — XK. Since BW,, has H-space exponent
p ([The08]), we conclude that the upper composition is inessential. This v ~ /g
is inessential as well. ]

LEMMA 4.9. There is a homotopy commutative diagram

(22K) ek (221() G
(EK) A GM) (EK) /\ G

2 2
Y2 (K o Q) ﬂ> ¥2(K o G)

where the equivalences are co-H equivalences.

PRrROOF. The vertical equivalences follow from These equivalences are nat-
ural for co-H maps. However [p]: XH — X H is a co-H map since H is a co-H
space. U

LEMMA 4.10. Suppose Gi ——= G5 —ﬂ> G is a cofibration sequence of co-
H spaces and co-H maps. Then for each co-H space H,

GloHO(—Ol>GQOHLG3OH

loao

HOG1—>HOG2—5>HOG3
are both cofibration sequences.

PROOF. In the extended cofibration sequence, the composition of two adjacent
maps is null homotopic

Yo B

a p il $Gy NGy

Go Gs

Gl ZC;1

and all maps are co-H maps. It follows that the same is true for the sequence:

GroH°Laom L Guom 10N (SGh) o H — .
where £(G1o0H) ~ Gy AH ~ (£G1) o H. Since this sequence also induces an exact
sequence in homology it is a cofibration sequence. The other case is similar. O

ProrosiTiON 4.11. If f: L — G is an index p approximation, the maps f o
1:LoH—-GoH andlo f: HoL— H oG are index p approximations as well.

PRrROOF. Factor Xg as

/

g [p]

3G 2K 2K

and consider the diagram

Sgo1l
(2GQ) o H 222 (32K) o H ~ ¥2(K o H)

el

(2G) oH—> (X2K)oH ~¥%(KoH)
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4.2. INDEX p APPROXIMATION 43

where the right hand square commutes by L9l The map
Ygol: (2G)oH —(X?K)oH
is the cofiber of f o1, and ¢’ o1 is a co-H map since ¢’ is a co-H map. Thus fol
is an index p approximation. The other case is similar. O
COROLLARY 4.12. Suppose L —f> G is an index p approximation. Then
fll Ll s gl
is an iterated index p approximation.

PRrRoOOF. We first observe that

Loall LY ol — gli+y]
is an index p approximation by .11l We then see by induction that
LUGU = Lo (LF-1G0) —~ Lo (L[if2]G[i+1]) — -1+l

is an index p approximation. Finally

L pli-1g
is an iterated index p approximation by induction since it factors as

LW = Lo (L) — Lo (Lli~2@) = LG,
Consequently
L pi-lg o pi-2gl o o 1 ogli—t_ gl
is an iterated index p approximation. (|
THEOREM 4.13. Suppose
QX = F—-=G

is a principal fibration classified by a map p: G — X where X is an H-space with
strict unit. Suppose f: L — G is an index p approrimation. Then, for any map
v: B — BW, the compositions

QG AQG) —= E —Y~ BW,

s null homotopic iff the composition

D(Qf AQS)

S(QL A QL) 2(QG A QG) E BW,

is null homotopic.

PROOF. Suppose the composition

S(QL A QL) — X(QG A QG) —— E —Y~ BW,
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44 4. INDEX p APPROXIMATION

is null homotopic. Let a: G — G be the identity map and f = «f. Since
f: H— G is a co-H map, there is a homotopy commutative diagram:

ad;”*(B) ({8, B} ) 5

Ll (QL A QL)
f[i]l l
ad 2 (a){eo, a x
Gl i QIR G 2 Y(QG A QG)

by B.6(d) and BIT)(d). Since f is an index p approximation, £ is an iterated index
p approximation by T2} thus the compositions

ad'?(e)({a, a}x) r

Gl Y(QG A QG) E v BW,,
are null homotopic for all 7 > 2. The result then follows from O

We will use this result to transfer conditions on v, to the composition:

T
S(QLy A QL) — B(QG), A QGy) —> Ej.

We need to iterate this. We have to consider the issue that for (;: Ly — Gy to
be a co-H map, we need to use an exotic co-H space structure on Li. We will
show that the triviality of the composition above does not depend on the co-H
space structure of L. To see this, recall that the map I'y,: X(QGp AGy) — Ej was
defined in section based on the fact that Fj was defined by a principal fibration

QSZn+1{pr}_> Ek_> Gk

classified by a map ¢y : G, — S?"TH{p"} where S?"T1{p"} is an H-space with H-
space structure map chosen to have a strict unit. The fact that Gy, is a co-H space
was not used.

For any space X and map (: X — G, we can construct the pullback

Qs p} —= Q9= HpT}
| |
E(X) Ej,
L
X e

which is induced by the composition (. Consequently there is a map I'(X):
S(QX AQX) — E(X) and a strictly commutative diagram:

E(QX A QX) E—— Z(QGk N QGk)

r(x>l rkl

Jo

Consider the homotopy equivalence

Xk _ kal v P2npk (pr-l-k—l) vV P2npk+1(pr+k—l) ~ Lk
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where we give X the split co-H space structure, so this map is not a co-H map.
Nevertheless, we have a strictly commutative diagram

S(OX, A QXy) — S(QL A QL) — S(QG A QGy)
F(Xk)l F(Lk)l Fkl

since (i is an iterated index p approximation, we have

PROPOSITION 4.14. For any map v: Ey — BW,,, v’y is null homotopic iff the
composition

(X
S(OX% A OXe) “ B(Xy) ~ B(Ly) — > By —Y > BW,

is null homotopic. O

We now define spaces with split co-H space structures (coproducts in the cat-
egory of co-H spaces):
k
W k) =\ P2 (et v PR e
i=j
G(j, k) =G;VW(j+1,k)
L(j,k)=L; VW(j+1,k).
Consequently we have homotopy equivalences
G(j.k) =~ L(j + 1, k)
which are not co-H equivalences, and index p approximations

. GVl .

This leads to a chain:
fr G(0,k) ~ L(1,k) — G(1,k) ~ L(2,k) — ... = G(k — 1,k) ~ L, — G}.
THEOREM 4.15. Suppose n > 1. Then for any given map v: Ey, — BW, the

composition
SQGAQG) — B Y~ BW,
is null homotopic iff the composition
S(QfFAQ
SQG0, k) A G0, B) — L 06, AOGY) — s By — > BW,

is null homotopic, where
k
G(O, k) _ P2n+1 V. \/ P2np” (prJrifl) V. P2np‘+1(pr+i71)
i=1
and the map f: G(0,k) — Gy, is defined by the inclusion of
P2n+1 — GO . Gk:
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46 4. INDEX p APPROXIMATION

and the maps mic(i) and mra(i) for 1 <i < k:

af(i) Tl

P2npi (pr+i—1) E1 Ek

Gy

P2npi+1(pr+i71) (i) E; E, Tk

Gy. O
Let E(0, k) be the induced fibration over G(0, k). Define a lifting I":
E0,k) — E}
S(QG(0, k) A QG(0, k) —— G(0, k) —L= G

obtained by pulling back the composition of 'y, with X(Qf A Qf). Since G(0,k)
is a wedge of Moore spaces, the components of I' are H-space based Whitehead
products as defined by Neisendorfer [NeilOa]. This will be studied in the next
chapter.
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CHAPTER 5
Simplification

In this chapter we work with the obstructions obtained in Chapter @ These are
mod p* homotopy classes for r < s < r+k. In section[5.Jl we define a quotient space
Dy, of G, and a corresponding principal fibration Jj over Dy. This has the property
that roughly half of the obstructions vanish in Jj; we then seek a factorization of v
through Jg. In section we introduce a congruence relation on homotopy classes,
and show that we need only consider the obstructions up to congruence homotopy.
This leads to a shorter list of obstructions. Congruence homotopy will also be useful
in Chapter @] since the properties of relative Whitehead products are simpler up to
congruence homotopy.

5.1. Reduction

The inductive hypothesis ([6.7) in the next chapter is a strengthening of Propo-
sition 2.I2] so in particular, we will be assuming that we have constructed a re-
traction vy_1: Ey_1 — BW,, such that v,_;I';_1 is null homotopic. In section [£.1]
we constructed classes a(i), ¢(i), and f; for i < k and in section we reduced
the constraints on the construction of vy to a condition involving the maps a(7)
and c(i). Some of the material in this section and section can be found at
arXiv:0804.1896.

We now make a further simplification by burying the classes ¢(i) in the base
space. Specifically, we define a map

k
c: Cp=\/ PP (pr ) — By
i=1

by the compositions

P2npi+1(pr+i—1) (1) E; Ey,

and defind] Dy, by a cofibration

Oy 2 Gy ——= Dy,

IThe spaces Dy, were first defined in [Ani93], but were abandoned in [GT10] as the related
spaces G have better properties. As we will see, the spaces Dj have smaller homotopy which is
useful in our analysis.

47
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48 5. SIMPLIFICATION

PRrROPOSITION 5.1. There is a homotopy commutative diagram of cofibration
sequences

r+k—1
P2npk+1(pr+k71) P N P2npk+1(p'r+k:) g X P2npk+1(p)

| | |

o ke G Ds
I T
Ck71 bl Gk—l Dkfl

and
Z/p" ifi=2n
Hi(DiiZy)) =S Z/p  ifi=2np’, 1<j<k
0 otherwise.

PROOF. The composition

P2npk+1(pr+k—1) c(k) By Tk

Gk m P2npk+1 (pr-l-k:)
is p by 44l The homology calculation is immediate. O

Since @p 7y is null homotopic, we can extend ¢y to a map
@;c: Dk s 52n+1{pr}.

Any such extension defines a diagram of vertical fibration sequences:

B, Tk Jo—2 R,
R
(5.2) e D), =——— D,

o) | |

S2n+1{pr} S2n+1{pr} 52n+1

PROPOSITION 5.3. We can choose an extension ¢}, of ¢}, in such a way that
the composition

(k
L)>Ekl><]k

p2ﬂpk+1(pr+k71)
is null homotopic.
PrOOF. We begin by defining D by a pushout square:
Gy, D

]

Gr—1 —> D1
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Using the lower right hand square in [5.0] and the pushout property, we see that
there is a cofibration

P2np’“+1(pr+k—1) a D Dk

where « is the composition:

c(k) Tk

P2npk+1(pr+k71) Ek Gk D.

We use the pushout property to construct ¢: D — S?"*1{p"} by ¢} | on Dj_4
and ¢y, on Gj. We seek a map ¢, in the diagram

Ey J Jx
“| | |
Gy, D Dy = D U, CP2w" +1(prih=1y
%Okl SOL %l
SEp't == " Hp"} —=5"""{p"}
We assert that we can choose ¢}, so that the composition

k
P2npk+1(pr+k71) C() Ek J Jk

is null homotopic. Note that « is homotopic to the composition

P2npk+1(pr+k71) C(k) Ek J D.

The assertion then follows from

LEMMA 5.4. Suppose J ——= D is a principal fibration induced by a map
¢: D—S. Suppose c: Q — J and D’ is the mapping cone of wc. Then there is a
map ¢’ : D' — S with homotopy fiber J' such that the composition Q — J — J’
is null homotopic in the diagram:

D——=1D
<Pl 7
S — S.

Proor. J = {(d,w) € D x PS | w(l) = ¢(d)} so ¢(q) has components
(c1(q),c2(q)) where c1(q) € D, ca(q) € PS with c2(q)(0) = * and c2(q)(1) =
o(c1(q)). Write D' = D U, CQ with 0 at the vertex of the cone and a(q) = ¢1(q).
Now define ¢': D' — S by ¢'(d) = ¢(d) for d € D and ¢'(q,t) = ca(q)(t). This is
well defined and we can define a homotopy

H:QxI—-J cD xPS

by the formula
H(q,t) = ((q,1), c2(q)¢)
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where ¢a(g); is the path defined as c2(q):(s) = c1(q)(st). O
This proves the lemma and hence the proposition. O

Now assume n > 1 and define
k
(5.5) Uy = P>ty \/ P2 (prist),
i=1
so G(0,k) = Uy V Ck, and we have a homotopy commutative square

G(0,k) —= Gy,
Uy —2—~ D,

where the left hand vertical map is the projection and a is defined on
P27’ (pr+i=1) as the composition:

p2npi(p7"+i—1) a(i) B~ &k Dy

From this we construct homotopy commutative diagram:

I
S(QG(0, k) AQG(0, k) —= S(QG, A QG) —> B,

w T R

r
S(QUR A QUY) S(QDy, AQDy) —2> J,,

PROPOSITION 5.7. Suppose that n > 1 and there is a retraction

Yk * Jk; — BWn
such that the compositions
U,Lj] {a,...,a,{a,a}x}r T Vi BW,
are null homotopic for each j = 2. Then the composition
Ty
S(QGE AQGy) —= B, —2= J, —%~ BW,

is null homotopic.

ProoF. By (56) and ELTHl it suffices to show that the composition

T
S(QUR, A QUy) — S(QDy, A QD) —> J,, —~> BW,,
is null homotopic. Define E(Uy)y as a pullback:
E(Ux) — Jk

|,

U, —2%—> Dy
Then by naturality, it suffices to show that the composition

INQY
S(QU A Q) ~ L B — J = BW,
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is null homotopic. But since Uy is a co-H space, we can apply B.22] to finish the
proof. O

Now write U, = X P, where
k
P, = P2n V. \/ P2nplfl(pr+ifl)
i=1
so UM =SSPy A+ AP, by B3
Using the splitting of Py into k + 1 Moore spaces, we obtain
PROPOSITION 5.8. Suppose n > 1. Then the map
{a,...,a,{a,a}x},: U,E,j] = EP,gj) — Ji

when restricted to one of the (k+1)7 iterated smash products of Moore spaces is an
iterated external Whitehead product of the form

{xlw-~,$j—2,{3?j71,$j}x}r
where each x; is either &yra(i): PP ~1(prTi=1) > Dy for 1 < i < k or the

inclusion P?"t1 — D,.. O

By applying B:26] we resolve these external Whitehead products into internal
Whitehead products.

THEOREM 5.9. Suppose n > 1. Then the restriction of the map
{a,...;a,{a,a}x}r: TPy A+ NPy — Ji

to any Moore space in any decomposition of XPy A--- A Py is homotopic to a linear
combination of weight j iterated internal H-space based Whitehead products

(@1, .. @0, [xj—1, 25 x]r

where each x; is one of the following: &pTra(i)pt, ExTral(i)d, p, v for 1 <i < k
and for appropriate values of t.

ProoF. This is an easy induction on j using [3.20] ]

5.2. Congruence Homotopy Theory

The results of section 5.1l and in particular (.9 indicate that the obstructions
to constructing a suitable retraction v, = 7, are mod p® homotopy classes in Jj
for r < s < r + k. These obstructions are iterated compositions of relative and
H-space based Whitehead products. However, they are not Whitehead products
of maps into Jy in general. Since BW,, is an H-space, any Whitehead products
of classes in J, will be annihilated by any such map 7. We are led to a coarser
classification. We introduce a congruence relation among homotopy classes so that
it is only necessary to annihilate a representative of each congruence class. A
remarkable and useful feature is that the congruence homotopy of Jj is a module
over the symmetric algebra on 7 (QDy).

DEFINITION 5.10. Two maps f,g: X — Y will be called congruent (written
f=g) if f and Xg are homotopic in [XX,XY]. We write e[X,Y] for the set of
congruence classes of pointed maps: X — Y and

ey (Y3 Z/p®) = e[P*(p*), Y].
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Clearly congruence is an equivalence relation and composition is well defined
on congruence classes. This defines the congruence homotopy category. It is easy
to prove

ProPOSITION 5.11. Suppose f = g: X —Y and h: Y — Z where Z is an
H-space. Then hf and hg are homotopic.

Consequently, it is sufficient to classify the iterated H-space based Whitehead
products of up to congruence. We will also need to consider congruence in a dif-
ferent way in section 6.3l In constructing v; we will make alterations in dimensions
where obstructions of level k — 1 may resurface. This is a delicate point which has
needed much attention. For this reason we need to develop some deeper properties
of congruence homotopy theory.

PROPOSITION 5.12. The inclusion Y,V Yy —i>Y1 x Yy defines a 1-1 map
te: e[ X, Y1 VYs] = e[X, Y] x Y3]. Furthermore, if G is a co-H space e|[G, X] is a
Abelian group and

e[G,Y1 V Ya] 2 €[G, Y1 x Ya] 22 €G, V1] @ €[G, Y.

PROOF. Suppose f,g: X — Y7 VY5 and the compositions:
5 ,
nx =L S(Y; V Ya) —2ts S(V; % Ya)

E .
DX 2o 5(Y; VYs) —2s 5(V; x Ya)

are homotopic. Since ¥¢ has a left homotopy inverse, ¥ f and ¥g are homotopic.
The co-H space structure on G defines a multiplication on [G, X] and the map

(G, X] —[G, 05 X]

is multiplicative. However [G,QXX] is a Abelian group by a standard argument.
Since e][G, X] is a subgroup of [G,QXX] = [EG,XX], it also is Abelian. Finally
observe that the composition

elG, Y1) ® e|G,Ys] — e|G, Y1 V Y] = e[G, Y] x V3] — €|G, Y] @ e[ G, Ys)

is the identity where the first and last maps are defined by naturality. Thus the
composition of the first two is 1-1. But this composition is also onto since any
element of e[G, Y] x Ys] is represented by a map G — Y7 x Y3 so all these maps are
isomorphisms. O

PROPOSITION 5.13. Suppose G and H are co-H spaces. Then composition
defines a homomorphism:

e|lG, Hl @ e[H, X]| — €[G, X].
PrOOF. The only issue is the distributive law

(B1 + B2)a = Bra+ Baa
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for : G— H and (1,P2: H— X. To prove this we show that the following
diagram commutes up to congruence:

G @ H

GvGe-YY gvH

This certainly commutes after the inclusion of HV H — H x H. Thus it commutes
up to congruence by B.12] (Il

This will be useful when G and H are Moore spaces.

COROLLARY 5.14. The category of co-H spaces and congruence classes of con-
tivous maps is an additive category.

PROOF. GV H is both a product and co-product by (£.12] and composition is
bilinear by (.13 a

The following result will be needed in (.19 and in section

THEOREM 5.15. Suppose p: $2X — P?™(p"*t) has order p". Then there are
maps @1: X2X — P2™(p") and py: X2X — S?™~1 such that
¢ =p'p1 + tam—192.
PRrROOF. According to [CMN79bl 11.1] or [Gra99, 1.2], there is a fibration

sequence

QPQm (pv"+t) 0 SQm—l{pr+t} %% ™ P2m (pv"+t)
where W is a 4m — 3 connected wedge of Moore spaces and 7 is an iterated White-
head product on each factor. In particular, 7 is null congruent. A right homotopy
inverse for 0 is constructed as follows. Given any map 6: U — V, there is a natural
map from the fiber of 6 to the loop space on the cofiber:

®: Fy — Q(V Uy CU).

This defines a map ®: S?m~1{p"*+} — QP?™(pr+!) and 9P is a homology equiva-
lence since S?™~1{p"**} is atomic. This defines a splitting of QP?™(p"**) and we
have a direct sum decomposition

[Z2X, W] & [2X, §*m Hp ] —— [B2X, P2 (pr )]

(04’6) 4,0:7Ta+qf)\B

where @ is the adjoint of ®3: X — QP?™(p"*+!). Since ¢ has order p”, both «
and (8 have order p”. Since 7 is null congruent, we have

¢ = ®p.
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54 5. SIMPLIFICATION

Now consider the diagram of fibration sequences:

f SZm—l{pr-i-t} pT R S2m—1{pr+t}

| L,

Smel

* ~ p7‘+tl pr+tl pr+tl

S2m71{pr} N S2m71 p N S2m71.

From this we see that F' ~ S?™~1{p"} x QS§?m~1{p}. We choose a splitting of F
as follows: define a map p' by the diagram of vertical fibration sequences:

t
Smel{pr} P . S2m71{p'r+t}

l !

S2m— 1 SQm— 1
t
g2m—1 p g2m—1.

The map p’ factors through f and defines a splitting. Thus the composition

S2m71{pr} > QSmel{pr} = . F _f> S2m—1{pr+t}
is homotopic to the map
SPMHpTE x 082
P SZm=LeprHt) s §2m=lfprity B §2m=1 1ty
where §; is the composition
Q82m=1{pr} _Om_qg2m-1 _t S2m—1{pr+ty,

Since § has order p”, it factors through F' and we conclude that £ is homotopic to
a composition:

D¢ S2m—1{pr} X Qs2m—1{pr}
b X 6
P X tE SZm—l{pr-i-t} % S2m—1{pr+t} X S2m—1{pr+t}'
This map is homotopic to the sum of the two compositions
t
ZX Smel{pr} P S2mfl{pr+t}

D¢ QSzmil{pT} QS2m71 Smel{prth}.
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5.2. CONGRUENCE HOMOTOPY THEORY 55

By the naturality of ®, &3 is homotopic to the sum of the maps

~ Qpt
D¢ L QP2m (p'r) %/J. QP2m(pr+t)

Y2 QLZm—l
R —

¥X Qg2m-1

QP2m (pr-i-t).
Thus ¢ = g% which is homotopic to ptp1 + tam_102. O

At this point we will examine relative Whitehead products in congruence ho-
motopy. This will be applied to determining the congruence homotopy classes of
the obstruction in Theorem

Recall that relative Whitehead products are defined in a principal fibration:

QX ——=F——-1B

classified by a map B — X.
We define a Z/p” module M, (B) by

My, = Ti1 (B Z/p") = mm (2B Z/p").

PROPOSITION 5.16. The relative Whitehead product [« §], induces a homomor-
phism:
M, ® en(E; Z/p") — empmik(E; Z/p")

which commutes with the Hurewicz homomorphism; i.e., the diagram
M, @ en(E; Z[p") ————— ek (E; Z/p")
l L
Hpn(QB; Z[p") @ Hy(E; Z[p") —— Hpn 1 (E; Z/p")
commutes where a, is induced by the principal action.

PROOF. To see that the pairing is well defined, it suffices to show that if X6 ~
then X[a, d], ~ *. Recall that [«,d], is given in by the composition:

A

pmtk A pmapk_ 0 _ pm, pk Q%9

OBxBE— s g
However, since there is a natural homeomorphism

Y(XxY)= X x XY,
Y[a, 8], factors through the map

pmox petl XX op SR

This map is null homotopic since it factors through Q2B x * up to homotopy. Clearly
the Hurewicz map factors through congruence homotopy and the homology calcu-
lation follows from [B.18] O

DEFINITION 5.17. A, (B) is the graded symmetric algebra generated by M, (B).

THEOREM 5.18. The relative Whitehead product induces the structure of a
graded differential A.(B) module on em,(FE; Z/p").
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56 5. SIMPLIFICATION

Proor. By B0l there is an action of M,(A) on em.(E;Z/p") and hence an
action of the tensor algebra. It suffices to show that

[, [8,7]e]r = (=1)""[B, [, 7] ]
where o € M,,, and 3 € M,,. However we have
[, [B, Yl = [ev [B, ™ (9)]]
= [, B], me (V)] + (=1)™"[B, [or, m (7)]]
by B30(c), (d) and B3IN(c). But [, 8] = m.[a, 8]x by B30(a), so we have
([, Bl ma ()] = [ma([a, B]), e (7))
= [[a, 8], 7]

by B30(b). Since [[e, B]x,7] is a Whitehead product of classes in m,(F; Z/p"),
[[ev, B]x,7] = 0. Thus

[, [B,7]r)r = (=)™ B, [, m (V)]
= (=)™, [, 7] ]r- O
Since the action of A.(B) is associative, we will also use the notation
a-y=[a]

to simplify the notation and distinguish this action from composition.

PROPOSITION 5.19. Suppose £&: H' — H, 6: H— E and a: XP — B. Then

(a) {o, 08}, ={,0},(1NE): ANH — E.

(b) Suppose P = P™, H = P* and H' = P*. Then there is a splitting PN H =~
pmtky prtk=1 such that

[a, 6€] = [, 0] (E2™8) V [B(e), 6] (€")

where ¢': Pt pmtk—1

REMARK. These relative Whitehead products are not homotopic in general
unless & is a co-H map.

ProOF. Using [3.16] we construct the following diagram:

PAH PxH—2"° aBxE
\
1AE 1x¢ E
/
, 0 ,  axdg r
P — pxm QOB x E

The two right hand regions are commutative. We claim that the left hand region
commutes up to congruence. Since P X H is a co-H space, there is a homotopy
equivalence

PxH~PANHVH
given by the sum of the map pinching H to a point and the projection onto H.
Since the composition

PAH-ePxH—~PAH
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5.2. CONGRUENCE HOMOTOPY THEORY 57

is a homotopy equivalence while the composition

P NH-sPxH—~H

is null homotopic, both compositions in the left hand square become homotopic
when composed with the map

PxH-—>PANHVH—>(PAH)xH.

The result then follows from [£.12]
For part b, we split P™ A P* by the composition

AVA 1VEALl
_— _—

Perk vV Perkfl P™ A Pk vV mel A Pk P™ A Pk

(compare to B28) [a, 6&], is given by precomposing {a, 6}, with A. The compo-
sition

A3

prtt A pm oy pt N8 pmoy pho pmiky pmekod

is congruent to a map with components ¥¢ and &': P+ — pm+k=1_The result
then follows from the splitting. O

In case n > 1, we now apply the A,(Dy) module structure to the study of
the congruence classes of the obstructions in Theorem 59 We will actually only
consider the subalgebra of A.(Dy) generated by v € Mas,, = mo,4+1(DrZ/p,) and
1= pv € My, 1. These elements generate a subalgebra

Z[plv] @ Np) C Au(Dr)
and e, (Ji; Z/p") is a module over this algebra. We define classes
= Tka(i)pifl: p2 Ji

= 71pa(i)d;_1: pp'—1 Ji

for 1 <i<k.

THEOREM 5.20. In case n > 1, the collection of congruence classes of the set
of obstructions listed in Theorem [5.9] is spanned, as a module over Z/p[v] ® A(u)

by the classes a(i) and b(i) of weight j > 2 for 0 < i < k, where the weight of a(7)

and b(i) are both one, except when i = 0 where the weight is two.

PrOOF. We first consider internal H-space based Whitehead products of weight
2. Recall that by B30(b) [y, k0]« = [7,d] which is null congruent, so we need
only consider weight 2 products [z1, 23]« in which at least one of z1, x5 is not in the
image of &. By B3I(a), we will assume that 1 = u or v. This gives the following
possibilities for weight 2.

m7 W7 [V7 fka/(l)] X3 [M7 é.ka(l)] X3 [Va gkrb(z)] Xy [/147 gkb(l)] X
for 1 <4 < k. Applying B30(e) again, we see that for j > 2 the class of

(@1, @0, [xj—1, 5] x]r
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58 5. SIMPLIFICATION

is null congruent if z; is in the image ov &. Thus each of xi,...,7;_2 must
be either p or v, and this class is in the Z/p[v] ® A(u) submodule generated by
(215 25]x O

We will refer to the submodule generated by a(k) and b(k) as the level k ob-
structions. In case k = 0 we have some simple relations:

PROPOSITION 5.21. p - b(0) = 0 and v - b(0) = 2u - a(0). Consequently the

submodule generated by a(0) and b(0) has a basis consisting of v* -b(0) and v* - a(0)
for k> 0.

Proor. By B30(c) and B3Tl(c), we have

o (i s = [y [ W xJr = [, [, pl)x = 0 since p > 3.
Likewise, by B30(c),
o v il x = [, [vs plx e = [, Vs ] x -
Using B.31(a) and (c) we get
[ (v, ] = [l v], il + [ [ pll o = =, [ 1]+ [ [, ] 5

SOZ/.L'[U,/L]X:[V,[M,U]]XZV'[M,M]X. U
Because of these relations we defind? z, = [v,u]x and yo = %[u, plx. Then
k=2 . 70)

Tp =V -Tp_1 =V a(0) and yr = - Tp_1.

PROPOSITION 5.22. In case n > 1, the level 0 congruence classes are generated
by x; and y; for j = 2 with the relations p-xp = v -y, and v-y, = 0. Furthermore
Bz; = jy; and By; = 0.

ProoF. We have

k—2

1 4
Ty =V /L'l‘gEal/kl'[

1y 1] =il o=y

and

1 k—2

oy = ey = SvM e [l = 0

by 6211 These relations imply that the z; and 3, are linear generators. We will

see in section that they are actually linearly independent.
Likewise,

By = (k—2)v* % 20 + 772 [, ) = (k — 2)p - 21 + 2y = ke
and
Byr = (k= 2)U* 2 [, p]x = 0. O

2The class xj: P?"%F — Dg = P2"*! js the adjoint of the similarly named class
in [CMINT79b].
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CHAPTER 6

Constructing v;

In this chapter we assemble the material in the previous chapters and construct
a proof of Theorem A. In we introduce the controlled extension theorem and
apply this in case & = 0. This case is simpler since Dy = Gg, and serves as a
model for the more complicated case when k > 0. We recall a space Fy (called
F in [GT10]) and construct vy over the skeleta of Fy as in [GT10]. However we
choose 1y so that it annihilates x,, and y,, for each m > 2, and conclude that 1y I'g
is null homotopic.

In we establish Statement which depends on k. We will prove by
induction. Several important properties will be derived from this statement along
the way. In particular, we construct Fj, and calculate its homology. This allows for
a secondary induction over the skeleta of Fj.

In [6.3] the calculations are made to construct v, = ving so that it annihilates
the level k obstructions. At this point it is necessary to show that the level k — 1
obstructions do not reappear. This requires a careful analysis of the congruence
class of the level k — 1 obstructions. Theorem and Corollary provide
the necessary decompositions, and the issue is resolved by [6.401 The induction is
completed by and [6.43]

6.1. Controlled Extension and the Case k£ =0

In this section we will introduce the controlled extension theorem and apply it
to the simplest case: the construction of a retraction map

I E() — BWn

such that the composition

T
S(QGo A QGo) —2 By —2> BW,,

is null homotopic. This case is considerably simpler than the case £ > 0 and
will serve as a model for the later cases. The controlled extension theorem is
an enhancement of the extension theorem (2I]), and our construction of v is a
controlled version of the construction of vy = v¥ of section 3 of [GT10].

THEOREM 6.1 (Controlled extension theorem). Suppose that all spaces are lo-
calized at p > 2 and we have a diagram of principal fibrations induced by a map

59
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60 6. CONSTRUCTING -~y
p: BUpe™ — X:

L

Ey— > E

|

B——>BUge™.

Suppose dim B < m and we are given a map x: P™(p*) — E with s > 1 such that
mx: P™(p®) — B Uy e™ induces an isomorphism in modp cohomology in dimen-
sion m. Suppose also that we are given a map ~yy: Eg — BW,,. Then:

(a) There is an extension of vy to v': E— BW,.
(b) Suppose also that we are given a map uw: P— E and a subspace Py C P
such that the composition

/

2l

Py P—-E BW,

is null homotopic and such that the quotient map q: P — P/Py factors
up to homotopy as

!
u q E/EO ¢

P P/PRy

for some map €. Then there is an extension 7y of vy such that yu ~ x.

PROOF. Clearly the map my: (P™(p®),S™ 1) — (B Uy e™, B) induces an iso-
morphism in homology, so the existence of 4" follows from the extension theorem
2.3).

To prove part (b), we suppose 7' is given and we construct 7 as the composition:

%€

1 .
E EXE/Ey "% BW, xP/Py — > BW, x BW, —> BW,

where n: P/Py— BW,, is defined by the null homotopy of v'u|p, and + is the
H-space division map. Clearly ~y|g, ~ 7. To study 7|p, consider the diagram

A ’Y/><£ 1><’f] ER
E—2 > Ex BE/BEy " BW, xP/Py —'> BW, x BW,, ——> BW,,

1xn

P—2 . pxp " Bw,xP/Py—1s BW, x BW, — > BW,,

where the lower composition of the first 3 maps factors through the diagonal map
of BW,,, so the lower composition is null homotopic. (Il
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6.1. CONTROLLED EXTENSION AND THE CASE k£ =0 61

Now we will apply this in the case k = 0. Recall the spaces (5.2)). In this case
Do = G() = P2n+1 and J() = Eo!

02 g2n+1 Eo 7o Fy 0g2n+1
P2n+1 _ P2n+1 P52n+1
§2n+lpry Gg2n+1 P’ §2n+1.

These spaces were introduced in [CMN79a] where Ej is called E2"*1(p") and F,
is called F2"*1(p).

Z(p) zfz =2mn

PROPOSITION 6.2. H (Fy; Z(,) =
(Foi Zp) {0 otherwise.

Proor. This is immediate from consideration of the cohomology Serre spectral
sequence of the middle fibration, which is induced from the path space fibration on
the right. All differentials are controlled by the path space fibration. O

We filter Fyy by setting Fy(m) to be the 2mn skeleton of Fy and define Fy(m)
to be the pullback over Fy(m)

Q2s2n+1 9252n+1

L

Eo(m) ——— Eo

L

Fo(m) ——Fy

Since Fy(1) = S2", this fibration in case m = 1 is the fibration which defines BW,,
(see Z3)

Q2s2n+1 N S4n—1 % BWn S2n 5 QS2"+1.

We consequently define vg(1): Eg(1) — BW,, by retracting onto BW,,. Clearly
vo(1)ys is null homotopic since yy: P*"~! — Ey and BW,, is 2np—3 connected. We
will use [6.1] to construct vo(m): Eg(m) — BW,, such that vo(m)y; and vo(m)z;_q
are null homotopic for ¢ < m + 1.

PROPOSITION 6.3. For each m > 2, there is a retraction
vo(m): Eg(m) — BW,
extending vo(m—1) such that vo(m), annihilates the classes T, and Ym41 from[B.22)

The proof of this result will depend on two lemmas.

LEMMA 6.4. The composition

X
P2 J E, 7o j2)

induces a cohomology epimorphism.
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62 6. CONSTRUCTING vy

Proor. To study 7oz, we use the principal fibration:

952n+1 . FO P2n+1

Clearly p: P?" — P2?"*1 lifts to a map x; : P?>" — F; which induces a cohomology
epimorphism. Then x; = [v, z;_1], for each j > 2 so we can apply BI8 to evaluate
z; in cohomology. O

Now let &; be the composition

QQS2n+1 X San ~ San v S2nj A QZSQnJrl San v SQ(jJrl)nfl

where the last map is obtained by evaluation on the double loop space.

LEMMA 6.5. The composition

, Yj+1 : ‘ ;
prU+H—1 2T B Eo(j)/Eo(j —1)

02G2n+1 y g2nj i) §2ni \y §2n(i+1)—1
induces an integral cohomology epimorphism.
PROOF. Since Fy(j) = Fo(j — 1) Ue*™d,
Eo(j)/Eo(j — 1) = Q28" x 27
by the clutching construction ([2.2]). From the homotopy commutative square

Eo(j) — Eo(j)/Eo(j — 1) ~ 8% x Q252" +!

| l

F(j) ——— %"

and we we see that the composition

P23 o By (j) —= Folj)/Bo(j — 1)
&

~ 02§2n+1  g2nj S2ni v/ S2n(j+1)71

is an integral cohomology epimorphism. Since the action of Q252"*! on Ey(j)
corresponds with the action of 9252"*1 on

Eo(5)/Eo(j — 1) ~ Q2821 i 5217,
we can apply B.I8] to see that the composition in question

&

p2n(i+1)—1 0282n+1  g2nj §2ni v/ S2n(j+1)71

induces an epimorphism in integral cohomology. ([l
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Proor of [6.3. We apply to the diagram

Q2SQn+1 _ Q2SQn+1

L

Eo(m - 1) —_— Eo(m

|

F()(m — 1)

)
Fo(m) = Fo(m — 1) Uy 2™

where 6 is the attaching map of the 2mn cell. Let x = x,,,: P?*™" — E(m). Choose
an extension v’ of 49 = vy(m — 1). Let P = p2mny p2m+hn—1 554

w: Pmn oy p2mitmn—1 Fm Y Ymil Eo(m);
let Py = S§2mn—1y §2(m+1)n=2 The composition
P2mn—1 5 San—l P2mn Tm EO (m)

is By, = my,, by 22 Since vo(m — 1)y, is null homotopic, the composition

/
P2mn—1 B P2mn me Eo(m) 75 BWn

is null homotopic. 3 factors: P?™"—1 — §2mn—1 _ p2mn g4 the composition

!
S2mn—1 R P2mn me Eo(m) ryg BWn

is divisible by p". However p-m.(BW,,) = 0, so this composition is null homotopic.
Similarly, since Bym+1 = 0, the composition

!

I By(m) — L~ BW,

S2(m+1)n72 5 P2(m+1)n71
is null homotopic. Thus the composition

Tm Vv Ym+1

PO P Eo(m) %BWH

is null homotopic. However

P = p2mny p2mtin-1 _TmVYmit

Eo(m) ——
Eo(m)/Eo(m — 1) = 9232n+1 I><S2mn

induces an integral cohomology epimorphism by and

Composition with &, yields a map P — §2mn v §20m+1)n—1 54 yequired by B.1]
so we can choose an extension vo(m) of vo(m — 1) such that vy(m).(x,,) = 0 and
Vo(m)«(Ym+1) = 0. This completes the induction. O

COROLLARY 6.6. There is a retraction vy: Eqg — BW,, such that the composi-
tion

$(QGo A QGo) —2 By~ BW,

is null homotopic.
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Proor. By 63l (v0)«(zm) =0 and (1)« (ym) = 0 for m > 2. By E9 and

{V7"~7V7{V7V}X}r: 2GO/\/\ GO%EQLBWTL

is null homotopic for all 7 > 2. The conclusion follows from 5.7 O

6.2. Preparation for Induction

At this point we present a statement depending on k£ which we will prove by
induction. As pointed out in section[2.4] this will be stronger than Proposition
given there. This strengthening will be a factorization of the map vy through the
map 7;: Er — Ji. In case k = 0, Ey, = J; and 74 is the identity map, so this
alteration only applies when k& > 0.

STATEMENT 6.7. There is a map Vi : Jx — BW,, such that the composition

Tk Tk

I
L B Jk

QG * QG

BW,
is null homotopic and such that the compositions

2np* —2 €k Tk Vi
E." Er_1 Ey

Ik BW,

Tk—1 Ve—1

B s By s i S BW,

are homotopic for k > 1, where vg = vg as constructed in 6.0l
By B3l the composition

0282+l o Fy(1) VO—(U> BW,
is homotopic to v. Consequently implies in case k = 0. We will assume
that we have constructed ~; for ¢ < k, Having ~; we obtain v; = v;7; and construct
a(k), c(k) and By as inAl with v,_1 8k ~ *. We then define Dy and Ji and proceed
to construct y,. The construction is completed with
The procedure in section is a model for the inductive step. To proceed, we

will first need to prove:

Z( ) if i =2mn
6.8 H;(Fy; Z,) = p
(6.8) (Fii; Zp)) {0 otherwise.

We will then use an inductive procedure over the skeleta of Fj as in section
The proof of will be by induction on k. The case k =0 is At this point we
will assume in case k — 1.

PROPOSITION 6.9. Let Wi_1 be the fiber of vx—1. Then we have a homotopy
commutative diagram of vertical fibration sequences

T _ T —_— QSQTL+1
Rk71 Wk—l kal

e
Gr-1—= D1 =——=Dj_
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and two diagrams of fibration sequences

SZn—l Q2s2n+1 BW

o

Wi 1 —— Ji_ 1—>BW

L

Fp 1=——Fr

g2n-1 T Qg2n+1
L

Wi =Wy
I

Frq Dy S2nl

PrROOF. We define v;_1 to be the composition

Tk—1 Vk—1

Er_q Jr—1 BW,.

From this it follows that we have a commutative diagram of fibration sequences

Ry 1 —— Ej_ 1—>BW

Vk—1

Wy 1 —— Jp_1 — BW,,.

Consequently the square

Ry —— Wiy

L

Gr—1— Dy
is the composition of two pullback squares

Th—1
Ry 1 ——Ep 1 —— G

AP
Wit — Joy 25 Dy,

so it is a pullback and the first diagram commutes up to homotopy. The second
diagram follows from the definition of Wj_; and the third is a combination of the
first two. O

PROPOSITION 6.10. QF),_1 ~ 8?1 x QW,,_1.

Licensed to Univ of Rochester. Prepared on Thu Sep 12 15:07:34 EDT 2024for download from IP 128.151.13.59.



66 6. CONSTRUCTING

ProOF. Extending the third diagram of to the left yields a diagram

9252n+1 5 SQn—l

|

* Wi_1

L

952n+1 Fk—l;

both of the horizontal maps have degree p” in dimension 2n, so Wy_; is 4n — 2
connected and the map $?"~! — Wj_; is null homotopic. From this it follows
that QF),_1 ~ §2n—1 QWi _1. ([l
ProOPOSITION 6.11. The homomorphism
H*(kal; Z(p)) — H*(kal; Z(p))

is onto and

Zpy/p" T difj=2np* 0<s<k

H (Wi_1;Z)) = Zpy/ip” if j = 2ni, otherwise
0 otherwise.

PRrROOF. Consider the Serre spectral sequence for the p-local homology of the
fibration

Q&2+t Fi_1 Dy

Since Ef,’ o 1s only nonzero when p and ¢ are divisible by 2n, E;q = E;5,. We assume
the result (6.8) for the case k—1 by induction. Since Ep<, has finite order when p > 0
and H,(Fy_1; Z()) is free, all extensions are nontrivial. Let u; € H*"(Q5%"*1) be
the generator dual to the i*" power of a chosen fixed generator in Ho, (25%"*1), so

t+J
Uiy = ( i j) Ujt-j-

Using the nontrivial extensions in the Serre spectral sequence, we can choose gen-
erators e; € H*"(Fy_1; Z(,)) so that

r+k—1, .

. ) prtithy i ptT <i<p? d<k
(0r—1)"(es) = - k1
P u; ifi>ptT.

Since (dx—1)* is a monomorphism, it is easy to check that
iptTle; ifi=p° 0<s<k
€1€;—1 = § . .
ip"e; otherwise.
It now follows from the p-local cohomology Serre spectral sequence for the fibration

Sl __ S W, | — > Fi_,

that
iptTle; ifi=p° 0<s<k
don(ei-1 @u) = q . ' .
ip’e; otherwise.
From this we can read off the cohomology of Wj,_;. O
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PROPOSITION 6.12. The homomorphism

H2 (W13 Zy)) —— H2 (T3 Z )
is nontrivial of order p.
PROOF. From we have a homotopy commutative square

T — Qs2n+1

R

Wi—1 Fr_q

to which we apply cohomology

‘Han’C (T) H2npk (QSQn—i—l)
T
H2"pk (szfl) - H2npk (kal)

which we evaluate

Z[p"h <——Zyy)

=

7 /pr—Hc - Z(p)
where the two horizontal arrows are epimorphisms. The result follows. O
PrOPOSITION 6.13. The map T — Ry, extends to a map
T/T2npk—2 — Ry,
such that the composition
P27ka (pr+k) _ T27ka /Tank—z . T/Tank—Q — - R, ——>R,
is null homotopic.

PROOF. Since the fibration

T Ry Gr—1

is induced from the fibration over Gy, we have a homotopy commutative square

T/QGp—1 — Ry_1

L

T/QG), Ry.
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By 2I3[(a) the inclusion 72" =2 5 T factors through QGy_1, this gives a
homotopy commutative square

T/Tank—Q N Rk—l

L]

T/T2"Pk+l—2 > Ry
The result follows by restriction to T2np" /TZvak—z_ .

PROPOSITION 6.14. Let ay: p2np* (p"+*) — Ry_1 be the composition of the
first two maps in 613l Then the composition

p2rvt (prik) Ry Wi_1

is nonzero in p local cohomology.

PRrROOF. This follows from [6.12] using the diagram

11:)2”17’C (pr+k) T/Tank—Q T

U

Ry ——— Wiy

where the three spaces on the top have isomorphic cohomology in dimension 2np*.
O

ProOF OF [6.8. We assume the result for Fj_1 by induction. Since F} is the

total space of a principal fibration over Dy = Dy_1 U cpr (p) whose restriction
to Dy_1 is Fy_1, we have by 2.2]

Fi/Fioy = PP+ (p) x Q820+,
and consequently we have a short exact sequence
0 —— Hopm(Fr—1; Z(p)) — Honm(Fr; Z(py) — Z/p —=0
for m > p*, while

Hopm (Fr—15 Z(p)) ~ Hopm(Fr; Z())

for m < p*. We will prove that the extension is nontrivial. It suffices to show
that Ho,, . (Fi; Z(p)) ~ Z(p) since the module action of H,(25%"*1; Z,)) on both
H,(Fy-1; Z()) and H,(Fy; Z(,) implies the result for all m > p*. If this failed
we would conclude that Ho,px (Fi; Zp)) = Z(p) © Z/p. This would imply that the
homomorphism

H>" (Fy; Zy)) — H"" (Fio13 Z(y)
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is onto. We will show that this is impossible. Suppose then that this homomorphism
is onto and consider the homotopy commutative diagram

QSQn—i—l
L
O,
a
p2rvt (p"t*) b Ry W1 Fr_ Fy,
Ok—1 Ok
Gyoy ——> Dy =———=Dj_1 ——— Dj.

The map L exists since the composition into Dy, factors through the composition

Ri_1 Ry, Gy Dy;
thus this composition is null homotopic by Now if
H>" (Fy; Z(y)) —— H>" (Fi_1; Zy)
is onto then the entire horizontal composition
H2 (B Zpy) ——= H (P2 (074 Zp)
is nonzero by and [6.14] But §; factors:

O—
Qs2ntt L g F,

and (8p_1)*: H2P" (Fy_1; Z(p)) — H2%" (QS2+1; 7)) is divisible by prth—1.

Consequently the image of d; is divisible by p"tE=1: since L* % is nonzero and

Hank (P2npk (pr+k>; Z(p)) o~ Z/p’r‘~f»k7
we conclude that L* is onto. This is impossible for then the composition

k L Hpr— k—1

P2np (pr+l<:) 5 QSZn—i—l P 5 QS2np +1
would be onto, where H,x-1 is the James Hopf invariant. But there is never a map
PQmp(p'rJrk:) . 952m+1
which is onto in cohomology when r + k£ > 1 since the adjoint
P2np—1 (pr-i-k) R Q2s2m+1

would also be onto. Such a map would not commute with the Bockstein. Conse-
quently the extension is nontrivial and the cohomology is free. ([l
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COROLLARY 6.15. The induced homomorphism
Hapi(Fi—1; Zp)) — Honi(Fr; Z(p))
is an isomorphism when i < p* and has degree p if i > p~.
principal action defines an isomorphism

Furthermore the

Hopi (ST Z)) @ Hoppis (Fies Z(py) — Hoppie 20 (Fii Z(p)) U

This completes the first task of this section. Our second task will be to give
a sharper understanding of the spaces Ry_1 and, in particular, Wj_;. Recall that
by ZI3[(a), G—1 is a retract of »72net -2, Consequently we have a sequence of
induced fibrations from

T T T
Ri_1 Qr—1 Ry

]

Gpg —= ST 2 oy

from which we see that Ry_1 is a retract of Q;_1. Using the clutching construction
1), we see that Qy_; is homotopy equivalent to a pushout with £ = Qj_1 and
Eo=T=F

T Qr-1
d T
T % T27ka—2 T % CTZ?ka—Z

where ¢ is the restriction of the action map:
TxT?" =2 o TxQOG_ 4 —2=T.
Since the inclusion 727" =2 —= T factors through QGy_1, the composition
T2 T Qg

is null homotopic; by applying 2.2l we have an equivalence Qy—_1/ TP =2 ~ Qr_1V
RT27" =2 However, from the pushout diagram, we have
Qu1/T ~ T x ST>P" =2,
Restricting to the 2np* — 2 skeleton, we get
iTiplk*Q V. ET2npk’72 ~ (T % ET2npk72)2npk72
k k_
SO Qii”l 2~ (T A ZTQ”pk*2)2np ’ Now TAXT is a wedge of Moore spaces
by ZI3[(d) in section and only has cells in dimensions congruent to —1, 0,
k
or 1 mod2n. Consequently Qi’ipl Zisa wedge of Moore spaces, and the largest

r+k—1

exponent is the same as the largest exponent in ETQ"pk*Q, which is p . Since

Ry is a retract of Qr_1, we have proved
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2

k
PROPOSITION 6.16. R:™ ~% is a wedge of modp® Moore spaces P™(p®) for

r<s<r4k.

REMARK. There are no spheres in this wedge as there are no Moore spaces in
RT2%" =2 A T of dimension 2npk — 1.

PROPOSITION 6.17. The homomorphism in integral homology

Hi(Rk—1;Zp)) —= Hi(Wi-1; Z(p))

is onto for all i and split for i < 2np* — 1.
PRrROOF. Since Dy _1 is the mapping cone of the composition

k—1 , . _—
Cioi= \ PP tprtichy o gy gy,
i=1
we apply to the fibrations in

T:T

L

Ry —— Wiy

L

Gr—1— D1
and we can then describe Wj,_1 by a pushout diagram

T xC(Cxy) —= Wiy

! |

T x Ck—l Rk—1~

This leads to a long exact sequence
= Hi(T % Cy_1; Z(p)) —> Hi(Ri—1; Z()) ® Hi(T; Z(y))
— IA-L-(Wk,l; Z(p)) —= ~i,1(T X Cr—1; Z(p))-
We assert that the homomorphism
Hy(Wi—1; Zp)) — Hi—1(T x Cr—1; Z(p))

is trivial. By BG.11] fIi(Wk_l; Z(p)) is only nontrivial when i = 2sn — 1 for some
5 = 2. But Hygp oT x Cp_1;Z()) = 0 since there are no cells in these di-
mensions. Now since me: T' x Ci_1 — T is onto in homology, we conclude that

Hi(Rk,l;Z(p)) —= H;(Wi_1;Z()) is onto. To show that this is split when
i < 2np® — 1, we note that since H;(Wy_1;Z()) is cyclic by 611 it suffices
to show that the exponent of H;(Ry_1;Z()) is not larger than the exponent of
Hi(Wr_1; Zpy) for i < 2np* — 1. By B.11], we have

r+uvp(i) i#p°

exp(Hi_l(Wk_l;Z(p))):{r—f—s—l i=p° 0<s<k.
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But
exp (Hi—1(Ri—1; Z(p))) < exp (Hi—1(Qr—-1; Z()))
<exp (Hioa (TAST™ 7% 7))

when i — 1 < 2npk — 2. However

ipTHZTLi—l(ET AT Z(p)) =0
and

P T o -1 (ST AT Zyyy) = 0. O

2np®—2
" 7% is a wedge of Moore spaces.

PROPOSITION 6.18. W/~
PROOF. Since Hi_l(Ri"plk_z;Z(p)) — i_l(st’i —2 Z(p)) is split onto, we

2np* —2 . :
"p for each i representing

2np

can find a Moore space in the decomposition of R}

a given generator. This constructs a subcomplex of R % which is homotopy

equivalent to W%p -2, O

COROLLARY 6.19. W2”p = \/ P2’”( i) where

=2

S vp(i) ifi#p®, 0<s<k
Y ls—=1 dfi=p° 0<s<k

6.3. The Inductive Construction

In this section we perform the inductive step of constructing a retraction
Yi: Jp —= BW,, for k > 1. As in the proof of [6.3] we will apply to the fi-
bration

QZS2n+1 - ch - Fk

and do an induction over the cells of Fi. At each stage in this secondary induction
we will make choices to eliminate the obstructions from [.2()]

We will construct a map ~: Jr — BW,, which will annihilate the level k ob-
structions. However, v;_1 is not homotopic to the composition

Tk
Jk 11— Jk —— BW

so we will need an extra argument to show that 7, annihilates the obstructions
of level less than k. This is accomplished by some general results (628 and [6.37)
which decompose certain relative Whitehead products. This is applied in [6.40] to
control the obstructions of a lower level.

We presume that 441 has been constructed such that the composition

T'r_y Tk—1 Ve—1

E(QG}C,1 /\Qkal) FEr_4 Jr—1 BW,

is null homotopic. This defines the fiber Ry_1 of vy_1 = v, _17x—1 and we construct
Bk, a(k) and c(k) in accordance with 44l and Dy, Jy, and Fj, as in[5.2
We next construct a modification of [£.4] in this context.
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PROPOSITION 6.20. There is a homotopy commutative ladder of cofibration
sequences:

P2 (p) —— P (prH) T P (pr ) s R ()

B a(k)
By Ex
Tk—1 Tk

= Jpo1 ———————>Ji =
Nk—1 Mk
Fy 1 —— F},

Ok—1 Ok

p2rvt (p) Dy Dy, P2rvt 1 (p)

PRrROOF. The upper central square commutes up to homotopy by [£4] and B3]
and the lower central squares follow from (5.2). By a cohomology calculation, the
right hand square commutes up to homotopy. For the left hand region, observe
that the 2np”* skeleton of the fiber of the inclusion of Dj_; into Dy is homotopy
equivalent to p2np* (p); a standard argument with cofibration sequences shows that
the left hand vertical map can be taken to be the identity. O

COROLLARY 6.21. The compositions

a(k) Tk Nk

})277,;0’C (pr+k71) Ek Jk Fk

Bk Tk—1 Nk—1

paot (p" ") Ey_1 Jr—1 Fr4

induce integral cohomology epimorphisms.

PROOF. The first composition is handled by applying integral cohomology to
the right hand region of For the second composition we consider the upper
two parts of the middle region. The map ¢ has degree p in H 200" a5 does the map
Fy_1— Fy by Since r + k > 2, this is enough to imply the result. O

k
PROPOSITION 6.22. W,?:”i is a wedge of Moore spaces.

Proor. By[£4] By factors through Wy _1, and by B.11] and [6.21] the map:
nof [ - Br 2npk
panst (i) L W2
induces an isomorphism in Hy,,,x_1. The result follows from [6.18 (Il

We now filter F}, by skeleta and apply As in section [61] let Fi(m) be the
2mn skeleton of Fy, so

Fi.(m) = Fp(m — 1) U™,
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Let Ji(m) be the pullback of Ji to Fi(m), so we have a map of principal fibrations

Q2s2n+1 Q2s2n+1
(6.23) Jr(m —1) —— Ji(m

(m)
and using the clutching construction (2.I) we see that

Ji(m)/Je(m — 1) ~ Q2§+l g2mn

The obstructions that we need to consider at level k are the elements v - a(k) and
pv' =1 - a(k) for i > 1 where v and pvi~! generate Z/p(v) ® A(u) C A«(Dg). (See
(.18 and £.20).

PROPOSITION 6.24. The compositions

P2npk+2ni v a(k) Jx "k F

i—1
p2np*tani-1 WY ~a(k) Te(p* +i—1) q Q252n+1 o G2("+i—1)n

induce integral cohomology epimorphisms where q is the quotient map.

PROOF. The first composition is evaluated by [6.21] when ¢ = 0. In case ¢ > 0,
we use induction on i. We apply BII(d) to the diagram

4

S2n+1{pr} 5 SQnJrl

to see that n(v¢ - a(k)) = [v,nr* ! - a(k)],. The result then follows from B.I¥]
and The second composition is evaluated by using B.I8 again since uv*~! -

a(k) = [p, v La(k)],. O

COROLLARY 6.25. The composition

. . l/i -a ]
P2np’+2n2 ( ) Wj Wk:—l

induces an integral cohomology epimorphism when 0 < i < pI*t1 —pl and j < k;
likewise the composition

p2np’ +2n(i+1)-1 - aly) W; W1

is nonzero in modp cohomology in dimension 2np’ + 2n(i + 1) — 1.
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PROOF. By the induction hypothesis, v*-a(j) and ur*~!-a(j) are in the kernel
of ; for j < k, so they factor through W;. We then construct the diagram

P2n;ﬂj+2ni v (‘7) Wj kal
F} Fr1

when i < p/T! — pJ. Since the map F; — Fj_1 induces an isomorphism in co-
homology in dimensions less than 2np’*!, the first result follows from [6.24L The
second result follows directly from the first since there is a map of fibrations

S2n—1 9252n+1

L

W1 —— Jg—1

Fy 1=———Fy U
At this point we introduce a simplified notation analogous to the notation in
case k = 0. We define mod p” homotopy classes
zi(k): P — Jy,
yi(k): PP —
for i > 2 by the formulas
T; ifk=0
zi(k) = wxi(k—1) ifi <p”
yi—p* -W]f) ifi> pk
yi(k) = p-xi1(k).
Consequently, if p/ <1 < p/t < pF, 2;(k) = 2:(4).

We will often not distinguish between z;(j): P?*"* — J; and its composition
with J; — Jj for £ > j. However

y {E(k)— xi+1(k) 1f’L7épt—1 t<k
S et —1) ifi=pt—1 t<k

(6.26)

We will write T; (k) for x;(¢) with ¢ unspecified but ¢ < k, so v - z;(k) = Zira(k)
and similarly for g;(d).

COROLLARY 6.27. The compositions

P 2 ——> R,

prni-1 ¥ Jp(i = 1) — Ji(i — 1)/ (i — 2) = Q2§+ x §2n(i=D)
induce integral cohomology epimorphisms for all i > 2.

ProOF. This follows from and a
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The main technical tool in relating the x;(k) and y;(k) with z;(k — 1) and
yi(k — 1) will be the following

THEOREM 6.28. Suppose ( € Tyi1(Di—1;Z/p") = T (QDx—1; Z/p") with m >
0 and the composition

k
w2x P WP =2 —— oy

has order p". Then {(,p}r: P2 A X — Jy_1 is congruent to the sum

pF—1

{¢, 0} = Z {Coyilk — ) }paq + {Cowi(k — 1)}1.8;

where a: P™ AX2X — P™ A P21 gnd B8;: P™ AX2X — P™ A P2,

There are several steps in the proof of Under the inductive hypothesis,
x;(k — 1) and y;(k — 1) factor through Wjy_;.

PROPOSITION 6.29. The map

pk—l

=0 \/ Pty p
=2

yi(k —1) Va(k—1)

ank -2
w4

induces a monomorphism modp cohomology.

PROOF. Hm(Wka’ik*Q) is trivial unless m = 2ni or m = 2ni—1 for 2 < i < p¥,
in which case it is Z/p by 619 Each of these classes is nontrivial under either
xzi(k—1) or y;(k —1). O

We seek to compare the maps z;(k — 1) and y;(k — 1) to a natural basis for

ank72 . 2ni r+n; ank72 . k ]

W™ 7. Choose maps e;: P*™(p"t™) — W™ for 2 < ¢ < p® — 1 which
define the splitting of [6.19]

pF—1 N .

e \/ P =W
i=2

where n; = v, () if ¢ # p® and n; = s — 1 if i = p°. Now define a map

pF-1 N

A \/ p2ni §2ni-1 W;?Ti -2
=2

with components e;p"i : P?™ — W;._; and ejioni—1: SZ 1 — Wj_1.

k
PROPOSITION 6.30. Suppose ¢: 22X —= W™ 2 has order p". Then there is
a congruence
pF—1

v = Z eip" i + eiloni—15:
i=2
for some maps o;: 22X — p*™ and B;: 22X — S2ni-1,

k
PRrOOF. This follows directly from [£.12 and 515 since W,?f’i ~2 is a wedge of
even dimensional Moore spaces by [6.19 (Il
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COROLLARY 6.31. Ifn > 1, there is a diagram

k_1
\/ P2ni V, P2ni—1

=2

[1

— 2npk72
F = W,

R

p¥—1
\/ P2ni V; S2ni—1
i—o

K3
which commutes up to congruence, for some map F.

k_q

P , ,
PrOOF. If n > 1, \/ P27 v P?"~1 ig a double suspension whose identity
i=2
map has order p”. Thus [6.3T] follows from [6.30] O

In particular, we obtain a congruence formula by restricting .31 to P2

xi(k—1)=e;p™ + Z e;ip" oy + ejLani—10;
2<j<i
for some maps a;: P?" — P?" and ;: P*" — $?"~1 Actually, the coefficient
of e;p™ in this formula is a unit by a cohomology calculation. We can safely
assume it is the identity by adjusting the basis {e;}. We intend to use this formula
to replace the term e;p™ in by x;(k — 1) plus lower dimensional terms. This
is a matter of linear substitutions, and we explain this more clearly in a general
context. Observe that all the spaces in these formulas are co-H spaces and (.14

applies.
LEMMA 6.32. In an additive category, the formulas
N
x =" aipi + bib;

i=1

i—1
T =a; + Zaj%‘j +b;0;;

j=1

imply that there is a formula:

N
i=1

PrOOF. Use downward induction beginning with replacing ay with xy. O

Comparing with the formula for x;(k — 1) above and applying [6.32] we get

COROLLARY 6.33. Suppose ¢: ¥2X — W,?f’ihz has order p" andn > 1. Then
@ s congruent to a sum

pF-1

> ik — 1)B; + eitoni10;

=2
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where B;: X2 X — P? and 6;: $2X — §2mi~1L, O
PROOF OF We apply B.19%(a) to to obtain a congruence
pF—1
{C.o}r = D ¢ mi(k— D}LI7S; + {C eitani1 1 X70;.
i=2
But by 329
{¢ eitani—1}r = {C, €itani—1m2ni—1}r = {C, di}r
where

di = €iloni—1Toni—1 = €;fp"t: PPl — pni(prini),
Substituting we get

pF—1

(6.34) {Getr = Y {G @ik - 1)}LE"; + {¢,di}, 270
=2

We also apply [6.33] with ¢ = y;(k — 1) to get
yl(k — 1) = d1 + Z iCj(k — 1)@; + ejegnj,lg;
2<y<t
and apply .19 we get
(6.35)  {Cwilk =D} ={¢.di}r + Y (G (k= D} +{¢. ;9.
2<y<t

We now apply to and with z; = {¢,y:(k — 1)}r, a; = {¢,d;}r

and b; = {(,z;(k — 1)}, to obtain

pF—1

(6.28) ¢k =D {Cyi = (k= D}ai + {¢ ik = 1)}, 0
=2
In case ¥2X = P’ we can precompose with A

/\ Pe {C’ (p}’l‘

PerZ pm

Jr—1

to obtain
pF—1

Celr = D AGui(k = V3o + {2k — D}
=2

and apply B.19(b) to obtain
COROLLARY 6.36. Suppose (: P™ — QD;._; and ¢: P* — W,ff’l’kfz. Then
[C, @] is congruent to a sum

pF-1

D (G yilk = Dl + [B(C), yik = D)Bi + [G ik = Dy + [B(C), ik — 1)],6;

i=2
for some maps

. L 2ni—4£

Q;: Pm+ s Pm+ ni ,

Bi: Pm-i—@ . Pm+2ni—2’

vt Pm-i—@ . Pm+2ni
N
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and

5 Pm+€_> Pm+2ni71

COROLLARY 6.37. Suppose ¢: P! — Wlff’{k_z. Then

pF—1
v = Z $i+d(k’ —Day; + yi+d(k — 1),81
i=2
pF-1
and 1. p = 2:2 Yira(k — 1)7;.

1=

PROOF. In case d = 1 we apply The formula simplifies since S(v) = p
and p-y;(k—1) =0, while p-z;(k—1) =y (k—1) and v-z;(k— 1) = 211 (k= 1).
In case d > 1 we apply induction and ET9(b) with o = v and either

d=wipa-1(k—1)and { = a;
or

0 =Yira—1(k—1) and £ = f; 1.
O

We will use [637] to compare the obstructions at adjacent levels. Recall (@),
the map

PQ"pk(ka) O Ry_1 Wi—1;

Bk induces a cohomology epimorphism by [6.21] We apply [6.28 where ¢ is one of
the two maps:

Ar = Bup" = (k= 1)5 PP W2
Dy = By — g (k — 1)z P20 =1 o 2 =2,

The maps A; and Ay are uniquely defined as maps to Wy _; since each term lies in

the kernel of ;1. The fact that they factor through Wlff’{k_z follows from
and (In the case k = 1 apply and in place of [6.24]). Note that by
tBx = a(k)o where ¢: Jg_1 — Jg, so

(6.38)

Brp* = a(k)op* = pa(k)p* " = pa(k)

L,Bk(sk = a(k;)aék = a(k:)ék_l = ( )

Thus we have

(6.39) A1 = pa(k) — wwpe (k — 1)
tDo = b(k) — ey (k= 1)

We will filter Ji by spaces Jx(m) as in and construct maps
Yi(m): Jp(m) — BW,

by induction first on k and then on m. By design the map ~;(m) will annihilate the
classes T, (k) and ym1(k). However i (m) will not be an extension of yx_1(m)
and we need to know that the classes x,,(k — 1) and y,,41(k — 1) are also in the
kernel of y;(m).. For this purpose we establish the following
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LEMMA 6.40. Suppose m > p* and we have constructed
v Jip(m) — BW,

such that the kernel of (7). contains the classes x;(s) and y;y1(s) for i < m and
s < k. Then the kernel of (7). also contains the classes

Tm(k—1)
Ym+1 (k - 1)
Vi 58

v - b(k)
when j +pF <m +1.
PROOF. Let d = m — p*. Then we have
(k) = p(v* - a(k))
v (e (b — 1) + 1Aq)
o (b — 1) + - Ay

pF-1

=y, (k—1) Z Tiva(k — Doy + Y q(k —1)B;
1=2

by [6.206] and Since the identity map of BW,, has order p and each of the
classes Tjtq(k —1) and 7, , 4 is equal to x;14(s) and y;44(s) respectively with s < ,
we can conclude that (y').(zm(k — 1)) = 0. Similarly,

Pym1(K) = p ( -ak))
= (Lo (k — 1) +1A)
= Wmr1(k = 1) + oy’ - Ay

P k_q
= Wm+1(k Z Yirar1(k = 1)

by 637 Consequently (v')«(ym+1(k — 1)) = 0. Likewise, by we obtain

Tob(k) =17 - (ype (b — 1) + 1As)
-1
= ek =1+ 3 [ Y Ty (k= Doy + Gy (k= 1)B;
=2

which lies in ker(y), when p* + j < m + 1. Similarly

P k_1
M E Z yz+g+1 71
which is in ker(v'). when p* 4+ j < m + 1. O
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THEOREM 6.41. There are maps ~yi: Jy — BW,, such that vy restricted to
Jp(pF —1) = Jp_1(p* — 1) is homotopic to the restriction of v,_1 and such that the

compositions
. k
P2npk (p’l‘Jrkal) a(k) o Tk Ji Tk BW, (]f > 1)
pomi 1) Jy—2 ~ BW,
prict Y A % Bw,

are null homotopic for i > 2 and s < k.
PrOOF. Recall ([€23) that Fy, = | Fi(m) where
Fi.(m) = Fj_1(m) U™
and Fy(m) = Fy_1(m) when n < p*¥. We have induced principal fibrations:

QQSQn-i-l QQSQn-i-l

L

Jg(m — 1) ——— J(m)

| |

We will proceed by induction first on k& and then on m. The result follows from
when k = 0. Suppose we have constructed ;1 and vy,(m — 1) is defined agreeing
with v;,_1 on Ji(p¥ — 1) and such that the classes x;(s) and y;1(s) are in the kernel
of yx(m — 1) when ¢ < m and s < k. By [6.24] the composition
T (k
pron I8y — ™ ()
induces an isomorphism in mod p cohomology in dimension 2mn. We apply [6.1] to
construct an extension v': Ji(m) — BW,, of v(m — 1).
We first consider the case m = p¥. Since 7' extends v (m — 1) = yx_1(m — 1),
the classes x;(s) and y;11(s) are in the kernel of 4/ when s < k and i < p*. By [6.40,

the kernel of 4 also contains the classes 2,x (k — 1), yps1(k — 1), v-b(k), - b(k)
and pv - b(k).

Now let P = P2n"(prh=1yy p2n@"+1)=1 and u: P — Jy(p*) be given by
a(k) V p-a(k). Let Py = §2np* =1\ g2n(P"+1)=2 « P We next show that the

composition

!
(6.42) Py —= P —"> Jy(p*) ——= BW,

is null homotopic. Since a(k)B8 = a(k)oBp = 1BrBp and B is in the kernel of y5_1,
v'(a(k)B) = 0. This implies that the composition

S2npk—1 P2npk(pr+k—1) a(k) Jk(pk) ’yl BW,,
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is divisible by p"**~1 > p. Since p - m.(BW,,) = 0, this composition is null homo-
topic. Similarly

(n-a(k) B =—p- [(alk)p*") B] = =p" - b(k)
which is in the kernel of 4/. Thus the composition [6.42] is null homotopic and we
can apply to construct a different extension

(") Te (") — BW,
of v(p* — 1). We use [6.24] to verify that the composition

P J(p") —= ()0 1) = Q252 e gt S gty ganiet a1

induces an integral cohomology epimorphism. Thus after composing with a homo-
topy equivalence on the wedge of spheres, we see that it is homotopic to the quotient
map P — P/P,. We apply to construct v (p*) with z, (k) and y,x, (k) in
the kernel. Apply again, this time to 5 (p¥) to see that the classes z,x(p — 1)
and y,x1(k — 1) are in the kernel. Then we repeatedly apply to restrictions
of 1(p¥) to Js(p*) for s < p* to see that x,x(s — 1) and y,k (s — 1) are in the
kernel for s < k.

The case m > p* is similar. Since 7/ extends 4 (m — 1), the classes z;(s) and
yi+1(8) are in the kernel of v/ when i < m and s < k. By [6.40] the kernel of +' also
contains the classes 2, (k — 1), ym41(k — 1) and the classes 17 - b(k) and pv? - b(k)
when j + p* < m + 1. We now define P and u: P — Ji(m)

P —p2mn .\, p2(m+ln-1
U= T (k) V ymy1(k)
and we calculate
09 = (v a0 5
= m,w/m_pk ~a(k) + et (a(k)p"'B)
= my (k) +p* 0" (k)

ym(k) is in the kernel of v, (m — 1) and hence in the kernel of 7/ and ym—r" . b(k)
is in the kernel since (m — p*) + p* < m + 1. Similarly

k
Y1 (k)B = p" ™ b(k)
is in ker+’. As before, this implies that the restriction of u to

SZmnfl V. S2(m+1)n72

is null homotopic and we can construct the required map & satisfying This
allows for the construction of 7;(m) which annihilates x,,(k) and y,1(k). As
before, we apply to conclude that all classes x;(s) and y;11(s) are annihilated
by v (m) when i < m and s < k. O

THEOREM 6.43. Suppose n > 1. Then the composition

Iy, Mk

D(QG, A QGy) By Tk

Jy BW,

s null homotopic
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ProoF. By ~r annihilates
T (i) = V"7 a(i)
ym (i) = ™1 a(i)
for each m > 2 and ¢ < k. By [6.40] v, annihilates
v (k)
v’ - b(k)
for each j > 0. The result follows 5.7 (5.9 and O

As in the proof of 2121 we have a homotopy equivalence
2np — U Jr =
E>0 k>0
and consequently we can construct v, : J — BW,, and redefine 7, as the restriction
of Yoo to Ji. Similarly we define vo, = Yo7 and we have

COMPATIBILITY THEOREM 6.44. There are maps v, and v such that vyt ~
Ve—1 and vge ~ vi_1. Furthermore, there are homotopy commutative diagrams of
fibration sequences

D, Qe Ry,
T— s}y Lo pw, 17— st o pw,

BW, W, Ji . BW,

Ry Ey,

where the left hand diagram maps into the right hand diagram. The maps hyg

and b, are the restrictions of maps h: QG — T and h': QD — T and there are
compatible maps gy : T2npt -2 QG with higr homotopic to the inclusion and
compatible maps fi: G — ST with Jrfr homotopic to the identity.
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CHAPTER 7

Universal Properties

The aim of this chapter is to prove theorem B, corollaries C and D, and to
discuss some applications. We describe an obstruction theory for the existence and
uniqueness of extensions & and evaluate the obstructions in some cases. We have,
however, no example of a homotopy Abelian H-space and map o: P?>* — Z for
which no extension to an H-map a: T — Z exists

7.1. Statement of Results

In this section we describe the basic result relating to the existence and unique-
ness of an extension of a map a: P?" — Z to an H-map &: T — Z. The proofs
of these results are reserved for the next two sections. We note, however, that a
different argument for the obstruction to uniqueness was obtained in [Gral2].

We begin with some notation. Throughout this chapter, Z will be an arbitrary
homotopy Abelian H-space. We will call an H-map «: QGy — Z proper if the
compositions:

a(i) V c(2) a

P2npi71(pr+i71) V P2np"’ (p'rJrifl) QG QG 7

are null-homotopic for each 7, 1 < i < k. Let Gx(Z) be the Abelian group of all
homotopy classes of proper H-maps a: QG — Z, where 0 < k < oo and we write
G(Z) for Goo(Z). Let

pe(Z) = pr+k_17T2npk71(Z§ Z/p"tk)

by which we mean the subgroup of all elements of 75,,,n_1(Z; Z/ p"t*) which are
divisible by p™t*~1. Let [Z1, Z2]g be the Abelian group of all H-maps from Z;
to Z2.

Clearly

(7.1) Go(Z) = [P*", Z] = man(Z; Z/p")
THEOREM 7.2. liinGk(Z) ~T,Z]g.
THEOREM 7.3. There is an exact sequence:

0 pr(QZ) —> Cu(Z) —"> Gr1(Z) > p(2)

We will see by example that this sequence is not exact on the right. In fact,
we have no example in which § # 0. But there are examples in which p(Z) # 0.

* Added in proof. Such a space Z has recently been discovered.

85
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86 7. UNIVERSAL PROPERTIES

7.2. Inductive Analysis

In this section we will prove Theorem It is a consequence of the following
propositions:

PROPOSITION 7.4. lignGk(Z) >~ G(2)

PropPOSITION 7.5. [T, Z|g =2 G(Z).
PRroOOF OF [[.4 We first establish that for any space X,
(7.6) liin[Gk,X} ~ G, X]
The argument here is a special case of the results in [Gra66]. First we observe that
the restrictions define an epimorphism:
G, X] — 1iin[Gk,X]

by the homotopy extension property applied inductively for each k. Suppose, how-
ever, that « € [G, X] lies in the kernel; i.e., the restrictions:

G ——=G—2sX

are all null homotopic. We construct a homotopy commutative diagram in which
the horizontal sequence is a cofibration sequence:

G C(G — 3G
V Gk P (@) V EGy
k20 N . k>0
X
However by 213[i), G is a wedge of Moore spaces, so the map
\/ £Gr — 3G
k>0

has a right homotopy inverse. This implies that
\/ ZG, =BGV C(G)
k>0

and consequently the map G — C(G) is null homotopic. It follows that « is null
homotopic. ([l
To complete the proof of [[4] consider the diagram:

0G, Z)y —=~ m[QGy, Z]n

0 pl

(G, $Z] —— 1lim[G},, ©7]
—

1

QG, Z]ir —=— lim[QG}, Z] g
—

where ¢(a) = (Za)v and p(5) = u(28). Clearly ¢ = 1. The middle horizontal
homomorphism is an isomorphism by Since v is an epimorphism, L is an
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epimorphism and since ¢ is a monomorphism, L is a monomorphism. Clearly proper
H-maps in [QG, Z]g correspond to proper H-maps in [QGy, Z]g for each k. O

The proof of will depend on an analysis of R. We define spaces A and C
and maps a and c as follows:

a: A= \/ p2w’ (pr"'k_l) —~ R—-F
E>1

c:C=\/ PPty S R > F
k>1

by the maps a(k) and c(k) from (4] on the respective factors. The maps a and ¢
factor through R by B3 and

PROPOSITION 7.7. R~ AV C V X P where the inclusion of XP in R factors
through T': QG x QG — R.

PROOF OF (BASED ON [[7)): Given an H-map a: T — Z, the composition
B = ah:

ol _h T %, 7
is a proper H-map since h is proper. We construct an inverse:

T—g>QGL>Z

However, since g is not an H-map, we need an extra argument to show that Bg is
an H-map. Consider the diagram:

TxT—2Y acxoc 2 o rwr
3 /| ]
T g QG h T

in which the left-hand square is not homotopy commutative. Since the right-hand
square and the rectangle are homotopy commutative, the difference between the
two sides of the left-hand square

A=(gu) g xg): T xT— QG
factors through the fiber of h:

h

QR QG T R G.

However since (3 is proper and Z is homotopy Abelian the composition:

QR—>QGL>Z

is null homotopic by [0 Thus BA is null homotopic and S¢g is an H-map. O

The remainder of this section will be devoted to a proof of [[L7l We begin by
clarifying the relationship between R and W.

PROPOSITION 7.8. R~ (T x C)VW.
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ProoF. By [6.17 the homomorphism
H*(Ra Z(p)) - H*(Wa Z(p))

is a split epimorphism. Since R is a wedge of Moore spaces by [6.16] and W is a
wedge of Moore spaces by [6.19] the map R — W has a right homotopy inverse. In
the proof of [6.17, a map of fibration sequences was studied; in the limit, this is of
the form

where D is the mapping cone of the map c¢: C — G. It follows from 2.1] that there
is a homotopy pushout diagram

TXC(C)—>W

L

Tx(C—R

where C(C) is the cone on C. Since the inclusion of T"in R is null homotopic, there
is an induced map
I'xC~CTUT xC—R

whose cofiber is W;
TxC—-=R—W.

Since the map R — W has a right homotopy inverse, the result follows. ]
PROPOSITION 7.9. There is a homotopy commutative diagram
T'xC——R
aGx B G,

ProOF. The map T'x C ~ T x CUCT — R is given as follows. The restriction
to T' x C' comes from a trivialization of the pullback over C' in the diagram

T T T

L

Tx(C——=R—>J

L

C G——D
so the composition T'x C — T x C UCT — R — G is given by the map

TxC 20 —S5q.
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To understand the map CT — R, consider a general fibration
F—=FE—">B

Using the homotopy lifting property, one can construct a map

(PB,OB) £~ (B, F)

extending the connecting map 2B — F' and such that 7#L: PB — B is endpoint
evaluation. In our case we use the map L: (PG,QG)—(R,T) together with
g: T — QG to obtain the composition

€T, T) — I~ (€06, 06) —* = (PG,0G) -~ (R, T)

where ¢ is defined in the proof of This defines the map CT — R and the
composition
CT—=R——G@G

is given by
CT —=C(0G) = G.
According to the definition of T” (see B.g]), the map

I/ T
QG x EUPG——F ——G

is given by
WGxE2ep-"oq
PG -G O
COROLLARY 7.10. T'x C ~ (T'AC)V C and the composition
TNC ¢ TxC R G

factors through QG x QG LT .g G.

PROOF. Since C is a suspension, T x C ~ (T'AC) Vv C. By[9 the composition
in question factors up to homotopy as

gxc I T
TANC ——Tx(C——OQGXE——F——G
We construct a homotopy commutative diagram:

TNC TxC

C
l gxec cl
E

QG *QF —= QG x E ——

Fl
G061 S F
s

G
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as follows: the upper right hand square commutes by naturality, and the middle
horizontal sequence is a fibration sequence by [3.170 This allows for the construction
of the upper left hand square. Since the lower square commutes up to homotopy
by [BI8] we see that the composition in question is homotopic to the left edge of
the diagram which finishes the proof. ]

At this point we have R~ (T AC)V CV W, where T A C — R — G factors
through

0G+0G-L-EB-"-q.
The remainder of this section will be focused on proving
PRrROPOSITION 7.11. W ~ AV W’ where
W' = \/ P2nz’(pr+up(i)).
i#pS
Furthermore, there is a factorization:
W —-R
0G+0G L =G

The main ingredient for the proof of [[.I1]is the following result:

PROPOSITION 7.12. Suppose p* < m < p**! and s = v,(m).Then there is a
map f(m): P> (p"+%) — Jy such that
(a) The composition

p2mn (pv"-i-s) f(m) J Tk F,

induces a cohomology epimorphism.
(b) There is a factorization:

f(m)

P2mn(pr+s) ch
S

Iy,
QGk * QGk —_— Ek

PrOOF OF [I.I1l Suppose p* < m < p**1. By [[I2 ~4 f(m) is null homotopic,
so there is a factorization:

Jk
f(m) Y
Pan (pr+s) Flc
f(m) /
Wi

By[B.II f(m) induces an isomorphism in integral homology in dimension 2mn — 1.
Assembling the maps f(m) together for all k together with the maps a(k) we get a
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map
AV \/ P2mn(pr+s) w
m#pk
which induces an isomorphism in homology. Thus W ~ AV W’ and W’ factors
through QG * QG by O

The construction of f(m) when s = 0 is immediate. We simply set f(m) =
ZTm (k). In case s > 0 we need to construct relative Whitehead products using Gj.
In the special case that m = 2p* we will need to use an H-space based Whitehead
product.

The proof of will rely on four lemmas. We will call an integer m accept-
able if there is a map f(m): P?™"(p"+%) — J;, with v,(m) = s, satisfying [ 12(a)
and (b).

LEMMA 7.13. Suppose p* < m < p**1 and x: P> (p" ) — E} is a map such
that the composition

Tk Nk

Pan(pr+t) z Ej

Ik Fy,

induces an integral cohomology epimorphism. Suppose i <t < k. Then there is a
map f(m + pt): P22’ (prdy T satisfying [L12(a) and (b). Consequently
if vp(m +p') =i, m + p® is acceptable.

REMARK. This applies in particular when m > p* is acceptable with ¢ = vp(m).

PROOF. Write P = P?™"(p"*t) and let \;: G; — G}, be the inclusion when
i < k. We will define f(m + p?) using the relative Whitehead product:

Ai7 T N
Goxp T g m .

Our first task will be to evaluate this in Hy,,(p,1piy. Recall BI0) that {\;,x}, is
the composition:

Mk

Gi o SP 2 5(QG: + ONP) ~ QG +O5P —> QG x SP —= QG x By, = By

For the first part of this composition, consider the diagram

GioTP — o %G, AQSP = QG+ OSP
\C
(7.14) o~ 1Ad 1% QG,; x P
vA1l /

where v is the co-H space structure map on G;. The left hand square is homotopy
commutative by and the right hand triangle defines ¢’ (see footnote to BIT]).

Choose a generator b; € Hoy,pit1(Gi) = Z/p and let ob; € Ha,,y,i (2G;) be the
image of this generator under v,. Choose a generator f € Happ—1(P). Then by
the above diagram we have

Gu(bi ® f) = 0bi ® 1 ® f € Happionpi (G; X TP),
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by applying the commutative square in the proof of B.I7l We now construct a dia-
gram where the two right hand squares are homotopy commutative by B8] B.IT(b)

and BITY(d):

QG x P 2 oG kB — L R,
l lnﬂk
(7.15) QD x Ff — L F
T |
OD;, x Fy, OS2+l By

To evaluate 7,7, {\;, 2}, in modp homology we observe that the image of ob;® |
@ f is a.(a® B) where v € Hoyyi (252" 1) is the image of Qb; under the homomor-
phism induced by the composition

QG; QG QD Q52+l
and [ is the image of 1 ® f under the homomorphism

)y S R ULy

By hypothesis 8 € Hopn (Fy) is a generator.
LEMMA 7.16. The image of ob; € Hoy,pi (2Gy) under the homomorphism
QG — QD) — Q8§27+
is a unit multiple of the generator.
Proor. By (.2 the composition in question is homotopic to the composition:

Q
QGk —905 952n+1{pr} - 952n+1.

By [6.44] this factors as

G, o g,

However the composition

Yhy
Gy LA YOG, L T

induces a monomorphism in mod p homology, so (hx).(ob;) is a nonzero generator
which is mapped to a unit multiple of vP" under the map T — Q52" 1, (]

We now complete the proof of [[.I3l Since 7 < ¢, we can find a map
P2mn+2npi (prJri) s Gz o P2mn (prth)

which induces an isomorphism in mod p homology in dimension 2mn + 2np* using
Z13(i) and B25 Then let f(m + p’) be the composition:

{/\ivx}r T
P —

P2mn+2npi (pr+i) Gi ° Pan (pr+t) Elc _k> Jk-
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By [L.14} [Z.15] and [Z.I6] ny f (m+p') induces an epimorphism in mod p cohomology
and consequently in integral cohomology as well. By [B.I5, we have a homotopy
commutative diagram

l |

QGk*QEk #-QG]c X Ek —>QDk X Jk

l r| r|
OGy * Gy, —— B, Ji
so f(m + p*) factors through T'. a

We need to consider the case m = 2p* separately. We will construct

k
panp" () ) W

It is the first example of a mod p"** Moore space in W by [6.19
PROPOSITION 7.17. 2p* is acceptable.

We will construct f(2p*) as s an H-space based Whitehead product. Let G be
the 2np”* skeleton of Gj,. Then Gy o Gj has dimension 4np*.

LEMMA 7.18. G} 0 G}, is a wedge of Moore spaces.

PRrROOF. Consider the cofibration sequence

G0 Gp ——= G 0 Gy — 2o §200"+1 6 Gy ~ 200"

Since Gy, o Gy, is a wedge of Moore spaces by 2I3(1) and B21] it suffices to show
that this cofibration splits. Choose a basis {a;,b;} for H.(Gy) with 0 < i < k
and BUtR)(b;) = a; # 0. Consider the classes by, o b; corresponding to by ®@ b;.
We can construct a basis for H.(Gj o Gy) which contains the elements by o b; and
B(”"‘H)(bk o b;). Since G o Gy, is a wedge of Moore spaces we can construct maps
of Moore spaces into Gy o G, realizing these basis elements and from this a right
homotopy inverse to Q). Thus

GkOGk’iékOGk\/EQnPka. O
Now consider the principal fibration sequence:
Q@k x QG —— Q@k * QG —>6k V Gy.

We will study the integral homology Serre spectral sequence of this fibration.

The principal action defines a module structure
Eg,q’ ® E;q g E;q-i-q"

For i = 1,2, let a(i) € Hypp(G) V Gi; Z) be the image of aj, in the i axis.
Let oa € Hank,l(Qak; Z) be the desuspended image under v, of ag, and ca(i)

the image of oa in the i** axis in Hank,l(Q@k x QGy; Z). Using the universal
coefficient theorem, we define a monomorphism

Hp(@k V Gy; Z) & Hq(Q@k x QGy; Z) — Eﬁﬁq.
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Then dy,,,x (a(i) ® 1) = 1 @ oa(i). Define £ € E3 by

2npk 2npk —1
E=a(l) ®oa(2) + a(2) ® oa(l).

¢ has order p™* and dy,,,x (€) = 0. Since E? , =0 whenp> 2np* 4 1, € survives to
an element of order p"+* in F*°. By [[.I8 B2T and 2.I3(1), QG}. * QG is a wedge of
Moore spaces and by an easy homology calculation, every element in the homology
has order at most p"+*. Consequently ¢ converges to an element [¢] of order p™T*
in H4npk,1(Q@k * QGy; Z). Since QG * QG is a wedge of Moore spaces, there is
a map

©: pinp* (pr"'k) — QG * QG
whose homology image contains a class n € Hy,,» (QG)*QG}) with 8 (r+F) () equal
to the mod p reduction of [¢].
Now let v be the composition:

Ty Tk

OG,, * QG — QG * QG B, [Tk

Ik Ey,

LEMMA 7.19. The composition
4npk r+k ¥ Yal v
P (p"tF) —— QG * QG —— F},
induces an isomorphism in mod p homology in dimension 4np".

REMARK. This implies that vy induces an epimorphism in integral cohomology.

PRrROOF. Consider the two diagrams of principal fibrations

QG x QG ——= QG x QG Q22+ — 2. g2n+1
L Qék * QG F,_ 4 —F;
Gr-1V Gi_1 GV G Dy 1 —— Dy

where L is the total space of the induced fibration. The homotopy commutative
square

ék Vv Gy, Dy,

T

ék X Gk —— S2n+1

induces a map from the left hand pair of fibrations to the right hand pair. We
apply 2.1 to obtain the following homotopy commutative diagram:

2l

OG), * QGk/L Fk/Fk—l

| -

(52nP" v P2ep" L (prtk)) g QT x QG — Q520+ i P2ne" L (p)
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Let e € Hop (5277") be the image of a(l) and f € Hyppi (PQ”pkH(p’""’k)) be the
image of a(2) under the quotient map

GV G — G V G / Gror V Gy = 829" p2nwt 41 (rk).

Choose g with 3("t#)(g) = f. Then the image of [¢] under the left hand equivalence
is e ®oa(2) + f ® ca(l). The image of n is a class 1’ such that

BUTR(n) = e ® 0a(2) + f ® oa(1).

At this point in the Bockstein spectral sequence there are very few classes left and
the only possibility for i’ is

N =e®0ob(2) +g®oca(l)

where UHR)b(2) = a(2).

The components of the map +' are the inclusion LR — PQ”pk“(p) and
grTR=LL pRnptl(prky o p2aptal(p),
By [[16] the image of ob(2) is vP" % 0. We conclude that the image of 7 is nonzero
P (prtk) L QG+ QG L= Fyy — Fyy/Fy_y ~ P2+ (p) x Q§2n+1
in mod p homology, from which the conclusion follows. |

ProoF OF [T Let f(2p*) be the composition

— I
Pt (pr iRy 2o OG x QG — s By — T .

The result follows from O

PROOF OF Write m = eg + e1p + -+ - + exp® where 0 < e; < p. Let £(m)
bet the number of coefficients e; which are nonzero. We first deal with the case
¢(m) = 1. Then m = exp”® with 1 < e, < p since p* < m < p*¥*1. The case e; = 2
is[TT7 If e > 2 we apply [[13 with = f((er, — 1)p*) and i = ¢t = k, to establish
this case by induction. In case £(m) = 2, we first consider the case m = p’ + exp”
for i < k. In case e; > 2 we apply [[.I3] with = f(exp”*) and t = k. In case e}, = 1
we apply with = a(k). In this case t = k — 1 > i. We now consider the
general case with £(m) = 2. In this case m = e;p’ + e,p" with i < k. We do this
by induction on e; with e; < p as before. The general case is by induction on £(m)
and then induction on the coefficient of the least power of p in the expansion using
[ I3 repeatedly. O

Proor ofF [[.7 By[[SandTIOR=TxCVW ~TACVCVW where T AC

is a wedge of Moore spaces which factors through I'. By LI W ~ AV W’ where
W' is a wedge of Moore spaces which factors through I'. Set P = W/'VCAW. O
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7.3. The exact sequence

In this section we will define the homomorphisms e, r, and 8 and prove Theo-
rem
We define

e: pp(Q2) — Gi(2)
as follows. Let ¢: PQ"pkfl(p’”Jrk) — 07, and extend the adjoint
5: p2np’“(pr+k) 7
to an H-map
$: QPP () = 7,

r+k—1

Since ¢ is divisible by p , SO is $ and consequently the composition

0G), X qprrt itk 0 g

is a proper H-map. We define e(¢) = QASQW’ . Then e is clearly a homomorphism.
To see that e is a monomorphism, we suppose e(¢) is null homotopic. Since 7’ is a
co-H map, we have a homotopy commutative diagram:

Gy Y YOG
Ye(op)

i »Qn! WA
K
P2npk+1 (prJrk) . EQPankJrl(prJrk:)

Since e(¢) is null homotopic, the upper composition is null homotopic, so the lower
composition factors over the cofiber of 7':

G~ PR L (k) NG —— Sy
But since X Gy, splits as a wedge of Moore spaces, the map
P2npk+1(pr+k) NGy
is null homotopic. It follows that the composition:

P2npk+1(pr+k) . EQPankJrl(p'rJrk:) E¢E A

is null homotopic. Since Z in an H space, we conclude that

]3271;1)’C (prJrk) . QPankJrl(prJrk:) L 7

is null homotopic. Since ;5 is an H-map, (E is null homotopic and consequently ¢ is
as well. Thus e is a monomorphism.
The map

T Gk(Z) — kal(Z)
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is given by restriction. Clearly re = 0. Suppose ra = 0 for some proper H-map
a: QG — Z. We construct an extension ¢ in the diagram:

Gk—l Gk P2npk+1(pr+k)

/
¢ 7
YOG 1 —— YOG, p 7
\ l 7/
% Yo /
¥
VA

We include the loops on the right-hand triangle into the diagram:

0G), S qp2eet (e

2

G, <2 an0aG,

A

7" ayz

to see that a is homotopic to p(Q¢)(Qn') ~ (EQﬂ'/ where (E is the composition p.
Restricting ¢ to p2np* (p"**) defines ¢ whose adjoint is

o: P2”pk71(pr+k) — QZ.

To see that ¢ is divisible by p"*~1 | it suffices to show that ¢ is divisible by p"t#~1.
However since « is proper, the upper composition in the diagram:

P2npk71 (prJrkfl) vV P2npk’ (prJrkfl) a(k) M C(k) QGk « 7

—

QPank-i-l(pr-i-k—l) Oxz

is null homotopic. Consequently the lower composition and its adjoint are null
homotopic:

—(51 Vp
_

P2npk (pr-i-k—l) vV P2npk+l(pT+/€_1) PQ"pk+1(pT+k) L VA

It follows from [[§ that ¢ is divisible by p"**~1. Thus 5 and ¢ are divisible as well.
Finally we define
B: Gr(Z) — pr+1(2)
as the composition

P

P2npk+1—1(pr+k+1) Br+1 OF, QG o VA

At one point it was thought that this composition would always be null homo-
topic when Z is homotopy Abelian ([The01], 5.1]). What we will prove is that the
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98 7. UNIVERSAL PROPERTIES
compositions:

P27ka+1—1(pr+k) P P2np’“+1—1(pr+k+1) 5’“’1 QGk « Z

P2npk+172(pr+k) 615 P2npk+171(pr+k+1) Br+1 en o 7

are null homotopic, which implies
THEOREM 7.20. B(«a) is divisible by p"+F.
We accomplish this by constructing maps:
r PP () - By W
d: P2 () s Ry = W
which differ from Sy41p and Br+11 by maps which factor through Av C'v X P.
LEMMA 7.21. The homomorphism induced by the inclusion
H, (Wy) — H.(Jy)
is a monomorphism.

Proor. By [B.11l W}, has one cell in each dimension of the form 2ni or 2ni — 1
for each ¢ > 2; consequently

Z/p ifj=2nior2ni—1, i>2
0 otherwise.

H;(Wy) = {

By 627, the maps z;(k): P?" — J and y;(k): P?"~1 — J; are nonzero in mod
p homology in dimensions 2ni and 2ni — 1 respectively. By 641l the maps x;(k)
and y;(k) factor through Wy up to homotopy when i > 2. The result follows. O

We will write 2; € Hopi(Jy) and y; € Hapi—1(Jx) for the images of the genera-
tors in the homology of the respective Moore spaces. Note that in the congruence
homotopy of J, we have

v-zi(k) = zip1(k)
p- i(k) = yiv1 (k)
when i > p* by The action of the principal fibration defines an action
H.(QDy) @ Ho(Jy) = H.(Jk).

Let u,v be the Hurewicz images of v and p (see E20). Then Z/plv] ® A(u) C
H,.(QDy,) acts on H,(Jg).

LEMMA 7.22. Ifi > p¥, va; = x40 and ux; = yigpq.
PRrOOF. Apply (.16l O
LEMMA 7.23. There are maps

re P2npk+1 (pr+k) . Wk

and
k+1_q

d: PP (pr Ry W,
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which are nonzero in modp homology in dimensions 2np*t! and 2np*T' — 1 re-
spectively and whose image in Jy, factors through the map

T )
Gy % QG —> B — 5 g,

REMARK. Both f;11p and Bk 101 satisfy the homological condition of [[.23] and
factor through Wj. However Bx11 does not factor through I'j since it has order
p" TR+ and there are no elements in the homotopy of QG}, * G}, in that dimension
of that order.

PROOF. Let z = f(p*(p—1)): P2"pk(p_1)(p’“+k) — Jj be the map constructed
in[C12] Apply [[.I3] with i = k to construct

npFtt, r
r=f"N): PP (p" ) — U

The class xpr+1 € Hyypprv1(J) is in the homology image of r since 7 factors through
W}, and projects to a nonzero class in Hayy, k1 (F}).

To construct d, we return to the class z above and observe that the homomor-
phism induced by z:

H, (PP =0 (p7T5)) — H.(J))
contains both x,k,_1) and y,k,_1) in its image since z factors through Wy which
has P2 (P=1) (pr+F) as a retract.
Consequently z3: P2m#" (e=D=1(pr+k) s J has Ypk(p—1) in its homology im-
age. Now consider
[)\ijﬂ]r: Gk ° P2npk(p—1)—1(pr+lc) — Ji

and apply [[.14] and [.T5l It follows that vpkypk (p—1) = Ypr+1 is in the homology
image by [[.16] We then choose a map

P2npk+171(pr+k) s Gk o Pank(pfl)fl
which induces an isomorphism in dimension 2np**! — 1 to construct d. O

PRroOOF OF [[20L Since W is a retract of R by [[.8 we can assume that r and d
factor through R. Choose units w1 and wugy so that the maps

Ay = uiBprap —r: PP (08 = Ry — W,
Ay = usBy161 — d: PP (pr Ry Ry W,

are trivial in mod p homology. This can be done since the relevant factor of Wy is
p2" ™ (pr+k+1) and both Bri1p and r are nontrivial in dimension 2np**! while
Br4101 and d are nontrivial in dimension 2np*** — 1. It follows from [Z.7 that both
A and A, factor through

k

\/ P2npi (pr+i—1) V. P2npi—1(pr+i—1) v OP.

i=1
Since « is proper, we conclude that the compositions

Al «

p2pt T =1(prtk) QR G, Z

k+1 A
prt 2 (priky 22 Ry, QG -

Z
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are both null homotopic. Since the maps r and d factor through QG * QGy, these
terms are null homotopic and we conclude that the compositions

Pank+l_1(p7,.+k) Bry1p QR G, o 7

Bros16
P2npk+1—2(pr+k) Br+101 QR QG Q A

are null homotopic. Now consider the cofibration sequence

P2npk+172(pr+k) vV p2np’C+1 71(pr+k)

prJrk

-1V
1 p; P2npk+171(pr+k+l) Pank'Hfl(pqukJrl).

From this we see that the composition

Pznpk'*'lfl(prJrkJrl) Br+1 QR QG o A
is divisible by p"t*. O

PROPOSITION 7.24. Br =0
PROOF. Since « is proper, the composition on the right in the diagram:

oVof
_—

Pankfl(anLk) P2npk71(pr+k71) v Pank (prJrkfl)

lgk la(k) Voc(k)
OG_1 QG = Z

is null homotopic. The diagram commutes up to homotopy by [£4] from which the
result follows. 0

PROPOSITION 7.25. If B(a)=0, a ~ ra/ for some proper H-map o': QG — Z.

ProoF. By 4l Gy = Gr—1 Ua, c p2v” (p"**). Since G is a retract of X7,
Gr_1 and Gy are co-H spaces and there is a homotopy commutative diagram

Gr—1 Gy

| l

Gr—1V Gr_1 —= G V Gy,

The map oy, V ay: P2 (pr k) v P2re" (pr+k) s Gy v Gj,_y factors through the
fiber of the lower horizontal map in the diagram and defines a homotopy equivalence
with the 2np* skeleton of the fiber of that map. However the composition

. [0
P2npk (pr-i-k) L Gr1 ——=Gr_1VGr_1
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factors through this fiber, from which we get a homotopy commutative square

€73

P2npk (pr-i-k) kal

| |

Vv
p2owt (prikyy pRept (prik) ST GV Gr—1;

that is, oy is a co-H map. Consequently there is also a homotopy commutative
diagram:

Pank (prJrk) Uk Gk—l

| |
2P (prk) = TOG,
However, the composition on the left and the bottom is YXay, where
ak . P2npk—1(pr+k) s Qkal

is the adjoint of ay. Let b = m_105%: p2npt (p"tF) — Gr_1. By &4, p"t*~1b is
homotopic to ag. This leads to a homotopy commutative diagram:

) r+k—1
P2npk (prJrk) - P2npk (prJrk) p . P2npk (p'rJrk:)

| e

Gr—1 YOGk YOG

Taking cofibers vertically, we get a composition
Gr —= B(QG—1 Ug, CP2" ~L(pth)) —= N(QGy_ Uy CP27" 1 (prth)),

By hypothesis, a extends to a map

QG Uy CP2P =1 (prtky 2o 7
Composing these maps together defines a map o’
Gi —= B(QGy_1 Uy CP' (k) = 517

whose restriction to G_1 is the composition

ta A

Gp 1 —2 = ¥0GL

We now form the homotopy commutative diagram

0G, L) 3 A
(7.26) 0%a o
0Ge 1 — _av0G, , —¥ 06, ,

where the lower composition is homotopic to the identity. The upper composition
is an H-map extending ov. We will modify this slightly to satisfy our requirements.
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In the diagram below, the left hand triangle is homotopy commutative due to [Z.26]
and the left hand square follows from .41

oVof

' —01 V .
P2npl‘ —1 (pr+k) 5 P2npk71 (prJrkfl) \/]3271;0’C (prJrkfl) 1LVvVp P2npl‘ (prJrk)
s

~ — s

B (Qme) (a(k)Ve(k)) L7

/
Gy Gy 7
/
Qo' P /6
s
s
o Oxz / s
/
o s
e
}
Z

By hypothesis 8(a) = aﬁk is null homotopic. Since the upper horizontal sequence
is a cofibration sequence, there is an extension

e: p2v’ (prJrk) — 7.
Extend € to an H-map € : QP2"P"+1(pr+k) —~ 7 and define

o = puQa” — Q'
where 7’ is the projection of G} onto P2”pk+1(pr+k). Since Z is homotopy-Abelian
and o is the difference between two H-maps, o’ is an H-map. Since the restriction

of €Qn’ to QG_1 is null homotopic, o’ extends a by [[.26l From 4] we construct
a homotopy commutative square:

P2npk (prJrk) i QP2npk+1 (prJrk)

—01 VPT - QW’T
P2npk—1(pr+k—1) V p2np” (pr+k—1) Q) (a(k) V c(k)) en

Consequently,

o () (a(k) V e(k) ~ (uQa” — Q') ( Q) (a(k) V c(k))
~ 6(51 V p) — e'i(—(51 V p) ~ Xk O
This completes the proof of |
7.4. Applications

In this section we will discuss various applications of the results developed in
the previous sections.

PROPOSITION 7.27. Suppose p" 1w, (Z) = 0. Then there is a natural ezact
sequence:

0——>p" [P2”p(pr+1),Z} — (T, Zlu —— [PQn(pr)’Z]

_ﬁ>pr [Pan—l(pr—Q—l)7 Z} .
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In particular, if p"m;(Z) = 0 for 2np — 2 <4 < 2np, v is an isomorphism.
NoOTE. We are not asserting that 8 is onto.

PRrROOF. This is immediate from and [[3] since pr(Z) = 0 and p(22) =0
for all £ > 2. O

COROLLARY 7.28. Suppose T and T’ are two homotopy Abelian Anick spaces
for the same values of n, r and p > 3. Then there is a homotopy equivalence via
an H-map and the H-space expondent is p”.

PROOF. We apply [[27 with Z = T". Tt suffices to show that p"m;(T") = 0 for
2np — 2 < i < 2np. We apply the fibration sequence:

W, —1T5. B OT5,(p") EEC BW,,

from [GT10]. According to [Nei83], p"m.(T2,) = 0 and according to [CMN79c]
pre(Wy,) = 0, s0 p" i (T") = 0. However, since p > 3, m;(W,,) = 0 when 2np—2 <
i < 2np, so p"m;(T") = 0 in this range. Thus

1.1 = [P ("), T'] = Z/p"

and the result follows. In particular, p"m;(T) = 0 for all ¢ as a consequence. O

COROLLARY 7.29. Suppose a: P*(p") — P?"(p®) with s < r then there is a
unique H-map & such that the diagram:

Ton—1(p") —== Tom—1(p°)

o

P2n(pr) @ P2m(ps)

homotopy commutes.

NOTE. In case r = s, this result was the original motivation for these conjec-
tures, leading to a secondary composition theory [Gra93al.

Proor. This follows from and O

PROPOSITION 7.30. There is an H-map 601: Top_1(p") —= Tonp—1(p" ') which
induces a homomorphism of degree p" in H?™. Furthermore, the map e in [.21,
evaluated on on p" f is the composition:

0 7
Ton_1(p") —— Tonp—1(p") ——=Z

where ]? 1s the unique extension of f to an H-map.
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PrOOF. By 28, p" 7. (Tonp—1(p" 1)) = 0, so we may apply with Z =
Tonp—1(p"1) and use naturality under f. This leads to a commutative square

e

0 —————p" [P?P(p"+!), Z] [T, Z|u

g i

0 %pr [P2np(pr+1)7T2np71(pr+1)] ; [Ta T2np71(pr+1)}H

1%

Z[p

The image of the generator in the lower left hand corner under e is an H-map 6,
which is nonzero and of order p. To evaluate (61)* in cohomology, use the diagram:

9
Ton-1(p") —— Tonp—1 (P )

th T
p" Q)

QG1 QPanJrl (prJrl)
based on the definition of e. O

Note that a similar construction can be made in case p"*m.(Z) = 0. In this
case
[T, Zlg ~ Gi(2)
and
e: prHEL[PE (prth), 7] — Gi(2)

can be evaluated on p"t*~1f as a composition:

Ok f

Ton 1 ——=Toppr1 —= 2
where 6}, is an H-map of order p inducing p"+*~1 in H2""
In section [LE] certain coefficient maps were labeled for use:
B: P™(p*) — P (p%)
p: P™(p®) — P™(p**)
o: P (p*) — P (p*7Y)
Analogs of these maps were implicitly defined and used in section
p: Ton(p®) — Ton(p*™)
a: Ton(p*) — Ton(p*")
and one can easily define 8 as the compositions:
Ton(p") — S — Top i (p")
Top-1(p") = Q¥ — Ty, (p")
using [.29] we can define

0: Ton_1(p") == Ton_1(p" ")
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We apply to construct p, but it is not unique in general
p: Ton-1(p") = Ton—1(p")
PROPOSITION 7.31. There is a split short exact sequence:
00— p1(QT2n 1 (p")) — [Ton—1(p"), Ton—1(p" )] 4 —=Z/pr —=0
and

PO (1) 207 [P rH), 5801 [Pt 5]

NOTE. p1(QTs,_1(p"*1)) is known to be nonzero when p” divides n ([Gra69])
and is known to be zero when r > n ([CMNT79c]).

PROOF. In order to establish this exact sequence we show that the map (5 in
fact is zero in this case. Since (37 factors through Ey, by 4] the composition:

Pan(pr+1) A P27L+1(p) Yo SQn-‘,—l{pr}
is null homotopic. Let j be composition
P2n+1(pr) ®o S2n+1{pr} g 52n+1{pr+1} — T2n (pr+1);

then 7 is homotopic to the composition:

Q
QPQnJrl(pr) p; QP2n+1(pr+1) Tzn_l(pr+1) E QTZ?L (prJrl)

since both compositions are H-maps which agree on P?"(p"). In the diagram
below, the upper composition is null homotopic and the lower sequence is a fibration
sequence:

Qi
P2np71(p'r+1) & QP2n+1(p'r) % QTZ?L (pr)

|

&l lhoﬂl)
v E
Wn T2n71(pT+1) D QTQn (pr-i-l)_

It follows that the map £ exists forming a homotopy commutative square. But
[Pan—l(pr-l-l)’ Wn} = x,

so the composition:

Q h
P2np71(pr*) 5 QP2n+1(pr) P QPZnJrl(prJrl) 0 TQn—l(prJrl)

is null homotopic. However ho{lp generates
[QPQ"H(;DTLT2n71(pr+1)]H ~ [P2n(pr)7T2n71(pT+1)} >~ Z/p"
and consequently S = 0. Finally
" (QTQn_l(er)) — [P2np(pr+1),T2n_1Pr+l>] '
But since [P?"P(p"+1), W,] = 0 = [P?"?(p"+1), BW,],
(P2 (p" ), Ton—1(p™ )] = [PPP(p" 1), QT (p1)]
_ [Pan+1(pr+1)’ 52n+1{pr+1}]
_ [P2np+1(pr+1)752n+1] o [P2np+2(pr+1)752n+1] 7
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SO
P (QT2n—1( r+1)) :pr{[PanJrl(prJrl) SZn+1] o) [Pan+2(pr+1) S2n+1]}'

These groups are stable and trivial if r > n. However, if p” divides n, there is an
element of m2,,(5?" ") of order p"! and consequently p;(Q7%,—1(p T“)) # 0 in
this case. The exact sequence is split since T, _1(p") has exponent p". |

Finally we note that for every choice of p, po = gp = p, B = of3p and Bo’ =
totB, as in section

PROPOSITION 7.32. There is a unique H-map
Top—1 S, Q2P (pT)
up to a unit whose double adjoint has a right homotopy inverse.

PROOF. By [CMNT9b], p"*'m, (Q2P?"2(p")) = 0, so we apply We

have
pr [P (pr Yy, Q2P ()] = pr [PEP R (pr Y, P2 (pr))]
pr [Pl () Q2P (pr)] = pr [P (prly | p2ns ()]
However p"m; (P?"2(p")) = 0 for i < (4n+ 2)p — 1. O

Since P?"*+2(p") is a retract of %275, _1, the double adjoint has a right homo-
topy inverse.

COROLLARY 7.33. If Z is H-equivalent to the loop space on an H-space, every
map P?"(p") —2> Z has an extension to an H-map Tp_1 a7,
Proor. If Z = QW the adjoint of « extends
QP22 (pr)

| K

P2n+1(p7") &_> w
and we construct a as the composition:
T27L—1(pr) - Q2P2n+2(pr) QL Z

using [7.32] ([l
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APPENDIX A

The Case n =1 and the Case p =3

In section [£.2] we applied index p approximation to reduce the obstructions
to a homotopy-Abelian H-space structure to a family of elements in the homotopy
of Ej with mod p® coefficients. This reduction only works when n > 1. We will use
a different method in this case. However, the material in sections (.1 and on
Dy, Ji and F), does not depend on [£.2] and we can still construct v : J, — BW,
(see for example [Gra08]).

THEOREM A.1. Forp > 2, r > 1 and n = 1, the Anick space is homotopy
equivalent to a double loop space and hence has a homotopy-Abelian H-space struc-
ture.

PROOF. Let e € H*(BS?; Z(,) be a generator and x = p"e. Let X be the
homotopy fiber of k. Then we have a homotopy commutative diagram of fibration

sequences
0x 53 S (2.3
|
34,7 3_ P 3
SH{p"} S S
with v uniquely determined. Using ~y, we construct a diagram of vertical fibration
sequences:
Sl QQ S3 Sl
l 3l y Ql
Ty —— QS {p"} — X
053 0s3 0s3
Since the upper horizontal composition is a homotopy equivalence, T; ~ Q22X . Note
that the right hand fibration is an H-fibration and is an Anick fibration. O

THEOREM A.2. If Ty, 1(3") is homotopy associative, n = 3* with k > 0.
Furthermore if n > 1, then r = 1.

PRrROOF. For any homotopy associative space T, there is a map:
T+T+T— ST Up C(T*T)

building the third stage of the classifying space construction ([Sug57],
[Sta63]). The mapping cone X of this map has the cohomology of the bar con-
struction on the homology of T' through dimension 8n — 1. In particular the mod p
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108 A. THE CASE n =1 AND THE CASE p = 3
cohomology of the 6n skeleton of X has as a basis, classes u, v, u?, uwv, u®> where
lu| = 2n and |v| = 2n + 1. The 6n skeleton of the subspace ST Uy, CT * T
has cohomology generated by u, v, u?, uv. Now since the map R — G is a re-
tract of the map H(u): T+ T'— XT, the 4n 4 1 skeleton of ST Ug(,y CT * T
contains the 4n + 1 skeleton of G U CR as a retract (See the proof of [G.I5). But
[GUCR}* = P+l U,, CP*; consequently

XGn ~ P2n+1 Um CP4n U e6n

~ ) .
Note that P"u = u® generates H®(X; Z/3). Since Lz5 is inessential we can pinch
the middle cells to a point after one suspension, and obtain a space with cell struc-
ture
S2n+1 U 62n+2 U 66n+1
p'f‘

with P™ # 0. However, P" is decomposable unless n = p* = 3. Furthermore, the

decomposition of pr by secondary operations ([Liu62]) implies that if n > 1, we
must have r = 1. ]

Note that such a space for n > 1 would imply that the “mod 3 Arf invariant
class” survives the Adams spectral sequence. This does happen when n = p with
T5(3) = Q53(3), but not when n = p%.

Licensed to Univ of Rochester. Prepared on Thu Sep 12 15:07:34 EDT 2024for download from IP 128.151.13.59.



[AG95]
[Ani92]
[Ani93]
[Bar61]

[CMN79a]

[CMN79b]

[CMN79c]

[Cohs83]
[DL59)]
[Gan70]
[Gra66]
[Gra69)]
[GraT1]
[Grass]
[Gra93al
[Gra93b)

[Gra98]

[Gra99]

[Gra06]

[Gra08]
[Grall]

Bibliography

David Anick and Brayton Gray, Small H spaces related to Moore spaces, Topology 34
(1995), no. 4, 859-881, DOI 10.1016/0040-9383(95)00001-1. MR1362790

David J. Anick, Single loop space decompositions, Trans. Amer. Math. Soc. 334 (1992),
no. 2, 929-940, DOT 10.2307/2154489. MR1145728

David Anick, Differential algebras in topology, Research Notes in Mathematics, vol. 3,
A K Peters, Ltd., Wellesley, MA, 1993. MR1213682

M. G. Barratt, Note on a formula due to Toda, J. London Math. Soc. 36 (1961),
95-96. MR0125582

F. R. Cohen, J. C. Moore, and J. A. Neisendorfer, Decompositions of loop spaces
and applications to exponents, Algebraic topology, Aarhus 1978 (Proc. Sympos., Univ.
Aarhus, Aarhus, 1978), Lecture Notes in Math., vol. 763, Springer, Berlin, 1979, pp. 1-
12. MR561210

F. R. Cohen, J. C. Moore, and J. A. Neisendorfer, Torsion in homotopy groups, Ann.
of Math. (2) 109 (1979), no. 1, 121-168, DOI 10.2307/1971269. MR519355

F. R. Cohen, J. C. Moore, and J. A. Neisendorfer, The double suspension and exponents
of the homotopy groups of spheres, Ann. of Math. (2) 110 (1979), no. 3, 549-565, DOI
10.2307/1971238. MR554384

Frederick R. Cohen, The unstable decomposition of Q2X2X and its applications, Math.
Z. 182 (1983), no. 4, 553-568, DOI 10.1007/BF01215483. MR701370

Albrecht Dold and Richard Lashof, Principal quasi-fibrations and fibre homotopy
equivalence of bundles, Illinois J. Math. 3 (1959), 285-305. MR0101521

Tudor Ganea, Cogroups and suspensions, Invent. Math. 9 (1969/1970), 185-197.
MR0267582

Brayton 1. Gray, Spaces of the same n-type, for all n, Topology 5 (1966), 241-243.
MR0196743

Brayton Gray, On the sphere of origin of infinite families in the homotopy groups of
spheres, Topology 8 (1969), 219-232. MR0245008

Brayton Gray, A note on the Hilton-Milnor theorem, Topology 10 (1971), 199-201.
MR0281202

Brayton Gray, On the iterated suspension, Topology 27 (1988), no. 3, 301-310, DOI
10.1016,/0040-9383(88)90011-0. MR963632

Brayton Gray, EH P spectra and periodicity. I. Geometric constructions, Trans. Amer.
Math. Soc. 340 (1993), no. 2, 595-616, DOI 10.2307/2154668. MR 1152323

Brayton Gray, EH P spectra and periodicity. 1I. A-algebra models, Trans. Amer. Math.
Soc. 340 (1993), no. 2, 617-640, DOI 10.2307/2154669. MR1152324

Brayton Gray, The periodic lambda algebra, Stable and unstable homotopy (Toronto,
ON, 1996), Fields Inst. Commun., vol. 19, Amer. Math. Soc., Providence, RI, 1998,
pp. 93-101. MR1622340

Brayton Gray, On the homotopy type of the loops on a 2-cell complex, Homotopy meth-
ods in algebraic topology (Boulder, CO, 1999), Contemp. Math., vol. 271, Amer. Math.
Soc., Providence, RI, 2001, pp. 77-98, DOI 10.1090/conm/271/04351. MR 1831348
Brayton Gray, On decompositions in homotopy theory, Trans. Amer. Math. Soc.
358 (2006), no. 8, 3305-3328 (electronic), DOI 10.1090/S0002-9947-05-03964-4.
MR2218977

Brayton Gray, Decompositions involving Anick’s spaces, 2008, arXiv 0804.0777v1.
Brayton Gray, On generalized Whitehead products, Trans. Amer. Math. Soc. 363
(2011), no. 11, 61436158, DOI 10.1090/S0002-9947-2011-05392-4. MR2817422

109

Licensed to Univ of Rochester. Prepared on Thu Sep 12 15:07:34 EDT 2024for download from IP 128.151.13.59.


http://www.ams.org/mathscinet-getitem?mr=1362790
http://www.ams.org/mathscinet-getitem?mr=1145728
http://www.ams.org/mathscinet-getitem?mr=1213682
http://www.ams.org/mathscinet-getitem?mr=0125582
http://www.ams.org/mathscinet-getitem?mr=561210
http://www.ams.org/mathscinet-getitem?mr=519355
http://www.ams.org/mathscinet-getitem?mr=554384
http://www.ams.org/mathscinet-getitem?mr=701370
http://www.ams.org/mathscinet-getitem?mr=0101521
http://www.ams.org/mathscinet-getitem?mr=0267582
http://www.ams.org/mathscinet-getitem?mr=0196743
http://www.ams.org/mathscinet-getitem?mr=0245008
http://www.ams.org/mathscinet-getitem?mr=0281202
http://www.ams.org/mathscinet-getitem?mr=963632
http://www.ams.org/mathscinet-getitem?mr=1152323
http://www.ams.org/mathscinet-getitem?mr=1152324
http://www.ams.org/mathscinet-getitem?mr=1622340
http://www.ams.org/mathscinet-getitem?mr=1831348
http://www.ams.org/mathscinet-getitem?mr=2218977
http://www.ams.org/mathscinet-getitem?mr=2817422

110

[Gral2]
[GT10]
[Liu62]
[Mah75]
[Nei80)]
[Nei81]
[Nei83)
[Neil0a]
[NeilOb]
[Sta63]
[Str72]
[Sug57]
[The01]

[The03]

[The08]

[Thell]
[Tod56]

[Tod62]

BIBLIOGRAPHY

Brayton Gray, Universal abelian H-spaces, Topology Appl. 159 (2012), no. 1, 209-224,
DOI 10.1016/j.topol.2011.09.002. MR 2852964

Brayton Gray and Stephen Theriault, An elementary construction of Anick’s fibration,
Geom. Topol. 14 (2010), no. 1, 243-275, DOI 10.2140/gt.2010.14.243. MR2578305
Arunas Liulevicius, The factorization of cyclic reduced powers by secondary cohomol-
ogy operations, Mem. Amer. Math. Soc. No. 42 (1962), 112. MR0182001

Mark Mahowald, On the double suspension homomorphism, Trans. Amer. Math. Soc.
214 (1975), 169-178. MR0438333

Joseph Neisendorfer, Primary homotopy theory, Mem. Amer. Math. Soc. 25 (1980),
no. 232, iv+67, DOI 10.1090/memo/0232. MR567801

Joseph A. Neisendorfer, 3-primary exponents, Math. Proc. Cambridge Philos. Soc. 90
(1981), no. 1, 63-83, DOI 10.1017/50305004100058539. MR611286

Joseph Neisendorfer, Properties of certain H-spaces, Quart. J. Math. Oxford Ser. (2)
34 (1983), no. 134, 201-209, DOI 10.1093/qmath/34.2.201. MR698206

Joseph Neisendorfer, Algebraic methods in unstable homotopy theory, New Mathemat-
ical Monographs, vol. 12, Cambridge University Press, Cambridge, 2010. MR2604913
Joseph A. Neisendorfer, Homotopy groups with coefficients, J. Fixed Point Theory
Appl. 8 (2010), no. 2, 247-338, DOI 10.1007/s11784-010-0020-1. MR2739026

James Dillon Stasheff, Homotopy associativity of H-spaces. I, II, Trans. Amer. Math.
Soc. 108 (1963), 275-292; ibid. 108 (1963), 293-312. MR0158400

Arne Strgm, The homotopy category is a homotopy category, Arch. Math. (Basel) 23
(1972), 435-441. MR0321082

Masahiro Sugawara, A condition that a space is group-like, Math. J. Okayama Univ.
7 (1957), 123-149. MR0097066

Stephen D. Theriault, Properties of Anick’s spaces, Trans. Amer. Math. Soc. 353
(2001), no. 3, 1009-1037, DOI 10.1090/S0002-9947-00-02623-4. MR 1709780

Stephen D. Theriault, Homotopy decompositions involving the loops of coassociative
co-H spaces, Canad. J. Math. 55 (2003), no. 1, 181-203, DOI 10.4153/CJM-2003-008-
5. MR1952331

Stephen D. Theriault, The 3-primary classifying space of the fiber of the double sus-
pension, Proc. Amer. Math. Soc. 136 (2008), no. 4, 1489-1499, DOI 10.1090,/S0002-
9939-07-09249-0. MR2367123

Stephen D. Theriault, 2-primary Anick fibrations, J. Topol. 4 (2011), no. 2, 479-503,
DOI 10.1112/jtopol/jtr008. MR2805999

Hirosi Toda, On the double suspension E?, J. Inst. Polytech. Osaka City Univ. Ser.
A. 7 (1956), 103-145. MR0092968

Hirosi Toda, Composition methods in homotopy groups of spheres, Annals of Mathe-
matics Studies, No. 49, Princeton University Press, Princeton, N.J., 1962. MR0143217

Licensed to Univ of Rochester. Prepared on Thu Sep 12 15:07:34 EDT 2024for download from IP 128.151.13.59.


http://www.ams.org/mathscinet-getitem?mr=2852964
http://www.ams.org/mathscinet-getitem?mr=2578305
http://www.ams.org/mathscinet-getitem?mr=0182001
http://www.ams.org/mathscinet-getitem?mr=0438333
http://www.ams.org/mathscinet-getitem?mr=567801
http://www.ams.org/mathscinet-getitem?mr=611286
http://www.ams.org/mathscinet-getitem?mr=698206
http://www.ams.org/mathscinet-getitem?mr=2604913
http://www.ams.org/mathscinet-getitem?mr=2739026
http://www.ams.org/mathscinet-getitem?mr=0158400
http://www.ams.org/mathscinet-getitem?mr=0321082
http://www.ams.org/mathscinet-getitem?mr=0097066
http://www.ams.org/mathscinet-getitem?mr=1709780
http://www.ams.org/mathscinet-getitem?mr=1952331
http://www.ams.org/mathscinet-getitem?mr=2367123
http://www.ams.org/mathscinet-getitem?mr=2805999
http://www.ams.org/mathscinet-getitem?mr=0092968
http://www.ams.org/mathscinet-getitem?mr=0143217

A, BT
A.(), B8
BW,,,B

C, BT
Ckam
Dy, 47
Ea H’

Eo(m),
Ey, Bl 14
Fo(m), 61

Fy, 48

G, d

G(j, k), @5l
Go H,B O7
Gl 27
Gl bl 2
Gr(2),0
Jy;, [6] 48]
Ly, 40l
M.( ), 53
M,,, 55l
P M
PQn(pr)JIl
Py, B
R, @
lem

7,83
T2n717m
T2n7
Uy, B0
W, 08

Wlwm

a, 10

a(1)

a(k), 35

B

Licensed to Univ of Rochester. Prepared on Thu Sep 12 15:07:34 EDT 2024for download from IP 128.151.13.59.

List of Symbols

ad’,
adL,

ek,ﬂZl,
[, 3l
f(m), B0
g, 5l
g, 37
haﬂ
pr(Z), 0
u, 18]
v, 16

ak}a
o, 68

B,
Br., Bl B9l

A, BO
6tam

e, 1T
Nk, 48

r,m2
Iy, Bl 64
’Yk,ﬂ

I, 22

1, BT

v, Bl BT
Voo, B}, 14
vy, 5} 14
Vp(m)v

w, Tl
7', @0
p, [

o,
lem

Tk, (6] (48] [64]
0y, 104l

o, 4
o, 13l
¢y, 48
¢, M0
&k, [d8]

¢, 23
¢, 26

111



Licensed to Univ of Rochester. Prepared on Thu Sep 12 15:07:34 EDT 2024for download from IP 128.151.13.59.



Editorial Information

To be published in the Memoirs, a paper must be correct, new, nontrivial, and sig-
nificant. Further, it must be well written and of interest to a substantial number of
mathematicians. Piecemeal results, such as an inconclusive step toward an unproved ma-
jor theorem or a minor variation on a known result, are in general not acceptable for
publication.

Papers appearing in Memoirs are generally at least 80 and not more than 200 published
pages in length. Papers less than 80 or more than 200 published pages require the approval
of the Managing Editor of the Transactions/Memoirs Editorial Board. Published pages are
the same size as those generated in the style files provided for AApS-ETEX or ApS-TEX.

Information on the backlog for this journal can be found on the AMS website starting
from http://www.ams.org/memo.

A Consent to Publish is required before we can begin processing your paper. After
a paper is accepted for publication, the Providence office will send a Consent to Publish
and Copyright Agreement to all authors of the paper. By submitting a paper to the
Memoirs, authors certify that the results have not been submitted to nor are they un-
der consideration for publication by another journal, conference proceedings, or similar
publication.

Information for Authors

Memoirs is an author-prepared publication. Once formatted for print and on-line
publication, articles will be published as is with the addition of AMS-prepared frontmatter
and backmatter. Articles are not copyedited; however, confirmation copy will be sent to
the authors.

Initial submission. The AMS uses Centralized Manuscript Processing for initial sub-
missions. Authors should submit a PDF file using the Initial Manuscript Submission form
found at www.ams. org/submission/memo, or send one copy of the manuscript to the follow-
ing address: Centralized Manuscript Processing, MEMOIRS OF THE AMS, 201 Charles
Street, Providence, RI 02904-2294 USA. If a paper copy is being forwarded to the AMS,
indicate that it is for Memoirs and include the name of the corresponding author, contact
information such as email address or mailing address, and the name of an appropriate
Editor to review the paper (see the list of Editors below).

The paper must contain a descriptive title and an abstract that summarizes the article
in language suitable for workers in the general field (algebra, analysis, etc.). The descrip-
tive title should be short, but informative; useless or vague phrases such as “some remarks
about” or “concerning” should be avoided. The abstract should be at least one com-
plete sentence, and at most 300 words. Included with the footnotes to the paper should
be the 2010 Mathematics Subject Classification representing the primary and secondary
subjects of the article. The classifications are accessible from www.ams.org/msc/. The
Mathematics Subject Classification footnote may be followed by a list of key words and
phrases describing the subject matter of the article and taken from it. Journal abbrevi-
ations used in bibliographies are listed in the latest Mathematical Reviews annual index.
The series abbreviations are also accessible from www.ams.org/msnhtml/serials.pdf. To
help in preparing and verifying references, the AMS offers MR Lookup, a Reference Tool
for Linking, at www.ams.org/mrlookup/.

Electronically prepared manuscripts. The AMS encourages electronically pre-
pared manuscripts, with a strong preference for AA(S-ETEX. To this end, the Society
has prepared AAMS-IXTEX author packages for each AMS publication. Author packages
include instructions for preparing electronic manuscripts, samples, and a style file that gen-
erates the particular design specifications of that publication series. Though ApMS-IXTEX
is the highly preferred format of TEX, author packages are also available in AAMS-TEX.

Authors may retrieve an author package for Memoirs of the AMS from www.ams.org/
journals/memo/memoauthorpac.html or via FTP to ftp.ams.org (login as anonymous,
enter your complete email address as password, and type cd pub/author-info). The

Licensed to Univ of Rochester. Prepared on Thu Sep 12 15:07:34 EDT 2024for download from IP 128.151.13.59.


www.ams.org/submission/memo
www.ams.org/msc/
www.ams.org/msnhtml/serials.pdf
www.ams.org/mrlookup/
www.ams.org/journals/memo/memoauthorpac.html
www.ams.org/journals/memo/memoauthorpac.html

AMS Author Handbook and the Instruction Manual are available in PDF format from the
author package link. The author package can also be obtained free of charge by sending
email to tech-support@ams. org or from the Publication Division, American Mathematical
Society, 201 Charles St., Providence, RI 02904-2294, USA. When requesting an author
package, please specify AAS-ETEX or ApS-TEX and the publication in which your paper
will appear. Please be sure to include your complete mailing address.

After acceptance. The source files for the final version of the electronic manuscript
should be sent to the Providence office immediately after the paper has been accepted for
publication. The author should also submit a PDF of the final version of the paper to the
editor, who will forward a copy to the Providence office.

Accepted electronically prepared files can be submitted via the web at www.ams.org/
submit-book-journal/, sent via FTP, or sent on CD to the Electronic Prepress Depart-
ment, American Mathematical Society, 201 Charles Street, Providence, RI 02904-2294
USA. TEX source files and graphic files can be transferred over the Internet by FTP to
the Internet node ftp.ams.org (130.44.1.100). When sending a manuscript electronically
via CD, please be sure to include a message indicating that the paper is for the Memoirs.

Electronic graphics. Comprehensive instructions on preparing graphics are available
at www.ams.org/authors/journals.html. A few of the major requirements are given
here.

Submit files for graphics as EPS (Encapsulated PostScript) files. This includes graphics
originated via a graphics application as well as scanned photographs or other computer-
generated images. If this is not possible, TIFF files are acceptable as long as they can be
opened in Adobe Photoshop or Illustrator.

Authors using graphics packages for the creation of electronic art should also avoid the
use of any lines thinner than 0.5 points in width. Many graphics packages allow the user
to specify a “hairline” for a very thin line. Hairlines often look acceptable when proofed
on a typical laser printer. However, when produced on a high-resolution laser imagesetter,
hairlines become nearly invisible and will be lost entirely in the final printing process.

Screens should be set to values between 15% and 85%. Screens which fall outside of this
range are too light or too dark to print correctly. Variations of screens within a graphic
should be no less than 10%.

Any graphics created in color will be rendered in grayscale for the printed version unless
color printing is authorized by the Managing Editor and the Publisher. In general, color
graphics will appear in color in the online version.

Inquiries. Any inquiries concerning a paper that has been accepted for publication
should be sent to memo-query@ams.org or directly to the Electronic Prepress Department,
American Mathematical Society, 201 Charles St., Providence, RI 02904-2294 USA.

Licensed to Univ of Rochester. Prepared on Thu Sep 12 15:07:34 EDT 2024for download from IP 128.151.13.59.


www.ams.org/submit-book-journal/
www.ams.org/submit-book-journal/
www.ams.org/authors/journals.html

Editors

This journal is designed particularly for long research papers, normally at least 80 pages in
length, and groups of cognate papers in pure and applied mathematics. Papers intended for
publication in the Memoirs should be addressed to one of the following editors. The AMS uses
Centralized Manuscript Processing for initial submissions to AMS journals. Authors should follow
instructions listed on the Initial Submission page found at www.ams.org/memo/memosubmit.html.

Algebra, to MICHAEL LARSEN, Department of Mathematics, Rawles Hall, Indiana University,
831 E 3rd Street, Bloomington, IN 47405, USA; e-mail: mjlarsen@indiana.edu

Algebraic and enumerative combinatorics, to JIM HAGLUND, Department of Mathematics,
University of Pennsylvania, Philadelphia, PA 19104, USA.; e-mail: jhaglund@math.upenn.edu

Algebraic geometry, to LUCIA CAPORASO, Department of Mathematics and Physics, Roma Tre
University, Largo San Leonardo Murialdo, I-00146 Roma, Italy; e-mail: LCedit@mat.uniroma3.it

Algebraic topology, to SOREN GALATIUS, Department of Mathematics, Stanford University,
Stanford, CA 94305 USA; e-mail: transactions@lists.stanford.edu

Arithmetic geometry, to TED CHINBURG, Department of Mathematics, University of Pennsyl-
vania, Philadelphia, PA 19104-6395; e-mail: math-tams@math.upenn.edu

Automorphic forms, representation theory and combinatorics, to DANIEL BUMP, De-
partment of Mathematics, Stanford University, Building 380, Sloan Hall, Stanford, California 94305;
e-mail: bump@math.stanford.edu

Combinatorics and discrete geometry, to IGOR PAK, Department of Mathematics, University
of California, Los Angeles, California 90095; e-mail: pak@math.ucla.edu

Commutative and homological algebra, to LUCHEZAR L. AVRAMOV, Department of Math-
ematics, University of Nebraska, Lincoln, NE 68588-0130; e-mail: avramov@math.unl.edu

Differential geometry, to CHIU-CHU MELISSA LIU, Department of Mathematics, Columbia
University, New York, NY 10027; e-mail: ccliu@math.columbia.edu

Dynamical systems and ergodic theory, to VIVIANE BALADI, Analyse Algébrique, Institut
de Mathématiques de Jussieu-Paris Rive Gauche, U.P.M.C., B.C. 247, 4 Place Jussieu, F 75252 Paris
cedex 05, France; e-mail: viviane.baladi@imj-prg.fr

Ergodic theory and combinatorics, to VITALY BERGELSON, Ohio State University, Depart-
ment of Mathematics, 231 W. 18th Ave, Columbus, OH 43210; e-mail: vitaly@math.ohio-state.edu

Functional analysis and operator algebras, to STEFAAN VAES, KU Leuven, Department of
Mathematics, Celestijnenlaan 200B, B-3001 Leuven, Belgium; e-mail: stefaan.vaes@uis.kuleuven.be

Geometric analysis, to TATIANA TORO, Department of Mathematics, University of Washington,
Box 354350; e-mail: toro@uw.edu

Harmonic analysis, complex analysis, to MALABIKA PRAMANIK, Department of Mathe-
matics, 1984 Mathematics Road, University of British Columbia, Vancouver, BC, Canada V6T 1Z2;
e-mail: malabika®@math.ubc.ca

Harmonic analysis, representation theory, and Lie theory, to E. P. VAN DEN BAN, De-
partment of Mathematics, Utrecht University, P.O. Box 80 010, 3508 TA Utrecht, The Netherlands;
e-mail: E.P.vandenBan@uu.nl

Logic, to NOAM GREENBERG, School of Mathematics and Statistics, Victoria University of
Wellington, Wellington 6140, New Zealand; e-mail: greenberg@msor.vuw.ac.nz

Low-dimensional topology and geometric structures, to RICHARD CANARY, Department of
Mathematics, University of Michigan, Ann Arbor, MI 48109-1043; e-mail: canary@umich.edu

Number theory, to HENRI DARMON, Department of Mathematics, McGILL University, Montreal,
Quebec H3A 0G4, Canada; e-mail: darmon@math.mcgill.ca

Partial differential equations, to MARKUS KEEL, School of Mathematics, University of Min-
nesota, Minneapolis, MN 55455; e-mail: keel@math.umn.edu

Partial differential equations and functional analysis, to ALEXANDER KISELEV, Depart-
ment of Mathematics, MS-136, Rice University, 6100 Main Street, Houston, TX 77005; e-mail: kisilev@
rice.edu

Probability and statistics, to PATRICK FITZSIMMONS, Department of Mathematics, University
of California, San Diego, 9500 Gilman Drive, La Jolla, CA 92093-0112; e-mail: pfitzsim@math.ucsd.edu

Real analysis and partial differential equations, to WILHELM SCHLAG, Department of Math-
ematics, The University of Chicago, 5734 South University Avenue, Chicago, IL 60615; e-mail: schlag@
math.uchicago.edu

All other communications to the editors, should be addressed to the Managing Editor, ALE-
JANDRO ADEM, Department of Mathematics, The University of British Columbia, Room 121, 1984
Mathematics Road, Vancouver, B.C., Canada V6T 1Z2; e-mail: adem@math.ubc.ca

Licensed to Univ of Rochester. Prepared on Thu Sep 12 15:07:34 EDT 2024for download from IP 128.151.13.59.


www.ams.org/memo/memosubmit.html

1155

1154

1153

1152
1151

1150

1149

1148
1147

1146

1145

1144
1143

1142

1141

1140
1139

1138

1137
1136
1135

1134

1133

1132

1131
1130

1129

SELECTED PUBLISHED TITLES IN THIS SERIES

Hans Lundmark and Jacek Szmigielski, An Inverse Spectral Problem Related to the
Geng—Xue Two-Component Peakon Equation, 2016

Béla Csaba, Daniela Kiihn, Allan Lo, Deryk Osthus, and Andrew Treglown,
Proof of the 1-Factorization and Hamilton Decomposition Conjectures, 2016

Toshihiko Masuda and Reiji Tomatsu, Rohlin Flows on von Neumann Algebras,
2016

Xin-Rong Dai and Qiyu Sun, The abc-Problem for Gabor Systems, 2016

Reiner Hermann, Monoidal Categories and the Gerstenhaber Bracket in Hochschild
Cohomology, 2016

J. P. Pridham, Real Non-Abelian Mixed Hodge Structures for Quasi-Projective
Varieties: Formality and Splitting, 2016

Ariel Barton and Svitlana Mayboroda, Layer Potentials and Boundary-Value
Problems for Second Order Elliptic Operators with Data in Besov Spaces, 2016

Joseph Hundley and Eitan Sayag, Descent Construction for GSpin Groups, 2016
U. Meierfrankenfeld, B. Stellmacher, and G. Stroth, The Local Structure
Theorem for Finite Groups With a Large p-Subgroup, 2016

Genni Fragnelli and Dimitri Mugnai, Carleman Estimates, Observability
Inequalities and Null Controllability for Interior Degenerate Nonsmooth Parabolic
Equations, 2016

Bart Bories and Willem Veys, Igusa’s p-Adic Local Zeta Function and the
Monodromy Conjecture for Non-Degenerate Surface Singularities, 2016
Atsushi Moriwaki, Adelic Divisors on Arithmetic Varieties, 2016

‘Wen Huang, Song Shao, and Xiangdong Ye, Nil Bohr-Sets and Almost
Automorphy of Higher Order, 2015

Roland Donninger and Joachim Krieger, A Vector Field Method on the Distorted
Fourier Side and Decay for Wave Equations with Potentials, 2015

Su Gao, Steve Jackson, and Brandon Seward, Group Colorings and Bernoulli
Subflows, 2015

Michael Aschbacher, Overgroups of Root Groups in Classical Groups, 2015

Mingmin Shen and Charles Vial, The Fourier Transform for Certain HyperKahler
Fourfolds, 2015

Volker Bach and Jean-Bernard Bru, Diagonalizing Quadratic Bosonic Operators by
Non-Autonomous Flow Equations, 2015

Michael Skeide, Classification of Ep-Semigroups by Product Systems, 2015
Kieran G. O’Grady, Moduli of Double EPW-Sextics, 2015

Vassilios Gregoriades, Classes of Polish Spaces Under Effective Borel Isomorphism,
2015

Hongzi Cong, Jianjun Liu, and Xiaoping Yuan, Stability of KAM Tori for
Nonlinear Schrédinger Equation, 2015

P. Cannarsa, P. Martinez, and J. Vancostenoble, Global Carleman Estimates for
Degenerate Parabolic Operators with Applications, 2015

Weiwei Ao, Chang-Shou Lin, and Juncheng Wei, On Non-Topological Solutions of
the A2 and Bz Chern-Simons System, 2015

Bob Oliver, Reduced Fusion Systems over 2-Groups of Sectional Rank at Most 4, 2015

Timothy C. Burness, Soumaia Ghandour, and Donna M. Testerman,
Irreducible Geometric Subgroups of Classical Algebraic Groups, 2015

Georgios Daskalopoulos and Chikako Mese, On the Singular Set of Harmonic Maps
into DM-Complexes, 2015

For a complete list of titles in this series, visit the
AMS Bookstore at www.ams.org/bookstore/memoseries/.

Licensed to Univ of Rochester. Prepared on Thu Sep 12 15:07:34 EDT 2024for download from IP 128.151.13.59.



£319100§ TEOTIeWAYIBA] UBDLISWIY 9Y} JO SIIOWIDA

ISBN978-1-4704-2308-7

LI0C YdIB]N e COIT IqUnNN

977814707423087 AMS on the Web

MEMO/246/1162 WwWw.ams.org




	Cover
	Title page
	Chapter 1. Introduction
	1.1. Statement of Results
	1.2. History
	1.3. Methods and Modifications
	1.4. Outline of Modifications
	1.5. Conventions and Notation

	Chapter 2. Abelian Structures
	2.1. Preliminaries
	2.2. Whitehead Products
	2.3. Theriault’s Criterion
	2.4. Compatibility of Modifications
	2.5. Properties of 𝐺 and 𝑇

	Chapter 3. Whitehead Products
	3.1. Defining Whitehead Products Using co-𝐻 Spaces
	3.2. 𝐻-space Based and Relative Whitehead Products
	3.3. Iterated Whitehead Products and the Decomposition of Ω𝐺*Ω𝐻
	3.4. Neisendorfer’s Theory for Homotopy with Coefficients

	Chapter 4. Index 𝑝 approximation
	4.1. Construction of the co-𝐻 Ladder
	4.2. Index 𝑝 Approximation

	Chapter 5. Simplification
	5.1. Reduction
	5.2. Congruence Homotopy Theory

	Chapter 6. Constructing 𝛾_{𝑘}
	6.1. Controlled Extension and the Case 𝑘=0
	6.2. Preparation for Induction
	6.3. The Inductive Construction

	Chapter 7. Universal Properties
	7.1. Statement of Results
	7.2. Inductive Analysis
	7.3. The exact sequence
	7.4. Applications

	Appendix A. The Case 𝑛=1 and the Case 𝑝=3
	Bibliography
	List of Symbols
	Back Cover

