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Preface

During the winter term 1987/88 I gave a course at the University of Bonn under the title
“Manifolds and Modular Forms”. I wanted to develop the theory of “Elliptic Genera”
and to learn it myself on this occasion. This theory due to Ochanine, Landweber, Stong
and others was relatively new at the time. The word “genus” is meant in the sense of
my book “Neue Topologische Methoden in der Algebraischen Geometrie” published in
1956: A genus is a homomorphism of the Thom cobordism ring of oriented compact
manifolds into the complex numbers. Fundamental examples are the signature and the
A—genus. The A—genus equals the arithmetic genus of an algebraic manifold, provided
the first Chern class of the manifold vanishes. According to Atiyah and Singer it is the
index of the Dirac operator on a compact Riemannian manifold with spin structure.

The elliptic genera depend on a parameter. For special values of the parameter one obtains
the signature and the A-genus. Indeed, the universal elliptic genus can be regarded as a
modular form with respect to the subgroup I'g(2) of the modular group; the two cusps
giving the signature and the /i-genus.

Witten and other physicists have given motivations for the elliptic genus by theoretical
physics using the free loop space of a manifold. This led Witten to conjectures concerning
the rigidity of the elliptic genus generalizing a result of Atiyah and myself on the rigidity
of the equivariant fi-genus:

If the circle S! acts on a spin manifold, then the equivariant A-gcnus is a formal
difference of two finite dimensional vector spaces (positive and negative harmonic
spinors) which are representation spaces of S!. Our theorem (published in 1970) states
that the difference of the characters of these representations (a finite Laurent series) is a
constant, indeed equal to zero if the action is non-trivial. The proof uses the Atiyah-Singer
equivariant index and fixed point theorem applied to the S!-action.

The rigidity theorem in the case of the equivariant universal elliptic genus of spin
manifolds with S!-action was first proved by Taubes and then by Bott and Taubes. I did
not know it during the time of my course. I stressed special cases (strict multiplicativity
in certain fibre bundles) following the pioneers Ochanine and Landweber.

Shortly after my course the proceedings of a Princeton meeting (1986) edited by Landwe-
ber became available. They give an excellent description of the history of the young
theory and the state of the art around the time of my course.

During the second part of the course (changing the original program) I began to develop
the theory of elliptic genera of level /N for complex manifolds, finding out that the
differential equations for the characteristic functions are given by polynomials which I
called almost-Chebyshev. These are polynomials such that the critical values except one
are all equal up to sign. A little later I learned from Th. J. Rivlin that such polynomials
were already well-known under the name Zolotarev polynomials. The universal elliptic
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genus of level N is a modular form for I';(/V), the values in the cusps being certain
holomorphic Euler numbers (if the first Chern class of the manifold is divisible by N ).
In this way the universal elliptic genus of level N is very close to the Riemann-Roch
theorem formulated and proved in my book mentioned above.

During the winter term 1987/88 I was occasionally away on official business. My
course was taken over several times by N.-P. Skoruppa who gave a thorough and expert
presentation of results on modular forms needed for the theory. P. Baum was visiting the
Max-Planck-Institut. He also lectured in my course and gave an introduction to the Dirac
operator. In this way the first two of the four appendices of this book came into existence.

The course was directed to students after their Vordiplom. Some of them had basic
knowledge on characteristic classes. However, I tried to explain without proofs all the
prerequisite material to make the course understandable to a large audience: characteristic
classes, cobordism theory, Atiyah-Singer index theorem, Riemann-Roch theorem, etc.

Thomas Berger and Rainer Jung belonged to the students and prepared notes. This was a
considerable job, because I did not have a usable manuscript. The result of their efforts
were inofficial lecture notes in German which became ready in July 1988. P. Landweber
used these notes for a course at Rutgers University in the spring of 1989 and prepared
a translation into English for his students; in addition he proposed numerous corrections
and improvements. Thus the present English text materialized. For the German version
of the notes also Gottfried Barthel and Michael Puschnigg contributed improvements.

The book has two further appendices:

In August 1987 the sixteenth of the well-known and highly estimated International
Conferences on Differential Geometrical Methods in Theoretical Physics organized by
Konrad Bleuler took place in Como. I was invited to write up my talk for the proceedings.
The talk was a general survey on elliptic genera. Instead of writing this up, I wrote a
paper “Elliptic genera of level N for complex manifolds” which is reproduced here as
Appendix III, incorporating some corrections and improvements by Thomas Berger.

A rigidity theorem for the level N genus is contained in the paper. It was proved
during my visit in Cambridge (England) in March 1988 when I was a guest of Robinson
College. When Michael Atiyah came to Bonn in February 1988 he explained to me Bott’s
approach to the rigidity for spin manifolds mentioned above and indicated its relationship
to our old paper on the fi-genus. (The Atiyah-Singer equivariant index and fixed point
theorem is used.) We had further discussions in Oxford in March 1988, before I proved
the result for the level N case (consulting Bott’s Cargese lectures). Later the paper by
Bott and Taubes became available.

The role of the Zolotarev polynomials was already pointed out. At the end of my
paper I announced the plan to write a separate paper on these polynomials and their role
for the elliptic genus. But, indeed, Rainer Jung took over. This became the topic of
his Diplomarbeit, in which he carried out my plan and proved several other interesting
theorems. His Appendix IV is a condensed version of the Diplomarbeit.



Preface vii

I wish to thank all the mathematicians mentioned above for their cooperation and help.
I want to express special thanks to my coauthors Thomas Berger and Rainer Jung who
wrote the original notes and to whom the book owes its existence. Many thanks are due
to Peter Landweber for the translation and for all mathematical help. I am grateful that
Nils-Peter Skoruppa and Paul Baum added their lectures to the book, and I must thank
again Rainer Jung for adding his Diplomarbeit and for much work during the final stages
of the preparation of the manuscript. Many thanks are due also to Mrs. Iris Abdel Hafez
of the Max-Planck-Institut for her excellent work in typesetting the manuscript.

Bonn F. Hirzebruch
March 23, 1992

Preface to the second edition

The text remained almost unchanged. Only some slight obscurities and several misprints
have been corrected.

The authors would like to express thanks to all readers who have contributed their
comments or will do so in the future. We are also indebted to the computing centre of
the Max-Planck-Institut managed by Sven Maurmann for support during the preparation
of both editions of this book.

Bonn F. Hirzebruch
September 1993 Th. Berger
R. Jung

Notice to the reader

The special sign “(J[)” after a proof indicates the end of that proof. If it occurs at the
end of a stated theorem, proposition, lemma or corollary no proof for that statement will
be given.
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1 Background

1.1 Cobordism Theory

R. Thom [Th54] and L.S. Pontrjagin introduced the concept of cobordism, in which
equivalence classes of manifolds are provided with a ring structure.

Let V be a compact, oriented, differentiable, n-dimensional manifold without boundary.
For an oriented manifold W with boundary, 8W denotes its boundary with the induced
orientation.

Definition: A manifold V bounds (V is bounded) in case there exists a compact,
oriented, differentiable, (n + 1)-dimensional manifold W so that OW =V.

Example: S™ bounds (S™ = 8B™t!).

Further manifolds which are boundaries are the complex projective spaces of odd
dimension. In order to show this, we use the following

Lemma: There exists a fibration o : Paiy1(C) — Py(H) with fibre P1(C). (Here H
denotes the skew-field of quaternions.)

Proof: The bijection & : C?*+2 — HFF1,
G(z1,- . zon42) = (21 + 22 - 5 - 2ok F 22642 - 7).

is compatible with left multiplication by complex scalars, and thereby induces the desired
fibration o.

The vectors (21, ...,22k42) and (Z2,—Z1,...,Z2k+2, —Z2k+1) Span a plane in C2k+2,
i.e. their images generate a projective line in Poiy1(C). Since —j - (21 +22-J) =
7y — % - j holds in H, this line is mapped to a point of Px(H) under ¢, and on
dimensional grounds is precisely the fibre.

Proposition: Py 1(C) bounds.

Idea of proof: The above fibration yields a locally trivial fibre bundle with fibre
P;(C) = S?, which one can give the structure group SO(3). One can extend its operation

to the associated disk bundle (with fibre the 3-ball). This is then a manifold of dimension
4k + 3, whose boundary is exactly Psi41(C). i

Definition: Two manifolds V and W are called cobordant (V ~ W ) in case the
manifold V + (=W) bounds. Here “+ " denotes the disjoint union, and —W is the
manifold W with reversed orientation.
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Remark: The relation ~ is an equivalence relation. The reflexivity follows from
V+(=V)=098(V x I), where I denotes the unit interval. It is elementary to verify the
symmetry; for transitivity, one must glue two manifolds along diffeomorphic boundary
components.

Definition: Ler Q™ denote the set of equivalence classes of n-dimensional, compact,
oriented, differentiable manifolds with respect to ~ .

Remark: The pair (7, +) is a finitely generated abelian group. The Cartesian
product of manifolds induces a map Q™ x Q™ — Q"™ Thereby @ = > > Q"
becomes a graded commutative ring with 1, the so-called cobordism ring. Thus, one has
af=(-1)""B-a for a € Q", B € Q™; the equivalence class of a point is the unit 1.

Theorem (Thom): Q" ®Q =0 for 4{n and Q% is afinitely generated abelian group
with rank equal to the number of partitions of k. i

Hence ! ® Q is a commutative ring.

Definition: A sequence M', M?, ... of manifolds (with dim M* = 4i) is called a
basis sequence (of the cobordism ring) if 0 ® Q = Q[M*, M?,..], where the M are
considered as equivalence classes.

Theorem: The spaces P(C), Py(C), Ps(C), ... form a basis sequence of Q®Q), ie.

as a graded polynomial ring, where Py (C) has weight (or dimension) 4k. ap

Example:

22 Q= (P(C)),
(0% ®Q = (PQ(C) X P2(C)7 P4((C))*
0 RQ = (P2((C) x Pa(C) x P2(C)7P4(C) X P2(<C)’P6(C))

1.2 Characteristic classes

Theorem: For each complex vector bundle E over a manifold X there exist Chern
classes c;(E) with:

1) c(BE) € H¥(X;Z), oo(B) = 1,
o(E) = ZZO c(E) € HY(X;Z),

2) a(f'E) = fra(E),

3) cE®F) = c(E): cF),

4y ¢H)y=1-4g
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The Chern classes are uniquely determined by the properties 1) to 4). B
Remarks:
On 1): One has ¢;(E) =0 for ¢ > rkE, and ¢(F) is called the total Chern class
of E.

On2). Let f:Y — X be a continuous map. Then f*E denotes the pulled-back
bundle. This has as total space

E={(y,e) €Y x E|n(e) = f(¥)}

and one has the following diagram

ffEZ E
Prll lﬂ'
vy L x

where pr; is the projection onto the ¢-th component. On the right side of
the equation f* denotes the usual mapping f*: H*(X;Z) - H*(Y;Z).

On 3): Let E and F be two vector bundles over X. Then E@® F' is the Whitney
sum of the bundles. The fibre (E @ F'), overapoint z € X is the direct sum
of the fibres E, and F, of E, resp. F. The multiplication rule therefore
gives:

cl(E®F) =ci1(E)+ci(F),
c(E®F)=ca(E)+ci(E)-c1(F)+ca(F) etc.

On 4): Here g € H?(P,(C);Z) denotes the generating element of the cohomology
ring of P,(C), Poincaré dual to the homology class of the hyperplane
P,_1(C) C P,(C). The bundle H is the Hopf bundle or tautological bundle
over P,(C), having as fibre over each point of P,(C) the line in C™+!
represented by it.

A differentiable manifold is called almost complex if its tangent bundle is derived from
a complex bundle (by forgetting the complex structure).

Theorem: Let X be an almost complex manifold of complex dimension m. Then the
n-th Chern class c, = c,(TX) € H™(X;Z) satisfies c,[X]| = e(X), where e(X) is
the Euler number of X (and c,[X] denotes the evaluation of c, on the fundamental
cycle of the oriented manifold X ). i)

By the total Chern class of an almost complex manifold one means the total Chern class
of its tangent bundle. With this convention we formulate the

Lemma: c¢(P,(C))=(1+¢)""' =1+ (n+1)-g+ (";1) g*++(n+1)- g™

Proof: Exercise, apply the above theorem (cf. [MiSt74], §14). pit
Definition: Let E be a real vector bundle over X. Then we define the Pontrjagin
classes p;(E) by

pi(E) := (-1)'c2i(E ® C) € H*(X;Z).
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Proposition: Let E be a real vector bundle over X of rank n. Then the Pontrjagin
classes satisfy the following axioms:

1) pi(E) € HY(X;Z), po(E) = 1,

p(E) := 32, ni(E) € H(X;Z),

2) p(f°E) = f'pi(E),

3) p(E®F)=p(E) p(F) modulo 2-torsion,

4) p(Hr) = 1+ g%
Remarks:

On 1): One has p;(E) = 0 for 2i > n.

On 3): “modulo 2-torsion” means 2 - (p(E & F) — p(E) - p(F)) = 0.

On 4): For a complex bundle F, we denote by Fi the underlying real bundle,
i.e. F' as a real bundle when one forgets the complex vector space structure
on the fibres.

Proof of the proposition: 1) and 2) are clear.
Since the complex bundle £ ® C comes from a real bundle, one has EQ C = E® C.
As we shall see in section 1.5, this implies for the Chern classes that

c2i+1(E ® C) = c2i41 (E ® C) = (—1)2i+152i+1(E ®C)
= —c311(E®C)
= 262i+1(E ®C)=0.

From this 3) is immediate.

Property 4) holds, since for a complex vector bundle E always Egx ® C = E® E. This
is clear, since one can always conjugate a matrix of the form (f{;éfg - g’; 8) into the

z 0) canonically. Hence for a complex vector bundle E one has

form (0 :

> (=1)'pi(B) = c(B) - Y (=1)'ei( B).

=0 =0

For the Hopf bundle H this means:
1=pi(HR) = (1 + c1(H)) - (1 - cr(H))
=(1-¢9) (1+g)=1-¢°
= p(Hr)=1+pi(He) =144 ig]

Analogously, one obtains for the projective spaces, noting that (1 + g)"**-(1 — g)**! =

(1- gz)nH, the result:

p(P.(©)) = (1+¢°)"".
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Definition: Le: X be a compact, oriented, almost complex manifold of dimension 2n and
(i1,..-,tr) a partition of n, i.e. Z;zl 1; = n. Then the Chern number corresponding
to this partition is defined as

(I_] ¢, (X)) [X].

In the differentiable case, one defines Pontrjagin numbers for a manifold of dimension
4n analogously as

(IE[ Pi,«(X)) [X].

As we shall see in section 1.6, the Pontrjagin numbers are cobordism invariants. More
precisely, there holds the following

Theorem (Thom): Two manifolds represent the same class in Q@ ® Q precisely when all
their Pontrjagin numbers coincide. g

1.3 Pontrjagin classes of quaternionic projective spaces

Analogous to the cell decomposition of complex projective space P,(C) = C* U
P,_1(C), one obtains a cell decomposition of P,(H) into cells of dimension
0, 4, 8,..., 4n. There further holds H*(P,(H);Z) = Z[u]/(u™*'), where u is a
generator of H*(P,(H);Z).

Theorem (Hirzebruch):

P(Pa(HD) = (1+u)™™" - (1+4u) ™"
= (1+u)"? (1 - 4u+16u” - 64u’ £ ).

Proof (cf. [Hi53]): Let o : Pori1(C) — Pi(H) be the fibre bundle of section 1.1
with fibre P;(C). Now (by the Leray-Hirsch theorem) o* : H*"(Py(H);Z) —
H*"(Py41(C);Z) is an isomorphism for all 7. We choose u so that o*(u) = ¢* €
H*(P341(C); Z); then u*[Py(H)] = 1 determines the orientation of Py(H). The
tangent bundle T of the projective space Psr11(C) splits into the direct sum of the
sub-bundle E along the fibres of the map ¢ and the pullback of the tangent bundle T
of the projective space P, (H):

T2E®o*T

= (1+ g2)2k+2 =p(T) =p(E) - o*p(T).
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The bundle F is orientable, and so comes from a complex line bundle (SO(2) = U(1)).
Notice that the restriction of this complex bundle to a fibre is TP (C). The map
1: Pi(C) — Ps41(C) induces on the cohomology level the identity in dimensions 0, 1
and 2, otherwise is the zero map. To see this, one considers a cell decomposition of
Py, 1(C) into affine subspaces, which contains a cell decomposition of the fibre P; (C).

Hence
i*c1(E) = a1 (i"E) = a (P (C)).

Since ¢;(P1(C))[P1(C)] = e(S?) = 2, we have

a(E) = 2
= oE) = 1+2g
= 1-p(E) = (1+29) (1-2g)
= p(E) = 14+p(E)=1+4g"

Therefore .
(1+¢*)** = (1 + 4¢%) - " ((T))
= o (pT)=(1+¢)* (1+4¢>)7".

Since ¢* is an isomorphism in all dimensions 4r, we have

p(T) = (1+u)**% - (1 +4u)7" i

Example: The first Pontrjagin class of P,(H) is pi(P.(H)) = 2n+2) v —4 -u =
2n—2) - u.

For n =1 it follows that p; = 0, hence p(Pi(H)) = p(5*) = 1.

Definition: A bundle E is called stably trivial if a trivial bundle F exists so that E® F

is also trivial.

Remark: For a stably trivial bundle E one has p(F) = 1. For

1=c((EaF)@C)=c(E®QC) - c(F®C)=c(E®C)
= p(E)= (—l)iczi(E ®C)=0 fori=1,...,n.

Example: The normal bundle NS* of the sphere S* is trivial, and also TS*@NS* =
TR*t1|s.. Therefore the tangent bundle of S* is stably trivial. Hence we have also
given a direct calculation of the Pontrjagin classes of Py (H) = S*.

For even k, there exists no nowhere vanishing vector field on S* (for k even, the
Euler number is e(S¥) =2 # 0). Therefore the tangent bundle is then non-trivial. For
odd k, this is also valid for n # 1, 3, 7, although difficult (cf. [Mi58] and [AtHi61b]).
These three exceptional cases correspond to the existence of the real division algebras
C, H and the Cayley numbers.
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Remark: The Pontrjagin classes are fixed under each automorphism of a differentiable
manifold, since an automorphism of the tangent bundle is induced.

Example: For k& > 1 there is no automorphism of Pi(H) carrying » to —u,
since py(Pr(H)) = (2k—2)-u # 0. For k = 1 there exists the antipodal map
St — Stz —x

1.4 Characteristic classes and invariants

The following is intended to provide motivation for why the Chern resp. Pontrjagin
classes will be regarded formally as elementary symmetric functions, and why they
yield important information on the isomorphism class of a bundle. For a more detailed
treatment of this so-called splitting principle we refer to section 4.4.

A complex line bundle over X has structure group C*; the first Chern class ¢; €
H?*(X;Z) yields an isomorphism from the group of isomorphism classes of line bundles
with tensor product as group operation onto the second integral cohomology: Let E and
F' be two line bundles over X, and X = |J, U; a common system of local trivializations
with change of coordinates e;;, resp. fi; : Ui N U; — C*. Then (p,z) in the chart
U; x C is to be identified with (p,e;; - z), resp. (p, fij - 2) in U; x C, and the e,
resp. fi; satisfy the cocycle condition e;; - €jx = €, T€Sp. fij - fix = fix. Because
of the commutativity of the structure group C*, the products e;; - fi; also satisfy the
cocycle condition, and so define a line bundle £ ® F, the tensor product of £ and F.

Let now E = E; & --- ® E, be a direct sum of complex line bundles, and let
z; = c1(E;) € H*(X;Z). The complex vector bundle E; @ --- @ E, has rank n
and total Chern class

A(E)=1+c+ - +en=0+z) - (1+z,).
Therefore ¢, = 0,.(z1,...,2Z,) is the 7-th elementary symmetric function in the z; (by

a comparison of dimensions of cohomology classes).

If one introduces a Hermitian metric on E;, then the structure group of F; can be
reduced to U(1) 2 S! = T?; that of their direct sum E can therefore be reduced to

e27iv1

TP =5"x---xS'={A€Un)| A= , @i € R},

e27ivn

This torus 7™ C U(n) is maximal in the compact connected Lie group U(n). Let G be
a compact connected Lie group, then there holds for the maximal tori in G the following

Theorem: Each element of G lies in a maximal torus. If T, T' are maximal tori, then
there existsa g € G so that gTg~' = T' (cf [HoSa40]). i
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This theorem is a generalization of the principal axis theorem of linear algebra: since
each element lies in some maximal torus, it can be conjugated into the standard maximal
torus 1.

An element g € U(n) with gT¢g~! = T transports the different S'-components of
the torus into one another, and so yields an isomorphism of the U(n)-bundle which
permutes the summands F;, but need not be an isomorphism of T™-bundles. Hence,
each expression invariant under U(n)-isomorphism must remain fixed under permutations
of the z;, i.e. is a polynomial in the Chern classes c;, since these are the elementary
symmetric functions o;{z1,...,Z,) in the z;.

For Pontrjagin classes analogously holds: Let E be a real vector bundle of rank 2n
and with structure group SO(2n). The standard maximal torus is

R(2np1)
T ={A€SO(2n)| 4= ,p; € R},
R(27p..)

where R(2my) = (zf’;g::)) -::3'; g;ﬁ;) Assume that the structure group is reduced
to 7" C SO(2n). Then we know that the vector bundle E is a direct sum of
two-dimensional bundles E; with structure group SO(2) = U(1) = S, thus E =

E,®--- & E,, and we define z; := ¢;(E;).

Elements g € SO(2n) with ¢gT¢g~! = T yield arbitrary exchanges of the E; with
an even number of orientation changes of the E;, without altering the isomorphism
type of the SO(2n)-bundle E. Thus, the ring of invariant polynomials has generators
oj(z?,...,22) and z;---z,. Since

p(E) =p(Ey)---p(En) = (1+2%) - (1+22),

p; =o;(z},...,z2) and e = z; -z, generate the ting of invariants (e is called the

Euler class and one has e(TX)[X] = e(X), the Euler number of the manifold X ).
Now let the rank of E be 2n+1, the structure group SO(2n + 1), with maximal torus

R(2mep1)
T" = {A€S0(2n+1)| A= , i € R}.
R(27eu)
1

In this case an odd number of orientation changes of the E; is also possible, because
an odd permutation can be compensated by —1 in the lower corner of the permutation
matrix. In odd dimensions the Euler class is therefore no longer invariant; the Pontrjagin
classes p; = o;(z%,...,22%) generate the ring of invariant polynomials.

rn

Each polynomial which is symmetric in the z? can be expressed in the p;; for example,

n n
Soal=p, Y i =p}-2p.
=1 =1
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1.5 Representations and vector bundles

Let E be a complex vector bundle of rank n over a differentiable manifold X. Assume
that the structure group of E is reduced to U(n). Let p be a unitary representation
of U(n) of dimension m, so that p : U(n) — U(m) is a homomorphism. The group
U(n) then acts on C™ by means of p. We consider the vector bundle pE, associated
to E, with fibre C™.

Examples: By suitable choices of p one obtains for pE the bundles:
1) E* = E with rank n for p(U) = U,
2) A*E with rank (7)) for p(U)(wvi A---Awg) = Uvy A -+ A Uvg where
vy A--- A € ARCP,
3) S*E withrank (™F71) for p(U)(v; ® -+ @ vi) = Uvy ® --- @ Uvg where
v ® - ®up € SEC™.
Let the bundle E have Chern classes ¢;(E) € H?/(X;Z). We want to express the
Chern classes of the bundle pE in terms of the c¢;(E). For this, we consider a formal
factorization of the total Chern class

C(E):1+CI(E)+'-'+Cn(E):(1+$1)'-'(1+xn),

ie. c;(E) is the j-th elementary symmetric function ¢;(z1,...,%,) in the z;. All
expressions which are symmetric in the formal roots z; of c¢(F) are well-defined, since
they can be expressed in terms of the ¢;(E). Thus, we can define the Chern character
ch(E) of the bundle E as

ch(F):= iez"
=1

:n+Z:ci+§fo+€Z:v?+“.
=1 1=1 =1

2—2cp ¢~ 3cico+ 3c3

6
Conversely, ch(E) determines the rational Chern classes of E (c¢; can be expressed
in terms of the cohomology components of dimension up to 2j of ch(FE)). For a
trivial bundle E of rank n, one has ch(F) = n. The Chern character of E has two
beautiful properties:

ch (El EBEQ) :Ch(E1)+Ch(E2) and Ch(El ®E2) :Ch(El)Ch(Eg)
For a representation p : U(n) — U(m), we define its character char (p) : U(n) — C as

the trace of pA: char(p)(A) := tr(pA) for all A € U(n). Now the standard maximal
tori in U(n), resp. U(m), are

-€ H*(X;Q).

C
=n+c +

2mimy

T={A€cUn)| A= .z, € R}

e27ri:r,n
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and
o2 inl

T={AeUm)| A= , i € R}.

2™ ium

Since p(T') is again abelian, and therefore lies in a maximal torus, and since any two
maximal tori are conjugate, we can change p (by conjugation in U(m) ) to an equivalent
representation for which p(T') C T. Since conjugation of transition functions carries a
bundle to an isomorphic bundle, the isomorphism class of p(E) does not change, nor
do its Chern classes. In p(T) C T there holds

n
Yr(Z1, .o, Zn) = Za”xs with a,s € Z.
s=1

One calls the y, = (a,1,--.,a.s) the weights of the representation (interpreted as linear
forms), and obtains for the character of the representation p:

char (p)IT — z e27riy1..

r=1

For the bundle pE associated to E then holds (cf. [BoHi58]) the

Theorem: ch(pE) =31 e and c(pE) =]~ (1+y,) ap
Remark: More precisely, in place of y, one must write y,(z1,...,Z,), where again
¢(E) = oj(z1,...,Tn).

Example: Incase E = L; @ --- ® L, is a sum of line bundles, z; = ¢;(L;) and
n

Yr = Y QrsTs, oOne has:
s=1

p(E)=(L"® - ®@L¥ )@@ (L} @@ L)
= c(pE) = H (T+amnci(Ly)+ -+ arnci(Ln))

r=1
=1 +v)

1

30

= ch(pE) = Zey'\
r=1

Remark: This is even a proof of the above theorem, if one uses the following meta-
principle (the splitting principle, cf. section 4.4): All identities for Chern classes of vector
bundles that one can prove by means of the formal factorization of the total Chern class
are true.
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Examples: For our special representations at the start of this section we obtain:
1) For pEF = E*:
yi=-—z; and c¢(E*)= H(l - ;)= Z ~1)'ei(E).
i= 1=1
2) For pE = A*E:

Yiroin = Tiy +-+ 15, and ¢(AFE) = H I+ (zi, + -+ x5)).
1< << <n

3) For pE = S*E:

Yig,oie = Tiy T+ Ty, and C(SkE) = H (1+($i1 +"'+xik))'
1<i < <iln

4) For pE = A*E*:

Yiryoin = —(Tgy + -~ +35,) and

CWEY = [ (-(an -+ o).

1< <o <ir <n

The Chern character therefore satisfies the following formula:

n n

Z ch(AkE*) k= H (1 + te"z").

k=0 =1

In view of the additivity and multiplicativity of the Chern character, we will also denote
this expression by

(L (AE) 1)
k=0
With the abbreviation
MAE = i(A"E
k=0

we have more simply



12 I Background

For a trivial bundle of rank n this is the well-known formula:

fj =(@1+8)" ﬁ(l+t).

1=1

Analogously, there holds for the symmetric powers, with the notation

SiE:=) (S*E
k=0

the formula
ch(S:E*) = ﬁ ———1—————
‘ B oy 1 —te ™ ’
For a trivial bundle this becomes
oo oo n 1
S = ()0 -0 = T
k=0 k=0 1=1

Now let E be a real vector bundle of rank 2n over X, having structure group
reduced to SO(2n). The bundle E has characteristic classes p;(E) € H*(X;Z) and
e(E) € H™(X;Z).

To each homomorphism p : SO(2n) — U(m) one again obtains a bundle pE associated
to E, as well as by analogy to the above the character char (p) and the weights y, with
respect to the standard tori, which we have already considered earlier. In this situation
we have the analog of the above theorem:

Theorem: ch (pE) =Y"" eV and c(pE)=T1[", (1 +y.) pig]
The total Pontrjagin class of A*E* is calculated from the total Chern class of A*E*®C.
This bundle is however canonically isomorphic to A*(E* ® C). Since we already
know the Chern classes of exterior powers, we need only consider the representation
p:SO(2n) C U(2n) with pE = E ® C. For this representation, a box in the standard
maximal torus of the form R(2rz,) = (S25(27=) —sin(Zre.)) goeq gver to the box

) sin{2r7z,.) cos(27z,.}
(¢ % ..., ). The weights are therefore +z,, and one obtains the
Theorem:

ch(Aﬂ*@C)zch(i A*(E* ® C)) )

=[] (@ +te) - (1+te77)).

2=1
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Analogously,

ch(S:E* ®C) = ch(i SE(E* ®C)) - )
k=0

= 1
- H (1 —tes")(1 — te~=) " 0

=1

1.6 Multiplicative sequences and genera

Definition: Let R be an integral domain over Q. Then a genus is a ring homomorphism
p: QRQ—R with ¢(1) =

Let Q(z) = 1+ a2x? + a4xz* + - - be an even power series, starting with 1 and with
coefficients in R. For indeterminates z; of weight two, where 1 <1t < n, the product
Q(z1) - Q(z,) is symmetric in the x?:

Q@) Qzn) =1+ap Y i +---.

i=1

The term of weight 4r can therefore be expressed as a homogeneous polynomial
K.(p1,...,p,) of weight 4r in the elementary symmetric functions p; of the z2,

v Q(z1) - Q(zn) = 1+ Ki(p1) + Ka(p1,p2) +

+Kn(P1,~-~,Pn) +I(n+1(p1’~-"pn,0) + e

where the polynomials K, for 1 < r < n do not depend on n. The sequence {K,}
of polynomials K, is called the multiplicative sequence of polynomials associated to
the power series Q(z) (cf. [Hi56]). Now a genus ¢ : 2 ® Q —R is determined by
the power series Q(z), as follows:

Definition: The genus @g corresponding to a power series Q is defined, for every
compact, oriented, differentiable manifold M of dimension 4n, by

wo(M) = K,(p1,--.,pn)[M] € R
with p; = p;(M) € H*(M;Z). In addition, we put pg(M):= 0 if 4{n. With
K(TM) = K(p1,...,0a) =1+ Ki(p1) + Ko(p1,02) + -

and K(M) := K(TM)[M], we have (M) = K(M).
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The genus belonging to a power series is therefore a linear combination of Pontrjagin
numbers. In case it is clear from which power series  the genus has been formed, we
shall frequently write ¢ in place of gq.

Lemma: Such a pg is a well-defined genus.

Proof: To verify that ¢ is well-defined, it must be shown that ¢ vanishes on boundaries
and is compatible with disjoint union and Cartesian product. Let M*™ = W*"+1  Since
the normal bundle of M*" in W4*+! s trivial, the tangent bundle of W4"+! restricted
to the boundary is equal to the tangent bundle of M*" plus a trivial line bundle. The
Pontrjagin classes of M*" are therefore those of W*™*! restricted to the boundary
(stability of Pontrjagin classes). Hence the Pontrjagin numbers of M*™ are equal to 0
(by Stokes’s theorem).

The additivity of ¢ is clear. Now the multiplicative sequence {K;} possesses a
multiplicative property (hence the name):

If ps, pl, p! are indeterminates for which

l+pi+pat- - =Q+pr+pp+--) - (1+p +p3 +--)
then one also has

Zl(n(plv-”:pn) = ZKn(pll""rp;L) ’ ZKn(pll,v""p;:)-

n>0 n>0 n>0

Exactly this assumption is fulfilled by the Pontrjagin classes of the cross product of two
manifolds. As one now easily sees, ¢ is therefore also compatible with multiplication
in the cobordism ring.

For an even normalized power series @ as above, let us now define f(z) := z/Q(z).
This is an odd power series, beginning with z and with coefficients in R (in the
formation of 1/Q(x), one again obtains a formal power series with coefficients in R,
since Q(z) begins with 1).

Put y = f(z) and g = f~! as the (formal) inverse function, i.e. g(y) = z. This power
series g is also called the logarithm of the genus g (cf. section 3.1).

Lemma: ¢'(y) = Z wo(Pn(C)) - y™
n=0
Proof:
e(P(C)=(1+z)"", z e H*(P,(C);Z) (earlier: z = g)

= p(Pa(C) = (1+2°)" = (1+p)"
= K(pi,...,pn) = K(p))" = Q@)™
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We now calculate pg(P,(C)) with the residue theorem and multiplicativity as follows:

)" Pac)

z

wq(P(C)) = (”f—(‘;)‘

i n+1 1 n+1
= coefficient of z" in ( z ) = resg (ﬁ) dz

f(z) (z
1 1 n+1 ]_ ]_ ’
=5 | () dx:aﬁ(/ng(y)dy
K fix)
_ resﬂ(f}’( ) dy

yn+1

) = coefficient of y™ in g'(y).

If f converges, « corresponds to a circle about O in function theory; f(k) is then
also a closed path with winding number one, since the power series f starts with z. If
f doesn’t converge the integral makes no sense but the substitution formula for residues
of differentials holds for any formal power series f. yid

On the other hand, if one prescribes the values of a genus ¢ on the complex projective
spaces, therefore fixing the power series g’, then one immediately obtains the series g
and f = g¢7!, and so also Q(z) = z/f(x). Hence there is a one-to-one correspondence
between genera and even power series Q(z) = 1+ ---. The power series @ is also
called the characteristic power series of .

Example: Let Q(z) = z/tanh (z), so f(z) = tanh(z). Then f'(z) =1 - f(z)* so
¢'(y) =1/(1—y?) =1+y? +y*+---. One thereby obtains a genus, taking the value
1 on all Py (C), which is called the L-genus (cf. [Hi56]).

Convention: Since we shall not distinguish between a genus and the corresponding
multiplicative sequence, let us agree as follows: For a manifold M, the value of the genus
will be denoted by o(M); for a bundle E over M, ¢(E) denotes the corresponding
expression in the Pontrjagin classes of E. One therefore has (M) = o(T M)[M].

1.7 Calculation of (P, (H))

Using the fibre bundle ¢ : Py 41 (C) — Pr(H) with fibre P;(C) and the identification
of g2 € HY(Py41(C);Z) with u € H*(Py(H); Z) by means of ¢*, we saw earlier
that
2k+2 -1
p(Pe(H)) = (1+¢%)77" - (1+4¢°) .
Now let ¢ be the genus corresponding to some power series Q(z) = z/f(z). Then

(P (H)) is the coefficient ar of x2* in (f(';))wCJF2 . (%i—xl) This is

1 fe 1 f(22)
W ——(;—) dzr = resy y2’“+2 (21) g (y) dy.

Q9 = I€Sy
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There exists an even power series h(z) so that f(2z) = 2f(z)f'(z)h(z). Then
h(y) := h(g(y)) is an even power series with f(2z) = 2f(z)f'(z)h(y), hence:

aai = teso S ()5 (0)h(y) dy

= res e hy)dy  (sinee f(a) = v, F'(@) = 1/4/(0)

= coefficient of y2* in h(y).
We have therefore proved the

RS % _ hiy), where S ()
Lemma: 3 ¢(Pe(B)y™ = hiy), where W (2)) = g7eyaey:

Examples:
D Q)= sin (z)

Then f(z) = z/Q(z) = sin(z) and f(2z) = sin(2z) = 2sin(z)cos(z) =
2f(z)f'(z), ie. in this case h = 1. The power series f(z) = sin (az)/a are
all those for which A = 1 holds in the duplication formula. Therefore the
corresponding genera ¢ vanish on all projective spaces P, (H) with £ > 0.
The genus corresponding to

z/2

Q2) = sinh (2/2)

is called the fi—gcnus, and the normalization is chosen so that for spin manifolds
it is related to the index of an elliptic differential operator (the Dirac operator,
cf. Appendlx II)

2) Q@)= *—“——tanh( ]
We have earlier calculated that L(P5.(C)) =1 for all k.

( L-genus):

2tanh(z)  2tanh(z)(1 — tanh (z)*)

tanh (22) = =
(22) 1+ tanh (z)° 1 — tanh (z)*
~ 2tanh(z) tanh’(z)
B 1 — tanh (z)*
= h(y) = e =1l+yt+98+ -

> up@)={y 250
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One arrives at the so-called elliptic genera if one requires that in the duplication formula

which gives

oPuE) = { s

The solution f(z) to this kind of duplication formula is still not unique, rather it
depends on a parameter 8. The latter is the value of the genus on P»(C), ie. ¢'(y) =
1+ 6y? + ---. These genera are called elliptic genera because of the connection with
elliptic functions; more about this later.

Examples: § = ¢ = 1: L-genus; 6= ——%, £ =0: A-genus.

Since in dimension four there is only the Pontrjagin number p; and p;(P>(C)) =3, in
this dimension one has L = p;/3 and A = —p;/24.

Exercise: Let f(z) = z + --- be an odd power series, ¢'(y) the derivative of the
inverse function with ¢’(y) =1+ & -y? + ---, and suppose further that

2f(z)f'(z

fow) = H@I @)

1-¢- f(z)

For fixed 4, € this power series is uniquely determined. Use this to prove that
’ !
fu o) - TP @)+ FP@FE)

1-¢- f(u)’ f(v)?
Deduce then that
FPo1-28 fPhe- L

Now we can make the following

Definition: A genus ¢ is called an elliptic genus, if the corresponding power series
f(z) = z/Q(x) satisfies one of the three equivalent conditions:

D fP=1-25 2 4e-f4

_ W) 0) + 7))
SRy W LT
3 o - MW@

1—e- f(u)*
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Examples: The two most important special cases are:

a) &6=¢e=1 f(z)=tanh(z), g'(y) = 1—1y2 ’

2 2 2
D fm=0-9Y)" = (-7
2) Addition theorem for the hyperbolic tangent.

b) 6=-%,e=0:f(z) =2sinh(z/2), ¢'(y) = (1 + %y2)_1/2.

D f/2:1+i_y2:1+%f2_
2) Addition theorem for the hyperbolic sine.

1.8 Complex genera

Similar to the construction of the oriented cobordism ring, one can define relations
between stably almost complex manifolds and so obtain the complex cobordism ring
(cf. [No62]). For this ring, complex genera are again defined simply as ring homomor-
phisms. Just as in the oriented case, there is a one-to-one correspondence between genera
and power series Q(z) = 1+byz+---, but now these power series @ need no longer
be even. Let X be a compact, aimost complex manifold of real dimension 2n. As
usual, let

cX)=1+a(X)+ - +ca(X)=1+z1) - (1+z5).

Then the genus ¢ of X, belonging to the power series @, is given by
w(x) = (J] @) 1x].
=1

Just as in the oriented case, one can associate to the power series () a sequence of
polynomials K,(ci,...,c.). Here the polynomial K, is homogeneous of degree r, if
one assigns the degree j to the elementary symmetric function c; in the z;. These
polynomials have the property that

o(X) = Ku(e,- -, 6)[X]
For reasons of degree, ¢, enters only linearly into K,,. The coefficient of ¢, is a fixed

polynomial s, in the coefficients b; of the power series (). In order to determine this
polynomial, we shall make use of a trick. Since s, only depends on the terms of degree
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at most n in the power series (), we can write formally

(1+ Biz)

';::]:

l+bhz+ - +bz™ =

ii
I

n n n
= J[e@) = [IIIC+8=) (z"+1)
J=1 Jj=li=1
= H(H (1 + Biz;) ) (z™*1)
i=1 j=1
= H(1+ﬁic1 + -+ Bcn) (z*1).
1=1
In order to determine s,, we put ¢; = ... = ¢,—; = 0. Since we must now consider

the part of weight n, we therefore obtain:

Sn(bry.. .y bn) =BT + -+ By,
The expression B + ---+ 7 is symmetric in the (3;, and can therefore be written as
a polynomial in the b;.

Examples:
S = 1’ S1 = bl)
§2 = b% i 2b2, 83 = 3b3 b 3b2b1 + b?
Now we give a lemma, which for a fixed power series ) displays all these values s,
as coefficients in a fixed power series. As usual, we write f(z) = z/Q(x).
Lemma (Cauchy): One has

o

SRR
Proof:
=) = (1+ﬂ1x).g-v-(1+ﬂnz) (=)
N
.
= TGt TR

1+Z( Byt 3By ()

1+Z(1( -~-+63;)-:ci (=*+1). D
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Example: Q(z) =z/(1 —e %), f(z)=1—e"*. With these power series, one defines
the Bernoulli numbers B; by

Ql-z)=)Y =o'
i=o 7

Then Fa) _ ]
T e’ * —x
f=z) Tl-e= ec—1 1—e* Q=)
so that
3
— 2 J
S] = (* ) —]T .

For the Todd polynomials T7,, which one obtains as the multiplicative sequence for this
power series (), the coefficients s, of ¢, are therefore the same as the coefficients b,
in the power series ). As one easily sees, these are also the coefficients of c7.

Examples:
Tl = _C_:21_ ’ T2 = .C.gl__;ﬁ y
. - &4 1, - “Gatoat 3¢t + 4coc? — cf
T T £ 720 '

If X is a manifold for which all Chern classes apart from the highest vanish, then its
genus is given by

(X)) = 5, - e[ X].
Later we shall encounter genera for which the power series a:L(—f—) has Eisenstein
series as coefficients; the genus of such a manifold X would then be a multiple of
the corresponding Eisenstein series.

One can also read off the s, from the logarithm of the power series @:

f() = exp (In (f(z))) = exp ( ’;'(‘j)) dz)

= exp (/(i—;(_l)jsi ~xj) dx)
= exp(ln () +j§(—1)j “;—Jzﬂ)

=$-exp< (——l)jiixj)
J

=1

= Q)= exp(g (—1)7*1 —S]iac’)
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The s, are therefore, up to the factor (—1)"*' - 1 exactly the coefficients of the

formal power series In (Q(x)).



2 Elliptic genera

2.1 The Weierstrafl p-function

Let wy, wy € C such that 7 := wy/w; & RU{oo}; we can number w; and wy such that
Im (7) > 0. Then L =Z-wy+Z-w, is alatticein C; put L' = L\ {0}. For z € C,

=302 (- 3)

w€eL!

defines a meromorphic function with poles of order two at all lattice points.” This function
is called the Weierstrall gp-function.

Definition: A meromorphic function f : C — CU{oo} is called elliptic (doubly periodic)
with respect to a lattice L C C if f(z+w) = f(z) forall w € L.

An elliptic function is therefore the same as a meromorphic function on the elliptic curve
E = C/L which is isomorphic to a torus.

Examples: The p-function is an even function. Since
-2
!
p(z)=), —3
E (z —w)

is an odd elliptic function, one has p(z + w;) — p(z) = ¢;; putting z = —(w;/2) shows
that ¢; = 0. Therefore the gp-function is elliptic. Moreover, p satisfies the following
differential equation:

2 3
©'(2)" =4-p(2)" — g2 p(z) — g3,
where g, and g3 depend on the lattice.

With the definition s.(L) := 3 .}, - we obtain series which are absolutely convergent
for r > 2; we have s,(L) =0 for odd 7 (since for w € L also —w € L). Moreover:
92(L) = 60 - 54(L), g3(L) = 140 - s¢(L).

For elliptic functions there are theorems of Liouville-type (cf. [La73]):

Theorem: For f(z) elliptic with respect to L, the following hold on C/L:

1)  The number of zeroes of f is equal to the number of poles (counted with multi-
plicities!).

2) The sum of the residues is zero.

3) Let (f)= ZaeC/L ng - (a) with ng € Z be the divisor of f, then 2acc/LMa”

a=0modulo L, ie. 3, cc/pna-a€ L.
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Corollary: There is no elliptic function which has precisely one pole of order one. {1

The elliptic function g’ has a pole of order three in C/L and therefore also three zeroes.
Since g’ is odd, it follows from p'(—z) = —p’(z) that for those z with —z = z (L),
either p'(z) =0 or p has a pole at z. However, —z =z (L) & 2-z € L, and on the
torus C/L = S x S! there are exactly three non-trivial two-division points; namely,
for the chosen basis w;, wo of the lattice L these are the points w;/2, ws /2 and
(wy +w2)/2. At these points the gp-function has no pole, so the function g’ vanishes
there.

A standard notation is now:

cimo(2)eim (). im (212).

In terms of ey, e; and eg the differential equation for p can now also be written as

©'(2)" = 4p(2)° — g2 - p(2) — g
= 4(p(z) — e1)(p(2) — e2)(p(2) — e3).

One therefore has:

ey +ey+e3 =0,
4(erez + e1e3 + eze3) = —go,

4616263 = g3.

The p-function takes each value exactly twice; since it is an even function, four times
the two preimages coincide, namely exactly for the two-division points. For the other
values the two preimages are distinguished by the sign of ©'(z). One therefore obtains
by means of g a double covering of P,(C) by the torus C/L, which is branched
at the two-division points. The cubic curve in C2 C P,(C) given by the equation
y? = 423 — g2z — g3 is smooth and has exactly one point on the line at infinity in P, (C).
On the basis of the differential equation for p, itis parametrized by z = p(z), y = p'(z),
where the point 0 € C/L is mapped to the point of the curve lying at infinity (inflection
point). By means of this isomorphism the cubic curve obtains a group structure:
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B
B
\_

Group structure of a cubic curve

Proposition: Three points Py, P, and P; on the curve lie on a line, if and only if
Pl + P2 + P3 = 0.
Proof: The linear equation ¢ -z + b -y + ¢ = 0 restricted to the curve yields, in view
of the parametrization by p and g’, the equation

h(z):==a-p(z)+b-p'(z) +c=0.

Now 4 is an elliptic function, i.e. a meromorphic function on C/L with a pole of order
three at 0 € C/L, hence it has also exactly three zeroes z;, zo, z3. For these there
holds according to Liouville:

21+22+23—3-O:06<C/L.

Because we require that the gp-function be a group isomorphism of C/L onto the cubic
curve, the sum of the three intersection points of the curve with the line must likewise

be zero. o

Remark: By explicitly calculating the intersection points of the cubic with the line, one
obtains the addition theorem for the gp-function.

2.2 Construction of elliptic genera

The p-function is an even function and takes the values e;, e, and e; with order two,
ie. p(z) —e; has a double zero at w; /2. Therefore we can take the square root, and
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f(2) :== 1/y/p(z) — e1 with the choice of sign \/p(z) —e; =% + .- is defined and
single-valued on C. The odd function f is meromorphic on C, with zeroes of order
1 at all lattice points and poles of order 1 at (wi/2) + L. Although f is not elliptic
with respect to L, there exists a sublattice L of index 2 in L with respect to which
f is elliptic. The projection C/L — C/L is an unbranched double covering. The
divisor of f is ‘

(f) =0+a- (w1/2) - (w1/2+a)
Because (f) e L (cf. part 3 of the theorem in section 2.1), we have w; € z; therefore
L=27 2w +7Z w and f(z+ws) = —f(2).

Theorem: The genus defined by the function f(z) = 1/\/p(z) —e1 is an elliptic
genus as defined in section 1.7, i.e. for the derivative ¢’ of the inverse function and the

duplication formula hold:

2f(z)f'(z)

/ P L2 —
Jgy)=1+6 y*+ and  f(2z) 1—5-f(a:)4.

Further, f satisfies the differential equation
f@)f=1-26f(2) +e- f(2)",

and has the addition theorem

_ @) + Fw)f()
T = e W
Here § = —3 - e;, and € = (e; — e2)(e1 — e3).

Remark: Since the p-function assumes each value twice, counted with multiplic-
ity, the e; as values at the two-division points are distinct, and therefore ¢ =
(e1 —ex)(e1 —e3) # 0 and 6% — ¢ = i(es —e3)® # 0. So we cannot obtain the
A- and L-genus in this way, because there we have £ = 0 resp. 62 —¢ = 0.

Proof of the theorem: We consider the curve in P,(C) which is parametrized by
&€= f(z) and n = f'(z). With z = p(z) and y = p'(z) one has:

B 1 _ 1
Vo@D e VE-e

= x:§_2+el,

1= 1) = ()~ e) ) = -2 (p(a) — ey

4

)—3/2 — ‘_g .53

=~g'(l“-61
2 2

= y=-2"°
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The (&,n)-curve satisfies the following equation:

V2 =4z —e1)(z — e3)(x — e3) = 42° — gyz — g3
= 4P =47 (P e —ea) (€77 + €1 —e3)
= 7= (1+&(e1—e2)) (1 +E%(er —e3))
=1+ (3e; —e; — ey —e3)&% + () — ex)(e; — e3)€?
=1+3e16? + (e1 — e2)(e1 — e3)¢*
=1-26-&+e-&,
with 6§ = =2 -e; and ¢ = (e; —e2)(e1 — e3). Therefore f(z) = (p(2) —ey) 72
indeed satisfies the differential equation

fi(2)* =1-26-f(2) +¢- f(2)*

for the given values of § and e. The (€,7)-curve is obtained from the elliptic curve C/L
by the identification of (w;/2) with (w;/2) + wq. From this there arises a singularity
of type As at infinity. The formulas for z and y yield a covering of degree two of
the (z,y)-curve by the (&,n)-curve.

[
1
[
1
'
[
1
'
'

Singularity of type Aj

The derivation of the addition theorem for f was already carried out by Fagnano in 1718
for duplication in connection with an investigation on the lemniscate, and was given in
general by Euler (cf. [Eu251]): put

R(u,v) := flw)f'(v) + f:(u)fgv)
1—e- f(u)"f(v)
and consider the total differential
dR(‘U,,’U) = %% du + %%2_ dv.
We have
(%) S (1- S @ME) = () + @) (1 - ef @ )

~(f@)f @) + 1 (@@) - (~2ef@f @f©)°).
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Now we calculate f” from

flu)?=1-28f(u) +ef(u)
= 2f'(u)f"(u) = 46 f(u) f'(u) + de f ()’ f' ()
= f(u) = —26f(u) + 2 f(u)’.

We now substitute this into (%) and then calculate the non-symmetric component in u
and v (S denotes the additive subgroup of symmetric functions in v and v):

(1~ ef P W) = 265 F(0) - (1~ ef @)

+2¢f(w) f ()’ f'(w)? (S)

= 2¢f(u)’f(v) - 2¢°f(u)* f(v)°
+2¢f(w)f(v)’ f'(u)? (5)

= 2¢f(u)*f(v) — 26*f ()’ f(v)°
+2ef(W)f(v) - (1-26f(u)* +ef(w))  (S)

=0 (S)

Therefore %% = s(u,v) for some symmetric functions in » and v, hence so is

‘?)—f = s(v,u) = s(u,v), and dR(u,v) = s(u,v) - (du +dv) = s(u,v) - d(u+v).
For uw+wv = c constant it now follows from dR(u,v) = 0 that R(u,v) = ¢ is constant,
with ¢ = R(0,¢) = f(c¢) = f(u+v). This proves the addition formula and gives the

duplication formula as a special case:

2f(2)f"(2)
R e pil
f22) e )

Remark: If one lets the lattice degenerate by w; — 0, then one obtains with e; = e3
the case € = 2. Through this limit process, the function f for the degenerate lattice
must satisfy the differential equation f' =1 —§- f2, hence can be written in the form
f(z) = tanh(az)/a where « is determined by 8. For § = 1 (hence o = 1) we
obtain the L-genus.

In the other two degenerate cases w; — wy (e; = ea), resp. w2 — 0 (e; = e3 ) one
g . . 2 .

has ¢ = 0. The differential equation becomes f~ =1 —26- f? and has the solutions

f(z) = sinh (az)/a. In particular, for § = —§ (a = 3 ) one obtains the A-genus.

The above construction yields for each lattice L C C an elliptic genus, where § and
e depend on L. On the other hand, if § and e are given then ey, e and e3 can
be determined (notice that e; + e; + e3 = 0). The discriminant of the equation

y2 = 4(x —61)(11}—— 62)(23 —e3) is

A= 6462(62 - e:).
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If A is different from zero, then the equation determines an elliptic curve C/L, where
L C C is a lattice, which yields the elliptic genus corresponding to § and £ by means
of the above construction. If the discriminant A vanishes, then either ¢ = 0 or ¢ = §°
and the corresponding elliptic genus arises by degeneration of the lattice L.

In view of the differential equation which is satisfied by the power series f for elliptic
genera, it is clear that the coefficient of z2* in Q(z) = z/f(z) is a homogeneous
polynomial of weight 2k in 6 and &, to which we assign the weights 2 resp. 4.
Hence the elliptic genus of a compact, oriented, differentiable manifold M?** is a
homogeneous polynomial of weight 2k in § and e. Moreover, § and ¢ are lattice
invariants of weights 2 and 4, i.e. for each lattice L C C and A € C, A # 0, we
have 6(\-L) = A72.§(L), resp. (A L) = A% - ¢(L). Hence the elliptic genus of a
manifold M** is a lattice invariant of weight 2k. Further lattice invariants of weight
2k are the earlier defined sy = >, —¢ . The lattice invariants § and ¢ are, as
we have seen, really lattice invariants for lattices with distinguished two-division points.
For the precise connection between elliptic genera and modular forms on the congruence

subgroup I'p(2) of SLy(Z) we refer to Appendix I.

As was mentioned earlier, an elliptic genus is already determined by its values on P»(C)
and Py (H). Indeed, we have (cf. section 1.7):

PPAT) =,
_k
o) = { §

2.3 An excursion on the lemniscate

The lemniscate is the geometric locus of all points of the Euclidean plane, for which the
product of the distances to the foci (a,0) and (—a,0) is equal to a?.

N

The lemniscate
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We have therefore the defining equation

((z —a)® +4%) - ((z +a)* +y?) =a*.

2

We introduce the new coordinate r? = 22 + y? and obtain

(r2 - 2az +a*) - (r?* + 2az + a®) = a*
= (r*+ 412)2 —4a%z% = ot

= 7 +2a%? - 44%2% = 0.
Without restriction, normalize a so that 2a2 = 1:

= e r?-222=0
= 4o 2(72 - yz) =0 (since 2% + y* = 7?)
= r4—72+2y2=0.

Hence:

22 =72 4 o4 and 2y2 =7 -7t

This yields a parametrization of the lemniscate by the parameter 7. In the following, z
and y denote differentiation with respect to 7.

For the arc length of the lemniscate we now obtain

224 =71 + 21° and Qyy =71 — 21°
.5 (7‘+21‘3)2 'r2(1 +2T2)2 (1+2T2)2
T° = = =

= = = .
4z2 2(r2 +14) 2(1+1r?)
Analogously:
e (1—2r%)?
2(1—-r2)

Hence we obtain

2 (1+2r2)°(1 = 72) + (1 - 2%)° (1 +12) 1

T = = ,

v 2(1—r4) 1-r4

and therefore

11—t

r T dt
arc length = /\/:1%2 +y2dt = /
0 0

i
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For the elliptic genus we have obtained

Yy

[t
g(y)=0/9(t)dt—0/f,(g(t))

dt
0/ V1 - 26f(g()* +ef(g(t))"

_/ dt
—0 VI—26 -2 te -8

The arc length of the lemniscate therefore corresponds to the logarithm ¢ of an elliptic
genus for the special case § = 0 and ¢ = —1.

A classical problem, which as was mentioned above was already treated by Fagnano in
the year 1718, concerns the duplication of the arc: For a given parameter r, find the
parameter R corresponding to the doubled arc length.

Put

dt
P(t)

Yi
P(t):=1-26-t>+¢-t* and z; = g(y:) = /
0

3

for 1 = 1,2 and y; € C.

As we have previously seen, with y; = f(x;) we have

T+ 22 = g(y1) + 9(y2) = 9(f(z1 + 32))
(@) f (z2) + f(z1) f(z2)
B g( 1—ef(z1)* f(z2)’ )
:g(yl\/P(y2)+yZ\/P(yl)

1—eyly?

>=g(y1+yz+-~')-

For the lemniscate this means:

For Fagnano, it was an interesting question whether the parameter R could be constructed
from r by means of circles and lines (i.e. “ruler and compass™). The formula above uses
only addition, square root and product; therefore R is indeed geometrically constructible.
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2.4 Geometric complement on the addition theorem

As we have seen, the elliptic functions f and f’ associated to a lattice L parametrize
a curve in P»(C) which is given by 3% =1 — 2§ - 22 + ¢ - z*. The group law on the
elliptic curve C/ L thereby corresponds to the addition theorem for the elliptic genus.
J. Nekovidr has pointed out a beautiful geometric proof of the group law in [Ma79].

We therefore consider the curve C with equation y?2z%2 = 24 — 26 - 2222 + ¢ - 2% in

homogeneous coordinates. It has a unique singular point, namely P = (0:1:0); and
the line {z = 0} is doubly tangent at P, touching the curve there to order four. Under
the parametrization of the curve by f and f’, the points (w;/2) and (w;/2)+w; in
C/L are both mapped to P. Away from the singularity, the map is one-to-one. The
neutral element 0 of the group (C/z is mapped to the point @ = (0:1:1). Now let
yz = 22+ A-xz+ B -z be a family of parabolas. To any two points on C there
is a parabola in the family which goes through both. This cuts our curve in 8 points;
among these, 4 intersection points lie in the affine part (including @ ) while the point
P is always an intersection point of order four. Let (z1,¥1), (z2,¥2) and (z3,y3) be
the three intersection points in the affine part different from the neutral element.

2

The meromorphic function h := (yz —2? — Azz — Bz?)/z* on the curve has as

divisor
Ry =0:1: D)+ (zy:y1: 1) +(z2:9y2:1)+(x3:9y3:1)+4-P-8-P.

If we pull h back to the elliptic curve by means of the parametrization (z:y:z) =
(f(): f'(¢) : 1), then the divisor there is:

(B) = (0) + (t2) + (ta) + (t5) = 2+ (w1/2) = 2+ (/2 +w3)
= ti+ta+t3=0 (L)
= —t3 =1, +ty (L)
=  —23=—f(ts) = f(~t3) = f(t1 +t2).
We have to express —z3 = f(f; +¢2) in terms of z; = f(¢1) and zo = f(t2), to
derive the addition theorem for f.
To do this, substitute the equation of the parabolas into the equation of the curve (now
affine again):
(B*—¢€)-a*+24B -2° + (A>+2B+26) -2* +24 -2 =0
= (B*—¢) 2®+24B -2+ (A’ +2B+26) -z +24=0

- . 2AB d 24
x x T3 = ——= an T1T2X3 = ——
LT+ 23 = 12223 = —— 53
T+
= z3+a9+z3 =B 172223 SO T3 ! 2

:B-:z:lxg—l’
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since z;, T3, T3 are precisely the roots of the polynomial.

y1:1+A‘:cl+B~:cf, y2=1+A-x2+B-zg
= T1Y2 — T2Y1 = (551 - 332)(1 - B- lez)

2192522 +e-2t, y2=1-26-22+¢ 2%

Yy = xi+e-xy, yy=1-26-a5+¢€-25

= 2iy; — a3y} = (2] - 23) (1 - ¢ 2ix})

ziys — 23y}

T1Y2 — T2Y1
1—¢-x2x3
1—-B-z129
=-z3- (1 —¢-zlz3)
Z1Y2 + T2y

1—¢ 2322’

(D& II) = ziy2+ 22y =

= (21 + 22)

= —I3 =

Together with the parametrization z; = f(¢;), y; = f'(t;) we obtain

F(t)f'(t2) + f(t2)f'(t1)
1—ef(t)’f(t2)®

—T3 = f(tl + tg) =
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3.1 Virtual submanifolds

Let M?™ be a compact, oriented, differentiable manifold and U C M an oriented,
differentiable submanifold of codimension two. Let u € H?(M;Z) be the Poincaré-
dual cohomology class of the fundamental cycle of U. Further, let TU and TM be the
tangent bundles of U, resp. M, and let NU be the normal bundle of U in M. By
choosing a Riemannian metric we get an isomorphism TU @ NU = TM|y and NU
gets the structure of an O(2)-bundle. Since M and U are oriented, the structure group
of NU can be further reduced to SO(2) = U(1). The bundle NU can therefore be
considered as a complex line bundle which has the first Chern class i*(u) (i: U — M

inclusion), i.e.:
¢(NU)=1+¢(NU)=1+1"(u)
=  p(NU) =1+i*(v?).

Using TU & NU = +*(T M), we obtain

p(U) p(NU) =1"p(M)
= p(U)-i* (1 +?) =i*p(M)
= pU)=14*(p(M)  (1+u*)7")
=i ((L+p (M) +pa(M) +--) - (1 —u? +ut —ub £ )).
Example:
p(U) =i* (pi(M) —u?),
p2(U) = 3" (p2(M) — pr (M) - w® + u).
From topology one knows that for a € H*(M;Z) holds:

i*(a)[U] = (a-u)[M].

Therefore the Pontrjagin numbers of U are obtained by evaluation of a homogeneous
polynomial of degree 2n in u and the p;(M) on the fundamental cycle of the manifold
M. The equivalence class [U] in the cobordism ring Q@ ® Q therefore depends, for
given M, only on the cohomology class u.

According to Thom [Th54], in our situation each cohomology class of dimension 2 can

be represented by means of Poincaré duality by a submanifold of codimension 2; there-
fore u € H*(M;Z) is called a virtual submanifold. Let uy,...,u, € H*(M;Z); then
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(u1,...,u,) is called a virtual submanifold of codimension 2r. This is represented by a
manifold in Q2”27 ®(Q, which one obtains as follows: Represent u; by a submanifold
U; of M, represent the restriction of us to U; by a submanifold Us of U, etc.,
obtaining further submanifolds Us,...,UU.. The manifold U, is then a submanifold of
M of codimension 2r, which represents {u,...,u,). An alternative construction is the
following: If w;,...,u, can be represented by submanifolds Uj,...,U! of M, which
are in general position (transversal to one another), then their intersection represents
(ul, PN ,’LL.,-).

Example: For M = P,(C), the wuy,...,u, are integral multiples u; = d; - g of the
generator g of H?(P,(C);Z) = 7Z, and correspond exactly to the hypersurfaces of
degree d;. The virtual submanifolds (u;,...,u,) correspond to complete intersections.

Analogous to the above, one obtains:
pU) =" (p(M) - (1 +ui) 7" (1+u]) ™)
=i*1+p+p2+--).

The Pontrjagin numbers of U, are therefore again polynomials in p;(M) and the u;
evaluated on M, since for 4 - Zle i; = 2n — 2r = dim U, we have:

(pix (UT) e pik(UT))[UT} = i*(ﬁil (UT) o .ﬁik (UT))[UT]
= (P, (Ur) -+ Pir (Ur) - w1 - - ur ) [M].
Now let Q(z), as usual, be an even and f(z), g(y) be odd power series with

f(z) = z2/Q(z), f(z) =y, g(y) = x. Then the multiplicative sequence of polynomials
I, (p1, - .., pn) associated to the power series Q(z) was defined by

k
Qz1) - Qax) =Y Knlp1,--.,pa) + Z Kn(p1,---,pk,0,...,0)
n=0

n=k+1

(pi is the 1-th elementary symmetric function in the z? ). Further, let ¢ be the genus
given by this multiplicative sequence, i.e.:

o(M) = (3 Kalpr, -, pa) ) [M] = K(TM)[M].
n=0

In our situation this means:

o(U,) = i* (K(TM)W)[UT]

T

= (K(TM) - f(u1) - fur))[M].
Problem: Can the genus ¢ of a submanifold represented by u+v (u,v € H*(M;Z))

be calculated from the genera of the virtval submanifolds (u,...,u, v,...,v )7
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Since the power series f(z) begins with z, the power series f(u -+ v) can be formally
expressed as a power series in f(u) and f(v). With y; = f(u), y2 = f(v) we
therefore have:
flu+v) = fg(f(u) +9(f(v)))
= flg(y1) + 9(y2))

= Z QArs y;?/;

7,520

=Fy,y) =y +y2 + .

Here g is the inverse function of f. The power series F' is called the formal group
law of f. From the definition of F it follows that

9(F(y1,92)) = 9(y1) + g(v2).

Therefore g is also called the logarithm of the formal group law F. For an elliptic
genus, we have already computed as an example (cf. section 2.2):

Y1V P(y2) +y2 - \/P(yx),

1—c-yly3

F(yhy?) =

where P(y) = 1 —26-y? +¢-y* Now let u, v € H?>(M;Z) be given, then we
have the following

Lemma: Let a.; be the coefficients of the formal group law F of the power series f.
Then
o((u+v)) = 2 ars - o((u,..,u,v,...,0)).

7,520

T s
Remark: Note that the coefficients a,s are independent of u,v and M.

Proof of the lemma:

¢((u+v)) = (K(TM) - f(u+0))[M]
= (K<TM) : Z Ars - f(u)rf(v)s)[M]

T,520

= Za”-go((u,...,u,v,...,v)). ag

7,520 s

Example: For a 6-dimensional manifold M® and the elliptic genus this means

(v +v) = p(u) + o(v) = 8- p(u,u,v) = 6 - @(v,v,u)
= ¢(u) + @(v) — & - (v(u,u,v) + ¢(v,v,u))
=o(u)+ pv) —§- (uzv[M] + vzu[M}),
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since the virtual submanifold of M which corresponds to (u,u,v), resp. (v,v,u) has
dimension zero (points).

Since Q% ® Q is only one-dimensional, there is (up to normalization by means of §)
also only one genus here, namely for § = 1 the L-genus. Therefore

L(u 4 v) = L(u) + L(v) — v*v[M] — v*u[M].

3.2 A universal genus

The considerations about formal group laws can now be carried out for a universal genus
(cf. [Oc87] and [Bu70]).

Take as genus the homomorphism ¢ = id of the cobordism ring into itself. It is now
interesting to ask about the characteristic power series and especially about the addition
formula for this universal genus. We have

=id:2Q - Nx8Q,

e((ut+v) =) a. - o(u,...,uv,...,v))
S N~
= (u+tv)= Z_,S . Uy Uy ..oy V),
(codim 2) (codim 2(r + )

with cobordism classes a,, € @ ® Q of dimension 2(r + s — 1).

Remark: The above equation is an identity in the cobordism ring. Hence it is respected
by all genera (ring homomorphisms). This means that one obtains the coefficients a,
in the addition theorem of an arbitrary genus ¢ by a,s = ¢(a,,). In this sense, the
above formula yields a universal addition theorem (cf. [Qu69]).

The derivative of the logarithm g belonging to ¢ is, by our discussion in section 1.6,

= P.(C)-y".
n=0

Milnor (cf. [Mi65]) has introduced some interesting manifolds, with whose help the g,
can be determined.

In the following P;, resp. P;, shall always denote the complex projective space of

(complex) dimension i, resp. j. We consider P; x IP’]:: The cohomology of the compo-
nents is generated as rings by u € H%(P;;Z) with u**! =0 and v € H%(P;; Z) with
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3Tl = 0. We further identify u, resp. v, with the pulled-back classes under the pro-
jection onto the components, therefore u, v € H*(P; x P;;Z) and H*(P; x P;;Z) =
Zlu, )/ (u,v7T). Let © = (zo:...:2;) and y = (yo:...:y;) be the homoge-
neous coordinates on P;, resp. P;. A polynomial P(z,y) has double degree (a,b)
if it is homogeneous in z of degree a, and homogeneous in y of degree b, so that
P\ -z,p-y) = A*u’P(z,y). Then the equation P(z,y) = 0 defines a hypersurface
in P; x P;. This is smooth exactly if the partial derivatives of P with respect to the
and ys vanish only for =y = 0. Such a smooth hypersurface of double degree (a,b)
represents a cohomology class which depends only on a and b, namely a-u+b-v.
We consider the smooth hypersurface H;; C P; x P; of double degree (1,1), defined
by Zoyo+ -+ Zxye = 0 (k = min{s,5}). This has real dimension 2(i +j — 1) and
represents the cohomology class u + v. We therefore obtain

Hi' =H,. = a  \U,y...,U,V,...,0
£( J) * r§>:0 S(\_.\,_/\_V)_/)

T S
i ]
- Z ZQT‘S ) Pi-—?‘ : Pj——S)
r=0 s=0
since the virtual submanifolds (u,...,u) resp. (v,...,v) in P;, resp. P; are repre-
N — S—

S

sented by P, C IP;, resp. P, TC P;.

With the notations F(y1,92) = 3, ;508rs - ¥1¥5 and H(yy,y2) = 2o >0 Hij yiyd
we have the following

Proposition: H(y1,y2) = F(y1,v2) - ¢' (1) - ¢'(v2)-

Proof:
H(y1,y2) = Z Hi; - 91}
5,720
i j . .

= Z ( Z—a—m Pir Py y;?/%)
1,720 =0 s=0

=3 (ar vivs YR vl Y Bim i)
7,520 i>T j>s

=F(y1,v2) - ' (1) - g'(%2)- yi

Remark: This is an identity in the cobordism ring. It holds also over Z. Since the
power series g'(y) is invertible over Z, one can express the g, in terms of the H;;
and the projective spaces. Thus one obtains concrete formulas, e.g.:

Hyy, = Q_o,1+IP1, Qy; = Hy1 — Py,
Hl,l = 43 + 29_0‘1 P+ P%, a; = H1’1 -2 HO,I . ]Pl + IP’%
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Now let ¢ be an elliptic genus, so that with y = f(z) we have the formulas

2 1
ff=Ply)=1-26-y"+e-y*, ¢(y) = :
P(y)

vV P(y2) +v2 - /P(y1) .

1—e-yiy?

F(ylvyz) =

From this we obtain the following

Corollary:

Hi;)- i‘j: Y1 Y2
igo(p( )i <\/P(Zl1)+\/P(1/2))(

1+ eyiys +yiys +- ). dd

Corollary: Let 7 > 1 without restriction. Then

N 0’ 1=1 (2),
(p(HU) - {Ei/2 . (p(Pj—i—l(C))’ 1=0 (2)

Proof: One can obtain the summand o(H;;) - y1y2 in the above equation for j > 1
only by multiplying ya/+/P(y2) = 32 - g'(y2) with (1+6y1y2 23/1‘:!/3 +--). The
only term that yields the monomial yiy} for even i is aj—i Y3 " gt/ 2ylyl where ay
is the k-th coefficient of the power series

Y —-a — - P, k'
507 =Y 9'(y) l;so( k—1)Y

For odd ¢ there is no monomial yiyé it

Remark: Because H;; = Hj;, all cases are included. In particular, (P(Hij) has the
following values for special 7 and j:

1) 7 even, j > i: value O,

2) |i—j| even: value 0,

3) 4 even, j =i+ 1: value &/2.
Corollary: A(H,;) = 0 for i, j > 0.
Proof: The A-gcnus is the elliptic genus for ¢ = 0 (with the normalization § = —% ).
So the vanishing on H;; for 4,7 > 0 follows from the above corollary. i}
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4.1 The signature and the L-genus

The Milnor manifolds H;; C P; x P; of the last section are total spaces of a beautiful
fibre bundle. To see this, we consider the projection of P; x P; onto P;. This induces
for 1 < j a fibration of H;; over P; with fibre P;_;, as one sees directly from the
equation for H;;. The manifold H;; is therefore the total space of a projective bundle
over IP;. Since for even j every genus @(P;_1) is zero, and since in the last section
we saw that for elliptic genera also ¢(H;;) =0 for even j with j > ¢, it follows that
elliptic' genera behave multiplicatively for these fibre bundles:

o(Hij) = p(P;) - p(Pj—1)  for jeven,j > 1.

Remark: This multiplicativity does not hold for all 7, 3. For 7 =i+ 1 and 7 even
one obtains o(H;;) = */2 (cf. section 3.2), which can very well differ from o(P;)°.
E.g., for 1 = 2 the condition for multiplicativity is

e = p(Hy3) = p(P2)” = 62,

which characterizes up to normalization the L-genus.

We shall now consider more closely the L-genus in connection with multiplicativity.
The L-genus is the elliptic genus with € = §? = 1. It satisfies Q(z) = z/ tanh (z) and
f'=1-f% Since ¢'(y) = (1~ y2)‘1, the L-genus is characterized by L(Py,) = 1.
Without normalization, it would give for Ps, the value §™.

For a 4n-dimensional, oriented, compact manifold M there is in a natural way a
quadratic form on H2"(M;R), given by a + (a-a)[M]. This can be diagonalized
with respect to a suitable basis of H2"(M;R), say with p diagonal entries 1 and ¢
diagonal entries —1. Then p and ¢ are uniquely determined. Due to Poincaré duality,
this quadratic form is non-degenerate, hence p+q = dim H2*(M;R) = by,, the middle
Betti number of the manifold. One defines the signature of M as the signature of the
quadratic form, i.e. sign (M) := p — q.

The L-genus yields precisely this important invariant of a manifold M4%™:

Signature Theorem (Hirzebruch):

L(M*™) = sign (M*").
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Proof (cf. [Hi56]): The signature is a cobordism invariant, which is compatible with
the ring structure (disjoint union and Cartesian product) in the cobordism ring @ Q.
Moreover, sign (P;,) = 1 and thus, since the P, from a basis sequence, sign = L.

ig]
Now in 1957 Chern, Hirzebruch and Serre proved the following result (cf. [ChHiSe57]):

Theorem: Let E be the total space of a differentiable fibre bundle with fibre F and
base space B. Suppose that E, B, F' are connected, compact, oriented manifolds, and
that the fundamental group w (B) acts trivially on H*(F;R). Then the signature is
multiplicative in this fibre bundle, i.e. sign (E) = sign (B) - sign (F). pid
Remark: For simply connected base spaces B the theorem is naturally always appli-

cable, since then 71(B) = 0. Without the assumption on m;(B) the theorem is false
(cf. section 4.6)

Question: Which genera are multiplicative under the above assumptions? (The Euler
number is multiplicative in arbitrary fibre bundles, but is not an oriented cobordism
invariant.)

Theorem (Borel, Hirzebruch): The signature is the only genus which is multiplicative in
fibre bundles (E, B, F) with simply connected B and takes the value 1 on P,(C).

Proof: As stated above, for ¢ < j the Hj; are total spaces of fibre bundles over PP;
with fibre P;_;. For ¢ = 2 and j # 1 odd, we have a sequence of 8, 12, 16,.. .-
dimensional manifolds, which are all fibered over [P;. We show later in this section that
P, and the Hy2k+1 (kK =1,2,...) form a basis sequence of the cobordism ring. Now
let ¢ be multiplicative as above. Since ¢(P2) = L(P;), the genus ¢ coincides with
L on all manifolds of dimension 4 (these are generated in Q ® Q by P5 ). Then also
p(Ha3) = L(Hz3), since Hs 3 is fibered over P, with fibre P, and ¢ and L are
both multiplicative (P, is simply connected). Now ¢ and L coincide on all manifolds
up to dimension 8 (they are generated by P, and Hj3). Since all Hj oy fibre
analogously into lower-dimensional projective spaces with base P, (simply connected),
one shows easily by induction that ¢ and L coincide on the entire cobordism ring. For
the proof see also [BoHi59].

In order to show that the Hj k41 together with P form a basis sequence, we consider
the number s(M**) which is defined as follows:

S(M%) = (o422 [,
if p(M) = (1+2%)---(1+22). The number s is, on manifolds of fixed dimension
4k, the genus for Q(z) = 1 + 2%*. We shall also denote this genus by s.
Lemma: s(Py;) = 2k + 1.

Proof: We have

P(]P’zk) — (1 +g2)2k+1

= 8(Pak) = sk(Pak) = (1 + Q%)QHI[P%}'
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The coefficient of g2* in this expression is 2k + 1 and
(2k + 1) - g% [Pax] = 2k + 1. pif

Remark: For a product M* = U x V with dimU, dimV < 4k we have s(M) =0,
since:
S(M) = Sk(M) = sk(U) . Sk(V) = 0.

Theorem (Thom): A sequence M*, M?, ... of manifolds is a basis sequence (i.e. Q®
Q=Q[M* M8,..]])ifand only if s(M**) is different from zero for all k (cf. [Th54]).

Proof: In Q ® Q each manifold M** is a polynomial in the projective spaces Py,
which are known to be a basis sequence. Evidently Py enters only linearly (with a
coefficient ay ) in this polynomial. The M** therefore form a basis sequence if and
only if aj 5 0 for all k (proof by induction). However, by the above remark,

s(M**) = 5 (M*") = a - s (Pak) = ax - (2K +1). s

Proposition: If ¢, j > 2 with dim¢c H;; =1+ j — 1 even, then
s(Hy) = =("77) #0.
Proof: By construction of the H;; C P; xIP;, the results on virtual submanifolds yield:
p(Hig) =i (1+03) - (1402 (14 (@ v)) )
= S(Hij) = s@4j-1)2(Hij)
=" ((1 Fart Y ()T (4 v)"““l)’l)[Hij].

Since for j > 2 (hence i +j — 1 >4+ 1) it follows that w71 = 0 (analogously
i > 2 implies v'*97! = 0), there only remains:

. itj—1y—1
s(Hig) = 1" (1 (u+0)"7) ™) (Hy)
i* (1= (u+v) Y [H)
= (1= (u+v)771) - (u +0))[P; x P;]
— () (') [P x B}
-().
Here we have twice dropped terms outside of the correct cohomology dimension in the
calculation. pig

Corollary:

1)  The manifolds Py and Hjax41 for k 2> 1 form a basis sequence.
2) The manifolds H3or—o for k 2 1 form a basis sequence.
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Proof: Since both sequences contain a manifold of dimension 4k for each £, it suffices
to show that s does not vanish on these manifolds. This is clear for P, = Hj g, and
follows for Ha k41 and Hzop—o (k > 1) from the theorem. pil

One can even construct a basis sequence of the cobordism ring over Z (modulo torsion)
from the complex projective spaces and the H;;. This follows from (cf. [St68], p. 207)

Theorem (Milnor): A sequence of manifolds M** is a basis sequence over 7. of §
modulo torsion if it satisfies:

a4y _ ) Ep, 2k+1=19p", pprime,
s(M*) = {:tl, otherwise. i

Corollary: A number n € Z can be written as s(M**) if and only if 2k + 1 is not a
prime power, or n =0 (p) for 2k+1=1p". g

4.2 Algebraic preliminaries

Up to now, for a complex bundle E over a manifold X we have always factored the
Chern classes c¢;(E) formally, i.e. ¢(E) =[], (1 + ;). In the next section we will
carry out the factorization geometrically (the splitting principle, cf. [Hi56] or [BoTu82]),
and thereby locate these z; in the cohomology ring of a suitable manifold. We first give
a few considerations of an algebraic nature.

We consider the polynomial ring S = Z|¢i,...,¢,] in the indeterminates ¢; of weight
2¢. Later we shall substitute for the ¢; the Chern classes of a bundle, and so obtain a
mapping of S into the cohomology ring of the manifold X, where naturally relations
can appear. Further, let R = Z[z,,...,z,] be the polynomial ring in the indeterminates
x; of weight 2. By means of ¢; — o;(z1,...,T,) we obtain a degree preserving
injection of S into R (o; is the i-th elementary symmetric function). We identify the
polynomial ring S with its image in R. Hence S becomes a subring of R, so that R
is a graded S-module. We want to determine a basis of this module.

We have:
(t+a1) - (t+zn) =t"+t""cp 4+ cn,
and for ¢t = —z; we get
0=2a} -2 e -+ (-1)"cp.

Hence {l,zl,...,m;‘—l} is a basis of the S-module S[z;] C R. The product
(t+z3)---(t +,) is a polynomial in ¢, whose coefficients are polynomials in the
¢; and z, for:

(t+ze) (t+z,) =" +t"2 G+ + Cne,
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where ¢; can be recursively determined by
Ck<1‘1, e ,xn) = Ek(xg, ... ,.In) + xlEk_l(xg, .. ,In) and ¢ :=1.

We therefore obtain inductively as basis elements of R over S all n! monomials
of the form zil coegteowith 0 < 1; < n— 3 (in particular, always 4, = 0, since
Tp, = € — %3 — -~ — Xn—1 ). Thus there is precisely one basis element of highest
weight, namely 77! -2372...z,_; with weight n(n — 1). Let P € R; then P can
be written uniquely as an S-linear combination of the above basis elements. We are
especially interested in the coefficient p(P) € S of the unique basis element of highest
weight. We shall now determine this for the polynomial P =[], j (z: — z;). Because
P and all the basis elements are homogeneous, this also holds for the coefficients s;, ;.
in the basis representation. Since P has weight n(n — 1), the coefficient s;,, _;, has
weight n(n —1) ~ 2377, 4;. Therefore the coefficient p(P) has weight zero, hence
p(P) € Z, while all other coefficients have strictly positive weight. Therefore we can
determine p(P) by computing P modulo the ideal I = (¢;1,...,¢p).

To do this, we consider the polynomial
(t+z) - (t+z)=t"+t" e+ +ens
putting ¢ = 1 — z; gives:

(Itze—z)(I+zn—z)=1-2)" +(1-21)"" aat+ea

Since the ideal [ is homogeneous, we can consider the terms of equal weight modulo
I and obtain as components of highest weight of these expressions:

(2 —21) - (Tn —z) =0 (=2)" (1)
By induction we obtain

H (zi —z;) =l (=21)" (=22)" 2 (~Tnr)  (])
>3
=nl- (—1)"("”1)/%?_1 e Tp1 (1),

which gives

F([L @ — =) = ("2,

i>j
For an arbitrary polynomial P in R we now put

p(P) := p(P) - (=1)" "D/,
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With the notation sgn (s) for the sign of a permutation s, we have the

Proposition: p(P) = (ZsESu sgn (s) - s(P))/ [Ls; (i — z5).

Proof: Let Q be the numerator of the right side; then for each transposition 7;; € S,
we have 7;;(Q) = —Q. Polynomials with this property contain the factor z; — z;.
Therefore the quotient on the right side is a polynomial. In particular, it vanishes if the
weight of P is smaller than n(n — 1). Since the quotient is also invariant under the
action of S, itis a polynomial in ¢; through c,. Moreover, the right side is S-linear.
Since this is also true of the left side, it suffices to verify the equation on an S-basis
of R. For all our basis elements below weight n(n — 1) both sides give zero. In place
of the basis element of highest weight we use the polynomial P = Hi>j (z; — zj), in
whose basis representation the summand (—1)"("—1)/ Inl. 77!z, enters, as has

just been verified. Therefore p(P) = n!. On the other hand, s(P) = sgn(s)- P, hence
all summands are equal to the denominator, and therefore on the right side we also obtain

n!. gt

4.3 Topological preliminaries

Let X and Y be compact, oriented manifolds. In the following we always consider,
if nothing different is said, (co-) homology groups with coefficients in Z. By Poincaré
duality, H*(X) = H.(X); more precisely, H'(X) = H,_;(X), where n = dim X.
Let f: X — Y be a continuous map. Then f induces maps f*: H*(Y) — H*(X)
and f, : H.(X) — H.(Y) on the cohomology, resp. homology level. Poincaré duality
p now yields also a mapping f, : H*(X) — H*(Y'), more precisely
H(X) Lo gmor(y)
lp lp

H,_;(X) ELN H,_i(Y),

where m = dimY. For b € H™(X) we have f.(b) € H™(Y) and
b[X] = f.ub[Y],
where [X] and [Y] again denote the fundamental cycles of X and Y. Since H*(X)

isaringand f*: H*(Y) — H*(X) is a ring homomorphism, H*(X) is also a module
over H*(Y) and for a € H*(Y), b € H*(X) we have

fu(f*(a)-b) = a- f.(b),

ie. f.o is an H*(Y)-module homomorphism.
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Let f: X — Y be a fibre bundle where the fibre A is a compact, oriented manifold.
Then one has:

fo HY(X) = HY(Y),
fot HY(X) — HT4m Ay,

Remark: In the differentiable case one can regard this mapping f, in de Rham
cohomology as integration of differential forms over the fibres.

From now on, let X and Y as well as f : X — Y be differentiable. We define
a sub-bundle X* of the tangent bundle TX of X. The fibre of X% over a point
z € X 1is formed from all tangent vectors at the point z which are tangent to the fibre
A through z. We call this bundle X“ the bundle along the fibres. The restriction of
X* to a fibre is isomorphic to the tangent bundle to A. We have:

TX= X% f*'TY.

Example: For aproduct X Y x A, TX 2 7*TA® f*TY, where 7 is the projection
of X onto A.

Now let Q(z) be an even power series in z with coefficients some integral domain R
over Q. The corresponding multiplicative sequence for a bundle E is then K(E) =
Ko(E) =372, Ki(p1,-..,p:), where p; = p;(E). Then we have:

1=0

K(TX) = K(X?%)- f*K(TY)
=  K(X)=K(TX)[X]
= £ (fPK(TY) - K(X?))[Y]
= (K(TY) - f.K(X%))[Y].

By evaluation on a point in Y one obtains:

[ K (X*) = K(A) -1 + (higher terms)
= K(X)=(K(TY)- (K(A) -1+ (higher terms)))[Y].

The higher terms must be present if the genus K does not behave multiplicatively for
the fibre bundle. Therefore we make the following

Definition: The genus corresponding to the power series Q is called strictly multiplica-
tive in the fibre bundle f : X — Y with fibre A if f.K(X*)=K(A)-1€ H°(Y;R).

Thus we obtain the
Proposition: If K is strictly multiplicative, then K(X) = K(Y) - K(A). yid]
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4.4 The splitting principle

Let £ — Y be acomplex vector bundle over a compact, oriented, differentiable manifold
Y. The flag manifold F(V') belonging to a complex vector space V of dimension n
consists of all flags of subspaces of V' of length n. For the vector space V' = C™ with its
standard basis we have F(n) := F(C") = U(n)/T™, where T™ = (U(1))" = (S1)"
is the standard maximal torus in U(n). Notice further that two flag manifolds over
different vector spaces of equal dimension, but lacking canonical isomorphism, are not
canonically isomorphic.

We now consider the bundle o, : F,, — Y, which has as fibre A over each point z € Y
the flag manifold of the corresponding fibre of E ( F, is the F(n)-bundle associated to
E, having structure group U(n)). In addition, we form in the same manner still further
U(n)-bundles o; : F; — Y, having the fibres.

Um)/(T* x U(n — i) = U(n)/(U(1)" x U(n - 0))

(increasing flags of length 7). Between consecutive bundles there is a natural projection
7« F; — F;_; with fibre

Un)/(T*xU(n—1%) _ Un-i+1)

Um/@ x Un—i+1) - TxOm=1)

With this definition we have o; = 772 ---7;, and we define the projection =; by
i 1= Tig1 - Tn—1Tn, SO that m; : F,, — F;, with respect to which F,, is a bundle
with fibre U(n —1)/T™"* = F(n —1).

A point in a fibre of F} canonically represents a line in the corresponding fibre of E.
Therefore Fj is the projectivized bundle PE. If one pulls back E to Fj by means of
01, then over each point of /| one has a distinguished line in the fibre of the pulled-back
bundle over this point, and can so split off a line bundle L,

U;(E) = Ll D E1~
Now a point in a fibre of F, that lies over some point L in Fj, canonically represents
a flag of length 2 which consists of the line given by the point L in Fj and a plane
containing this line. So this flag can alternatively be given by a line in the complement of

L, i.e. aline in the fibre of E; over L in Fy. Therefore F, is the projectivized bundle
PE; and we can proceed inductively, and o E automatically splits off ¢ line bundles,

odE=L®---®L;®E;,

where E; 1s a vector bundle of rank n — 1.
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Thus we have the following diagram:

Li® - &L, — F,
! L
Lo - -0L;0E — F 1
! !
L1 EB E1 - F1 g;
i) f loy
FE — Y.

The line bundles L; restricted to a fibre of F; — F;_; are tautological bundles.
Let them have first Chern classes z; € H?(F;;Z). One deduces (consider the Leray
spectral sequence, or more simply apply the Leray-Hirsch theorem) that H*(F};Z) is

n—1

freely generated as a module over H*(F;_1;Z) by 1, x;,...,27 7", and the mapping
7 H*(Fi—1;Z) — H*(F;;Z) is injective; we can therefore consider the cohomology
rings as subrings of H*(F,;Z), and with this identification we have:

o, E=L1 & & L,,
c(Ey=oc(E)y=(1+z1) - (1+zn).

Let FiA be the bundle along the fibres of the fibre bundle =, : F; — F;_;. Then we
have the following (cf. [Hi56], Theorem 13.1.1 e)

Lemma: FA = E; @ L7

Proof: Restricted to the fibres (i.e. in the special case that Y is a point) we have
FlA = TP,_;. One has the exact sequence of vector bundles

0—-1—-n-H TP, —0.

Here, 1 is a trivial line bundle and H is the taﬁtological line bundle, hence is the
restriction of L; to the fibre. We have

n-H =n-19H* = (Ho E) ® H*,

where H @ H* is the image of the trivial line bundle in the above sequence and El is
the restriction of E to the fibre. Since the sequence splits, it follows that

TP, , = E, ® H".
From the functoriality of the construction, the statement for F® now follows. For F*

with ¢ > 1 one obtains the result inductively, by carrying out the construction for the
bundle E;_; — F;_y. pi
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From the lemma we therefore obtain the following formulas:
MFA=LinoLl'e - eL,®L,
mre(FA)Y = (14 zipy — ) (1 + 20 — z5).

For the bundle F2 along the fibres of the map o, we therefore have

¢(FA) =c(riFf @---@mF) = [[(1+2 - 1)),

i>j
In the algebraic preliminaries we obtained from
(t+z) E+z)=t"+t" i+ +cp,
by the substitution ¢ = 1 — z;, the identity
(A+z—21) Q4T —z) =0 -2) "+ —2)" 14 +cp.
We apply this to the total Chern class of FlA and see that
c(F)=(1-z)"+(1—21)" 1+ +cn € H'(F; 2),

where ¢; are the pulled-back Chern classes of E.

For the cohomology of the flag manifold over a vector space V' of dimension n we
have the following

Lemma: The Euler number of the flag manifold is n!.

Proof: We consider the trivial bundle V' over a point. F,, is then the flag manifold
of V and

H*(F(V);Z) = Zlzy, . .., za)/(c1,- - Cn)-

Therefore, as a Z-module H*(F(V);Z) has the basis elements 23! ---zi with 0 <
t; < n —j. Since these all lie in even dimensions and their number is !, the assertion
follows, for the Euler number is equal to the alternating sum of the Betti numbers. pifl

Alternatively, one can also use the multiplicativity of the Euler number. Since e(Py) =
k+1 and F(n) is fibered into Py,...,P,_1, we have

e(F(n)) =e(Py)---e(Pn_y) =n!.

Lemma: o, (HD]. (z; — xj)) = n!l.

Proof: Since the dimension of [[,.; (z: — ;) is exactly n(n —1) and o,, lowers
the dimension by n(n — 1), it suffices to evaluate the expression over a point P:

On, (H (xi——l'j)) [P] = (H (iEi—wj)) [F(n)]
=c, (FA){F(n)] =e(F(n)) =n!.

Here we have used the fact that in the fibre over a point P, the bundle FA §s isomorphic

to TF(n). it
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4.5 Integration over the fibre

Now we shall turn our attention to the integration over the fibre.

Theorem: With Q(z) = z/f(z) and f(z) =z + --- an odd power series, there holds
for Fp:

- 1
A
. Ko(F) =Y [[ 7/
i=1 j#£i f(x] z,)
Proof: Let a be a symmetric expression in the z;, therefore a polynomial in the ¢;.
With our identification a = o(a), for an element b € H*(F,;Z) we have
On(a-b)=0op,(0ra-b)y=a- o,,b.
In addition, o,, is naturally additive, hence is Z[ci,...,cy]linear. Furthermore,
the cohomology dimension of an element is lowered by n{n — 1) under the mapping
on.- Since H*(F,;Z) is generated, as a module over H*(Y;Z), by the elements
zl' ---zhr with 0 < 4; < n — j, and the mapping o,, is Z[c,...,cp)-linear with
Oy (Hbj (z; — zj)) = n!, it coincides with the map p occurring in section 4.2.
If we apply the above to the bundle E; — Fi, then we obtain (inductive construction
of the F;)

“1*( H (zi —CBJ-)) =(n-1)!

1>522

= (n—1)!or, (Ko(FP))

=(n -1 01,(Qx2 — 1) - Q(Tn — 71))

=01, (7(1* ( Il @- Ij)) “Qz2 —z1) - Qzn - 961))

i>522

= on. ([T (@ —25) Qs — 1)+ Qan —21))
i>322
sgn () (ILis 3 (s = 2;) - Qw2 = 71) -+ Qam — 31))

Hi>j (zi — z5)

$(Tis o2 (@ = ) - Q@2 = 21) -+ Qan —31))

- s€S, 5<Hi>j (z: — :z])>
_ s Qza —71) - Q(Tn — 71)
- < (22— 21) - (&n — 1) >
=(n - Q(z; ;)

=( 1):;}; ey
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Here we have used the fact that S, is the disjoint union of the S,_y - 71;, where 7;
transposes 1 and 7. As we know from the algebraic preliminaries, the result is in fact
a polynomial in the c¢;. yid]

Corollary: The genus belonging to the power series Q{(z) = z/f(z) is strictly multi-
plicative in bundles with fibre P,_1(C) if and only if the following identity holds:

n 1 _
;E flo—a) ¢

This constant c is then the value of the genus on P,_;(C). it

4.6 Multiplicativity and strict multiplicativity

We now want to find power series f(z) which behave strictly multiplicatively in fibre
bundles with fibre P,,_;(C) (cf. [Oc87]). We have just seen that the genus associated to
Q(z) = z/ f(z) is strictly multiplicative in such fibre bundles if and only if there holds:

1 1
(@) G —m) " = wn) fn -z

KQ(Pn—l((C)) = [

Proposition: For a genus ¢ the following are equivalent:
1) ¢ is an elliptic genus,
2) @ is strictly multiplicative in fibre bundles with fibre Py, _1(C) for all n,
3) o is strictly multiplicative in fibre bundles with fibre Ps;(C).
Proposition: For a genus ¢ the following are equivalent:

1) @ is up to normalization (i.e. passage to f(ax)/a ) the L-genus,
2) @ is strictly multiplicative in fibre bundles with fibre P,(C) for all n,
3) o is strictly multiplicative in fibre bundles with fibre P5(C).

Remark: Notice 3) = 2)!

Proof of the propositions: The proof of both propositions follows directly from the
following lemmata. i)

Lemma: 1) = 2) for elliptic genera.

Proof: For all z,,...,z, € C, with z; pairwise distinct modulo L, the function

1
o) = e e e
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is elliptic with respect to L for even n (cf. section 2.2). Therefore, according to the
residue theorem we have:

0=(-1)""" Z res; h
zeC/L
3 1 1
T fm ) fEn—z) | F@i—wa)  f @ —5a)
Since the z; were arbitrary, this identity also holds for the formal power series. Further,

since the coefficients of the power series f are polynomials in ¢ and §, the above
identity also holds for degenerate lattices on grounds of continuity. pig]

For odd 7, elliptic genera are in general not strictly multiplicative. For then the function
considered above is only elliptic with respect to a lattice L of index two in L. Therefore
all poles appear doubled, but with opposite signs. Hence the whole expression on the
right side cancels, and one obtains no information.

Lemma: 1) = 2) for the L-genus.

Proof: For the function tanh (z), the fundamental mesh (period parallelogram) of the
lattice L degenerates to a fundamental strip H = {z € C|0<Im(z) < 7} (tanh
has the period i ). The pole set of 1/f(z) is Zwi. For the symmetrized sum therefore
holds:

(-~
Z:[j[tanh z; — ;) Zre’”taunh(ﬂt:—:cl) ‘tanh (z — z,)

=1 j#1

If one now attempts to calculate this residue sum by integrating the function
1
h =
() tanh (z — z;) - - - tanh (z — z,,)
over the boundary of the fundamental strip H, one finds that:

mmﬁ{@WZ for 2 — oo,

1, for z — 0.

Since the fundamental strip has width =i, integration over the fundamental strip gives
for the sum of the residues the value O for even n and 1 otherwise, so is constant in
every case. yid

Remark: 2)=> 3) is trivial.
Lemma: 3)=1).
Proof (exercise): Let f(z) be an odd power series. Show by power series calculations:

i) If f satisfies the identity

ZHf(fl’J’xt =

i=1 j#1
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then up to normalization f(z) = tanh (z).
i) If f satisfies the identity

1 ——
;Hf(fﬂj—fﬂi) =0

then f belongs to an elliptic genus (namely show: f is uniquely determined by
the coefficients of 2° and z%).

aj

Remark: Alternatively, one can also prove this lemma by constructing a basis sequence
in which all spaces are total spaces of fibre bundles, with fibre P»(C) for the L-genus,
resp. P5(C) for the elliptic genera. One then argues inductively over the dimension of
the manifold.

In order to deduce 1) from 2) without the characterization 3), one can proceed exactly as
in the proof of the theorem of Borel and Hirzebruch in section 4.1. We recall the Milnor
manifolds: These form for 1 =3 and j =2k -2,k > 1 (thus dim H;; = 4k ) a basis
sequence (since then sx(H;;) # 0). In this situation, for k > 3 the manifold Hj 952
fibres over P3(C) with fibre P, _3(C) being a projective space of odd dimension.
Since H3 o = P»(C) and Hj s = H,, the implication 2) = 1) is thereby proved.

In particular, we then have
P(P2(C)) =6, @(Hz3)=¢€, and @(Hsz2k—2)=0forallk > 3.

A more general result on multiplicativity in fibre bundles has been proved
by Taubes and Bott-Taubes (cf. [Ta88], [BoTa89]). We give a reformulation
using [Oc86], Proposition 1.

Theorem: Let M — B be a fibre bundle with a compact, oriented, spin manifold F as
fibre and compact, connected Lie group as structure group. Then every elliptic genus is
multiplicative, i.e. (M) = ¢(F) - o(B). i
In order to make the difference between multiplicativity and strict multiplicativity vanish,
we now have a

Theorem (Borel, Hirzebruch): Let F' be a fixed compact, oriented, differentiable man-
ifold. Further, let 9 be the category of all fibre bundles ©# : M — B with fibre F,
where all manifolds considered are compact, oriented and differentiable and 7, (B) op-
erates trivially on H*(F;Q). If ¢ is a multiplicative genus, i.e. o(M) = o(B) - p(F)
for all these fibre bundles then ¢ is also strictly multiplicative in these fibre bundles,
Le. T (Ky,(M*)) = o(F)-1 € HYB;Q).

Proof (cf. [BoHi59]): According to Thom [Th54], the submanifolds of a compact,
oriented, differentiable manifold generate the rational homology (a suitable multiple of
every homology class can be represented by a Z-linear combination of submanifolds).
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We now proceed inductively as follows: Let ¢ be strictly multiplicative up to dimension
k. Let K be the multiplicative sequence belonging to . For the bundle M A along
the fibres holds:

T (K (M2)) = o(F) + ak + agyr + -+,

where the a; € H’(B;Q). Now let X be a k-dimensional submanifold of B. The
fundamental group m;(X) again acts trivially on H*(F'; Q). We now restrict the fibre
bundle to X. Then we have

w*(K(MAlx)) =p(F)+ar+0
restricted to X. Now we have:

P(X) - o(F) = p(r71(X))
(K(r"TX) - K(M%|x)) [r~"X]
= (K(TX)- W*I((MAIX))[X
(
X

= (14 +9(X) - gx) - (p(F) + ax))[X]
= (p(X) - o(F) - gx + ax)[X]
=o(X) - o(F)+ax[X]  (since gx[X] =1)
= ag[X]=0 forall X
= ar=0. ig

Corollary: The L-genus (signature) is strictly multiplicative in all differentiable bundles
(with my(B) acting trivially on H*(F;Q) ).

Example: Let M and B be manifolds, dimM = 8, dim B = 4 and let M be
total space of a fibre bundle with fibre F' and base B (with m;(B) acting trivially on
H*(F;Q)). Then the vector bundle M? has the Pontrjagin classes p; € H*(M;Z)
and py = e € H3(M;Z). For the multiplicative sequence of the signature there holds
in dimension 8:

Ly = (Tpo — p) /45.

Now ., (Lg (MA)) = 0, for in view of the strict multiplicativity of the signature we
have m,(L(M?2)) = L(F)-1 € H(B;Q), while ,(L2(M?)) lives in H*(B;Q).
Further, m, is an isomorphism in the highest dimension, since Poincaré duality and m, :
Ho(M;Z) — Hy(B;Z) are both isomorphisms. Hence over Q we have Ly(M*2) =0,
so Tpp —p? =0 or

e? = p}/7,
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for the bundle along the fibres of an 8-dimensional manifold fibered over a 4-dimensional
manifold.

Problem: Is there a bundle (with fibre dimension 4), for which the corresponding
equation for the Pontrjagin classes does not hold? (In base dimension 4 there is no
torsion, but in higher dimensions it is indeed possible.)

Example: Kodaira (cf. [Ko67]) has found a family of manifolds in the complex analytic
category which shows that the trivial operation of 7;(B) on F' is a necessary hypothesis
for our theorem. These manifolds are called Kodaira surfaces and are of general type. As
complex surfaces, they have real dimension 4, and further they are total space of a fibre
bundle with fibre and base a Riemann surface. If the L-genus were multiplicative in these
fibre bundles, then on dimensional grounds the signature would be zero for these surfaces.
However, Kodaira has calculated that the signature of these surfaces is strictly positive.
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5.1 Elliptic operators and elliptic complexes

Let X be a compact, differentiable manifold of dimension k, and let £ and F be
complex C®-vector bundles over X of rank m, resp. n. Denote by I' the vector
space of all C*-sections of a bundle, and let D : I'(E) — I'(F) be a C-linear map.
Each f € T'(E) can be written over a trivializing neighborhood U of a point z € X
as f = (f1,..-,fm), where the f; are C°°-functions over U. In the same way the
image g = D(f) can be written locally as g = (g1,...,9x)-

Definition: D is called a differential operator of order p if there is an m X n matrix
(dij) with

(gl’”-agn) = (fh”')fm) ‘(dij),

where the d;; are polynomials in the 5—2—— of degree (at most) p with differentiable
functions as coefficients.

Here it is not required that the order p be chosen minimally. Let = denote the projection
of the fibre bundle 7 : T*X \ 0x — X, i.e. the cotangent bundle with the zero section
0x removed. To a differential operator D of order p we now define the p-symbol

oP(D):7*E — m*F

as follows (cf. [We80], p. 115):

For 0 #v € T*(X) and g a C*-function on X with dg, =v and f(z) =e € E,,
put
P

oP(D)w,v)e = D5 (9~ 9(x))" - f) (@)

In order to describe the symbol locally, we form the matrix (d{*’), in which d{*) is the

homogeneous component of d;; of degree p. For £ € X and v = (v1(v),...,v:(v)) €
T;X we replace the z2- by iv, in (dgf)) and obtain a matrix (08’)). This is

independent of the chosen chart of the manifold, since the v, (coordinate functions

of T*X ) and the 50— (basis of T,X ) coincide. We therefore obtain the C-linear map

(O’E;)(D)(.’E, v)). Obviously, the symbol depends on the order of the differential operator.

Definition: A differential operator D of order p is called an elliptic differential operator
if d®)(D):7*E — 7*F is a bundle isomorphism of ©*E onto w*F.
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Remark: For an elliptic differential operator the order is therefore well-defined.

Example On X = R*/L, where L C R* is a lattice, the Laplace operator A :
5‘9;{ + -+ —; is an elliptic operator of order two on functions, i.e. on sections of the

trivial bundle X x C, for we have o (A)(z,v) = — (v} + -+ v2) #0 for v #0.
For elliptic differential operators one has the following (cf. [We80]) important
Theorem: ker (D) and coker (D) are finite dimensional. ap

Remark: One obtains the statement about the cokernel from the (difficult) statement
about the kernel, by considering the adjoint operator.

Definition: The index of D is defined by
ind (D) = dimg ker (D) — dimg coker (D).

Now let Ey,...,E, be complex vector bundles over X, and for 1 = 0,....m — 1
let D;:T'E; — I'E;.; be differential operators of degree p with D, 1D; = 0 and
corresponding symbols o; = o(P)(D;).

Definition: Such a complex

D:TE,2%rE, —..."'rE,

is called an elliptic complex if the corresponding complex of symbols

(=2

o9 w—1
0—n*Eg = 5 7°En—0

is an exact sequence of vector bundles.

Remark: If one considers again agp)(z,v) : B — E;11,5, then the complex is elliptic
if and only if the complex of symbols is exact for all z € X and v € T} X \ {0}. For
m = 1, an elliptic complex is precisely an elliptic differential operator.

Since the composition D;D;_; = 0, one can consider the cohomology groups H® =
ker (D;)/im (D;_1). From the assertion above for the case m = 1 now follows easily
the

Theorem: For an elliptic complex, all cohomology groups H' are finite dimensional. (I
We shall put h* := dimc H* when it is clear which elliptic complex is meant.

Definition: The index of an elliptic complex D is defined by

ind (D) = i(-n" -dim¢c H* = i‘(—ni
=0 1=0

For m = 1, the index of an elliptic complex coincides with the index of the elliptic
operator Dyg.
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5.2 The index of an elliptic complex

Atiyah-Singer Index Theorem: Let X be a compact, oriented, differentiable manifold of
dimension 2n and D = (D; :TE; — TE;y;) an elliptic complex (i = 0,---,m — 1),
associated to the tangent bundle. Then the index of this complex is determined by the
following formula (cf. [AtSi681], [AtSe68I1], [AtSi68II1]):

ind (D) = (=1)" ((2(_1"17) ; (=1)* - ch (E,-)) td (TX ® C)) Xl 0

Remark: In this formula, td is the multiplicative sequence associated to the power
series Q(z) = z/(1 —e™*) (the Todd genus, cf. section 1.8). The alternating sum of
the Chern characters is in fact divisible by the Euler class; this is a non-trivial fact. It is
convenient for calculations to factor the Euler class z; - - z,, formally out of the Todd
class of TX @ C. The resulting expression no longer makes sense topologically; for
concrete calculations the Euler class always appears as a factor in the Chern characters
and corrects this error. We therefore use the formula

nd ()= (3 (-0 en(2) (== =)

1=

This formula is, however, to be used with caution, since the right product is neither
symmetric in the a:? nor an invertible power series.

Remark: This theorem gives a purely topological expression for the differentiable
invariant ind (D). In particular, the differential operators themselves make no appearance
in the formula. Interpreted differently, one now knows that the complicated expression
on the right side is integral.

The examples in the following three sections are complexes of order one.

5.3 The de Rham complex

Let X be a compact, differentiable manifold of dimension £ and T its tangent
bundle. The bundle of differential forms of degree ¢ with complex-valued coefficients
s E;, = A’(T*@C). The exterior derivative d yields an elliptic complex, d =
(d:TE; - TE;,{), whose symbol o;(z,v) is the wedge-product w + v A w (as
linear map). The cohomology groups H® will also be denoted by Hj_gy...- By the
theorem of de Rham, we have:

H;e Rham = Hl(X’ C)
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This means that not only the index of the elliptic complex d, but indeed all the individual

h* = dim H}_ .., are topological invariants, which we also denote as Betti numbers
bi. Thus
k .k .
ind (d) =Y (-1)" k' =D (-1)"-b; = e(X).
1==0 =0

We now compare this result with the Atiyah-Singer index theorem. For this, let X now
be 2n-dimensional and oriented. As we have seen in section 1.5, we have:

n

ch(z (AT ®C)) - ) ﬁ (1 + ye™)(1 + ye™%9)).

1=0

For y = —1 this is exactly the sum in the Atiyah-Singer index formula. It cancels all
factors there apart from the Euler class, and so gives correctly:

ind (d) = (e(TX))[X] = e(X).

5.4 The Dolbeault complex

Now let X be a complex n-dimensional manifold, 7' the holomorphic tangent bundle.
We have

TweC=T"oT*
= A(TReC)=A (T oT)
P (AT @ AT7).

ptg=1

IR

With the notation AP¢ := T'(APT* ® AIT*), the exterior derivative d : AP? —
APHLIg AP+ splits into d = 8+0, with 8 : AP9 — APTLY and §: API — AP+
For fixed p, J yields an elliptic complex of differential operators. This is called
the Dolbeault complex. Let HP? be the ¢-th cohomology group of this complex,
hP9 = dime HP?. Hence HPO is the vector space of holomorphic sections of APT™,
the bundle of holomorphic p-forms on X. For p = 0 these are the holomorphic
functions on X, which must be locally constant since X is compact. Hence h%0
is the number of connected components of X. The index of J for fixed p is also
denoted by x? :

n

P = Z(—l)q - hP,

q=0
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In addition, x := x° is called the arithmetic genus of X.

We shall now calculate these xP by means of the Atiyah-Singer index theorem. We
reduce the structure group of the holomorphic tangent bundle 7' to U(n), hence can
identify T* with T. First we consider the case p = 0. The bundles appearing are then
AYT* = AIT. From our earlier result (cf. section 1.5)

ch (AT) -y = H(l +y-e"),

=0 7=1

7

we obtain, with y = —1, for the sum in the Atiyah-Singer index theorem the expression

H;;l (1 — €%). Hence there remains in the formula only one of the two factors in the

product:

= Q (%){X} = td (T)[X] = td (X).

For the first three dimensions we have as examples (cf. section 1.8):

e(X) G +c

0_ % 0
= 1: = -— bt s = 2: = X’
n=1 x’=4[X]=—=3 n X 5 X1
n=23 xozc—lc—Z[X].

24

All x° are integral, being the index of an operator. One therefore obtains divisibility
conditions on the Chern numbers. For n = 1, x° is half the Euler number, hence

x® = 1— g where g is the usual genus (number of handles) of the Riemann surface.

For general p we must determine the weights of the representation which leads to
APT* ® A?T*, in order to be able to identify the Chern character. If we collect together
the results for different p by putting

Xy =2 X"y
p=0

we obtain the
n

Propesition: x, = [] ((1 +y- e’ml)-——ﬁ_—;)[X].
7j=1 1—e™

Proof: This follows easily from the formulas in section 1.5. ap

Remark: The power series z(1 +y-e7%)/(1 —e™®) can unfortunately not be taken as
the characteristic power series for a (complex) genus, since it starts with 1 4 ¢ instead
of 1. If we replace = by z(1 +y), then we obtain by evaluation on a 2n-dimensional
manifold an additional factor (1 + y)", since for the evaluation only the homogeneous
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component of degree n in the z; enters. We therefore obtain:

Hence Y,

Zj

Xy = 1—e %

—

Il
—-

(1+y-e™)

)X

M

(1 +y-emUFY) g1 4y)
1+y 1 — e—=i(l+y)

i
K::j;

)1x]

Jj=1

x](l + Y- e—xj(l'f‘y)))
( 1 —e—zi(1+y) J

Il
..,:j:

1]
—

J
is the genus belonging to the power series

_z(l+y- e—=(1+v))
T 1 —ez(14y)

Q(z)

For three values of y, this x,-genus is an important invariant:

y=0:
y=-1
y=1

X0 = Z XP-0P=x"=x (arithmetic genus).
p=0

X-1= ixp (-1)?P = i((-l)p . zn:(_l)q . hp,q)
g=0

p=0 =0

= f: (=1)*7. k7% = ind (8) = ind (d) = e(X)

P,q=0

(ind (8) = ind(d), since in the Atiyah-Singer index theorem the same
bundles, namely AT ® C, appear).

The characteristic power series for the Euler number can therefore not
obviously be normalized (for y = —1, the numerator and the denominator
of Q(z) both are zero). Nonetheless, an application of I’Hospital’s rule
yields Q(z) = 1 + z.

As characteristic power series remains

z(l+e?) z(e*+e®)  z

1—e 2 e* —e®  tanh(z)’

As we already know, this even power series yields the signature of the
manifold, so

x1 =Y xP = sign (X).
p=0
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Remark: For Kihler manifolds the two formulas xy_; = Zz,q-—-ﬂ (—1)PF9. P = (X)
and x1 = ) .o (=1)* - hP? = sign(X) were already known earlier (cf. [Ho50]),
since then H™ = P HPa,

ptg=m

5.5 The signature as an index

For an n-dimensional oriented vector space V, provided with a scalar product, one can
define a linear map (Hodge #-operator) x : A'V — A"V, To do so, let ey,..., e,
be an orthonormal basis of V' compatible with the orientation. The mapping * is then
defined on a basis of A*V by

x(ej, N---Nej)=ej N Nej,,

where the indices j;y1,...,J, are ordered so that e;, A---Ae;, gives the orientation of
V. This definition does not depend on the choice of orthonormal basis. The scalar product
on V induces a scalar product (-,-) on AV, with respect to which the e;, A--- Aej,
with j; < --- < j; form an orthonormal basis. Therefore for o, 8 € A’V and
w=-¢e; A---Ae, we have:

a3 ={a,f) w.

Moreover, one sees easily that x# = (—1)“"‘” -id . For this reason we define a map
7 on A'V by

= (1)

if dimV = 4k. Then 72 = id holds.

We now compute the signature of a manifold as the index of an elliptic operator
(cf. [AtSi68IIT]). Thus let X be a compact, oriented, differentiable, 4k-dimensional
manifold and let T be its tangent bundle provided with a Riemannian metric. This
induces a metric on the bundles A*(T* ® C). As above (consider local orthonormal
bases) the *- and T-operators can be defined on the exterior powers of the cotangent
space and also on the sections A* = I'(A*(T* ® C)). Then for «, 8 € A* we have

(a,ﬁ):/xa/\*,_é.

Since 72 = id, T has the eigenvalues +1 and —1. We can extend 7 linearly
to A(T* ® C) and obtain the sub-bundles FE, with eigenvalue +1 and E_ with
eigenvalue —1. For @ € A'(T*®C) we have o +71a € E;, a —1a € E_ and
a=1((a+7a)+ (a—r7a)), hence A(T*®C) = Ey ® E_. The maps a — a+Ta
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are injective for a@ € AY(T* ® C) with i < 2k, and because of the dimension shift

the rank of Ey is therefore greater than or equal to Y ovo" (**). In the critical case

i = 2k one can easily show that the rank of the bundle E. N A%*(T* ® C) is precisely

1(3%). Therefore we have

ke E4 = rke E_ = 2%71,

As usual, d : A* — A**! is the exterior derivative. We define d* : A* — A*"! by
d* = —*d+* = —7dr. The Hodge x-operator is a differential operator of order zero and
d has order one. For o € A* and 8 € A**! we have:

(da,ﬁ):/xda/\*ﬁ
=/ (—1)i+la/\d*ﬁ+/ d(a A +B)
X X
:/ (—1) RO+ A w(— xd)B
X
= {a,d"B).

Hence d* is adjoint to d, and therefore the differential operator d + d* is self-adjoint,
so its index is zero. Since

d+d*)=7d —r7dTr = 7d — dr = —(d7 — 7d)
=—(dr +d*r) = —(d+d")T,

one can consider d+d* : T'E, — I'E_.

In order to determine the signature of X, we must decompose Hgf Rham = H?*(X;C)
into a positive and a negative definite part with respect to the intersection form. Now in
each de Rham cohomology class there is precisely one harmonic form as representative.
These are the elements of T'(A(T* ® C)) which lie in the kernel of (d+d*)* = A
(Laplace operator) and therefore (since d + d* is self-adjoint) are in the kernel of
d+d*. Let H¥* (resp. H?*) be those subspaces of H**(X;C) which correspond
to the harmonic forms o with 7o = o (resp. Ta = —a ). Therefore H?*(X;C) =
Hi’“ @ H?* is a decomposition into eigenspaces with respect to 7, which induces a
decomposition of H2¥(X;R). For a real harmonic form o € H%*, a # 0, we have:

O<(a,a):/a/\*az/a/\ra:/a/\a.
X X X

For real a € H?*, a # 0, holds correspondingly:

0>—(a,a):—/a/\*a:—/a/\raz/a/\a.
X X X
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Since 7 is self-adjoint on H?*, we also have [, aAf =0 if a € H3* and 8 € H?.
Therefore we have decomposed the intersection form on H?2* into a positive definite
and a negative definite part, and thus

sign (X) = dimc H3* — dimc H**.

Now we consider the operator d+d* : TE, — ['E_. This is elliptic, since (d + d*)* =
A is the Laplace operator. Its kernel consists of the harmonic forms for the eigenvalue
1 of 7. The adjoint operator is d + d* : ’E_ — I'E;, whose kernel consists of the
harmonic forms for the eigenvalue —1. In the expression

ind (d + d*) = dim ker (d + d*) ~ dim coker (d + d*)
=dimker(d+d* :TE; - TE_)—dimker(d+d* :TE_ - TE,),

the components of harmonic forms away from the middle-dimensional cohomology have
the same dimension and so cancel. There only remains

ind (d + d*) = dim H2* — dim H?*.
Hence the signature of X is precisely the index of d + d*.

Again, we compare the result with the Atiyah-Singer index theorem. For ch(E,) —
ch(E_) one can show (cf. [AtHi59a]):

2k

ch(Ey) —ch(E-) =[] (¢¥ —e™™).

j=1
We recast the product term in the Atiyah-Singer index theorem slightly:
1— e—zj — e~a:}‘/2 . (e:l:,'/2 _ e—z:j/2>’

1 — % = %il2. (e—xj/2 - em;'/2)

2%k . 1 2k .
J . — J
= I:Il(l —e7% 11— eIi) ]I;Il (ex_.,-/2 — 6—11/2)2
2k 2k .
= sign(X) = ( e%i — ™% ! ) X
J'-—-l( )j—I_Il (e5if? — em=if2)" A

2k z; (e:z;j'/2 + e—:.l:j/Q) X]
(ez:j/Z _ e—z]/2)

2k z; 1 (& 2z,
];I tanh (x]/Q)) [X] = 22k (H tanh (IJ)>{X]

j=1
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One obtains the next-to-last equation by replacing z; with 2z;. Since we evaluate
over X, only the homogeneous components of degree 2k in the z; must agree, and
therefore one must divide by 22

5.6 The equivariant index

Now let X be a compact, complex manifold of complex dimension n and as before let
D = (D;:TE; - TE;;;) be an elliptic complex. We want to generalize the Atiyah-
Singer index theorem to the case in which a compact topological group G acts on X
by holomorphic maps (cf. [AtB0o67], [AtSi68II1]). Let X9 = {z € X | gz =z} denote
the fixed point set under the operation of a fixed group element ¢ € G. This is a
complex submanifold of X, which is not necessarily connected. We therefore decompose
X9 = JX¢ into its connected components. The XJ are connected submanifolds of
X of possibly different dimensions. In addition, assume that G acts on the elliptic
complex, i.e. G acts on the bundles F; (e.g. if all bundles FE; are associated to the
tangent bundle of X ) and this action commutes with the differential operators D;. Then
G also acts on the cohomology groups H*® of the complex. Hence, for each element
g € G the trace tr (g, H*) of the action of g on H* is defined.

Definition: In the above situation the equivariant index ind (g, D) of D is defined as

ind (g, D) ==Y _(-1)"-tr (g, HY).

=0

Example: ind (D) = ind (id, D).

Example: The index of the Dolbeault complex is xP(X) = Z:;:o (=1)? - dim HP9.
The spaces HP? are derived from the complex structure of the manifold X. If ¢ is
a holomorphic automorphism of X, then ¢ acts on all H?9. The equivariant index
is then:

n

Xp(g>X) = Z (_l)q “tr (g,Hp,q).

9=0

We now want to indicate how one computes the equivariant index as a sum of contribu-
tions a(XJ) corresponding to the fixed point components X9. Let Y = X9 be one
of the fixed point components of X for an element ¢ € G. For a point p € Y, g
acts linearly on the tangent space 7, X. There exists a Hermitian metric on TX|y so
that g acts unitarily on TX|y. Therefore T, X decomposes into the direct sum of
eigenspaces N, ) for eigenvalues A of modulus one. Since G acts continuously on
X, one further obtains an eigenbundle N, over Y. Indeed, N; is precisely the tangent
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bundle TY to Y. Under variation of the point p in Y, the eigenvalues cannot change
since they depend only on the isomorphism type of the representation on T,X of the
subgroup generated by ¢, and the representation ring of this subgroup is discrete. With
d, = rk N, we therefore have:

d
TXly =@ N, oV =]] (1 + x<’\)>
A =1

dy n
= (TX|y)= HH (1 + :1:5’\)) = H (1+z).

A o1=1 1=1
This means that each of the formal roots z; can be identified with one of the formal
roots 275)\) belonging to a definite eigenvalue . The recipe for the calculation of a(Y)
is now as follows:

We consider the original index formula

ind (D) = (22 (-1)" e () Jex X>H(1_e-z =)
=0
In this formula, we replace X by Y, e® by A~!.¢e® and e™% by \-e~% (where
x; belongs to the eigenvalue X ). We apply the same process to the terms ch (E;). This
can obviously be done if the E; are associated to the tangent bundle of X. For A =1,
the term 1 — A~! - ¢e® is not invertible; but those z;, which belong to the eigenvalue
1, originate from the tangent bundle to Y and so cancel with the factor ¢, (Y").

Example: Applying this recipe to the x,-genus, we obtain from

n

S0y = (0 = ([T +y-e7) == ) 1)

p=0 =1

the equivariant formula

Zx 9, X) - vP =xy(9,X) = D a(XY),

v

where we have for each fixed point component Y = XJ:
dy (1)

afY) = (H H(H_y Af:; >‘I:]l:(1+ye‘”‘5”)1—:%—_zg—l)—>[)’].

A#l =1

If we assume in addition that such a fixed point component consists of a single point,
re. dimY = 0, then all eigenvalues are distinct from 1; and for the evaluation on Y
only the zero-dimensional component is relevant, hence

A i=1
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Since the denominator is exactly the characteristic polynomial evaluated at 1, it does
not vanish (1 is not an eigenvalue).

For the equivariant Euler number of X we have in the general case

e(9, X) = x-1(9, X) = Y _a(X),_,

= Z(ﬁ 20X = 3 e(X2),

and in the isolated fixed points case

dx

a(Y)yz—l = H H 1_{_2 =1

A =1

what we expected from the above since it is the Euler number of the point Y. For the
equivariant signature (n = dimc X ) we have (again assuming isolated fixed points)

14 /\ " char. polynomial (-1
a(Y H H p (=1)

N char. polynomial (1) °

5.7 The equivariant y,-genus for Sl.actions

Now let G = S' and let ¢ € S! be a topological generator, i.e. the subgroup of S!
generated by ¢ is dense in S'. Every torus has a topological generator. Then we have

X=X ={reX|gzr=zforallge S'}.

In this situation, the whole group S! acts on the restriction of the tangent bundle of
X to X7 not merely a group element. The irreducible representations of S! are all
one-dimensional, elements g € S acting as multiplication by g¢* for fixed k € Z. If
S1 acts on a vector space, then one also writes

>
k=—o0

o0

which means that V is a direct sum V = @, ___

Vi and g acts on Vi as
multiplication by ¢*. As in section 5.6, we obtain a splitting of TX|y (where ¥ = X5

. 1
is a connected component of X5 ):

TXly= Y, ¢"Ne

k=—o0
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The eigenvalues A of ¢ are now all integral powers ¢* of q.

The equivariant x,-genus is then (dy = 1k Vg )

Xy(g, X) = Za(Xfl)

v
with
(1 )

o08) = ([0 2 (T2 ) ey

i=1 I—e™% k#0 j=1 l—qeI

Because x,(g,X) is a finite (alternating) sum of traces of the action of ¢ on finite
dimensional vector spaces for which ¢ has only eigenvalues of the form ¢*, x,(q, X)
is a finite Laurent series in ¢. On the other hand, the expression on the right side is
a rational function of ¢. Since this holds for all ¢ € S!, this is in fact an identity in
the indeterminate gq.

We therefore can consider the limit ¢ — 0. For positive k the factors on the right
side all tend to 1, while for negative k we multiply by ¢~* and see that the factors
converge to —y. We therefore have

(1)

o) o= (T (T T ) e

=1 k<0 j=1
do (1)
ml+y-e ™ d
=<H 2 ——— JIX] ][ (9™
i=1 1—e™% k<0

—'Xy( ) ( y)Zk«)d"‘.

Now for the limit ¢ — co. This time we obtain the factor —y for positive k, and the
factor 1 for negative k, so that

o(X5) . =x(X5) (—g) kst

Therefore x,(q, X) has a value for ¢ = 0 as well as for ¢ = oo. Since it is a finite
Laurent series in ¢, it must be constant in ¢ and

Xy(g, X) = xy(id, X) = xy(X).

In particular, the values of x,(g, X) and so the sum of the a(X,,Sl) coincide for ¢ — 0
and for ¢ — o0.

These considerations are essentially due to Lusztig [Lu71], Kosniowski [Ko70], and
Atiyah and Hirzebruch [AtHi70].
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Remark: This is also clear directly for a Kahler manifold. The spaces HP'? are then
direct summands of the cohomology. Because S! is connected, each element acts
homotopically to the identity, hence acts trivially on the cohomology and so on HP:9.

Examples:
y=-1: )
e(X) = S e(XS") 12050 %
=Y e(x)
y=1

sign (X) = Zsign(xf‘) (=1) D0 b
’ZSlgn ( 1)Zk<() &

Now assume that all fixed components X f are zero-dimensional. Then

aw)

W)= (pEat = 3 (p T

(v)

— Z (_y)n—2k<0 dy

because the eigenvalue 1 (k = 0) does not appear. Therefore we have
Xy (X) = (=9)"xy-1(X) = (=1)"y" - xy-1 (X).

This relation means that the polynomial x,(X) is symmetric in the coefficients of the
y-powers (up to sign). Of course we could have derived this also from the well-known
duality AP? = AP T9:

XP = 3 (F1)P = (<) 3 (1)
q=0 0

Example: The circle S acts on P,(C) by

2’22).

(zozzlzzg)li»(zozq~z1:q
This action has three fixed points, namely

Po=(1:0:0),P,=(0:1:0),P,=(0:0:1).
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In affine coordinates S! acts at

Py by (z1,22) % (q- 21,4 - 22)
Py by (z0,22) "> (¢ 20,9 22)
P, by (z0,21) % (¢7% 20,47 " - 21).

Hence we have

Xy(P2(C)) = x4 (id, P(C))
= Xy(P2)(=)" + Xy (P1) - (=) + Xy (Po)
——xy(Pz)+xy(P1) (=) + xy(Po) - (-p)’
=y’ —y+1

In the same way one obtains for P,(C) the formula

n

Xy(Pa(C) = (~y

1=0

which we could also obtain from consideration of the Dolbeault complex.

5.8 The equivariant signature for S!-actions

We can only define the x,-genus for complex manifolds. But for several values of y itis
already defined for differentiable manifolds. These are for y = —1 the Euler number (not
a genus) and for y = 1 the signature. For the Euler number we have already seen that
its equivariant analogue is simply the sum of the Euler numbers of the fixed components.
This also holds for differentiable manifolds. What happens for the signature?

Now let X be a 2n-dimensional compact, oriented, differentiable manifold (up to now
we have only considered the signature for even n ). If we want to apply the equivariant
Atiyah-Singer index theorem, we must again consider the decomposition of the bundle
TX]| xst With respect to the action of a topological generator g of S*. The irreducible
representations of S on real vector spaces are obtained from the complex representations
by identification of R? with C. The multiplication with ¢* then corresponds to a
rotation in R? through the k-fold angle of ¢. By suitable identification one can always
take k > 0. We therefore obtain a splitting

TX|ys =Y "N =TX5 & "Ny

k>0 k>0
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The bundles N, are real bundles, which for k£ > 0 obtain a complex structure through
the identification with a complex bundle. This identification yields a umque orientation
on Ny, in view of the condition k > 0. Since the fixed component XS is orientable,
Ny = TX; 5" can now be oriented so that all orientations taken together yield the
orientation of X. In particular, according to this rule X 5" must sometimes be counted
negatively when it is a point.

Having made this splitting, the equivariant index theorem yields:

sign (¢, X) = Z (XSI)

:E-l) —I L)
otx?) = (Tt 2 (T L) )
=1

E>0i=1 1 — g

Since the equivariant signature sign (g, X') does not depend on ¢ (S' is connected, so
acts trivially on cohomology), we can put ¢ = 0 and have

ALY do ez 4 =2V /2
mlte™ sy _ (1 : 5!
)= ([ 2 Yoy = ([ Sy

1—e™%
do (1) do (1)
Z; 1 1 2z 1
= (=2 )1 = 5 ( —)[XS
(E tanh(xgl)/2)> 240 1_]1: tanh(:c(l)) ]
= sign(Xfl).

The next to last equation is obtained by replacing zgl)

error by division by 2%,

by 22:21) and correcting the

We again assume that S! acts with isolated fixed points. Then the signature is

4
sign (X ) =sign(qg, X) =

1_ Z(il

The last equation holds again, since we know that the sum does not depend on ¢ and we
can therefore put ¢ = 0. Here a fixed point receives the sign plus if T, X =, Nk
holds with the correct orientation, otherwise the sign minus.

v k>01=1

Example: The circle S! acts on S?" C C™ x R (coordinates (zi,...,2n,%)) by
rotation around the axis through the poles (z; — g-z; for g € Sl and 1 <5< n).
The fixed points are the north and south poles. The Euler number is 141 =2 and the
signature is 1 — 1 = 0 (the direction of rotation is once compatible with the orientation
and once not).
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6.1 Motivation for elliptic genera after Ed Witten

Let X again be a compact, oriented and differentiable manifold of dimension 4k. The
free loop space of X is the infinite dimensional manifold

LX ={g:S" — X | g differentiable}.

There is a canonical action of the circle S* = R/Z on LX. If g € LX is a
loop, ie. g(z) € X for x € S', then the action of ¢ € S' on g is defined by

t(g)(z) := g(z —t). The fixed point set (L',X)S1 under this action is the manifold X
itself, considered as the submanifold of constant loops in L£X. The tangent space at
aloop g € LX is T,(LX) = I'(¢*(T X)), where as usual I' denotes the sections
of a bundle. For a constant loop g = p € X the bundle ¢g*(TX) is isomorphic to
St x T,X, so that

T,(LX) 2= T(S' x T,X) = L(T, X).

This decomposes into eigenspaces with respect to the S!-action. Since s € L(TpX) is
a mapping of R/Z into a vector space V, s has a Fourier expansion:

s(z) = %0 + Z (an cos (2mnz) + b, sin (27nz)) € L(T,X).
n>0

Here the coefficients a,, b, are elements of T, X. The circle St = R/Z acts as
follows:

t(s)(z) = %fi + 5" (ancos (2nn(z — 1)) + by sin (27n(z — 1)) € L(T,X).
n>0
Moreover, we have
an cos (2mn(z — t)) + b, sin (2mn(z — t))
= a, cos (2mnz) - cos (2mnt) + a, sin (27nz) - sin (27nt)
+ by, sin (2rnx) - cos (2wnt) — b, cos (27nz) - sin (27nt)

= @, cos (2mnz) + b, sin (2rnz),
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where N
Gn +ib, = (an +1by) - €2™™ = (a, +1b,)q" € T,X ® C

with ¢ = e2™**. We shall denote the bundle TX ® C by Tc. Hence we have verified
that
TLX)x =TX® Y q"Tc.
n>0

So we have bundles of finite rank, but infinitely many of them. It is probably possible to
define directly an equivariant signature sign (¢, LX), under certain assumptions (such
as orientability of the loop space). We shall achieve this indirectly: we apply the Atiyah-
Singer index theorem and define the result to be the equivariant signature. With

PX)=14pi+-- +pe=(1+23)--(1+13),
C(Tc)=(1+£L’1)"'(1+1L'2k)(1—271)---(1—zgk),

our recipe in section 5.8 applied to the loop space gives the

Definition: The equivariant signature of the loop space is

2k [eS)

. - 1ter™ pro(+grer™)(1+gre™)
sign (¢, LX) := H(Jlll e H ((1 —qre—=i)(1 — q"e‘“)))[X]'

=1 n=1

This power series is symmetric in the z2, and after evaluation on X is a power series
in ¢ with rational coefficients.

Definition: Let X be a differentiable manifold of dimension 2k and W a complex
vector bundle over X. Then the signature of X with values in the vector bundle W
is defined as

k Cz
sign (X, W) := (H %

=1

-ch (W)) [X].

Remark: This is the index of an elliptic operator, from which follows the integrality
of sign(X,W): Recall the signature operator d + d* : TE, — TE_, with the
eigenspace bundles By = (A*T®C)" and E_ = (A*T ®C)™ of the Hodge *-
operator (on A*T ® C). By means of a connection on W, the signature operator
can be extended to a twisted operator I'(Ey @ W) — TI'(E_ ® W) whose index is
sign (X, W) (cf. [Pa65], IV, §9).

In order that the power series under the product begin with 1 (stable notation), we replace
z; by 2z; and correct the error by dividing the factors by 2. If W has rank r, total
Chernclass ¢(W) = (1+w;1)---(1 +y,) and Chern character ch (W) = e¥* +- - - 4¢e¥-,
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then the passage from y; to 2y; corresponds to the topological construction of a bundle
Uo(W) (Adams operation), i.e. we have

Ch(\I/2(W)) = e2n1 4ot 2y

Hence .
"y

ign (X, W) = ([] == ch (T2(W))1X

sien () = (1] g 7y <0 (%29) X1
is stable and integral, and the first factor yields the L-class of the tangent bundle.
All powers of two in the coefficients of the exponential function are canceled by the
replacement of y with 2y. The Adams operation therefore yields the vanishing of the
powers of two in the denominator of the twisted signature; the absence of the other
primes in the denominator remains an interesting matter.

Example: For X a sphere S?* and an arbitrary vector bundle W over $%* we have
sign (525, W) = ch (¥5(W))[S?*] € Z, since p(S?*) = 1. Further,

T Nk
ch (T2(W))[5%] = (32 (—2317)) [524].

i=1

This sum can be expressed in the Chern classes of W. Since the cohomology of the
sphere vanishes away from dimension 2k, it suffices to compute the contribution of
cg(W). This is (consider the multiplicative sequence for Q(z) = 1 + z* and the
Cauchy lemma in section 1.8)

~ (2yf) k-
(; T) [$%] = (- = e (W) [5*].
Hence for each vector bundle W over S2F
26 (W) =0 ((k—1)).

At the end of section 6.2 we shall see that even ¢, (W) = 0 ((k — 1)!) holds.

Making use of the previous definitions AT = 3 ooq A'T-t* and ST =Y oo, S'T - t%,
we now represent the equivariant signature of the loop space of a 4k-dimensional
manifold as an expression in twisted signatures:

Theorem: We have

sign (g, LX) = sign (X, (X) S Tc ® (X) A= Tc).

n=1 n=1

Therefore sign(q,LX) is a power series in q with integral coefficients and constant
term (coefficient of q°) sign (X).
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Proof: It must be shown that

2k oo

> > _ (14 ¢"e™*)(1 + q™e*)
ch(§ Sy T ®§Aq,.Tc) = 1;[“1];[1 ((1 e g )

However this is clear from the definitions of the bundles and the formulas for the Chern
characters given in section 1.5. yig]

Remark: It is well-known that a product ] (1 + ;) converges absolutely provided that
the series ) |u;| converges, hence in our case only for |g| < 1. We have therefore only
defined an equivariant signature formally, but it is meaningful as a power series.

We now consider the connection with elliptic genera: The constant term in the (not yet
evaluated) expression for sign (g, LX) is

(o 1 225"

we have therefore not formulated the expression stably. But sign (X, £X) is, up to this
normalization factor, the genus associated to

s 1z (0+ge)(l+gre) (1+g7)°
f(z) ~ 2tanh(z/2) EI((l —gqret)(1—qre™®) (1 —q")g)'

As discussed in Appendix I, Theorem 5.6, this is precisely the expansion of
z\/p(x) —e1, where ¢ = €2™" and gp is the WeierstraB gp-function for the lattice
L = 2mi(Z7 + Z) as described in section 2.1. We therefore immediately deduce the

Corollary: We have

e a2\ 2k
sign (¢, LX) = (X)) - 22F (I:[l %{;Zn—;?) _ N

Here (X)) is the elliptic genus of X, hence a modular form of weight 2k on I'g(2)
as described in Appendix I. We now investigate whether the correction factor is also
a modular form. For the following, cf. Appendix I, §4: The Dedekind 7-function is
defined as

[e.e]

n(r) =g [ 1 -q")

n=1

and is holomorphic in the upper half-plane h. Further, 7?* = A is an element of weight
12 in M{"P(T), the ring of cusp forms on the modular group T' = SLy(Z). Hence 7,
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is a “modular form” of weight 1/2 (the quotation marks being due to a problem with
24-th roots of unity).

Lemma: The infinite product
o 14\
(2 i
n=1 (1 - q )

is a modular form of weight 4 on T'g(2), and is indeed precisely our modular form .

Proof: We have

T - A-¢0) ()
II—==1I

1+q")? 5 (1—-g¢)  q2r)

n=1

The rest follows from Appendix I, Corollary 4.11. i

The reciprocal of the correction factor has the same weight 2k as the modular form
»(X), but is only a modular form when 2k = 0 (4). We therefore have the

Theorem: The equivariant signature is sign (q, LX) = o(X) - ¢~*/2, and is a modular
function on Ty(2) for dim X =4k =0 (8). yig]

Remark: By considering X x X if dimX = 4 (8) it follows that in every case
sign (g, £X)? is a modular function on Tg(2).

Example: Since ¢(P»(C)) = 6, it follows that sign (q,EPg(C))2 = §?/e.

Corollary: For the quaternionic projective spaces we have:

. 0, fork=1(2),
sign (¢, CP.(H)) = { 1 fork=0 523

For the Milnor manifolds H,; we have (taking 3 > 1 as we may):

. v _J0, fori=1(2)ori=j(2)
Slg“(q’ﬁH’J)“{L fori=0(2)andj =1+ 1.

In particular, for these manifolds the considered twisted signatures vanish (apart from
sign (1, X) = sign(X)).
Proof: Compare sections 1.7 and 3.2. af

6.2 The expansion at the cusp 0

Let a lattice L C C be given and let h(z) = 2% + -+ be an elliptic function with
divisor 2-(0) — 2 - (P) (then P must automatically be a two-division point of L);
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then f(z) = /h(z) with the normalization f(z) = x + --- defines an unbranched
two-sheeted covering C/L — C/L. Here L C L is a sublattice of index two with
respect to which f is elliptic. Since P = —P (L) we have div (h(z)) = div (h(—2x)),
so h(z) and h(—z) coincide up to a constant factor. Because h(z) = z2+ ---, this
factor is 1 and h is an even function. Since f(z) = /h(z) =z +---, f is odd
and therefore Q(z) =z/f(z) =1+ --- is an even power series, which we can take as
the characteristic power series for a genus.

This power series depends on the lattice (L, P) with distinguished two-division point.
If f belongs to (L,P), then f(Az)/A belongs to the lattice (+L,+P). Hence the
coefficients a; of Q(z) in the power series expansion Q(z) =Y po._ axz® are lattice
functions of weight —k for marked lattices. We shall now consider only lattices of
the form 2mi(Z7 + Z). The passage from lattices Zws + Zw; to these special lattices
corresponds exactly to the passage from homogeneous lattice functions to modular
forms. We thereby lose (up to a stretching factor) no information, since Zwsg + Zw; =
$L - 2mi(Z2* + Z). In addition we suppose that 7 liesin h = {z € C|Im(z) > 0},
which we can always attain by permuting w, and wj.

In our construction of the elliptic genus, for a lattice L = 2mi(Z7 + Z) we take the point
P =i and h(z) = (p(z) — e1)™"; the function f(z) = (p(z) — e1) "/ is elliptic for
the lattice 274(Z - 27 + Z). We then obtain the Fourier expansion (cf. Appendix I, §5):

Qz) = — = 1_ = 7 (L+g"e)(1+q"e~)/(1 +q")°
f(z) 2 tanh(z/2) % (1 - gne®)(1 - gqre==)/(1 —¢q)*

For this choice of two-division point the passage from lattice functions to modular forms
yields precisely modular forms on the congruence subgroup

To(2) = {(% &) €SL2(2) [ c=0(2)}

(cf. Appendix I, §4 and notice that T';(2) = I'4(2) ). Applied to a pair of basis vectors
(we,wy) of a lattice, for such a matrix we have

(a b) (&)2) _ (aw2 + bwl)
¢ d/\wi/ 7 \ews +duy
and the two-division point w;/2 goes to the point (cwz + dwy)/2, which is always

equivalent to w; /2 modulo L (since c is even and d must be odd due to the determinant
condition).

If we take f(z) = (p(x) — 62)"1/2 in the construction of our elliptic genus, then we
obtain (the product runs over all m > 0):

1-— n/2,z 1— n/2 ,—z 1 - 'n./22
N oo L - aPe) (- e) /(1=

f@) " sinh(5/2) T[] (1-qv2e) (1 - q2e7) (1 - )

n=2m+2
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The shift of indices under the translations x — z + 277 and z — z + 27t (for which
the sign changes) shows, that this function f is elliptic for the lattice 27i(Z7 + Z - 2).
Furthermore an analysis of the zeroes and poles shows that it has the demanded divisor.
In addition the normalization is correct. The congruence subgroup I'g(2) has two cusps,
which can be represented by co = (1) and 0= (?). Modular forms F on this group
must have a Fourier expansion without negative exponents at each of these cusps. At the
cusp O, one obtains this expansion by means of a matrix A € SLa(Z) with A(;) = (})
(say A= (_9¢)), through the Fourier expansion of F|¢A at the cusp co. This new
modular form is now invariant under the action of

AT'To(2)A=T°(2) = {(2 ;) € SL2(2) | b=0(2)}.

Notice that T'¢(2) and T'°(2) are not normal subgroups of I'(1) = SL(Z), since
they are conjugate and do not coincide. Both have index 3 in I'(1). The matrices
S = ((1) "é) (tr= —=1/7)and T = ((1) i) (7 — 7+ 1) generate T'(1). In the
following figure, fundamental domains for I'g(2) (parts labelled Id, S, ST) and T'°(2)
(parts labelled Id, S, T') are indicated, which we shall take as standard fundamental

domains. Both have two cusps, 0 and oo, which are exchanged by 7 +— —1/7.

Some fundamental domains on the upper half-plane

Now our exchange of two-division points corresponds exactly to an exchange of the
cusps (see Appendix I, Theorem 6.4). Only powers of ¢'/? enter into our expansion of
f(z), since (; %) € A7'To(2)A =T°(2), so flrA is invariant under 7 + 7 + 2.
The coefficients a, of the Taylor expansion of z/f(z) are therefore modular forms of
weight k on T°(2) and have a Fourier expansion in q!/2 at the cusp co. Since we shall
later compare the elliptic genera for different two-division points with one another, we

attempt to return to I'g(2) by a further conjugation, which leaves the Fourier expansion
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essentially unchanged. The groups I'°(2) and T'g(2) are carried into one another by
conjugation with the matrix (é 1)
1 b
s 0y/a b\ /20 a 3

2 = 2 ) eTo(2
(0 1)(c d)(() 1) <2c d) o(2)
if b is even. This corresponds to the passage from 7 to 27, hence from ¢ to ¢g?. Our
expression above therefore becomes

2/2 1 ((L=gme)(1l =g e )\ (D"
sinh (z/2) "I;Il( 1 - qn)? ) )

which is elliptic in z (after division by z) for the lattice 4mi(Z7 + Z) and has
coefficients which are modular forms on T'g(2).

Exercise: What happens for the third two-division point, i.e.

1
T) = e 7
f(z) o

For f(z) = (p(z) — 62)_1/2 we have obtained (product over m > 0)

[T (1-q7%)(1-q"%=)/(1-¢"?)"

x _ 215/2 n=2m+1
f(z)  sinh(z/2) 7] (1 - gn/2e) (1 = gn/2e=) /(1 - qn/2)2 '
n=2m+2

The corresponding genus for a manifold X*F is then a modular form of weight
2k on T%2), whose Fourier expansion is that of the usual genus ¢ for f(z) =
(plx) — el)'l/2 at the cusp 0. If we replace 7 by 27, we obtain a genus @ which
again yields modular forms on I'g(2):

2k o)

P(X) = (H Sm;fzéjm 11 ((1 - q"'(e:‘z(zn-)f"e—u))(—1)"‘1) [X].

=1 n=1

We consider the normalization factor (product over m > 0):

I (1-q7? I a-¢

4
n=2m+2 _ n=2m+2 . ﬁ (1 - q2")
n:'ZI-rln+1 (1-qm) 1:11 (1‘“‘1")2 n=1 1-¢")

1/4 7(27)
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Here 7 is ¢'/24 - [, (1—¢") and n?* =q- I3, (1 —¢*)** = A is again a cusp
form of weight 12 on the full modular group. For a manifold of dimension 4k the
normalization factor is

g+ (977((—2:))74>%;

the expression inside the parentheses is a modular form of weight one, up to an
indeterminacy in fourth roots of unity, since we have (cf. Appendix I, Corollary 4.11)

R -

For k even, if one divides our expression for the genus by the modular form g%/2 the
resulting quotient of two modular forms of weight 2k is the modular function

™

2k

i 2 n,T; n,,—T; -yt
‘Iﬁm‘(H——’ x/, I1 (1= qrem) (1 —gre=)) ™ )[X]-
=1 n=
We now return to the A—genus:

AX) = (H Sfm—h%-ﬁ)m.

=1

Definition: Let X be a differentiable manifold of dimension 2k and W a complex
vector bundle over X. Then the twisted A-genus A(X,W) is defined as

A(X,W): = (ch(W) - A(TX))[X]
k

, zi/2

=1

Remark: For a spin manifold X, A(X ,W) is the index of a twisted Dirac operator
and so is integral (cf. Appendix II).

Example: Let X = S%* be a sphere (so spin) and W a vector bundle over S2*. Then
A(S%* W) = (A(TS) - ch (W))[S*] = ch (W)[S?],

since A(T S%) = 1 (spheres have stably trivial tangent bundles). As in section 6.1 it
now follows that

(__l)k+1

= c(W)[S*] e Z,

A(S%*,W)
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so that we indeed obtain
a(W)=0((k—-1.

In our expression above (product over m > 0)

~k/2 2k 2’)/2 nz;[ﬂ_}_l (]_ _qne:v.’)(l —q“e‘zi)
q (;[;Il sinh (331‘/2) zy s (1 — q"exi)(1 — q"e*m))IX}’

we can recognize with a practiced eye that we are dealing with a twisted A-gcnus,
namely with

(X ' )
w( ) = q—k/Z . A(X, ® A_quTC ® ® Sq'uTC).

ck/2
€ n=2m+1 n=2m+2

By Witten, this can be interpreted as the equivariant index of the Dirac operator on
loop space, twisted by a bundle that has no finite dimensional analogue. However, its
meaning for us is simply the expansion at the other cusp of the equivariant signature
of the loop space

X . = > .
i(’cﬁ) = Slgn(X, ® Squ Tc® ® Aqu TC) = sign (q, L:X)-
n=1 n=1

6.3 The Witten genus

Let L ¢ C be a lattice, and let
2

on@ =z [[ ((1~§)~exp(§+§%))

weL\{0}

for z € C be the WeierstraB o-function for the lattice L. The infinite product
converges uniformly on compact sets, due to the exponential convergence factors. These
convergence factors are determined by logarithmically differentiating (1 — £):

(1“5),: T E_l.(l_;_%)z—-(é—f—x) (2?).

1-= 1-2 w w?

The function o7 (z) is odd, so that the power series Q(z) = z/o(z) = 1 + azz® +
asxz® + -+ is even. For this we have

PV T

or(Az)  opa(z)

>
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i.e. the coefficients a, of z" are multiplied by A" if the lattice is divided by A. They
are therefore homogeneous lattice functions of weight —r, and so modular forms with
respect to L = 2mi(Zr + Z) of weight v on the full modular group SL2(Z) (one must
still argue that the a, are holomorphic and determine the form of their Fourier expansions
at the cusp o0 ). Since there are no modular forms of weight 2, we have as = 0.

This power series @Q(z) has a beautiful logarithm. Before giving this, we recall some

important modular forms (cf. Appendix I, §3 and section 2.1; as usual, g = €2™*7 )
4k
E. =1 . _ q",
2(r) =1+ —p— n§=102k 1(n)-q
—Byy -By | w
= —=2 . = _ g™
Gak(T) e 2k o T nE:1U2k 1(n) - q
(2k = 1)! 1 (2k—1)
-T2 2 ok T g %
w€eL!

Here L' = L\ {0}. For k > 1, these are modular forms on the full modular group;
G+ (and so of course FE, ) also converges,

oo

-B 1
Ge=—2+Y o1(n) q" =~ +q+38 +--.
n=1

4 24

We now have (cf. Appendix I, §5):
— 2
Qz) = EXP(Z @k—)—' Gar(T) - .’ZIQk) .
k=2 ’

As we have seen in section 1.8, the genera of complex manifolds for which all Chern
classes apart from the highest vanish can be given precisely in terms of the logarithm of
the characteristic power series. In this way, the so-called Witten genus ¢w associated
to the characteristic power series Q(z) = z/or(z) yields Eisenstein series for such
manifolds. The notation ¢w was proposed by Landweber, since the “ W reminds one
of WeierstraB and/or Witten. For a compact, oriented, differentiable manifold X 4k we
therefore have:
2k

ow(X) = ([ 555 )

=1

is a modular form of weight 2k.

Proposition: + The power series Q(z) has the following product representation
(cf. [Za86]):

_ 56/2 b (1-(1”)2 - 27"9:2
Q) = sinh (z/2) H (1—grez)-(1—qre™®) e
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Idea of the proof: Consider the zeroes and poles of both sides, for fixed 7. The o-
function has simple zeroes at all lattice points, and no poles. The function sinh (z/2)
has zeroes at all multiples of 273; the denominator vanishes if z modulo 27:Z is a
proper multiple of 27i7. Together, on both sides we have simple poles at all non-zero
lattice points. The functions are of course not elliptic, but rather are theta functions
with respect to the lattice L. Therefore, they coincide a pnon only up to a trivial theta
function. The correct factor to yield equality is e~ G2(7) =" (cf. Appendix I, §5). (0

In the product representation of Q(z) some well-known terms appear, but the factor
e~C2(7)=" s troublesome. For this reason, in Appendix I, §5, we consider a function @
without this factor. Here we shall instead make the assumption that the first Pontrjagin
class pi(X) of our manifold X vanishes in H(X;Q), so if p(X) = [[X, (1 +«?)

then p(X) = szl xZ = 0, up to torsion. Then we obtain for the Witten genus:

2k

ow(X) = (1_1 ;“(;i—))[XJ

I (=2 r (1-q™)? —Ga(r)s?

2k /2 (1- n)z —G2(7)~sz
= (zI:-Il<sm:(xl/2) 7[[ (1 —q"ezi)(tll_qne—z,-))e = )[X]

2k

z;/ 1 (1- n)2
- (H(smh( 2/2 g (1- q"ei‘)(;l - q"e"—i))>[X]'

As in the last section, we now consider the A-genus with coefficients in a vector bundle

2k
A(X,E) = ((1:[1 %) : ch(E)) (X].

We recognize the denominator in the product expansion of the Witten genus from the
section on representations. In terms of the previous notation S;E =3 o2 ' S"E -t we
have (only for p;(X) = 0!):

o0

ow(X) = X®S Te) - [J @

As always, T¢c denotes the bundle TX ® C. We shall rewrite the product on the right
side. For this we again use the famous cusp form

A=q J]a-qm*
n=1
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of weight 12, whose coefficients are the Ramanujan numbers. We already know two
modular forms of weight 12, namely E? and EZ2. Both begin with constant term 1
and are integral (since the Bernoulli numbers By and Bg have a 1 in the numerator);
hence E} — E? is a cusp form, and we have after normalization:

1

= Tro5 - (E3 — EZ).

Here we have :

Ey=1+240-¢+2160-¢* + -,
Es=1-504-q—16632-¢>+---.

Despite the 1728, A has an integral Fourier expansion, as we see from the product
expansion above. We substitute A into our expression for the Witten genus and so
obtain:

ow(X) = ¢ 5 A(X,RQ) S Tc) - A%
n=1

As we have already seen, pw always yields a modular form; A% s a modular form
for k = 0 (6) and then

8 A(X,Q) S Tc)
n=1

becomes a modular function, otherwise we have difficulty with sixth roots of unity. The
A-genus is always integral up to powers of two in the denominator. For a spin manifold
(this is equivalent to the vanishing of the second Stiefel-Whitney class) the A-gcnus is
the index of the Dirac operator and is therefore integral (cf. Appendix II). This also holds
for the A-genus with coefficients in suitable vector bundles (such as our Roe ) SenTc).
Since the Fourier expansion of g~ % - A% = I, (1- g)** is also integral, we
conclude the following

Proposition: For a 4k-dimensional compact, oriented, differentiable manifold X with
p1(X) =0 and we(X) =0, the Witten genus pw yields a modular form of weight 2k
with integral Fourier expansion. i

Example: Let X be as above, with dim X = 24. The vector space of modular forms of
weight 12 is spanned by Ej and EZ, and so also by A and E3 —744-A. The Witten
genus w(X) of X is therefore a linear combination of these two modular forms:

ow(X)=q" AX, Q) S Tc) - &
n=1

=a-A+b-(E] —744-4).
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Why have we chosen precisely this basis?
There is the integral modular function

. E} 1
i(r) = S == +T44+196884 g + -,
q

ie. j: SLa(Z)\b — Pi(C). If we identify SL2(Z)\h with P;(C), then j becomes
a fractional linear transformation on P;(C), which is determined by its values at three
points. For the j-function we may take these to be j(i) = 1728, j(e?™*/3) = 0, and
j(o0) = oo.

Dividing the above expression for ¢w(X) by A, we obtain:

a+b-(j - 744) =§+a+~~ =qt A(X, Q) S¢Tc)
n=1

=q ' (A(X)+ A(X,Tc)g + )
= a=A(X,Tc), b=A(X).

For A(X) # 0 we now have the following formula:

-1 a pag " .
AKX @ S Te)  4ix 1y

A(X) CAX)

4] — 744

The coefficients of j — 744 are very interesting. Here are the first four:

j— 744 = g~ + 196884 - g + 21493760 - ¢° + 864299970 - ¢* + - - -.
These coefficients are in fact special sums of the dimensions of the irreducible represen-
tations of the Monster (see below). This is the largest sporadic finite simple group.

We now come to the

Prize Question: Does there exist a 24-dimensional, compact, orientable, differentiable
manifold X with p(X) =0, w2(X) =0, A(X) =1 and A(X,Tc) =07

Why are we interested in such a manifold? Under the above assumptions we have:

j—T44=q"- A(X,(Q) SnTc)
n=1

q_1 . A(X, (1 + qT¢c + q252Tc + q3S3Tc) (1 + QQTC) (l + qBTc)) (q3)
g7t (ACX) + A(X, Te)g + A(X, 5*Tc + Te) @
+

1l

AX,S$°Tc +Tc ® Te + Tc)qs) (@)
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We therefore would have:

A(X,8¥Tc +Te) = A(X, S T¢) + A(X, Tc)
= A(X, S?Tc) = 196884,
A(X, ST + Te ® Te + Tc) = A(X, $3Tc) + A(X, Tc ® Tc) + A(X, Tc)
= A(X,S*Tc) + A(X,Tc ® Tc)
= 21493760.

Now for each Riemannian metric on X there is a canonical nowhere vanishing section
of S2T¢. For a Riemannian metric on X yields a positive definite, symmetric bilinear
form on each fibre of the tangent bundle of X, therefore a section of S2T*. But T* is
isomorphic to 7' by means of this metric, and we obtain a section of 527" and so also
of S%T¢. This section therefore defines a trivial line bundle E lying in S2T¢, hence
we can split S?T¢ with respect to the metric:

S$*Tec = S*Tc o E
= A(X,S$*Tc) = A(X, $*Tc) + A(X, E)
= A(X, §T¢) + A(X)
=  A(X,S5Tc) = 196883.

This number 196883 is the dimension of the smallest (non-trivial) representation of the
Monster.

For the next coefficient 21493760 we have

Tc ® Te = N*Te + S*T¢,
=  A(X,S*Tc) + A(X, A T¢) = 21296876.

This 1s the dimension of the next largest irreducible representation of the Monster.

It would be marvelous to find a 24-dimensional manifold as in the prize question, on
which in addition the Monster acts by diffeomorphisms. Such an action would lift to
an action on the tangent bundle and its symmetric and exterior powers. In addition, the
Monster would then also act on the cohomology of the twisted Dirac operators, whose
indices are given by the twisted A-genera. Hence one would have a relation between
the Monster (more precisely, its irreducible representations), certain bundles on X and
the coefficients of 7 — 744. Above all, one would possess a key to construct a great
many representations of the Monster. Of course, the cohomology groups of the operators
give only virtual representations so that an additive decomposition like in dimension
21296876 does not contradict the irreducibility.

Example: Following Landweber and Stong, we shall consider the Witten genus of
complete intersections. Thus, let Vl(d‘),...,Vfd") be hypersurfaces of degree d; in
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P, -(C). Assume the Vi(d‘) are smooth and intersect transversely (then their intersection

is also smooth). The complete intersection V,, = V,Sd"""d") then has complex dimension
n. Denote by t € H?(P,..(C);Z) the canonical generator, the Poincaré dual of
Pyyr—1(C) C Pnyr(C). Then the total Chern class of V,, is (cf. section 3.1):

(Vo) =142)" T (1+diz) - (L + doz) Yy,

For the Witten genus of V,, we obtain the formula:

$n+1‘+1 . G(dlz) .. J(drm)
V) = v
ow(Va) = (S Al
ntr+l e
= coefficient of z"*" in (x f’(d;i)rﬂ U(dna:))
a(z)

o (L8120 (tn2)y

o(z)"tH
We shall now determine this residue when p;(V,,) = 0. We have :
p(Va)=(n+r+1— (& + -+d2)) 2%y,
as one easily concludes from the formula for the total Chern class. Hence we obtain:
p1(Vn) =0 isequivalentto n+r+1=d}+ - +d2

Now o(dyz)---o(d,z)/a(z)" ™" is an elliptic function if the number of zeroes and
poles of the numerator is equal to that of the denominator, and the sum of the zeroes
is equal to the sum of the poles (modulo the lattice). Now the o-function has only
simple zeroes at the lattice points, hence the factors of the numerator have zeroes at all
d;-division points, giving a total of d? + --- + d? simple zeroes. The denominator
has an (n+r + 1)-fold zero at all lattice points. In case p;(V,) = 0, we have
n+7+1=d?+ --+d?% in addition, the sum of the zeroes is zero for each factor.
Therefore the above quotient is an elliptic function, having a pole only at the origin
(modulo the lattice). Hence its residue at the origin is equal to zero, since for elliptic
functions the sum of the residues is always zero. Therefore:

(V) =0 implies ow(V,)=0.

In particular, the prize question cannot be answered with complete intersections, since
for p1(Vn) = O the twisted A-genera above vanish.
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6.4 The Witten genus and the Lie group Fjg

We shall assume that M is a 4k-dimensional compact, orientable, differentiable manifold
for which all composite Pontrjagin numbers vanish, i.e. with p=1+4+p; + -+ pr we
have: :
(pi, - p:i,)[M] =0  foralliy +---+1i, =k withr > 1.

The only remaining Pontrjagin number is pi[M]. In addition, as earlier we shall require
that p; = 0. In this situation, as expected, we obtain a much simplified formula for the
Witten genus, since we can calculate modulo the Pontrjagin.classes p;,...,px—1 and so
can simply apply the Cauchy lemma of section 1.8 for the calculation of the genus. We
recall that the characteristic power series has a representation as

-l S )

or(z) =2

hence @w(M) is a constant multiple of Es; . The constant term of Esy is 1, while
for pw(M) itis A(M); therefore

pw(M)=A(M) - Ey .

This is not very surprising, since under our assumptions on the Pontrjagin numbers every
genus is a multiple of A.

Example: For £ = 2, so that M is an 8-dimensional manifold, we have :

ow(M) = A(M) - E,

pw(M) E4
A1/3 A1/3

=A(M) ¢"*(1+248 ¢+ 4124 - ¢* + - ).

The power series for the cube root of j (normalized as here) could have rational

coefficients, having a three in the denominator, but the cube root of j is in fact an

integral power series.

Suppose that we had an 8-dimensional manifold M with p;(M) =0 and A(M) =1.

Then the above conditions are fulfilled, since the only Pontrjagin numbers in dimension

8 are pf and py. For such a manifold we have

= A(M) - o5 = Ay -

=

M
‘O‘Xl(m) =g V314248 - q+4124-¢% +--),

so by the previous formula (for p; = 0):

pew(M) ; i~

N = AL QS Te)
n=1

=  A(M,Tc) =248, A(M,Tc) + A(M, S*T) = 4124,

= A(M,S*Tc) =3876 and A(M,S*I¢) = 3875.
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Here one could again conjecture a relation to the irreducible representations of a group.
For this we shall consider the exceptional Lie group Ejg (despite a close connection, the
identical notation with the Eisenstein series Fjg is accidental). It has dimension 248 and
therefore possesses a representation in this dimension, namely the adjoint representation
on its Lie algebra. At the same time, this is the smallest irreducible representation of
Es . The next dimension in which an irreducible representation exists is precisely 3875.
However, one cannot hope that Eg acts non-trivially on our manifold, since then an
S! C Eg would also act non-trivially (each element lies in a maximal torus, hence also
in an S!). But this contradicts A(M) = 1, since we have (cf. [AtHi70]) the

Theorem (Atiyah-Hirzebruch): If the circle S Y acts non-trivially on a connected spin
manifold, then A(M) = 0. yis

But one could still hope that perhaps a large discrete subgroup of Eg acts on a manifold of
the type assumed to exist in this example. As already noted above, under our assumptions
on the Pontrjagin numbers of the manifold, each genus is a multiple of the fi-genus; in
particular, we have (by the Cauchy lemma):

sign (M) = ~22F+1(22k=1 1) . A(M).

Since the A'genus is always integral up to a power of two in the denominator, 22~ —1
must divide the signature of M. If in addition M is a spin manifold, so that the second
Stiefel-Whitney class w2(M) is equal to zero, then the twisted A—genera are integral;
since this is likewise true of A*/6 also

q—k/ﬁ 'A(M,@Sq“TC) . Ak/ﬁ = ‘PW(M) = A(M) - Eak
n=1

is integral. We therefore obtain from

h -
Bo(r) =1+ —p— ‘;Uzk~1(n) q"

for n = 1 the divisibility condition:
A(M) =0 (numerator of the reduced representation of Bayy/4k).

For k& = 2,3 this numerator is equal to one ( 4 and Ejg are integral modular forms),
but for larger k this represents a proper divisibility. If we combine this with the above
condition on the signature, then we have:

sign(M) =0 (2***1(22*7! — 1) - numerator(23x)).

In the derivation of this result we have proceeded very crudely. More precisely, we have
only used the integrality of the coefficient of ¢ in @w(M); hence it suffices to require

~

A{(M,T¢) € Z instead of w, = 0 to deduce the divisibility statement.
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We can obtain a small improvement of this result: For a spin manifold M, the A-
genus A(M ) is always even if the dimension of M is divisible by 4 but not by 8
(cf. section 8.1). Putting ar =1 if k is even and ar = 2 if k is odd, we therefore
have:

sign (M) =0 (ax2?%*!(22¥~! — 1) - numerator (Z3+)).

Example: For k = 1 this means that sign (M*) = 0 (16). This result is sharp, since
e.g. a K3-surface has signature 16.

Now that we have derived a lovely result under strong assumptions on the Pontrjagin
numbers of the manifold, obviously the question remains whether such manifolds exists.
Milnor and Kervaire have reported on this problem at the 1958 International Congress
of Mathematicians (cf. [MiKe58]). They investigated a particular kind of manifold:

Definition: A manifold is called parallelizable if its tangent bundle is trivial; it is called
almost-parallelizable if its tangent bundle is trivial on the complement of a point.

For an almost-parallelizable manifold M 4k we obviously have w,; = 0, since wy can
be defined via obstruction theory on the 3-skeleton of a triangulation of the manifold,
and this triangulation can be chosen so that the tangent bundle of M is trivial on the
(4k — 1)-skeleton, hence there is no obstruction to a section over this skeleton. The same
argument also yields p; = 0 for ¢ < k. Moreover, such a manifold is automatically
orientable, since also the obstruction w; to orientability is zero.

Since all our conditions on characteristic classes are fulfilled by almost-parallelizable
manifolds, our divisibility theorem holds for such manifolds. The condition of being
almost-parallelizable is in fact stronger than we require, but Milnor and Kervaire have
constructed almost-parallelizable manifolds whose signature not only satisfy the above
divisibility relation, but in fact yield an equality:

Theorem: There are almost-parallelizable manifolds MEF with

sign (Mg*) = a;2%**1(22%~! — 1) - numerator (53 ). i}

The divisibility statement is therefore sharp. For the Witten genus of Mg¢F this means
that:

B ) oo A M4k . E k
b Al G, e) = A0 B
n:l

For M§ we get j/3, hence for Mg x M8 x M$ we obtain the modular function j;
but this does not answer our prize question, since we want to attain instead j — 744.

Now to the construction of M#*, by means of plumbing!
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6.5 Plumbing of manifolds

The manifold M¢* of the last section will be constructed by judiciously gluing together
several copies of the disk bundle associated to the tangent bundle of S™. The gluing
instructions are given by a suitable graph. This method of construction is called plumbing
(cf. [MiKe58], [KeMi63], [Br72]).

We therefore consider D(S™) = {x € T'S™ | |z| < 1}. One is given a graph as plan
for the construction, such as the diagram for Fj:

@ 4 L 4 L 4 \ 4 @

Diagram for Eg

For each node (or vertex) one takes a copy of D(S™), and joins together two of these
copies if there is an edge in the graph between the corresponding nodes. The manner in
which the copies of D(S™) are joined is shown here in the case m = 1:

Plumbing of disk bundles

The boundary of the new manifold in this example is obviously an S!, and the manifold
is orientable. In the general case plumbing also yields an orientable manifold X2™
with boundary. One can now easily determine the signature of this manifold. We
recall that the signature of a 4k-dimensional, oriented manifold X with boundary is
defined as the signature of the quadratic form belonging to the intersection form on
H*™(X,0X;Z) = Hy(X;Z), ie.

a € H*(X,0X;Z) — (a-a)[X,0X].
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In D(S™) a canonical basis for the middle homology is given by the zero-section of
the tangent bundle:

Zero-section of the disc bundle D(S?)

Let X%’S” be the resulting manifold in the construction using Eg. The cycles s1,...,5s
intersect one another exactly as indicated in the FEg-diagram (i # 7 ):

Sig. = 0, if no edge joins vertices ¢ and 7,
%771 £1, otherwise.

The signs can be determined by the choice of an orientation of the s;. The resulting
matrix is symmetric for even m, anti-symmetric for odd m. We now consider the self-
intersection numbers. For the S! the zero-section can be deformed so that it is nowhere
zero, hence we obtain self-intersection number zero. This is not the case for S2, since
the deformation of the zero-section is given by a vector field on S2, which is well-known
to always have two zeroes (the Euler number) when counted correctly. We therefore have
self-intersection number 2 here. In general, the Euler number of a sphere S™ is equal
to 2 for even m and to 0 for odd m, hence:

S5, = 2, if mis even,

v 0, otherwise.
For the diagram FEjg we obtain the following matrix when m = 2k:
2 1
1 2
1

N =
[N
DN e

DN e
DN

1 2

It follows that the intersection form is positive definite with determinant 1.
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In our example with S' we obtain a 2-dimensional manifold X3} whose first
(i.e. middle) homology is generated by eight cycles, i.e. by = 8. If we collapse the
boundary, an Sl toa point, a Riemann surface of genus four (Euler number —6)
results. In other words: X% is a Riemann surface of genus four with a hole.

In the general case, the boundary V2?™~! of X?™ is a homology sphere if the
determinant of the intersection form of X is equal to *1. For m > 2 the boundary
is also simply connected, hence for m # 2 is even a homotopy sphere (all homotopy
groups of V2™~1 are the same as for the sphere S?™~!). Now in 1960 Stephen Smale
proved the following theorem (cf. [Sm60]):

Theorem (Smale): Each homotopy sphere V* with k > 4 is homeomorphic to the
sphere S*.

For us this means that the boundary V?™~! for m # 2 is therefore homeomorphic
to the sphere S?™~!. Now the disk bundle D(S™) is a parallelizable manifold: If
7 : D(8™) — S™ is the projection we have T(D(S™)) = #*(T(S™) ® T(S™)) and
T(S™) @ T(S™) is a stably-trivial bundle over S™ with rank 2m, so it is trivial.
Hence the manifold XZ™ obtained from D(S™) by plumbing is again parallelizable.

We have thereby found an example of a so-called exotic sphere, i.e. V2™~! is home-
omorphic, but not diffeomorphic to S?™~!! For if V?™~! were diffeomorphic to
S§?m=1" then

X¥ Ugam-s D*™

would be a 2m-dimensional manifold which is parallelizable in the complement of a
point, hence almost-parallelizable. However the signature does not change when one
attaches a disk, and so for m = 2k it remains equal to 8. From our earlier considerations
on the divisibility properties of the signature of almost-parallelizable manifolds we obtain
the result:

ax2?*t1(2%*71) - numerator (%3%) divides 8.

But for £k = 2 the left side is 8 - 28. Contradiction!

The Milnor spheres V2¢~! are therefore not diffeomorphic to S**~!, and
X3 Ugzmor D™

only has a differentiable structure on the complement of a point. We now denote by
bPyy. the set of diffeomorphism classes of oriented spheres £4*~1 which bound compact
parallelizable manifolds (respecting orientations). This is a group with the connected sum
as group operation. One forms the connected sum of two manifolds by joining the two
manifolds with a handle. For k > 2 this group is generated by the V41, The order
of the group is precisely

(ak22k+1(22k_1 — 1) - numerator (%3 )),

Co | b=

N =
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hence the boundary connected sum of 7, copies of the manifold X£% has the standard
sphere as boundary, to which one can glue a disk smoothly. Since the signature of two
manifolds adds under the formation of their connected sum, the resulting manifold is
therefore the desired manifold Mg*.



7 Riemann-Roch and elliptic genera in the complex case

7.1 Elliptic genera of level N

Let 7 € b and L = 2mi(Zt + Z) be a lattice. We seek a function h(z) on C, which
is elliptic with respect to L and on C/L has a zero of order N at the origin and a
pole of the same order at a point P. In order that such a function exist it is necessary
that N-0—N-P =0 (L), hence the point P must be a non-zero N-division point of
C/L. These N-division points are precisely the points P of the form:

P=27rikT+l

#0 fork,l€Z.

If we normalize the function h by h(z) = z™ + ---, then it is uniquely determined
for a fixed N-division point P (cf. Appendix I, §6). Under these assumptions, we can
extract a unique N-th root f with the normalization

fl@)= Vh(@) =2+ .

This is elliptic with respect to a sublattice L of index N in L. For fixed k, I the
power series

Q(z) = =14 b1z +boz® + -

.
f(z)
is therefore uniquely specified. The coefficients b, depend on 7; they are modular
forms of weight 7 for a certain modular group (cf. Appendix I, §6). This is not the full
modular group SL4(Z), since the chosen N-division point P must transform correctly.
For k=0 and (I,N) =1 (P a primitive N-division point) one obtains as modular
group for the b, the group

Ti(N) ={(* %) es(@) | (¢ &) =(; 2) (M}

We now consider the genus defined by this power series Q. Thus let X be a complex
manifold of dimension d, with total Chern class given by:

(X)=1+a(X)+ +caX)=1+a) (1+34), ¢ €HEX;Z).

The genus ¢y, corresponding to @ is then

onp(X) = (H o) X
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This is an expression in the coefficients of Q(z) of weight d, hence a modular form
of weight d, on T'((N) if k =0, ie. if P = 2mil/N with 0 <! < N. In fact,
if (I,N)=n # 1 then we obtain the larger modular group I't1(N/n) D I'1(N). For
k # 0 different modular groups arise.

This genus is called an elliptic genus of level N. For N = 2 this is our original elliptic
genus; the generalization to arbitrary N was already proposed by Witten.

In the case N = 2 one has the involution = — —z on C/L. This leaves the origin
and P fixed and so also h, since we have normalized h to begin with z2. Hence
h is even, as well as also Q(z) = z/+/h(x). For the calculation of the corresponding
genus one therefore needs only the elementary symmetric functions in the squares of
the z;, hence the Pontrjagin classes. Therefore one can also define the elliptic genus
of level two for differentable manifolds. For k = 0 one obtains in this case modular
forms on T'1(2) = Is(2).

7.2 The values at the cusps

For the elliptic genera of level two the values at the cusps of I'g(2) are the well-
known signature ( L-genus) and A-genus. We are therefore also interested in the values
at the cusps of I';(N) for the elliptic genera of level N. One obtains these values
by introducing the local uniformizer ¢ = 2™ for the cusp oo, for example, and
considering the Fourier expansion ¢g + ajq+--- of the modular form at co. The value
at oo is then ag. For modular forms of odd weight this is only well-defined up to sign
(cf. Appendix I, §1). For the values at the other cusps, one transforms them to co and
then proceeds analogously. We shall now investigate these values.

Thus let X be a compact, complex manifold of complex dimension d. Then the
Hodge numbers hP? are defined (cf. section 5.4), and as previously considered the p-th
holomorphic Euler number is defined as:
d
XP o=y (-1)7-hP
q=0

¥ is just the arithmetic genus, and we have xP = (—1)%x4~P. We have already shown

that x? is the index of a suitable elliptic complex (the Dolbeault complex). We further
defined

d
Xy(X) =D xP(X)-v";
p=0
the Atiyah-Singer index theorem yields

w00 = [T (w552 )

1—e=
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Since the power series on the right side does not begin with 1, we must normalize it
in order to obtain a genus:

d
Xy(X) 4yt 1
1+ _I._Il(z L-em™ 1+y)[X]'

Unfortunately we no longer obtain x_;(X), the Euler number e(X) of X. For y =1

we have x;(X) = sign (X) which is already defined for differentiable manifolds.

We now consider a different genus. Let K = A?T* be the canonical line bundle of X,
and D an arbitrary divisor on X. We define

d
X(X,D) = (-1)"dim H*(X;Q°(D)),

=0

where Q°(D) is the sheaf of meromorphic functions f with (f)+D > 0 (resp. germs of
holomorphic sections of the line bundle associated to D ). The Riemann-Roch theorem

yields:
x(X, D) = (ch (D) - td (T X))[X]
d .
= (ex(P). H I—_%:ET)[X]'
=1

Since ¢1{K) = —(z1 + -+ z4), we have:
d 7
Hence x(X,K") is the genus associated to the power series

z
1—e 7’

Qa) =

One can also consider 7 € @ formally and so obtains a genus from the same formula,
which is in general no longer integral. Sometimes K is the N-th power of a line
bundie (which holds precisely when ¢,(X) = 0 (V) ). In this case, the genus x(X, K7)
corresponding to r = k/N is obviously integral. For N = 2 this means the purely
topological condition w2(X) = 0, but for N > 2 we need the complex structure.

We now turn to the values at the cusps. Let P # 0 be a fixed N-division point
in C/L, L = 2mi(Z7 + Z). Without restriction we may assume that P = 27i/N.
For a different V-division point we obtain a different modular group. Just as is the
case for level two, the choice of a different point P corresponds to the expansion at a
different cusp (cf. Appendix I, §6). Given L and P, we have defined a power series
f(z) = A/h(z) in the above discussion. The elliptic genus of level N corresponding
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to Q(z) = z/f(z) yields modular forms on I';(N) of weight d. For the values at the
cusps, we can formulate the following assertion:

Theorem: The values of the elliptic genus of level N at the cusps of T'1(N) are:

1 xy(X)/(1+y)d, where —y = e2>™*/N £ 1 is an N-th root of unity with
0 <l <N
2) x(X,K*N) with 0 < k < N.

Proof: The expansion at some cusp of the elliptic genus for a fixed N-division point P
corresponds to the expansion at the cusp oo for some other choice of N-division point.
Therefore the set of values at the cusps for a fixed IN-division point is the same as the
set of values at the cusp oo for all N-division points P = 2wi(kr +{)/N .

These can be easily obtained from Appendix I, Theorem 6.4 (i). For k =0 i.e. P =
2mil /N we get the value x,(X)/(1 +v)?, where —y = e2™/N for 0 < k < N and
! arbitrary we get x (X, K*/V). Big

Remark: The values at the cusps are in general not all distinct, since the number cu (V)
of cusps of I'; (V) is given, for N =3 or N > 4, by (cf. Appendix I, Corollary 7.11)

(V) =3 3 plm)p(N/m)

m|{N

where ¢ denotes the Euler ¢-function. Hence for a prime N =p # 2 there are p—1
cusps, but we have listed 2(p — 1) values. This comes about since these values are only
well-defined up to sign. For NV = 2, in case 1) only y = 1 occurs, i.e. the signature;
in case 2) only k =1, the A—genus, is possible. These are the genera which we have
already obtained at the two cusps of I'1(2) = I'y(2).

7.3 The equivariant case and multiplicativity

There are several classical results about these values at the cusps. Assume that the
circle S! acts non-trivially by holomorphic automorphisms on our complex manifold
X. Then S' acts on the finite dimensional vector spaces HP9(X). We thereby
obtain a representation of S!. The corresponding character is a finite Laurent series
in ¢ = e?™7 ¢ 8!, 1 € R. Taken together, these representations yield as character a
finite Laurent series x,(g, X) in ¢ with x,(id, X) = xy(X). As we have seen in
section 5.4, xy(q, X) = xy(X) is constant.

If ¢;(X)=0(N), ie. K =L" for aline bundle, then x(X,K*/N) = x(
integral. If S acts non-trivially on X, then the character satisfies x( X, L*
(cf. [Ha78] and Appendix III).
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Example: For N =2, ¢;(X) = 0(2) is precisely the condition wy(X) = 0, which
means X has a spin structure. Then A(X) = x(X,L) where K = L?, so L is a root
of the canonical bundle of X. Now the theorem of Atiyah-Hirzebruch (cf. [AtHi70])
states that the character associated to A(X) is zero if S' acts non-trivially on X.

Now we shall observe that the values at the cusps vanish on the projective spaces of
dimension 7N — 1, r > O:

If X = P4;(C) is a complex projective space and E is the line bundle determined
by the divisor Py_;(C) C P4(C) (so that E = H*), then the canonical bundle is
K = E-(@+1) Aga special case of a simple residue calculation we obtain (cf. [Hi54]):

(PA(C), EF) = (+4) = (X 1)-é!~ (i+d)

This is a polynomial of degree d in ¢ with the zeroes —1,...,—d. For d=rN -1,
so that N = (d+1)/r, we then have

X (Pa(C), K*N) = x(P4(C),E™*") =0 forall0 <k < N.
In addition, we have (cf. section 5.4):

Xy(Pon-1(C)) =1 =y &+ (-y)""
R
1-(~y) ~

since the hP? are all zero for p # ¢, i.e. h?? is the 2p-th Betti number, so is one.
From this it follows that

Xy(Prn—1(C)) =0 for —y=e>"/N 0<l<N.

Theorem: The elliptic genus vanishes (identically as a modular form) for complex
projective spaces of dimension TN — 1; indeed it vanishes for all manifolds which are
total space of a bundle with fibre P,n_1(C).

Proof: The correct proof follows the same lines as for the corresponding theorem about
elliptic genera of level two in section 4.6 (use the fact that f(z —z1)--- f(z — z,§) is
elliptic for L = 2ni(Z1 + Z) ).

The vanishing on P,y_;(C) was to be expected, since as we have seen all values at
the cusps vanish for P.y_;(C). We therefore have a cusp form, but one does not come
by cusp forms so cheaply.

For a result on multiplicativity in fibre bundles with fibre having first Chern class divisible
by N we refer to Appendix III
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7.4 The loop space and the expansion at a cusp

We shall now attempt to define the expression X, (g, LX) for the loop space £LX. We
shall proceed by analogy with the case of elliptic genera of level two. On the loop
space LX there is a canonical S!-action having as fixed point set (LX )51 precisely
X C LX, the space of constant loops. A tangent vector to a constant loop p € X
is a loop in T,X. This can be regarded as a periodic mapping of R into a finite
dimensional complex vector space, and so has a Fourier expansion with coefficients in
T,X. We obtain the splitting

T,LX = i T, X

n=—oo
where ¢ € S! acts on the n-th summand as multiplication by ¢™.

We now apply the equivariant Atiyah-Singer index theorem formally. The x,-genus is
the index of the Dolbeault complex, computed as the sum of local contributions which
are determined by the normal bundle to the fixed components. Hence we should have
the formula:

e = ([ I 020 Jon)

n=—oo - q € '

For ¢ = 0 this expression certainly yields x,(X), but since Y oo _ g™ does not
converge there is evidently a serious problem with convergence. The product cannot
even be multiplied out into a formal power series. We therefore separate the factors for
positive and negative m, multiplying the latter by ¢™e® to obtain:

< 1+ Ltge™ i (1 +yg"e ™) (g e +y)
Xy(¢, LX) = <El‘i (H (1= gqre—=)(gre® — 1) ))[X]

For ¢ € S' this expression still fails to converge; instead we shall consider ¢ =
e?™7 7 € h. Then Im(7) > 0, hence |g| < 1, and the product does indeed converge.
Since for the values at the cusps —y is always an N-th root of unity, we shall also
consider —y = n with 3V = 1

(@, LX) = (Hrl — (H a “1773“;:_1(;(1;1?;)n))m

To cancel the 7-factor we multiply formally by n“d'z.,.21 b= pef2 (¢(0) =—-1/2). If
in addition d = 0 (2N) so that 7?2 = 1, with = e* we obtain:
d

B a2 sinh ((z; — @) /2)
X-n(gq, LX) = (il;[lx‘e ! sinh (z,/2)

B (T e LE et Y

(1—gre==)(1 - qme™)

n=1
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We can write this more simply in terms of the ®-function. The ®-function is defined by

—qref)(1—-gre™®)
(1-q)’

B(z) = 2 - sinh (z/2) - ﬁ (
n=1

For |g| < 1, this product yields a holomorphic function in z with zeroes of order 1
at 2mi(Z7 + Z). We have

X) = 4 af2 é(z‘l - Ol) X
Xy(q, LX) = (H zie ——‘I’THJT)_)[ ]
Wo= 1.

For the elliptic genus of level N we have as Fourier expansion (see Appendix I,
Theorem 6.4)

with —y = e%, (—vy

_ 2(@)8(-0)
@)= S —ay -

The normalization factor e?*/2 . ®(—a)* is a modular form of weight d on T (N)
when d =0 (N) (for N odd) resp. d = 0 (2N) (for N even). Hence for (—y)" =1,
xy(q, LX) is a modular function for T';(N) under these assumptions.

7.5 The differential equation

The function h = fV is elliptic with respect to a lattice L. Hence also f'/f = % -h'/h
is elliptic with respect to L. This function has precisely two poles, namely a pole of
order one at the origin as well as at the chosen N-division point P. Hence f'/f
defines a double covering of P;(C) by C/L. On the curve C/L there is the involution
T : 2 +— —z + P. The function f(z)f(—z + P) is elliptic with respect to L (under
translation by lattice vectors inverse factors from f(z) and f(—z + P) cancel) and has
no poles or zeroes, hence it is constant:

f@)f(=z+P)= f(P/2)’ = c72 #£0.

Here P/2 is any of the four points P in C/L with 2P = P. Logarithmic differen-
tiation then yields:

@) fl-o+P)_,

flz)  f(-z+P)
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Hence f'/f is invariant under the involution 7. We thereby obtain an isomorphism
f'/f: (C/L)/T — Pi(C), so that each function on (C/L)/7 is a rational function of
f'/f. Now the function

1 + 1 1
N N~
f@)"  fl=z+P)"  f(2)
is certainly invariant under 7 and also is elliptic with respect to L, since f is; hence
it is a rational function of £ = f'/f. Furthermore it has only poles at the origin, and

at the point P, both of order N. Since the pole at the origin has leading coefficient 1,
while £ has a simple pole with residue 1 there, we even have an equation of the form

<+ fa)N

Z o V=6 e € b ban o,

for we can choose the coefficients a;,...,ax so that both sides have the same principal
part at the origin. Since they are invariant under 7, they also have the same principal
parts at P; since they are both elliptic with respect to L, they therefore coincide. Here
we have put asy = ¢V, so that apny # 0. The coefficients ai,...,anx and agy can
be determined directly from the coefficients of £. Hence they are modular forms (on
(V) if P =2xi/N) of weight equal to their index (cf. Appendix I, §7).

We shall denote the polynomial of degree N on the right side by Py. We claim that
in this polynomial the coefficient ay_; is equal to zero. Equivalently, we must show
that the derivative of Py has a zero at the origin. We differentiate the above differential
equation and obtain

1
Pi(e) € = €N - (aan - £ = 7).
Since the function ¢ is elliptic with respect to L but is non-constant, there is a point
in C/L at which it vanishes to an order e. Since the factor in the parentheses on the
right only has a pole where € = f'/f does not vanish, the order of the zero at this point

for the right side of the equation is at least e, since £ only vanishes to order e — 1,
we conclude that P} (0) = 0.

Example: For N = 2 the differential equation has the following form:

[P 4 a =1
= f'2:1—a2~f2+a4~f4.
With ap = 26 and a4 = ¢ this is the well-known differential equation for elliptic genera

of level two. For arbitrary € and § with € # 0 and € — 6% # 0 this determines an
elliptic function.

Each differential equation as above yields a unique (up to normalization) power series
f(z). For arbitrary coefficients a,, f(z) will not be an elliptic function. Our a,
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were in fact modular forms of weight 7, depending on a lattice with N-division point;
evidently they must satisfy several relations, since there are not so many algebraically
independent modular forms. What relations must the a, for an arbitrary N satisfy, in
order that one obtain an elliptic function?

The function 7 = (c¢f)™" + cf is not elliptic for L, but rather for a sub-lattice L of
index N in L. However the involution 7 exists on C/L as well as on C/L, and 75
is likewise invariant under 7. If one divides both these curves by the involution, then
both become rational curves, i.e. isomorphic to P;(C). The function

n: Py(C) 2 (C/L)/r — (C/L)/7 = P,(C)

is an N-fold covering. It defines the extension of degree N of the function field on
(C/L)/7 to the function field of (C/L I\/T In partlcular, as can also be established
on elementary algebraic grounds, (cf)™" + (c )Y is a polynomial of degree N in
n = (cf)™" + cf; we denote this polynomial by Tiy.

Example: The first polynomials Ty are:
2422 = (z‘1+z)2—2 =  Ty(z)
23483 = (z*1+z)3—3(z'1+z) = Ti(z)=12° - 32,
= (27 + z)4 —4(z7t + z)2 +2 = Ty(z) =z* - 42? + 2.
We therefore obtain, from the above differential equation, the equation
Ty(n)=c™ - Py(&).

The curve in the (z,y)-plane defined by the equation TN(I) = ¢ N . Py(y) is
parametrized by ¢ and 7, hence is isomorphic to (C/f)/r and so is rational. Since
it is given by an equation of degree NN, it must have a large number of singularities.
A point (z,y) on this curve is singular if and only if = and y are critical points of
¢ NPy resp. Ty and the critical values coincide.

The critical points and values of Ty are easily obtained using the so-called Chebyshev
polynomials Ty. These are defined by the equation

cos (N6) = Tn(cos (6)).
Here is a list of the first few Chebyshev polynomials:

Ty(z) =z, To(z) =22° — 1,
Ts3(z) = 423 — 3z, Ty(z) = 8z* — 8% + 1.

The Chebyshev polynomials always start with Ty = 2N-1gN 4 ...  Since cos(f) =
(e® +e %) /2 and

Tn(2 - cos (0)) = (e +e ) = eN? 4 e N0 = 2. cos(NB),
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we obtain the relation
Tn(z) =2-Tn(z/2).

From the defining equation of T we see, that the zeroes of Ty are z; = cos(nj/N)
with 0 < 7 < N. At these N — 1 points, Ty has local maxima or minima, all with
the values £1; more precisely:

Neven = (N —2)/2times value 1, N/2 times value — 1,
Nodd = (N —1)/2times value 1, (N —1)/2 times value — 1.

For N = 8 we obtain the following figure:

A

o5 +

'
S

Chebyshev polynomial Tg

For the polynomials Tn(z) = 2 - Tn(z/2) the N — 1 critical points are zZ; =
2cos(mj/N) with 0 < j < N and the critical values are =+2; the distribution of
signs is the same as for the Chebyshev polynomials.

So we expect that most of the critical values of the polynomials Py arising in our
differential equation are equal to +2c”. The following discussion will give a more
precise resuit.

The function {’2 is elliptic with respect to L and invariant under the involution 7.
It has a pole of order four at the origin and at the point P and its Laurent series at
the origin starts with 51; + ---. Therefore there is as above a normalized polynomial
Qz) =z*+q -2°+q - 2> + ¢z -z + g with

Qe =¢".
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The curve given by the equation y?> = Q(z) is therefore parametrized by C/L, by
means of £ and &'. The function £ assumes each value twice on C/L (at points which
are exchanged with one another by the involution 7); its derivative &' has different
signs at the corresponding points. Therefore this parametrization is an isomorphism apart
from the poles of £ (at 0 and P).

There is a close relation between the polynomials @ and Py:

Py(€) =f" +an- N
= Py()-&=N-£-(-f"+amw-fV)
. 2
= PII\/(OZ g7 =N ((f—N + asn 'fN)2 —4asn)
=  Q(z)- (Py(z)/z)’ = N?- (Pn(z)’ — 4asn).
As one easily sees from this equation, away from the origin Py has only critical points

of order precisely two with critical values ++v/4asy = +2c". So all the polynomials Py
occurring in the differential equation for f are so-called almost-Chebyshev polynomials.’

Definition: A polynomial Py(z) =z +--- is called a normalized almost-Chebyshev
polynomial if Py(z) = N -z - (z—&) --(z—E&N—2) and the critical values
Pyn(&1),....Pn(En—2) are equal up to sign.

7.6 The modular curve
The existence of the equation
Q- (Py/2)’ = N*(P}; ~ 4azn)

relating the polynomials Py and @ gives us conditions for their coefficients. By
differentiating it we obtain:

Q' - (Py/2)* +2Q - (Py/z)- (Py -z — Py)/s® —2N?Py Py =0
= Q- (Py/z)+2Q (PN -z—Py)/z* —2N?*Py -2=0

(here both P)/z and (P}, -z — Pj)/z? are polynomials in z!).

This yields IV + 2 equations for the coefficients g¢;, g2, g3, g4 of Q and aq,...,ay of
Py . Since the polynomial @ is monic, the equation of highest degree is always satisfied.
The next equations successively determine the a, as homogeneous polynomials of weight

¥ F.H.: This terminology was used during my course. I did not know that these polynomials exist in
the literature under the name Zolotarev polynomials. | wrote to Prof. Rivlin about the almost-Chebyshev
polynomials and got from him the information on Zolotarev polynomials.
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7 in the ¢i,...,q4 (of weights 1 to 4). Since for our construction of the elliptic
genus ay—_; = 0, one obtains a homogeneous equation of weight N —1 in gq;,---,q4.
There still remains the equation for the constant term, which yields a second condition
of weight N +1 on ¢; to ¢4. These two equations determine those polynomials Q
for which a polynomial Py with @ - (PI’V/zc)2 = N?2. (P]%, ~4a2N) exists (with
aaN = ((JLN/Q).2 - q4(aN_2/N)2 )-

Example: For N = 2 we have

(42° + 3q12% + 2¢27 4+ q3) 2+ 2Q -0 —8z(z* +a2) =0 and
aq = (a2/2)" = aa(1/2)".

From these equations we get

q =0, q3 =0,
ay =q2/2, a4=q3/16 —q4/4.

With as = 26 and a4 = € we have

Py(z) = 2% +26 and
Qz) =z* +46 - 2® +4(6* —¢).

At the signature cusp we have 62 = ¢. Hence @ has a double zero at the origin in this
case. Atthe A cusp we have € = 0, hence () has two double zeroes.

For N = 3 we have:

(42® + 3q12* + 2¢27 + q3) (3T + 2a1)
+6(z* + 12 + @2z” + @3z + q4) ~ 18(z* + a12° + azz) =0

In this case we get the equations

a1 =3/2-q, G = —-3/4-¢,
az=(2-¢3 - ‘I?)Z{‘lv 4 = —q1q3/2,
as = (2-¢s — ¢3) /64

The two homogeneous equations satisfied by the coefficients ¢; through ¢4 determine a
curve Cp in the weighted projective space with the weighted homogeneous coordinates
¢1 through ¢4, ¢; being of weight 2. Each elliptic curve with distinguished primitive
N-division point gives rise to a point on this modular curve Cpy. If one parametrizes
such elliptic curves by 7 € I'; (IV)\h (cf. Appendix I, §7), then this mapping is simply
given by (q1(7) : ... : q4(7)); this is well-defined since g; is a modular form of weight
1 and the coordinates are weighted homogeneous. The modular curve is in general not
irreducible, but the extension of the mapping to I';(N)\h is surjective on individual
components for dimensional reasons, which then parametrize our lattices.
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Now each elliptic curve with an N-division point is also a curve with an N - d-division
point. What happens to the polynomials Py, and how does the embedding : of the
corresponding modular curves look?

We consider the differential equation

—N _ g

¢ - Pn(§) =Tn(m).
In order to bring it to the form

¢V Pin(€) = Tun(n),

we must apply the polynomial Td (it follows immediately from the definition of the
Chebyshev polynomials that Td(TN) = Td N ). We therefore obtain

Py = AN Td(C‘N . PN).
This polynomial Fyy is again almost-Chebyshev, and satisfies
Q- (Pézv/x)2 =N?. (Pd2N - 4C2dN)

with the same polynomial @ as in the corresponding equation for Py. For the poly-
nomial @ it is immediately clear that it does not change when an N-division point is
re-interpreted as a dN-division point, i.e. on the modular curve Cp the embedding into
Can is simply the inclusion of some components.

Example: For N = 4 the equations for @ are given by

3
g3 = ~3 '(I1(fI12 +4Q~2),

1
N9s = g7 @ (4‘12 + SCI%) (4g2 + qf)

These equations encompass the case N =2 (g1, 93 =0). For ¢; #0, ¢, and ¢y are
arbitrary while g3, ¢4 depend on ¢y, ¢s.

The modular curve Cy has in general many irreducible components; those which belong
to an elliptic curve with a primitive N-division point are not in the image of an embedding
as above. Since for a prime N = p all N-division points are primitive, this should be
the entire modular curve. Hence for a prime there should be only one component.

The map from I';(V)\h to Cn can be extended to the cusps of I'y(/N). What does
the differential equation at the cusps look like?

One of the values of the genus at the cusps is the normalized x,-genus
xy(X)/(1 +y)d'mx, where —y must be an N-th root of unity different from 1.
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Hence the Todd genus xo(X) never arises. However, this is the only genus which is
invariant under all birational transformations. For we have

dim X dim X

xo(X) = Z (~=1)7h%7 = Z (—1)?h99
q=0

g=0

when X is Kihler, and the numbers A%° are birational invariants (including the
geometric genus h9™X:0)  Hence yo is invariant under birational transformations.
Since in the cobordism ring Q ® @ each manifold X is equal to a sum of products of
projective spaces, which in turn is birationally equivalent to a multiple of P, (C)d‘mx
each genus with this property is determined by its value on P;(C), hence is a multiple
of Xo-

The power series

14y (

Tayes 17¢7)

f(z) =

belonging to the normalized x,-genus satisfies the differential equation

1@ (1

If we bring the differential equation to our form, then with ¢ = % we have:

@)= (1- @),

ct. <ffll + m) = (Cf)—-1 +cf
Y

1-
P - -7
= 1( ) z + T y
But in this differential equation the coefficient of f’/f is non-zero.

We return to the embedding ¢ of modular curves. What follows for it from our condition
an-1 = 07 The formula for P,y yields

Py (0) = 4V -Té(c—N - Pn(0)) - ¢ - PL(0).

So if Py(0) is zero, this remains true for Pj,(0); if Pp(0) is not zero, then
¢V . Py(0) must be a zero of fé In the differential equation of the normalized
Xy-genus we have N =1 and ¢ = % This forces —y to be a d-th root of unity
(check this!). Then we have

P, = (c*1 (z+ 1—:}% )),
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i.e. P, is essentially a Chebyshev polynomial. Hence the value at the critical point 0 is
the same as at the other critical points, a:‘; = 4a94. In addition, we find the polynomial
Q to be

%)’ —462) =m2(x2 +2 yx+1>;

o=+

14y
in particular, we have g¢3, g4 = 0, 1.e. @ has a double zero at z = 0. We have
therefore handled one kind of cusp.

For the derivation of the differential equation we have always assumed that ¢ # 0, hence
also asn # 0. If now asy = 0, ie. apart from the origin only the critical value zero
appears, then it follows by taking into account the other conditions on the coefficients
a, that the N-fold covering has only two branch points and the roots are rational. The
genera which now arise are x(X JKRIN ) for 0 < k < N. The corresponding power
series is

x k
P
—x

Q@) = 1

> f@) = (1-e) ehe.

What differential equation does f(z) = (1 —e™®) - eN = satisfy?

(N-=Kk)-f+Nf __N;z:m__wkf-’er'
N 0 TN

() ) =

. Ity 4

&
Lo
eN T = s

One easily concludes that in fact we have ay_; = 0. Apart from the origin there are
now two critical points, an (N — k — 1)-fold one at k/N and a (k — 1)-fold one at
k/N — 1, both with the critical value 0. The polynomial @ is then

Q(z) = (z — k/N)* - (z — (k/N - 1))?,

so it has two double zeroes. In this case, the functions f'/f and f parametrize an
N-sheeted covering of the Riemann sphere having these two branch points.

We have therefore found an interpretation of the modular curve which parametrizes
elliptic curves with a non-zero N-division point by almost-Chebyshev polynomials (for
a more detailed discussion of this relation between elliptic curves and almost-Chebyshev
polynomials we refer to Appendix IV). If N = p is a prime, then this curve has only
one component. The entire family of elliptic curves then forms an elliptic surface, which
is known as a Shioda surface. Over each point of the modular curve lies an elliptic curve
in the surface; over the points of the modular curve corresponding to the cusps of I'; (N)
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the elliptic curves degenerate. For p > 3, the x (X, K*/?)-genus yields a rational curve
with a double point, the double point yielding precisely the two branch points. For the
Xy-genus the elliptic curve degenerates to a cycle of p rational curves. These possess
a natural involution. Dividing by the involution, we then have (p + 1)/2 components.
These are precisely represented by the genera. For —y is permitted to run through all
primitive p-th roots of unity, but ¥ and 1/y yield the same genus.

Exercise: Calculate the Euler number of this elliptic surface.



8 A divisibility theorem for elliptic genera

8.1 The theorem of Ochanine

In this chapter we will use the (cf. [AtHi59b])

Theorem: Let W be the complex extension of a real vector bundle (hence W = W* )
over a compact, oriented, differentiable spin manifold M with dim M = 4 (8). Then
A(M,W) € 2Z. it

Remark: For a complex manifold X of dimension d, we have
d

AX, W) =x(X, K" @W) =" (-1) dim HY(X; K> @ W).
1=0

We may transform these summands by Serre duality (dim X = d):

H(X;K'?eW)=H" Y (X; K@ K2 o W*)
= HIUX K o W)
= H&H X K2 o W)
We therefore see that modulo 2 all summands apart from the middle one (i = d/2)

cancel. Now Serre duality is given by a bilinear form, which is skew-symmetric for odd
i = df2. Therefore H¥/?(X;K'/> @ W) must have an even dimension.

For the proof of the theorem in the oriented case, one uses the Dirac operator and the
Atiyah-Singer index theorem.

Now we want to discuss the following (cf. [Oc81])

Theorem (Ochanine): Let M be a compact, oriented, differentiable spin manifold with
dim M = 4 (8). Then we have:

sign (M) =0 (186).

We shall give the proof of the theorem in the next section.

Remark: Since in dimension four only the Pontrjagin number p; exists, in this case all
genera differ from one another by a constant factor; in particular (cf. section 6.4)

sign (M) = -8 - A(M).
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Using the above theorem on twisted /i-gencra (with W a trivial line bundle), we obtain
the theorem of Ochanine in dimension four. Rohlin proved this by different methods in
1950. The result is sharp in dimension four, since the I 3-surface has signature 16.

For k > 2 we obtain by the plumbing construction a topological manifold M** with
intersection form FEg. The manifold therefore has signature 8. In addition itis (2k — 1)-
connected, hence all its cohomology groups vanish in dimensions below 2k. Following
Thom and Wu, the Stiefel-Whitney classes can also be defined for topological manifolds
(cf. [AtHi61a]). In our case, we have w;(M) = wy(M) = 0, since there is no
cohomology in dimensions 1 and 2. If this manifold had a differentiable structure,
all conditions of the above theorem would be satisfied, hence the signature would be at
least 16. We therefore conclude that M has no differentiable structure, and on the other
hand that the theorem of Ochanine actually makes use of the differentiable structure.
As we have seen, the theorem cannot be rescued for topological manifolds. We shall
nevertheless investigate this case further. On the cohomology ring of a topological
manifold M of dimension n there exist natural cohomology operations (cf. [StEp62]),
the so-called Steenrod squares, with:

1) Sq': H(M;Z/27) — H*(M;Z/27),
2) Sqo = id,
3) Sq¢'(z) = 2? for z € HY(M;Z/2Z),
4) Sq¢i(z) =0 if x € HI(M;Z/2Z) with j < 3,
5 Sqi(zy) = Y50 S¢(z) - S¢I(y).
In addition there is a cohomology class U; € H'(M;Z/27Z) with

Sq'(z)=U; -z forxz € H" '(M;Z/27).

The Stiefel-Whitney classes can also be defined for topological manifolds, and we then

have:
w = Sq(U), ie.

T+w +- =S +Ui + )+ S A +Ur+ )+
For the first three classes this means:
wy = Sq¢' (1) + S¢°(Uh) = Uy,
wy = S¢*(1) + S¢'(Uy) + S¢°(Us) = UE + Uy,
wy = S¢*(1) + S¢*(U1) + Sq* (Uz) + Sq°(Us)
= Sql(Uz) + Ug.
More is implied by our assumptions w;, wy = 0. For one obtains the odd Stiefel-

Whitney classes wsg;y; as the modulo 2 reduction of the image of ws; under the
Bockstein operator for the coefficient sequence

0——»Z£>Z—->Z/2Z—+0.
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Since we have wy = 0, it follows that also w3z = 0. As we have already seen, these
three Stiefel-Whitney classes are zero if and only if U;, Uy and Us vanish, that is the
Steenrod squares Sq!, S¢> and Sq3 are identically zero in codimensions 1,2 and 3,
resp. We shall now exploit this in order to learn something about the intersection form
of the manifold, which is defined on the integral lattice of the cohomology in the middle
dimension. For this we make use of the so-called Adem relations which are general
relations on the Steenrod squares. Two special cases read (with 7 > 1 and coefficients

modulo 2):

Sq25q4i — (4i2—1) i Sq4i+2 + (41:(;2) . Sq4i+2Sql
— Sq4i+2 + Sq4i+15q1,
Sq35q4i—l — (41'.3—2) . Sq4i+2 + (411;-3) . Sq4i+15ql
— Sq4i+15q1’
= Sq4i+2 — Sq25q4i + Sq35q4i_1-

The right side is zero when applied to cohomology classes of codimension 41 + 2,
since S¢? and S¢® vanish in codimension 2 resp. 3. Therefore Sg**2 is zero in
codimension 41 + 2.

Definition: The intersection form of M*" is called even if
2’ [M]=0 (2) forallz € H™(M;Z).

As we have seen above, we obtain for any 8k + 4-dimensional topological manifold with
vanishing w; and ws that z -z = Sq¢***%(z) =0 for z € H**+2(M;Z/2Z). So our
intersection form is even. By Poincaré duality it is always unimodular, i.e. nonsingular.
Now the signature of an even unimodular quadratic form is always divisible by 8. For
topological manifolds with w; = wy = 0, Ochanine’s theorem therefore still holds in
the weaker form

It

sign (M****) =0 (8).

Just as the Stiefel-Whitney classes w; can be expressed in terms of the U; by means of
the Steenrod squares, one can express the U, in terms of the w;, indeed as polynomials
in the w;. We shall consider these polynomials in greater detail (cf. [Wu50]):

Theorem (Wu): There exists a weighted homogeneous polynomial Up(ws,...,w,) of
degree m where w; has degree 1, such that for each compact topological manifold M 2n
with Stiefel-Whitney classes w; there holds

22 = (z-U,(wy,...,w,)) forallz € H*(M;Z/2Z). i
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The polynomials U; form a multiplicative sequence in the Stiefel-Whitney classes, having
the characteristic power series

N i 2z
1+4Y 2% =—— (2.

T 1l—e 2
1=0

The power series on the right side yields precisely the Todd polynomials, up to a factor
2* in front of z*. We therefore have

U, =2"-Tp(wy,...,wn) (2).

The factor 2™ is needed to cancel the powers of 2 in the denominator of the coefficients
of the power series z/(1 —e™%).

Example:
co + 2
2=—~—-2 L = Ug:w2+wf,
12
C1C2
T3 = —= = Uz = wiws,
3 24 3 1W2
—cq + c3¢1 + 3¢ + deyc? — ¢t
Ty = 4 31 2 Ch 1 = U4=w4+w3'w1+w%+wf.

720

Hence we see that, when w;,ws = 0, the polynomial U, vanishes. Since in addition
w3z = 0, we also have

3
Us = waw, + wuuf + w% + wawowi + w3wy + wgwf =0.

Here we are fortunate, since theoretically wg could also appear as a term in Us.
However, the coefficient of ¢ in Tg is even. As we have seen, multiplication by
the polynomial Uy;yo on the cohomology in codimension 4¢ + 2 of any manifold
with w;,wq, w3 = 0 is the zero mapping. Since this multiplication originates from a
non-degenerate pairing of the corresponding cohomology groups, Usiyo is zero in the
cohomology ring of every such manifold. Nevertheless, as a polynomial Uy, 4o need
not vanish modulo the indeterminates w;, woy, ws.

Example:

U =wi (wy,wo,w3), Uia = wawi (wy,wy,ws).
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8.2 Proof of Ochanine’s theorem

Having already formulated the theorem in the last section, we shall now prove it. For
this we shall recall once more some of the general theory of elliptic genera of level V.

Let L = 27i(Z7 4+ Z) C C be a lattice, and let h be the elliptic function for this lattice
with divisor (k) = N - (0) — N - (a) and the normalization h(z) = z + ---. Here
« is an N-division point of the lattice L, which we take as a = 2x:/N. In addition,
we have denoted by f the N-th root of h, normalized by f(z) = z+ ---. For a
complex manifold X of complex dimension d, the elliptic genus oy of level N
is then given by

d
T
©N,a X)= X].
(X) (H )X
The power series f can be explicitly determined. With

— e gre)
(1-qm)?

®(r,z) = 2-sinh(z/2) - ﬁ (L

we have
_ ®(r,2)®(7, —0a)
A e

The elliptic genus ¢y o(X) of X is a modular form of weight d on T';(N) (T'1(N),
in view of our choice of ). As the expansion of the elliptic genus at a x,-cusp we
obtained
_ d d/2
Xy(% LX) - ‘,DN,Q(X) ’ @(7—7 —CY) . (-y)

with —y = e*. The normalization factor (e*/2- &(r, —04))_1 is a modular form of

weight 1 on I';(IV), up to 2N-th roots of unity. If 2N divides the dimension d, then
(e*/? - &(r, —a))_d is likewise a modular form of weight d (cf. section 7.4). Hence
Xy(g,£X) is a modular function on T'j(N) if 2N | d.

We also have derived a product representation:

d —z; e n,—I; -1, n_z;
e, £X) = ([[o- T (T T 25 )
= o n:ol oQ fe o]
=3 (X, @ 2y T © R 50T @ @ Ay T © @) SouT)
n=1 n=1 n=1 n=1

= xy(X) +- .

The representation in terms of the twisted x,-genera follows once again from the formulas
in section 1.5. The coefficients of ¢* are therefore algebraic integers in the cyclotomic
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field Q[y]. For y = 1 one can combine the terms for T and for T* and express them
using Tc =T @ T*. In order to arrive at our genus from this expansion, we must still

divide by &(r, —a)d(—y)d/2. Now we have
B(r,—a)? = (2- sinh (—a/2) - (integral g-expansion))*
d
= (e_"‘/2 - e"‘/Q) - (integral g-expansion)
=e d/2(1 — ea)d - (integral g-expansion)
= ('—y)_dﬂ(l +y)?- (integral g-expansion),

where “integral g-expansion” always starts with 1 + O(g). Hence it is invertible in
Z([q]] and we have

(integral g-expansion)
(1+y)"

‘PN,cx(X) =

How does the expansion look at one of the other cusps?

Instead of expanding the genus at another cusp, we can also change the N-division point
(cf. Appendix I, §6). We now choose o = 27ik7/N with 0 < k < N. The power
series f then takes the form

flz) = ‘I’(;(i)f(:'aa*)a) . g(kIN)z

and for the genus we obtain:
d

z; 1—gt/Ne= —(k/N)z
‘PN,a(X):<H(1_e—z; ’ 1—gk/N e/

i=1
n+lc/N)e—-:: )( q(n—k/N —z;)(l _ qn)2 ¥
1 e m)(1 — grem ) (1= g (1= g k) ))[ }

n=1

In this expression ¢'/M appears; @y o(X) is a modular form on T''(N). In order to
obtain a modular form on T';(NN) we must replace g by ¢"; the g-expansion of this
modular form @n o(X) has integral coefficients:

@N,o(X) = (Norm.)

(X KN e AquT*®(§5qn~T*® R AquT®éSquT)‘

n=k (N) n=1 n=—k (N) n=1

Here the normalization factor “Norm.” has integral coefficients, and the integrality of the
coefficients of the Riemann-Roch expression follows from that of x (X, K*/N @ W) for



8.2 Proof of Ochanine’s theorem 119

c1 = 0 (N). Therefore our genus ¢n o has an integral g-expansion for a = 27ikr/N,
provided that ¢; is divisible by N.

We now specialize these considerations to the elliptic genera of level two. Let X be
an oriented differentiable manifold of dimension 4k. The elliptic genus of level two
then yields a modular form of weight 2k on I';(2) = I'g(2). There are two cusps. At
one cusp (the signature) the expansion is integral up to the factor 272% (for d = 2k
and y = 1), at the other cusp (the A-genus) the g-expansion is integral if ¢; = 0 (2),
i.e. wy = 0. The coefficients of this g-expansion are twisted A-genera A(X,W). The
bundles W which occur are complex bundles associated to T¢, hence satisfy W* = W.

For this genus we began with the differential equation
2
fr=1-26-f*+e-f4

From the product representation of f at the signature cusp one can easily determine the
coefficients of f'(z)/f(z), and then use the differential equation to obtain the following
formulas for 4 and e (cf. Appendix I, §§3,4):

6:1/4+6i > ddn,

n=1 d|n
d odd

e=1/16 + i > (-1 g
n=1 d|n

If one expands f at the other cusp, one must obviously also do this for § and ¢ in
the differential equation. We shall denote by a tilde the conjugate expansion for I'g(2)
at the other cusp,

FP=1-95 P ye o

Under this passage, we must replace 7 by —1/7 and then 7 by 27, in order to arrive
at the modular group I'g(2). We then have (again, cf. Appendix I, §§3,4):

= 1 1 > n
§ —§~6:—-§—3-Z > d-gr,

n=1 djn
d odd
- 6% —¢ i 3 n
e SO I
n=1 d|n
n/d odd

Now each modular form on T'4(2) is a homogeneous polynomial in § and e, hence
also a polynomial in 85 and ¢:

LX) = > cap-(88)" -2 =P(85,2).
2a+<z,::2k
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If we(X) = 0, we know that ¢(X) has an integral g-expansion, and then the
coefficients ¢, must likewise be integral (proceed by induction, noting that 86 =
~1+--- and € = ¢+ ---), hence

F(x*) € 2[85,]
= o(X*) € z[85,¢].

Now at the signature cusp 22% - (X) is integral,

sign (g, LX) = ¢(X) - 22* - (integral g-expansion)
= 2%k . P(86,¢) - (integral g-expansion)
= P(326, 16¢) - (integral g-expansion),
326 =8 (1+24q-(---)),
16e =1+ 16q-(---).

If our manifold has dimension 4k with k odd, then the polynomial P is divisible
by 328, since otherwise the weight could not be 2k. Hence all the coefficients of the
modular function on the left side are divisible by 8:

sign (¢, LX) = 0 (8).
We are now just a factor of 2 away from Ochanine’s theorem. By the theorem at the start
of section 8.1, the expansion at the A-cusp is not only integral, indeed its coefficients

are all even. It follows at once that all the coefficients ¢, of the polynomial P must
likewise be even. We conclude that

sign (g, LX) = 0 (16).

In particular this holds for the constant term, the signature of X. i



Appendix I: Modular forms

by Nils-Peter Skoruppa, Max-Planck-Institut fiir Mathematik, Bonn

1 Fundamental concepts

Let h = {r € C|Im(7) > 0} be the upper half-plane of the complex numbers. The
group SLy(R) acts on b by

(A,7) > A7 := 22£2 for A= (¢ ) € SLy(R) and T € b.

This action is the restriction to h of the natural action of SLy(R) on Py(C), if one
regards b as a subset of P1(C) via 7 +— []]. Because Im (A7) = Im (7)/|er + d?,
b is in fact invariant under SLo(R).

Remark: This action factorizes to an action of the group PSLy(R) = SLo(R)/{£1};
PSL4(R) is isomorphic to the group of biholomorphic transformations of §.

For a subgroup ' C SLo(R), I'\h becomes a topological space by means of the quotient
topology. If T' is a discrete subgroup, then a unique complex structure exists on I'\h
so that the natural projection 7 : h — I'\B is holomorphic.

Each compact Riemann surface of genus greater or equal to 2 can be obtained in
that way. For if X is a Riemann surface and X its universal covering, then by the
Riemann mapping theorem X is isomorphic to either P;(C), C or b; Therefore we
have X = P(C), or X = C/L for a lattice L in C (and X has genus 1), or
X =T\ for suitable I' C SLo(R) (and X has genus greater or equal to 2). In the
last two cases L, resp. PT := T'/({£1} NT) is isomorphic to the group of covering
transformations of the covering X — X, i.e. is isomorphic to m(X).

Examples: Examples of discrete subgroups of SLo(R) are provided by SLy(Z) and
each subgroup I' C SL3(Z). In particular, for n € N we define the following subgroups
To(N):={A€SLy(Z) | A= (5 %) (N)},
IO(N):={A€SLy(Z) | A= (%) (N},
(N):={A€eSLy(Z) | A= ((1) 1) (M)},
I(N):={A€SL(Z) | A= (} ]) (N)}.

The group T'(N) is called the principal congruence subgroup of level N. The following

sequence is exact:

1 — T(N) < SLy(Z) — SLy(Z/NZ) — 1,
A+ A mod N.
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Hence T'(N) is a normal subgroup in SL2(Z), and has finite index in SLo(Z) (so
therefore do T'g(N) D I'1(N) D T'(N) etc.). In terms of the Euler o-function

p(N):=nN- [ (1-p7)
p|N

and
p(N)=nN- [ +p")

pIN
p prime

we have more precisely:

[SLo(z) : T(N)] = N*- [ (1-p7%) = N-o(N)-p(N), 0]

pIN
p prime

[SLo(Z) : Ty(N)]) =N - [ (1-p7%) = w(N) - 9(N), @)
pIN

[SL2(Z) :To(M)]=N- [[ (+p7") =o(N). 3)
p|N

For k € Z, SLy(R) acts to the right on functions f : h — C: For A = (¢ ) € SLy(R)
and k¥ € Z we define
(FleA)(r) = (T +d) ™" - f(AT).
That (f, A) — f|rA in fact defines an action follows from the following cocycle relation:
With AA’" = A” we have
(cA'r+d) - (dT+d)=("T7+d"),
where ¢, d, ¢/, d' etc. denote the lower entries of A4, A’ etc.

Remark: SL,(Z) acts transitively on P (Q) C Pi(C). For a subgroup I' C SLo(Z)
of finite index, the orbits with respect to the action of I' on P;(Q) are called the cusps
of T, or the cusps of T'\b.

Definition: Let k € Z and T C SLo(Z) be of finite index. A function f :h — C is
called a modular form of weight k on T if:

(1) f is holomorphic on b,
(i) flkA=f forall A €T,
(iil) for every S € SLo(Z), f|xS has a Fourier expansion of the form:

f‘ks (T Za 27riTn/N (4)
n2>0

for suitable a, and suitable N € N
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Let My(T') denote the complex vector space of all modular forms of weight k& on T.

Remarks:

1)

2)

3)

Let f be a function on b satisfying (i) and (ii). Then, for each S € SLy(Z),
flxS is invariant under ST!T'S. Since ST!I'S has finite index in SLy(Z),
there exists an N € Z, N > 0, such that (é IY)S“I‘S = S-irs,
ie. (5 V) € STIT'S. Therefore (f|xS)(T+N) = (f[xS)(), so there ex-
ists a holomorphic mapping ¢ : {t € C|0 < |t| < 1} — C with the property

(FleS)(r) = g(2m7/N), e

(PRSP = > an-eimirni

n=-—0oo

for suitable a,. Thus we see that the restriction in (iii) of the definition of modular
forms only consists of the requirement that a, = 0 for n < 0, and not in the
condition that a Fourier expansion exists. The expansion (4) is called a Fourier
expansion at the cusp I'Soo.

Let f be a modular form of weight k on T, let s € P;(Q), s = Sco fora
suitable S € SLy(Z) and f|xS as in (4). Then one puts ord, (f) := ng/N,
where ng denotes the smallest integer with a,, 7# 0, and, for k& even, one puts
f(s) := ap. The quantities f(s) and ord, (f) are independent of the special
choice of S and only depend on s modulo I'. For if r € 'S0, Roo =71,
then there exists a G € I' with G - Roo = Soo. Since now S™!GR leaves
the point co fixed, it is of the form (%' ) and so there are ¢ € {1} and

0 1
ny € Z with G-R=5-(g ™). Therefore we have:

(FleB)(r) = (fIGR)(T) = (fl&S - (5 ¥))(7)
=" (fleS)(7 +emy)
k Z ssznnl/N 621rin-r/N.

n>0

Modular forms f which vanish at all cusps, i.e. which satisfy ord, (f) > 0 for
all s € P (Q), are called cusp forms. The space of cusp forms of weight k on
T" is denoted Si(T).

As mentioned above, the space X :=I'\} can be given a complex structure so
that w : h — I'\h is holomorphic. By adjunction of the cusps I'\ P;(Q) one can
make X into a compact Riemann surface X. For even k, the conditions (i) and
(i1) correspond to the fact that there exists a holomorphic differential form w of
weight k£/2 on X with 7*w = f(-r)(d-r)k’/2 Condition (iii) then implies that at
the cusps w has at most a pole, whose order is bounded by k/2. In particular,
for k =2 and f a cusp form, the differential form w is holomorphic on all
of X, and vice versa any holomorphic differential on X can be so obtained.
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Thus, one can interpret modular forms as sections of certain line bundles over
X from general theorems on Riemann surfaces, the finite dimensionality of the
spaces M (") then follows immediately (cf. [Sh71]). For k = 2, it follows
from this point of view that the dimension of S3(T") is equal to the genus of X,

For general background on modular forms see, for example, [Sh71], [Se70], [Ap76],
[Sch74] or [Gu62].

2 Examples of modular forms

2.1 Eisenstein series

Let g:h — C be a mapping, then f =3, g|xA transforms formally as a modular
form of weight & on I'. It naturally remains to investigate the convergence of such
an expression. A series defined in this manner is certainly divergent if the stabilizer
I'y = {A|g|tA =g} of g has infinite order (and g # 0). A better definition for f
is therefore in general:

fi= > glA.

Ael \T

For g a constant function and T = SLy(Z) this construction yields, as an example, the
so-called Eisenstein series:

1
Ey=g- . 1A M

A€(§ 1 )\SL2(2)

Note that for k¥ odd M (SL2(Z)) = 0, since any f € M;(SLa(Z)) satisfies f =
fl(=1d) = (=1)* f. The same argument holds of course for any I" containing —id.
Thus we can restrict to even k, and here one has:

Theorem 2.1: For k > 2 even, E, € M;(SL2(Z)). More precisely, the sum (1) is
normally convergent on Y, thus defines a holomorphic function on b, is invariant under
SLa(Z) with respect to the |y, "-action, and one has

Ei(1) =1+ 0(e*™) for Im(r) — o0.

Proof: To show that the series in (1) is normally convergent, it suffices to show that it
is absolutely and uniformly convergent in each region of the form B:
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Region of the form B

From this it will also follow that :
. . 1 . .
Jim Bi(i-v) =2 Z Jim (1 A)(i-v) = 1.
Ae(} 7)\SL2(2)
For the last identity note that lim, ., (1]xA)(¢ - v) is different from 0, and then equal
to 1, if and only if A € i(é ?) To prove the asserted convergence note first of all

that two matrices A and A’ lie in the same left coset with respect to (§ %) if and
only if their lower rows are equal. Thus we can write

1 1
Ey(1) = = D EE—— 2)

2 c,dZeZ (ct +d)

ged (¢,d)=1
Set
pi= inf |z7 +y|°

2+y =1
TEB

Then p is positive, since the continuous function (7,z,y) lx‘r+y§2 attains its
minimum on the set of all (7,z,y) with 7 € B and z? + y? = 1. Using this g one
has for all ¢, d € Z and 7 € B the inequality

ler +d?> > p(c® + d?).
Thus the sum in (2) is dominated by

1
~k/2
# 2 (c2 +d2)**’

c,d€Z
(c,d)#0
which in turn is dominated by
d T Frd b
const - dz .y = const - rar g
@+
0

R\ {0}

We have My, (SLy(Z)) = C - Ez @ Sak(SL2(Z)). This follows easily from the facts
that Ej;(00) =1 and oo is the only cusp of SLy(Z) (i.e. SLy(Z) acts transitively

on Pi(Q)).
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2.2 Theta series

Definition: Let k be even and let L C R* be a lattice, i.e. there is a basis (e1, ..., ex)
of R* so that L = Ze;y + - - - + Zey,; assume that L is integral and even, i.e. ©-y € Z
and z? € 2Z for all z, y € L. Here x - y denotes the standard scalar product on R*.
The determinant of L is defined by det (L) := §{L%“*/L}, where L4 = {y € R¥ |
y-L CZ}. Thelevel N of L isthe smallest natural number N for which Ny? € 27
for all y € Ldv3,

Definition: For a Dirichlet character x modulo N we define:

Mi(Lo(N ={f € M(TL(V)) | fle(® 5) = x(d) - f forall (¢ }) € To(N)}.

Let
= Ze"iTIZ = Z f{z € L | Z2/2 =n}- e2mim,

z€L n=0

Theorem 2.2: We have

B1(r) € Mipa(To(N), (St ),

where () denotes the Jacobi symbol. wig]
For the proof the reader is referred to [Sch74] or [Og69].
Example:
o(r) : = Z e2mit(z?+v?)
z,y€Z
= Zﬁ{(x,y) €Z?|z* +y* =n}- ™"
n=0

Here § = 0, for L = 2 (Zx Z). We have L4 = %Zx %Z, N = 4,

det (L) = 4, k = 2; therefore § € M;(Io(4),(=*)). Moreover, from theorems of
number theory one knows an explicit formula for the number of representations of an
integer by the quadratic form z? + y2. More precisely one has:

DS ) e

djn

For further information on theta series see [Sch74] and [Og69].
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2.3 Lattice functions

Let F: {lattices L C C} — C be a homogeneous function of degree —k, i.e.
F(AL)= F(L)- A" for all A € C*.

An example for k > 2 is: si(L) = 3 k.
y€L\{0}

Now define f(r) := F(Zr + Z); then f|xA = f forall A = (* ) € SLy(Z), for
we have:

(FleA)() = (cr +d)™ - f(EEE]) = (e + )" - F(Z 2545 + 2)

=F(Z-(atr +b)+Z-(ct +d)) = F(Zr + Z) = f(7)
(note that with (7,1) also (a7 +b,cr +d) is a basis of Zr + Z).
On the other hand, if f|xA = f for all A € SLy(Z), then
F(Zwy + Cwy) = wl_k < flwa/wy) (with Im (wq/wy) > 0)

defines a lattice function, homogeneous of degree —k. This connection can be gener-
alized:
Lemma: Let the function

F : {(L,@,) | L lattice, @y primitive N-division point of C/L} — C
be homogeneous of degree —k, ie.

F(AL,\Go) = A~% - F(L,@,),
let f be defined by
f(r)=F(Zr + Z, 7{,—)

then flxA = f forall A € T1(N).

Proof: Here the second argument is always regarded as a class modulo L:

(fled)(r) = F(Z% +Z, %) - (cr + d)~*

= F(Z(at + b) + Z(cT + d), <t2)

=F(Zr+2Z, §7+ %)

=F(Zr + Z, &) = f(1).
For the next to last equality observe that ¢ = 0 (N) and d = 1 (N), hence
£T+ 5=+ (Zr+ 7). ao
On the other hand, if f transforms as a modular form on T'; (V) of weight k, then one
can define a function F : {(L, ), @y as above} — C by F(L,Tg) := wi* f(ws/wy).
Here w1 = Nwg and wj is chosen so that L = Zwy + Zw; and Im (wp/wi) > 0.
That one can find such an wy for a suitable choice of representative wgy of @, is left
to the reader as an exercise (or cf. Lemma 7.5).

Lemma: This function F is well-defined and homogeneous of degree —k. il
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3 The Weierstra} p-function as a Jacobi form

If one considers further the last two examples of the previous paragraph, one is led to
the theory of the so-called Jacobi forms (cf. [EiZa85]). We shall not define Jacobi forms
in complete generality, rather we shall consider only some special cases of interest to
us. We consider the following situation:

() For 7 €h, let z— ®(r,z) be a meromorphic, periodic (hence elliptic) function
with respect to the lattice 2wi(Z7 + Z). Further, let k € Z, T' C SL2(Z) of
finite index, and assume that:

®(Ar, 25) (et +d) F = ¥(r,z) for A= (°5) el

Such functions on § x C are called Jacobi forms on I' of weight k& (and index 0), if
certain additional regularity conditions are fulfilled.

Example: The WeierstraB gp-function is defined as

pra)=+ Y )((;:17;";1‘)

~e2ri{ZT+Z
Y#0

and fulfills (J) with T' = SLy(Z) and k = 2.

Theorem 3.1: Let @ : h x C — P,(C) be a function which satisfies the assumptions (J).
Let n € Z, a, B € R and let g,(7) be the n-th coefficient in the Taylor expansion of
®(7,-) at 2ni(ar + ). Then we have:

GnlkanA = gn forall A €T with (a,B)A = (o, 3) mod Z2

Proof: By the Cauchy integral formula,

1 &(r,z + 2wi(aT + B)) de

gn(T) = é;; 1

and therefore
(gnlisnA)(T) = gn(AT)(cT + d)—(k+n)

_ __1__% D(AT, (z{cT + d) + 2mi(a’T + B'))/(cT + d))
2mi (z(er +d))" !

(et + &) * d(z(cT + d))

with A = (¢ Z) and (o',') = (a, B)A. By substituting z for z(c7 + d) and using

(1), the assertion follows. g

Example: Put e;(7) := gp(7,mi). This therefore transforms as a modular form of
weight two with respect to {A € SLy(Z) | (0,3)A4 = (0,%) mod Z?}. The latter set
is nothing else than the group Iy(2).
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More generally, we want to consider the Taylor coefficients of p(7,2) around any
expansion point. For this, we prove the following

Theorem 3.2: We have

1 1 1
’ = —_—f —— —_— ). 1
p('r Z) 1% (qn/2<'l/2 — q_n/2§_1/2)2 ( 12 + 7% (qn/Z —q_n/2)2> ( )

n#0

Here we make the convention, for now and the following, that:
g=¢€>"" and (=eé°

Proof: As is easily checked, the first summand is normally convergent, and, for fixed
T, it is periodic in z with respect to 2mi(ZT + Z). It has poles precisely at the lattice
points, each of order two; therefore for fixed 7 the function defined by the first sum is
p(7,-) up to addition of a constant. The asserted identity now follows from the facts
that p(z) = % + O(z) and that the function defined by the first sum is equal for z
tending to 0 to

1 1
+ + O(z)
(¢1/2 - C—1/2)2 'é%) (g2 — q—n/2)2
1 1 1
= m et Y ————— 1+ O(2). i)
2 12 7%% (q7? - q——n/2)2 (@)

With the help of the identity

! =Y k-a* (<D

(a2/2 — a—l/Z) (1 _ a) P

we obtain immediately from (1) the
Lemma 3.3: For |q| < min{[¢|,[(7|} we have

(e o]

p(r,z) = m+;<z‘:d(Cd+C—d)>q +‘—(1~24ZU1 (n)g" )
Here

or(n) = Z d. ig)

din
At this point we shall introduce the Bernoulli numbers B;, which are defined as follows:

LT




130 I Modular forms

In particular, By = 1, By = —% and Bak41 = 0 for k > 1. Moreover, one has
the following table:

k 1 2 3 4 5 6 7 8 9 10
By | L | =L 1 | -1 5 —691 7 | =3617 | 43867 | —174611

2 6 30 42 30 66 2730 6 510 798 330
—4k | _ - _ 65520 | _ 16320 | —28728 | 13200
Ban 24) 240 | —504 | 480 | —264 ) 2% 24| 5617 | a3ser | irdeii

Bernoulli numbers

We further have

P - ey Y e
and therefore
1 1 d /coth(z/2)
(V2 —¢172)°  4sinh (z/2)° =)
e i 2:—2
:;}5_;%(;—2)!‘ @

By means of the Fourier expansion of the g-function we now obtain the

Theorem 3.4: For k > 1,

4%h & _ N
E2k:1—§2_k.zl(§d2k 1)(1
=1- g:—c; ‘TZ;IO’WC.J(TL) 'qn.

Proof: Consider the Laurent expansion of p(7,z) around z = 0. On the one hand,
directly from the definition of the g-function and the Taylor formula, we find the
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(2k — 2)-nd coefficient to be

(2k —1)! Z 1 2k —1 1
Ok — 9 2k N2k Z N2k
(2k — 2)! vC2niZr47) v (2mi)? mmez (M7 +n)
¥#0 (m,n)#0
2k—1 X1 1
= (27r2,)2k ; n2k C#ZEZ (CT+d)2k
(c,d)#0
ged (c,d)=1
2k — 1

= W < C(2k) - 2B (1),

the latter directly from the definition of Foj (cf. §2, formula (2)) and the definition of
the Riemann (-function ((s) := 3 -, n"°.

On the other hand, it follows from Lemma 3.3 and (2) that the (2k — 2)-nd coefficient
of the p-function is none other than

2k—1
T B ey o)

A comparison of the two expressions yields

2k—1 2k—-1
W g(2k)2E2k:——(—é7c)—'B (2[{: ZO’2k 1(77,) q

Since Eo = 1+ O(q) by Theorem 2.1, the assertion follows at once, as does the
following corollary. yid]

Corollary 3.5 (Euler): For the Riemann (-function, we have

2k
¢(ak) = -3 T2 Bau aiu

Remark: This also holds for £ = 1, on the basis of other considerations.

We now define
Ey(r):=1-24) a1(n)-¢"
n=1

and

B By &
Gai(r) = = By = = + ) o (n) ¢ 3)
n=1
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or equivalently (in view of Theorem 3.4 and its corollary)

2k

ng(T) = C( ) (Zk - 1) Egk,
i)

hence for k£ > 2
2k — 1)! 1
G%(T):—( 5 iy > s )
vyE2ni(ZT+Z)
v#0

We thereby obtain as an alternative formulation of Lemma 3.3:

2k—-2

p(r,z) = 4—22:6'2;c (2k-2) .

As a further consequence of Lemma 3.3 and as an illustration of Theorem 3.1 one has

Theorem 3.6: The constant terms e (1) = p(r,mt), ex(r) = p(r,mit), and
es(7) = p(mi(r + 1)) of the Taylor expansion at the primitive two-division points are
modular forms of weight 2 (with respect to different groups). They are permuted by the
“|o "-operation of SLo(Z), ey(7) being invariant under Ty(2). We have:

a(r) = = - (L+ 24 Y ot (0)g") € Ma(To(2),

n=}

ex(r) = 515 (1+24- i afdd(n)qn/2) € M,(T°(2)),

n=1
es(r) = (1+24- Za"dd(n)( 1D"q™?) € Ma((_] $)To(2)(¢ 71)).

Here o¢%%(n) = 5> a4 d

d=1 (2)
Proof: That e;, ez, and ez transform as modular forms for T'y(2), T9(2), etc.,
follows from Theorem 3.1. That they are holomorphic on % and at the cusp oo can
be derived from their Fourier expansions, which in turn are given by Lemma 3.3. That
they are permuted by SLo(Z) follows from (AT, CT+d)(CT +d)7? = p(1,z), for
A= (¢ d) € SL2(Z), whence for @q g)(T) := p(7,a7 + B) we have

P(ap)|2(A)(T) : = p(AT, @ AT + B)(cr +d)™*
= p(r,a'T + (')
= P(or )
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for (a', ') = (e, B)A. The regularity at all other cusps also follows from this property
of being permuted. yi

Remark 3.7: In particular we have, as will be frequently useful for the study of elliptic
genera:

6::—§ :——+6 Zaodd
1
=7 +6 (140" +40° +4* +60° +4¢° + ) € My(To(2),
- 3 1 >
b:=je=—g=3 3 of*n)q" € Mz(To(2),

n=1

e:=(e; —ez)(e; —e3)

1
=1 9% 7¢? — 28¢° + Tlg* — 126¢° + 196¢° £ - - - € My(T(2)),

1
L= '1—6 (62 hd 83)2
=q+8¢% 4+ 28¢° + 64¢* +126¢° +224¢° + - - € My(To(2)),
= (e1 —e2)(e1 — e3)(ea — €3)*
=q—8¢% +12¢° + 64¢* — 210¢° £ - - € Sg(T'o(2)),
A= 16‘H(€i"8j)2
1<y
=q— 24¢% + 252¢° — 1472¢* + 4830¢° — 6048¢° & - - - € S12(SLo(Z)).

o~

In each case, the property of being a modular form or cusp form for I'g(2) follows from
the permutation statement of Theorem 3.6.

One can immediately derive the following relations, also useful for the study of elliptic
genera:

e; +ex+e3 =0, (5)
5:—%5, § = 28, (6)
E:%(&hs), e=4(82 - 7), (D
L= 1668 = 46 (62 — €) = 648(6 — ), ®)
A = 25667 = 1661 = 64> (8% — £) = 4096(6° — 2)°, ©

e1(7) = —2e2(27). (10)

Formula (5) follows from the Fourier expansions of e;, e; and e3; (6) directly from
the definition; (7) directly from the definition and (5); (8) and (9) directly from the
definitions, resp. (7); (10) is clear.
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4 Some special functions and modular forms

4.1 The valence formula

For the derivation of the explicit description of the modular forms on I'q(2) given below,
we first need a formula for dim M} (Ty(2)). One obtains this by means of the valence
formula, valid for arbitrary subgroups I' C SL(Z) of finite index.

Theorem 4.1 (valence formula): Let f € Mk(F), f #0, then

S [PSLy(Z), : PT]-ord, () + Y

seM\P1(Q) T€l\h

IPP ; ord; [PSL2 ) : PT).

In the first two sums, one is to add over a complete system of representatives for the
orbits of P1(Q), resp. b, modulo T. Further, PSLo(Z), PT, etc. denotes the image of
SLo(Z), T, etc. under the natural map SLo(R) — SLp(R)/{%1}, and PT, PT, are
the subgroups of those elements in PI' which leave s and T invariant.

Remarks:

(i) The first sum is finite:

H(T\P1(Q)) < #(SL2(Z)\ P (Q)) - [PSL2(Z) : PT]
= [PSLy(Z) : PT) < oo.

(i1) In the second sum, almost all terms are equal to zero (compare the proof-sketch
below).

(iii) The index [PSLy(Z), : PT';] depends only on the class I's. It is finite as is easily
deduced from the fact that [PSL2(Z) : PT'] < oo.

(iv) We have |PT',| < oo, for as one can easily prove (cf. Lemma 7.8), we have
(with p = e?™/3):
If PT', # 1, then either

7 =1 mod SLy(Z) or

7 = p mod SL(Z).
Further, PSLy(Z), = ((? _(1))) (with order 2) and PSL»(Z), = (((1) _i))
(with order 3).

Sketch of proof: The proof of the valence formula is essentially obtained by an
application of the formula of Rouché:

N—P:E% -/dlog(f)

where N is the number of zeroes and P is the number of poles of the meromorphic
function f in the region G. As region G one takes a fundamental domain for h
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modulo I' (the analog of the fundamental mesh of a lattice), from which one has removed
neighborhoods of the cusps which are so small that they contain no zeroes and poles.
This is possible since f has a Fourier expansion at each cusp. Moreover, one has to take
care of possible zeroes of f on the boundary of G. To compute the integral of dlog (f)
along 0G one chooses a fundamental domain whose boundary consists of finitely many
pairs of curves so that for each such pair there exists a transformation in I' identifying
the curves of this pair with reversed orientation. The integral of dlog(f) along each
such pair is then easily computed by using the transformation law of f under T

For the sketched computation one may restrict to the case of a modular form on SL4(Z).
This is due to the following observations: Let k& be even. Then

gi= J[ 4

AEPT\PSL,(Z)

( A running through a complete set of representations for the PI'-left cosets in PSL2(Z))
defines a modular form of weight k-[PSL2(Z) : PT'] on the full modular group SLy(Z).
Hence the right hand side of the valence formula for f on I' equals the right hand
side of the valence formula for g, considered as a modular form on SLo(Z), and, as
can easily be checked, the same holds true for the corresponding left hand sides. Thus
the valence formula for g implies the one for f. This argument can be modified to
include the case of odd k. For a complete proof of the valence formula for T' = SL;(Z)
cf. [Se70], or, for the general case, cf. [Ra77], Theorem 4.14. pit

As a first consequence of the valence formula, we have the following
Corollary 4.2:

1) Mi(T) =0 foral k < Q.
2)  dim My(T) <1+ & [PSLy(Z) : PT] for k >0, in particular My(T) = C.
Proof: Part 1) is a trivial consequence of the valence formula since its left hand side is

always non-negative. To prove 2), note that for 71,...,7y € § pairwise inequivalent
modulo I', each having trivial stabilizer in PT', the homomorphism

M (T) - CV
fe(f(n),-o f(Ta)
is injective, as soon as N is greater than the right side of the valence formula. Indeed,
if f# 0 then the left hand side of the valence formula for f is greater or equal to the

number of 4’s with f(7;) = 0, on the other hand it is strictly less than NN, whence f
cannot vanish for all the ;. §if

4.2 The ring M,(2)

If f and g are modular forms on a group I' of weight k& and I, respectively, then
f-g is a modular form of weight k4! on I'. Hence, the subspace M, (') of the space



136 1 Modular forms

of all functions on h which is spanned by all modular forms of all weights on I is a
ring. Moreover, as can be easily checked, it is a graded ring, i.e.

kE€Z

In this section we determine the structure of this ring in the case I' = I'o(2). We
write M, (2) for M,(I'¢(2)). For I' = T'y(2), the space I'\h has exactly two cusps
(i.e. T\P;(Q) has two elements), having representatives 0 and oo (cf. Lemma 7.11
below). Each 7 € b with PI'; # 1 is equivalent modulo I' to e := (1+1)/2 with
I. = ((} Z])) (cf. Lemma 7.10 below). Finally, we have [PSLy(Z):PT4(2)] = 3

2 -1

(cf. §1, formula (3)). Therefore the valence formula for I' = I'g(2) can be written as:
1 k
20rdg (f) + ordos (f) + 5 orde () + > ord (f) = 7
Tel\h
T7#Ze mod I

Using the special modular forms on I' = T'4(2) introduced in Remark 3.7, we now
conclude:

1) M(2) = C, Ma(2) = C- 46, My(2) = C-620 C-¢ as a consequence of
Corollary 4.2. From the Fourier expansions it follows that £(o0), §(co) # 0 and
ordg (¢) = 1/2 (cf. Theorem 3.6 and Remark 3.7). From this and the valence
formula one deduces that 6(e) = 0 but e(e) # 0.

2)  Mi(2) = Skis(2) is an isomorphism. The injectivity is clear. The surjectivity
follows from the fact that by Remark 3.7 ¢ vanishes at the cusps, and has there
the minimal vanishing orders for I', namely ordg (¢) = 1/2, ordy, (¢) = 1, and
that it has, by the valence formula, no further zeroes, whence any cusp form on
To(2) is divisible by ¢ (in the ring M.(2)).

3) ¢ and e are algebraically independent: Since M.(2) is a graded ring and §
and ¢ are homogeneous elements (of degree 2 and 4, respectively) it suffices
to show that there is no non-trivial weighted homogeneous polynomial P such
that P(6,e) = 0. Assume that P is such a polynomial, say of minimal degree
2n. Then write P(6,¢) = a-e™?+ Q(6,¢)-e6+b-6™. Evaluation of P at the
point e gives a = 0; at the zero of ¢ (the cusp I'0) it gives b = 0. Therefore,
Q(6,e) =0, and Q has degree less than P. Contradiction!

We can now prove the following structure theorem:
Theorem 4.3: M,(2) = C[4,¢].
Proof: By 3), Clé,¢] € M,(2) is a graded polynomial ring. The dimension of the

component of degree k in C[6,c] is 1 + [k/4] for even k (O otherwise). But
Corollary 4.2 implies dim M, (T) <1+ k/4. D

By 2), there is a practical algorithm for writing each f € M(2) as a polynomial
f = P(6,e). Namely, ¢+ = 4 - (6% — €)e and to each f € M(T'4(2)) one can
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find by consideration of the values at the cusps a simple polynomial @Q(6,e) so that
f—Q(8,¢) is a cusp form (for the latter, note that: ordg (§) = orde, (6) = 0 and
ordg (¢) = 1/2, orde (€) = 0).

Lemma 4.4: Let I, T be subgroups of SLy(Z) with T c T'IT for a matrix
T € SLy(R). Further, let f(7) be a modular form of weight k on T. Then f|,T
is a modular form on T.

Proof: Let Ac T, A=T"1AT, A€T. For f:: fl&T we then have:

FleA = FlxT7YAT = f|« TT™ AT = f|c AT
= fl«T = .

The regularity at the cusps follows similarly, and the holomorphicity of f is clear. (I

In particular, by this lemma the normalizer of T' in SLy(R) acts on My (T'). For
' = T'4(2) the following special cases are of interest to us.

Corollary 4.5:
1) For f(t) € My(SL2(Z)) (in particular, f € M(T°(2)) ), we have f(27) €

My (To(2)).
2) An involution wy is defined on Mi(T'o(2)) by flws = f[k(\% "1(/)"6), the
so-called Fricke-Atkin-Lehner involution. g

In the main part of the book, for a given modular form f € M, (T'4(2)) one occasionally
considers the special expansion

o= fle(] 75)

of f atthe cusp I'g(2)0. Obviously we have

1) = 55 P CE L2 (D) =272 (). M

Theorem 4.6: For the special expansions €9, §° and €° of e1, § and ¢ at the cusp
T'o(2)0 we have:

1
ed(2r) = —ze(r) 2

§(2r) = ~3 6(r) = §(r), ®
e%(2r) = &(7). 4)
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Proof: The identities for e; and & follow from (1), since wo acts as *id on the
one-dimensional space M,. The sign can be determined by taking for 7 that element
of b satisfying —1/7 = 27. Now (2) and (3) follow directly. From Theorem 3.6 we
know that the passage from 7 to —1/7 permutes the e;; more precisely, e; and e
are exchanged while e3 is left fixed. Therefore we obtain:

ela(? T3 =(e2—er1)(e2—e3) =q"/* + 8¢+,

from which (4) follows. i)

Theorem 4.7: The modular forms ¢ and £ in My(To(2)) have the following Fourier
expansions:

:36+ZZ( 1)%d® - g, )

n>1 djn
=Y > &g (6)
n>1 din

n/d=1(2)

Proof: By Lemma 4.4, and since dim M(To(2)) = 2, E4(7) and E4(27) generate
the space M4(T'p(2)). We have

Ey(2r) =1+240 )  o3(n) - ¢*" %)
n>1

=1+240) Y &g ®

n>1 din
n/d=0(2)

:1+3OZ Z &g 9)

n>1  dln
d=0(2)

From ¢ = % —qg+--- and (9) follows £ = —5%5 Ey(m)+ % E4(21), and therefore (5);
from £=0+g+--- and (7) follows & = 5tz E4(7) — 535 Fa(27), and hence (6). (]

4.3 (5 and the Dedekind 7-function

Lemma 4.8: The Eisenstein series
G ! + E (n)q"™
= —— o
2 24 e 1\n)q

transforms as follows (with G5(7) = Ga(7) + '8«_»[15?’)’ ):

1
4T

Galz(9 73)(7) = Ga(7) - (10)
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resp.

CilA =G an

for all A € SLs(Z).

Proof (after Hurwitz): Since SLy(Z) is generated by (2 ¢) and (] 1), and the
transformation behavior of G5 under the latter matrix is clear, the general assertion (11)
follows easily from (10). For the proof of (10) we consider the function G(7) :=
—472G4(7). From the partial fraction expansion of 72/sin? follows:

~— sin(7wnT)
w2 i i( 1 )
e |
6 = 2 o M(nT + k) (nT—k)
_ 72 7r2 " i i( 1 )
6 T2 A\ (7 4 k) (nT -k
where we have used £(2) = n2/6. Consequently,
Loy = ii( L)
2 672 6 L \(nr—k (n'rJf—Ic)2 .
Putting gnx = (mi o the difference is therefore
G(T)"T (=1/7) = ZZ(gnk+gn~k) ZZ (gn,k + gn,—k)-
n=1k=1 k=1n=1
For positive k, define
A 1 1 1
T it +k—1)(nt+k) nr+k—1 nr+k’
and
- 1 -1 1
kT (n*r—k)(nr—k—#l) Tt —k+1 nT——k’
then

+1
(n1+ kY (nt+k+1)

gn,k — h'n,k =
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is absolutely summable. Therefore the following exchange of order of summation is
permitted:

Z gnk+gn—k) ZZ(h k+hn—k)
n=1k= n=1k=1

Z Z Gn ke + gn,—-k) - Z Z (hn,k + hn,«k),
k=1n=1 k=1n=1

and the difference we are attempted to evaluate is:

ii(hn,k + o —) = ZZ(hnk + B k).

n=1k=1 k=1n=1

Now the first sum is 0, since one verifies immediately that the inner sum vanishes for
each m. For the second sum we obtain, using the partial fraction expansion for the
cotangent:

ZZ nk+hn—k)

=1n=1
_ il i( 1 1 1 1 )
i fo\nt kA n+il n4+k pyk
w s > (7 k-1 1 1
= ——cot{— 1 — cot _—— - -
— co <’T)+ +,CX_;<TCO(7T - ) ] cot(m )+k)
¢ 1
= li —~— cot{m — -
i (=2 eole )+ )
= —— (for7 € ). pif]
Definition: The Dedekind n-function is defined as
n(r) = ¢M/?. H (1 -
Lemma 4.9: We have
d )
P log (n(7)) = —2miGy(7), (12)
n(=1/7) = 7?87 n(7), (13)

n(r+1)= 62”/2417(7). (14)
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In (13), it is understood that the root is to be taken so that the result again lies in §.

Proof:
d
dr

ostir) = =i{g + 2 75)
n=1

ol "
= ~27m<~ﬁ + 1; o1(n)g ),
which is precisely —2miGy(7). From this and Lemma 4.8 we conclude that

d(0g (n(~1/))) = ~2miGa(~1/7) 5
= —2mi(Ga(7r) — 1/(4miT))dr
= dlog (n(7)) + 1/(27) dr.

Therefore there is a constant k so that 7(—1/7) = k- 71/2q(r) for all 7 € h. For
T =1 this gives at once k = e~ "/4. The equation (14) is obvious. i

Corollary 4.10: For the discriminant A(1) defined in Remark 3.7 we have
A(r)y=q(n)* =q- [ -¢™
n=1

Proof: 7%* is, by (13) and (14), a modular form for the full modular group of weight 12,
without zeroes in § and with a zero of minimal order at co. Therefore A(7)/n(r)** €
Mo (SL2(Z)) is constant by Corollary 4.2; since A(q) = ¢ + O(¢?), this constant is
1.

Corollary 4.11: The modular forms € and € of Remark 3.7 satisfy:
)16 - 7)(27’)16

I (G -
16 p(2r)° n(r)®

15)

Proof: As already remarked in the proof of Corollary 4.10, we have orde, (A) = 1
and therefore (since A is invariant under SL3(Z)) ordg (A) = 1. For the functions
£(r) == n(r)® and £(7) := n(27)® we therefore have:

ordes (€) =1/3, ords (§) =2/
)

3,
/6.

ordg (§) =1/3, ordg (§) =1

Therefore both right sides in (15) are regular at the cusps. Because 7 has no zeroes in
b, the right hand side of the asserted identities define holomorphic functions on §. To
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check their transformation law under I'g(2) note that T'q(2) is generated by T = ((1) })

and ST25 = —(3 ?) with S= (] 7). By Lemma 4.9 we have:

§I4T — 62"i/3:f,
a‘iT — e47ri/3g,
§t4ST—2S — 8—47”:/35,
E|45T_25 = 514571_15(\/0? 1/?/'2‘) = 6—2“/35'4(\? 1/2/5)

= e 2mi/3E,

Therefore both expressions above are modular forms for T'g(2) of weight 4, and a
comparison of the first two coefficients of the Fourier expansions with those of ¢ and £
yields the assertion. iyl

5 Theta functions, divisors, and elliptic functions
5.1 The Weierstraffi o-function

In the following sections we shall construct and investigate various explicit examples
of elliptic functions (or rather theta functions or Jacobi forms). These will usually be
given by infinite sums or products of simple analytic functions. We tacitly assume
that the reader will verify that the products or sums converge in an appropriate way so
that the functions defined by them have the required properties. As technical tool for
this the following two facts are in general sufficient. Their proof can be found in any
introductory book on complex analysis.

1) Let ) .nfn(z) be a normally convergent series of meromorphic functions
(ie. for all compacta K there exists an N € N such that the function
fn has no poles on K for n > N and ) . nsup.cgl|fa(z)] < o00).
Then there exists a meromorphic function f(z) with ) _\ fa(z) = f(z),
{z |z pole of f} C U, {z | z pole of f.}, and at each pole z of f we have
ord; (f) > min,en{ord, (fn)}.

2) Let the functions wun(z) be holomorphic on C and let J],cn(1+un(z))
be normally convergent (i.e. ZneN un(z) is normally convergent). Then a
holomorphic limit value u(z) = [],cn (1 +un(z)) exists. For this function
u holds: {z | u(z) =0} = J,en {2 | 1+ un(z) =0}, and at the zeroes z of
u we have ordg (u) = ), cyords (1 + un).
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In order to explicitly construct, for a prescribed divisor on an elliptic curve C/L, an
elliptic function with precisely this divisor, one needs the Weierstra o-function. In turn,
one obtains the best understanding of this by considering theta functions.

Definition: Let L C C be a lattice. A meromorphic function f is called a theta function

for L if 3‘%— log (f(z)) is elliptic with respect to L. The theta functions defined by
f(z) = exp (az® + bz + ¢) for a, b, c € C are called trivial theta functions.

Remarks:
1) The theta functions different from zero form a group with respect to multiplication.
2) A meromorphic function f is a theta function with respect to the lattice L if and

only if for each v € L, f(z +v)/f(z) is a trivial theta function of the form
z — exp (bz + ¢). In particular, for a theta function f its divisor

div(f):= > ordeyr(f)-(z+1L)

z+LeC/L

is therefore well-defined. By abuse of language we sometimes write (z) for
(z + L) when dealing with divisors on the quotient C/L.

With the notations Div (E) = {divisorson E = C/L}, ©p = {theta functions #
0 for L} and ©y = {trivial theta functions for L} we have the following

Theorem 5.1: For a fixed lattice L, the canonical assignment f > div(f) induces an
exact sequence of groups:

1— 0, < 0, —Div(E) — 1.

Proof: Clearly f +— div(f) is a homomorphism. Let f lie in the kernel of @ —
Div (E), i.e. f has neither zeroes nor poles, hence ¢ :=log(f) is globally defined, so
f = exp(g). Since %% is elliptic, it follows that g;%— =2a, ie. g =az? +bz +c
for suitable a, b, ¢ € C, hence f is a trivial theta function. We shall see in
Theorem 5.2 that the divisor (0) has a preimage, namely the function . The surjectivity
of ©1 — Div (E) now follows at once, since for D = }:ZNSI n; - (P;) € Div (E) with
z; = P; (L) we have

div (Ijll oz - xi)’“) =D. i

The function ¢ used above does indeed exist. Without loss of generality, we consider
lattices of the form 2wi(Z7 + Z), for T € b:

Theorem 5.2: For each T € h, the product

1 2
dtrm=e I (1-2)e(F45(2)) <1>
yE2ni(ZT+Z) v 7 7
¥#0
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is normally convergent in = € C and defines a theta function for the lattice 27i(Z7 + Z)
with div (o(7,-)) = (0). In terms of the Eisenstein series G (7T) of §3, equation (3),
one has

112, ﬁ (1-¢" Q1 -g"¢)

o(r,2) = exp (Ga(r) -7%) - ((V/2 = ¢ ¢ @
— 2 2k
=a:-exp Z—k— Gor(T) - ) 3)
k=2
Proof: We have
d 1 1 1 T
— log (o) = —+ Z —+ -+ =
dz z YyE2mi(ZT+Z) (fE -7 v v )
v#0
and therefore de%' log(0) = —p(7,z). Hence o is a theta function. The assertion

about the zeroes is also clear, since by what was proved above the product is normally
convergent.

On (2): For |g| < min{|¢|,|¢"!|} we have
2

d
=) log (right side of (2))

d (1 z
=2Go(7) + Tr (5 COth(-Q—) +

=2G2(T) - —13“}‘—6’1“(
4 sinh (%) dz
1

—q"¢ m(t
( —qq"C 1 3(1"(“))

(C*F=¢h)- q"k)

P

Me 1 1s
NE

n=1k

Il

il
-

M8
M8

= ZGQ(T) - (C1/2 — 4_1/2)2 - 4 ‘

-1 o N
:—1—24—2;01(71.)(] ———————————(Cllz 7 ZZdC + ¢

n=1 djn

k(Ck +C—Ic) ,an

1k

1l

=l

= '—@(T) I)v

the latter by Lemma 3.3 and the definition of G,. Since also di:; log (o) =
—p(7,z), as proved above, we have

a(r,z) = exp (b(7)z + ¢(7)) - (right side of (2)).

In addition, o begins with z + O(z?) and is odd. The right side of (2)
likewise begins with z + O(z?) and is odd. Hence, b = ¢ = 0.
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On (3):

=z z 1/xz\2

B et o 5(*)

oy v

(o<}

>

y#0n=3 "/"

> 1
g2k —

—Fae ¥ oo

=2 yE2mi(ZT+Z)
¥#0

Z o7 G O
= log (formula 3)) — log (z),

log (right side of (1)) — log (z (
#0

~#

where for the next to last equality we have used the identity (4) from §3.
Therefore, (2) and (3) are equal up to multiplication by a constant, which is
obviously equal to 1. pig]

Sometimes it is better to consider the following theta function, with the same divisor (0),
in place of the o-function; this theta function is not normalized by z+O(z*), but instead
has a more conveniently representable behavior under translation by lattice vectors.

Corollary 5.3: For each T €},
&(7,3) .= o(1,2) - exp (~G-2('r) - :rz)

is a theta function for the lattice 2mi(Zt + Z) with div (®(7,-)) = (0) and the normal-
ization ®(t,z) = z + O(m3). We have thereby:

oo 1 _am 1 =1
(r,2) = (¢ - ¢71?) H C) )2 ) @
=z- exp( Z Gap(T) ~a:2k) 5)
= 2k)'
and
T 1og (®) = —p(r,2) ~ 26(r) = = 3 ——— i
Y = —p(7,7) = 2G(T) = — ——————g .
do? 7z Asinh (zingEe)”
The o- and ®-functions exhibit interesting invariance properties:
Theorem 5.4: We have
o(A1, 7253) - (er +d) = o(7,3), )

(AT, CTM) (et +d) = exp(mﬁf;{:d—)) - ®(1,1), N
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forall A= (* %) € SLy(Z), and

2
B(r,z +2mi - (M + ) = ¢ T e (=1)M* L 8(r,2), (8)
forall A\ p € Z.
Proof: Equation (6) follows directly from the definition of the o-function. (7) follows
from (6) and Go(A7)(cr +d) ™% = Go(7) - TrsTs (by Lemma 4.8). One verifies (8)

using (4), first for (X, u) = (1,0), resp. (0,x), and then by induction on A (using
1+3+-+ (20 =1) =A%) i

5.2 The Jacobi form ¢

Theorem 5.5: Let L C C be a lattice, K| the field of elliptic functions with respect to
L, Divg (E) the group of divisors of degree 0 on the curve E = C/L and Div,, (E)
the subgroup of principal divisors on E. Then f w— div(f) induces an exact sequence

1-C"—- K] - Div,(E)—0 )
and we have

Div, (E) ={D €Divo(E) [ D= Y np-(P) Y np-P=0(L)}
PeC/L PeC/L

Proof: The exactness of the sequence (9) is immediate except for the exactness at the
middle place. The latter is equivalent to the fact that there is no non-constant elliptic
function without poles (recall that any doubly periodic holomorphic function is bounded
on a fundamental mesh, hence on C, hence constant by Liouville’s theorem).

The inclusion “ C” of the asserted identity follows from the easily proved identities

S oude () =  dlog(£) =0

PeC/L

S ode (f)- P = §adiog(f)=0(0)
PeC/L

where the integrals are taken along the boundary of a suitably chosen (not passing through
zeroes or poles) fundamental mesh of L. For the inclusion “ D" : If D = 21\_’__1 n;-(x;) €
Divo (E) (with not necessarily distinct z; and n; € {£1}) such that ) ." n;z; € L,
then one can assume Zf\;l n;x; = 0 (otherwise, replace z; by z; —ny Zi_—:l niZ; ).
Then the product f(z) := vazl o(z —z;)™ is elliptic with divisor D, since for v € L
we have

N n;

H o(z—zi+7)

N
oz — ;)™ = Hexp (b(z — z:)n; + cn;)

=1

N N
= exp((b:c +c) Zni - mexi) =1
=1 =1

=1
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where b and ¢ are determined by o(z + 7)/o(z) = exp (bz + c). i
We shall use Theorem 5.5 in the following to give an axiomatic characterization of
various elliptic functions.

Theorem 5.6: For 7 € b, let ¢(7,x) denote the elliptic function with respect to x for
the lattice L = 2wi(Z - 27 + Z) with the divisor (mi) + (i - (1 + 27)) — (71 - 27) — (0)
and the normalization o(7,z) = 2+ O(1) for £ — 0 (which, according to Theorem 5.5
exists and is uniquely determined). Then we have:

W(% ) c7'+d) (CT + d)——l = QO(T, .’L') (10)

forall A= (2 %) € Iy(2),

o(1,2)* = p(1,z) — e1(7), (1)
L¢2 4 ¢ (140" +a" ¢ - g’
) =5 - o) 2
o= i (3 1 o (1)),
n=-—N

®(r,z—m) otz —mi)

w(r,2) = &(1,2)®(, —mi)  o(r,x)o(T, —7i) exp (2miz - Ga(7)). (14

Proof:
On (10): Choose a fixed 7, and define

- 1
P(r,z) = (Lt =) - (er +d) ! = —+0(1).
For A, 4 € Z we have
U(1, + 2mi(2AT + p)) = (AT E‘F—Q’%Q’\TJZ) (er+d)7t

! ct+d
= (A7, =25 + 2mi(N - 247 + 1)) - (cr +d) 7!
= p(Ar, CTer) et +d)™

=P(7,2),

where (A p/ )( p zb) = (A ). Furthermore, ¢ has the same zeroes and
poles as ¢, as one easily sees. Since ¢ is uniquely determined by these
properties, we therefore have

o(t,z) = P(1,2) = p(Ar, c‘r+d)(CT +d)7!
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On (11):

On (12):

On (13):

On (14):

o(r,z + 2mit) = —p(7,z), since @(r,z +2miT) + @(1,7) is elliptic
with respect to L = 2mi(Z7 + Z) and has at most one pole (of order one)
on L, and is therefore constant. The value of the constant is 0, as one
sees by taking = = mi. Hence ¢(T, z)? is elliptic with respect to L and
has the same poles of order two as (7,z). Thus we have ¢*(7,z) =
p(T,2) + const. Setting z = mi gives const. = —p(7,Ti) = —e1(7).
Call the right side p(z). The function p is meromorphic and the various
factors yield for the divisor: The denominator of coth () yields poles
at 27i(0T + Z), and the numerator yields zeroes at 2mi(07 + Z) + mi.
The product gives zeroes at 2mi(N7 + Z) + i, resp. 2mwi(—N7 + Z) + i,
and poles at 2mi(N7 + Z), resp. (—N7 + Z). The divisors of ¢ and p
therefore coincide. The invariance under = — z + 271 is clear; one checks
the behavior under z — z + 2mwi7 (hence ¢ — ¢() as follows:

1g(+1 ﬁ (1+¢™*1¢) (L + g™ ¢ )1 - ¢7)°
2¢0-1 ;= (1-¢1Q1 - g1 ¢) (1 +q7)
= —p(z).

p(z + 2miT) =

The normalization of p(z) is likewise 2+O(1). Hence p(z) has precisely
those properties which characterize ¢ uniquely, i.e. p = .

Let s(z) denote the function defined by the sum. Obviously s(z + 271) =
s(z), and one can easily show that also s(z + 2miT) = —s(z). The poles
of s have order 1 and lie at 2mi(Z7 + Z). Moreover, s(z) =1+ O(1).
Hence ¢ = s + const. But s is odd, as is ¢ obviously (—¢(T,—1x)
satisfies the same conditions as (7, ) ), hence the constant must be 0.
This follows again by verification of the properties characterizing ¢ for
the right side of (14), by means of the various properties of ® given in
the previous section.

Note that (12) can also be deduced from (14) and (4). Similarly, one could derive (10)
from (14) and the transformation law of & derived in the previous section.

Exercise (expansion of ¢ at the cusp 0):

W(r,0) = p(2,2) -7

is elliptic with respect to the lattice L = 27i(Zr + Z - 2) and has the expansion 1+0(1)

for £ — 0. The poles are at L and 27+ L, and we have

7

Y A (e o M
") = e ((1 —q2¢)(1- qnﬂc—l)) )

n=1

1 1
"3 ) o



1.6 Elliptic genera of level N 149

1
= § a7
n 2 _ A—nj2/-1/2
o PR — g2
&(r,z — miT) ~=/2, (18)

- ®(r,z)®(r, —miT)

(for (16) verify that the right side s has the same poles and residues as %, whence
¢ = 5+ const., and use that ¢° and s are odd functions).

6 Elliptic genera of level N

6.1 Tools: The ®-function

One obtains explicit formulas in the theory of elliptic genera of level N by application of
the definitions and theorems of §5, in the same way this was done there in Theorem 5.6
for N = 2. From consideration of formula (3) in §5

alr,z) =z - exp( Z(Zk G () - 2k)

we are led at once to the question: How do the modular forms Gj enter into these
formulas? The answer is obtained from Theorem 3.1, which we recall here in a
reformulation suitable to our aims.

Theorem 6.1 For each 7 € §, let U(1,x) be a doubly periodic function in z with period
lattice L = 2xi(Zr + Z). Suppose that for a suitable number k € Z, T C SLo(Z), and
group homomorphism ¢ - I' — C* we have

¥ (Ar, CTer)(cv' +d)7* = £(A)- ¥(r,2)

forall A= (% ") €T (briefly: U is invariant under T of weight k with Nebentyp
). Let w=2mi(ar + () be an N-division point of L and a,(7) the n-th coefficient
of the Laurent expansion at the point w. Then we have:

an(AT)(cr + &)™) = e(A)an(r)

forall A= (% 1%) €I with I' = {A| (e, 8)A = (a,8) (N)}; in particular, for
w=27i/N we have T' =T, (N)NT. pig
If A € SLy(Z), then o(AT, %5) - (c7 +d) is again a theta function for the lattice
2mi(Zr + Z) with divisor (0 + 274(Z7 + Z)), hence equal to a trivial theta function
times o(7,z). Indeed, as we have seen in formula (6) from §5, o(7,z) is invariant
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under SL3(Z). Therefore o'/o is also invariant under SLo(Z) (of weight 1), hence
the k-th Taylor coefficient of Ed; log (o) is invariant under SL3(Z) (of weight k+1),
and in fact it is a multiple of Giy; for odd £ and O for even k.

In view of Theorem 6.1, a formula analogous to formula (5) from §5, giving an expansion
of ® at a general N-division point, is of interest:

Theorem 6.2: Let L = 2ni(Z7 + Z) and let w = 2wi(ar + () with -1 < a,[ < 1.
Then

o () ifw=0,
&(r,z) = exp( 2’; G (T)) {@(T w), otherwise. )
H
” (@) g4 & e 4+ (-1)fem
Gy (T)=~—2%—+Z(:LF 5 d )-q, 2

where the cfcw) are defined by:

Proof: From (4) of Corollary 5.3 we obtain for |g| < [¢[,[¢|™", ie. for |Im(z)| <
27 Im (1),

oo

aJ _ ——dz
£ log (®(7,2)) = = coth( ) ;__:1 ;
Writing
dz —dz _ - dw k+1 —dwy gk (IE — w)k
e —e —kz:;(e +(-1)""e"*)d —
we find

(z—w)*

3_ log (®{7,z)) = = coth( ) QZGSC“;_)I -

for z near w (note that by assumption [Im(z)| < 2rIm(7), i.e. w is in the domain

valid for the cited expansion of -Z log (®(r,z))). Here Gii)l = Gsc‘:_)l — const. From

the latter equation the claimed formula can now easily be deduced. yid
Remarks:
1) If we€ 4L then it can easily be verified that the constant term of GE:))(T) is
given by
el N Blg)er 1
2%k 2k BT

v=0
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(0k,1 = 0or 1 accordingly as k # 1 or k = 1). Here the By(z) denote the
Bernoulli polynomials, i.e.

te“ Bk(x)

1 2Tk
k=0

2) fweFL, w=2mi 9‘11\—“,5@ then, by Theorem 6.1 applied to 01 log (@(7, x)),
the funcnon G )(7-) transforms like an element of My ('), where T' =
ATIT(N)A w1th A denoting any matrix with lower row equal to (a, ). I
fact, it is easily checked that GE:") € M;.(T"): The regularity at the cusps follows
“from the fact that G{*)|,M = G\“") with a suitable w' for any M € SLy(Z),
as is easily deduced from the transformation laws of ®(7,z) as stated in (7), (8)
of Theorem 5.4.

Example: Applying the preceding remark 2) to w = —27i/3 one finds

G§-27‘ri/3)(7_) — _E ( + Z Z g ) € MI(F1(3)),

2 n=1 d[n
(=2mis3), V=3 2(4)
Gl (n=-%>" ( = +;§:d 4) ) € My(T1(3)).

Here (%) is the Legendre symbol (i.e. (£) = —1,0,1ford = —1,0,1(3)).

Remark: One can show that
M,(T,(3)) = C[G(l—zwi/S)’Gg—him)]_

6.2 The function f for elliptic genera of level NV
We now want to use the methods presented above to study the function f(z) introduced
by Hirzebruch in Chapter 7.
Theorem 6.3: Let N € N and a, € Z, not both divisible by N. Then there is a
unique function fo g(7,x) with the following properties:

1) =+ fop(7,2) is a theta function on the lattice 2mwi(ZT + 7).

2)  The divisor of fap(r,z) is (0) — (2mi 2THEYY.

3)  fap(r,2) =2+ O(2?) forz — 0 and for all \ p € 7. there exists an N-th
root of unity v so that

fap(T,0 +2mi(AT + 1)) = v - fo (7, 2),

ie. x+— é\fﬁ('r, x) is doubly periodic with respect to 2ni(Zt + 7).
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Remark: Obviously one has fq g(7,2) = for g (7,2) if (o, 8) = (/,8') (N).

Proof: By Theorem 5.1, f, g satisfying 1) and 2) certainly exists and is unique up to
multiplication with %= +b2+¢. Now f25 is a theta function with divisor N - ((0) —
(271 2748)), and N - (0 — 273 22¥2) € 27i(Z7 + Z). By combining Theorem 5.1
and Theorem 5.5, we find that fé‘f g 1s, up to multiplication by a trivial theta function
6, a doubly periodic function on 2mi(Z7 + Z). Multiplying f, s by const.- ¥/, if
necessary, one can therefore assume that fN ‘5 is elliptic with respect to 2mi(ZT + Z)
and satisfies fo5(7,2) = & + O(2?) (z — 0). Note that this fY; is uniquely
determined (as is also implied by Theorem 5.5). This proves the theorem. yig]

Theorem 6.4: Let f, g(7,x) be as in the preceding theorem and let f(7,z) = fo,1(7,x).
Then one has:

(1)
Q(T»Q:)(P y T oz wi{aT
fa(r :c)=—7%7(_7—)—“’~) e (= 2l 3
_ sz sinh (§) sinh (5*)
- sinh (£5%) @
R R L W
nsi (L—gress ‘“)(1 - q"e‘”“’)(l )
e k
f(T,x)::v-exp( ka T2 Y G- S I
k50:(12)
where
c( i) k-1 Jcos( ) fork=0(2)
fulr) = +,§(§d {sin(”%id) fork=1 (2))
€ Mi(T'1(N)), )
with cgcw) as in Theorem 6.2.
(i)
fop (AT, ﬁa)(cv' +d) = fla,palr,z) (8)
for all A € SLy(Z), in particular for f(7,z) one has
f(A'r, CT+d)(c-r+d):f(T,a;) forall A€ T'y(N). 9)

(iii)
fap(r, 2 + 2mi(A7 + ) = exp 2wi(ap — BA)/N) - fia,p)(1,2),  (10)
forall )\, p € Z.
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Proof: The right side of (3) satisfies the conditions 1), 2), and the normalization condition
in 3) of Theorem 6.3: One verifies (10) for the right side, using formula (8) from §5.
Hence the right side of (3) also satisfies 3) in Theorem 6.3, and so is equal to f, g.
This also implies (10). The product representation of ® then yields (5). Further, (6)
is a consequence of (3) and Theorem 6.2 (formulas (1) and (2)). Formula (7) follows
from (9) by logarithmic differentiation of f and Theorem 6.1. Formula (9) follows
from (8), and (8) follows from the fact that f, g(AT, =3) - (cT+d) satisfies the
conditions 1), 2) and 3) of Theorem 6.3, with (a, 3)A in place of (a, 3): e.g., 3) results,
with (N, YA = (A, p), as follows:

fop(Ar, ZE2Qot0)) — £ o (AT z+2’”'("'(‘"+b)-l~u’(cr+d)))

cr+d —Td
= fap (AT, 225 + 2mi(N AT + ')
2m

= exp( —(an' = BN )) - fap (AT, 523) i

7  N-division points and T'1(N)\h

7.1 Almost-Chebyshev polynomials and elliptic functions

In the preceding paragraph we have seen that to a given elliptic curve E = C/L with a
fixed non-zero N-division point Q@ =w + L (ie. N-w € L and w ¢ L) there exists
a theta function f(z) for which:

— div(f) = (0) - (Q),
—  fN(z) is doubly periodic with respect to L,
— f(z) =2+ 0(z?) for z — 0,

and that f is uniquely determined by these properties.

From the definition it follows immediately that
div(f(z) - f(~z +w)) =
and so
fl@)- f(~z+w)=c? #0

for a suitable constant ¢. Thus (cf)™ +(cf)™" induces a function on X = (C/L)/(r)
where 7 :x +— w —z. The same holds true for f'/f since its pole divisor —(0) — (w
is invariant under 7, and its residues are +1 and —1, respectively, whence f'/f =

\/..
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f'/f o7 +const., and const. = 0, as follows by setting = w/2 in this equation.
Moreover, this also shows that f'/f, as function on X, has exactly one pole which is
of order 1, i.e. f'/f defines a biholomorphic map between X and P;(C) and thus
generates the function field of X. Thus there exists a rational function P so that

P(f'1f) =" +V N M

Clearly, P is uniquely determined by this identity. Since f~ +c2"N ¥, as a function
on X, has a pole only at the same point as f'/f, it follows that P is even a polynomial.
As Hirzebruch observed, (1) implies that P is a normalized almost-Chebyshev polyno-
mial of degree N, ie.

— P)=N-z-(z-&) (- E&nv-2)

— P(&) = *P(¢;) for all ¢ and j.
Its values at the critical points £ are +2cV.

Theorem 7.1: Let Py be the set of normalized almost-Chebyshev polynomials of degree
N. For N >3 the correspondence (C/L,Q) — P induces an injection

{(C/L,Q) | N-Q =0, Q#0}/isom— Py/ ~ . @

Remark: Here, two pairs (C/L,Q) and (C/L, Q) of elliptic curves with distinguished
N-division points are defined to be isomorphic if and only if there is a biholomorphic
mapping I : C/L — C/L which carries O to O and Q to Q. The equivalence
relation on the set of almost Chebyshev polynomials is defined by

F(z) ~ G(z) © F(z) = A"YG(\z) for some A € C*.

For the proof of Theorem 7.1 we need the following

Proposition 7.2: Let I : C/L — C/L be holomorphic with 1(0) = 0. Then there exists
a constant A € C so that the following diagram commutes:

c A c
Iz 7
c/L % /L

Proof: Since (C,7) is the universal covering of C/L, we deduce from general theorems
of topology the existence of a holomorphic mapping I so that the following diagram
is commutative:

c L c
Il 7

c/L % c/L.
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Now let v € L. Then z +— f(x ++) — I(z) only takes values in L and is therefore
constant, i.e. £ I(ac +7) =& I(m) for all v € L. Hence 4+ I is holomorphic and
elliptic with respect to L, thus is constant. Hence [ ( )= /\a:+u for suitable A, p € C,
where we have u = I(0) € L, and can therefore without restriction assume that p = 0.
i
Conversely, multiplication with a A € C for which AL C L obviously induces a
holomorphic mapping C/L — C/z Therefore one immediately obtains from the
proposition the
Corollary 7.3: Two pairs (C/L,Q) and L(C/z, Q) are isomorphic if and only if there
existsa A € C with \L =L and AQ = Q.
Proof of the theorem: We show first that a mapping (2) is indeed induced. Assume
that one starts with two isomorphic pairs (C/L,Q) and (C/L,Q) with AL = L and
AQ = Q, and has obtained the equations P(f'/f) = f~N +c*N . fN and P(f'/f) =
f~N 4+ @N . N Because of the uniqueness of f, we first obtain f = X - f(z/))
and then

¢ = fl@)- F(—z+@) = N f(z/N) - f(=z/A +w) = Nc2,

Therefore

_1f( /M 5 f (@)
1
BT

= (5af5y)

/\—BNCZNANf(x/)\)N

whence P(z) = )\Nﬁ()\_lz).

We now show the injectivity of the mapping (2). So let P(z) be given: then c*V is
uniquely determined, since the critical values of P at points unequal to zero are £2c".
(Note that this argument does not hold true for N = 2.) Thus P uniquely determines
the differential equation P(f'/f) = f~ + 2V N, which in turn uniquely determines
f. For the latter simply solve for the Laurent expansion of f'/f around 0. Finally, f
uniquely determines L and (@, its zeroes and poles. This completes the proof of the
theorem.

2N

Proposition 7.4: The correspondence T — (C/2wi(Z7 + Z),27i/N) induces a bijec-
tion
1 (N)\h — {(C/L,Q) | Q is a primitive N-division point}/isom. 3)
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Remark:

1) Recall that an N-division point is called primitive if N is its precise order in
C/L.
2) One can obviously combine the bijections of (3) to obtain a bijection

U TuV)\b = {(C/L,Q) [ N - Q = 0,Q # 0} /isom.
N'|N
N'#1

Proof of the proposition: The mapping is well-defined, i.e. for A = (* ) € T';(N)

and 7 = A7 one obtains the same image:

(C/2mi(Zr' + Z),2mi/N) = (C/2ni(Z 2255 + Z), 2wi/N)
~ (C/27i(Z(at + b) + Z(cT + d)), 2wi(cT + d)/N)
= (C/2i(Z7 + Z), 273/ N),

where we used that <=2 = L modulo Zr + Z for A € T'1(N).
On surjectivity: In order to construct a preimage of (C/L,Q) we use the following

Lemma 7.5: For a primitive N-division point w, there exists W € L and w' = w (L)
so that W and N - W' are a Z-basis of L.

Proof of the lemma: Let L = Zwy + Zw; and w = 5“—"—;",—‘3—“’1 with a, 8 € Z and
Im (we/w1) > 0. Since w is primitive, we have (a,(,N) = 1. Now use the easily

checked yifl
Lemma 7.6: For numbers o, 8, N with (a,(,N) = 1, there exist &' and (' with
(«,8")=(,8) (N) and (', ') = 1. it

We therefore define w' by w' := ﬂ"%{,—@l and choose v, 6 € Z with o'6 — 'y = 1.

Then N N
(%)=(55))

defines a basis Nw' and @ of L with Im(T/Nw') > 0.
Using Lemma 7.5, we write (C/L,Q) = (C/L,w + L) as (C/(Z& + ZNw'),w' + L).

The latter is obviously isomorphic to (C/2mi(Z % + Z), 2%*). A preimage is therefore
r = o/(Nw').

On injectivity: Assume that
(C/2mi(ZT + Z),2wi/N) = (C/2mi(Z7 + Z),2wi/N).

Then there is a matrix A4 = (¢ ’) € SLy(Z) so that 7 = &2 Hence

(C/27i(Z7 + Z), 2w /N) = (C/27i(Z(aT + b) + Z(cT + d)), 27i(cT + d)/N)
= (C/2mi(Z7 + Z), 2mi(cr + d)/N).
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The latter is by assumption isomorphic to (C/(Z1 + Z),2ni/N). Therefore we must
have (ct +d)/N =1/N modulo Z7 + Z, and so A € T'y(N). pig

The composite of the maps (2) and (3) gives a map

Li(N)\b— Pn/ ~ .

This map is induced by the correspondence which associates to each 7 € b the
polynomial P,(z) determined by

2 f(r,2) -N N
Jz — T 2N T
P*( i) ) Jna ey ey

where f(7,7) = f0,1)(7,2) in the notation of Theorem 6.3 and
=2 = f(1,z) - f(r,~z + 2mi/N).

This map is holomorphic in the sense that the coefficients of P.(z) are holomorphic.
More precisely, one has

Lemma 7.7: The coefficient a;(1) of Pr(X) = XN +ay(1)XVN "1+ - +an(r) is
a modular form of weight 1 on T'j(N).

Proof: Let A;(L,Q) denote the coefficients of the polynomial P(z) associated to the
pair (C/L,Q). Clearly a;(v) = A;(2mi(Z7 + Z),27i/N). By Theorem 7.1 we have
A;(ALAQ) = MTPA(L,Q). The coefficient A;(L,Q) is therefore a homogeneous
lattice function of degree —1. From the discussion at the end of part 3 of §2 we deduce
that a; transforms like a modular form of weight 7 on T'y(IV).

The regularity of the a;(7) follows from the fact that they are polynomials in certain
modular forms on I';(N). Indeed, by formulas (6)—(7) of §6 we have

o0

f(r,z) =z - exp(2 i -2 Z Gi(r

=1
k= 0(2)

with fi (k odd) and fr,—Gy ( k even)in M (I'1(N)). The coefficients of the Laurent
expansion of f(7,z) and (a_az f(r,2))/f(r,z) around z =0 are therefore polynomials
in the fi (k odd) and fi — Gy (k even). But then the coefficients of P,(z) are
also polynomials in these functions as follows easily from the differential equation for
f(r,2) and a simple induction argument. pig

7.2 The genus of the modular curve X;(N)

In the following let X;(N) denote the Riemann surface

Xi(N) :==T1(N)\b =T1(N)\p U1 (N\P(Q)
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For small values of N one has for the genus g(N) of X;(N):

N 1-10 11|12 13|14 ]15|16 |17 18| >19 | =31

gy | o |1]ol2|1|1|2|5|2]|>2|>10

Genus g(N) of Xi(N)

In this section we derive a formula for the genus g¢(/V). For doing this we have to
describe first of all the complex structure of X;(N), or, more generally, the complex
structure of X (T') := I'\(h U P, (Q)) for any subgroup of finite index in SLy(Z) (for
details compare [Sh71]). So let 7 : huU P,(Q) — X(T') be the natural projection. For
each 79 € hUP(Q) we define the following function:

T — To, if o € b, PI'y, = {id},
ty(r) = { (F22)", if o €8, [PTy| =v > 1,

e?™AT/v for Aty = 00, A € SL2(Z), v = [PSLy(Z),, : PT,].

We make hU P;(Q) into a topological space by calling a subset M open if for each
point 7 € hN M an open neighborhood of 7 in b is contained in M, and for each
7 € P (Q)NM the interior of an open disc touching 7 and lying in § is contained in M
(if 7 = oo, then by definition such a circle is of the form {7’ € § |Im(7') > e > 0}).
The set X(T') is given the quotient topology. Then for each py = w(75) € X(T') there
exist open neighborhoods U of py and V of 7y so that t(p) := t,, ((w[v)_l(p))
defines a homeomorphism of U with a neighborhood of 0. We call (U,f) a chart at
po. One verifies easily that a complex structure on X (I') is thereby determined.

The natural mapping

Z: X1 (N)=T1(N)\h — SL2(Z)\h “4)
is holomorphic and obviously of degree p = [PSL2(Z) : PT';(N)]. We leave it as an
exercise (but compare formula (2) from §1) to verify that

(3, if N =2,

=1L @(N)-9(N), otherwise,

where ©(N) denotes the Euler o-function

¢(N)=t{a € Z/NZ| (a,N)=1} =N [[(1-p7")
pIN

and
$(N) =P (Z/NZ)= N [[(1+p7").

plN
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To obtain explicit formulas for g(N) we shall apply the Riemann-Hurwitz formula to the
covering (4). For this we need information about possible fixed points and the number
of cusps of I'y(IV) since these points are possible ramification points of the map (4).

Lemma 7.8: Any fixed point 7 of I" C SLa(Z) is equivalent under SLy(Z) to
1) 4, and PT'; is conjugate to (((1) _(1))) in PSLo(Z) and has order 2, or
2) p = e¥™/3 and PT. is conjugate to (((1] 'i)) in PSLo(Z) and has order

3, ag

We leave the proof of Lemma 7.8 to the reader (or else cf. [Se70]). Note that the lemma
implies in particular that any subgroup I' C SL2(Z) of finite index has, modulo I", only
finitely many inequivalent fixed points in §). Moreover it is clear that for any 7 € b
one has |PT';| € {1,2,3}.

Lemma 7.9: Let I be a subgroup of finite index in SL3(Z), and let g(T') denote the
genus of X(I') =T\(h U P,(Q)). Let u = [PSLy(Z) : PT] and let vy and vz denote
the number of inequivalent fixed points modulo T', which are equivalent modulo SLy(Z)
10 i, resp. p = €2™/3. Further, let v, be the number of cusps T\P,(Q) of T. We
then have:

4 Vo V3 Ve
=+ 3" 3" %
Proof: Let e;,...,e; be the branching orders of the natural map = : X(T") — X(1)
for the preimages of p. Since e; | 3, e; iseither 1 or 3 and so v3 = f{j | e; = 1}.
Further, p = Z;:I e; (if A; € SLy(Z) such that A;p,...,A:p are representatives
for the preimages of p then Ui:l,.‘.,t A;T’, gives a complete set of representatives for
PT'\PSL2(Z) ) and therefore

Sles = 1) = 2(u =),
=1

For i and oo we have analogously Y zpy_;(ep—1) = 3(u—v2) and
ZE( P)=co (€P — 1) = 3(B — Vo). The Riemann-Hurwitz formula therefore says

20(T) —2=p(29(1) =2) + > (ep—1)
PeXx(r)
2 1
=—2u+ 5(# —va) 5 (n =) + (k- veo),
where we have used g(1) = 0 (since j(7) = E3(7)/A(r) has as sole singularity a

pole of order one and so defines an isomorphism X;(1) — P;(C)). Hence the assertion
follows. g

According to the preceeding lemma we have to look for possible fixed points of I';(N):
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Lemma 7.10: Let P € b be a fixed point of T'y(N). Then either
N=1 ad P=:(I'1(1)) or P=p(T:1(1)),

or ]
N=2 and P= 5(1 +1) (T1(2)),

or

N=3 and P= %(3+ V73) (T (3)).

In particular, for N > 4 the group T'1(N) has no fixed point.

Proof: For N = 1 we know this from Lemma 7.8. From this lemma it is also easily
deduced that tr(A4) € {£1,0} for matices A € I'1(N),. Now A = (é 1) (N) and
therefore we must have tr(A) = 2 (V). This condition cannot be fulfilled for N > 4.
In case N = 2 we must have tr(A) = 0, hence each fixed point is equivalent to 7 and
of the form 2? with @ =1 (2) and ¢ = 0 (2). By Lemma 7.9 we see, since the degree
1 of the covering = is 3 in this case, that the number vy of fixed points is equal to 1
or 3. But since iT'1(2) is not a fixed point (the stabilizer ((J ~1)) of i does not lie
in ['1(2), v2 =1 and there remains only one fixed point, namely 1F:T';(2).
Analogous considerations show that the fixed points of I';(3) are conjugate to p, and
that likewise there is only one of them.

For the number of cusps we have the following
Lemma 7.11: The number cu(N) of cusps T1(N)\P,(Q) is given by

cu(l)=1, cu(2) =2, cu(4)=3,

cu(N) = %Zg@(t)w(N/t) otherwise. 5)
tIN

Proof: For N = 1 this is clear. Now each element of P;(Q) can be written as a column
vector (%) = (¢ *)(}) for a matrix in SL2(Z). This representation is unique up to
identification of (¢) with (~¢). In addition, I'(N) C SLy(Z) is a normal subgroup
and SL2(Z)/T(N) = SLy(Z/NZ). Therefore the cusps I'(N)\P(Q) can be written
uniquely (up to sign) as column vectors reduced modulo N (thereby (a,c,N) = 1).
Under the larger group T'1(N), (%) and the column vector (***¢) = (; 7)(¢)
reduced modulo IV are identified. One can therefore take as representatives of the
cusps, up to sign, those ¢ € Z/NZ and @ € Z/(c,N)Z with (a,c,N) = 1.

For fixed ¢ | N there are (N/t) possible ¢ € Z/NZ for which ¢t = (¢, N). For
each of these ¢ there are ¢(t) possible @ € Z/tZ with (a,t) = 1. Hence there are

Zt[N ©(t)e(N/t) such pairs. Now the pairs (¢) and (7%) must still be identified.
We therefore halve this number apart from ¢ =0 or ¢ = % .For c=0, N#2 we

must also halve this number, since () and (7*) are identified, although a # —a (N)
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(consider t = N and 2a # N, since (a,t) =1). For ¢ = —1;1 and N s 4 analogous
considerations apply. Formula (5) follows from this for N # 2,4. For N =2, resp. 4,
one thereby makes two, resp. one identification too many, and must therefore add 1,
resp. 1/2 to the result of (5). pi]
We now have

Theorem 7.12: The genus g(N) of X1(N) is 0 for N < 4, and is otherwise given
by the formula

gN) =1+ 52 o(NP(N) = 7 - 3 plt)o(N /). © @D

t|N

Remarks:

1) For prime numbers N = p > 5 the formula (6) simplifies to

_(p=5pP-7
9(p) = ———="

2) Recall from the remark at the end of §1 that g(IN) equals the dimension of
So(I'1(N)). So the theorem gives us an explicit formula for the dimension of
the space of cusp forms of weight 2 on I';(IN). More generally it is possible to
show that for N > 5 and k£ > 2 one has

dim My (T;(N)) = -(—N%’—(N—— Z¢ o(N/t).
th



Appendix II: The Dirac operator

by Paul Baum, Pennsylvania State University

1 The solution

Let E, F' be two complex vector bundles over X, where X is a compact C*°-manifold
without boundary. Further, let D : C®(E) — C™(F) be an elliptic differential
operator; then the kernel and cokernel of D are finite dimensional vector spaces, and the
index of D, ind (D) := dim¢ ker (D) — dimc coker (D) is well-defined. The Atiyah-
Singer index theorem asserts that this index can be computed by a purely topological
formula.

If X is complex analytic, E a holomorphic vector bundle over X, and one chooses
Hermitian structures for TX and FE, then the twisted differential operators dg and
O are defined. If one considers the differential operator

3 +0y:C™ ((Z AT X) © E) — ((Z AT X ) @ E)
3=0 =0
then one obtains as a special case the Riemann-Roch formula of Hirzebruch:
x(X, E) = (ch (E) - td (TX))[X].

An important elliptic operator is the Dirac operator. Consider R™ with n = 2r or
n = 2r + 1 and matrices Ei,...,.E, € M(2" x 2",C) with the following properties
(Clifford relations): Each FE; is a skew-adjoint matrix,

El=-I forj=1,...n
and EjEk+EkEj:O for all 7 # k.

Here and in the following I denotes the identity matrix. For odd n, we require that
T E\Ey - En =1
for even n the E; are to be block matrices of the form

E;=(°!) and 7EE---E,=(!_9).
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Such matrices do indeed exist, and there is a simple

Algorithm for construction: For n = 1, E; = (—i) is uniquely determined. If n
is odd, r also increases by one when n is raised to n + 1, and 2" x 27"-matrices
Ei,... En+1 with the desired properties are obtained from the matrices E;,...,E, for

n as follows:

Ej:(lg,- OEJ‘) forj=1,...,n and En-l-l:(? —é)'

Under passage from even n to n + 1, r does not change; the new matrices are
determined as follows:

Ej=EJ- fory=1,...,n and EnH:(—O” 1.01).

Remark: All entries of these matrices consist of the numbers 0, +1 and +:. In addi-
tion, these matrices are unique in the following sense: To any two systems Fj,...,E,
and E,,...,E, of matrices which satisfy the above properties, there exists a unitary
matrix U € U(2") which conjugates the sets into one another:

(Ejlj=1,...n)={UE;U ' |j=1,...n}.
Example:
n=1: E1 = (—“L)
n=2 B=(2 ). B= ().

-1

n=3 B= (1) B= (7)) Ea= (30
We are now in a position to define the Dirac operator for all R™.

Definition: The Dirac operator for R™ is defined by
- o
D= E;, —.
Z J 8zj
j=1

Examples:
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Remark: The Dirac operator D is formally self-adjoint, that is [(Df,g)dz =
[(f,Dg)dz for C*-functions f,g : R* — C?" with compact support (here {-,-)
is the standard scalar product on C?7). It is described by a Hermitian 27 x 2" operator
matrix. D is a root of the Laplace operator A in the following sense: On the strength

of the Clifford relations for the E;, and since the z2- commute among themselves and
7

with the E;, we have

D?=—-A-1 with A:Z
j=1

31:]-2

In order to construct the Dirac operator on a C*-manifold X, one must place two
further assumptions on X . Namely,. the Stiefel-Whitney classes w; € H’(X;Z/2Z)
must satisfy:

1) w; = 0 (thus X is orientable),
2) wy lies in the image of the reduction homomorphism p : H*(X;Z) —
H?*(X,Z/2Z).

When the conditions 1) and 2) are obeyed M admits a so-called Spin®-structure. For
each fixed Spin®-structure (e.g., complex manifolds have a canonical Spin®-structure)
one can construct a canonical first Chern class ¢;. As an example, for complex manifolds
the above assumption holds because p(c;) = wy. The ordinary first Chern class thereby
coincides with the one obtained from the canonical Spin®-structure. We use the identity

oo/2 z/2 oz
sinh(z/2)  1-e°*®

in the ring of formal power series in order to define a Todd class for a manifold X with
a Spin®-structure:

td (TX) = e/2 . A(TX).

In the following paragraph, this Todd class solves the problem of computing the index
of the Dirac operator.

2  The problem

Definition: Let (V,(-,-)) be an n-dimensional Euclidean vector space, and let T(V') =
ROVEVQV@--- bethe tensor algebra of V. The tensors of the form {v,v)-1+vQ®uv
generate a two-sided ideal I C T(V). The quotient Cliff (V,(-,-)) = CLff (V) :=
T(V)/I is the Clifford algebra of V (with respect to {-,-) ).
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Notice that R as well as V is canonically embedded in Cliff (V). In Clff (V) we
denote the multiplication induced by “ ® ” simply with “ - ”. The sole relation between the
elements can therefore be written as v? = —(v,v)-1. For an orthonormal basis ey, ...,e,
with respect to (-,-) we have the Clifford relations e = —1 and e; - ex +ex - e; =0
for j # k. The Clifford algebra has the 2" basis elements ej* ---e5* with ¢; € {0,1}.
There is a canonical R-vector space isomorphism

€1 Eq €1 €
el e et AsAet

of Clff (V') onto the exterior algebra A(V).

Definition: For an orientable manifold X of dimension n = 2r or n = 2r+1, aspinor
system is a triple (e,{-,-), F'), where ¢ is an orientation of X and (-,-) is a Riemannian
metric on X. One can therefore construct a bundle Cliffc (X) of C-algebras, whose
fibres over points P € X are Ciff (TpX,(-,-)p) ®r C. In addition, F is a complex
vector bundle satisfying the following conditions:

1) rtkeF = 27,

2y forall P € X, Fp is a Clifford module, i.e. there is a C-linear operation
~: Cliff¢c (TpX) — end (Fp) for which 1 acts on each fibre as the identity,

3) a Hermitian structure (-,-) is chosen on F, which defines an invariant metric in
the following sense:

4) each tangent vector v € Tp(X) C Cliffc (TpX) acts as a skew-Hermitian
mapping, v* = —7.

In addition, if n is odd and ey, .. .,e, is a positively oriented orthonormal basis of Tp,
the product i"t1€, ---€, is to act as the identity on Fp. For even n, this additional
condition need not hold.

In order to construct a spinor system, one needs precisely the assumptions on X which
were given in the previous paragraph: w; = 0 (orientability) and w, € p(H?(X;Z)).
Such a manifold together with a spinor system is called a Spin®-manifold. The choice
of the spinor system therefore determines the choice of a preimage c; € p~1{(w,).

Exercise: Show that the condition on w; is necessary. Find a closed simply-connected
manifold X which is not a Spin®-manifold.

Remarks:

1) In the complex-analytic case, F = ) 72  A®/T* defines the canonical spinor
system.

2) Foreven n, let e,...,e, be a positively oriented orthonormal basis of TpX.
We have (i"e;-- -en)2 = id. The spinors F' therefore decompose under the
action of "e; ---e, into the eigenspaces F, of +1 and F_ of —1.

3) Originally, TM had GL(n,R) as structure group. It can be reduced to
GL*(n,R) by means of ¢, and then to SO(n) by means of the metric (-, ).
Finally, it can be lifted to a Lie group Spin®(n) lying over SO(n) with fibre S!.
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Choosing a spinor system is equivalent to choosing such a lifting of the structure
group of TM from GL(n,R) to Spin‘(n).

Definition: Let X be an n-dimensional manifold with the spinor system (g,{-,-), F). A
differential operator D is called a Dirac operator if it satisfies the following axioms:

1) D :C>(F)— C=(F) is C-linear.
2) The Leibniz rule holds: we have

D(f - s) = (df) - s + f(Ds)

for sections 5 € C(F) and C*®-functions f : X — C. Here the cotangent
vector df is considered as a tangent vector via (-,-) (and then as an element of
the Clifford algebra by the canonical embedding).

3) The operator D is formally self-adjoint, i.e. for compactly supported sections
81, $2 € C?o(le\ax) we have:

/(Dsl,32)dv01 :/(Sl,DSQ)dVOI.

X X
4) For even m, D must respect the eigenspace decomposition of F':
D% :=D|p, : C®(Fy) — C®(F-)
and D™ := D|p_ : C®(F_) — C®(F}).
Remark: Such operators exist. D is uniquely characterized by these axioms up to

terms of lower order (in this case, these lower order terms are vector bundle maps). In
particular, the symbol and the index are uniquely determined.

Definition: Let X be a compact Spin®-manifold without boundary, and E a Hermitian
C*>-vector bundle on X. Then a twisted Dirac operator Dpg exists,

Dg . C®(F®E)— C®(FQE).

It is elliptic and satisfies the axioms with F replaced by F @ E.

In particular, for X even-dimensional, the operator D} : C®(F, ® E) —
C>®(F_ ® E) is defined and the solution of the first paragraph yields for its index

ind (D}) = (ch (E) - td (T X))[X].

Remark: For a Spin®-manifold, ¢; and therefore td (T'X) are determined by the
choice of the spinor bundle. A different Spin®-structure on the underlying manifold X
leads to a different Dirac operator (having in general a different index).

For w, = 0, one can choose ¢; = Q; The index of the Dirac operator D for this
Spin‘-structure is simply ind (D) = A(X). Thus for a spin manifold (w; = 0), the
A(X)-genus A(X) and the twisted A-genera A(X,E) are integral.



Appendix III:Elliptic genera of
level N for complex manifolds

by Friedrich Hirzebruch

Corrections and improvements in sections 6 and 7 are due to Thomas Berger following
a discussion with Serge Ochanine.

(originally published on pages 37-63 in: K. Bleuler, M. Werner (Eds.): Differential
Geometrical Methods in Theoretical Physics (Como 1987). NATO Adv. Sci. Inst. Ser.
C: Math. Phys. Sci.; 250: Dordrecht, Kluwer Acad. Publ., 1988)

My lecture at the Como Conference was a survey on the theory of elliptic genera
as developed by Ochanine, Landweber, Stong and Witten. A good global reference
are the proceedings of the 1986 Princeton Conference [1]. In this contribution to the
proceedings of the Como Conference I shall not reproduce my lecture, but rather sketch
a theory of elliptic genera of level N for compact complex manifolds which I presented
in the last part of my course at the University of Bonn during the Wintersemester
1987/88. For a natural number N > 1 the elliptic genus of level N of a compact
complex manifold M of dimension d is a modular form of weight d on the group
I'y(N). In the cusps of I';(IV) the genus degenerates either to xy(M)/(1+y)d
where —y is an N-th root of unity different from 1 or to X(M, K’“/N) where
K is the canonical line bundle and 0 < k£ < N. Here x,(M) = Zz=o XP(M)y?
with xP(M) = x(M;QP) = Z:___O (—1)%hP9 is the x,-genus introduced in [13] and
x(M KRN ) is the genus with respect to the characteristic power series

T
Lo~ (k/N)z
1—e% €

which equals the holomorphic Euler number of M with coefficients in the line bundle
L* provided K = LV (see [13]).

For N = 2 the genus is expressible in Pontrjagin numbers and hence defined for an
oriented differentiable manifold M. The only possible value of —y is —1 and the
genus degenerates in the two cusps to

x1(M)/2¢ = sign (M)/2¢ (dimg M = 2d)
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or to
x(M,K'?) = A(M).

Only recently I realized that Witten in [19] studied also complex manifolds. His
discussion includes the genus studied here, at least if one restricts attention to the cusps
with specialization x (M, K*/V).

In this report I shall also try to give an account of the rigidity theorems for complex
manifolds with circle actions which for N = 2 are due to Taubes [18] and Witten with
a new exposition by Bott [9]. These rigidity theorems hold if the first Chern class of M
is divisible by N, i.e. if a holomorphic line bundle L with LY = K exists.

The results in this paper hold also for manifolds with a stable almost complex structure
and for circle actions which preserve this structure. For simplicity we have formulated
the results for complex manifolds only.

I would like to thank the students of my course Thomas Berger and Rainer Jung for
writing the notes. Many thanks to Nils-Peter Skoruppa who lectured several times in my
course when I was away and with whom I had helpful discussions on modular forms.
After my course I had intensive discussions with Michael Atiyah on the rigidity theorem
in Oxford and also with Don Zagier at the Max-Planck-Institut.

1. In the following N is a fixed natural number > 1, the “variable” z runs through
the complex numbers. b is the upper half-plane, 7 € h and ¢ = €>™". For a lattice L
in C we consider the elliptic function g(x) with divisor N-0— N -« where o € C is
an N-division point (o« ¢ L, Na € L). The function g is uniquely determined by L
and o (regarded as element of C/L) if we demand that the power series of ¢ in the
origin begins with V. The function f(z) = g(:c)l/N is uniquely defined if we request
f(x) = =+ higher terms. The function f is elliptic with respect to a sublattice L' of L
whose index in L equals the order of « as element of C/L. For w € L the function
f(z +w)/f(x) is constant and equals an NN-th root of unity. After multiplying L with
a npon-vanishing complex number we can assume that

L =2ni(Zr +Z) and
0#&—27ri(£‘r+~l—) with 0<k<NandO<ZI<N M
B N N = = '
To write down a product development for f(z) in the case that L and « are as in (1)
we introduce the entire function’

T()=(1-e) [[ 01 —ge ™)1 —q"e")/(1-¢") @

n=1

! Note that the function Y(z) equals e~*/2®(z), where ®(z) is the function defined in Appendix 1, §5.
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which has zeroes of order 1 in the points of L. The function T(z) equals the Weierstra
sigma-function for L up to a factor of the form exp (b1x + byz?). It can be proved
easily that

f(z) = e¥ *T(2)Y(~a)/T(z ~ ). 3)
Namely, it suffices to check
Y(z + 27iT) = —e " 2" Y (x).

For this replace in (2) the exponential e* by A and then substitute A by Ag to see
that the factor —A~1q~! comes out. In fact, we have (for ¢ = e2™/N)

fla +2mi) = (*f(x)
flz +2mir) = ("' f(2)

The function f(z) as belonging to L and « (see (1)) degenerates for ¢ — 0 to a
function foo(x).

Gy

We have
foolz) =M= (1 —e7%) for k>0 )
fo(z)=(1—€e")(1—e*)/(1—e*"") for k=0.

For reasons which are apparent from the introduction we put e* = —y for kK =0 and

have in this case
fol(z)= (1= ®)(1+y)/(1+ye™™) with —y=("#1.
The involution z +— —z + « interchanges the zeroes and poles of f(xz). Therefore,

f@)f(-z + o),

which is elliptic for L, is in fact a constant # 0. We write the constant as ¢"2. Then
¢?V' depends only on L and the chosen N-division point as point of C/L. If the
lattice and o are normalized as in (1), then

F(@)f(~z + a) = e/Ne—ayp(_g)? = 2

and
k(N —k)
N

N = (=) PV ©)
The coefficients of the power series developments of f(z)/z, z/f(z) and z f'(z)/f(z)
determine each other. If one replaces in such a series z by Az, one obtains the
corresponding function for the lattice A~!L and the N-division point A~!a. Therefore
the coefficient of z” in any of these series as function of the pair L, with o € C/L
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is homogeneous of degree —r. Also ¢V is such a function of L and o. It is

homogeneous of degree —2N and is related to Dedekind’s n-function.

If the pair L, is chosen as in (1), then the coefficients of f(z)/z are indeed modular

forms of weight r on the subgroup consisting of the matrices (¢ Z) of SLy(Z) which

satisfy
a by (kY — (k
(c d)(l) = (1) (N).
Also 2V is a modular form of weight 2N on this group. (It still has to be shown that
these forms are holomorphic in the cusps. See the next section.)

2. The classification of pairs L, where L is a lattice in C and a € C/L with
Na =0 (but o # 0), up to multiplication by some complex number A # 0, leads to
the introduction of the modular group

Ti(N)={(* %) €SLy(Z) | c=0(N),a=d=1(N)}.

If we assume that the N-division point has order N in C/L, then the classes of pairs
L, are in one-to-one correspondence with the points of the modular curve I';(N)\h

where (% %) acts on h by

artb
T cT+d *

This follows from the fact that each pair L, a is equivalent to a pair of type (1) with a =
2mi/N (ie. k=0, | =1). The coefficients of z" in z/f(z), f(z)/z, zf'(z)/f(z)
are modular forms of weight r on I';)(IV). It remains to show that such a coefficient
is holomorphic in each cusp of I';(V)\bh. Transforming f(x) (taken for the lattice (1)
with o = 27i/N ) to a cusp gives a function f(z) for some a = 27ri(—;\‘7 T+ #) and
the same lattice. The formulas (2) and (3) show immediately that the g-development of
each coefficient of f(z) has only non-negative powers of ¢, fractional if k£ > 0, but
then a suitable root of ¢ is the local uniformizing variable at the cusp.

The coefficients e, of zf'(z)/f(z) are the Eisenstein series. Their g-developments
(for k =0 and [ = 1) for example can be read off from

f (x) . zqte”* zqte” z(q"e " > z("tgne”
— .
f(il?) g() 1— qne—z Z 1-— ne:r Z 1— ane—z Zl 1— C——lqnez ( )
Furthermore, ¢V (see (6)) is a modular form of welght 2N. For more detailed formulae

concerning these g-developments in the case N =2 see [20]. For N > 2 and N #4
the number of cusps of I';(N) equals

3 e ):

d|N

where ¢ is Euler’s functiont. Each cusp can be represented by several N-division
points «a as in (1).

t Cf. Appendix I, Theorem 6.4 (ii).
t  Cf. Appendix I, Lemma 7.11.
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3. Let My be a compact complex manifold. The Chern classes ¢; of M, are
elements of the 2i-dimensional cohomology group H?'(M;Z). Let c be the total
Chern class of My split up formally

d
C=Zcz'=(1+$1)(1+~”C2)“'(1+93d) (®)
=0

where z, Zs,...,24 can be regarded as 2-dimensional cohomology classes in some
manifold fibered over My (see [13], §13.3). Let Q(z) be a fixed power series in
the indeterminate z starting with 1 whose coefficients are in some commutative ring
containing Z. Then

wq(Ma) = Q(z1)Q(z2) - - Q(zn)[Md] )

is the genus of M, with respect to the power series () where in (9) the symmetric expres-
sion Q(z1)Q(x2)--- Q(x4) is written in terms of the Chern classes in view of (8) and the
2d-dimensional component of this expression is evaluated on M, (compare [13], §10.2).
We define the elliptic genus ¢y (My) by using the power series

_ T _ zY(z —a)

f@)  T(@)Y(~a)

where @ = 2mi/N and f(z) is taken for the pair L,a with L = 27i(Z1 + Z). We
put again ( = e2"/N,

Theorem: The elliptic genus @n(My) is a modular form of weight d on the group
Ty (N). If one represents a cusp of T1(N) by 27rz'(—1kv‘r + —ﬁ,—) with 0 < k < N and
0 <1 < N, then the value of on(My) in this cusp equals

Q(z) (10

x(My, K*N) if k>0
and
Xo(M)/(L+v)* if k=0 and —y=C.

The theorem follows from the remarks in section 2 and from (5) by recalling that
x(Maq, K*/N) is the genus for the power series

2 —(k/N)z
1—e = €

and x,(Mq)/(1+ y)* is the genus for the power series

= (1+ye™) /(L +y),

see [13].
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A genus can be defined also by a power series Q(z) not beginning with 1 (we assume
Q(0) = ag # 0). The definition is done by equation (9) again. Then aj'Q(aoz) gives
the same genus with a normalized power series (i.e. the constant term equals 1). We
now define gn(M,y) using the power series

~ . z¥(z—a)

Qz) = SO a=2ni/N. (11)

Theorem: The elliptic genus @n(My) is a modular function on T'1(N) if d =0 (2N).
We have

on(Ma) = Gn(Ma)(T(—a)) ™% = Gn(Ma) - ¢

The result follows from the preceding theorem and the considerations in section 1 and 2
which show that T(—a)-d = ¢% is a modular form on I';(NN) of weight d.

If d is not divisible by 2N, then
B ()42

is a modular function (here (d,2N) is the greatest common divisor of d and 2N).
One simply applies the theorem to the 2N/(d,2V)-th power of M,.

The function @y has poles in the cusps represented by (1) with k£ > 0. The order of
the pole is given by (6). Let us restrict to the case that N is a prime. For N =2 we
have 2 cusps represented by (k,l{) = (0,1) and (k,l) = (1,0). For N odd, we have
2. X=1 cysps. There are iv—z_-l cusps represented by (k,1) = (0,1) and 1 <1< —1!2:—1—

and =1 cusps represented by (k,l) = (k,0) and 1 < k < £=1_ In the first kind

of cusps the g-development of @n(My) begins with the constant term x,(My) with
y = —(!, in the latter case it starts with

X (Mg, K*/N) . g RN —k)d/2N

where § is a local uniformizing parameter for this cusp of I';(IV)\h. (We have gV = ¢

in (6)).

4. For a complex vector bundle W of rank 7 the exterior powers A*W and the
symmetric powers S'W are well-defined vector bundles. Their Chern classes can be
calculated from those of W. If ¢;,...,c, are the Chern classes of W (where ¢; is in
the 2:-dimensional cohomology of the base space) and if we write formally

c=1l4+c+c+ -+, =1+z)(1+20) -1 +2z,)
then the Chern character (in the rational cohomology of the base space) is given by

ch(W)=¢e"t+e"2+--- €.
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Over the rationals ¢ and ch determine each other. For the exterior powers we write
with some indeterminate ¢

A(W) = iAiW -t

=0

and for the symmetric powers
Su(W) =3 S'W-t.
=0

Then we have for the Chern character

r

ch (A,W) = [T (1 +te™), (12)
=1
ch (W) =[] (1 —te) ™. (13)
=1

Formula (12) was often used in [13]. Formula (13) is, of course, a special case of the
general method to calculate the Chern classes associated to given vector bundles by
representations [7].

Following Witten’s idea (see [19]) we write the elliptic genus @n(My), or rather its
g-development in the standard cusp, in the form

oo

GN(Ma) =Y xy(Ma, Rn)g". (14)

n=0

Here, as before, —y = ¢ = ¢>™*/¥_ Furthermore R, is a virtual vector bundle associated
to the complex tangent bundle of M, by a virtual representation of GL(d,C) (with
coefficients in Z[(]).

For a vector bundle W the polynomial x,(Mgy, W) is defined in [13]. We have, if T
is the tangent bundle of My,

d
Xy(Ma, W) = x(My, APT* @ W)yP.

p=0
We now can specify the R, in (14). Let us recall that n(My) is the genus belonging
to the power series (11)

o

Q) = i (1+ye™®) H

T l-e"

1+yqne—z . 1+y—1qne.1:
1 — qne—z 1 - qrer

(15)

n=1
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Therefore (by (12) and (13))

S Rug" =[] Ay T [[ A1 T - [ Son (T +T7) (16)
n=0 n=1 n=1 n=1

(with —y = ¢ = ¥™/V),
We have
Ry=1, Ri=Q1-QT*+(1-¢"T
Modulo the ideal (1 — ) of Z[(], the elliptic genus @y (M) equals the Euler-Poincaré
number e(M,).

According to Witten’s philosophy (compare also [2] and [3]) if we had a x-operator
on the loop space LM, of My, we could try to calculate (or define) its equivariant
Xy-genus for the natural S'-action on LM, with g € S? (g =¢e>*", 7€ R) by the
Atiyah-Bott-Singer ([4], [6]) fixed point theorem (fixed point set M, (constant loops)
in LMgy). The result for the equivariant x,-genus X,(£My,q) would be that it is the
genus with respect to the power series

ﬁ 14+ygte™

st 1—gre =

This does not make sense as a power series in ¢, but formal mampulatlons bring
Xy (LMq,q) to the genus @,(M,) belonging to Q(z) (see (15)) provided (— y) =1
Observe that (15) is a meromorphic function in the two variables z and ¢ where
(z,q) € C* and |g| < 1.

5.  The genus ¢,(My) has in the standard cusp a development whose coefficients are
integral. They are elements of Z[(]. See formula (14). In the cusp (represented by (1)
with 0 < k& < N) this is not so. The coefficients are of the form

x(Ma, K*N @ W),
where W, is a virtual vector bundle associated to the tangent bundle by a virtual
representation of GL(d,C) with coefficients in Z[{]. The W, can be calculated
using (3). These coefficients are in general not integral. If, however, the first Chern
class ¢; of My is divisible by N they are integral. This divisibility condition is
equivalent to the existence of a holomorphic complex line bundle with LY = K and
the coefficients

X(Md, Lk ® Wn)
become “Riemann-Roch numbers” [13] which are integral.
Theorem: If the first Chern class ¢y of a complex manifold My is divisible by N, then
the coefficients of the q-developments of the genus @n(My) in all cusps (given by (1))

are integral ( € Z[(] ); for the elliptic genus pn(Mgy) the coefficients are integral in a
cusp with k > 0, in the cusps with k = 0 they become integral after multiplication

with (1-¢)%
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6. Let My be a compact complex manifold together with an action of the circle S*
on M, by holomorphic maps. We write elements of the circle as A = e2™** where
z € R/Z. The group S' acts on the virtual bundles R, (see (16)). It also acts on
the “cohomology group”

HY(My; APT* ® R,,) (17)

which is in fact a formal direct sum of cohomology groups HI(M4; APT* @ W) with
coefficients in Z(¢). Since S! acts, we get from (17) (considered equivariantly) a
character of S!, i.e. a finite Laurent series in A. Taking alternating sums over ¢ in (17)
gives us a character

X(Mdy APT* ® R’n) )‘)

and finally (with —y = 2™/V),

d
Xy(Ma, B, A) = Y X(Ma, APT* ® R, A)y”
=0

and
n(Ma,X) = xy(My, R, g™ (18)

n=0

It may be more convenient to return to our elliptic genus @y with characteristic power
series Q(z) (see (10)) and consider it equivariantly

on(Ma, N) = Gn (Mg, A) - T(—a) ™

> 19
= Z y(Md,Sn,)\)qn ( )
n=0

where the S, are virtual bundles (coefficients in Q(¢)). We can calculate
@n(Mg, ) using the Atiyah-Bott-Singer fixed point theorem (holomorphic Lefschetz
theorem [6], p. 566). Before doing this some remarks concerning the fixed point set
M; 5" of the action are necessary. The set M 5" is a smooth submanifold of M, being
a dxsjomt union of connected submanifolds of various dimensions. For each fixed point
p, the circle acts in the tangent space T,, hence integers m;,...,my are defined such
that A € S acts by the diagonal matrix (A™,A™2,... A™4). For each r € Z we con-
sider those m; which are equal to r. This leads to the eigenspace E, of T,. Of course,
Ey is the tangent space in p of the connected component of M 5* to which p belongs.
The numbers my,...,my (well defined up to order) depend only on the component of
M; ' Over each component we have eigenspace bundles, also denotes by E,.
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The characteristic power series of the elliptic genus @px is given in (10) in the form
Q(z) = z/f(z). For the fixed point theorem we need 1/f(z). We put

Fla) = /(o) = o2 eo)

We shall now give a formula for ¢ (My, A) using the holomorphic Lefschetz theorem
writing it down in short hand form which will need some explanation:

Let v be an index for the connected components (M, dsl)u of the fixed point set M7 "
Then
N (Ma, ) = Zw (Ma, ), @1

and
on (Mg, N), = (€0 - F(zy + 2mimy2) - - F(za + 2mima2)) (M) ] (22)

14

where eq is the product of those z; for which m; = 0. Recall A = e?™%,
Formulas (21) and (22) have the following meaning. For each component of the fixed
point set, eg is the Euler class (highest Chern class) of its tangent bundle Ej, the formal
roots of the total Chern class of Ey are the z; with m; = 0. The z; with m; =r #0
are the formal roots of the total Chern class of the eigenspace bundle E, over the compo-
nent. Thus for Ey one uses in the above product zF(z) = Q(z) and for E, (v #0)
the function F(z + 2mirz) which for rz ¢ Z7 + Z has no pole for z = 0 (and we
use a general z) and hence is a power series in z. Observe that the rotation numbers
(m1,...,mg) depend on the component and also the meaning of the x; which are the
formal roots of the total Chern class restricted to the component. Then one evaluates the
expression in (22) on the component and obtains a power series @y (Mg, ), in ¢

oo

on(Ma,N), = D cvnd” 23)

n=0

with coefficients ¢, , that are meromorphic functions in A € C* and have possible
poles only on S'. Considering (19) we let ¢, := xy(Mg, Sn,A) so that ¢, is also a
meromorphic function in A € C*, in fact it is a finite Laurent series (so holomorphic).
From the Lefschetz formula we know that c¢,(A) = > ¢,.(A) for A any topological
generator of S! and so we get

=> cun (24)

as meromorphic functions.

Looking closer at (22) we see that all ¢, , have possible poles only at A™ =1 for
any rotation number m. Furthermore the local term (23) converges for |¢| < 1 and
g™ < Al < lg|™*™ (M = max;{m;}) to a meromorphic function and this function
has a meromorphic extension to C*.
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According to (4) our function F(z) has the property
F(z + 2m) = F(z), F(z+ 2mit) = (F(z) 25)

where ¢ = ¢>™/N. So the meromorphic extension of ¢y (Mg, A), is an elliptic function
for the lattice ZNT 4+ Z. More precisely

(PN(Md’)\Q),, = (pN(Md’e%ri(erT))u 26)
— Cm1+...+m,[(pN(Md, )\)V

The exponent m; + --- + my depends on v, even the residue class of the exponent

modulo N depends on v in general.

Definition: The S'-action on My is called N-balanced if for the components (M7 l)u
of the fixed point set the residue class of my + - - -+ mg modulo N does not depend on
v. If the action is N-balanced, the common residue class of my + --- + mq is called
the type of the action and denoted by t.

From formula (24) we immediately get that oy (Mg, ) = Y oo c,q™ also converges
on some small annulus containing S* (depending on the rotation numbers ) to a mero-
morphic function that has a meromorphic extension to C*. In this sense formula (21) is
an identity between meromorphic functions on C*. In particular we see that ¢ (Mg, A)
is an elliptic function for the lattice ZNT + Z. For an N-balanced action (26) finally
yields the

Theorem: For an N-balanced S*-action of type t on the complex manifold Mg, the
equivariant elliptic genus @on(Mgy,\) with A = €>™** is an elliptic function for the
lattice Z - NT + Z which satisfies

on(Ma, \q) = oy (Mg, e2m=¥7))

27
= Cton (Mg, ). @7

Remark: Of course, ¢y can be regarded as a function of 7 and z. In 7 itis a
modular form of weight d. In fact, ¢y is a meromorphic Jacobi form on I';(N) of
weight d and index 0 (see [11]).

7. We now shall approach the rigidity theorems which under certain conditions state
that the finite Laurent series x,(My, R.,A) (see (16) and (18)) do not depend on .
(Recall —y = e2™*/N'). This rigidity means that the elliptic function @ (Mg, A) of
the preceding theorem is a constant (see (19)), i.e. we have to show that it has no poles.
The rigidity results were not included in my course at the University of Bonn. When
Michael Atiyah came to Bonn in February 1988 he explained to me Bott’s approach [9]
and that it is rather close to our old paper [5] and we discussed it in Oxford in March. I
did not study Taubes’s paper [18] in detail, but rather looked in Bott’s report [9]. Then
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I carried out the proof for the level IV case during my visit in Cambridge (England) in
March 1988 as a guest of Robinson college.

Let us consider @y (Mg, A) and the local terms ¢y (Mg, A), as functions of A for
fixed ¢ with |g| < 1. From section 6 we know that they are meromorphic for A € C*.
From (22) we see that @y (Mg, A), has poles only for mz € Zt + Z where m is a
rotation number # 0 occurring for the component (Mfl)u. Of course, mz € Z7 + Z
means A™ = ¢™ where n € Z. So from (21), wn(My, A) has possible poles only for
A™ = g™ where m is any rotation number.

Now choose Ao € S! with AT = 1 for some rotation number m. If q is fixed
with |g| < 1, then there is a neighborhood U of Ag in C* such that no point (A,q)
with A € U\ {Xo} lies on one of the curves A™ = ¢™ and that ) .- ¢, n.q" as
well as fo:o cng™ converge on U with ¢,, and ¢, as in section 6. Furthermore
Cn = »_,Cun is holomorphic on U (since it is a finite Laurent series) and the only
possible pole of ¢, , on U is Ag.

Lemma: Let U be a domain, \g € U. Consider meromorphic functions b, on U for
v in a finite set S and n € N with the following properties:

1)  byn is holomorphic in U\ {Xo},

2y b, = ZUES by,n is holomorphic in Ag,

3) 3% o bun converges compactly in U\ {\o} forany v € S.

n=0

Then .o .b, converges compactly in U and is a holomorphic extension of
n=0 P

2oves Lommo bunlun{aoy-
Proof of the lemma: Let K be a compact set with Ay in its interior and let L be a

small closed disc around Ag with L C ]o( For 0 < k < m we have

‘ i(z byn)li = | }T_”_:(Z byn)lok

n=k v€ES n=k vES

I

m

122D bundlogyiy

n=k v€S
m

120 bon)limz

n=k v€S

=122 bonlimz

veSn=k

< Z ‘ Z bu,n’K_\L'

veS n=k

IA

Il

R o
The first equation is due to the maximum principle, the second one comes from L C K,
the third one is again the maximum principle, the fourth one follows from holomorphicity
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of b,, on K\ L. Let now be ¢ > 0 and put & := ¢/§S. There exist n, such
that for m, k > n, we have |} ., ,,nIK\L < ¢'. Thus we finally see that

IS e (Cuesbun)lk < e for any m, k > ng := max,{n,}.

Using this lemma with b,, = ¢, ,q" we immediately get that @y(My,A) =
Yo ocng™ has no poles on S!.

An S'-action is semi-free (i.e. the fixed point set of any X € S, X # 1, equals MS1 )
if and only 1f all non-vanishing rotation numbers m equal £1. Therefore, for a semi- free
action, M3 5 can have poles only for A = ¢ with n € Z.

Theorem: For an N-balanced semi-free S'-action of type t on the complex manifold
My, the equivariant elliptic genus on(My, \) does not depend on M. It equals the
elliptic genus on(My). If t Z 0 (N), then oy (My) = 0. (Compare [14] and [15].)

Proof: By the lemma, there is no pole for A = 1. Because of (25) there are no poles
for A = ¢™. The vanishing of ¢y(M,) follows also from (25).

8. Let M, be a complex manifold with first Chern class ¢; € H?(My;Z) divisible
by N. The importance of this condition was already apparent in section 5. We choose a
holomorphic line bundle L with LY = K. Now suppose we have an S'-action on M.
Consider the N-fold covering S — S! with g+ A= uV. Then p acts on M, and
K through X. This action can be lifted to L. If p is a fixed point of the given S!-action
with rotation numbers m;, my,...,mgq, then g acts in the fibre L, by p~{(mi+--+ma),
However, if & = ¢ = e>™*/" then it operates trivially on M. Therefore the action of ¢
in each fibre of L is by multiplication with (™%, where t is a residue class modulo IV
which does not depend on the base point of the fibre. (Assume that M, is connected.)
It follows that the action is N-balanced of type ¢ (see the definition in section 6).

The condition ¢; = 0 (IV) implies a stronger property than N-balanced. Let G,, C S*
be the group of m-th roots of unity. The fixed point set of G, is a submanifold
of M, which includes M $' and is strictly larger if and only if there is a rotation
number divisible by m. We denote the fixed point set of G, by MJ*. There is the
map S' — S! with g+ A = u which we considered before. Hence any u € S!
with u™¥ = 1 operates trivially on M7, however it operates on every fibre L,
(p € MJ*) by multiplication with some m.V-th root of unity which only depends on the
connected component of M7 which contains p. Since p acts on L, (for p € Mfl)
by p~(mite+ma) where the m; are the rotation numbers of the action in p, it follows
that the residue class of m; + --- + my modulo mN depends only on the connected
components of MJ* and not on the components of M7 " contained in them.

Let X be aconnected component of M7 and (Mdl)u a component of M$  contained
in X with rotation numbers m;,...,mq. Over X the tangent bundle T' of M, splits
into vector bundles Ek where k£ = 0, 1,. — 1 and the action of G, in Ej is
by multiplication with A\* if XA € G,. Of course, FEy is the tangent bundle of X.
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Over (M$'), we have
E’k = Z E. (see section 6). (28)
r=k (m)
We write the rotation numbers in the following form
m; =r;m+k; where k;=0,1,...,m—1. 29)

Since the integer Z?:o k; = Z;':Olk -1k B, depends only on X, we see that
m~2?=0 r; modulo mN depends only on X. Hence, Z?:o r; modulo N depends
only on X and not on the components (Mfl)u contained in it. We put

d
t(m, X):= > 7 mod N. (30)

1=0

Of course, t(1, M) is the type t of the action (for connected My ).

9. Let My be a compact complex manifold with ¢; = 0 (V). We assume that we
have an S'-action and wish to show that the elliptic function @y (M4, A) has no poles.
Let X be a connected component of M7* (see section 8). We define

on(X,2) = D on(Ma, ), (31)

where the summation is over those connected components (M f 1)‘/ which are contained

in X (see (21)). This is a shorthand notation. Do not confuse (31) with the elliptic genus
1 . .

of X. Let (M7 ), have the rotation numbers mj,...,mq. According to (22) we have

on (Mg, N), = (eoF(z1 + 2mimy z) - - - F(zgq + 2mimgz)) [(Mfl)u]. 32)

Let s be an integer and replace in (32) the variable z by z + =7 (in other words,
replace A by A-g*/™), then ¢n (Mg, Ag®/™)  is again an elliptic function in z for
the lattice Z - N7 + Z. It follows from (25), (29) and (30) that

d
s/m st(m, X N . . sk st
cpN(Md, Aq / )U =( ¢( ). (eo I_Il F(:Lj +2mim;z + 2w # T)) [(Md )V] (33)
]‘:
If we write down the g¢-development of the right hand side of (33) (with fractional powers
of ¢q) we see that pu (X,)\qs/m) is of the form

on (X, A7) =) xy(X, S, A)g™ ™ (34)

n=0

where the S, are virtual equivariant bundles constructed from the bundles E’k over X.
For m = 1 we come back to (19). The elliptic function (34) has no poles for |A\| = 1.
We use again the lemma in section 7.
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10. We are now able to prove the rigidity theorem.

Theorem: Let My be a compact complex manifold with first Chern class c¢; €
H?*(My;Z) divisible by N. Suppose an S'-action on My is given. Then the equivari-
ant elliptic genus on(My,\) does not depend on X € S*. It equals the elliptic genus
on (Mg, X) = (Mg, 1). If the type t of the action is #Z 0 (N), then py(My) = 0.
Proof: Let m be a natural number > 1 and A*™ = ¢". Then X is of the form
A= Xg®/™ where \7* =1 and s = +n. We have

on (Ma, dog®/™) = Z on (X, Xog”™)
X

where the summation is over all the connected components of MJ*. Since the elliptic
function (34) has no poles for Ag, the result follows. The vanishing ¢y (M) =0 for
t £ 0 (N) follows again from (25).

11.  We want to point out some applications of the rigidity theorem.

If we develop in a cusp (1) with & > 0, we get a different version of the rigidity
theorem (compare [19]). In particular, we get that x(My, L¥, ) does not depend on
A for k=1,....N —1, in fact x(Mgy,L*) = 0, if the action is non-trivial. This is
a well-known result ([12], [15]). For N = 2 and k£ = 1 it corresponds to the theorem
in [S] on the fi—genus.

The elliptic genus of level N is strictly multiplicative in fibre bundles with a manifold
My with ¢(My) = 0 (N) as fibre and a compact connected Lie group G of
automorphisms of My as structure group (compare [14] and [16]).

This we wish to apply, for example, to the compact irreducible Hermitian symmetric
spaces G/U studied in [7], §16. There we gave a formula for the coefficient A\(G/U)
in

a(G/U)=XNG/U)-g
where ¢ is a positive generator of the infinite cyclic group H%(G/U).

Take a system w,,...,wq of positive complementary roots for G/U (see [7]). Here d
is the complex dimension of G/U. The roots wy,...,wq are linear forms in zy,...,7
where | = rkU = rkG, the zy,...,2, can be identified with a base of H'(T;Z)
where 1" is the maximal torus of U. Without proof we state the following result which
is equivalent to the strict multiplicativity of the elliptic genus for G/U-bundles.

Theorem: Let F(z) = f(z)™" be the elliptic function introduced for level N (see
section 1). Let wy, ..., wq be positive complementary roots for the irreducible Hermitian
symmetric space G/U. Suppose \N(G/U) = 0 (N). Then

> Flo(w))F(o(ws)) - F(o(wa)) = pn(G/U). (35)

ceW(G)/W(U)
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Here W(G), W(U) are the Weyl groups. (An element ¢ € W(U) permutes
wy, . ..,wy. Therefore the sum over the W(U)-cosets is well-defined.)

The formula (35) is an identity in the [ variables z;,...,r;. The sum is a constant,
1.e. does not depend on these variables anymore.

The rigidity theorem in section 10 also gave a vanishing result. We give an example:
Consider the Grassmannian

W(m,n) = U(m + n)/(U(m) x U(n)).
We use the notation of [7]. As a system of positive roots of U(m + n), we take
{—zi+z;|1<i<j<m+n}

The complementary roots w, are given by 1 < ¢ <m and m+1 < 7 < m+n.
Their sum equals

m4n m+4n
Zw7-~n2zl+m Z z; =—(m+n) Zml—}—mz% (36)
T Jj=m+1
m+n
We put —> 7" z; = g and Y z; = o;. Then g becomes the positive generator
i=1

of H*(W(m,n);Z) whereas o; vanishes if regarded as element of this cohomology
group. Therefore

AW (m,n)) =m+n.

We also see from (36) that W (m,n) admits an N-balanced circle action of type m if
m+n =0 (N). We obtain

Proposition: The elliptic genus on(W(m,n)) vanishes if m +n = 0 (N) and
m # 0 (N). For the complex projective spaces P,(C) = W(n,1) we have

en(P(C) =0 if n+1=0(N).

12.  The elliptic function f defined in section 1 satisfies a differential equation

1

f! Fyvr (f ) N
(—f—) +a1(f) e () bow = fN+a2Nf (37
with asy = 2V (see section 1) where the a; are modular forms of weight j for
I'i(N), (if @ = 27i/N in (1)). The polynomial
P =" +a "+ +ayaf+an
has the following properties:

1) anN_1 = 0.
2) If P'(§) =0, but £ # 0, then P(£)% = dayy.
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The property 2) implies that the values at the critical points £ with & # 0 are all
equal up to sign. In this case, the polynomial might be called almost-Chebyshev.
Theodore J. Rivlin wrote to me that polynomials with essentially such properties occur
in the literature under the name Zolotarev-polynomials. Also their relation to elliptic
functions is known (see for example [10]). I plan to write a separate paper on these
matters. For N = 2 the differential equation is of the form

2
f=1-axf*+asft.

very well known for the elliptic genus of level 2 (see {14]).
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Appendix IV:Zolotarev polynomials and
the modular curve X;(N)

by Rainer Jung, Max-Planck-Institut fiir Mathematik, Bonn

1 Zolotarev polynomials

In this appendix we want to study the relation between lattices L in C, together with a
distinguished N-division point in C/L, and Zolotarev polynomials P(z) of degree N.
These polynomials have the following nice property: If we denote the critical points of P
by &,...,EN—2, then the critical values of P away from &, are all equal up to sign,

P(&)==xP(&) fori#jand0<i,j <N —2.

We normalize P to P(z) =z" +--- and to & = 0 and restrict to the case where all
¢ are distinct. Then we get that (P'(z)/z)° divides P(z)* — A2 with A = £P(&;).
So there is a polynomial Q(z) = z*+--- of degree 4, such that the following equation
holds:

Q- P’ = N?3?(P? — A?),

This motivates the following

Definition: A polynomial P(z) = z™ +--- is called a normalized Zolotarev polynomial
(with critical value +A ), if there exists a polynomial Q(x) = x* + --- such that

Q- P’ = N222(P* — A?), )

A Zolotarev polynomial P is called degenerate if the discriminant discr(Q) of @
vanishes (i.e. if Q has multiple zeroes).

Remarks:

1) For N > 2 the polynomial P determines A and @ in (1) uniquely. Conversely
P and A are uniquely determined by Q.

2) If N=2, and P is non-degenerate, then (1) reduces to Q(z) = P(z)’ — A2,
so @ resp. the pair (P, A%) uniquely determine each other.

3) If N =1, equation (1) reduces to Q(z) = z?(P(z)?— A?), so P is degenerate.
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Examples for Zolotarev polynomials are the normalized Chebyshev polynomials Tn (x)
we already used in Chapter 7, section 7.5. They were defined by the property

Tn(z+27) =2 +277,
and are Zolotarev polynomials for 4 = +2 and Q(z) = z?(z — 2)(z +2). So we
see that they are degenerate and furthermore that for the Chebyshev polynomials all
the critical values coincide up to sign. All degenerate Zolotarev polynomials can be
determined explicitly. By a straightforward calculation (cf. [Ju89]) one gets the

Proposition: If P is a normalized degenerate Zolotarev polynomial of degree N, then
either of the following two cases applies:

() P@)=(@—-kN @+ -kAN"" with A\eC, keN and 0<k <N.
Equation (1) holds with A =0 and Q(z) = ((z — kA)(z + (N — k)A))>.

(i) P(z) = pNTn((z — N)/p), with \,u € C, p # 0. Equation (1) holds with
A =+2u" and Q(z) = 2%z — (A —2w))(z — (A + 2u)).

Furthermore P'(0) =0 ifand only if N > 1 and in the first case k # 0,N or A =0
(i.e. P(z) =z ), orin the second case ﬁ = QCOS(%) forany I with 0 <1< N. (I

For the following we have to restrict our notion of Zolotarev polynomials:

Definition: A normalized Zolotarev polynomial P of degree N with critical value +A
is called admissible, if P'(0) = 0 and P(x) # zV for N > 2, resp. P(z) # 2?
or A # 0 for N = 2. For N > 2 we denote by Py (resp. P} ) the set of
admissible normalized (non-degenerate) Zolotarev polynomials P of degree N. For
N = 2 wedenote by Py (resp. P3 ) the set of pairs (P,C), suchthat P is an admissible
normalized (non-degenerate) Zolotarev polynomial of degree 2 with critical value +A,
where A? = 4C. By Qn (resp. Q% ) we denote the set of normalized polynomials of
degree 4, fulfilling (1) for some polynomial P € Py (resp. P € Py ) for N > 2,
resp. for some pair (P,C) € Py (resp. (P,C) € P3 ) for N = 2.

Remark: If P is non-degenerate, then (1) ensures that P'(0) = 0 and P # zV for
N > 2, resp. (P, A) # (z2,0) for N = 2, so P is admissible. Therefore admissability
is only a restriction on the set of degenerate Zolotarev polynomials that we already listed
above.

For the rest of this appendix we will always use the term Zolotarev polynomial synony-
mously for admissible Zolotarev polynomial.

From the remarks 1) and 2) above and the list of degenerate Zolotarev polynomials, we
get the following

Lemma: The canonical map Qy : Qn — Py mapping a polynomial Q) € QN to the
Zolotarev polynomial P defined by (1) (resp. to the pair (P,A?/4) for N = 2)isa
bijection. It also induces a bijection from Q% to Py.

There is also a map connecting Zolotarev polynomials for different degree (we only give
the description for N > 2, but the construction works analogously for N = 2): If Q
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isin Qy and P = Qn(Q) € Py so that (1) holds for some critical value A, then we
have (A/Z)"Tn(P(x)/(A/Z)) € P.n and equation (1) holds for the same polynomial
Q@ and the critical value 2(A4/2)". So we have Qn C Q,n and if we denote by &,
the map

(20 PN i PnN
P(z) = (4/2)"To(P(2)/(4/2))

we get the following commutative diagram:

QN C QnN
QN ,L l QuN

Loy

pN - P’nN

Since the polynomial @ does not change when applying the map ¢, to P, the diagram
induces a similar one on non-degenerate polynomials. Furthermore, since 0y and Q,x
are bijections, the map ¢, is injective and the diagram also gives ¢, 0 ., = Lpp,.

2 Interpretation as an algebraic curve
There exists an action of C* on the set of polynomials F(z) of degree r, given by
AF(z)) = F(Az)/A\" for A € C.

If P is a Zolotarev polynomial of degree N for the critical value A, and Q is the
polynomial of degree 4 in equation (1), then A(P) is again a Zolotarev polynomial
for the critical value A"V A and satisfies (1) with A(Q). So the action induces an
action on Qn, Qy, Py and PR, where on P, (resp. on P5) A acts as MP,C) =
(MP),A™%C). The action is compatible with the maps Qy and u,. We denote the

”»

induced equivalence relation by “~ .

We want to identify the polynomials with their coefficients. Later on we will be interested
in equivalence classes of polynomials, so we make the

Definition: For ng,...,n,. € N, the weighted projective space P™0>"(C) is defined
by (Ct1\ {0})/~, where (z0,...,2;) ~ (2b,...,2.) if and only if there exists
A € C, such that z;, = X*z] forall 1 = 0,...,r. The equivalence class of a point
(20,---,2-) € C"*Y under ~ will be denoted by (zy : ... : z,).

As an example, choosing n; =1 for all 4, leads to the usual complex projective space
P,(C). Weighted projective spaces are normal, irreducible, projective algebraic varieties,
but in general they are singular (cf. [D082]).
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Now we have the following embeddings:
80/~ C Quf~ s PHHIA(C),
RQz)=z*+qz’ + @z’ +@r+q— (01 @21 031 q4),
PR/~ C Py~ PLoV=2N(C) for N > 2,
P(x) =2V +az¥ '+ Fanv—(a ... an_z:an),
PS5/~ C Po/~ — P>*(C),
(P1C) — (02 : C)’

where P(z) = z? + ay in the last map. For the Zolotarev polynomials we don’t

have to care about the coefficient ay_;, since we required them to be admissible. so

P'(0) = 0, ie. an—1 = 0.

The images of these embeddings will be denoted by Ny (resp. Ny ) for Qn/~

(resp. Q% /~) and My (resp. M%) for Py/~ (resp. PR /~).

The sets Ay and My are algebraic curves in the respective weighted projective spaces.

Their defining equations can be explicitly determined by a closer look at equation (1)

(cf. [Ju89]):

For 7 € Z we inductively define polynomials A; € Q[z1,...,24,N] by A; =0 for

1 <0, Ay = 1, and

4
1
A= N+k—0)2N+k—20)z. Ay fori>0.
56N = 1) kz—:l( + i)(2N + 1)zx A fori >

As one easily sees, the A; are homogeneous of weight ¢ (for 7 > 0) if one assigns the

weights k to z; and 0 to N. Furthermore if Q(z) = 2%+ @23+ 4+ q4 € Qn then

for P=0n(Q) =2z + a2V +---+any € Py we have a; = Ai(q1,...,q, N).

From this one easily derives (cf. [Ju89]):

Proposition: The set Ny C PY“234%(C) is equal to the algebraic curve given by

An-1(z1,...,24,N) = 0 and An+i1(z1,-..,24,N) = 0. Thus for a polynomial

Q(z) = z* + qux® + - -+ + qq there exists a Zolotarev polynomial P(z) of degree N

satisfying (1), if and only if An—1(q1,-..,q4,N) =0 and Any1(qa,...,¢4,N) = 0.
ig

Examples: For the first few polynomials A4; we get:

N
A]_ = —é_ dis

N
Ay = T (2N = 3)g} + 4¢2),

N
As = o= (2N = 5)(N = 2)g] +12(N - 2)q1g2 + 1645).

N .

As = 735 (2N = 1)@N = 5)(NV = 3)q] + 24(2N — 5)(N ~ 3)gga

+ 32(4N — 9)q1q3 + 48(N — 3)g5 + 192q4).
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The algebraic curves N> to N5 are given by:

No={(q1:.- :qs) € PP*>C) | ¢ =0, g3 = 0} = P>*(C) = PV*(C) = P(C),
3 . 1

Ns={(q1:...:q4) € PP234C) | gy = ~ quz, qq =~ '2'%(13} =~ pl3(C) = P(C),
3

No={{q:...:q4) € PV¥3YC) | g3 = — 30 (4} +4¢2),

5¢7qs + 24¢194 + 4¢2g3 = 0}
= {(q1: g2 : qa) € PY2HC) | a1 (& + 4g2) (5% + 4go) — 64g4) = 0}
~ p24(C)u P1}(C) = P,(C) U A (C),

where the two components intersect in the point (0:2:0:1), and

; 1 ;
No={(ar: .- q0) € PP*PH(C) | s = — 5= (1760301 + 48¢; + 120067 + 1507),

644 (12¢2 + 2147) + 1643 + 36¢3q2q1 + 15¢3¢3 = 0}
= {(q1:q2: g3) € PY*3(C) | 315¢5 + 2700q1 ¢» + 345643 g3 + 2448¢%¢2
+ 1536414293 + 576¢5 — 25643 = 0}.

Analogously one can find the equations for the coefficients of the curve My of Zolotarev
polynomials (cf. [Ju89]).

Examples: The set of Zolotarev polynomials in degrees two to five is given by

Ms = {(az: C) € P*(C)} = P**(C),
M3 = {(a; : a3) € PL3(C)} = PL3(C),
My = {(a1 : ay : a4) € PY**(C) | a1 (128a3 — 144aza? + 27a} — 512a4) = 0},
Ms = {(a; : az : a3 : as) € PH*35(C) |

as 875a3az — 950azal — 725a3a; + 700aza} — 128a}),

= 3125 (
2503 — 70azaqa; + 4azad — 2043 + 37a%a2 — 8asal = 0}.

For N > 5 there are N —5 equations that express as to ay_-2 and ay as polynomials
in a; to a4. The remaining two equations involve only the variables a; up to a4 and
are homogeneous of degree N — 1 and N + 1.

The curves My and My are in general (i.e. for N not prime) not irreducible. In fact
we already saw, that Ay is contained in Ay for each divisor d of N, and that My
is embedded in My. We will see later, that the curves have exactly one component for
each divisor d of N and that the components only intersect in degenerate Zolotarev
polynomials.
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3  The differential equation — revisited

In this section we want to recall the basic constructions of Chapter 7 and Appendix I, §7,
to derive a close connection between pairs (L, z), where L C C is a lattice and
29 € C/L is an N-division point, and Zolotarev polynomials.

We will often use such pairs (L, zp) as above, so we define

L:={(L,z) | L CCalattice, zy € C/L, 29 # 0},
Ly :={(L,z0) € L, N -z =0}

For (L, zy) € Ly there exists a well-defined function h = hp ., v with the following
properties (cf. Chapter 7 and Appendix I, §6):

1) h is elliptic for the lattice L,

2) the divisor of h is (h) = N -(0) = N - (2),

3) h is normalized by h(z) = zN + O(2V+1).
The function h depends on N, not only on (L, z2), since we did not demand N
to be the exact order of zo. But one easily shows that hp ., nn = (hp z,n)". In

the following we will also make use of the function ¢ = gz ., = # AL 2o NIRL, 20N
(which does not depend on NN by the above). This function has the properties

1) g is elliptic for the lattice L,
2) its poles are in 0 and in zg, both of order one with residues 1 and —1 resp.

In Chapter 7 we also introduced the involution
T:Zr 29— 2

and we saw that ¢ is invariant under 7: g o7 = g. Furthermore any function u on
C/L and invariant under 7 is a rational function in ¢ and in fact a polynomial in ¢
if u has only poles in 0 and zg. In Chapter 7, section 7.2, this was used to get the
two differential equations

1
P(g) = Ch+ 5,

and )
Qlg)=4g",

where P(z) = P, v =2V +--- and Q(z) = QL (z) = 2* + - are normalized
polynomials of degree N resp. 4 and C is a constant depending on L, z;, and N.
The two polynomials were related by the equation

Q- P" = N22?(P? - 4C),
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so P is a normalized Zolotarev polynomial. The discriminant of the polynomial @ does
not vanish (i.e. @ has only simple zeroes): From the differential equation for g we see
that Q(z) vanishes for z = g(z) where ¢'(z) = 0. Since g has two poles of order
one it takes each value exactly twice (counted with multiplicities) and its derivative takes
each value four times. Now g is invariant under 7, so its derivative g’ vanishes exactly
at the four distinct points zy,..., 24 characterized by 7(z;) = 2;. But the four values
g(z;) have to be distinct, since g takes them at least with order two ( g’(z;) = 0). Thus
(@ has only simple zeroes.

Therefore the Zolotarev polynomial P is non-degenerate, and the differential equations
for the elliptic functions h and ¢ finally give us maps

Uy: Ly — ’P;]
(L z ) — L,zg,N> for N # 2,
0 (PL,Z(),‘Z?C)v for N = 2,

and
Sy : Ly — QN
(L,Zo) = QL,ZU‘
Since Pp ., n~ is a Zolotarev polynomial satisfying (1) with Qr ,,, we obviously have
\I’N = QN o q)N-

If 2y is an N-division point of C/L, then we can also take it as an n/N-division point,
ie. Ly C L,n. The function g does not depend on N as well as the polynomial
Q, so we have

PL,Zu,nN(‘Z‘) = Ln(PL,Zn,N(x))
and

o
CL,Z(),"N = CL,zu,N’

where ¢, is the injection from the first section.

Now we can extend the commutative diagram of section 1 to:

Ly C LN

@y | | @un
Uy N C wN V.. N
Qn | . L Qun
Py - AN
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4 Modular interpretation of Zolotarev polynomials

In the last section we saw that we can associate a non-degenerate Zolotarev polynomial
Pp.o.n = ¥n(L,2) toeach pair (L, z) € Ly. Now we want to prove the

Theorem: The maps ®y and Yy are bijections.

Proof: Since ¥y = Qno®y and Qy is a bijection, it suffices to proof bijectivity for
the map ®,. For this we need the following

Proposition: Let Q(z) = z* + ;2% + 22% + qz3x + q4 be a normalized polynomial
of degree 4, such that discr (Q) # 0. Then there exists a unique meromorphic function
g(z) with g(z) = L+0(1) and Q(g) = g’ZA This function is elliptic for a lattice L C C
and with é(l) =Q(z — q/4) = z* + G222 + G3x + §a we have

1 o) +6'(20) @

where g is the Weierstraf3 gp-function for the lattice L with lattice constants ¢go(L) =
Gs + G2/12 and g3(L) = G4G2/6 — G2/16 — G5/216 and zq is the point on C/L with
p(20) = —G2/6 and p'(z0) = §3/4 a

For the proof of this proposition we refer the reader to [Ju89] (see also [WhWa69],
pp. 452-455).

The mjcct:vxty of <I)N now immediately follows from the proposmon If ®n(L,z2) =

Qr,(z) =2+ @23 + -, then we have Q .,(9) = ¢~ for a uniquely determined
function ¢, so g = ¢r,.,- But then the lattice L is the periodicity lattice of ¢ and
2o is the pole of g on C/L that is different from zero. Therefore (L, zg) is uniquely
determined by Qr ., = ®n(L, z), i.e. @5 Is injective.

To prove the surjectivity of ®y we again use the proposition: Let @ 6 %,
especially discr (@) # 0. Let g(z) be the function in the proposition, i.e. g = Q( )
and ¢ is elliptic for some lattice L. From the explicit formula for ¢ in the proposition
we see that ¢ has only two poles, namely one in 0 and one in zg, both of order one
with residues 1 resp. —1. Now we have to show that zg is an N-division point of
C/L and that g = g, ,,-

Since @ € Q% we know that P := Qn(Q) (resp. (P,C) = Q(Q) for N = 2)
is a normalized Zolotarev polynomial with QP’2 = N222(P? - A%) (and A% = 4C
for N = 2). Denote by fi and f, the functions f; := P(g) and f; := & f{/g =
~ P'(g)g'/g and by h the function h := ;;"—2 (f1 + f2). All of them are elliptic for L
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since ¢ is. From (1) and the definitions we have
1 2 1 2
2 __(_* pt ’ — (= p —
7= (5;P0)) = (3, P9) Q)
=P(g)’ - A" = fi - A°
= 2fify=2ffi
f

= fi= —f—;fl =Ngfr.

For the logarithmic derivative of h we get

W f+f _ F+Ngh
Rhvh v Y @

Since the only poles of g are in 0 and z; of order one and with residues 1 resp. —1
we get from (2) for the divisor (h) of h:

(h) =N -(0) = N - (20)
= N‘O“N'ZQ:OEC/L
= N'Z():OGC/L.

Therefore zp is an N-division point of C/L. Since h has the same divisor as Ay, ., n
and
h 20fi+f2) 20/ - 13)
1 1 1
=5h~Ff)=—5 +O(;ﬁ:‘;)
satisfies the normalization condition, we have h = hy ., v and (2) shows that g = g ..
Since Q(g) = 9’2 we finally get Q = Q1 ., = ®n(L,20), so Dy is surjective. [

In the next section degenerate Zolotarev polynomials will show up as values of ¥ on
degenerate lattices.

5 The embedding of the modular curve

In Appendix I, §7, we already saw that two pairs (L,z) and (L/,z]) in Ly are
isomorphic ((L, z9) ~ (L', z{)), if and only if (L', 2{) = ML, 2p) for some A € C*,
where the action of C* on Ly is given by A(L,z9) = (AL, Azp). As one can easily
verify using the axiomatic definition of the function hy ,,, we have

h‘>\L,/\Zu,N(z) = )‘Nh‘L,Z(),N(Z/)Q
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and so

g/\L,)\Zu(z) = gL,Z()(Z/)‘)/’\'

Therefore Qi xze = MQL,z,) and Papazgn = A(Prz,n~), and the maps @y
and ¥y are equivariant with respect to the C*-actions on Ly and Qp resp. Py
(cf. section 2). Since they were bijections, they induce bijections on the set of equivalence
classes:

o Q}/~ 5 Nj C PP

/

LN/"’ = l QN
N
v P/~ S M3 C PL-N-2N(C)

If we define Lyp = {(L,20) € L~ | 20 has exact order N in C/L} then the set
Ly can be naturally written as the disjoint union Ly = Ud‘N Lgp. This splitting
is respected by the C*-action on Ly. Furthermore for any divisor d of N we
define Q5 ) = ®n(Lyp) = Pa(Lap) and Pgy, = Un(Lap) = tn/a(Piap)
Then we have Q% = wa Q;p and Py = Ugn Pin,p- Finally let N7 C N}

(resp. Mgy, C M%) be the images of Qqp (resp. Py ) under the embeddmgs
into welghted projective spaces we discussed in section 2.

From Appendix I, §7.1, we know that the set of equivalence classes L4/~ can be
parametrized by T'1(d)\h via 7+ (2mi(Z71 + Z), 271 /d). Restricting the above diagram
to primitive d-division points, we have

E. r?,p C P1,2,3,4(C)
N /
Li(d\h = Lap/~ €)

Uy M;,N,p C Pl,...,N—2,N(c)

Thus we get two embeddings of T';(d)\h into weighted projective spaces with images
given by N Lp and Mg . From Appendix I, §7.1, we know, that in the homogeneous
coordinates of the weighted projective spaces the embeddings are given by modular forms.
To extend the maps to the whole of I'1(d)\h (i.e. the union of I';(d)\h and the cusps),
we have to know their values on the cusps of I';(d). From Chapter 7, section 7.6 we
know that the values of ®x on the cusps of I';(d) are given by

(i) Qz) = (z—k/d)(z+(d—Fk)/d) for 0 < k < d,
(i) Qz) =22(z*+2 i—f% r+1) for ( = e’ and ged (I,d) = 1.
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Thus the values of ®y on the cusps are polynomials @ that correspond to degenerate
Zolotarev polynomials of degree N and we can combine the maps in (3), extended to
the compactified modular curve T'1(d)\h, to get

NN C P1,2,3,4(C)

N 2

U L1(d)\h
d|N
N\
N MN C Pl,...,N~2,N(C)
The maps @y and Ty are surjective and away from the cusps they are also injective.
The degenerate Zolotarev polynomials of type (ii) have only one preimage, the ones
of type (i) have (gcd (k,d)) preimages on the component I'y(d)\h, where ¢ is the
Euler -function. Therefore the maps are embeddings away from the cusps and are also
embeddings for components I';(d)\h with d a prime number. Furthermore, the images
of the different components only intersect in degenerate Zolotarev polynomials of type (i).

6 Applications to elliptic genera

The image of a genus on the rational cobordism ring is equal to the Q-algebra A
generated by the coefficients of the characteristic power series z/f(x), which in turn is
equal to the Q-algebra generated by the coefficients of the power series f'/f. In the
case of elliptic genera of level N we have f'/f =g, where g satisfies a differential
equation g’2 =Q(g) with Q € Q%. So for Q(z) = z* + q17% + @u2® + g3z + @4 we
have A = [g1,...,q4). Since Q(z) € Q% the coefficients of the polynomial satisfy the
two relations Ay_;(q1,...,94,N) =0 and Ay+1(q1,...,94N) =0, we described in
section 2 of this appendix.

For the universal elliptic genus of level N we also know that g; up to g4 are modular
forms on T'1(NN), so we get

Proposition: The rational image A of the universal elliptic genus of level N is generated
by 4 modular forms qu, ...,qs, of weight 1 up to 4, which satisfy 2 weighted homo-
geneous relations An_1(q1,...,q4N) = 0 and Anii(q1,-..,q4N) = 0, of degree
N —1and N +1.

For general N there will be more relations, since the algebraic curve with function
field Q[q1,---,q4]/(AN-1,An+1) has one component for each divisor d of N, the
component parametrized by modular forms on I'; (V) is the one with d = N. For N
prime, we have only one component and there are no more relations.

That means for large N the image of the genus will only be a small subring of the ring
of modular forms on I'y(N).
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In his Diplomarbeit [H591], G. Hohn studies a universal elliptic genus ¢, that gener-
alizes elliptic genera of all levels:

This genus belongs to the characteristic power series z/f(z) such that g = f'/f
. 2

satisfies ¢ = Q(g) for Q(z) = z* + q12® + q22° + @37 + q4 where qi,...,q4 are

indeterminates, i.e. the polynomial @ is no longer restricted to belong to a Zolotarev

polynomial. Elliptic genera of any level N factorize over this genus .. After a

homogeneous change of coordinates Hohn gets

(pell : Q®Q_—’ Q[A,B,C,D],

where A,B,C,D are again indeterminates of weights 1 upto 4 (i.e. q; upto g4 can
be expressed as homogeneous polynomials in A, B,C, D and vice versa), and for an
SU manifold M, 1e. a stably almost complex manifold M with ¢;(M) = 0, there
holds (pen(M) € Q[B,C, D}

Using the rigidity theorem of Hirzebruch for level N genera (see Appendix III), Hohn
shows the following

Theorem: The universal elliptic genus ey is rigid for S*-actions on SU manifolds. (1

Another result he proves is the invariance of level N elliptic genera under blow ups in
codimension 1 modulo N. Furthermore Hohn determines the kernels of . and of the
level N elliptic genera in terms of ideals of manifolds with certain kinds of S!-actions
and ideals generated by certain fibre bundles.
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Hopf bundle, 3
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index of an elliptic complex,
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j-invariant, 86
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lattice function, 127
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Milnor manifolds, 41
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modular form, 122

Monster, 86, 87

multiplicative sequence, 13

multiplicativity in fibre bundles, 41,
42, 54

N -balanced, 179
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parallelizable manifold, 91
$-function, 103
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Poincaré duality, 46
Pontrjagin, 1

Pontrjagin class, 3
Pontrjagin number, 5
prize question, 86
projectivized bundle, 48
pull-back of a bundle, 3

quaternions, 1

Ramanujan numbers, 85
representation, 9

de Rham complex, 59
Riemann (-function, 131
Riemann-Roch formula, 163
Riemann-Roch theorem, 99
rigidity, 179

Rohlin, 114

semi-free action, 181
Shioda surface, 111
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Spin®-structure, 165

spinor system, 166

splitting principle, 7, 10, 44, 48

stably trivial bundle, 6

Steenrod square, 114

Stiefel-Whitney class, 114

strictly multiplicative genus, 47, 52, 54

symbol of a differential operator, 57

symmetric power of a bundle, 9

tautological bundle, 3
tensor product of bundles, 7
theta function, 143

theta function, trivial, 143
theta series, 126

Thom, 1, 2, 5, 35, 43

Todd class, 165

Todd genus, 59, 110

Todd polynomial, 20
twisted /i—genus, 81
twisted Dirac operator, 81, 167
twisted operator, 74

twisted signature, 74
two-division point, 24

type of an action, 179

unimodular quadratic form, 115
universal addition theorem, 38
universal genus, 38

universal genus, addition formula, 38
upper half-plane, 78, 121

valence formula, 134
value of a modular form at a cusp, 123
virtual submanifold, 35

Weierstral3 o-function, 144

Weierstral3 p-function, 23, 128

Weierstral3 p-function, addition
theorem, 25

Weierstral3 p-function, differential
equation, 23

Weierstra3 o-function, 82

weight of a representation, 10

weighted projective space, 189

Whitney sum, 3

Witten, 73

Witten genus, 83, 85

Witten genus of complete intersection, 87

Wau class, 115

Zolotarev polynomial, 187

Zolotarev polynomial, admissible, 188

Zolotarev polynomial, degenerate, 187,
188

Zolotarev polynomial, 107
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group law, 38

a(X$), local index contribution, 66

A, fl—genus, 16

A(X,W), twisted A-genus, 81

A*, vector space of i-forms, 63

AP? | vector space of (p,g)-forms, 60

AT, actionof A on 7, 121
B; , Bernoulli number, 20, 129

c, total Chern class, 2, 3

¢; , Chern class, 2

ch, Chern character, 9

char, character of a representation, 9

cu(N), number of cusps of I';(N), 160

Cliff (V) , Clifford algebra of V, 165

Cliff¢c(X), complex Clifford bundle
over X, 166

X , arithmetic genus, 61

x(X, D), Riemann-Roch number, 99

x?, p-th holomorphic Euler number, 60

Xy, Xy-genus, 61

Xy(g, X), equivariant x,-genus, 67

Xy(¢q, LX), formal x,-genus of loop
space, 103

det(L), determinant of a lattice, 126

discr, discriminant of a polynomial, 187

div(f), also (f), divisor of the
function f, 23, 143

Div(E), divisor group of E, 143

Divg(FE), group of divisors of degree
0 on E, 146

Div,(FE), group of principal divisors
on E, 146

A, discriminant of a lattice, cusp
form, 29, 133

55,52 , twisted differential operators,
163

e, Euler class, 8

e(X), Euler number of X, 8

e(g, X), equivariant Euler number, 68
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points, 24, 132

E, conjugate bundle, 9

E* | dual bundle, 9

E @ F, Whitney sum of E and F, 3

E ® F, tensor product of E and F,7

Eg , exceptional Lie group, 90

Ey, Es; , Eisenstein series, 83, 124

7(7) , Dedekind n-function, 76, 140

f*, cohomology pull back, 3

f*E, pull back of a bundle E, 3

flw, » Fricke-Atkin-Lehner involution,
137

flxA, action of A on f, 122

fa,5(7, ), special elliptic function, 151

Fg , realized complex bundle, 4

F(V), flag manifold of V, 48

g2, g3 , lattice functions, 23

9L,z » special elliptic function, 192

g(N), topological genus of X;(N), 158
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132

T, subgroup in SLo(R), 121

Ty, stabilizer of g in T, 124
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T'9(2), congruence subgroup of
SLy(Z), 29
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['(E), vector space of sections in a
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hr 2.~ special elliptic function, 192
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HP? | Dolbeault cohomology group, 60

H?*, H?  spaces of definite harmonic
forms, 64
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b, upper half-plane, 78, 121

ind(D), index of the elliptic differen-
tial operator or complex D, 58

ind(g, D), equivariant index of D, 66

Im, imaginary part of a complex
number, 4

j(7), j-invariant, 86
{K,},, multiplicative sequence, 13

Ldua!  dual lattice, 126

A(V), exterior algebra of V, 166

A®E , exterior power of a bundle, 9
A:FE, formal sum of exterior powers, 11
L, set of lattices, 192

Ly, set of lattices, 192

LX , free loop space of X, 73

M (T'), space of modular forms, 123

M (Lo(N), x), space of modular
forms with respect to a Dirichlet
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M, (2), ring of modular forms on
To(2), 136

M. (T"), graded ring generated by
modular forms, 135

My, moduli curve of Zolotarev
polynomials, 190
& » moduli curve of non-degenerate

Zolotarev polynomials, 190
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component, 66

NM , normal bundle of M, 35

Ny, moduli curve of special
polynomials, 190

~ » moduli curve of special non-
degenerate polynomials, 190

ord(f), order of f at s, 123
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Q, cobordism ring, 2
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p; , Pontrjagin class, 3, 4

prorme (), weighted projective
space, 189

PSL2(R) , projective group of SL2(R),
121

@, genus, 13

@, universal genus, 38
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@@ , genus corresponding to a power
series, 13

w , Witten genus, 83

@nN,p » elliptic genus of level N, 97

@(E) , characteristic class of a bundle, 15

(M), genus of a manifold, 15

(T, x), elliptic y-function, 147

&, , map associating special
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®(7,x), special theta function, 103, 145

Y5, Adams operation, 75

¥, , map associating Zolotarev
polynomials to lattices, 193

U(r,x), special theta function, 149

PE, projectivized bundle E, 48

g , Weierstrall p-function, 23, 128

Pn , set of admissible Zolotarev
polynomials, 188

PR, , set of admissible non-degenerate
Zolotarev polynomials, 188

7, end of proof, vii

On , set of special polynomials, 188

Q% » set of special non-degenerate
polynomials, 188
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pE , associated vector bundle, 9

s(MY), Milnor number of M, 42
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127

sgn(s), sign of a permutation, 46

sign(M), signature of M, 41

sign(X, W), twisted signature, 74

sign(g, X ), equivariant signature, 68

sign(q, LX), formal equivariant
signature of loop space, 74

S*E , symmetric power of a bundle, 9

S, E, formal sum of symmetric
powers, 12

Sk(L), space of cusp forms, 123
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matrices, 121

Sq*, Steenrod square, 114

o, , elementary symmetric function, 7

or(n), number theoretic function, 129

o(z),a(7,z),0.(x), Weierstra o-
function, 82, 144

a(”)(D), p-symbol of D, 57

td, Todd genus, 59
T» , Todd polynomial, 20
Tn , Chebyshev polynomial, 105
fN , normalized Chebyshev
polynomial, 105
T M , tangent bundle of M, 35
6(1),0.(7), theta series, 126, 126
O , group of theta functions for L, 143
2] 1 » group of trivial theta functions
for L, 143

(u1,.--,u,), virtual submanifold, 36
U, , Wu class, 114
Y(z), special theta function, 171

X2 | bundle along the fibres, 47
X9, fixed point manifold, 66
X, component of fixed point

manifold, 66
X;(N), special Riemann surface, 158

{(s), Riemann (-function, 131
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