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GLOBAL 2-RINGS AND GENUINE REFINEMENTS

DAVID GEPNER, SIL LINSKENS AND LUCA POL

ABSTRACT. We introduce the notion of a naive global 2-ring: a functor from the opposite of the
oo-category of global spaces to presentably symmetric monoidal stable co-categories. By passing
to global sections, every naive global 2-ring decategorifies to a multiplicative cohomology theory
on global spaces, i.e. a naive global ring. We suggest when a naive global 2-ring deserves to be
called genuine. As evidence, we associate to such a global 2-ring a family of equivariant cohomology
theories which satisfy a version of the change of group axioms introduced in [GKV95]. We further
show that the decategorified multiplicative global cohomology theory associated to a genuine global
2-ring canonically refines to an Eo-ring object in global spectra. As we show, two interesting
examples of genuine global 2-rings are given by quasi-coherent sheaves on the torsion points of
an oriented spectral elliptic curve and Lurie’s theory of tempered local systems. In particular, we
obtain global spectra representing equivariant elliptic cohomology and tempered cohomology.
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1. INTRODUCTION

The study of cohomology theories for equivariant spaces has long been a key aspect of alge-
braic topology. However it has, in recent years, become increasingly clear that many of the most
interesting and important cohomology theories defined on equivariant spaces are more properly
understood as cohomology theories on topological stacks. Often this perspective highlights the
geometric or algebraic structure underlying such a cohomology theory in a way which the restric-
tion to any group does not. As some examples, we note that Borel cohomology, complex K-theory,
(stable) bordism and stable cohomotopy all admit the additional functoriality which characterizes
a cohomology theory defined on topological stacks. More recent additions to the list are tempered
cohomology and global elliptic cohomology, as defined by [Lurl9] and [GM23] respectively. Such
cohomology theories have come to be known as global cohomology theories. Before we can make
concrete definitions we first have to introduce a suitable homotopy theory of topological stacks.

The homotopy theory of topological stacks. We follow [GHOT7| in considering the co-category
Sg1 of global spaces (there called orbispaces). Global spaces are defined in analogy to (Bredon)
G-spaces, the oo-category of which, by the theorem of Elmendorf, is equivalent to the presheaf oo-
category on the G-orbit category. Similarly, global spaces are defined to be a presheaf co-category
on the co-category Glo, which one should interpret as an oo-category of orbit stacks, with objects
given by BG for a compact Lie group G. Up to homotopy, morphisms in Glo from BH — BG are
given by conjugacy classes of group homomorphisms «: H — G. A map f: BH — BG is called
faithful if it is represented by a monomorphism of groups. The oco-categories of G-spaces and global
spaces are closely related: There is a fully faithful colimit preserving functor

~ )G Sa = S g

whose essential image is given by those global spaces over BG whose reference map is faithful.

It is often useful to only consider global spaces with isotropy restricted to some family & of
compact Lie groups, which one denotes Sg and calls £-global spaces. For example tempered
cohomology and global elliptic cohomology are most naturally defined as a cohomology theory for
global spaces with isotropy in finite abelian groups and compact abelian Lie groups respectively.

Multiplicative global cohomology theories. Having introduced our homotopy theory of stacks,
one can simply define a multiplicative €-global cohomology theory as a limit preserving functor

E: &, — CAlg.

Taking homotopy groups we obtain a functor E* taking values in graded commutative rings and
satisfying analogues of the Eilenberg-Steenrod axioms. By higher Brown representability, the co-
category of cohomology theories are equivalent to (commutative) naive global rings, i.e., commu-
tative algebra objects in the oco-category of spectrum objects in £-global spaces. However, as is
typically the case in equivariant homotopy theory, we are more interested in “genuine” multiplicative
global cohomology theories which are represented by (commutative) global rings, i.e., commutative
algebra objects in the oo-category of £-global spectra in the sense [Schl8]. Global spectra can be
organized into a symmetric monoidal stable co-category Spg_g which admits a suspension spectrum
functor ¥5°: Sg.g1 — Spg_g- In particular, any commutative global ring X € CAlg(Spg_y) defines
a multiplicative global cohomology theory (and hence a commutative naive global ring) via the
assignment

Sghy — CAlg, Y — mapg, (STY, X)

However not all multiplicative global cohomology theories E arise in this way. In fact a global ring
contains significantly more structure. For this reason we say that a global ring X is a genuine
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refinement of the multiplicative global cohomology theory E if there exists a natural equivalence
E(_) = ma‘pSpg_gl (23-0(_)7 X)
Remark. As noted before, a genuine refinement endows E with significantly more structure. For

example for any compact Lie group G, and any G-space X one obtains an RO(G)-graded abelian
group E*(X) together with dimension shifting transfer maps

trfy: B (X) — ES(X),

for any subgroup H C G, where L is the tangent representation of G/H. Moreover this structure
is highly compatible as you change the group G, the subgroup H, and the space X.

Most of the cohomology theories recalled above are all canonically “genuine”. For example,
global spectra representing Borel cohomology, K-theory, (stable) bordism and cohomotopy were
constructed by Schwede in [Sch18]. However neither tempered cohomology nor elliptic cohomology
has so far been given a genuine refinement. This despite the fact that considerable evidence for
such a refinement is contained in [Lurl9] and [Lur09blIGM23] for tempered and elliptic cohomology
respectively.

Naive global 2-rings. Therefore there is a use for general procedures which construct genuine
refinements of multiplicative global cohomology theories. As such, the main concern of this paper
is:

Question. How can one construct genuine refinements of a multiplicative global cohomology the-
ory?
We provide an answer via the process of categorification. One key definition of this paper is:
Definition. A naive £-global 2-ring is a limit preserving functor
R: S — CAlg(Pry), X R, fr f*
from global spaces to the oo-category of presentably symmetric monoidal stable co-categories. We
write f, for the right adjoint to the functor f*.

Given a E-naive global 2-ring R, we can produce a multiplicative global cohomology theory
Hg(—,R): ng)gl — CAlg by taking endomorphism rings of the various unit objects 1z,. We
therefore think of R as a categorification of Hg(—, R). We summarise the situation in the following
diagram:

Naive global 2-rings

FunR(ng)gl, CAlg(Prh))

Decat

. . ) Multiplicative global
Global rings fat Naive global rings | p oy vep cohomology theorics
CAlg(Spe_g) CAlg(Sp(Se-g)) Fun® (SP,, CAlg)




Our interest in considering this categorification of a multiplicative global cohomology theory
comes from the fact that it endows its decategorification with significantly more structure, as we
explain now.

Unraveling into families of equivariant cohomology theories. Recall that in the literature
on equivariant elliptic cohomology theories associated to an elliptic curve E, one rarely views equi-
variant elliptic cohomology as a global cohomology theory valued in spectra. Instead one restricts
to a cohomology theory on G-spaces for some G. This has the benefit that G-equivariant elliptic
cohomology then canonically lifts to a functor

Elig(~): SP — QCoh(E[A])

valued in the stable co-category of quasi-coherent sheaves on the A-torsion points of the elliptic
curve (here A denotes the Pontryagin dual of the abelian compact Lie group A). However apriori
there is a downside to this perspective: it fails to capture the global nature of equivariant elliptic
cohomology.

There is a way however to obtain the best of both worlds. One can capture the global nature
of equivariant elliptic cohomology by equipping the family of functors £llg(—) with a suitable
collection of change of group transformations. Given a group homomorphism a: H — G and a
G-space X, these relate the value of £ll on a*X, the restriction of X to an H-space, and the
value of £llg on X. One can find this structure emphasised in the approach to equivariant elliptic
cohomology suggested by [GKV95]. As the first step of our approach, we show that any naive
global 2-ring canonically induces this data in an extremely coherent way. The next result combines
Proposition B.I] with the results of Section

Theorem A. LetR: ng)gl — CAlg(PrL) be a naive global 2-ring. Then for all G € £, there exists

a lax symmetric monoidal limit preserving functor
He(—,R): Sgp — RBag

whose composite with the functor Reg — Sp, X = mapg,.(1,X) agrees with Hg(—/G,R).
Moreover, for every group homomorphism «: H — G there exists a natural transformation filling
the square

op o op
SG SH

Hc(—,R)l /QL lHH(—R) (1.0.1)
RBc —— RBH-
Furthermore this data is coherently functorial: This is encoded in the existence of a functor
He(—,R): Glog¥ — Fun®®**([1], Cat®'™)
extending the assignment above.

The Ginzburg—Kapranov—Vasserot axioms. The previous result is only useful to the extent
to which we are able to control the family of cohomology theories one obtains by unravelling. To
isolate a case where this is possible we introduce the notion of a genuine global 2-ring. Let T C £
be some subset of groups in the family £.

Definition. We say that a naive global 2-ring R: ng)gl — CAlg(Prl) is T-genuine if

(1) R satisfies base-change with respect to faithful morphisms BH — BG with target in 7.
(2) For any faithful morphism f € Glog, the adjunction (f*, f.) satisfies the projection formula.
(3) For all G € £ and every irreducible G-representation V, the object Hg(SY,R) € Rpg is
invertible.
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In the previous definition 7 C &€ will typically be some subset of enough injective objects, a
concept which abstracts the properties of the collection of tori inside all abelian compact Lie
groups, see Definition This concept ensures that one can effectively control the values at all
groups in € by only remembering the value of G-equivariant cohomology theories for G € T. The
additional flexibility of specifying such a T is crucial for applications. Specifically, the example of
equivariant elliptic cohomology will only be genuine with respect to the tori.

As mentioned, the axioms ensure that the unravelling Hq(—,R) of a genuine global 2-ring is
particularly well-behaved. More precisely, we show that it implies that this family of equivariant
cohomology theories satisfies analogs of the axiom of [GKV95].

Theorem B. Let R be a T-genuine global 2-ring. Then the unravelling Ho(—,R) satisfies the
following axioms:

(1) Induction: Let a: G — G/N be a surjective group homomorphism and let X be a G-space
such that the action of N on X is free. Then there is a natural equivalence

Hen(ai(X/N), R) = . He (X, R);

(2) Base-change: Let Ba: BH — BG be a map in Glog such that BG € T. Then the natural
transformation

Qo: &Hg(X,R) —» Hy(a" X, R)

from Theorem [l is an equivalence for all compact G-spaces X ;

(3) Kiinneth: Let G and H be two groups in T, X a compact G-space and'Y a compact H -space.
Then there is an equivalence

meHe(X,R) @ mHg (Y, R) ~ Hoxg (X x Y, R),

where T and mg denote the two projections G x H — H,G.

A genuine refinement of Hy (—,R). Using the previous result and the universal property of G-
spectra, we are able to coherently refine the equivariant cohomology theories H¢(—,R) to cohomol-
ogy theories on genuine G-spectra. Taking global sections we obtain a family of equivariant cohomol-
ogy theories with values in Sp. An application of higher Brown representability yields a compatible
collection of G-spectra, which in turn define a global spectrum by the main theorem of [LNP22].
Finally we check that this global spectrum is a genuine refinement of Hg(—,R): ng)gl — Sp. This
gives the main theorem of this paper, see Theorem [12.71

Theorem C. Let £ be a multiplicative global family of compact Lie groups and let R: Sglfgl —
CAlg(Prk) be a genuine global 2-ring. Then its associated decategorification Hg(—,R): Sglfgl —
CAlg admits a canonical genuine refinement T'g1(R) € CAlg(Spe_g1)-

One benefit of categorification which is often highlighted is that it has the ability to turn structure
into a property. We note that another example of this phenomenon is provided by naive global
2-rings: while a genuine refinement of a multiplicative global cohomology theory is structure, it is a
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property for a naive global 2-ring to be genuine. We can therefore complete our diagram as follows:

Genuine global 2-rings ‘ Naive global 2-rings
Thm [ Decat.
fgt Brown rep. | Multiplicative global

Global rings| —————— | Naive global rings

cohomology theories

Applications: elliptic and tempered cohomology. Our first application is to equivariant
elliptic cohomology. By work of [GM23], a preoriented strict abelian group object G in a suitable
oo-category X canonically induces a functor Glo,, — X from the global orbit co-category with
isotropy in all compact abelian Lie groups. If the objects of X admit a sufficiently well-behaved
notion of quasi-coherent sheaves one can obtain a naive global 2-ring by post-composition. Applying
this to a preoriented strict abelian group object G in spectral Deligne-Mumford stacks over S we
obtain a naive global 2-ring

Q: S;p = CAlg(Pr), X Qx.

A~

Applying Q to BA for a compact abelian group A gives QCoh(GJ[A]), the oco-category of quasi-
coherent sheaves on the A-torsion points of G, where A is the Pontryagin dual of A. Heavily
relying on |[GM23|, we prove:

Theorem D. Let G be an oriented strict abelian group object in spectral Deligne-Mumford stacks
overS. Then Q is a genuine global 2-ring and so Hg(—, Q) admits a genuine refinement I'a(S, Os) =
g (Q) € CAlg(Spap-g1)-

By construction the underlying spectrum of I'g (S, Os) is simply I'(S, Os), the global sections of
S. In particular, when G is an oriented elliptic curve we obtain an integral globally equivariant
elliptic cohomology spectrum. Further specializing, when S is Mg}, the moduli stack of oriented
elliptic curves, we obtain a global spectrum of topological modular forms TMF,.

Our second application is to tempered cohomology [Lurl9]. In this case we restrict to the family
of finite abelian groups and write Glogy, and Spa-g for the associated global orbit co-category
and oco-category of global spaces. Given an oriented P-divisible group G over a commutative ring
spectrum R, Lurie constructs a multiplicative global cohomology theory

R S&%_gl — CAlg,

referred to as tempered cohomology. Furthermore Lurie in [Lurl9] introduces the notion of tempered
G-local systems on a fab-global space. As shown there, this functions as an extremely well-behaved
categorification of tempered cohomology. We capture some of this richness by the following theorem.

Theorem E. Suppose G is an oriented P-divisible group over R. Then the functor
LocSysg(—): Sfa%_gl — CAlg(Prk), X — LocSysg(X)
is a genwine global 2-ring and so admits a genuine refinement E% = I'gi(LocSysg) € CAlg(Spgapg1)-

In particular, restricting to any finite group abelian group A, one obtains a genuine A-spectrum
Eé. Using the technology developed in this article, we can in fact go further and actually identify
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LocSysg(BA) with the oo-category of E’é—modules in A-spectra. The following theorem combines
Theorem [15.27] and Proposition [15.29

Theorem F. There exists a natural equivalence
[e: LocSysg(e) — Modpge,
of functors Glogh — CAlg(Prl).

1.1. Conventions and notation.

(1) We use capital letters to refer to large categories, and bold font to refer to (oo, 2)-categories.

(2) We use Cat for the oco-category of oo-categories and Cats for the oo-category of (oo, 2)-
categories.

(3) We write CAlg(Pr) for the co-category of presentably symmetric monoidal stable co-
categories and symmetric monoidal left adjoint functors between them.

(4) Given an oo-category C we write Map,(—, —) for the mapping spaces in C. If C is stable
then we write map,(—, —) for the mapping spectra in C. Finally if C is closed symmetric
monoidal, then we write Hom,(—, —) for the internal Hom in C.

(5) We write A(C): Z — Cat for the constant functor on an oco-category C.

(6) We will assume all (nonconnective) spectral Deligne-Mumford stacks to be locally noether-
ian, i.e. they are étale locally of the form Spec(A) with mo(A) noetherian and m;(A4) a
finitely generated my(A)-module for i > 0. Moreover, we assume (nonconnective) spectral
Deligne-Mumford stacks to be quasi-separated, i.e. the fiber product of any two affines over
such a stack is quasi-compact again, and that all iterated diagonals are quasi-separated (i.e.
n-quasiseparated in the sense of [GM23] Definition D.1] for all n > 1).
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Topology”, funded by the Deutsche Forschungsgemeinschaft (DFG, German Research Foundation)
under Germany’s Excellence Strategy — EXC-2047/1 — 390685813.

The authors would like to thank Robert Burklund, Tim Campion, Bastiaan Cnossen, Jack Davies,
Tobias Lenz, Lennart Meier and Stefan Schwede for helpful discussions. We would also like to
especially thank Markus Hausmann for various helpful conversations and for suggesting the coun-
terexample in Remark B.8 Finally we would like to thank Denis Nardin for his contributions to
this project at an early stage of the collaboration.

Part 1. Recollections on global homotopy theory

In this part we provide some definitions and results in global homotopy theory. We emphasize
the perspective on global homotopy provided by the results of [LNP22], which utilizes the notion of
a partially lax limit. Therefore we begin with a section on lax natural transformations and provide
a definition of partially lax limits. In the second section, we define the co-category of global spaces
and explain its close relationship to equivariant homotopy theory. In the third section we discuss
the oco-category of global spectra.

2. LAX NATURAL TRANSFORMATIONS

In this section we recall the co-categories of functors and (op)lax natural transformations, discuss
(op)lax slice categories and the mate equivalence.
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Definition 2.1. Let Z be an oo-category and C an (oo, 2)-category. We define the (oo, 2)-categories
Fun™(Z,C) and Fun°(Z,C)

as the right adjoint objects for the left and right Gray tensor product by Z respectively, in the sense
of [GHL21], so that

MapCatg (A I I7 C) = MapCatg (Av Funlax(Iv C))a
Mapgy, (Z X A, C) ~ Mapc,, (A, Fun®?'(Z, C)).

for every (oco,2)-category A. The underlying oo-categories will be denoted Fun'®*(Z,C) and
Fun®?!(Z, C) respectively.

Example 2.2. The objects of Fun'®(Z, C) agree with the objects of Fun(Z,C). A morphism
in Funlax(l', C) is precisely the data of a lax natural transformation. Informally, a lax natural
transformation n: F = G between functors F,G: Z — C is a coherent collection of squares

Fi) 22 p)

mi p lﬁj
G(O) 0 GO)

together with 2-morphisms e: G(f)on; = n;o F(f). If the 2-morphisms € are all equivalences, then
7 defines a natural transformation. Dually, an oplax natural transformation n: F = G is informally
a coherent collection of oplaxly commuting squares

£(f)

F(i) —= F(j)
ml 4 lnj
G(i) <5 G(5)-

Definition 2.3. Consider two functors F,G: Z — Cat. We write Na‘clax(F7 G) for the mapping
categories in Fun'®(Z, Cat) from F to G. Dually we write Nat°P!( F, G) for the mapping co-category
in Fun®?!(Z, Cat).

We now give a definition of partially (op)lax limits, first introduced in [Ber20].
Definition 2.4. Let F': Z — Cat be a functor. We define the laz limit of F’
laleim F = Nat'™(A(x), F)

to be the co-category of lax cones: lax natural transformations from the constant functor on the
terminal oco-category to F. Here A: Cat — FunlaX(I , Cat) denotes the diagonal, which under the
identification Cat ~ Funlax(*, Cat) is precomposition with the projection Z — .

Suppose Z is marked by a subcategory W. Then we define the partially lax limit of F

laxlim' F ¢ laxlim F
W 7

to be the full subcategory of laxlim F' spanned by those lax cones whose restriction to W C T is
strictly natural.

Dually we define the oplaz limit oplaxlim F' of F' to be the oo-category Nat®P'(A(x), F) of oplax
cones and oplaxlim! F C oplaxlim F to be the full subcategory spanned by those oplax cones whose

restriction to W is strictly natural.
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We now introduce an (un)straightening equivalence for the co-category of functors and lax natural
transformations. This will be a crucial tool for working with partially lax limits, and will also allow
us to connect the definition given above to the definitions of [Ber20] and [LNP22].

Definition 2.5. Write Cocart'®™(Z) and Cart®(Z) for the full subcategories of the (oo, 2)-
category Cat 7 spanned by the cocartesian and cartesian fibrations respectively.

Theorem 2.6. ([HHLN23a, Theorem E|) The (un)straightening equivalences of Lurie extend to
natural equivalences

Cocart®™(7) ~ Fun'®(Z,Cat) and Cart°(Z) ~ Fun®"'(Z°, Cat). (2.6.1)
U

Remark 2.7. The previous equivalence gives an equivalence
Nat'®™(F, G) ~ Funz(Un®(F), Un®(Q)).

when restricted to the mapping co-category from F' to G. In particular, because the identity functor
on Z is the unstraightening of A(x), we obtain an equivalence

laxlim F' ~ Funz(Z, Un“(F)).

That is, the lax limit of F' is equivalent to the co-category of sections of the cocartesian unstraight-
ening of F. Furthermore, if Z is marked by W, then a lax cone is in laxlim' F if and only if the
associated section Z — Un®(F') sends maps in W to cocartesian edges in Un®(F'). This follows
immediately from the fact that Equation (2.6.1]) restricts to the usual (un)straightening equivalence.

We conclude by [Ber20, Theorem 4.4] that our definition agrees with the definition of partially
lax limits given there, and used in [LNP22]. Finally we note that all of the observations above
dualize and imply analogous statements for oplax limits.

Example 2.8. A particularly degenerate consequence of the previous observations is already inter-
esting. Recall that the cocartesian unstraightening of the constant functor A(C): Z — Cat is given
by the projection C x Z — Z. Therefore we may compute that

laxlim A(C) ~ Funz(Z,Z x C) ~ Fun(Z,C).

We conclude that functors F': Z — C are equivalent to lax cones over the constant functor on C.
Dually functors F': Z°° — C are equivalent to oplax cones over the constant functor on C.

While not immediately clear from the description above, we note that if F': Z — Cat lifts to a
diagram in Cat®, the oco-category of symmetric monoidal co-categories and symmetric monoidal
functors, then the partially lax limit laxlim® F is canonically symmetric monoidal.

Proposition 2.9. Let F: T — Cat® be a functor. Then laxlim! F' admits a symmetric monoidal
structure such that for any symmetric monoidal co-category C we have a natural equivalence

Fun®~1%(C, laxlim! F) ~ laxlim" Fun®~1#%(C, (1)),
between lax symmetric monoidal functors. In particular,
CAlg(laxlim' F) ~ laxlim" CAlg(F(7)).
Proof. This follows from [LNP22| Remark 5.1]. O

In the remainder of this section we recall some technical material which we will use in later
sections.



2.1. Lax slice categories. In this subsection we introduce the definition of (op)lax slice categories,
and use this to make some identifications of lax limits which will be useful later.

Definition 2.10. Given an (oo, 2)-category C with underlying co-category C and an object X in
C, we define C [°P! X, the oplaz slice category over X, via the pullback

C P! X —— Fun®?([1],C)

J J

Cx{X} — CxC.

Analogously we can define the notion of lax slice category C [ X
Our interest in oplax slice categories comes from the following theorem.

Theorem 2.11. Let C be an (o0, 2)-category with underlying oo-category C, and fir X € C.

(1) The forgetful functor fgt: C [°P! X — C is a cartesian fibration and classifies the mapping
functor Mapga(—, X): C°P — Cat.

(2) The forgetful functor fgt: (C [1#% X)°P — C°P js q cocartesian fibration and classifies the
same functor as in (a).

Proof. Part (1) is proved in [HIHLN23bl, Theorem 7.21]. Part (2) follows by applying (1) to C?~°P.
U

Applying this to C = Cat we obtain another formulation of the (un)straightening equivalence.
We write Cart for the subcategory of Ar(Cat) spanned by cartesian fibrations and maps of cartesian
fibrations, see Definition [Z.1l

Corollary 2.12. There exists an equivalence
Un: Cat |°P! Cat = Cart.
Proof. The equivalence is induced by unstraightening the natural equivalence
Fun(—, Cat) ~ Cart((—)°P). O
Construction 2.13. Suppose we have a functor
F:I - Cat|°®'C, i [¢;: F(i) = C].

We abuse notation and write F' also for the functor F': Z — Cat obtaining by forgetting the functor
to C. By Theorem 2.I1}(a), the forgetful functor Cat [°P' C — Cat is the cartesian unstraightening
of the functor Fun(—,C): Cat®® — Cat. By pulling back along F': Z — Cat, this implies that we
can interpret F' as a section of the cartesian fibration

q: Un®(Fun(F(-),C)) — Z°P.

By the dual of Remark 2.7] this equivalently defines an object of oplaxlimzop, Fun(F(—),C). Sum-
marizing, we have exhibited for any F': Z — Cat, an equivalence between oplaxlim Fun(F(—),C)
and Func,(Z, Cat op! C). The previous argument in fact applies to any (oo, 2)-category C and an
object X € C, and gives an identification of

F:T—CJl®X

and objects of oplaxlim C(F(—), X). We will later apply this also to Cat®!ax,
10



2.2. The mate equivalence. We now introduce the mate equivalence, which in fact takes two
forms. To state them we introduce some notation:

Definition 2.14. Let Z be an oo-category and let Cat be the (very large) (oo, 2)-category of large
oo-categories. We write

Funi®™(Z,Cat) and Fun%pl(l', Cat)

for the full subcategory of Fun'®(Z, Cat) and Fun®?(Z, Cat) respectively spanned by those func-
tors Z — Cat which sends each morphism in Z to a left and right adjoint respectively.

Theorem 2.15. (JHHLN23al Theorem 5.3.6]) Let Z be an co-category. Then there is an equiva-
lence

Fun/™*(Z, Cat) ~ Fun?(Z°?, Cat)
which sends a diagram F: T — Cat® to the corresponding diagram G: I°° — Cat® of right adjoints.

Example 2.16. Suppose F,F': T — Cat are two objects of Funi®(Z,Cat), and write G and
G’ respectively for the associated Z°P-shaped diagrams of right ad301nts Consider a lax natural
transformation v: F = F’, given at a map f: ¢ — j in Z by the laxly commuting square

F(i) 2 F ()

%‘l s r/j

/(s /
F'G) oy F10)-

By [HHLN23al, Proposition 3.2.7], the first mate equivalence sends 7 to the oplax natural transfor-
mation v: G — G’ such that given a map f: ¢ — j in Z the oplaxly commuting square

is filled by the Beck—Chevalley transformation ( of o, defined to be the composite
%G() = G (NF (NG = G (DFNG) = G (N
For the second mate equivalence we again introduce some notation:
Definition 2.17. Let Z be an co-category. We write
Fun™'®(Z, Cat) and Fun™°P/(Z, Cat)

for the wide subcategories of Fun'® (Z,Cat) and Fun®P! (Z, Cat) respectively spanned on morphisms
by those (op)lax natural transformations n: F' = G such that each component 7; is a right/left
adjoint respectively.

Theorem 2.18. (JHHLN23al, Theorem 5.3.5]) Let Z be an co-category. Then there is an equiva-
lence

Fun™'®(Z, Cat) ~ Fun™°P!(Z, Cat)!:2)-op

Example 2.19. Given the square (Z.I6), let v~ and VJL denote the left adjoints of ~; and ~;

respectively. Then the second mate equivalence sends the square (2.I6]) to the oplaxly commuting
11



square

which is filled by the Beck—Chevalley transformation 3 of «, defined to be the composite
W (F) 2 9 F'(Fvv = 7 F (i = F(Hhi

Example 2.20. Specializing the second mate equivalence to the case 7 ~ % we obtain an equiva-
lence Cat® ~ (Cath)(1:2)-op,

As a first example of the mate equivalence, we observe that one can identify certain lax and
oplax limits taken over adjoint diagrams.

Proposition 2.21. Let G: T — Cat® be a diagram of right adjoints. Write F: I°° — Cat" for
the diagram of left adjoints. Then there exists an equivalence oplaxlim; G ~ laxlimzop F'.

Proof. On categories this follows immediately from the following chain of equivalences
oplaxlim G = Nat°P!(A(x), G) ~ Nat'™(A(x), F) = laxlim F,

where the first and the third are by definition and the middle one follows from the definition of
adjoint diagrams in higher category theory. ([l

3. UNSTABLE GLOBAL HOMOTOPY THEORY

In this section we recall the necessary background on global homotopy theory following [GHO7,
Rez14|[LNP22].

To begin recall that a global family is a collection of compact Lie groups £ which is closed under
isomorphisms, passage to subgroups and quotients. A global family is said to be multiplicative if
in addition it is closed under finite products.

Definition 3.1. Let £ be a global family of compact Lie group.

(1) We let Glog denote the global orbit co-category of [GHOT|] with isotropy in £, whose objects
are given by BG for G € £. Up to homotopy, morphisms BH — BG in Glog are given
by conjugacy classes of continuous group homomorphisms a: H — G. More precisely, by
[LNP22| Proposition 6.3], we have

Clog(BH, BG) HBC (3.1.1)

where [a] runs through the set of conjugacy classes of continuous group homomorphisms
from H to G, and C(«) denotes the centraliser of the image of a.

(2) We denote by Orbg C Glog the wide subcategory spanned by those morphisms which are
represented by an injective group homomorphism.

(3) The oco-category of E-global spaces Sg.q = Fun(Glog”,S) is the presheaf co-category on
Glog. We identify BG with its image under the Yoneda embedding.

Notation 3.2. When £ is the global family of all compact Lie groups, we will omit the £ and simply
write Glo, Orb and Sy for these co-categories. When & is the global family of abelian compact Lie
groups, we will simplify the notation to Glo,p, Orb,, and S,p,. Similarly when we restrict to finite
abelian groups, we will write Glogy,, Orbgy, and Sep.
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Notation 3.3. When it is clear from the context, we will often simply call an object of Sg_g a
global space, leaving the family £ implicit. We will also do this with all other “global” objects we
consider in this article.

Remark 3.4. By [GM23| Remark 2.14] the co-category Glo, of pointed objects in Glo is equivalent
to CptLie, the topologically enriched category of compact Lie groups. In particular we obtain a
functor B(—): CptLie — Glo which “forgets the basepoint”.

Remark 3.5. If £ is a multiplicative global family, then Glog has finite products inherited from
CptLie. This follows for example from a simple computation using [LNP22, Proposition 6.4].

Crucial to the story of global homotopy theory is its close relationship to equivariant homotopy
theory. It follows from [LNP22, Lemma 6.13] that for any G' € & the slice co-category (Orbe) /pa
can be identified with Orbg, the orbit co-category of the compact Lie group G. Restricting along
the functor (Orbg)/pg — Glog, (BH — BG) — BH and using Elmendorf’s theorem yields a
restriction functor

resqg: Sg_gl — SG
into the oo-category of G-spaces. The right Kan extension along Orbg g — Glog defines a right
adjoint to resg. We record the following special case.

Notation 3.6. We denote the right adjoint of res.: Sg.q1 — S by X — X() . One verifies that
this right adjoint is in fact fully faithful.

Example 3.7. For any compact abelian group K we have BK = BK (), see the discussion in
[Sch20l Theorem 1.2.32].

The restriction functor resg also admits a left adjoint —/G: Sg — Sg_g1 which is given by left
Kan extension. It will be important to record the following special case.

Notation 3.8. The functor —/Je: § — Sgq is fully faithful and we refer to a global space in its
image as a constant global space. Given a space X, we will identify X with its constant global
space X /e.

One verifies that pt/G ~ BG so we obtain an induced functor — /G: Sg — Sg_g /BG" To describe
the essential image of this functor we introduce the following definition:

Definition 3.9. A morphism of global spaces f: X — Y is faithful (or representable) if for every
BG € Glog and normal subgroup N <G the diagram

X(BG/N) —— X(BG)

| |

Y(BG/N) —— Y(BG)
is a pullback. We will distinguish faithful maps by writing X < ).

Example 3.10. A morphism BH — BG in Glo is faithful if and only if it can be represented by
an injective continuous group homomorphism H — G.

Example 3.11. By Equation (3.1.1]) we see that Be ~ pt, and Mapg,, (pt, BG) ~ BG. Therefore
we obtain a map v: BG — BG, given by the counit of the adjunction between spaces and global
spaces. Using Equation ([B.1.1]) again is not hard to see that v is faithful.

Remark 3.12. By an application of the Yoneda Lemma, a map f: X — Y is faithful if and only
if it is right orthogonal to every map Bp: BG — BG/N between representables such that p is a
surjective group homomorphism. In particular faithful morphisms are closed under pullback.

13



Definition 3.13. By the dual of [Lur09al, Proposition 5.5.5.7], the faithful maps are the right class
of a factorization system on Sg,. We call morphisms in the associated left class quotient maps
and denote them by f: X — ).

Example 3.14. By Remark B12, a map f: BH — BG is a quotient map if and only if it repre-
sented by a surjective group homomorphism.

Theorem 3.15. Let £ be a global family and consider G € £. The functor
—//G: SG — Sg'gl/BG
1s fully faithful and an object f: X — BG is in its essential image if and only if f is faithful.

Proof. The claim for the global family of all compact Lie groups is proved in [GM23l Proposition
2.19]. We can obtain the general case from this one by noting that there is a factorization

—/G: Sg — (Seg1) /BG — (Sg1) /BC
where both functors are fully faithful. O

Remark 3.16. As observed in [Rezl4, Section 5.3], the functor —/G: Sg — Sg.q /B admits a
left adjoint, and so the co-category of G-spaces is a Bousfield localization of global spaces over BG.
We may describe this left adjoint as follows: Given a map of global spaces f: X — BG, we may
factor f as a quotient map followed by a faithful map X — X’ — BG. The left adjoint applied to
f is the map X’ — BG, while the map the map X — X’ gives the unit of the adjunction.

Remark 3.17. We can also give an interpretation of the functoriality of equivariant spaces using
the previous result. Given a group homomorphism «: H — G, pullback and postcomposition by
Ba: BH — BG induces an adjunction

Ba; : Sg‘gl/BH = Sg‘gl/BG :Ba®.

As observed in Remark [3.12] pulling back preserves faithful maps. Therefore the right adjoint above
restricts to a functor

(Ba)": (Sf—gl)%lc - (Sg—gl)it]gH
between faithful morphisms. By [LNP22, Proposition 6.17], this functor agrees under the equiv-
alences of Theorem with the standard restriction functoriality a*: S¢ — Sy of equivariant
spaces.

It follows by standard arguments that the left adjoint of Ba*, restricted to global spaces over BG
and BH with faithful structure map, is computed by first applying Bay and then reflecting back
into (Sg-gl)%gg- This agrees by uniqueness of adjoints with the induction functor on equivariant
spaces. In particular the counit of the adjunction oy 4 o* is given by factoring the counit a* X JH ~
(Ba)*(X//G) — X /G of the pullback-postcomposition adjunction into a quotient map followed by
a faithful map as in the following diagram

o XJH — qa*X |G —— X)|G
[~ |

BH Ba BG.

We also briefly discuss the identification of free G-spaces under the equivalence of Theorem [B.15]
To establish notation we recall that Endoym,, (G/e) ~ G, and so we obtain a restriction functor

eVG/e

Sg = Fun(Orbg, S) —— Fun(BG,S) ~ S/p¢-

We call G-spaces in the image of the fully faithful left adjoint free G-spaces.
14



Proposition 3.18. A map X — BG of global spaces is faithful if and only if it is in the image
of the constant functor. Now consider the map v: BG — BG from Example [311. Both functors
in the adjunction

14 Sg‘gl/BG = Sg'gl/BG ZV*
preserve objects with a faithful structure map, and the following square commutes

(Sg-gl)it]gc L) (Sg-gl)ﬁtgg

resGlN Nlresc

evG/e
S¢ —— S/Ba-
In particular passing to left adjoints, we conclude that an object X — BG of Sg_g1 /BG corresponds
to a free G-space if and only if X is a constant global space and the map to BG is faithful.

Proof. Suppose f: X — BG is a faithful map of global spaces. For any BH the square
X(pt) — X (BH)

| |

BG —=— BG

is a pullback square. So we conclude that the map X' (pt) — X (BH) is an equivalence, and so X’ is
constant. For the second statement we first note that faithful maps are closed under pullback, and
so v* clearly preserves faithful maps. Since composition of faithful maps is again faithful and vy is
given by postcomposing with v, it follows that 1y preserves faithful maps. The commutativity of
the diagram follows from the observation that res. (which agrees with evaluation at pt) preserves
pullbacks square so we obtain the first equivalence in the following sequence:

resev" X =~ res, X =~ evg/, o resgX. O

The connection between global and equivariant homotopy theory expressed by Theorem B.15] can
be extended to give a different perspective on global homotopy theory. Recall from [LNP22] Section
6], that there exists a functor S,: G‘rlogp — Cat, which sends BG to Sg, and sends a morphism
Ba: BH — BG to the restriction-inflation functor a*: Sg — Sg. We recall the following result.

Theorem 3.19. ([LNP22, Theorem 6.18]) Let £ be a global family of compact Lie groups. Then
the restriction functors induce an equivalence of co-categories

Segl laxlim! S,
Glog?,Orbg?

where we view Glozp as a marked oo-category via the inclusion Ol“bzp C Glozp.

Remark 3.20. In this article we have many occasions to take a partially (op)lax limits over
the marked oo-category (Glog, Orbe), as well as subcategories and opposite categories thereof.
We therefore make the globaﬂ convention that any category derived from Glo is marked by the
collection of faithful edges.

Remark 3.21. Using the previous remark, we can informally summarize Theorem [3.19] as follows:
a global space X is equivalent to the data of

e a (G-space resgX for each group G € &;
e an H-equivariant map f,: a*resgX — resgX for each continuous group homomorphism
a: H— G,

pun intended.
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e the maps f, are functorial, so that fg.o =~ fg o 5*(fa) for all composable maps o and 3,
and fiq = id;

e the map f, is an equivalence for every continuous injective homomorphism .

e a homotopy between the map f., induced by the conjugation isomorphism and the map
lg: cyresgX — resgX given by left multiplication by g;

e higher coherences for the homotopies.

Here we record a consequence of this description for constructing functors out of global spaces.

Proposition 3.22. Let C be an oo-category. Restriction along the functors —[/G: Sg — Sg_gl
induces a functor

®: Fun(Sgq,C) — oplaxlim’ Fun(S,, C),

Glogp

where the diagram Fun(S,,C) is functorial in GloZ as follows: a morphism Ba: BH — BG in
Glog is sent to restriction along the induction functor ay: S — Sg. Furthermore suppose C admits
all small colimits. Then ® restricts to an equivalence

Fun"(Sg 41,C) =~ oplaxlim’ Fun®(S,, C).

Glog?
Proof. Recall that Sg_g1 ~ laxlim® S¢;. In particular we obtain a universal partially lax cone
Su

s

Sg—gl

=\

Passing to left adjoints (by which we mean using the equivalence Cat® ~ (CatL)(l’z)‘Op, see
Example [2.20) we obtain a partially oplax cocone

a*

Sa.

SH

\/ﬁH

a / Sl (3.22.1)

///G

Sa.

Given a functor F': Sg.qy — C we may precompose by this cocone to obtain a partially oplax
cocone with target C, encoded by a diagram Glog — Cat [°P' C. This in turn gives an object of
oplaxlim Fun(Sg, C), see Construction 2.3

For the final statement we first observe that because each functor — /G preserves colimits, the
functor constructed above restricts appropriately. To see that it is an equivalence we compute

Fun"(Sg_g1,C) ~ Fun(Glog, C) ~ Fun(oplaxcolim' Orb,, C)
~ oplaxlim' Fun(Orb,, C) ~ oplaxlim' Fun(S,, C),

where the second and third equivalence are justified by the proof of Theorem 6.18 and Proposition
4.15 of [LNP22] respectively. O
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Remark 3.23. Unwinding the proof of the previous proposition, we find that the image of
F': Sg_g1 — C under the functor of Proposition [3.22 and the equivalence of Theorem [3.15] is given
by the family of functors {F(X) = F(X//G)}. The oplax structure map Fg(a(—)) — Fg(—) is
given at an object X by applying F' to the unique quotient map X /G — o X//H for which the
square

X)G —» anX|JH

\[i \[Oﬁ[(i)
BG —! - BH

commutes.

4. STABLE GLOBAL HOMOTOPY THEORY

Global spectra were defined in [Sch18|] as a co-category of representing objects for genuine coho-
mology theories on global spaces. Just as in the unstable setting, one can describe global spectra
as a laxly compatible collection of genuine equivariant spectra.

Theorem 4.1. (|[LNP22, Theorem 11.10]) Let £ be a multiplicative global family of compact Lie
groups. Then there exists a functor

Sp,: Glo® — CAlg(Prk), BG — Spg

which sends BG to the co-category of genuine G-spectra and an equivalence of symmetric monoidal
00-categories
Spg_g1 = laxlim' Sp,,.

In this section we refine this result, and show that in certain cases a simpler description of global
spectra is possible.

Definition 4.2. Let £ be a multiplicative global family. We say a full subcategory T C Glog is a
subcategory of enough injectives if

(1) T is closed under products in Glog.

(2) Given any object BG, there exists a faithful map BG < BK for some BK € T.

(3) Given any map f: BH — BG there exist a commutative square

BK —' s BJ

]

BH — Bag

in Glog such that the maps BH — BK and BG < BJ are faithful and BK,BJ € T.
We view T as a marked oco-category by once again marking the subcategory of faithful maps.

Remark 4.3. Recall from Remark 3.5l that Glog has finite products, so condition (1) of the previous
definition is well-defined.

Example 4.4. The full subcategory Tori C Glogy, of the global orbit co-category of abelian compact
Lie groups spanned by those BG such that G is a torus is a subcategory of enough injective objects.
This follows immediately from the classical fact that the tori are injective objects in the category
of compact abelian Lie groups.

Example 4.5. Let p be a prime number and r > 0 an integer. Let £ be the multiplicative global

family of finite abelian p-groups of exponent dividing p”, and consider the collection of groups

T ={(Z/p")*"}n>0. Then T defines a subcategory of enough injectives for £. Indeed it is clear

that 7 is closed under finite products and that any A € £ embeds into (Z/p")***(4) ¢ T where
17



rk,(A) denotes the rank of maximal elementary abelian p-subgroup of A. Condition (3) is also
satisfied by a linear algebra argument in a similar vein as in [PS22, Lemma 9.10].

The variant of Theorem [£.I] which we will prove is the following:

Theorem 4.6. Let £ be a multiplicative global family of compact Lie groups, and suppose T C Glog
1 a family of enough injective objects. Then there exist an equivalence of symmetric monoidal co-
categories
~ im T
Spg g1 = laxlim' Sp,.

These equivalences will follow from the fact that the inclusion 7°P C G‘rlog«p is marked final, a
concept from [AG22] which we recall now.

Proposition 4.7. Let F: T — J be a functor of marked oo-categories. The following are
equivalent:

(1) Given any functor G: J — Cat, laxlim’ G ~ laxlim" GF whenever either eist.

(2) Given any functor G: J — Cat, oplaxlim' G ~ oplaxlim’ GF whenever either exist.

Proof. This follows from the fact that (—)°P is an auto-equivalence of Cat which sends lax limits
to oplax limits and vice-versa. O

Definition 4.8. We say a functor F': Z — J of marked oo-categories is marked final if it satisfies
the equivalent conditions of the previous proposition. We say F' is marked cofinal if F°P is marked
final.

Remark 4.9. F is marked cofinal if and only if it preserves partially (op)lax colimits, in the sense
of Proposition .7l Therefore our definition agrees with [AG22l Definition 5.4], and we may freely
cite their results.

Notation 4.10. Given a functor F': Z — J such that J is a marked oco-category and j € J, we
write Z;, for the comma category {j} J F. We consider this as a marked oo-category by marking
all the edges whose projection to J is marked.

Given a marked oo-category C, we write £(C) for the localization of C at the marked edges in C.

Lemma 4.11. Let C be a marked oco-category which admits finite products. Suppose that the
functor X x (=): C — C is a marked functor for every object X € C. Then L(C) admits finite
products, and the localization functor C — L(C) preserves them.

Proof. The product functor — x —: C x C — C is determined by being right adjoint to the diagonal
functor A¢: C — C x C. Our assumptions imply that the product derives to a functor L£(— X
—): L(C x C) — L(C), which is right adjoint to L(A¢). Here we consider C x C as a marked oco-
category by taking the product in marked oco-categories, explicitly this is given by marking an edge
(f,g) whenever both f and g are marked. One can compute that £(C x C) ~ L(C) x L(C), that is
L preserves products. We therefore have a commutative diagram

A
Cx6:c>(3

I e 4
ﬁwxc>444% L(C)
| ok
L(C) x L(C) *—— L(C).
and the dotted arrow defines a product in £(C). The commutativity of the above diagram also

shows that the localization functor preserves products. O
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It will be helpful to keep the following example in mind.

Example 4.12. Let T C Glog be a subcategory of enough injectives. For any BG € Glog, we can
form the comma category Tgg,/. A morphism

BG
BK ! sy BJ

in this comma category is marked precisely when f is represented by an injective group homo-
morphism. Note that Tgg, has finite products since 7T is closed in Glog under finite products.
Furthermore, taking products with a fixed object of Tgg, preserves faithful maps, and therefore
Lemma [LTT] implies that £(7g¢/) has finite products and that the localization T, — L(Tq/)
preserve them.

The key ingredient for the proof of Theorem is the following criterion.

Theorem 4.13. (JAG22, Theorem 5.10]) A functor F': I — J is marked cofinal if and only if
(1) For every j € J, there exists an object g: j — F(i) of 1;, which is marked when viewed as
a morphism in J;
(2) Any object of I, of the form above is an initial object in L(I;,);
(3) Given a marked edge j — j' of J, the induced map L(I;:/) — L(I;,) preserves initial objects.

Theorem 4.14. Let T C Glog be a subcategory of enough injective objects. Then the inclusion
TP — Glog” is marked final.

Proof. We apply Theorem [£.13] to the inclusion 7 — Glog. Condition (1) follows from Defini-
tion [4.2)(2). Note that if we assume condition (2), then condition (3) is immediate from the fact
that a composite of faithful maps is faithful. Therefore all that remains is condition (2). Fix
an object BG € Glog, and consider the oo-category Tpg,. As discussed in Example 112} the
comma category £(7g¢/) has finite products and the localization Tgg, — L(Tg¢/) preserves them.
However given an object a: BG — X in T/, the composite

BK «——— BK x K —— BK
A\j
id

in Tgg, exhibits pry as an equivalence in L(Tec /); i.e., every object is equivalent to its product.
On mapping spaces we obtain that

pry: MapE(TBG/)(B,a) X Mapﬁ(TBG/)(ﬁ,oz) — MapE(TBG/)(ﬁ,oz)

Is an equivalence for every two objects «, 8 of Tgg/, which implies that Map .7, , /)(ﬁ , o) is always
either empty or contractible. Condition 2 of Theorem 13| requires that any faithful map i: BG —
BJ such that BJ € T is initial in £(7pq /). By the argument above, it suffices to show that
Map, (75, (1, B) is always non-empty. This follows immediately from Definition [£.2f3) by factoring
B into a quotient maps followed by a faithful one. O

Proof of Theorem[{.6. Since the forgetful functor Caty — Cat is conservative and preserves par-
tially lax limits (see [LNP22, Remark 5.1]), it suffices to verify that the induced functors on un-
derlying oo-categories are equivalences. This now follows from combining Theorem 1] and Theo-

rem [4.14] O
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Part 2. Naive global 2-rings

In this part we introduce naive global and equivariant ring spectra. We then give a precise
definition of a genuine refinements for such a ring. We then introduce the notion of a naive global
2-ring, the central concept of this work, and discuss how a naive global 2-ring decategorifies to give
a naive global ring. Finally we list some examples.

5. NAIVE GLOBAL RINGS AND GENUINE REFINEMENTS

In this section we introduce the naive analogs of global and equivariant ring spectra. We then
discuss multiplicative cohomology theories and introduce the notion of genuine refinements.
Before diving into the main definitions of this section we review some background on spectrum
objects in an oo-category. Recall that given any presentable oco-category B, one can define the
category Sp(B) of spectrum objects in B. Combining [Lurl?7, Proposition 4.8.1.17 and Example
4.8.1.23] we deduce that
Sp(B) ~ B ® Sp ~ Fun®(B°P, Sp).
If B is presentably symmetric monoidal, then Sp(B) acquires a symmetric monoidal structure
uniquely determined by the following universal property: for any stable and presentably symmmet-
ric monoidal oo-category C, precomposition with the suspension functor X5°: B — Sp(B) induces
an equivalence
Fun™®(Sp(B),C) ~ Fun™®(B,C)
see [GGN15, Theorem 5.1].

Remark 5.1. For a stable co-category C and two objects X,Y € C, we write map,(X,Y) for the
spectrum of maps from X to Y. Moreover we let

y: C — FunR(COP,SP)a X — mapg(—, X)

denote the spectral Yoneda embedding. For an arbitrary presentably symmetric monoidal oo-
category B, the equivalence Sp(B) ~ Fun®(B°,Sp) is concretely given by the assignment X

mapgy(B) (Efl.—o (_)7 X)
We now specialize to our cases of interest.

Definition 5.2. We will call Sp(Sg_g1) and Sp(Sg) the oo-categories of naive global spectra and
naive G-spectra respectively. Recall that Sp(Sg_g1) and Sp(Sg) both inherit symmetric monoidal
structures from the cartesian monoidal structure on Sg_g and Sg. We call objects in CAlg(Sp(Sg_g1))
and CAlg(Sp(Sg)) (commutative) naive global rings and (commutative) naive G-rings respectively.

Remark 5.3. Since in this paper we only consider commutative (i.e. Eo-)rings, we will typically
drop this from the terminology.

The terminology above is intended to distinguish such objects from their genuine analogs, which
contain substantially more structure.

Definition 5.4. We call an object of the co-category CAlg(Sp) a (commutative) G-ring and an
object of CAlg(Spgy) a (commutative) global ring. If we wish to emphasise the distinction with
naive equivariant/global rings, we may use the adjective genuine.

Definition 5.5. Let G be a compact Lie group and recall that there exists a symmetric monoidal
colimit preserving suspension functor ¥ : Sg — Spg. By the universal property of stabilization
this lifts to a strong monoidal left adjoint Sp(Sg) — Spg, whose right adjoint we denote by
Ug: Spe — Sp(Sg). As the right adjoint of a symmetric monodial functor, Ug is canonically lax
symmetric monoidal. In particular we obtain a functor Ug: CAlg(Sps;) — CAlg(Sp(Sg)) from
G-rings to naive G-rings.
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Remark 5.6. Intuitively, the functor Ug: CAlg(Spg;) — CAlg(Sp(Sg)) forgets the additional
deloopings for representation spheres with non-trivial G-action encoded by the original naive G-
ring. Alternatively, once restricted to the heart of Spy this functor forgets from Green functors
to coefficient systems rings. Therefore, in general one may think of a naive G-ring as lacking the
additive transfers contained in a (genuine) G-ring.

It has been crucial in equivariant homotopy theory to build and exploit the additional structure
contained in a genuine G-spectrum, over and above that of a naive G-spectrum. To systematically
consider this, we make the following definition:

Definition 5.7. Let X be a naive Q—ring. We say a G-ring X € CAlg(Spc;) is a genuine refinement

of X if there is an equivalence Ug(X) ~ X. The space of genuine refinements of X is the following
pullback

GenRef(X) —— CAlg(Spg)
F — L CAlg(SP(Se))
in Cat. Because Ug: CAlg(Spy) — CAlg(Sp(Sg)) is conservative, GenRef(X) is a space.

Remark 5.8. We emphasize again that the space GenRef(X) of genuine refinements of a naive
G-ring is not necessarily contractible. For a concrete example, we note that from the discussion in
Remark [5.0], it suffices to give two different Green functor structures on the same coefficient system
of rings. consider the following Cs-coefficient system R:

R(C2/C2) Fax]
res(/ rtr = 1'»—}0(/ /Ttr
R(Cy/1) F.
O b1
Y

Note that there are several different choices of transfer maps tr: Fo — Fo[z] such that R is a Green
functor; for examples a — 0 and a — az.

We may also consider a global analog of the previous definition. To do so we first note that the
equivariant suspension spectrum functors assemble to give a natural transformation X°: Sq = Sp,
of symmetric monoidal left adjoint functors defined over Glogp, see [LNP22| Proposition 10.5].

Definition 5.9. We define the global suspension functor
ng: Sf—gl — Spé‘—gl
as the functor induced on partially lax limits by the natural transformation ¥3°: S¢ — Sp,.

Warning 5.10. In [Schi8, Construction 4.1.7], Schwede also constructs a suspension spectrum
functor ¥5°: Sg.g1 — Spgg- We warn the reader that we have not shown that this functor agrees
with the functor defined above, but we do expect this to be the case. In fact we strongly suspect
that the methods of [LNP22| suffice to prove this statement. We use the definition above because
its connection to the equivariant suspension spectrum functor is more immediate and, importantly
for us, coherent by definition.

Definition 5.11. We write Q3°: Sp, = S, for the lax natural transformation associated to %3°
under the second mate equivalence (2ZI8]). In particular the component Q% : Spg; — Sg of £g° at
G is the right adjoint of ¥ : Sg — Spg-

21



Lemma 5.12. The global suspension functor ng 1s strong monoidal, and admits a right adjoint

o= laxlim' Qg°.

Proof. As a partially lax limit of strong monoidal functors, ng is automatically strong monoidal. To
construct ng and exhibit it as the right adjoint of ng we apply the criteria of [Lin24, Proposition
3.22]. For this it suffices to show that for any faithful morphism f: BH — BG, the Beck—Chevalley
natural transformation
Qg = Q1

is an equivalence. In other word, we have to check that 2° is a natural transformation when
restricted to Orb?gp C Glogp. To check this we can pass to total mates and instead verify that
taking suspension spectra commutes with induction. This is a well-known fact, which could for
instance be checked in ones preferred model of equivariant spectra. O

Definition 5.13. As before, the strong monoidal left adjoint Ecg’f: Se-gl = SPg_g lifts to a symmet-
ric monoidal functor out of the stabilization of global spaces, and we write Uy : Spg_g — Sp(Se_g1)
for its right adjoint. This is again lax symmetric monoidal, and so induces a functor from global
rings to naive global rings.

Given this we can discuss the notion of a genuine refinement of a naive global ring.

Definition 5.14. Let X be a naive global ring. We say a global ring X € CAlg(Se.q1) is a genuine

refinement of X if there is an equivalence Uy (X) ~ X. Once again we can define the space of
genuine refinements.

5.1. Multiplicative cohomology theories. We will typically construct and compare naive global
and equivariant rings via the cohomology theories they represent.

Definition 5.15. Let B be a presentably symmetric monoidal oco-category and let C be a pre-
sentably symmetric monoidal stable co-category. Then a multiplicative C-valued cohomology theory
on B is a lax symmetric monoidal limit preserving functor F: B°? — C. We write Fun™®~1a%(B°p ()
for the category of multiplicative cohomology theories. We are most interested in the following two
cases:
(1) If £ is a global family and B = Sg_q1, we will refer to the above functor as a multiplicative
E-global C-valued cohomology theory.
(2) If G is a compact Lie group and B = Sg, we will refer to the above functor as a multiplicative
G-equivariant C-valued cohomology theory.

Proposition 5.16. Let B be a presentably symmetric monoidal co-category. The assignment
X — mapg,p) (XX (), X) defines an equivalence

CAlg(Sp(B)) ~ Fun®®~1ax(BoP gp).

Proof. By Theorem [A3], there is a symmetric monoidal equivalence B ® Sp ~ Fun®(B°P, Sp). Here
the right hand side is symmetric monoidal by localizing the Day convolution symmetric monoidal
structure, and the left hand side is symmetric monoidal as it is the tensor product of two presentably
symmetric monoidal co-categories. As mentioned there is an equivalence Sp(B) ~ B ® Sp. We
observe that after precomposing with the suspension functor it agrees with BX: B&S — B&Sp,
and so is canonically symmetric monoidal. Therefore by the universal property of Sp(B), the
equivalence above is also symmetric monoidal. All in all we have constructed a symmetric monoidal
equivalence
Sp(B) = Fun™(B°P, Sp),
which by Remark [5.7]is given as in the proposition. In particular we may compute:
CAlg(Sp(B)) ~ CAlg(FunR(BOP, Sp)) ~ FunR’®_1aX(B°p, Sp),
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where the second equivalence utilises the universal property of Day convolution ([Lurl7, Example
2.2.6.9]), and the fact that the category of commutative algebras in a symmetric monoidal Bousfield
localization is equivalent to commutative algebras whose underlying object is local. O

Suppose B is equipped with the cartesian symmetric monoidal structure. By [Lurl7, Theorem
2.4.3.18] we obtain an equivalence

Fun®* (B, C) ~ Fun(B?, CAlg(C))

between lax symmetric monoidal functors F': B°° — C and ordinary functors F': BP — CAlg(C).
Moreover, because the forgetful functor CAlg(C) — C preserves and detects limits, F' is limit
preserving if and only if F' is. Therefore the equivalence above restricts to an equivalence

Fun 1255, €) ~ Fun®(B°P, CAlg(C)),

which gives an alternative definitions of multiplicative C-valued cohomology theories on cartesian
monoidal B. When B is the oco-category of G-spaces or of global spaces and C is the oo-category of
spectra, we may combine this with the previous proposition to deduce the following result.

Proposition 5.17.  For any compact Lie group G, the assignment X +— mapgps,) (X5 (—), X)
defines an equivalence

CAlg(Sp(Sg)) ~ Fun™(S, CAlg).

Similarly for any global family &€, the assignment X — mapgp Sg_gl)(zio(—),X ) defines an equiva-
lence

CAlg(Sp(Se-g1)) ~ Fun" (8%, CAlg).

Now that we have discussed naive rings and multiplicative cohomology theories we can further
investigate the consequences of having a genuine refinement.

Proposition 5.18.
(1) The composite

Ug: CAlg(Spg) — CAlg(Sp(Se)) ~ Fun®(SgP, CAlg)

corresponds to the functor which sends a G-ring X to the functor map(X¥(—), X). The
analogous statement holds in the global case.
(2) Precomposition by the lax cocone —||G: & — Sgl_)gl defines an equivalence

o FunR(SgI_)gl, CAlg) = laxlim! Fun®™(S, CAlg).

(3) The restriction functor induces an equivalence F': CAlg(Sp(Sg_g1)) — laxlim™ CAlg(Sp(Sg))
which fits into the following commutative squares

CAlg(Spg ) ——— laxlim CAlg(Sp)
Ugli llaxlimf Ug
CAlg(Sp(Se_g)) —=— laxlim! CAlg(Sp(Sc))
Ml’“ Nlm
FunR(ng’gl, CAlg) —2 ., Jaxlim! FunR(Sgp,CAlg),

where the top horizontal equivalence uses Proposition [2.9.
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Proof. Part (1) follows from Proposition [5.17] combined with the adjunction equivalence
mapgp(sq) (X5 (=), U (X)) = mapg,, , (3¢ (=), X).

The proof of the global statement is completely analogues. The dual argument of Proposition
gives part (2). For part (3) we start by constructing a lax symmetric monoidal functor F': Sp(Sg_g1) —
laxlim® Sp(Sg). Using the universal property of the partially lax limits (see [LNP22, Remark 5.1]), it

suffices to define a partially lax family of lax symmetric monoidal functors Fg: Sp(Sg_g1) — Sp(Sa).

We can then invoke [Nik16] to see that there exists a unique lax sym monoidal functor Fi; making

the following diagram commute

Sp(Se-g) — Sp(Sar)
le lmo
Se.q LN
Passing to commutative algebras and using Proposition 2.9 we obtain a functor
F = {Fg}: CAlg(Sp(Se.g)) — laxlim’ CAlg(Sp(Sg))-

We claim that F' makes the bottom square in part (3) commute. This in particular shows that F
is an equivalence. The commutativity follows from the series of equivalences

Ma‘pSp(Sg_gl) (23_0(_//(;)7 X) = MapSG (_7 resGQCf’X)
~ Mapg, (— 2% Fo X)
~ Mapg;,(s.) (25 (—), FeX).

It remains to prove that the top square in part (3) commutes. Unravelling the definitions, we see
that the commutativity of the square reduces to proving an equivalence UgresgX ~ FgUg(X).
Consider the following diagram:

res
Sbeg — Spbg

| [

o F,
le Sp(Sg_gl) *G> Sp(Sg) (95
ng Qo
resg l

We note that the left and right triangles commutes as we can check this after passing to left adjoints,
where it holds by definition. Moreover the other square also commutes by the definition of ch’f.

Then the commutativity of the top square follows by the universal property of Sp(S¢) as we can
check this after precomposition with Q°°. O

Corollary 5.19. Suppose X € Spe.g 5 a genuine refinement of a naive global ring X. Then
resgX is a genuine refinement of the naive G-ring resgX .

Proof. This follows from Proposition (.18 (3). O

6. NAIVE GLOBAL 2-RINGS

In this section we introduce the notions of a naive global 2-ring, the central concept of this work.
We explain how a global 2-ring decategorifies to a global ring. Finally we list a few important
examples.
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Definition 6.1. A naive global 2-ring is a limit preserving functor
. L
R: ng’gl — CAlg(Prg).

A morphism of naive global 2-rings is a symmetric monoidal natural transformation F': R — R'.
naive

The oo-category of naive global 2-rings is denoted by 2CAlge? 1.

Remark 6.2. This notion is analogous to the notion of a naive global ring. However we have
categorified the coefficients of our theory from commutative ring spectra (1-rings) to presentably
symmetric monoidal stable co-categories (2-rings).

Warning 6.3. We note that often the terminology 2-ring is often reserved for small stable cate-
gories, see for example [Matl16l, Section 2.2]. We find it simpler to work in a context with arbitrary
colimits, but we make no essential use of this fact. For example we could always index cohomology
theories over finite (equivariant or global) spaces, removing the necessity for filtered colimits in the
target entirely.

Given that naive global 2-rings should categorify naive global rings, we should explain how we
intend to decategorify.

Example 6.4. Given a global 2-ring R: ng)gl — CAlg(Prl“t), one can postcompose R with the
global section functor

End,(1): CAlg(Prk) — CAlg, C~ mapq(1,1).

We write Hg(—,R): ng)gl — CAlg for the resulting composite. Similarly, a morphism of naive global
2-rings F': R — R’ induces another natural transformation Hg(—, F'): Hg(—, R) — Hg(—,R') by
postcomposing with the global section functor. The next result shows that Hg(—,R) is a naive
global ring and so Hg(—, F') is a map of naive 2-ring.

Proposition 6.5. Let R: ng)gl — CAlg(Pr;) be a naive global 2-ring. Then the functor
Hg(—,R): ng)gl — CAlg preserves limits and so defines a naive global ring by Proposition [5.17
Proof. Consider X € Sg_g and suppose X is equivalent to the colimit of objects X; with structure

maps 7;: X; — X. Because R is limit preserving we obtain an equivalence Rx =~ lim Rx,. Now we
simply compute that

mapg  (1,1) ~ lim mapr (i1, m 1) ~ limmapRXi(]l, 1).
O

As the main theme of this work, we will see that a naive global 2-rings in fact endows its
decategorification with significantly more structure. Before we dive into this, let us first we give
some examples of naive global 2-rings.

Example 6.6. Given any presentably symmetric monoidal stable co-category C, we may define a
functor
Cpor: Glo®? — CAlg(Prlk), BG — CBY.

The limit extension of this functor defines a naive global 2-ring, which we call a Borel 2-ring.

Example 6.7. Consider the functor Glo®® — CAlg(Prk) which sends BG to the oo-category
of genuine G-spectra Spg, and a morphism Ba: BH — BG to the restriction-inflation functor
a*: Spg — Spy. Limit extending we obtain a naive global 2-ring

SPe : Sglp — CAlg(Prk).
The resulting decategorified naive global ring is equivalent to the underlying naive global ring

associated to the global sphere spectrum S,;.
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Example 6.8. We may also consider the limit extension of the functor
SPe.g: Glogh — CAlg(Prl), BG — Spey

defined for the family of finite groups in [CLL23al]. This functor sends BG to the oco-category of
G-global spectra in the sense of [Len20]. Once again the associated decategorified global ring is
equivalent to the global sphere spectrum.

Example 6.9. Generalizing Example 6.7} one can associate to any R € CAlg(Spgy) the functor

Modg, : Glog? — CAlg(PrL), BG + Modyes,r(Spe)-

We refer to [LNP22, Theorem 5.10] for a construction of this functor. Taking the limit extension
we obtain a naive global 2-ring. Its decategorification agrees with the underlying naive global ring
of R.

The following two examples form the motivation for this paper. We will introduce two multi-
plicative global cohomology theories, and then categorifications thereof. Here we will be brief; we
refer the reader to Part [Bl for a more extensive account of these examples.

Example 6.10. Let G a preoriented P-divisible group over a commutative ring spectrum R, in
the sense of [Lurl9 Definition 2.6.1]. Given this data Lurie constructs [Lurl9, Construction 4.0.3]
a multiplicative global cohomology theory

RE: S, — CAlg,

called G-tempered cohomology. Here fab refers to the family of finite abelian groups. Given a
finite abelian group H, there is a non-canonical equivalence

Spec(ReM) ~ G[H]

between the spectrum of REH and the H-torsion points in G, where H denotes the Pontryagin
dual of H.

Tempered cohomology is categorified by the notion of tempered local systems.

Example 6.11. Let G be a preoriented P-divisible group over R. As discussed in [Lurl9, Remark
5.2.11], there exists a limit preserving functor

LocSysg: Spp, g — Cat, X + LocSysg(X)

which sends a global space X to the co-category of G-tempered local systems on X', and a morphism
of global spaces f: X — Y to the pullback functor f*: LocSysg()) — LocSysg(&X), see Section
for more details. If in addition G is oriented in the sense of |[Lurl8bl, Proposition 4.3.23|, then
Proposition [I5.8] below implies that LocSysg is a naive global 2-ring.

We also have the example of elliptic cohomology.

Example 6.12. Let S be a nonconnective spectral Deligne-Mumford stack and let G be a preori-
ented abelian group object in the oco-category of nonconnective spectral Deligne-Mumford stacks
over S, in the sense of [GM23| Definition 3.1]. The preoriented abelian group object G defines a
preoriented abelian group object in Shv(S), the oo-category of sheaves on the big etale site Mg
of S, by passing to the functor of points of G. Therefore by [GM23, Construction 3.13] there is a
colimit preserving functor
G,: Sab—gl — ShV(S), BH — GBH-

Similarly to the case of tempered cohomology, if G is a compact abelian Lie group then there is a
(noncanonical) equivalence Gy ~ G[ﬁ |. Applying the global sections functor I': Shv(S)°? — Sp
we obtain a multiplicative global cohomology theory

I'(Ge,0g,): S;)E_g

26
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Example 6.13. If we instead postcompose G, with the functor QCoh(—): Shv(S)°P — CAlg(Prk)

we obtain a naive global 2-ring
Qu: Sgp ) — CAlg(Pry,)
Considering the natural equivalence Endgoon(x)(1) =~ T'(X,0x), we see that Q, categorifies

F(G., OG.)'

Part 3. Unravelling naive global 2-rings

In this part we begin to elucidate the additional structure provided by a naive global 2-ring. Our
main goal is to prove the following result:

Theorem 6.14. Consider a naive global 2-ring R : Sgl_)gl — CAlg(PrL). Then for all G € &, there
exists a multiplicative G-equivariant Rea-valued cohomology theory
Hg(—,R): Sgp — CAlg(RBg)

such that for every group homomorphism a: H — G there exists a natural transformation filling

the square

s R L CAlg(Rpe)

“l g;¢7 l“ (6.14.1)

This data is coherently functorial: this is encoded in the existence of a functor
He(—,R): GlogP? — Fun®'#*([1], Cat®"'*)
extending the assignment above.

The output He(—,R) of the previous theorem is a family of equivariant cohomology theories
equipped with coherent change-of-group transformations, canonically associated to R. We call this
family the unraveling of R into a family of equivariant cohomology theories. Our consideration of
such families is inspired by the perspective on equivariant elliptic cohomology given in [GKV95].

Definition 6.15. The construction of this data is simple to explain in an incoherent manner:

(1) Given a group G € &£ and a G-space X, which we regard as a global space f: X/G — BG
equipped with a faithful map to BG, we define Hg(X,R) = f.1 x/c to be the pushforward
of the unit of Ry /g to Rpg-

(2) Given a map of G-spaces X — Y, encoded by a commutative diagram

X)G h Y)a
\?\x i
BG
in Sg_g1, we define Hg(h, R) to be the map

g« (laxp)

9+ ]IRY//G g*h*]lRX//G = f*]lRX//G7

where laxy, is the lax unit map of the lax monoidal functor h..
(3) Finally, given a group homomorphism «: H — G, we define the transformation

Qa: a*Hg(—,R) = HH(CM*(—),R)
to be the mate of the natural transformation

T,: Hg(a!(—),R) = OZ*HH(—,R).
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To define T,, at an H-space Z, corresponding to a faithful map f: Z/H — BH, we consider
the factorization of af into a quotient map h followed by an injection i f:

ZJH —» o Z)H

| Jons

BH —B°, BG,
and then define T, as the map

ar )« (lax,
He(aZ)H,R) = (f)e(Lrqzym) w8 (a1 f)hidr, ) = aufilr,,, = aHi(Z,R).

It will not surprise the reader that carefully dealing with all of the coherences implicit in this
construction is a nontrivial task, which we carry out in Section [l In Section [§ we then prove
Theorem [6.14] and discuss some more properties of the family He(—,R). Finally in Section [0 we
explain how to recover the naive global ring Hg(—,R) from the family of equivariant cohomology

theories He(—,R).
7. RELATIVE GLOBAL SECTIONS

In this section we construct the functoriality which is required to prove Theorem [6.14l To
motivate the steps of our construction we first sketch a construction of the functor

He(—,R): S& — CAlg(Rpa), [X/G 5 BG] +— p.lyq.

(1) First we claim that there exists an oplax cone

CAlg(Rx/c)

CAlg(Ryq)

* fx

which sends a G-space X to the unit 1y of the symmetric monoidal co-category Rx /-
The triangles are filled by the map 1y ;g — f«lx/g coming from the lax monoidal structure
of fy.

(2) Next we observe that because the oo-category of G-spaces admits a final object, there exists
a unique cone CAlg(R,/c) = A(CAlg(RB¢)) which sends a G-space p: X/BG — BG to
the functor p.: CAlg(Rx Be) — CAlg(RBag)-

(3) Given the previous two constructions, we define the functor Hg(—,R) by pasting the pre-
vious two oplax natural transformations together

A(x) =% CAlg(R, ) = A(CAlg(Rpq)),

using the identifications of functors S — CAlg(RBg) with Sg-shaped oplax cones A(x) =
A(CAlg(RBq)), see Example 2.8

Clearly the resulting functor will send p: X/G — BG to p«lx/g and so agrees with (1)) of
Definition Similarly, considering the definition one sees that it will agree on morphisms with
the desideratum (2)) of Definition

We will construct the oplax transformations sketched in step (1) and step (2) above in Section [7.1]

and Section [[.2] respectively. In both cases our task is made more difficult by the fact that we
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require a construction which is functorial enough to allow us to deduce Theorem [6.14l Finally in
Section [7.3] we combine these two constructions together, as in step (3).

7.1. Constructing unit sections. In this section we construct the oplax cone 1o: A(x) = R_ g,
in the guise of a section of the cartesian unstraightening of the functor CAlg(R_ //G). We begin with
a simplification of the task: Note that the unit 1z, is the initial object of CAlg(R ). In particular
given f: X — Y in Sg_g the map laxy: 1, — filr, can be characterized as the unique map of
commutative algebras from 1z, to filg,. Therefore the construction of a unit section as above
is subsumed by the construction of initial object sections.

Definition 7.1. We write Cart for the subcategory of Ar(Cat) spanned on objects by the cartesian
fibrations and on morphisms by those squares

X .y

Pk
st

such that F' sends p-cartesian edges to g-cartesian edges. We define Cart® to be the full subcategory
of Cart on those cartesian fibrations p: X — S such that for each object s € S the fiber X, of p
over s admits an initial object.

Proposition 7.2. The inclusion Cart?) ¢ Ar(Cat) factors through the subcategory FunORpl([l], Cat).
In particular postcomposing with the first mate equivalence (Theorem [2.18) we obtain a functor

sp: Cart® — Funl™([1], Cat).

Proof. Consider a cartesian fibration p: X — S, which classifies a functor F': S°P — Cat. It will
suffices to show that p: X — S has a left adjoint. We claim that the object (), s) is a left adjoint
object of s € S, where () is the initial object of X,. To see this consider the map

¢: Mapx ((0,s), (z,t)) — Mapg(s,t)
induced by p. By [Lur09al, Proposition 2.4.4.2] the fiber over f: s — ¢ is equivalent to

Mapy. (0, F(f)(x)) = .
Thus ¢ is an equivalence. O

Remark 7.3. The argument given in the proof of Proposition also shows that the left adjoint
s to p: X — S is fully faithful. In particular the composite ps is canonically equivalent to the
identity on S via the unit of the adjunction s 4 p, and so s is canonically a section of p.

Example 7.4. Consider a cartesian fibration p € Cart(@), which classifies a functor F': S°? — Cat,
and let s be a section constructed by this procedure, that is s = sy(p). Then s may be interpreted
as oplax cones * = F, see dual of Remark 271 The component at ¢ € Z is given by the functor
{0p@y}: * — F(i). If we begin with a functor F': 7 — Cat®!®* then applying the previous

construction to the functor CAlg(F): T — Cat®) we obtain a lax cocone which we will denote by
L: x = CAlg(F).

7.2. Cartesian transport to the initial object. Having constructed the unit section, we now
build the natural transformation CAlg(R,;q) = A(CAlg(RBc)). Note that such a natural trans-
formation unstraightens to a functor Un®(CAlg(R, /)) — CAlg(RBa) X 8¢, which by adjunction
is in turn equivalent to a functor Un®*(CAlg(R, )c)) — CAlg(Rpg). It in this guise that we will
build the natural transformation above. Of course we will define it more generally for any functor
F: 7 — Cat such that Z admits a final object. In this case it will be a functor with signature
Un®(F) — F(x).
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To be able to deduce Theorem we will require the functor above to itself be functorial in
both natural transformations F' = G and precomposition by an arbitrary functor J — Z, not just
one which preserves the final object. This is the case because the induction functors generally do
not preserve the final object. To make this precise we introduce the following definition:

Definition 7.5. Let Cart) be the full subcategory of Cart spanned by those cartesian fibrations
p: X — 7T such that Z has an initial object.

Note that the base of a cartesian fibration p: X — 7 is given by the opposite of the source of
its straightening Z°P — Cat, explaining the switch from final to initial objects. With the previous
definition, we may state the goal of this section.

Proposition 7.6. There exists a functor Cart gy — Fun([1], Cat) which sends a cartesian fibration
p: X = T to the functor
Trg: X — Xy, (z,1) = F(0 — i)(x).
To prove this statement we will appeal to the functoriality of cartesian lifts in a cartesian fibration.

There is a convenient formulation of this which goes via the notion of free fibrations, in the sense
of [GHN17], which we recall now.

Proposition 7.7. The inclusion Cart C Ar(Cat) admits a left adjoint F°*: Ar(Cat) — Cart.

Proof. Both Cart and Ar(Cat) are cartesian fibrations over Cat, and the inclusion is clearly a
map of cartesian fibrations. Therefore by [Lurl7, Proposition 7.3.2.6] it suffices to prove that the
restriction of the inclusion to each fiber

incl: Cart(Z) — Cat/z
has a left adjoint. This is precisely [GHNI17, Theorem 4.5]. O

Definition 7.8. Concretely, the functor F sends a functor p: X — Z to the cartesian fibration
whose total space is given by the following pullback square

FM(X) —— Ar(2)

l ’ lew

X —r .7

We view FS'(X) as living over Z via the composite F$'(X) — Ar(Z) =% Z. When the base oo-
category Z is clear from the context, we will drop it from the notation and simply write F¢(X).
We refer to F(X) — T as the free fibration of p.

Definition 7.9. We write
©: Cart — Fun([1] x [1], Cat)
for the functor which sends a cartesian fibration p: X — S to the counit of the adjunction F(X)
incl,
Foi(X) —2s X

.
I _ I'
We write Tr: Cart — Ar(Cat) for the projection to the top of the square. Write G: S°? — Cat
for the straightening of p: X — S. Unwinding the definitions we find that Tr sends the pair
(x € X, fri—j)toG(f)(x) € X; C X. The functor Tr encodes the functoriality of cartesian lifts.
Therefore we call it the cartesian transport functor.
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We will now apply the cartesian transport functor to construct the functor Try: Un®*(F) — F(0).
Recall that we will require this construction to be functorial in maps in the base which do not
necessarily preserve the initial object. Nevertheless we will begin by assuming that it does, and
then later reduce to this case.

Construction 7.10. Let Caty be the subcategory of Cat spanned by those oo-categories which
have initial objects and those functors which preserve the initial object. We build a functor Caty —
Fun([1], Cat) as follows: First consider the functor Cat — Fun([1], Cat) which sends an co-category
C to the functor evy: C x [1] — C. Now note that when C has an initial object this functor admits
a right adjoint, given by the unique functor

cg: T — Ar(Z), x+—[0— x|
Therefore we may pass through the first mate equivalence (2.I5]) to obtain a functor
cp: Cat* — Fun'®([1], Cat).

A quick check shows that the Beck—Chevalley transformations are in fact equivalences, and so this
functor factors through Fun([1], Cat).

Construction 7.11. Consider the subcategory Carty = Cart x catCaty of Cart spanned by those
cartesian fibrations whose base admits an initial object and those maps of cartesian fibrations such
that the functor in the base preserves the initial object. We build a functor Carty — Fun([1] x
A2, Cat) by sending an object p: X — 7 to the diagram

7T ——— I<—X

P

Taking the limit along A2 results in a functor ¥: Carty — Fun([1], Cat). Note that the composite
evy o W is equivalent to the restriction of the functor F': Cart — Cat to Carty and evg o U is
equivalent to the identity functor on Carty. In particular ¥ defines a natural transformation from
the identity of Carty to F°'.

Construction 7.12. As observed before, the source of Tr agrees with the target of ¥, and so we
may paste them to obtain a new functor

Try: Carty — Fun([1], Cat).
By definition Try sends a cartesian fibration p: X — 7 to the functor:

Odco)y pet( x) Iy x.

Tryp(X): X ——
So we find that Try(X)(z,7) ~ (0 — i)«(z). In particular the composite factors through the fiber
Xy. We will implicitly restrict the target of the functor to the fiber over the final object from here
on forward. Similarly applying this functor to a map

x .y

Ll
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in Carty returns a commutative square

Trg (X

X X
T
Y Y.
Trg(Y

We have built the functor Try of Proposition However we have so far only exhibited its
functoriality in natural transformations and maps in the base which preserve the initial object.
Next we explain how to proceed in the case that the map in the base does not necessarily preserve
the final object.

Construction 7.13. Consider the functor
(—)%: Cat — Cat, T —Z%:={pt}=Z,

where * refers to the join of two oco-categories. Note that including the second component of the
join induces a natural transformation b: id = (—)“. Consider the induced natural transformation

b*: Fun((—)9 Cat) = Fun(—, Cat)

and note that each restriction functor admits a right adjoint, given by right Kan extension. Passing
through the first mate equivalence (Z.I5]) we obtain an oplax natural transformation

Fun((—), Cat) = Fun((—)7, Cat)

which evaluated at an oo-category Z is given by right Kan extension along b: Z — Z9. Observe
that the right Kan extension of a diagram F': Z — Cat along b is given by the universal limit cone
7% — Cat associated to F. Such an oplax natural transformation induces an endofunctor

®: Cart — Cart

of the cartesian unstraightening of the functor Fun((—)°P, Cat).

Construction 7.14. Suppose we now restrict ® to the full subcategory Cart) C Cart spanned
by those fibrations whose base has an initial object. We emphasize that the functors do not
necessarily preserve the initial object. The crucial observation, however, is that the induced functor
he: I9 — J9 does preserve the initial object. Therefore ® restricts to a functor

P: Cartg — Carty.

It is worth unraveling the effect of the functor ®. Note that the limit of a functor F': Z — Cat
such that Z has a initial object is simply given by F(0), and so ®(F): Z9 — Cat agrees with F on
T and sends the cone point to F'(()) again. Therefore the effect of ® on objects is not so interesting.
Nevertheless the effect of ® on morphisms is useful. Suppose

x .y

Pl

N
is a morphism in Cart(g) which represents the natural transformation n: F' = G o h. Then the
induced morphism

®(H)

B(X) o(Y)



represents the natural transformation
®(n): ¢(F) = ®(G)
which agrees with 1 on every object except at the cone point, where it is given by the composite
FO) ™ ahm) <8O0, 60,
Proof of Proposition [7.6. We may consider the composite
Cartg) 2, Carty Tro, Fun([1], Cat).

On objects ® o Try sends the cartesian fibration p: Un®*(F) — Z to the functor Try: Un®*(F9) —
F(0). We will from now on restrict this functor in the source to the subcategory Un“*(F). This is
natural in 7 and so constitutes a new functor

TI"(@): Cart(@) — Fun([1], Cat).

Note that on objects this functor agrees with Try. However on morphisms Trp) sends a square

Un(F) — Un(Q)

J Js
7 h J,

where now the map h does not necessarily preserve the initial object, to the commutative square

Unt(F) — 2 Un*(G)
i G(0—h(0))H (D) l .
F(0) > G(0).

7.3. Combining the previous two constructions. We now combine the previous two sections
to obtain the required result. To state it, we define Cat(,) to be the full subcategory of Cat
spanned by those co-categories which admit a final object. Given an co-category Z with a terminal
object and an object i € Z, we write p;: i — x for the unique map from 7 to *. Combining the
constructions of this section we obtain the following functor.

Theorem 7.15. There exists a functor
P(—): Cat, 1P Cat® 1% — Fun'®([1], Cat)

with the following properties.
On objects, P(—) sends a functor F: T — Cat®12 to the functor P(F): Z° — CAlg(F (%)) such
that
(1) P(F)(i) ~ F(pi)Lp@)-
(2) Given a map f: X =Y in I, the map P(F)(f): F(pj)Llpy)y — F(pi)lrg) is given by the
composite

F(pj)lax
F(pj)1rg) B, F(pj)F(f)1ru) =~ F(pi)lpg),

where laxy is the lax unit map of the lax monoidal functor F(f).
On morphisms, P(—) sends the oplaxly commuting triangle

T F
\: Ub—2
H G
Cat®-lax



to the square

M CAlg(H (%))

Fl ]Py lG PF(x))0Nx

jOp IP’(—G> CAlg(G( ))

where
(3) P(n) is given at an object i € T by the composite:

G(p i )(la‘x z)
Gpra) Lors) ——"% G(pra)niLlag = Gorw)GF i)l =~ Gore)nH0) (Lug),

where lax,, is the lax unit map of n;.

Proof. Consider the composite

nct(_)

CAlg(—)o— U
OB, Gat (P! Cat 2 Cart

Cat(*) \Lopl Cat@,lax

where the last equivalence is Corollary 2121 Because the co-category CAlg(D) always has an initial
object given by the unit 1p and Z°P has an initial object by assumption this composite lands in
the intersection Cart® N Cart(g). We may therefore apply the functor

(sg, Trpy): Cart® N Cart gy — Fun'®([1], Cat) X car Fun'®([1], Cat).
Here the pullback is taken along evaluation at source and target respectively. The fact that
(s, Tr(p)) factors through the pullback is justified by the fact that the target of sy agrees with

the source of Tr(g): both are the identity on Cart® n Cart(g). Now we may paste these two lax
natural transformations to obtain the functor P. More formally, these means we postcompose by
the functor

paste: Fun'®([1], Cat) x car Fun'([1], Cat) — Fun'®([1], Cat).

We define the result to be P(—). Unwinding the construction one finds it has the properties
required. O

Remark 7.16. We note the similarity between the properties of P(—) and the desiderata of Defi-
nition [6.15]

8. FAMILIES OF EQUIVARIANT COHOMOLOGY THEORIES
After the technical work of the last section, we can cash in and prove Theorem
Proposition 8.1. Consider a functor R: Sg_g — Cat®'2% Then there exists a functor
He(—,R): Glog — Fun'®([1], Cat®'2x)

such that:
(1) He(—,R) sends BG to a functor

Hg(—,R): Sgp — CAlg(RB(;)

which agrees on objects and morphisms with ([{) and @) of Definition [6.13 respectively.
(2) He(—,R) sends a morphism Ba: BH — BG to the lax square

SI(? M) CAlg(RBH)

all Lo loz* (8.1.1)
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filled by a natural transformation
To: Hg(aw(—),R) = a,.Hy(—,R)
which agrees pointwise with [3l) of Definition [G. 15
Remark 8.2. Note that T, is an equivalence when « is injective. Indeed, borrowing the notation

of Definition [6I5|[B]), in this case h is necessarily an equivalence and so its associated lax structure
map lg(q,z) = halr(z) is also.

Remark 8.3. Let Cat™!®* be the (00, 2)-category of cocartesian monoidal co-categories and lax
monoidal functors. We note that Cat™®* is equivalent to the full subcategory Cat" C Cat
spanned by those co-categories which admit finite coproducts, see [Lurl7, Proposition 2.4.3.8].

Proof. We first pass R through the composite

Fun(Sg_g1, Cat®1a) @ oplaxlim' Fun(S¢, Cat®1ax) Torget, Fun(Glog, Cat [°P' Cat®'ax),

where the second functor is justified by the identification of Construction2.13l Next we observe that
resulting object factors through the subcategory Cat(*)U’plCat&l“. Therefore we may postcompose
by the functor
P: Cat, 1Pt Cat® 2% — Fun'®([1], Cat)
from Theorem [7.15] to obtain
He(—,R): Glog — Fun'®([1], Cat).

Finally we observe that this functor factors through the subcategory Fun'®*([1], Cat"), and so
by Remark B3] we can equivalently view He(—,R) as a functor

Ho(_a R) Glog — Funlax([l]’ Cat®,laX)‘
This functor has the properties advertised by Theorem -

If we now assume that the diagram R: Sg_g — Cat®'2% i obtained from a naive global 2-ring
by passing to right adjoints, then one can pass the functor He(—,R) constructed above through
the mate equivalence, a fact which we record here.

Corollary 8.4. Let R: Sgl_’gl — CAlg(PrL) be a naive global 2-ring. Then there is a functor

He(—,R): GlogP — Fun®®([1], Cat®!*)

which agrees with the functor from Proposition [81] on objects, but sends a map Ba: BH — BG in
Glog to the oplax square

5 —<= CAlg(Rac)

“*l Q%; l“* (8.4.1)

S?_Ip w CAlg(RBH)

which is filled by the Beck—Chevalley transformation of T,.

Proof. Consider the functor R: Sg_g1 — Cat®!2X given by passing to adjoints. Applying the previous
proposition to this we obtain a functor

He(—,R): Glog — Fun([1], Cat)

Observe that because a* is strong monoidal, the adjunction o* 4 o, induces an adjunction on com-
mutative algebra objects. Therefore H,(—,R) factors through the subcategory Fun™2%([1], Cat)
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from Definition 2171 We may therefore pass Ho(—,R) through the second mate equivalence (2.18))
to obtain the functor
He(—,R): Glog? — Fun®#*([1], Cat).

Once again we observe that the diagram factors through Cat™, and so lifts uniquely to a functor
into Fun®!([1], Cat®!ax), O

The unfurling construction is functorial in the following sense.

Proposition 8.5. The previous construction constitutes a functor
H: ZCAlgnawe — Fun(Glogp7 FuDopl([ ], Cat@,la)())

Proof. The construction is given by the followmg composite of functors

2CAlg#y® C Fun Sebs CAlg(Prk)) 24, Fun(Sgh, (P Prita)op) ~ Fun(Sg_g, Pri®™)op c .

(

- C Fun(Sg.1, Cat ®1%)°P @ (oplaxlim® Fun(Sg, Cat®!#%)) — .
forget (
(
(

Glog, Cat, iom Cat® lax)‘)p - Fun(GIOg,FunR laX([ ], CatH))Op — ..

@Fun Glog, Fun™°P!([1], Cat")°P)°P ~ Fun(Glog’, Fun™°P!([1], Cat™M)) C
- C Fun(Glog?, Fun®P!([1], Cat®!12)),
and so functorial. O
Remark 8.6. Unwinding the effect of the construction above, we find that it sends a map F': R —

R’ of naive global rings to a Glogp—indexed collection of oplaxly commuting squares

RBG

Ur,G
/ J/FBG

/
G—W)R

ngp He (—,'R)

The transformation ur  is given at a G-space X by the map

BC
FHe(X,R) = FBap«1r(x)a) — p«Fxjclrxja) = p«lr/(x)a) ~= Ha(X,R),
where BC denotes the Beck—Chevalley transformation of the naturality equivalence Fpgp® ~
P Fxya-
Let us now show that each functor Hg(—,R) is limit preserving, and so He(—,R) is a family of
equivariant cohomology theories.

Proposition 8.7. Suppose that R is a naive global 2-ring. Then the functor
Hg(—,R): Sgp — CAlg(RB(;)
preserves limits and so it defines a multiplicative G-equivariant cohomology theory for all G € £.
Proof. We have to show that Hg(—,R) preserves limits, which we can do after forgetting commu-
tative algebra structures. Now consider X in Sg and suppose X is equivalent to the colimit of
G-spaces X;. Because —//G: Sg — Sg.g1 preserves colimits we find that Y := X//G is a colimit of
the global spaces Y; := X; /G. Now note that R: Sg?gl — CAlg(Prk) is limit preserving. Therefore
we obtain an equivalence Ry =~ lim Ry;. In particular, writing m;: ¥; — Y for the components of
the universal cocone, given any object B in Ry we obtain an equivalence
B ~ lim(m; )« B
(3
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in Ry. To see this we may for example compare universal properties:
Mapp,. (A,B) ~ lilim MapRYZ_ (7 A, 7t} B)
~ lillgn Mapz,, (4, (m;).7; B)
~ Mapg, (4, li?l(m)*ﬂfB).
Finally note that the canonical faithful map f: Y — BG is induced by the universal property of a
colimit by the maps f;: Y; — BG. We can now calculate
He(X,R) = filry)e = fs lign(m)*wf]lnx//c ~ hsz*(ﬂi)*]lRXi//G

~lim(f;). IRy, ¢ =~ lim He (X, R). O

All in all, we have now proven Theorem [6.14]

Proof of Theorem [6-14 The natural transformation constructed in Corollary [84] has all of the
required properties by Proposition [8.1] and Proposition [B.71 O

9. GLOBAL SECTIONS AND EQUIVARIANT COHOMOLOGY THEORIES

In this section we show that the family of equivariant cohomology theories constructed before
recovers the naive global ring Hy(—,R). More precisely we exhibit an equivalence

Hy(— /e, R) ~ TH,(—, R) (9.0.1)

as objects of laxlim! Fun(S¢P, CAlg). Of course, we should begin by explaining the notation used
and how precisely we interpret both sides of this expression as objects of the partially lax limit.
We begin with the left hand side, which we have previously seen.

Construction 9.1. We may apply the equivalence of Proposition [5.18](2)
P FunR(ng)gl, CAlg) — laxlim Fun®(S2P, CAlg)
to the functor Hg(—,R) to obtain the object Hy(—/e,R) of laxlim! Fun®(SJP, CAlg).

Before we can explain how to view I'He(—,R) as an object of the partially lax limit we must
reinterpret the global section functor I.

Construction 9.2. Recall that Sp is initial in CAlg(Prk), and so there exists a unique natu-
ral transformation i: A(Sp) = idg Alg(prl) from the constant functor at Sp to the identity on

CAlg(PrL). We write I': C — Sp for the right adjoint of the component of i at C, and call
this the global sections functor of C. The global section functors form a natural transformation
I': CAlg(Prk)or — Fun([l],Pr?t’laX) by passing to right adjoints. By uniqueness of adjoints one
finds that I' agrees with the natural transformation of functors map(1,—): C — Sp. Postcompos-
ing with the functor CAlg(—), we obtain another natural transformation CAlg(T"): CAlg(Prk)oP —
Fun([1], Cat) which sends C to (I': CAlg(C) — CAlg).

Remark 9.3. Pasting the natural transformation CAlg(I"') with the oplax cocone 1, of units
constructed in Example [7.4] we obtain an (CAlg(Prk))°P-shaped oplax cocone I'l: * = A(CAlg).
By Example 28] this is equivalent to a functor in Fun(CAlg(Prk), CAlg). As such it agrees with
End,(1): CAlg(PrL) — CAlg of Example 6.4l This follows from the identification in the previous

construction.
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Construction 9.4. Let R be a naive global 2-ring and consider the functor R: Sg.g — Prg’lax

given by passing to right adjoints. We may paste the lax transformation He(—,R) from Proposi-
tion [RI] with the natural transformation CAlg(I") to obtain a new lax natural transformation

He(—,R): Glog — Fun'®([1], Cat)

which sends BG € Glog to the composite

He(—R): P 2¢R), cAlg(Rpe) & CAlg. (9.4.1)

Because the target of this lax natural transformation is constant at CAlg, He(—,R) defines a
functor Glog — Cat [!2* CAlg into the lax slice category. As a consequence of the dual of Con-
struction 2I3] we may equivalently view this as an object of laxlim Fun(Ss", CAlg) as before.
Furthermore by Remark and Proposition 87 we find it is contained in the full subcategory
laxlim! Fun®(SgP, CAlg).

Having constructed our two objects of laxlim! Fun(S¢¥, CAlg), we may now compare them.

Proposition 9.5. The objects Hy(— /o, R) and He(—,R) of laxlim' Fun(Se¥, CAlg) are equiva-
lent.

Proof. This is essentially true by definition. However since the definitions are slightly involved, this
deserves elaboration. On the one hand, the object Hq(—,R) is given by the partially lax diagram
of composite oplax natural transformations

1_ T
¢ 219 CAIg(R_je) 22 CAlg(Ripe) <220, cAlg.
. CAlg(T")
Note that the second two oplax natural transformations compose to CAlg(R_q) === CAlg

by uniqueness of the transformation CAlg(T"). On the other hand Hg (— /e, R) is given by applying
the equivalence of Proposition [5.18(2) to the composite oplax natural transformation

CAlg(T
™)

« == CAlg(R) CAlg.

Therefore it is also equivalent to the partially lax diagram of oplax natural transformations

1
» ==L CAlg(R_ ) =28, CAlg.
We conclude that the two objects agree. O

Part 4. Genuine global 2-rings

We now introduce a refinement of the notion of a naive global 2-ring, which we call (genuine)
global 2-rings. We will show that for such global 2-rings, the family of equivariant cohomology
theories constructed before are strongly related and computable. We then explain how to use this
to construct a canonical genuine refinement I'(R)y € CAlg(Spy) for the associated naive global
ring Hyi(—,R), thus accomplishing the main goal of this article. Finally given a global 2-ring R
and a group G, we construct a genuine global section functor I'g: Rg — Spg. These are best
behaved in the case of a rigid global 2-ring, as we explain in the final section of this part.
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10. THE GINZBURG-KAPRANOV-VASSEROT AXIOMS

So far we have associated to any naive global 2-ring R : Sg?gl — CAlg(PrL) a family
Hg(—,R): S¢ — CAlg(RBq)
of multiplicative G-equivariant Rpg-valued cohomology theories. These cohomology theories are
related by two change-of-group transformations
Qo: Hy(a*(—),R) = «Hg(—,R) and T,: Hg(aw(—-),R) = a,Hy(—,R)
which are associated to any group homomorphism «: H — G. Moreover this data is coherently
functorial in the group homomorphism, as expressed by the existence of a functor
He(—,R): GlogP — Fun®P®*([1], Cat® '),

Such data is reminiscent of the axiomatics for equivariant elliptic cohomology, as expressed by

[GKV95]. In particular our choice of the name T, for the first transformation above is inspired by

the notation there. In this section we introduce a condition on R such that this data satisfies the
change-of-group axioms of op. cit.

Definition 10.1. Let £ be a multiplicative global family of compact Lie groups and let 7 C Glog
be a subcategory of enough injective objects in the sense of Definition We say a naive global
2-ring R is T -pregenuine if the following conditions hold:

(1) Given a pullback square in Sg_g
x —— BK
| I
BH —’— BG
where [’ is faithful and BG € T, the Beck—Chevalley transformation filling the square

Rex — 2 Ry

fil /’ lf*
Rec —— R

is an equivalence;

(2) Given a faithful morphism Ba: BH — BG in Orbg, the canonical map
F ® a,Gg — a*(a*f@) g)

adjoint to the composite
" (F®aG) ~a"E @ a"a,G AT, W F®G

is an equivalence for all 7 € Rpg and G € Rpy. In other words, we require that the
adjunction (o, o) satisfies the right projection formula.

Remark 10.2. If 7 = £ is the whole family, then the previous definition admits a recasting in
the language of global co-categories developed in [CLL23a] and |[CLL23b]. Namely a £-pregenuine
global 2-ring R is equivalently a fiberwise presentable, fiberwise stable, equivariantly complete £-
global co-category equipped with a symmetric monoidal structure which commutes with fiberwise
colimits and finite equivariant limits in each variable. We will not use this perspective in this article,
except in Lemma IT.211

Given these assumptions, we prove the following theorem.
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Theorem 10.3. Let R be a T -pregenuine global 2-ring. Then

(1) Induction: Let a: G — G/N be a surjective group homomorphism with kernel N and let X
be a G-space such that the action of N on X is free. Write p: X — X/N for the canonical
projection map, which is G equivariant. Then the composite

Ho (o (X/N), R) 22 o, Hg(X/N, R) 22408, 0 Ho (X, R)
s an equivalence;
(2) Base change: Let Ba: BH — BG be a map in Glog. If BG € T, then the natural
transformation
Qo: 'Hg(X,R) = Hy(a* X, R)
of Equation (84T is an equivalence for all compact G-spaces X ;
(8) Kiinneth: Let G and H be two groups in T, X a compact G-space andY a compact H -space.
Then there is an equivalence
FaHg(X, R) &® W?{HH(YV’ R) ~ HGXH(X XY, R),
where g and wg denote the two projections G x H — H,G. Moreover, the functor
He(—=,R): (SE)°P — RBg is strong monoidal.

We will consider each point in turn, we begin with the induction axiom. This axiom in fact holds
for the unravelling of an arbitrary naive global 2-ring.

Proposition 10.4. Consider a naive global 2-ring R: Sgl_)gl — CAlg(Prh). Let a: G — G/N be
a surjective group homomorphism with kernel N and let X be a G-space such that the action of N
on X is free. Write p: X — X/N for the canonical projection map, which is G-equivariant. Then
the composite

He/n(o(X/N), R) L2 0, Hg(X/N, R) 22¢B R,

s an equivalence.

Proof. We note that the G/N-space X/N is equivalent to ay(X/N) and so the G-space o*(X/N) is
equivalent to a*ay X . Furthermore the map p: X — X/N identifies with the unit of the adjunction
ay 1 a*. Therefore, applying Remark B.I7] we obtain the following diagram

aHg (X, R)

q

X)G —2 o*(X/N) )G —5 X/NG/N

I [s
BG —% 5 B(G/N)

of global spaces. Recall that the maps T, and «.Hg(p, R) are both given by the image of the lax
unit comparisons of h and p/G in RNy, see Definition 6.I5(3) and (2). Since lax unit maps
compose we find that the composite in the statement is equivalent to the map

(f/N)~(laxq)
(F/N) IRy n ey S (fIN)s@:lry )6 = nfilry o

We have to show that this map is an equivalence when X is a G-space on which N acts freely.

Note that the subcategory of G-spaces such that the action of N on X is free is generated under

colimits by the G-orbits G/H such that H N N = e. Because the condition of the proposition is

closed under limits it suffices to consider such a G-orbit. In this case X/G ~ BH and f ~ B for

an inclusion t: H — G. Note that the composite Ba o B.: BH — B(G/N) is clearly faithful since

HN N =e, and so g is an equivalence. From this the conclusion follows immediately. O
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Next we consider the base-change axiom.

Lemma 10.5. Let R: Sglfgl — CAlg(Prl) be a T-pregenuine global 2-ring, and let o: H — G
be a group homomorphism such that BG € T. The natural transformation Q.: o*Hg(X,R) =
Hy(a*X,R) from Equation (841 is an equivalence on all compact G-spaces.

Proof. Note that because Hg(—,R) and Hp(—,R) preserve all limits by Proposition 87 the con-
dition that @, is an equivalence is closed under finite limits and retracts of G-spaces. Therefore it
suffices to check that @, is an equivalence at every orbit. Therefore we fix a G-orbit X ~ G/K.
As discussed in Remark B.17] o* X fits into the following pullback:

FXJH — o X)G —— X)G
ia*f \[f
BH Ba BG

where we have furthermore fixed a factorization of the map h: o*X/H — X//G into a quotient
map followed by a faithful morphism. The natural transformation ), is by definition given by the
composite

* a*He(e,R) * * To * * ¢ *

o'Hg(X,R) ———= o"Hg(awa* X, R) = o aHy(a* X, R) — Hy(a* X, R),

where € is the counit of the adjunction o* 4 .. Recall from Definition that the map Hg(e, R)
is given by applying f. to the lax unit map of € while T}, is given by applying f.€. to the lax unit
map of . Therefore the composite is given by applying f to the lax unit map of the composite
h = € o~. Recall that the lax unit map of h is induced by h, being a right adjoint of A* and
therefore is equivalent to the composite

D gy o ~ halr,

HRX/G *X)H"

We find that @, is given by going the right-most way around the following diagram:
O[*f* ]]'RX//G
n

~

@ fhi 1Ry o — > a* fuhilg,

~ J’N
~

a*a*(oz*f)*h*]lRX//G —— a*a.(a* f) g,

€ le'

(a*f)*h*lRX/G “‘i:“"(a*f)*lRﬂ*XﬂH‘

*X /) H

*X ) H

Note that both squares commute by naturality. In particular @, is an equivalence if and only if
the left composite in the diagram above is an equivalence. However this is the Beck—Chevalley
transformation associated to the square

hs
Rarxyg — Rxya
(Oé*f)*l lf*
7€B}{ 44£E;4$ 733(}

This is an equivalence by (II) of Definition [I0.1] finishing the proof. O
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We now turn to the Kiinneth axiom. We find it simpler to first prove that Hg(—,R) is strong
monoidal on compact G-spaces.

Lemma 10.6. Let R: Sgl_jgl — CAlg(Prk) be a T-pregenuine global 2-ring. Then for all G € T,
the functor Hg(—,R): (S&)°? — Rpq is strong monoidal.

Proof. Once again the result of the lemma is closed under finite limits and retracts in each variable,
and so it suffices to prove that the lax symmetric monoidal structure map

Ho(X,R) ® Ho(Y,R) - Ho(X x Y;R)

is an equivalence when X and Y are both orbits, that is X = G/K and Y = G/H. Note as well that
under the equivalence of Theorem [B.15], the cartesian product of G-spaces corresponds to pullback
of global spaces over BG. Therefore we consider the pullback square

X ™ . BH

R
BK — BG

of global spaces and compute

He(G/K x G/H,R) = (fm1)ilry = fo(m1)« (7] IR, @ molrg,,)
~ fu(lrgx @ (M) 1Ry, )
~ fi(lrgx @ [ 9x1Rpy)
= f*]lRBK ® gxlrgy
~Hg(G/K,R) @ Hg(G/H,R).

The second and fourth equivalence are an application of the right projection formula for f and 7y,
and so guaranteed by (2)) of Definition [[0.1l The third equivalence is base-change for the pullback
square defining X, and so follows from (II) of Definition [0l The remaining equivalences are clear.
A diagram chase shows that the equivalence constructed agrees with the lax monoidal structure
map of Hg(—,R). O

We now show that this internal Kiinneth formula implies the external analog.

Corollary 10.7. Consider two groups H,G € T and X and Y compact H- and G-spaces respec-
tively. Let R be a T -pregenuine global 2-ring. Then there is an equivalence

mHg(X,R) @ ngHe(Y,R) ~ Hyxa(X X Y, R),
where Ty and g denote the two projections G x H — H, G.
Proof. The equivalence is given by the composite
T Hy (X, R) @ meHa(Y, R) 22996, |y (X, R) @ Hiya (Y, R) = Hixa(X x Y, R),
where we have applied both Lemma and Lemma O
In total we have proven Theorem 0.3
Proof of Theorem [10.3. This follows immediately by combining all of the results of this section. [

For later use we observe the following consequence of the theorem for the functor He(—,R).
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Corollary 10.8.  Suppose R: Sglfgl — CAlg(Prl) is a T-pregenuine global 2-ring. Then the
functor

He(—,R): T°P — Fun®P'([1], Cat®!®)  BG — [Hg(—,R): (S£)°° — Rpal,
obtained from Corollary[8.4] factors through the subcategory
Fun([1], Cat® ) ¢ Fun®P'([1], Cat® ')

lex

of limit preserving strong symmetric monoidal functors and strict natural transformations.

Proof. Point (2) of Theorem [[0.3]shows that @ is always an equivalence, while point (3) shows that
each functor is strong monoidal. Finally each functor is limit preserving by Proposition Bl ([l

Let us once again consider the functoriality of the unravelling construction on 7 -pregenuine
rings.

Definition 10.9. We say that a morphism F: R — R’ of T-pregenuine global 2-rings is 7 -
pregenuine if for every faithful morphism ¢: BH — BG such that BG € T, the Beck-Chevalley
transformation Fpg o t«(X) — 1. 0 Fg(X), associated to the natural equivalence Fpgt* ~ *Fpg,
is an equivalence on X = lgy.

We write 2CA1gg_'gplre for the oco-category of T-genuine global 2-rings and T-genuine morphisms.

Proposition 10.10. Consider the functor
H: 2CAlg*y® — Fun(Glog”, Fun®!([1], Cat"*®))

of Proposition (8. After restricting the source to 2CAlgng)lre, and restricting the result in the target
to T and compact equivariant spaces (as in Corollary [I0.8), H restricts to a functor

H: 2CAL§2;?_’§rC — Fun(7°P, Fun([1], Cat. )

lex

Proof. Because
Fun(7°P, Fun([1], Cat® )) € Fun(7°P, Fun®?!([1], Cat!®®))

lex
is a subcategory, it suffices to prove the statement on objects and morphisms. The claim on objects
is precisely Corollary 0.8 On morphisms it follows immediately from the assumptions placed on
T-pregenuine morphisms, by Remark O

11. COHOMOLOGY THEORIES ON EQUIVARIANT SPECTRA

In this section we impose a further condition on a pregenuine global 2-ring R such that Hg(—, R)
extends to a cohomology theory on Spg, the oo-category of genuine G-spectra. First we extend our
cohomology theories to pointed spaces. Namely observe that because the categories Rpg are all
pointed, the lax symmetric monoidal functors Hg(—,R): Sgp — RB¢ canonically lift to symmetric
monoidal functors out of the oo-category of pointed G-spaces, in such a way that Hg (X, R) :=
Heg(X,R) for any G-space X. In the following proposition we ensure such an assignment can be
made coherent.

Proposition 11.1. Let R be a naive global 2-ring. The diagram

He(—,R): Glog? — Fun®”™([1], Cat®"™)  BG ~ [Hg(—,R): S — Raal
extends to a functor

He(—,R): Glog” — Fun®*([1], Cat®'™), BG ~ [Ha(—,R): S, — Rad]

such that precomposing with (—)4: Se — Se « one recovers the original functor.
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Proof. For this proof we instead view Hg(—,R) as a functor from Sg to Rg?, in which case it
is a colimit preserving functor of cocomplete categories. Consider [1] as a symmetric monoidal
oo-category via the coproduct, also known as max. Given a cocomplete oo-category C, one may
identify C, as a symmetric monoidal subcategory of Fun([1],C), equipped with the Day convolution
symmetric monoidal structure. Since Day convolution is a 2-functor

Fun([1], —): Cat{™™ — Cat™,
we conclude that (—),: Cat%’lax — Cati9 12 45 also 2-functorial. The composite

He(—R)

n° lax Ve
Glogp o\ 5Funop1ax([1],cat§’lax) Fun®P#*([1],(—)«)

3 FunoPlaX([l], Cat%’lax)

is our desired extension. O

We would like to extend our cohomology theory further to take values in G-spectra. This involves
constructing representation sphere deloopings for the functor Hg(—,R). To explain how we will
accomplish this, we recall the process of inverting objects in a symmetric monoidal co-category and
its connection to genuine G-spectra.

11.1. Inverting representation spheres.

Definition 11.2. We define the co-category Cat® '8 to be the co-category of symmetric monoidal
oo-categories C equipped with an augmentation, i.e. a set S of objects of C. The morphisms of
Cat®?98 are strong monoidal functors which preserve the augmentations. Formally we may define
Cat®¢ as the following pullback:

Cat®*8 — 5 Ar(Cat)

J, ievo Xevy

Set x Cat® ——— Cat x Cat.
inclxfgt
Recall that an object X in a symmetric monoidal co-category is called invertible if X®(—): C — C
is an equivalence.

Definition 11.3. We define Cat®®8 ' to be the full subcategory of Cat®?®"¢ spanned by those
pairs (C,S) such that every object X € S is an invertible object of C.

Proposition 11.4. The inclusion Cat®™8™"  Cat®™& qdmits a left adjoint 1.

Proof. Note that Cat®?" is a pullback in Pry, and so is itself a presentable co-category. Observe
that the subcategory Cat®a18 ™" g equivalent to the subcategory of objects (C,S) which are right
orthogonal to the group completion map FinSet™ — Q°°S, viewed as a map of augmented symmetric
monoidal co-categories by augmenting every object of both FinSet™ and Q2°°S. Therefore the result
follows from [Lur09al Proposition 5.5.4.15]. O

Definition 11.5. We define Cat®®" to be the (non-full) subcategory of Cat®?'8 spanned on

rex,+

objects by those pairs (C,S) such that C is idempotent complete, admits finite colimits and the
tensor product commutes with finite colimits in each variable. On morphisms it is spanned by

those strong monoidal functors which preserve finite colimits. We define Cat®™& " 6 be the full

rex,+
®7aug

aug™' - Similarly we may define Pry and

subcategory spanned by those objects (C,S) in Cat®

1

®,aug”! ®,aug ®,aug™
Pry , as well as Cat; ;2" and Cat gy .

Using Proposition [[T.4] one can easily prove:
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Proposition 11.6. The inclusions

—1 —1 -1
Catfi;ilf %Catif}f, Cat@a18 " 5 Cat2®8  and Pr%’aug%Prf’aug

admits left adjoints, which we denote by I'F, ' and I* respectively. O

Proof. We first argue the presentable case. Write P(C) for the free symmetric monoidal co-category
on an oo-category C. We then define

1c,S)=c [[ PShA(P(S),S))
PSh(P(S))

as a pushout in CAlg(PrL). By the symmetric monoidal universal property of taking presheafs, see
[Lurl7, Proposition 4.8.1.10(3)], this clearly has the required universal property. For the other cases,
the same proof applies by replacing the presheaf category by the relevant cocompletion functor. [

Definition 11.7. Let G be a compact Lie group. Given a G-representation V, we define SV =
V U {o0} to be the one point compactication of V', viewed as a pointed G-space by choosing {oo}
as a basepoint. We enhance the oco-category 557* of compact pointed G-spaces to an augmented
symmetric monoidal oo-category by the set RepSphg C S¢ , of pointed G-spaces which are weak

homotopy equivalent to a representation sphere SV .
Key for us will be the following calculation:
Proposition 11.8. Let G be a compact Lie group. Then Spg ~ ]IrCX’JF(S‘(*’;’*, RepSphg).

Proof. By [GM23, Appendix C], the large oo-category Sp. is the initial presentably symmetric
monoidal oo-category under Sg . such that the representation spheres are invertible in Spg, that is
Spg ~ HL(SQ*, RepSphg;). However Spg; is compactly generated, and so is equivalent to Ind(Sp¢)
as a symmetric monoidal co-category. Similarly Sg s ~ Ind(887*). Using the symmetric monoidal

universal property of the Ind-functor we conclude that ]Irevar(Sg’*, RepSphg;) agrees with Spg. O

We can apply the previous proposition levelwise to extend families of equivariant cohomology
theories.

Corollary 11.9. Let T C Glog be some full subcategory and let Ay: Sy, = Co be a natural
transformation of functors T°P — (]zau‘c?exHr such that Ag(SV) is invertible for every group G € T
and representation sphere SV € S¢. Then there erists a unique dotted natural transformation in
Catf%x’ . such that the triangle

5%,
£ \
Sp‘: coooo> C.

commautes.

Proof. Note that for every group homomorphism o: H — G, the restriction functor o*: Sg .« —

Sm,« preserves representation spheres. Therefore SJ,: Glo”® — Catfix , lifts to a functor into

Cat;@e’;’ "%, Therefore the corollary follows immediately from the previous proposition by viewing

Ce. as a functor into Cat?é;i‘fﬁl by augmenting Cgg by Pic(Cpg), the set of invertible objects in
Cra. ]
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11.2. Extending to equivariant spectra. As mentioned, we would like to apply the previous
results to extend the cohomology theories Hg(—,R) to cohomology theories defined on genuine G-
spectra. For this we have to assume that the representation spheres are inverted by our cohomology
theories.

Definition 11.10. We say that a naive 2-ring R is T-genuine if it is T-pregenuine and

(3) For every group G € T and every irreducible G-representation V, the object Hg(SY,R) €
RBa is invertible.

For certain statements, such as Theorem [I2.7] it is in fact not relevant exactly which subcategory
T of enough injective objects a naive global 2-ring is 7-genuine for, and so we make the following:

Definition 11.11. We say a naive global 2-ring R is genuine if it there is a subcategory 7 of
enough injective objects such that R is 7T-genuine. We will typically refer to a genuine global
2-ring simply as a global 2-ring.

We now make the object Hg(SY,R), and so the condition of the previous definition, more
explicit.

Lemma 11.12. Let V be a G-representation and let p: S(V') G — BG be the canonical faithful
map of global spaces exhibiting S(V'), the unit sphere in V', as a G-space. Then the fiber of the unit
map 0: Irge — P«P*lrge i equivalent to Hg(SY,R).

Proof. We may consider the cofiber sequence S(V); — S° — SV of pointed G-spaces. Because the
extension of Hg(—,R) to pointed spaces is again limit preserving, we obtain a fiber sequence

He(SY,R) = fib(Hg(S°, R) = Hg(S(V)4,R)) € Rig-
Unravelling the definition, we find that He(pt, R) = Irg, and He(S(V),R) = pilrgy e =
PsD*Llrg,. Moreover the map Heg(pt,R) — Hg(S(V),R) is induced by the lax unit map of the

lax monoidal functor p,, which is in turn induced by p, being a right adjoint of p*. It then follows
that Hg(pt, R) = Hg(S(V), R) can be identified with the unit map n: Ilrg, — PP lrg,- O

The key result of this section is the following corollary, which by a representability argument
that we carry out in the following section will allow us to deduce Theorem

Corollary 11.13. Let R be a T-genuine global 2-ring. There exists a unique functor

He(—,R): T°° — Fun([1], Catgxﬂr), BG — [Hg(—,R): (Sp&)? — RBa]

which agrees with the functor He(—, R) of Corollary [I10.8 when restricted to suspension spectra.

Proof. Let us show that all representation spheres are inverted by He(—, R). First we note that the
set of invertible objects in Rp¢ is closed under two out of three, i.e. given two objects X, Y € Rpg,
if two of X, Y and X ® Y are invertible then so is the third. If V and W are irreducible G-
representations, then we know by axiom (3) that Hg(S",R) and Hg(S", R) are invertible objects.
Using Lemma we conclude that

HG(SV®W7R) = HG(SV ® SWvR) = HG(SV7R) & HG(Sva)

is also an invertible object. Because every G-representation is a direct sum of irreducible represen-
tations, the result follows. Given this, the result follows immediately from Corollary IT.9] applied
to (the pointwise opposite of) the functor of Corollary 0.8 O

Remark 11.14. Let R be a T-genuine global 2-ring. It is unlikely that the cohomology theory
He(—,R): (S&)°° — Rpe extends to a cohomology theory on Spg: when G ¢ T in general.
However, there is a specific case where this is possible. Recall that equivariant elliptic cohomology
defines an ab-global naive 2-ring Q,. We will see that Q, is Tori-genuine, but not Glo,p-genuine,
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in both cases in the sense of Definition [[T.TOl Therefore the previous theorem only guarantees
the lift of equivariant elliptic cohomology to a cohomology theory on equivariant spectra at tori.
Nevertheless, it is in fact possible to define such extensions for any compact abelian Lie group.
The general construction would follow the strategy of [Chu22, Lemma 2.1] for the group C,. In
particular it would in principle depend on a choice of embedding of G into a torus, however we
expect that one can show that it is coherently independent of this choice.

Of course we may also observe the effect of this construction on morphisms of 7-genuine global
2-rings.

Definition 11.15. We define 2CAlg;~r_gl C 2CAlg;:r_'gplrC to be the full subcategory spanned by the
T-genuine 2-rings.

The following result is immediate.
Proposition 11.16. The functor
H: 2CAlg] 5" — Fun(T°P, Fun([1], Cat{),))
of Proposition induces a functor
H: 2CAlgl o — Fun(7°P, Fun([1], Cat;?, )
which agrees on objects with the construction of Corollary 113 O

Let us finally discuss various simplifications of (3) above which apply in specific instances. One
case is when & is the family of abelian compact Lie groups. For what follows we denote by T the
torus of rank one and 7 for the tautological representation, which is represented by the identity
group homomorphism id: T — T.

Proposition 11.17. Let Ab be the global family of abelian compact Lie groups, let Tori C &
be the full subcategory of enough injective objects spanned by the tori, and let R be a naive global
2-ring which is Tori-pregenuine. Then axiom (3) is equivalent to:

(8’) The object Hp(S™,R) is invertible in Ryr.

Proof. Clearly (B]) implies (3’) so let us prove the converse. First we note that the set of invertible
objects in Rpg is closed under two out of three, i.e. given two objects X,Y € Rpg, if two of
X, Y and X ® Y are invertible then so is the third. Because every real representation is a direct
summand of a complex representation it therefore suffices to prove that Hg(SY,R) is invertible
for V' an irreducible complex G-representation. Because G is abelian, every irreducible complex
G-representation is one dimensional, i.e., given by a character a: G — T. By Lemma we have
equivalences

He (S, R) = Ho(S¥ ™, R) ~ Ha((a*S™,R) 2% o Hp (ST, R).
Because a*: Rpr — RBg is strong monoidal (see Lemma [[0.6]), it preserves invertible objects.
Therefore it suffices to prove that Hy(S7,R) is an invertible object, which is precisely (3’). O

Remark 11.18. Let T and 7 be as above; then S(7) ~ T and the map p: S(7)/T — BT identifies
with the map ¢: pt — BT induced by the inclusion e — T. Because tensoring in Rpr is exact, we
find that tensoring with Hy(S™, R) is equivalent to the functor

fib((—) ® lrg, — (=) ®ixlr,,),

which is in turn equivalent to the functor fib(n: (=) — 4.i*(—)) by an application of the right
projection formula for p (which holds by axiom (2) of a global 2-ring). By assumption Hy(S7,R) is
invertible, and so this functor is an equivalence. We conclude that * - i, is a spherical adjunction,
in the sense of [DKSS21].

47



Similarly if £ is a family of finite abelian groups and 7 = £, then we can again simplify axiom
@). We write ¢,: C,, — T for the canonical inclusion, which defines a 1-dimensional complex
C,-representation.

Proposition 11.19. Let £ be a global family of finite abelian groups and let R be a naive global
2-ring which is E-pregenuine. Then axiom (3) is equivalent to:

(3°) The object He, (S, R) is invertible in Rpc,, for all Cy, € £.

Proof. Clearly (B]) implies (3’). Conversely, as before we can reduce to showing that for all G € &,
Heg(—,R) inverts spheres associated to irreducible complex representations V: G — T of G. We
factor V into a surjection p followed by an injection, which is necessarily of the form ¢,: C,, = T
for some n. As before we obtain an equivalence:

Ha(SY,R) = He(SP, R) ~ Ha(p* S, R) 2 p*He, (S, R).
Because p* is strong monoidal we conclude that Hg(SY,R) is invertible. O

11.3. A canonical class of examples. Finally, before we discuss more interesting examples in
Part [ let us first discuss a canonical class of examples of global 2-rings.

Lemma 11.20. Let £ be any multiplicative global family. Then the naive global 2-ring Spe from
Ezample [6.7 is £-pregenuine.

Proof. The fact that Sp, is £-pregenuine expresses a collection of rather standard properties of the
diagram of genuine equivariant spectra; nevertheless, let us give references and arguments here.
Restricting the diagram Sp, to the subcategory Orbge we obtain a diagram which is equivalent
to OrbSp, as defined in [Cno23]. It follows from Proposition 4.17 of op. cit. that Sp, satisfies
condition (2]), and that it satisfies (I]) for faithful g. Let us argue the case when Bg: BG — BK
is a quotient map. By applying the Wirthmiiller isomorphism we reduce to the analogous Beck—
Chevalley statement for induction, which is discussed in [Lin24, Example 2.18]. O

From Lemma we obtain a functor He(—,Sp,): Glog® — Fun([1], Cats).

Lemma 11.21. The functor He(—,Sp,) agrees with the GloZ’-indexed natural transformation

Hom(—,52)

EOO
(S&)°P == Sp& Spg-
Remark 11.22. This lemma shows that the unravelling associated to Sp, agrees with the family
of equivariant Spanier—Whitehead duality functors.

Proof. To prove this statement it is easiest to apply the parameterized perspective. As noted in
Remark [[0.2] Sp, admits finite equivariant limits. Therefore, by the dual of |[CLL23bl Corollary
4.27] applied to T'= Glog and S = Orbg, a natural transformation Fy: (S¢)°P = Sp, such that

e cach functor F preserves finite limits;

e and for each faithful morphism f: BH — BG the Beck—Chevalley transformation Fgfi =

f«Fm is an equivalence;

is determined by the object F.(x) € Sp. By Remark and Proposition B7 the transformation
H,(—, Sp,) satisfies both properties, while a simple calculation shows that Hom (%$°(—), Sg) does as
well. In both cases * is sent to the sphere spectrum S° € Sp, and so the two natural transformations
must agree. ]

Proposition 11.23. The global 2-ring Sp, is £-genuine.

Proof. By Lemma[IT.20] Sp, is £-pregenuine. Moreover by the previous lemma, H¢(—, Sp, ) agrees

with Hom(EOO—,S%). In particular Hg(SY,Sp,) is equivalent to S~V and so clearly invertible,

showing that Sp, is £-genuine. O
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Proposition 11.24. Suppose E' € CAlg(Spg_y) is a global ring. Then the naive global 2-ring
Modpg, defined in Ezample is E-genuine and the unravelling He(—,Modpg,) agrees with the

natural transformation
Hom(—,FE)
>

=%
(85)% == SpJP Sp,-
Proof. Observe that axioms () and (2)) of a global 2-ring reduce to showing that certain canonical
maps are equivalences, and therefore we can check these axioms forgetting the module structures.
However we note that for any continuous group homomorphism «: H — G, there are commutative
diagrams

Modg,, (Spg) N Modg,, (Spg) Modg,, (Spg) LN Modg, (Spg)
fgtl \Lfgt fgtl lfgt
Spg ——%—— Spy Spg ———— Spy

see for instance [BCHT 23, Recollection 2.29]. Therefore after forgetting the resulting maps agree
with those of Lemma I1.20] and are in particular equivalences. The remaining arguments are
exactly as for Sp,. g

12. GENUINE REFINEMENTS OF NAIVE GLOBAL RINGS

Recall that given a naive global 2-ring R, its decategorification was a naive global ring which
represented the multiplicative cohomology theory Hg(—,R): ng)gl — CAlg. In this section we
will show that if R is genuine, then this naive global ring admits a canonical genuine refinement.
In other words, we will explain how to decategorify a global 2-ring to a global ring. Recall from
Proposition B.I8(1) that a genuine refinement was a global ring I'gy(R) € CAlg(Sps) together
with an equivalence

Hgl(_7 R) = Homspg_gl( gf(_)? Pgl(R))
between Hg(—,R) and the multiplicative cohomology theory represented by I'yj(R). To begin we
will first construct the global ring I'g1(R). Therefore let us now assume that R is 7-genuine for
T C £ some family of enough injective objects.

Construction 12.1. Passing the natural transformation of Lemma along the second mate
equivalence (ZI8)) gives an oplax natural transformation

RBc _r, Sp

|

RBH T) Sp.

In fact, applying the generalized mate equivalence of [AGH24], Theorem 5.3.6] to the (0o, 2)-category
Cat®!®* we in fact obtain I" as an oplax natural transformation of lax monoidal functors. Pasting
this with the natural transformation He(—,R) of strong monoidal functors from Corollary IT.13l
we obtain a new oplax natural transformation

(Sp&)°P HeR) RBG L Sp

| | &

(Spi)™ g7 RBu —— Sp

in Cat®!®* which we denote by He(—,R). The target of this oplax natural transformation is

constant at Sp and so He(—,R) is equivalently an object of oplaxlimT(FunleX’®_laX((Spf)"p, Sp)),
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see Construction 213l Finally, of we equip the functor categories with the localized Day con-
volution symmetric monoidal structure of Lemma [AJ] then this equivalently defines an object
oplaxlim-(CAlg(Fun'®*((Sp%)°P, Sp)) via the universal property of Day convolution, see [Lurl7, Ex-
ample 2.2.6.9].

We now reinterpret this construction by applying higher Brown representability, in the following
form

Proposition 12.2. The Yoneda embedding induces an equivalence Sp, ~ Fun'**((Sp¥)°P, Sp),
which is moreover symmetric monoidal if the right hand side is given the localized Day convolution
symmetric monoidal structure of LemmalA 1. Moreover this equivalence is natural: for Ba: BH —
BG, the following diagram commutes

Spy ——=— Fun'**((Sp%)°P, Sp)

Jo Jir

Spe —=— Fun'™((Sp¥)°P, Sp).
Proof. This is the content of Corollary [A.4] restricted to the diagram Sp,. O

Construction 12.3. The natural equivalence Sp, ~ Fun'®*((Sp)°P, Sp) induces an equivalence

oplaxlim CAlg(Sp, ) ~ oplaxlim CAlg(Fun'®*((Sp¥)°P, Sp)).
T T

We pass the object Hqo(—,R) along this equivalence to obtain an object of oplaxlim, CAlg(Sp,).
We denote the resulting object by {I'¢(R)}.

Next we may pass from the oplax limit of Sp, along coinduction to the lax limit of Sp, along
restriction.

Construction 12.4. Applying Proposition [2.21] to the diagram CAlg(Sp,): 7 — Cat we obtain
an equivalence

oplzz}_dim CAlg(Sp,) =~ la%l)})m CAlg(Sp,),

where the functoriality on the right hand side is given by restriction. Passing {I'¢(R)} along this
equivalence gives an object in laxlim CAlg(Sp, ), which we again denote by {I'¢(R)}.

Proposition 12.5. The object T'e(R) lies in the full subcategory laxlimo, CAlg(Sp,), where we
mark the faithful maps in T°P.

Proof. Let a: BH — BG be a faithful map in 7. We need to verify that the lax structure map
fa associated to « is an equivalence. After passing to represented functors the adjoint of the lax
structure map (i.e., the structure map in the oplax limit) is given by the composite of the natural
transformations

Hy
(Spg)° RBH

T\T/

op
SPG) ﬁ RBa

Note that when « is faithful, o* admits a left adjoint ay. Some yoga with adjoint functors implies
that the lax structure map is equivalent to the natural transformation obtained by passing to
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adjoints in the vertical direction. Doing so, we obtain the diagram

(Sp)°P R R Ry ——— Sp

o| e A

(Sp8)” ) Rmo:

where the right triangle commutes by Construction[@.2l The commutativity of the left square follows
from Remark B2] using that every functor in the diagram is exact and that Sp%; is generated as
a stable oo-category by the image of ¥5°: 8% — Sp%. We conclude that the composite natural
transformation is an equivalence, finishing the proof. O

Definition 12.6. Recall that Theorem gave a symmetric monoidal equivalence

CAlg(Spg_y) ~ la}7<_l§£nT CAlg(Sp,).

Passing I's(R) through this equivalence we obtain a global ring I'gj(R) € CAlg(Spe_g)-
We can now conclude the main theorem of the paper:

Theorem 12.7. Let R be a global 2-ring. Then the naive global ring He(—,R): ng)gl — CAlg
admits a canonical genuine refinement I'g(R) € CAlg(Sps_g))-

Proof. We have to exhibit an equivalence between
Hgl(_7 R) = MapSpg_gl(Eoo(_)v Fgl(R))

However by Proposition 518 it suffices to exhibit an equivalence between the family of equivariant
cohomology theories associated to these global theories, which we note are {Hg(—/e,R)} and
{Ho(—,R)} respectively. The second of these identifications again uses Proposition (.18 and the
definition of I'yj(R). However these families agree by Proposition 0.5, and so we conclude. g

For the final time, let us note the functoriality of this construction.

Proposition 12.8. There exists a functor I'g(—): 2CAng_gl — CAlg(Spg_g1), which agrees with
the construction of Theorem [12.7 on objects.

Proof. The constructions of this section are evidently functorial, and take as input the family of
cohomology theories Hq(—,G) on genuine G-spectra. This is a functor in 2CAlg;;r_gl by Proposi-
tion [[I.16] 0

Example 12.9. Recall that given a global ring R € CAlg(Spg_gl), there was a canonical genuine
categorification of R given by

R := Modg,, BG — Mod,cs;R(SPq)s

see Proposition [1.24l One can easily show that I';j(Modg,) ~ R. In fact the assignment R —
Modpg, defines a functor CAlg(Spe_q) — 2CAlg:€r_gl, which is a section of the decategorification

L ().

13. GENUINE GLOBAL SECTION FUNCTORS

Suppose R is a global 2-ring with respect to a family 7 of enough injective objects. We have
associated to R a family of equivariant spectra I'¢(R) for all G € T. In this section we will more
generally construct a genuine G-spectrum I'g(F) associated to any object F € Rpg-
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Construction 13.1. Suppose R is a global 2-ring which is genuine with respect to 7. Then by
Corollary [1.13] we have a natural transformation

H(—,R): (Sp¥)P — R

of functors 7°P — Cat%x. We may precompose this natural transformation with equivariant

Spanier-White duality to obtain a natural transformation of finite limit preserving functors
He(D(—),R): Sp? — R.

However the source and target are stable, and so they are also finite colimit preserving. Passing to
Ind-categories in the source gives a natural transformation of colimit preserving functors Fy: Sp, =
R, which one may interpret as R-valued homology. We may further pass to right adjoints pointwise
(via Theorem [2.18)) to obtain a lax natural transformation

Ie: R — Sp,.
We write Ry: f*T'g(—) = Iy (f*(—)) for the natural transformation associated to f: BH — BG:

T
RBc —— Spg

rloA b

We record a few observations about this construction.
Remark 13.2. Consider F € Rgg. We note that
F'q(F)S ~ mapg, . (1,T¢(F)) ~ Mapg,, (Ha(D1,R)), F) ~ Mapgr,, (1, F) ~ T'(F).
In other words, the genuine fixed points of I'¢(F) agree with the global sections of X.

Remark 13.3. Let G € T. Then we claim that I'¢(1pg) ~ I'¢(R). This follows from the following
sequence of equivalences, where X is a compact G-spectrum,

mapSpG (X7 ]FG(]lBG)) = mapRBG (HG (DX7 R)? ]lBG) = map'RBG (DHG(X7 R)? ]]'BG)
~ I(DDHG(X, R)) ~ [(Ha(X, R)).

The second equivalence follows from the fact that Hg(—,R) is strong monoidal, and the fourth
from the fact that Hg (X, R) is therefore a dualizable object of Rpg.

Furthermore, one can show that under these equivalences, the map
Ry: fTe(lpe) = Tu(f1Bc) ~Tu (1)

agrees with the lax structure map of the object I'gy(R) € Speg = laxlim® Sp,. In particular we
conclude that Ry is an equivalence on the unit when f is faithful, but not generally. We would like
to generalize this observation to arbitrary objects X € R, but it is not clear to the authors if we
should always expect this. However, under stronger assumptions, we can show that R is a natural
equivalence when f is faithful. We introduce these stronger assumptions in the following:

Definition 13.4. A naive global 2-ring R is rigid if:

(1) each oo-category Rpg is rigidly-compactly generated, which is to say that Ry is compactly
generated oo-category in which an object is compact if and only if it is dualizable;

(2) for every faithful map f: BH — BG, the functor f.: Rpg — RBpm preserves compact
objects.

Remark 13.5. If R is rigid, then axiom (2) of Definition [I0.0] is automatically satisfied, see
[BDS16), Theorem 1.3].
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Example 13.6. The global 2-ring Sp,, and more generally Modg, , is rigid.

Example 13.7. Let G be an oriented P-divisible group. Then the naive global 2-ring LocSysg (—)
is rigid, see Proposition [I5.8](6).

In the following lemma we introduce the crucial additional structure afforded to a rigid naive
global 2-ring.

Lemma 13.8. Suppose R is rigid, and let f: BH — BG be a faithful map. Then there exists
an object wy € Rpg such that f* is right adjoint to fy = fi(— @ wy). Moreover wy is uniquely
characterized by the existence of a natural equivalence

Homp,, . (fi(=), IBe) ~ fiHomp, (= wy).
Proof. This is [BDS16, Theorem 1.7]. 0

With this we can prove that R is an equivalence whenever f is faithful.

Theorem 13.9. Suppose R is a rigid T -genuine global 2-ring and let f: BH — BG be a faithful
map in T . Then the natural transformation

Rp: f'Ta(=) = Tu(f*(-))
s an equivalence.

Proof. Because R is rigid all of the functors involved have left adjoints. Therefore we may instead
show that the total mate

Uf: fﬁFH(X) = F(;fy(X)
of Ry is an equivalence for all H-spectra. In fact because all of the functors preserve colimits, it
suffices to prove this for X compact. In this case we may compute:

fiFu(X) = fiHg(DX,R) =~ fDHpu(X,R)
~ fi(Homgp, , (Hur (X, R)), len) ® wy)
~ fHomp_, (Hy(X,R), wy)
~ Homg . (fsHg (X, R), 1)

20, pH(fX, R)

~He(DfiX,R) = Fe(fiX).

The second and fourth equivalence use Lemma [I3.8] the third that Hy (X, R) is dualizable, and
the first and fifth that Hy(—,R) and Hg(—,R) are strong monoidal functors. Finally T is an
equivalence by Remark A tedious diagram chase shows that this equivalence agrees with

o 0

Remark 13.10. Recall that when R is 7-genuine, the functors Hg(—, R), and therefore also Fg,
are strong monoidal for all G € 7. We conclude that the functors I'¢ are therefore canonically lax
monoidal, and that if R is rigid then I’y is a natural transformation of lax monoidal functors.

Remark 13.11. Rigidity is a sufficient but not necessary condition for the result of the previous
theorem to hold. For example, the naive global 2-ring Sp,_ 4 of Example is not rigid. Indeed, in
the oo-category Spy the object Eg’BG is compact but not dualizable. Nevertheless, one can show
that Ry is still an equivalence when f is faithful. The reason for this is that Sp,_4 does nevertheless
admit Wirthmiiller isomorphisms, and so in particular satisfies the first part of Lemma [I3.8l This
is in fact the only input for the proof of the previous theorem which does not hold in an arbitrary
T-genuine global 2-ring.
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Part 5. Examples

We will now apply the theory developed in previous parts to two families of examples. The first
are oriented spectral abelian group objects. Specializing to the universal example of an oriented
elliptic curve we obtain a global spectrum enhancing the spectrum of topological modular forms.
The second are P-divisible groups over a commutative ring spectrum R, as defined in [Lurl9]. We
conclude that tempered cohomology is canonically represented by a global spectrum R&. Finally,
using the notion of genuine global sections, we show that for an oriented P-divisible group, the
oo-category LocSysg(BA) of tempered local systems on BA is equivalent to modules over the
restriction of R% to a A-spectrum.

14. GLOBALLY EQUIVARIANT ELLIPTIC COHOMOLOGY

We start this section by giving a brief recollection on (pre)oriented strict abelian group objects
in a general oo-category. As we will see, these are very closely connected to diagrams out of the
global orbit co-category. We then fix a nonconnective spectral Deligne-Mumford stack S and focus
attention on oriented strict abelian group objects G in spectral Deligne-Mumford stacks over S, and
explain how this data give rise to a genuine ab-global 2-ring Q%, see Theorem [Z14l Finally, we
discuss how to obtain global refinements for the spectra of topological K-theory, elliptic cohomology
and topological modular forms.

Let us start by recalling some material on (pre)oriented strict abelian group objects. For more
detail we refer the reader to [GM23] Section 3], see also [Lurl8al Section 1]. For simplicity we state
the results in the generality of a presentable co-category C. Let Lat denote the full subcategory of
the 1-category of abelian groups spanned by the finitely generated free abelian groups.

Definition 14.1. We let Ab(C) denote the co-category of abelian group objects in C, that is the
oo-category of product preserving functors from Lat? to C.

Remark 14.2. Objects of Ab(C) are often called strict abelian group objects in C to distinguish
them from group-like commutative monoids in C. For example CGrp(S) ~ Sp=" while by [LuriSal,
Remark 1.2.10] Ab(S) ~ Mod%o.

Example 14.3. Note that every compact abelian Lie group is an abelian group object of the
topological category AbCptLie by [GM23], Example 3.3]. Because the functor B(—): AbCptLie —
Gloa, — Sab-gl preserves products, see Remark [3.5] we conclude that every orbit stack BA is
canonically an abelian group object in Syp.g1. Furthermore for every group homomorphism a: H —
G of abelian groups, Ba: BH — BG is canonically a morphism of abelian group objects.

Example 14.4. Let S be a nonconnective spectral Deligne-Mumford stack, keeping in mind our
convention (item (7) in Section [[I]). By definition any (strict) elliptic curve over S is an abelian
group object in the oco-category of nonconnective spectral Deligne-Mumford stacks over S, see
[GM23], Definition 5.6].

Example 14.5. Every object A € Ab(S) canonically defines an object A :== A ® pt in Ab(C) by
taking the constant A-shaped colimit of the point. For example, BT is canonically an abelian group
object in spaces (corresponding to ¥?(Z) in Mod%o), and so BT is also an object of Ab(C) for any
presentable C.

Definition 14.6. A preorientation of an abelian group object X in C is a map BT — X of
abelian group objects in C. We define the oco-category of preoriented abelian group objects in C as
PreAb(C) = Ab(C)pr,-
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Construction 14.7 ([GM23], Construction 3.8]). Consider the strict abelian group object BT in
Sab-gl- Mapping into BT defines a functor S;’E_gl — ADb(S). Restricting this along the subcat-
egory Glo,, we obtain a functor (=): Gloif — Ab(S). The final object pt of Glo,, is sent to

Mapgy,,, (pt, BT) ~ BT by (Z), and so the previous functor lifts to a functor
(=): Glo¥ — PreAb(S).

We call this construction shifted Pontryagin duality. Note that BG ~ G x BT, where G is the
ordinary Pontryagin dual of G, explaining the name.

Construction 14.8. Similarly to before, PreAb(C) is canonically (co)tensored over PreAb(S).
Given G € PreAb(C), we restrict the cotensoring G~ : PreAb(S)°? — PreAb(C) along the functor
(%) and then colimit extend to obtain

Ge: Supg = C, BA GBA

Remark 14.9. As observed in the proof of [GM23| Proposition 3.15], the functor Go: Gloy, — C
preserves finite products and pullbacks in which at least one of the maps is a quotient map. Moreover
if C is cartesian closed, it also follows that Ge: Sap-g1 —+ C preserves finite products.

Example 14.10. One may compute that Gt ~ G and that Ggc, sits in the following pullback
square

GBCn — pt
-
G — G,

and so can be identified with the n-torsion points of G. The functor G, preserves finite products,
and so we may compute the value of G, on all abelian compact Lie groups.

When C is equipped with a functor C°°? — CAlg(Pr&t) one obtains a naive global 2-ring by
postcomposition. One place where such a functor exists is (spectral) algebraic geometry.

Definition 14.11. Let S be a nonconnective spectral Deligne-Mumford stack. We define Mg to be
the big etalé site of S, as defined in |[GM23), Definition 5.3]. We write Shv(Ms) for the oco-category
of space-valued sheaves on Msg. Consider the functor QCoh: DM°P — CAlg(Prl“t) which assigns to
every spectral Deligne-Mumford stacks its co-category of quasi-coherent sheaves. We restrict this
to the subcategory Msg. Because QCoh satisfies descent with respect to etalé covers, we obtain a
unique limit preserving extension

QCoh: Shv(Ms)P — CAlg(Prk).

Construction 14.12 (JGM23| Construction 6.1]). Fix a (possibly nonconnective) spectral Deligne-
Mumford stack S and let DM 5 be the co-category of spectral Deligne-Mumford stacks over S. Any
G — S € PreAb(DMs) induces a preoriented abelian group object in Shv(Ms), the oo-category
of sheaves on the big etale site of S, by taking the corresponding functor of points. Applying
Construction 4.8 we obtain a functor

G,: Sab—gl — ShV(Ms).
Postcomposing by the functor QCoh(—) we obtain a naive ab-global 2-ring

Q6. 8P

abal CAlg(Pr;).
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Writing G for the completion of G at the unit section, a preoriented abelian group object G is
oriented if, roughly, the base S is locally complex periodic and the morphism BT®S — G of formal
groups induced by the preorientation of G is an equivalence. We refer the reader to [GM23, Section
5] for a precise definition. From now one we will always assume that G is oriented. In this case,
we will show that Q€ is a global 2-ring. We begin with a lemma.

Lemma 14.13. Let G be an oriented abelian group object in spectral Deligne-Mumford stacks
over S. Consider a pullback square

XﬁBK
[
BH —— BG

in Sab-gl such that G is a torus. Then
GX e GBK
[
Gy — GBg
is a pullback square in Shv(Ms).

The following lemma is adapted from forthcoming work of the first author and Lennart Meier,
to appear in [GM24]. The argument below is a sketch of the key points in the proof.

Proof. We observe that up to homotopy the diagram BH — BG + BK lifts to a diagram of
pointed objects, and so by Remark [3.4] to a diagram of abelian compact Lie groups. It follows
that the diagram lifts to a diagram in Ab(Sapg1). Since the forgetful functor Ab(Sapg1) — Sab-gl
preserves limits, it suffices to check that the diagram is a pullback in abelian group objects. Since
we are now working in an additive category and G, preserves finite products, it suffices to show
that G, preserves fibers of maps of the form f: BH — BG, where G is a torus and H is an abelian
compact Lie group (but not necessary a subgroup).

First consider the case in which the map f: BH — BG is faithful. Then the fiber of f is the
loop space pt xXg(g/m) pt, which is G/H. Because G is a torus, G/H is again a torus. It follows
that the map

GthB(G/H)pt — Gpt XGp(e/m) Gt
is an equivalence by [GM23, Theorem 8.1].
Now consider a general map BH — BG such that G is a torus. We may factor this as a composite

BH - BG' — BG

such that H — G’ is surjective and G’ — G injective. Let H' C H denote the kernel of the map
H— G.

The fiber F' of the map BH — BG is then a BH’-bundle over G/G’ in Ab(S,p.g1). Using that
G /G’ is also a torus and BH' is connected, one computes that in fact F' ~ G/G’ x BH'. Since G,
preserves finite products and pullbacks along quotient maps, see Remark 4.9, we deduce that the
map Gg —+ GBy XGgge Gpt is an equivalence. O

Theorem 14.14. Suppose that G — S is an oriented abelian group object in spectral Deligne-
Mumford stacks over S. Then the naive ab-global 2-ring

Q%: S — CAlg(Prly)

18 genuine with respect to the subcategory of tori.
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Remark 14.15. In the proof of this theorem we will cite [GM23] extensively. However the relevant
results there are always stated only for spectral elliptic curves. However in each case a careful
inspection of the proof shows that the argument works identically in the case of an arbitrary
oriented abelian group object in nonconnective spectral Deligne-Mumford stacks over S, and so we
are justified citing them in this more general situation.

Proof. We will show that Q€ is genuine with respect to the family of tori in Gloa,. By Lemma 12,13
given a pullback square as in condition (1) of Definition [[0.1] the resulting square

G X ————~ GB K

Gy —— Gsg
is a pullback square in Shv(Ms). Furthermore the map Gpx — Gpg is equivalent to the ho-
momorphism of abelian group schemes G[K] — G[G] obtained by taking torsion points indexed
by the Pontryagin dual groups, and so affine and proper by [GM23| Proposition 3.15] and the
proof of Proposition 6.3 of op. cit. Therefore the resulting square given by applying QCoh(—) is
right adjointable by the push-pull formula for quasi-coherent sheaves, see [Lurlll Corollary 3.2.6].
Condition (2) also follows immediately from the previous observations and [Lurlll Proposition
3.2.11]. Finally condition (3) follows from [GM23|, Lemma 9.1], which computes that Hr(S™, G)

is equivalent to the canonical line bundle Og(—e;) of the elliptic curve G, by an application of
Proposition [T.I7l O

Remark 14.16. It is not true that the diagram Q© satisfies right base-change for arbitrary pullback
squares

X —— BH

I

BK —— BG
of global spaces. For example, as explained in [GM24, Remark 2.10], if « is injective and BG is
not connected then right base-change is not satisfied. Therefore it is crucial in this example that

we have the flexibility to restrict to a family of enough injective objects, in this case the family of
tori.

Having shown that Q is genuine, we obtain a family of equivariant cohomology theories which
satisfy the axioms of Ginzburg-Kapranov—Vasserot.

Theorem 14.17. Let G — S be an oriented abelian group object in spectral Deligne-Mumford
stacks over S. Then there exists an equivariant elliptic cohomology theory

Hg(—, G): S — CAlg(QCoh(G[G]))

for every abelian compact Lie group G, as well as coherently functorial change-of-group transfor-
mations

Qo: Hy(a*(-),G) = o'Hg(—, G)
for any group homomorphism «: H — G. Furthermore this data satisfies the Ginzburg—Kapranov—
Vasserot axioms:

(1) Induction: Let oa: G — G/N be a surjective group homomorphism with kernel N and let X
be a G-space such that the action of N on X is free. Write p: X — X/N for the canonical
projection map, which is G equivariant. Then the composite

Hen(aa(X/N), G) L a,He(X/N,G) 226®9),
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is an equivalence;

(2) Basechange: Let Ba: BH — BG be a map in Glog such that G is a torus. Then the natural
transformation

Qu: 'Hg(X,G) = Hy(a" X, G)
is an equivalence for all compact G-spaces;

(8) Kiinneth: Let G and H be two tori, X a compact G-space andY a compact H-space. Then
there is an equivalence

TeHe (X, G) @ nyHu (Y, G) = Hoxu (X X Y, G),

where Ty and wg denote the two projections G x H — H,G. Moreover the functor
Ha(—, G): (Sg)°P — QCoh(G[G]) is strong monoidal.

Proof. Applying Theorem [6.14] to the naive global 2-ring Q¢ we obtain the data as in the theorem.
Because Q is genuine with respect to the family of tori, the Ginzburg-Kapranov-Vasserot axioms
follow from Theorem 0.3l O

Remark 14.18. Let us more explicitly compare these axioms to those of Ginzburg—Kapranov—
Vasserot. First we note that, as observed in Remark I4.16] Q¢ is not genuine with respect to the
family of all groups. In particular, the base-change axiom only hold for group homomorphisms into
a torus, and the Kiinneth axiom only holds for tori (see [GM24] for details and counterexamples
for abelian groups which are not tori).

Secondly let us address the periodicity axiom, which we have so far not discussed. We compute
that

HT(X AN ST, G) ~ HT(X, G) & HT(ST, G) ~ HT(X, G) & Og(—el).

We interpret this as stating that the periodicity axiom holds in RO(T)-grading. Obtaining the
periodicity axiom precisely as stated in [GKV95] would require the object Og(—e1) to be equivalent
to £20q, which is typically not the case.

From our results, we also obtain a global spectrum representing globally equivariant elliptic
cohomology.

Definition 14.19. Let G — S be an oriented abelian group object in spectral Deligne-Mumford
stacks over S. Applying Theorem[I2.7), we conclude that the naive ab-global ring Hg(—, G): S;p. q
Sp is represented by an ab-global ring, which we denote by I'q(S; Os).

Remark 14.20. The underlying spectrum of the global spectrum I'(S; Os) is simply the global
sections I'(S) = I'(S; Os) of the spectral Deligne-Mumford stack S = (S, Os). However, the globally
equivariant structure depends on the oriented abelian group object G over S.

Example 14.21. Suppose G is the multiplicative group scheme G,, over Spec(KU), oriented as
in [Lur09bl Section 3.1], see also [GM23| Section 4]. By our previous construction we obtain a
global spectrum I'g,, (KU; Oky), which is a global form of equivariant complex K-theory. A global
spectrum KUy enhancing globally equivariant complex K-theory has previously been constructed
by [Sch18]. Using [GM23, Section 4] one can show that the global cohomology theory associated to
I'g,,.(KU; Okuy) agrees with that associated to Schwede’s global complex K-theory spectrum. How-
ever less clear is how to construct an equivalence of these objects as global spectra. In other words,
a coherent identification of the representation sphere deloopings provided by both constructions
does not seem to follow formally. While we certainly expect this to be possible, we do not attempt
a rigorous comparison here.
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Example 14.22. Suppose G is the universal elliptic curve lying over the moduli stack of ori-
ented elliptic curves (Mg, O Mor), see [Lurl8bl Proposition 7.2.10] and [Mei22], Section 4.1]. Then
TMFg == I'a(Mg], Omer) € CAlg(Sp,p, g) is a global refinement of the spectrum TMF of topolog-
ical modular forms.

Example 14.23. Let G be an oriented strict elliptic curve over S. Restricting the ab-global
spectrum I'g(S; Os) to any compact abelian Lie group we obtain a genuine A-spectrum representing
A-equivariant elliptic cohomology. By construction, the restriction of I'q(S; Os) to a T-spectrum
agrees with the T-spectrum R of [GM23 Construction 9.3]. Moreover, given an arbitrary compact
Lie group G, our construction also gives a definition of a genuine G-spectrum representing G-
equivariant elliptic cohomology. Namely, we may first right induce I'q(S; Os), in the sense of
[Sch18l Theorem 4.5.1], to a fully global spectrum and then restrict this to a G-spectrum. This
definition is motivated by the case of equivariant K-theory, which is also right induced from abelian
groups, and implements the suggestion of [Lur09b].

15. TEMPERED COHOMOLOGY

We start this section by recalling the theory of G-tempered cohomology and G-tempered local
systems for an oriented P-divisible group G over a commutative ring spectrum R following [Lurl9].
We then apply our main results to canonically refine tempered cohomology to a global spectrum,
see Theorem In the final part of this section we identify Lurie’s co-category of tempered
local systems in terms of equivariant stable homotopy theory, see Theorem

15.1. Tempered cohomology and tempered local systems. Recall that by [Lurl9, Remark
3.5.2] the data of a P-divisible group G over a commutative ring spectrum R is equivalent to the
data of a functor

G[—]: Abg, — CAlgp,
from the subcategory of finite abelian groups to R-algebras such that

(1) G[—] preserves finite coproducts.
(2) For every short exact sequence A — B — C of finite abelian groups, the square

G[A] —— G[B]

| |

— G[C]

is a pushout square.
(3) Applied to an injective group homomorphism, G[—]| is finite flat of positive degree.

Notation 15.1. In this section we exclusively consider the global family of finite abelian groups. To
simplify notation we make the convention that in this section Glo denotes the global orbit category
with isotropy in the family of finite abelian groups. We therefore write Sy for the associated
oo-category of global spaces and Orb for the wide subcategory of Glo spanned by the faithful
morphisms.

By [Lurl9, Theorem 3.5.5] a preorientation for G can equivalently be defined as a lift of G[—]
in the diagram

Abgn 2 CAlg,
R
B(:)l e (15.1.1)
- G
Glo°P
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where (:) denotes the Pontryagin duality functor. A preoriented P-divisible group G is oriented

if, roughly, at every prime p the canonical map from RZSQ” /Z0)

equivalence of formal groups. See [Lurl9, Definition 2.6.12] for a precise definition.

to the formal part of G, is an

Definition 15.2. Let G be a preoriented P-divisible group over a commutative ring spectrum R.
Limit extending the composite
R.
Glo® =S CAlg, = Sp
from (I5I.I]), we obtain a global cohomology theory Rg, which, following [Lurl9], we call G-
tempered cohomology.

To investigate the properties of G-tempered cohomology, Lurie introduced the notion of G-
tempered local systems. We now recall the definition and list some of the most important properties
that this construction satisfies.

Definition 15.3 (|[Lurl9, Construction 5.1.3]). Let R be a commutative ring spectrum and let G
be a preoriented P-divisible group. For any global space X', we let Glo,y denote the fiber product
Glo xs,,Sg Jx More informally, Glo y, is the oo-category whose objects are pairs (BA,7) where

BA € Glo and n7: BA) — X is a map of global space, see Notation
We also let R, denote the composite

(Glo,»)™ 2% Gloo» 28, CAlgy,

which we can view as a commutative algebra in Fun((Glo / x)°P,Sp), equipped with the pointwise
tensor product. A G-pretempered local system F on X is an Ry-module object of the functor
oo-category Fun((Glo,x)°P, Sp) satisfying:

(A) For any morphism a: BA — BAg in Glo,y which is represented by a surjective group
homomorphism, the map RE4® RBA0 F(BAp) — F(BA) induced by F(«) is an equivalence
of REA—modules.

We denote by LocSysge(X ) the full subcategory of R -modules spanned by the G-pretempered
systems on X.

Definition 15.4 ([Lurl9, Definition 5.2.4]). In the situation of Definition [5.3] let F be a G-
pretempered system on a global space X. We say that F is a G-tempered local system if it satisfies
the additional condition:

(B) For any BA € (Glo°?),» and faithful morphism «: BAg — BA, the canonical map
F(BA) — F(BAy)4/40
exhibits the target as a I(Ay/A)-completion of F(BA) where I(Ay/A) := ker(REA — REAO)
is the relative augmentation ideal.
We denote by LocSysg (&) the full subcategory spanned by the G-tempered local systems on X
Example 15.5. Let X be a space, which we identify with a constant global space as in Notation [3.8]
By [Lurl9l Variant 5.1.15] there is an equivalence of categories
LocSysg“(X) ~ Fun(X, Modg).
If furthermore G is oriented, then by [Lurl9, Corollary 5.4.3] every pretempered local system on
X is tempered, and so there is also an equivalence
LocSysg(X) ~ Fun(X, Modg).
The next example shows that the co-category of (pre)-local system over BA is controlled by the

faithful maps into BA.
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Example 15.6. If G is a preoriented P-divisible group over a commutative ring spectrum R, we
let R g denote the composite functor

(Orbp4) = (Glo/pa)® — Glo® £ CAlg

which we can regard as a commutative algebra objects in Fun((Orb,g4),Sp). Then by [Lurl9,
Proposition 5.1.12], there is an equivalence

LocSysg*(BA) ~ Modg,, ,,, (Fun((Orb /5.4)°", Sp)).

If G is oriented, then one can also described the oo-category LocSysg(BA) as a full subcategory
of Modpg, ,,, (Fun((Orb /54)°P, Sp)) satisfying the analogue of condition (B), we refer the reader to
[Lurl9l Proposition 5.4.2] for more details.

Notation 15.7. For any A there is an evaluation functor
LocSysa (BA) C LocSysfi*(BA) - Modggs, s F(A),

which we often denote by F4. By Example [[5.6} the collection of functors {F s F40, Ay C A} is
jointly conservative on pretempered local systems.

Given a morphism of global spaces f: X — ), consider the functor (Glo,» )" — (Gloy)°P given
by composition with f. This induces a functor on G-pretempered local systems

f*: LocSysg (V) — LocSysg“(X).

Furthermore the pullback functor clearly preserves G-tempered local systems and so restricts to
a functor f*: LocSysg()) — LocSysg(X). In fact by [Lurl9, Remark 5.2.11] this construction
determines a limit preserving functor

LocSysg: Sglp — Cato. (15.7.1)

In the next result we record some important facts about this functor that we will use throughout
the section.

Proposition 15.8. Let G be an oriented P-divisible group over a commutative ring spectrum R.

(1) For any P-global space X, the co-category LocSysg(X) is stable and presentably symmetric
monoidal with unit object given by R .

(2) For any morphism of global spaces f: X — Y, the functor f*: LocSysg(Y) — LocSysg(X)
preserves limits and colimits and is symmetric monoidal. In particular, f* admits a left
adjoint fi and a right adjoint fy.

(3) Let f: BAg — BA be a faithful map in Glo. There is an equivalence of functors fi ~ f..

(4) For any finite abelian group A, the evaluation functor LocSysg(BA) — MOngA preserves
all limits and colimits.

(5) For any finite abelian group A, the co-category LocSysg(BA) is rigidly-compactly generated.
A set of compact generators is given by {fil | f € Orb/ga}.

(6) The functor LocSysg is a rigid naive global 2-ring.

Proof. For part (1) combine [Lurl9l Proposition 5.2.12, Corollary 5.8.6 and Remark 5.8.8]. Part (2)
follows by combining [Lurl9 Corollary 5.2.13, Corollary 5.3.2 and Proposition 5.8.13]. Part (3) will
follow from the fact that f: BH — BG is vg-ambidextrous, see discussion before [Lurl9, Definition
7.2.4]. We first observe that f is relative m-finite by [Lurl9l Proposition 7.2.7] together with
Example B7 It then follows from [Lurl9, Theorem 7.2.10] that the map f is vg-ambidextrous
as needed. Part (4) follows by combining [Lurl9, Corollary 5.2.13 and Corollary 5.3.2]. The
previous point implies that the unit of LocSysg(BA) is compact for all BA. Note that fi preserves
compact objects as f* preserves all colimits, and so the object fil associated to a faithful map
61



f: BAy — BA is compact and corepresents evaluation at Ag. Notation [I5.7 therefore implies
that {fil | f € Orb/ga} is a set of compact generators for LocSysg(BA). These objects are
even self-dual. This is a consequence of (3), as is explained in [Lurl9, Proposition 7.3.15]. It then
follows that LocSysg(BA) is rigidly-compactly generated as the unit is compact and we have a set
of compact and dualizable generators, this concludes (5). Finally, part (6) easily follows from (1),
(2) and (4). O

Remark 15.9. Part (3) of the theorem above shows that the categories of tempered local systems
satisfy an analogue of the Wirthmiiller isomorphisms, also known as ambidexterity with respect
to faithful maps of orbits. In [Lurl9], Lurie in fact shows that the categories of tempered local
systems satisfy ambidexterity for a much larger class of maps, namely all relatively w-finite maps
of global spaces. For the purposes of our article we only require the special case of Wirthmiiller
isomorphisms.

Decategorifying LocSysg we obtain a naive global ring with associated global cohomology theory
Hgi(—, LocSysg): Sglp — CAlg.

By [Lurl9, Example 7.1.5] it agrees with Rg,. We conclude that G-tempered local systems function
as a categorification of tempered cohomology. We would like to exhibit LocSys as a genuine global
2-ring. To accomplish this we have to take a digression and first discuss a notion of geometric fixed
points for tempered local systems.

15.2. Geometric fixed points. To begin, we follow [Lurl9, Notation 5.6.8] by making the follow-
ing:

Definition 15.10. Let R be a commutative ring spectrum, G be a preoriented P-divisible group
over R and A a finite abelian group. We define Spec(RE4)4¢ C Spec(RE”) to be the union
of the images of all maps Spec(R]éAO) — Spec(RgA) associated to all proper subgroups Ag of
A. Then Spec(RE4)4e C Spec(REA) is the vanishing locus of some finitely generated ideal I C
mo(REA). We say an REA-module M is Spec(REA)d8nilpotent /local /complete if and only if it is I-
nilpotent/local /complete in the sense of [Lurl6, Definitions 7.1.1.1, 7.2.4.1 and 7.3.1.1] respectively.
We write Modf;(Bf N ¢ £or the subcategory of Mod RBA spanned by the Spec(RgA)deg-local modules

and write ¢1oc for the inclusion of Modiogl; lo¢ into MOdREA. By [Lurl6, Proposition 7.2.4.4] this
G

inclusion admits a left adjoint L: Mod RBA = Moddes ~loe

BA
RG

Definition 15.11. Let G be an oriented P-divisible group over a commutative ring spectrum R.
Let A be a finite abelian group and let F € LocSysg(BA). We define ®4(F) := L(F4), that is
as the localization of F4 € MongA at Spec(RgA)deg. We refer to this as the A-geometric fized

points of F. This gives a functor

LocSysg(BA) — Modjegg;bC ~ Modgay) -

For any subgroup ¢: Ag C A, we define ®40(F) := 40 (,*F).

We now show that our definition of geometric fixed points functor enjoys similar properties as the
geometric fixed points functor in equivariant stable homotopy theory. We start with the following:

Proposition 15.12. For any finite abelian group A, the functor ®4: LocSysg(BA) — Mod%eggjloc

18 a smashing localization, with right adjoint given by Ua o tjoc where Ua sends a REA-module M
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to the tempered local system determined by the assignment

M Ay=A
0 otherwise.

A(]CAI—>{

Moreover, the functor ®40 LocSysg(BA) — ModdRoég)loc is symmetric monoidal for all Ag C A.
G

Proof. Consider the functor
Loeva: LocSysg*(BA) — Modgsa — Modj‘;ég;h’c

where the first functor is the evaluation at A, and the second functor is localization with respect to
Spec(RgA)deg . Note that the evaluation functor ev 4 admits a fully faithful right adjoint U4, given
by relative right Kan extension, which is defined as in the proposition. We claim that the right
adjoint Uy oo of Loev 4 takes values in tempered local systems. Note that tempered local systems
form the right class in an orthogonal decomposition on LocSysP™(BA) by [Lurl6l Proposition
7.2.1.4], and therefore it suffices to show that Loev 4 kills those pretempered local systems which are
left orthogonal to tempered local systems. However by [Lurl9, Proposition 5.7.7] these are precisely
the null local systems, defined as those F € LocSysP™(BA) such that F4o is Spec(Rng)deg—
nilpotent for all faithful maps Ag <— A. Such local systems are clearly sent to zero by L o ev4.
We conclude that Uy o uee restricts to a fully faithful right adjoint to ®4. The essential image
of Uy o t1oc is closed under colimits by Proposition [5.8(5), and so we conclude that P4 is even
a smashing localization, see [HPS97, Definition 3.3.2] for example. In particular it is canonically
strong monoidal. As the pullback functors are symmetric monoidal by Proposition [5.8(2), we
conclude that ®F is also symmetric monoidal for all B C A. O

We next recognize geometric fixed points as a localization procedure.

Remark 15.13. Let A be a finite abelian group and let Orb7 4 denote the full subcategory of
Orb, 4 obtained by removing the terminal object. By [Lurl9, Theorem 5.6.9], if F € LocSysg(BA)
then
FA—  lim Fho
Ao€(OrbS , )P
exhibits the right hand side as the completion of F4 at Spec(R(B;A)ng. Since local and complete
objects form an orthogonal decomposition, we conclude that the functor

Modgea — ModF "% x Mod§ig P, FA e @4F x lim  Fho
G G G Ap€(Orby 4 )P

is conservative.

Proposition 15.14.  Fiz a finite abelian group A and let 4 denote the localizing ideal of
LocSys(BA) spanned by the objects of the form v 1, where v: Ay < A an inclusion of a proper
subgroup. Consider F € LocSysg(BA). Then ®AF =0 if and only if F € 14.

Proof. The statement in the proposition will follows from the following three claims:
(i) Ia="*(Ix);
(ii) Iy is precisely the essential image of Uxtioc: Modc}l;é; °¢ 5 LocSysg (BA);
G
(iii) ®4F = 0 if and only if F lies in the left orthogonal of the essential image of Uatjoc.
Claim (i) is [Sta24, Lemma 0CQS] (we use that I4 is localizing so the canonical inclusion functor
admits a right adjoint). For claim (ii), note that if F = Ugtjoc(M) then *F = t*Untipe(M) ~ 0
for any proper inclusion ¢: Ay < A. This together with a simple adjunction argument shows that

Fel j. For the converse suppose F is right orthogonal to the induced objects. Given a faithful
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map ¢: Ag — A, mapping out of u/1 corepresents evaluation at Ay by adjunction. Therefore F4o
is necessarily zero for all proper subgroups Ag. However by Remark [5.13] the tempered local
systems with this property are clearly all of the form U4 (M), where M is a Spec(RE4)d°8-local
object. This proves claim (ii). Finally claim (iii) easily follows from the equivalence

Map(®4F, M) ~ Map(F, Uatioc(M)).
O

Remark 15.15. We conclude from the previous result that the quotient LocSysg(BA)/I4 is

equivalent to Mod(;%eBg; loc and that the geometric fixed points functor ®4 is equivalent to the

G
canonical functor from LocSysg(BA) to the quotient.
We next prove that the geometric fixed points functor form a jointly conservative family.

Lemma 15.16. Let A be a finite abelian group. For all subgroups Ay C A, the functors
40 LocSysg (BA) — Modioéx;)loc
G
form a jointly conservative family.

Proof. We argue by induction on the order of the group A. If A is the trivial group, then ®4F = FA
and (—)? is an equivalence by [Lurl9, Example 5.1.13] and so conservative. Now suppose A is
an arbitrary abelian group, and let F € LocSysg(BA) be a tempered local system such that
®40(F) ~ 0 for all Ay C A. By induction we know that for every proper subgroup inclusion
12 Ag C A, we have *F ~ 0 and so also F4° ~ 0. As noted in Remark [[5.13] there is a conservative
functor
FAem o4F x  lim Fho,
Ap€(Orbg 4 )op

The right hand side is trivial by assumption and by induction. Therefore F4 ~ 0. By Notation I5.7},
we conclude that F ~ 0. O

Given the above, we have all the pieces required to show that geometric fixed points detects
invertible dualizable objects.

Proposition 15.17. An object F is an invertible object of LocSysg(BA) if and only if

(1) F is a dualizable object of LocSysg(BA) and
(2) ®A0F is an invertible object for all Ay C A.

Proof. This follows immediately from the fact that the functors ®4° form a jointly conservative
family of strong monoidal functors. O

We would like to apply this to the object H¢,, (S**, G). For this we will need to understand the
geometric fixed points of “Borel tempered local systems”. To this end we introduce the proper
Tate construction and explain its connection to the geometric fixed points functor.

Notation 15.18. Consider R € CAlg and a finite group A. We let J4 C Fun(BA, Modg) denote
the thick ideal generated by the objects 41 R, for every proper subgroup inclusion i: BAy — BA.
Following [AMR21], we define the proper Tate construction as the composite

(=)™ Fun(BA,Modg) % Fun(BA, Modg)/J4 2207,

where p is the quotient functor.

Sp.

Recall from Example B.I1] that there is a canonical map v: BA — BA of global spaces. The
next result relates the proper Tate construction to the geometric fixed points functor.
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Theorem 15.19. The following triangle commutes:

Fun(BA, Modpg) = » LocSysg (BA)
(_yrA %
Sp

The proof is an adaptation of the argument given in [AMR21], Proposition 5.9] for genuine G-
spectra. For the convenience of the reader we record a version of the argument here after some
preparation.

Remark 15.20. Since v* preserves colimits and LocSysg (BA) is compactly generated, we get an
extension 7* as in the following diagram:

LocSysg(BA)¥ —— LocSysg(BA) — Fun(BA,Modg)

l [

LocSysg (BA) L Ind(Fun(BA, Modg)).

In other words, for any F € LocSysg(BA)¥ we have the formula
v(F) =" (F). (15.20.1)
Moreover by construction the functor 7* makes also the following diagram commutes

LocSysg(BA) —~%— Fun(BA, Modg)

V\L %

Ind(Fun(BA,Modpg)).
Passing to right adjoints we also deduce that

Fun(BA,Modg) —— Ind(Fun(BA, Modg))

T, 7

LocSysg(BA).

Let Ind(J4) denote the localizing ideal in Ind(Fun(BA, Modg)) generated by i(J4).

Lemma 15.21. The localizing ideal generated by 7*(I4) in Ind(Fun(BA,Modg)) is equal to
Ind(J4).

Proof. We note that Ind(J4) can be equivalently be described as the localizing ideal generated by
the objects i1, where t: Ag — A is the inclusion of a subgroup, see [AMR21, Observation 3.8].
Since I4 is generated by the objects 11 € LocSys(BA), it suffices to observe the following chain of
equivalences

A (nl) ~ ivjul ~diyvy 1~ dnl.
The first equivalence follows from Equation (I5.20.1]) and compactness of ;1. For the second we
observe that there is a pullback square of global spaces

BAy 2, BA,
5| [
BA —" BA.

Therefore we obtain by [Lurl9, Corollary 7.1.7] an equivalence v} o ¢ = tjo v}y . O
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Remark 15.22. There is a commutative diagram of Verdier quotients

Fun(BA, Modg) «——— Ind(Fun(BA, Modg)) ——— LocSysg(BA)

Iy K ol

Fun(BA,Modg)/Ja — Ind(Fun(BA, Modg))/Ind(J4) —— LocSysg(BA)/I4

where p,q and r are symmetric monoidal. The existence of right adjoints j and k is a formal
consequence of the fact that Ind(J4) and I4 are localizing ideals. It follows from [AMR19] Corollary
4.2.15] together with Lemma [I5.21] that

7*(krl) = jql. (15.22.1)
Proof of Theorem [15.19. Consider the following diagram

Fun(BA, Modg) «—— Ind(Fun(BA, Modg)) ——— LocSysg(BA)

I K ol

Fun(BA,Modg)/Ja SN Ind(Fun(BA, Modg))/Ind(J4) —— LocSysg(BA)/I4

Map(,-) | |Mapa,-)
Sp

Sp —

where the left vertical composite agrees with (—)™4 by definition, the right vertical composite agree
with the forgetful functor composed with ®# by Remark and the top horizontal composite
agree with v* by Remark In other words, we can rephrase the proposition as claiming that
the outer diagram commutes. We first note that the commutativity of the top part of the diagram
follows from Remark Moreover since p and r are symmetric monoidal, we can rewrite the
global section functor as Map(pl, —) and Map(rl,—). Therefore we ought to prove that for all
X € Fun(BA,Modg) there is a natural equivalence

Map(rl,rv.iX) ~ Map(pl, pX).
Applying various adjunction equivalences, together with Equation (I5.22.1]) yields
Map(rl,r7,iX) ~ Map(7*krl,iX) ~ Map(jql,iX) ~ Map(q1, ¢iX).

Finally, using that ¢ is symmetric monoidal, the commutativity of the top right part of the diagram,
and the fact that ¢ is fully faithful we see that

Map(q1, ¢iX) =~ Map(qil, ¢iX) = Map(ip1,ipX) =~ Map(p1, pX)
as required. O

15.3. Tempered local systems is genuine. We may unravel LocSysg into a family of equivariant
cohomology theories

H4(—,LocSysg): 84 — CAlg(LocSysg(BA))
using Theorem [6.141

Notation 15.23. We will abbreviate the functor Hg(—, LocSysg) by Hgl(—, G) and write Ha(—, G)
instead of H4(—, LocSysg)

As shown in [Lurl9], tempered local systems function as an incredibly rich and powerful cate-
gorification of tempered cohomology. Some of this richness is captured by the following theorem.

Theorem 15.24. Let G be an oriented P-divisible group over a commutative ring spectrum R.
Then LocSysg is genuine with respect to all finite abelian groups, and so a rigid global 2-ring. In

. . gl
particular tempered cohomology is represented by a global spectrum Rg,.
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Proof. We have already noted in Proposition [[5.8] that LocSysg(—) is a rigid naive global 2-ring.
We only need to show that LocSysg (—) satisfies the three conditions of Definition I0.1lfor 7 = Glo.
The first two conditions are already contained in [Lurl9]:

(1) This follows from [Lurl9l Theorem 7.1.6];
(2) This is a consequence of [Lurl9, Theorem 7.3.10], where we note that any faithful map
f: BH — BG is vg-ambidextrous, see the proof of Proposition I5.8](3).
Condition (3) of a global 2-ring will require more work. By Proposition [T.19] it suffices to show
that the object
Fn :=He, (5, G) € LocSysg (BCh,)

is invertible for all 1 < n < oco. To this end we show that F,, verifies conditions (1) and (2) of
Proposition I5.171

For (1) we note that S** is a finite colimits of Cy-orbits. It follows that 7, is a finite limit of
objects of the form 4,1 associated to subgroup inclusions i: BH — BG. Since each object i,1 is
dualizable by Proposition [[5.8(3) and (4), we conclude that F,, is dualizable.

For (2) we have to show that ®“mF, is an invertible object for all 1 < m < n. However note
that for all subgroups a: BC,,, — BC,, we have a*S» ~ S*». Therefore by Lemma with
T = Glo, it suffices to prove that ®» F,, is invertible for all n > 1. Recall from Lemma that
there is a fiber sequence

Fn = ]lLocSysG(BCn) — p*]]'LOCSySG(S(Ln)//Cn) =:0n
where p: S(i,,)//Cr, — BC, is the structure map of the C),-space S(iy,).

If n = 1, then LocSysg(BC1) = Modg. Since S(i1)//C1 is the constant global space S!, we also
know that LocSysg (S(:1)/C1) ~ Fun(S', Modg). In this case p, is given right Kan extension. We
can then calculate that ®1G; = RS' ~ R & Y~ 'R, and so ®“' F; ~ fib(R - R® L 'R) = ¥ 2R,
which is invertible.

Now suppose n > 1; we will prove that ®°(G,) is trivial. To do this we have to understand
the tempered local system G, better. Note that the action of C, on S(i,) is free, and so by
Proposition B8l S(¢,,)/Ch, is equivalent as a global space to the constant global space on the space
S(tn)nc, -Furthermore, using Proposition BI8 again, S(i,,)//C,, lives over BC), via the composite

p: Stane, L BC, % BC,.

So we may compute p, as the composite v, f,. Now we note that the source and target of f are
constant global spaces so

fw: LocSysg (S(tn)nc,) = Fun(S(tn)ne, , Modg) — LocSysg (BC),) = Fun(BC),, Modg)

is given by right Kan extension. Applying this to the unit in Fun(S(t,)nc,, Modg), we obtain
D(S(tn))® R € Fun(BC),, Modg), the Spanier—Whitehead dual of S(i,) with its induced C),-action
tensored by the base R. Note that D(S(¢,,))®R € Jg, since S(ty,) is a finite free C,-space. Therefore
we conclude that

®Cn 1, (D(S(tn)) ® R) ~ (D(S(tn)) ® R)TC" ~ 0
by Theorem [T5.19] O

15.4. Tempered local systems as genuine spectra. Write EEA for the underlying A-spectrum

of E%. In this section we will identify LocSysg(BA) with the oco-category of EEA—modules in
A-spectra.

Construction 15.25. To begin with we recall that the naive global 2-ring LocSysg(—) is genuine
and rigid by Theorem [15.24]1 Therefore we obtain a natural transformation

Iy : LocSysg = Sp.
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of functors Orb®? — Cat by Theorem [13.91 As observed in Remark I3.10] T' is a natural transfor-
mation of lax monoidal functors, and so lifts to a natural transformation

[e: LocSysg(—) = Modge, ,

valued in modules over the image of the unit in LocSysg(e), which agrees with Rg, by Remark [3.3
We note that this is again a transformation of lax monoidal right adjoints.

Lemma 15.26. Let A be a finite abelian group and let G be an oriented P-divisible group. Then
for every subgroup B C A the triangle

s

LocSysg(BA) > Spy

(-)? (-)?
Sp

commautes.

Proof. Because I' 4 commutes with restriction to subgroups it suffices to prove the lemma for all A
with B = A. In both cases the functor (—)4 is given by mapping out of the unit. Therefore the
result follows from the fact that the left adjoint F4 of I" 4 is strong monoidal, see Remark I3.10. [

Theorem 15.27. Let A be a finite abelian group and let G be an oriented P-divisible group. Then
[4: LocSysg(BA) — MOdEléA
s a symmetric monoidal equivalence.

Proof. Recall that I"4: LocSysg(BA) — Sp, admits a symmetric monoidal left adjoint, which
we denote by Fy. We will show that the adjunction F4 - T'4 satisfies the criteria of [MNNI7,
Proposition 5.29] and so induces an equivalences as in the statement. For simplicity we recall the
conditions of the cited proposition, which are

(1) Fy AT 4 satisfies the left projection formula;

(2) T'4 commutes with colimits;

(3) I"'4 is conservative.
For (1) we may appeal to [BDS16, Theorem 1.3]. To show (2) we observe that it suffices to show
that the composite (—)? o "'y preserves colimits for every subgroup B C A, because the genuine
fixed point functors jointly detect colimits. However by Lemma this agrees with the functor
(—)B: LocSysg (BA) — Sp, which commutes with colimits by Proposition [5.8(5). Finally for (3)
let F be a tempered local system such that T4 (F) is zero. Then FZ ~ T 4(F)® is zero for all B C A,
and we conclude that F is zero because the evaluation functors (—)# are jointly conservative on
tempered local systems, see Notation [15.7 O

For completeness we record the fact that both notions of geometric fixed points agree.

Proposition 15.28. Let A be a finite abelian group and let G be an oriented P-divisible group.
Then the triangle

LocSysg(BA) ta > MOdR]éA
m %

Modq)ARgA
commutes.

Proof. 1t suffices to observe that in both cases geometric fixed points is given by localizing away

from the localizing subcategory generated by objects induced from proper subgroups B C A. [
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Finally we also show that the equivalence I'4: LocSysg(BA) — Mod rBA is natural in Glo°P, in

particular with inflation along a surjective group homomorphism. Recall that I'y: LocSysg(e) =
Sp, was constructed in Construction [[3.1] by passing a natural transformation F, of functors
Glo®® — Cat through the mate equivalence, and so canonically laxly commutes. By the 2-
functoriality of taking modules, the lax transformation Iy lifts to a lax natural transformation

LocSysg(e) = Modpge,

taking values in modules over the unit. We write R,: o*I'c(—) = Ta(a*(—)) for the natural
transformation associated to a map Ba: BA — BC of global spaces.

Proposition 15.29. Let Ba: BA — BC be an arbitrary morphism. Then the natural transfor-
mation

R, : a*I[‘(;(—) = TA(()(*(—))

1s an equivalence. In other words, the square

LocSysg (BC) e, Modgec

o

LocSysg(BA) a, MOdE]éA

canonically commutes.

Proof. Recall that every map of global spaces factors into a faithful map followed by a quotient
map, and therefore we can consider these two cases separately. The case of a faithful map is already
shown in Theorem [I3.91 Therefore we may assume that Ba: BA — BC' is a quotient map, that is
a: A — C is a surjective group homomorphism. To show the result it suffices to show that R,, is
an equivalence after taking geometric fixed points for all subgroups Ag C A. However because Iy
commutes with faithful maps we may reduce to the case Ay = A.

We compute that for all F € LocSysg(BC),

dAa (T F) = dNo*T e F ® - gBC RBY) ~ ¢4 T F ® 4 qRBC 4 RBA
~ T F ©gepae ©*RE!
~ oCF Qo RBO @AEEA
where in the last step we used Proposition Next we note that because « is surjective, the de-
generate ideal of REA is generated by the image of the degenerate ideal of R]éc, see [Lurl9, Remark

5.2.3]. Writing L4 and L¢ for the localization at Spec(RE4)4%8 and Spec(RE)4° respectively, we
can continue computing

OCF @gcgpe PRGN = LoF @1 poe LARE" =~ La(FC ®pme REY).
On the other hand,
T 40" F = 4" F = La(a" F)* = La(F(BA)) = La(FC @gae REY)
where we used Proposition [[5.28], the definition of A-geometric fixed points, the definition of o*,

and finally condition (A) of Definition [5.3 O
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APPENDIX A. SYMMETRIC MONOIDAL HIGHER BROWN REPRESENTABILITY

Suppose that C is a compactly generated stable co-category. Then the restricted spectral Yoneda
embedding gives an equivalence C ~ Funlex((C“’)Op, Sp). In this short appendix we show that this
equivalence is symmetric monoidal, where the right hand side is endowed with a localized form of
Day convolution. We begin by showing that this localization of Day convolution exists.

Lemma A.1. ([CRLL24, Proposition 3.3.4]) Let C be a presentable co-category and let I be a
symmetric monoidal small oco-category with k-small limits, such that the temnsor product commutes
with k-small limits in each variable. Then the localization L: Fun(I,C) — Fun®*(I,C) is compatible
with Day convolution.

We call the induced symmetric monoidal structure on Fun'®*(I,C) the localized Day convolution
symmetric monoidal structure.

Definition A.2. Suppose C and D are presentably symmetric monoidal co-categories. Suppose
furthermore that C is k-compactly generated for some k. Consider the Day convolution operad
Fun(C,D)®. Applying the equivalence

Fun®(C°P, D) ~ Fun®~((C*)°P, D)

and the previous result, we find that Fun(C°,D)® localizes to a symmetric monoidal structure on
FunR(COP, D). We again call this the localized Day convolution symmetric monoidal structure. We
note that one can easily show that the resulting symmetric monoidal structure is independent of
the cardinal chosen above.

Recall that the Lurie tensor product defines a symmetric monoidal functor Pr x Pr* — Prl
and so passes to commutative algebra objects CAlg(Pr") x CAlg(Prt) — CAlg(Pr"). In particular
we obtain a natural symmetric monoidal structure on C ® D for any pair (C,D) of presentably
symmetric monoidal co-categories.

Theorem A.3. Suppose C and D are presentably symmetric monoidal co-categories. Then the
natural equivalence

C ® D = Fun®(C°P, D)
of [Lurl?, Proposition 4.8.1.17] is symmetric monoidal, where the right hand side is equipped with
the Day convolution symmetric monoidal category.

Proof. Let C be k-compactly generated. By definition there is an equivalence
Fun®(C°P, D) ~ Fun®=((C*)°P, D)

of symmetric monoidal categories, and so it suffices to prove that C ® D is equivalent to the right
hand side. We first do this in the case that D ~ S, the unit of Pr¥. In this case the equivalence is
given by the restricted Yoneda embedding. In particular it is defined by currying the hom functor,
and so is lax symmetric monoidal by the universal property of Day convolution. It suffices to show
that it is in fact strong monoidal. We first observe that on tensor products of objects in C* this
follows immediately from [Lurl7, Corollary 4.8.1.12]. However the symmetric monoidal structure
on Fun®((C*)°P, S) commutes with colimits in each variable, and so we deduce the statement for
arbitrary objects in C.
Now consider the following diagram

CoD —" Funlex((CN)OP,S) QD — Funlex((cn)op’p)

L®SpT TL

Fun((C")°?,S) ® D —=— Fun((C")°?, D)
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The composite along the top is equivalent to the equivalence C®D ~ Fun((C*)°?, D). Note that the
vertical maps are symmetric monoidal localizations by Lemma[A Il Therefore, because the bottom
equivalence is symmetric monoidal by [BMS24] Proposition 3.10], the top rightmost horizontal map
is again symmetric monoidal. We have previously shown that the first map is symmetric monoidal,
and therefore the composite is also symmetric monoidal. ([l

Corollary A.4. LetC be a compactly generated symmetric monoidal stable co-category. Then the
restricted spectral Yoneda embedding

y: C = Funlex((C“)Op, Sp)

1s canonically symmetric monoidal, where the right hand side is given the localized Day convolution
structure.

Proof. The equivalence of the corollary factors as the composite
C 5 C®Sp = Fun!®™((C¥)°P, Sp).

The first map is symmetric monoidal by [Lurl7, Proposition 4.8.2.10] and the second by the previous
theorem. O
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