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Abstract
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We determine conditions under which the cofibre of a self-map of a ring spectrum is again a
ring spectrum. Sufficiently large iterates of v, self-maps will satisfy this condition.

The main result of this paper gives conditions under which the cofibre of a
self-map of a ring spectrum is again a ring spectrum. In particular, sufficiently
large iterates of v, self-maps satisfy this condition. By a ring spectrum, we mean a
spectrum X together with maps p: X A X— X and 7n:5"— X such that the
composition

X=S"A XX xA XX

is the identity (in the stable category). Neither associativity nor commutativity is
assumed; it is also not even assumed that 7 is a two-sided unit. We can then prove
the following theorem:

Theorem 1. Let X be a ring spectrum and let f + 3 X — X with | f| even. Suppose
that:

(i) The map fA X:3SV'X A X— X A X is in the center of the ring [X A X,
X AKX,

(ii) The diagram

SUWx A x2 x A x

Lo b

EZM'X - >

commutes, where = fof.
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Then C(f?), the cofibre of the map f~ 32X — X, has the structure of a ring
spectrum so that the inclusion map X— C(f”) is a map of ring spectra.

Now suppose that X is a p-local finite ring spectrum with K(n —1),X =0 but
K(n),X #0. As usual K(i) denotes the ith Morava K-theory. Recall that a v,
self-map is a map g : 3'#1x — X which induces an isomorphism on K(n), X and a
nilpotent homomorphism on K(i),X for i # n. Then, by the essential uniqueness,
naturality, and centrality of v, self-maps [3, Section 3], it follows that if g is any v,
self-map and » >0, there exists a natural number N such that g" satisfies
conditions (i) and (ii). This implies the next result.

Theorem 2. Let X be a p-local finite ring spectrum, and let g be a v, self-map
(n>0). Then there exists a natural number N such that, for each m >0, C(g™")
has the structure of a ring spectrum so that the inclusion X — C(g"") is a map of
ring spectra. [

Working before the nilpotence theorem, Oka obtained some results on ring
spectra structures on certain specific finite complexes X with K(n),X #0 and n
small [4]. Of course, in general, one cannot expect such specific results from
nilpotence technology. Nevertheless, this type of result is useful in some contexts.
For example, in [2], it was sufficient to use the gencral existence of v, self-maps
without knowing that any specific power of multiplication by v, could be realized.
Furthermore, we expect that Theorem 2 will be a technical tool needed to
explicitly present the Brown—Comenetz dual I, of L,S" as a direct limit of finite
spectra (cf. [2, 1.5}). (In the absence of the telescope conjecture, this presentation
will be in the F(N),-local homotopy category, where N may be arbitrary.)

Finally, we remark that Theorem 2 may be folklore to certain BP-theorists.

The proof of Theorem 1 requires three lemmas, the last two of which will be
proved later. First, we introduce some notation. Given a self map g : 3 ¥1X — X,
there is a cofibration sequence

o

RS LD G = Xe 0 B LA S D CETTry

Lemma 3. If f is a self-map of X and f A X is in the center of the ring [X A X,
XAX],, then fAaX=XAf

Proof. Use the fact that f A X commutes with the commutativity automorphism
T: XAX—=>XAX O

Lemma 4. Let X be any spectrum and suppose that f is a self-map of even degree
such that f n X is central. Then there exists a map h : MY A X— X A X such
that the diagram
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sUx A c() 2 x A (f)

XAd XAt

SUx Ay " Sxax
commudtes.
Lemma 5. Let f and X be as in Lemma 4. Then
FEACF): 2VX A ()= X n C(f)
is trivial.

Proof of Theorem 1. First note that hypothesis (ii) implies the existence of a map
m: X A C(f*)— C(f?) such that the diagram

SIS0 0 xS 60 ¥ 80 A () —— SISO A
nAX lmx lnw(ﬁ) nAX
SWXAX 2L XA X — 5 XAC(f) —— 3V XA X

M .

3y X C(f) —— 3%y

commutes, where the rows are cofibration sequences. Now the fact that po(n A
X)=id, does not of course imply that meo(n A C(f ?)) is the identity—it does,
however, imply that mo(n A C(f7)) is an automorphism of C(f?). It is then easy
to see that by replacing m with [mo(n A C(f?))]"' o m, we can arrange things so
that the above diagram commutes and so that mo(n A C(f7)) is the identity.

Next, Lemma 5 implies that there exists a retraction r : C(f7) A C(fH—Xn
C(f?). Define w': C(fY A C(f7)— C(f?) by u' =mor and n' by n' = o
Then one easily checks that these maps give C(f ’) the structure of a ring
spectrum and that ¢ : X— C(f’) is a ring spectrum map. [J

Proof of Lemma 4. Begin by observing that, since X A f=f A X, the composite
SUIx A x2S X A X=X A C(F)

is trivial. There then exists a map
g: 3Vx AV X X A C(F)

such that the diagram
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sWx A x ekl XAX
sVicx a fy=3"x A C(f)Z=5 X A C(f)
XAd g

E‘HX/\ZUIJ”X

commutes. To complete the proof, we must show that (X A d)eg: Z2¥!"1x A
X—3Y"'X A X is trivial. For this, it will be convenient to describe g at the
point-set level.

Identity 37X A 3V x with ZV[C(X A f) Uy, o C(X A X)]. The cone co-
ordinates are parameterized by [0, 1] with 0 the cone point. Now let H : 31X A
XAl — XA X be ahomotopy with Hy=f A X and H, = X A f. Finally, write

XAC(f)=CXAf)y=XAXUy, yiny CX A 3X)
as usual. Then define g | Z/C(X A f) to be f A C(f) and define

H(x, Ax,,2-25) s=1/2,

(g|ZmC(X/\X))(x1/\ng\S):{xl,\szzs s=1/2.

Next, consider the cofibration sequence
XAX—5CX AUy, C(X A X)
T (XA SV v 3(X A X)L 3(X A X)
where j includes X A X onto the base of C(X A X). It is easy to see that
(X And)og=kom
(up to homotopy), where
K| SVX A S = fa sty
kK| SVX A X=id.
We claim, however, that 9 is just —k. This implies that (X A d)cg is trivial,
completing the proof.

To prove the claim, note that d [ X A ST xis just 8, = —(X A f)=—(f A X)
in the cofibration sequence

XASIXZL XA X C(X A f)

XA XIS S A X)
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and that 3 | (X A X) is just 3, = —id in the cofibration sequence
XAX— S XAXSCOXAX)>SXAX)—535(X A X)., O

Remark. One uses the assumption that |f] is even to get 9, =—k|Z"'Xx A
ZlleX.

With Lemma 4 proven, the proof of the last remaining lemma is straight-
forward.

Proof of Lemma 5. Apply Verdier’s axiom [1, Part III, 6.8] to the commutative
triangle

sy 2

e
slily

to obtain a cofibration sequence
Ve fy—- ey e(H——2 ") .

Now note that the composition

Ay XAam
_

SYIX A O X A C(fH-225 X A C(f)

is trivial. This follows from the commutative diagram

sVx A (P X C(f?)

Xno
Xnm XAm

Z‘”NHX/\X ZIfIXAC(f)_fAﬁ(ﬁ_)XA c(f)

J/X/\H /l\X/\L
XAf

sy ax " XAX

and the fact that ho(X A f)=(X A f)oh. There is therefore a map
g:3Vx A C(fH—=3"xAC(f)

with (X A f)og=f A C(f7). But (f A C(f*))°(X A t) is trivial, again because of
the commutative diagram
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sy xS sWy,x

l Xaf

Xad X e

sy A ()L sV A C(f)  XAX
Xar l Xt Yt

fac(s?)
T————p

SHx A C(f?) XAC(fY)

and the fact that X A f is central.
Thus

FEACS)=(fACF)(f A C(f))
=(fArC(f))e(XAt)eq=0,

completing the proof. [
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